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ABSTRACT

In this study, exponentially fitted tension spline method is presented for solving singularly
perturbed time delay reaction-diffusion problems. Crank-Nicolson method is used for time
discretization and exponentially fitted tension spline method is applied for spatial discretiza-
tion. Using the comparison principle and solution bound, the scheme’s stability is analyzed.
The scheme’s uniform convergence is proved. The suggested approach is proven to be uni-
formly convergent in space and time, with virtually second order in both direction. The

scheme’s theoretical analysis is supported by numerical test examples for various values of

€ and mesh size.



CHAPTER ONE

INTRODUCTION
1.1 Background of the Study

Singularly perturbed differential equations (SPDEs) are differential equations in which its
highest order derivative is multiplied by a small positive perturbation parameter (€). Such
types of differential equation arise in various areas of science and engineering. For example
in the modeling of semiconductor devices, hydrodynamics Miller et al. (1996), chemical re-
actor theory, aerodynamics, reaction-diffusion process, quantum mechanics, optimal control
(Kumar and Rao, 2010).

Numerical solution of a singularly perturbed differential equation exhibits a multiscale char-
acter (Russell, 2016). That is there are (is) a thin layer(s) of the domain where the solu-
tion changes rapidly or jumps suddenly forming a boundary layer(s), while a way from the
layer(s) the solution behaves regularly or changes slowly in the outer region. As a result such

types of problems are called boundary layer problems (File and Reddy, 2013).

Because of the multiscale character of the solution, standard numerical methods which are
effective in solving most mathematical problems perform badly when applied to singular per-
turbation problems. Finite Element Method (FEM), Finite Difference Method (FDM), Spline
Approximation (SPA) and Finite Volume Methods (FVM) are some of the standard numer-
ical methods used to solve mathematical problems numerically. However, these standard
numerical methods are not parameter-uniform for singular perturbation problems (Miller et
al., 2012).

Early numerical solutions of singularly perturbed differential equations were obtained by us-
ing a standard finite difference operator on a uniform mesh. In this approach, as the singular
perturbation parameter decreases in magnitude, the mesh is refined sufficiently to capture the
boundary or interior layers. Even for problems in one dimension, such methods are ineffi-
cient and inaccurate (Roos, 2012). Due to these problems, it is necessary to construct suitable
numerical methods that are uniformly convergent with respect to perturbation parameter (€).
In order to solve such type of the problems, there are two general approaches, such as fitted
operator method which reflects the singularly perturbed nature of the differential operator
and fitted mesh methods (Miller et al., 1996).

Differential difference equations or delay differential equations (DDEs) are differential equa-
tions where the evolution of the system does not only depend on the present state of the sys-

tem but also depends on the past history. We can classify DDEs as retarded and neural type.



We consider DDEs as retarded type if the delay argument does not exist in the highest order

derivative term but if it exist, we consider it as neural type (Woldaregay et al., 2021).

Mathematical modeling with delay differential equations is widely used for analysis and pre-
dictions in various areas of life sciences, for example, population dynamics, epidemiology,
immunology, physiology, and neural networks. The time delays or time lags, in these mod-
els, can be related to the duration of certain hidden processes like the stages of the life cycle,
the time between infection of a cell and the production of new viruses, the duration of the
infectious period, the immune period Rihan et al. (2018), robotics, control theory, bio sci-
ences, particularly in micro scale heat transfer (Angasu et al., 2021).

A reaction-diffusion equation comprises a reaction term and a diffusion term. The typical
form is as follows:

du

= = DAu+f(w) (1.1)

where u = u(x,t), is a state variable and describes density or concentration of a substance, a
population at position x €  C R at time 7 1s (€2 a open set). A denotes the Laplace operator
so the first hand side describes the "diffusion" including D as diffusion coefficient. The
second term, f(u) is a smooth function f : R — R and describes process with really *change’
the present u i.e something happens to it (birth, death, chemical reaction) not just diffuse in
the space. It is also possible, that the reaction term depends not on u but also on the first
derivative of u and or explicitly on x where u(x,?) € R™. Instead of a scalar equation one can

also introduce system of reaction diffusion equation which are of the form in (Kuttler, 2011)

%zDAu—kf(x,u,Au). (1.2)

Singularly perturbed differential difference equations or singularly perturbed delay differ-
ential equations (SPDDEs) are differential equations in which its highest order derivative is
multiplied by a small perturbation parameter and having delay parameters on the terms dif-
ferent from the highest derivative Woldaregay et al. (2021). Singularly perturbed parabolic
delay differential equation of the form (Wang, 1963)

" 2
% — e% =vg(u(x,t — 7)) +c[f(u(x,t — ) —u(x,t)]

represents a simplified mathematical model for the control system of furnace used to produce
metal sheets, where u is the temperature distribution in a metal sheet moving at an instanta-
neous material strip velocity v and heated by a distributed temperature source given by the
function f; both v and f are dynamically changed by a controller monitoring the current tem-
perature distribution. The controller’s finite speed, on the other hand, causes a fixed delay of

length. When 7 = 0 this problem becomes a thermal problem without time delay.



In SPDDEs model process, the evaluation not only depends on the current state of the system
but also depends on the past history. A number of model problems in science and engineering
take the forms of SPDDEs. To list a few of them: neuron variability model in computational
neuroscience, optimal control theory problems, and model describing the motion of sun-

flower etc in (Woldaregay and Duressa, 2021a).

In general, when the perturbation parameter € tends to zero in such case the smoothness of
the solution of the SPDDEs descend and it forms a boundary layers Govindarao et al. (2020).
However most of the problems have no known analytical or exact solution so, developing or
formulating numerical methods or techniques are critical things to solve the problems nu-

merically (Woldaregay and Duressa, 2021a).

1.2 Statement of the Problem

For singularly perturbed time delay reaction diffusion problems, most numerical methods
are not €-uniform. When &€ is very small, standard numerical methods such as FDM, FEM,
FVM and collocation method lead to oscillations or divergence in the computed solution
Woldaregay and Duressa, (2021a). To avoid this oscillation or divergence, a large number of
mesh size is required. This is not practical because of the limited size of computer memory
and round-off error. Therefore, to overcome or fix this drawback associated with classical
or standard methods we have to use the fitted mesh technique which have a fine mesh in the

boundary layer region or fitted operator techniques (Miller et al., 2012).

In some cases the cubic spline does not provide an accurate picture of the shape of the graph.
In those cases we often use a tension spline. A tension spline is a cubic spline which has had
tension factor applied to it, to stretch the graph closer to the given points. A tension factor
T is a number that we use to generate different conditions for our spline. When our tension

factor is 0 we generate a normal cubic spline.

Developing a numerical method whose convergence does not depend on the perturbation
parameter has a great importance to the scientific research area. Owning this, this study
deals with formulating a uniform numerical method using exponentially fitted tension spline
in spatial direction and Crank-Nicolson in temporal direction to find a numerical solution of

a singularly perturbed time delay reaction-diffusion problems.



