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Abstract

The quantum dynamics of light produced by a two-mode v laser coupled to squeezed vac-
uum reservoir have been analyzed with the aid of the solutions of c-number Langevin equa-
tions associated with the normal order along with the correlation relation. We determined
the quadrature variances and photon statistics of the cavity modes. The results showed that
the light produced by the system under consideration is in squeezed state and the degree
of squeezing increases with squeeze parameter(r). Furthermore, it was found that the mean
and variance of photon number increases with the linear gain coefficient. In addition, we
have calculated the variance of the sum of EPR-operators with the aid of the solutions of
c-number Langevin equation and Duan et al. criteria. The results showed that the entangle-
ment of the cavity mode increases with squeeze parameter(r) and decreases with linear gain

coefficient.
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Introduction

1.1 Background of the study

Light has played a special role in our attempts to understand nature both classically and
quantum mechanically. Classically light consists of waves with well-defined amplitude and
phase such is not case when we treat the field quantum mechanically. The quantum property
of light are largely determined by the state of the mode and the well-known quantum states

are; the number state, the coherent state, the chaotic state and the squeezed state.

Quantum optics is the subject that deals with optical phenomena that can only be explained
by treating light as a stream of photons than as electromagnetic waves. It is the field of quan-
tum physics that studies specifically with the interaction of photon with matter. In the pro-
gressive development of the theory to light, three general approaches can be clearly identi-
fied, namely the classical, semi-classical and quantum theories. In classical physics, the light
is conceived as electromagnetic waves. Semi-classical theories are quite adequate for most
purposes, when the theory of absorption of light by atoms is first considered, it is usual to ap-
ply quantum mechanics to the atoms, but treat the light as a classical electromagnetic waves,
but in quantum optics, the quantum nature of the light is included by treating the light as

photons.

Squeezing is one of the interesting non-classical features of light that has been attracting
attention [1-17]. In squeezed light the noise in one quadrature is below the vacuum or co-
herent level at the expense of enhanced fluctuation in the other quadrature, with the product
of uncertainties in the two quadratures satisfying the uncertainties relations. Squeezed light
can be generated as a result of quantum optical process, such as; sub harmonic generation,

second harmonic generation and three level laser under certain condition. Squeezing light
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can be generated by a three level laser under certain condition[12, 13, 17]. Squeezed light
has potential applications in low-noise communication, weak signal detection and optical

amplification measurement([11, 14, 18].

The photon statistics and quantum noise of a two-level laser have been investigated by sev-
eral authors [1,3,8]. It has been found that a two level laser generates chaotic light when

operating below threshold and coherent light when operating well above threshold.

B. Petros [8] had studied squeezing and statistical properties of light produced the two-level
atom coupled to squeezed vacuum reservoir. He was found that the light produced by the
system under consideration is a squeezed state for the case if the atom are initially prepared
in the lower level and the squeezing occurred in the plus quadrature. His result shows that

squeezed vacuum reservoir increases the mean photon number.

K. Fesseha [12] has analyzed the dynamics of the two level atoms coupled to squeezed vac-
uum reservoir. He has carried out his analysis after driving the master equation for a two
level atom directly coupled to squeezed vacuum reservoir. The result indicates that the atom

oscillates back and forth between the upper and lower levels.

G. Seyoum [15] has studied a two mode v laser dynamics with atomic states whose cavity
contains coherent light coupled to ordinary vacuum. He was found by applying stochastic
differential equation, if the atom injected into the cavity are initially prepared in a coherent
superposition of the upper states and the cavity modes are initially in a vacuum states, there

is no squeezing in the light generated by a two mode v laser.

M. Ayele [16] has studied the squeezing property of the cavity modes produced by two-mode
coherent and squeezed light applying the solution of stochastic differential equations. He has

found that the squeezing increases with increasing the squeeze parameter r.

A coherently prepared two-mode v laser has been studied by some authors [19, 20]. This type
of laser is defined as a quantum optical system in which three level atoms in v configuration
and initially prepared in a coherent superposition of the two upper levels are injected at a
certain rate into a cavity coupled to vacuum reservoir via a single-port mirror.They found

that the degree of squeezing increases with linear gain coefficient.

Another interesting non-classical features of light is Entanglement, which has been studied
by many authors [21,22,23]. Research in to quantum entanglement was initiated, by Einstein-

Podolsky-Rosen describing the EPR paradox and several papers by Erwin Schrodinger shortly.
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There after this area is an area of extremely active research by physics community despite the
fact that this behavior isn't demonstrated experimentally. Quantum entanglement is a physi-
cal phenomenon which is created usually by direct interaction between sub-atomic particles
such as photon, electron and molecules and then separated. Before interaction each particle

is described by its own quantum state.

The two-mode squeezing state itself is an entangled state which entitles the idler mode and
signal mode in the frequency domain [21]. Recently, it has been shown that the non degener-
ate parametric oscillator can generate macroscopic entangled state. It is believed that the key
in gradient of quantum information is entanglement which has been recognized as the es-
sential resource for quantum teleportation, quantum decoding,quantum computation and
quantum cryptography(23]. Recently, much attention has been paid to the generation and
detection of continuous variable entanglement as it might be easier to manipulate than the
discrete counter parts, quantum bits, in order to perform quantum information processing.
On the other hand, the efficiency of the quantum information processing highly depends on

the degree of entanglement.
1.2 Statement of the problem

In previous works, different Authors have studied about quantum dynamics of two mode v

laser coupled to vacuum reservoir by using different methods.

In this thesis we seek to study the quantum dynamics of two-mode light produced by a v
laser coupled to squeezed vacuum reservoir by using C-number Langevin equation and their

correlation relations.



1.3 Objective of the Study

1.3 Objective of the Study
1.3.1 General objective of the study

The general objective of this thesis is to study quantum dynamics of a two-mode v laser

coupled to squeezed vacuum reservoir.

1.3.2 Specific objectives of the study

The specific objectives of this thesis are:
- to calculate the c-number Langevin equation and their solutions of two mode v laser
coupled to squeezed vacuum reservoir.
- to determine the quadrature variance
- to calculate the mean and variance of photon number.

- to calculate the sum of EPR-operators.



Review of the Literature

Quantum optics deals mainly with quantum properties of the light generated by various
quantum optical system, such as; Laser and maser with their effect on the dynamics of atoms.
Laser is an acronym for Light Amplification by Stimulated Emission of Radiation. It is the
powerful source of light having extraordinary properties which are not found in the normal
light sources like tungsten lumps, mercury lamps, etc. The unique property of laser is that
its light waves travel very long distances with a very little divergence. Maser is an acronym
for Microwaves Amplifications by Stimulated Emission of Radiation. It emitted coherent mi-

crowaves.
The three-level atomic systems are: V-type, A-type and Cascade-type.

The V-type atoms have three states: | a), | byand | c¢). The energy levels of | a), | b) are higher
than that of | ¢).

In A-type atoms, there are also three states: | a),| b)and | ¢). However, in this type, | a) is at

the highest energy level, while | b), | ¢) are at lower levels, respectively.

A three-level cascade laser is a quantum optical system in which three level atoms in a cas-
cade configuration. In this system the top, intermediate and bottom levels of a three level

cascade atom can be denoted by | a), | b)and | c), respectively.

E Gebremedhin [20] has studied that squeezing and statistical properties of light generated
by a non-degenerate three-level laser whose cavity contains two parametric amplifiers cou-
pled to an ordinary vacuum reservoir. He has found that parametric amplifiers increases the

degree of squeezing.



Some authors have studied the squeezing and the statistical properties of light produced by
three-level lasers in which the crucial role is played by the superposition of the top and bot-
tom levels [24, 25]. Ansari [26] has studied the squeezing and statistical properties of a de-
generate three level laser with the atoms initially prepared in a coherent superposition of the
top and bottom levels. He has predicted that cavity modes of such laser is in squeezed state,

when there are more atoms initially in the bottom level than in the top level.

In a cascade three level laser, three level atoms in a cascade configuration are injected into a
cavity coupled to squeezed vacuum reservoir via a single port-mirror. The injected atoms
may initially be prepared in the coherent superposition of the top and the bottom levels.
When three level atom in a cascade configuration makes the transition from the top to the
bottom level via the intermediate level, two photons are generated. If two photons have
the same frequency, the three level atom is called degenerate otherwise it is called non-

degenerate [27, 28].

Abraham [29] has studied the squeezing and entanglement of light produced by a nondegen-
erate three-level laser whose cavity contains two degenerate parametric amplifiers coupled
to the squeezed vacuum reservoir. He has found that the degree of squeezed vacuum reser-
voir increases when the degree of squeezing and entanglement decreases, and the squeezing
of the cavity mode is greater than output mode by some values. He also found that the maxi-
mum intra cavity of the entanglement of the cavity mode and the output mode is 99.44% and

59.55% respectively below coherent level.

