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ABSTRACT

In this study, We studied on solving a non-linear ordinary differential equations using the
proposed Hermite neural network (HeNN). A single layer Hermite Functional Link Artifi-
cial Neural Network (HeNN) developed. HeNN has no hidden layer and its input pattern
dimensions expanded by Hermite orthogonal polynomials. The computations become ef-
ficient because the procedure only requires to be input and output layers. A Feedforward
neural networks model and an unsupervised version of error back propagations used to min-
imize the error function and to update the network parameters. Furthermore, we compared
the HeNN results with the correct output and results obtained by the well-known numerical
techniques(RK 4). Two examples and one implementation (Van der Pol-Duffing oscilla-
tor equation) took to show the efficiency and power of this developed model with plotted
graphs using python code.

keywords: Artificial Neural Networks, Single-layer Functional Neural Network, Single-

layer Hermite Neural Network, Ordinary Differential Equation.
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CHAPTER 1

INTRODUCTION

1.1 Background of the Study

Differential equations play a vital role in various fields of science and engineering. Many
real-world problems in engineering, mathematics, physics, chemistry, etc., may be mod-
eled by ordinary or partial differential equations. In most cases, an analytical/exact
solution of differential equations may not be obtained easily. Therefore, various types of
numerical techniques have been developed by researchers to solve such equations, such as
Euler, Runge-Kutta, etc. Although these methods provide good approximations to the
solution, they require the discretization of the domain into several finite points/elements.
These methods generally provide solution values at predefined points and computational
complexity increases with the number of sampling points, which is not a straightforward
task(Wambecq, [1978)).

In contrast, in recent decades, various machine intelligence procedures in particular
connectionist learning or Artificial Neural Network (ANN) methods have been established
as a powerful technique to solve a variety of real-world problems because of its excellent
learning capacity (Schalkoff, 1997). The simplest definition of ANN is provided by the
inventor of one of the first neurocomputers, Dr. Robert Hecht-Nielsen (Mukhopadhyay,
2018). He defines "a neural network as a computing system made up of a number of simple,
highly interconnected processing elements, which process information by their dynamic

state response to external inputs”.
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ANNSs are processing devices (algorithms) that are loosely modeled after the neuronal
structure of the mammalian cerebral cortex, but on much smaller scales. Computer
scientists have always been inspired by the human brain. In 1943, Warren S. McCulloch,
a neuroscientist, and Walter Pitts, a logician, developed the first conceptual model of an
ANN (McCulloch & Pitts, |1943). In their paper, they describe the concept of a neuron,
a single cell living in a network of cells that receives inputs, processes those inputs,
and generates an output. ANN is a computational model or an information processing
paradigm inspired by biological nervous system (Chakraverty & Mall, |2017; |Anderson,
1995; Fitch, 1944) as shown figure 1.1. ANN processes information through neurons-nodes

Axon tErming

Figure 1.1: Biological Neuron

(Galinkin], [2020)

in a parallel manner to solve specific problems. It acquires knowledge through learning,
and this knowledge is stored within inter-neuron connections’ strength, which is expressed
by numerical values called “weights.” These weights are used to compute output signal
values for a new testing input signal value. Patterns are presented to the network via
the “input layer,” which communicates to one or more “hidden layers,” where the actual
processing is done via a system of weighted “connections.” The hidden layers then link to
an “output layer,” where the answer is output, as shown in Figure 1.2. Here, x; are input
nodes, w;; are weighting from the input layer to the hidden layer, and v; and y; denote

the weights from the hidden layer to the output layer and the output node, respectively.
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Output
Input Hidden P
layer 1
Z; Y;
1

hfll)

Figure 1.2: Structure of artificial neural network

(Greenwadel, |1993))

There are different types of ANN such as Single-layer ANNs, Multilayer feedforward
ANNs, Temporal ANNs etc. In this thesis, we have considered Single Layer artificial
neural networks from different ANN types.

Output
Input Hidden et

layer 1

Yj

R

Figure 1.3: Architecture of single layer artificial neural network

FLANN models are fast-learning single-layer artificial neural network (ANN) models.
The single-layer FLANN method is introduced by Pao and Philips (Chakraverty & Mall,
2017). In FLANN, the hidden layer is replaced by a functional expansion block for

enhancement of the input patterns using orthogonal polynomials such as Chebyshev,
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Legendre, Hermite, etc. And the total number of network parameters is less than that
of the multilayer perceptron (MLP) structure. So the technique is computationally more
efficient than MLP. Some advantages of the single-layer FLANN-based model for solving
differential equations may be mentioned as follows: it is a single-layer neural network,
so the total number of network parameters is less than that of traditional multilayer
ANN. it is capable of fast learning and is computationally efficient,it is simple to implement
and easy to compute, hidden layers are not required,the back propagation algorithm is

unsupervised,no optimization technique is to be used (Pao & Phillips, |1995).