1.3 Objectives

1.3.1 General Objective

The general objective of this study is to formulate uniform numerical method for solving

singularly perturbed time delay reaction-diffusion problems.

1.3.2 Specific Objectives

The specific objective of this study are:

* to construct exponentially fitted tension spline method.
* to show stability of the scheme

* to show the uniform convergence of the scheme.

1.4 Significance of the Study
The result obtained from this study
¢ used as reference material for scholars who works on this research area.

* offer a numerical method for solving singularly perturbed time dependent reaction-

diffusion problems.

1.5 Delimitation of the Study

The study is delimited to singularly perturbed delay reaction-diffusion problems of the form:

u _882u
ot ox2

with interval condition

+a(x,t)u(x,t) = b(x,t)u(x,t — )+ f(x,1), (1.3)

and boundary conditions
u(0,t) =y (1), t€0,7],
u(1,1) =y, (1), t€10,7],

where € € (0,1] is the singular perturbation parameter, and 7 is a delay parameter. The
functions a(x,t),b(x,t), y;(x,1), y.(x,1), Wp(x,t), and f(x,7) are assumed to be sufficiently

smooth and bounded for the existence of unique solution.



CHAPTER TWO
LITERATURE REVIEW

The solution methods of SPDDEs have received high attention in recent year because of
their wide applications in different research areas. It is of theoretical and practical interest
to consider numerical methods for such problems. Here we have some published papers that

shows the numerical treatment of singularly perturbed delay differential equations.

Chakravarthy and Kumar,(2019) proposed an adaptive mesh method for time dependent sin-
gularly perturbed differential difference equations. Their method converges uniformly with

respect to the perturbation parameter.

Kumar and Kadalbajoo, (2012) used Taylor’s series approximation for the delay terms and
converted the problem into equivalent BVPs. The authors computed the numerical solution

using a B-spline collocation method on Shishkin mesh.

Kanth and Kumar, (2020) used a hybrid scheme for a class of linear and non linear singularly
perturbed convection delay problems on piece-wise uniform. Their scheme comprises with
tension spline scheme with in the boundary layer region and mid point approximation in the

outer region on piece-wise uniform mesh. The scheme showed to be €-uniform convergence.

File and Reddy, (2013) used a domain decomposition method for solving singularly per-

turbed differential difference equations with the layer behavior.

Kanth and Kumar, (2017) used tension spline numerical treatment for singularly perturbed

convection delayed dominated diffusion equation.

Adilaxmi et al. (2019) used an initial value technique using exponentially fitted non standard
or classical finite difference method. Swamy et al. (2016) used a fitted non standard finite dif-
ference method for singularly perturbed differential difference equation with mixed shifts.
The contribution of this thesis is developing uniformly convergent scheme using an expo-
nentially fitted tension spline method and formulating the stability and uniform convergence

analysis of the scheme.

Woldaregay et al. (2021) developed exponentially fitted numerical scheme for singularly per-
turbed convection-diffusion reaction problems involving delay terms on the convection and
reaction terms. The problem exhibits an exponential boundary layer on the left or right side
of the domain. They treated terms with delay by using Taylor’s series approximation and
the resulting singularly perturbed boundary value problem is solved using a specially de-
signed exponentially fitted finite difference method. The stability of the scheme is analyzed
and investigated using a comparison principle and solution bound. The formulated scheme

converges uniformly with linear order of convergences.



Govindarao et al. (2020) developed a numerical scheme for a singularly perturbed delay
parabolic reaction-diffusion initial-boundary value problem. For the discretization of the
time derivative, they used the implicit Euler scheme on the uniform mesh and for spatial
discretization used the central difference scheme on the Shiskin mesh, which provides a
second-order convergent rate. To improve the order of convergence they applied Richardson
extrapolation technique and proved that the method converges uniformly with respect to the

perturbation parameter.

Fitted operator mid point upwind finite difference method developed for singularly perturbed
differential equation having small delay on the convection and reaction terms Woldaregay
and Duressa, (2021b). The developed scheme converges €- uniformly and they showed the
stability.

Kumar and Rao, (2010) developed robust finite difference method for singularly perturbed
reaction-diffusion problems. They discretized the problem using a suitable combination
of fourth order compact difference scheme and central difference scheme on generalized
Shishkin mesh and the convergence analysis is given and proved to be almost fourth order

uniformly convergent in maximum norm with respect to singular perturbation parameter(€).

Turuna et al. (2020) solved singularly perturbed one dimensional parabolic convection-diffusion
problems. They developed suitable numerical methods for the provided problem. They
used non standard finite difference method for spatial derivatives discretization and implicit
Runge-kutta method for the semi-discrete scheme. The convergence of the method is ana-

lyzed, and it is shown to be first order convergent.

Gowrisankar and Natesan,(2017) proposed €-uniformly convergent numerical scheme for
singularly perturbed parabolic convection-diffusion problems with a delay. They divided
the domain using a piece-wise uniform adaptive mesh in the spatial direction and a uniform
mesh in the temporal direction. Further they discretized the time derivative by the backward-
Euler scheme and the spatial derivatives by the upwind finite difference scheme. They work
out the stability analysis. Then proved that the proposed scheme is €-uniform convergence
of first-order in time and up to a logarithmic factor in space. Finally the numerical result

showed the €-uniform first-order convergence.

Woldaregay and Duressa,(2021a) developed exponentially fitted tension spline method for
singularly perturbed differential-difference equations having delay and advance in the reac-
tion terms.They used Taylor series approximation to approximate the terms with the shifts.
The resulting singularly perturbed boundary value problem is treated using an exponentially
fitted tension spline method. The stability and uniform convergence of the scheme are dis-
cussed and proved. The developed scheme gives an accurate result with linear order uniform

convergence.



Chakravarthy et al. (2015) constructed exponentially fitted finite difference scheme for sec-
ond order singularly perturbed delay differential equations with large delay on a uniform by
the method based on cubic spline in compression. They verified €-uniform convergence of
the scheme by taking a variety of examples and the proposed method provided significant

advantage for the considered problems.

Chakravarthy and Rao, (2012) developed modified fourth order Numerov method for singu-
larly perturbed differential-difference equation of mixed type which comprises both terms
having delay and advance shift. They proved that, layer behavior is maintained when the
shift parameters are smaller than perturbation parameter. It is also observed that the layer
behavior of the solution is no longer maintained and the solution exhibits oscillatory behav-
ior when shift parameters are larger than perturbation parameter. Finally they concluded
that as the grid size h decreases, the maximum absolute errors decrease, which shows the

convergence to the computed solution.

