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Abstract

In this thesis, we studied the enhancement of quantum entanglement induced by
optical parametric amplifiers in a hybrid cavity magnomechanical system. The
hybrid configuration we investigated involves magnons, cavity microwave photons,
and phonons. We constructed the model and Hamiltonian to describe our system.
The system’s dynamics were determined using the nonlinear quantum Langevin
equations and the linearization approximation. In this framework, the bipartite
entanglements were evaluated through logarithmic negativity. It turned out that the
bipartite entanglements were enhanced when an optical parametric amplifier was
present. In the same way, OPA improved entanglement’s resistance to temperature.
The relaxation of the prerequisite for strong magnon-phonon coupling, which
was required in the absence of OPA to produce cavity-magnon entanglement, was
another important effect of the OPA. Furthermore, in comparison to the system in
which the optical parametric amplifier (OPA) was absent, the inclusion of the OPA
not only strengthened the entanglement but also expanded its domain over a larger
range of detunings. We believe that the technique that was given is a step towards

realizing robust quantum entanglement with the available technology.
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Introduction

1.1 Background of the Study

The field of quantum optics has seen significant growth in the last two decades,
with a focus on quantum mechanical effects (Zhang et al., 2016b). This growth
is expected to continue, with potential applications in computation, communi-
cation, and metrology (Cirac and Kimble, 2017). Quantum optics has also been
instrumental in the development of photonic quantum simulators, which have the
potential to address outstanding problems in physics, chemistry, and biology (Cao
et al.,[2019). Moreover, the field has been instrumental in the development of quan-

tum computing and quantum key distribution, among other quantum technologies.

Quantum magnomechanics, a burgeoning field at the intersection of quantum
optics and magnonics, has recently attracted interest due to its promising applica-
tions in quantum information processing and sensing(Zhou et al., 2023). This field
is part of the broader area of quantum optomechanics, which investigates how light
and mechanical devices interact quantum mechanically (Brawley et al., 2016). The
potential applications of quantum magnomechanics have been further enlarged
by the creation of hybrid quantum systems based on magnonics that can interact
with optical photons, phonons, and superconducting qubits (Lachance-Quirion
et al., 2019). These advancements highlight the growing importance of quantum

magnomechanics in the field of quantum optics.



A study in the field of quantum magnomechanics has made significant strides
in understanding and manipulating quantum phenomena. (Gorbatsevich et al.,
1994)explored magnetoelectric phenomena in nanoelectronics, which could have
implications for quantum magnomechanics. (Lachance-Quirion et al., 2019) demon-
strated the ability to resolve a millimeter-sized ferromagnet, quanta of collective
spin excitation, a key development in the field. These studies collectively highlight
the potential for further advancements in quantum magnomechanics.

Recent research in the field of quantum magnomechanics has revealed the
potential for creating squeezed states of magnons and phonons(Asjad et al., 2023).
This is a significant development, as it opens up new possibilities for exploring
the unique quantum properties of magnons(Kamra et al., 2020). Furthermore, the
Bose-Einstein condensation of magnons in quantum magnets has been shown to
lead to the emergence of ferroelectricity, a phenomenon with potential applications
in multi-functional quantum magnets (Kimura et al.,[2016). The integration of
magnons with other quantum systems, such as microwave photons and acoustic
phonons, has also been identified as a promising avenue for quantum engineering
(Awschalom et al., 2021).

Also studies have explored the generation and enhancement of quantum en-
tanglement in quantum magnomechanical systems. (Zuo et al., 2024) describes
the creation of entangled states in cavity magnomechanical systems. (Wang, |2022)
shows the generation of tripartite entanglement in a cavity magnomechanical sys-
tem. These studies collectively highlight the potential for quantum entanglement
in quantum magnomechanics and its applications in quantum state engineering
and quantum information processing.

The most state of light which enhances entanglement in an optomechanics sys-
tem is the squeezed state of light (Amazioug et al.,|2020). This state, characterized
by reduced quantum noise in one of its quadratures, has been shown to significantly
enhance entanglement and quantum correlations in various optomechanical sys-
tems. For instance,(Amazioug et al., 2020)demonstrated that broadband squeezed
light can enhance entanglement between mechanical modes in Fabry—Pérot cavi-
ties, while (Kalita et al., 2022) achieved enhanced entanglement between optical

and LC circuit modes in an optoelectromechanical system. (Liao et al.,2018) further



showed that steady-state bosonic squeezing and entanglement can be significantly
enhanced in a dissipative optomechanical system through amplitude modulation.

The use of a degenerate parametric oscillator as a source of squeezed light is a key
focus in the literature. (Pérez-Arjona et al., 2004)further explores this, showing that
any optical dissipative structure supported by such oscillators contains a special
transverse mode free from quantum fluctuations.(Marty et al., 2021) builds on
this work, reporting on a new class of optical parametric oscillators based on a
semiconductor photonic crystal cavity, which operates at telecom wavelengths
and behaves as an ideal degenerate optical parametric oscillator. These studies
collectively highlight the potential of degenerate parametric oscillators as a reliable
source of squeezed light. In this thesis we consider a role of degenerate parametric

oscillator in a cavity magnomechanical system.

1.2 Statement of the problem

Nowadays, there is great advancement in field of magnomechanical system, espe-
cially in understanding the interaction between magnons, phonons and photons
but still many critical challenges remain unaddressed. The particular challenge is
the enhancement of entanglement in these systems. Existing study focus on strong
magnon-phonon coupling which is great barrier to maintain it in experimental
setup. This strong magnon-phonon requirement limit cavity magnomechanical
system to use it in quantum technologies (Jaeger, [2007).

Moreover, another major challenge is the external influence like thermal fluc-
tuation remain significant concern. Quantum systems are inherently sensitive to
external perturbations, thus, the resilience of quantum entanglement against these
factors is crucial for its use in real-world applications(Sadiek and Kais, |[2013).

Significant enhancements in bipartite entanglement between two optical modes
and a mechanical mode have been achieved by incorporating an optical parametric
amplifier. This device produces a squeezed light, effectively boosting the entan-
glement. Therefore, in this thesis the bipartite entanglement dynamics in cavity
magnomechanical assisted by Optical Parametric Amplifier will be studied. We seek
to understand how the presence of an Optical Parametric Amplifier (OPA) in this

system leads to stabilization and enhancement of the entanglement.



1.3 Objective of the study

1.3.1 General Objective

The general objective of this thesis is to enhance the bipartite entanglement in a

cavity magnomechanical system by optical parametric amplifier.

1.3.2  Specific Objective

* To obtain the Quantum Langevin equations in a hybrid magnomechanical

system under the proposed model.

* To quantify the enhancement of bipartite entanglement between subsystems
in the cavity magnomechanical model with the inclusion of an optical para-

metric amplifier.

* To identify and analyze the dynamical parameters of magnons, photons, and

phonons within our hybrid cavity magnomechanical system.

1.4 Significance of the study

The significance of our study lies in presenting a method to enhance quantum
entanglement within a cavity magnomechanical system. Enhancing entanglement
is vital for the advancement of quantum computing and quantum communication,
as entanglement is fundamental to quantum technology devices. Our research
aligns with ongoing efforts to address limitations in quantum information process-
ing by utilizing an optical parametric amplifier in the cavity magnomechanical
system. This effort represents a significant step toward realizing advanced quantum

technologies and expanding the capabilities of quantum information processing.



