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ABSTRACT

Many researchers have become interested in wheeled mobile robot (WMR) trajectory
tracking control due to the increased application of mobile robots over the past three
decades in the industry, in the military, at home, and in public service. Classically, the
movement of WMR is controlled depending on its kinematic model. In practical applications,
both the dynamic and kinematic models of robots and external disturbance and uncertainty
affect system performance. In this research, a backstepping controller combined with a
nonlinear proportional, integral, and derivative (NPID) controller is proposed for the
trajectory tracking of a two-wheeled mobile robot (TWMR). The kinematic and dynamic
models of the WMR are considered. The dynamic modeling was derived using a Lagrangian
approach, and the stability of the system was achieved using the Lyapunov stability
function. A backstepping controller is used for the position control and the NPID controller
for the velocities of the robot. The proposed controller gains are optimized using a genetic
algorithm (GA). The overall system with the proposed method is simulated on
Matlab/Simulink software. The results show the best trajectory tracking performance in the
presence of unknown disturbances and initial position change with a minimum error. In
addition to this, the results show that the proposed controller outperforms the GA-based
BSC+PID controller in terms of root-mean-square (RMS) of trajectory tracking error
(47.36% in a linear and 60.32% in a nonlinear reference trajectory). The proposed
controller also has better tracking performance than a GA-based BSC controller (which
means trajectory tracking error is improved by 74.35% in the linear reference trajectory
and 67.95% in the nonlinear reference trajectory). Finally, trajectory tracking of TWMR
using backstepping and an NPID controller was performed effectively in the presence of

unknown disturbance and initial position change.

Keywords: Backstepping and NPID Controller, Trajectory Tracking, Two-Wheeled Mobile
Robot, Genetic Algorithm, Lyapunov Stability Analysis.
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CHAPTER 1
1. INTRODUCTION

1.1. Background of Mobile Robot

A mobile robot is one of the robotic vehicles that can move its surroundings and is not fixed
to a given physical location. It can be autonomous or semi-autonomous, which means it can
navigate in an uncontrolled environment without needing a personal operator or electro-
mechanical guidance device. A wheeled mobile robot (WMR) is a mobile robot that
navigates its surroundings using a wheel's rotation. It is widely used because it can substitute
humans in many fields. For instance, in industry, the military, public and private sector

services, and manufacturing and distribution firms (Cen & Singh, 2021).

When the application of a WMR increases, the performance acquired from the robot
becomes a critical issue for researchers. The robot's performance (in the case of trajectory
tracking) depends on the position error and orientation error for kinematic control, while a
velocity error will affect the performance in the case of dynamic control. The movement or
navigation of a WMR depends on three control problems: reference trajectory tracking, line
or path following, and point stabilization (Fierro & Lewis, 1997):

The path following problem: is a simple problem that requires only the angular velocity
change to decrease the distance between a given position and the current robot position, i.e.,

the path is time-independent.

- ﬁ
Actual -~ Minitmn

Trajectory error point

Reference
Trajectory

Figure 1.1: An example of a path or line tracking task

Reference trajectory tracking problem: The robot follows a track based on a given trajectory.
The predefined trajectory is time-dependent in this problem and needs a control law to
predict its future behavior. This navigation problem is widely used in mobile robot trajectory

tracking control applications.



-
Actual
trajectory

Reference

trajectory

Figure 1.2: An example of a reference trajectory tracking task

Posture stabilization problem: In this case, the system tries to reach the desired posture goal
along any path. This tracking problem is challenging if there is an obstacle in its way.

Possible

Trajectory

Figure 1.3: An example of a posture stabilization task

One of the main objectives of reference tracking is to control a robot's position on a
predetermined trajectory with the minimum position and orientation error. Due to
nonholonomic restrictions in nonholonomic robots, trajectory tracking and motion control
are not independent. Trajectory tracking of nonholonomic robots in the robotic domain
involves determining trajectories from a starting point to a final point while considering

mechanical limitations and guiding the robot to follow the proposed trajectories.

Several papers on the WMR's trajectory control problem have been presented. Most of them
are focused on a nonholonomic constraint that depends on posture stabilization and trajectory
tracking because path following is a simple and time-function independent trajectory (Uddin,
2018). Posture stabilization intends to stabilize the robot at a reference position, whereas

trajectory tracking makes the robot follow a predefined trajectory.

The two-wheeled mobile robot (TWMR) used in this work has two standard fixed wheels

actuated by two similar DC motors and a free castor wheel. The freewheeler is used to



balance the robot's body frame. Many control methods have been applied to control a WMR
trajectory tracking, for example, a kinematics-based backstepping controller (Ren et al.,
2017), PID controller (Chang & Jin, 2013), Fuzzy logic controller (Mogbel Obaid et al.,
2016; Q. Xu et al., 2014), Nonlinear PID controller. Furthermore, various optimization
techniques (like; Genetic Algorithm (GA), Particle Swarm Optimization (PSO), and Neural

Network (NN)) are used to optimize the controller gains.

In this work, a backstepping controller combined with a nonlinear proportional, integral and
derivative (NPID) controller is proposed for trajectory tracking control of a WMR. The
proposed control method includes two control loops: outer and inner loops. The outer loop
controller is used to control the robot's position, while the inner loop controller controls its
velocity. A backstepping controller was proposed for the outer loop, while an NPID
controller was used for the inner loop control. The backstepping plus NPID controller
tracking performance will be compared with that of a backstepping controller combined with
a PID controller and a backstepping-only controller. In the case of the proposed controller's

capability, smoothness, and robustness tests, unknown disturbances are considered.
1.2. Statement of the Problem

This work includes developing a nonholonomic TWMR trajectory tracking control using a
backstepping controller combined with an NPID controller. In wheeled mobile robotics,
trajectory tracking is essential for navigation control problems. Solving and working on such
a problem needs significant effort to achieve better performance from a system. Hence,
trajectory tracking aims to maintain a robot on a reference trajectory by controlling its
position and orientation, i.e., the error between the reference and actual positions converges
to zero as time goes to infinity. However, the trajectory tracking the performance of TWMR,
which is presented in the previous work, is less efficient, and the tracking error is not as
small as desired. The reason is that only the kinematics model for the trajectory tracking of
a TWMR is considered and neglects velocity control that affects the position of the system.
In addition to this, the effects of unknown disturbance must also be considered.

Therefore, trajectory tracking is an attractive and interesting area for research to study the
effects of the above problem. Thus, the trajectory tracking and velocity control of WMR are
investigated. A backstepping controller combined with an NPID controller is presented in
this study to overcome the above problem in the trajectory tracking control of a TWMR.



1.3. Objectives
1.3.1. General Objective

The main goal of this thesis work is to control the trajectory tracking of a TWMR using a

backstepping plus NPID controller.
1.3.2. Specific Objectives
The specific objectives to achieve this thesis work are;

e Model the kinematics and dynamics models of a nonholonomic TWMR,

e Generate the reference trajectory for TWMR,

e Design a backstepping with an NPID controller for trajectory tracking of TWMR,

e Apply the GA optimization solver to optimize controller parameters for trajectory
tracking of TWMR,

e Simulate the overall system using MATLAB/SIMULINK software to analyze the

trajectory tracking performance of the proposed controller.
1.4. Significance of the Study

The WMR is an autonomous mobile robot powered by a DC motor. Such a type of robot
uses an electric energy source (specifically a battery), which plays a vital role in decreasing
the environmental pollution. Many organizations, particularly warehouses or distribution
companies, employ carts or forklifts to deliver loaded items from one area to another. A cart,
for example, is difficult for the elderly and disabled to operate. Similarly, a forklift, or a
small vehicle employed in a warehouse or distribution company, uses gasoline as its energy

source.

However, this has a side effect. Using fuel as an energy source increases environmental
pollution and costs. Moreover, it makes the work environment less safe. As a result, the
suggested system uses electric energy sources and provides safety for all users. The cost

required for electricity is much lower than the cost of fuel energy.
1.5. Scope of the Study

This thesis work focuses on the control of trajectory tracking of a differential drive type
WMR using backstepping combined with an NPID controller. The GA optimization tool is
used to optimize the controller gain parameter. In addition to this, a mathematical model

(kinematics and dynamics models) has been derived for a two-wheel differential-drive

4



mobile robot with one passive wheel. The derived mathematical model of the system is
executed using MATLAB/SIMULINK (R2021a) software.

1.6. Limitations of the Study

This thesis work is limited to the trajectory control of a two-wheeled differential-drive
mobile robot with a single passive wheel. Furthermore, mathematical models of a robot were
developed by considering the steering of two wheels. i.e., no rolling, skidding, or neglecting
the effect of the passive wheel on system dynamics. There is no hardware implementation
because the cost of acquisition, timing, and component availability are also challenges for
hardware implementation. The system is executed using MATLAB/SIMULINK (R2021a)

software.

1.7. Thesis Organization

This work can be organized as follows:
Chapter 1: Introduction

e  This chapter discusses the introduction of trajectory tracking of mobile robots,

the thesis problem of a statement, objectives, significance, and limitations.

Chapter 2: Literature Review

e  Discuss previous related work in WMR trajectory tracking.
Chapter 3: TWMR System Modeling and Methodology

e  This chapter discusses the system modeling of TWMR.
Chapter 4: Controller Design

e  This chapter covers the design of trajectory generation and control methods.
Chapter 5: Results and Discussion

e  This chapter will present closed-loop system simulation, results, and discussion.
Conclusion and Recommendation:

e  Aconclusion and future work recommendations for the researcher are provided.



CHAPTER 2
2. LITERATURE REVIEW

2.1. Overview

This chapter introduces a brief discussion on mobile robots, including a WMR and the types
of wheels used in WMR applications. Various related works are reviewed and discussed,

along with their benefits and drawbacks.
2.2. Mobile Robot

Many researchers and academicians have recently been interested in mobile robots (MR).
This is due to the robot replacement of personnel and standard transport methods in industry,
military, health, communication, public and private sector service, a distribution company,
and transportation. It is a widely used and studied robotics application because of its ability

to navigate in an uncontrolled environment.

A mobile robot is an autonomous or semi-autonomous robotic vehicle that navigates on the
ground, in the air, or underwater using wheels, legs, tracks, wings, or hybrids. Its navigation
mechanisms can mainly walk, roll, leap, run, slide, skate, swim, or fly, depending on the
environmental interaction. Mobile robots can be categorized into different groups depending
on their application, navigation, automation, and locomotion. Based on their movement,

mobile robots can be classified as follows (Rubio et al., 2019):

1. Land-based
=  Wheeled mobile robots
= Mobile robots that walk or have legs
= Mobile Robots with Tracked Slip/Skid Locomotion
= hybrid mobile robots.
2. Air-based
= Unmanned-Aerial Vehicles
3. Water-based

=  Unmanned-Underwater Vehicles

A legged mobile robot is a mobile robot that is used in rough terrain environments where
walking is usually preferred. In contrast, WMRs are used on smoother surfaces and less

terrain because they are faster and more agile. A WMR is more sensitive to obstacles than a



legged mobile robot. Unmanned-Aerial Vehicles (UAVsS) or Unmanned Underwater

Vehicles are used when we need to operate in three-dimensional spaces.
2.3. Wheeled Mobile Robot (WMR)

Autonomous WMRs are mobile robots that employ wheels for mobility. A WMR plays a
critical role in transportation, logistics, and distribution companies. It travels on a smooth
surface and non-rugged terrain where employing wheels is possible. A WMR is easier to
design, build, and program than a tracked or legged mobile robot and is less expensive and
less complicated. Another advantage of WMR is that it does not impose any significant
balancing challenges because the robot is usually in contact with the surface. However,
WMRs are less effective in traveling through obstacles like rocky terrain, sharp surfaces, or
low-friction zones. The WMR can be differential drive, car type, omnidirectional, or synchro

drive, depending on its drive system (Rubio et al., 2019).
2.3.1. Differential Drive WMR

A differential-drive WMR comprises two standard fixed-powered wheels mounted on the
robot platform's left and right sides. The two wheels are propelled independently. For
balance and stability, one or two passive castor wheels are used. The differential drive is the
most basic mechanical drive system because it does not require the rotation of the driven
axis. Depending on the signs of the motor speeds, the robot moves straight forward,
backward, and turns right or left (Tzafestas, 2014).

= |f the wheels actuated at the same speed, the robot moves straight forward or
backward, i.e., it depends on the sign of motor speeds.

= If one wheel is spinning faster than the other, the robot is at the turning point.

= |f all two wheels are spinning at the same speed but have opposite signs, the robot

will revolve around the midpoint.

Figure 2.1: An example of a differential drive WMR (Dong et al., 2014)



2.3.2. Types of Wheels
Four types of wheels are utilized in WMR applications (Dong et al., 2014):

1. Fixed conventional wheel,
2. Castor wheel,

3. Swedish wheel and,

4

Ball or spherical wheel.

The fixed standard and castor wheel are directional because they rotate around a single axis.
The main difference is that the conventional wheel can steer without side effects, whereas
the castor wheel rotates around an offset axis and imparts force to the robot chassis during

steering. Figure 2.2 shows an example of wheels used in mobile robots (Tzafestas, 2014).

A. Fixed standard wheel B. Castor wheel C. Swedish wheel

Figure 2.2: Wheels employed in mobile robot

Swedish and spherical wheels have less directionality than standard wheels. The Swedish
wheel operates similarly to a fixed standard wheel but provides low resistance in the opposite
direction. On the other hand, the Swedish wheel can kinematically move despite being

propelled only along one principal axis, which is a significant advantage of this design.
2.4. Related Works

In recent times, many researchers have proposed a control mechanism to control the
trajectory of a mobile robot using different control techniques. These control techniques
were based on linear or nonlinear control ideas. The trajectory tracking control of a mobile
robot depends on tracking control problems like the reference trajectory problem and a

posture stabilization problem, as mentioned in the previous chapter.

This thesis work concentrated on the trajectory tracking of TWMR using a backstepping
controller combined with an NPID controller. In order to get the best values for the controller
gains, genetic algorithm (GA) optimization methods are used. In the following sections,
previous related work will be reviewed and discussed in addition to the gap obtained.



2.4.1. Trajectory Tracking Control Using a Backstepping Controller

A backstepping controller for MR trajectory tracking control was presented in the literature
(Hassani et al., 2020). This work presents the kinematic and dynamic control of a WMR
separately. The controller gains are adjusted using GA optimization. The result shows that
better trajectory tracking is achieved in the circular, sinusoidal, and lemniscate reference
trajectory. The robot will perform poorly if the velocity and mass of the system are changed
because the dynamic model of a system affects the system's performance in a real-time
application.

A feedback linearization-based control method for trajectory tracking of WMR is introduced
(Benchouche et al., 2021). A control method based on feedback linearization is used for
velocity control, while a backstepping controller is used for position control. The obtained
results show the effects of the dynamic model on system performances. However, the
proposed method's capability to handle the error at the start of a simulation is less. i.e., there
is more overshoot. Suppose the robot's initial position changes; bringing it back to its
reference trajectory is challenging. In addition to this, the proposed method cannot be tested

in the presence of an unknown disturbance environment.
2.4.2. Trajectory Tracking Control Using an NPID Controller

In a paper published by (Mohamed & Hamza, 2019), an NPID (Proportional-Integral-
Derivative Neural Network) controller was developed for the differential drive WMR
(DWMR) trajectory tracking issue. The proposed controller is applied to the mobile robot's
kinematic model, and the PID-NN parameters are tuned by the particle swarm optimization
method. The obtained result is robust and gives good performance with fewer tracking errors.
However, the mobile robot control mechanism should consider the kinematic and dynamic
models because, in real applications, system dynamics affect the robot's performance.

2.4.3. Trajectory Tracking Control Using Backstepping Controller Combined with

Other Controllers

An NPID controller is proposed in the literature (KALYONCU & DEMIRBAS, 2017;
Zangina et al., 2020) for the trajectory tracking of robots. A proposed control algorithm uses
a kinematic-based controller to control robot coordinates and a PID controller for motor
speed control. The proposed method achieves better trajectory tracking. However, getting a
controller parameter by trial and error takes more time and does not give better performance

when compared with optimization techniques.



