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Abreviation and Notation

Ω A simply connected bounded region in R3.
Γ The boundary of Ω.
C0(Γ) A set of all continuous functions on Γ (or boundary).
C1(Γ) A set of all continuous functions and differentiable on Γ.
C2(Ω) The set of all continuous functions and twice differentiable on Ω.
C(Ω) The space of continuous functions in Ω.
∇·~F Divergence of the function ~F
∇ The gradient operator.
M Laplace’s operator.
δ Diracs delata function.
R The set of real numbers.
BIE Boundary Integral Equation.
∂u
∂n

The partial derivative of the function u with respect to the unit outward normal.
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Abstract

In this thesis, we analyze the Boundary Integral Equation(BIE) methods for the poisson equation
with Dirichlet Boundary Conditions in three dimensions where the boundary is smooth. We present
a formulation of solving the BIEs reformulated from the poisson boundary value problems. BIE
is particularly attractive in developing integral equation methods, it reduces the dimensions of the
problem and often transforms a problem in an infinite domain to integrals on the finite boundary. A
Boundary value problem for Partial Differential Equation with a constant coefficient can be reduced to
a BIE by using the fundamental solution and Greens representation formula, we reduced the boundary
value problem into Boundary Integral Equations. Boundary integral equation Method is developed
for the problem of heat conduction in a geometry composed of an insulator between two metallic
electrodes, with multiple cuboidal heat sources within the insulator.
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Chapter 1

Introduction and Background

Resistive switching refers to the physical phenomena where a dielectric suddenly changes its (two
terminal) resistance under the action of a strong electric field or current. The change of resistance is
non-volatile and reversible. Typical resistive switching systems are capacitor like devices, where the
electrode is an ordinary metal and the dielectric a transition metal oxide. The electrode may be Au,
Pt, Al, Ag, SrRuO3 , etc. the dielectric TMO(transition metal oxide) may be TiO2 , H f O2 , NiO,
SrTiO3 , PCMO, LSMO, YBCO, etc[1].

Figure 1.1: Schematic diagram of a typical resistive switching device.

The effect of sudden and non-volatile change of the resistance due to the application of electric stress,
typically voltage or current pulsing, may allow the fabrication of future novel electronic memory
concepts, such as non-volatile random access memories (RAM), hence, it is also termed resistive
RAM, RRAM, or ReRAM. While non-volatile memory effects have been reported in a huge variety
of systems, here we shall be concerned with those based on Transition Metal Oxides (TMO). In
fact, TMOs in typical systems Fig.(1.1) usually exhibit high dielectric constants, which is considered
a desirable feature towards dense electronic integration. Resistive random-access memory (RRAM
or ReRAM) is a type of non-volatile (NV) random-access (RAM) computer memory that works by
changing the resistance across a dielectric solid-state material often referred to as a memristor[1].

An Electrode is an electrical conductor used to make contact with a nonmetallic part of a circuit
(e.g. a semiconductor, an electrolyte, a vacuum or air). The word was coined by William Whewell
at the request of the scientist Michael Faraday from the Greek words elektron, meaning amber (from
which the word electricity is derived). Electrodes are used to provide current through nonmetal ob-
jects to alter them in numerous ways and to measure conductivity for numerous purposes. Examples
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1.0 Chapter 1. Introduction and Background

include: Electrodes for fuel cells, Electrodes for medical purposes, such as for recording brain activ-
ity, recording heart beats, electrical brain stimulation, recording and delivering cardiac stimulation,
Electrodes for electrophysiology techniques in biomedical research, Electrodes for execution by the
electric chair, Electrodes for electroplating, Electrodes for arc welding, Electrodes for cathodic protec-
tion, Electrodes for grounding, and Electrodes for chemical analysis using electrochemical methods
etc[2].
An Insulator is a material whose internal electric charges do not flow freely; very little electric
current will flow through it under the influence of an electric field. This contrasts with other mate-
rials, semiconductors and conductors, which conduct electric current more easily. The property that
distinguishes an insulator is its resistivity; insulators have higher resistivity than semiconductors or
conductors. A perfect insulator does not exist, because even insulators contain small numbers of mo-
bile charges (charge carriers) which can carry current[2].

Thermal conductivity (often denoted by k) is the property of a material to conduct heat. It is eval-
uated primarily in terms of Fourier’s Law for heat conduction. Heat transfer occurs at a lower rate
across materials of low thermal conductivity than across materials of high thermal conductivity. Cor-
respondingly, materials of high thermal conductivity are widely used in heat sink applications and
materials of low thermal conductivity are used as thermal insulation. The thermal conductivity of a
material may depend on temperature. The reciprocal of thermal conductivity is called thermal resis-
tivity. Thermal conductivity is actually a tensor, which means it is possible to have different values in
different directions[3].
Many problems of physics are formulated as second-order PDEs e.g. wave equation, diffusion (heat)
equation, Helmholtz equation, Schrodinger equations. These PDEs can describe a wide variety of
phenomena such as sound, heat. From this we can study about a problem solving for Steady state
heat equation in resistive swiching device. We will take a Greens second identity(Representation
formula) by using explicit knowledge of a fundamental solution of the differential equation, BVPs
can be reduced to BIEs. However, the fundamental solution is only available for linear PDEs with
constant coefficients.

In this thesis, we present a direct method formulation for solving the boundary integral equation
reformulated from the poisson BVP. The integral equation method is an elegant mathematical way of
transforming elliptic PDE into BIE. The BIE Method is a powerful tool for solving certain BVPs. It
is particularly attractive in developing integral equation methods. Since, when applied, it reduces the
dimensions of the problem and often transforms a problem in an infinite domain to integrals on the
finite boundary. A BVP for PDE with a constant coefficient can be reduced to a BIE [4].

