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Abstract

In this thesis, we theoretically analyzed the bipartite entanglement of an optome-

chanical system for single mode light produced by three level lasers. To this aim,

we constructed the model and Hamiltonian of system. While, the system consists of

one fixed mirror and one movable mirror and a degenerate three level atoms placed

between them. Thus, the cavity mode is driven by a laser field and the interaction

of three level atoms and a laser field is analyzed. Accordingly, the dynamics of the

system can be obtained by using the nonlinear quantum Langevin equations and

linearization approximation. Under the linearization approximation, the bipartite

entanglement is quantified through logarithmic negativity. Accordingly, our results

showed that the introduction of three level atoms makes the entanglement more ro-

bust. Interestingly, we showed that the effects of atom-field coupling, the internal

energy of atoms and atomic detuning have great contribution for the enhancement

of the stationary continuous variable entanglement. Thus, when three level atoms

are added inside a cavity, the optomechanical coupling and the bipartite entangle-

ment is enhanced. Such entanglements results may have spectacular contribution

for constructing long-distance quantum communication network and technologies.
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INTRODUCTION

1.1 Background of the Study

One of the fastest growing areas of quantum optics is quantum optomechanics. Op-

tomechanics is the sub-field of physics involving the study of the interaction of elec-

tromagnetic radiation(photons) with mechanical systems via radiation pressure (Luan

et al., 2014). Optomechanical system is a hybrid system where mechanical and opti-

cal degrees of freedom are mutually coupled (Restrepo et al., 2017). It is a new plat-

form for studying quantum optics (Aspelmeyer et al., 2010). A simple example, a

Fabry-Perot cavity consist of one mirror is fixed while the other one is free to move in

a harmonic potential. The cavity modes of frequency is driven with a laser and the

light inside the cavity will push the mirror due to radiation pressure (Tesfahannes,

2021). The quantum properties of light are largely determined by the quantum state

of the light mode. Such as squeezing is one of the non-classical feature of light which

is generated as a result of quantum optical process such as subharmonic generation

and second harmonic generation. It has also been studied (Tesfa, 2006) that three-

level cascade lasers can be considered as a source of squeezed light under certain

conditions.

In such lasers, the squeezing is due to the atomic coherence which can be introduced

either by initially preparing the three-level atoms in a coherent superposition of the

top and bottom level or coupling these levels by external coherent light. When a

three-level atom makes a transition from the top to bottom level through the inter-
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mediate level, two highly correlated photons are generated (Wei et al., 1998). If these

photons are identical, the laser is referred to as a degenerate three-level laser, oth-

erwise it is a non-degenerate three-level laser. Here in this thesis we use degenerate

three-level laser (Aspelmeyer et al., 2014).

The most important quantum states of light which has the minimum uncertainty ,

plays great role in entanglement quantization between Optomechanics and subhar-

monic generating is Squeezed states of light (Schnabel, 2017). Squeezed light can be

generated from light in a coherent state by means of certain nonlinear optical inter-

actions or three-level cascade laser. Some of the quantum optical processes which

can generate squeezed light is three-level cascade laser.

If they are correlated, then how to characterize the correlation, both qualitatively and

quantitatively, becomes an essential task. Quantum Information Theory is the study

of how such tasks can be accomplished using quantum mechanical systems (Gro-

isman et al., 2005). Any bipartite quantum state may be used as a communication

channel with some degree of success, and so it is of interest to determine how to

separate the correlations it contains into a classical and an entangled part (Altintas

and Eryigit, 2013). Furthermore, entanglement is a property of correlations between

two or more quantum systems. These correlations defy classical description and are

associated with intrinsically quantum phenomena.

For this reason, entanglement has played an important role in the development

and testing of quantum theory. It is also a central element in quantum information

(Barnett, 2009). Quantum entanglement is a physical phenomenon that occurs when

pairs or groups of particles cannot be described independently instead, a quantum

state may be given for the system as a whole. Measurements of physical properties

such as position, momentum, spin, polarization, etc. performed on entangled parti-

cles are found to be appropriately correlated. Thus, classical information and quan-

tum information based on entangled quantum systems can be used for quantum

communication purposes such as teleporting quantum states (Alber et al., 2003).

The efficiency of quantum information processing highly depends on the degree of

entanglement. Hence, it is desirable to generate strongly entangled continuous vari-

able state. The idea of a nonlocal effect due to entanglement was pointed out by
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Einstein, Podolsky, and Rosen;hence, the name EPR state (Einstein et al., 1935).

