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Abstract

In this thesis, we have used the homotopy analysis method (HAM) to obtain approxi-
mate analytical solutions of Boussinesqg-like B(m,n) equations. The Homotopy Analy-
sis Method is a mathematical technique used to solve nonlinear differential equations.
This method employs the concept of the homotopy from topology to generate a con-
vergent series solution for monlinear equations. To assess the efficiency of the HAM,
we conducted a comparative analysis between its results and the results obtained by
the well-known numerical techniques(FDM). Two problems involving Boussinesq-like
B(m,n) equations were considered to demonstrate the efficiency and effectiveness of
the homotopy analysis method. The results were visualized through plotted graphs using

matlab code.

Keywords: Homotopy Analysis Method, Boussinesq-like B(m,n) equations.
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CHAPTER ONE
INTRODUCTION

1.1 Background of the study

Most problems are essentially nonlinear and expressed as nonlinear differential equa-
tions. In particular, nonlinear DEs appear frequently in physics, engineering, and
several other fields. Unlike linear differential equations, solving nonlinear ones is gen-
erally more challenging. Due to the complexity of nature, practically many processes
and phenomena in science and engineering are intrinsically nonlinear, and they are rep-
resented by nonlinear PDEs. For this reason, nonlinear PDEs have piqued the interest
of many mathematicians and applied scientists(Loyinmi & Idowul 2023). Nonlinear
PDEs are frequently used to describe a wide range of processes and real-world phe-
nomena, such as genetic configurations, mutation, and variations in Fisher’s equation,
magnetic flux, intensity, and quantum field theory in sine Gordon equation, shallow
water waves and patterns in Korteweg-De Vries (KdV) equation, advection-diffusion

mechanisms and dynamics in Burgers-equation, Huxley’s and so on (Morenikeji et al.|
2021)).

Due to the difficulty in obtaining the exact solutions of nonlinear differential equations,
semi-analytic solutions and numerical solutions are provided (Loyinmi & Idowu, 2023).
However, it is crucial to carefully assess the consistency and accuracy of these methods
to ensure reliable results. Solving nonlinear problems, especially analytically, can pose
challenges in many cases. Traditionally, perturbation techniques have been widely used
to tackle such problems. These techniques rely on the presence of small or large param-
eters, known as perturbation quantities, to simplify the analysis. However, there are
numerous nonlinear problems in science and engineering that lack these perturbation
quantities, making the application of perturbative techniques difficult. To address this
limitation, non-perturbative techniques have been developed. These techniques do not
rely on the assumption of small parameters and provide alternative approaches to solv-
ing nonlinear problems. By considering the problem as a whole, rather than breaking
it down into perturbation quantities, non-perturbative techniques offer a broader scope

of applicability.



Despite the advantages of both perturbative and many non-perturbative techniques,
they still face challenges when it comes to adjusting or controlling the convergence re-
gion. Convergence refers to the process of reaching a stable and accurate solution. In
the context of solving nonlinear problems, it is important to have methods that allow

for easy adjustment or control of the convergence region.

To overcome such problems, the Homotopy Analysis Method (HAM) is developed and
introduced first by (S.-J. Liao, [1992). The HAM is a general approximate analytic ap-
proach used to obtain series solutions of nonlinear equations of various types, including
algebraic equations, ordinary differential equations, partial differential equations and
differential-integral equations (Stota et al. 2019)). This method is valid no matter
whether a nonlinear problem contains small/large physical parameters or not, which
is essentially required in perturbation techniques(S. Liao, 2012). More importantly,
unlike all perturbation and traditional non-perturbation methods, the homotopy anal-
ysis method provides us with both the freedom to choose proper base functions for
approximating a nonlinear problem and a simple way to ensure the convergence of the
solution series (Abbas, 2014)

Perturbation technique (PT) is widely used to investigate physical systems that can be
exactly solved but contain small perturbation parameters(Roozi et al.,[2011). When ap-
plying PT to such a system, expansion around the perturbation parameter is involved,
and approximations are expressed as power series of these parameters. However, non-
perturbative techniques have been established to explore physical problems that do
not have a small physical parameter that can be used as the perturbation parame-
ter(S. Liaol 2005).

Boussinesq-like B(m,n) equations are a class of nonlinear partial differential equations
that are derived from the Boussinesq equation(Boussinesq, (1877)), which is a well-known
equation in fluid dynamics. In this thesis we have proposed Boussinesqg-like B(m,n)

equations of the form:

U + (™) g — (W) ggee = 0, myn > 1, (1.1)

where u = u(z,t).
In this equations u(z,t) represents the unknown function that describes the displace-
ment of the fluid particles in the horizontal direction at position z and time ¢. The

parameters m and n represent the exponents in the nonlinear terms of the equations.



Boussinesq-like B(m, n) equations have wide-ranging applications in the study of wave
propagation, coastal engineering, tsunami modeling, nonlinear optics, and fluid dynam-
ics. These equations provide valuable insights into the behavior of waves and help in
understanding and predicting complex wave phenomena in different physical systems.
Given the significance and practical relevance of this problem, many researchers have
applied various techniques to find solutions for this model. Some of the methods used
to obtain solutions for the Boussinesq-like B(m,n) equations include the ADM, VIM,
HPM and others. These techniques have been employed to explore and analyze the

behavior of the Boussinesq-like B(m,n) equations in different scenarios.

The motivation of present study is the application of HAM for nonlinear partial dif-
ferential equations. The HAM can be used to solve some complicated highly nonlinear
PDEs so as to enrich and deepen our understandings about these interesting nonlinear
problems. For example, By means of the HAM, an explicit analytic approximation
of the optimal exercise boundary of American put option was gained, which is often
valid for a couple of decades prior to expiry, whereas the asymptotic and perturbation
formulas are valid only for a couple of days or weeks in general. The two-dimensional
2nd_order Gelfand equation was solved by means of the HAM in a rather easy way
by transferring it into an infinite number of linear PDEs governed by a very simple
4th-order linear operator(S. Liao & Tan, 2007)). The wave-resonance criterion for an
arbitrary number of traveling waves with large amplitudes was first established using
the HAM (S. Liaol 2012). All of these applications show the originality, validity and
generality of the HAM for nonlinear problems.



1.2 Statement of the problem

Many mathematical methods have been employed by different authors to solve nu-
merous physical phenomena. One such phenomenon is the Boussinesqg-like B(m,n)
equations, a nonlinear partial differential equation that describes the behavior of cer-
tain physical systems, particularly in the field of fluid dynamics. Although extensive
research has been conducted on this equation using different methods, there is a notice-
able gap in the literature when it comes to systematically applying the HAM to solve
the Boussinesq-like B(m,n) equations . The existing literature on the Boussinesq-like
B(m,n) equations primarily focuses on analytical and numerical techniques, such as

perturbation methods, numerical simulations and exact solutions for specific cases.

While the HAM has been used to solve various differential equations, to the best of our
knowledge it has not yet been applied to solve Boussinesqg-like B(m,n) equations. By
addressing this gap, this thesis aims to investigate and develop a systematic framework
for solving the Boussinesq-like B(m,n) equations using the HAM. The HAM offers
the potential to provide accurate and efficient analytical approximate solutions, which
can enhance our understanding of the dynamics and behavior of the Boussinesqg-like
B(m,n) equations. Therefore, this thesis aims to fill the gap in the literature by
employing the HAM to obtain analytical approximate solutions for the Boussinesq-like
B(m,n) equations, thereby contributing to the broader field of nonlinear dynamics and

partial differential equations.



