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ABSTRACT 

One of the primary sources of income in Ethiopia's economy is Agriculture. Over 80% of the 

people depend upon the agriculture fields. Agriculture suffers significant losses due to diseases 

spread by pests and insects, which reduce crop productivity. In order to improve crop quality, 

pesticides and fertilizers are used to kill insects and pests. However, almost all agricultural 

fields in Africa, particularly in Ethiopia, use humans to apply pesticides and fertilizers to the 

entire crop field, resulting in pesticide waste and adverse effects on human health. Unmanned 

Aerial Vehicles (UAVs) are becoming increasingly popular as agricultural research topics. The 

purpose of this research is to control the attitude and position of an autonomous pesticide 

spraying quadcopter drone using a model predictive controller (MPC). Localization, mapping, 

and trajectory following of a quadrotor are achieved using data from a camera, IMU (Inertial 

Measurement Unit), GPS (Global Positioning System), and range finder in a disturbance-based 

environment such as wind and obstacles. In this study, the quadcopter model is modeled using 

the newton Euler formulation of motion to implement this controller. The Kalman filter (KF) is 

used to estimate the states of the quadcopter and the variation in quadcopter mass due 

to spraying. The controller was implemented in the quadcopter using MATLAB to test the 

feasibility of the proposed control method. The simulation shows that the proposed controller 

adapts to both setpoint and trajectory tracking. The PX4 firmware includes a Proportional 

Integral Derivative (PID) controller. MPC, on the other hand, has never been used on 

commercial drones because it requires a mathematical model of the specific quadcopter to be 

used. Thus, the purpose of this thesis is to assess the practicability of the MPC control scheme 

for quadcopters with the modified PX4 firmware to control agricultural drones. The 

MATLAB/Simulink simulation shows that the proposed controller rejects the disturbance and 

state noise based on estimator from Kalman filter to the unknown system noise of quadcopter 

and it performs effectively at the reference of altitude, position and attitude.  

Key Words: - Model Predictive Controller (MPC), Extended Kalman Filter (EKF), Moving 

Horizon Estimation (MHE), Proportional-Integral-Derivative (PID), Robot operating system 

(ROS), Range Finder, PX4 
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CHAPTER ONE 

1. INTRODUCTION 

1.1. Background 

Unmanned Aerial Vehicles (UAVs) in general, and multirotor aircraft in particular, have recently 

received a lot of attention due to their high versatility and simple mechanical architecture. 

Quadcopters or quadrotors are UAVs that have four rotors. Recently, the quadcopter has 

emerged as one of the most widely researched control systems. It serves as an excellent model 

for studying the behavior of multiple-input multiple-output (MIMO) and nonlinear systems. The 

quadcopter is an under-actuated system with 6dof (three translational and three rotational) 

(Fernando et al., n.d.), but with only four independent inputs (the speed of each motor), and with 

only four independent inputs (rotor speed), this results in the coupling of rotational and 

translational dynamics. One of the major challenges with these flying vehicles has been to make 

them self-sufficient, requiring little to no human effort to fly. To deploy these systems in real-

world scenarios, we need robust answers to the autonomy system's components, specifically state 

estimation, control, mapping, and planning. This autonomous flight capability can enable a 

variety of applications such as disaster response, infrastructure inspection, agricultural 

monitoring (Khan et al., 2021) and pesticide spraying, which currently requires significant direct 

human engagement and effort. The quad-copter, as shown in Fig.1.1, is made up of two pairs of 

counter-rotating rotors located at the ends of a cross-frame that is symmetric about the center of 

gravity, which matches with the origin of the reference system. Each rotor has a propeller 

attached to a separately powered BLDC motor. 

 

Figure 1.1: Quadrotor Configuration 
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The rapid expansion of the human population elevates the fundamental need for high 

productivity, high performance, and sustainable farming (Mogili & Deepak, 2018). In the present 

world, agriculture is necessary for the survival of more than 60% of the world's population 

(Khan et al., 2021). It is a critical factor in the conservation of the environment in the developing 

world. Agriculture must be modernized in order to increase production and food supply. UAVs 

are among the most useful machines in modern agriculture in which used to  Spray pesticides 

and fertilizer in agricultural fields (Chavan, 2019). Precision farming, crop monitoring, 

geographical tracking, and field mapping are just a few sectors of agricultural 

drone applications (Mogili & Deepak, 2018) and (Khan et al., 2021). 

 

Figure 1.2: pesticide Spraying drone 

Different mathematical techniques can be used to derive a quadcopter's dynamic equations. The 

Newton-Euler method and the Euler-Lagrange method are two commonly used methods. The 

Newton-Euler method is based on Newton's second law of motion and focuses on rigid body 

equations (Njinwoua & Wouwer, 2018). To obtain the mathematical model, the Euler-Lagrange 

method employs kinematics and energy equations (Ordaz et al., 2018). Ideally, both techniques 

should yield the same mathematical model. The Newton-Euler method was used in this paper. 

The obtained equations can be represented in state-space form. As an ASTU Space Technology 

Institute (STI) member, we are currently working on quadcopter drone research and 

experimental development using an Arduino microcontroller and an IMU sensor.  
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This thesis work presents learning-based Model predictive approaches for controlling a 

quadcopter's position and attitude. The system dynamics have been used to design linear and 

nonlinear mathematical models. To adapt the system parameters, a Kalman filter estimates the 

state and changes the parameter. At each moment, the estimator sends to the controller a set of 

estimated plant parameters computed based on the previous plant input and output and system 

dynamic model, and then a control input based on the optimal control approach is calculated. 

This control input generates a new plant output, and the entire sequence of parameters and input 

updates is repeated. 

1.2. Problem of the statement  

Agriculture is one of Ethiopia's main sources of income; approximately 80 percent of Ethiopians 

depend on agriculture, primarily subsistence and rain-fed farming and animal agriculture. 

Despite this, approximately 35% of the population lacks access to healthy food. Furthermore, the 

agriculture field suffers significant losses due to diseases transmitted by pests and insects, 

(MoARD(Ministry of Agriculture and Rural Development), 2010) which minimize agricultural 

production. The agricultural drone is one solution for spraying pesticides; nevertheless, the 

agricultural drone's mass changed while spraying pesticides; this Challenge introduces additional 

uncertainties to the system, which can be modeled as a variation. As a result, system 

performance and control input for a model-free control approach become unstable. To address 

this issue, the model-based controller is guaranteed an appropriate mathematical model of the 

system. As a result, for guaranteed effectiveness from a model-based controller, the 

aforementioned variations must be learned over time, and the controller must adapt to changing 

conditions.  

Therefore, the goal of this study is to design and control pesticide spraying quadcopter drones 

using a learning-based model predictive controller with uncertain and/or time-varying dynamic 

models. 
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1.3. Objective of the study 

1.3.1. General Objective 

The general objective of this research work is to model and control pesticide spraying 

agricultural drone using MPC controller. 

1.3.2. Specific Objective 

✓ To investigate the nonlinear model of a quadcopter drone  

✓ To linearize and formulate the system in the state space form 

✓ To design a model predictive controller (MPC) for position and attitude control  

✓ To simulate the 3D physical simulation of the quadcopter using Gazebo 

✓ To implement the proposed control method and simulate its performance with a software-

in the loop (SITL) simulator 

1.4. Scope of the Study 

The scope of this thesis is to experimentally implement autonomous pesticide spraying drone for 

agriculture. The thesis is implemented using MATLAB and SITL implementation using ROS. 

The implementation is using KF in PX4 firmware in SITL. 

1.5. Limitation of the Study 

The existing agricultural drone uses 15-20 letters of a pesticide storage tank and has a payload of 

more than 20 kg, but due to battery power constraints in the country and motor limitations, the 

implementation is limited to a 1.5 kg overall load as well as a light-weighted frame made of the 

aluminum plate was used to reduce the weight of the drone. The data was collected using the 

onboard IMU from the Indore flight to reduce the risk of wind disturbance so that flights could 

be conducted with the necessary precautions. 

1.6. Motivation of the Study 

The development and initiation of exciting development in quadcopter drones have created new 

ways of applications for it. This type of vehicle can navigate in tight spaces and is used to 

complete a variety of tasks. Drones are now used for a variety of purposes in a variety of fields. 

As a result, the design of control algorithms is critical in the development of these 

technologically advanced systems. 
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1.7. Significance of the Study 

Controlling unmanned aerial vehicle's (UAV) position, altitude, and orientation is an exciting 

area of control system research. Because of the multifunctional application areas and advantages 

of quadrotor UAVs, these types of studies are currently being conducted in a variety of locations. 

Ethiopia is new to this type of technology and innovation, so these types of studies are beneficial 

in creating a technologically oriented generation. The Space Technology Institute (STI) Center 

of Excellence at Adama Science and Technology University (ASTU) is an example of 

technological excellency for developing research in the country. The STI development teams are 

working to create quadcopter drones for the Ethiopian market. 

1.8. Thesis Organization 

The thesis is organized as follows:  

Chapter 1: Introduces the historical background of UAVs, including a statement of the problem, 

the objective of the thesis, scope, limitation, motivation, and significance of the thesis. 