There are two distinct methods for reducing constant coefficients BVP to a BIEM: direct and indirect
ones. The construction of these two types is based on different approaches. The former start from
the representation formula, where the solution at any point in the domain is expressed in terms of
its boundary value and its image under the associated boundary operator. If the problem models
a physical situation, then the unknown functions have a direct physical significance, see e.g., [5].
The first integral formulation is often derived through the application of the second Greens identity,
while the second integral formulation is founded on single or double layer potentials. It is from the
assumption that the solution can be expressed in terms of a source density function defined on the
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1.1 Chapter 1. Introduction and Background

problems boundary. The method of BIEs has always had two important applications in the theory of
BVPs for PDEs: as a theoretical tool for proving the existence of solutions and as a practical tool for
the construction of solutions [6]. Both methods yield a single integral equation for a single unknown
function.

BIEs are the most important tool for BVPs in PDEs. Many BVPs of mathematical physics and engi-
neering can be reduced to integral equations over the boundary of the domain of interest. According
to the BIE method, the BVP is replaced by an integral equation posed on the boundary (or on a por-
tion of it) of the considered domain. The key tool in applying the BIE method is the construction of
an appropriate fundamental solution of the problem, which satisfies some of the BCs(e.g., Dirichlet
Boundary Condition). Then, by applying Greens theorem we sought solution. Finally, we obtain an
integral representation of solution [7].
Any mathematical model of switching device [8]-[15], must include the heat equation,

∇ · (k∇T ) =−Q,

where k is the thermal conductivity and Q is the power density. The thermal timescales are typically
much shorter (on the order of picoseconds) than the timescales associated with ionic conduction [8];
the device may therefore be assumed always to be in the thermal steady state, thus obviating the need
to include the heat capacity term in the heat equation. Efficient thermal modeling is advantageous in
rapidly scanning the parameter space of these devices for device optimization.

1.1 Statement of the problem

Consider a three-layered device of lateral dimensions lx and ly. Let the metal electrodes have thick-
nesses of t1 and t3 and the insulator h. The device is illustrated schematically in the profile view in
Figure1.2,

Figure 1.2: Schematic profile view of device, with two filaments (represented by two cuboidal heat
sources) close to each other. The top and bottom electrodes have thermal conductivities k1 and k3 ,
whereas the insulator has a thermal conductivity of k2.

Let Ti(x,y,z), i = 1,2,3 be the temperature profile in the two electrodes and in the insulator with
ki, i = 1,2,3 are corresponding thermal conductivity. The heat equation there reads

∇ · (ki∇Ti) =−Si(x,y,z). (1.1)
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1.3 Chapter 1. Introduction and Background

where Si(x,y,z), i = 1,2,3 arbitrary source of power-density profile in the electrodes and insulator.
We assume that there is no heat source in the two electrodes, i.e., S1 = S3 = 0.

Using boundary integral equation method, we will solve the heat equation in the three layers indepen-
dently, and combine the solutions together such that both continuity of the temperature and continuity
of the heat-flux are satisfied across the two boundaries between the two electrodes and the insulator.
Therefore, in this study we tries to address the following basic question

• How we formulate Boundery integral equation for each layer of composite device?

• What is the solution of heat equation in a metal-insulator-metal structure?

1.2 Objectives

1.2.1 General objectives

The main objective of this study is to analyze the heat flow in a metal-insulator-metal structure using
boundary integral equation method.

1.2.2 Specific objectives

The specific objective of the study are:

i. To formulate Boundery integral equation to heat equation in each layer of a metal-insulator-
metal structure by appling Green’s second identity.

ii. To determine the solutions of heat equation in a metal-insulator-metal structure by BIEM.

1.3 Significant of the study

The significance of the study is to

i. Understand the mechanism of heat flow through resistive switching device.

ii. Understand the application of Green’s second identity.

4 Gezahegn Kasaye



Chapter 2

Literature review

Partial deferential equations (PDEs) have numerous essentials applications in various fields of sci-
ence and engineering such as electromagnetic theory, elasticity ,fluid mechanics, thermodynamic
,heat transfer, Physics etc. In the mid eighteenth century, physical problems such as the conduc-
tion patterns of heat and the study of vibrations and oscillations led to the study of Boundary integral
equation[47].
In past several decades many authors mainly had paid attention to study the solution of steady state
partial dierential equations by using various developed method such as Boundary integral equa-
tion method(BIEM),Fourier series method, Finite element method (FEM), Finite deference method
(FDM), Continued Fraction Method and Sine-Cosine method. Recently, researchers have applied the
Boundary integral equation Method successfully to obtain analytic solution.

For example: The boundary integral equation method is used to study Stress intensity factors for
semi-elliptical surface cracks in pressurised cylinders[16]. The boundary integral equation method
used for treatment of singularities in the calculation of stress intensity factors[17]. The boundary
integral equation method used for plate flexure with conditions inside the domain[18]. The boundary
integral equation method used to analyze clamped plates on elastic foundation[19].

The boundary integral equation method used for the study of Stress analysis of pressure vessels and
piping[20]. The boundary integral equation method used for radiation and scattering of elastic waves
in three dimensions[21]. The boundary integral equation methods used to study eigenvalue problems
of elastodynamics and thin plates[22]. The boundary integral equation method used to study the so-
lution of problems involving elastic slabs[23].

The boundary integral equation method used to study a quadratic formulation for two-dimensional
elastoplastic analysis[24]. The boundary integral equation method used for Analysis of mixed mode
fracture and crack closure[25]. The boundary integral equation method used for three-dimensional
analysis of electromagnetic fields in rectangular waveguides[26]. The boundary integral equation
method used for three-dimensional design optimization[27]. The oundary integral equation method
used for optimum shape design and positioning of features[28]. The boundary integral equation
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2.0 Chapter 2. Literature review

method used for analysis of three dimentional transient acoustic wave propagation[29].

The boundary integral equation method used to study the steady state Oscillation problems for anisotropic
bodies[30]. The boundary integral equation method used for numerical study of elastic wave scatter-
ing by cracks or iclusions[31]. The boundary integral equation method used to study Stress singulari-
ties for three-dimensional corners[32]. The boundary integral equation method used to solve embed-
ded planar crack problems under shear loading[33]. The boundary integral equation method used in
the prediction of dielectric characteristics of humidified composite insulator glassepoxy core[34]. In
2005 C. Y. Dong, Kang Yong Lee used the boundary integral equation method for Numerical analysis
of doubly periodic array of cracks/rigid-line inclusions in an infinite isotropic medium[35].

