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Abstract

In this Ph.D. dissertation, we have studied quantum features in an electro-optomechanical system

with an optical parametric amplifier, coherent feedback and two-level atoms. We investigated the

quantum correlation in an electro-optomechanical system enhanced by an optical parametric

amplifier (OPA) and Coulomb-type interaction. Logarithmic negativity, steerability, and quantum

discord were used to quantify quantum correlations between mechanical modes. The results show

that increasing the nonlinear gain values of the OPA, the phase of the OPA, Coulomb coupling

strength, and driven laser power increased the quantum correlations between mechanical modes.

However, quantum correlations decrease rapidly with increasing temperature as a result of

decoherence. We examined quantum entanglement between mechanical modes assisted by an

optical parametric amplifier and a coherent feedback loop. We used logarithmic negativity to

quantify steady-state entanglement. The findings reveal that the presence of OPA, coherent

feedback, robust Coulomb strength, and increased driving laser power improved quantum

entanglement between mechanical modes. Finally, we examined quantum coherence in a hybrid

electro-optomechanical system. We quantified Gaussian quantum coherence, using a covariance

matrix and steady-state mean value. The results suggest that the presence of coherent feedback,

the OPA, atomic ensembles, and strong laser power enhanced quantum coherence. In contrast,

increasing atomic decay rates and environmental temperature diminish quantum coherence.

These hybrid electro-optomechanical systems provide promising platforms for the realization of

continuous variable quantum information processing.
Keywords: Quantum features, Quantum coherence, Coherent feedback loop, Optical parametric

amplifier, Atomic ensembles, Electro-optomechanical system.
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1

INTRODUCTION

1.1 Background of the Study

In recent years, significant progress has been made in formalizing quantum mechanics based on
quantum correlations. These quantum correlations between quantum systems are fundamental
to quantum mechanics and applications in quantum information processing, including commu-
nication, computing, and metrology (Krenn et al., 2016; Hirvensalo, 2013; Giovannetti et al.,
2011). In the realm of quantum mechanics, there exist various quantum correlations with distinct
characteristics such as Bell non-locality (Poderini et al., 2022), quantum steering (Kogias et al.,
2015), quantum entanglement (Duan et al., 2000), and quantum discord (Adesso and Datta, 2010).
Following this, quantum correlations in composite systems lie at the heart of the experimentally
verified violation of Bell inequalities (Poderini et al., 2022). A nonlocal state, characterized
by its violation of the Bell inequality as demonstrated in Bell-type experiments, is a quantum
state that exhibits correlations that cannot be explained by classical theories. In the specific case
of pure states, entanglement is a necessary and sufficient condition for nonlocality. So far, the
general notion of quantum correlations in mixed states boasts novel features that have played
a central role in quantum information processing and communication, such as entanglement
(inseparable state), one of the non-local correlations (Horodecki et al., 2009). Specifically,
quantum entanglement is a crucial element of quantum information processing, incorporating
the non-classical features of multipartite quantum systems (Amazioug et al., 2023). It has been
used as an indispensable resource in various tasks of quantum information processing, including
quantum teleportation (Vaidman, 1994), dense coding (Mattle et al., 1996), cryptography (Gisin
et al., 2002), repeaters (Briegel et al., 1998), and memories (Liu et al., 2001).

In modern quantum information theory, it is generally understood that there exists an asym-
metric form of nonclassical correlation that occupies an intermediate position between Bell
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non-locality and entanglement, known as quantum steering (Horodecki et al., 2009). This quan-
tum phenomenon allows one party to remotely influence the state of another party by exploiting
shared entanglement (Kogias et al., 2015). This intriguing concept was notably discussed by
Schrödinger (Schrödinger, 1935) and previously acknowledged by Einstein, Podolsky, and
Rosen (EPR) in their renowned 1935 paper (Einstein et al., 1935), forming a crucial part of
the well-known EPR paradox (Reid et al., 2009). Both theoretical and experimental research
has revealed that quantum steering observation serves as a crucial resource in different basic
applications, such as the one-sided device-independent quantum key distribution (QKD) (Gisin
et al., 2002), randomness generation (Law et al., 2014), quantum teleportation (Reid, 2013), and
subchannel discrimination (SCD) (Piani and Watrous, 2015).

On the other hand, separable states which are not entangled can still exhibit nonzero quantum
correlations. To quantify these quantum correlations beyond entanglement, Oliver and Zurek
introduced the concept of quantum discord (Ollivier and Zurek, 2001). Quantum discord
measures the amount of quantum correlations between two subsystems of a quantum system,
providing a more comprehensive understanding of quantum correlations. As a result, this type of
quantum discord aims to capture all the quantum correlations in a bipartite state. Specifically,
quantum discord can be applied to a wide variety of states, including squeezed thermal states
(Adesso and Datta, 2010), and is more resistant to decoherence than entanglement, making it
suitable for quantifying quantumness in multiparty systems (Galve et al., 2011).

Quantum coherence arising from quantum superposition plays a central role in quantum
mechanics. It is a common and necessary condition for both entanglement and other types of
quantum correlations, and it is also an important physical resource in quantum computation and
quantum information processing, metrology, and biological systems (Xi et al., 2015; Ghobadi
et al., 2014; Ma et al., 2016; Reed et al., 2017; Tesfahannes et al., 2024; Uola et al., 2020;
Demkowicz-Dobrzański and Maccone, 2014; Lostaglio et al., 2015; Collini et al., 2010). In
recent years, there has been an increasing demand for the quantification and examination of
quantum coherence in scientific research (Girolami, 2014; Baek et al., 2020; Cimini et al., 2019;
Yu et al., 2020; Baumgratz et al., 2014; Napoli et al., 2016). In particular, (Baumgratz et al.,
2014) introduced a comprehensive framework for quantifying quantum coherence, while (Napoli
et al., 2016) highlighted the resilience and practical utility of coherence as an observable metric.

Cavity optomechanics has emerged as an important multidisciplinary area at the interface
of quantum optics and nanophysics (Kippenberg and Vahala, 2008, 2007), attracting consider-
able attention for its implementation in various systems, including representative whispering
gallery microcavities (Zhu et al., 2023), Fabry-Pérot cavities (Arcizet et al., 2006) and optical
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microwave cavities (Kippenberg et al., 2005). In optomechanical systems, light fields interact
with mechanical resonators through radiation pressure (Aspelmeyer et al., 2010). In these sys-
tems, the quantum information stored in the optical and mechanical modes is often defined by
employing continuous variable (CV) states, usually known as Gaussian states (Vitali et al., 2007a;
Amazioug et al., 2018a). This system provides a promising platform for generating quantum
states of macroscopic objects and several interesting applications in quantum information and
processing, such as quantum entangled states (Teklu et al., 2018), cooling the mechanical mode
to their quantum ground states (Chan et al., 2011), photon blockade (Amazioug et al., 2022),
generating mechanical quantum superposition states (Liao and Tian, 2016), enhancing precision
measurements (Xiong et al., 2017), gravitational wave detectors (Braginsky and Vyatchanin,
2002) and optomechanically induced transparency (Weis et al., 2010; Tesfahannes, 2021) have
been studied.

In addition, the quantification of quantum correlations in continuous-variable state optome-
chanical systems plays a crucial role in applications of quantum information processing (Vitali
et al., 2007a). Several researchers have studied the quantum correlation between optical and me-
chanical modes in optomechanical systems (Amazioug et al., 2018b; Aoune and Habiballah, 2022;
Bougouffa et al., 2022; Singh and Ooi, 2014; Eshete, 2022). Particularly,(Amazioug et al., 2020a)
have been investigated the transfer of quantum correlations from Einstein–Podolsky–Rosen (EPR)
entangled squeezed light to movable mirrors. (Amazioug et al., 2018a) have studied quantum
entanglement, EPR steering, and Gaussian geometric discord in a double-cavity optomechanical
system. The generation of entanglement in macroscopic systems has garnered more attention
(Tesfahannes, 2020). In line with this, mechanical resonators at mesoscopic sizes are emerg-
ing as viable tools for studying quantum properties (Zhang et al., 2016; Yang et al., 2017;
Pinard et al., 2005). As a result, various methods for creating entanglement in macroscopic
systems through radiation pressure coupling in optomechanical systems have been extensively
investigated (Tesfahannes and Getahune, 2020; Zhou et al., 2011; Ge et al., 2013; Joshi et al.,
2012). In addition, numerous researchers have presented schemes that emphasize the creation of
mechanical-mechanical entanglements (Bai et al., 2021; Sohail et al., 2020; Zhang et al., 2003).

Some interesting phenomena occur when an optical parametric amplifier (OPA) is introduced
into an optomechanical cavity, such as the generation of entangled and squeezed states of light
(He and Li, 2007; Eckstein et al., 2011; Zhai et al., 2023; Wu et al., 1986), improve mechanical
cooling (Huang and Agarwal, 2009), generate strong mechanical squeezing (Agarwal and Huang,
2016), and enhance the degree of precision of optomechanical position detection (Peano et al.,
2015). Notably, the OPA serves as a non-linear device for laser frequency conversion, amplifying
the intensity of the signal light through a nonlinear crystal. The ground-state cooling of a
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macroscopic mechanical oscillator for quantum manipulation of the mirror by a degenerate
optical parametric amplifier has been examined by (Huang and Chen, 2018). In addition, (Hu
et al., 2018) examined the two-fold mechanical squeeze in a cavity optomechanical system that
involves an OPA driven by a periodically modulated laser field. Later, when an optical parametric
amplifier is introduced into electro-optomechanical systems, several fascinating phenomena
occur (Bai et al., 2017; Pan et al., 2022; Wang et al., 2018). Specifically,(Pan et al., 2022)
investigated entanglement assisted by a distant electro-optomechanical system with two optical
parametric amplifiers. Recently, Pan investigated entanglement using an electro-optical hybrid
system with an optical parametric amplifier and Coulomb force interactions (Pan et al., 2023).
They proposed that the presence of two charged oscillators enhances both entanglement and
output squeezing within the electro-optical hybrid system.

Furthermore, the incorporation of an atomic ensemble into an optomechanical cavity has the
potential to generate intriguing phenomena (Zhai and Guo, 2022; Singh et al., 2021; Liu et al.,
2022). For example, cooling the ground state of a micromechanical system through a two-level
atomic system (Liu et al., 2022) and two-level atoms effectively enhancing the radiation pressure
of the optical cavity field (Ma and Zhou, 2012) has been extensively studied on the basis of atom-
assisted hybrid optomechanical systems. Quantum coherence in a hybrid Laguerre-Gaussian
rotating cavity optomechanical system with a two-level atom was investigated by (Singh et al.,
2021). Furthermore, (Zhai and Guo, 2022) examined quantum coherence in a hybrid system with
an atomic ensemble trapped in a cavity coupled with a typical cavity optomechanical system.

Coherent feedback has received a lot of interest in quantum information processing and
quantum optics. Coherent feedback, a highly regarded feedback mechanism (Lloyd, 2000),
enables a system to be controlled by coherently feeding its output back into its input via
another controlling system while avoiding the impact of measurements. This concept was first
introduced by Lloyd (Lloyd, 2000), followed by the systematic exploration of coherent feedback
by Wiseman and colleagues in the context of optical systems, using a more comprehensive and
generalized model (Wiseman and Milburn, 1994a). It has attracted much attention due to its wide
applications in quantum information processing, such as ground state cooling (Huang and Chen,
2019), enhancement of normal mode splitting (Li et al., 2023), quantum state transfer (Harwood
et al., 2021), quantum steering (Asjad et al., 2016), enhancement of entanglement (Li et al.,
2017), and correction of quantum errors (Kerckhoff et al., 2010). Despite this broad spectrum
of possibilities, there have been surprisingly few experiments exploring coherent feedback in
optomechanics (Schmid et al., 2022; Kerckhoff et al., 2013). Therefore, the integration of
coherent feedback, an optical parametric amplifier, and an ensemble of two-level atoms within
an electro-optomechanical system remains a topic of active research. In this research, we
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consider a hybrid system that consists of an optical cavity, a coherent feedback loop, two charged
mechanical oscillators, an optical parametric amplifier (OPA), and an ensemble of two-level
atoms inside the cavity.

1.2 Statement of the Problem

Cavity optomechanical systems have emerged as powerful platforms for studying quantum
phenomena at the mesoscopic scale. In the past decade, significant theoretical and experimental
attention has been devoted to optomechanical systems. It offers a platform for achieving
coherent quantum control over massive objects, creating non-classical states, reducing quantum
noise, maintaining coherence, and exploring the boundary between classical and quantum
realms. Furthermore, the interaction between light fields and mechanical resonators through
radiation pressure in optomechanical systems gives rise to a rich variety of quantum effects,
including quantum entanglement, quantum steering, quantum discord, and quantum coherence.
Several researchers have studied the quantum correlation between optical and mechanical
modes in optomechanical systems. In addition, many schemes have been proposed to improve
entanglement in electro-optomechanical systems via optical parametric amplifier and transfer
quantum states between subsystems. However, to the best of our knowledge, the measurement
of quantum correlations in a hybrid electro-optomechanical system has not been addressed.
Furthermore, coherent feedback control has emerged as a powerful tool for manipulating and
optimizing the behavior of optomechanical systems. Currently, some research has focused on
the impact of coherent feedback control in the area of optomechanical systems. In addition,
the influence of coherent feedback on quantum entanglement in optomechanical systems has
been explored. Nevertheless, the enhancement of quantum entanglement between the two
mechanical modes in an electro-optomechanical system through coherent feedback and optical
parametric amplifier has not been explored. Furthermore, the inclusion of an atomic ensemble
into an optomechanical cavity could lead to the emergence of fascinating quantum phenomena,
including quantum entanglement, quantum steering, quantum discord, and quantum coherence.
Moreover, various schemes have recently been proposed to quantify macroscopic quantum
coherence in optomechanical systems. However, the quantification of quantum coherence in an
electro-optomechanical system with coherent feedback, an optical parametric amplifier, and an
atomic ensemble has not been investigated.
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1.3 Objectives of the Study

1.3.1 General Objective

The general objective of this dissertation is to investigate quantum features in an electro-
optomechanical system with an optical parametric amplifier, coherent feedback and two-level
atoms.

1.3.2 Specific Objectives

The specific objectives of this dissertation are to:-

• analyze quantum correlation in an electro-optomechanical system enhanced by an optical
parametric amplifier and Columb interaction type

• examine macroscopic entanglement in an electro-optomechanical system through a coher-
ent feedback loop

• determine quantum coherence in a hybrid electro-optomechanical system via coherent
feedback loop

1.4 Significance of the Study

This study investigates the enhancement of quantum features in a hybrid electro-optomechanical
system, exploring the effects of parameters such as the nonlinear gain of the OPA, Coulomb
coupling strength, phase of the optical field phase, reflection coefficient, atomic collective
coupling strengths, and environmental temperature on quantum entanglement, quantum steering,
quantum discord, and quantum coherence. The findings provide valuable insights into how these
various factors affect quantum properties. This research contributes to advancement in quantum
technologies such as quantum metrology, cryptography, teleportation, and computation. It plays
a crucial role in bridging the gap between theoretical concepts and practical applications in
quantum information processing. Consequently, the results will provide valuable guidance to
researchers and establish a foundation for future studies, with broad potential applications in
quantum information processing, sensing, and metrology.

1.5 Scope of the Study

This study focuses on quantifying various quantum features within a hybrid electro-optomechanic
al system. We employ many approaches to quantify quantum properties, such as entanglement,
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quantum steering, quantum discord, and quantum coherence. In particular, logarithmic negativity
is employed to quantify quantum entanglement, while quantum discord serves as a measure of
quantum correlation between the two mechanical oscillators. Furthermore, quantum steering is
assessed to determine the steerability between mechanical oscillators. Lastly, Gaussian quantum
coherence is evaluated using the covariance matrix and steady-state mean values.

The research presented in this dissertation is structured as follows: In chapter one, the
background, the statement of the problem, the objectives, the significance of the study, and
the scope of the study are discussed. In chapter two, the interaction between radiation and
atoms, the dynamics of the quantum system, the development of an optomechanics system,
recent advances in electro-optomechanical systems, the principle of optical parametric amplifier,
basic concepts of the coherent feedback mechanisms, the radiation-pressure and optomechanical
coupling, and basic optomechanics tools and approaches. Finally, the quantification of quantum
features including entanglement, quantum steering, quantum discord, and quantum coherence
were discussed in detail.

In chapter three, materials and procedures are described. In the first part, various optical
components and software are widely utilized in research. In the second part, the methodologies
employed in this study are briefly discussed. The third section of chapter three explores quantum
correlations, including entanglement, steering, and discord between two mechanical modes.
The fourth section of chapter three delves deeply into mechanical entanglement in an electro-
optomechanical system. Finally, the last section of chapter three addresses quantum coherence
in hybrid electro-optomechanical systems.

In chapter four, we present the results and discussion of the dissertation. The first and second
sections of chapter four explore the impact of the non-linear gain of the optical parametric ampli-
fier, the phase of the optical field driving the OPA, Coulomb coupling strength, environmental
temperature, and driven laser power on the quantum correlations and entanglement between
mechanical oscillators, as demonstrated by simulation results, respectively. Finally, the last
section examines how various parameters, including the nonlinear gain of the OPA, reflection
coefficient, atomic decay rate, atomic coupling, driving laser power, and ambient temperature,
affect quantum coherence utilizing numerical simulation results.

Finally, chapter five presents the conclusions drawn from the investigation, offers recommen-
dations based on the findings, and provides directions for future work.
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2

LITERATURE REVIEW

In this chapter, the interaction between radiation and atom, the dynamics of the quantum system,
the development of an optomechanical system, radiation pressure and optomechanical coupling,
recent advances in electro-optomechanical systems, the principles of optical parametric amplifier,
coherent feedback mechanisms, and basic optomechanics tools and approaches are discussed.
Finally, quantification of quantum features that include entanglement, quantum steering, quantum
discord, and quantum coherence is also widely discussed.

2.1 Atom-field interaction

The interaction between radiation and atoms is one of the central problems in the field of quantum
optics. The coupling of a single two-level atom to a single-mode optical field is the basic model
that shows the essential component of this interaction (Priyesh and Ramesh, 2014). This model
has become very important and widely used in condensed matter physics and quantum optics,
helping researchers to understand the complex nature of atom-photon interactions and providing
crucial insights into the basic concepts of these systems. There are three main approaches to
describe how atoms interact with electromagnetic fields: classical, semiclassical, and quantum
mechanical. In the classical approach, both the electromagnetic field and atoms are treated
classically. In the semi-classical approach, the field is treated classically while atoms are treated
quantum mechanically. In quantum mechanics, both atoms and light are quantized (Scully and
Zubairy, 1997). In quantum mechanical treatment, the interaction between an atom and a field is
explained by the idea of photons, which are discrete energy units of electromagnetic radiation.