Chapter 2: deals with the literature works previously done in the area of quadcopter control and a 

qualitative introduction on the principles of working of a quadrotor is discussed 

Chapter 3: The mathematical model is presented based on Newton-Euler formalism and a 

linearized version of the model is obtained Based on this model using equilibrium points. 

Chapter 4: In this chapter the methodology of designing and implementing model predictive 

control strategy is covered. KF is designed for linearized and nonlinear dynamic model of the 

quadcopter. 

Chapter 5: The simulations obtained from running the MPC controller in MATLAB, SITL 

Gazebo, and the state estimation are presented and discussed.  

Chapter 6: Concludes the thesis with a discussion of the significance of the results obtained, 

challenges faced and recommendations for future work. 
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CHAPTER TWO  

2. LITERATURE REVIEW AND BASIC THEORIES 

2.1. Chapter Overview 

This chapter provides a brief description, history, types, and applications of the UAV 

quadcopter. Following that, the notion and architecture of quadcopter-type UAVs are discussed. 

Finally, closely related works are reviewed and discussed, together with their benefits and 

drawbacks. 

2.2. Unmanned Aerial Vehicles (UAVs) 

An unmanned aerial vehicle (UAV), usually known as a drone, is an aircraft without any human 

pilot, or customers on board (Praveenkumar & Prabhakaram, 2014). The flight of UAVs may 

work under remote control by a human pilot, as remotely-piloted airplane (RPA), or with various 

degrees of self-sufficiency, such as autopilot assistance, up to fully autonomous aircraft that have 

no provision for human interference. UAVs were mainly used in military (Chavan, 2019) 

application but recently they are being deployed in civil applications. 

2.3. History of UAVs 

Etienne Oehmichen was the first researcher who investigated rotorcraft designs in 1920. Among 

the six designs he tried, his second multirotor had four rotors and eight propellers, all energized 

by a single engine. The researcher used a steel-tube frame (Venkatesh et al., 2017), with two-

bladed rotors at the ends of the four arms. The angle of these blades could be diverse by bending. 

 

Figure 2.1: Oehmichen No.2 Quadrotor 
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After Oehmichen, Dr. de Bothezat and Ivan Jerome technologically advanced this aircraft, with 

six bladed rotors at the end of an X-shaped structure. Two small propellers with adjustable pitch 

were used for thrust and yaw control. The vehicle used joint pitch control. Its initial flight in 

October 1922. About 100 flights were complete by the end of 1923. The maximum it eternally 

reached was about 5m. 

 

Figure 2.2: The de Bothezat Quadrotor 

2.4. Applications of UAVs 

UAVs were mainly used in military application but recently they are being deployed in civil 

applications too [5]. In addition to the military use, UAVs can be used in many civil or 

commercial applications that are too hard, too complex or too dangerous for manned aircrafts. 

These are 

➢ Earth Science: Measuring deformations in the Earth’s crust that may be indications to 

natural disasters like earthquakes, landslides or volcanos. 

➢ Search and rescue: UAVs equipped with cameras are used to search for survivors after 

natural disasters like earthquakes and survivors from shipwrecks and aircraft crashes [9, 

10]. 

➢ Border surveillance: UAVs are used to patrol borders for any intruders, illegal 

immigrants or drug and weapon smuggling. 

➢ Research: UAVs are also used in research conducted in universities to proof certain 

theories.  

➢ agricultural: UAVs are used in various agricultural sector to monitor crop, inspect and 

spray pesticides and fertilizers. 
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2.5. Classification of UAVs 

The UAV can be generally classified in two categories i.e., autonomous aero-plane and 

autonomous helicopter. The helicopters have clear advantages over the aero-planes due to their 

specific capabilities like improved hovering operation, ability of landing/take-off in limited space 

(VTOL), etc. Unmanned Aerial Vehicles (UAVs) are either controlled remotely by a radio 

transmitter or from a computer ground station. 

2.6. Quadcopters 

A quadcopter is a multirotor (helicopter) Unmanned Aerial Vehicle (UAV) with four rotors, 

which are varied in speed to change the altitude and/or angular position of the vehicle. 

Quadcopters are configured with propellers that are connected either in an "X" or "+" 

configuration each propeller is powered by an electric motor (Giernacki et al., 2020). The 

propellers are connected in counter-rotating pairs in order to cancel out the torques created by a 

set of propellers rotating in one direction. In figure 2.3 (Right), the propellers labeled 1 and 3 

rotate in a counter-clockwise direction, while the propellers labeled 2 and 4 rotate in a clockwise 

direction. 

 

 

Figure 2.3: + and X type quadcopter (left to right) 
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2.7. Related Works 

The UAV Technology required extensive research into comparable systems. By reviewing others 

work, we used this insight to develop our system. To this end, research papers from various 

groups were used as guides in the development of the dynamics and control theory for 

quadcopter. 

A comparative analysis of Adaptive PID, SMC, PID control system approaches for quadrotor 

UAV attitude and position, stabilization has been formulated in (Noordin et al., 2021) The 

authors implemented the proposed system based on external disturbances like the aerodynamic 

effect. 

Model predictive controller (MPC) has been used in (Dydek et al., 2013) to reject the wind 

disturbances that a quadrotor faces during the flight. The designed controller has used the 

piecewise model of the quadrotor dynamics, in which turbulence affects has been included as a 

disturbance. The authors verified their algorithm with experimental flights, and have showed the 

capability of quadrotor’s attitude tracking while subjected to the wind disturbances.  

The implementation of UAVs for crop monitoring and pesticide spraying is briefly reviewed in 

(Mogili & Deepak, 2018). This paper explains about the different commercial control module, 

sensors, actuator and sprinkling system used for agricultural drone and the limitation of human 

pesticide spraying technique. 

In (Khan et al., 2021) Application of image recognition for recognized sprayer is developed 

using deep learning by the authors. A two-step target recognition system was developed by using 

deep learning for the images collected from a UAV. Agriculture cropland of coriander was 

considered for building a classifier for recognizing spraying areas.  

In (Cárdenas R et al., 2020) the authors explain Mathematical Modelling and Identification of a 

Quadrotor. The authors implemented the proposed system neglecting Gyroscopic and some 

aerodynamics effects, as a result the simplified model using PID controller does not have good 

performance.  

Attitude control of a cascade sliding mode control (CSMC) for quadrotor dynamics has been 

carried out in (Rq et al., n.d.). The proposed control system was implemented for the roll, pitch, 
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and yaw control by considering external disturbances to the system. As a result, the CSMC has a 

good result for constant mass parameter. 

In (Hystad, 2015), the author developed and model a quadcopter implemented on an Arduino 

microcontroller in Norwegian University of Science and Technology in his master. The paper is 

very useful based on the hardware requirement ad motivation for prototyping. This paper aims to 

use understandable system descriptions and sensor models as a basis to design configurable 

estimators and controllers, and to build a quadcopter well suited for educational purposes. 

In (Lee & Kang, 2021) authors proposed a data-based control technique based on a deep neural 

network (DNN). The DNN is trained with closed-loop driving data of an NMPC. The proposed 

"DNN control technique based on NMPC driving data" achieves control characteristics 

comparable to those of a well-tuned NMPC within a reasonable computation period, which is 

verified with an experimental scaled-car platform and realistic numerical simulations. This paper 

work is for unmanned ground vehicle (UGV). 

In (Fernando et al., n.d.) Modeling, Control and Simulation of Quadrotor UAV has been 

discussed. In this paper model of quadrotor has been developed considering Newton Euler 

formalism, and then a PID correction was tuned to assure the desired performance after 

considering first order linearization for the hovering mode. Simulation was manipulated within 

MATLAB® Simulink environment, for which results can be observable for many controlling 

approaches and with variety of parameters ranging in order to get a better design perspective. 

In (Fessi & Bouallègue, 2016) Modeling and Optimal LQG Controller Design for a Quadrotor 

UAV is designed. In this paper all aerodynamic forces and moments of the Quadrotor UAV are 

described within an inertial frame and a dynamical model is obtained thanks to the Newton-Euler 

formalism. An optimal LQG controller is then designed for the attitude and altitude stabilization 

of the plant, linearized around an equilibrium flight point. Several simulation results are carried 

out in order to show the effectiveness and robustness of the proposed LQG-based flight 

stabilization approach.  

In (Abeywardena et al., 2013) Improved State Estimation in Quadrotor MAVs: A Novel Drift-

Free Velocity Estimator is designed. In this work Dynamic equations which relate acceleration, 

attitude and the aero-dynamic propeller drag are encapsulated in an extended Kalman filter 
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framework for estimating the velocity and the attitude of the quadrotor. It is demonstrated that 

exploiting the relationship between the body frame accelerations and velocities, due to blade 

flapping, enables drift free estimation of lateral and longitudinal components of body frame 

translational velocity along with improvements to roll and pitch components of body attitude 

estimations. 

In (Argentim et al., n.d.) PID, LQR and LQR-PID on a Quadcopter Platform is discussed. These 

paper aims to present a comparison between different controllers to be used in a dynamic model 

of a quadcopter platform. The controllers assumed in this work are an ITAE tuned PID, a classic 

LQR controller and a PID tuned with an LQR loop. The results were obtained through 

simulations for 10 different attitudes of the quadcopter, however, in this paper simulation results 

had been presented for the vertical attitude only. 