B. Abiti [30] has studied the squeezing and entanglement of light produced by a non degen-
erate three-Level laser whose cavity contains two degenerate parametric amplifiers coupled
to squeezed vacuum reservoir. He has found that the presence of parametric amplifier and
squeezed vacuum reservoir on the three level laser is to enhance the degree of squeezing and

the degree of entanglement.



Methodology

3.1 Interaction between cavity mode and the squeezed vacuum reservoir

Here we wish to drive the equation of evolution of the reduced density operator for the
cavity mode coupled to a two-mode squeezed vacuum reservoir. The interaction of the

system with the reservoir can be described by hamiltonian

]:I:f:ls—l-ﬁgR, (3.1)

where Hg is the hamiltonian for the interaction in the cavity and H g, is the hamiltonian for
the interaction between the cavity modes and reservoir. Now let psr be the density operator
for the system plus the reservoir in the interaction picture. We can then write the time

evolution of this operator as

dpsr(t)

dt = _i[I:IS(t) + ﬁSR(t)a psr(t)]. (3.2)

In order to obtain the evolution of the system alone, which we are interested in, we trace

psr(t) over the reservoir variables, that is, the density operator for the system,

p(t) = TrR(psr(t)).

In view of this, Eq.(3.2) takes the form

dpsr(t)
dt

= —i[Hs(t), p(t)] — iTrR[Hsg(t), psr(t)]- 3.3)
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In order to obtain a manageable equation of evolution of the reduced density operator, we
need to adopt some approximation scheme. We thus seek to obtain this equation of

evolution applying the approximately valid relation.

dpsr(t) _ psr(t) — psr(t —h)

7 N , (3.4)
where h is a a small parameter. Now in view of Eq.(3.2) and Eq.(3.4), we see that
psr(t) = psr(t — h) — ih[Hsr(t) + Hs(t), psr(t)]. (3.5)
On substituting Eq.(3.5) into Eq.(3.3), we arrive at
dp(t A . . A . A A N
A0 — i), p)] ~ ATrRIsp(0). psalt — B)] — ATeRIsp(t), [Hsn(t). psn(t)]
— hWTrR[Hgr(t), [Hs(t), psr(t)]]. (3.6)

So as to proceed further, we need to introduce a certain approximation scheme. To this end,
assuming that there is a weak interaction between the system and reservoir, we can write

approximately valid relation

psr(t) = p(t), 3.7

where R is the operator for the reservoir assumed to be constant in time. With the aid of

Eq.(3.7) into Eq.(3.6), we obtain

W) — _li1.(0), 5(0) — i Hsm) o (¢ = ] = (L) s (s, (0]

— hTrR[Hgsg, [Hsgr, p(t)R]], (3.8)

where the subscript R indicates that the expectation value is to be calculated using the

reservoir density operator R.
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The interaction of a cavity mode with a squeezed vacuum reservoir via of a single-port

mirror can be described by the hamiltonian

Hgp = iXab—a'bh), (3.9)

where ) is the coupling constant between a two-mode and a(b) is the annihilation operator

for the signal(idler) mode.

Using Eq.(3.9) and taking into account the interaction of the cavity modes with a two-mode
squeezed vacuum reservoir, we find the equation of evolution of the density operator

coupled to two-mode squeezed vacuum reservoir to be[1]

7) — _i[gsvﬁ(t)] + M

2
N e ..
+ %(QdT pi— aaltp— paat + 261 b — bbtp — pbdh)

(2apat — atap — pata + 2bpbt — bTbp — pbid)

+ kM (atpbt + bt pal + apb + bpa — a'btp — abp — palbt — pab), (3.10)

where « is the cavity damping constant, N and M are the reservoir parameter given by

N = Sinh’r (3.11)

and

M = Sinhrcoshr, (3.12)

with r being the squeeze parameter.

3.2 The interaction between an atom and cavity mode

A two-mode v laser consists of a cavity into three-level atoms in v configuration are injected at

a constant rate r, and removed from the cavity after a certain time 7. we consider three-level
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atoms in v configuration as shown in fig.1.1 with the upper levels denoted by | a) and | b).
The laser cavity is arranged such that it would be at resonance with the transition between
| a) and | ¢) as well as between | b) and | ¢). The transition between | a) and | b) is assumed
to be dipole forbidden. The transition from the upper levels | a) and | b) to the lower level | ¢)

produce two photons of different frequencies[12].

—:I a> | b>
—— w1 sz
la |C>

<+—— squeezed vacuum reservoir
Fig.3.1: A three-level atom in v configuration

Interaction of a three-level atom with cavity mode can be described by Hamiltonian

H=igla" | )a| —a|a)(c|+b" | e)b] =b]|b){c], (3.13)

where g is the atom-radiation coupling constant, taken to be equal for both modes, a and b
are the annihilation operators for the cavity modes. We take the initial state of a three -level
atom to be

| $4(0)) = Ca(0) [ a) + Cy(0) | b) (3.14)

and hence the initial density operators of an atom is given by

o) = o a)a | o) 1000 | o) | @) 0| 40, [ B)(a | (3.15)
in which

pO = Ca(0) 2,09 = | C(0) |2, 09 = CL(0)C5(0), oV = Cy(0)C2(0).
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Suppose par(t,t;) the density operator for a single atom plus the cavity modes at time t,
with the atom injected at time ¢;, such that ¢t — 7 < t; < t the density operator for all atoms in

the cavity plus the cavity modes at time t can then be written as [12]

par(t) =74 ¥ par(t tj)At, (3.16)
J

where r, At represents the number of atoms injected into the cavity at time ¢;. Now

converting the summation into integration, we have

t
par(t) :ra/ p(t,t)dt . (3.17)
t

-7

Upon differentiating with respect to ¢ and using the relation

tod

| tewdy =t - faata)+ [ i
T+xo T+xo €T
there follows
dpar(t t o dpar(t,t)
p'z}?) = ra(ﬁAR(t,t) — ﬁAR(t,t — T)) + Ta/ pA]jii)dt , (3.18)
t—1

where p4r(t,t) is the density operator for the cavity modes and an atom, with the atom
injected at time ¢. Since the cavity modes and the atom at time ¢ are independent, the

density operator p4r(t,t) can be written as

in which p(¢) is the density operator for the cavity modes alone. Moreover, par(t,t — 7) is the
density operator for the cavity modes plus an atom, with the atom injected at time ¢t — 7 and
being removed from the cavity at time ¢. Therefore, the operator p4r(t,t — 7) can also be

expressed as
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par(t.t — 1) = palt,t — 7)p(t). (3.20)

Now we insert Eq. (3.19) and (20) into Eq. (3.18) to obtain

t dpar(t,t)
t

dpar(t)

dt’. 3.21
7t ( )

= 1At ) = patt =)o) + 1 [

t—1

In the absence of damping, the density operator j4z(,t ) evolves in time according to

dpar(t,t)

= —i[H, par(t,t)], (3.22)

so that on substituting Eq.(3.22) into Eq.(3.21) and using Eq. (3.17), we find

dpar(t)
dt

= ra(pa(t,t) = pa(t,t = 7))p(t) — i[H, par(t)]. (3.23)

Since we are mainly interested in the density operator for the cavity modes alone. We trace
Eq. (3.23) over the atomic variables. Thus upon tracing over atomic variables and taking into
account the damping of the cavity modes by a squeezed vacuum reservoir, the equation of

evolution of the density operator for the cavity modes turnout to be

dp
dff = —iTra[H, par(t)] +
N s .
+ ’%(2&T pa— aalp— paal + 261 pb — bbtp — pbd")

+ kM (atpbt + b pat + apb + bpa — albtp — abp — paldl — pab), (3.24)

where « is the cavity damping constant assumed to be the same for both modes. On

substituting Eq.(3.13) into Eq.(3.24), we obtain
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% = gTra(al | e)(a| par —al|a)(c| par+b" | c)b|par —b|b){c| par)
— gTra(pard’ | c){a— para | a)(c| +para’ | ¢)(b| —parb | b){c )
+ K(N;l)(%ﬁ&* —atap — pata + 2bpbt — btbp — pblh)
+ %(2&*,3& —aa'p — paa’ + 207 pb — bbT p — pbb)
+ kM (afpbt + b pat + apb + bpa — albTp — abp — paldt — pab), (3.25)

so that applying the cyclic property of trace operation, the master equation for the cavity

modes can be put in the form

dp it . o o .2 FC P,
£ = g[anac — pacaT + Peal — APca + bTPbc - Pbch + pcbb - bpcb]
k(N +1)

2

N . o an n
+ %(Z&Tﬁ& —aa'p — paat + 26T pb — bbTp — pbbT)

(2apa’ — atap — pata + 2bpbt — bTbp — pbth)

+ kM (afpbt + b pat + apb + bpa — albTp — abp — patvt — pab), (3.26)

in which the matrix element p, 3 is defined by

:5065 = <Oé | pAAR | ﬁ)?

with a, 83 = a,b,c.