2

Literature Review

In this chapter we will see the basics of cavity magnomechanical system. We will
also look at Zeeman interaction, magnomechanical interaction, optical parametric
amplifier. Furthermore we will discuss the Quantum Langevin Equations and
the linearization approach. Finally we will touch upon the logarithmic negativity

concepts.

2.1 Cavity magnomechanics

Traditional forces such as radiation, electrostatic, and piezoelectric have facilitated
the coupling of phonons with optical or microwave photons, spurring the devel-
opment of cavity electro and optomechanical systems(Teufel et al., 2011). Despite
their advancements, these systems are limited by their tunability. In contrast, the
magnetostrictive force emerges as a viable alternative, enabling the coupling of
magnons a tunable collective excitation of magnetization with phonons (Zahn,
2006). This interaction, previously overlooked due to its minimal presence in di-
electric or metallic materials, is robust in magnetic materials, paving the way for
highly tunable hybrid systems in coherent information processing.

Among magnetic materials, yttrium iron garnet (YIG) is unique because of its
exceptional qualities. Renowned for its minimal loss for various information carriers
such as magnons, acoustic phonons and microwave photons and its transparency
to infrared light, YIG is an ideal candidate for integrating magnonic systems with

optomechanical elements as illustrated in Figure 2.1.



Magnon mode

-1 0 1

Figure 2.1: Device schematic of a typical Cavity magnomechanical system. (A)
Schematic of a cavity containing a YIG sphere in three dimensions. (B) Optical
picture of the YIG sphere with a diameter of 250 xm, polished to perfection.(C)
The S; » phonon mode’s of mechanical displacement. (D) strain-induced Dynamic

magnetization fields and uniform magnon excitation in the YIG sphere.(Zhang et al.,

20160

Because of its integration capability, YIG is a great platform for transferring

quantum states between various physical systems, which improves the performance

of magnonic technologies (Zhang et al., 2014).

2.1.1 Hybrid Magnonic System

An essential part of the continuous advancement of quantum and classical tech-
nologies is hybrid systems. By combining two or more degrees of freedom, these

systems try to take advantage of each subsystem’s advantages while avoiding its

disadvantages (Xiang et al.,[2013). Spin ensembles coupled to superconducting

qubits, for instance, might enable quantum memory, or mechanical oscillators

coupled to optical and microwave photons at the same time could enable wave-

length conversion (Julsgaard et al., 2013). As opposed to isolated subcomponents,

the creation of hybrid systems ultimately yields a net gain in performance or extra

capability. It has been demonstrated that the growth of many hybrid systems relies



heavily on collective magnetic excitations, or magnons (Lachance-Quirion et al.,

2017).

Frequency

Optical
100 THz == Photons
K~ 1 GHz

Magnon-Qubit
Coupling
Img ™~ MHz

Cavity
Optomagnonics
Bope ~ 0.1 Mz

10 GHz ==

10 MHz —

Figure 2.2: Characteristic frequency and the state-of-the-art decay rate and coupling

rate for each hybrid magnonic system (Chumak et al., 2022).

As shown in Fgure 2.2, magnons play a central role in the development of many
hybrid technologies . Magnons are versatile because they can couple to a large
number of different supplementary subsystems. For instance, magnons housed
in YIG pair parametrically with optical photons via magneto-optical effects and
resonantly with microwave photons via the Zeeman interaction (Kusminskiy et al.,
2016) .

Indirect coherent coupling between superconducting qubits and magnons has
been made possible by microwave magnon coupling(Tabuchi et al., 2015). The
measurement of the magnon number and single-shot magnon detection have all
been made possible via microwave magnon coupling. A direct coupling between
magnons and superconducting qubits without the need for a microwave cavity
intermediate has even been proposed in recent work (Kounalakis et al., 2022). In
addition, a great deal of theoretical and practical research has been done on cavity
optomagnonics, including studies on Brillouin light scattering, magnon heralding
and novel optomagnonic cavity designs(Osada et al., 2018). The magnetoelastic
effect further explains how magnons can be related to mechanical strain inside a
magnetic sample (Kittel,|1949). The magnetic anisotropy found in many magnetic

crystals is intimately associated with magnetoelastic coupling (Kittel, 1958).



2.2 Magnon-Photon Interaction

The Zeeman interaction, in which the time oscillating microwave field tries to align
the time oscillating magnetic moments inside the ferromagnetic sample, is what
causes the coupling between magnon and photon .The form of the interaction
Hamiltonian is

Hine = —,uo/ dVM - H.. (2.1)

Here, M is the net magnetization of the ferromagnetic sphere, H, is the magnetic
field of microwave resonator, and 1, represents the magnetic permeability of free
space, a fundamental constant that quantifies the ability of vacuum to transmit
magnetic fields. The integral is taken over V,,,, the volume over which the calculation
is performed, with dV representing the differential volume element used in the

integral (Flower et al.,|2019).

A%

Figure 2.3: Schematic of magnon-photon coupling. Spins within the YIG sphere
couple via the Zeeman interaction to the time-varying microwave cavity magnetic

feld (Zhang et al., 2016b).

The quantized magnetic field mode of an empty microwave resonator can be

expressed as follows after using this standard quantization protocol (Loudon, 2000).

1 Mohwc
VoV 2V

where h(r) is the normalized magnetic feld mode profle, ¢ and ¢' are the annihilation

H(r,t) = h(r)(¢ + éh) (2.2)

and creation operators, respectively. w. represents the frequency at which the

electromagnetic field oscillates.



Next, by defining a macrospin operator S = %, the uniform Kittel mode may
be quantized. We have assumed that the magnetic sample has been saturated by a
bias field in the z-direction, aligning the spins.The magnetization can be rewritten

in terms of the raising and lowering spin operators S* = S, + iS5, as,
M=1 1(S++S_)i‘+£(s+—5_)@+5 (2.3)
Vin \ 2 2 e '

Furthermore, the Holstein-Primakoff approximation can be used for low magnon

numbers (m'm) < 2s to estimate the spin operators.

St = mv2smm, (2.4)
S™ = hv2sml, (2.5)
S, = h(s —mim), (2.6)

where the magnon formation and annihilation operators are denoted by /' and
m, respectively, and s is the total number of spins. By inserting these definitions to

Equation 2.3, we are able to write

M:fy_h<¢2_sA

V2s | .
2

7 “Z(m+mhi + (1 —m) g+ (s — m*m)2> . 2.7)

2

We can assume, without losing generality, that h(r) = h(r)z if we take into account
the experimentally important scenario when the microwave cavity magnetic field
overlying the magnetic sample is spatially uniform through the magnetic sample.
The interaction Hamiltonian Eqn. 2.1 is obtained by inserting the magnetic field

defined in Eqn. 2.2 and the net magnetization defined in Eqn 2.7.