The Jaynes-Cummings model (JCM) is a key principle in quantum optics. It describes the
interaction between a single two-level atom and a single mode of the quantized electromagnetic
field confined within an optical cavity (Priyesh and Ramesh, 2014). A single-mode electric field
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in free space is given by (Gerry and Knight, 2023)

Ê(r, t) = i

√
ℏωc

2ϵoV

[
âei(k.r−ωt) − â†e−i(k.r−ωt)

]
û, (2.1)

where k is the wave vector of the radiation, ϵo is the permittivity of free space, ωc is the cavity
frequency, V indicates the volume of the cavity, â(â†)is the annihilation(creation) cavity operator
and û is the unit vector. The spatial variation of the field is negligible in the atomic extension.
Considering that r has typical atomic dimensions (few angstroms), the size of the atom is
much smaller than the wavelength of the laser field (k.r ≪ 1). Therefore, the electric field is
spatially uniform across the atom and can be expressed as Ê(r, t) = Ê(t). This approximation
is commonly referred to as the dipole approximation, which is a widely recognized concept in
the field. On account of this condition, Eq.(2.1) can be written in this manner

Ê(t) = i

√
ℏωc

2ϵoV

[
âe−iωt − â†eiωt

]
û. (2.2)

Consider a two-level atom with the upper- and lower-energy eigenstates denoted by |a⟩ and |b⟩,
respectively. Assume that the only possible allowable transition from |a⟩ to |b⟩. We assume
that these eigenstates form a complete set so that, I =

∑
α |α⟩⟨α|, where α = a, b. In standard

notation, we denote the raising and lowering atomic, and energy operators are

σ̂+ = |a⟩⟨b|, σ̂− = |b⟩⟨a|, (2.3)

and
σ̂z = |a⟩⟨a| − |b⟩⟨b|. (2.4)

It is worth mentioning that the atomic operators satisfy the commutation relations

[σ̂z, σ̂±] = ±2σ̂±, (2.5)

and
[σ̂+, σ̂−] = σ̂z. (2.6)

Upon taking the atomic states to be complete and orthonormal, the free Hamiltonian of the atom
is given by (Tesfa, 2021)

ĤA =
1

2
ℏωoσ̂z, (2.7)

where ωo is atomic transition frequency.
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The free Hamiltonian of the cavity field is (Tesfa, 2021)

ĤF = ℏωcâ
†â. (2.8)

Employing Eq.(2.2), the interaction Hamiltonian is defined as

ĤI = −er̂(t).Ê(t). (2.9)

Eq.(2.9), if the electric dipole interacts with the electric field. Substituting Eq.(2.2) into Eq.(2.9),
finally expressed as

ĤI = ie

√
ℏωc

2ϵoV

[
âe−iωt − â†eiωt

]
r̂.û. (2.10)

Furthermore, applying twice the identity operator, the position operator r̂ can be written as

r̂(t) =
∑
α

∑
β

rαβ(t)|α⟩⟨β|, (2.11)

where rαβ(t) = ⟨α|r̂(t)|β⟩. Eq.(2.11) can be put in this form

r̂(t) = raaσ̂aa + rbbσ̂bb + rabσ̂+ + rbaσ̂−. (2.12)

The position operator r̂(t) for the atomic electron in the absence of interaction. The equation of
evolution of the position operator can be written as

iℏ
dr̂

dt
= [r̂, ĤA], (2.13)

Inserting Eq.(2.7) into Eq.(2.13), we easily get the solution of the position operator as

r̂(t) = raaσ̂aa + rbbσ̂bb + rabσ̂+e
iωot + rbaσ̂−e

−iωot, (2.14)

suppose raa = rbb = 0, and rab = rba. Thus, Eq.(2.14) can be written as

r̂(t) = rab(σ̂+e
iωot + σ̂−e

−iωot). (2.15)

Inserting Eq.(2.15) into Eq.(2.10), then the interaction Hamiltonian contains the exponentials
e±(ω+ωo)t are rapidly varying functions of time. By neglecting rapid terms comparison with the
slowly e±(ω−ωo)t varying functions time using the rotating wave approximation. Finally, the
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interaction Hamiltonian at resonance can be written as (Kassahun, 2014)

ĤI = iℏga(âσ̂+ − â†σ̂−), (2.16)

in which ga =
√

ωc

2ϵoV
dab.u is the coupling constant between the atom and radiation and

dab = erab is the electric dipole matrix element.

2.2 Closed and open quantum systems

Quantum systems have been used as the foundation for several novel technologies in quantum
information processing, quantum computing, quantum communication, and quantum sensing
(Nielsen and Chuang, 2010). Thus, quantum systems are classified into two parts: closed
and open quantum systems. A closed quantum system is a fundamental concept in quantum
mechanics that has attracted a lot of attention in the physics community. The study of closed
quantum systems examines the behavior of isolated quantum systems (Breuer and Petruccione,
2002). In this context, the evolution of the system is assumed to be unitary and hence is described
by the Schrödinger equation. Moreover, quantum mechanics provides a theoretical framework
for understanding the behavior of microscopic particles in closed systems, such as atoms and
photons.

In contrast, open quantum systems (OQS) interact with their environment, leading to deco-
herence and dissipation. The Markov approximation simplifies this interaction by assuming an
environment that quickly returns to equilibrium, resulting in a continuous information flow from
the system to the environment. However, this approximation is limited by the requirement of
distinct system and environment timescales. To overcome these limitations, Vega and Alonso
outlined advanced methods for a more detailed analysis of OQS dynamics (De Vega and Alonso,
2017). In particular, the specific approach to studying an OQS varies considerably between
different fields. For example, quantum optics (Cohen and Tannoudji, 1992) utilizes distinct
methodologies compared to condensed matter physics or open systems related to chemical
physics (Leggett et al., 1987).

Several mathematical frameworks have been devised to represent these systems. Specifically,
for atomic, molecular, and optical (AMO) systems, these frameworks offer a precise portrayal of
the open quantum system at the microscopic level. In recent times, the use of AMO systems,
encompassing cold atomic and molecular gases as well as trapped ions, has gained significant
traction in the field of many-body physics (Daley, 2014; Nielsen and Chuang, 2010). There has
been significant renewed interest in the study of open many-body systems, mostly encouraged by
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advances in quantum information science (Nielsen and Chuang, 2010). Furthermore, the idea of
open systems is especially important for studying quantum phenomena such as quantum discord,
squeezing, quantum coherence, entanglement, and quantum steering in cavity optomechanics
and magnon mechanics (Aolita et al., 2015).

2.3 Development of cavity optomechanics

Cavity optomechanics is a field of physics that studies the interaction of light with mechanical
systems at small energy scales. It has emerged as a field that combines quantum optics and
nanophysics. An example of cavity optomechanics is a Fabry-Pérot cavity, which consists
of one mirror that is fixed and the other is a movable mirror, as illustrated in Fig. (2.1). In
this setup, the displacement of the moving mirror alters the resonance frequency of the cavity,
resulting in a radiation pressure force on the moving mirror created by the light within the
cavity. The frequency of the cavity mode is determined by the mechanical displacement x̂
and can be represented as ωc(x̂). It is a recently developed field that explores and exploits the
radiation-pressure coupling between the cavity mode and the mechanical degrees of freedom
(Aspelmeyer et al., 2010; Marquardt and Girvin, 2009).

Several of the techniques employed in cavity optomechanics are already in use in gravitational
wave detectors, which require the measurement of mirror displacements (Caves, 1980; Braginsky
et al., 1977). Although these detectors do not specifically target quantum effects, they face
analogous challenges and employ similar techniques to enhance precision. The objective of
this field is to observe the quantum mechanical behavior of macroscopic systems through the
advanced fabrication of high-quality mechanical resonators (Meystre, 2013). The basic concepts
that are important when measuring mechanical systems with high accuracy and/or at very low
temperatures, such as thermal and quantum noise, linear response theory, and back action, are
explained. The quantum limit on linear position detection is obtained and the sensitivities that
have been achieved in recent opto- and electromechanical experiments are compared to this
limit (Midolo et al., 2018). The following may contribute to strong coupling in the quantum
regime, with applications in metrology, sensing, quantum information processing, and testing
fundamental physics laws (DiVincenzo, 2000). Although these studies have focused mainly on
the interaction between electromagnetic radiation and individual mechanical resonators, there is
a growing interest in the theoretical and practical study of multi-element optomechanical systems
(Dantan et al., 2008; Karuza et al., 2013).
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Figure 2.1: Sketch of Fabry Perot cavity. A laser-driven optical cavity connects to a mechanical
mirror via radiation pressure (Aspelmeyer et al., 2010).

2.4 Radiation pressure and optomechanical coupling

Radiation pressure forces between light and matter occur due to momentum transfers between
photons and the movable mirror, in which the momentum alter indicates that light creates a
force on the mirror (Aspelmeyer et al., 2014). The effect of radiation pressure was first seen
in comet dust tails centuries before scientists could directly quantify it. Johannes Kepler first
observed this phenomenon in the 17th century, and it has since grown to be a fundamental aspect
of our understanding of how light interacts with matter (Kepler, 1963). Maxwell predicted that
electromagnetic fields could apply force on objects. In the twentieth century, this prediction
was tested by experiments conducted that same year by (Nichols and Hull, 1901) and (Lebedev,
1901). Later, Einstein determined the statistics of the fluctuations in radiation pressure acting on
a moving mirror (Einstein, 1909). This analysis included the frictional effects of the radiation
force, and it allowed him to reveal the dual wave-particle nature of black-body radiation. Af-
terward,(Frisch, 1933) and (Beth, 1936) proved the linear and angular momentum transfer of
photons to atoms and macroscopic objects, respectively.

Later, in the 1960s and 1970s, Braginsky and co-workers examined radiation pressure
phenomena in gravitation using gravitational wave antennas. Braginsky considered the dynamical
influence of the radiation pressure on a harmonically suspended end mirror of a cavity. His
analysis revealed that the retarded nature of the force, due to the finite lifetime of the cavity,
provides damping or anti-damping of mechanical motion, two effects that he was able to
demonstrate in pioneering experiments using a microwave cavity (Braginsky, 1967; Braginskiı̌
et al., 1970). Furthermore, Braginsky discussed the basic effect of radiation pressure force and
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quantum fluctuations to precisely estimate the location of an oscillating mirror (Braginsky et al.,
1978). In addition, (Caves, 1980) addressed the quantum noise effect and its significance. These
works acknowledge the basic quantum limit for continuous position detection, which is crucial
in gravitational wave detectors such as the well-known Laser Interferometer Gravitational-wave
Observatory.

The simplest form of radiation pressure coupling is momentum transfer due to reflection
that occurs in a Fabry-Perot cavity, as shown in Fig.(2.2). Consider the momentum arriving
at the surface of a mechanical oscillator. Its impact on the mechanical oscillator will cause a
momentum kick and start its oscillation. Therefore, the momentum change of the mirror would
be twice the momentum of a single photon, such as ∆P = 2ℏk, where k = 2π/λ is the wave
number of the light. The radiation pressure force is given by (Aspelmeyer et al., 2014)

⟨F̂ ⟩ = 2ℏk
⟨â†â⟩
τc

=
ℏωc

L
⟨â†â⟩ = go⟨â†â⟩, (2.17)

where τc = 2L/c denotes the cavity round trip time. The parameter go is the optomechanical
coupling or describes the change in the resonance frequency of the cavity with position.

Figure 2.2: Fabry-Perot cavity driven by ωL and with one movable mirror and one fixed end
adopted from (Marquardt and Girvin, 2009).

Numerous quantum features of optomechanical systems have been explored both theoretically
and experimentally. These include the squeeze of light (Mancini and Tombesi, 1994), the
quantum nondemolition (QND) measurements of intense light (Jacobs et al., 1994), entangled
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photon pairs creation (Giovannetti et al., 2001), entanglement between mechanical mode and
light (Vitali et al., 2007a), the quantum-state transfer from the light field to the mechanical
oscillator (Zhang et al., 2003), feedback cooling of the mechanical motion (Mancini et al., 1998)
(which was experimentally realized (Cohadon et al., 1999) and superposition of states (Marshall
et al., 2003).

2.5 Recent advances in electro-optomechanical system

Recent advances in micro and nanotechnology, as well as quantum information technology
(O’brien et al., 2009; Slussarenko and Pryde, 2019), have enabled researchers to manipulate
photons (Sato et al., 2012), electrons (Sazonova et al., 2004), and even phonons at the single
quantum level (Mathew et al., 2020). In recent decades, micro/nanotechnology has also promoted
the rapid development of microelectromechanical systems (MEMS), where the interaction
between mechanical and electrical degrees of freedom has been widely studied (Xu et al., 2021).
The MEMS area has increasingly been transferred into the realm of nano-electromechanical
systems (NOEMS) as device sizes continue to reduce. A nano-electromechanical system is
defined as systems with dimensions in the nanometer range. With these concepts and technologies
inherent to NOEMS, researchers can develop advanced functionalities such as high-speed, low-
power consumption switches, and high-efficiency microwave-to-optical conversion devices.

In recent years, amazing breakthroughs have been made in the field of nanophotonics, with
nanoelectro-optomechanical systems emerging as novel platforms for exploring optical, mechan-
ical and electrical degrees of freedom (Ma et al., 2024). These systems integrate mechanical,
electrical, and optical aspects, opening novel possibilities for manipulating information in the
quantum domain. Furthermore, the electro-optomechanical system holds promise for the de-
velopment of hybrid quantum systems. By combining the principles of quantum optics and
nano-electromechanical systems, researchers aim to create systems where both optical and me-
chanical degrees of freedom can exhibit quantum behavior (Schleich et al., 2016). This has the
potential to revolutionize quantum computing, quantum communication, and quantum sensing
(Aspelmeyer et al., 2014).

Many researchers have attempted to study electro-optomechanical systems using a variety
of approaches, leading to a deep and diversified understanding of their features and potential
applications (Wang et al., 2018; Bai et al., 2017; Pan et al., 2022, 2023; Zhang et al., 2012; Ma
et al., 2014). Specifically, (Bai et al., 2017) proposed a scheme to show that a system consisting of
two separated macroscopic oscillators in space that are coupled through the Coulomb interaction
displays classical-to-quantum transition behavior under the action of the optomechanical coupling
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interaction. The optical parametric amplifier plays a very significant role in the interaction
of cavity optomechanics, and the possibility to enhance the radiation pressure in the sum
sideband in an optomechanical system containing an OPA has been developed to perform
quantum applications (Li and Huang, 2019). Most recently, (Pan et al., 2023) investigated the
entanglement phenomena, assisted through an electro-optical hybrid system with an optical
parametric amplifier and a Coulomb force interaction, and suggested that the two charged
oscillators improved entanglement and output squeezing in an electro-optical hybrid system.

2.6 Principle of optical parametric amplifier

Optical parametric amplifier (OPA) use second-order nonlinearity to efficiently transfer energy
from a pump frequency to both a signal and an idler frequency (see Fig. 2.3). It has attracted
a lot of attention in the domains of optics and photonics, with different research studying its
theoretical basis and practical applications (Hansryd et al., 2002; Marhic et al., 2015). It also
plays a crucial role in generating squeezed light states, which are fundamental for quantum infor-
mation processing, quantum metrology, and various other applications in quantum technologies
(Manzoni and Cerullo, 2016). Recently, the optical parametric amplifier plays a very important
role in the optomechanical system, and some interesting phenomena have been reported (Hu
et al., 2018; Bai et al., 2017; Pan et al., 2022). As is well known, the non-linearity of OPA
results in many interesting phenomena, such as the generation of entangled and squeezed states
of light (He and Li, 2007), enhances mechanical cooling (Huang and Chen, 2018), generates
strong mechanical squeezing (Agarwal and Huang, 2016), and improve the degree of precision
of optomechanical position detection (Peano et al., 2015).

Figure 2.3: Schematic diagram of an optical parametric amplifier.
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2.7 Basic ideas of coherent feedback

Coherent feedback is a type of feedback in which a system can be controlled by feeding its
output into its input coherently through another controlling system without being disturbed by
measurements. It is a useful approach in quantum control, especially in regulating quantum
systems without adding unwanted noise (Zhang et al., 2017). Unlike typical measurement-based
feedback systems, coherent feedback dramatically improves a quantum system’s coherence by
modifying the optical field. The concept of coherent feedback was developed by (Lloyd, 2000)
and is a more comprehensive method than the all-optical feedback previously proposed in 1994
by (Wiseman and Milburn, 1994b) within the realm of quantum optical systems.

Quantum feedback control is becoming important in applications including quantum infor-
mation processing, metrology, communication, and simulation (Nielsen and Chuang, 2010).
Furthermore, coherent feedback techniques have been used to facilitate a wide range of tasks,
including noise cancellation (Mabuchi, 2008), pure state preparation (Jacobs et al., 2014), optical
squeezing (Gough and Wildfeuer, 2009), sympathetic cooling (Rohde et al., 2001), swaps of
arbitrary states (Nelson et al., 2000), qubit state manipulation (Hirose and Cappellaro, 2016),
and the generation of significant optical nonlinearities at the single-photon level (Wang and
Safavi-Naeini, 2017). Additionally, feedback techniques can be employed to cool various degrees
of freedom, facilitating their transition into the quantum regime. In the past decade, numerous
quantum optical demonstrations of these feedback techniques have been realized, culminating in
the remarkable stabilization of photon number states within a cavity quantum electrodynamics
setup, as well as improved optical phase estimation (Serafini, 2012).