The boundary integral equation method and boundary element methods to Degenerate scale for
the analysis of circular thin plate[36]. The boundary integral equation method used for Permeance
computation[37]. The boundary integral equation method for the solution of a class of problems
in anisotropic elasticity[38]. The boundary integral equation method used to pah planning for au-
tonomous mobile robots[39]. The boundary integral equation method used to study the frequency
domain for cracks under transient loading[40].

The frequential integral transform and a finite cosine Fourier integral transform used to solve Analyti-
cal solution for the 3D steady state conduction in a solid subjected to a moving rectangular heat source
and surface cooling[41]. Reproducing kernel particle method (RKPM) used to obtain numerical so-
lution of three-dimensional steady-state heat conduction problems[42]. variable separation method
used to obtain Analytical Solutions of Three Dimensional Steady-State Heat Transfer in Rectangular
Ribs[43]. Variable separation method and superposition method used to obtain Analytical solutions
of the steady or unsteady heat conduction equation in industrial devices: A comparison with FEM
results[44].

Therefore, this study is aimed to develop a scheme to find the analytic solution of steady state heat
conduction in composite device by Boundary integral equation method. The gap observed is the
researcher used the Boundery integral equation method as new method to obtain analytical solu-
tion,which is not likely(presumably) present in the existing literature. The significant of this study
is eventually, it may be expected that the present special issue would certainly help to explore the
researchers with their new arising problems. Because at the present, the use of partial differential
equations and integral equations are commonly encountered in the fields of science and engineering.
This issue has addressed some efficient computational tools, recent trends, and developments regard-
ing the analytical and numerical methods for the solutions of partial differential equations and integral
equations arising in physical models.
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Chapter 3

Mathematical Preliminaries

3.1 Partial Differential Equations (PDE’s)

A PDE is an equation which includes derivatives of an unknown function with respect to two or more
independent variables. PDE’s describe the behavior of many engineering phenomena such as: Wave
propagation, Fluid flow (air or liquid), Vibration, Mechanics of solids, Heat flow and distribution,
Electric fields and potentials, Diffusion of chemicals in air or water, Electromagnetism and quantum
mechanics.

Definition 3.1 (PDE, [46]) let u = u(x1, · · · ,xn) be a function of n independent variables x1, · · · ,xn.

A PDE is an equation that contains the independent variables x1, · · · ,xn, the dependent variables or
the unknown function u and its partial derivatives up to some order. It has the form:

F(x1, · · · ,xn,u,ux1, · · · ,uxn,ux1x1, · · · ,uxix j , · · ·) = 0

where, F is a given function and ux j =
∂u
∂x j

,uxix j =
∂ 2u

∂xi∂x j
, i, j = 1, · · · ,n are the partial derivatives

of u.

Definition 3.2 (Linear first order PDE, [46]). A Linear first order PDE in two independent variables
x, y and the dependent variable u has the form:

a(x,y)ux +b(x,y)uy + c(x,y)u = d(x,y) (3.1)

where, a,b,c,d ∈ c1(Ω),Ω⊂ R2 and a2 +b2 = 0. If we consider the differential operator

L := a
∂

∂x
+b

∂

∂y
+ c

then equation 3.1 can be written as LU = d ; while the homogeneous equation corresponding to (3.1)
is LU = 0.

7



3.2 Chapter 3. Mathematical Preliminaries

Definition 3.3 (Linear second order PDE, [46]). A linear second order PDE in two independent
variables x, y is given by:

a(x,y)uxx +b(x,y)uxy + c(x,y)uyy +d(x,y)ux + e(x,y)uy + f (x,y)u = g(x,y) (3.2)

where, a,b,c,d,e, f ,g ∈ c2(Ω),Ω ⊆ R2 and a2 + b2 = 0 in Ω. If we consider the partial differential
operator

L(
∂

∂x
,

∂

∂y
) := a

∂ 2

∂x2 +b
∂ 2

∂x∂y
+ c

∂ 2

∂y2 +d
∂

∂x
+ e

∂

∂y
+ f ,

then (3.2) is written as LU = g; while the homogeneous equation corresponding to (3.2) is LU = 0.
Classification of PDE From equation (3.2)
If b2−4ac < 0 Elliptic PDE (e.g. Laplace Eq.)
If b2−4ac = 0 Parabolic PDE (e.g. Heat Eq.)
If b2−4ac > 0 Hyperbolic PDE. (e.g. Wave Eq.)
Each category describes different phenomena.

3.1.1 Elliptic PDE’s (b2−4ac < 0) [steady-state in time]

• Typically characterize steady-state systems (no time derivative)
temperature, torsion, pressure, membrane displacement and electrical potential.

• closed domain with boundary conditions expressed in terms of u(x, y), ∂u
∂n ( in terms of ∂u

∂x and ∂u
∂y ).

Typical examples include

∇
2u =

∂ 2u
∂x2 +

∂ 2u
∂y2 =

{
0 Laplace Eq.

−D(x,y,u, ∂u
∂x ,

∂u
∂y ) Poisson Eq.

Where a = 1, b = 0, c = 1⇒ b2−4ac =−4 < 0

3.2 Boundary value problem

In the field of differential equations, a boundary value problem is a differential equation together
with a set of additional constraints, called the boundary conditions. A solution to a boundary value
problem is a solution to the differential equation which also satisfies the boundary conditions.

Definition 3.4 (Boundary value problem, [45]) is a problem, typically an ordinary differential equa-
tion or a partial differential equation,which has values assigned on the physical boundary of the
domain in which the problem is specified.