Yousuf et al. introduced backstepping combined with a PID controller for trajectory tracking
problems. The kinematic and dynamic models of the framework are derived and modeled.
The performance of a proposed method is tested with three trajectories: circular, infinity, and
straight. The system is stable and follows its desired trajectory with a minimum error in all
cases. However, the limitation of this approach is the lack of optimization (Yousuf et al.,
2021).

Mai et al. presented a backstepping and adaptive fuzzy PID controller for the trajectory
control of autonomous MR. A PID controller is used for the system's velocity and steering
angle control, while the backstepping controller is responsible for the position. A fuzzy
controller guarantees the adaptability of the PID controller. The obtained results provide a
better tracking response at infinity reference input than the BSC combined PID controller.
However, the performance of the proposed system in the presence of unknown disturbances

and uncertainties is not evaluated (Mai et al., 2021).

Xu et al. presented a combined backstepping with a fractional-order PID controller for
trajectory tracking of MR (L. Xu et al., 2022). This work describes kinematic and dynamic
models of the system with skidding and sliding. A beetle swarm optimization algorithm is
applied for controller gain optimizations. The obtained response is compared with a
backstepping combined with a PID controller, and the proposed algorithm has a better
tracking response. However, the proposed method has a significant tracking error; if an

unknown disturbance and system uncertainty occurs, the system performs less.

In general, the following tracking control approaches are widely used in mobile robots
(Yildirim & Savas, 2013): state feedback linearization, sliding-mode control (SMC),
backstepping control (BSC), computed torque, adaptive control, and intelligent control.
When the stability of the tracking control algorithm, the calculated load of hardware, and
operability in the actual application are all taken into account in these approaches, the
backstepping control strategy becomes one of the most preferred. However, when the mobile
robot has an initial position change or reference trajectory change, this control technique
causes substantial velocity changes, i.e., the velocities in the system change quickly. In

practice, this is not easy to realize.

Better trajectory tracking control of WMR is achieved by considering the disturbances,
noise, or internal model changes (uncertainty) that will affect the system in real-time
applications. Including a WMR system dynamic model is vital for good trajectory tracking
and stabilization. The contribution of this work is the design of a backstepping controller
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combined with an NPID controller for stabilization and trajectory control of TWMR. The

proposed strategy consists of two approaches. A backstepping controller controls the robot's

positions, and NPID controls the robot's velocity. The Lyapunov function justifies the

stability of the system. Kinematic and dynamic models of a proposed framework are

considered. Additionally, the controller parameters are also optimized using a GA

optimization tool. The system's performance is analyzed with unknown disturbances and

different initial positions.

Table 2.1: Summary of related works

Authors | Title Method Achieved Gap
Mohamed | “Design PID neural PID and NN Better tracking Using only a
and network controller for | controller with response for kinematic
Hamza trajectory tracking of | PSO optimization | infinity and star model of the
(2019) differential drive appliedto a reference trajectory | system and
mobile robot based on | kinematic model tracking ignoring
PSO” of the system. velocity control
of the robot
Hassani “Backstepping Kinematic control | Trajectory tracking | The results are
et al. | tracking control for for trajectory is achieved in not tested for
(2020) nonholonomic mobile | tracking (BSC) circular, sinusoidal, | the presence of
robot” and dynamic and lemniscate disturbances
control for real- reference trajectory | and
time robot control uncertainties
Yousuf et | “Dynamic modeling PID controller for | The response is Use trial and
al. (2021) | and tracking for velocity control stable and follows | error to get a
nonholonomic mobile | and position a reference path in | gain parameter
robot using PID and control via circular, infinity,
backstepping ” backstepping and straight paths
Mai et al. | “A combined Backstepping and | The obtained The results are
(2021) backstepping and adaptive fuzzy results give a better | not tested for
adaptive fuzzy PID PID controllers are | tracking response the presence of
approach for applied for on the infinity disturbances
trajectory tracking of | position and reference input and
autonomous mobile velocity control. uncertainties
robots”
Xu et al. | “4 combined BSC and FOPID The proposed The results are
(2022) backstepping and controller with a system has a better | not tested for

fractional-order PID
controller to
trajectory tracking of
mobile robots”

beetle swarm
optimization is
used, and sliding
and skidding are
considered in
system modeling

tracking response
than BSC
combined with a
PID controller.

the presence of
disturbances
and
uncertainties
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CHAPTER 3
3. TWMR SYSTEM MODELING AND METHODOLOGY

3.1. Overview

This chapter will give details of the proposed system models and modeling, the procedures
followed, and the materials used for report writing and result analysis. The mathematical
model derivation, representation, controllability, and an open-loop systems simulation

analysis will be presented.
3.2. Materials Used

This research uses MATLAB/R2021a, Microsoft Office (MS) 2016, MathType 7.0, and
Mendeley Desktop software tools. The MATLAB software consists of a technical toolbox
and Simulink, which is used to simulate the system. Microsoft Office is used to edit the thesis
documentation and presentation, and MathType 7.0 is used to write mathematical formulas
and equations. Mendeley Desktop is for organizing and inserting references, citations, and

bibliographies into a document.
3.3. Methods or Procedures Followed

The following procedure, shown in Figure 3.1, will be used throughout this thesis to
accomplish a proposed objective. The related papers and literature are selected and reviewed

for a WMR control mechanism depending on the selected title and identified problem.

Problem Review related Collect data for
formulation and papers and TWMR and
title selection literatures motor
v
. Analysis collected
data
Final thesis report v
writing
—p| Svstem modeling
Analysis and Simulate svstem models Ly Design position
evaluate the with a proposed and velocities
results controllers control methods

Figure 3.1: Proposed workflow or procedures
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All the data was gathered from secondary sources via online data access with the help of a
skilled person and a researcher. The collected data from selected literature is evaluated and
analyzed. Based on data collected for a TWMR, the kinematics and dynamics of the system
modeling were developed. A control law for the position and velocity of a system was
proposed for developed WMR models. i.e., a backstepping controller is used to control the
position of a robot, and an NPID controller will be used to control the velocity of a WMR

robot.

The proposed system models with a proposed controller were finally simulated on
MATLAB/Simulink software to test and analyze the controller's performance. Finally, the

thesis report was organized and documented.
3.4. The Block Diagram of TWMR with the Proposed Control Method

This work focused on the trajectory tracking of TMWR. The proposed system has two
standard fixed wheels that are actuated by two similar DC motors and one free castor wheel
to balance the robot body. i.e., the right wheel is actuated by a right motor, and the other
motor also actuates the left wheel. Each motor is controlled separately to achieve a
differential drive mechanism. Trajectory tracking control of TWMR aims to eliminate the
trajectory tracking error to zero, i.e., the tracking error signal goes to zero when time goes to
infinity. As shown in Figure 3.2, a two-loop control method is used to control the robot's
position and velocity.

M=

Velocity
¥ —_— ——
. | Linear Velocity | i
controller =M
(NPID) _—
Reference Error Back-
Trajectory Transformation |~ stepping TWMR System
Generator Matrix controller ) Emm— Model "
a, + ey | Angular velocity | Yo X
controller —
- (NPID) ¥
— o S—
a

Figure 3.2: Proposed Block diagram of TWMR

The positions of a mobile robot are represented by two coordinates (x and y positions) with
a heading angle of theta (6) in radian. The trajectory generator generates a reference
trajectory depending on the reference velocity inputs (linear and angular velocity). The error
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transformation matrix transforms a robot's previous error signals into the current position,
and a backstepping controller will control these transformed tracking errors. The BSC
controller generates a velocity control input as a function of tracking errors and a reference
velocity input. A generated velocity control input is used to stabilize the dynamic model of
TWMR.

In addition to this, an NPID controller is used to control the velocity of a system. It generates
a command control by comparing a velocity control input from a backstepping controller
with the actual velocity of the system. A system with a proposed control law will have its
stability guaranteed by the Lyapunov stability function. Nonlinear feedback linearization
techniques are also applied to linearize the system. System dynamics and kinematic

modeling are derived and explained briefly in the next topic.
3.5. Modeling and Description of the TWMR System

System modeling of a differential-drive mobile robot platform in this work includes
kinematic and dynamic modeling as well as modeling of the system actuators. For a system,
kinematic modeling is concerned with the geometric relationships and mathematics of
motion without considering influencing forces. On the other hand, dynamic modeling is the
study of motion in which forces and energy are represented and included, while actuator
modeling is required to determine the interaction between the control signal and the
mechanical system's input. A derivation of an appropriate system model makes a system

more understandable and controllable.
3.5.1. Representing Robot Coordinate

The primary function of the coordinate systems is to represent the robot's position. There are
two coordinate systems that are widely used for system model development: Cartesian and
Polar coordinates. Hence, because of the ease and simple representation of Cartesian
coordinates, system modeling is done in Cartesian coordinates. The following cartesian

coordinate systems are used for mobile robot modeling and control purposes:

v The inertial reference frame (X;, Y;): This is a fixed coordinate system in the plane
of the robot. It defines a random inertial base on the plane as the global reference
frame from some origin.

v" Robot frame (Xg, Yz): This is the coordinated system attached to the robot's body

frame. It defines two axes relative to the robot chassis.
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To specify the robot's position on the coordinate configuration frame, the relationship

between the global frame and the robot's local frame is determined, as shown in Figure 3.3.

o | ' X

Figure 3.3: Inertial and robot frame coordinate representation

The axes X; and Y; are an arbitrary inertial frame on the plane as the global reference frame
from the origin O. The basis (X, Yz) is two local robot frame axes relative to P on the robot
chassis. The position of P in the global reference frame is specified by the coordinates x and
y, and the angular difference between the global and local frames is given by . The essential
issue in a coordinate system representation is to map the motion along the axes of the global
reference frame to the motion along the axes of the local robot frame. The inertial frame and
the robot frame can be represented as follows (Ben Jabeur & Seddik, 2021);

Q|:[X| Y| 9|]T
qu[XR Yr GR]T

The mapping of the two frames can be done through a standard orthogonal transformation

(3.1)

matrix. This matrix is used to map the motion of the global reference frame (X;,¥) to the

movement of the local robot frame (X, Y%) as follows:

d: =R(6)q, (3.2)

The local robot frame (X, ¥;) to the global reference frame (X;, ¥;) was mapped as:

q, =R(9)dg (3.3)
cos(¢) sin(¢) O

R(@)=|—sin(8) cos(9) O (3.4)
0 0 1
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where R(8) is an orthogonal transformation matrix. A relationship shown in Equation (3.2)
is also helpful for robot velocities in a robot, and inertial frames, which is an essential task

in the kinematic equations drive of a TWMR in the next topic.
3.5.2. Kinematic Modeling of TMWR

Robot kinematics modeling is concerned with the spatial configuration of robots, the
relationships between their geometric parameters, and the constraints imposed on their
trajectories. The geometrical structure of the robot determines the kinematic equations. A
mobile robot, for example, can have one or more wheels with or without motion constraints.
The concept of a kinematic model is helpful in understanding system dynamics, stability,

and control methods.

A kinematic equation establishes the robot's speed g = [x y 9]" as a function of wheels

speed (¢,, ¢;) and robot geometric parameters can be categorized as follows;

v" Forward kinematics from:

q=f(p.0.Lr.0) (3.5)
v"Inverse kinematics form:
[o. ol =f(xy.0) (3.6)
3.5.2.1. The Forward Kinematics Model of Differential Drive WMR

A differential drive of WMR is shown in Figure 3.4, which has two wheels with a radius of
r and a distance L from the center P, and free castor wheels to balance the robot setup body.
The parameters that are used to derive kinematic and dynamic models are presented as
follows (Martins & Bertol, 2022):

e L: The distance between the actuated wheel and the axis of symmetry in the y-direction,
e C:isthe center of mass (CoM) at the center of gravity of the robot platform,

e d: The distance between the CoM and the driving wheel axis.

e P: The intersection of the axis of symmetry with the driving wheel axis,

e r: The radius of each wheel,

e mc: amass of WMR devoid of wheels and motors,

e my: The combined mass of each wheel and motor,

e my¢ The total mass of the robot,
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e Ic: The inertia of WMR without wheels and motor about the y-axis through P,

e Iw: The inertia of each wheel and motor around the wheel axis,

e Im: The inertia of each wheel and motor about the y-axis is parallel to the wheel plane,
e |: total inertia of the robot,

e @, @;: angular displacement of the right and left wheels,

e ¢, ¢;: Angular velocity of the right and left wheels,

e v, w: The robot's linear and angular velocity,

W : velocity vector of linear and angular velocity.

L

Y1 v

L

O X1

Figure 3.4: 2D velocity coordinate configuration of TWMR

From Equation (3.5) a forward kinematic model of DWMR is a function of the robot's wheel
velocity and geometric parameters, representing the robot's velocities in an inertial frame.
The velocity coordinate represents the kinematic model problem, as shown below
(Benchouche et al., 2021):

ql :[X| Y| 9| ]T = f ((br’(bl’L’r’H) (3.7)

From Equations (3.2) and (3.3), we can compute the robot motion in a global reference frame
on a local robot frame and vice versa. Therefore, to calculate the contribution of each wheel
in a movement of the robot in the local robot frame g the following methods are employed
(Siegwart R, Nourbakhsh IR, 2011).

In Figure 3.4, suppose that a robot moves forward along the positive x-plane of the local
frame in alignment with a local robot frame. First, let us calculate the contribution of each
wheel's rotating speed to the translation speed at point P in the direction of the positive x-
plane of the local frame. Suppose one wheel spins while the other wheel is stationary, then
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the robot moves instantaneously at half speed since P is the halfway point between two

wheels, that is:

X, = = ro
Rl ™ A r
2
4 (3.8)
Xpp = 5 ro

In a differential drive mechanism, Equation (3.8) is added together to get the contribution of

xr component. The contribution x, component is;

1 (-
Xp = Ef(wrﬂﬂlj (3.9)

The contribution of yy is zero because there is no sideways movement in the robot reference

frame. Therefore, the contribution of y, component is:

yg =0 (3.10)

Finally, the contribution of a rotational component to the robot reference frame is computed
independently and added together. Let us consider the right wheel, and a forward movement
of this wheel results in an anti-clockwise rotation at point P. Suppose the right wheel rotates
alone, and the robot pivots along with the left wheel and the robot chassis. The angular
velocity, ér at point P due to wheel movement along the arc of a circle of radius 2L is given
as:

P=— 3.11
o ZL(pr ( )

The same procedure is applied to the left wheel, except the forward spin of the left wheel

results in a clockwise rotation at point P:

7 3.12
R4 (3.12)

Moreover, by adding Equations (3.11) and (3.12) the rotational velocity component is given
as:

A =2—r|_(¢r—¢|) (3.13)

Therefore, by combining Equations (3.9), (3.10) and (3.13) the translational speed and the

rotational velocity in the robot reference frame as follows:
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g =R'@)| 0

r . .
§(¢r+¢l)

r . .
_I((Dr_¢l)

Moreover, the inverse orthogonal transformational matrix R(6) is:

cos(d) —sin(0)

R™() =|sin(@) cos(d)

0 0

0
0
1

(3.14)

(3.15)

By substituting Equation (3.15) into Equation (3.14) a DWMR velocity in an inertial frame

became:

q

cos(0)
sin(0)
0

ro- .
sin(@) 0 E((Dr"'@)

cos(d) O 0

0 1

r .
_Z (¢r

cos(6) cos(é?)_

;sin(e) sin(6) || ¥
1 _l b,
L L |

_¢|)

Pr

(@, + @) cos(0)

; (¢, +@)sin(6)

1 - .
E((”r_%)

(3.16)

(3.17)

The kinematic equation obtained above shows the DWMR velocity in an inertial frame.

3.5.2.2. Nonholonomic Kinematic Constraints

A mobile robot's holonomy can be defined in two ways: holonomic and nonholonomic.