1.2 Statement of the Problem

We consider a non-linear second-order ordinary differential equation,

dx

dx
ﬁ :f (tv‘xva) 7t6 [(l,b]

with initial conditions x(a) = A, x'(a) = A’. Then, its HeNN trial solution may then be

written as

The(t,p) = A+ At —a) + (t —a)*N(t,p)

where N(t,p) is the output of the HeNN with one input node t and parameter p and the
trial solution xp.(t,p) satisfies the initial conditions (Mall & Chakraverty, 2016). This

study is intended to answer the following basic questions;
e What is the Hermite neural network solution(HeNN)?

e How to formulate second-order non-linear differential equations to a proposed for-

mula(.i.e, HeNN)?
e [s this method is efficient to solve non-linear DE?

e Can we write an efficient algorithm for the proposed method?

1.3 Objective of the study

1.3.1 General objective

The general objective of this study is to solve a non-linear second order ordinary differ-

ential equation using Hermite neural network (HeNN).
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1.3.2 Specific objective of the study

The specific objectives of this study are to:-

1. formulate the Hermite neural network method for second order non-linear ordinary

differential equation,
2. develop an algorithm for the Hermite neural network method,
3. compute solution of the neural network method,

4. compare the neural network solution with exact and existing numerical solution.

1.4 Significance of the study

The result of this study will help to:

e understand how to solve second-order nonlinear differential equation that may not

be solved analytically,

e apply the proposed method to other non-linear DE equations to get an approximate

solution,

e know an algorithm of a new method(i.e. Hermite neural network method).

5 Page 5



CHAPTER 2

LITERATURE REVIEW

The ANN method has been established as a powerful technique to solve a variety of
real-world problems because of its excellent learning capacity. This method has been suc-
cessfully applied in various fields such as function approximation, clustering, prediction,
identification, pattern recognition, solving ordinary and partial differential equations, etc

(Schalkoff, 1997; |Adomaitienée, Tamasevicius, Mykolaitis, Bumeliene, & Lindberg, [2008)).

The architecture of an artificial neural network defines how its several neurons are ar-
ranged, or placed, in relation to each other. These arrangements are structured essentially
by directing the synaptic connections of the neurons (Da Silva, Spatti, Flauzino, Liboni,
& dos Reis Alves, 2017). Chiaramonte et al. formulate the non-linear second-order DE

to ANN and approximate using ANN method (Chiaramonte, Kiener, et al., [2013).

In (Yadav, Yadav, Kumar, et al., |2015) paper brief introduction to neural network
has been given along with some basic terminologies. They explained the mathematical
model of neural network in terms of activation functions. Different architectures of neu-
ral network like feed forward, feed backward, radial basis function network, multi layer
perceptron neural network and cellular network etc., is described. Backpropagation and

other training algorithms have been also discussed.
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A trial solution of the differential equation is written as a sum of two parts. The first
part satisfies the initial /boundary conditions and contains no adjustable parameters. The
second part is constructed so as not to the initial /boundary conditions. This part involves
a feed-forward neural network, containing adjustable parameters (the weights). Hence,
by construction, the initial /boundary conditions are satisfied, and the network is trained

to satisfy the differential equation (Lagaris, Likas, & Fotiadis, [1998)).

Neural networks is considered as a part of large field called neural computing or soft
computing. They proposed a new solution method for the approximated solution of high
order ordinary differential equations using innovative mathematical tools and neural-like
systems of computation. This hybrid method can result in improved numerical meth-
ods for solving initial /boundary value problems, without using pre-assigned discretisation
points. Excellent test results are obtained for the solution of lower and higher order
differential equations. The model finds approximation solution for the differential equa-
tion inside and outside the domain of consideration for the close enough neighborhood of
initial /boundary points. Numerical examples are described to demonstrate the method

(Giorelli, Renda, Ferri, & Laschi, 2013)).

FLANN models are fast-learning single-layer artificial neural network (ANN) models.
The single-layer FLANN method is introduced by Pao and Philips. In FLANN, the hidden
layer is replaced by a functional expansion block for enhancement of the input patterns
using orthogonal polynomials such as Chebyshev, Legendre, Hermite, etc. The paper
explains the structure of single-layer FLANN models, and explains the formulations and
gradient computations. In FLANN, the total number of network parameters is less than
that of the multilayer perceptron (MLP) structure. So the technique is computationally
more efficient than MLP (Chakraverty & Mall, |2017).

A single-layer Hermite neural network (HeNN) model is used, where a hidden layer is
replaced by an expansion block of the input pattern using Hermite orthogonal polynomi-
als. A feed-forward neural network model with the unsupervised error back propagation
principle is used for modifying the network parameters and minimizing the computed

error function (Mall & Chakraverty, 2016).
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Hermite polynomial-based functional link artificial neural network (FLANN) is pro-
posed to solve the Van der Pol-Duffing oscillator equation, where a hidden layer is re-
placed by an expansion block of input pattern using Hermite orthogonal polynomials. A
feed-forward neural network model with the unsupervised error back propagation prin-
ciple is used for modifying the network parameters and minimizing the computed error
function. The Van der Pol-Duffing and Duffing oscillator equations may not be solved
exactly. Here, approximate solutions of these types of equations have been obtained by
applying the HeNN model. Three mathematical example problems and two real-life ap-
plication problems of Van der Pol-Duffing oscillator equation, extracting the features of
early mechanical failure signal and weak signal detection problems, are solved using the
proposed HeNN method. After training the HeNN model, they may used it as a black box

to get numerical results at any arbitrary point in the domain (Mall & Chakravertyl, |2016)).