Rao and Chakravarthy, (2014a) treated singularly perturbed boundary value problem. They
treated the considered problems using a fitted numerical scheme for second order singularly
perturbed delay differential equations via cubic spline in compression and used Taylor’s
approximation to tackle the term containing the small shift. Also, they introduced a fitting
factor in a tridiagonal finite difference method to handle the perturbation parameter and used
Thomas algorithm to solve the tridiagonal system. The method shown to have second order

parameter uniform convergence and provided significant advantage.

Ramesh and Kadalbajoo, (2008) time dependent singularly perturbed convection-diffusion
type is treated numerically. They first used Taylor series approximation to approximate the
retarded term and the resulting time-dependent singularly perturbed differential equation is
approximated using parameters uniform numerical methods based on Euler implicit, upwind
and mid point upwind finite difference schemes. The schemes LZ » and L p are proved to be

parameter uniform convergent.

Erdogan and Amiraliyev,(2012) singularly perturbed initial value problem for linear second-
order delay differential equation is studied. In order to solve the considered problem they
used exponentially fitted difference scheme in a uniform mesh. Finally, the proposed scheme
showed the uniform convergence with respect to perturbation parameter and mesh parameter.
As mentioned above all studies where developed difference scheme for singularly perturbed delay
differential equations. To the best of our knowledge, the exponentially fitted tension spline method has
not been developed for treating singularly perturbed time delay differential equations. As a result in
this thesis we developed an accurate and uniformly convergent numerical scheme using exponentially

fitted tension spline to spatial discretization and Crank-Nicolson to temporal discretization.



CHAPTER THREE
METHODOLOGY

3.1 Description of the Analytical Analysis

3.1.1 Continuous Problem
On the domain D = Q, x @, = (0,1) x (0,T] and ¢ = ¢; U ¢, U @, on smooth boundary, consider a

class of second order singularly perturbed parabolic reaction-diffusion equations having a term with

a time delay is given by.

2
Leug(x,1) = <aau; - (?9142 +au) (x,1) = —b(x,t)u(x,t — T) + f(x,1), (3.1)
with interval condition
u(x,1) = yy(x,1) , (x,1) €[0,1] x [-7,0], (3.2)
and boundary conditions
u(0,1) = y;(0,1), t€10,7], (3.3)
u(1,1) = yi(1,1), t€10,7],

where € € (0,1] is the singular perturbation parameter, and 7 is a delay parameter. The func-
tions a(x,t), b(x,t), wi(x,t), W (x,1), Wp(x,t), and f(x,t) are assumed to be sufficently smooth and
bounded functions that satisy a(x,7) > a > 0, b(x,t) > >0 (x,t) € D.

3.1.2 Bounds on the Solution and Its Derivatives

To guarantee the existence and uniqueness of the solution of singularly perturbed parabolic reaction
diffusion problems with retarded parameter (3.1) — (3.3), it is presumed that given data a(x,?),b(x,t)
and f(x,) is holder’s continuous and the compatibility conditions at (0,0), (1,0), (0,—7) and (1,—7)

corner points are fulfilled. Then we can define the compatibility condition’s as:

v5(0,0) = y;(0),

Z/( = ¥l0) (Khari andKumar,2022)
v) _ ¢ 2000 4 4(0,0)y;,(0,0) = £(0,0) — b(0,0) (0, —7),

W0 _ ¢ L0 4 (1,0)y(1,0) = £(1,0) — b(1,0)y(1, 7).

34

The differential operator L¢ in(3.1) satisfies the following Maximum principle.

Lemma 3.1 Maximum principle. Assume that a, b € C°(D) and let ¢ € C>(D)NC(D). Suppose



that ¢ >0 on @. Then Le¢ > 0 in D implies that ¢ > 0 in D.
The stability of Le and an €-uniform bound for the solution of (3.1) in the maximum norm are estab-
lished by the following theorem. (Khari and Kumar,2022)

Theorem 3.1 Let v be any function in the domain of definition of the differential operator L in
(3.1). Then ||v|| < (1+ aT)max{||L¢v||,||v||¢}, and any solution ue of (3.1) has the €-uniform
upper bound. |ug|| < (14 aT)max{||f]|, || @}, where the constant o« = maxp{0,1—7y} < 1.
(Khari and Kumar,2022)

Theorem 3.2 Let a,b,f € C*(D),y; € C'+*/2(0,T)), y, € CC+@1+2/2) (@),
v, € C'*%/2(]0,T)), and assume that the compatibility conditions (3.4) and (3.1) are fulfilled. Then
(3.1) has a unique solution ug and ugz € C**%1*%/2)(D). Further, the derivative of the solution u

satisfies the following:

Haﬂrjug

—i/2
oo || <ce (3.5)

The proof exist in (Ansari et al., 2007).
The bounds in the above theorem do not depend explicitly on the boundary layer. So we decompose
uUg in to its singular and smooth component to obtain the stronger estimate on its derivatives and of its

partial derivative. We decompose u, the solution of (3.1) as:

Ug = vg+wg. (36)

Where @ and v are singular and regular component. We further decompose the smooth component as:

Ve = Vg + €. (3.7)
Further we define vy and v; as

81)0

WJrav = buv(x,t—1)+f, (x,1) €D, (3.8)
'U()(X,T) = l[/b(X,l), On Op.
321)0
Levy = —bvuy(x,t —T) + o2 (x,1) € D, 3.9
DI(X,I)ZO, (X,I)G(P.

The function vy is the solution of the reduced problem. Furthermore v, satisfies

Lgvg == _bvg(x,t_f)+f, (.x,t) E D, vg — Il/b(x,t), (.x,t) E (pb, (310)
Ve(0,7) = v9(0,1), (x,t) € @y, Ve(1,1) =vo(1,1), (x,7) € Q.



With v, thus defined, it follows that @, is determined and that it satisfies

Lew, = —ba:(x,t—1), (x,t) €D, e =0 (x,t) € @p, (3.11)
w:(0,1) = () —v(0,t) (x,7) € @, we(1,1) = y,(t) —vo(1,1), (x,2) € @,.

It is also convenient to write
W = O + O, 3.12)
where @y and @, are defined by

Le@, = —bay(x,i—1),(x1) €D, (3.13)
(D](O,Z) = W[(t)—(PQ(O,l), ()C,l) c o, o =0, ()C,l) € PpU O,

Le®, = —bw.(x,t—1),(x,1) €D, (3.14)
o(1,t) = y(t)—vo(1,2), (x,2) € @r, 0, =0, (x,1) € ;U @p.

The subsequent theorem provides the explicit bounds for the singular component @, the smooth

component Vg, and all its partial derivatives.