1.3 Objectives

1.3.1 General Objective
The general objective of this study is to employ the Homotopy Analysis Method for

solving Boussinesq-like B(m,n) equations.

1.3.2 Specific Objectives
The specific objectives of this study are to:

« find approximate analytical solutions of Boussinesq-like B(m,n) equations by

taking different cases,

o compare the results obtained through numerical method with the approximate

analytical solutions,

» investigate the effectiveness of the homotopy analysis method.

1.4 Significance of the Study

The significance of this study are to:
» serve the scholars who works on this area as a reference material.
e help the researchers as they motivate in mathematical physics for further study.

e gain an understanding of how the HAM is utilized to solve nonlinear problems.

1.5 Scope of the study

This thesis is mainly to provide a valuable computational tool for obtaining approx-
imate analytical solutions to these equations, contributing to the understanding and

analysis of fluid dynamics.



CHAPTER TWO
LITERATURE REVIEW

The homotopy is a fundamental concept in topology, which can be traced back to Jules
Henri Poincar’s (1854-1912), a French mathematician. Based on the homotopy, two
methods have been developed(Abbasbandy & Zakaria, |[2008). (Iba et al., [1991) in their
article showed that the homotopy continuation method dating back to 1930s, which is
a global convergent numerical method mainly for nonlinear algebraic equations. The
other is homotopy analysis method proposed in 1992 by Shi- jun Liao, which is an
analytic approximation method with guarantee of convergence, mainly for nonlinear
differential equations(S.-J. Liao & Cheung, 2003)

In 1992, Liao employed the basic ideas of the homotopy in topology to propose a general
analytic method for nonlinear problems, namely homotopy analysis method (Alomari
et al. [2009). This method has been successfully applied to solve many types of non-
linear problems. The HAM offers certain advantages over routine numerical methods.
Numerical methods use discretization which gives rise to rounding off errors causing
loss of accuracy, and requires large computer power. The HAM is better since it does
not involve discretization of the variables hence it is free from rounding off errors and
does not require large computer memory or time. Unlike the homotopy continuation
method that is a global convergent numerical method mainly for nonlinear algebraic
equations, the HAM is a kind of analytic approximation method mainly for nonlinear

differential equations.

Furthermore, the HAM provides larger freedom to choose the auxiliary linear operator
L. Most importantly, the so-called convergence-control parameter is introduced for the
first time in the homotopy equation so that the HAM provides us a convenient way to
guarantee the convergence of series(Al-Hayani & Fahad, 2019)). (S.-J. Liao|, [1992) used
HAM to solve a two-dimensional non linear progressive gravity wave and he obtained
a better analytic approximation of the fourth order than those given by Perturbation

methods.



(Abbasbandyl, [2006) applied homotopy analysis method to non linear equation arising
in heat transfer. In his work, the basic idea of the HAM was introduced and then ap-
plied to obtain the solution of nonlinear equations arising in heat transfer. He explained
further that the nonlinear equations of the heat radiation and conduction equations of
a fin in the steady state and in the free space are solved through HAM. Comparisons
were made between HAM, perturbation method and HPM. The HAM provided a con-
venient way to control the convergence of approximation series which is a fundamental
qualitative difference in analysis between HAM and other methods. Also it has been
shown that the HPM and perturbation method are valid only for small parameter, but
in HAM we can choose control-convergence parameter h in an appropriate way. This
shows the validity and great potential of HAM for non linear problem in science and

engineering.

(Domairry et al., 2009) employed HAM to solve nonlinear differential equation govern-
ing Jeffery—Hamel flow. In their work they showed that the Jeffery—Hamel flow has been
studied and its nonlinear ordinary differential equation has been solved through HAM.
The obtained solution in comparison with the numerical ones represents a remarkable
accuracy. The results also indicate that HAM can provide us with a convenient way to

control and adjust the convergence region.

(Jafari et al., 2010)), in their article showed that higher dimensional initial boundary
value problems of variable coefficients can be solved by means of an analytic tech-
nique, namely the HAM. There also comparisons were made between the ADM, the
exact solution and the HAM. They discovered that all the examples solved shows that
the results obtained from HAM was in perfect agreement with those obtained by ADM.

(Yildirim| 2009)) applied HPM to obtain exact special solutions with solitary patterns
for Boussinesq-like B(m,n) equations with fully nonlinear dispersion. The homotopy
perturbation method is generally used to find physical solutions satisfying bound-

ary/initial conditions.



(Gupta & Gupta, 2012)), applied homotopy analysis method to solve Nonlinear Cauchy
problem. They showed by of means HAM, that the solutions of some linear Cauchy
problems of parabolic-hyperbolic type are exactly obtained in the form of convergent
Taylor series. The HAM contains the auxiliary parameter h, that provide a convenient
way of controlling the convergent region of series solutions. The results reveal that the

proposed method is very effective.

(Duan et al., 2012) in their article showed that higher dimensional initial boundary
value problems of variable coefficients can be solved by means of an analytic technique,
namely the homotopy analysis method .There also comparisons were made between
the ADM, the exact solution and the HAM. They discovered that all the examples
solved shows that the results obtained from HAM was in perfect agreement with those
obtained by ADM(Babolian et al., 2004). It was apparently seen that HAM is a very
powerful and efficient technique in finding analytical solutions for wider classes of linear

and non linear problems.

(Chioma et al., [2019) applied homotopy analysis method to epidemic model to defend
the propagation of an infectious disease. Firstly, they formulated an SEIRS mathe-
matical model and showed that the population classes are non-negative and then they
determined the basic reproduction number of the disease by using the next generation
matrix method. from their numerical solution, they demonstrated the ability of HAM
to converge very fast, they saw that the HAM converges in just few iterations. For
the accuracy of the method, it has been established by (S.-J. Liao| |1992)). Hence, they
conclude that HAM is a very efficient and accurate method in solving nonlinear math-

ematical Model.

Based on the literature survey conducted, it appears that there have been no studies on
the approximate analytical solution of the Boussinesqg-like B(m,n) equations using the
HAM. Therefore, this thesis aims to fill this research gap by focusing on obtaining an

approximate analytical solution of the Boussinesqg-like B(m,n) equations using HAM.



CHAPTER THREE

PRELIMINARIES
In this chapter, the homotopy analysis method (HAM) is systematically described in
details as a whole. Mathematical theorems related to the so-called homotopy-derivative
operator and deformation equations are proved, which are helpful to gain high-order

approximations.

3.1 Partial Differential Equation

A partial differential equation is an equation for a function which depends on more
than one independent variable which involves the independent variables, the function,

and partial derivatives of the function (Greiner et al., |1997)

du du d*u d*u
"dry 7 dxy, deixy T doxy,

F(zy, .., xp; ) =0. (3.1)
3.1.1 Nonlinear Partial Differential Equation

A non-linear partial differential equation is a partial differential equation that is not
a linear equation in the unknown function and its derivatives. The Boussinesq-like

B(m,n) equations is an example of nonlinear PDEs.

3.2 Taylor series

The essential tool in the development of approximate analytical solution is Taylor’s
series. Taylor’s series will enable us to approximate a function with a polynomial, and

polynomials are easy to compute.

Definition 3.1 (Moreno et al., |1996) Let f(x) be a function which is analytic at x =
xo . Then we can write f(x) as the power series, called the Taylor series of f(x) at

r =X -

f/l(xo)
2!