In (Aarts & Van der Veer} 2001) paper they demonstrated a neural network method
to solve nonlinear differential equations and its boundary conditions. The idea of their
method is to incorporate knowledge about the differential equation and its boundary
conditions into neural networks and the training sets. Hereby they obtained specifically
structured neural networks. To solve the nonlinear differential equation and its boundary
conditions they have to train all obtained neural networks simultaneously. This is realized

by applying an evolutionary algorithm.
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CHAPTER 3

PRELIMINARIES

This chapter includes definition of differential equation, artificial neural networks(architecture,

learning methods, learning rules, components and types).

3.1 Differential Equation

Definition 3.1.1. An equation involving one dependent variable and its derivative con-
cerning one or more independent variables is called a differential equation. It may be
noted that most of the fundamental laws of nature can be formulated as DE’s, namely,

the growth of a population, conduction of heat in a rod, vibration of structures, etc (Mall

& Chakraverty, 2016)).

The following are some examples of DE’s:

d 2
d2y 2 dy 5
-2J .2 =0 3.2
dx? + x dx Ty (3:2)
d3y

3.1.1 Ordinary Differential Equation

Definition 3.1.2. The ordinary differential equation (ODE) is a differential equation
that contains only one independent variable so that all the derivatives occurring in it are

ordinary derivatives.
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The general form of a nth-order ODE is,

f( @y & an):o (3.4)

T —_— ., —
7y7 djj’d;)jz’ 7dxn
or
ey "y, . y") =0 (3.5)

Equations [3.1] through [3.2] are examples of ODE’s (Chakraverty & Mall, [2017)).

3.1.2 Linear and Nonlinear Differential Equations

Definition 3.1.3. Linear Differential Equations are those in which (i) the dependent
variable and its derivatives appear only in the first degree, and (ii) products of derivatives

and the dependent variable do not occur. It expressed as

dny dn—ly dy _
co e +c e + ..+ cn_la + cy = f(x) (3.6)

where the coefficient ¢y, ..., ¢, and f(z) denote constants and the functions of x, respec-

tively.
The following are some examples of linear DE’s:

dy o

2 T TY = sinx

¢ (3.7)
v’ —dxy + (42 — 1)y = —32°

(Chakraverty & Mall, [2017))

Definition 3.1.4. Nonlinear differential equations are Differential equations that are not
linear. That is, the products of the unknown function and derivatives are allowed and

degree of dependent variable is > 1.

The following are some examples of nonlinear DE’s:

d?y 2, dy - __
2ty Te T = 0
det (3.8)
‘57‘2” —l—occcll—’f + Bx + ya3 = Fcoswt

(Chakraverty & Mall, [2017))

3.1.3 Initial Value Problem’s (IVP’s)

Many problems in science and engineering can be modeled by ODE’s or PDE’s, along

with one or more supplementary conditions. If these conditions are given at one point of

10 Page 10
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the independent variable, the problem is called the initial value problem (IVP), and these

conditions are known as initial conditions. Let us consider the first-order ODE

dy

) (39)

which satisfies the initial condition y(x¢) = yo. Similarly, for a second-order ODE

d?y
dz?

dy

subject to initial conditions y(z) = vo, % (70) = y1, and n*— order IVP with n initial

conditions may be written as

dny dy d2y dn—ly
—2 = = —= .. 3.11
= 1 () P (3.11)
with initial conditions

y(zo) = Yo

Y (x0) = 1

”(xo) = Y2

yn_l(:ﬁO) = Yn—1

(Chakraverty & Mall, [2017)).

3.2 Artificial Neural Network

ANN is a technique that seeks to build an intelligent program using models that simulate
the working of the neurons in the human brain. ANN processes information similarly as
the human brain does. The key element of the network is the structure of the information
processing system. The network is composed of many highly interconnected processing

elements (neurons) working in parallel to solve a specific problem (Mall & Chakraverty,,

2016).

3.2.1 Components of the Basic Artificial Neuron:
Neuron(Node)

It is the basic unit of a neural network (Uhrig, |1995).

11 Page 11
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Input Layer

This is the first layer in the neural network. It takes input signals(values) and passes
them on to the next layer. It doesn’t apply any operations on the input signals(values)

and has no weights and biased values associated (Uhrig, [1995).

Hidden Layer

This is the medium layer in the neural network. Hidden layers have neurons(nodes) that

apply different transformations to the input data (Uhrig), [1995]).

Output Layer

This layer is the last in the network and receives input from the last hidden layer. With

this layer, we can get the desired number of values and in the desired range (Uhrig, [1995)).

Weights(Parameters)

Weight is a parameter of ANN. It represents the strength of the connection between
nodes. Initially, it begins randomly. As training continues, it adjusted toward the desired
values and the correct output. A weight brings down the importance of the input value.
Weights near zero means changing this input will not change the output. positive weights
mean increasing this input will increase the output. Negative weights mean increasing
this input will decrease the output. A weight decides how much influence the input will

have on the output (Uhrig, 1995).