Nonholonomic systems have mathematically nonintegrable constraints, whereas holonomic

systems have integrable constraints. On the other hand, a holonomic system can move in any

direction in the configuration space; i.e., robot movement is not restricted by direction. In

contrast, nonholonomic systems are those in which the velocities and other derivatives of the

position are constrained, i.e., a robot's motion is limited. Nonholonomic robots are common

because of their basic design and ease of operation. It also has fewer degrees of freedom than

holonomic mobile robots by nature.
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Several assumptions on wheel motion will cause the robot kinematic constraints to simplify
the effort needed: movement on a horizontal axis; point contact between the wheels and
ground; pure rolling, no slipping, skidding, or sliding; and no friction for rotation around
contact points; steering axes orthogonal to the surface; and wheels connected by a rigid

frame.

In Figure 3.3, a wheel presents three kinematic constraints on DWMR. The first constraint
is that DMWR cannot slide sideways, i.e., no non-slipping constraint exists. That only moves
in the direction of the symmetry axis of the actuated wheels. Algebraically, this constraint is
written as (Mohareri et al., 2012):

v No lateral slip constraints:
ycos(8) —xsin(@)—d & =0 (3.18)

where x and y the robot velocity components in the inertial frames. The other constraints
are related to the motion of the wheels, which means the actuated wheels cannot rotate in the

wrong direction. i.e., there are only pure rolling constraints.

v Pure rolling constraints:

xcos(0) + ysin(@) + LO—rp, =0

_ _ - (3.19)
xcos(@) + ysin(@)—-LO-rep, =0
By rewriting Equation (3.19), we obtain:
V+Lo=rg
C o (3.20)
v-Lo=rg¢,
Since,
v = xcos(8) + ysin(0) (3.21)
w=0 (3.22)

Equation (3.20) are used to relate the velocities of DWMR, and the angular velocities of

wheels within the center of mass (CoM) are written as:
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o | [v] 1[1 Lv
O e

where ¢ is the velocity conversion matrix. Similarly, a robot velocity vector is expressed as:

. r rir.
VvV
o (3.24)
¢ ol [+ -+l
| L L |

The three-constraint in Equations (3.18) and (3.19) can be written as a generalized coordinate

vector relation. The relationship is represented in a matrix form like as (Gao et al., 2021):

A()q=0 (3.25)

where q is the coordinate configuration space written as a function of the x-axis, y-axis,

heading angle theta, right, and left wheel displacements as follows:
q=[x v 0 ¢ ol (3.26)

Furthermore, its time derivatives are given by:

ST
q=[x y ¢ o ¢l (3.27)
where ¢, and ¢,; are right and left angular displacement, and its time derivatives are

equivalent to the angular speed of wheels ¢, and ¢, , respectively. By rewriting Equation
(3.25) as:

—-sin(@) cos(@) -d 0 O

A@)g=| cos(@) sin(@ L -r 0 {x y 6 o, ¢,} (3.28)
cos(f) sin(@) -L 0 -r

The obtained equation is functional when driving dynamic modeling and considering a
constraint. If the inertia and mass of the wheels are neglected, DWMR satisfies the pure
rolling and non-slipping constraint conditions (Fierro & Lewis, 1997). As a result, the

nonholonomic matrix A(q) is reduced to the matrix shown below:

A(q) =[-sin(@) cos(d) —d] (3.29)
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The reduced constraints show that displacements occur only in the direction of the symmetry

axis of the actuated wheels. Then the generalized coordinate vector is modified as:
a=[x y oI (3.30)

It is important to emphasize that the system has a configuration space n, the generalized
coordinate vector g, and the number of constraints given by p so that the velocity vector is
of dimension m = n — p; in this case, m = 2 (corresponds to the degrees of freedom). The
Jacobian matrix S(q) is formed by a set of linearly independent and smooth vector fields
distributed in the null space of A(q) are used to transform velocity term in an inertial frame
(Rabbani & Memon, 2021). i.e.,

A@)S() =0 (3.31)

The Equation (3.31) is used to find auxiliary velocity as a function of time w(t) € RP * 1 for

all t. The relationship between coordinate q and velocity vector w(t) can be written as:
q = S(q)w(t) (3.32)
where w(t) is the velocity vector given as w(t) = [v  w]” and S(q) is given by;

cos(d) —dsin(0)
S(q)=|sin(¢) dcos(O) (3.33)
0 1

The Jacobian matrix of Equation (3.33) has utilized the DWMR velocity terms of

x y 6] ie,
. |cos(8) —dsin(6)
q{x y 9} _|sin() dcos(®) H (3.34)
w
0 1

The kinematic model equation obtained in Equation (3.34) is used throughout this thesis for

system control and simulation. In the next topic, a dynamic model of a DWMR is derived.
3.5.3. Dynamic Modeling of TWMR Using Lagrangian Approach

A mobile robot system having an n-dimensional configuration space R, with generalized
coordinates q = [q41,92,---,qn] and subject to m input constraints, can be described as
(Mohareri et al., 2012):
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H(q)a+C(q,9)a+ F(q) +G(q) +7, = E@)r - A" (q)p (3.35)

where H(q) is an inertial matrix represented as n x n positive definite matrix, C(q, q) is
Coriolis and Centripetal torques matrix represented as n X n, F(q) is surface friction force
matriX, G (q) is a gravitational vector, p is a vector associated with Lagrange multiplier, E(q)
is the control input of n x m transformation matrix, A7 (q) is matrix associated with
kinematic constraints, z is input torque vector and, T, an unknown disturbance. Dynamic

modeling of the mobile robot is determined in two ways:

e Lagrangian approach: which is an energy-based approach,

e Newton-Euler approach: is based on vector mechanics.

Lagrange's equations are differential equations in which the energies of the system and the
work done instantaneously in time are considered. The derivation of the Lagrange equation
for holonomic systems requires that the generalized coordinates be independent. The
Lagrangian approach is used to determine a dynamic model because it is simpler to formulate
and implement than the Newton-Euler approach. Precisely knowing all the forces applied to

the system is challenging in the Newton-Euler approach.

The general form of the Lagrange method for the case of DWMRs with fixed standard wheels
is given by (Ahmad Abu Hatab, 2013):

dfoL| oL
ol |5 S E@r-AN @ (3.36)
t 84 oq

where g and g are given as in Equation (3.26) and (3.27). The total energy of a Lagrangian
systemis givenas L =T —W, where T is kinetic energy, and W is potential energy. A DWMR
has zero potential energy because movement is always along a horizontal plane, with no

vertical direction movement. In the simple formula, the total potential energy is given as:
W=0 (3.37)

And total kinetic energy as:

T=§¢Hmm (3.38)

Equation (3.36) rearranged in standard form as:
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H(a)g+C(a,9)q = E(a)r - A"(q)p (3.39)

A Coriolis and Centripetal torques matrix are dependent on the posture and velocity with the

n X n dimension given as follows:

C(a, q)q——[ (q)]q— [ (@)]a ———{q H(q)q} (3.40)

However, the Equation (3.39) is a disturbance-free system dynamic equation that is not
physically applicable because of uncertainty and disturbance due to mechanical design and
robot body interaction, like friction between components, wheels, and other body contacts.
Considering a dynamic system in Equation (3.39) with uncertainties and disturbances, we

get in the form of:

H(a)q+C(a,9)q+74 =E(q)r—AT(0)p (3.41)

where t; —n X 1 vector denotes uncertainties and disturbances, A(q) —p X n matrix
associated with nonholonomic constraints, p —p X1 vector of a constraint force

(Lagrangian multiplier), T — p X 1 vector control or input torques.

The dynamics system obtained in Equation (3.41) has the following properties to determine
the stability analysis of the control system (Tzafestas, 2014):

e Property 3.1: Limitation - The matrix H(q), the norm of a matrix C(q, q), and the

vector 4 are bounded,

e Property 3.2: Skew-symmetry - The matrix H(q) — 2C(q, q) is skew-symmetric.
3.5.3.1. Dynamic Model Using Wheel Constraint

A DWMR has two standard fixed wheels. These wheels are powered separately by a motor
to achieve a differential drive. From the Equation (3.38), we have kinetic energy by
considering the dynamics of the wheels. The following assumptions are used to derive the
DWMR kinetic energy, and individual kinetic energy is obtained as follows (Benchouche et
al., 2021):

v Kinetic energy (T1) of WMR without the wheels,
v Kinetic energy (T2) of actuated wheels in the plane only,
v Kinetic energy (Ts) of all wheels considering the orthogonal plane.

Total kinetic energy T is given as;
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T=T+T,+T, (3.42)
A. Kinetic energy (T1) of WMR without the wheels:

This kinetic energy is obtained by considering the horizontal v, and vertical velocity v,,.

Figure 3.5 shows the DWMR velocities representation of the mobile robot's free-body
diagram given in Figure 3.4.

Figure 3.5: Velocity representation of DWMR

From the velocity representation of differential drive WMR in Figure 3.5 and Equation (3.34)

, we will get v, and v,, as shown below:

v, = x+d @sin(6),

ndw= 6 (3.43)

v, = y—d @cos(9),
We get the kinetic energy of DWMR without a wheel as:

1 2 2 )2
Tl—ELmC (Vi+vi)+1.0 j (3.44)

By substituting Equation (3.43) into (3.44), we get Ty in the following form:

T, = %[mc [()Gd 6"sin(49)J2 +[y—d écos(e)ﬂ+ I, 652}
1

:%m{x’% y2—2yd #cos(6) +2xd eersin(er)+o|26i2j+§|C6i2

(3.45)
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B. Kinetic energy (T2) of actuated wheels in the plane only:

This kinetic energy is based on the actuated wheels in a wheel's plane. It is calculated based

on wheel velocity, i.e., right and left wheels.

X | |v,+L6cos(d) X | |v,—L6cos(d)
= | ,and | |= _ (3.46)
Y, v, + L Asin(6) Y, v, — L Adsin(6)

Then the kinetic energy T» is expressed as follows:

T2=%mw(kf+ Y2+ X+ y,2]+%lmr92+%l 0 (3.47)

ml
After substituting a velocity Equation (3.46) into (3.47) and rearranging it, we get:
T, = mW(X2+ y2+2xd @sin(@)-2yd ecos(e)jwz (mw(d2 +12)+ |m) (3.48)

Where Im = ImR = ImL
C. Kinetic energy (Ts) of all wheels considering the orthogonal plane:

This kinetic energy of a DWMR is obtained by considering the moment of inertia of wheels

around the axis that passes through them. The kinetic energy T3 is given as:

1

1 .
T3:_ W(0r2+§

5 | 0 = ! |W[¢f+¢fj (3.49)

2

Finally, the total kinetic energy in Equation (3.42) became:
T =%mt [){2+ y2j+mt [xd Osin(0)— yd 6’005(6’))+%I e’%% IW(¢f+¢|2j (3.50)

where M =M, +2M,, 1 =m.d*+1,+2m,(d*+L*)+2I, and & = e as in Equation (3.22).

3.5.3.2. Dynamic Model Configuration and Simplification
The total Lagrangian energies of the above kinetic and potential energies were given as:
L=T-W, where, W =0 (3.51)

Therefore, total Lagrangian energy is equivalent to kinetic energy since there is no vertical

movement, as shown below:
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L:%(mt X2+m, Y2+ 1 0%+ 1, @2+ |W¢|2J+mt xd @sin(@)—m, yd #cos(6)  (3.52)

By substituting Equation (3.52) in Equation (3.36), we get the following results. From a
generalized coordinate vector, we had q as in Equation (3.26) and g as in Equation (3.27).
So, the partial differential equations of Lagrangian energy with a specified coordinates are

given as follows;

a—lf =m, x+m,d dsin(0) (3.53)
o0X

a—lf =m, y—md fcos(6) (3.54)
ay

oL -

— =16+m, xdsin(@)—m, yd cos(6) (3.55)
06

Ly (3.56)
a@r 6go|

The time derivative of the Equation (3.53) through Equation (3.56) is as follows:

%[%J = m, x+m,d §sin(6) +m,d 62 cos(6) (3.57)

O X

dia | m, y—m,d &cos(6) + md 6 sin(6) (3.58)

y

d| oL . O W g D

ot |7 | 6+ md (xsm(@) + X6 cos(8) — ycos(0) + yesm(e)j (3.59)
06

%{i}: Iw¢r; and % i = |W¢| (3.60)
a(”r a¢|

The other derivatives are obtained as follows:

oL oo oL - odsin(g). 25 —o Ot
—=0, —=0, —=m xddcos(d)+m yddsin(@), — =0, —=0 :
~ Y - M (@) +my ). o (3.61)

r
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By substituting Equations (3.57) to (3.60) into Equation (3.36); the left side matrices in

Equation (3.41) are given as follows:

m, 0 mdsin(@) 0 O
0 m, -mdcos(d) 0 O
H(q) =| mdsin(d) —m.dcos(6) I 0 0 (3.62)
0 0 0 I, O
0 0 0 0o I,]
0 0 mdé&cos(d) 0 0
0 0 mdésin@) 0 0
C(a.9)=[0 o0 0 00 (3.63)
00 0 00
00 0 0 0]

From Equation (3.29), we have a reduced nonholonomic constraints matrix by neglecting
wheel inertia. Therefore, the displacements occur only in the direction of the symmetry axis.
So, the matrix in Equation (3.62) and (3.63) can be reduced to a 3x3 matrix, and Equation

(3.39) is rewritten as:

m, 0 m,d sin(&) 0 0 md6cos(6) F D,
0 m, —m,d cos(6) d+ 0 0 md ésin(e) q= F 1+ D, | (3.64)
m.dsin(¢) —m,d cos(6) I 0 0 0 T D,

Let us say the force produced by the right wheel is F., by the left wheel F; and the
corresponding force along the x-axis is F, and y-axis is F,. The input transformation matrix
E(q) depends on the relationship between force and torque and the robot's position
(Benchouche et al., 2021).