. 1 [ pohw, LA vYhv/2s , . ot
o — /e . 2.
Fine = —to / v (MO St ¢ )) i+ i) 2.8)

By using the rotating wave approximation, we may simplify this further by assum-
ing that the magnon-photon detuning is minimal (A,,, < {w4,wn,}). Then the

Hamiltonian of interaction can be expressed as

A hy [ poshw,

h
Hin = == 7 (em! 4 éfm) / dvﬂ (2.9)

m Vm '

We may extract the magnetic field from the integral if we assume that the magnetic

sample is tiny in relation to the length over which the magnetic field varies, so that

9



h(r) is uniform over the whole volume V,,. Generally speaking, this integral could
be explicitly performed as detailed in (Flower et al., 2019). However, in the majority
of experimental scenarios, this approximation maintains a high degree of accuracy.
Given the normalization of the magnetic field, we can define the mode overlap as

k()]
max([h(r)])

where 7 denotes the magnetic sample and cavity magnetic field overlap and r,,
represents the magnetic sample’s location Zhang et al.| (2016b) . The interaction

Hamiltonian can now be expressed as

. _hyn [ poshwe

Hing = == 7 (el + ¢t (2.10)

alternatively, as we will use throughout the remainder of this thesis, we can write

Hing = hgem(émt + éfim) (2.11)
where
shw,
Gom = —%77 “Ov , (2.12)

is the coupling rate between magnons and photons is influenced by both the profile
of the microwave cavity mode and the dimensions of the magnetic sample. Then

total Hamiltonian describing the magnon-photon system which is given by
H = hwe'e + hwpmt i + hgem (et + ¢lin) (2.13)

The Hamiltonian H consists of three primary terms. The first term, Aw,.¢'¢, repre-
sents the energy of the photon field, where £ is the reduced Planck constant, w. is the
angular frequency of the photon mode, and ¢'¢ is the photon number operator that
counts the number of photons in the mode. The second term, fw,,m ', describes
the energy of the magnon field, with w,, as the angular frequency of the magnon
mode and /7 as the magnon number operator. The third term, Ag., (¢t + émf),
reflects the interaction between the photon and magnon fields, mediated by the
coupling constant g.,,. This interaction term includes processes where energy is
exchanged between photons and magnons, leading to the creation or annihilation

of quanta in each field.

10



2.3 Magnon-Phonon interaction

The energy of the orbital state will depend on the orientation with respect to Spin-
orbit coupling, which will cause the energy of the net magnetic moment to depend
on their orientation within the crystal lattice if ions within the crystal lattice dis-
tort the electronic orbitals within the crystal. This orientation-dependent energy is
called the magnetocrystalline anisotropy energy (Darby and Isaac, 1974). The follow-
ing symmetry requirements must be satisfied by the anisotropy energy due to the
cubic symmetry of the underlying crystal structure of YIG (Stancil and Prabhakar,
2009). First, the anisotropy energy must be invariant when the net magnetization
M reverses . Second, the anisotropy energy must not vary when any two axes are

switched. It is observable that the function that satisfies these conditions is

Ex = Ki(aja3 + asa; + aza3) + Kyadazas (2.14)

Here, Ex represents the anisotropy energy, K; and K, are constants that quan-
tify the energy contributions from specific orientations, and a4, a», and a3 are the
directional cosines that relate the magnetization direction to the Cartesian axes.
This framework determines the preferred magnetization directions that minimize
the energy, reflecting the material’s crystallographic structure and inherent prop-
erties. Taylor expansion may be used to represent the anisotropy energy’s strain

dependency (Lee} 1955).

OF
Ex = EY + a—Kaij T (2.15)
€ij

The magnetoelastic energy F,, is given by

OFE
Ey = 92, Ci = bijk€ij
ij
which, due to the crystal symmetry, can be reduced to two terms with coefficients,
OE, o2 OFE
0% v 3{—:2-]-

= QbQO{iOéj.

Where b; and b, are known as the Kittel magnetoelastic coupling constants.

Ey =b; (aié‘m + ozzgyy + ozﬁgzz) + 2Dy (p oy + yasey, + 0006 ,) (2.16)

11



The relationship between the magnetization and Cartesian coordinates is

M;
M
Using these definitions, the magnetoelastic energy, in Cartesian coordinates, takes

the form|Zhang et al.| (2016b).

(2.17)

a; =

1 2b,
Ey = Ve (Mgfem + Mjeyy + Mfszz) + — I (M Myepy + M,M,e,. + M. M,e..)
(2.18)
The spin operators can be used to represent the magnetization as
hv2S 1
M, = 12V22 2 1) (2.19)
| A
vyihv2S'1 , | .
My = =5 —mil) (2.20)
M2 = M?— M2 — M? (2.21)

Here, we've assumed that there is a powerful external magnetic field that will align

every spin in the direction of Z. As a result,

M, ~ M, — gmf 7 (2.22)

m

Quantized displacement of a mechanical oscillator is defined as (Hauer et al.,|2013)
a(r,t) = z(t)u(r), (2.23)

where z(t) = xzpf[Z) + bf] and z.,; = Moreover, we defined u(r) as the

2m, fo

normalized displacement profile such that max |u(r)| = 1. Given this definition, we

can write the strain induced by a single phonon as

ou; O
Eij = Taps <b+bT> (%+ a?) (2.24)
J i

When resonant, the second term in Eq.(2.18) can lead to either linear magnon-
phonon coupling or parametric magnon creation if the phonon frequency is double
the magnon frequency. We will just be concentrating on the first Hamiltonian for
this work. when these quantized operators are substituted in to the first term of the

magnetoelastic energy in Eq. (2.18) it becomes.

by

H, = e / AV (MZege + Mgy, — (M + M)e..) (2.25)
h’ybl At oA Topf
S (b + bT) 7 /V AV (E0p + €4y — 2622) (2.26)

12



This term is equivalent to the optomechanical coupling Hamiltonian and repre-
sents a parametric coupling between magnons and phonons and can be written as
follows.

H = hgyit i (8 + bt ) 2.27)

where

1
P, = ﬁblg (2.28)
is the single magnon-phonon coupling rate. Recall n, = 2.2 x 10*® m~3 is the spin
density of YIG and ( is defined as

= "Tv—pf /V AV (Ege + £4y — 2222) (2.29)

It is the single phonon strain overlap integral.

2.4 Optical Parametric Amplifiers

The optical parametric amplifier, a key device in the field of quantum optics, has
garnered significant interest due to its well-characterized properties(Cerullo and
De Silvestri, [2003). The significance of OPA extends beyond mere amplification.
It plays a crucial role in generating squeezed state of light, which is fundamen-
tal for quantum information processing, quantum metrology, and various other
applications in quantum technologies. Squeezed states of light reduce quantum
noise in one field quadrature at the expense of increased noise in the orthogonal
quadrature, allowing for measurements that can surpass the standard quantum
limit. This characteristic is exceptionally beneficial for improving the precision
of measurements, such as those required in gravitational wave detection, where
reducing quantum noise can significantly enhance the signal-to-noise ratio.

This process is fundamental to the exploration and manipulation of quantum
states in optical systems. The optical parametric amplifier stands as a pivotal and ex-
tensively studied device in quantum optics. In these amplifiers, a high-energy pump
photon undergoes an interaction within a cavity, mediated by a nonlinear crystal.
This process results in the pump photon being down-converted into two photons,
each possessing a lower frequency. Such mechanisms are integral to advancing our
understanding and control of quantum states in optical frameworks(Zhang et al.,

2016a) (Abebe et al., 2020).