Bias(Offset)

It is an extra input neuron/node. It is used for shifting the activation function towards
left or right, it can be referred to as a y-intercept in the line equation. A low bias means
the network is making more assumptions about the form of the output, whereas a high

bias means the network is making fewer assumptions about the output (Uhrig, [1995).

Summation Function

The work of the summation function is to bind the weights and inputs together and find

their sum.

12 Page 12
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Neural networks can be considered as approximation schemes where the input data for
a design of network consisting of only a set of unstructured discrete data points. Thus,
an application of a neural network for solving differential equations can be regarded as a
mesh-free numerical method. Recently, a lot of attention has been devoted to the study of
ANN for solving differential equations. The approximate solution of differential equations
by ANN is found to be advantageous, but it depends upon the ANN model that one
considers (Chakraverty & Mall, 2017).

3.2.2 ANN Architecture

According to the structure of connections, different classes of neural network architecture

can be identified as below (Chakraverty & Mall, 2017)).

Feed Forward Neural Network

In a feed-forward neural network, the neurons are organized in the form of layers. The
neurons in a layer receive input from the previous layer and feed their output to the next
layer. Network connections to the same or previous layers are not allowed. Here, the data
goes from input to output nodes in a strictly feed-forward way. There is no feedback (back
loops) that is, the output of any layer does not affect the same layer(Mall & Chakraverty;,
2016).

Feedback Neural Network

These networks can have signals traveling in both directions by the introduction of loops
in the network. These are very powerful and at times get extremely complicated. They

are dynamic and their state changes continuously until they reach an equilibrium point

3.2.3 Learning Methods

The ability to learn and generalize from a set of training data is one of the most powerful
features of ANN. The learning situations in neural networks may be classified into two

types. These are supervised and unsupervised learning (Mall & Chakraverty, [2016)).

Supervised Learning or Associative Learning

In supervised or associative learning, the network is trained by providing input and output

patterns. These input-output pairs can be provided by an external teacher or by the sys-

13 Page 13



Ms.c graduate thesis

tem which contains the network. A comparison is made between the network’s computed
output and the corrected expected output, to determine the error. The error can then be

used to change network parameters, which results in the improvement of performance.

Unsupervised or Self organization Learning

Here, the target output is not presented to the network. There is no teacher to present the
desired patterns, and therefore the system learns on its own by discovering and adapting

to structural features in the input patterns (Chakraverty & Mall, |2017)).

3.2.4 Activation Functions

An activation function is a function that acts upon the net (input) to get the output of the
network. The activation function acts as a squashing function, such that the output of the
neural network lies between certain values (usually 0 and 1, or -1 and 1). The Nonlinear
Activation Functions are mainly divided on the basis of their range or curves (there are
many type). Sigmoid or Logistic Activation Function. The Sigmoid Function curve looks
like a S-shape. it exists between (0 to 1). tanh is also like logistic sigmoid but better.
The range of the tanh function is from (-1 to 1). tanh is also sigmoidal (s - shaped).
The advantage is that the negative inputs will be mapped strongly negative and the zero
inputs will be mapped near zero in the tanh graph. The function is differentiable. Both
tanh and logistic sigmoid activation functions are used in feed-forward nets.(Xia Wangj,

2020)

In this study, we have used tangent hyperbolic activation functions only, which are
continuously differentiable. The output of the tangent hyperbolic activation function lies
between -1 to 1.

For example, the tangent hyperbolic activation function is defined as

et —e

T(r)= ———
@) =S

The derivatives of the above tangent hyperbolic activation function may be formed as

;

T'=1-T?
T" = 2T% — 2T

T" = 24T° — 36T + 12T
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(Chakraverty & Mall, [2017))

3.2.5 ANN Learning Rules

Learning is the most important characteristic of the ANN model. Every neural network
possesses knowledge that is contained in the values of the connection weights. Modifying
the knowledge stored in the network as a function of experience implies a learning rule
for changing the values of the weights. There are various types of learning rules for ANN

such as (Eberhart, Simpson, & Dobbins| 1992)

e Hebbian learning rule

Perceptron learning rule

Error back propagation or Delta learning rule

Widrow- Hoff learning rule

Winner- Take learning rule etc.

Error Back Propagation Learning Algorithm or Delta Learning Rule

Error propagation learning algorithm has been introduced by Rumelhart et al (Eberhart
et al., [1992). It is also known as the Delta learning rule and is one of the most commonly
used learning rules . It is valid for continuous activation function and is used in super-
vised /unsupervised training methods.

Taking the partial derivative of the error of the network to each of its weights, we can
know the flow of error direction in the network. If we take the negative derivative and
then proceed to add it to the weights, the error will decrease until it approaches local
minima. Then we have to add a negative value to the weight or the reverse if the deriva-
tive is negative. Then apply them to each of the weights, starting from the output layer
to hidden layer weights, hidden layer to input layer weights, this algorithm is called the
Back propagation algorithm.