T 7
F=-",andF=-" 3.65
r r I r ( )

However, force produced by both wheels along the x-axis and y-axis with torque is given as:

F.] [(F +F)cos(6) (7, +1,)cos(6) cos(8) cos(0)

F, |=| (F. + F)sin(9) 1 (7, +17,)sin(6) 1 sin(@) sin(d) {Tr} (3.66)
r r 7,

r (F.-F)L (z,-7,)L L -L
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Thus, the input transformation matrix E(q) is obtained as follows;

cos(@) cos(0)
E(q) 1 sin(@) sin(6) (3.67)
' L -L

According to the constraints matrix as in Equation (3.28), force constraint is expressed as:

D m, (X cos(6) + ysin(é’)) écos(H) |
D, |=|-m,(xcos(8) + ysin(8)) Hsin(6) (3.68)
D, m, (xcos(6) + ysin(6))d &

The matrix representation of the above constraint forces is as follows:

m, (Xcos(@) + ysin(e)) 9003(9) |
—m, (xcos(6) + ysin(8)) 8sin(8) |= AT (q) p (3.69)
m, (xcos(6) + ysin(6))d &

However, from Equation (3.29), we had A(q) and its transpose AT (q) and vector of a

constraint force (Lagrangian multipliers) p in Equation (3.69), is become:

—sin(é)
AT(q) =| cos(®) |, p=—mt0($<cos(9)+ysin(9)j (3.70)
—d

Thus, the dynamic modeling equation in Equation (3.64) is obtained as:

m 0 m.dsin(6) 0 0 mdécos(6)

0 m, —mdcos(d) |g+| 0 0 mddsin(d) |q
m,dsin(¢) —m.d cos(6) I

00 0 (3.71)

cos(d) cos(d) —sin(#)
_sing) sine) {Tf} cos(6) (—mt 0(xcos(6) + ysin(6))
A T d

The above dynamic equation can be transformed into a proper system representation for

control and simulation purposes. The transformation can eliminate a constraint term from
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the dynamic equation. Let us define two matrices as having a shift as follows (Benchouche
et al., 2021; Mohareri et al., 2012):

wt)=[v o] (3.72)

cos(d) —dsin(6)
S(q)=|sin(8) dcos(9) (3.73)
0 1

So, we can rewrite Equation (3.32) as:

cos(d) —dsin(6)

q=S(qw(t) =| sin(6) dcos(d) m (3.74)
0 1

By differentiating the Equation (3.74) and using w instead w(t), we have:
q=S(qwW+S(q)w (3.75)
Now by substituting Equation (3.75) in (3.35), the following representation will be obtained:
H(@)[S(@)w+S(@)w]+C(a,q)[S(a)w] + F () + G(a) + 7, = E(@)7 ~ AT(a)p (3.76)
By rearranging the above equation, we get:

H () S(a)w + H (q)S(q)w+C(q,q)S(@)w+ F (@) +G(@) + 7, =E@)r - A" (@)p  (3.77)

To eliminate the constraint matrix A7 (q)p multiply Equation (3.77) by ST (q) as follows:

g7 (q{H (@) S(q)w+ H (a)S(q)w+C(q,a)S(q)w+ F(q) +G(q) + rd] (3.78)
=E(@)7-A"(q)p

From Equation (3.31) we have ST (q)A” (q) = 0. Constraints free dynamic equation is given

as:

(ST @H@S(@) Jwe | 5" @C@ S + S @H@S(@)

(3.79)
+S"(Q)F (a) + ST (a)G(q) + ST (a)7, = ST(QE(a)r
To rewrite the Equation (3.79), let us define dynamic equations as follows;
H (a) w(t) +C(a, 9)w(t) + F(q) +G(q) + ¢ = E(q)z (3.80)
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where

H(a) = 8" (a)H ()S(a) (3.81)
C(a,9) =S"(9)C(a,a)S(a) +ST (a)H (a)S(a) (3.82)
F(q)=S"(a)F(a) =0 (3.83)
G(q)=S"(9)G(q)=0 (3.84)
74 =S7(q)7, (3.85)
E(q)=S"(9)E(q) (3.86)
ST(@A(q)=0 (3.87)

By ignoring the unknown disturbance vector, the simplified dynamic model is given as:

m,_ 0| v(t 0 -mdé@|[vt 11
5 e o Lol A e
ot)| |mde o |Le®] rib -Lil=
The dynamic model in Equation (3.88) represents a nonholonomic system's behavior in a
new robot or local coordinates, i.e., the Jacobian matrix S(g) transforms the velocity w in

coordinates of the model of the mobile base to the velocities g in cartesian coordinates. As

a result, the properties of the original dynamics are preserved for the new set of coordinates.

The dynamics system obtained in Equation (3.80) has the following properties to determine

the stability analysis of the control system (Martins & Bertol, 2022):

e Property 3.3: Limitation - The matrix H(q), the norm of a matrix C(q, ¢), and the

vector T4 is all bounded,

e Property 3.4: Skew-symmetry - The matrix H(q) — 2C(q, q) is skew-symmetric.

Proof: By substituting the time derivative of the H (¢) and C(q, q) in H(q) — 2C(q, q), we
get:

H(a) = ST(Q)H(a)S(a)+S™(a)H(@)S(a)+S™ (a)H (q) S(a), (3.89)
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H(q)-2C(q,q) =S™ (q)H (q)S(a) + S (a) H (a)S(q) + ST (@)H (q) $(q)

| | (3.90)
-2(sT(q)c<q,q>s<q)+sT(q)H(q)S(q)j,

H (@) -2C(q,q) = ST(@H (@)S(a) ~[S" (@H (@S (@] (3.01)
+S7(q)[H () - 2C(q,9)1S(q)

Since H(q) — 2C(q, q) is skew-symmetry, Equation (3.91) is also skew-symmetry. As a
result, the derived system dynamic model is asymptotically stable. The dynamic model in

the Equation (3.88) is used in system control and simulation throughout this thesis work.
3.5.3.3 Actuator Dynamic Modelling

In the case of DWMRs, the wheels are driven by two similar DC motors that have both
mechanical and electrical dynamics. The electrical part of the motor dynamic model equation
can be obtained by using the Kirchhoff voltage law as follows (Jabeur, 2019):

i
R +L, ﬁ*"b = v, (3.92)

where R, is the resistance of armature winding, L, is leakage inductance in the armature
winding, i, is motor armature current, v, and v,, are voltage source and back electromotive
force voltage, respectively. The mechanical part of the motor dynamic model equation can

be obtained by using Newton's second law as follows:

dao,

m dt +Bma)m _Tlo = Tm (393)

J

where J,,, is the motor's inertia, w,, the angular speed of a motor, B,, equivalent damping
constant, t;, and 7,,, load and motor torque, respectively. Also, the torque of the motor with

armature current and the speed of the motor with back emf are related as follows:
7, =K., (3.94)
v, =k, (3.95)

The parameters k,,, and k,, are the torque constant and the back electromotive force voltage
constant, respectively. By rearranging and taking Laplace transform of Equations (3.92) and
(3.93), the dynamic model of the motor becomes:
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-V, =(sL, +R,)I
{Vs Vb (Sa+ a)a (396)

T —To =(8d + By ) o,

By substituting Equations (3.94) and (3.95) in the Equation (3.96) with neglecting load
torque, we get the transfer function of a motor as follows:

@, (8) _ K, o
V,(5)  (SLa+Ry)(S3p+By) Kok, (3.97)

The dynamic equation of the motor from Equation (3.97) is added to the dynamic equation
of the TWMR to study and analyze how the derived system can satisfy a differential drive
method for WMR locomotion during open-loop system simulation.

3.5.4. Controllability Analysis of TWMR

The primary considerations that influence the selection of a robot in a robotics system are
controllability and stability. For a robot with kinematic constraints, we need to analyze them
and determine if they affect the system's controllability. Nonholonomic constraints limit the
robot's capability to move in its primary motion directions (basic movements such as driving
straight and spinning) but not in the constrained direction. However, by combining basic

movements, such a robot may attain any desired configuration.

According to the Lie bracket, a system satisfies the rank condition of Lie algebra (e.g.,
controllability rank condition or rank accessibility condition). If the involutive distribution
has a rank of n, the robot can reach any point q in the configuration space. Chow's theorem
states that “the system is controllable if its involutive distribution involving Lie brackets has
a rank equal to the configuration space dimension (n).” Some robots can be controlled if
their constraints are nonholonomic and their involutive distribution has a rank of n (Klancar
et al., 2017). For two vector fields g; and g, the Lie-bracket is a third vector field g5 is
defined as (Coelho & Nunes, 2003):

0;= [gl’ gz](q) = %gl(q) - 6@]1

= @ 9,(a) (3.98)

where [g1, 2] = — [£2, £1] and [g1, g&»] = 0 for constant vector fields g;and g.

A nonholonomic constraint represented in Equation (3.25) and matrix A(q) is defined as
Equation (3.29); therefore, the system has a three-dimensional configuration space (n=3)
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and a constraint (p=1) with a velocity vector (m = n—p = 2). The independent field vectors

£, and g, from Jacobian matrix S(q) as in Equation (3.73):
g, =[cos(d) sin(@) 0] ,and g, =[-dsin(d) dcos(@) 1I' (3.99)

By using the Lie-bracket provided in Equation (3.98), we will get the third field vector gs;

5 5 sin(@)
g, =[gl,g2]=a%gl(q)—a%gz(q) = | —cos(6) (3.100)
0

If the system in Equation (3.32) is completely integrable (holonomic), then it is involutive,
i.e., rank(gy &) = rank(g, & [&1, &)
cos(d) —dsin(d) sin(@)

rank<| sin(¢) dcos(d) -—cos(f) |r=3 (3.101)
0 1 0

However, the system is not completely integrable (holonomic) because the rank of the two
vector fields, (rank (g1 g2) = 2), is not equal to the Lie brackets' (rank(g; g: [g1, £2]) = 3).
To conclude, the dimension of the generalized configurable vector is equal to the rank of a
Lie bracket. i.e., n = 3, which makes the system controllable and nonholonomic according
to Chow's theorem. In DWMR, a system's stability is not challenging because the platform

has two wheels and one free castor wheel that is used to keep the balance of a system.
3.6. Open-Loop System Modeling Simulation Analysis

The open-loop system simulation is used to check whether a system's derived mathematical
model satisfies the mobile robot's differential drive mechanism. The proposed method is
simulated using Matlab and Simulink (R2021a) toolbox software. Table 3.1 shows the
TWMR and DC motor parameters specification. A kinematics and dynamics model of a
DWMR in Equations (3.23), (3.34) and (3.88) with the motor dynamic model equation are
simulated. The Matlab code, functions, and Simulink block diagram of an open-loop system

model used for the following results are included in the Appendices.

If the two motors have equal speed in magnitude but different signs in a differential drive
system, the robot rotates around an arc of the wheel. The robot's direction is forward if the
two motors have similar speeds in magnitude with the same +ve sign (the +ve sign is for

forward movement). The robot moved backward when a similar magnitude with the -ve
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speed sign was applied to the motor. If both motor speeds are not equal in magnitude but

have the same sign, the robot's movement is at a turning point or curvature.

Table 3.1: TMWR and motor parameters specifications (Martins & Bertol, 2022)

Dynamics and Kinematic models Parameters Actuator Parameters
Parameters Values with unit Parameters Values with unit
me 120 kg k., 0.2247TNm/A
L 0.33m ky 0.02 Vs/rad
d 0.10m La 0.01H
r 0.135m Ra 6 Q
I 15.0656 kg-m? Ty 20.45 Nm
Ic 11.4180 kg-m? Vs max 24 Vdc
(maximum motor voltage)
Iw 0.0456 kg-m? la max 40A
m 0.7293 kg-m? (Maximum motor current)
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Figure 3.6: Open-loop trajectory tracking and robot pose for the same magnitude but a

different input sign

As seen in Figure 3.6, the robot will rotate around a center point when we have equal
opposite-sign motor speed. The robot is supposed to revolve around itself in response to such
input. It makes a circle and rotates around it because of the misalignment between its center
of mass (CoM) and center of rotation. The angles between the robot's reference frame and
the local frame are increased, which makes the system unstable because the robot revolves

around the midpoint of the body frame.

35



The other test that can be verified the model is by giving the same sign but not equal input
to the robot. Figure 3.7 and Figure 3.8 also show an open-loop robot response with different
magnitudes and the same sign of the input speed of the motor. As a result, the robot tries to
verify the turning point condition during its movement. A robot's posture response is

unbounded and unstable for a given input.
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Figure 3.7: Open-loop trajectory tracking and robot pose for different magnitudes, but the

same +ve sign input

The other test employed for the derived system modeling is that a robot moves forward and
backward. As seen in Figure 3.9, the robot moves from its initial point to the left and right,
respectively. The result shows that a robot's position tracking response is unbounded within

a given input.

An open-loop simulation result shows that the derived TWMR system models (kinematic
and dynamic) satisfy the differential drive method. An open-loop robot position does not
satisfy the desired position tracking because the system response is not bounded or
converged in all conditions, which makes it unstable and challenging to control in an

interesting region.

36



0.7 Open-Loop Responce 1
0.6 —_
©
o
05 =
T 2
E 04 5
S €
>0.3 .y
02 E

0.1
O L L L n
-2 -1.5 -1 -0.5 0
X in [m] Time in [sec]

Figure 3.8: Open-loop trajectory tracking and robot pose for a different magnitude but the

same -ve sign input
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Figure 3.9: Open-loop trajectory tracking and robot pose for the same magnitude and the

same +ve sign input

Generally, the system is highly nonlinear and affected by systems input changes, parameter
uncertainty, and unknown disturbances. The control law that solves the aforementioned

problem is designed and explained in the following chapter.
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CHAPTER 4
4. CONTROLLER DESIGN

4.1. Reference Trajectory Generation

The main goal of trajectory tracking of nonholonomic TWMR s to eliminate the tracking
error between the desired and actual trajectory. In a mobile robot, reference tracking
problems are widely used and researched by numerous researchers because they use a control
law to predict the future robot state. Hence, the reference trajectory generation of a TWMR
is an essential task for the smooth movement of a robot. A nonholonomic mobile robot

trajectory track can be described and formulated as follows (Hwang et al., 2013):

X, =V, cos(d,)

y, =V, sin(6,) (4.1)
0, = o

r r

where xr and yr are reference robot positions in the x and y axes, 6 is the reference angle
between the local and the inertial reference frames, and v and wr are reference velocity
inputs. From Equation (4.1) the velocity profile has two components: the x-axis and y-axis

velocity components. The total tangential (linear) velocity of a robot is:

1
1 . . -
v, = (vx(t)2 +vy(t)2)2 = [xr(t)2 + y,(t)zj2 (4.2)
The robot orientation angle . that satisfies a nonholonomic constraint is given as follows:

6, =tan(y, (t)/ X« (t)) (4.3)

By differentiating the Equation (4.3) , the reference angular velocity w,. of a robot is obtained

as.:

_d6, _y, )% O -x @)y,

o (x (t)jz +['yr(t)j2

Moreover, in a generalized vector, the reference trajectory and velocity are represented by:

(4.4)

g =[x v 6T (4.5)
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w. =[v

r

o1 ,w, >0,Vvt (4.6)

r

For smooth and perfect velocity control, the tracking error between the reference and actual

trajectory is near zero (ideally zero). Mathematically, %im(qr — q) = 0. The following topic

introduces a velocity control law as a function of position error, and reference velocity is

proposed to reduce trajectory tracking errors.
4.2. Backstepping Controller (BSC) Design

In a control system, dealing with a nonlinear system is challenging because in a nonlinear
system, the system's state does not change linearly. Many nonlinear controllers have been
developed for nonlinear systems control. The backstepping (BSC) and sliding mode
controller (SMC) are widely used nonlinear controllers. A backstepping controller is used in

this work and is explained in the next topic.
4.2.1. Introduction to the Backstepping Approach

A backstepping control method is a nonlinear controller designed in a recursive way that
combines the choice of a Lyapunov function with the design of a feedback controller. A
Lyapunov stability analysis function guarantees the global asymptotic stability of the

designed controller (Vaidyanathan, 2021).

A BSC is widely applicable in the area of nonlinear control fields. The backstepping method
achieves the Lyapunov stabilization by collectively shifting all the eigenvalues in a favorable
direction in the complex plane rather than assigning individual eigenvalues. Unlike optimal
control, which is challenging to solve, the Riccati operator has a higher order of PDEs (Smith
etal., 2016). These control methods are used only for strict feedback systems, i.e., the lower

triangular form of a system. Let us consider the strict-feedback system shown in Figure 4.1.