8 Gezahegn Kasaye



3.3 Chapter 3. Mathematical Preliminaries

3.2.1 Boundary Conditions for Elliptic PDE’s:

Dirichlet: u provided along all of edge
Neumann: ∂u

∂n provided along all of the edge (derivative in normal direction)

Definition 3.5 Dirichlet boundary condition [45] (the firist kind) specifies the values of the solution
itself (as opposed to its derivative) on the boundary, Examples For ordinery deferential equation for
instance,

y′′+ y = 0

the dirichlet boundery condition on the interval [a,b] take the form

y(a) = α, y(b) = β ,

where α and β are given numbers. For partial defferential equation

∇
2y+ y = 0

where ∇2 denote the Laplace operator. the dirichilet boundery conditions on the domain Ω⊂Rn take
the form

y(x) = f (x) ∀x ∈ ∂Ω

where f is known function defined on the boundery ∂Ω.

Definition 3.6 Neumann boundary condition[45] In mathematics, the Neumann (or second-type)
boundary condition is a type of boundary condition, named after Carl Neumann. When imposed on an
ordinary or a partial differential equation, the condition specifies the values in which the derivative of
a solution is applied within the boundary of the domain. For partial deferential equation for instance

∇
2y+ y = 0

where ∇2 denote the Laplace operator. the Neumann boundery conditions on the domain Ω ⊂ Rn

take the form
∂y
∂n

(x) = f (x) ∀x ∈ ∂Ω

where n denotes (typically exterior) normal to the boundery ∂Ω and f is given scaler function. The
normal derivative which shows up on the left side is defined as

∂y
∂n

(x) = ∇y(x) ·n(x)

where ∇ is the gradient(vector) and the dot is the inner product.

3.3 Integral equation

9 Gezahegn Kasaye



3.3 Chapter 3. Mathematical Preliminaries

Recall that a differential equation is an equation containing an unknown function under a differential
operator. Hence, we have the same for an integral equation.
An integral equation in which an unknown function appears under an integral sign [51].

Definition 3.7 Fredholm integral equation of first type is given by

f (x) =
∫ b

a
K(x, t)ψ(t)dt

where ψ is unknown function, f is known function, K is another known function of two variables often
called the kernel function.

Definition 3.8 Fredholm integral equation of second type is given by

ψ(x) = f (x)+λ

∫ b

a
K(x, t)ψ(t)dt

where, where the kernel K(x, t) and forcing (or inhomogeneous) term f (x) are known functions and
ψ(x) is the unknown function. Also, the parameter λ (∈ R or C) is unknown factor.

Definition 3.9 Volterra integral equations of the first and second kind take the forms

a)

f (x) =
∫ x

a
K(x, t)ψ(t)dt

b)

ψ(x) = f (x)+λ

∫ x

a
K(x, t)ψ(t)dt

respectively

Note: Volterra equations may be considered a special case of Fredholm equations. Suppose a≤ t ≤ b
and put

K(x, t) =

{
K(x, t) f or a≤ t ≤ x,

0 f or x≤ t ≤ b,

then ∫ b

a
K(x, t)ψ(t)dt =

(∫ x

a
+
∫ b

a

)
K(x, t)ψ(t)dt =

∫ x

a
K(x, t)ψ(t)dt +0.

Test Functions
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3.3 Chapter 3. Mathematical Preliminaries

In order to compute the locally averaged values of a distribution, the notion of a test function is
required. A function v(x) defined on an open set Ω⊂ R3 is said to have compact support if v(x) = 0
for x in the complement of a compact subset of Ω. In particular, if Ω = R3 , then v has compact
support if there is a positive constant, C such that v(x) = 0 for |x| > C. We say that v(x) is a test
function if v has compact support and, in addition, v is infinitely differentiable on Ω [49].

Definition 3.10 (Test Functions) Let Ω be a domain in R3. Then, the set

D(Ω) = {v ∈C∞(Ω) : supp(v) is compact in Ω}

is called the set of test function. The set D(Ω) is also denoted by, C∞
0 (Ω).

For instance, the function given by

v(x,y,z) =

e
1

(x2+y2+z2)−1 , i f x2 + y2 + z2 < 1

0 otherwise

is a test function in R3. The support of v is closed unit ball, i.e.,Suppv =
{
(x,y,z) : x2 + y2 + z2 ≤ 1

}
and it is infinitly differentiable function.
Note that, if v1(x),v2(x),v3(x) are test functions on Ω, so is C1v1+C2v2+C3v3 for any C1,C2,C3 ∈R.
The space D(Ω) is therefore a real linear space.

Definition 3.11 (Locally integrable)
i) Let Ω be open set in R3 and a function u : Ω→ C is said to be locally integrable if∫

K
|u|dx < ∞ f or all compact subset K o f Ω.

Any continuous function is locally integrable.
ii) A locally integrable function defines a distribution in the following:

i f v ∈ D(Ω), then u(v) :=<u,v>=
∫

Ω

uvdx

Distribution

A generalizations of the classical concept of functions which used to formulate solutions of partial
differential equations is known as Distributions. A distribution is a linear functional on a space of
test functions [49].

Definition 3.12 (Distribution) Let Ω be a domain in R3 and D(Ω) be the space of test function. The
set of distributions (or generalized functions) denoted by D(Ω) is the collection of all complex-valued
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3.4 Chapter 3. Mathematical Preliminaries

linear continuous functionals u over D(Ω), i.e.,

u : D(Ω)→ C

where the value of u acting on v denoted by

u(v) := uv :=<u,v>

satisfies the following linearity and continuity criteria
For any α,β ,γ ∈ C and v1,v2,v3 ∈ D(Ω)

1. <u,αv1 +βv2 + γv3>= α<u,v1>+β<u,v2>+ γ<u,v3>,

2. <u,vn>→<u,v> f or n → ∞ in C, whenever vn→ v in D(Ω).