The training of the network involves feeding samples as input vectors, calculation of the
error of the output layer, and then adjusting the weights and the bias of the network to
minimize the error. The average of all the squared errors E for the outputs is computed

to make the derivative simpler. After the error is computed, the weights can be updated
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one by one. The weights W; of the bias b are initialized randomly and then updated as
follows(Parisi, Mariani, & Laborde, [2003)).

OE(t,p)
er k k k )
J

where, 7 is the learning parameter (which lies between 0 and 1)
k is the iteration step used to update the weights as usual in ANN
E(z,p) is the error function
O =08 4+ AV =0 (—nM> (3.13)
obk
Where b is bias

3.3 Single layer Artificial Neural Networks

A single-layer Artificial Neural Network is a type of ANN. FL ANN is a fast-learning
single-layer Neural Network. FL. ANN has own architecture (Chakraverty & Mall, 2017))

Architecture of the FLL ANN

The architecture of the FL. ANN models consists of two parts: the first one is the numer-
ical transformation part and the second part is the learning part.

Numerical Transformation: In the numerical transformation part, each input data is
expanded to several terms using orthogonal polynomials, namely, Chebyshev, Legendre,
Hermite, etc. So orthogonal polynomials can be viewed as new input vectors.

learning algorithm: A learning algorithm is used for updating the network parameters
and minimizing the error function. Here, the unsupervised error back-propagation algo-
rithm is used to update the network parameters (weights) from the input layer to the
output layer. The nonlinear tangent hyperbolic (tanhviz. (e* —e™*)/(e* +e~*)) function
is considered as the activation function. The gradient descent algorithm is used for learn-
ing, and the weights updated by taking a negative gradient at each iteration (Abraham),
2005; |(Chakraverty & Mall, 2017)
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CHAPTER 4

RESULTS AND DISCUSSIONS

4.1 Formulation of the Problem

This chapter describe the general formulation of second-order non-linear differential equa-

tions using HeNN including with result and discussion.

4.1.1 Differential Equation

A general form of differential equation that represents second-order differential equations

maybe written as (Mall & Chakraverty, 2016))
H(t,z(t),vz(t),Vz(t)) =0,z € D CR (4.1)

where H is the function that defines the structure of the second-order differential equation,
x(t) denotes the solution, v/ is a differential operator, and D is the discretized domain

over a finite set of points.

Types of Differential Equation Problems
Initial Value Problem(IVPs)

Let us consider a second-order IVPs may be written in general as (Chakraverty & Mall,
2017)

d*x dx

—:f(t,:L‘ dt

subject to z(a) = A and z'(a) = A" .

),t € [a,b] (4.2)
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4.1.2 Deep Hermite Neural Network

Weights

Hey c wy Bias

Hey o—— w2

Hey o—— w3 .
\ Activate

t-Inputs { Hez o—— Wy function

Output
Hey o— ws tanh(z) — N

Hes o—— ws

Heg o—— wr

Figure 4.1: Architecture of HeNN
(Mall & Chakraverty, 2016])

Z:Z(Weight * input) + bias

Input Layer

In our network, we have one ¢ input data.

Hidden Layer

In our network, there is no hidden layer (hidden layer is expanded using Hermite orthog-

onal polynomials).

Output Layer

In this network, we have single output layer N.

Weights(Parameters)

In our network, we have seven weights W from input to output layer.

Bias(Offset)

In our network, we have single bias node.
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Figure 4.1 above depicts the structure of the HeNN model, which consists of a single
input node, a single bias node, a single output node, and a Hermite orthogonal polynomial

(first seven)-based functional expansion block.

The HeNN model is a single-layer neural model where each input data is expanded
to several terms using Hermite polynomials. The first three Hermite polynomials may be

written as (Lopez & Temme, 1999).

(

Hey(t) =1

Hey(t) =t (4.3)

Hey(t) =t*—1
\

Higher-order Hermite polynomials may then be generated by the recursive formula

He,.1(t) =t* He,(t) — He,(t) (4.4)

Transformation

Let zg.(t,p) denote the trial solution of HeNN with adjustable parameters (weights) p.
Then the above equation (4.1]) general second order differential equation is transformed

into the following problem:

H<t7$H6(t>p)7vae<t7p)>v2$He(t>p)) =0 (45)

In general the HeNN trial solution zg.(t, p) for the equation(4.5)) with parameters (weights)

p may be expressed as (Snehashish Chakraverty and Susmita Mall).
ze(t,p) = A(t) + G(t, N(t,p)) (4.6)

Where, the first term A(t) does not contain adjustable parameters and satisfies only
initial/boundary conditions, whereas the second term G(t, N(t,p)) contains the single

output N(¢,p) of the HeNN with input ¢ and adjustable parameters p.

Specifically, the HeNN trial solution for equation (4.2) is expressed as (Lagaris et al.|
1998)
xHe(t7p> =A+ A,(t - CL) + (t - G)2N(t,p) (47)

where

N(t,p) is the network output of the HeNN with input ¢ and parameter p. Thus, the trial
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solution wg.(t, p) satisfies the initial conditions.
As such, the N(¢,p) network output with input ¢ and parameters (weights) p may be
computed as (Mall & Chakraverty], 2016)

1,2>0
N(t,p) =tanh(z) = (4.8)
—1,2<0
where
2= W;He;j y(t)+b (4.9)
j=1

Here, t is input data WW; is the weight vectors of HeNN, b is a bias and He;_1(t) denotes
the corresponding expanded input data with j =1,2,3,...,m.