On the other hand, we see from Eq.(3.23) that

dﬁa,@ _
dt

ra((a| pa(t,t) | B) = (| palt,t —7) | 8))p(t) —ila | [H, par(t)] | B) = Vhap, (3.27)

where the last term is included to account for the damping of the atoms due to spontaneous
emission and ~ is the atomic decay rate considered to be the same for all three atoms. We
assume that the atoms are removed from the cavity after they have decayed to a level other

than level | ¢), so that
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{a]palt,t —=7)|8) =0.

Hence Eq.(3.27) reduces to

dﬁa,@ _
dt

rafa | pa(tt) | B)p(t) —ila | Hpar(t) | B) +ila | par()H | B) = vpap,  (3.28)

where p4(0) = pa(t,t). Then in view of Eq.(3.13) and Eq.(3.15), Eq.(3.28) takes the form

dﬁaﬁ
dt

0 0 0 ~
=Tq [pt(z?z)o-aao'aﬁ + Pgb)Jaan,G + Pz(m) Oab0as + p{()b)aabab,@]p(t)

+ g[&T,ﬁaﬂgac - dPAcﬁaaa + BTﬁbﬁaac - Bﬁcﬁaab - ﬁachaaﬁ =+ ﬁaaaacﬁ - pacBTabﬂ + pabgacﬁ] - 'Wéaﬂ

(3.29)
From which we obtain
d Aaa A A ~ ~
L p)p = 9(@pea+ paci’) = Vhua: (3.30)
dp . A A .
% = 1ap\Dp — g(bpes + Prcd’) — Vun, (3.31)
dp o s .. .
% = 9(a'pac 4 0T ppe + peat + Penb) — Vhees (3.32)
dpa . . ~ .
g = raply = 9(@pas + pacd') = Vpan, (3.33)
dpac P L .
0 - 9(Paal — apec + Pabb) — YPacs (3.34)
dﬁbc _ A A 2 oA A 7 ~
= g(Prali — bpec + Prvb) — YPbe- (3.35)

dt
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Now we restrict ourselves to linear analysis of the system under consideration and this is

achieved by dropping the g-terms in EqS.(3.30), (3.31), (3.32) and (3.33). Therefore, these

equation reduce to

LI 530
LIS — 637

dg;c e, (3.38)
0 63

We consider the case for which « << g, v(the good cavity limit) [12]. With this condition, we
see that the atomic variables change rapidly while the cavity mode variables change slowly.
This implies that the atomic variables reach steady state in the relatively short period of 7.
Consequently, we can replace the atomic variables by their steady state values(adiabatic
approximate scheme). Thus applying the adiabatic approximate scheme, we get from

EqS.(3.30) - (33) that

. Tapg?z)ﬁ
Paa = 5 (340)
v
A "'apl(,g)ﬁ
Pob = ) (3.41)
v
pec =0, (3.42)
N Tapl(l([)))ﬁ
Pab = T (3.43)

Applying once more the adiabatic approximation scheme to Eq.(3.34) and Eq.(3.35), we get
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ﬁac - %(ﬁaa& - dlacc + ﬁab?)) (344)

and

ﬁbc = %(ﬁba& - i)ﬁcc + ﬁbbl;)‘ (345)

Then combining Eq.(3.44) and Eq.(3.45) with (3.39)- (3.42), we easily find
Pac = (0D pa + 55 pb), (3.46)
~ Tag
Pbe = ?(pffl)pa + fyy D). (3.47)

Finally, on substituting Eqs.(3.46), (3.47) and their complex conjugate into Eq.(3.26), the

equation of evolution of the density operator for the cavity modes takes the form

dp 1 1 L
P _ 450 (2at pa — paat — aalp) + fAf)S,)))(QdT pb — pha’ — bal p)

dt 2
+ %Aﬁé?(ziﬂpa —abtp— pabt) + lAﬁSZ)(zéTﬁé Bt — bt
g(N +1)(2apa’ — atap — pata + 20pbt — bTop — pblh)
gN(Qa pa — aalp — paat + 267 pb — bbTp — pbbT)
+ kM (afpbt + b pat + apb + bpa — albTp — abp — palbt — pab), (3.48)
where
A= 27"7“292. (3.49)

is the linear gain coefficient. It is worth mentioning that the quantum properties of the light
generated by two-mode v laser are determined by the master equation (3.48). In this
equation, the terms involving ;3532 and ﬁgg) are the gain terms for the two modes. The terms

proportional to f)é%) and ﬁ,()g) are phase sensitive as they arise due to the upper levels | a) and

| 0).
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3.3 C-Number Langevin Equation

The dynamics of cavity mode coupled to squeezed vacuum reservoir can be also described
using the c-number Langevin Equation. In this section we determine c-number Langevin

Equations for the cavity mode employing the master equation in Eq.(3.48) to determine the
equation of evolution for the expectation value of an operator A in Schrodinger picture can

be expressed as [12]

pt)A). (3.50)

on account of Eq.(3.50) and Eq.(3.48), the expectation value of the operator a can be written

as
. L 5O (05t 586 — saata — aataa) 4 EAs© 0at 564 — sbata — bataa
£<a(t)> = Tr(ﬁApaa (2a'paa — paa'a — aa'pa) + iApab (2a'pba — pba'a — ba' pa))
1 ~ “ ~ 1 PO an an
+ Tr(§A[)Z()2)(2bT paa — ablpa — pabta) + §Aﬁ£)(2lff pba — bbtpa — pbbTa))

+ Tr(g(N +1)(2apa‘a — atapa — pataa + 2bpbTa — bibpa — pbiba))
+ Tr(gN(%LT paa — aa'pa — paata + 2bf pba — bb' pa — pbbta))

+ Tr(sM(atpbta + b pata + apba + bpaa — albl pa — abpa — pabta — paba)). (3.51)

Applying the cyclic property of trace operation along with the fact [a,a'] = 1 and
[a,b] = [af,b] = [, bT] = 0, we readily get

@ a(t)) = —gula(n) + 3 AR b)), (3.52)
where

p=r—Ap0). (3.53)

We can easily verify in a similar manner that

(b(1)) = —gm(blt)) + 3 AR a0, 354

&=
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3.3 C-Number Langevin Equation

where

n=r— A, (3.55)

Furthermore, in view of Eq.(3.50) and Eq.(3.48), there follows

C0) = AT

dt 2
+ §Apl(m)Tr((Qpra3 —abTpa® — pabla?) + 51‘1/),()b)(21ﬁpba2 — bbf pa? — pbbta?))
(N + 1)Tr((2apata® — atapa® — pata® + 2bpbta® — bfbpa® — pbfba?))

1 . . .
(24" pa® — paata? — aatpa?) + 5,4;32?(2&* pba? — phata® — bal pa?))

+
+ ENTr(2at pad — aatpa® — paata? + 26t pha? — bbtpa? — phbta
5 p p p pa’ — p

| R

+ kMTr((atpbta® + b'pata® + apba® + bpa® — a'dvl pa® — abpa® — pa'dta® — paba?)).
(3.56)

Applying the cyclic property and trace operation along with the relations

_ M (3.57)

M (3.58)

and

(3.59)

One readily gets

S0 = (@) + AP () (1) (3.60)

It can also established in a similar way that
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d . )
S B (0) = =B (1) + Apg (@) (b(0)), (3.61)
d ~ ~ 1 0) s~ 1 0) /3
Z(@(0b(1) = =5 (1 + m@(O)b)) + 5 Ap5@ (1) + S Apiy) B(1) - kM, (3.62)
d ity — L L ong O3t (115 R (0)
v (1)) = =5 (n+m)(a(t)d(t)) + 5 Apg, [(OT()6(E)) +(a"()a(t)] + Apgy » (3.63)
S (0a0) = —plat (D) + S AR B (1) + S AGD B (a0) + AN + Ap), (364
L @by = B (0b(0) + 5 A5 (B0l (1) + 5 Al @O (1) + RN + Aply). 3.65)
The c- number equations corresponding to Egs. (3.52) and (3.54) are
d _ 1 1,
7 (@) = —gula(t)) + 5 Ay (B(1)), (3.66)
d _ 1 1,
2 0) = —5n(B(0) + S Apy, (a(t). (3.67)
On the basis of Egs. (3.66) and (3.67), one can write
d . __1 1,
2100 = —gualt) + 5 Apg B(t) + fa(t), (3.68)
doy_ 1 1, ©
2P0 = —5nB(t) + SApy, a(t) + f(t), (3.69)

where f,(t) and f3(t) are noise forces whose properties remain to be determined. Moreover,

we se that Eq. (3.66) and the expectation values of Eq. (3.68) as well as Eq. (3.67) and the

expectation value of Eq. (3.69) will have the same forms if
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(fa(t)) = (fs(t)) = 0. (3.70)
We note that
d, o\ da(t)
Z{a2()) = 2a() ),
so that on substituting (3.66) into this equation, we obtain
%Mt» = —p(a?(1)) + Al a(B) A1) + 2(a(t) falt)- (3.71)
In a similar manner, we can verify that
d o
(B () = —n(B2(1)) + Apig a(D)B(®) + 2(B(2) fs(1). (3.72)

We also note that

d, . da* (t) o dat)
£<a (t)a(t)) = ( 7 a(t)) + (o (t)7>7

so that in view of Egs. (3.68) and its complex conjugate, we get

One can also verify that

d
dt

B (B0 =l (D3(1)+5 A5 (o™ (DB(0)+ 5 Aple) (5 (D) + T3 OB+ (05" ().