Theorem 3.3 Suppose the data a, b, f € CC+®17¢/2)(D) v, € CC+4/2)([0,T)), y, € CH+@2+2/2) (@),
v, € C2+2/2)([0,T1), o0 € (0,1) and compatibility conditions (3.4) of high order at corner points are
satisfied. Then the integer i , j such that 0 <i+2j < 4 we have the following estimate:

dtiv L
<C(1+¢!-i/? 3.15
5| <ctiver a.15
8‘+fa)1 i =X
|l < ce e vE 1
Haxlaﬂ <ce ?eve, (3.16)
2w —(1-x)
l<c(1+e ) e ve . 3.17
Haxlaﬂ e @17)

The proof exist in (Ansari et al., 2007)

Theorem 3.4 The partial derivative of @ (x,t) satisfies:

Using estimations of Theorem 3.3 and decomposition (3.12) proof of the above theorem is completed.

dxidti

, =3 —(1-x) _
<ce'? <e¢5 +e VE ) , (x,t) € (D), for integer i, jsuch that 0 <i+2j <4.

10



3.2 Formulation of Numerical Scheme

3.2.1 Temporal Semi-discretization

The time domain [0,T] is discretized using a uniform mesh with time step Az as Q¥ = {¢ = JAt, j=
0,1,2,3, M, ty =T, At =T /M} and Q" = {t; = jAt, j=0,1,2,3,..m, t,, =T, At =7/m} where M
is the number of mesh points in time direction in the interval [0,T] and m is the number of mesh points
in [—7,0]. Note that T = k7 for some positive integer k. For temporal derivative term of (3.1)-(3.3)
approximation we use averaged Crank-Nicolson method, which gives a system of boundary value

problems

(1= SHLAY U (x) 4 At (x, 111 2) W (x) + AL f(x, 1141 2),
. for j=0,1,2,3,4 ..., m,x € Q,,
<1 - AtL“) Ut (x) = g .
(1= 3 LY) U (x) + Atb(x, 1541 2) U1 o (%) +ALF (x40 12),

2
forj=m+1,m+2,... M—1, x € Q,,

(3.18)

with the discretized boundary conditions
U 0) = w(tj), U (1) = w(tin), (3.19)
for j=1,2,3,4....M,
where

LYUI (x) = —eUS (x) +alx, 100 0) U (),

Here, Uj11(x) is denoted for the approximation of U (x,#;4 1) at the (j+ 1)th time level and a(x,t; /) =

w, similarly for b(x,t;,1/,) and f(x,j;1/2).

The Local Truncation Error in the Temporal Direction

Lemma 3.2 Suppose that

<C,(x,t)eD, k=0,1,2,. (3.20)

Fu(x,t)
dtk

The local truncation error in the temporal direction is given by

lej1]l < Ci(Ar)?. (3:21)
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Proof. Using Taylor’s series approximation for u(x,?;) and u(x,t;,1) centering at ;. /,, we obtain

At 1)?
u(x,t;) =u(x,tjy12) — S U6t y2) + (S)un (x,tj11)2) + O((Ar)?),
(3.22)
At Ar)?
u(x,tj+1) = u(x,th/Z) + ?I/lt (X,tj+1/2) + (8)1/!;; (x,th/g) + 0((At)3)
From the above approximation in (3.22), we obtain
u(x,tivy) —ul(x,t;
btjn) —ulnly) _ w (x,15412) + (0(Ar)?). (3.23)

At
Substituting (3.23) in to (3.1) we obtain.

M(x> tj+1) - u(x’tj)
At

= Elye(X,tj412) —alx,tjy p)ulx,tjp1 ) + f(X, 801 2) + O((A1)*)}

b(x,tjy12)00(x),

for j=0,1,....,m
+ (3.24)

b(x,tj11/2-m)U(X,tj11/2-m)

forj=m+1,....M—1,

where
u(x,tj1) +ulx, ;) fOotjen) + (%))
M(X,tj+1/2) = s D) ! +0((AZ)2)7 f(x7tj+l/2) = fas D) ! +0((AI)2)
(3.25)
Since the error e 1(x) = u(x,tj4+1) — Uj11(x) satisfies the semidiscrete differential operator
1+ 7L ejr1(x) =0((At)),ej+1(0) =0=rejii(1). (3.26)
Hence by applying the maximum principle, we obtain
lej1]l < Ci(Ar)*. (3.27)

Next, we need to show the bound for the global error of the temporal discretization. Let us denote

TE;. as the global error up to the (j+ 1) time step.

Global Error of the Temporal Discretization

Lemma 3.3 The global error at tj is given by
ITE|| < Ci(A)?,j=1,2,.... M —1. (3.28)

Proof. Using the local error up to the (j+ 1)/ time step given in the above, we obtain the global error

at the (j+ 1)'h time step as

12



Jj+1

Zel

=1
< CT(At)*since (j+ 1At <T

ITE| = < llexll + lleall + [lesl| 4+~ + llejs1]]

= C(Ar)?, T =C, (3.29)

where C is a constant independent of € and Ar.
3.3 Spatial Discretization

The spatial domain is discretized into N equal number of subintervals, each of length h. Let 0 =
X0, xy = 1, and x; = ih, i =0,1,2,...,N, be the mesh points. For spatial discretization, we apply
an exponentially fitted tension spline method which helps us to control the influence of the singular

perturbation parameter.

3.3.1 Exponentially Fitted Tension Spline Method

Let0=xp <x] <x3 <---<xy = | be auniform partition for [0, 1] such that x;, = ih, i=0,1,2,3,...N.
A function S(x, ) = S(x) is a class of C>(Q), which interpolates u(x) at the mesh points x; depending
on the parameter 7, reduces to cubic spline in Q as T — 0, and is termed as a parameteric cubic spline
function Khan and Aziz, (2005), Adivi Sri Venkata and Palli, (2017) . In [x;,x;+1], the spline function
S(x) satisfies the differential equation

Xit1 —X
h

X —X;

h 9

S"(x) = TS(x) = [$" (x;) — TS(x:)] +[8" (xi41) — TS (xi1)] (3.30)

where S(x;) = u(x;) and T > 0 is termed as a cubic spline in compression. Solving the linear second-
order differential equation in (3.30) and determining the arbitrary constants from the interpolation

conditions S(x;+1) = u(xiy1), S(x;) = u(x;), we get

h? . A —x
M[M,~+1s1nhw )] (3.31)

h? A2 X—X; A2 Xit1—X

M = T ) ) (= ) (),

7(, (x,'+1 — x)

S(x) = ) + M; sinh(

where A = ht!/2 and My = u” (xg) fork =i+ 1,i.
Now, differentiating (3.31) and letting x — x;, on the interval [x;,x; + 1], we obtain
roodn u(xipr) —ulx;) h A
§'() = L - M (1 - )+ Mi(Acoth A — 1)], (3.32)
and on the interval [x;_;,x;] , we obtain
u(x;))—u(xi—1) h A

/ - _— —_ . J— . N
S'(x) = + —[M;(AcothA — 1)+ M;_(1 sinh).)]’