L

Figure 4.1: The Strict feedback system model
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For a subsystem, we have the following forms (Raptis & Valavanis, 2011):
x=f(x)+g(x)z 4.7)

z=u (4.8)
where (x,z) € R™! is the state vector, u is scalar input to the system, f(x) and g(x) are
known smooth functions in which f;(x) is vanishing at the origin. The aims of designing a
state feedback control law are such that (x,z) — 0 ast — o or to treat z as a virtual control
input used to stabilize a subsystem x. According to Figure 4.1, a system in Equations (4.7)
and (4.8) connected in cascade. Now let us assume a smooth feedback control law z = a(x)
with o(0) = 0; the system in Equation (4.7) has become:

x=f(X)+g(X)o(X) (4.9)
For a Lyapunov function V (x) for a selected control law by using lie derivative is given as:

oV

100+ 900 (0] <~ W) (4.10)

where W (x) is a positive definite matrix, by adding and subtracting g(x)o(x) from the

right-hand side of Equation (4.7) , then it became:

x = f(X)+g(X)o(X) + g(x)[z2-o(x)] (4.11)

Z=U (4.12)
The error between pseudo control o(x) and z is:
e, =2-0(X) (4.13)

Rewriting Equations (4.11) and (4.12) with an error in Equation (4.13) as:
x=[ f()+g(X)o(x)]+g(x)e, (4.14)

e, =U—o(x) (4.15)
The derivative of pseudo control input a(x) is computed as follows:

- 0Oo

a—&(f(xﬂg(x)z) (4.16)
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Now setting a nominal control input u = v + g, where v € R, the transformed system, has

the following form:

X=[f()+g()()]+g(xe, (4.17)

€, =v

A system in Equation (4.17) is similar to the system in Equations (4.7) and (4.8). However,
the system in Equations (4.7) and (4.8) is stable at origin such that (x,z) - 0 as t — oo,
while in a transformed system using auxiliary control input o(x) has been backstepped
through the integrator form u = v + ¢ (x). For an initial and transformed system, the overall
stabilization depends on Lyapunov function knowledge. By using a Lyapunov function
candidate as:

V, (x,2) =V(x)+%ez2 (4.18)
One obtains Vn as:
V (X, 2) = &[ f(x)+9(x)o(x)] +ﬂ g(x)e, +e,0 <-W(x)+ N g(x)e, +e,v (4.19)
OX OX OX
The control input v is chosen as:
V
u:—aa—xg(x)—kez, k>0 (4.20)

By substituting a control input v in Equation (4.19) we will obtain:

V. <-W (x)—ke? (4.21)

The system is uniformly asymptotically stable at the origin (x = 0,z = 0) due to a(0) = 0,

and tlim e, = 0 then, the origin (x = 0,z = 0) is asymptotically stable. The control law is:

3 oV
u:a—j[f(x)+g(x)z]—&g(x)—k[z—a(x)] (4.22)

The main advantage of the backstepping control method is that it allows one to design a
control law that stabilizes the internal subsystem with an auxiliary velocity control input and

allows the system to step back out to the outer system with a control law.
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4.2.2. Kinematic-Based Backstepping Controller

The kinematic-based backstepping controller is a nonlinear controller whose control law is
designed based on a nonlinear kinematic controller. A kinematic controller is a nonlinear
controller developed based on the kinematics model. The first kinematic-based backstepping
controller used to control a nonholonomic mobile robot system was proposed by (Kanayama
et al., 1990). Numerous researchers widely used this work for WMR stability and trajectory

tracking control.

The kinematic-based backstepping controller can be applied with PID, fuzzy logic controller,
SMC, and NN controllers (Esmaeili et al., 2017; Hassan & Saleem, 2022; Mai et al., 2021;
L. Xu et al., 2022; Yousuf et al., 2021). A kinematic-based backstepping controller with a
system model is proposed, as shown in Figure 4.2.

Reference
Velocity

11 ’ )

b

q,

Trajectory

[ ) Dynamic Kinematic ) Iq
Generatory

R Model Model

q

Figure 4.2: Kinematic-based controller and NPID controller with a proposed system

In trajectory tracking control, two postures of a mobile robot should be defined to control a
robot navigation problem: a reference posture g,- and a current robot posture g, as shown in
Figure 4.2. The reference posture represents the final goal of the system, and the current pose
is the real-time pose at the moment. Let us consider the following references and the current

position configuration for controller design:

qr = [Xr yr er]T’ and q = [X y 9]1— (423)

The main objective of kinematic-based control is to determine the auxiliary velocity control
of a system to track a given trajectory. It is determined by a reference velocity and a described
posture configuration error. The pose error of a robot's local frame is defined as:

e, cos(d) sin(@) O] x, —x
e, =|e, [=R()[a, —q]=|-sin(@) cos(®) 0|y, -y (4.24)
6, 0 0 1lle-0
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If g, = q the error posture configuration e, = 0, and if g, > g the robot is behind the goal,
then e, > 0. Let us differentiate error posture configuration separately e, = [ex e, eg]”,

as given below, with perfect velocity control [v w]T = [ @,]T for simplification
(Martins & Bertol, 2022).

v’ The derivative of e, is provided as:

e = (X —X)cos(d) +(y.— y)sin(6) —(x - x)ésin(e) +(y, - y)écos(@) .25
= &,0—V+X,C0s(6) + Y, sin(0) |

However, from the Equation (4.24) we had ey = 6, — 6 and rearranged in terms of 0 as 6 =

0, — eg. Then Equation (4.25) re-written and simplified as:

e, =€,m—V+X, Cos(6, —e,) +Y,sin(g, —e,)
=e,m—V+X,(C0s(6,)cos(e,) +sin(6,)sin(e,)) (4.26)

+ Y, (sin(6,) cos(e,) — cos(8,)sin(e,) )
Using the relation x, sin( 8,) = y, cos(6,) the final equation becomes:
&, = &,0—V+V,Cos(e,) (4.27)
v The derivative of e, is provided as:
e, = —(X,— X)sin(9) + (¥, y)cos(6) - (x, — x)@cos(d) +(y, - y)osin(d) (4.28)
By applying Equation (3.74) and Jacobian matrix S(q), we will get the following equation:
e, =—(d +e)o—X,sin(@) + y, cos(d) (4.29)

By following a similar step in e, derivation, Equation (4.29) is simplified in the following

forms:

e, =—(d +e)w—xsin(d, —e,) + y, Cos(6, —e,)

(4.30)
=—(d +e,)o+V,sin(e,)
v The derivative of eg is provided as follows:
égzé’r—éza)r—a) (4.31)
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Therefore, posture error dynamics e,, are provided by:

T w €, —V+V, Cos(e,)
epz[eX e, ea} =|-o(d+e,)+V,sin(e,) (4.32)

o, — 0

Suppose the center of mass (CoM) of a WMR is on a wheel axis (C = P), i.e., d = 0. The

error posture configuration is simplified as follows:

;| @e,—V+V, cos(e,)
ep:{eX e, ea} =| —we,+V,sin(e,) (4.33)

o, -0

The control law, which makes a system asymptotically stable, will be designed based on the
pose error dynamics obtained in Equation (4.24). This control law calculates auxiliary
velocity control inputs as a function of pose error and input velocities based on the pose
error's time derivatives, as shown in Equation (4.33) using the Lyapunov theory.

4.2.2.1. Lyapunov Stability Analysis

System stability can be analyzed in different ways in a control system. The Lyapunov
function stability analysis is widely used to stabilize a system at an equilibrium point. Any
Lyapunov function candidate V(q) must satisfy the following properties: (Hadi & Younus,
2020):

1. Vv (q) this function and its derivatives are continuous;

2. V(q) = 0, forallqg = 0;

3. V(q) > 0, forallq = O;
4. V(q) < 0, forallg # 0.

Let us propose a scalar function V as a Lyapunov function candidate (Mai et al., 2021):

1,, o 1
Vv ZE(eX +ey)+K—y(1—cos(e9)) (4.34)

Therefore, for K, > 0 one cansee V = 0 otherwise, V = 0 if e, =0 and V >0 if ep # 0.

The above candidate function V is a positive definite function. i.e., the Lyapunov function
candidate satisfies properties 1, 2, and 3. A time derivative of a Lyapunov function V with a

derivative posture error as in Equation (4.33) is given as:
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e,sin(e,)

V=ece tee, + —e, [V -V, cos(e,)] —sin(ee){(er—_w) —vrey} <0 (4.35)
y

y
The velocity control input that satisfies the Lyapunov function candidate by using a
backstepping control law is formulated as follows:

{vc} { K.e, +V, cos(e,) }
w,=| = (4.36)

) o, +Kv.e + Ky, sin(e,)

C

where Ky, Ky, and Ky are positive constants adjusted to reduce the posture error. The velocity
control rule described above is called a kinematic-based backstepping controller, and its

stability is verified using the Lyapunov function.

Proposition 4.1: If the Equation (4.36) is used as a control law for an auxiliary velocity
control input, e, = 0 it is a stable equilibrium point for the reference velocity vector w;, > 0

(Kanayama et al., 1990).

Proof: Let us rewrite posture error dynamics in Equation (4.33) with an auxiliary velocity

input as:
_éx— (a)r .|.vr(Kyey + K,gsin(eg)))ey - K.,
e, =|e,|= —(a)r +v, (K,e, + Kgsin(eg)))eX +v, sin(e,) (4.37)
6, —vr(Kyey + Kgsin(eg))

The time derivatives of a Lyapunov function with control rule and pose error are given as:

V=ee +ee, + Kiyégsin(eg) =-K. e’ —E—ivr sin®(e,) <0 (4.38)
It is clear that V < 0, otherwise, V = 0 if e, = 0 and V < 0 if e, # 0. Therefore, the
derivative of a Lyapunov function is a negative-definite function. The system is
asymptotically stable at an equilibrium point e, = 0 under the condition that reference
velocity w, = [v. w,]7 and proposed constant positive gains (Kx, Ky, and Kg) are bounded

and continuous.

As in the above demonstration, the proposed system is stable with any positive combination

of controller gains. However, the value of this combination affects system performance. In
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the case of non-oscillatory and not too slow response, we should find optimal controller

parameter values. A genetic algorithm is used for controller tuning purposes.
4.2.3. BSC Design for Dynamic Control Using Feedback Linearization

The following controller design is a backstepping controller based on the feedback
linearization technique. This method will improve the trajectory tracking response by
linearizing the nonlinear system dynamics. Feedback linearization techniques are used
throughout, changes in variables, and appropriate control input to linearize a nonlinear
system to an equivalent linear system. This linearization method aims to create a control

input that transforms between the new input and output (Klancar et al., 2017).

The dynamic model of a nonholonomic WMR is linearized in this document using a
nonlinear feedback linearization technique. Figure 4.3 shows a system model with a
proposed backstepping controller with a nonlinear feedback linearization torque.

Reference
Velodty fF - T T TS ‘NI
|
1 |
; ) 5
W w. W | w |
1 |
) | |
q © W u Feedback T
Generatory Conftroller Tor Model Model
orque

q

Figure 4.3: Backstepping controller with a proposed system model
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The control rule proposed in Equation (4.36) and the selected velocity control input w(t) are
used for a kinematic model for the TWMR system. For the actual system to apply nonlinear
feedback linearization, a controlled velocity w(t) is converted to a torque control z(t). From
the system model derived in the previous chapter, we had a complete nonholonomic TWMR

motion equation. i.e., kinematic and dynamic equations as:

cos(d) —dsin(@)

q=S@w() = | sin(0) dcos(6) {V} (4.39)
0 T
H (q)w(t) +C(q,q)w(t) + F(q) + G(q) + 7o = E(q)r (4.40)

We can linearize a nonlinear dynamic model of nonholonomic mobile robots by applying a

nonlinear feedback linearization technique. Let us define an auxiliary velocity input u =
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w(t), and w instead of w(t) by applying a feedback linearization technique, we had a

feedback torque as (Benchouche et al., 2021):
. [ . _ . _ _
r=E ') H@u-Caaws F+8@+n ] @

In this torque feedback linearization, it is assumed that all dynamical quantities; H(q),

C.(q,9), F(q),G(q) are precisely known and 7, are assumed to be zero. That is;
—1 N J— .
r=E @) A+ Caaw w2

The transformation of Equation (4.40) to Equation (4.41) is achieved by a nonlinear feedback
linearization, which linearizes and simplifies the system's dynamic equation. And we can

convert a dynamic model to the following forms by neglecting unknown disturbances 7;:

H(@)w+ C(a.aw= E(q)[E'l<q>[ﬁ(q)u +E(@ q)wﬂ

(4.43)
w=u
From Equation (4.39) and auxiliary velocity u, we had:
q = S(Q)W(t) (4_44)
w(t)=u

A system model in Equation (4.44) can be linearized by using feedback linearization because
the system has a form of strict feedback system as follows:

x=f(X)+9g(x)z (4.45)

Z=U
At the equilibrium point, a system is asymptotically stable, i.e., (x,z) = 0; f(x) and g(x) are
known smooth functions. The main idea of feedback control is to stabilize a system at its
origin, (x,z) = 0. The controller that stabilizes a system at equilibrium points (x,z) = 0 is

called a backstepping controller.

The linearized TWMR system in Equation (4.44) has a similar structure to a strict feedback
system in Equation (4.45). Therefore, a backstepping controller can stabilize a linearized
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system at equilibrium. The proposed nonlinear feedback acceleration control input used to

stabilize the system in Equation (4.44) is given as follows (Fierro & Lewis, 1997):

u =Wwe+ K, (W, — W) (4.46)

where Ky is a positive definite matrix given as;

K, = P;i ﬂ (4.47)

We had a kinematic controller w, from Equation (4.36) as:

{vc} { v, cos(e,) + K,e, }
w=| = (4.48)

o, o, +Kv.e, + K, sin(e,)

c

Moreover, its time derivatives become as follows:

. vr cos(e,) -V, e,sin(e,) + K e
Wc =
Lo+ K vee, + Ky ey+ K, v sin(e,) + K,v, e, cos(e,) (4.49)

B \}rcos(eg) . K, 0 -v,sin(e,) |-
) 0 K, Kyvcose,)| "

é;r+Vr(Kyey + K, sin(e,)

If reference velocity inputs are constants, the time derivatives of the auxiliary velocity
control input become:
We

K, O -V, sin(e,) } . (450)

1 0 Ky, Ky, cos(e,)

The control law proposed in Equation (4.46) is also valid for time-varying reference velocity,
wy(t) = [v.(t) w,(t)]T. The Lyapunov stability function that reaches the stability of a

proposed backstepping controller given in Equation (4.46) will be explained in the following.
4.2.3.1. Lyapunov Stability Analysis

Proposition 4.2: For a nonholonomic dynamics motion equation in Equations (4.39) and
(4.40) the nonlinear feedback control law u have proposed as in Equation (4.46) with a
nonlinear feedback control input is given by Equation (4.41). Therefore, origin e, = 0 is an
asymptotically stable point, and a velocity vector of the system satisfies w - w, as t » «©
(Fierro & Lewis, 1997).
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Proof: Define an auxiliary velocity error:

e v, cos(e,) + K.e, —v
™ l=tw —wl= r XX 451
G {e } [we —w] L}, +K,ve, + Ky, sin(e,) - a)} (4.51)

@

From an auxiliary velocity control, we had w(t) = u, then Equation (4.46) is rearranged as:

w(t) —we = K, (W, —Ww) (4.52)
By comparing Equations (4.51) and (4.52) we obtain auxiliary velocity error derivatives as:

ec =K, (w, —w)=-K.e (4.53)

c

The equation above shows that the system is asymptotically stable, and the velocity vector

satisfies w = w, as t = o. On the other hand:

lime,=0and lime, = 0 (4.54)

t—>o t>w

The Lyapunov function candidate V that guarantees the stability of a system with a proposed

control rule is given in the following forms:

V=K, (ef+el)+ 2;* (1—cos(e9))+Ki{ev2 X ej}} (4.55)

y b

where V> 0 and V = 0 only if e, = 0 and e, = 0, which is considered as an equilibrium

point. The time derivatives of the Lyapunov candidate V are:

- - - 2K, - . 2| K,
V =2K,|exe, +eye, |[+—>epsin(e,)+—|eve, + —>—e€ne, 4.56
[eevee, | e Kb[ - J (456)

y to'r

By substituting the derivative of pose error configuration and auxiliary error vector with a

kinematic controller, we finally get a simplified function as follows:

V =—KZ2? —%vr sin®(e,) — (e, + K,e,)" — K, (e, +K,v,sin(e,))’ (4.57)

X X
y y Hvr

The derivative of a candidate function is a negative definite function, i.e., V <0, and the

error is e = [ef el]" bounded. Consider that e, — 0 as t — o , then the limit of the

Lyapunov function derivatives as t — o is:
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tow t—o0
y

' K (e +Kv sin(e,))
limV =lim —Kfef——KXK9 v,sin’(e,) — (e, + Kxex)2 _ (&, + Ky, sin(e,))
K K, KV,
(4.58)
=-2lim Kfef+—KxK“’ v, sin’(e,)
t—owo I(y

Since V < 0 we know that V does not increase, and it converges to some constant value,

therefore, IV goes to zero as t — :

!lmV = !lm[K K&Ka vrsinz(ea)J =0 (4.59)

y
From the above equation, we get the following:

lime, =0, and lime, =0 (4.60)

t—oo t—ow

And from Equation(4.31), we had ey = w, — w then,

lime, =lim(w, —®)=0 (4.61)

t—oo t—>w

By considering an auxiliary angular velocity error e,, in Equation (4.51) with Equations
(4.60) and (4.61) we have:

lim(-o+ o, +Kv.e, + K,y sin(e,)) = Ilm(K ve,)=0  (4.62)

t—w y'roy
From the above equation, by assuming v, > 0, we get:

lime, =0 (4.63)

tow

Therefore, the equilibrium point e = [e, eE]T = 0 is uniformly asymptotically stable.
The above stability analysis results show that the backstepping controller in Equation (4.46)
and a nonlinear feedback torque in Equation (4.41) will make a complete nonholonomic
mobile robot system. The tracking performance of a proposed control depends on kinematic-

based controller gains (K, Ky, and Kg) and backstepping controller gains (K1 and K2).
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4.3. Nonlinear PID Controller

4.3.1. Introduction to PID Controller

The PID controller has been widely used among numerous classical industrial process
control controllers since 1930. Because of its simplicity in structure and ease of
implementation, PID is widely applicable in closed-loop system control (Zaidner et al.,
2010). As its name describes, a PID controller is a combination of proportional, integral, and

derivative functions. It has three control behaviors (Song, 2018).