Table 1 summarizes the comparison of the various algorithms as applied to quadrotors from the 

above literatures  

No 
Author and publisher Control 

technique 

Strength Limitation 

1 

(Noordin et al., 

2021), Springer 

Adaptive 

PID, SMC, 

PID 

Improved performance 

based on the comparison 

criteria of fitness function 

IAE than others 

parameter uncertainty like 

variable mass is not 

considered 

2 

(Cárdenas R et al., 

2020), Springer 

Classical PID Nonlinear model provided, 

thrust & drag coefficients 

as well as motor inertia are 

involved 

Gyroscopic & 

aerodynamic effects 

neglected, no state 

estimation  

3 

(Lee & Kang, 2021), 

Springer 

NMPC, DNN effective and more robust 

for an optimized control 

requires large computation 

power and computation 

time,  

4 
(Argentim et al., 

n.d.), IEEE, 2013 

PID, LQR & 

LQR-PID 

robust, versatile and easy 

implementable controller 

Lack of state ad parameter 

Constraint   
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CHAPTER THREE 

3. MATERIALS AND METHODS  

3.1. Chapter Overview 

In this chapter, the mathematical model of the quadcopter is formulated using Newton-Euler 

approach. The derived mathematical model of the quadcopter is linearized using Taylor 

linearization formulation and represented in state-space form and the controllability and 

observability of the dynamic system is briefly explained. 

3.2. Materials 

In this research work, software such as MATLAB/2021a, Gazebo, QGroundControl, Microsoft 

office 2019, Visual Studio Code 1.6.7, and Math Type 7.4.8.0 is used. MATLAB is the 

calculating software that contains technical toolboxes and Simulink. Gazebo is an open-source 

3D robotics physical simulator and It combined the ODE physics engine and support code for 

sensor simulation and actuator control. Microsoft office is used for editing the documents. Visual 

Studio Code 1.6.7 is code editor made by Microsoft for Windows, Linux and macOS and 

provision for debugging, syntax highlighting, intelligent code completion, and code refactoring. 

Math Type 7.4.8.0 version is used for writing mathematical formulas and equations in Microsoft 

office. 

3.3. Methods 

The method used for this research study to accomplish the required task is shown in Figure 3.1. 

The most related papers and literature are reviewed and data are collected. After analyzing all 

of the resources, the next step is to complete the mathematical modeling for the quadcopter, 

which 

is the foundation of this thesis. Depending on the mathematical model, the effective controller 

which is model based controller is selected and for getting best estimated data and parameter the 

state and estimator is designed using Kalman filter (KF). To evaluate the system's performance, 

MATLAB, and Gazebo is used as simulation tools. The block diagram in Figure 3.1 summarizes 

the method followed throughout the research work. 
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Figure 3.1: Work flow  

3.4. The Proposed Block Diagram for quadcopter 

Figure 3.2 shows a design of model predictive controller for controlling the quadcopter's position 

and orientation. Before the beginning of each optimization loop, the MPC block enhances the 

position and orientation with the quadcopter state-space model. This is done in order to obtain 

more precise quadcopter state predictions to be used in the optimizer. 

The optimizer block receives position and rate setpoints. The cost function and system 

constraints are also provided to the optimizer. In the optimizer block, the nonlinear programming 

(NLP) or Quadratic Programming (QP) procedure is used to minimize the cost function while 

keeping predefined quadcopter constraints in mind. The MPC controller's result is the control or 

input vector. 
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Figure 3.2: Block diagram of the proposed quadcopter control system 

3.5. Coordinate Frames 

Before the quadcopter can be mathematically modeled, coordinate frames must be used to 

explain its movement. To accomplish this, two coordinate frames are used: the inertial (Earth-

fixed) frame, EI, and the body-fixed frame, EB. Variables measured or observed in the earth-fixed 

frame can be related to the body-fixed frame using two coordinate frames, and vice versa. Figure 

3.3 represents these coordinate frames with the quadcopter in the body-fixed frame. The earth-

fixed frame is taken as the reference frame using the NEU (North East Up) convention where the 

x-axis of the frame is the north, y-axis pointed to the west and the z-axis pointed up (Carrillo et 

al., 2014). 

 

Figure 3.3: Earth-fixed and body-fixed coordinate frames 

The body-fixed frame, B, has its origin at the center of mass of the quadcopter. The orientation 

of the quadcopter, known as its attitude, is expressed in the body-fixed frame by Euler angles 
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, ,    which correspond to the roll, pitch and yaw angles. The angles are also referred to as the 

angular positions of the quadcopter. In this paper, the inertial frame uses NEU (x-axis points to 

the north, the y-axis to the west and the z-axis upward) coordinates. 

 

Figure 3.4: Body- fixed frame in NEU frame 

In order to relate the orientation of the quadcopter in the inertial frame, rotation matrix, R, is 

required. Assuming the order of rotation to be roll (ϕ), pitch (θ) then yaw (ψ), the rotation 

matrix, R which is derived based on the sequence of principle rotations is:  

Rx, φ =   [
1 0 0
0 cos φ − sin φ
0 sin φ cos φ

]                                                (3.1) 

Ry, θ =   [
cos θ 0 sin 𝜃

0 1 0
−sin 𝜃 0 cos θ

   ]                                                (3.2) 

Rz, ϕ =   [
cos 𝜙 −sin 𝜙 0
sin 𝜙 cos 𝜙 0  

0 0 1

]                                                (3.3) 

To be able to calculate the total conversion from the body frame to the navigation frame (RIB) all 

the 3 matrixes can be multiplied together. The result is a complete rotation matrix of Equation  

3.1 to 3.3 (Cowling et al., n.d.) which is from the body-fixed frame to the inertial frame is given 

as: 

  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( , , ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

zyx IB

c c s s c c s c s c s s

R c s s s s c c c s s s c

s s c c c

           

              

    

− + 
 

= + −
 
 − 

        (3.4) 
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Where C(∗) = cos(∗), S(∗) = sin(∗) and T(∗) = tan(∗). The calculated matrix gives the convention 

from BODY to Inertia frame. In some cases, it can be useful to transform from Inertia frame to 

BODY frame.  

The IMU used to obtain the angular velocity of the quadcopter in the body-fixed frame. A 

transformation is needed to relate Euler rates,
T

    =   , that are measured in the inertia 

frame and the angular body-fixed rates,  
T

p q r = , The transformation is obtained from 

(Luukkonen, 2012) and is as follows,  

 

0 0

0 ( ) ( ) ( ) 0 ,

0 0

1 0 ( )

0 ( ) ( ) ( )

0 ( ) ( ) ( )

T

x x yp q r R R R

p s

q c s c

r s c c



    



 

   

   

     
     

= = + +     
         

 −   
    

=     
    −     

                          (3.5) 

Since the values of p, q and r, are obtained through onboard sensors on the quadcopter, Euler 

angle rates are computed using the inverse of above equation 

1 ( ) ( ) ( ) ( )

0 ( ) ( )

( ) ( )
0

( ) ( )

s t c t p

c s q

s c r

c c

    

  

  

 

 
    
    

= −    
        
  

                                     (3.6) 

Generally, from three-dimension body dynamics, it follows that the two reference frames 

(inertial and body) are linked by the following relations: 

1

. 1 ( ) ( ) ( ) ( )

, 0 ( ) ( )

0 ( ) / ( ) ( ) / ( ).I IB B

W s t c t

W W c s

s c c cV R V



 

     

   

   

−

=  
  

= = −  
  =  

                             (3.7) 

Where 
 

 

T

I

T

B

V x y z

V u v w

=

=
  , VI and VB translational velocity in inertial and body frame. 
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Taking small angle assumptions, the transformation matrix can be reduced to an identity matrix 

and the body rate and Euler rate become equal (Nagaty et al., 2013). Therefore, 

                                                    =                                                                       (3.8) 

3.6. Quadcopter Dynamics 

The following assumptions were made before a mathematical model was derived from the 

quadcopter’s dynamics (Xuan-Mung & Hong, 2019): 

✓ The quadrotor’s structure is rigid and symmetrical. 

✓ The quadrotor’s Centre of gravity coincides with the origin of the body fixed frame. 

✓ Propellers and motors are rigid.  

✓ Thrust and drag forces are proportional to the square of propeller’s speed. 

3.6.1. Actuator Dynamics 

There are four identical propeller and BLDC motor pairs that can generate lift forces to generate 

the motion of the quadcopter. Two opposite side motors rotate clockwise, while the other pair 

turn counter-clockwise as shown in Figure 3.5. 

There four independent control inputs and six degree of freedom of the drone can be defined as: 

✓ 1U : throttle input, which is the total force generated by the four propellers. 

✓ 2U : roll input, which is the moment difference around x-axis due to left-side & right-side 

propellers. 

✓ 3U : pitch input, which is the moment difference around y-axis due to front & rear motors 

✓ 4U : yaw input, which is the net torque exerted on the system around z-axis by the four 

motors. 
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Figure 3.5: The forces & moments generated by the motors. 