The nonlinear tangent hyperbolic tanh(.) function is considered as the activation function.

Gradient Computation of the HeNIN

For minimizing the error function E(t,p), we differentiate E(t,p) with respect to the
network parameters. Thus, the gradient of the network output with respect to its input

is computed as follows (Mall & Chakraverty|, 2016).

dN(t’p) _ in’: { {(erHej_l(t)—i-b + e_(WjHej—l(t)+b))2 _ (erHej_l(t)—i-b _ e_(WjHej—l(t)+b))2:| W]He‘/]_l(t:

dt — (erHej_1(t)+b 4 6_(WjH€j—1(t)+b))2
j:

Similarly, the second derivative of N(t,p) is computed as (Mall & Chakraverty, 2016)

d*N(t, p) B Xm: 5 eWitej1()+b _ o—(WjHe;_1(t)+b) 3 L eWitej1(t)+b _ o—(w;He;_1(t)+b) w
dt? - €WjHej_1(t)+b + e—(WjHej_l(t)-i-b) erHej_l(t)+b + e—(WjHEj—l(t)+b) J

erHejfl(t)-i-b o e_(WjHejfl(t)-‘rb) 2 ;
1— (eijejl(t)+b + Bf(WjHejfl(t)+b) ) (W]He]_l(t))

where W; denote weights and He’_,(t), Hej_,(t) denote first and second derivatives of

Jj=1

Hermite polynomials and b bias.
Let Ny = dN/dt denote the derivative of the network output with respect to input t. The

derivative of N(¢,p) and N; with respect to other parameters (weights) may be formulated

g_li = 3" [1 - (tanh(=))?] (Heji (1) (4.10)
O > [ (tanh(=))] (4.11)

J=1
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oy

811)]‘

= [(tanh(2))"(He;_1(t))(w; Hej_y(8)] + [(tanh(z))' (He)_(t))] (4.12)
After getting all the derivatives, we can find out the gradient of error. Using the unsu-

pervised error back-propagation learning algorithm.

From equation (4.7, we have (by differentiating )

dxHe(tP) _ dN

o = A +2(t—a)N(t,p)+ (t —a)*— ry (4.13)
and
d*zye(t,p) dN Zd°N
T_2N( )+4(t—a)E—l—( a)® T (4.14)

The error function to be minimized for the second-order ODE is found to be

h 2
1 [z ye(ts, p) dzpe(ti, p)
B =Yg [“el ) - 1 (omtnp), ) (1.15)

=1
Updating weights and bias
To update the weights and bias we required to find the derivatives of the error function

with respect to w; and is written as

h

OE(t,p) 0 1 [dPxpe(ti, p) dxge(t;, p) 2
oW, - oW, (;5 [T —f (tiyiEHe(ti;p)a T)} > (4.16)

Now, the weights are updated by taking negative gradient at each iteration as (Zurada,

1994)

OE(t,p)
W =WF+ AWF = W)+ | — ’ 4.17
And the bias are updated by taking negative gradient at each iteration as follows
OF(t
P =bF + AV =0F + —n—( ) (4.18)
Obk
4.1.3 Algorithm of HeNN
Following the same procedure as (Dufera;, 2021));
Step 1: Take discrete points t' € [a,b], where i = 1,2,...,m and form an input vector

T = [t ...,tm] .
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Step 2: Using the Hermite polynomials expansion to form a matrix
X =[Ho(T), H(T), ..., Hy(T)].
Here, X is a matrix of size n x m.
Step 3: Initialize parameters:

— Randomly generate the weight vector W, the size is 1 X n and the entries are

small.

— Set the bias to be zero. That is, b = 0.
Step 4: Forward propagation:

- Z=WX+0

— N(T,W,b) = tanh(Z)
Step 5: Compute the cost and its gradient, using .

Step 6: Update the parameter using the method of gradient descent or its family. In this
thesis we use the Adam, adaptive Moment.
— Gradient descent
— Adam, adaptive Moment:(Kingma & Bal 2014)
x initialize Wy, by, mg <— 0,09 <— 0,t <— 0

x while W, by not converged

te—t+1 (4.19)
gw — Vw fi(W; — 1) (4.20)
Gy <— Vofe(be — 1) (4.21)
maw <— Bimyw—1 + (1 = B1)gww (4.22)
My <— Bimap-1 + (1 — B1)gsw (4.23)
viw — Bavaw 1 + (1 = B2) (9w )° (4.24)
Uy +— Bovp—1 + (1 — B2)(gu)” (4.25)
bias correction
iy <— 1m_tW{ Vaw — 1viW55 (4.26)
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My > Ut

Up — ———, Vip — 4.27
My 1— {7 tb 1 — Bé ( )
update
Wy — Wiy — it (4.28)
t t—1 m T e .
b 4— by — a—n? (4.29)

/Uy + €

where f(W,b) f is the loss function to be optimized given the parame-
ter(weights) W and bias b.