Dirac delta function

Mathematically, the Dirac delta function is defined by how it behaves inside an integral in fact the
first operation where Dirac used the delta function is the integration in distribution sense [48]:

Definition 3.13 The symbol δ (x) is the Dirac delta function of x in 3D for x ∈ R3 is defined by:

δ (x) =

{
0, f or x 6= 0

∞, f or x = 0
,

∫
Ω

δ (x)dx =

{
1, f or x ∈ Ω

∞, f or x 6= Ω

3.4 Greens identities

Theorem 3.1 (Greens first identity, [50]) . Let Ω⊂R3 be a domain bounded by the closed picewice
smooth boundery ∂Ω and let n denote the unit normal vector to the boundary ∂Ω directed into the
exterior of ∂Ω. Let u, v ∈C2(Ω), then∫

Ω

(u∆v+∇u ·∇v)dΩ =
∫

∂Ω

u
∂v
∂n

ds (3.3)

Proof 3.1 By applying Gauss divergence theorem,∫
Ω

div~FdV =
∫

∂Ω

~F · n̂dS (3.4)
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3.5 Chapter 3. Mathematical Preliminaries

to the vector function (vector field) F = (F1,F2) ∈ C1(Ω) (with the components) F1 , F2 being once
continuously differentiable in the closed domain Ω defined by

~F = u∇v =
[

u
∂v
∂x

,u
∂v
∂y

]
the components are, ~F1 = u∂v

∂x and ~F2 = u∂v
∂y , we have

div~F = div(u∇v) =
∂

∂x
(u

∂v
∂x

)+
∂

∂y
(u

∂v
∂y

)

=
∂u
∂x

∂v
∂x

+u
∂ 2v
∂x2 +

∂u
∂y

∂v
∂y

+u
∂ 2v
∂y2

=
∂u
∂x

∂v
∂x

+
∂u
∂y

∂v
∂y

+u
(

∂ 2v
∂x2 +

∂ 2v
∂y2

)
= ∇u ·∇v+u∇

2v.

Then taking the integral over Ω, we obtain,∫
Ω

div~FdΩ =
∫

Ω

(
∇u ·∇v+u∇

2v
)

dΩ (3.5)

On the other hand, according to the definition of the normal derivative

~F · n̂ = (u∇v) · n̂ = u(∇v · n̂) = u
∂v
∂n

(3.6)

and from equation (3.6) and using equation(3.4) we have∫
S
~F · n̂dS =

∫
S

u
∂v
∂n

dS

Therefore, ∫
S

u
∂v
∂n

ds =
∫

Ω

(∇u ·∇v+u∆v)dΩ

Theorem 3.2 ( Greens second identity, [50]) For u,v ∈C2(Ω)∩C1(Ω̄), the Greens second identity
is given by, ∫

Ω

(u∆v− v∆u)dΩ =
∫

∂Ω

(
u

∂v
∂n
− v

∂u
∂n

)
ds (3.7)

Proof 3.2 By interchanging the role of u and v in the Greens first identity, (3.3), and subtracting
the result, we get the result. The process by which (3.7) was derived from (3.3) is an example of
symmetrization . This is Greens second identity and is a basic tool in the study of ∆.
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3.5 BIE method for poisson equation with Drichlet boundery con-
dition

∆u = f in Ω (3.8)

u = ū on ∂Ω

This is the governing equation of potential theory, which for f = 0 is known as the Laplace equation,
whereas for f 6= 0 is known as the Poisson equation. Its solution u = u(p) represents the potential
produced at a point Q in the domain Ω due to a source f (p) distributed over Ω (see, figure:3.1). The
potential equation (3.8) describes the response of many physical systems. It appears in steady state
flow problems, such as fluid flow, thermal flow, electricity flow, as well as in torsion of prismatic bars,
bending of membranes, etc. Its solution is sought in a closed plane domain Ω having a boundary ∂Ω

on which either the function u or its derivative ∂u
∂n in the direction normal to ∂Ω is prescribed. That

is, the solution must satisfy the boundary conditions of the problem on the boundary ∂Ω.

Figure 3.1: A three dimentional physical domain

Consider an arbitrery domain Ω where the solution is sought. In this solution domain, assume that
there is an interior point p (usually called the ‘load’ point) of coordinates Xp, Yp and Zp and consider
any point on the boundary Q (usually called the ‘field’ point) with coordinates xQ, yQ and zQ. The
use of capital letter for the coordinates indicates a fixed point, where as the lower case letters for the
coordinates indicates a variable point (see Figure 3.1). The three dimentional fundamental solution
of poisson equation based on a concentrated potential or source at point p can be easily varified as
follows:
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3.5.1 Fundamental solution

Let us consider a point source placed at point p. Its density at Q may be expressed mathematically by
the delta function as[50]

f (Q) = δ (Q− p)

and the potential λ = λ (p,Q) produced at point Q satisfies the equation

∇
2
λ = δ (Q− p). (3.9)

Where the Dirac delta function denotes a unit soure concentrated at the point p. No function has
this property in fuct it is a distribution ratherthan a function, but it can be thought of as a limit of
function whose integrals over space are unity, and whose support (the region where the function is
non-zero) shrinks to a a point. It is common to take a different sign convention for this equation than
one typically does when defining Fundamental solutions. This choice of sign is often convenient to
work with because ∇2 is a positive operator. The definition of the fundamental solution thus implies
that, if the Laplacian of λ is integrated over any volume that incloses the source point,then∫∫∫

V
∇·∇λdV = 1.

The Laplace equation is unchangeded under a rotetion of coordinates, and hence we can expect that
a fundamental solution may be obtained among solution that only depend up on the distance r from
the source point. If we choose the volume to be a ball of radius r around the source point, then
Gauss’divergence theorem implies that

1 =
∫∫∫

V
∇·∇λdV =

∫∫
S

dλ

dr
dS

= 4πr2 dλ

dr

It follows that

dλ

dr
=

1
4πr2

On a sphere of radius r that is centered on the source point, and hence

λ (p,Q) =
1

4π

[
1

r(p,Q)

]
(3.10)

Equation (3.10) is the Fundamental solution of poisson equation (3.9). Where r(p,Q) is the distance
between p and Q, given by

r(p,Q) =
√

(Xp− xQ)2 +(Yp− yQ)2 +(Zp− zQ)2 (3.11)
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and the constant
( 1

4π

)
is associated with the srength of the potential at the point p but can be considered

arbitrary for the present porpuses.
The solution of Eq.(3.8) can be obtained as a sum of two solutions

u = uo +u1 (3.12)

where uo is the solution of the homogeneous equation(3.8) and u1 is a particular solution of the
nonhomogeneous equation(3.8).