The proportional controller (P): gives an output proportional to the error signal. The
resulting error is multiplied by the proportional gain constant to get the output. However,
offset has always existed in this controller.

The Integral controller (1): provides a control action to eliminate the steady-state error over
a period of time until the error value reaches zero. This controller improves the limitations
of a P-controller. However, overshoot will be the limitation of this I-type controller, and it
cannot predict the future state of the error signal. It is used with a combination of P-
controllers (PI).

The derivative controller (D): will overcome the I-controller's limitation by anticipating an
error's future state. Its output depends on the rate of error change with respect to time,

multiplied by a derivation constant.

: Kp :
We : : u | TMWR
i Kd*s I Dynamic >
elt) | | model
W I Ki/s I w

PID controller

Figure 4.4: Basic PID controller structure with TWMR dynamic model

The time-domain representation of the standard PID controller is given as follows;

de, (1)

u(t) =K, ec(t)+T1 J:ec(t)dt+Td (4.64)

de(t) | _ t
< =K () + K, jo e (t)dt + K,

1
u(s):Kp+Kig+ K,S (4.65)
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where u is PID controller output, K, is the proportional gain, T; is the integral time, T is the
derivative time, K; = K, /T; is the integral gain, K; = K, T, is the derivative gain in the case
of a parallel PID controller. An error signal e.(t) is given as the difference between the
control and actual velocity values (e.(t) = w. —w). The integral of the error function is
accumulated to achieve better tracking performance. A derivative predicts the rate of change
of an error to prevent an overshoot. For TWMR velocity control, a PID controller is designed

as follows:
1
U =K, + K §+ Kgs, wherek=1,2 (4.66)

where uy, = [uy, ,]" = [u,,u,]" controller output, and k is the number of controllers.
4.3.2. Nonlinear PID Controller for TWMR Velocity Control

An NPID controller whose architecture is similar to the conventional PID controller is
proposed. However, the integral action contains a nonlinear function while the proportional
and derivative actions are linear. Hence, the error input to the integral action is scaled by a
nonlinear gain function in the product of the error and the nonlinear gain. An NPID controller
used in work is similar to an NPID controller in work (JIN & SON, 2019). A proposed
nonlinear PID controller block diagram is shown in Figure 4.5.

Kp
Y1 TwMR
Kd*s Dynamic >
model W
Nonlinear | vt}
Gain Ki/s
function
NPID Controller

Figure 4.5: Nonlinear PID controller with TWMR dynamic model

The time-domain equation of the NPID controller for velocity control of TMWR is given as:

1 et
() =Ky e.(0) + — jov(t)dt +T,
& ; (4.67)
t e (t
= Ky &)+ K, [ vit)dt + K, t( )

The nonlinear scaled error function v(t) in the integral and derivative control action is given
as (Garbaabaa et al., 2020) :
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v(t) = k(e)e.(t), where, k(e) = exp(— ZCA(:/\)E] (4.68)
where u;, = [uy, u,]" = [u,, u,]" is controller output, k(e) is a nonlinear gain function,
Aw, # 0 is controlled velocity change, i.e., Aw, = w.(i) —w.(i —1) and i denote the
discrete instant of time. According to (JIN & SON, 2019), a typical value of Aw, is
0.5,1,and 1.5.

A nonlinear PID controller output in Equation (4.67) with a nonlinear gain function as in
Equation (4.68) is used throughout this thesis. A controller's gain parameters are adjusted
using genetic algorithm optimization techniques to get an optimal value for better

performance tracking.
4.4. Overall Proposed System Modeling

The WMR system model derived in Chapter 3 is a nonlinear system. A nonlinear system
needs an appropriate control mechanism to control and stabilize at an equilibrium point. As
in Equations (4.43) and (4.44) a backstepping control rule that stabilizes a nonholonomic
system from inner to outer subsystem was designed. The auxiliary velocity control input is
used to stabilize the internal subsystem at the equilibrium point (e, = 0) as t — o and step
back out to the external subsystem at the equilibrium point (ep = O) as t — oo. This could

be achieved by using a Lyapunov stability function.

The overall system modeling using system dynamics as in Equations (3.34) and (3.88) with
a proposed control rule in Equation (4.46) combined with an NPID controller as in Equation

(4.67) will be designed as shown in Figure 4.6.
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Figure 4.6: Overall system model with Backstepping and NPID controller

The trajectory tracking performance of a backstepping controller combined with a PID

controller is compared with that of a backstepping controller plus an NPID controller. All
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controller gains are tuned using a genetic algorithm to get optimal values for better trajectory

tracking with the possible minimum posture and velocity errors.
4.5. Controller Gains Optimization by Using a Genetic Algorithm

4.5.1. Introduction to Genetic Algorithm (GA)

A genetic algorithm is a random search algorithm used to solve complex optimization
problems. It employs probabilistic transition rules rather than deterministic rules and
iteratively evolves a population of potential solutions known as individuals or chromosomes.
Each iteration of the algorithm is referred to as a "generation.” The evolution of solutions is
mimicked using a fitness function and genetic operators such as selection (reproduction),
crossover, and mutation (Messom, 2002).

The genetic algorithm has the following phases; initial population, fitness function, selection,
crossover and mutation. Figure 4.7 shows the pseudo-code of the GA technique process. The

process begins with a set of individuals called a population.

Start

Sett=0;

Generate initial population P(t);

Compute the fitness of an individual in P(t);

do while < Stop condition for not satisfied >

Sett=t+1;

Select from individual P(t — 1) to set a tentative population P(t);
Perform Cross-over individual in P(t);

Perform Mutation of an individual in P(¢);

Compute the fitness of an individual in a new population P(t);
end while

Output the best individual P(t) as the best solution;

Stop

Figure 4.7: Pseudo-code of the genetic algorithm

The fitness function determines how fit an individual is, which means an individual's ability
to compete with others. The fittest individuals are chosen, and their genes are passed down
to the next generation through selection. Crossover occurs when each pair of parents is
mated, crossover points are selected randomly from within a gene, and mutation occurs to

maintain diversity within the population and prevent premature convergence. The algorithm
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terminates if the population has converged (i.e., does not produce significantly different
offspring from the previous generation). Then it is said that the GA has provided a solution
to our problem. This process keeps on iterating, and in the end, a generation with the fittest
individuals will be found. The fittest individual is considered a solution to a problem (Alam
etal., 2021).

In a nature-inspired optimization tool solver, there is no analytical proof that the obtained
solution is globally optimal or not. The searching mechanism is based on probabilistic
random functions. However, in order to select an optimization tool for an appropriate system,
we considered the particular behavior of the solvers. For example, convergence rate, the
program's complexity, the type of cost function, and data handling capacity are a few
behaviors we should consider. Therefore, GA optimization can handle a multi-objective
function, is easily understandable, and programming is less complex. It is a widely used

optimization tool solver in mixed or continuous/discrete systems.
4.5.2. Objective Function

The GA optimization tunes a controller to obtain optimal parameters with a possible
minimum objective function. The objective function is obtained by using integral error
criteria: integral time-weighted absolute error (ITAE), integral absolute error (IAE), or
integral square error (ISE). The time function of the objective/cost function using integral

H i) .

where e(t) represents the difference between the desired and actual values, and ts is the time
duration. Because it is easily analyzed, ISE is frequently utilized for optimum control. IAE
has more sensitivity than ISE because it uses the absolute magnitude of the error. However,
ITAE penalizes an error that persists long, resulting in more significant discrimination than
IAE or ISE (JIN & SON, 2019).

A TMWR is a system with a multi-input and multi-output (MIMO). The cost function used
to minimize is a sum of individual cost functions. That is, the cost function is rewritten as
(Al-Mayyanhi et al., 2016);

ITAE = j; (t |e, @®]+t [e.0)]) dt (4.70)
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where e, = R(8)[q, — q] is pose error and e, = w, —w is a velocity error. This cost

function should be reduced to minimum values for better tracking performance response.
4.5.3. Parameter Settings of the Genetic Algorithm

The following parameters are used in Matlab/Simulink R2021a software simulation to obtain
backstepping, PID, and NPID controller gains parameters. A kinematic-based backstepping
has three gains (Kx,Ky, and Ky) as well as backstepping gains (kx and kz) optimized to
reduce a tracking error to the minimum possible value. Similarly, PID and NPID controllers
have three parameters (K,,,Ki, and Kd). However, the dynamic model has two controlled

variables: angular velocity and linear velocity.

In GA optimization techniques, the optimal solution to a problem is obtained depending on
a parameter we set during simulation. The best solution to a problem is obtained if more
populations, a maximum number of generations, and more sampling time are selected.
However, it takes a long time to finish the simulation. If a small population and a few
generations are set, a solution to a problem is quickly found, but the solution is less accurate.
Therefore, the selection of a number of populations, generations, and lap time is based on

the performance needed from the system.

Table 4.1 shows a breakdown of the parameters used in the gain optimization simulations
for the backstepping plus NPID and backstepping plus PID controllers. Genetic algorithm
optimization is executed in Matlab using Matlab-code or an optimization toolbox app. A
Matlab code and Simulink function used for system simulation and optimization are
provided in Appendices A and B. It is important to note that the overall system is optimized

simultaneously for better performance and to overcome the effects of one loop on the other.

Table 4.1: Parameter settings of the genetic algorithm optimization

Parameters of the Algorithm

Maximum generation 30
Population size 30
No of parameters 9

Lower Boundary (LB) | [0 0 0 O O 00 0 0]

Upper Boundary (UB) | [1001 110011 100 100 100]
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CHAPTER5
5. RESULTS AND DISCUSSION
5.1. Introduction

The mathematical modeling of TWMR with a proposed control algorithm is discussed and
explained in the previous section. The backstepping controller combined with an NPID
controller is designed for TWMR trajectory tracking control. The proposed controller is
simulated on Matlab/Simulink R2021a software, as shown in Figure 5.1. The proposed
control method performance and the capability to track a given trajectory by changing the

initial position and its robustness by applying an unknown disturbance are discussed.
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Figure 5.1: Matlab/Simulink system simulation block diagram
For a simple understanding, the designed system in Figure 5.1 is described as follows:

e The dark green color denotes a trajectory generator,
e The light-blue color denotes the proposed controllers (backstepping and NPID
controller),

e The yellow color denotes a TWMR system model.
5.2. Simulation Results

This thesis work optimizes controller gains (backstepping plus PID controller, backstepping
plus NPID controller, and backstepping-only controller) by the genetic algorithm. The
simulation is done with a solver with a fixed step size of 0.001 sec and a simulation stop
time of 5 sec. The solver type is a fourth-order differential equation (Runge-Kutta). As

shown in Table 5.1 and Table 5.2, the best values of controller gains with minimized
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objective function (ITAE) values are obtained. ITAE is used to reduce a cost function in this

work because it is used for an error that persists for a long time.

Table 5.1: Backstepping and NPID controller gains optimized by genetic algorithm

Backstepping and NPID Controller gain parameters
NPID 1 NPID 2 BSC
Kpl Kil Kdl Kp2 Ki2 Kd2 KX Ky Ko
71.4881 | 0.0441 | 0.9483 | 99.8071 | 0.0251 | 0.1802 | 33.3095 | 98.7610 | 10.2058
ITAE = 0.0940967
Table 5.2: Backstepping and PID controller gains optimized by genetic algorithm
Backstepping and PID Controller gain parameters
PID 1 PID 2 BSC
Kpl Kil Kdl Kp2 Ki2 Kd2 KX Ky Ko
48.1210 | 1.5982 | 9.1775 | 96.3155 | 0.0193 | 1.1368 | 9.1938 | 53.4033 | 14.2411
ITAE =0.1095

5.2.1. Trajectory Tracking of TMWR using Backstepping and NPID Controller

To test a controller's performance for a capability to track a given reference trajectory,
adaptability, and robustness in an unknown disturbance and model uncertainty, we consider

two scenarios for the reference trajectory.

A linear reference trajectory (straight shape) is applied to a motion and is given as:

{Xr:t forallt=0 (5.1)
Y, =2*t
Furthermore, a nonlinear reference trajectory (eight-shape) is given as:
X, = —5%sin(t/5)
) ; forallt>0 (5.2)
y, = 10%*sin(t/10)

The reference trajectory and velocity are generated according to Equation (4.1) to Equation
(4.4), derived in the previous section.
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5.2.1.1. Tracking Response of a Linear Reference Trajectory (Straight-Shape)

In linear reference trajectory tracking, a robot rapidly follows a given trajectory because the
controller can easily anticipate the future behavior of a tracking line or tracking error.
The Root-Mean Square (RMS) value of the tracking error is used to compute the

performance of a robot in its numerical value.

Figure 5.2 and Figure 5.3 show that a robot tracks a given reference trajectory with a
minimum tracking error at g, = [0, 0,0]7 initial states between 0 and 10 sec. In a given time
range, a robot tracking performance response in the x-direction position has a short settling

time of 0.2 sec and a peak value of 0.0114 m with a peak time of 0.03 sec, as in Figure 5.2.
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Figure 5.2: x, y, and 0 variables tracking response and tracking error with an initial
position of [0, 0, 0]

In addition, the y-axis tracking error has a 0.1 sec settling time with a peak value of 0.0115
m at 0.015 sec. Regarding its heading angle, the robot needs 0.2 sec to reach a reference
trajectory. On the other hand, the robot's position error (trajectory tracking error) is
calculated from position tracking errors in the x and y-direction. Mathematically, expressed

0.5
as (eZ + e2
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As shown in Table 5.3, the RMS value of tracking errors achieved by a proposed controller

in the case of linear trajectory tracking is minimum with [0, 0, 0] initial robot state.

Table 5.3: RMS values of linear trajectory tracking error with [0, 0, 0] initial state

Tracking errors | ex(m) | ey(m) | ee(rad) | €pose (M)

RMS value | 0.0008 | 0.0006 | 0.0613 | 0.0010

The result clearly shows that a robot needs only about 0.2 sec to track a reference trajectory
when it starts its movement from an [0, 0, O] initial position, as shown by the tracking error
in Figure 5.3. The trajectory tracking error has only a 0.0152 m peak value at 0.02 sec.
Therefore, the robot tracking performance achieved by a proposed controller with [0, 0, 0]
initial states is almost perfect, regardless of the peak value at the start of a movement, which

converges to zero quickly.
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Figure 5.3: Linear trajectory tracking and position error with [0, 0, 0] initial position

However, a limitation of the backstepping controller is that it produces a significant
overshoot response when the robot's initial position is changed. In this case, the robot runs
at high speed. In order to test the capability of the robot to track a given reference trajectory
with a proposed method, changing the initial state and applying an unknown disturbance to

the system is essential.
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Trajectory tracking performance with [2, 1, pi/2] initial robot position

The trajectory tracking response is shown in Figure 5.4, and Figure 5.5 shows that the robot
follows its reference trajectory with [2, 1, pi/2] initial position change. From Figure 5.4, the
robot has a considerable peak value at the start of motion; then, this value is decreased to
zero in a short time. Thus, the proposed method rejects the effect of initial position changes

on a robot's performance with a short settling time and a slight overshoot.
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Figure 5.4: x, y, and 0 variables tracking response and tracking error with the initial

position of [2, 1, pi/2]

Figure 5.5 shows the tracking performance of a robot with a proposed control method when
it starts its movement from [2, 1, pi/2] at the initial position. As we have seen, the obtained
results are a smooth response and converge quickly to their steady-state error. The trajectory
tracking error of the robot initially has a considerable peak value due to the initial position

change. However, this error is reduced to almost zero in a short time.
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Figure 5.5: Linear trajectory tracking and tracking error with [2,1, pi/2] initial position

As aresult, as shown in Table 5.4, the proposed controller has a small RMS value of tracking

error, and its trajectory tracking response is also preferable and acceptable.