Notably, the first demonstration of entanglement between spatially distinct mechan-

ical oscillators has been achieved using trapped ions which reported the observation

of non-classical correlations between the motion of two separated pairs of ions (Häffner

et al., 2005). One route to study motional entanglement for more massive systems is

via cavity quantum optomechanics (Ockeloen-Korppi et al., 2018) , which utilizes

radiation-pressure and other optical forces, such as electrostriction, to generate and

study non-classical motional states of mechanical oscillators from the zeptogram to

kilogram scale. The entanglement quantization of this system can be analyzed (mea-

sured) by so called logarithmic negativity.

The quantum Langevin equations (Ford et al., 1988) is used to describe the full dy-

namics of the system including the fluctuation and the dissipation term affecting the

optomechanical system interact to the environment.

1.2 Statement of the Problem

Both the theoretical and experimental studies of entanglement have been achieved

for the past decade (Dowling et al., 2006), (Friis et al., 2019). One route to study en-

tanglement for more massive systems is via cavity quantum optomechanics, which

utilizes radiation-pressure and other optical forces. The simple optomechanics con-

sists of two mirrors, where one is fixed and the other is movable under harmonic os-

cillator. In previous researches, several authors have studied the quantum correlation

property generated by a degenerate three-level cascade laser alone using different

methods. In this thesis, we will study on how to generate the bipartite entanglement

of quantum optomechanical system generated by a degenerate three-level cascade

laser using optomechanics.Thus, we quantify their entanglement by using a method

of logarithmic negativity.
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1.3 Objectives of the Study

1.3.1 General Objective of the Study

The general objective of this study is to quantify the bipartite entanglement of an

optomechanical system with single-mode light produced by degenerate three level

laser.

1.3.2 Specific Objectives of the Study

The specific objectives of this thesis are:

• to formulate the model for the system

• to determine the quantum Langevin equations of the system

• to extract a drift matrix, i.e all information.

• to quantify the entanglement between subsystems by using a method of logarith-

mic negativity.

1.4 Significance of the Study

The main aim of quantum optomechanical system is to achieve quantum control of

micromechanical and nanomechanical resonators using the electromagnetic field,which

have a very advanced applications such as in teleportation and quantum computa-

tion. This can be achieved if we could transfer state from one location to another by

a means of quantum entanglement. So,the results of this research will contribute for

these applications that are used for technological advancements. In addition to that

the results of this research will be used as input or guide line for other researchers or

these will be served as platform for other scientific researchers.

1.5 Outline of the Thesis

In general, this thesis consists of five chapters. Each chapter will discuss on differ-

ent issues related to the thesis. The first chapter describes an overview of the thesis

background, statement of the problem, objective of the thesis and the significance of
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the study. Chapter two focuses on the review from previous studies that was made

helpful to gain knowledge and to understand the thesis better and discusses about

the optomechanics, a degenerate three-level cascade laser, quantum Langevin equa-

tions and logarithmic negativity. While chapter three gives detail description about

the model Hamiltonian and dynamics of the system. Chapter four presents result

and discussion. Finally, chapter five provides conclusion and recommendations of

the thesis.



2

LITERATURE REVIEW

2.1 Overview of the Study

In this chapter, we describe a cavity optomechanical system, a degenerate three-level

cascade laser, Hamiltonian formulation of optomechanical system, the Heisenberg

quantum Langevin equation to determine the system dynamics and logarithmic neg-

ativity which is used as a tool to analyze the bipartite entanglement of an optome-

chanical system for single mode light produced by three level laser.

2.2 Cavity Optomechanical System

In the past few decades, the mechanical oscillator has been investigated with differ-

ent science and technologies (Aspelmeyer et al., 2014). Its applications range from

atomic force microscope cantilever for micro size to nano-mechanical oscillator mir-

ror interferometer for the detection of gravitational waves, displacement etc. (Meystre,

2013; Kippenberg and Vahala, 2008). The quantum control of the mechanical motion

is state of the art, which spans the size range from hundreds of nanometers in the

case of nano-electro-mechanical or nano-opto-mechanical systems (NEMS/NOMS)

to tens of centimeters in the case of gravitational wave antennae (Gebremariam et al.,

2019).