(i) Particular solution (u1) The particular solution of the non-homogeneous equation is any func-
tion u1 that satisfies only the governing equation,

∇
2u1 = f , (3.13)

independently of boundery condition. We will show next that

∇
2u1(p) = f (p)

=
∫

Ω

δ (Q− p) f (Q)dΩQ

=
∫

Ω

∇
2
λ (Q, p) f (Q)dΩQ

= ∇
2
[∫

Ω

λ (Q, p) f (Q)dΩQ

]
∇

2
[

u1(p)−
∫

Ω

λ (Q, p) f (Q)dΩQ

]
= 0

⇒ u1(p) =
∫

Ω

λ (Q, p) f (Q)dΩQ

⇒ u1 =
∫

Ω

λ f dΩ.

Let us transform the domain integrals to boundary integrals
In this case f is an arbitrary source defined in Ω. We first establish an other function F which
satisfies the following equation.

∇
2F = f (3.14)
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The function F is determined as a particular solution of Eq.(3.14). The Green’s identity is then
applied for the function λ and F in the domain Ω.∫

Ω

(
λ∇

2F−F∇
2
λ
)

dΩ =
∫

S

(
λ

∂F
∂n
−F

∂λ

∂n

)
dS∫

Ω

λ f dΩ =
∫

Ω

F∇
2
λdΩ+

∫
S

(
λ

∂F
∂n
−F

∂λ

∂n

)
dS

=
∫

Ω

Fδ (Q− p)dΩQ +
∫

S

(
λ

∂F
∂n
−F

∂λ

∂n

)
dS

u1 =
∫

Ω

λ f dΩ = F +
∫

S

(
λ

∂F
∂n
−F

∂λ

∂n

)
dS

u1(p) = F(p)+
∫

S

(
λ (p,Q)

∂F(Q)

∂n
−F(Q)

∂λ (p,Q)

∂n

)
dS. (3.15)

To make this equation a truly ‘boundary only’ equation, we move the interior load point p to
the boundery (refer to it as P)wich results in the following equation:

u1(P) =C(P)F(p)+
∫

S

(
λ

∂F(Q)

∂n
−F(Q)

∂λ (Q)

∂n

)
dS

Where C(P) is a coefficient which depends on the position of point P and is defined as([50]):

C(P) =


1 f or P inside Ω

1
2 f or P≡ p on theboundery ∂Ω

0 f or P outside Ω

We take C(P) = 1
2 because since we have concidered smooth picewice boundery.

ii Homogeneous solution uo

∇
2uo = 0 in Ω (3.16)

Whith the boundery condition

uo = ū−u1 on ∂Ω.

We assume the existance of two continuous mathematical function uo and λ , that have contin-
uous first and second derivative. uo is function at any point, while λ is the three dimensinal
fundamental solution of Laplace’s equation(3.10). Appling Green’s theorem to these two func-
tion results in the following tranformation from a volume integral dV to a surface integral dS:∫

V

(
uo∇

2
λ −λ∇

2uo
)

dV =
∫

S

(
uo

∂λ

∂n
−λ

∂uo

∂n

)
dS (3.17)

where n is the unit outward normal. uo satisfies ∇2uo = 0 every where in the solution do-
main.The fundamental solution λ , however, satisfies ∇2λ = 0 everywhere except at the point p
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where it is singular. To deal whith this problem, we can surround the point p by a very small
sphere of radius ε and surface Sε ,and examine the solution in the limit as ε → 0. By excludind
this small sphere, the new volume (V −Vε) and the new surface is(S+ Sε), and Eq.(3.17) be-
comes ∫

V−Vε

(
uo∇

2
λ −λ∇

2uo
)

dV =
∫

S+Sε

(
uo

∂λ

∂n
−λ

∂uo

∂n

)
dS (3.18)

Whith the volume (V−Vε), ∇2uo = 0 = ∇2λ everywhere, which makes the left-hand side equal
to zero, and the surface integral (S+Sε) can now be split into two surface integrals resulting in
the following equation:

0 =
∫

S

(
uo

∂λ

∂n
−λ

∂uo

∂n

)
dS+

∫
Sε

(
uo

∂λ

∂n
−λ

∂uo

∂n

)
dS (3.19)

Referring the sphere centred at p, the second integral in Eq.(3.19) can be written as follows:∫
π

0

(
uo

∂λ

∂n
−λ

∂uo

∂n

)
2πε

2 sinαdα (3.20)

where α is the angle measured anticlockwise from the x-axis at point p. Substituting for λ

Eq.(3.10) and using
∂

∂n
=− ∂

∂ r
on the surface Sε , the integral of Eq.(3.20) becomes

∫
π

0

[
uo(p)

∂

∂n

(
1

4πr

)
−
(

1
4πr

)
∂uo

∂n

]
2πε

2 sinαdα

=
∫

π

0

[
uo(p)

(
1

4πε2

)
−
(

1
4πε

)
∂uo

∂n

]
2πε

2 sinαdα (3.21)

Taking each term in the limit as ε → 0 result in the following:

1
2

uo(p)
∫

π

0
sinαdα =

1
2

uo(p) [−cosα]π0 dα = uo(p) (3.22)

Substituting this result in Eq.(3.19) and rearranging the terms results in the following boundery
integral equation(BIE):

uo(p) =−
∫

S

(
uo(Q)

∂λ

∂n
−λ

∂uo(Q)

∂n

)
dS (3.23)

To make this equation a truly ‘boundery only’ equation, we move the interior load point p to
the boundery (refer to it as P)wich results in the following equation:

C(P)uo(P) =−
∫

S

(
uo(Q)

∂λ

∂n
−λ

∂uo(Q)

∂n

)
dS
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Where C(P) is a coefficient which depends on the position of point P and is defined as([50]):

C(P) =


1 f or P inside Ω

1
2 f or P≡ p on theboundary ∂Ω

0 f or P outside Ω.