There has been significant research focus on the impact of coherent feedback control within
the area of optomechanical systems (Zhou et al., 2015; Huang and Chen, 2019; Mabuchi, 2008;
Li et al., 2023; Mansouri et al., 2022). Consequently, numerous researchers have addressed the
impact of coherent feedback on quantum entanglement (Amazioug et al., 2020b; Wang et al.,
2015a; Lü et al., 2022; Li et al., 2017; Mekonnen et al., 2024). In particular, (Lü et al., 2022)
have examined the impact of feedback control on quantum entanglement in an optomechanical
system. In addition, (Li et al., 2017) have explored the enhancement of the scheme to generate
entanglement of the mechanical resonators using a coherent feedback loop.
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2.8 Basic tools and approaches of optomechanics

2.8.1 Hamiltonian formulation

The Hamiltonian of a Fabry-Perot cavity has been extensively examined and analyzed in numer-
ous studies (Vitali et al., 2007a; Meystre, 2013; Vitali et al., 2007b). Especially, (Meystre, 2013)
has considered the Fabry-Pérot cavity, which consists of a partially fixed mirror on one side and
a reflective mirror on the other side, as shown in Fig.(2.1). The interaction between light and the
mirrors is characterized by the coupling of the cavity mode with the displacement or position of
the mirrors. The total Hamiltonian of the Fabry-Perot cavity can be defined as

Ĥ = Ĥfree + Ĥin + Ĥd, (2.18)

where Ĥfree is the free Hamiltonian of the cavity and mechanical modes, Ĥin denotes the inter-
action Hamiltonian between the cavity and mechanical modes, and Ĥd refers to the Hamiltonian
of the driven laser. The Hamiltonian of the free is defined as

Ĥfree = ℏωcĉ
†ĉ+ ℏωmb̂

†b̂, (2.19)

where, ĉ(ĉ†) is the annihilation (creation) operator of the optical cavity mode and b̂(b̂†) is the
annihilation (creation) operator of the mechanical mode. The commutation relations satisfy
[ĉ, ĉ†] = [b̂, b̂†] = 1. The optical field couples to the movable mirror, it exerts radiation pressure
on the mirror, and displaces it from its equilibrium position. The cavity resonance frequency
is modulated by the mechanical position (x̂) and using Taylor expansion as (Aspelmeyer et al.,
2010), ωc(x̂) = ωc − x̂ ∂

∂x
ωc(x̂) + ϑ(x), where x̂ = xzpf (b̂

† + b̂), xzpf =
√

ℏ
2meffωm

is the
zero-point fluctuation, with meff being the effective mass of the mechanical oscillator. The total
Hamiltonian system as

Ĥ = ℏωcĉ
†ĉ+ ℏωmb̂

†b̂− ℏgĉ†ĉ(b̂+ b̂†) + iℏΩ
(
ĉ†e−iωlt − ĉeiωlt

)
, (2.20)

where g = ∂
∂x
ωc(x̂)xzpf is a single photon optomechanical coupling interaction and Ω is ampli-

tude of the driven field.

2.8.2 Quantum Langevin equation

The quantum Langevin approach is used to investigate the dynamics of the quantum system
interacting with its environment. In quantum Langevin equation is well-suited tool for modeling
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open quantum system. The general formulation of the quantum Langevin equation for a system
that interacts with the environment can also be called a heat bath. The total Hamiltonian can be
expressed as follows (Zhang et al., 2017):

Ĥ = ĤS + ĤI + ĤB, (2.21)

ĤB = ℏ
∫ ∞

−∞
dωb̂†(ω)b̂(ω), (2.22)

ĤI = iℏ
∫ ∞

−∞
dωκ(ω)[ĉ†b̂(ω)− b̂†(ω)ĉ], (2.23)

where κ(ω) is the coupling constant between the modes, ĤS is the Hamiltonian of the system,
b̂(ω)(b̂†(ω)) is annihilation (creation) operator for the bath and ĉ is the annihilation operator of
the system. The commutation relation

[b̂(ω), b̂†(ω′)] = δ(ω − ω
′
). (2.24)

The Heisenberg equation of motion for any arbitrary operator Ô and the associated bath b̂(ω)

can be defined as (Walls et al., 1994)

˙̂
O =

−i

ℏ
[Ô, Ĥs] +

∫
dωκ(ω)

[
Ô,
(
ĉ†b̂(ω)− b̂†(ω)ĉ

)]
−
∫

dω[Ô, b̂†(ω)b̂(ω)]. (2.25)

The Heisenberg equation of motion for an arbitrary system operator b̂(ω) is given by

˙̂
b(ω) = −iωb̂(ω)− κ(ω)ĉ, (2.26)

using the initial condition time to < t, then the final condition time t < t1, and we have

b̂(ω, t) = e−iω(t−t0)b̂o(ω, t0)− κ(ω)e−iω(t−t0)

∫ t1

t0

dt
′
e−iω(t

′
)c(t

′
). (2.27)

Substituting Eq. (2.27) into Eq. (2.25), we easily obtain

˙̂
O =

−i

ℏ
[O,Hs] +

∫
dωκ(ω)e−iω(t−to)b̂o(ω)[Ô, ĉ†]− [Ô, ĉ]e−iω(t−to)b̂o(ω)

−
∫

dω[κ(ω)]2e−iω(t−to)

∫ t

t0

dt′e−iω(t′)ĉ(t
′
)[Ô, ĉ]− [Ô, ĉ†]eiω(t

′
)ĉ(t

′
).

(2.28)
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Assume that κ(ω) is independent of frequency and then substitute κ(ω) =

√
κ

π
is known as the

first Markov approximation process. This approximation can be used to put Eq. (2.28) into the
form of a damping equation. Applying the properties∫ ∞

−∞
d(ω)e−iω(t−t0) = 2πδ(t− t0), (2.29)

and ∫ t

t0

c(t
′
)δ(t− t

′
)dt

′
= c(t). (2.30)

Therefore, the formulation operator for the input and output fields (Tesfa, 2021)

ĉin(t) =
1√
2π

∫ ∞

−∞
dωe−iω(t−to)bo(ω), (2.31)

ĉout(t) = − 1√
2π

∫ ∞

−∞
dωe−iω(t−to)bf (ω). (2.32)

The quantum Langevin equation for the system operator Ô as follows:

˙̂
O = −i[Ô,Hs]− κÔ +

√
2κÔin(t), (2.33)

The cavity mode can be expressed in terms of the output variables as

˙̂
O = −i[Ô,Hs] + κÔ −

√
2κÔout(t), (2.34)

where Ô is an arbitrary operator, and also κ is the arbitrary decay rate, and Ôin(Ôout) is the
arbitrary input (output) quantum noise. Furthermore, the relationship between the input and
output cavity mode operator. Replace Ô by ĉ, then subtract Eq. (2.33) and Eq. (2.34), the
input-output relation of the cavity mode operator is defined as

ĉout =
√
2κĉ− ĉin. (2.35)

2.8.3 Linearization

In cavity optomechanics, nonlinear interaction between optical and mechanical modes occurs due
to the nonlinear nature of the radiation pressure (Burgwal et al., 2020). In order to investigate the
quantum dynamics of the system, we apply the linearization technique discussed in Ref. (Hilico
et al., 1992) to simplify the analysis. Under strong laser power driving the cavity, the nonlinear
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quantum Langevin equations can be linearized by expressing each Heisenberg operator as the
sum of its steady-state mean value and a small fluctuation with a zero mean value (Tesfahannes,
2020). The linearization technique for any operator Ô can be expressed as follows:

Ô = Os + δÔ, (2.36)

where Os is expectation value of the operator and δÔ is fluctuation operator from expectation
value.

2.9 Fundamental concepts of quantum features and

their measurement

Quantum correlation is a vital field of research. Especially important in the context of upcoming
quantum technologies is the redefinition of the concept of correlations, drawing a clear distinction
between classical phenomena and their quantum counterparts. By understanding the unique
characteristics of quantum correlations, researchers can harness their potential to develop novel
applications and advance our understanding of the quantum world (De Chiara and Sanpera,
2018). Pure states can be either uncorrelated or just entangled. For mixed states, several layers of
quantum correlations have been identified, going significantly beyond the seminal paradigm of
(Werner, 1989). Referring to (Adesso et al., 2016), explain the conceptual frameworks of several
shades of quantum correlations, such as non-locality and steering, and observe how it connected
to quantum entanglement as depicted in Fig. (2.4). In order of decreasing strength, these can
be classified as: non-locality ⇒ steering ⇒ entanglement ⇒ general quantum correlations.
Non-classical correlations, such as entanglement and coherence, can be used to perform tasks
beyond the scope of classical physics. Quantum discord, a more general measure of quantum
correlation, provides a wider framework for understanding and using quantum resources. In
general, quantum correlations satisfy the following conditions: quantum discord ⊇ quantum
entanglement ⊇ quantum steering ⊇ Bell nonlocality. This indicates that steerable states form a
strict subset of entangled states while simultaneously being a strict superset of states that can
demonstrate Bell nonlocality.

Recently, the investigation of quantum correlations has significantly advanced the field of
quantum information and various foundational aspects of quantum theory. From an application
perspective, quantum correlations have played a key role in the development of numerous
quantum information and quantum computing protocols (Maquedano and Costa, 2024; Nielsen
and Chuang, 2001). To this end, this quantum correlation transfer provides a potential tool for
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Figure 2.4: Hierarchy of correlations in states of composite quantum systems (Adesso et al.,
2016).

exploiting quantum information encoded in mechanical modes that can be more resilient against
decoherence effects (Mekonnen et al., 2023). Therefore, we apply different quantum correlation
quantifiers, including quantum entanglement, Gaussian quantum steering, and Gaussian quantum
discord between subsystems.

2.9.1 Quantum entanglement

Quantum entanglement is an important feature of quantum physics that explains physical phe-
nomena in which two or more quantum systems become permanently connected, regardless
of the distance between them. It is a key ingredient of quantum information processing that
characterizes the non-classical property of multipartite quantum systems (Amazioug et al., 2023).
It is a fascinating feature of quantum mechanics that is believed to serve as a valuable resource
for quantum information, for example, quantum computing (Pellizzari et al., 1995), quantum
teleportation (Bennett et al., 1993), quantum cryptography (Jennewein et al., 2000), and quantum
dense coding (Wang et al., 2015b). Accordingly, numerous researchers have shown that nonzero
entanglement assures the existence of quantum correlations but the zero entanglement does not
assure the absence of quantum correlations in a bipartite quantum state. Besides, entanglement
has been realized in microscopic systems such as atom- atom (Çakir et al., 2005), atom-photon
(Fedorov et al., 2005), ion-ion (Cory and Havel, 2004), and ion-photon (Stute et al., 2012).

Recently, much progress has been made, and several interesting quantum optomechanic sys-
tems have been widely demonstrated to generate entanglement between optical and mechanical
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modes (Barzanjeh et al., 2022). Besides, the generation of entanglement in macroscopic systems
has garnered more attention. In line with this, mechanical resonators at mesoscopic sizes are
emerging as viable tools for studying quantum properties (Zhang et al., 2016; Yang et al., 2017;
Pinard et al., 2005). As a result, various methods for creating entanglement in macroscopic
systems through radiation-pressure coupling in optomechanical systems have been extensively
investigated (Tesfahannes and Getahune, 2020; Zhou et al., 2011; Ge et al., 2013; Joshi et al.,
2012). In recent years, numerous researchers have focused on quantifying bipartite entanglement
between subsystems (Vidal and Werner, 2002; Vitali et al., 2007b; Teklu et al., 2018). The prepa-
ration and manipulation of these entangled states that have non-classical and non-local properties
lead to a better understanding of the basic quantum principles. To this aim, many inseparability
criteria have been developed to measure, detect, and manipulate the entanglement generated
by various quantum optical devices. Some of the criteria include logarithmic negativity, Duan-
Giedke-Cirac-Zoller (DGCZ), Hillary Zubairy criteria, and violation of the Cauchy-Schwarz
inequality (Abebe et al., 2020). In this dissertation, we utilize logarithmic negativity to quantify
the quantum entanglement of bipartite systems. In line with this, logarithmic negativity EN is
the most popular tool to measure the degree of entanglement between the bipartite subsystems in
a continuous variable system. It is defined by (Vitali et al., 2007a)

EN = max[0,− log 2νs], (2.37)

which νs is the smallest partial transposed symplectic eigenvalue

νs =

[
Λ−

√
Λ2 − 4 detσ

2

] 1
2

, (2.38)

and
Λ = detA+ detB − 2 detC, (2.39)

with covariance matrix σ, which can be written in the form of a 2× 2 block matrix as

σ =

(
A C

CT B

)
, (2.40)

where A and B are the variance of subsystems such as mechanical modes and cavity mode,
respectively, while C is the correlations between subsystems. Furthermore, the Gaussian state
is said to be entangled if and only if EN > 0 or νs < 0.5, which is entirely identical to
Simon’s criterion, which states that the necessary and sufficient condition for entanglement of
the non-positive partial transpose condition for the Gaussian state (Simon, 2000).
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2.9.2 Gaussian quantum steering

Quantum steering is a type of quantum correlation that exhibits fundamental asymmetry in
the properties of quantum systems. An intermediate form of quantum correlation known as
quantum steering (Schrödinger, 1935) lies between the well-established concepts of entanglement
(Horodecki et al., 2009) and Bell nonlocality (Brunner et al., 2014). Steering is a quantum
mechanical phenomenon that enables one party, Alice, to change (steer) the state of a distant
party, Bob, by leveraging their shared entanglement. This intriguing concept was notably
discussed by Schrödinger (Schrödinger, 1935) and was previously acknowledged by Einstein,
Podolsky, and Rosen (EPR) in their renowned 1935 paper (Einstein et al., 1935), which formed a
crucial part of the well-known EPR paradox (Reid et al., 2009). From a quantum information
perspective, steering represents the process of verifiable entanglement distribution by an untrusted
party. If Alice and Bob share a state that can be specifically steered in one direction from Alice
to Bob, then Alice can convince Bob, who does not entirely trust her, of the entanglement of
their shared state through local measurements and classical communication (Jones et al., 2007;
Kogias and Adesso, 2015). The concept of quantum steering was further studied by Wiseman,
Jones, and Doherty (Jones et al., 2007) define the steering to a given task and relate it to quantum
information processing. It has recently been shown to be a useful resource for many applications,
such as quantum key distribution, secure quantum teleportation, generation of one-way EPR
steering, and quantification of entanglement (Kogias and Adesso, 2015).

It has been explored both theoretically and experimentally using continuous-variable (CV)
quantum systems (Cavalcanti and Skrzypczyk, 2016; Wittmann et al., 2012; Händchen et al.,
2012). In particular, the proposed by (Wittmann et al., 2012) quantification and measurement
of Gaussian steering for CV systems. As noted by (Bennett et al., 2011), a steering quantify
the amount of correlation present in a given state. In this context, the degree of steerability
is determined by assessing the maximum violation of a chosen steering criterion, as revealed
through optimal measurements. This violation serves as a manifestation of the correlations,
indicating the presence of EPR steering according to the specified criteria. Recently, the proposed
steering measure has been easily computed for bipartite Gaussian states of an arbitrary number
of modes. His proposal quantifies the steerability of a bipartite Gaussian state characterized by a
covariance matrix σ from Eq. (2.40), utilizing Gaussian measurements performed on Alice’s
side, through the following quantity (Kogias and Adesso, 2015):

SA→B = max
[
0,− ln(v̄B)

]
. (2.41)

The symplectic eigenvalue of the matrix MB is defined by v̄B =
√
detMB and MB = B −
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CTA−1C, where A, B, and C are the 2× 2 matrices. Using Eq.(2.40), the measure of Gaussian
steering SA→B is given by

SA→B = max

[
0,

1

2
ln

(
detA

4 detσ

)]
. (2.42)

The corresponding measure of Gaussian steerability B → A can be found by

SB→A = max

[
0,

1

2
ln

(
detB

4 detσ

)]
. (2.43)

From the above, there are three possibilities for quantum steering between A and B: if SA→B =

SB→A = 0, there is no-way steering, which means that Alice cannot steer Bob and vice versa
even if they are not separable, two-way steering if SA→B = SB→A > 0, and one-way steering
if SA→B = 0 or SB→A > 0 and vice versa. In reality, a non-separable state is not always a
steerable state, while a steerable state is always not separable.

2.9.3 Gaussian quantum discord

In contrast to quantum entanglement, disentangled (separable) quantum systems may exhibit
another type of quantum correlation known as quantum discord (Henderson and Vedral, 2001)
which was first reported by Ollivier and Zurek (Ollivier and Zurek, 2001). Beyond the quantum
entanglement phenomenon, quantum discord describes the measurement of the total correlation
in a quantum state, which is the difference between the equivalent expressions of two classical
mutual information. Therefore, such a quantum discord strives to capture all the quantum
correlations in a bipartite state. The CV of Gaussian quantum discord has received significant
attention in recent years due to its potential implications in quantum information technology
(Amazioug et al., 2018b; Aoune and Habiballah, 2022; Bougouffa et al., 2022; Singh and Ooi,
2014; Eshete, 2022; Adesso and Datta, 2010; Giorda and Paris, 2010). (Adesso and Datta,
2010) and (Giorda and Paris, 2010) developed Gaussian quantum discord as an approximation
for quantum discord in continuous variable systems. Fortunately, under constrained Gaussian
measurements, a closed analytical relationship can be established to quantify the quantum
discord for two-mode Gaussian states. Furthermore, quantum discord is applicable to almost all
squeezed-thermal states with non-zero Gaussian discord (Adesso and Datta, 2010). It is used
mainly to assess quantumness in multiparty systems because of its resilience to decoherence
compared to entanglement (Galve et al., 2011).

A continuous variable Gaussian state optimization approach was employed to quantify the
degree of quantumness in Gaussian states using quantum discord. Notably, prior research has
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demonstrated that the first- and second-order moments of the quadrature operators within the
covariance matrix can effectively determine the continuous-variable Gaussian state. In this
research, the focus is on the CV Gaussian states, and we present the Gaussian quantum discord.
The Gaussian quantum discord may be measured with extended Gaussian measurements on
a bipartite system. In an optomechanical system, the Gaussian quantum discord signifies the
non-classical correlations of the mechanical mode and the optical mode is separable or not.
Employing Eq.(2.40), the quantum discord for the Gaussian quantum discord between the optical
mode and the mechanical mode is as follows (Adesso and Datta, 2010).