The pioneering theoretical work of cavity optomechanical system was performed by

Braginsky (Caves, 1979), Caves and others. The field has undergone rapid develop-

ment over the last decade with the separate development of new methods for fab-
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ricating small bulk mechanical resonators of various forms; nano-scale beams cou-

pled to microwave cavities (Milburn, 2011), photonic-phononic crystals (Merklein

et al., 2017), toroidal optical microresonators (Heylman et al., 2016), doubly clamped

beams with integrated mirrors (Pruessner et al., 2008) and drumhead capacitors in

superconducting microwave resonators Milburn (2011).

Fig. 2.1: Optomechanical Setups (schematic), from top left: Fabry-Perot cavity with a move-

able end-mirror, microtoroid, membrane or nanotube inside a cavity, photonic crys-

tal, atoms trapped inside a cavity, vibrating capacitor plates in a microwave LC cir-

cuit Marquardt and Girvin (2009).

In optomechanical systems, an optical field is used for the measurement and con-

trol of the mechanical resonator. The optical field is usually confined within a cavity,

providing resonant enhancement of the field strength and sensitivity to mechanical

displacements. The study of mechanical systems near the quantum limit encom-

passes systems having a wide range of sizes and frequencies. In order to study these

mechanical resonators, some auxiliary system is required to measure and control

them (Gröblacher, 2012). This auxiliary system may take the form of an electrical

circuit (quantum electromechanics), an optical cavity (quantum optomechanics), or

even an atomic system.

As mentioned above, optomechanics is one of the emerging fields exploring the in-

teraction between light and mechanical motion. Such interaction originates from the

mechanical effect of light, i.e., optical force. Radiation pressure force (or scattering

force) and optical gradient force (or dipole force) are two typical categories of optical

forces. The radiation pressure force which originates from the fact that light carries

momentum plays an astonishing role in optomechanics (Ulbricht, 2021).
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2.3 Degenerate three-level cascade laser

Quantum optics deals mainly with quantum properties of the light generated by var-

ious quantum optical system, such as; Laser and maser. A three-level cascade laser is

a quantum optical system in which three level atoms in a cascade configuration. In

this system the top, intermediate and bottom levels of a three level cascade atom can

be denoted by |a〉, |b〉 and |c〉, respectively.

A three-level laser is a source of coherent or chaotic light emitted by three-level atoms

inside a cavity coupled to a vacuum reservoir. In the quantum theory of a laser, one

usually takes into consideration the interaction of the atoms inside the cavity with the

vacuum reservoir outside the cavity (Kassahun, 2008). Three-level lasers in which the

crucial role is played by the coherent superpositions of top and bottom levels of the

injected atoms have been studied by several authors. A three-level laser, in which

the top and bottom levels of three-level atoms injected into a cavity and coupled by a

strong coherent light can also generate light in a squeezed state. It appears to be quite

difficult to prepare the atoms in a coherent superposition of the top and bottom levels

before they are injected into the laser cavity. Moreover, it is certainly hard to find out

that the atoms have decayed spontaneously before they are removed from the cavity.

Nanomechanical oscillators have recently become important candidates for explor-

ing quantum features in macroscopics systems. In recent years, various schemes to

generate bipartite entanglements have been proposed. Some researchers have pro-

posed to entangle two mirrors in a cavity. The optomechanical entanglement be-

tween a cavity field and a vibrating end mirror has been investigated. The preparation

and manipulation of quantum entanglement of mechanical oscillators are realized

using optomechanical coupling via radiation pressure. Since the radiation pressure

is proportional to the photon number, enhancing the photon number to increase the

radiation pressure is necessary to obtain robust entanglement between a movable

mirror and a cavity field. The atomic medium has recently been shown to play an

important role in a cavity with a mechanical oscillator to enhance the entanglement.
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2.4 Basic Tools and Techniques of Optomechanics

2.4.1 Hamiltonian Formulation of Standard Optomechanical System

The Hamiltonian of the quantum system plays a decisive role in the property-ascription

rule that selects the definite-valued observables whose values become actual (Kong

et al., 2017). It is the sum of the kinetic energies of all particles, plus the potential

energy of the particles associated with the system.

The Hamiltonian takes different forms and can be simplified in some cases by

taking into account the concrete characteristics of the system under analysis, such

as single or several particles in the system, the interaction between particles, time-

varying potential or time-independent one.