We take C(P) = 1
2 because since we have concidered smooth picewice boundery. Now adding

Eq.(3.15) and Eq.(3.23) We get the general solution for u (3.12)as follows:-

u(P) =
1
2

F(P)+
∫

S

(
λ

∂F(Q)

∂n
−F(Q)

∂λ

∂n

)
dS−2

∫
S

(
uo(Q)

∂λ

∂n
−λ

∂uo(Q)

∂n

)
dS. (3.24)
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Chapter 4

Analysis of Heat flow in Resistive Switching
Devices

4.1 Problem Formulation

We consider a three-layered device of lateral dimensions lx and ly, where it is illustrated schematically
in the Figure 4.1. Let the metal electrodes have thicknesses of t1 and t3 and the insulator has thickness
h.

Figure 4.1: The Composite device in space
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Geometrically the region of interest can be described by a domain Ω = Ω1∪Ω2∪Ω3, where

Ω1 =
{
(x,y,z) : 0 < x < lx, 0 < y < ly, t3 +h < z < t3 +h+ t1

}
Ω2 =

{
(x,y,z) : 0 < x < lx, 0 < y < ly, t3 < z≤ t3 +h

}
Ω3 =

{
(x,y,z) : 0 < x < lx, 0 < y < ly, 0 < z≤ t3

}
Let Ti(x,y,z), i = 1,2,3 be the temperature profile in the two electrodes and in the insulator with
ki, i = 1,2,3 are corresponding thermal conductivity. In each layer the heat equation is given by

∇ · (ki∇Ti) =−Si(x,y,z). (4.1)

where Si(x,y,z), i= 1,2,3 arbitrary source of power-density profile in the electrodes and insulator. We
assume that there is no heat source in the two electrodes, i.e., S1 = S3 = 0. We analyze and describe the
heat profile in the device with Dirichlet boundary conditions. We impose zero-temperature boundary
condition T (x,y,z) = 0 at the outer edges of each layer, i.e., at x = 0 and lx = 0 and ly.

4.2 Formulation of Boundary Integral Equation for the Resistive
Switching Devices

In this section, using the integral representation formula, we formulate the integral expression of the
heat profile for each layers separately.

The Top electrode

The First layer or the top electrode occupies the region in R3 given by
Ω1 =

{
(x,y,z) : 0 < x < lx, 0 < y < ly, t3 +h < z < t3 +h+ t1

}
(see, Fig 4.2)

Figure 4.2: Top electrod

The temperature T1(x,y,z) satisfies the heat equation

∆T1 = 0 in Ω1. (4.2)
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For p1 ∈Ω1, applying the second Green’s identity (3.23), we get the boundary integral equation,

T1(p1)+
∫

∂Ω1

∂λ (p1,Q)

∂n
T1(Q)dS(Q) =

∫
∂Ω1

λ (p1,Q)
∂T1(Q)

∂n
dS(Q). (4.3)

If we move the interior load point p1 ∈ ∂Ω1 to the boundary pint P1 ∈ ∂Ω1,

1
2

T1(P1)+
∫

∂Ω1

∂λ (P1,Q)

∂n
T1(Q)ds(Q) =

∫
∂Ω1

λ (P1,Q)
∂T1(Q)

∂n
ds(Q). (4.4)

The Insulator

The region R3 occupied by the insulator, shown in the Figure (4.3), is given by,

Ω2 =
{
(x,y,z) : 0 < x < lx,0 < y < ly, t3 < z < t3 +h

}

Figure 4.3: Insulator

The temperature T2(x,y,z) satisfies the heat equation

∆T2 =−
1
k2

S2(x,y,z) in Ω2. (4.5)

The application of the representation formula (3.15) yields the integral equation for p2 ∈Ω2,

T2(p2)+
∫

∂Ω2

∂λ (p2,Q)

∂n
T2(Q)dS(Q) =

∫
∂Ω2

λ (p2,Q)
∂T2(Q)

∂n
dS(Q)+

1
k2

∫
Ω

S2(p2,Q)λ (p2,Q)dΩ.

(4.6)
If we move the interior load point p2 ∈ ∂Ω2 to the boundary pint P2 ∈ ∂Ω2,

1
2

T2(P2)+
∫

∂Ω2

∂λ (P2,Q)

∂n
T2(Q)dS(Q) =

∫
∂Ω2

λ (P2,Q)
∂T2(Q)

∂n
dS(Q)+

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ.

(4.7)

22 Gezahegn Kasaye



4.2 Chapter 4. Analysis of Heat flow in Resistive Switching Devices

Bottom electrode

Similarly, the bottom electrode occupies the region R3 given by (see, Fig: 4.4)

Ω3 =
{
(x,y,z) : 0 < x < lx,0 < y < ly,0 < z < t3

}

Figure 4.4: Botom electrod

The temperature T3(x,y,z) satisfies the heat equation

∆T3 = 0 in Ω3. (4.8)

For p3 ∈Ω3, applying the second Green’s identity (3.23), we get the boundary integral equation,

T3(p3)+
∫

∂Ω3

∂λ (p3,Q)

∂n
T3(Q)dS(Q) =

∫
∂Ω3

λ (p3,Q)
∂T3(Q)

∂n
dS(Q). (4.9)

If we move the interior load point p3 ∈ ∂Ω3 to the boundary pint P3 ∈ ∂Ω3,

1
2

T3(P3)+
∫

∂Ω3

∂λ (P3,Q)

∂n
T3(Q)dS(Q) =

∫
∂Ω3

λ (P3,Q)
∂T3(Q)

∂n
dS(Q). (4.10)

Let Γ1 be the common boundary between the top electrode and the insulator while Γ2 be the common
boundary between the bottom electrode and the insulator. Now imposing the Dirichlet boundary
conditions, from the boundary integral equation (4.4), we have

1
2

T1(P1)|Γ1 +
∫

Γ1

∂λ (P1,Q)

∂n
T1(Q)ds(Q) =

∫
∂Ω1

λ (P1,Q)
∂T1(Q)

∂n
ds(Q), (4.11)

1
2

T1(P1)|Γ1 +
∫

Γ1

∂λ (P1,Q)

∂n
T1(Q)ds(Q) =

∫
Γ1∪(∂Ω1\Γ1)

λ (P1,Q)
∂T1(Q)

∂n
ds(Q),

1
2

T1(P1)|Γ1 +
∫

Γ1

∂λ (P1,Q)

∂n
T1(Q)ds(Q)=

∫
Γ1

λ (P1,Q)
∂T1(Q)

∂n
ds(Q)+

∫
∂Ω1\Γ1

λ (P1,Q)
∂T1(Q)

∂n
ds(Q).