(z — 20)* + f’”(xg)'—xg)(x —x0)* +..., (3.2)

f(@) = f(zo) + f'(2o) (7 — m0) +

If we write the n'™ derivative of f'(x) as f™(x), this becomes:

J@) =3 fn(“"fO) (z — o)™ (3.3)

n=0 n



3.3 Concept of homotopy

The homotopy analysis method proposed by (S.-J. Liaol |1992)) is based on the concept
of the homotopy, a fundamental concept in topology and differential geometrySen &
Sterman| (1983). The concept of the homotopy can be traced back to Jules Henri
Poincaré (1854 — 1912), a French mathematician. Shortly speaking, a homotopy
describes a kind of continuous variation or deformation in mathematics. For example,
a circle can be continuously deformed into a square or an ellipse, the shape of a coffee
cup can deform continuously into the shape of a doughnut. However, the shape of a
coffee cup can not be distorted continuously into the shape of a football. In particular,

we consider the following definition.

Definition 3.2 (S. Liao, |2012) A homotopy between two continuous functions f(x)
and g(x) from a topological space X to a topological space Y is formally defined to be
a continuous function H : X x [0,1] — Y from the product of the space X with the
unit interval [0,1] to Y such that, if x € X then H(z;0) = f(z) and H(z;1) = g(x).

Let C[a,b] denote the set of all continuous real functions on the interval [a,b]. If a
continuous function f € Cla, b] can be deformed continuously into another continuous

function g € C|a, b], one can construct a homotopy
H: f(z) ~ g(x), in the way

H(z;q) = (1—q)f(x) +qg(z), € la,b], q¢el0,1] (3.4)
= f(z) +qlg(x) — f(x)], = €a,b], ¢ €[0,1]. (3.5)

Definition 3.3 (Al-Hayani & Fahad, 2019) The embedding parameter q € [0,1] in a

homotopy of functions or equations is called homotopy-parameter.

10



Ezxample: (S. Liao, 2012) Let X and Y be any topological spaces, f(z) = sin(nz) and
g(x) = 8z(x — 1) in the interval € [0,1]. Since f and g are continuous in interval
[0,1] then H : f(x) ~ g(x).

Define H : X x [0,1] — Y by:

H(z;q) = (1 —q)f(z) + qg(x) (3.6)
= (1 —q)sin(nzx) + ¢q8x(x — 1), V€ X, Vqe€l0,1]. (3.7)

Especially, when ¢ = 0, we have

H(z;0) = sin(mz), « € [0,1], (3.8)
and when ¢ = 1, it holds

H(z;1) =8z(x —1), z€]0,1], (3.9)

respectively. So, as the embedding parameter ¢ € [0, 1] increases from 0 to 1, the
real function H(z;q) varies continuously from a trigonometric function sin(mzx) to a

polynomial 8x(z — 1), as shown in Figure 3.1.

Continuous Deformation of Homotopy H(x, q)

Figure 3.1: Continuous deformation of the homotopy H(z;q) : sin(mx) ~ 8xz(x — 1)
when ¢ =0,¢g=1/4, ¢=1/2,¢q=3/4, and ¢ = 1.

11



3.4 Derivation of Newton-iterative method using ho-

motopy

Following the book of Liao (S. Liaol [2012), we can use the idea of homotopy to deduce

the Newton’s iterative method for solving nonlinear algebraic equations.

Consider a nonlinear algebraic equation

f(z) =0, (3.10)

where f(z) € C*[a,b] is a continuous real function. Assume that the above equation

has at least one solution in the region x € [a, b].

Let xy € [a,b] denote an initial guess of the unknown solution z. Obviously, f(x) —
f(zg) € C*[a,b] can be deformed continuously to f(x) € C*la,b], i.e. they are

homotopic. Thus, we can construct such a homotopy of function

H(x;q) = (1= @)[f (x) = f(zo)] + af (2),

where ¢ € [0, 1] is the homotopy-parameter. When ¢ = 0 and ¢ = 1, we have

H(.?Z,O):f(l’)—f(.ilﬁo), H(ﬂ?,l):f(x),

respectively. Thus, as ¢ increases from 0 to 1, H(z;q) varies continuously from f(x) —
f(zo) to f(x) . Such kind of continuous variation is called deformation in topology
(Sen & Sterman, [1983).

Now, enforcing H(z;q) =0, i.e

(1 =q)[f(z) = f(zo)] + qf (x) =0, q €10,1],

we have now a parameter-family of algebraic equations. The solution of the above
parameter-family of algebraic equations is dependent upon the homotopy-parameter q.
Replacing = by (q), this family of equations can be rewritten more precisely in the

form

(1— o) {FE(@)] - F(ao)} +af7(q)] = 0. (3.11)

12



When ¢ = 0, we have

whose solution is

When ¢ = 1, we have

Therefore, as the homotopy-parameter ¢ increases from 0 to 1, 7(¢) deforms from the

initial guess o to the solution z of the original equation f(x) = 0. So, Equation (3.11))

defines a homotopy of function 7(q): ¢ ~ z. For simplicity, the parameter- family
of equations (3.11)) is called the zeroth-order deformation equation, because it defines

a continuous deformation from the initial guess xy to the solution x of the original

equation f(x) = 0.

Note that 7(q) is a function of the homotopy-parameter q. Assume that 2(q) is

analytic at ¢ = 0 so that it can be expanded into a Maclaurin series with respect to

the homotopy-parameter g, i.e.

“+oo

2(q) ~ o + Z riq",
k=1
where 7(0) = z¢ is employed, and
1 d*z(q) ~
Th =75 gt lg=0 = Di[z(q)].

(3.12)

(3.13)

Here, the series (3.12)) is called homotopy-Maclaurin series, Dy is called the homotopy-

derivative operator, and Dy[7(q)] is called the k*-order homotopy- derivative of 7(q).

Note that D;[2(q)] = 1.

13



Assuming that 7(q) is analytic for ¢ € [0,1], then

(1) =z=z0+ Y .
k=1

and the M -order approximation of z is given by

x%xo—i—f:xk. (3.14)

k=1
According to the fundamental theorem in calculus about Taylor series, the coefficient xy,
of the homotopy-Maclaurin series is unique. Therefore, the governing equation
of x; is unique, too, and can be deduced directly from the zeroth-order deformation
equation (3.11f). First, differentiating the zeroth-order deformation equation (3.12))

with respect to the homotopy-parameter ¢, we have

+ flxo) = 0. (3.15)

Then, setting ¢ = 0 in the above equation and using the relationship 7(0) = xq , we

have N
1, dx(q
FEONTD] 4 pa) =0
q 1q=0
According to the equation (3.19), we have
(o)) _
dq lg=0

Thus, we obtain the so-called 1st-order deformation equation

21 f (z0) + () = 0,

whose solution is

_f (o)
Tl = —— .
f(z0)
Using ([3.14)), we have the First-order homotopy-approximation
= Ty— f/(-TO) .
f'(x0)

The method employed here is the widely recognized iterative approach known as the
Newton-Raphson scheme. In fact, one can give a family of iteration formulas in a

similar way. This shows the potential of the homotopy approach.
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3.5 Properties of homotopy derivative
This section is devoted to the homotopy derivative and its properties.

Definition 3.4 (S. Liao|, |2012) Let ¢ be a function of the homotopy parameter q, then

14"
m! dqg™

Dy () = l4=0 (3.16)

is called the m'™ order homotopy derivative of ¢, where m>0 is an integer, and D,, is

called the operator of m™ order homotopy derivative.