g —t: g is the gradient at step t.

m — t: m is the exponential moving average(EMA) of (g — t).

v — t: v is the exponential moving average(EMA) of (g — )%

b1, B2: These are the hyperparameters used in the moving averages of g —¢
and (g — t)?, most commonly set to 0.9 and 0.999 respectively.

a: The learning rate.

e: A very small number, used to avoid the denominator = 0 scenarios.
So what’s happening here is we have a loss function f(W,b) that is to be
minimized by finding the optimal values of W and b such that the loss
function achieves its minima. In order to do that, we use gradient de-
scent where we basically compute the gradients of the function and keep
subtracting them from the weights and bias until we reach the minimum

(Swapnarekha, Behera, Roy, Das, & Nayak| 2021)).

OE(t

W — Wk awt — w4 (2P (4.30)
ow;

PR =08 + ABF = bF + (_n(‘?E@(;;p)> (4.31)
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®

Example 1. Here we consider a second linear order differential equation given by;

with initial conditions z(0) = 2, 2/(0) = 3,. The analytical solution is given by

Solution

2 +x=0,

x(t) = 2cos(t) + 3sin(t)

In this case, the HeNN trial solution is represented as

In this example, the network has been trained with 10000 epochs in the domain from t =
0 to t =3 for computing the results. We have considered seven weights for the first seven
Hermite polynomials for the problem. Here, t denotes the periodic time, and x(t) is the
displacement at time t. The comparison between the exact value and HeNN are depicted

in Figure 4.2. The approximate results of the proposed HeNN method almost coincide

The(t,p) = 2N + 3t + 2

with the exact value. The results are shown in Table 4.1

Table 4.1: Results of Exact and HeNN solution

Times | HeNN solution | Exact sulution | Absulte error
0.00 2.000000 2.000000 0.000000
0.25 2.680354 2.680037 0.000317
0.50 3.192250 3.193442 0.001192
0.75 3.502932 3.508294 0.005362
1.00 3.594486 3.605018 0.010532
1.25 3.463259 3.477599 0.014340
1.50 3.118797 3.133959 0.015163
1.75 2.582635 2.595466 0.012831
2.00 1.887077 1.895599 0.008521
2.25 1.073865 1.077872 0.004007
2.50 0.192499 0.193129 0.000630
2.75 -0.702152 -0.703622 0.001470
3.00 -1.553318 -1.556625 0.003307
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The solution HeNN, and exact solution and respective derivatives

—@-: X HeNN

* dx HeNN

37 —— x exact

— dx exact
2 -
1 -
0 -
_1 -
_2 -
_3 -

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 4.2: Comparison between the exact solution and HeNN solution and its derivatives

in examplel.

Example 2. Here we consider a non-linear second order differential equation given by;
" +(2')* =0 (4.33)

with initial conditions, x(0) = 1,2'(0) = 1 The analytical solution is given by:

x(t)=In(t+1)+1 (4.34)
Solution

In this case, the HeNN trial solution is represented as
Tre(t,p) = >N +t+1 (4.35)

In this example, the network has been trained with 15000 epochs in the domain from t =
0 to t =6 for computing the results. We have considered seven weights for the first seven
Hermite polynomials for the problem. Here, t denotes the periodic time, and x(t) is the
displacement at time t. The comparison between the exact value and HeNN are depicted
in Figure 4.3. The approximate results of the proposed HeNN method almost coincide

with the exact value. The results are shown in Table 4.2
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Table 4.2: Results of Exact and HeNN solution

Time | HeNN solution | exact sulution | Absulte error
0.000 1.000000 1.000000 0.000000
0.375 1.326260 1.318454 0.007806
0.750 1.571360 1.559616 0.011744
1.125 1.757407 1.753772 0.003635
1.500 1.903049 1.916291 0.013242
1.875 2.023247 2.056053 0.032806
2.250 2.129215 2.178655 0.049440
2.625 2.228534 2.287854 0.059320
3.000 2.325425 2.386294 0.060869
3.375 2.421195 2.475907 0.054711
3.750 2.514844 2.558145 0.043300
4.125 2.603826 2.634131 0.030304
4.500 2.684963 2.704748 0.019785
4.875 2.755499 2.770706 0.015207
5.250 2.814298 2.832581 0.018283
5.625 2.863156 2.890850 0.027694
6.000 2.908234 2.945910 0.037676

4.2 Implementation

Van der Pol-Duffing oscillator equation

The Van der Pol-Duffing oscillator equation is governed by a second order nonlinear
differential equation IVPs

o
dt?

d
= u(l — xQ)d—f — ax — B2 + F coswt (4.36)

with initial conditions z(0) = A,2/'(0) = B
where x stands for displacement, p is the damping parameter, w and F' denote the ex-

citation amplitude and frequency of the periodic force respectively and t is the periodic

time, £ is known as phase non-linearity parameter.