1

2

3

4

1 2 3 4,

1 2 3 4,

1 2 3 4,

1 2 3 4,

U f f f f

U f f f f

U f f f f

U f f f f

= + + +

= + − −

= − − +

= − + −

                                                (3.9) 

Therefore, according to aerodynamic principle, thrust force is proportional to the square of 

angular velocity of the motor (the square of propeller rotational speed). And the torque is also 

proportional to the square of the rotational speed of the motor. 

                                               

2

2

F k

b



 

 =


=
                                                                          (3.10) 

Where k & b are thrust constant of the motors and torque coefficient of the propeller 

respectively. 

3.6.2. Translational equation of motion  

The translation equations of motion for the quadrotor are based on Newton’s second law and 

they are derived in the Earth inertial frame (Valavanis & Vachtsevanos, 2015).   

2 2 2 2

1 2 3 4 1

0

0 ,

0 0

0 0

( )

N IB B D

IB B

B

F R f mg f

ma mx R f

mg

f

k u   

= − −

= = −

 
 

= =
 
 + + + 

                                          (3.11) 
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D t t

x

F k x k y

z

 
 

= =
 
  

                                                          (3.12) 

Solving equations 3.11 and 3.12, the accelerations are obtained as seen in Equation 3.13 

1

1

1

( ( ) ( ) ( ) ( ) ( ))

( ( ) ( ) ( ) ( ) ( ))

( ( ) ( ))

t

t

t

ku
c s c s s x

m mx
ku

y c s s s c y
m m

z
ku

c c g z
m m

    

    

 

 
+ − 

   
   = − −
   
    

 − −
  

                                          (3.13) 

3.6.3. Rotational Equation of Motion 

The rotational motion of the quadcopter from figure 3.3 is described by Euler’s equation of 

rotation (Abdelhay & Zakriti, 2019) in the equation below. 

2
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2 2
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3 2
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4 2

4
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1
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0
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B
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u lk lk lk lk

u b b b b
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I I
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







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

    −

+  = = −

 
− −     

     = = − −
     
   − −     

  

 
 

=  − − −  = − + −
 
  

= − − 

                           (3.14) 

 

where, 

  I    -    inertia matrix of quadcopter,     B       -    moment in body frame  

 Jr   -    inertia of the rotor                     G      -    gyroscopic moment 

    -   angular velocity vector in body-fixed frame 

Mb   -  is the moment vector in body frame, and can be derived from the torque vectors.  The 

total torque about the z-axis will be an alternating sum of torques for each propeller. 
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The symmetrical structure of the quadcopter reduces the inertia matrix, I, to a diagonal matrix 

where the diagonal elements correspond to the mass moment of inertia for each cartesian axis; 

the off-diagonal elements are products of inertia. Therefore, the inverse of diagonal matrix is the 

reciprocal of its elements  
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                                     (3.16) 

3.6.4. State Space model 

The state space model is a mathematical model of a system as a set of input, output, and state 

variables associated with the equation from the first order deferential equation. Nowadays, it is 

well known that one of main advantages of the state space method is modelling of multiple-input 

and multiple-output control system. The state space model is expressed as follows: 

( ) ( )

( ) ( )

x Ax t Bu t

y Cx t Du t

= +


= +
                                                  (3.17) 

Where:  

✓ x(t) is the state vector of the system, 

✓ y(t) is output vector,  
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✓ A system matrix,  

✓ B input matrix,  

✓ C output matrix and  

✓ D feedforward matrix.  

The first step in representing a system is to select the state vector (contains the state variables); 

the choice of state variables for a given system is not exceptional. The necessity in choosing the 

state variables is that they have to be linearly independent (A set of variables is said to be 

linearly independent if none of the variables can be written as a linear combination of the others) 

and that a minimum number of them be chosen. Consider 12 state vectors for 6DOF quadcopter, 

the states are position, orientation and rate of change of position and orientation. 

[ , , , , , , , , , , , ]Tx x y z x y z p q r  = . 

Let take                   

1 2 3 4 5

1 2 3

, , , 0

1 1 1
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xx xx yy yy zz

xx yy zz

I I I II IJ J
a a a a a

I I I I I

b b b
I I I

− −−
= = = = = =

= = =

                                                            

from equation (3.13) and (3.16), we can simplify the equation to 
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2

1

3

4

5

3

xx

yy

zz

u

I
p a

u
q a

I
r

u

qr

p

a p

I

r

q



 
 
    
    

= = +    
        
 
  

                angular acceleration          (3.19) 

Where 
1 2 3 1 4 2 5 3 6
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                                (3.20) 

The full nonlinear model is very useful, as it provides insight into the behavior of the vehicle. 

However, a linear model is used widely, and needs low computational power. Typically, the 

linearization of a nonlinear state space model is executed at an equilibrium point of the model 

using the Taylor Series expansion (Zhang et al., 2014). Typically, the linearization of a nonlinear 

state space model 𝑥 = 𝑓(𝑥) + 𝑔(𝑥)𝑈 is executed at an equilibrium point of the model 
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=                                                                  (3.21)              

As the hovering is one of the most important regimes forming a quadrotor, at this point, the 

condition of equilibrium of the quadrotor in terms of equation (3.21) is given as in 
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                                                 (3.22) 

where C is a random constant all other states are taken as zero at the hovering state. While 

hovering, some assumptions are reasonable, such as small velocities and rotational velocities. To 
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find equilibrium points for [ , , ,x y z , , ]   , By performing a Taylor series expansion and 

eliminating the higher-order terms on equation (3.20), and using small-angle approximations, a 

linear model is given:   
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
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                   (3.23) 

Finally, the linearized state space representation around equilibrium points become:     

                                                                    
( ) ( )
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C D= =                           (3.25) 
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3.7. Controllability and observability 

To perform various tasks with a Quadcopter, first we have to check its controllability, 

observability as well as its stability. 

3.7.1. Controllability  

A system is controllable if there exists a control input u(t) that transfers any state of the system to 

desire state in finite time (Kalman et al., 1960). An LTI system is aid to be controllable if and 

only if its controllability matrix - CO, has full rank, therefore the quadcopter model used in this 

paper is controllable by testing the controllability on MATLAB. 

that is rank (CO) = n, where n is the number of states: 

2 1nCO B AB A B A B−= −−−  

3.7.2. Observability 

When some state variables are unmeasurable, we need to check, if they can be estimated from 

the model (observer design). An LTI system is said to be observable if and only if its 

observability matrix - OB, has full rank, 

 that is rank (OB) = n, where n is the number of states 
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CHAPTER FOUR 

4. ESTIMATOR AND CONTROLLER DESIGN  

4.1. Chapter Overview  

The basic functionality of unmanned aerial vehicle is to is to navigate from its current location to 

a designated goal. To perform this task autonomously requires a navigation system that is 

composed of the standard elements of state estimation, control, mapping and planning. 

Each of these blocks builds on top of the previous ones in order to construct the full navigation 

system. For example, the controller requires a working state estimator while the planner requires 

a working state estimator, controller and mapping system. In this chapter the principle & detailed 

description of Model Predictive Control (MPC), and Kalman filter (KF) is covered, followed by 

their design. 

4.2 Estate Estimation 

In order to perform any navigation task, the quadcopter needs to know information on the current 

state. Thus, the state estimation task for our drone consists of estimating the position and 

orientation, of the drone with respect to an inertial reference frame. A state estimator is used to 

estimate the essential states of the quadcopter from the sensor measurements. 

 

Figure 4.1: State estimation and controller 

4.2.1. Kalman Filter (KF) 

A Kalman filter is an iterative mathematical process that uses a set of equations and consecutive 

data inputs to quickly estimate the true value of the states of a system being measured; which 

contain random error or uncertainty (Jiang et al., 2014). Kalman filters are very popular due to 
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their ease of use and good performance. Even though the Kalman filter was originally proposed 

only for linear systems , Extended Kalman filter (EKF) extends this estimation ability to non-

linear systems (Abeywardena et al., 2015).  

The goal of the Kalman filter is to 

✓ Estimate the state variable that cannot be directly measured and  

✓ Filter out the measurement noise 

Assuming that the process model is described by a linear time-varying (LTV) model in 

discrete time, such that  

( 1) ( ) ( ) ( )

( ) ( ) ( ) ( )

x k Ax k Bu k v k

y k Cx k Du k w k

+ = + +

= + +
                                              (4.1) 

Where 

✓ x(k) is the state,  

✓ u(k) is the input, y(k) is the output, 

✓ w(k) is the process noise, and v(k) is the measurement noise. With zero mean and 

known covariance matrices Q(k), and R(k) respectively. 

The problem is as follows: Given a measurement arrangement and an input order up to time k, 

which delivers the finest estimate of the state vector x such that ( ), { ( ), ( ) | }x k m given y i u i i k+   

➢ If we have m < 0, we call it a smoothing problem,  

➢ if m=0 we call it a filtering problem, and  

➢ if m > 0 we call it a prediction problem 

 We will here only discuss filtering and prediction, which are the most common applications in 

control engineering.  To solve the estimation problem, a model of the noise v(k) and w(k) are 

needed.  