Theorem 3.1 (S. Liao, |2012) For two arbitrary homotopy-Maclaurin series
“+oo “+oo
o= wg", W=7 wy"
k=0 k=0
where ¢ and ¥ are analytic in q € [0,a), it holds

i. Dp(®) =t (3.17)

Um—k» 0 S k S m
ii.  D(¢"¢) = Dy_1(0) = (3.18)

0, otherwise

i, D#6) = 3° Dil) D 10) = - it (319

- f: Dy (¢) Di(¥) = f: Uk Wk (3.20)

0. Du(@™) = 3 D@D (@) = 3 Do w(@Dile")  (3:21)
k=0 k=0

where m > 0, n > 1, and 0 < k < m are integers.

Proof.(i). According to Taylor theorem (Moreno et al., [1996)), the unique coefficient

u,, of the Maclaurin series
+o00
¢ = Z U™
m=0
with respect to the homotopy-parameter ¢ is given by

1 d"%
m! dgm

Dm(¢) =

|q:0

which gives theorem ({3.1)) by means of the definition (3.4)) of D,, ().
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(ii). Let

¢ = Z u;q-,
=0
then
"¢ =q"> uq
=0
= i ujgt
=0

Let k+5=m — j=m —k when j =0 — m = k, then

00
qk¢ = Z um—kqm7

m=k

when j — oo then m — oco. By Theorem(3.1))(i)

and
Dy (¢"¢) =0, when k> m

(iii). According to Leibnitz’s rule for derivatives of product, it holds

O™ (PV¥) _ i m!  OFpomkw _ i m!  Okwomkg
g™ El(m — k)! Ogkogm—* El(m — k)! Ogkogm—*

k=0 k=0

which gives according to definition (3.4) and theorem ({3.1]) that

Lom(ew), I (194) 1 9
E aqm ‘q=0 _Z E aqk ‘!I:O (m_k)!aqm_k|q=0

k=0

- i Dy(¢) Dyp—i(¥) = i Uk Win—k
k=0 k=0

D (¢¥) =

16



(iv). write ¥ = ¢". By Theorem ({3.1])(iii)
Din(¢"") = Din(¢¥) = > Di(¢) Drn—e(¥)
k=0

= i Di(¢) Do (0")
k=0

Theorem 3.2 (S. Liao, 2012) If

+oo +o0o
O = Z upg® and U= Z wiq"
k=0

k=0

are two homotopy Maclaurin series, where ¢ and ¥ analytic in q € [0,a), f and g are

independent of the homotopy-parameter q € [0, 1], then it holds
Dy(fo+ g¥) = fDn(9) + gDm(¥) = fum + gwp, (3.22)

Proof. Since D,, by definition (3.4) is a linear operator, and moreover f and g are
independent of ¢, then

Di(fo+ 9¥) =Dp(f9) + Dim(9¥)
:fDm(¢) +9Dm(w

By Theorem (i), D,,(¢) = u,, and D,,(¥) = w,y,, then

Dy(fo+g¥) = fum + gwn,
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Theorem 3.3 (S. Liao, |2012) Let L denote a linear operator independent of the

homotopy- parameter q € [0,1]. For two homotopy-Maclaurin series
400 +o00
¢: Zuqua U= Zwqu,
k=0 k=0

where ¢ and ¥ are analytic in q € [0,a), it holds

Di(L6) = L{D (@)} = L) (3.23)

and
DulPL(9) =3 D)L (D4(6)) (3.24)
_ ;g Wy o L(11) (3.25)

where m > 0 is an integer.

Proof. Since L is linear and independent of ¢, using theorem (3.1f), we have
+oo +oo
16) = 1 (X mat) =X L)
k=0 k=0

Using the theorem (3.1)), one has D,,[L(¢)]= L(u,,) on the other side, according to
theorem ({3.1)), it holds L[D,,(¢)] = L(u,). Thus,

Di(Lg) = L{Dn(9)} = L(um)

holds. Then, according to theorem (3.1)), we have

m

Dy (PL($)) = 3 Dinn(¥) Du[L(9)]

18



Theorem 3.4 (S. Liao, 2009) For an arbitrary homotopy Maclaurin series
+oo
¢ = Z quka
k=0
then

Z Uppp—p U,
;

n
re—2

m 71
1. D Z U — a1 Z url —7rg Z uT2 r3* Z ur57277'571u7"5717

ro=0 r3=0 1”5—]:()

where m > 0 and 6> 2 are positive integer.

Proof.(i). By Theorem (3.1))(i) and Theorem (3.1])(iii)

Dm(¢2) = i}Dm—n(gb)Dn(Cb) = ioum—nun

k=0 k=0
Then by Theorem (3.1])(iii)
Dm(¢3) = Z Dmfn(¢)Dn(¢2) = Z Um—n Z Up—k U
n=0 n=0 k=0

(iii). This statement can be proved by the method of mathematical induction.

1. When ¢ = 2 it’s true by Theorem (3.4))(i)

2. Suppose the statement true when § = k, i.e.
m 1 ) rE—2
= Z Uy —ry Z Uy —ry Z Upy—rg .- Z Uy —2—rp—1Ur,—1

r1=0 ro=0 r3=0 r—1=0

where m > 0 and k& >2 are positive integer

19
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Replacing r; by /., and m by 7 , the above expression reads

) T4 r3 Th1
D /( ) = Uot oot (- _ U1 _
™ ¢ 1Ty To— T3 7"3 Ty Tk—1 Tk Tk
A A /I
r5=0 ro= r,=0

3
<
[V
<3
w
<
ko
L

/
—Zum ” Z Unf vy D Upymrt D Unt o D Upl —pf U,

rh=0 rt=0 ) =0 )=

Thus, it is true for § = k + 1.
Hence, it is true for any integer o > 2.
3.6 Generalized zeroth-order deformation equation

The starting point of the use of the HAM is to construct the so-called zeroth- order de-
formation equation, which builds a connection (i.e. a continuous mapping/deformation)
between a given nonlinear problem and a relatively much simpler linear ones. So, the

zeroth-order deformation equation is a base of the HAM.

Definition 3.5 For a given nonlinear differential equation Nlu(x,t)] =0, where N is
a nonlinear differential operator, u(x,t) is an unknown function, x denotes a vector
of spatial independent variables, t denotes the temporal independent variable, h # 0
is an auxiliary parameter, H(x,t) denotes a non-zero auziliary function. Then the

generalized zeroth-order deformation equation is given by(S. Liao, |1997)

(1 - Q>L[¢(xvt; Q) - UO(xat)] = qhH(:L‘,t)N[gb(:L‘,t; Q)]v qc [07 1]a

such that, the corresponding homotopy-series is dependent upon not only the physical

independent-variables x and t but also the non-zero auxiliary parameter h.

3.7 High-order deformation equation

In this section, we apply the properties of homotopy derivative to obtain a formula for

high order deformation.

Lemma 3.1 (S.-J. Liao & Cheung, |2005) let
¢ = Z umqma
m=0
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denote a homotopy-Maclaurin series, where q € [0, 1] is the homotopy-parameter, and L

denotes an auziliary linear operator which has the property L[0] = 0 and is independent
of q. It holds

D, {(1 - q)L(¢ - UO)} = L(um - Xmum—1)7

where

0, m<1,
Xm =
1, m >1.