13



Wpump g —» Wyymyp (residual pump light)
% Wsignal (entangled photons)

w .
signal q — Widler (new photons)

Figure 2.4: Degenerate optical parametric amplifier with a nonlinear crystal that is

driven by coherent light(Baumgartner and Byer,|1979).

2.5 Tools of quantum magnomechanical systems

In quantum magnomechanical systems, several advanced techniques and concepts
are crucial for understanding the dynamics and interactions at the quantum level.
These include the quantum Langevin equations, the linearization approximation

approach, and the logarithmic negativity method.

2.5.1 The quantum Langevin equations

In quantum mechanics, particularly within the Heisenberg picture, the time evolu-
tion of a system is uniquely defined by the evolution of its operators rather than its
state vectors. This perspective is instrumental in understanding the dynamics of
quantum systems, especially when extended to more complex scenarios like open
quantum systems. The Heisenberg-Langevin equation serves as a pivotal extension
of the standard Heisenberg equation of motion, incorporating the intricacies of
open systems which are often characterized by dissipative and noisy environments.
In scenarios where the system exhibits dissipative behaviors, the Heisenberg
equations of motion, commonly referred to as the quantum Langevin equations, are
employed. These equations elegantly blend the deterministic evolution of operators
with stochastic elements, representing the random influences of the surrounding
environment. Formally, the equation is given as(Vitali et al., 2007) (Danaci, 2020)

?

Z -
h

(Z,Hy|+ N —~Z, (2.30)

where Z symbolizes any general operator variable such as ¢, j, or a. The term
~ stands for the damping coefficient, indicative of the dissipative nature of the
system, while NV represents the quantum noise, also known as Brownian noise,

which averages to zero. This integration of deterministic and stochastic elements
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in the equation provides a comprehensive framework for analyzing the temporal

behavior of quantum systems in realistic, non-isolated scenarios.

2.5.2 Linearization approximation approach

In the context of magnomechanical systems, the linearized approximation provides
an insightful method for grasping the dynamics of such coupled systems. This
approach is particularly useful as it allows the exact solution of linear dynamics
in principle. The linearized Langevin equations for magnomechanics are derived
using a similar approximation as in cavity optomechanics. Here, the dynamics
involve a Heisenberg operator that comprises a steady-state value plus a fluctuating
operator with a zero mean value(Vashahri-Ghamsari et al., 2021). This adjustment
is achieved by increasing the drive power, and with sufficiently strong drive, the
system’s dynamics are essentially quantum fluctuations around a classical steady
state. The operator for a magnomechanical system, analogous to the optical field

amplitude in optomechanics, can be expressed as
a=a+da, (2.31)

where o represents the mean field amplitude of the system, and Ja denotes the
fluctuations. When expanding it’s possible to neglect terms like o as it leads to
a constant force that merely shifts the system’s equilibrium position. The driving
term from the standard Hamiltonian is excluded from the linearized Hamiltonian,
as it is the origin of the classical amplitude o around which the linearization is

performed.

2.5.3 Logarithmic negativity approach

Logarithmic negativity is a widely recognized tool for measuring the degree of en-
tanglement between two systems, regardless of their size. It is extensively used by
researchers to compute the entanglement of mixed states, explore its spatial distri-
bution, capture quantum correlations, and quantify continuous-variable Gaussian-
type bipartite states. Its popularity stems from its explicit computability and addi-
tive properties.The generated continuous-variable (CV) bipartite entanglement is

measured in terms of logarithmic negativity £y, defined as Dias (2020).
Ex = max[0, —In2n_], (2.32)
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where 7_ is the minimum symplectic eigenvalue of the partially transposed cavity

mode corresponds to the interest bipartite system. It is given by

1
_=—/2(V) = /2(V)2 —4det V, 2.33
1 =5 VEV) - VED) (2.33)
where V' is the covariance matrix, expressed as a block matrix

B C
V= , (2.34)

ct B
and X(V) = det B+ det B’ — 2det C. Here, B, C, and B’ are 2 x 2 matrices derived
from the correlation matrix. £y indicates entanglement if det C' < 0 and 7 < %
Utilizing this framework, the bipartite entanglement between two modes can be

measured (Javanmard et al.,|2018) (Ruggiero et al.,|2016).
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3

Methodology

3.1 Overview

In this chapter we focus on the comprehensive modeling and analysis of cavity
magnomechanical systems enhanced by an Optical Parametric Amplifier (OPA).
This includes a detailed exploration of the Model and Hamiltonian of the System,
which lays the foundational theoretical framework; dynamics of the system, where
the behavior under dynamic conditions is examined through nonlinear quantum
Langevin equations; the steady state equations motion of the system, which ex-
plores the system’s behavior at equilibrium; and the fluctuation equations motion
of the system, where small deviations from equilibrium are analyzed to understand

the system’s response to perturbations.

3.2 Model and Hamiltonian of the system

The model we are going to study is a cavity magnomechanical system that incor-
porates a ferrimagnetic crystal which is yttrium iron garnet in microwave cavity.
This configuration is pivotal to study interaction among various quantum element
in magnomechanical system. The YIG sphere which we use in this study is se-
lected because of its high spin density and low energy dissipation rate. It serve
as medium for magnon excitation. These are collective spins in the sphere and
it interacts with electromagnetic field through magnetic dipole interaction. The
system also accommodates phonons, which are collective mechanical excitations
in the material.

A main feature of our model is the integration of optical parametric amplifier in
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Figure 3.1: Schematic diagram of our model, which is magnomechanical system
that consist an Optical Parametric Amplifier (OPA) and a YIG sphere in a microwave

cavity .

cavity magnomechanical system. OPA has ability to amplify and attenuate photon
signal (Lam et al., 1998). It also generate squeezed state of light wich is expected to
influence the quantum dynamics of the system. The Hamiltonian of our system is

given by

H = Toed &4 hesilin + 5 (0 + %) +
Rt m (3 - lAaT> + hgme(cim + em™)+

ihG (ePcPPe ™ — e 2™ +inQ (mle ™" — me™") . (3.1)

The Hamiltonian effectively encapsulates each terms representing specific phys-
ical interactions and properties. The initial terms, Aw,.¢'¢ and hw,, !, correspond
to the energies of the cavity and magnon modes, where ¢', ¢, /', and m are the
creation and annihilation operators for photons in the cavity and magnons, respec-
tively. The third term, < (¢* + p*), describes the energy of the mechanical (phonon)
mode, with ¢ and p being its position and momentum quadratures. The magnon-
phonon interaction is indicated by the fourth term, Ag,,,im!m (3 -+ ?JT), where g,,,; is

the rate of magnomechanical coupling.
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The coupling between magnons and the microwave cavity is articulated by the
fifth term, Ag,.(ctm~+cm'), with the rate g,,. indicating strong coupling if it surpasses
the cavity (x.) and magnon (x,,) mode dissipation rates. The OPA’s nonlinear gain is
depicted by the sixth term, ihG (¢?¢t2e ™! — ¢~ ¢%e™!), where G and ¢ denote the
gain and the driving field’s phase. The strength of the microwave field driving the
magnon mode, defined by the Rabi frequency 2 = %gym , is described lastly,
where v represents the gyromagnetic ratio, and N = pV indicates the overall spin
count within the YIG sphere, considering its spin density p and volume V. Radiation
pressure effects are disregarded based on the assumption that the microwave field’s

wavelength greatly exceeds the sphere’s size.