The Kalman filter has an iterative structure. It has two types of states: Prediction based on last 

estimate: and Update prediction based on the state given the measurement. There is a corrector 

step where the most current measurement is well thought-out, and there is a prediction stage for 

the next time instant. 
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1. Prediction based on last estimate: 

ˆ ˆ( 1| ) ( ) ( | ) ( ) ( )

( 1| ) ( | )

ˆ ˆ( ) ( ) ( 1| )

T

x k k A k x k k B k u k

P k k AP k k A Q

y k C k x k k

+ = +

+ = +

= +

                                                                         (4.2) 

2. Calculate correction based on prediction and current measurement: 

( )ˆ( 1), ( 1| )x f y k x k k = + +                                                                                       (4.3) 

3. Update prediction: 

ˆ ˆ( 1| 1) ( 1| )x k k x k k x+ + = + +         (4.4) 

Calculating the correction: ( ) ( )
1

ˆ( 1) ( 1| )T Tx C CC y k Cx k k
−

 = + − +                                                        

1. Prediction Let start from x(k\k) and p(k\k)  

( )

ˆ ˆ( 1| ) ( | ) ( )

ˆ ˆ( | ) ( ( ) ( | ))( ( ) ( | ))T

x k k Ax k k Bu k

P k k E x k x k k x k x k k

+ = +

= − −
 and                                                        (4.5) 

         ( )ˆ ˆ( 1| ) ( ( 1) ( 1| ))( ( 1) ( 1| ))TP k k E x k x k k x k x k k+ = + − + + − +  

To make computation easier, lets shift notation 

( )

( )( ) ( )( )( )
( )( )( ) ( )

1 1 1 1 1
ˆ ˆ( )( )

ˆ ˆ

ˆ ˆ

( 1| ) ( | )

k

T

k k k k k

T

k k k k k k

T T T

k k k k k

T

k

T

P E x x x x

E A x x v A x x v

AE x x x x A E v v

AP A Q

P k k AP k k A Q

− − −

+ + + + += − −

= − + − +

= − − +

= +

+ = +

                                                                     (4.6) 

2. Computing the correction 

ˆFrom step 1 we get ( 1| ) and ( 1| ).x k k P k k+ +  Now we use these to compute Δx: 

( ) ( )

( )
( )

1

1

ˆ( 1| ) ( 1| )  ( 1) ( 1| )

,

( 1| ) ( 1| )   

ˆ( 1) ( 1| )  

T

T

x P k k C CP k k C y k Cx k k

let x W

W P k k H CP k k C

x W y k Cx k k



−

−

 = + + + − +

 =

= + +

 = + − +

                             (4.7) 
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3. Update 

1

ˆ ˆ( 1| 1) ( 1| )  

ˆ ˆ( 1| 1) ( 1| )  

ˆ ˆ

( 1| 1) ( 1| ) ( 1| )

k k k

T T

x k k x k k x

x k k x k k W

A B

P k k P k k WCP k k C W


−

−

+ + = + + 

+ + = + +

= +

+ + = + − +

x x u
    (4.8) 
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4.2. Model Predictive Control  

Model predictive control (MPC) is an optimal model-based control method to optimize control 

inputs by minimizing an objective function. The objective function is well-defined based on both 

present and predicted system variables and is assessed using clear model to predict future system 

outputs. This section explains the present practice in MPC, computational and design issues. 

Model predictive control integrates ideas from systems theory, system identification and 

optimization. Model Predictive Control (MPC), also known as Moving Horizon Control (MHC) 

or Receding Horizon Control (RHC), is a prevalent method for the control of dynamical systems  

In model predictive control, a mathematical model of the dynamic system to be controlled is 

utilized to forecast the model output, Ym(k + i), of the system over a horizon known as the 

prediction horizon, ny (Gurbani et al., 2017). The chosen sample time is i for each prediction 

step, where the number of steps is corresponding to the size of the prediction horizon. An 

arrangement of control inputs is obtained by minimizing a cost function of the error among the 

predicted outputs and the reference or set point values r(k + i), and a weighted control input term 

u(k + i) over a control horizon, nu (Robinson & Cima, 2017) The quantity of control inputs in 
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this sequence is equal to the size of the control horizon. These arrangement of control inputs are 

the control actions required to drive the model and system to the reference values. Only the first 

element of the control input sequence is implemented, both in the model and the process, as the 

system measurement and reference values are continuously being updated in succeeding 

sampling instants. 

 

Figure 4.2: Steps of MPC 

 

Figure 4.3: Prediction Horizon 

4.2.1. Output Prediction  

Using the quadcopter model ( 1) ( ( ), ( ))x k f x k u k+ = , the upcoming state and output predictions 

are considered recursively in this manner, the model predictive controller calculate the predicted 

plant output with the future control signal as the adjustable variable(s). This prediction is defined 

within a preselected prediction horizon (Wang, 2009). Taking k as the present sample time, the 

future control route is denoted by,  
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( ) ( ) ( ) ( ) ;    1 ;   2 ;  · · · ;    -1
T

uU u k u k u k u k n =   +  +  +                    (4.10) 

The control horizon is preferred to be less than or equal to prediction horizon. The forthcoming 

state variables are essential in order to compute the predicted plant output. The future state 

variables are represented as:   x(k + 1); x(k + 2); x(k + 3); · · · ; x(k + ny) 

2

2

, ( 1),

( 1) ( ) ( )

( 1) ( 1)

, ( 2),

( 2) ( 1) ( 1)

( 2) ( 2)

( 2) ( ( ) ( )) ( 1)

( 2) ( ) ( ) ( 1)

( 2) ( ( ) ( ) ( 1))

at k

x k Ax k B u k

y k Cx k

at k

x k Ax k B u k

y k Cx k

x k A Ax k B u k B u k

x k A x k AB u k B u k

y k C A x k AB u k B u k

+

+ = + 

+ = +

+

+ = + +  +

+ = +

+ = +  +  +

+ = +  +  +

+ = +  +  +

    (4.10) 

This procedure continues recursively to give ny-step forward predictions. Hence, the output for 

ny-step forward predictions can be expressed as, 

1 2
( ) ( ( ) ( ) ( 2) ... ( 1)y y yn n n

y yy k n C A x k A B u k A B u k B u k n
− − + = +  +  + + +  + −

 
 (4.11) 

The future output predictions are denoted as, 

( 1), ( 2), ( 3),..., ( )
T

yY y k y k y k y k n = + + + +                                                         (4.12) 

2

22

n 1 n 2 n 3 n

CB 0 0 ...0( 1)

CAB CB 0 ...0( 2)

CAB CB ...0CA B( 3)

. . ... . ( )   

. . ... .

. . ... .

( ) CA B CA B CA B ....CA By y y y uy nn
y

CAy k

CAy k

y k CA

x k U

y k n CA
− − − −

    +
    

+     
    +
    

= +     
    
    
    
    +      

        (4.13)  

Simply, 



31 

 

2

2

2

1 2 3

( )

,

. ,

.

.

CB 0 0 ...0

CAB CB 0 ...0

CAB CB ...0CA B

  . . ..

. . ..

. . ..

CA B CA B CA B ....CA B

N

N N N N M

Y Px k H U

where

CA

CA

CA

P

CA

H

− − − −

= + 

 
 
 
 
 

=  
 
 
 
 
  

 
 
 
 
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 
 
 
 
 

                                                    (4.14) 

4.2.2. Constraints 

MPC is considered in part by its ability to integrate constraints. In practice, all systems are 

subject to operative constraints such as limited dimensions and restricted control capacity. In 

numerous situations, these constraints are intentionally performed and are proposed to be made 

as tight as possible in order to decrease energy utilization, to minimize the operation of resources 

or to simply decrease the size of a certain device (Gao, 2014) Constraints can be performed on 

the control variable (also known as the input), u(k), rate of input, ∆u(k) and also the output, y(k) 

or state variables, x(k). Considering the case of the quadcopter, which attains control by changing 

the angular speeds of each motor, the speeds differ from a smallest value of zero to a extreme 

value that is reliant on the motor specification. In the practical case iu  is the voltage and iy  is the 

state (position ad velocity) 

                                                  

min max

min max

min max

min max

i

i

i

i

y y y

x x x

u u u

u u u

 

 

 

    

                                                              (4.15) 

As there are four control variables needed to control the translation and rotational motion of the 

quadcopter, each control variable is subjected to constraints as shown below, 
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                                                                        (4.16) 

The calculation of the constraints is based on the quadrotor extreme speeds of the motors. The 

quadcopter used in this thesis is assumed with four brushless 2200Kv motors. The maximum 

speed evaluation of the motors was attained from the manufacturer datasheet by matching the 

propeller category, propeller dimensions, electrical energy and current of the battery used in the 

quadcopter with the data accessible on the website. Therefore, from these datasheets we gate the 

maximum speed rating to be 7720 rpm, thus the constraints executed in the MPC design are 

constraints on the input and the rate of input change. In order to limit these constraints, the total 

force generated by the motors required to be used. The mass of the quadcopter (battery included) 

was read from a mass scale to be 1.5kg. using the acceleration due to gravity as 9.81 m/s2, then 

calculating the weight of the quadcopter will be easy.  