Proof. Since L is a linear operator independent of ¢, then

(I—a)L{¢—uo}=L{(1—q)(¢—uo)}
= L{¢ — q¢ + uoq — uo}
= (1-q)L{¢—uo} = L{d — qp + uoq — uo}

Take D,,, to both sides

Dy (1= q)L{¢ —uo}) =Dy (L{d — q¢ + uog — uo})
=L (D {0 — q¢ + uoq — uo})

=L (Dm(¢) = Dm(q9) + Dm(uoq) — Dm(uo))

=L (U, — Up—1 + uoDp(q) — 0)

=L (U, — Um—1 + oD (q))

(
(
(
= D (1 = )L {¢ —uo}) =L (tm — tm-1 + uoDi(q))

When m =1
Dy (1 —q)L{¢ —uo}) =L (u1r — uo +uoD1(q))
=L (Ul — Uy + U()l)
=L(uy)
When m = 2

Dy (1 —q)L{¢ —uo}) =L (uz — u1 + uoD2(q))
=L (ug — uy + 10.0)
:L(U,Q — Ul)
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When m = 3

D3 (1 = q)L{¢ —uo}) =L (us — uz + uoDs(q))
=L (Ug — Ug + Uoo)
:L(U3 — UQ)

and so on, then

Dy {(1 = ) L(¢ = u0)} = L(um = Xmtm-1)

where

0, m<I1,
Xm =
, m > 1

3.8 Homotopy Analysis Method(HAM)

In order to show the basic idea of HAM, consider the differential equation(Chidozie,
2015)
Nlu(z,t)] =0, (3.29)

where N is a nonlinear operator, x and ¢ denote the independent variables and w is an
unknown function. For simplicity, we ignore all boundary or initial conditions, which
can be treated in the similar way. Now, the deformation equation of zero-order is

constructed as:

(1 =q)L[d(z,t;q) — uo(z,t)] = ghH (2, t)N[p(z,t; q)], (3.30)

where ¢ € [0, 1] is the embedding parameter, h # 0 is an auxiliary parameter, L is an
auxiliary linear operator, ¢(x,t;q) is an unknown function, ug(z,t) is an initial guess
of u(z,t) and H(z,t) denotes a non-zero auxiliary function. It is obvious that when
the embedding parameter ¢ = 0 and ¢ = 1, equation becomes

d(x,t;0) = ugp(z,t), o(x,t;1) = u(z,t) (3.31)

respectively. Thus as ¢ increases from 0 to 1, the solution ¢(zx,t,q) varies from the

initial guess ug(z,t) to the solution u(x,t).
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Expanding ¢(z,t; ¢q) in Taylor series with respect to ¢, one has

+oo
Oz, ;) = uo(@,t) + D um(z, t)g™, (3.32)
m=1
where L om )
"o(x, 1 q

The convergence of the series (3.32)) depends upon the auxiliary parameter h. If it is

convergent at ¢ = 1, one has

u(z,t) = ug(x,t) + zo:o Um (2, 1), (3.34)

m=1

which must be one of the solutions of the original nonlinear equation, as proven by
Liao(S. Liao, (1997). Define the vectors

Uy, = (uo(z, t),ur(z, 1), ..., up(z, 1)) . (3.35)

Differentiating the zeroth-order deformation equation ([3.30]) m-times with respect to ¢
and then dividing them by m! and finally setting ¢ = 0, we get the following mth-order

deformation equation:

Lt (z,t) = XmUm—1(z,t)] = ARy (Um—1), (3.36)
e L 9" N[o(a i)
Sy " Tt q
R (1) = (m—1)] g1 |g=0, (3.37)
and
0, itm<1,
X = (3.38)

1, ifm > 1.

It should be emphasized that w,,(z,t) for m > 1 is governed by the linear equation
(3.36) with linear boundary conditions that come from the original problem, which

can be solved by the symbolic computation softwares such as Maple, Mathematica and
Matlab.
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CHAPTER FOUR
RESULT AND DISCUSSION

4.1 Application

In this section, we give some computational results of numerical experiments with

methods for solving Boussinesq-like B(m,n) equations.

4.1.1 Problems:

Problem 1: Consider Boussinesq-like B(m,n) equations when m =n = 2

Uty + (u2)x1’ - (u2)a::mx =0
u(z,0) = 3 + e2” (4.1)
uy(z,0) = Le2®

1
2 )

where u = u(z,t).
To solve equation (4.1)) by means of the homotopy analysis method let us consider the

linear operator

0*¢(x,t;q)
Lig(z,t;q)] = oz
with the property that
L(C + Clt) = 0,

which implies that

L) = /Ot /Ot(.)dtdt

We now define the nonlinear operator as

0%¢(x,t;q) . *(d(x,t;q))*  *(d(x, t;q))?

Nlg(z, t:q)] = —55 p o (4.2)
Construct the zeroth-order deformation equation by

24



where ¢ € [0, 1] is the embedding parameter, h # 0 is an auxiliary parameter, L is an
auxiliary linear operator, ¢(x,t;q) is an unknown function, ug(z,t) is an initial guess
of u(z,t) and H(x,t) denotes a non-zero auxiliary function. It is obvious that when
the embedding parameter ¢ = 0 and ¢ = 1, equation becomes

O(z,t,0) = uo(z,t),  o(z,t;1) = u(x,1) (4.4)
We choose auxiliary function H(z,t) = 1, then we obtain the m' order deformation
equation
L[Um(l’, t) - Xmum—l('rv t)] = h%m(ﬁm—1>7
U (T, 1) = XonUm—1(2,1) + hL 'R, (1),
where

82 82 m—1 64 m—1
¥ _ _ _ t - . 1 - . 1
9%m(um 1) 8752 (um 1(1‘, )) + 8.172 (; UiUm—1 z) 8.73'4 (Z Ui Um—1 z) )

=0

then

82 2 m—1
Up (2, 1) = X1 (2, 1) + hL ™! (WuMl(x’t) + 2 (ZO uiumlz)

84 m—1
T ot ( Z uium1i> )

1=0

t rt 82 82 m—1
= XmUm—1(2,t) + h/o /0 (wuml<x>t) + D2 (; ui“mli)
e (5 o)
-~ Ui —1—4 dt dt
Ozt \ 5
since
0, ifm <1,
1, ifm >1
and m=0,1,2,3, ...
For solving equation (4.1) by using HAM, we choose the initial guess from initial

condition

R S o
Uo(.%,t):?‘FeZ +§t€2
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uy(z,t) = Xluoxt—i-h//(

62 ( 1 )
—up(z,t) + =— U Up—i
ot? 8x2 ;

U;Ug—; | | dtdt
)

vt 40 (5

62 2 ! 2
0@, t) + o5 ((uo(z, 1)) — 55 (uo(x, 1)) )) dtdt

2

= 0.up(z, t) +h/ / <8t2 olz,t) + 832((u0(x t)?) — aa((uo(x t)) )) dtdt

—0( 2 by Lyeke
3 € 26

4

—884 (uo(a, ) )) dt dt
[
[
o f

a2

el
L
ot

(3
(7
(37
- h/ / < e (32 +e® 4+ ;teim)Q) - W((— +e® 4+ ;tezm) )) dtdt
i
(
(

Vn [ [ (vt + g (o)

82 o
8 = ((uo(z, t)?) — 5 —— ((uo(z, 1)) )) dtdt

62
2 0x?