(4.12)
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From the boundary integral equation (4.7), we have

1
2

T2(P2)|Γ1∪Γ2 +
∫

Γ1∪Γ2

∂λ (P2,Q)

∂n
T2(Q)ds(Q)=

∫
∂Ω2

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)+

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ,

(4.13)

1
2

T2(P2)|Γ1∪Γ2 +
∫

Γ1∪Γ2

∂λ (P2,Q)

∂n
T2(Q)ds(Q)

=
∫
(Γ1∪Γ2)∪(∂Ω2\(Γ1∪Γ2)

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)+

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ,

1
2

T2(P2)|Γ1∪Γ2 +
∫

Γ1

∂λ (P2,Q)

∂n
T2(Q)ds(Q)+

∫
Γ2

∂λ (P2,Q)

∂n
T2(Q)ds(Q)=

∫
(Γ1∪Γ2)

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)

+
∫
(∂Ω2\(Γ1∪Γ2)

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)+

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ,

1
2

T2(P2)|Γ1∪Γ2 +
∫

Γ1

∂λ (P2,Q)

∂n
T2(Q)ds(Q)+

∫
Γ2

∂λ (P2,Q)

∂n
T2(Q)ds(Q)=

∫
Γ1

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)

+
∫

Γ2

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)+

∫
(∂Ω2\(Γ1∪Γ2)

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)+

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ.

(4.14)

And from the boundary integral equation (4.10), we have

1
2

T3(P3)|Γ2 +
∫

Γ2

∂λ (P3,Q)

∂n
T3(Q)ds(Q) =

∫
∂Ω3

λ (P3,Q)
∂T3(Q)

∂n
ds(Q), (4.15)

1
2

T3(P3)|Γ2 +
∫

Γ2

∂λ (P3,Q)

∂n
T3(Q)ds(Q) =

∫
Γ2∪(∂Ω3\Γ2)

λ (P3,Q)
∂T3(Q)

∂n
ds(Q),

1
2

T3(P3)|Γ2 +
∫

Γ2

∂λ (P3,Q)

∂n
T3(Q)ds(Q)=

∫
Γ2

λ (P3,Q)
∂T3(Q)

∂n
ds(Q)+

∫
(∂Ω3\Γ2)

λ (P3,Q)
∂T3(Q)

∂n
ds(Q),

(4.16)
Let

ϕ1 = T1|Γ1 = T2|Γ1,

ϕ2 = T2|Γ2 = T3|Γ2 and

ψ1 =
∂T1

∂n
|Γ1 =

∂T2

∂n
|Γ1,

ψ2 =
∂T2

∂n
|Γ2 =

∂T3

∂n
|Γ2.
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From the boundary integral equation (4.12), we have

1
2

ϕ1 +
∫

Γ1

∂λ (P1,Q)

∂n
ϕ1ds(Q) =

∫
Γ1

λ (P1,Q)ψ1ds(Q)+
∫

∂Ω1\Γ1

λ (P1,Q)
∂T1(Q)

∂n
ds(Q). (4.17)

From the boundary integral equation (4.16), we have

1
2

ϕ2 +
∫

Γ2

∂λ (P1,Q)

∂n
ϕ2ds(Q) =

∫
Γ2

λ (P1,Q)ψ2ds(Q)+
∫

∂Ω3\Γ2

λ (P1,Q)
∂T1(Q)

∂n
ds(Q). (4.18)

And from the boundary integral equation (4.14), we have

1
2

ϕ1 +
1
2

ϕ2 +
∫

Γ1

∂λ (P2,Q)

∂n
ϕ1ds(Q)+

∫
Γ2

∂λ (P2,Q)

∂n
ϕ2ds(Q) =

∫
Γ1

λ (P2,Q)ψ1ds(Q)

+
∫

Γ2

λ (P2,Q)ψ2ds(Q)+
∫
(∂Ω2\(Γ1∪Γ2)

λ (P2,Q)
∂T2(Q)

∂n
ds(Q)+

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ.

(4.19)

By substituting equation 4.17 and 4.18 in equation 4.19 and simlifying we get

1
k2

∫
Ω

S2(P2,Q)λ (P2,Q)dΩ =
∫

∂Ω1\Γ1

λ (P1,Q)
∂T1(Q)

∂n
ds(Q)+

∫
∂Ω3\Γ2

λ (P1,Q)
∂T1(Q)

∂n
ds(Q)

−
∫
(∂Ω2\(Γ1∪Γ2)

λ (P2,Q)
∂T2(Q)

∂n
ds(Q). (4.20)
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Chapter 5

Conclusion

We have formulated the boundery integral equation for each layer(the temperature profile in a metal-
insulator-metal structure with multiple cuboidal heat sources within the insulator). And we have ana-
lyzed the Boundary Integral Equation(BIE) methods for the poisson equation with Dirichlet Boundary
Conditions in three dimensions where the boundary is smooth. We presented a formulation of solving
the BIEs reformulated from the poisson boundary value problems. A boundary value problem for
Partial Differential Equation with a constant coefficient can be reduced to a BIE by using the fun-
damental solution and Greens representation formula, we have reduced the boundary value problem
into Boundary Integral Equations. Boundary integral equation Method is developed for the problem
of heat conduction in a geometry composed of an insulator between two metallic electrodes, with
multiple cuboidal heat sources within the insulator.

We hope that this thesis will inspire more work in the future in this area.
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