                                               Weight = 1.5 × 9.81 = 14.72 N  

And thrust of the quadrotor calculated as follows,  

                                                       

4
2

1 ii
f k

=
=   

From table 5.2, specification of the motor the thrust constant is 2.984 × 10-5N/rpm2. Then the 

speed for individual quadrotor motor was calculated as follows, 

5

4
2

1
14.72

2.984  10

 6013  , minimum speed

i

ii

rpm

k 


−

=
=

=






14.72

                                     (4.17) 
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As formulated in chapter 3 of the mathematical modeling, the input for the rotational motion of 

the quadrotor are torques in the roll, pitch and yaw axes of the quadrotor. These torque equations 

are computed below, 

                                  

2
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2 2

2

3 2

3

4 2

4

B

u lk lk lk lk

u lk lk lk lk

u b b b b




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− −     
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     
   − −     

  

                                         (4.17) 

where U2, U3 and U4 are torques τφ, τθ and τ respectively. The input constraints are the extreme 

torques and are formulated below. For instance, in formulating the maximum rolling torque, 

τφmax, the maximum motor speed was replaced into positive motors and the lowest thrust motor 

speed replaced into negative motors. Therefore, the extremes of motor speeds are 7720 rpm and 

6013 rpm correspondingly. The supreme torques are calculated below, 

 

 

7 2 2

7

max

min

0.243  4.0687  10 (2*(7720   6013 ))

0.243  4.0687  10 (46884462)

4.63

, U   4.63,  4.63,0.245

, U   4.63,  -4.63, 0.245

T

T

max

max

max

therefore

and













−

−

=   −

=  

=

=

= − −

                                    (4.18) 

4.2.3. Optimization 

The design of a predictive control scheme is to analyze the predicted plant output with the 

upcoming control signal as the modifiable variables. This prediction is labeled within an 

optimization window. The model predictive control is used to formulate the predicted outputs to 

the wanted reference signals. This problem is realized by minimizing a cost function that is 

contained the error between predicted state and reference signal, based on constraints on the 

process. The output from this optimization is a sequence of inputs, ∆U, used to calculate the 

predicted outputs to the reference path. At the sample time, k, output predictions are produced 

consistent with the size of the prediction horizon (Collares Pereira, 2020). 

An optimization problem consists of three components. 

✓ An objective function, ϕ(𝐰), that shall be minimized or maximized, 
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✓ decision variables, 𝐰, that can be chosen, and 

✓ constraints that shall be respected, e.g. 𝒈1(𝒘) = 0 (equality constraints) or 𝒈2(𝒘) ≥ 0 

(inequality constraints). 

The mathematical formulation of optimization problem in Standard Form is Nonlinear 

Programming Problem (NLP) which is A standard problem formulation in numerical 

optimization. 

                         min ( )
w

w                        Objective function 

                     1 2s.t.  (w) 0, and (w)=0g g    inequality and equality constraints  

Nonlinear Programming Problem (NLP) can be: 

✓ Linear Programming (LP) (when,  , g1 and g2 are linear, i.e. these functions can be 

expressed as linear combinations of the elements of 𝐰). 

✓ Quadratic Programming (QP) (when g1 and g2 are affine, but the objective   is a 

linear-quadratic function). 

For a given objective function maximization can be treated as a minimization of the negative 

objective.  

                      

1 2

Minimization 

min ( )

s.t.  (w) 0, and (w)=0
w

w

g g





 

Maximization  

  

1 2

 - ( )
,

s.t.  (w) 0, and (w)=0
1 2

 ( )min min

s.t.  (w) 0, and (w)=0

w

w

w
w

g g

w

g g




 





           (4.19) 
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4.2.4. MPC Mathematical Formulation 

Running (stage) Costs: characterizes the control objective 

2 2( , ) r r

u Q Rl x u x x u u= − + −
                                               (4.20) 

Cost Function: Evaluation of the running costs along the whole prediction horizon: 

1

0

( , ) ( ( ), ( ))
N

N u

k

J x u l x k u k
−

=

=                                                              (4.21) 

 

Figure 4.4: Prediction and optimization  
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Optimal Control Problem (OCP): is formulated to find a minimizing control sequence 

1

0

0

0

( , ) ( ( ), ( ))

subject to :  x (k+1)= ( ( ), ( ))

(0) ,

( ) , [0, 1]

( ) , [0, ]

minimize 
N

N u

u k

u u

u

u

J x u l x k u k

f x k u k

x x

u k U k N

x k X k N

−

=

=

=

   −

  



                                 (4.22) 
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CHAPTER FIVE  

5. RESULT AND ANALYSIS  

In this Chapter, the validity and stabilization of the proposed State estimator (Kalman filter) and 

Model Predictive controller (MPC) for the Quadcopter dynamics are simulated using 

MATLAB/Simulink environment and physical simulator which is gazebo for software in the 

loop simulation. The results of the execution of MPC for position and angular rate tracking of a 

quadcopter UAV is evaluated based on the error deviation criteria. In addition to tracking, we 

also analyzed its adaptiveness for the disturbance variation of the system. For the simulation, the 

following parameters shown in Table 5.1 are used from our experimental setup at ASTU space 

technology institute and my own drone specification: 

Table 5. 1: Motor Specification and rating 

Specification 

Model A2212 

Motor KV (rpm/v) EMAX 630kv 

Maximum efficiency  80% 

LiPo Batteries 2S-3S 

Minimum ESC Specification 

 

18A (30A Suggested) 

Weight (gm) 48 

Thrust @ 3S with 1045 

propeller 

1200 gms  

Thrust @ 3S with 9045 

propeller 

750 gms  

Thrust @ 3S with 0845 

propeller 

650 gms  

  

Table 5. 2: Physical parameter for quadcopter 

PARAMETERS  VALUE AND UNIT 

arm length (l)  0.5m 

https://www.techtonics.in/a2212-2200kv-bldc-brushless-dc-motor
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total mass (m)  0.1-6kg 

body inertia of x-axis (Ix)  0.022 

body inertia of y-axis (Iy)  0.022 

body inertia of z-axis (Iz)  0.028 

motor inertia (Jr)  2.8385×10-5 N.m/rad/s2 

thrust coefficient (k)  2.9842×10-5 N.m/rad/s 

drag coefficient (d)  3.2320×10-7 N.m/rad/s 

gravitational (g)  9.8m/s^2 

   

5.1. Proposed Control System Result 

The MPC controller designed in the preceding chapter was simulated in MATLAB in order to 

test its performance. A sinusoidal reference signal was used as the orientation to be tracked by 

the controller. Its performance was observed by plotting the model response together with the 

references, by changing the control and prediction horizons. The weights on the control inputs 

were adjusted to fine-tune these variations. Additionally, the appropriate matrices and vectors, 

based on the size of the control and prediction horizons, were altered for well-matched matrix 

and vector computations. The sinusoidal signal tracked by the MPC angular rates controller was 

formulated below, 

                                        

sin( ) cos(3 ) / 2

sin( ) cos(3 ) / 2

sin( ) cos(2 ) / 2 cos(3 ) / 3

t t

t t

t t t







  + 
   

= +   
   + +  

 

The variables  ,   and   are the angular rates for the roll, pitch and yaw axes respectively 

measured in rad/s. t is the simulation time step which is restricted between 0 and 20; with raises 

of 0.2. The table below shows that the initializations of the parameters required for the 

MATLAB simulations, where  [ , , ] [ , , ]Tp q r   =  The first simulation result is neglecting 

disturbance factor 

Table 5. 3: MATLAB MPC simulation parameters for nu = 3, ny = 6 
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nu ny  p & q r Disturbance  

3 6  sin( ) cos(3 ) / 2t t+  sin( ) cos(2 ) / 2 cos(3 ) / 3t t t+ +  0 

 

5.2. Trajectory Tracking Performance without Disturbance 

5.2.1. Roll rate controller tracking performance 

In Figure 5.1, the angular rates for the roll axis trajectories to the desired trajectory starting from 

the initial up to the final.  

 

Figure 5. 1: roll angle angular rate trajectory 
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Figure 5. 2: Roll rate controller tracking error 

5.2.2. Pitch rate controller tracking performance 

As shown in Figure 5.3, the actual trajectories of pitch rate track the given desired trajectories 

starting from the initial up to the final within the given simulation time. As X position and pitch 

angle is related internally the small pitch reference trajectory is generated. Therefore, the actual 

pitch rate follows the generated trajectory. 
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Figure 5. 3: Pitch rate reference trajectory tracking controller using MPC 

 

Figure 5. 4: pitch rate controller tracking error 

5.2.3. Yaw rate controller tracking performance 

In Figure 5.5 the yaw rate tracking is desired trajectories starting from the initial up to the final 

within the given simulation time.  
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Figure 5. 5:Yaw rate reference trajectory controller performance using MPC 

 

Figure 5. 6: Yaw rate controller tracking error 

5.3. Trajectory Tracking Performance with Disturbance 

Table 5. 4: MATLAB MPC simulation parameters for nu = 3, ny = 6, with disturbance 

nu ny p & q r Disturbance 
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3 6 sin( ) cos(3 ) / 2t t+
 

sin( ) cos(2 ) / 2 cos(3 ) / 3t t t+ +
 

rand(3,101)*2 -1)*0.5 

 

5.3.1. Roll rate controller tracking performance 

In Figure 5.7 the roll rate tracking and from figure 5.8 we can clearly see that mean square error 

is 0.0071 which shows that even with disturbance the quadcopter traces the reference roll rate 

efficiently.  