1 1
_“ —|— e + ~test) + 7((7 +er® + 2756536) )) dtdt

1
7+€2 + 2te2 ?) )) dtdt

64

2
ter™ + e (14t + 4)]> dtdt

t2
ter™ + e (14t + 4)]) dtdt

t2
tes® + e“(1+t+ 4))

t2
(14t + 4)] dtdt

—h t/t <_165x—1t62 )dtdt h/ (tez —1t2e2x) dt
o JoJo \ 4 8 16

1 1 1 1
= n (et - ggte)
—1 2 sz 1 3 1z
uy(z,t) = ?ht ez 48ht ez
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(1) = xour(z,t) + h / / <at2u1 (2, 1) aa;(guiul_i>
“ g0 (%u Up_ Z>> dtdt

= you(z / / ( S () aa 2 (2uou) — aa (2u0u1)> dtdt

- 1.(%11152@%1 _ ppete +h/ / (61&2 et _ 418ht3eéf)> dtdt

e gt - o)

= (%ht%%x— — htdez +h/ / <8t2 —th 27 _ 418ht3@§9”)> dtdt
)
(

+h/ / (a D) 2UOU1) a aa 2UOU1 dtdt

“1, 5
:(ght%ax— Per” +h//

+ h/t /t ﬂ(fht%ax + L et (lht2 + 1ht3 + ihlt“)e””) dtdt

Thez _ fhte )) ddt

8

1 ) 1 1 1
—h / / ht2e3® 4 —ht3e3® — (Zht? + —ht3 —ht‘* 2y | dtdt
(8:1;4 T gght’e” = (ght" + ght" & ght)e”)

— 1 1 t 1
_ 2 sz 3 _sx =
= (—ht ez —48ht e2 )+h/0 /0 ((4 Shte )) dtdt

8
t ot i 9 1, L 3 1, 1.5 1 3 1, x)
wn [ f (24ht bt Rl — (LR + htd - hi)e”) drt
0 o \96 ¢ € 3 T e
_ 1
(*W — —ht%ex” +h// (hel —8hte%$)) dtdt

|
+h//< t2 L esz) dtdt
32 * 102

1 ty —1 1
_ 2 1z L1y s
= (—8 ht“e2® — —48ht ez )—i—h/o ((4 htez® —

t/1 .. 1 .
h/ (ht3 do L op ) dt
T Nog e T rgst e

—1, 5,1, 1 . 1, 5,1, 1 ;
= (—ht’e2” — @ht?’eﬁw) +h ((ht2629” — 48ht3e21)>

1
ht%zf)) dt
16

8 8
+h (3;4/1154 3 4 Mhv”m )
= _81ht2e%l“ @ht?’eﬁx + 3 Lot - 418h2t365f”
+ @h%‘* 3 4 @hzt‘r’
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At h = —1, then we have:

1

1
uy(z,t) = ?ht%%x - @htg’e%w
1, . 1 ..
— Z12p2% 4 43037
gher gt
1 L .
t 7]’Lt2 7m _ ht3 737 _ h2 2 737 _ 7h2t3 5% 7}12{:4 5%
un(,1) = 8 A8 8 gt taghte
ELENEEN
+'3840
1 1 oy 1.4 1.. 1 4. 1 ..
8e Tt T Tt et Tagupt €
= Lt‘le%x + Ltse%x
384 3840

ug(z,t) = xsua(zx,t) +h/ / ((9152 z,t) (Zu Ug— Z)) dtdt
t ot 84 2
82
= vaus(z, 1) +h/ / (W”Z )+ 5 (2u0u2—|—u )) dtdt
_h/ / W(2UOU2+U%) dtdt
1 1
C (e L e 27) h// 2" + —9e27) | dtdt
(352t +3gapt ) + a2 384 * 3520" ¢
32_4193 L5 1, Ly L 5 L 6
enf [ (83:2(%8t om0l TGSt it T e |
o e o 1 5 iz i 4 L 5 1 6
}L/RJ/ (ax4 2t ¢ T amsol 7t (Gt gt F gt )¢ ) et

1 1
us(z,t) = —tle fo 1 ysede +h/ / <t262x+ 5! 51) dtdt

384 3840
+//( —t5ﬂwW+1t+1ﬁ)WW
1152 11520 18" T 120" T 1400
1 1 1
pRA— £ Y (i T — R — )dtdt
//( 608" 160s0” ¢ T gt T ogt ot e
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(2,1) = ——thed* 4 ¢ §x+h/t/t<1t2 oy Ly 51’)dtdt
Ul t) = 584" ¢ 3840 ¢ 32" T 90" €
1 1 1
47.7,’ t4 7x_ 5*1’ t5 >dtdt
+ //( w% * 1608 ¢ 5%0 * 16080 ©
1
—t4 32 —t*’) 2% h//( z’”) dtdt
384 * 3840 er 39 193’ ¢

1 1 1
4 7:17 t4 1. o t5 72 t5 2) dtdt
+ //( um T 608" ¢ T 15200 ¢ T a6080" ©
1 1
— _— therT 4 —tf’ T 4 h/ / <t2 3T 4 f3e30 ) dtdt

384 3840 192
1
h/ / ( R — x) dtdt
+ 536 15360
1
t 447t4 —
us(®,t) = et e + s ex"

1 1 1
+ h/ / ( 2037 4 — {337 treaT — t%él’) dtdt
32 192 1536 15360

t4 7$+Lt562

ETY 3840
+h/‘<ﬁmx+ 1#x—1ﬁém—1t%?)ﬁ
768 7680 92160
1
Lopiere s o
"~ 384 +3840
1 1 1 1 1 1
* 384 * 3840 T 46080 © 645120 ©
At h = —1, we have
us(z,t) = BRI tTe2”
46080 645120
the components are:
(2,8) = 2 1 eb* 1 Lebe
uo(@,t) = - +e Ste
1
(z,1) 8t2e2 -+-1§t3e2
ug(z,t) —-4;£7t4eix + ! tPe2”
’ 384 3840

1
t7e2”

1 1
~ 160800 ¢ T 645120
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From homotopy series, the approximate analytical solutions of given nonlinear equation

Is given as

uw(z,t) = ug(x,t) +

WE

m=1

U (2, 1)

Thus, at h = —1, the 3rd iteration HAM approximate analytical solution is given by

u(z,t) =

u(z,t) = uo(x, t) + Z U (z, 1)

m=1

u\x = — ez —lez —1"ez2 —1l ez2 —1 €2
’ 3 2 8 48 384
+ bt | 1 _5ehe tTe2”
3,840 46,080 645,120
— 11 1 1 1 1 1 !
[+ ot P =t t° 0 tTez"
g THHGIFgl gl tagl + 3,840 * 46,080 * 645, 120 le

The exact solution of this problem obtained by (Zaidan et al., n.d.) is:

-2 oo
U(:L‘,t) = ? + 6%$ (1 + Z on+1
n=0

tn+1

* (n + 1)!)

Table 4.1: Approximate solution(HAM) and Exact solution of Boussinesq-like B(m, n)
equation when m =n =2 at ¢ = 0.01 and in the interval = € [0, 1]

t

T

Exact solution

HAM solution

Absolute Error

0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

0.3383458541927343
0.3898739480088277
0.4440439436890385
0.5009912944384584
0.5608583982965109
0.6237949542062230
0.6899583363395573
0.7595139876148133
0.8326358333901002
0.9095067163673244
0.9903188537941839

0.3383458541927344
0.3898739480088277
0.4440439436890387
0.5009912944384584
0.5608583982965111
0.6237949542062232
0.6899583363395575
0.7595139876148134
0.8326358333901002
0.9095067163673246
0.9903188537941842

5.5511151231257827e-17
5.5011151231257827e-17
1.6653345369377348e-16
0.0000000000000000e+-00
2.2204460492503131e-16
2.2204460492503131e-16
2.2204460492503131e-16
1.1102230246251565e-16
0.0000000000000000e+-00
2.2204460492503131e-16
2.2204460492503131e-16
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Approximate solution

Exact solution

Figure 4.1: The exact solution and 3¢ order approximate solution of B(2,2) at t = 0.01
, h = —1, and in the interval x € [0, 1].