Table 5.4: RMS values of linear trajectory tracking error with [2, 1, pi/2] as an initial state

Tracking errors | ex(m) | ey(m) | ee(rad) | €pose (M)

RMS value 0.0746 | 0.0694 | 0.3436 | 0.1018

Trajectory tracking performance with [3, 0, 2pi/3] initial robot position

Similarly, if the robot starts its movement at the initial position of [3, 0, 2pi/3], its trajectory
tracking performance is shown in Figure 5.6. The result shows that the proposed controller
stabilizes and controls the robot on a given track within an initial position change. Table 5.5

shows RMS tracking error values with [3, 0, 2pi/3] initial robot position.

Table 5.5: RMS values of linear trajectory tracking error with [3, 0, 2pi/3] initial state

Tracking errors | ex(m) | ey(m) | ee (rad) | €pose (M)
RMS value

0.1306 | 0.0727 | 0.2480 | 0.1494
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Figure 5.6: Linear trajectory and tracking error response with [3, 0, 2pi/3] initial position

As we have seen from the tracking responses, it is clear that the proposed system achieved
the best trajectory tracking performance for a given reference trajectory with a small tracking
error (i.e., almost negligible). In addition, a controller adapts to a robot's initial state change.
Therefore, the trajectory tracking and stabilization of the robot with the proposed controller
are almost perfect on a given reference trajectory. Thus, the proposed controller can easily
predict the future behavior of a tracking error of a TWMR in the case of a linear reference

trajectory.
5.2.1.2. Tracking Response of a Nonlinear Reference Trajectory (Eight-Shape)

For the second scenario, a nonlinear trajectory (eight-shape) is considered as a reference
trajectory input. Since the objective of the backstepping controller is to stabilize a robot at
an equilibrium point, the robot's performance at the initial state [0, 0, 0] is shown in Figure
5.7 to Figure 5.11. In this case, the reference robot angle is a time-dependent function, not a

constant.

As shown in Figure 5.7, the robot trajectory tracking of a sinusoidal reference trajectory in
the x-direction is almost perfect control with a tracking error peak value of 0.0077 m at 0.021
sec of peak time regardless of undershoot at the start of the movement.
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Figure 5.7: x-position tracking response and tracking error with [0, 0, 0] initial position
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Furthermore, a robot's tracking performance in the y-position has a peak tracking error of
about 0.0082 m with a 0.031 sec as in Figure 5.8. After the robot settled on its reference
trajectory, the tracking error only varied between-0.0049 m and +0.0049 m within the

reference trajectory.
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Figure 5.9: Angle tracking response and tracking error with the initial position [0, 0, O]

(nonlinear trajectory)

As shown in Figure 5.9, since the robot's heading angle depends on position changes in y-
direction and x-direction, the reference steering angle at the start of motion is not zero. The
robot's steering angle quickly converges to zero. Moreover, the result in Table 5.6 shows that

a robot tracks a given trajectory with small RMS tracking error values.

Table 5.6: RMS values of the eight-shape trajectory tracking error with [0, 0, O] initial state

Tracking errors | ex(m) | ey(m) | ee(rad) | €pose (M)

RMS value | 0.0002 | 0.0025 | 0.0799 | 0.0025

The robot smoothly tracks its reference trajectory in the x and y positions with the possible
minimum tracking error when it starts its movement at the same initial position as the
reference trajectory. From the trajectory tracking response shown in Figure 5.10 and the
tracking error in Figure 5.11, the robot tracks an eight-shape trajectory with an error peak
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value of 0.0111 m at a 0.024 sec peak time. According to the demonstrated results, the robot's
trajectory tracking performance with a [0, 0, 0] initial state is preferable with a minimum

tracking error.
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Figure 5.10: Eight-shape trajectory tracking response with initial position [0, 0, 0]
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Figure 5.11: Eight-shape trajectory tracking error with the initial position [0,0,0]
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In the trajectory tracking problem, if the initial position is changed, it imposes more
overshoot on the system's transient response. If the change is much farther from the initial
position of the reference trajectory, the system may become unable to track a given path,
making it unstable and challenging to control in a reference position.

Trajectory tracking performance with [3, 2, pi/2] initial robot position

Figure 5.12 to Figure 5.16 show the trajectory tracking with the initial position [3, 2, pi/2].
The results show that the robot follows its reference trajectory with a possible minimum

tracking error, as shown in Table 5.7.

Table 5.7: RMS values of trajectory tracking error with an initial state [3, 2, pi/2]

Tracking errors | ex(m) | ey(m) | ee(rad) | €pose (M)

RMS value | 0.0484 | 0.0428 | 0.0849 | 0.0646

The obtained results revealed that the x position, y position, and robot angle tracking errors
converged in a short settling time regardless of the significant error at the start of a motion
due to the initial position change. i.e., the robot needs more energy to track a target path at

the beginning and then return to its position.
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Figure 5.12: x position tracking and tracking error with initial position [3, 2, pi/2]

(nonlinear)
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Figure 5.15: Eight-shape trajectory tracking response with the initial position [3, 2, pi/2]

In addition, the demonstrated results show that a robot tracks its reference trajectory with a
minimum tracking error within an initial state change, as shown in Figure 5.16. The results

show that the proposed controller is the fastest to respond to initial position changes.
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Figure 5.16: Robot trajectory tracking error with [3, 2, pi/2] initial state
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Trajectory tracking performance with [0, -3, 2pi/3] initial robot position

Figure 5.17 depicts a trajectory tracking result of the robot with an initial state of [0, -3,
2pi/3]. In this case, the robot position in the x-direction is not changed, while the initial
values of the y-direction and the robot angle are changed to -3 m and 120°, respectively. The
robot still tracks its reference trajectory with a minimum tracking error, as shown in Table
5.8.

Table 5.8: RMS values of tracking error with initial state [0, -3, 2pi/3]

Tracking errors | ex(m) | ey(m) | ee (rad) | €pose (M)

RMS value | 0.0586 | 0.0173 | 0.0467 | 0.0611

Reference
= = = Actual
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X [m]
Figure 5.17: Eight-shape trajectory tracking response with the initial position [0,-2, 2pi/3]

From the three cases, i.e., for qo = [0, 0, 0], [3, 2, pi/2] and [0, -3, 2pi/3] of an initial position
change, someone sees that the robot tracking performance that is achieved is smooth and
preferable within a sinusoidal reference input. The proposed control method achieves a better
tracking response regardless of the considerable peak value of tracking errors because the
robot's initial position changes. All simulation results justify that the proposed method for
trajectory tracking TWMR is preferable with minimum tracking error. In addition to this, a

robot can handle an initial position change.
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5.2.2. Velocity Tracking of TMWR using Backstepping and an NPID Controller

There are three controlled variables in the trajectory tracking control of TWMR that are
controlled by two control inputs. Two-degrees-of-freedom (2DoF) velocity control inputs
are used to control the 3DoF of controlled variables (x, y, and 6). A backstepping control
method is helpful for mapping 2DoF control inputs to 3DoF controlled variables. If there are
two loop control methods, the inner loop control method should be faster than the outer loop
control method. Therefore, an NPID controller should respond quickly to eliminate velocity

errors and achieve better tracking performance.

Figure 5.18 and Figure 5.19 show the controlled input velocity (solid blue line), auxiliary
velocity control or controller output (dash-dot black line), and the actual velocity of a robot
(dash-red line) tracking response results for a linear reference trajectory. A robot has only

linear velocity in a linear trajectory because of an infinity turning point.
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Figure 5.18: Linear velocity tracking and velocity error response (linear trajectory)

From Figure 5.18, the robot linear velocity tracking error between auxiliary velocity control
and actual velocity (solid red line) has almost a 0.1 sec settling time. In addition, the robot's
actual velocity reaches its reference values within a short settling time (blue dash line). As
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shown in Figure 5.19, after 0.2 sec, the angular velocity of the robot converges to zero since

this velocity is zero in linear trajectory tracking.
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Figure 5.19: Angular velocity tracking and velocity error response (linear trajectory)
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Figure 5.20: Linear velocity tracking and velocity error response (nonlinear trajectory)
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Similarly, the robot’s linear and angular velocity tracking of nonlinear reference trajectory
is shown in Figure 5.20 and Figure 5.21 within its tracking errors. In this case, the actual
robot velocity tracking to its reference control and auxiliary control velocity is quickly

achieved.
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Figure 5.21: Angular velocity tracking and velocity error response (nonlinear trajectory)

Additionally, the angular velocity tracking of a robot, as shown in Figure 5.21, shows that a
robot has about 0.4 sec settling time. The demonstration results show that system dynamics
are stabilized and controlled with a minimum velocity error and a short settling time at the

initial robot position of (0, 0, 0).
5.2.3. Trajectory Tracking Response with Unknown Disturbance

In the above demonstration, trajectory tracking control of TWMR with a linear and nonlinear
trajectory is attained with minimum tracking error. A system model is considered free from
external disturbances like the friction force between wheels and the ground. Also, friction
occurs due to mechanical part rigidity and model uncertainty. System uncertainty arises
when selecting plant parameters for a simple representation because we cannot know all the
precise disturbance values. This directly impacts a system's performance in a real-time
application. For this reason, the unknown disturbance torque is considered as an external

disturbance that has occurred in the system to evaluate the proposed controller performance
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with an unknown disturbance. The unknown and unmodeled disturbance torque in the form
of [t41 T42]T = [4sin(2t) 4sin(2t)]" is applied to both wheels of motor torque (which
IS 20% maximum motor torque). Figure 5.22 shows the unknown and unmodeled disturbance

torque.
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Figure 5.22: Unknown and unmodeled disturbance torque
5.2.3.1. Linear Trajectory Tracking Response with Unknown Disturbance

Figure 5.23 shows that in a position tracking in the x-direction, there is a change in the
tracking error due to unknown disturbance torque. As in a zoomed-out tracking error, the
unknown disturbance imposes an oscillatory response on a trajectory tracking response due
to sinusoidal disturbance behavior while the reference trajectory is linear. The trajectory
tracking response in the x-direction is still acceptable and reasonable regardless of a slight
change in tracking error.

In addition, Figure 5.24 shows that an unknown disturbance in the system has almost zero
impact on a position tracking response. The ability to reject an unknown disturbance of the

proposed controller in the y position is almost perfect.
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Figure 5.23: x-axis trajectory tracking with unmodeled disturbance (linear tracking)
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Figure 5.24: y-axis trajectory tracking with unmodelled disturbance (linear trajectory)
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As shown in Figure 5.25, the robot angle tracking error is changed due to an unknown

disturbance, as in a zoomed-out area. However, the effect of an unknown disturbance on the

trajectory tracking performance of TWMR is minimal and almost negligible.
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Figure 5.25: Robot angle tracking with unmodelled disturbance (Linear trajectory)

Reference
= == = Actual

X [m]

10

0.015 f

0.01

0.005

Tracking Error [m]

Time [sec]

10

Figure 5.26: Linear trajectory and tracking error response with unmodelled disturbance
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A zoomed-out area of position tracking error shows that a backstepping and NPID controller
can reject an unknown disturbance effect, as shown in Figure 5.26. The proposed controller

is robust to unknown disturbances and has better disturbance rejection capability.
5.2.3.2. Nonlinear Trajectory Tracking Response with Unknown Disturbance

The demonstrated response in Figure 5.27 to Figure 5.31 shows a nonlinear trajectory

tracking response with unknown disturbance.
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Figure 5.27: x-axis trajectory tracking with unmodeled disturbance (nonlinear trajectory)

In Figure 5.27, a change in trajectory tracking error is observed due to an unknown
disturbance. The proposed controller has regained its ability to compensate for the
disturbance rejection. In the presence of an unknown disturbance, a robot reasonably follows

a reference trajectory.

As shown in Figure 5.28 and Figure 5.29, no tracking error change was observed in the y-
axis or robot angle tracking response. The controller has better disturbance rejection in y-

axis position tracking and steering angle tracking within an unknown disturbance.
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Figure 5.28: y-axis trajectory tracking with unmodeled disturbance (nonlinear trajectory)
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Figure 5.29: Robot angle tracking with unmodeled disturbance (nonlinear trajectory)

A nonlinear reference trajectory response with unknown disturbance is shown in Figure 5.30
and trajectory tracking error response in Figure 5.31. From Figure 5.31 it shows that the

unknown disturbance imposes a change on the trajectory tracking of the robot.
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Figure 5.31: Eight-shape trajectory tracking error with unknown disturbance

To summarize the obtained result, it is clear that the proposed system has good unknown
disturbance rejection capability in all scenarios. One of the advantages of the backstepping

controller is that it has good disturbance rejection for low-level disturbances. The obtained
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results also validated this. Even if the system has good low-level unknown disturbance
rejection, it can only handle up to + 10 sin (2t) Nm, which is 50% of the maximum motor

input torque.
5.3. Discussions and Comparative Analysis of the Proposed Method

The previous section discusses the proposed controller performance, tracking ability, and
adaptation to initial position change with backstepping and the NPID (BSC+NPID)
controller. In this section, the trajectory tracking performance of a proposed controller has
been compared with that of a GA-based backstepping controller (BSC) and a GA-based
backstepping plus PID (BSC+PID) controller.

To know if a particular controller performs better than other control methods for the same
controlled plant, the reference tracking performance, model uncertainty and disturbance
rejection ability, the transient and steady-state behavior of the response, the control signal
needed to overcome an error, and the energy required should be considered. In addition, a
control method's adaptability and robustness are significant concerns. For this work, the
reference trajectory tracking performance and RMS values of tracking error are considered

for comparative analysis.
5.3.1. Proposed Method Comparison with GA-based Backstepping Controller

This section compares the trajectory tracking response of the GA-based backstepping plus
NPID controller with that of a backstepping controller, and GA optimizes the controller gains
of a backstepping controller. Table 5.9 shows GA-based backstepping controller gains

optimized by the GA optimization method.

Table 5.9: GA-based backstepping controller gain parameters

GA-based backstepping Kx Ky Ko k1 Ko ITAE

controller gains 9.7540 | 79.0517 | 24.5095 | 35.1660 | 87.0829 | 0.1125

Figure 5.32 shows the linear reference trajectory tracking response and error achieved by a
GA-based backstepping controller (red dash-line), the proposed controller (black dash-dot
line), and the reference trajectory (solid blue line). From the tracking error response, a GA-
based backstepping controller has a peak value of 0.0341 m at 0.06 sec of peak time, while

a proposed controller has a peak value of 0.0152 m at 0.02 sec of peak time tracking error.
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In addition, the BSC+NPID controller settles at 0.2 sec of settling time, while the

backstepping controller needs almost four times that of the BSC+NPID controller (about

0.7349 sec). The proposed controller reduces the peak value by 55.43%, and the settling time

will be 72.79%.
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Figure 5.32: Linear trajectory tracking using a GA-based BSC and a BSC+NPID controller

Numerically, for linear trajectory tracking with [0, 0, O] initial position, the proposed

controller performs better in trajectory tracking than a backstepping controller, as shown in

Table 5.10.