(3.74)
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In addition, we see that

d do(t)

_ as(t)
“alnB) = (60"

)+ <04(t)7>'

It then follows from (3.68) and (3.69) that

L a80) =~ (u mHa)F(0) + 3 Aps (1)) + 3 Api2) (D) + falD(D) + FaD)or1).

dt 2
(3.75)

We can verify in a similar manner that

@ a(t)5 (1) = — (rrmio() 5 (1) +5 405 (0" () HF OB+ a5 D)+ F5(1aD)

dt 2
(3.76)

We observe that Egs. (3.60) and (3.71) as well as Egs. (3.61) and (3.72) will have the same

forms provided that

(a(t) fa(t)) =0, (3.77)

(B(t)fs(t)) = 0. (3.78)

Moreover, Egs.(3.64) and (3.73), (3.65) and (3.74), (3.62) and (3.75), (3.63) and (3.76) will have

the same forms if

(fa®)a() + (fa()a () = kN + Ap(y), (3.79)

(F5(DB)) + (f5(£)3" (1)) = kN + Apl2, (3.80)
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(fa(O)B) + (alt) f5(t)) = —rM, (3.81)
(faD)B* () + (F3(0)alt)) = Aply). (3.82)

The formal solution of (3.68) and (3.69) can be written as

¢ ! ’ / ’
a(t) = ao)e 31t + / e*%l‘(t*t)[%Apg?ﬂ(t)Jr Falt))dt (3.83)
and
t 4 ’ ’
B(t) = Blo)e ™ + / IO Aot + fold ] (3.84)

Then in view of (3.83), we see that

((t) fa(t)) = (a0) falt))e 2" + / e~ B fut)) + (fult ) faE))dE . (3.85)

Assuming the noise force f at time t does not affect the cavity mode variables at earlier times

'[30] and taking into account (3.77), we have

/ e o) ) = 0.

It then follows from this result that

(fa(t) fa(t)) = 0. (3.86)

Following a similar line of reasoning, one easily gets

(f5(t)f5(t)) = 0. (3.87)
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Further more, employing (3.83) along with (3.79), one readily finds

!/

KN+ Aple) = (@0)fa()e 3+ ({fal)a” @) + 34515 [ eI )8

G40k [ O 0B ¢t + [ I OUE O £ale) + Ful ol M

o ]

(3.88)

so that on recalling the noise force f at time t does not affect the cavity mode variables at

earlier times, the above expression reduces to

t 1 / / t 1 / ’ (0)
[ el = [ e m o = A
Now on the basis of the relation [12]
t 1 / ’ ’
/ e 290t (F(t)g(t))dt = D. (3.89)
We assert that
(f()g(t))dt =2Ds(t — 1), (3.90)

where a is a constant and D is a constant or some function of the time t.

We then see that

(F2®)fat)) = (fa®)F2(t)) = (kN + Apho(t —1). (3.91)

Following a similar procedure, one can easily verify that

(50 F) = (faO)f5()) = (kN + Api))o(t — 1), (3.92)
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(fal®)F5(t)) = (5t falt)) = —aMO(t — 1), (3.93)
Fal®) F5E)) = (F3(0) falt)) = ApLD6(t — 1), (3.94)

Egs. (3.86), (3.87), (3.90), (3.91),(3.92) and (3.93) describes the correlation properties of the

noise forces f,(t) and f3(t) associated with the normal ordering.

Now we seek to obtain the time dependent solution of «(¢) and (¢) by solving Egs. (3.68)
and (3.69) simultaneously. To solve such coupled differential equations, One can write a

single matrix equation

%Q(t) — MQ) + S(b), (3.95)
in which
Qt) = a(?) , (3.96)
B(t)
_u Ap(o)
Mpy=| o (3.97)
3 Ppq _g
S(t) = ( fa(®) ) . (3.98)
fs(t)

MV; = \Vi (i=1,2). (3.99)

Let the egein vectors be

T
Vi= . (3.100)
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with the normalization condition

7yl =1. (3.101)

It can be shown using(3.94) and (3.96) that

by A
o 2Pab | _ ). (3.102)
2 Phg _g_)\

Then one readily obtains the eigen values to be

_ + + _ 2+4A2 (O) 2
N Vi 477) A 1 10

—(n+mn) - \/(u—n)2+4A2 e

Ay = i , (3.104)
so that in view of (3.53) and (3.55) along with the fact that
[0 2= pledoly) (3.105)
and
P((ffz) + Pz(;z) = 1. (3.106)
Egs. (3.103) and (3.104) reduce to
N A (3.107)
2
Ao = —g, (3.108)
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with the aid of (3.99), (3.100) and (3.101), the corresponding eigen vectors are found to be

(0)

R p‘gj) : (3.109)
P2 o2 \ Puy
o
Vs = L Pab (3.110)

P92 4 02 \ Pl

we now construct a matrix V consisting of the eigen vectors of the matrix M as column

matrices

thatis

o o
(0)2, (9)2 (02 (0)2
Pap TP Papy “t+Paa
v |V b0 v v : (3.111)
bb Paa

\/Pﬁ?“ﬁﬁ‘i” \/pi?zﬂggz

The inverse of V turns out to be

B B B Y Sl RO el 5112
B W o o o o o o ’
Pa \ —hy \ P+ s pag) ) ? + e
Since VV~! = V-1V = I, we can rewrite Eq.(3.95) as
d
Q) = VVIMVVTIQ(t) + S(t)
or
—1

d(thQ(t)) — DVIQ(t) + VLS (1), (3.113)

where
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. A1 0
D=V"MV = . (3.114)
0 X
The formal solution of Eq.(3.113) is
t ! ’ ’
V1Q(t) = PV LQ(0) + / Py =18 (ddt (3.115)
Now multiplying Eq.(3.115) on the left by V it follows that
t / !/ !
Q(t) = VeP'V1Q(0) + / VPt =g )dt . (3.116)
In view of the fact that D is diagonal, e”? is simply equal to
At 0
Pt = ( ‘ ) (3.117)
0 et
and
, A (t—t)
o) _ [ € ° ) (3.118)
0 e)\g (t,t )
From Egs. (3.96), (3.111), (3.112), (3.117) and (3.118), we readily find
((1%) M) 4 (0) JXa(t) + (0) ( A1(t) _ JAa(t)
[paa € Py € Ja(o) + pgy (€ e )B(0) 7 (3.119)

VeP'V1Q(0) =
A (M0 — 20)a(0) + [pff) 10 + plE)X20]3(0)

and

t 4 ’ ’
/ VeD(tft )Vfls(t )dt —

I

( Jpkde 0+ pRe=O1 £ (#)dt' + pl§) [L(eM =) — Xa=0) fo (¢ yat ) (3.120)

pha [y (@10 — XU fo ()t + [ M ) 4 pigle2 ) f (¢ )



3.3 C-Number Langevin Equation 28

Using Egs. (3.116), (3.119) and (3.120), we obtain

a(t) = Ai(t)a(o) + Bi(t)B(0) + Fi(t) (3.121)
and

B(t) = Az(t)a(o) + Ba(t)B(0) + Fa(t), (3.122)

where
Ay (t) = p2eM® 4 plo) ), (3.123)
Bi(t) = pl (M) — X)), (3.124)
As(t) = pO (MW — 2, (3.125)
By(t) = pl@)eM® 4 plo)ha(t), (3.126)

t
Fi(t) = [ e 4 O ar
t / / ’ ’
+ o / (M0t) _ ey p i Vay (3.127)

t / 4 ! !
Falt) = ) [ (0 = ) g

+ / [pQeME=t) 4 p0Aalt=t)) ¢ (#')at' | (3.128)
o
These solutions along with the correlation relations are used to determine the mean photon
number, the variance of photon number, the quadrature variance and the variance of sum of

EPR-operator.