 

Figure 5. 7: MATLAB roll rates 
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Figure 5. 8: Roll rate controller tracking error 

5.3.2. Pitch rate controller tracking performance 

In Figure 5.9 the pitch rate tracking and from figure 5.10 we can clearly see that mean square 

error is 0.0071 which is equal with that of roll rate which shows that even with disturbance the 

quadcopter traces the reference roll rate efficiently.  

 

Figure 5. 9: MATLAB pitch rates 
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Figure 5. 10: pitch rate controller tracking error 

5.3.3. yaw rate controller tracking performance 

In Figure 5.11 the yaw rate tracking and from figure 5.12 we can clearly see that mean square 

error is 0.0081 which shows that even with disturbance the quadcopter traces the reference roll 

rate efficiently.  

 

Figure 5. 11: MATLAB yaw rates 



46 

 

 

Figure 5. 12: Yaw rate controller tracking error 

In table 5.4, a disturbance parameter was adjusted. It is a weighted randomized signal, added to 

the output vector of the quadcopter model, to replicate the existence of disturbance and sensor 

noise which present in real world quadrotor flights. It is clearly described in figure from the rates 

plots that the controller was able to achieve near reference tracking despite the additional 

disturbance parameter. The dotted horizontal lines in each of the input signal plot represent the 

constraints that restrict the individual input control signals. By fine-tuning the input weight 

matrix W, promising reference tracking was reached, with the input signals within their 

respective constraints. 

5.4. Trajectory tracking performance with estimator 

5.4.1. Position tracking performance without Kalman filter  

Figure 5.13, shows that the actual position of the quadcopter tracks the desired trajectories 

starting from the initial up to the final within 50 seconds of simulation time. Then, the error 

between the reference trajectory and the actual trajectory is shown clearly. The maximum value 

of the error is 0.4, which is good.  
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Figure 5. 13: MATLAB position control without Kalman 

5.4.2. Position tracking performance with Kalman filter estimator 

Figure 5.14, shows that the actual position of the quadcopter tracks the desired trajectories 

starting from the initial up to the final within 50 seconds of simulation time using state estimator 

as state input for model predictive controller. Then, the error between the reference trajectory 

and the actual trajectory is shown clearly. The mean square error of the response is 0.02, which is 

almost zero. Therefore, the MPC controller with Kalman filter is much better. 

 

Figure 5. 14: MATLAB position control with Kalman 
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5.5. Software in the loop gazebo simulation result 

The software in the loop physical simulation results were attained by fling the simulation running 

the improved firmware in Gazebo through tracking waypoints generated by command from 

terminal SDK and ROS package. The following figure shows that the flight of quadcopter in the 

gazebo using ROS package and modified px4 firmware and the data is logged using 

QGroundcontrol from ground control unit which is ubuntu 20.04 virtual environment. 

 

Figure 5. 15: Gazebo flight simulation during flight with z= 2m, hovering 

Flight Review is an online data visualization tool, for flight data plotter. 

 

Figure 5. 16: roll angle from SITL simulation 
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Figure 5. 17: pitch angle from SITL simulation 
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CHAPTER SIX 

6. CONCLUSION AND RECOMMENDATION 

6.1. Conclusion 

A Quadcopter is a highly nonlinear and unstable system. Without any controller, the response of 

the plant (drone) is not stable (very rapid increase in output due to small input signal) as shown 

in the result of stability performance.   

In this paper, firstly, a mathematical model of a quadrotor dynamics is derived, using Newton’s 

and Euler’s laws. Then a linearized version of the model is obtained, after driving the 

dynamic model of the system, a Kalman Filter is designed to be used as a state estimator and 

MPC controller is designed based on the model using Kalman filter and without estimator. To 

verify the performance and efficiency of the controller, a simulation is obtained using MATLAB 

and gazebo physical software in the loop simulation. Both MPC and LQEMPC controllers are 

designed for all output variables. From the result we clearly state that the MPC controller without 

estimator is not that much effective however LQEMPC is more effective based on performance. 

Finally, the obtained results show that the system tracks the desired trajectory with small racking 

error. And the quadcopter back to tracking position even if there would be some external 

disturbance (wind disturbance). After observing the simulation results, it can be concluded that 

the quadcopter system is stabilized by controlling the altitudes, position and attitude, of it by 

using LQEMPC. The developed LQEMPC algorithm possess all the good properties of the MPC 

while minimizing input variable and additional state estimation. 

 A future project could be the applying Data Drive Model predictive control technique, like 

Reinforcement learning (RL) and Moving horizon estimator (MHE), for the real quadrotor to 

obtain best performance.  

6.2. Recommendations  

Nowadays, the agricultural sector is a fast-growing economic topic in Africa. The Unmanned 

aerial vehicle is one of the technologies which is used in many areas of the agriculture. This 

work is limited to simulation using MATLAB/Simulink. I recommend the hardware 

implementation of this Quadcopter based on MPC and KF using real-time operating systems like 
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Texas instruments. implementation, an inertial measurement unit (IMU), which is a combination 

of an accelerometer and gyroscope measurement, is used to obtain the linear acceleration and 

angular rate of the drone. Angle from IMU sensor needs to be added fitter like a Kalman filter or 

complementary filter. On the other hand, on a quadcopter, by adding some future, it is possible to 

change it to a military purpose by adding cameras and high GPU processor. 
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APPENDICES 

A. MATLAB script for MPC design 

%%% the 

 % This program prepares the quadcopter parameters and matrices needed to 

 % run the MPC control program. 

 

%% Parameter Declarations 

 

tic % initialize timer 

 

% Quadcopter parameters 

 

 m = 1.587; % Mass of the quadcopter [kg] 

 g = 9.81; % Accelleration of  gravity [m/(s^2)] 

 Ixx = 0.0213; % moment of inertia in x-axis [kg*m^2] 

 Iyy = 0.02217; % y 

 Izz = 0.0282; % z 

 K = 4.0687e-7; % Thrust constant [N/(rpm)^2] 

 b = 8.4367e-9; % Drag constant [N*m/(rpm)^2] 

 d_arm = 0.243; %  

 max_speed = 7760; % Maximum [rpm] 

 min_speed = 6093; % Minimum [rpm] 

  

 % Controller design parameters 

 

 no_of_states = 6;  

 no_of_inputs = 3;  

 no_of_outputs = 3;  

 nu = 3;  

 ny = 6;  

 N_sim = 20; 

 x = zeros(6,1); % Initial state  

 y = zeros(3,1); % Initial output  

 u = [0;0;0]; % Initial control  

 t = 0:0.2:N_sim; % Steps for sinusoidal ref signal 

 

%  % Reference to be tracked 

%  r1 = heaviside(t); 

%  r2 = heaviside(t); 

%  r3 = heaviside(t); 

%  r = [r1;r2;r3]; 

r = [sin(t) + cos(3*t)/2; sin(t) + cos(3*t)/2; sin(t) + cos(2*t)/2 + 

sin(3*t)/3]; 
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 Rs = ref_adj(no_of_outputs, ny); % Reference Adjusting Matrix 

 %dist = (zeros(3,101)*2 -0.0000); 

 dist = (rand(3,101)*2 -1)*0.25; % Disturbance 

 

 %% State Space Matrices 

 

 A = [0 0 0 1 0 0 ;... 

      0 0 0 0 1 0 ;... 

      0 0 0 0 0 1;... 

      0 0 0 0 0 0;... 

      0 0 0 0 0 0 ;... 

      0 0 0 0 0 0]; 

 

 B = [0     0     0; 

      0     0     0; 

      0     0     0; 

      1/Ixx 0     0; 

      0     1/Iyy 0; 

      0     0     1/Izz]; 

 

 C = [0 0 0 1 0 0;... 

      0 0 0 0 1 0;... 

      0 0 0 0 0 1]; 

 

 D = zeros(3,3); 

 

 %% Converting from Continuous to Discrete Time 

 

 [Ad,Bd,Cd,Dd] = c2dm(A,B,C,D,0.2); 

 

%% Augmented Model 

 

 [A_aug,B_aug,C_aug] = 

augment_mimo(Ad,Bd,Cd,no_of_states,no_of_inputs,no_of_outputs); 

 % Controllability check 

 CO = [B_aug A_aug*B_aug A_aug^2*B_aug A_aug^3*B_aug A_aug^4*B_aug 

A_aug^5*B_aug]; 

 

 rank(CO); 

 

  

 %% Prediction Matrices 

 

 [H,P] = mpc_predictions_output(A_aug,B_aug,C_aug,ny,nu); % Output Predictions 
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%% Constraints 

 

 % Constraint calculations 

 

 u_1 = d_arm * b*(max_speed^2 - min_speed^2); 

 u_2 = u_1; 

 u_3 = k * (max_speed^2 + max_speed^2 - min_speed^2 - min_speed^2); 

 

 umax = [u_1; u_2; u_3]; 

 umin = -umax; 

 Dumax = 0.6*umax; 

 

 % Constraint matrices 

 

 [CC, dd, dupast] = constraints_mimo(Dumax,umax,umin,no_of_inputs,nu); 

 

 %% Cost Function & its Parameters 

 

 % Weights on control inputs 

 

  

 

 W = [7.5e-2 0 0 0 0 0 0 0 0 ;... 