. e (3.33)
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Equating the left and right hand derivatives at x; gives

u(x,-) — u(xi_l) h A
S U L My (Acothd — 1) + Mooy (1 — —— 34
p +12[ (AcothA — 1)+ M;_( smhl)] (3.34)
(i) —uly) ko A ‘
= ; )LZ[M”FI(I sinhl)+M’(AC0thl 1)],
Rearranging, we obtain the tridiagonal system
) — 20l .
MMy 4+ 20M; + MMy = uliog) Z2ul) FulXie) o5 N (3.35)

h2

where A; = %(ﬁ —1)and A, = %2(1 — AcothA) The condition of continuity given in (3.35) en-

sures the continuity of the first order derivatives of the spline S(x) at interior nodes.

Now substituting

EMi+a(xk, 141 72) U7 (k) + Atb(x, 11 12) 0L (k) +

. Atf(xg,t;+1/2) for j=0,1,2,3,4....m, x € Q,,
_8Mk+a(xkatj+1/2)U]+l(xk) = ! .
eMk+a(xk,tj+1/2)Uf(xk)—i—Atb(xk,tj—i— 1/2)U(xk7tj+]/2—m)+

\Atf(xk,th/Z) forj=m+1....M—1x€Q,,

(3.36)
fork=i—1,iand i+ 1, My = u” (x;) we obtain
LAt = 221Uy jo1 = 20 j1 + Ui ] +Ma(xicy i 2)Ui1ji +2ha(x; 11 2)Ui
+axic1 jr12)Uii i1 = 5[ Ui1,j = 2U; j+ Ui j] +Aa(xig ji12)Uion
+2/12a(xi7j+1/2)Ui,j+lla(xi+1,j+1/2)Ui+l.,j

MALD(x;—1,tj41/2)0(xi—1) +2A0Atb(Xi,t 11 /2) O(X:) + A AD (X158 11 /2) O (Xig1 )+
MALf(xio1,tj0172) + 22008 f(xistjy 1 2) + MALS (Xiv1, 11 2),

for j=0,1,2,...,m, x € Q,,

MALD(xi-1,tj11/2) Uit jr1j2-m + 2M880(xi, 1541 2)Us jr1j2-m + MAD(Xis 1,21 2) Uit jy1/2-m
FMALf(Xio1,t 41 2) + 20008 f (Xt 2) + MALf (Xig 1,841 /2),

forj=m+1,.... M—1, x € Q,.

(3.37)
3.3.2 Deriving the Exponential Fitting Factor
Here we consider the general reaction-diffusion problems given by
—eU" (x) +a(x)U(x) = f(x), (3.38)
boundaryconditions
U(0) =y, U(1) =y, (3.39)
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where a(x) and f(x) are sufficiently smooth functions and moreover the coefficient functions is as-
sumed to satisfy a(x) >y > 0 for all x € (0,1).

The problems in (3.38) exhibits twin layers, the domain is divided in to three sub-domains, and
the boundary layer problem is converted to a regular problem by appropriate transformations using

stretching variables we consider, the asymptotic expansion solution of (3.38) and (3.39).

oo

U(x,€) = Y [Ui(x) +vi(u) + wi( o))’ (3.40)
i=0

where u =x/y/€ and ® = (1 —x)//.
Then the zeros order of the asymptotic expansion is given by
U(x) = Up(x) +vo(1) +wo(@) + O(¢) (3.41)
where Up(x) = f(x)/a(x) (3.42)

is the solution of the reduced problem (3.38) and (3.39) which does not satisfy the boundary con-
ditions, vy is the left boundary layer correction and wy is the right boundary layer correction. The

solution vg, wg satisfies the differential equations,

) () =0 e € (0.2) (343
—dzz;z)(f’) +a(1)wo(®) = 0; @ € (0,) (3.44)
with vo(u = 0) +wo(® = 1/Ve) = Uo(0), (3.45)
vo(t = 1/v€) +wo(® = 1) =y, — Up(0), (3.46)

Vo(H = o0) = wo(@ = o) = 0.

The solution of (3.43) and (3.44) will be

vo(p) = Ae™ VO, (3.47)
wo(®) = Be~ VDo, (3.48)

Therefore, zeros order solution of (3.41) and (3.42) becomes

a(0) a(l)
U(x) = Up(x) +Ae Ve *+Be Ve 179 L 0(e) (3.49)
where A and B are determined as

o (V1= Uo(0) — (yo — Ug(1))e V7 (3.50)
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a0

(y2—Uo(1)) — (y1 —Up(0))e V=

B= 3.51)
(/4@ / ﬂ)
1 _ e ( € €
Now we divided the interval [0, 1] in to N equal parts with constant mesh length A, let 0 = xo,xp, ..., xy =

1 be the mesh points. Then we have x; = ih,i =0,1,...,N. We choose m; and m; such that x,,,; = \/€
and x,,, = 1 — /€. Then in the interval [0,+/€] the boundary layer will be in the left hand side
(i.e. at x = 0) and in the interval [1 — /€,1] the boundary layer will be in the right hand side
(ie.atx=1).

At x = x; equation(3.38) can be written as

—eU" (x;) +a(x)U (x;) = f(x:)

for convenience, we take a(x;) = a;, f(x;) = fi, U(x;) =U,.

Now here we consider the finite difference for U”

Uio1 —2Ui + Ui
2

and substituting in Eq(3.38) it becomes

U// —

+aqU=fi,i=12,.... N—1

Ui —2U; + U;
—¢ ( = o ’“) +aU; = f;, (3.52)
Boundary layer problems

Here, we introduce a fitting factor o in the scheme (3.52) to hinder the infulence of perturbation as.

o <Ui—1 —2U;i + Uiy

2 ) +a;U; = fi, (3.53)

Now to determine the fitting factor o, we use boundary layer asymptotic solution with outer solution.

_ [,
Uo(x;) +vo(x;) = U; = Up(x;) +Ae e M (3.54)

where A is given above in Eq. (3.50). The solution converges uniformly to the solution of (3.38).
As h— 0 Eq. (3.53) becomes

. O . .
= lim = (Uit = 2Ui 4+ Uyr) = lim (i~ b(i)Uy), (3.55)
—

h—0 p

where p = %, using (3.54) we get

a(x(i)) | ;
Uiy = Up(xi_1) +Ae V& YigValxilp ang (3.56)
a(x(i) ... .
U1 = Up(xi1) +Ae Ve NiemVaxlip (3.57)
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Then we get

a(x(i

[ala) ‘ :
Ui-1 = 2U;+Uiy1 = (Up(xi—1 — 2Up(x;) + Up(Xi11) +Ae” Ve (e\/ AP —2 4 eV “("(’))p) :

Now substituting this in to (3.55) we get

a(x(i)) R K
— lim % <UO(Xi—1 —2Up(x:) + U (xi41) +Ae” Ve (e Vap _ o 4 eV “(x(’))”))
h—0 P
=1l
h—0

& <f" —a(ih)Up(x)) — alih)Ae” W)

a(0) K K
—lim % <Uo (xi-1 = 2Up(xi) + Uo(xi+1) +Ae™V e (e alx(@))p _ 9 4 o~ a(x(t))p)
h—=0 p

a(x(i)) .
= —lim (b(ih)Ae_ s"t)

a(x(i) - ‘
— lim = (Uo(xil —2Uo(xi) + Uo(xi1) +Ae”V "¢ B (e Va@p 2 4 e~v “(X(’))p)>

h—0 p2

. o [a , ,
= —lim <a(zh)Ae e x”’) , since x; = ih.

h—0

Simplifying the above we obtain

o (e\/au(i))p o e—\/aoc(i))p) — a(x(i))

p?
oo pa(x(i))
(e\/aoc(i))p oy e—\/a<x<i>>p)
o — p a(x(i))
(e\/aw))p oy ef\/a<x<i>>p>
pa(x(i))

(e\/au(i))p/z _ ef\/aoc(i))p/z) ?
Finally the fitting factor for the boundary layer problems will be

(8)2a(x(i))
2
(sinh(/alx(D)p/2))

Substituting (3.58) in to (3.37) we obtain the required scheme as.