3.3 Dynamics of the system

The Hamiltonian describing the system’s energy and interactions is outlined in
Equation (3.1). From this Hamiltonian, a series of nonlinear quantum Langevin
equations can be formulated to model the dynamics of the Magnomechanical
Systems equipped with an Optical Parametric Amplifier (OPA).

In equ 3.1 the fourth term describes magnon phonon intraction:
Hy = hgyyitiin (?) + BT> (3.2)

Where the annihilation and creation operators of mechanical resonators are b and
bi, respectively, while the annihilation and creation operators of the magnon mode

frequency are 1 and 7if. They are described as

MW T + 1P

b= 3.3

v 2mwm, b (3-3)
o — Mo — D 3.4

v 2mwmh (5-4)

in which
R h
and

p = p\/ mhw,,. (3.6)



Then the term b + b' in Eq. (3.2) can be written as

bt ( mwpd ip ) N < MWy & N ip > _ 2mwpd (3.7)
- \V2mhw,  V2mbw,, V2mhwm  2mhbwy ) 2hmw,y, ’
Now, after inserting Eq. (3.5) into Eq. (3.7) with -2 ~ 1 we get
g Lq q /2 g
b+t =g (3.10)
Finally, by inserting Eq.(3.10) in to Eq.(3.2) we get
Hy = hgmpym1ng (3.8)

The driving Hamiltonian H, and parametric Hamiltonian H, of our system are as
follows:

Hy = ihQ (e ™" — me™!) (3.9)

H, = ihG (e?cl2e7™t — e702et) | (3.10)

This terms are time dependent. To avoid time dependence of this terms we apply

unitary transformation (Axline, 2018).

Hy=UHU + m%zﬁ. (3.11)
Hy=U [ihQ (mfe ™ —me™)| U + z‘h%UT (3.12)
Using
my = mye wt

U _ e—iwﬁﬁmt
UT _ eimemt
Uvt =1

We can express the driving Hamiltonian H, as

Hy = ihQ (! — m) — hwimlm (3.13)
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To overcome the time-dependence of Eq. (3.10), we have similarly applied a

unitary transformation as

du

H,=UH,U" + ih%UT. (3.14)
It then follows that
% 7l 052 —iwt b a2 iwt\] 7 AU oo
H,=U [th (e e —e ()% )} U —|—Z7:LEU (3.15)
so that using the relations
CAfQ — CAiQG—iwt
CAfTQ — éiTQGiwt
T = exp (iw(éfe)?t)
7t = exp (—iw(éfe)’t)
YOt - 1
Hp could be rewritten as
H, = ihG (76 — e e?) — hw(cte)?. (3.16)

In Eq. (3.16), the final term disappears, having no bearing on our conclusion, and

the equation then becomes
H, = ihG (e?&* — e7e1?) . (3.17)

Our system’s Hamiltonian in a frame rotating at the driving field’s frequency

under rotating-wave approximation is as follows

H
5 = Acte + Amm + %(q2 + p?)+
GG + Gme(ctm + emT)+
iG(ec? — e7c?) +iQ(m —m). (3.18)

Now It is possible to compute the nonlinear QLE for this system.

for ¢

dg - T

L —d=—=[6.H +N -~ 3.19
o #(0: 2]+ N =4 (3.19)
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with the use of Eq.(3.18), we see that

A

~ w
¢ H) = [, Adle + Al + 2 (3 + )+
Ry G + Gme(6T0 + )+
iG (e — 7)) +iQ(m! —m)).
Or

Whp
2

+ G, Bigmpi"00q] + (G, gme (& + éml)]

G, H] =[q, Aéte] + [q, Armbm] + [g, = (4% + p°)]

+ [Q7 Z.G(ewéj-2 - e_wé2)] + [Cja ZQ(T?LT - ’I’h)]

Employing the commutation relations

N

[A,C] + [A, B|IC

I
o

[A, BC]

and

We can put Eq.(3.19) as
q = WP,
Moreover, the time evolution for the operator p can be written as

dp

b= ——[p Hl + N —~p
o h[p, ] + vp

Taking Eq.(3.18) in to account,we notice that

Wy
72
+ [P, g "0q) + [, gume (€110 + )]

b, H] =[p, Aé'é] + [p, Arnli] + [p, —(¢* + p°)]

+ [, iG(ee™ — 0] + [p, i’ — m)).
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(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)



Using the commutation relations

[ﬁ)ﬁ] = 07
[ﬁa qA] = _Zh7
[A7 q2] = _,thA,

the time evolution in Eq.(3.27) can be expressed as:

D= —wpd — VP — Grpr |1 + &,

(3.29)

(3.30)
(3.31)
(3.32)

(3.33)

(3.34)

The time evolution of the microwave cavity mode operator can also be written

as:
Z—f:é: —%[é,f{]JrN—yé
Now with the aid of Eq.(3.18),we see that
&, H] =[e, Acte] + [e, At + [6, (4 + 7))
+ (&, Agmpi 1] + [6, gme(ET + eml)]

+ [6,3G ("¢ — e7 )] + [¢,iQ(m' — m)),

Employing the commutation relations

6,41 =0
¢, ¢l =1

we can write Eq.(3.35) as

&= —(iD + Ke)é — igmern + 2G€ET + /20 eM

(3.35)

(3.36)

(3.37)

In a similar manner, the time evolution for the magnon mode operator is expressible

as:

(3.38)



and using the Hamiltonian described by Eq.(3.18), we see that

1, H] =[ri, Acle] + in, Ava'ain] + 1, (¢ + )]
+ [, gt d] + [0, gme(ET 4 éml)]

+ [, iG(e?e™ — e )] + [, iQ(m' — m))

With the aid of the relations

[, ¢] =0
[, é] = 0,
[, '] =1,
[p,m] =0,
[, m] =0,

we can put Eq.(3.38) as

Thus, the system’s quantum Langevin equations are provided by

¢

— (i + F)E — igmern 4+ 2GeET + /256,

ﬁl = _(ZAm + Hm)m - ngcé ngbmq + Q4+ V2650 "

WhP,

q

D= —wyd — WP — gmpri + &,

(3.39)

(3.40)
(3.41)
(3.42)
(3.43)
(3.44)

(3.45)

(3.46)
(3.47)
(3.48)
(3.49)

where the mechanical damping rate is represented by ~,. The input noise operators

for the cavity, magnon, and mechanical modes, respectively, are ¢,

min, and €.

They have zero mean and are characterized by correlation functions as(Li et al.,

2018).
(@)™ (1)) = [Ne(we) + 1ot — 1),
(@ ()en(t) = Ne(we)d(t — 1),
(™ (O)m™ () = [Non(wm) +1]0(t = 1),
(™ (E)m™ () = Non(wm)o(t = 1),
(EDEW) = W2Np(ws) + 1]8(t — ),
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where a Markovian approximation has been performed, which is valid for a large

-1
mechanical quality factor @ = %> > 1, N;(w;) = [exp ( ,f:gp) — 1] (j=c,m,b)
are the equilibrium mean number of the thermal photon, magnon, and phonon,

respectively.