3D Surface of Absolute Error

«10°18
2.5

Absolute Error

Figure 4.2: The Absolute error between exact and HAM solution of B(2,2) at t = 0.01
and h = —1.
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Computational Simulations

For the given equation[£.1] by using Finite Difference Method(FDM), we can discretize

this differential in the following form:

()] = wl ™ — 2l +ul7!
e (At)?
<U2>:m = Z+1j 2u + u
(Al’)
(u?) _ u2+2] 4uz+1] + 6“ 4“12—1,]' + U?—z,j

(Al’)
The discretized equation using the finite difference method is as follows:

j+1 J j—1 2 2
w = 2uy + g Z+1] — 2u} it ui Lj z+2] 4“z+la + 6“ — i, i

(At (B0 (B o=

J+1

We can rearrange this equation to solve for u; ", the unknown value at the next time

step and after solving for the unknown, we get the scheme to be coded in Python and

matlab.

G o g i1 (At)? (At)?
u; _2uz Uy (AZL‘) ( 'L+1j 2u +U2 1J)+(ACL’)4

2 2 2 2 2
(Uipo—4uiy jH6u; j—4ui_y j+ui s ;)
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Table 4.2: Numerical solution(FDM) and Exact solution of Boussinesq-like B(m,n)
equation when m =n =2 at ¢t = 0.01, and in the interval = € [0, 1]

t r | Exact solution | FDM solution | Absolute Error
0.01 | 0.00 0.338346 0.333333 5.013000 x 1073
0.01 | 0.10 0.389874 0.384604 5.270000 x 1073
0.01 | 0.20 0.444044 0.438504 5.540000 x 1073
0.01 | 0.30 0.500991 0.495168 5.824000 x 1073
0.01 | 0.40 0.560858 0.554736 6.122000 x 1073
0.01 | 0.50 0.623795 0.617359 6.436000 x 1073
0.01 | 0.60 0.689958 0.683192 6.766000 x 1073
0.01 | 0.70 0.759514 0.752401 7.113000 x 1073
0.01 | 0.80 0.832636 0.825158 7.478000 x 1073
0.01 | 0.90 0.909507 0.901646 7.861000 x 1073
0.01 | 1.00 0.990319 0.982055 8.264000 x 1073

oy
\\S

\

1 s

\\\“

o \\“\\\“\

\‘ “‘ i :‘ ol
o

\\\ A “‘\\“‘\\\“““\‘

\‘“\\“‘\\\‘

Figure 4.3: The Exact solution and Numerical solution(FDM) of B(2,2) at t = 0.01
and in the interval x € [0, 1]

Absolute Error

%1073
10

Absolute Error

Figure 4.4: The Absolute error between exact and Numerical solution(FDM) of B(2,2)
at t = 0.01 and in the interval z € [0, 1]
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Problem 2: Consider Boussinesqg-like B(m,n) equations when m =n = 3

Uyt + (ug):ﬁx - (ug)xl‘xaz =0
u(z,0) = Lsinh(2) (4.5)

u(x,0) = _T‘/gcosh(g),

where u = u(x,t).
To solve equation (4.5) by means of the homotopy analysis method let us consider the

linear operator

Po(x,t;q
Hota t.q)) = ZATED,
with the property that
L(C + Clt) = 0,

which implies that

L) = /Ot /Ot(.)dtdt

We now define the nonlinear operator as

Polr,t:q)  0*(d(z,1:9)*  O(d(xt:q))?

Nlg(e, t:q)] = —5 5 o o (4.6)
Construct the zeroth-order deformation equation by
(1= q)L[¢(z,t;q) — uo(z,t)] = qghH (x, ) N[p(x,t; )], (4.7)

where ¢ € [0, 1] is the embedding parameter, h # 0 is an auxiliary parameter, L is an
auxiliary linear operator, ¢(x,t;q) is an unknown function, ug(z,t) is an initial guess
of u(z,t) and H(x,t) denotes a non-zero auxiliary function. It is obvious that when
the embedding parameter ¢ = 0 and ¢ = 1, equation becomes

d(x,t;0) = ugp(z,t), oz, t;1) = u(z,t) (4.8)

We choose auxiliary function H(z,t) = 1, then we obtain the m' order deformation

equation
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L[Um(l’, t) - Xmum—l(xa t)] - h%m(ﬁm—l>a
U (7, 1) = XnUm—1 (2, 1) + RL 'R, (1),

where
82 m m—1—1
R (1) = 55 (Um-1 (@, 1)) 87 (ZO ( kz:% ukum11k>)
a m—1 m—1—1
07 <Z Uj ( Z uk“m—l—i—k))
k=0
then

2 m—1—1

U (T, 1) = X1 (z,1) + hL ™" <§2(um_1(x t)) (i U; ( Z ukum_l_i_k>>>

k=0

ol <%uz<mz“wm>>>

vt (B (£ E )
AL o
bt (o e (5 (E )
o

ox
t m m—1—i
— h/o / 9 <§ U; ( ZO ukum_l_i_k>>> dtdt

0, ifm<1,
Xm =

since

1, ifm >1
and m=0,1,2,3, ...
For solving equation (4.5) by using HAM, we choose the initial guess from initial

condition
up(z,t) = ?Smh(z) - ?tcosh(g)
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uy(z,t) =

—h/ / <8x4 <Zuz (k ;ukuo . k)))dtdt

Xluo(x,t)+h/t/ (aa; (2.8) + 5 (X%u <Z“k“0 i k)))

=0

=t )+ [ (ol + gt 0 = oo,
+h /0 /0 (aﬁuo(x,t)+ 88115 (o, ))? — aaﬁl(uo(x,t))?’) dtdt

2 2 4

—h /O t / t gﬁuo@,t) + 8(12 (uo(e, 1)) — 8(14 <uo(a:7t>>3> dtt

e Csinh(5) = tcosh(5)) + -l ) du

7( \/_smh?’(*) - ftcosh(g)smh?(;’))> dtdt

(&L‘( \/_tQCOShQ(g)SZTLh(g) — 36\/6t3cosh3(3))> dtdt
—h ot/o <84(3\/_3mh3() - iﬁtcosh(ﬁ)sinh%ﬁ))) dtdt
2 2 1 3 3L
<$4( V6t%cosh (3)smh(3) — %\/gt cosh (3))) dtdt
( V6

mh(3)cosh2(§) + 4sinh3(§)) dtdt

t ot
+h 0/0 6 tcosh3(3)+\1/§t252nh3(3)+ \/—tQSmh(g)coshZ(g)) didt
Ty einn2(X _@ 3 3L
1 (3)smh (3) 108t cosh (3) dtdt

1\/63inh(g)cosh2(§)> dtdt

t rt
_h /
0 Jo.
3) + \/_tcosh?’(g) + m8\/_tcosh(3)sinh2(§)) dtdt
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h /ot /ot < 324 Vtsinh (3 >cosh2<§> - ;\/Et%mh?’(g)> dtdt
/Ut /Ot (486 \/_tSCosh(S)sth(g)) dtdt
/o /0 (972‘”3008}13( 3)> dtdt