(2% + A+ Fha(xi1,15:12))Uim1, a1 + (F55S + 24 + Mtdoa(xiy 141 2) Ui jr1 + (552 + A+

O =

(3.58)

FMa(xis1,ti01 ) Vi1 ja1 = (B2 + 4 — S ha(xio1,1j41)2))Uie1
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( Atsc

Athra(xi,tj12))Uij+ (55

for j=0,1,2,...,m, x € Q,,

forj=m+1,.... M—1, x € Q,.

Ateo

llAtb(x,;l,tj+1/2)a(x,;1) + leAlb(Xi,lj_H/g)Ot(xi) + llAlb(le,lj+1/2)06(xi+1)+
MALf(Xio1,tj112) + AL (Xist i1 2) + MALf (Xi1, 11 /2),

MAD(Xi1,tj11/2) Uit j1 jp—m + 20088 b (X5t s 1 2)Uj i1 jo—m + M AED(Xi 1511 /2) Uit j1/2-m
FMALf (xio1,tj1172) +2AA0 f (xistj 1 )2) + ML f (Xiv1,84172),

(3.59)

Here we have matrix representation for the above scheme

where

—At €0
Vi = <h2 —ha(xi-1,tj4102)) + A1,
v —At(h +7Lza(x,, /+1/2))+27L27

—At €0
v;r— 5 (h2 )Lla(-xl-l-h j+1/2))+ll7

(TS @istjr )]+ MALD (it 11 2) Ui 1 om + f (K1 L1 2)), for j=m+1,... .M

Uo,j+1
0 Ui,j
v vt 0
vo o oyt UN—l,j—H
Un,j+1
Do,
0 Ui,j
—i—K(xi,tj)
70
ZC Z+ UN—l,j
Un.j

MAHD(xi-1,tj1/2) 0(Xi—1) + f (i1, 11 /2)] +2A0A8 [b(xi, 141 2) (i) + f(Xis2j4172))]
FAMAHD(Xit1,t4172) 0(Xig1) + f(Xip 1,41 2)], for j=0,1,2,....m
MAL[b(xi—1,tj12)Ui 1 jr1j2—m+ f(Xie

1,tj+1/2)}+212At[ (xi, j+1/2) i,j+1/2—m
—1

At o
Z; 5 (h2 A«la(xl 1 j+l/2))+z’l’
= —At(ﬁ +7Lza(x,, /+1/2)) +242,
At €0
i = 2 (hz Ma(xiv1,tj12)) + A
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3.4 Stability and Uniform Convergence Analysis

The next lemma gives the bounds of the solution of the semi discrete problem (3.18) as well as those

of its derivatives.

Lemma 3.4 Let Uj, | (x) be the solution of problem (3.18) at the time level j+ 1. Then, we have

1—1—8% (exp <—\/§x> +exp (—\/E (1 —x)))] (3.60)
where 0 <k <4,a>f8 > 0.

Proof See (Clavero & Gracia, 2010).

'dej-H (x) <c

dxk

Lemma 3.5 . For a fixed number of mesh N, for all positive integers of k and for € — 0

. exp—Cx;/\/€
llg(l)lér%a}\),(_l — 0. 3.61)
—C(1 —x:
lim max SPCU—X)/VE_ o (3.62)
£—0 1<i<N—1 ek/2

Proof See Munyakazi and Patidar,(2010) and (Patidar, 2007)
Lemma 3.6 Semidiscrete Maximum Principle

Let Q;41(x) be a sufficently smooth function on Q. If Q;+1(0) >0, Q;41(1) >0and (1+ (At /2)LA) Q41 (x) >
0, Vx € Q,, then Q41 (x) > 0 Vx € Q,.

Proof. Assume that there exist x* € Q, = [0, 1]suchthatQ ;1 (x*) = min,.qQj+1(x) < 0. From the

above assumption it is obvious that x* ¢ {0, 1} implies that x* € (0, 1) since Q;1(x*)=min 5 Q;1(x),

using the property in calculus, we have (d/dx)Q;;1(x*) = 0 and (d?/dx?*)Q;+1(x*) > 0 then we ob-

tain (1 + (At/2)LA")Q;+1(x*) < 0 which is in contradiction to (1 + (Af/2)LA) Q41 (x*) > 0 Vx € Q,.
Therefore, we conclude that Q41 > 0 Vx € Q,.

Lemma 3.7 Discrete Comparison Principle Let there exist a comparision function Q; jy1 such that
(14 (At/2)LAt’h)Ui,j+1 < (1+ (At/2)LA”h)Qi,j+1, i=12,...,N—1and if Up j11 < Qo,j+1 and
Un,j+1 S Onjr1,then Uiy < Qi jr1i=0,1,2,...N.

Proof. The matrix of (1 + (Ar/2)LY™")U; ;i1 of size (N + 1) x (N + 1) with its entries for i =
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1,2,...,N—1 are

—At a(0
D 1= ©) —Ma(xi—1y,

1/2)
4(sinh(,/2Q )2 "

3

+ A1 <0,

a(0)
4(sinh (/<0 )2

€

Di’,' = At + lza(x,-,uj“/z) + 22,2 > 07
—At a(0)

4(sinh (/<0 by

—Ma(Xip1y, +2; <0. (3.63)

j+l/2)

As a result, the coefficient matrix satisfies the M matrix property. So there is an inverse matrix that is

nonnegative. This proves the discrete solution’s existence and uniqueness

Lemma 3.8 Uniform Stability Estimate The solution U; j,1 of the discrete scheme in (3.60) satisfies
the bound

(1 + (At /2)LAM) U |

Uijii] < Ay +hmax{|y1 (tj1)|, [ya(t41)1}, (3.64)
where a(x;,tj1/2) > Y > 0.
proof. Let us consider a barrier function /.ij 4188 ,ufj = H(H(Atl/f):;‘;) Ui +kmax{|yi(tj11)], | W2 (tii1)|} £

Ui j+1. Now we can show uoi_jﬂ > 0and ,uﬁjH > 0.