3.4 The steady state equations of the system

If the magnon mode is substantially driven enough that |(m)| > 1,The system’s
dynamics are linearizable.The cavity field amplitude |(c)| > 1 is also substantial
for a strong cavity-magnon interaction. Consequently, the operator O = (O) + 5O
(O = ¢,m,q,p) may be expressed in terms of both its steady-state value and a
fluctuation portion up to first order. The steady-state mean value is represented by

(O), while the small fluctuation operator 6O has a zero mean value (Agasti, 2020).

c=cs+ e, (3.55)
m = mg + om, (3.56)
q=gs +0q, (3.57)
p=ps+p, (3.58)

where dq, dp, 0o and dm are fluctuations with zero mean value and q,, p,, o5, and m;
are the system’s amplitude. The relevant average values are obtained by applying

derivatives and setting the fluctuations to zero-mean values.

Using Eq.(3.58) in Eq.( 3.48)
¢ = wy(ps + dp) (3.59)

The momentum p, has a mean value of zero in the steady-state, meaning that
mechanical damping has no effect on the system’s steady-state. Following that,

pSZO

0q = wydp
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To find ¢, lets insert Eq. (3.56), Eq. (3.57) and Eq. (3.58) into Eq. (3.49)
0p = —wp(qs + 9q9) — 1(ps + 0p) — gmp(mi + om™) (ms + om) + £(t) (3.60)

Because of the steady-state momentum p, equals zero and the fluctuation terms dq,
op, 6m and dc have mean values of zero. we may write ¢, as

_gmb|ms|2

s = ——— (3.61)
Wm
Then, Eq.(3.60) becomes
5p = —glms|* + glmg|?® = Wi + gmp(meomy; +m*6m) — vup + £(t) (3.62)
0p = —wmq + go(msdm™ + miém) — v,p + &(1) (3.63)

In similar manner, substituting Eq. (3.55), Eq. (3.56) and Eq.(3.57) into Eq.(3.47) we
get

61y = — (A 4 B ) (Mg 4 0M) — iGme(Cs + 6¢) — igmp (Mg + 6m)(qs + 6q) + Q4+ 2k, m™
(3.64)

Form Eq.(3.64) we obtain average value of m, by setting the derivatives to zero

1GmeCs — §2
m (1A + Em + 1Gmpq) ( )

Substituting Eq.(3.65) into Eq. 3.64, we can easily obtain.
o = — (zﬁm + Iim) M — 1GmadC — 1GmpMs0q + 2k mm™ (3.66)
Finally for ¢, substitute Eq. (3.55) and Eq. (3.56) into Eq.(3.46) we have
¢ = —(Ac+ ko) (cs + 5¢) — igme(ms + 0m) + 2Ge™ (¢t 4 6¢*) + V/2k.C™. (3.67)

Again setting the derivatives to zero

LGmcMs

s = ‘ : 3.68
= 2Ge (1A + Ke) (3.68)
Substituting Eq.(3.68) into Eq. 3.67, we find that

6¢ = —(iD¢ + Ko)0¢ — igmedm + 2Ge6c* + 2k, (3.69)
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Thus, for the fluctuation operators, we obtain the linearized quantum Langevin

equations as

0q = wydp, (3.70)

0p = —wpq + Gmp(ms0m” + mdm) — ymp + £(2), (3.71)

o = — (zﬁm + Iim> M — 1GmedC — 1GmpMs0q + / 26kmm™, (3.72)
6¢ = —(iA + Ko)0¢ — igmedm + 2Ge®5ct 4+ 2k ™. (3.73)

3.5 The fluctuation equations of motion of the system

Quadrature fluctuations within a quantum system can be effectively described using
the linearized quantum Langevin equations (QLEs). This method is particularly
valuable for studying the stability and quantum noise characteristics of the system,
providing insights into the behavior of quantum correlations and entanglement
between different system components.

We represent the fluctuation operator using quadrature fluctuations in the

following manner:

F) = [621(t), 0y1(t), 62(L), 0y2(t), b, 0p)

with
1
dxq = M7 (3.74)
V2
i(6ct — dc)
Sy = 0 99 3.75
(7 73 (3.75)
T
0Ly = M’ (3.76)
V2
i(dm' — dm)

0y = ————=. 3.77
Yo NG (3.77)

and for the corresponding Hermitian input noise operators of the system,we s

] Cin + CinT

omy" = 3.78
I \/§ ( )
sy = = (3.79)

Y1 Z\/§ ) .
dxy" = ———— 3.80
T \/i ( )
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mno_
in m m

oyt = ————.
Y2 2
After using Eq. (3.76) and Eq.(3.77) into Eq. (3.71) we get

0p = —wpdq — WOP + iV 2gmp M)y + €,
and defining G, = iv/2g,m(m), we get
0p = —wy0q — 0P + G0y + E.

Now, taking the time derivative of Eq. (3.74),we get

(5¢ 4 o¢ch
—\/5 )
When we combine Eq. (3.73) with Eqg. (3.84), we obtain

5(@1 =

1

§iy = —( — (i + KQ)OE — igmedin + 2Ce®5ct 1 \/2rEm

V2

— (=il + £)OE + igmedin + 2Ge P 6c + \/2r, “‘"T).

Employing the Euler relations

¢ = cosf +isinf
and
e % =cosf —isinh
we can express Eq.(3.85) as
. il
dr1 =(—k. + 2G cos(@))M + (A, + 2G'sin(0))
V2
i(dml — dm) T ¢+ ¢

+mc
g ) V2

i(dct — dc)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

Thus, by comparing Eq. (3.74), Eq. (3.75), Eq. (3.77) and Eq. (3.78) with Eqg. (3.88)

one can get

011 = (—ke + 2G cos(0))0z1 + (A 4 2G'sin(0))0y1 + Gmedys + V2R07,™

Differentiating Eq.(3.75) with respect to time,we find that

. LT . A
55 = Z_((50 50).

V2
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When we combine Eq. (3.73) with Egs. (3.90), we obtain

oy = z’i< — (=il + £e) 0 igmdint + 2Ge e + /2508
2 (3.91)
4 (A + Ke)3E + igmedinn — 2Ge~ P8t — \/2/%6111).
Inserting Eq.(3.86) and (3.87) in to Eq.(3.91), we obtain
. T i(Set —
0y, =(—A. +2G sin(Q))@ — (ke +2G COS(G))M
2 . (3.92)
(dm + omT) cén — cint
N — + 2’%6—

— 9me \/§
Thus, by comparing Eq. (3.74), Eq. (3.75),Eq. (3.76) and Eq. (3.79) with Eq. (3.92)

one can get.
5@/1 = (=A. +2Gsin(0))0z1 — (ke + 2G c0s(0))6y1 — Gmedxa + V265" (3.93)

Following a similar procedure, it can be established that

02 = GreOU1 — Km0 + Apmdys — Grp0q + v/ 2km0x2™, (3.94)
and
0y = —Gme0T1 — A0y — Kem0ys 4+ V/2km0ys"™" (3.95)

Finally, from Eq.(3.70),Eq. (3.83), Eq. (3.89), Eq. (3.93) , Eq. (3.94), and Eq.
(3.95) the system’s linearized QLE with fluctuation and dissipation components is
expressed as:

(5.q = Wnop (3.96)
op = —wpdq — Wop + G0y + £. (3.97)
dxy = (—ke + 2G cos(0))dxy + (Ae + 2G sin(0))0y1 — Gmedya + V2020, (3.98)

5y1 = (—A. 4+ 2Gsin(0))0x1 — (ke + 2G c0s(0))6y1 — Gmedxa + V26001™  (3.99)

022 = GmedY1 — Km0z + Dyndys — G0 + /2 02™ (3.100)
Yy = —GmedT1 — Dby — Km0ys + v/ 2mys™ (3.101)

The above equations can be written in matrix form as.

u(t) = Au(t) + n(t) (3.102)
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where A is the drift matrix, u(t) is the vector of quadrature fluctuation operators,

and n ()" = [\/26a 2t (t), V2Eayi™(t), V2Ema 5 (), v26my5" (1), 0,£(t)] is the column

vector of noise sources.