DA = f(
√
detB)− f(η+)− f(η−) + f(ϵ), (2.44)

where η± is the symplectic eigenvalues given by

η± =

[
Λ±

√
Λ2 − 4 detσ

2

] 1
2

, (2.45)

with Λ = detA+ detB + 2detC and ϵ is defined by

ϵ =

√
detA+ 2

√
detA detB + 2detC

1 + 2
√
detB

. (2.46)

Similarly, the quantum discord between the mechanical mode and optical modes can be
expressed as

DB = f(
√
detA)− f(η+)− f(η−) + f(ϵ′), (2.47)

where

ϵ′ =

√
detB + 2

√
detA detB + 2detC

1 + 2
√
detA

, (2.48)

where the function f(x) is defined by

f(x) =

(
x+

1

2

)
ln

(
x+

1

2

)
−
(
x− 1

2

)
ln

(
x− 1

2

)
. (2.49)

The quantum state of the optical and mechanical modes is inseparable if DA > 1 : DB > 1 is
satisfied, and the quantum state can be either separable or inseparable when the measurement
follows the condition 0 ≤ DA ≤ 1 : 0 ≤ DB ≤ 1 is satisfied (Adesso and Datta, 2010; Giorda
and Paris, 2010).
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2.9.4 Gaussian quantum coherence

Quantum coherence (QC) refers to the property of a quantum system that enables the existence of
superposition states, where a system can be in multiple states. It is an indispensable prerequisite
for recognizing and exploiting the distinctive traits of quantum systems, which allows advance-
ments in quantum technologies and information processing. It offers a starting point for the
development of quantum algorithms and protocols. The exploration of quantum coherence not
only reveals the boundary between classical and quantum physics, but also uncovers unique paths
to exploring the fundamental laws of nature at the quantum level (Hou et al., 2017). Therefore,
it is a crucial issue with quantum correlations, encompassing quantum entanglement, quantum
discord, and quantum steering (Ghobadi et al., 2014; Ma et al., 2016; Mekonnen et al., 2023;
Tesfahannes and Getahune, 2020). Furthermore, quantum coherence is a vital resource for
quantum information processing, quantum metrology, thermodynamics, and biological processes
(Uola et al., 2020; Demkowicz-Dobrzański and Maccone, 2014; Lostaglio et al., 2015; Collini
et al., 2010).

Several researchers have explored the quantification of Gaussian quantum coherence on a
macroscopic scale (Morsch and Oberthaler, 2006; Kundu et al., 2021; O’Connell et al., 2010).
In particular, Zheng et al. studied the macroscopic quantum coherence of a driven-cavity
optomechanical system with optical and mechanical dissipations (Zheng et al., 2016). Recently
investigated quantum coherence in an optomechanical system consisting of two mechanical
oscillators and the transfer within the optical cavity and the mechanical modes (Li et al., 2019).
Additionally, Jin et al. have been conducted on a spinning optomechanical resonator system
encompassing a mechanical mode and two cavity modes moving in opposite directions, with
one cavity mode being externally driven by a laser field (Jin et al., 2021). (Zheng et al.,
2016) have explored the quantum coherence of the hybrid system by employing steady-state
mean values and the covariance matrix. Consider a Gaussian state (ρ), represented by the
collective operator (x̂ = (X̂, Ŷ )), which can be completely characterized by its first moment
(d⃗ = (dx, dy) = Tr(ρx̂)). The second moment for different modes can be defined as follows
(Zheng et al., 2016)

V =

(
Vj Vjk

Vkj Vk

)
, (2.50)

in which Vj, Vk represents the 2× 2 matrix of local properites of each mode, and Vj,k is the 2× 2

matrix of the correlations between the respective modes. In the following, the coherence of any
given one-mode Gaussian state ρ(Vj, d) can be quantified in terms of the covariance matrix and
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the displacement vector (Zheng et al., 2016)

C(ρ(Vj, d⃗)) = −F (vj) + F (2n+ 1), (2.51)

with F (x) = (x+1
2
) log2(

x+1
2
) − (x−1

2
) log2(

x−1
2
) in which, n = (Tr(Vj) + d2x + d2y − 2)/4

and vj =
√

det(Vj) is the symplectic eigen value. In addition, to quantify bipartite quantum
coherence, a two-mode Gaussian state ρ(V, d⃗) can be defined as

Cjk = C(ρ(V, d⃗)) =
∑
i=±

F (Vi) +
∑
ζ=j,k

F (2nζ + 1), (2.52)

where Vi =

[
Λjk±

√
Λ2
jk−4 detV

2

] 1
2

is the minimum symplectic eigenvalue of the partial transposed

covariance matrix and Λjk = detVj + detVk + 2detV . The total quantum coherence of a CV
system with N bosonic modes can be defined as (Li et al., 2019)

CT = C(ρ(V, d⃗)) =
N∑
j=1

(F (wj) + F (2nj + 1)) , (2.53)

where, wj corresponds to the standard eigenspectrum of the matrix |iΠV |, here Π represents a
generic element of the 2N × 2N matrix with a symplectic form, defined as (Adesso et al., 2006):

Π =
∑N

k=1

⊕
iσ̂k

y , σ̂k
y ≡

(
0 −i

i 0

)
.
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3

MATERIALS AND METHODS

3.1 Materials

We utilized various optical and mechanical components, such as an optical cavity, the total
reflective mirror, a charged mirror, an optical parametric amplifier, two-level atom ensembles,
a symmetric beam splitter, and laser light. In addition, we used MATLAB software to plot the
analytical results, which facilitates the investigation of quantum features.

3.2 Methods

In this section, we develop models of hybrid systems and formulate a Hamiltonian of the system.
Employing the Hamiltonian of the system, we derive the nonlinear quantum Langevin equations.
By applying linearization techniques, we calculate the steady-state solutions of motion, as well
as the drift matrix. With the aid of the Lyapunov equation, we obtain the steady-state covariance
matrix. Using logarithmic negativity, quantum steering, and quantum discord formulas, we
measure quantum correlation between the subsystems. Finally, using numerical solutions of the
Lyapunov equation and steady-state mean values, we quantify the Gaussian quantum coherence
of the system.

3.3 Quantum correlations in electro-optomechanical

system

In this section, we examine quantum correlations such as quantum entanglement, quantum
steering, and quantum discord between mechanical modes. Our work aims to enhance the
quantum correlation in the presence of OPA and strong Coulomb coupling under three quantum
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correlation quantifiers.

3.3.1 Model and Hamiltonian of the system

The hybrid optomechanical system shown in Figure (3.1) is composed of a fixed partially trans-
mitting mirror, two charged mechanical oscillators and an OPA embedded in the cavity. Thus,
we define the mechanical oscillator on the left as the mechanical oscillator (MR1) and the
mechanical oscillator on the right as the mechanical oscillator (MR2). In this scenario, the
mechanical oscillator (MR1) and the mechanical oscillator (MR2) are considered quantum
mechanical harmonic oscillators characterized by effective masses represented as mi and fre-
quencies denoted as ωi (where i = 1, 2). The cavity is coherently driven by an external laser
with frequency ωl and amplitude Ω from the fixed mirror (Mekonnen et al., 2023). The cavity
mode couples the first charged mechanical oscillator through the radiation-pressure interaction,
and also the first charged mechanical oscillator (MR1) can be connected to the second spatially
separated charged mechanical oscillator (MR2) by the Coulomb interaction (Ma et al., 2014).

Figure 3.1: Schematic representation of the hybrid system. The hybrid system consists of a fixed
mirror, charged mechanical oscillators, and an OPA is placed inside the cavity.
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The total Hamiltonian of the system is given by

Ĥ = ℏωcĉ
†ĉ+

2∑
i=1

ℏωi

2

(
p̂2i + q̂2i

)
− ℏgq1ĉ†ĉ+ iℏΩ

(
ĉ†e−iωlt − ĉeiωlt

)
+ iℏGa

(
eiθĉ†2e−2iωlt − e−iθĉ2e2iωlt

)
+ Ĥcoul,

(3.1)

where ĉ(ĉ†) is the annihilation (creation) operator of the cavity mode with cavity frequency ωc.
The first term describes the free energy of the cavity field. The second term denotes the energy
of the mechanical modes with frequency ωi and momentum (position) p̂i(q̂i). The third term
is the energy of the photon-phonon interaction between the cavity mode and the mechanical
oscillator (MR1), where g = ωc

L

√
ℏ

2m1ω1
represents the optomechanical coupling constant of a

single photon and where L is the cavity length. The fourth term describes the cavity field driven
by an external laser with frequency ωl and amplitude Ω =

√
2κP
ℏωl

, where P and κ are the external
laser power and the cavity damping rate, respectively. The fifth term denotes the energy between
the OPA and the cavity field, Ga is the nonlinear gain of the OPA, and θ is the phase of the
optical field driving the OPA. The last term shows that the Coulomb interaction potential of a
charged mechanical oscillator is given as

Ĥcoul =
−C1V1C2V2

4πϵ0|r0 + q1 − q2|
, (3.2)

where C1V1(−C2V2) is the charges of the two mechanical oscillators with C1(C2) denotes the
gate capacitance, V1(V2) represents the bias gate voltage, ϵ0 is permittivity in free space , r0 is
the separation of the equilibrium positions of the two mechanical oscillators, and q1(q2) is the
small oscillations of the charged mechanical oscillators. We suppose that the separation distance
between two charged mechanical oscillators is larger than their small oscillations (q1, q2 ≪ r0).
Under this condition, Eq.(3.2) can be expanded to the second order as (Chen et al., 2015)

Ĥcoul = −C1V1C2V2

4πϵ0r0

(
1− q1 − q2

r0
+

(q1 − q2)
2

r20

)
, (3.3)

where the linear terms are absorbed in equilibrium positions, quadratic terms are incorporated in
the renormalization of oscillation frequencies. After omitting the constant term, Eq.(3.3) can be
written as

Ĥcoul = ℏηq1q2, (3.4)

in which η = C1V1C2V2

4πϵ0mωmr30
is Coulomb coupling strength.
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The total Hamiltonian of the system in a rotating frame at the frequency ωl takes the form

Ĥ = ℏ∆oĉ
†ĉ+

2∑
i=1

ℏωi

2

(
p̂2i + q̂2i

)
−ℏgq1ĉ†ĉ+ iℏΩ

(
ĉ† − ĉ

)
+ iℏGa

(
eiθĉ†2 − e−iθĉ2

)
+ℏηq1q2,

(3.5)
here ∆o = ωc − ωl is optical cavity detuning.

3.3.2 The time evolution of equation of motion

We now proceed to analyze the time evolution of the system using the quantum Langevin method.
The time evolution of a system, including the effect of fluctuation-dissipation on both the cavity
and the mechanical modes. By substituting Eq. (3.5) in Eqs.(A.1)-(A.5) and incorporating
the commutation relations of the respective operators of Eqs. (A.7)-(A.11), we obtained the
nonlinear quantum Langevin equations as follows:

˙̂q1 = ω1p̂1, (3.6a)
˙̂p1 = −ω1q̂1 + gĉ†ĉ− ηq̂2 − γ1p̂1 + ξ1(t), (3.6b)
˙̂q2 = ω2p̂2, (3.6c)
˙̂p2 = −ω2q̂2 − ηq̂1 − γ2p̂2 + ξ2(t), (3.6d)
˙̂c = −(κ+ i∆o − igq̂1)ĉ+ 2Gaĉ

†eiθ + Ω+
√
2κĉin, (3.6e)

with γ1(γ2) is the damping rate of the two mechanical oscillators, ξ1(t)( ξ2(t)) is quantum
Brownian noise operator a rise from the coupling between the two mechanical oscillators with
the environment, and ĉin is the input vacuum noise operator.

Next, we seek to estimate the input quantum noise contributions of ĉin and the thermal
reservoirs that affect ξ1(t) and ξ2(t). The input vacuum noise operators of the cavity mode satisfy
the following properties (Genes et al., 2008b; Vitali et al., 2007a)

⟨ĉ†in(t)⟩ = ⟨ĉin(t)⟩ = 0, (3.7)

⟨ĉin(t)ĉ†in(t′)⟩ = δ(t− t′). (3.8)

Furthermore, the quantum Brownian noise operators have zero mean values and exhibit specific
correlation function (Mekonnen et al., 2023)

⟨ξi(t)ξi(t′)⟩ =
γi
ωi

∫
dωi

2π
e−iωi(t−t′)ωi

(
1 + coth

(
ℏωi

2KBT

))
, i = 1, 2., (3.9)
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where KB is the Boltzmann constant and T is the temperature of the reservoir related to the
mechanical oscillators. However, quantum effects are revealed just for the mechanical oscillators
are large quality factor Qi =

ωi

γi
≫ 1. In this limit, the correlation function of the noise ξi(t) can

be written as (Sohail et al., 2020)

⟨ξi(t)ξi(t′) + ξi(t
′)ξi(t)⟩/2 = γi(2n̄+ 1)δ(t− t′). (3.10)

in which, n̄ = (exp( ℏωi

KBT
− 1))−1 is the mean thermal phonon number.

3.3.3 Steady-state solution of system

We employ the nonlinear quantum Langevin equations to describe the dynamics of the cavity
mode and mechanical modes. Using Eq.(2.36), we can easily expand each operator as the sum
of its steady-state mean values and the quantum fluctuation operator as

ĉ = cs + δĉ,

q̂i = qsi + δq̂i,

p̂i = psi + δp̂i,

(3.11)

with cs, qsi and psi are the steady-state mean values for operators ĉ, q̂i and p̂i, and δĉ, δq̂i, δp̂i
is the fluctuation operator. Furthermore, by substituting Eq.(3.11) into Eqs.(3.6a)-(3.6e), then
the mean value of the fluctuation operators is zero. In addition, mechanical damping ξ1(t), ξ2(t)

does not affect the steady state of the system. The steady-state mean values of the operator can
be calculated by setting all-time derivatives to zero in Eqs. (3.6a)-(3.6e). Finally, we obtain the
steady-state mean value for hybrid systems as follows:

ps1 = ps2 = 0,

qs1 =
−ω2 g|cs|2

η2 − ω1ω2

,

qs2 =
g|cs|2η

η2 − ω1ω2

,

cs =
κ− i∆+ 2Gae

iθ

κ2 +∆2 − 4G2
a

Ω,

(3.12)

where ∆ = ∆o − gqs1 is the effective cavity detuning from the frequency of the input laser in the
presence of the radiation pressure. We choose the phase reference of the cavity field cs is real.

The cavity is subjected to intense laser driving, resulting in a high-amplitude intra-cavity
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field at steady state, i.e. |cs| ≫ 1 (Gebremariam et al., 2017). In the regime of strong driving,
here we have neglected the high-order small terms of the fluctuation part, the linearized quantum
Langevin equations can be written as

δ ˙̂q1 = ω1δp̂1,

δ ˙̂p1 = −ω1δq̂1 + gcs(δĉ+ δĉ†)− ηδq̂2 − γ1δp̂1 + ξ1(t),

δ ˙̂q2 = ω2δp̂2,

δ ˙̂p2 = −ω2δq̂2 − ηδq̂1 − γ2δp̂2 + ξ2(t),

δ ˙̂c = −(κ+ i∆)δĉ+ igcsδq̂1 + 2Gae
iθδĉ† +

√
2κδĉin.

(3.13)

3.3.4 Quantum fluctuation and steady-state covariance matrix

We now investigate the quantum correlations between the two mechanical modes in the system.
To facilitate this analysis, we have transformed Eq. (3.13) into quadrature operators and Her-
mitian input noise operators. The dimensionless quadrature operators are introduced for cavity
mode as:

δx̂ = (δĉ† + δĉ)/
√
2,

δŷ = i(δĉ† − δĉ)/
√
2,

(3.14)

and the corresponding Hermitian input noise operators are

δx̂in = (δĉ†in + δĉin)/
√
2,

δŷin = i(δĉ†in − δĉin)/
√
2.

(3.15)

Using the preceding definitions and Euler’s identity, Eq.(3.13) can be written as

δ ˙̂q1 = ω1δp̂1,

δ ˙̂p1 = −ω1δq̂1 − ηδq̂2 +G0δx̂− γ1δp̂1 + ξ1(t),

δ ˙̂q2 = ω2δp̂2,

δ ˙̂p2 = −ω2δq̂2 − ηδq̂1 − γ2δp̂2 + ξ2(t),

δ ˙̂x = −(κ− 2Ga cos θ)δx̂+ (∆ + 2Ga sin θ)δŷ +
√
2κδx̂in,

δ ˙̂y = G0δq̂1 − (∆− 2Ga sin θ)δx̂− (κ+ 2Ga cos θ)δŷ +
√
2κδŷin,

(3.16)

where G0 =
√
2gcs is the effective optomechanical coupling.
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Eq.(3.16) can be written in compact form

u̇(t) = Au(t) + n(t), (3.17)

where
u(t) = (δq̂1, δp̂1, δq̂2, δp̂2, δx̂, δŷ)

T , (3.18)

and
n(t) = (0, ξ1(t), 0, ξ2(t),

√
2κδx̂in,

√
2κδŷin)

T , (3.19)

are the column vector of the fluctuation and the column vector of the noise sources, respectively.
The drift matrix A can be defined by

A =



0 ω1 0 0 0 0

−ω1 −γ1 −η 0 G0 0

0 0 0 ω2 0 0

−η 0 −ω2 −γ2 0 0

0 0 0 0 −κ+ 2Ga cos θ ∆+ 2Ga sin θ

G0 0 0 0 −∆+ 2Ga sin θ −κ− 2Ga cos θ


. (3.20)

The formal solution of Eq.(3.17), can be written as (Vitali et al., 2007a)

u(t) = M(t)u(0) +

∫ t

0

dτM(τ)n(t− τ), (3.21)

where M(t) = eAt. The initial condition for the above transformation M(0) = I , where I is the
identity matrix. According to the Routh-Hurwitz criterion (DeJesus and Kaufman, 1987), the
system can achieve a stable steady-state condition when all the real parts of the eigenvalues of
the drift matrix A are negative. As t → ∞, so that M(∞) = 0 and Eq. (3.21) can be rewritten as

ui(∞) =

∫ ∞

0

dτ
∑
i

Mi(τ)ni(t− τ), (3.22)

on account of Eq.(3.22), the steady state of the quantum fluctuations is a continuous-variable
Gaussian state. This state is fully characterized by a 6 × 6 covariance matrix (CM) with
corresponding components defined as

Rij = ⟨ui(∞)uj(∞) + uj(∞)ui(∞)⟩/2. (3.23)
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Using Eq.(3.22) into Eq.(3.23), we have

Rij =
∑
ij

∫ ∞

0

dt

∫ ∞

0

dτMij(t)Mji(τ)χij(t− τ), (3.24)

where
χij(t− τ) = ⟨ni(t)nj(τ) + nj(τ)ni(t)⟩/2. (3.25)

Substituting Eq.(3.19) into Eq.(3.25), and on account of Eqs.(3.8),(3.10), finally we obtain

χij(t− τ) = Dijδ(t− τ), (3.26)

in which Dij is a diagonal matrix that is known as a diffusion matrix. Using Eqs. (3.10) and
(3.8), we can easily verify that

D = diag(0, γ1(2n̄+ 1), 0, γ2(2n̄+ 1), κ, κ). (3.27)

Substituting Eq.(3.26) into Eq.(3.24), we obtain

R =

∫ ∞

0

dtM(t)DM(t)T . (3.28)

The stability conditions of the systems are satisfied, then the steady-state covariance matrix
Eq.(3.28), can be derived by considering the Lyapunov equation (Genes et al., 2008a)

AR +RAT = −D. (3.29)

The steady-state covariance matrix R can be written in the form of a block matrix (Mekonnen
et al., 2023)

R =

 Km1 Lm1m2 Lcm1

LT
m1m2

Km2 Lcm2

LT
cm1

LT
cm2

Kc

 , (3.30)

where each block represents a 2× 2 matrix. The blocks on the diagonal represent the variance
within each subsystem (the mechanical modes (Km1 , Km2), and the cavity mode (Kc)), while
the blocks off the diagonal represent the correlations between the subsystems (mechanical and
mechanical (Lm1m2), mechanical and cavity Lcmj

, j = m1,m2).
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3.3.5 Measurement of quantum correlations

We seek to quantify the quantum correlation that exist between subsystems. Several approaches
have been established to measure quantum correlations, providing valuable insight into the
distinctive properties of quantum systems and their potential applications in quantum information
processing, communication, and computation (Head-Marsden et al., 2020). In this sense, the
quantum correlation between mechanical modes is measured through three quantum quantifiers
such as quantum entanglement, quantum steering, and quantum discord. In continuous variable
systems, logarithmic negativity (EN ) can be used to investigate bipartite entanglement between
mechanical modes. By suppressing the rows and columns, we formed the relevant mode from
Eq. (3.30) in the form of a 2× 2 block matrix

χ =

(
Km1 Lm1m2

LT
m1m2

Km2

)
. (3.31)

Using Eq. 2.37, we can easily verify the bipartite entanglement between mechanical modes.
Hence, the smallest partial transposed symplectic eigenvalue νs is given by

νs =

[
Λ−

√
Λ2 − 4 detχ

2

] 1
2

, (3.32)

with
Λ = detKm1 + detKm2 − 2 detLm1m2 . (3.33)

Furthermore, the two mechanical modes are said to be entangled if and only if EN > 0 or
νs < 0.5, which is entirely identical to Simon’s criterion, which states that the necessary and
sufficient condition for entanglement of nonpositive partial transpose condition for Gaussian
state (Simon, 2000). As a result, we present a numerical description of the calculated results
through the figures shown in Figs. (4.1-4.4).