>

+

_|_
>

up(x,t) =h Ot /Ot <_1\gésmh(§)cosh2(§) + ﬁsmh%i)) dtdt
— h/ot /Ot <\5/ftcosh(§)smh2(3)> dtdt
+h Ot /Ot (gftcosh?’(g) - 16\/2752 h3(3) + m\/gt%mh(g)coshz(g)) dtdt
+h Ot /Ot (482t3003h(§)smh2(§) - £t3008h3(§)> dtdt
uy(z,t) =h Ot /Ot <_1\g63mh(3) + gtcosh( )+ gtzsmh( )> dtdt
- h/ot /Ot <\/6t?’cosh3(§)> dtdt

t(—\/6 V6 V6 V6 T
=h tsinh ~—t%cosh ~—t3sinh trcosh® (=) | dt
0 ( 18 (3>+108 €os <3)+486 sin <3) 1044 (3)>

—6 , . V6 V6 o r V6 s
= ( 26 tsmh(B)—l—@t cosh(3) 1944t Smh(g)_9720t cosh (g)
At h = —1, we have
V6 z. 6 r. 6 r. 6 T
t) = —t2sinh(=) — —t3cosh(=) — trsinh(= tPcosh? (=
wi(z,1) = getisinh(3) = go teosh(3) = [opt sinh(3) + gogticosh(3)

From homotopy series, the approximate analytical solutions of given nonlinear equation

is given as

u(z,t) = uo(x,t) + > um(z,
m=1

Thus, at h = —1 , the 2"¢ iteration HAM approximate analytical solution is given by

u(z,t) = uo(z,t) + ui(x,t)
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Thus,

V6 V6

6 6
u(z,t) :\é_smh(g) — \é_tcosh(g) + £t25mh(§) — 3ﬂt?’cosh(g)
V6 oy VG s 3%
—1944t sznh(g) + 972075 cosh (§)

The exact solution of this problem obtained by (Yildirim, 2009) is:

u(z,t) = TSinh

V6 (a:;t)

Table 4.3: Approximate solution(HAM) and Exact solution of Boussinesq-like B(m, n)
equation when m =n = 3 at ¢t = 0.01, and in the interval = € [0, 1]

t

X

Exact solution

HAM solution

Absolute Error

0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

-0.004082490465
0.036747857742
0.077619040682
0.118576474987
0.159665673130
0.200932294004
0.242422193655
0.284181476240
0.326256545259
0.368694155118
0.411541463081

-0.004082490465
0.036747857741
0.077619040681
0.118576474985
0.159665673127
0.200932294000
0.242422193651
0.284181476236
0.326256545254
0.368694155112
0.411541463075

2.940096083259¢-14
6.006861674734e-13
1.231376112187e-12
1.863370568955¢-12
2.497418938319e-12
3.134159598517e-12
3.774258683364¢-12
4.418465593403e-12
5.067724018204e-12
0.722478046977e-12
6.383338302385¢-12
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Exact Solution Approximate Solution

Figure 4.5: The exact solution and Approximate solution (HAM) of B(3,3) at ¢t = 0.01
and h = —1.

Absolute Error

Figure 4.6: The Absolute error of B(3,3) at t = 0.01 and h = —1.
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Computational Simulations

For the given equation[£.5, by using Finite Difference Method(FDM), we can discretize

this differential in the following form:

(u >j—“j+l_2“ i
e (At)
) = thens = 20
(AI')
(12) s = Ufyoy — Audy +6ud; — dudy j +ui

(Al’)
The discretized equation using the finite difference method is as follows:

j+1 Iy g1 3 3
w = 2uy + g Z+1] — 2u} it ;) Lj z+2] 4“z+la + 6“ — A, U

(At (B0 (B o=

J+1

We can rearrange this equation to solve for u; ", the unknown value at the next time

step and after solving for the unknown, we get the scheme to be coded in Python and

matlab.

G o g i1 (At)? (At)?
u; _2uz Uy (AZL‘) ( 'L+1j 2u +U2 1J)+(ACL’)4

3 3 3 3 3
(Ui —Auiy j+6u; ;—dui_y j+ui_y ;)
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Table 4.4: Numerical solution(FDM) and Exact solution of Boussinesq-like B(m,n)
equation when m =n = 3 at ¢t = 0.01 in the interval z € [0, 1]

t x | Exact solution | FDM solution | Absolute Error
0.01 | 0.00 -0.004083 -0.004083 0.000000
0.01 | 0.10 0.036748 0.040832 0.004085
0.01 | 0.20 0.077619 0.081710 0.004091
0.01 | 0.30 0.118576 0.122679 0.004102
0.01 | 0.40 0.159666 0.163784 0.004118
0.01 | 0.50 0.200932 0.205070 0.004138
0.01 | 0.60 0.242422 0.246585 0.004163
0.01 | 0.70 0.284181 0.288374 0.004193
0.01 | 0.80 0.326257 0.330483 0.004227
0.01 | 0.90 0.368694 0.372960 0.004266
0.01 | 1.00 0.411541 0.415851 0.004309
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Figure 4.8: The Absolute error of B(3,3) at t = 0.01 .
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4.2 Discussion

In this thesis, we employed the homotopy analysis method to solve Boussinesqg-like
B(m,n) equations. Initially, we selected an initial approximation (ug), a linear operator
(L), an auxiliary function (H (z,t) # 0), and a convergence control parameter (h # 0) to
derive an approximate analytical solution using the HAM. Subsequently, we graphically
obtained the approximate analytical solution using the HAM. A comparison was then
made between the HAM solution and FDM solutions for both B(2,2) and B(3,3). The
comparison demonstrated a small absolute error between the HAM solution and the
exact solutions. The small absolute error indicates the efficiency of these methods.
Consequently, the HAM outperforms the FDM as it yields a minimal absolute error.
Hence, based on these findings, we can confidently assert that the HAM is an effective

and powerful method, at least for this specific problem.
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CONCLUSION AND RECOMMENDATION

Conclusion

This thesis successfully applies the homotopy analysis method to obtain approximate
analytical solution of the Boussinesq-like B(m,n) equations. The homotopy analysis
method offers a systematic and efficient approach to obtain approximate analytical
solutions for these complex equations. Through this study, it has been demonstrated
that the homotopy analysis method can effectively handle Boussinesq-like B(m,n)
equations, generating infinite power series solutions for appropriate initial conditions.
The method’s ability to control the convergence of approximation series is a significant
advantage, distinguishing it from other solution techniques. After comparing the results
obtained from the HAM and the FDM, it has been observed that the HAM offers highly
accurate approximations that closely resemble the exact values of the given problems.
These results demonstrate the effectiveness of the homotopy analysis method as a
powerful mathematical tool for solving Boussinesq-like B(m,n) equations. It is worth
noting that the auxiliary parameter in this method enables fast convergence of the

solutions. The computations in this paper were performed using matlab and Python.

Recommendation

This thesis specifically focuses on the application of the homotopy analysis method to
solve the approximate analytic solution of the Boussinesq-like B(m,n) equations. The
homotopy analysis method is an interesting approach that allows for finding approxi-
mate analytical solutions to nonlinear partial differential equations. It is recommended
that future researchers compare the homotopy analysis method with other methods to
assess its efficiency and validity. Additionally, the homotopy analysis method can be
extended to solve nonlinear problems related to Boussinesq-like B(m,n) equations for
various values of m > 3 and n > 3 to know the behaviour of the system and other

related equations.
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