At At _
<1 + 2LAt7h> :ufjﬂ = .ufjﬂ T <_£G(p)D+D ”ffﬂ +a(x"’tf+1/2)“ff“)

1+

At _ At
Ui j1 £ (—e0(p)D™ DU jr1 +a(xitjv1 2)Uijr1) = <(1 + (=)L Ma(xi,tj41)

LAY JURUAY S A
- ((1 +<A§>L“'»h>a<xf,rj+1>) (”“ e +’<max{\wl(tj+1)l,\l//z(ml)l})
z )

[(L+ (DL Ui ja | At
2 I kemax{ |y ()] [wa(to)[} | £ (14 S a(istiig2) | Ui > 0.
1+ 2
(3.65)
Using the discrete comparison principle, we obtain ,ufj 1 20,i=0,1,2...,N.
Lemma 3.9 If Q; j+1 be any mesh function such that Qo j+1 = Zn,j+1 = 0. Then,
1
Qi j+1] < - max |LAQ . (3.66)

Y 1<k<N-1
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Proof. Consider two barrier functions of the form ,ul.ij 41 =S5+0ij+1, where

S= (%)maxlngN,l |LAhQy 11 ]. Tt is easily shown that u(fj+l >0, ,uijﬂ > 0. Next, we show that

Ath =
Ll 41 20

b(x,ti11/2)
Ath,,+ At,h LAt 2 Yj+1/2 At,h
L5 = LS £ Qi jn) = L0 ja o+ —— == max |[EH0k j| 2 0.
(3.67)
Hence, using the discrete comparison principles gives
1 At,h
L+l = k,j+11- .
|Qiir1| < = max |L¥"Q i1 (3.68)

¥ 1<k<N-1
The truncation error of the scheme (3.63) is given by:

; At ; eAr eAto, ; ; .
<U”Wnﬂ-2d%m0U“%@—2UQW@)—(%Z@%T—ﬂﬂ“+%ﬁU+U”%m+

At : : :
?a(xi,tﬂ_l) + OCUiJ_Jrll + an]—:rll 424+ Alkza(xi,lj+1))Uij+l>

where o0 = A; + %lla(x,’,t]ur]) and 21, = 1 —2A,.

Taylor series expansion of the terms Ul.J:] and Ui]_ +1

j+1 j+1 j+1 h2 j+1 h3 j+1
ULy = UM ) +h(UL () + 5 (U (xi))Jrg(UJ+ (xi))

i+1 XXX
A Wi
—l-ﬂ(UJ xxxx(x;)) + m(U){ch(xi)) +...
. . . oo oo
1
UL = U7 () = (U () + - (U (00) = = (U ()
o n i
2 (U () = 10 (U () +..
(3.69)
Using the truncated Taylor series expansions of the terms Ul.{jll and Ul-j_ +11 yields.
) At eAt, .
(LAIUHI (x) — LAt’hUi,jH) = (U () + ?a(x,-,tjﬂ) - T(U;{xﬂ (x)) (3.70)
eAtG , oo :
- (P )+ i) 0 )
At . W
+oalxtjin) + ah* UL (xi) + OCEU)?;Z; (x))-
Next we use a truncated Taylor series expansion of a fitting factor (o) of order five.
& Gt
=1-= L. 3.71
12 * 240 (3-71)
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Now, substituting (3.71) into (3.70), we obtain

(U1 ) = 220 g1 ) = (5 ()i + (s (1)) 2+

G , &' 4 29 46 2r7j+1 aht i
e (gt o) = g0) ) i+ (s ) ) 1+ U )+ - UL )
3.72)
Simplifying (3.72) we obtain

(L4031 (0) = 220 i1 ) = (35 (R (60 G2+ (U () + QU () 2

G, G & it 4 2% 6

(g U 0~ S O )+ T30t )+ () )
(3.73)

Using lemma (3.4), (3.5) and the relation N~2 > N~% > N=... The discrete problem satisfies the

following bound:

|Ujs1(x) = Us js1|| <CN2 (3.74)

Theorem 3.5 Let u and U be the solution of (3.1)-(3.3) and (3.63) respectively. Finally the uniform

error bound holds:

lu—Ul| < C(h*+ (Ar)?) (3.75)

Proof. The combination of temporal and spatial error bounds gives the required result

22



CHAPTER FOUR
NUMERICAL RESULTS AND DISCUSSION

Example 1 Consider the following example of SPPRD problem with retarded argument. (Rao and
Chakravarthy,2014b)

8u(§)tc,t) _ 8825}(;,[) + (lzxz)u(x,t) —i—u(x,t _ "L') — t37
e (x,1) = 0, (6,6) € [0,1] x [1,0] @.1)
ug(O,l‘):ug(l,t):O, IE[O,Z]

Example 2 Consider the following example of SPPRD problem with retarded argument. (Khari and
Kumar,2022)

—a”(g’f”) - 8732555.;) +x2u(x,t) =12 —u(x,t — 1),
e (x,1) =0, (r,1) € [0, 1] x [~1,0] 4.2)
ug(O,l’):ug(l,t):O, tE[O,z].

Example 3 Consider the following example of SPPRD problem with retarded argument. (Singh,
Kumar, and Kumar,2018)

Lugj’t) — 87825)(;’[) + (11 +xHu(x,t) =2 —u(x,t — 1),
ug(x,1) =0, (x,¢) €10,1] x [-1,0] (4.3)
Mg(o,t)zug(l,t):(), 16[0,2]
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Table 4.1: Example 1, Maximum Absolute Error of the Scheme and Rate of Convergence of

the Scheme
el M =64 128 256 512 1024
N =20 40 80 160 320
20 1.0209¢-04 7.0347¢-05 4.0148e-05 2.1341e-05 1.1004e-05
0.53728 0.80916 0.91170 0.95560 1.1153
271 23379¢-04 1.6992¢-04 9.8649¢-05 5.2802e-05 2.7253e-05
0.4604 0.7849 0.9017 0.95418 0.9493
272 3.8218e-04 3.30384e-04 1.8106e-04 9.7936e-05 5.0845e-05
0.33094 0.7468 0.8866 0.9457 0.9709
274 6.0202¢-04 5.0106e-04 3.0467e-04 1.6607e-04 8.6501e-05
0.2648 0.7177 0.87545 0.94100 0.9712
276 42439¢-03 8.8457¢-04 3.5017e-04 1.8423e-04 9.4623e-05
2.2623 1.3369 0.92655 0.96125 0.9789
278 22925¢-02 4.6993e¢-03 1.0750e-03 2.2823e-04 9.6683e-05
2.2864 2.1281 2.2358 1.2392 0.98228
2710 80288e-02 2.4218e-02 4.9511e-03 1.1946e-03 2.7467e-04
1.8824 2.2903 2.0512 2.1208 2.2335
ENM  809288e-02 2.4218e-02 4.9511e-03 1.1946e-03 2.7467e-04
VM 1.8824 2.2903 2.0512 2.1208 2.2335
7;?1.2 ‘:f