Another quantum correlation quantifier is quantum steering, which measures the asymmetry
between two entangled observers, specifically between the mechanical oscillator (MR1) and the
mechanical oscillator (MR2). Furthermore, it allows us to evaluate the degree of steerability
of the two separate mechanical oscillators. If we consider the information transfer between
the mechanical oscillators due to their correlation and label (A: mechanical oscillator (MR1)
) and (B: mechanical oscillator(MR2) ). Employing Eqs.(3.31), (2.42), and (2.43), we easily
quantify the Gaussian quantum steering of the mechanical oscillator (MR2) by the mechanical
oscillator (MR1) and the corresponding measure of Gaussian steerability B → A, respectively.
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The Gaussian quantum discord determines whether the mechanical oscillator (MR1) and the
mechanical oscillator (MR2) are separable or not. Utilizing Eq.(3.31) and Eq.(2.44-2.49), we
can easily quantify Gaussian quantum discord for the mechanical oscillator (MR1) and (MR2).
We present a numerical illustration of the calculated results in Figs. (4.1)-(4.4).

3.4 Mechanical entanglement in electro-optomechanical

system

In this section, we provide a comprehensive overview of the theoretical model underpinning our
study and the dynamics of the system. We utilize coherent feedback mechanisms to thoroughly
examine input-output relations, clarifying their impact on the overall behavior of the system.
Finally, we discuss the quantification of mechanical entanglement through logarithmic negativity.

3.4.1 Model and Hamiltonian of the system

As shown in Fig.(3.2), we consider a hybrid optomechanical system comprised of a fixed mirror,
an OPA placed inside the cavity, and a mechanical oscillator (MR1) coupled with another
mechanical oscillator (MR2) via a Coulomb interaction (Zhang et al., 2012). The cavity mode
is coupled with MR1 through the radiation-pressure interaction. In this case, the mechanical
oscillator MR1 and the mechanical oscillator MR2 are treated as quantum mechanical harmonic
oscillators described by the effective masses denoted as mi and frequencies indicated as ωi

(where i = 1, 2). The external laser that originates from the sources can be split into two parts
using an asymmetric beam splitter (BS). The input laser field ĉin enters the cavity across the
BS and the transmitted part of the laser drives the cavity. A coherent feedback loop is formed
when the output field ĉout is fully reflected by the mirror M and some of it enters the cavity via
BS. The beam splitter merges light beams originating from a laser source with those that exit
the cavity through the stationary mirror. The asymmetric beam splitter is characterized by the
unitary matrix as follows

UBS =

(
t r

−r t

)
, (3.34)

where t is the real amplitude transmission coefficient of the beam splitter and the real amplitude
reflectivity coefficient is denoted by r and satisfies t2 + r2 = 1 (t and r are real and positive
) (Mandel and Wolf, 1995). When the input laser enters the cavity without feedback from the
output field, r = 0 and t = 1. Hence, the amplitude of the transmitted input laser field is tΩ,
whereas the amplitude of the reflected portion of the input laser field is −rΩ (Mansouri et al.,
2022). Here, t =

√
τ and r =

√
µ represent in terms of the transmittance τ and reflectance µ of
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the asymmetric beam splitter, respectively. The optical cavity is coherently driven with a strong
input laser field of frequency ωl and amplitude. In addition, an OPA is pumped by a pump field
with frequency 2ωl, and the output frequency of the OPA is ωl (He et al., 2022).

Figure 3.2: Schematic diagram of a hybrid system with a coherent feedback loop. A hybrid
system comprised of a fixed mirror, and a charged mechanical oscillator (MR1) coupled to
another charged mechanical oscillator (MR2) with a Coulomb coupling strength of η. An OPA is
placed within the cavity and the pump of the OPA is not shown. An input light field is introduced
into the cavity through an asymmetric beam splitter (BS). The output field is reflected off the
mirror M, and a portion of the output field is then directed back into the cavity through the
BS. The electrode with charge Q1(Q2) on both mechanical oscillators. q1 and q2 are the small
deviations of the two mechanical oscillators from their equilibrium position.

The total Hamiltonian of the hybrid system can be written as (Mekonnen et al., 2024)

Ĥ = ℏωcĉ
†ĉ+

2∑
j=1

ℏωj

2

(
p̂2j + q̂2j

)
− ℏgq̂1ĉ†ĉ+ iℏΩ

√
τ
(
ĉ†e−iωlt − ĉeiωlt

)
+ iℏGa

(
eiθĉ†2e−2iωlt − e−iθĉ2e2iωlt

)
+ Ĥcoul,

(3.35)

where ĉ(ĉ†) is the annihilation (creation) operator of the cavity mode with cavity frequency ωc.
The first term describes the free energy of the cavity field. The second term describes the free
Hamiltonian of each oscillator with frequency ωj , momentum operator p̂j , and position operator
q̂j . The third term represents the energy of the optomechanical interaction with the coupling
strength g. The fourth term specifies the energy of the driven laser field by a portion of the input
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laser which is transmitted by the beam splitter with the driving field frequency ωl. The energy
interaction between the cavity field and the OPA is represented by the fifth component, where θ

denotes the phase of the optical driving field of the OPA and Ga is the nonlinear gain of the OPA.
The final term describes the Coulomb interaction potential.

In a rotating frame at the driving frequency ωl, the total Hamiltonian of the hybrid system is
rewritten as

Ĥ = ℏ∆oĉ
†ĉ+

2∑
j=1

ℏωj

2

(
p̂2j + q̂2j

)
− ℏgq1ĉ†ĉ+ iℏΩ

√
τ
(
ĉ† − ĉ

)
+ iℏGa

(
eiθĉ†2 − e−iθĉ2

)
+ ℏηq1q2,

(3.36)

where ∆o = ωc −ωl is the detuning between the cavity field and the input-driven laser frequency.

3.4.2 Dynamics of the system

The system dynamics are comprehensively characterized by the influence of fluctuation-dissipation
processes in the optomechanical system. Dissipation is introduced into the system through the
interaction with the external degrees of freedom of the optomechanical system. The optomechan-
ical cavity field is damped by the leakage of photons through the fixed mirror (Ari, 2021). The
full dynamics of the system can be described using the quantum Langevin equation. The input
cavity field induced via the coherent feedback loop described by the operator

ĉ′in =
√
τ ĉin +

√
µĉout, (3.37)

the reflecting that the beam splitter allows the transmission of
√
τ ĉin of the mode and reflects the

part
√
µĉout. Using Eq. (2.35),we easily put the output field in this form

ĉout =
1

1 +
√
µ

(√
2κĉ−

√
τ ĉin

)
. (3.38)

Inserting Eq.(3.38) into Eq.(3.37), we found

ĉ′in =

√
τ

1 +
√
µ
ĉin +

√
2κµ

1 +
√
µ
ĉ. (3.39)

We now proceed to find the non-linear quantum Langevin equations of the hybrid system.
Substituting Eq. (3.36) in Eqs. (A.1-A.5), while simultaneously replacing ĉin by ĉ′in, then we

40



obtain
˙̂q1 = ω1p̂1,

˙̂p1 = −ω1q̂1 − γ1p̂1 − ηq̂2 + gĉ†ĉ+ ξ1(t),

˙̂q2 = ω2p̂2,

˙̂p2 = −ω2q̂2 − γ2p̂2 − ηq̂1 + ξ2(t),

˙̂c = −(κeff + i∆o − igq̂1)ĉ+ 2Gaĉ
†eiθ + Ω

√
τ +

√
2κĉfb,

(3.40)

where ĉfb is the effective input noise operator incident on the BS and κeff is the effective decay
rate of the cavity. Thus, the parameters ĉfb and κeff are expressed as follows, respectively:

ĉfb(t) =

( √
τ

1 +
√
µ

)
ĉin, (3.41)

and

κeff =
κ
(
1−√

µ
)

1 +
√
µ

. (3.42)

The cavity damping term, thus
√
µ must be less than 1, to ensure that κeff > 0. The cavity

mode coupled to the vacuum reservoir, thus, the expectation values of ĉfb is given as follows
(Mekonnen et al., 2024)

⟨ĉfb(t)⟩ = 0, (3.43)

⟨ĉfb(t)ĉ†fb(t
′)⟩ =

(
τ/(1 +

√
µ)2
)
δ(t− t′). (3.44)

Furthermore, the mechanical oscillators interact with thermal baths, resulting in the creation of
quantum Brownian noise operators. The average values of the quantum Brownian noise operators
(ξ1(t) (ξ2(t)), possess zero mean values and nonzero correlation functions as described in Eq.
(3.10).

3.4.3 Linearization of the equation of motions

We employ the linearization approach to obtain a steady-state solution of the equations of motion.
To do this, we express each operator as the sum of its expectation value and a quantum fluctuation
term, as depicted in Eq.(2.36). Applying Eq. (2.36) in Eq. (3.40), and set all-time derivatives to
zero. With the aid of Eqs. (B.1)-(B.7), the steady-state solution of Eq. (3.40) as

p1s = p2s = 0. (3.45)
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qs1 =
−ω2g|cs|2

η2 − ω1ω2

,

qs2 =
g|cs|2η

η2 − ω1ω2

,

(3.46)

cs =
κeff − i∆+ 2Gae

iθ

κ2
eff +∆2 − 4G2

a

√
τΩ, (3.47)

where ∆ = ∆o − gqs1 is the effective cavity detuning.

To estimate the steady-state entanglement between the two mechanical modes, we need to set
the quadrature fluctuations of each operator. The cavity receives intense laser power, resulting in
the amplitude of the intra-cavity field at a steady state (|cs| ≫ 1). As a result, we may safely
disregard the nonlinear components and estimate the mechanical mode quantum correlation using
a strong driving limit. To achieve this purpose, we establish the operators for the quadratures of
the cavity field as in Eq. (3.14) and the corresponding Hermitian input noise operators can be
defined as

δx̂in = (δĉ†fb + δĉfb)/
√
2, (3.48)

δŷin = i(δĉ†fb − δĉfb)/
√
2. (3.49)

On account of Eqs.(3.14),(3.48-3.49), the linearized quantum Langevin equations for the fluctua-
tions read

δ ˙̂q1 = ω1δp̂1,

δ ˙̂p1 = −ω1δq̂1 − γ1δp̂1 − ηδq̂2 +G0δx̂+ ξ1(t),

δ ˙̂q2 = ω2δp̂2,

δ ˙̂p2 = −ω2δq̂2 − γ2δp̂2 − ηδq̂1 + ξ2(t),

δ ˙̂x = −(κeff − 2Ga cos θ) δx̂+ (∆ + 2Ga sin θ) δŷ +
√
2κδx̂in,

δ ˙̂y = G0δq̂1 − (∆− 2Ga sin θ) δx̂− (κeff + 2Ga cos θ) δŷ +
√
2κδŷin,

(3.50)

Eq. (3.50) can be easily simplified into a more concise form

Π̇(t) = ℵΠ(t) +Q(t), (3.51)

in which Π(t) = (δq̂1, δp̂1, δq̂2, δp̂2, δx̂, δŷ)
T and Q(t) = (0, ξ1(t), 0, ξ2(t),

√
2κδx̂in,

√
2κδŷin)

T

represents the column vectors of fluctuation and input noise, respectively.
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The drift matrix ℵ can be defined as:

ℵ =



0 ω1 0 0 0 0

−ω1 −γ1 −η 0 G0 0

0 0 0 ω2 0 0

−η 0 −ω2 −γ2 0 0

0 0 0 0 Ξ β

G0 0 0 0 ς ϱ


, (3.52)

where Ξ = −κeff+2Ga cos θ, β = ∆+2Ga sin θ, ς = 2Ga sin θ−∆, and ϱ = −κeff−2Ga cos θ.
Stability is an important component of optomechanical systems. A stable system ensures that all
the eigenvalues of the drift matrix ℵ, have negative real parts. This stability condition can be
efficiently analyzed using the Routh-Hurwitz criteria (DeJesus and Kaufman, 1987).

3.4.4 Stationary bipartite entanglement

We proceed to investigate the stationary bipartite entanglement between the mechanical modes.
The system is in a CV Gaussian state and linearized dynamics. The steady state is fully
represented by a covariance matrix 6× 6, with components specified as (Mekonnen et al., 2024)

Vij = ⟨ui(t)uj(t
′) + uj(t)ui(t

′)⟩/2. (3.53)

In the end, the covariance matrix V fits the following Lyapunov equation

ℵV + V ℵT = −D, (3.54)

where, D represents a diagonal matrix known as a diffusion matrix. Using Eqs. (3.10) and (3.44),
we can easily verify that

D = diag (0, γ1(2n̄+ 1), 0, γ2(2n̄+ 1), κτ/(1 +
√
µ)2, κτ/(1 +

√
µ)2). (3.55)

Ultimately, the covariance matrix can be written as a block matrix

V =

 Vm1 Vm1m2 Vcm1

V T
m1m2

Vm2 Vcm2

V T
cm1

V T
cm2

Vc

 , (3.56)
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in which, every block signifies a 2×2 matrix. The diagonal blocks reflect the variance within each
subsystem, namely the cavity and mechanical modes. The off-diagonal blocks show correlations
between subsystems.

Next, we proceed to determine the bipartite entanglement between mechanical modes.
Using Eq.(2.37), and replace νs by ξ−, we easily quantify the bipartite entanglement. In which

ξ− =
[
Λ−

√
Λ2−4detσ
2

] 1
2

is the smallest symplectic eigenvalue of the partially transposed covariance
matrix with Λ = detVm1 + detVm2 − 2 detVm1m2 , and

σ =

(
Vm1 Vm1m2

V T
m1m2

Vm2

)
, (3.57)

where Vm1 , Vm2 and Vm1m2 are 2 × 2 block matrix. The two mechanical modes are said to
be entangled if and only if the smallest symplectic eigenvalues satisfy conditions ξ− < 0.5 or
EN > 0 (Abebe et al., 2020). As a result, we numerically describe the results of an analytical
expression via the plots in Figures. (4.5-4.7), using experimentally feasible parameters.

3.5 Quantum coherence in electro-optomechanical sys-

tem

In this section, we present a theoretical investigation of quantum coherence in a hybrid electro-
optomechanical system that includes coherent feedback, an optical parametric amplifier, and an
atomic ensemble. In particular, the hybrid system comprises a fixed mirror, a coherent feedback
loop, two charged mechanical oscillators, an ensemble of two-level atoms, and an OPA placed
inside the cavity. We first formulate the Hamiltonian of the system under consideration. Applying
the resulting Hamiltonian of the system, we obtain the nonlinear quantum Langevin equations.
Using numerical solutions of the Lyapunov equation and steady-state mean values, we quantify
the Gaussian quantum coherence of single-mode, two-mode, and multimode hybrid systems.