6X —ke+2Gcost A, +2Gsind 0 Gme 0 0 0X V2 Xin
5y —A.+2Gsinf —k.—2Gcosl —gpe O 0 0 oY V26 Yin
ox _ 0 Grme —km Ap =Gy 0 Sz N V26 Tin
oy —Gme 0 —Ap —km 00 3y V26 mYin
5q 0 0 0 0 0 Wh 8q 0
op 0 0 0 Gmw —w % op 3
(3.103)

All of the informations of the system are extracted from the coefficient matrix A,

which is rewritten below.

—Ke +2G cos  A,+2Gsinb 0 Gme 0 0
—A.+2Gsinf —k.—2Gcosl —gn. 0 0 0
0 9me —KRm Am _Gmb 0
A= _ (3.104)
—Gme 0 _Am —Km 0 0
0 0 0 0 0 Wy
0 0 0 Gy —W —W
The solution of Eq. (3.102) is
u(t) = / M(s)n(t — s)ds, (3.105)

where M(t) = e?. The system is stable and reaches its steady state when all of
the values of A have negative real parts so that M (o) = 0. The steady state of
the quantum fluctuations of the system is a continuous variable (CV) three mode
Gaussian state because of the linearized dynamics and the Gaussian nature of the

quantum noises. This state is fully represented by a 6x6 Covariance matrix, whose

entries are specified as (Jiao et al., 2022).

Ry — % (useyul () + (¢ (1)) (3.106)

where (i,j = 1,2,...,6) and u;(t) = M (t)u(0) + [} dt'M(t')n(t — '), since M (t) =

exp(At) and as t — oo our system is stable (M (oo) = 0). Therefore
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(ui(00)u;(00) + u;(00)ui(00))

2

The steady state Covariance matrix (CM) R can be achieved by solving the Lyapunov

Ry — (3.107)

equation

AR +RA" = —D. (3.108)

With diffusion matrix D = diag[k.(2N. + 1), k.(2N. + 1),k (2N, + 1), ki (2N, +
1),0,7 (2N, + 1)] defined through

(ni(t)n; (1) + n; (t)ni(t)) /2 = Do (t — t').

We use a numerical method to solve the Lyapunov equation for the covariance
matrix since it is too difficult to solve analytically.
To evaluate the entanglement between any two modes of the system, we utilize

logarithmic negativity, defined as (Plenio, |2005).
Exn = max|0, — In(27)],

where 1 denotes the smallest symplectic eigenvalue of the reduced covariance

matrix of the two subsystems in question.
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4

Result and Discussion

This chapter provides a comprehensive analysis of the entanglement properties
of an optical parametric amplifier (OPA) coupled to a magnomechanical system.
The numerical results, which measure the corresponding CM using logarithmic
negativity, can be used to confirm the entanglement qualities. In light of this, we
investigate how the entanglement formation is impacted by the OPA parametric
gain .Using the numerical values in the table below, based on our current parameter

declarations, we plot graphs to study the entanglement enhancement.

Table 4.1: The experimental parameters for a cavity magnomechanical system used

in our numerical simulation (Li et al.,2018).

No | Physical parameter Symbol | Quantity
1 | Frequency of cavity mode 5e 10GHz
2 | Frequency of magnon mode em 10GHz
3 | Frequency of mechanical mode oo 10MHz
4 | Magnon dissipation rate fm 1MHz
5 | Cavity dissipation rate e 1MHz
6 | Mechanical damping rate 2 100Hz
7 | Magnomechanical coupling rate fmb 1MHz
8 | Magnon-cavity coupling rate fne 3.2MHz
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4.1 Numerical results and discussions

In this section, we will showcase the graph generated in MATLAB, which provides
a visual representation of the enhancement in entanglement properties achieved
through the optical parametric amplifier’s coupling with the magnomechanical
system.

0.3
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0.2
u 015
0.1F i G=0
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Figure 4.1: Bipartite entanglement involving magnon-phonon modes relative to ﬁ—bc.
The black curve denotes G' = 0, while the other curves correspond to G = 3 x 105571

with three distinct phase settings of 6.

Figure 4.1 investigates the effect of an Optical Parametric Amplifier (OPA) on
the bipartite entanglement F£,,, between magnon and phonon modes within a
yttrium iron garnet (YIG) sphere. The graph demonstrates how the normalized
detuning A./w;,, which indicates the difference between the cavity frequency and
the mechanical mode frequency, affects the entanglement.The y-axis quantifies
the degree of entanglement using logarithmic negativity £y, with higher values
indicating stronger entanglement.

The baseline condition without the OPA (G' = 0), shown by the black curve,
serves as a reference for comparing the enhanced entanglement conditions in-
duced by the OPA. Upon introducing the OPA, represented by the colored curves
at different phase settings (¢ = 0,7/2,and ), it becomes evident that the OPA’s
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influence varies with its phase. Although these curves demonstrate that the direct
coupling between the magnon and phonon modes within the YIG sphere remains
primarily unaffected by the OPA, they also show the OPA’s capability to broaden
the range of operational conditions under which entanglement is observed. This
is highlighted by the shifts in the entanglement peaks across various OPA phases.
This extended range is crucial for practical applications, offering more flexibility
in experimental setups and potential robustness against fluctuations in system
parameters.

The ability to manipulate quantum entanglement through external adjustments
like the OPA provides valuable insights into quantum state engineering, paving the
way for advancements in quantum computing and communication technologies

where controlling entanglement is pivotal.
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Figure 4.2: Bipartite entanglement among cavity-magnon modes relative to the

ratio ﬁ—f. The black curve indicates a scenario where G = 0, while the remaining

curves represent G = 3 x 10°s™!, each associated with distinct phase settings of 6.

In Figure 4.2, the diagram presents an exhaustive and detailed visualization
of the effect that an Optical Parametric Amplifier (OPA) exerts on the bipartite
entanglement F£.,, between magnon and the cavity modes, as influenced by dimen-
sionless detunings A./wy.The visualization highlights a significant enhancement in

the level of entanglement across a broad spectrum of detuning values, facilitated by
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the incorporation of the OPA. The graph features several curves to denote different
conditions, the black curve represents the scenario without OPA (G = 0), serving as
a baseline for comparison, whereas the colored curves (6 =0, § = 7/2, and 6 = )
illustrate the entanglement levels under the influence of the OPA at various phase
settings. Each color distinctly shows how the OPA’s phase affects the entanglement
peaks, thereby demonstrating the OPA’s role in dynamically tuning the system’s
quantum interactions for enhanced performance and stability in entanglement
driven processes.