 0 7.5e-2 0 0 0 0 0 0 0 ;... 

 0 0 4.5e-2 0 0 0 0 0 0;... 

 0 0 0 7.5e-2 0 0 0 0 0 ;... 

 0 0 0 0 7.5e-2 0 0 0 0 ;... 

 0 0 0 0 0 4.5e-2 0 0 0 ;... 

 0 0 0 0 0 0 7.5e-2 0 0 ;... 

 0 0 0 0 0 0 0 7.5e-2 0 ;... 

 0 0 0 0 0 0 0 0 4.5e-2]; 

 E = 2*(H'*H + W); 

 

 

 % Simulation loop parameters 

 

 Xf = zeros(size(B_aug,1),1); 

 xh = zeros(size(B_aug,1),1); 

 yh = y; 

 

 % Simulation loop 

 

 for i = 1:100 

 

 F = -2*H'*(Rs*r(:,i) - P*(Xf)); 
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 d = dd + dupast*u; 

 

 % Quadratic Progamming 

 

 [DeltaU, Uncons] = QPhild(E,F,CC,d); 

 

 % For control horizon of 2 

 % DeltaU = [DeltaU(1,1) DeltaU(2,1) DeltaU(3,1);... 

 % DeltaU(4,1) DeltaU(5,1) DeltaU(6,1)]; 

 

 % For control horizon of 3 

 DeltaU = [DeltaU(1,1) DeltaU(2,1) DeltaU(3,1);... 

 DeltaU(4,1) DeltaU(5,1) DeltaU(6,1);... 

 DeltaU(7,1) DeltaU(8,1) DeltaU(9,1)]; 

 

 deltau = DeltaU(1,:); 

 u = u + deltau'; % Input 

 

 % Model 

 

 xh(:,i+1) = A_aug*xh(:,i) + B_aug*deltau'; 

 yh(:,i) = C_aug*xh(:,i+1) + dist(:,i); 

 Xf = xh(:,i+1); 

 

  

 % % Same result with model above 

 % x(:,i+1) = Ad*x(:,i) + Bd*u; 

 % y(:,i) = Cd*x(:,i+1) + dist(:,i); 

 % Xf = [x(:,kk+1) - x(:,kk); y(:,kk)] 

 

 % Plot variables 

 

 u1(:,i) = u; 

 delt(:,i) = deltau; 

 

 % Scaled input 

 % u_s = (2 * ((u(:,1) - umin(:,1))./(umax(:,1) - umin(:,1)))- 1); 

 

 end 

 

 toc % terminate timer 

 

%% Plots 

 

 % i=1:N_sim; 

 i = 1:100; 
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 % Output 1 

 figure (1) 

 plot(i,r(1,i),'k',i,yh(1,i),'--g') 

 legend('reference trajectory','actual output') 

 xlabel('Time {ms}') 

 ylabel('$\dot{\phi}$(rad/s)','Interpreter','latex') 

 

 % Output 2 

 figure (2) 

 plot(i,r(2,i),'k',i,yh(2,i),'--g') 

 legend('reference trajectory','actual output') 

 xlabel('Time {ms}') 

 ylabel('$\dot{\theta}$(rad/s)','Interpreter','latex') 

 

 % Output 3 

 figure (3) 

 plot(i,r(3,i),'k',i,yh(3,i),'--g') 

 legend('reference trajectory','actual output') 

 xlabel('Time {ms}') 

 ylabel('$\dot{\psi}$(rad/s)','Interpreter','latex') 

 

 figure (4) 

 subplot(3,1,1) 

 plot(i, umax(1)*ones(1,100), '--k', i, umin(1)*ones(1,100), '--k',i, u1(1,i), 

'--g') 

 title('Plots of input over a sample period') 

 

 subplot(3,1,2) 

 plot(i, umax(2)*ones(1,100), '--k', i, umin(2)*ones(1,100), '--k',i, u1(2,i), 

'--g') 

 

 subplot(3,1,3) 

 plot(i, umax(3)*ones(1,100), '--k', i, umin(3)*ones(1,100), '--k',i, u1(3,i), 

'--g') 

 

 figure (5) 

 subplot(3,1,1) 

 plot(i, Dumax(1)*ones(1,100), '--k', i, -Dumax(1)*ones(1,100), '--k', i, 

delt(1,i), '--g') 

 title('Change in input over a sample period') 

 

 subplot(3,1,2) 

 plot(i, Dumax(2)*ones(1,100), '--k', i, -Dumax(2)*ones(1,100), '--k', i, 

delt(2,i), '--g') 

 



61 

 

 subplot(3,1,3) 

 plot(i, Dumax(3)*ones(1,100), '--k', i, -Dumax(3)*ones(1,100), '--k', i, 

delt(3,i), '--g') 

 

B. MATLAB script for MPC predictions output 

% H and P are the output prediction matrices 

 

function [H, P] = mpc_predictions_output(A,B,C,ny,nu) 

     

prod = C*A; 

size_prod = size(prod); 

     

% P matrix 

P = []; 

j = 1; % P matrix index 

for i=1:ny 

    P(j:i*size_prod(1),1:size_prod(2)) = C*(A^(i)); 

    j = j+size_prod(1); 

end 

 

% H matrix 

prod2 = C*A*B; 

size_prod2 = size(prod2); 

k = 1; % Row element variable 

l = 1 + size_prod2(2); % Column element variable 

 

for i=1:ny % for row elements 

    H(k:i*size_prod2(1),1:size_prod2(2)) = C*A^(i-1)*B; 

    if_var = i - 1; % Variable for if condition 

    for t=1:nu-1 % Column elements 

        if(if_var) <= 0 

            H(k:i*size_prod2(1),l:l + size_prod2(2)-1) = 

zeros(size_prod2(1),size_prod2(2)); 

        else 

            H(k:i*size_prod2(1),l:l + size_prod2(2)-1) = C*A^(i-1-t)*B; 

        end 

            if_var = if_var - 1; 

            l = l + size_prod2(2); 

    end 

    k = k + size_prod2(1); 

    l = 1 + size_prod2(2); % To reset the column index element 

end 
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C. Controllability, observability and stability 

%% to check controllability , observability and stability 

% dx = Ax + Bu  

% y = Cx + Du 

% lqr(Q,R) 

clear all; clc; 

close all;  

m = 2; 

g = 9.8;  

Ixx = 0.22; 

Iyy = 0.22; 

Izz = 0.22; 

 

 A = [  0     0     0     1     0     0     0       0     0     0     0     

0;... 

      

        0     0     0     0     1     0     0       0     0     0     0     

0;... 

        0     0     0     0     0     1     0       0     0     0     0     

0;... 

        0     0     0     0     0     0     0       g     0     0     0     

0;... 

        0     0     0     0     0     0    -g       0     0     0     0     

0;... 

        0     0     0     0     0     0     0       0     0     0     0     

0;... 

        0     0     0     0     0     0     0       0     0     1     0     

0;... 

        0     0     0     0     0     0     0       0     0     0     1     

0;... 

        0     0     0     0     0     0     0       0     0     0     0     

1;... 

        0     0     0     0     0     0     0       0     0     0     0     

0;... 

        0     0     0     0     0     0     0       0     0     0     0     

0;... 

        0     0     0     0     0     0     0       0     0     0     0     0 

]; 

B =   [    0     0     0         0 

           0     0     0         0 

           0     0     0         0 

           0     0     0         0 

           0     0     0         0 

         1/m     0     0         0 
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           0     0     0         0 

           0     0     0         0 

           0     0     0         0 

           0     1/Ixx     0     0 

           0     0     1/Iyy     0 

           0     0     0     1/Izz ]; 

 

C =  [       1     0     0     0     0     0     0     0     0     0     0     

0 

             0     1     0     0     0     0     0     0     0     0     0     

0 

             0     0     1     0     0     0     0     0     0     0     0     

0 

             0     0     0     0     0     0     1     0     0     0     0     

0 

             0     0     0     0     0     0     0     1     0     0     0     

0 

             0     0     0     0     0     0     0     0     1     0     0     

0   

    ]; 

D = zeros(6,4); 

states = {'X' 'Y' 'Z' 'dX' 'dY' 'dZ' 'phi' 'theta' 'psi' 'p' 'q' 'r'}; 

inputs = {'throttel' 'roll' 'pich' 'yaw'}; 

outputs = {'X' 'Y' 'Z' 'phi' 'theta' 'psi'}; 

sys_mimo = ss(A,B,C,D, 'statename' ,states,... 

    'inputname' ,inputs,... 

    'outputname' ,outputs); 

% j = tf(sys_mimo); 

% j(3,1); 

% step(sys_mimo); 

%% controllability and observability  

CO= ctrb(A,B); 

rc= rank(CO); 

OB= obsv(A,C); 

ro= rank(OB); 

 