Results and Discussion

4.1 Quadrature Variance

We next proceed to determine the quadrature variance for the cavity radiation produced by
two-mode v laser coupled to squeezed vacuum reservoir. The variances of the quadrature

operators, for a two mode radiation [31],

A 1
C=—(a+0b). 4.1)
\/5( )
Use the commutation relation
[a,a'] = [b,b] = 1. (4.2)
It can easily be shown that
&, éf] = 1. (4.3)

The squeezing properties of a two-mode light are described by the quadrature operators

C.,=C+Cf (4.4)

and
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C_=i(CT-0C). (4.5)

With the aid of Egs.(4.3), (4.4) and (4.5), One can readily verify that

(Cy,C_] = 2i. (4.6)
A two-mode light is said to be in a squeezed state if either AC;. < 1and AC_ > 1or AC; > 1
and AC_ < 1such that AC;AC_ > 1. The variance of the quadrature operators are defined
by

Act = (CL(t)) — (C(1))". (4.7)

Applying Egs.(4.4) and (4.5), one can write (4.7) in the normal order as

2

Ak =1 [(@%) + (&) £ 2(efe) — (&)” — (&) F 2e) (). (4.8)

This can be expressed in terms of c-number variables associated with the normal ordering as

AG () =1 [("2 () + (P () £ 207 (1) = (V' (1)* = (V1) F 2O (v (1)), (4.9)

where ~(t) is the c-number corresponding to the operator ¢. Eq.(4.9) can be written as

Aci(t) = 1% ((E() = (=(1))?), (4.10)

where

Y (t) =) (). 4.11)

The c-number equation corresponding to Eq. (4.1) is expressible as
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V() = —=(a(t) + B(1)- (4.12)

With the aid of Egs.(4.11) and (4.12), we get

Acy?=1= [%((az(t» + (@ (1)) + (B7(8)) + (1)) + 2{a(t)B(1)) + 2(a” ()5 (¢)))

+ (@ (W)a(t)) + (B ($)B(1)) + (@ (D)B(E) + (B (O)t)] F (@ () + B7(¢) £ (alt) + B(¢))*.
(4.13)

Now we proceed to find the expectation values involved in Eq. (4.13). With the aid of Egs.
(3.121), (3.122), (3.127), (3.128) and the assumption that the cavity modes initially in a

vacuum state, one can verify that

{a(t)) = (B(1)) = 0. (4.14)

On the other hand, taking into account Eq. (3.121) and its complex conjugate along with the
fact that the noise force does not affect the cavity modes to be initially in a vacuum state, we

can write as

(@ (t)a(t)) = (F () F1(t)). (4.15)

On account of Eq. (3.127) and its complex conjugate, we see that
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t L ’ " ’on
(@ Oa®) =2 [ Mgl it
t s ’ " ’
ofg? [ e O
t ! 1" i 1 ! 1"
+ p(O)Q/ (e)\1(2t—t —t ) + 6)\2(2t—t —t ) 2eA1(t—t )+ A2 (t—t ))<fg(t/)fﬂ(t”)>dtldt//

+ 2020}y / MO o) fo ()t

o

goa)p[(lo) / ( Al (2t—t/ —t//) _ e)\1 (t—t/)+>\2(t—t//))<f; (t/)fla (t//)>dt/dt//

t ’ " ron , " roon
+ o4y Pl / (MU= — XG0y (fo(1") fo(7)) dt dt

o

+ pg%)pgz)/ ( A1(2t—t —t ) _ e)\l(t—t )+>\2(t—t ))<f[>8k(t/)fa(t//)>dt/dt//

t / " / 1" / 7 / "
+ Pl Py / (MUZIERUE) — QG (a(t') fo (7)) e i (4.16)

o

Carrying out the integration gives

a

* 1 o (0] o fe) (0] (o]
(0" (Dalt)) = 3yl (5N + Apl2)) + 055N + Aoly)) + Ap2)ol5) o)+ Apdol) ) )

1 o o o o o o
+ @[pébb(mv 1+ Ap) 1 p2(kN 1 Ap0)) — AP )0 )0 4,0) @2y 2t
1
+5 =202 (kN + 45%) + 2080 (kN + Ap0)) — A9 p2) 5(©
1+ )\2
- Ap® 9 pl0) _ 450,02 1 4 0) ) 0 (atret _ ). w1

It can also established following a similar procedure that

(B7()B(t)) = o8 P2 (kN 1 Ap9) + o2 (kN + Ap)) + AP p @2 4 AP0y plely 2t 1
+ — 2/\ [szZ)Q(HN + AIOELZ)) (%)2(:%]\7 + Ap( )) Apaap(O)Z Apgz)pgz)pg%)](ewqt _ 1)

= © o 0) H\O o o) (o

g 20 SN A + 2400 (N + Apiy)) — ApiD gy

+ Aol oyl = Apfy) pi ol + Apll ot ol 1N T — 1), (4.18)
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(" ()B(1)) =

(B (t)a(t)) =

((t)B(t)) =

(@2(t)) = —2paa pyy KM

2>\ o aa
1 o) (o o
+ K[ pa P (5N + Aple)) —
L1
A1+ Ao

Pl s (kN + Aple)) + pip) ) (RN + Apyy)

P2 o) (5N + Apjy

[Pkl phe) (5N + Ap(E) + iy o) (N +

)+ Aok ogy) o)

)+ Apy ol

Apl2) —

+ Ap(o)Apg%)(ﬁN + Ap,()z)) + Aplo)? péa) + Ap(b)Qpl()Z) 2Ap

2)\[

29
1

HPYEDW

+ Aplo)?

aa

—+

1 o o o o
+ (=Pl KM = plg 2R M + 205 o) kM

(0) (o)
2)\1

(0) (0)
2M\

P ok (kN + Aplg)

aa

(0) (o)

)+p

—Ppp Py (KN + AP&Z))

(0)

2M\1

aa

A1+ Ao

M 2
K (62)\1t_1)+ P

_ =2y e M

1 0
[ KM — p

(0) (o)
bb Pab

29

(0) (o)
wM (62)\1t71)+ 2paa Ppa

2o

DO (kN + Ap)) + Ap

P9 o) (5N + Apjy

[Pl phe (5N + Ap(E) + piy) o) (N +

M 2
K (62)\2t_1)+ P

)+ Apy ol o)

Aplo)y —

& o mM (et 1)

1 o o o
g [P Pig M — i K M(e22 — 1)

+ Ap

QA e

(o
+ Apab Pva Pap \€

Apyy Aply) (RN + Apyy)

9o

0)
l()a P Elb) P l(za)

2400 0 912

P 4 paap D (KN + Apl)) = o2 p ) (N + Api))](ePa+r2)t

]( (A1+A2)t

g;) sz? KM —2p

a

- 1)7

o

+ Ap

+ Ap

-1,

kM

A1+ A2

(0)

a

(o)
”M(62A2L1)+2pbb Poq WM — 2p

(0) (0)

aa Ppg,

kM

A1+ A2

(o )](e()\1+)\2)t . 1)’

(4.19)

A (G

() 90 pl0) (22

0)2 (o)

+ Ap((lb Pab

(4.20)

(4.21)

(e()\1+)\2)t_

(4.22)

— 1)
) (o) (0)( 2ot

~1)

_1)

t

1),

(6(>‘1+)‘2)t—1),

(4.23)

(4.24)

(4.25)

~1)
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(B2(t)) = (B**(t)). (4.26)

Now with the aid of Eqs.(4.17)-(4.26), we arrive at

2 P2 + Ap)) + o2 (5N + ApD) + Al p© | 4 (5 + A) (o2 + p92)
Aci =1 + [
271
o 3 o o
L 44 pia) | cos )+ 208 pie) (5N + Apla)) + 2007 ple) (5N + Apjy)
2
o o o o o o 3 o 2
4 (PN + Aple) + N + Apll) & N + i) + 441 o) | cos0 = ALl |
2X
2082 o) (5N + Apl)) = 2017 pi) (5N + Apli)
2X
421088 TN+ 4) 2056 + Apk2) 0lf) — ple) + 2050 + A0 k) — o)
AL+ Ao
_QP((;M(HN + Apz(,z)) + 2Apaa)‘ P(O) ‘ Apaa) (P((lb)z + P(0)2) + +A,0bb | Pa |
A1+ A2
L 24 P (0822 + piy)?) cos 0 — 2012 (5N + Aplad) — Apjy) i
A+ )\2
—pha iy <M — pl5) piel kM — plilplg) kM — i) pie) kM
22X
N [—péa)péb)f-tM P el M + i) p5) KM + pl pfe) M
2X
n [—pg%)QKM — pl()z)QliM + 2/)2%),01(72)/&]\4 + pgz)pg%)/{M
AL+ A2
P P KM + piy) oy KM — plid pig) M
AL+ A2