N
-
-

N

e

W

e=2"1

Figure 4.1: Solution of Example 1, with Boundary Layer Formation



Table 4.2: Example 2, Maximum Absolute Error of the Scheme and Rate of Convergence of

the Scheme
el M =64 128 256 512 1024
N =20 40 80 160 320
20 1.4410e-04 8.3638e-05 4.4794e-05 2.3156e-05 1.1847e-05
0.78484 0.90085 0.9519 0.95560 1.0225
271 3.5638e-04 2.1086e-04 1.1388e-04 5.9094e-05 3.0094e-05
0.7571 0.8889 0.9017 0.9464 1.0038
272 6.4213e-04 3.9344e-04 2.1573e-04 1.1270e-04 5.7568e-05
0.70672 0.86692 0.93674 0.96915 0.98450
274 1.0071e-03  6.6229¢-04 3.7209¢-04 1.9656e-04 1.0095e-04
0.6047 0.83181 0.92068 0.9613 0.9808
276 3.9903e-03 8.1168¢-04 4.1671e-04 2.2002e-04 1.1291e-04
2.2975 0.96187 0.9214 0.96246 0.98154
278 22316e-02 4.56683e-03 1.0299¢-03 2.2688e-04 1.1671e-04
2.288 2.1487 2.1825 0.95900 0.9803
2710 8.8696e-02 2.3903e-02 4.8842e-03 1.1725e-03 2.6934e-04
1.8917 2.2910 1.4269 2.1221 2.1699
27120 2.1312e-01  9.2178e-02  2.4753e-02 5.0491e-03 1.2449¢-03
1.2092 1.8968 2.2935 2.0200 2.0749
ENM 21312e-01 9.2178e-02  2.4753e-02 5.0491e-03  1.2449¢-03
M 1.2092 1.8968 2.2935 2.0200 2.0749

[=]

Numerical Solution U(x,t)
[NE-

= )
[ © B T €, B VY )

g=2"°

Numerical Solution U(x,t)

Figure 4.2: Solution of Example 2, with Boundary Layer Formation
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Table 4.3: Example 3, Maximum Absolute Error of the Scheme and Rate of Convergence of

the Scheme
el M =64 128 256 512 1024
N =20 40 80 160 320
29 2.9930e-05 4.7101e-05 3.1928e-05 1.8101e-05 9.5076e-06
-0.6.5417  0.56094 0.81875 0.92892 1.1112
271 4.8144e-05 1.0535¢-04 7.3860e-05 4.2333e-05 2.2518e-05
-1.1298 0.5123 0.8030 0.91070 9.7498
272 1.6908¢-04 1.7639e-04 1.2913e-04 7.5015e-05 4.0153e-05
-0.061063 0.4499 0.783574  0.90167 0.95351
274 1.3694e-03 3.2000e-04 2.1906e-04 1.2466e-04 6.6178e-05
2.0974 0.54675 0.81333 0.91358 0.95823
276 72293e-03 1.6486e-03 3.5961e-04 1.4320e-04 7.3755e-05
2.1326 2.1967 1.3284 0.95722 0.97366
278 33115e-02 7.7596e-03 1.8118e-03 4.2553e-04 9.3382e-05
2.0934 2.0986 2.090 2.1880 1.2673
2710 1.0114e-01 3.4597e-02 8.0418¢-03 1.8959¢-03 4.6360e-04
1.5476 2.1051 2.0846 2.0319 2.0927¢
2712 2.0856e-01 1.0410e-01 3.5372e-02 8.1868e-03 1.9433e-03
1.0025 1.5573 2.1112 2.0748 2.0097
ENM 20856e-01 1.0410e-01 3.5372¢-02 8.1868¢-03 1.9433¢-03
M 1.0025 1.5573 2.1112 2.0748 2.0097

Numerical Solution U(x,t)

e=2""%

Numerical Solution U(x,t)

=212

Figure 4.3: Solution of Example 3, with Boundary Layer Formation

26



Table 4.4: Example (1) €-Uniform Error and €-Uniform Rate of Convergence of the Pro-
posed Scheme and Results in (Rao and Chakravarthy, 2014b).

Scheme M = 64 128 256 512 1024
N =20 40 80 160 320
Proposed method
ENM 8.9288¢-02 2.4218e-02 4.9511e-03 1.1946e-03 2.7467e-04
VM 1.8824 2.2903 2.0512 2.1208 2.2335
Rao and Chakravarthy,2014b
ENM 5.3429¢-02 2.7108¢-02 1.3653e-02 6.8512e-03 3.4318e-03
M 0.9789 0.9895 0.9947 0.9974 0.9987
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DISCUSSION

Test examples 2 and 3, the exact solution is not given. The double mesh approach is applied to analyze

the numerical solution UNM to the numerical solution U2V

, which is computed on a mesh that is
two times finer in space and two times finer in time, in order to assess the accuracy and parameter
uniform convergence of the proposed numerical scheme. Tables 4.2 and 4.3 respectively show the
maximum point-wise error Eév M and the ROC O(N) for examples 2 and 3. In each column of tables
of 4.1, 4.2 and 4.3 (or for each N and M) as € — 0 the maximum absolute error becomes uniform this
shows that the convergence of the scheme is independent of perturbation parameter. One observes
in these tables that the scheme converges with order of convergence two. The result given in table
4.4 shows the proposed scheme is more accurate than the scheme in (Rao and Chakravarthy,2014b).
Based on the results given in tables (4.1-4.3), the proposed scheme is accurate, stable and e-uniformly

convergent with rate of convergence two.
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CONCLUSION and RECOMMENDATION
CONCLUSION

In this thesis exponentially fitted tension spline method is developed for solving singularly perturbed
time delay reaction-diffusion problems. The solution of considered problem exhibits two exponential
boundary layers of thickness O(€) on the left and right spatial domains. We employed the crank-
Nicolson approach in temporal discretization and an exponentially fitted tension spline in spatial
discretization to set up the numerical scheme. The analytical solution is explored in terms of its
bounds and attributes. An exponential fitting parameter is established based on the derivation from
the asymptotic solution to stabilize the influence of the singular perturbation on the discrete solution.
The proposed scheme’s stability and convergence analysis are examined. The performance of this
scheme is illustrated through a numerical examples. The approach is examined for stability and

convergence, and it is shown to that second order in space and second order in time.
RECOMMENDATION

In this thesis, we have developed more accurate, higher order and uniformly convergent numerical
scheme using exponentially fitted operator tension spline method on uniform mesh for solving singu-
larly perturbed time delay reaction diffusion problems. But the fitted mesh technique is not addressed

in this thesis. This will be addressed in the future.
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