The improvement in entanglement can be attributed to the fact that the inclu-
sion of an Optical Parametric Amplifier (OPA) substantially boosts the interaction
between cavity and magnon modes by elevating the number of photons in the cavity
and modifying the photon dynamics within the cavity mode. OPA creates squeezed
states of light, where quantum noise in one variable (quadrature) is reduced below
the standard quantum limit while increasing noise in the complementary variable.
This property allows the OPA to reduce uncertainty in one variable, increasing the
precision of quantum interactions and, thus, improving entanglement.

The phase of squeezing, denoted as 6, plays a crucial role in shaping the charac-
teristics of squeezed light within a given system as you can see it Figure 4.2. This
phase determines which quadrature is selectively squeezed. The importance of ¢
extends beyond simple operational control, it is fundamentally critical for aligning
the squeezed state with the specific dynamics of the quantum system in use. By
finely adjusting 0, it is possible to specifically tailor the quantum state’s behavior,
ensuring that the squeezed light interacts optimally with other system components.
This precise alignment is essential for fully leveraging the unique properties of
squeezed light, enhancing the interaction between light and matter at the quantum
level, thereby enabling more precise control over the system’s quantum states and

their evolution.
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Figure 4.3: Bipartite entanglement among cavity-phonon modes relative to the ratio
ﬁ—bc. The black curve indicates a scenario where GG = 0, while the additional curves

represent G = 3 x 10°s™!, each associated with different phase settings of 6.

Figure 4.3 illustrates the bipartite entanglement among cavity-phonon modes
over various detuning values. The black curve depicts the condition in the absence
of OPA intervention (G = 0), providing a reference point for comparison.The other
curves correspond to a gain setting of G = 3 x 10°s~! but with three distinct choices
of the OPA phase(§ = 0, § = 7/2, and § = 7).The entanglement distribution
depicted in Figures 1, 2, and 3, when (G = 0), suggests that the initial entanglement
between magnon and phonon is partly redistributed to the subsystems involving
the cavity-magnon and cavity-phonon.

Interestingly, Contrary to the usual distribution tendencies, there is a significant
increase in phonon-photon entanglement as the cavity detuning approaches to
positive mechanical side band. This phenomenon can be attributed to the OPA’s
impact on the cavity field. As the altered cavity field interacts with the magnon
mode, it effectively captures and redistributes the quantum correlations originally
present in the light field. This enhancement is a direct result of the OPA’s influence,
showcasing its effectiveness in altering the quantum landscape to favor specific

entanglement pathways.
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This result not only highlights the altered entanglement dynamics but also the
non-local nature of quantum entanglement. The ability of the entanglement to
transfer from one mode to other modes, is particularly indicative of the quantum
system’s interconnectedness. This extended entanglement, facilitated by the OPA,

enhances the overall coherence and quantum interaction capabilities of the system.
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Figure 4.4: Cavity-magnon entanglement relative to temperature both in the pres-
ence (G = 3 x 10%, 0 = 7) and absence (G = 0) of the Optical Parametric Amplifier
(OPA). The parameters A./w;, and A,, /wy, for each curve are finely tuned based on

Figure 2.

Notably, the inclusion of the Optical Parametric Amplifier markedly improves
the stability of entanglement against temperature variations, as shown in Figure 4.4.
This diagram displays cavity-magnon entanglement relative to temperature, con-
trasting conditions with and without the OPA. The black curve illustrates the degree
of entanglement when the OPA is absent, while the blue curve, representing settings
where 0§ = 7 with the OPA, indicates a substantial enhancement in entanglement
at identical temperatures. Consequently, the OPA facilitates the maintenance of

strong entanglement even at elevated temperatures.
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Figure 4.5: Cavity-magnon entanglement in relation to dimensionless magnon-
phonon coupling (G,,;) is examined in scenarios with (G = 3 x 10°,6 = 7) and
without (G = 0) the Optical Parametric Amplifier (OPA). The parameters A./w;, and

A, /wy are set at —0.7w;, and 0.9w, respectively.

In Figure 4.5, we illustrate bipartite cavity-magnon entanglement (£.,,) as a
function of magnon-phonon coupling (G,,;) at a fixed value of A,, = 0.9w, and
A. = —0.7w,. This comparison is made for both the absence (black curve, G =
0) and the presence (blue curve, G = 3 x 105, 6§ = ) of an Optical Parametric
Amplifier (OPA). When the OPA is absent, the cavity and magnon modes engage in
a linear cavity-magnon beam splitter interaction, which is typically unable to create
entanglement. Consequently, cavity-magnon entanglement typically requires a
finite magnon-phonon coupling to exist.

Remarkably, this requirement is bypassed with the introduction of the OPA.The
inclusion of the Optical Parametric Amplifier fundamentally changes the system’s
dynamics, as evidenced by the blue curve in Figure 4.5. The OPA creates entan-
glement even when G,,,, = 0, demonstrating its capacity to facilitate robust cavity-
magnon entanglement without relying on direct magnon-phonon coupling. This
finding highlights the pivotal role of the OPA in optimizing quantum correlations

across the system.
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5

CONCLUSION AND RECOMMENDATION

5.1 Conclusion

In conclusion, we studied a cavity magnomechanical system featuring a yttrium
iron garnet (YIG) crystal within a microwave cavity, specifically designed to amplify
quantum interactions. In order to change the statistics of photons within the cavity
mode and enhance the cavity’s photon occupation number, an Optical Parametric
Amplifier (OPA) was also incorporated. We found that incorporating the OPA into
the cavity magnomechanical system notably boosted the bipartite entanglement
between cavity-magnon and cavity-phonon when the OPA phase was optimally
selected. Interestingly, the introduction of the OPA did not substantially impact
the magnon-phonon entanglement. This occurred because both the phonon and
magnon modes were immediately interconnected inside the YIG sphere, while the
OPA only altered the photon statistics. Among the other notable results was the
introduction of the Optical Parametric Amplifier (OPA) diminished the requirement
for intense magnon-phonon coupling to facilitate cavity-magnon entanglement.
Even in the absence of phonon-magnon coupling, we observed substantial cavity-
magnon entanglement. Also, the Optical Parametric Amplifier (OPA) increased the
system’s tolerance to temperature changes. Furthermore, the OPA extended the
range of entanglement within the parameter settings, a significant attribute for

potential experimental applications.
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5.2 Recommendation

In our analysis, the Kerr effect was not considered, primarily due to its significant
dependency on both the volume of the sphere and the intensity of the drive field.
Given the minimal impact of nonlinear effects in a YIG sphere of 250 micrometers
diameter, our model remains robust in a linearized framework. However, for future
studies, we recommend investigating the interplay between the Kerr effect and
optical parametric amplification (OPA). This approach could potentially unveil new
phenomena and enhance the comprehensive scope of the model, offering deeper

insights into the dynamics of magnetic and optical interactions.
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