Now, we can formulate the equation (4.36]) in to HeNN trial solution using equation (4.7)).
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The solution HeNN, and exact solution and respective derivatives

3.0 7 —e- x HeNN
=% dx HeNN
— X exact
2.5 4+ — dx exact
2.0 1
1.5 1
1.0 +
0.5 A
el i 4
0.0 - T T T T T T T
0 1 2 4 5 6

Figure 4.3: Comparison between the exact value and HeNN and its derivatives in example2

So, the HeNN trial solution is formulated as
wre(t,p) = A+ Bt +*N(t,p) (4.37)

where N(t,p) is the output of the HeNN with input ¢ and parameter p. The trial solution
zh(t, p) satisfies the initial conditions.
Here,

N(t,p) = tanh(z)
where, z = >0 WiHe;_1(t) + b and W; the weight vectors of HeNN, He;_,(t) denotes
the corresponding expanded input data, and b bias.

From equation (4.37)), we have (by differentiating)
dxHe (t7 p)

dN
= B+ 2tN(t, — 4.38
and
A’z (t, p) dN = ,d°N
el 9N (t At 2 4.39
T (b,p) + 47 + U5 (4.39)

The error function to be minimized for the equation (4.16) is found to be

h 2

1(d THe zap) d'rHe

E(t,p) E 3 {T (M(l — x%,e)7 — azp. — Bady, + FCOSWt>:| (4.40)
i=1
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Example 3. We have taken the Van der Pol-Duffing oscillator equation as (Njah and
Vincent, 2008)

& d
ST 0101 - 2% 052 — 0.52° + 0.5c0s0.79¢

g (4.41)

with initial conditions x(0) = 0, 2'(0) = 0.

The HeNN trial solution may be written as
xHe(tp) = tQN(tvp)

In this application problem, we again consider 10000 epochs from ¢t = 0 to ¢t = 3sec
with the first seven Hermite polynomials. We have considered seven weights for the first
seven Hermite polynomials for the problem. In the Figure 4.4, approximate results by
the HeNN method are very close to the results obtained by RK4. Figures 4.5 depict the
phase-plane plots obtained by HeNN and RK4, respectively. The results are shown in
Table 4.3.

Result’s

Table 4.3: Approximation results of RK4 and HeNN

Times

HeNN

RK4

0.000000

0.000000

0.000000

0.333333

0.027537

0.027799

0.666667

0.109579

0.108952

1.000000

0.237819

0.234902

1.333333

0.394865

0.390101

1.666667

0.556073

0.551824

2.000000

0.692339

0.690829

2.333333

0.773868

0.775046

2.666667

0.774918

0.777155

3.000000

0.679484

0.682386
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The solution trajectories HeNN vs RK

08 1 —&- x(t) HenN A
-
—+- x(t) RK4 - i
xf ] ,#. -
06 J — X1t} HeNN _o?
—— i
x'(t) RK4 o
0.4
0.2
0.0
-0.2 -
-0.4 -
T T T T T T T
0.0 0.5 10 15 2.0 25 3.0
t

Figure 4.4: Comparison between the RK4 and HeNN results in example 3.
4.3 Discussion

A single-layer neural network represents the most simple form of a neural network. It has
only one layer of input nodes that send weighted inputs to a subsequent layer of receiving
nodes, or in some cases, one receiving node. It can also as part of a class of feedforward
neural networks, where information only travels in one direction, through the inputs, to
the output.

We tried to approximate the solution of a non-linear second-order differential equation(.i.e,
a non-linear second-order initial value problem) using Single-layer Hermite neural net-
works. One linear, one non-linear second order differential equation and one application
example Van der pul-duffing oscillator equation showed to know the efficiency of the pro-
posed method. Generally, the approximation of HeNN is in excellent agreement with the

exact value and with the numerical techniques (RK4).
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Conclusions

In this study, we saw the definition, types, and components of artificial neural networks.
Single-layer Functional Link Artificial Neural Network (FLANN) is one type of ANN.
Single-layer FLANN has no hidden layer. Its input pattern dimensions are expanded by
(Hermite, Chebyshev, or Legendre) orthogonal polynomials. But, a single layer Hermite
neural networks used. Its computations become efficient because the procedure only
requires to be input and output layers. A Feedforward neural networks model and an
unsupervised version of error back propagation used to minimize the error function and
to update the network parameters without optimization techniques. The weights from the
input to the output layer initialized randomly and tangent hyperbolic activation functions
(i.e tanh) considered from the input layer to the output layer. Two examples and one
implementation (Van der Pol-Duffing oscillator equation) took to show the efficiency and

power of this developed model. All graphs plotted using python code.
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Recommendations

Here, this thesis studied on Single Layer artificial neural networks. Specifically, Hermite
Neural Networks(HeNN) used and its application on non-linear second order differential
equation with some examples took to show the efficiency of single layer ANN and with its
plotted graphs. Excellent agreement between the approximated HeNN solution and exact
solution, HeNN solution and numerical solution. One may go through from the proposed
method(HeNN) and other numerical techniques, which approximation is more efficient
to solve a non-linear ordinary differential equation. This proposed methods efficient to
solve Ordinary Differential Equation. But, the error function increase in some iterations
and decreased in some iteration however those iterations not known. So, its trial solution
needs revision. Also, one can go through application of the proposed or HeNN method

on ODE systems and PDE.
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