)](62/\1t o 1)

)](eQAgt o 1)

Jerer 1)

£ ] J(e2ht - 1)

J(e?et — 1)

(e (Ar+A2)t _ 1). (4.27)

At steady state we have,
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o o [0} o o 2 o o
P2 (kN + ApS)) + o2 (kN + Apl)) + Al p) | + (kN + A) (02 + p2)2)
2\

o 3 o o o o o
4A] pl5) | cos 0+ 205 ple) (56N + Apld) + 2013 pl5) (N + Apl))

2\
(Z) (kN + Anga)) +pk(;b) (kN —|—Ap( )) + kN (p, (0)2 —|—p(0)2) + 4A] ,0 ] cos — Al p(o) \
29
2060 P (5N + Apiy)) = 207 pie) (kN + Ap(2))
2
L2 o) PN + 4) + 2p5) (s + Apled)(pls) — o)) +2p%5) (5N + Aply)) (o) — i)
A1+ A2

292N + Apld)) + 24001 ) | = Apke) (092 + %) + + A0 o) |
A1+ A2
2410 (0 + piy) cos 0 — 2000 (5N + Apil)) — Api)
A+ Ao
_pgza) pl()b) kM — pgb)p(g) kM — pga)p(o) kM — pl()b)p(O) K,M]
2)

+ [_pga)Pz()b)’fM pA5 el KM + piy) 05 M + pi@ pi) M

22 ]

Acizl—i—

_l’_

+ ]

+ |

—pg;) kM — pl()z)Qf-@M + ngz)pgz)/{M + p((lz)pg%)/{M pl()b)p(o)mM + péb)p(o)/ﬁM — pg;)pl(jz)ﬁM

AL+ A2
(4.28)

Now for the sake of convenience, we introduce a new parameter defined by

42 - o9 = (829

where e is initial preparation of three level atom.
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Now with the aid of Egs. (3.105), (3.106), (3.107), (3.108) and (4.29), Eq. (4.28) can be

rewritten as

1

K+28N — NA+ A1+ N)(1 — e?)2¢?
k—A
8KkMA — 8Kk2M — 2M A% + 2M A2e2 + (2M A% — 4k MA(1 — €2)2¢i0
4Kk2 — 6k A + 2A2

2
Aci—

£ I (4.30)

Eq.(4.30) represents the cavity quadrature variances for a two mode v laser coupled to

squeezed vacuum reservoir.

-=+A=25

1.8 —A=50
1.6 &

1.4

1.2

0.8

0.6
0.4

Fig. 4.1: Plots of a minus quadrature variance[Eq.(4.30)] versus epsilon for 6 = 0,x = 0.8, = 1, and
different values of the linear gain coefficient for A = 25(dashed curve), A = 50(solid curve) and

A =100(dash-dot curve).

We see from the figure that the quadrature variance increases with increasing linear gain

coefficient.
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r=1.08

Fig. 4.2: Plots of a minus quadrature variance[Eq.(4.30)] versus epsilon for § = 0,x = 0.8, A = 50, and
different values of squeeze parameter for r = 1.08(dashed curve), r = 1.1(solid curve) and r =

1.12(dash-dot curve).

As we see from the figure the variance of the quadrature decrease with increasing squeeze pa-
rameter(r). One of the effects of squeezed vacuum reservoir is to decrease the minus quadra-

ture variance of the cavity modes.

We now consider the case in which the cavity mode is coupled to a two-mode vacuum

reservoir, upon setting » = 0 in Eq.(4.30) we get,

1

K+ Al — €2)2e?
k—A '

AcL = (4.30a)

Equation(4.30 a)represents quadrature variance of two-mode v laser coupled to vacuum

reservoir.
We consider the special case in which no atoms are injected into the cavity coupled to a

two-mode squeezed vacuum reservoir, upon setting A = 0 in Eq.(4.30), we get

k+ 2N F 8k2M
4k )

Ack = (4.300)
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Equation (4.30 b) represents the quadrature variance of squeezed vacuum reservoir.

4.2 Photon statistics

Photon statistics of light modes based on the relation between the variance and the mean of
the photon number. Hence the photon statistics of a light mode for which An? = 7 is
referred to as Poissonian and the photon statistics of a light mode for which An? > 7 is

called super-Poissonian. Otherwise the photon statistics is said to be sub-Poissonian.

4.2.1 The mean photon number

The mean and variance of the photon number for the system under consideration can be

studied using the number operator represented by
n = Mg + Np, (4.31)

where 7, = a'a and 7, = bb are the photon number operators for mode a and b. The mean
photon number for the cavity mode can also be expressed in terms of c-number variables

associated with the normal ordering as

(1) = (@ (B)a(t)) + (B7()B()) (4.32)

From Eq.(4.17) and (4.18), we have

@2(N + 499 + 502 (0) (0) (0) (0) (0) (0)2
. aa - (KN + Apaa) + poy (KN + Apy’) + Apaa poy, Py + APaa Py
(a*(t)(t)) = . = b (M - 1)

2\

P 2 (5N + Apkd) + p2 (5N + Aply)) — Apiy 05 obe) — Apl 00 one )
+ o et 1)
N [—QP§Z)Q(RN + Apie)) + 2052 piy (N + Aple)) — Apl@ o5 ofe)

A1+ A2
(0) (o) (o)
+ Apbb Pab Poa ](6(/\1+/\2)t —-1) (4.33)

AL+ A2

and
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o 26N + Apkid) & pig (N + Apif)) + Apig) o + Apigl o)y v

(3" (1)B(t)) = [P

21

PN 4 APD) PN + A0~ A~ AL
2X2

+YQQ?RMV+A£%+QA£%ﬁVMV+Aé%-ﬁmg2

A1+ A2
ApL0) 502 _ 4,(0) (0) (0) 4 4 (0) (0] ()
" Paa Ppq pb(j\f:(i /))\I;a Paa Ppq Pab ](e(A1+A2)t —1). (4.34)
From Egs.(4.33) and (4.34), we obtain
2 HN + A —(k— —K
(R) = ((H_A))(l—e (k=) L IN(1 — e, (4.34a)

With the aid of (3.105), (3.106), (3.107), (3.108) and (4.29) on combining Egs. (4.33), (4.34)

and (4.34a) at steady state, we obtain

2N+ A-NA

(A)ss = oA (4.35)
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where ss stands for steady state. This represent the mean of the photon number due to the

two-mode v laser coupled to squeezed vacuum reservoir.

8 I
= 7
7L |—A=15 F -
——=-A=2 ///
o 6r /,’ _
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Fig. 4.3: Plots of the mean photon number [Eq.(4.34a)] versus time for k = 0.8, = 1,e = 2.72,, and
different values of the linear gain coefficient,for A = 1(dash-dot curve), A = 1.5(solid cure) and

A = 2(dashed curve).

As we see from Fig(4.2) the mean photon number increases when time and linear gain

coefficient increase.

4.2.2 Photon Number Variance

The variance of photon number can be expressed as
An? = (A?) — ()2 (4.36)
Applying Eq.(4.31), the variance can be put in the form
An? = AnZ + Ang 4 2((Agfp) — (1) (g)). (4.37)

On the other hand, the photon number variance for mode a can be written in the

normal-order as
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An? = (a"%a%) + (a'a) — (aTa)? (4.38)
This can also be expressed in terms of c-number variables associated in the normal-ordering

as

An? = (a*a?) + (a*a) — (a*a)?. (4.39)

a =

Following a similar procedure, the photon number variance for mode b can also be written

as

And = (3*26%) + (8*B) — (6°8)>. (4.40)

In addition, one can also write

(afp) = (a*af"B). (4.41)

Hence substitution of Eqgs.(4.39), (4.40) and (4.41), in to (4.37) yields

An? = (a*a?) + (5*23%) + (a*a) + (B*B) — ({(a*a) + (3°6))* + 2(a*af*B). (4.42)

In view of Eq.(4.32), we see that

An® = (n) — (n)* + (@2a?) + (325°) + 2(a*aB*B). (4.43)

From Eq.(3.121) and (3.122), we have

a(t) = Ai(t)a(o) + Bi(t)5(0) + 1a(t), (4.44)

B(t) = As(t)a(o) + Ba(t)B(0) + ns(t), (4.45)
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where
t ! ! ’ ’ t ! / ’ ’
Na(t) = / () e =10 4 i) =01 (1)t + ) / (MO0 — M) ot )dt,  (4.46)

3 ’ / , , t ° ! / ’ ’
mo(t) = ) [ (O O it k[l M Ol (a4

Employing Eq.(4.42) and its complex conjugate along with the assumption that the cavity

radiation is initially in a two-mode vacuum state, we have

(a2 (t)a?(t)) = (> ()02 (t)). (4.48)

We recall that Gaussian variables with vanishing means satisfying the relation [32]

(ABCD) = (ABY(CD) + (AC){(BD) + (AD)(BC). (4.49)

Next we need to show that 7,(t¢) is Gaussian variable, one can rewrite Eq.(4.46) as

Na(t) = n4(t) +n-(1), (4.50)

in which

’

t li ! /
N (t) = / [l M=) 4 g0 £ ()l (4.51)

t ! i ’ ’
n-(t) = o9 / (M0 _ X)) 1o Yt . 4.52)

o

Employing Egs. (4.51) and (4.52), the time evolution of the expectation values of . (¢) and

n—(t) can be expressed as



4.2 Photon statistics

43

(1) = =\ + X2) (04 (1))

and

%@_(t» = —(A1+ A2)(n-(1)).