3.5.1 Model and Hamiltonian of the system

We consider a hybrid electro-optomechanical system consisting of a stationary mirror and a
mechanical oscillator (MR1) that is interconnected with a second mechanical oscillator (MR2)
through the Coulomb force interaction (η) (Zhang et al., 2012), as illustrated in Fig. 3.3. Inside
the cavity, there is a collection of two-level atoms and an OPA. The incident light field (ĉin)
is directed via an asymmetric beam splitter (BS), while the transmitted portion of the input
laser stimulates the cavity. The cavity mode is coupled to the mechanical oscillator (MR1) via
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radiation pressure. The output field (ĉout) is entirely reflected by the mirror M, with a portion
redirected back into the cavity through BS, creating a coherent feedback loop. The beam splitter
is used to combine the light beams created by a laser source with those that exit the cavity via
fixed mirrors. The unitary matrix of BS is defined in Eq.(3.34), where the amplitude transmission
and reflection coefficients of the BS satisfy t2 + r2 = 1 (t and r are real and positive ) (Mandel
and Wolf, 1995). As a consequence, the transmitted part of the input laser has an amplitude of
tΩ, and the reflected part has an amplitude of −rΩ. In actuality, t =

√
τ and r =

√
µ represent

in terms of the transmittance τ and reflectance µ of the asymmetric beam splitter (Mekonnen
et al., 2024). An OPA is pumped by a pump field with frequency 2ωl, and its output frequency
is ωl (He et al., 2022). The total Hamiltonian of the hybrid system can be expressed as

Figure 3.3: Schematic model of the hybrid optomechanical system with a coherent feedback loop.
The cavity optomechanics system consists of a stationary mirror and a mechanical oscillator
(MR1) which is coupled to the other mechanical oscillator (MR2) with Coulomb coupling
strength η. Within the cavity, an ensemble of two-level atoms and an OPA are positioned. An
input light field enters the cavity across an asymmetric beam splitter. The output field is reflected
on the mirror M and a part of the output field is sent to the cavity via a beam splitter. The
two-level atom has upper and lower energy eigen state denoted by |e⟩ and |g⟩, respectively. The
electrodes on the two mechanical oscillators possess charges Q1 and Q2. q1 and q2 represent the
small deviations of these oscillators from their equilibrium positions.
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Ĥ = ℏωcĉ
†ĉ+

1

2
ℏωaŝz +

2∑
j=1

ℏωj

2

(
p̂2j + q̂2j

)
− ℏgq̂1ĉ†ĉ

+ ℏga
(
ŝ+ĉ+ ŝ−ĉ

†)+ iℏΩ
√
τ
(
ĉ†e−iωlt − ĉeiωlt

)
+ iℏGa

(
eiθĉ†2e−2iωlt − e−iθĉ2e2iωlt

)
+ Ĥcoul,

(3.58)

where the first term in the above equation describes the free energy of the cavity mode. The
second term represents the free energy of the two-level atomic ensemble. This ensemble consists
of N atoms characterized by individual intrinsic frequencies, denoted ωa. The behavior of each
atom within the ensemble is described by Pauli spin matrices, namely σ̂z, σ̂+, and σ̂−. The
collective spin operator is defined as

ŝ+,−,z =
N∑
k=1

σ̂k
+,−,z, (3.59)

which σ̂+ = |e⟩⟨g|, σ̂− = |g⟩⟨e|, and σ̂z = |e⟩⟨e| − |g⟩⟨g|. The commutation relations are
stated as Eqs. (2.5)-(2.6). The third term represents the free energy of the mechanical modes.
The fourth term depict the interaction between the cavity field and the first charged mechanical
oscillator, while g is the optomechanical coupling strength. The initial term in the second line
implies the energy corresponding to the interaction between the cavity mode and the atomic
ensemble, while ga is the coupling strength between the single two-level atom and the cavity
field. The second term in the second line indicates the cavity field driven by the transmitted
portion of the input laser. The first term in the third line indicates the interaction of an OPA with
the cavity field. Although Ga is the nonlinear gain of the OPA, and θ describes the phase of the
optical field driving the OPA. The last term in the third line illustrates the Coulomb interaction
potential, and the mathematical representation is similar in Eq.(3.2).

The collective spin operators are examined in the context of low atomic excitation, where all
the atoms are in their ground state. The mean number of atoms in the excited state is predicted to
be significantly less than the total number of atoms N . In this context ⟨â†â⟩ ≪ N and using the
Holstein-Primakof approximation, the collective spin operator of the atomic ensemble is given
(Holstein and Primakoff, 1940)

ŝ+ = â†
√

N − â†â ≃
√
Nâ†, (3.60)

ŝ− = â
√

N − â†â ≃
√
Nâ, (3.61)

and
ŝz ≃ 2â†â−N. (3.62)
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The dynamics of atomic polarization can be characterized by the bosonic annihilation operator
â = ŝ−√

|⟨ŝz⟩|
and its Hermitian conjugate â†, meets the commutation relation (Holstein and

Primakoff, 1940)
[â, â†] = 1. (3.63)

Utilizing Eqs.(3.60)-(3.62) into Eq.(3.58), we have found

Ĥ = ℏωcĉ
†ĉ+ ℏωaâ

†â+
2∑

j=1

ℏωj

2

(
p̂2j + q̂2j

)
− ℏgq1ĉ†ĉ+ ℏλa

(
â†ĉ+ âĉ†

)
+ iℏΩ

√
τ
(
ĉ†e−iωlt − ĉeiωlt

)
+ iℏGa

(
eiθĉ†2e−2iωlt − e−iθĉ2e2iωlt

)
+ ℏηq1q2,

(3.64)

where λa = ga
√
N corresponds to the atomic coupling strength with the cavity field. In a rotating

frame with frequency ωl, the hybrid systems Hamiltonian is expressed as

Ĥ = ℏ∆oĉ
†ĉ+ ℏ∆aâ

†â+
2∑

j=1

ℏωj

2

(
p̂2j + q̂2j

)
− ℏgq1ĉ†ĉ+ ℏλa

(
â†ĉ+ âĉ†

)
+ iℏΩ

√
τ
(
ĉ† − ĉ

)
+ iℏGa

(
eiθĉ†2 − e−iθĉ2

)
+ ℏηq1q2,

(3.65)

where, ∆o is the detuning of the cavity mode and ∆a= ωa − ωl represents detuning of the atomic
mode.

3.5.2 Equations of the motion

The dynamics of the system can be well explained by the quantum Langevin equation. By
substituting Eq.(3.65) into Eqs.(A.1)-(A.6) and applying Eq.(3.63) and Eqs.(A.7)-(A.10), we
easily obtain the nonlinear quantum Langevin equations as follows:

˙̂q1 = ω1p̂1,

˙̂p1 = −ω1q̂1 − γ1p̂1 − ηq̂2 + gĉ†ĉ+ ξ1(t),

˙̂q2 = ω2p̂2,

˙̂p2 = −ω2q̂2 − γ2p̂2 − ηq̂1 + ξ2(t),

˙̂c = −(κeff + i∆o − igq̂1)ĉ+ 2Gaĉ
†eiθ − iλaâ+ Ω

√
τ +

√
2κĉfb(t),

˙̂a = −(γa + i∆a)â− iλaĉ+
√

2γaâin(t),

(3.66)

where γa is the decay rate of the atoms, and also ĉfb is the effective input noise operator that is
incident to the beam splitter, and âin is the noise operator of the system that impacts the atomic
field. The incident input field and the atomic fields are the initial vacuum reservoir. Following
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this, the expectation values of ⟨ĉfb(t)⟩ and ⟨ĉfb(t)ĉ†fb(t′)⟩ are given in Eq.(3.43) and Eq.(3.44),
respectively. The expectation values of the noise operator of the system impact on the atomic
field is given by (Mansouri et al., 2022)

⟨âin(t)â†in(t′)⟩ = δ(t− t′). (3.67)

3.5.3 Steady state solutions of the equations of motion

The dynamics of a hybrid system can be easily linearized when the cavity is strongly driven by
an input laser. Employing Eq.(2.36), we can rewrite each operator of Eq.(3.66) in terms of its
steady-state value and fluctuation part. To determine the steady-state solution for each operator,
begin by equating the time derivative of all components in Eq. (3.66) to zero and assuming that
the mechanical damping factors, ξ1(t) and ξ2(t), do not have any influence on the steady-state
system, allowing us to ignore minor terms. Consequently, the steady-state mean values of Eq.
(3.66) can be formulated as follows:

ps1 = 0,

ps2 = 0,

qs1 =
−ω2g|cs|2

η2 − ω1ω2

,

qs2 =
g|cs|2η

η2 − ω1ω2

,

(3.68)

cs =

√
τΩ

κeff + i∆− 2Gaeiθ +
λ2
a

γa+i∆a

, (3.69)

as =
−iλac

s

γa + i∆a

, (3.70)

where ∆ = ∆o − gqs1 represents the effective cavity detuning from the input laser frequency in
the existence of radiation pressure.

3.5.4 Quantum fluctuation and covariance matrix of the system

We now proceed to determine the quantum coherence of the various modes of the hybrid system.
For this purpose, we establish the operators for the quadratures of the cavity field the same as in
Eqs. (3.14),(3.48-3.49). Furthermore, to incorporate the atomic ensemble into the analysis, we
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introduce the quadratures corresponding to the atomic ensemble as follows:

δX̂ = (δâ† + δâ)/
√
2, (3.71)

δŶ = i(δâ† − δâ)/
√
2, (3.72)

and the corresponding Hermitian input noise operators are

δX̂in = (δâ†in + δâin)/
√
2, (3.73)

δŶin = i(δâ†in − δâin)/
√
2. (3.74)

Using the definition offered above and Eqs. (3.14),(3.48)-(3.49), we can formulate the linearized
quantum Langevin equations as follows:

δ ˙̂q1 = ω1δp̂1,

δ ˙̂p1 = −ω1δq̂1 − γ1δp̂1 − ηδq̂2 +G0δx̂+ ξ1(t),

δ ˙̂q2 = ω2δp̂2,

δ ˙̂p2 = −ω2δq̂2 − γ2δp̂2 − ηδq̂1 + ξ2(t),

δ ˙̂x = −(κeff − 2Ga cos θ)δx̂+ (∆ + 2Ga sin θ)δŷ + λaδY +
√
2κδx̂in,

δ ˙̂y = G0δq̂1 − (∆− 2Ga sin θ)δx̂− (κeff + 2Ga cos θ)δŷ − λaδX +
√
2κδŷin,

δ
˙̂
X = −γaδX +∆aδY + λaδy +

√
2γaδX̂in,

δ
˙̂
Y = −γaδY −∆aδX − λaδx+

√
2γaδŶin,

(3.75)

Eq. (3.75) can easily be expressed in a short manner

Θ̇(t) = ℜΘ(t) + ζ(t), (3.76)

where Θ(t) = (δq̂1, δp̂1, δq̂2, δp̂2, δx̂, δŷ, δX̂, δŶ )T and ζ(t) = (0, ξ1(t), 0, ξ2(t),
√
2κδx̂in,√

2κδŷin,
√
2γaδX̂in,

√
2γaδŶin)

T are the column vector of the quadrature fluctuation and input
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noises, respectively. The drift matrix ℜ can be represented as:

ℜ =



0 ω1 0 0 0 0 0 0

−ω1 −γ1 −η 0 G0 0 0 0

0 0 0 ω2 0 0 0 0

−η 0 −ω2 −γ2 0 0 0 0

0 0 0 0 −κeff + 2Ga cos θ ∆+ 2Ga sin θ 0 λa

G0 0 0 0 2Ga sin θ −∆ κeff − 2Ga cos θ −λa 0

0 0 0 0 0 λa −γa ∆a

0 0 0 0 −λa 0 −∆a −γa


.

(3.77)
The drift matrix in Eq. (3.77) provides all necessary information about the system. The system is
regarded to have reached a stable steady-state condition only when all eigenvalues of the drift
matrix are negative real parts. Using the Routh-Hurwitz criterion (DeJesus and Kaufman, 1987),
the stability requirements can be achieved. The system under consideration here is described in
terms of continuous variable Gaussian states and linearized dynamics. In this context, quantum
fluctuations in the system are characterized by an 8 × 8 covariance matrix (CM), with the
corresponding components defined as

Vjk = ⟨uj(t)uk(t
′) + uk(t)uj(t

′)⟩/2. (3.78)

The steady-state covariance matrix can be described by Lyapunov equation

ℜV + V ℜT +D = 0, (3.79)

in which D is a diagonal matrix that is known as a diffusion matrix, that characterizes the noise
correlations. Using Eqs.(3.10),(3.44),(3.67), one can easily verify that

D = diag(0, γ1(2n̄+ 1), 0, γ2(2n̄+ 1), κτ/(1 +
√
µ)2, κτ/(1 +

√
µ)2, γa, γa). (3.80)

Furthermore, solving Eq.(3.79) analytically is complicated, therefore, we can utilize a numerical
solution to analyze the Gaussian quantum coherence of the hybrid system. The numerical
solution of Eq.(3.79) can be defined as
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V =


Vm1 Vm1m2 Vm1o Vm1a

Vm2m1 Vm2 Vm2o Vm2a

Vom1 Vom2 Vo Voa

Vam1 Vam2 Vao Va

 , (3.81)

in which Vj(j = m1,m2, o, a) represents the 2 × 2 block matrix of local properites of every
mode, and Vj,k(j, k = m1,m2, o, a) is the 2 × 2 block matrix of the correlations between the
respective modes.

3.5.5 Quantification of Gaussian quantum coherence

We now seek to investigate the quantum coherence of a hybrid electro-optomechanical system
using a coherent feedback loop composed of an optical parametric amplifier and two-level atomic
ensembles. Employing Eq.(3.81), we can easily obtain the covariance matrix for each mode,
such as mechanical oscillators, optical mode, and atomic mode. The covariance matrix for the
first mechanical oscillator Vm1, the second mechanical oscillator Vm2, the optical mode Vo, and
the atomic mode Va are depicted below:

Vm1 =

(
V11 V12

V21 V22

)
, Vm2 =

(
V33 V34

V43 V44

)
,

Vo =

(
V55 V56

V65 V66

)
, Va =

(
V77 V78

V87 V88

)
.

(3.82)

In the following, the quantum coherence of any single-mode Gaussian state ρ(Vj, d⃗) is entirely
captured by the first and second moments (covariance matrix(V)), the initial moment is described
as d⃗ = (dx, dy), where dx is the steady-state average values of any position mode and dy is the
steady-state mean momentum values of any mode. On accounts of Eq.(3.68), the first moments
of the first mechanical mode are given by:

dx = qs1 = −ω2g|cs|2/(η2 − ω1ω2), (3.83)

dy = ps1 = 0. (3.84)

Similarly, the first moments of the second mechanical modes are

dx = qs2 = g|cs|2η/(η2 − ω1ω2), (3.85)
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dy = ps2 = 0. (3.86)

Using Eq.(3.69), we can efficiently derive the first moments of the optical mode such as:

dx = (cs + c∗s)/
√
2, dy = i(c∗s − cs)/

√
2. (3.87)

Following a similar approach, Eq. (3.70) allows us to readily obtain the first moments of the
atomic mode

dx = (as + a∗s)/
√
2, dy = i(a∗s − as)/

√
2. (3.88)

Employing Eqs.(3.83-3.88) and Eq.(3.82) into Eq.(2.51), we can easily determine the quantum
coherence of the one-mode Gaussian state ρ(Vj, d⃗). In addition, to quantify bipartite quantum
coherence between subsystems, we can easily reduce the covariance matrix V from Eq.(3.81)
into a 2 × 2 submatrix Vjk(j, k = m1,m2, o, a). We easily calculate the bipartite quantum
coherence ρ(Vjk, d⃗) using Eq.(2.52). Employing Eq.(2.53), we easily calculate the total quantum
coherence of a CV system with four mode. As a result, we numerically describe the results of an
analytical equation via the plots in Figs.(4.8)-(4.15), using experimentally parameters.
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4

RESULTS AND DISCUSSION

This chapter presents the results and a discussion of the dissertation work in three sections. In the
first section, we examined the impact of various parameters on the quantum correlation between
mechanical modes. Specifically, we explored how the nonlinear gain of the OPA, the phase of
the optical field driving the OPA, the Coulomb coupling strength, the environmental temperature,
and the driven laser power influence the quantum correlation, as revealed through numerical
simulations. The second section focuses on the steady-state entanglement between mechanical
modes. Here, we evaluated the effects of Coulomb strength, the presence of the OPA, the phase
of the OPA, the reflection coefficient, and the environmental temperature on the entanglement. In
the last section, we examined how factors such as the OPA’s nonlinear gain, reflection coefficient,
atomic decay rate, atomic coupling, driving laser power, and ambient temperature influence
quantum coherence using simulation numerical results.

Table 4.1: The experimental parameters for the plots in Figs. (4.1)-(4.7) have been chosen from
the values provided in Refs.(Schliesser et al., 2008; Gigan et al., 2006) under standard conditions.

No Parameters Values
1 Mechanical frequency (ωm1 = ωm2 = ωm) 200π MHz
2 Mechanical damping rates (γ1 = γ2 = γm) 20π Hz
3 Cavity damping rates (κ) 88.1MHz
4 Mass of the mechanical oscillators (m1 = m2 = m) 5 ng
5 Cavity length (L) 1mm
6 Wavelength of driving laser (λ) 810nm
7 Temperature (T ) 4mK
8 Laser power (P ) 10mW
9 Coulomb coupling strength (η) 0.95ωm
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4.1 Quantification of quantum correlations

In this section, we investigate the quantum correlation through an optical parametric amplifier and
a Coulomb-type interaction in the hybrid system. We used three quantum correlation quantifiers
such as logarithmic negativity, steering, and discord. Further, to obtain the covariance matrix, we
numerically solve Eq.(3.30) and compute the logarithmic negativity, which serves as a witness
to quantum entanglement. Then, Gaussian quantum discord is calculated to quantify all non-
classical correlations present in the system. In addition, we perform numerical calculations of
quantum steering to determine the steerability between the mechanical modes. For the numerical
simulations, we used the experimental parameters listed in Table (4.1).
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Figure 4.1: Plots of quantum correlations: (a) logarithmic negativity EN , (b) quantum steering
(SA→B : SB→A), and (c) quantum discord (DA : DB) as function of the normalized detuning
∆/ωm for different values of the nonlinear gain of the OPA Ga with phase of the optical field
driving the OPA ( θ = 0), temperature (T = 4mK), laser power (P = 10mW ), and Coulomb
coupling strength (η = 0.95ωm). Other parameters are listed in Table (4.1).
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Figure (4.1), shows the measurement of quantum correlations between mechanical oscillators
using logarithmic negativity EN , quantum steering (SA→B : SB→A), and quantum discord
(DA : DB) as a function of the normalized detuning ∆/ωm for different values of nonlinear
gain of the OPA. In Figure (4.1), we numerically display the effect of the nonlinear gain of the
OPA on the quantum entanglement, quantum steering, and quantum discord between mechanical
modes. Generate bipartite entanglement, quantum steering, and quantum discord between the
mechanical modes as functions of normalized detuning for various nonlinear gain values of the
OPA. Notably, we employed realistic parameters that enable significant quantum correlation
between the mechanical modes. Specifically, one can observe that there is a correlation between
the two oscillators, implying that there is a quantum correlation between them, even though
they are separated. Additionally, Figs. (4.1)(a-c) show that when the nonlinear gain of the OPA
coupling parameter grows, the quantum correlation between the oscillators intensifies. In Figs.
(4.1) shows that increasing the nonlinear gain of the OPA enhances the quantum entanglement,
quantum steering, and quantum discord between the mechanical modes compared to the absence
of the OPA. This enhancement is attributed to the fact that increasing the nonlinear gain of the
OPA corresponds to an increase in the photon number within the optical cavity. This elevated
photon number leads to a stronger radiation pressure exerted on the mechanical oscillator (MR1).
Our findings are consistent with those reported in (Pan et al., 2023).