Table 5.10: Tracking errors of the backstepping controller and proposed controller (linear)

Tracking errors ex(m) | ey(m) | eo(rad) | epose (M)
GA-based BSC and NPID controller | 0.0008 | 0.0006 | 0.0613 | 0.0010
GA-based backstepping controller | 0.0009 | 0.0038 | 0.0564 | 0.0039
Tracking error reduced in percentage | 11.11 % | 84.21 % | 8 % more | 74.36 %

An obtained result shows that mobile robot position tracking using a proposed controller

improved the tracking error compared to the backstepping controller in the x and y position

tracking. However, better robot angle tracking is achieved using a backstepping controller.
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In the case of nonlinear trajectory, the tracking results shown in Figure 5.33 verify that a
backstepping and NPID controller tracking response is preferable to a GA-based
backstepping controller. As shown in Figure 5.34, the GA-based backstepping controller of
tracking error has a peak value of 0.0634 m at 0.09 sec, while the BSC+NPID controller has
a peak value of 0.0111 m of position tracking at 0.024 sec of peak time. The proposed
controller reduces the peak value of tracking error by 82.49%, and the peak time is 73.33%.

Desired
BSC+NPID
= = =BSC

Y [m]

X [m]
Figure 5.33: Nonlinear trajectory tracking with GA-based BSC and BSC+NPID controller

Statistically, a BSC+NPID controller has better tracking performance in the x and y positions

than a GA-based backstepping controller. However, as shown in Table 5.11, better reference

robot angle tracking is achieved by a backstepping controller.

Table 5.11: Eight-shape tracking errors of backstepping-only and BSC+NPID controller

Tracking errors ex(m) | ey (m) eo (rad) €pose (M)

GA-based BSC and NPID controller | 0.0002 | 0.0025 0.0799 0.0025

GA-based backstepping controller | 0.0021 | 0.0075 0.0648 0.0078

Tracking error reduced in percentage | 90.48 % | 66.67 % | 18.9 % more | 67.95 %
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Figure 5.34: A GA-based BSC and BSC+NPID controller tracking error response

An illustrated result demonstrates that the BSC+NPID controller has better position tracking
than the GA-based backstepping controller. In contrast, the GA-based backstepping
controller has better robot angle tracking with [0, 0, 0] initial robot position. If the initial

position changes, the proposed controller has better tracking capability in all positions.

Table 5.12: RMS values of tracking errors using the BSC controller and the BSC+NPID
controller with [1, 2, pi/2]

Tracking errors ex(m) | ey (m) | eo(rad) | epose (M)

GA-based BSC and NPID controller | 0.0328 | 0.0264 | 0.1048 | 0.0422

GA-based backstepping controller | 0.0552 | 0.0391 | 0.1126 | 0.0677

Tracking error reduced in percentage | 40.57 % | 32.48% | 6.93 % | 37.67 %

An illustrated result demonstrates that the BSC+NPID controller has better position tracking
than the GA-based backstepping controller. In contrast, the GA-based backstepping
controller has better robot angle tracking with [0, 0, 0] initial robot position. If the initial

position changes, the proposed controller has better tracking capability in all positions.
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Table 5.12 shows RMS trajectory tracking errors by the GA-based BSC controller and
BSC+NPID controller with the robot's initial position [1, 2, pi/2]. According to the results,
backstepping and the NPID controller's trajectory tracking in the x position, y position, and
steering angle tracking have less tracking error than the GA-based BSC controller. The
proposed controller outperformed the GA-based BSC controller in trajectory tracking

response.
5.3.2. Proposed Method Comparison with GA-based Backstepping plus PID Controller

Figure 5.35 shows the linear trajectory tracking response using a backstepping plus PID
controller and a proposed controller with a tracking error. The results show that the proposed
controller has a better tracking error with a settling time of 0.2 sec, while the BSC+PID
controller has almost three-folded the proposed controller (0.6 sec). A BSC+PID controller
also had a peak tracking error value of 0.0168 m at 0.057 sec of peak time. A proposed
method improved settling time by 66.67% and the position error peak value by 9.52%.
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Figure 5.35: Linear trajectory tracking and tracking error response using the proposed
controller and GA-based BSC+PID controller

The tracking performance shown in Table 5.13 illustrates that the proposed controller had a
better tracking response in both the x and the y-direction. The GA-based BSC+PID controller

also had better robot angle tracking when a robot begins its motion at the [0, 0, 0] position.
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Table 5.13: An RMS value tracking errors using BSC+NPID and BSC+PID controller

Tracking errors ex(m) | ey (M) | eq(rad) | epose (M)

GA-based BSC and NPID controller | 0.0008 | 0.0006 | 0.0613 0.0010
0.0564 0.0019

GA-based BSC and PID controller 0.0012 | 0.0016

Tracking error reduced in percentage | 33.33 % | 62.5 % | 8 % more | 47.36 %

Similarly, the nonlinear trajectory tracking response results with a proposed controller and

GA-based BSC+PID control are shown in Figure 5.36, and the tracking error is in Figure

5.37.
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Figure 5.36: Nonlinear trajectory tracking using the proposed controller and GA-based
BSC+PID controller
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Figure 5.37: A proposed controller and a GA-based BSC+PID controller tracking error

A GA-based backstepping combined with a PID controller's tracking response is almost as

good as backstepping combined with an NPID controller. A tracking error response shown

in Figure 5.37 shows that a GA-based BSC+PID controller has a peak value of about

0.0221m at a 0.13 sec peak time. The proposed controller reduces the peak value of tracking
error by 49.77%. The BSC+PID controller has better robot angle tracking than a GA-based

backstepping controller. In contrast, the proposed controller has better tracking performance

in the x and y position tracking, as shown in Table 5.14.

Table 5.14: RMS values of tracking error using the proposed controller and Ga-based

BSC+PID controller with [0,0,0] initial position changes (nonlinear trajectory)

Tracking errors ex(m) | ey (m) ep (rad) €pose (M)

GA-based BSC and NPID controller | 0.0002 | 0.00025 0.0799 0.0025
GA-based BSC and PID controller | 0.0009 | 0.0063 0.0719 0.0063
Tracking error reduced in percentage | 77.78 % | 60.32 % | 10.01 % more | 60.32 %

Figure 5.38 and Figure 5.39 show the trajectory tracking response of BSC+PID compared

with a proposed controller with an initial robot position of [3,2, pi/2].
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Figure 5.38: BSC+PID and BSC+NPID trajectory tracking with initial position changes
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Figure 5.39: A GA-based BSC+PID and BSC+NPID controller trajectory tracking error

From Figure 5.39, a trajectory tracking error by the BSC+PID controller has a settling time

of 0.5537 sec, while a proposed controller has only 0.1305 sec. A proposed controller

87



improves the settling time better than a BSC+PID controller by 76.43%. The numerical
results in Table 5.15 also show that a BSC+NPID controller improved the RMS value of

tracking errors.

Table 5.15: RMS values of tracking error using BSC+NPID and BSC+PID controller with

initial position changes (nonlinear trajectory)

Tracking errors ex(m) | ey (m) | ee(rad) | epose (M)

GA-based BSC and NPID controller | 0.0484 | 0.0428 | 0.0849 | 0.0646

GA-based BSC and PID controller 0.0939 | 0.0512 | 0.0974 | 0.1069

Tracking error reduced in percentage | 48.45% | 16.4 % | 12.83 % | 39.57 %

Generally, the trajectory tracking of the TWMR was achieved using GA-based backstepping,
GA-based BSC+PID, and GA-based BSC+NPID controllers, as demonstrated. The results
obtained by a proposed controller improve the trajectory tracking response's transient
behavior and the tracking error's RMS value within a specified time. Consequently, the
trajectory tracking of a TMWR is controlled and stabilized with an initial position change

and in the presence of an unknown disturbance with a minimum trajectory tracking error.
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6. CONCLUSION AND RECOMMENDATION

6.1. Conclusion

This thesis work introduced a backstepping controller combined with a nonlinear PID
controller in the trajectory tracking control of a TWMR. The kinematic and dynamic
modeling of a TWMR were formulated. The dynamic system models of the robot were
derived using Lagrangian approaches. A backstepping plus NPID controller is designed to
control a robot's trajectory tracking. The stability of a proposed controller is achieved using

the Lyapunov stability analysis function.

The proposed system model is simulated on Matlab/Simulink (R2021a) software. The
controller gain parameters of a backstepping plus NPID controller are tuned with the help of
the GA optimization method. Also, the controller gains of the backstepping-only controller

and the backstepping plus PID controller were optimized for comparison purposes.

As a demonstrated simulation result, the proposed controller achieved better reference
trajectory tracking with a minimum tracking error in both scenarios. The robot follows its
reference trajectory quickly if its initial position is changed. It also has better unknown

disturbance rejection.

The proposed controller performance was compared with a GA-based BSC controller and a
GA-based BSC+PID controller. The obtained results with [0, 0, 0] initial position show that
the proposed controller reference trajectory tracking errors are more accurate than the GA-
based BSC+PID controller (i.e., linear trajectory tracking error is improved by 47.36%, and
nonlinear trajectory tracking error is improved by 60.23%). In addition to this, the proposed
controller has better tracking performance when compared with a GA-based BSC controller

(which means 74.36% in the linear case and 67.95% in the nonlinear case).

Therefore, the proposed controller is robust to initial position change and unknown
disturbances. It improved the trajectory tracking response of a robot by reducing the
trajectory tracking error. Thus, the trajectory tracking control of TWMR achieved using the
backstepping controller combined with an NPID controller optimized by GA optimization

was smooth, robust, and preferable in all scenarios.
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6.2. Recommendation

This thesis work is limited to system model simulation in Matlab/Simulink software. In order
to investigate the performance and capability of a proposed controller, it should be

implemented in real-time. For future researchers, we recommend the following:

e Hardware implementation,

e In the dynamic system modeling, the presence of wheel slipping and skidding
phenomena should be considered.

e The control law in this work did not update its parameters if the interest region (which
means the desired trajectory) was changed. So, for better tracking capability for
different environments, a control law based on adaptive control mechanisms and a

self-taught controller is preferable and recommendable.

Acknowledgments: This research thesis was funded by Adama Science and Technology
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APPENDIXES

Appendix A: Matlab Functions
Appendix Al: Dynamic Model Matlab Function

function [vDot, omegaDot] = Dynam (Tr, Tl, v, omega, theta)

mt = 120; % The robot mass

r =0.1350; % The radius of the wheels

d =0.1; % The distance between the CoM and wheels axis
L =0.330; % The lateral distance of the wheels to the center
| =15.0656; % inertial of motor

H = [mt 0 mt*d*sin(theta); 0 mt -mt*d*cos(theta); mt*d*sin(theta) -mt*d*cos(theta) I];
C = [0 0 mt*d*omega*cos(theta); 0 0 mt*d*omega*sin(theta); 0 0 0];

S = [cos(theta) -d*sin(theta); sin(theta) d*cos(theta);0 1];

E =[cos(theta)/r cos(theta)/r; sin(theta)/r sin(theta)/r; L/r -L/r];

Sdot =[-omega*sin(theta) -d*omega*cos(theta); omega*cos(theta) -d*omega*sin(theta); 0

0];

Hhat = S*H*S; Chat = S*C*S+S"*H*Sdot; Ehat = S*E;
T=[Tr; Tl]; % input Torques
w = [v; omega]; % Velocity vector

vdot = (Hhat)\(Ehat*T-Chat*w);

vDot = vdot (1); omegaDot = vdot (2); % Accelerations Outputs

Appendix A2: Kinematic Model Matlab Function

function [xDot, yDot, thetaDot] = Kinem (v, omega, theta)
S = [cos(theta) -d*sin(theta); sin(theta) d*cos(theta); 0 1];
w = [v; omega];

qdot = S*w;

xDot = qdot (1); yDot = qdot (2); thetaDot = gdot (3);

Appendix A3: Nonlinear Feedback Torque Controller Matlab Function

function [Tr, Tl] = feedback_T (v, omega, theta, ul, u2)

H = [mt 0 mt*d*sin(theta); 0 mt -mt*d*cos(theta); mt*d*sin(theta) -mt*d*cos(theta) I];
C = [0 0 mt*d*omega*cos(theta); 0 0 mt*d*omega*sin(theta); 0 0 0];

S = [cos(theta) -d*sin(theta); sin(theta) d*cos(theta); 0 1];
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E = [cos(theta)/r cos(theta)/r; sin(theta)/r sin(theta)/r; L/r -L/r];

Sdot= [-omega*sin(theta) -d*omega*cos(theta); omega*cos(theta) -d*omega*sin(theta); 0

0f;
Hhat = S*H*S; Chat = S™*C*S + S"*H*Sdot; Ehat = S*E;
u =Jul; u2];

w = [v; omega];
T = (Ehat) \ (Hhat*u+ Chat*w);
Tr=T(@Q); TI=T(); % output torques

Appendix A4: Kinematic-Based Backstepping Controller Matlab Function

function [vc, Omegac] = KC (KX, Ky, Kth, vr, Omegar, ex, ey, eth)
vc = vr*cos(eth) + Kx*ex;

Omegac = Omegar + Ky*vr*ey + Kth*vr*sin(eth); % Kinematic-based Controller
Appendix A5: NPID Controller Nonlinear Gain Matlab Function

function ke = scale_error(e)

% ec_change = 0.5;

ec_change =1,

% ec_change = 1.5;

ke = (exp(-e.~2/(2*ec_change”2))) *e;

Appendix A6: Trajectory Generation Matlab Function

function [xRef, yRef, tRef, vRef, omeRef] = tra(t)

XRef = -5*sin(t/5); yRef = 10*sin(t/10);
dxRef = -cos(t/5); yRef = cos(t/10);
ddxRef = sin(t/5)/5; ddyRef = -sin(t/10)/10;
VRef = sqrt (dxRef. 22 + dyRef. *2); tRef = atan2(dyRef, dxRef);

omeRef = (ddyRef. *dxRef - ddxRef. *dyRef)/ (dxRef. "2+dyRef. /2);
Appendix B: Matlab Codes

Appendix B1: Matlab Program for Backstepping Controller Optimization

function NPID_plus_BSC

clear; clc; close;

% rng default

options = optimoptions (‘'ga’, PlotFcn’, @gaplotbestf);
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options. PopulationSize = 30;

options. MaxGenerations = 30;

nvar =9; % Number of parameters
LB=[000000000]; % Lower bound
UB =[10011 10011 100 100 100]; % Upper bound
[x, fval] = ga (@EvalObj, nvar, [], [1, [1. [], LB, UB, [], options);
function obj = EvalObj(x) % Cost Function

simulink_model = 'BSC_NPID';
load_system(simulink_model);
gains= get_param (simulink_model, ‘'modelworkspace");
gains. assignin (‘'Kpl', x (1));
gains. assignin ('Kil', x (2));
gains. assignin (‘Kd1', x (3));
gains. assignin ('Kp2', x (4));
gains. assignin ('Ki2', x (5));
gains. assignin ('Kd2', x (6));
gains. assignin (‘'Kx', x (7));
gains. assignin (‘'Ky', x (8));
gains. assignin ('Kth', x (9));
simOut = sim (simulink_model, 'SaveOutput', 'on’);
t = simOut.find('t);
el = simOut.find('ell);
e2 = simOut.find('e22');
e3 = simOut.find('e’);
e4 = simOut.find('el";
e5 = simOut.find('e2";
n = length(e3);
ea = t.*abs(e5) + t.*abs(e4) + t.*abs(e3) + t.*abs(e2) + t.*abs(el); % ITAE
obj=0;
fori=2:n

stepsize = t(i)-t(i-1);

obj = obj + 0.5*(ea(i-1) + ea(i)) *stepsize;

end
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Appendix C: Matlab/Simulink System Block Diagrams

Appendix C1: Open-loop system simulation Simulink block
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Figure C.1: Open-loop system Simulink model
Appendix C2: Overall system simulations Simulink block
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