(4.53)

(4.54)

Inspection of Eq. (4.51) and (4.52) indicates that n (¢) and n_(¢) are Gaussian variables. Thus

in view of Eq. (4.48), we see that 7 (¢) is also Gaussian variable. In addition, using Eq. (4.46),

one can gets

(a(t)) = 0.

Hence on the basis of the relation Eq.(4.49) leads to

(@ 2a(t)) = (1) (152) + 2(nam)*.

Now with the help of Eq. (4.46), we can write

t ! 1" /7 17 / 7" ’ 7"
<77a2> _ p((lz)pg‘;)/ (6)\1(2t7t —t ) eAl(tft )2 (t—t ))<fa(t )fﬁ(t )>dt dt

o

t / " ’ " o
+ 0ol / (MU0 (F (1) f ()t

t ’ ’ " ’ ” ’n
+ 0l k) / (M@ ) MU () £ (1)) de it

o

t , 7" roon ’ " roon
T 0f0) / (M= Pal=t")y _ et~ p oy 2 (Y

Using Eq.(3.93), we get

(0) (o)
—200a wM
<77a2(t)> — [ Paa Pyp ](1 - 62)\115)
21
205 0l M o
a 1— 2
+ Do (1 —e"")
N (2052 pl) kM + 2017 p'5) M)
A1+ A2

I

(1 — ePitr2)y

(4.55)

(4.56)

(4.57)

(4.58)
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21 =U +V +7Y, (4.59)
where
U= w, /1 — 5262'9(1 _ €2>\1t)
4\ ’
y = Bm T Rme V1 —e2e¥(1 — eP2)
4\ ’
Km ,
— /1_ 2 6 1— ()\1+/\2)t .
A1+ A2 etl—e )
We also note that
("2 (t)) = (n*(1)). (4.60)
Furthermore, applying Eq. (4.46) and its complex conjugate, we find
Mami) =21+ 22+ 23+ 24 + 25 + 26 + 27, (4.61)
in which
t ( ) ¢ ron ’ / rn
21 = plQ? / M () e e+ p)” / M@= () pr (e dt, (4.62)
22 = 2000 / MO g () fr( e di (4.63)
t / " ’ ’ ron
23 = p((;z);)Z/ ( A1 (2t— t )+6)\2(2t t ) 26)\1(t7t )+ A2 (t—t ))<fﬁ(t )f;(t )>dt dt ’ (464)
( ) ¢ Lo ’ r o
2 = %) o, / (M@ MO0y (5 () () de (4.65)
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( ) ( ) t ! 1 ! 1" ’ ’ / 7
25 = Py Py / (N UE)FRUmE) _ MRIE LDy (f () f3(8))dt (4.66)
( ) t li 1 / " ’ ’ ’ "
26 = pl)pes / (MGt — MU0y (o) () dt it (4.67)
and
( ) ( ) t li 1" I 1" / / ’ 7
21 = Py Py / (MUTEIRAE) B (f5() 2 (4))d dt (4.68)
With the aid of Eq. (3.91), we obtain
t s 7" ’on
21 = p9%(kN + A,oaa)/ M=) 54" dt dt
t o " r o
02 (kN + Apaa) / M=t =t )5t Vat di . (4.69)
By carrying out the integration of Eq. (4.69), we get
(0)2 (0)2
aa N+ A aa N+ A aa
2 = paa_ (kN + Ap )(1 — M) 4 Py, (KN + Ap )(1 — 22ty (4.70)
2)\1 2)\2
On account of Egs. (3.101), (3.93),(3.94) and using similar procedure, we obtain
2= AL+ A2 © 7 ’

(0)2 (0)2 (0)2
Pap (N + Apy) oty | Pay (BN + Apyp) oty o 2Pap - (KN + Appy) (o)t
= 1—e*™ 1—e™2")-2 1—e' 1772

(0) (0)2 (0) (0)2

o= Apaa Pab (1— et _ Apaa Pab (1- 6()\1+/\2)t),
2\ A+ Ao
(0) (0)2 (0) (0)2

2 = Apyy Pab (1 — ePara)t _ Apyy Pay (1 — 2ty

A+ Ao 29

(4.72)

(4.73)

(4.74)
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A p(O) p(? Pz(;O) g A p(O) p(?,) Pz(;O)
_ APaaPap Poa (1 _ 2xty _ APaalab Pha (1 _ a+de)t 4.75
26 oy L) N, AT ); (4.75)
APz(;Z)Pz()O)P(? \ Ap(o)p(o)p(o)
— a Pab (1 _ (A1+X2)t bb Pab "ba 1— 2ot . 4.76
Z7 AL+ Ao (1-e 2Xo (1=e™) (4.76)
Hence substitution of Egs.(4.70) - (4.76) into Eq.(4.61) results in
(nama) = (S+1T), 4.77)
in which
N+ A(A+ kN
g N+ AA+~r >€(1 — 2ty (4.78)
21
and
N — kN
7= T REE g g2ty (4.79)
29
On account of Eq. (4.59) and (4.77), Eq.(4.56) takes the form
(@*2(1)a(t)) = U2 + V24 Y? 42UV +2UY +2VY + (S + T)2 (4.80)
On similar procedure
(B2)F%(t)) = 22 + 23 + 22 + 22120 + 221203 4 2m03 + (1 + 2)2, (4.81)
in which
o = (ﬁN—i—A—AE—nNa)(l_eQ/\lt)’ 4.82)

2M\
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oy — (kN + kNe¢) (1= e2et),
22

T = (/{M4—)\/{M€) V1 —e2ef(1 — Pty
1

To = (/@M4—)\/{M€) V1 —e2ef(1 — P2ty
2

KM .
w3 = ( SV = e2e(1 — eatialty,
A1+ A9

(4.83)

(4.84)

(4.85)

(4.86)

On the other hand, employing Eq.(4.44) and (4.45) along with the assumption that the cavity

radiation is initially in a two-mode vacuum state, we can write

(@*aB*B) = (Nanansns)-

(4.87)

We recall that 7, (¢) and 73 are Gaussian variables with vanishing means. Thus on the basis of

the relation (4.49), we get

(@ af*B) = (nana)(msns) + (Mans) (Manp) + (Manp)(Mans)-

Now with the help of Egs. (4.46) and (4.47), one can write

[—p pry 5M — piy) pie) 5 M| (1 hy

<77a77ﬂ> = 2\
N ok piy KM — pls) i) M| (1— ety
Mo
[—phe 26 — plg 2k + 2p%5) ol kM (M+A2)
AL+ A (e )
1 2

With the help of (3.105), (3.106),(3.107),(3.108) and (4.29) equation above gives,

(4.88)

(4.89)
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(kMe? — kM)

_ 2t
{atp) = —— 5 —— N (1—e)
(kMe* — kM) 2Xot (rMe?) (AM1+A2)
—(1 — 28 — — (1 — 1TA2)E). 4.90
+ 4 )9 ( € ) A1+ Ao ( © ) ( )

On the similar procedure

o) = EN A A0 eny ORI AT (4.91)

40 4
(e = (kN + A L\/lls + kNe¢) (1- 62)\1t) 4 (”vN4_)\:3N5)<1 _ 62,\215), (4.92)
(o) = (kN + A ;)fg — kNe¢) (1— 2Nty (/‘51\7:}51\75)(1 Pty (4.93)
We also note that
(M) = (1a715); (4.94)
(Mama) = (Mams)- (4.95)

In order to have a mathematical manageable let we use Egs. (4.90) - (4.95) at steady state,we

get

. —2Kk2N — kA+ KkNA — kAs — kNAe, —2k*N — kA + kNA — kAs + kNA 4+ kN Ae
(aaf*B) = 5 Il 5 ]
Kk? — KA K? — KA