Next, we explore the crucial role of the Coulomb coupling strength η on the quantum
correlations between the two mechanical oscillators separated in space. Figure (4.2), we plot
quantum correlations using logarithmic negativity EN , quantum steering (SA→B : SB→A), and
quantum discord (DA : DB) as functions of normalized detuning ∆/ωm for different values of the
Coulomb coupling strength. Quantum correlation exists between the two mechanical oscillators,
even when they are physically separated. As shown in Figure (4.2) (a-c), the presence of strong
Coulomb coupling enhances the entanglement, quantum steering, and quantum discord between
spatially separated mechanical oscillators. As depicted in Fig. (4.2), a larger Coulomb coupling
strength leads to more strongly entangled mechanical oscillators. Moreover, in the absence
of Coulomb coupling, entangling the two oscillators separately is impossible. Therefore, the
Coulomb interaction between the two oscillators is the most crucial parameter for achieving state
transfer between the subsystems. Therefore, our results are consistent with those reported in (Bai
et al., 2017; Pan et al., 2023). Now, we consider the feasibility of choosing the numerical value
of the coupling strength η in the experiment. If we apply the experimental parameters reported,
that is, the gate voltage V1 = V2 = 200V , the capacitance of the gate C1 = C2 = 2.4nF and
the separation between mechanical oscillators without Coulomb and optomechanical interaction
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Figure 4.2: Plots of quantum correlations: (a) logarithmic negativity EN , (b) quantum steer-
ing (SA→B : SB→A), and (c) quantum discord (DA : DB) as a function of the normalized
detuning ∆/ωm for different value of Coulomb coupling strength η with the nonlinear gain of
the OPA (Ga = 0.26κ). Other parameters are the same as Fig. (4.1)

r0 = 160µm (Bai et al., 2017; Chen et al., 2015), in this situation η ≈ 0.33ωm. If we compare
the numerical values used in our coupled optomechanical system, it is obvious that our choice
of the numerical value of coulomb coupling strength is easily executable in experiments. Thus,
our hybrid optomechanical system can be realized by choosing the appropriate experimental
parameters from (Schliesser et al., 2008; Gigan et al., 2006). The results show that the presence of
strong Coulomb coupling enhances the quantum correlations between the mechanical oscillators,
and Coulomb interactions are more prominent in quantum correlations.

We next examine the effect of the phase of the optical field driving the OPA on quantum
correlations between the two separated mechanical oscillators in space. As shown in Fig. (4.3)
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Figure 4.3: Plots of quantum correlations: logarithmic negativity EN , quantum steering (SA→B :
SB→A), and quantum discord (DA : DB) as a function of the normalized detuning ∆/ωm for
different values of the phase of the optical field driving the OPA, (a) θ = π/16, (b) θ = π/8
, (c) θ = π/4, and (d) θ = π/3 with the nonlinear gain of the OPA (Ga = 0.26κ). Other
parameters are the same as in Fig. (4.1)

(a)-(d), it can be seen that the quantum correlations increase with the phase θ increases with
fixed values of the nonlinear gain of OPA (Ga) and the Coulomb coupling strength η. In addition,
the optimum values of quantum steering and quantum discord occur in ∆/ωm = 0.13, and
∆/ωm = 0.05, respectively, for the case θ = π/3. Thus, we deduced that the presence of phase
fluctuation of the optical field driving the OPA affects the quantum correlations.

It is also significant to study the robustness of quantum correlations between the two me-
chanical oscillators against temperature. Figure (4.4) shows graphs of quantum correlations:
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Figure 4.4: Plots of quantum correlations: (a) logarithmic negativity EN , (b) quantum steering
(SA→B : SB→A), and (c) quantum discord (DA : DB) as a function of the temperature for
different values drive laser power with ∆ = 0.6ωm with the nonlinear gain of the OPA (Ga =
0.26κ). The remaining set of parameters is the same as in Fig. (4.1)

(a) logarithmic negativity (EN ), (b) quantum steering (SA→B : SB→A), and (c) quantum dis-
cord (DA : DB) as a function of the temperature for the drive power of different values. As shown
in Figure (4.4), quantum correlations such as entanglement, quantum steering, and quantum
discord, become stronger as the laser power increases. The degree of the quantum correlations be-
tween the mechanical modes decreases as the temperature increases because thermal noise in the
environment induces decoherence. The entanglement degrades to zero, this is the phenomenon
of entanglement of sudden death (Al-Qasimi and James, 2008). According to these results, an
increase in temperature leads to the transition from quantum to classical regimes, which is caused

58



by thermal fluctuations. As a result, the hybrid system does not exhibit any entanglement in
classical regimes, despite the presence of quite strong laser power. We deduced that the stronger
the thermal noise, the higher the temperature of the environment. The entanglement between
two separate oscillators is then submerged by strong thermal noise (Sohail et al., 2020). We note
that the two-way steerable state vanishes with higher values of environmental temperature. In
addition, we obtain better quantum discord at low temperatures, and even at higher temperature
values, quantum discord is found to persist, although entanglement EN vanishes completely,
indicating that quantum discord extends beyond entanglement and confirms the robustness of
this measure against fluctuations of the bath environment. Therefore, thermal fluctuations affect
quantum correlation, while laser power enhances quantum correlation. We believe that these
are appropriate measures to quantify quantum entanglement, quantum steering, and quantum
discord and show that our proposed scheme enhances the quantum correlation and proves robust
against fluctuations in the bath environment.

Furthermore, we can summarize the figures (4.1)-(4.4) showing that entanglement, quantum
steering, and quantum discord all behave in the same way. As can be seen, quantum steering is
bounded by quantum entanglement. We have SA→B = SB→A > 0 and logarithmic negativity
EN > 0 is the witness of two-way steering, while for SA→B = SB→A = 0 and EN > 0, the two
mechanical oscillators are not steerable ( no-way steering). Thus, the quantum discord is more
robust than entanglement as shown in figure (4.1)-(4.4), because when 0 ≤ DA ≤ 1 : 0 ≤ DB ≤
1 ( the two mechanical oscillators are separable (if EN = 0) or entangled (if EN > 0). On the
other hand, when DA > 1 : DB > 1 (i.e. the two mechanical oscillators must be entangled) and
we have EN > 0. Moreover, we can also see from figures (4.1)-(4.4), that the quantum discord
is more dominant than the entanglement and is also a good quantifier of the quantum correlation.
The presence of the OPA and strong Coulomb coupling enhances the quantum correlations
between the two mechanical oscillators, and Coulomb interactions are more prominent in the
electro-optomechanical system.

4.2 Measuring mechanical entanglement

In this section, we examine the enhancement of the steady-state entanglement of mechanical
modes in the hybrid electro-optomechanical system via a coherent feedback loop. For simplicity,
we assume that the parameters for both mechanical oscillators are identical as depicted in Table
(4.1).

In Fig.(4.5), density plots of bipartite entanglement between the two mechanical modes as
a function of the nonlinear gain of the OPA Ga and normalized detuning ∆/ωm. Figure (4.5)
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Figure 4.5: Density plot of the logarithmic negativity EN between the two mechanical modes as
a function of the nonlinear gain of the OPA Ga and normalized detuning ∆/ωm, (a) the presence
of coherent feedback (r = 0.3) and (b) absence of the coherent feedback (r = 0). The remaining
parameters are listed in Table (4.1).

(a) presents a numerical analysis demonstrating the impact of the nonlinear gain of the OPA
and the presence of a coherent feedback loop on the entanglement between the two mechanical
oscillators. In Fig.(4.5) (a), the bipartite entanglement between the two mechanical modes
strengthens as the gain of OPA Ga increases. Our findings align with those reported by (Pan
et al., 2023). As shown in Fig. (4.5) (a) the bipartite entanglement between the two mechanical
modes improved when coherent feedback effects are present. The presence of coherent feedback
effects allows for the reinjection of photons into the cavity, which allows the enhancement of
the entanglement generation. Our results agree with those of (Amazioug et al., 2020b). In
this aspect, the combination of the nonlinear gain of the OPA and coherent feedback effects
results in a large increase in bipartite entanglement between the mechanical modes. Therefore,
the existence of the coherent feedback effect improves the entanglement compared to systems
without the coherent feedback effect (Bai et al., 2017). Moreover, in Fig. (4.5) (b) we plot the
bipartite entanglement versus normalized detuning ∆/ωm and the nonlinear gain of the OPA in
the absence of a coherent feedback loop. Fig. (4.5) (b) reveals that increasing the nonlinear gain
Ga of the OPA yields enhanced levels of entanglement between the mechanical modes. This
phenomenon arises due to the amplification of photon numbers within the cavity as a result of a
higher nonlinear gain, consequently resulting in a more pronounced radiation pressure exerted
on a mechanical oscillator.

Next, we proceed to examine the impact of the Coulomb coupling strength η and the environ-
ment temperature on the quantum entanglement. Fig. (4.6) (a) shows that the entanglement of
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Figure 4.6: Density plot of the logarithmic negativity EN between the two mechanical modes.
(a) The plot of logarithmic negativity EN versus Coulomb coupling strength η and normalized
detuning ∆/ωm, with fixed values of Ga = 0.26κ. (b) The plot logarithmic negativity EN as the
power and the environment temperature T , with ∆ = 0.5ωm, and Ga = 0.26κ. The remaining
parameters are listed in Table 4.1.

spatially distant mechanical oscillators significantly enhances the existence of intense Coulomb
coupling. The oscillators are entangled, indicating that there is a state transfer of the two charged
mechanical oscillators, despite being spatially separated. Employing realistic parameters al-
lows one to attain a substantial degree of quantum entanglement. Additionally, the absence of
Coulomb coupling strength renders the entanglement of two separate oscillators impossible. It
is worth noting that the Coulomb coupling strength is the crucial parameter for achieving state
transfer between the two mechanical modes. Our results agree with (Pan et al., 2023). Fig.
(4.6) (b) indicates that increasing the power of the drive laser enhances bipartite entanglement
between the two mechanical modes, which may be attributed to the fact that increased power of
the drive laser leads to stronger coupling between the mechanical modes. It is also obviously
noted that the reservoir temperature induces decoherence in such an entanglement, and hence we
observed the decay of the macroscopic entanglement as the temperature increases. Thermal noise
in the surroundings provides random fluctuations that can disturb the entanglement between
mechanical modes. Based on these findings, it has been observed that as the environmental
temperature increases, a distinct shift occurs from the quantum realm to the classical regime.
Therefore, our results are consistent with those reported in (Bai et al., 2017).

Finally, we investigate the influence of the phase of the optical parametric amplifier and
the reflectivity coefficient on the entanglement between the two spatially separated mechanical
oscillators. In Fig. (4.7) (a), we plot the steady-state entanglement versus the phase of the optical
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Figure 4.7: Density plot of the logarithmic negativity EN between the two mechanical modes.
(a) The logarithmic negativity EN versus the phase of the optical field driving the OPA and
the normalized detuning ∆/ωm, with fixed values of Ga = 0.26κ. (b) Plots of the logarithmic
negativity EN versus the phase of the optical field that drives the OPA and the presence of
coherent feedback r, with Ga = 0.26κ and ∆ = 0.3ωm. The remaining parameters are listed in
Table 4.1.

field driving the OPA and the normalized detuning ∆/ωm. As illustrated in Figure (4.7) (a), it is
evident that the degree of entanglement between the two mechanical modes intensifies as the
phase increases. Our results are consistent with those previously reported in (Bai et al., 2017).
Fig.(4.7) (b), we plot the bipartite entanglement of the mechanical modes versus the reflectivity
coefficient and the phase. Furthermore, Fig. (4.7) (b) illustrates that the degree of entanglement
of mechanical modes improves as the phase of the OPA and the reflectivity coefficient increase.
Furthermore, it should be noted that the coherent feedback effect facilitates the reinjection of
photons into the cavity, thus enhancing the generation of entanglement (Mekonnen et al., 2024).
The results show that the hybrid model, coupled through Coulomb interaction, exhibits a stronger
degree of mechanical entanglement under the influence of the phase of the optical parametric
amplifier and Coulomb coupling interaction. This indicates that a larger phase of the amplifier
parameter leads to stronger mechanical entanglement. Furthermore, it can be seen that the
presence of both the phase of the optical parametric amplifier and coherent feedback enhances
the macroscopic entanglement between the two mechanical modes, compared to the scheme
without the coherent feedback effect (Bai et al., 2017; Mekonnen et al., 2023). However, reducing
the effective decay rate can enhance entanglement by preserving coherence and allowing for
longer-lasting quantum correlations within the system. Our results align with those reported by
(Amazioug et al., 2020b). Therefore, choosing the appropriate phase of OPA and incorporating a
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coherent feedback effect improve bipartite entanglement between the two mechanical modes.

4.3 Quantifying Gaussian quantum coherence

Following the theoretical investigation of the model considered, in this section, we address
numerical results of the quantum coherence of systems of one mode, two modes, and a total
mode. To assess the degree of quantum coherence, we use an analytical formula single mode,
two-mode and total modes.To simplify the analysis, we take the parameters of each oscillator to
be the same as shown in Table (4.2).

Table 4.2: The experimental parameters for the plots in Fig.(4.8-4.15) were taken from the
values reported in Refs.(Schliesser et al., 2008; Gigan et al., 2006; Gröblacher et al., 2009) under
standard conditions.

No Parameters Values
1 Mechanical frequency (ωm1 = ωm2 = ωm) 200π MHz
2 Mechanical damping rates (γ1 = γ2 = γm) 20π Hz
3 Cavity damping rates (κ) 88.1MHz
4 Masses of the mechanical oscillators (m1 = m2 = m) 5 ng
5 Cavity length (L) 1mm
6 Wavelength of driving laser (λ) 810 nm
7 Phase of the optical field (θ) 0
8 Temperature (T ) 4mK
9 Laser power (P ) 50mW
10 Coulomb coupling strength (η) 0.95ωm

11 Reflective coefficient (r) 0.3
12 Effective cavity detuning (∆) 0.2ωm

13 Atomic decay rate (γa) 0.5ωm

14 Atomic coupling (λa) 0.4ωm

15 Atomic detuning (∆a) −ωm

Fig. 4.8 reveals the impact of the non-linear gain of an OPA on quantum coherence employing
different modes. As shown in Figs. 4.8(a)-(d), we observe that the single-mode quantum
coherence of mechanical oscillators, Cm1: Cm2, the cavity mode, Co, the atom mode, Ca, and
the total coherence CT improve with increasing nonlinear gain of the OPA. The nonlinear gain of
the OPA effectively enhances the interaction strength within the system, which leads to stronger
quantum coherence among the different modes. This enhancement occurs because the OPA
introduces additional squeezed light into the system, which reduces noise and improves the
coherence properties. It is evident that the quantum coherence of mechanical oscillators Cm1:
Cm2, cavity mode Co, atom mode Ca, and total coherence CT decreases as the rate of atomic
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Figure 4.8: Plots of the quantum coherence (a) mechanical oscillators Cm1 : Cm2, (b) cavity
mode Co, (c) the atom mode Ca and (d) the total coherence CT as a function of the nonlinear
gain of the OPA Ga for different values of the atomic decay rate γa. The remaining parameters
are listed in Table 4.2.

decay increases. The rise in the rate of atomic decay increases the interactions between the atom
and field, resulting in more frequent quantum state disruptions. These processes cause the atom
to lose quantum information to the environment, thereby reducing the overall coherence of the
system. Our results are consistent with those reported in (Singh et al., 2021). Furthermore, Fig.
4.8 shows that we attain the highest quantum coherence values when the nonlinear gain of the
OPA is high and the atomic decay rate is low. This optimal scenario minimizes decoherence
effects and maximizes the beneficial impact of the nonlinear gain of the OPA, allowing the
system to maintain high levels of quantum coherence. The presence of a high non-linear gain
OPA counteracts the decoherence introduced by atomic decay, maintaining stronger coherence
among the system’s components.

Next, we examine the effects of the reflective coefficient (r) and the nonlinear gain of the
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Figure 4.9: Density plots of the quantum coherence (a) mechanical oscillators Cm1 : Cm2, (b)
cavity mode Co, (c) atom mode Ca, and (d) total coherence CT as a function of the nonlinear
gain of the OPA Ga and the reflective coefficient (r). The remaining parameters are listed in
Table. 4.2.

OPA Ga on quantum coherence, such as mechanical oscillators Cm1 : Cm2, cavity mode Co,
atom mode Ca, and total coherence CT . Figure. (4.9) (a)-(d) demonstrates that boosting the
nonlinear gain of the OPA and the reflectivity coefficient boosts the quantum coherence. When
the nonlinear gain grows, the number of photons in the cavity increases, resulting in a higher
level of quantum coherence inside the system. Furthermore, higher reflectivity coefficients r
promote quantum coherence and allow more sustained quantum correlations in the system. When
r approaches 1, the entire output field is reflected back into the system, effectively closing the
feedback loop. This implies that almost no light (very minimal) is lost to the environment and the
decay rate of the cavity mode is minimized. Besides, as r approaches 1, there is a corresponding
decrease in effective decay rates (κeff), which leads to an enhancement of quantum coherence.
The reduced dissipation and minimal interaction with the environment help preserve coherence.
As a result, the existence of nonlinear gain OPA, and coherent feedback effect increases quantum
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coherence when compared to their absence.
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Figure 4.10: Density plots of the quantum coherence (a) mechanical oscillators Cm1 : Cm2, (b)
the cavity mode Co, (c) the atom Ca and (d) the total coherence CT as a function of the atomic
coupling λa and normalized detuning ∆/ωm. The remaining parameters are listed in Table 4.2.

Next, we examine the crucial role of atomic coupling (λa) in quantum coherence. Figs.
(4.10) (a)-(d) show that the quantum coherence for different modes improves as the atomic
coupling λa increases to certain values, but decreases after reaching a threshold value of λa.
We found that optimal values of quantum coherence occur within the range of atomic coupling
λa = 0.3ωm − 0.4ωm. This is so because at these values the coupling strength effectively
balances the enhancement of coherent interactions between the atomic ensemble and the optical
field while minimizing decoherence effects. In this range, the interactions are strong enough to
sustain stable superpositions and promote entangled states without overwhelming the system
with excessive noise or instability. Furthermore, quantum coherence is strengthened when
the normalized detuning ∆/ωm increases to specific values, but then drops. We also see that
smaller values of normalized detuning ∆/ωm result in the highest quantum coherence values.
Furthermore, atomic coupling enhances quantum coherence compared to the lack of atomic
coupling. Atomic coupling allows for the interchange of quantum information between the atom
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and other modes, promoting correlation and coherence.
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Figure 4.11: Plots of the quantum coherence (a) mechanical oscillators Cm1 : Cm2,(b) the cavity
mode Co, (c) the atom Ca, and (d) the total coherence CT as a function of the temperature for
different of values drive laser power. The remaining parameters are listed in Table 4.2.

To investigate the effect of temperature on single-mode quantum coherence in the system,
we plot in Fig. (4.11), the quantum coherence of (a) mechanical oscillators Cm1: Cm2, (b) cavity
mode Co, (c) atom mode Ca, and (d) total coherence CT versus temperature for different values of
driving laser power. The results show that when laser power increases, the quantum coherence of
a single mode and overall coherence strengthen. Increased laser power strengthens the system’s
interaction, resulting in improved coherence across all modes. Figs. (4.11)(a) and (d) show
that the quantum coherence Cm1: Cm2, and CT decrease with increasing ambient temperature.
Mechanical oscillators are very sensitive to variations in ambient temperature, which cause
decoherence effects. This sensitivity originates from the fact that higher temperatures increase
phonon interactions inside mechanical oscillators, resulting in increased thermal noise and a loss
of coherence. In contrast, Figs. (4.11)(b) and (c) show that Co and Ca remain relatively constant

67



when the ambient temperature increases. Temperature variations have less of a direct impact on
these modes, resulting in greater stability. The cavity mode, which primarily involves photons,
and the atom mode, which involves internal atomic states, are more separated from thermal
phonons, resulting in less direct thermal disruption as compared to mechanical oscillators. Our
results are consistent with those reported in (Zhai and Guo, 2022).
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Figure 4.12: Plots of the bipartite quantum coherence between (a) the mechanical and atom
mode Cm1a : Cm2a, (b) the cavity and atom mode Coa, (c) the mechanical and cavity mode
Cm1o : Cm2o, and the mechanical and mechanical mode Cm1m2 as a function of the nonlinear
gain of the OPA Ga for different values of the atomic decay rate. The remaining parameters are
listed in Table 4.2.
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Next, our analysis focuses on examining the results of bipartite quantum coherence between
the mechanical and atom modes (Cm1a, Cm2a), the cavity and atom modes (Coa), the mechanical
and cavity modes (Cm1o: Cm2o), and the mechanical and mechanical modes (Cm1m2). For this,
we present in Fig.(4.12) the four bipartite quantum coherences as a function of the nonlinear
gain of the OPA (Ga) for different values of the atomic decay rate. As can be seen in Fig.(4.12),
improving the values of the nonlinear gain of the OPA (Ga) boosts bipartite quantum coherence.
The nonlinear gain enhances the amplification of quantum information in the system. This
amplification process maintains and enhances coherence between subsystems, resulting in
greater bipartite quantum coherence. Specifically, the OPA introduces additional squeezed light,
which improves correlations and minimizes noise, boosting coherence between distinct pairings
of modes. Furthermore, when the rate of atomic decay increases, bipartite quantum coherence
diminishes. Our findings agree with (Singh et al., 2021). These results correspond exactly with
those shown in Fig. (4.12) for the single mode.

In Fig. (4.13), we plot the four bipartite quantum coherence as a function of the normalized
detuning (∆/ωm) for different values of the atomic ensemble coupling strength (λa). As shown
in Fig.(4.13) the bipartite quantum coherence between the subsystems monotonically decreases
as ∆/ωm increases. We also noticed that increasing the coupling strength of the atomic ensemble
λa enhances the quantum coherence between subsystems. In particular, we obtain better results
in bipartite quantum coherence between the cavity and atom modes compared to the others. As
the atomic ensemble coupling strength increases, the atoms exhibit stronger correlations and
collective behavior. This collective mode of operation enables the atoms to share and exchange
coherence more efficiently with the cavity mode.

Following, we examine how the non-linear gain of the OPA and the reflective coefficient
impact bipartite quantum coherence. For this, we plot the four bipartite quantum coherence
as a function of the nonlinear gain of the OPA and reflective coefficient values. Figs. (4.14)
(a)-(d) show that increasing the nonlinear gain values of the OPA and the reflective coefficient
improves the bipartite quantum coherence. Increasing values of the nonlinear gain of the OPA
Ga raises the number of photons in the optical cavity, leading to better quantum coherence.
Furthermore, higher reflective coefficients result in stronger quantum coherence, which increases
total quantum coherence in the system. Reducing the effective decay rate (κeff ) improves
quantum coherence and allows for longer quantum correlations in the system. We can observe
that Coa > Cm1o, Cm2o > Cm1a, Cm2a > Cm1m2. As a result, the presence of nonlinear gain
OPA and coherent feedback effects improves the bipartite quantum coherence between the two
subsystems.
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Figure 4.13: Plots of bipartite quantum coherence between (a) the mechanical and atom mode
Cm1a : Cm2a, (b) the cavity and atom mode Coa, (c) the mechanical and cavity mode Cm1o : Cm2o,
and the mechanical and mechanical mode Cm1m2 as a function of the normalized detuning ∆/ωm

for different values of the atomic ensemble coupling strength λa. The remaining parameters are
listed in Table 4.2.

In Fig. (4.15), we present plots of bipartite quantum coherence between (a) the mechanical
and atom modes Cm1a : Cm2a, (b) the cavity and atom modes Coa, (c) the mechanical and cavity
modes Cm1o : Cm2o, and the mechanical and mechanical modes Cm1m2 versus the temperature
for various laser power values. Figs. (4.15) (a-d) shows that quantum coherence improves
with increasing driving power. Our results are in line with (Singh et al., 2021). Furthermore,
as illustrated in Figs. (4.15) (a), (c), and (d), the bipartite quantum coherence decreases as
the ambient temperature increases, due to the greater impact of thermal noise on mechanical
oscillators. Fig. (4.15)(b) depicts that temperature fluctuations do not affect bipartite quantum
coherence between the cavity and atom modes. The cavity and atom modes do not interact
directly with the environmental temperature. Our findings are in line with (Zhai and Guo, 2022).
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Figure 4.14: Plots of the bipartite quantum coherence between (a) the mechanical and atom
mode Cm1a : Cm2a, (b) the cavity and atom mode Coa, (c) the mechanical and cavity mode
Cm1o : Cm2o, and (d) the mechanical and mechanical mode Cm1m2 as a function of the nonlinear
gain of the OPA Ga for different values of the reflective coefficient (r). The remaining parameters
are listed in Table 4.2.
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Figure 4.15: Plots of the bipartite quantum coherence between (a) the mechanical and atom
mode Cm1a : Cm2a, (b) the cavity and atom mode Coa, (c) the mechanical and cavity mode
Cm1o : Cm2o, and (d) the mechanical and mechanical mode Cm1m2 versus the temperature for
various values laser power, with Ga = 0.45κ. The remaining parameters are listed in Table 4.2.
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5

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

In this dissertation, we have investigated the quantum features in an electro-optomechanical
system, which includes an optical parametric amplifier, coherent feedback, and an ensemble of
two-level atoms. In this research, we have studied three cases. In the first part of this work, we
investigated quantum correlation in an electro-optomechanical system enhanced by an optical
parametric amplifier and Coulomb-type interaction. We used logarithmic negativity, quantum
discord, and steerability to measure the quantum correlation between mechanical oscillators.
Our result shows that the presence of OPA, strong Coulomb coupling, and an appropriate phase
choice of the optical field driving the OPA enhance the quantum correlations between mechanical
oscillators. However, quantum correlations such as entanglement, steering,and quantum discord
decrease rapidly with increasing temperature as a result of decoherence. The results show
that as the temperature increases, the quantum entanglement decays to zero, a phenomenon
known as the sudden death of quantum entanglement. Although the two-way steerable state
disappears at higher environmental temperatures, quantum discord remains persistent, even
as quantum entanglement vanishes. In the second part of this work, we have studied the
entanglement between mechanical modes. We analyze the bipartite entanglement between the
two mechanical modes using logarithmic negativity. Our findings show that the existence of
the OPA increases the bipartite entanglement between the two mechanical modes. In addition,
the presence of strong Coulomb coupling and coherent feedback mechanisms significantly
boost the entanglement between the two mechanical modes. Moreover, reducing the effective
decay rate can enhance entanglement by preserving coherence and allowing for longer-lasting
quantum correlations within the system. We also found that choosing the proper phase for the
optical field driving the OPA enhances the degree of entanglement. Furthermore, the bipartite
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entanglement between mechanical modes increases with drive laser power and decreases with
environmental temperature increases because of thermal noise causing decoherence. Finally, we
have explored the enhancement of quantum coherence in a hybrid electro-optomechanical system.
By solving numerical Lyapunov equations and analyzing steady-state mean values, we quantified
the Gaussian quantum coherence of the proposed system. The findings show that quantum
coherence is enhanced by the nonlinear gain of the OPA and the coherent feedback effect, which
increases photon numbers in the cavity. Higher reflective coefficients or lower effective decay
rates further maximize quantum coherence. Additionally, strong driving laser intensity and
the presence of two-level atoms also contribute to improved quantum coherence, while higher
atomic decay rates can lead to a reduction in quantum coherence. Some quantum coherence
modes decreased with increasing temperature, though the cavity and atomic modes remain
temperature insensitive. Overall, our scheme improves the quantum coherence and robustness
to environmental temperature variations, providing a strong foundation for continuous-variable
quantum information processing.
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5.2 Recommendations

The main finding of this research is the enhancement of quantum features within a hybrid
electro-optomechanical system. Future investigations could broaden the scope of optomechanics
to encompass a wider range of parameters and quantum resources. I recommended that future
research be expanded to explore quantum effects such as fidelity, quantum monogamy, bistability
of mechanical modes, ground state cooling, mechanical squeezing, and transparency phenomena
through theoretical approaches. Furthermore, to enhance quantum communication, sensing, and
metrology, researchers can integrate nonlinear devices like Kerr mediums, cascade three-level
lasers, and squeezed vacuum reservoirs into the electro-optomechanical system.
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Appendix

A Derivation of quantum Langevin equations

We employ quantum Langevin equations to examine the dynamics of a system, which includes
all the damping and noise effects. The quantum Langevin equation is developed by phenomeno-
logically including the noise and dissipation processes into the Heisenberg operator equation.
Employing Eq.(2.33), the nonlinear quantum Langevin equations for the system can be written
as follows:

˙̂q1 = −i[q̂1, Ĥ], (A.1)

˙̂p1 = −i[p̂1, Ĥ]− γ1p̂1 + ξ1(t), (A.2)

˙̂q2 = −i[q̂2, Ĥ], (A.3)

˙̂p2 = −i[p̂2, Ĥ]− γ2p̂2 + ξ2(t), (A.4)

˙̂c = −i[ĉ, Ĥ]− κĉ+
√
2κĉin, (A.5)

and
˙̂a = −i[â, Ĥ]− γaâ+

√
2γaâin, (A.6)

The commutation relation of the following operators can be written in the following form.

[p̂i, â] = [q̂i, â] = [p̂i, p̂i] = [q̂i, q̂i] = [â, â] = [ĉ, ĉ] = [p̂i, ĉ] = [q̂i, ĉ] = 0. (A.7)

[p̂i, q̂
2
j ] = −2iℏq̂jδij. (A.8)

[q̂i, p̂
2
j ] = 2iℏp̂jδij. (A.9)

[q̂i, p̂j] = iℏδij. (A.10)

and
[ĉ, ĉ†] = 1. (A.11)
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B Derivation of a steady state solution and quantum

Langevin equation for the fluctuations

In the semi-classical approach, a quantum operator is linearized by expressing it as the sum of the
average value and quantum fluctuation which is defined as Eq.(2.36). To achieve a steady-state
solution, we set the fluctuations to mean-zero values and apply the derivatives to zero. In this
context, the steady-state solution of the equation can be written as

˙̂qj = ωjp
s
j = 0, j = 1, 2. (B.1)

from Eq.(B.1), we easily obtain the steady-state solution as follows:

ps1 = ps2 = 0. (B.2)

Next we seek to determine the values of qs1 and qs2 using Eq.(2.36), we have

ṗ1 = −ω1q
s
1 − ηqs2 + g|cs|2 = 0, (B.3)

and
ṗ2 = −ω2q

s
2 − ηqs1 = 0. (B.4)

Finally, Eq.B.3 and Eq.B.4 solved simultaneously, we obtain easily

qs1 =
−ω2g|cs|2

η2 − ω1ω2

, (B.5)

qs2 =
g|cs|2η

η2 − ω1ω2

. (B.6)

Following the same manner, one can easily verify that

cs =
κ− i∆+ 2Gae

iθ

κ2 +∆2 − 4G2
a

Ω, (B.7)

where ∆ = ∆o − gqs1 is the effective cavity detuning.

Following the same method, one can straightforwardly verify that in the steady state of the
atomic operator

as =
−iλac

s

γa + i∆a

, (B.8)
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On account of Eqs.(B.5-B.7), the linear quantum Langevin equations for the fluctuations can
be written as

δ ˙̂q1 = ω1δp̂1, (B.9)

δ ˙̂p1 = −ω1δq̂1 − γ1δp̂1 − ηδq̂2 + gcs(δĉ+ δĉ†) + ξ1(t), (B.10)

δ ˙̂q2 = ω2δp̂2, (B.11)

δ ˙̂p2 = −ω2δq̂2 − γ2δp̂2 − ηδq̂1 + ξ2(t), (B.12)

δ ˙̂c = −(κ+ i∆)δĉ+ igcsδq̂1 + 2Gaδĉ
†eiθ +

√
2κδĉin, (B.13)

and
δ ˙̂c† = −(κ− i∆)δĉ† − igcsδq̂1 + 2Gaδĉe

−iθ +
√
2κδĉ†in. (B.14)
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Çakir, Ö., Klyachko, A. A., and Shumovsky, A. S. (2005). Steady-state entanglement of two
atoms created by classical driving field. Physical Review A, 71(3):034303.

Cavalcanti, D. and Skrzypczyk, P. (2016). Quantum steering: a review with focus on semidefinite
programming. Reports on Progress in Physics, 80(2):024001.

Caves, C. M. (1980). Quantum-mechanical radiation-pressure fluctuations in an interferometer.
Physical Review Letters, 45(2):75.

Chan, J., Alegre, T. M., Safavi-Naeini, A. H., Hill, J. T., Krause, A., Gröblacher, S., Aspelmeyer,
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Sazonova, V., Yaish, Y., Üstünel, H., Roundy, D., Arias, T. A., and McEuen, P. L. (2004). A
tunable carbon nanotube electromechanical oscillator. Nature, 431(7006):284–287.

Schleich, W. P., Ranade, K. S., Anton, C., Arndt, M., Aspelmeyer, M., Bayer, M., Berg, G.,
Calarco, T., Fuchs, H., Giacobino, E., et al. (2016). Quantum technology: from research to
application. Applied Physics B, 122:1–31.

Schliesser, A., Rivière, R., Anetsberger, G., Arcizet, O., and Kippenberg, T. J. (2008). Resolved-
sideband cooling of a micromechanical oscillator. Nature Physics, 4(5):415–419.

Schmid, G. L., Ngai, C. T., Ernzer, M., Aguilera, M. B., Karg, T. M., and Treutlein, P. (2022).
Coherent feedback cooling of a nanomechanical membrane with atomic spins. Physical

Review X, 12(1):011020.

Schrödinger, E. (1935). Discussion of probability relations between separated systems. In
Mathematical Proceedings of the Cambridge Philosophical Society, volume 31, pages 555–
563. Cambridge University Press.

Scully, M. O. and Zubairy, M. S. (1997). Quantum optics. Cambridge university press.

Serafini, A. (2012). Feedback control in quantum optics: An overview of experimental break-
throughs and areas of application. International Scholarly Research Notices, 2012(1):275016.

Simon, R. (2000). Peres-horodecki separability criterion for continuous variable systems.
Physical Review Letters, 84(12):2726.

Singh, S. and Ooi, C. R. (2014). Quantum correlations of quadratic optomechanical oscillator.
JOSA B, 31(10):2390–2398.

94



Singh, S., Peng, J.-X., Asjad, M., and Mazaheri, M. (2021). Entanglement and coherence in a
hybrid laguerre–gaussian rotating cavity optomechanical system with two-level atoms. Journal

of Physics B: Atomic, Molecular and Optical Physics, 54(21):215502.

Slussarenko, S. and Pryde, G. J. (2019). Photonic quantum information processing: A concise
review. Applied Physics Reviews, 6(4).

Sohail, A., Rana, M., Ikram, S., Munir, T., Hussain, T., Ahmed, R., and Yu, C.-s. (2020).
Enhancement of mechanical entanglement in hybrid optomechanical system. Quantum

Information Processing, 19:1–18.

Stute, A., Casabone, B., Schindler, P., Monz, T., Schmidt, P., Brandstätter, B., Northup, T., and
Blatt, R. (2012). Tunable ion–photon entanglement in an optical cavity. Nature, 485(7399):482–
485.

Teklu, B., Byrnes, T., and Khan, F. S. (2018). Cavity-induced mirror-mirror entanglement in a
single-atom raman laser. Physical Review A, 97(2):023829.

Tesfa, S. (2021). Quantum Optical Processes: From Basics to Applications, volume 976.
Springer Nature.

Tesfahannes, T. G. (2020). Generation of the bipartite entanglement and correlations in an
optomechanical array. JOSA B, 37(11):A245–A252.

Tesfahannes, T. G. (2021). Enhanced optomechanically induced transparency via atomic ensem-
ble in optomechanical system. Quantum Information Processing, 20(3):116.

Tesfahannes, T. G., Abie, B. G., Mekonnen, H. D., and Mazaheri, M. (2024). Transfer of quantum
correlations through strong coupling in a three-mode optomechanical system. Journal of

Optics, pages 1–11.

Tesfahannes, T. G. and Getahune, M. D. (2020). Steady-state quantum correlation measure-
ment in hybrid optomechanical systems. International Journal of Quantum Information,
18(07):2050046.

Uola, R., Costa, A. C., Nguyen, H. C., and Gühne, O. (2020). Quantum steering. Reviews of

Modern Physics, 92(1):015001.

Vaidman, L. (1994). Teleportation of quantum states. Physical Review A, 49(2):1473.

Vidal, G. and Werner, R. F. (2002). Computable measure of entanglement. Physical Review A,
65(3):032314.

95
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