+[4/£2MA —4k3M — KM A% + (—2k2M A + 2653 M + HMA2)62]2
(kA — K?)(A - 2k)

LENPALINIAL A | o

( S )(1 (4.96)

From Eq. (4.56) and (4.81), we obtain
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263M — 2k M A — 4K3Me + 4> M Ae + kM A? — kM A%e — 2/<;3MA]2
(kA — K2)(A — 2kK)
N —4k®N — 2kA — 2kAe + 26N A — 2/<;NA€]2

(0720?) = |

[ I€2 _ IiA 9 (497)
(5252 — [4K33M — 6k°M — 4> M A + 6k> M Ae + kM A* — KMA%]Q
(kA — K2)(A — 2kK)
N [—452N — 2kA + 2kAe + 25N A + QIQNAE]Q. (4.98)
K2 — KA

By substitution of Eq.(4.96), (4.97) and (4.98) in Eq.(4.43), we get

_ 2NA —4kN —2A
An? = (n)ss — ( A—r )2
n [2/13M — 262 M A — 43 Me + 4x*M Ae + kM A% — kM A%e — 2/131\414]2
(kA — K?)(A — 2kK)
n [—4/12N —2kA — 2rAc +2kNA — 2/-$NA5]2 . [—4,%2]\7 —2kA + 2rAc + 2N A + 2/§NA6]2
k2 — KA

K2 — KA

4k3M — 6k3Me — 4k* M A + 652 M Ae + kM A? — kM A%
* (kAK?)(A — 2k) ]

Ak2MA — 4k3M — kM A? + (—2x2°M A + 253 M + kM A?)e?
* (kA — k?)(A — 2kR) )

—2k2N — kA + kNA — kAe — kNAe ,—2k*N — kA + kAe + KNA + kN Ae
+ K2 — KA ) K2 — kA )
L ENA 22”2N AFRAT |y (4.99)

K4 — KA

We get the variance of a photon number by using Eq.(4.99),
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An?

Variance of photon number

+1 K2 — kA

16 N2kA — 4242 + 6N A2 — 16 N2Kk2 — 14NKkA + ANK2 + kA — 2A2
2k3 — 3K2A 4+ kA2

N 263M — 2k M A — 43 Me + 4> M Ae + kM A? — kM A%e — 2/<;3MA]2

[ (kA — K?)(A — 2k)

—4K?N — 2kA — 2kAc + 26N A — szAs]Q N [—452N —2kA + 2KkAe + 26N A + 2nNAs]2
k2 — kKA

453 M — 6K3Me — 4k M A + 6°M Ae + KM A? — /-@MA%]Q

+1 (A — 12)(A — 2r)
N 452 MA — 4k3M — kM A% + (=262 M A + 253 M + kM A?)e?

]2

[ (kA — k2)(A — 2kK)
—2k2N — kA + kNA — kAe — kNAe ., —2Kk2N — kA + kAe + kNA + kN Ae

( 2 _ kA ) K2 — KA )
KZN?A + 262N2A + 52 A2 2 240
1— )", :
( pa— )(1 = e?)e (4.100)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

epsilon

Fig. 4.4: Plots of the variance of photon number of the cavity a two-mode at steady state[Eq.(4.100)]

versus ¢ for k = 0.01,r = 1,0 = 0, and for different values of the linear gain coefficient,for A =

1(dash-dot curve), A = 2(solid curve) and A = 3(dashed curve).

we see from the figure that the variance of photon number increases with ¢ and linear gain

coefficient.
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4.3 Quantum Entanglement of the Cavity Modes

In this section, we wish to investigate the entanglement properties of two mode inside and
outside the cavity coupled to squeezed vacuum reservoir. It is known that a state of a system
p of a two modes @ and b is said to be entangled or not separable if it is not possible to

express in the form

p=>pipi' 5, (4.101)

where 5;(® and j;?) are assumed to be the normalized density operators of modes @ and b
respectively, with p; > 0 and ) . p; = 1. A maximally entangled continuous variable state can
be expressed as a co-eigen state of a pair of Einstein-Podolsky-Rosen (EPR)-type operators|
27] such as z, — 7 and p, + pp. Thus the total variance of this operators reduced to zero for
the maximally entangled continuous variable states. In addition, according to the criterion

set by Duan et al.[33] quantum states of the system claimed to be entangled.

In order to verify the entanglement of the cavity modes, we apply the criteria presented in
[30]. According to this section, the quantum state of a system is said to be entangled if the
sum of the quantum fluctuations of the two Einstain- Podolsky- Rosen(EPR)-like operator ©

and U of the two modes satisfies the inequality

Av? + AU? < 2, (4.102)

where
U =2, — &, (4.103)
0 = Pa + Do, (4.104)

with



4.3 Quantum Entanglement of the Cavity Modes

52

Fo = %(a—%aff), iy = %(M— bh),pe = %(cﬂ —a) and pp = %(bT —b).

are the quadrature for the two modes of the cavity. But

~\ 2

AU? = (U%) - (U)
= (&0 — &)%) = (#a — &)

= (22%) + (@) — ({@azs) + (@32a) — [{Za)” + (20)" = ((zas) + (z0a))],

AU = 1+ f{a?) +{at?) + (02) + (61%) + 2{aa) + 2(60)

— ({ab) + (ba) + (ab) + (bTa) + (ab) + (ba’) + (aTbT) + (bTal))].

Following the same steps, one can readily find

Av? = (07) — (v)?
= ((Pa +Pb)%) — (Ba + Pb)*

= (p2) + (P}) + (Papv) + (Popa) — [(pa) + (6)” + (Pa) (Pv) + (po) (pa)],

Av?=1- %[W) +(a2) + (572) + (B2) — 2(ala) — 2(b')

— (a’b) — (a'b) — (abl) + (ab) + (BTa') — (bTa) — (bal) + (ba’].
Upon adding Eqgs.(4.107) and (4.108), we get
AU? + Av? =2+ 2(a'a) + 2(b'b) — (ab) — (ba) — (bal).

The c- number equations corresponding to Eq. (4.109), can be written as

AU? + Av? = 2 4+ 2(a*a) 4+ 2(B*B) — (af) — (Ba) — (B a*).

(4.105)

(4.106)

(4.107)

(4.108)

(4.109)

(4.110)

On account of Egs. (4.17), (4.18),(4.19), (4.20),(4.21) and its complex conjugates, Eq.(4.110)

gives,
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2k + 4N — 2N A
k—A
4K2M — dkMA + M A? + (8x2M — M A?)ée?
4Kk2 — 6k A + 2k A2

AU? + Av? =

_1 ). (4.111)

This is the variance of the sum of EPR-operators for two-mode v laser coupled to squeezed

vacuum reservoir.

AUZ + Ap?

Fig. 4.5: Plots of variance of the sum of EPR-operators [Eq.(4.111)] versus epsilonfor = 0,x = 0.1,r =
0.8,, and different values of the linear gain coefficient,for A = 2(dash-dot curve), A = 3(solid

curve) and A = 5(dotted curve).

Fig(4.5) shows that the variance of the sum of the EPR-operators is increasing with linear

gain coefficient.
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1.8 ‘

r=0.8
1.7+ —_—r=0.81| |
16+ ==er=0.82|

AU? + A2

Fig. 4.6: Plots of variance of the sum of EPR-operators [Eq.(4.111)] versus epsilon for§ = 0,x = 0.1, A =
2, and different values of squeeze parameter,for r = 0.8(dashed curve), r = 0.81(solid curve) and

r = 0.82(dotted curve).

As we see from the figure the entanglement of the cavity increases with squeeze parameter(r).

consider the case in which the cavity mode is coupled to vacuum reservoir, upon setting

r = 0in Eq.(4.111) we get,

2
AU? + A2 = 2 4.112)
k—A

Eq.(4.112), represents the variance of the sum of the EPR-operators of the cavity coupled to

vacuum reservoir.



Conclusions

In this thesis, we have studied quantum dynamics of light produced by two-mode v laser
coupled to squeezed vacuum reservoir. We first obtained the master equation for the system
under consideration. Using this master equation, we obtained c-number Langevin equation
associated with the normal ordering and the correlation properties of the noise forces. Apply-
ing this equations, we have calculated the quadrature variance, the mean photon number, the
variance of photon number and the entanglement of the cavity modes. Our results showed
that the light produced by the system under consideration is in squeezed state and the degree
of squeezing increases with squeeze parameter(r) and decreases with linear gain coefficient.
Furthermore, we have also obtained that the mean and variance of photon number increases
with linear gain coefficient. On the other hand, we have calculated the variance of the sum of
EPR-operators with the aid of the solutions of c-number Langevin equation and Duan et al.
criteria. The results showed that the entanglement of the cavity mode increases with squeeze

parameter(r) and decreases with linear gain coefficient.
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