Fig. 2.2: Typical shape of cavity optomechanical system consisting of a Fabry Perot cavity with

a harmonically bound end mirror (Kippenberg and Vahala, 2007).

The starting point of all our subsequent discussions will be the Hamiltonian describ-

ing the coupled system of a radiation mode interacting with a vibrational mode Fig.

(2.2). The system with one movable mirror provides an additional mechanical degree

of freedom. This system can be mathematically described by a single optical cavity

mode coupled to a single mechanical mode. The coupling originates from the radi-

ation pressure of the light field that eventually moves the mirror, which changes the

cavity length and resonance frequency. The optical mode is driven by an external

laser.

Starting from the derivation of quantum harmonic oscillator (Deniz, 2019) we can
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get standard Hamiltonian of optomechanical system as starting point for our system.

Then, the free Hamiltonian (the sum of the kinetic energies of all particles, plus the

potential energy of the particles associated with the system) is

Ĥ = P̂E + K̂E (2.1)

where P̂E = 1
2
kx2 is potential energy and K̂E = 1

2
mv2 is kinetic energy.

Here ω =
√

k
m

then, k = ω2m and from p̂ = mv̂, v̂ = p̂
m

, where k is force constant, v is

speed of a particle, x̂ is the position (displacement) operator of particle and p̂ is the

momentum operator of the particle. Then, the Hamiltonian of Eq. (2.1) becomes

Ĥ =
1

2m

[
m2ω2x̂2 + p̂2

]
. (2.2)

Now, let by trick

(mwx̂− ip̂)(mwx̂ + ip̂) = m2ω2x̂2 + imωx̂p̂− imωp̂x̂ + p̂2

= m2ω2x̂2 + p̂2 + imw(x̂p̂− p̂x̂)

= m2ω2x̂2 + p̂2 + imw[x̂, p̂]

= m2ω2x̂2 + p̂2 + imw(i~)

= m2ω2x̂2 + p̂2 −mw~

⇒ m2ω2x̂2 + p̂2 = (mwx̂− ip̂)(mwx̂ + ip̂) + mω~. (2.3)

Inserting Eq. (2.3) into Eq. (2.2) we get

Ĥ =
1

2m

[
(mwx̂− ip̂)(mwx̂ + ip̂) + mω~

]
=

1

2m

[
(mwx̂− ip̂)(mwx̂ + ip̂)

]
+

ω~
2

=
ω~
ω~

1

2m

[
(mwx̂− ip̂)(mwx̂ + ip̂)

]
+

ω~
2

=
ω~

2mω~

[
(mwx̂− ip̂)(mwx̂ + ip̂)

]
+

ω~
2

= ω~
[
(
mwx̂− ip̂√

2mω~
)(

mwx̂ + ip̂√
2mω~

)

]
+

ω~
2
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Therefore,

Ĥ = ω~
[
(
mwx̂− ip̂√

2mω~
)(

mwx̂ + ip̂√
2mω~

) +
1

2

]
. (2.4)

From Eq. (2.4) the terms

(
mwx̂− ip̂√

2mω~
) = â†,

which is called creation operator and

(
mwx̂ + ip̂√

2mω~
) = â

is known as annihilation operator. Then, the harmonic Hamiltonian is written as

Ĥ =

[
â†â +

1

2

]
ω~. (2.5)

The corresponding commutation relations are [â, â†] = 1 and [â, â] = [â†, â†] = 0.

The offset term, in Eq. (2.5) corresponding to the zero-point energy, makes no contri-

bution to the Hamiltonian dynamics, and hence is often omitted. We have neglected

the 1
2
ω~, since this will not affect our results. Thus, the Hamiltonian of optical field

reads as (Law, 1995)

Ĥom = ~ωc(x)â†â (2.6)

where ωc is the frequency of the optical mode and x is the position of the mechanical

resonator.

In the same manner we can determine the Hamiltonian of mechanical resonator

as

Ĥmech = ~ωmb̂†b̂, (2.7)

where b̂ and b̂† are annihilation and creation operator of mechanical resonators re-

spectively and ωm is mechanical mode frequency. They are defined as

b̂ = (
mωmx̂ + ip̂√

2mωm~
) (2.8)

and

b̂† = (
mωmx̂− ip̂√

2mωm~
) (2.9)
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and the corresponding commutation relations are [b̂, b̂†] = 1 and [b̂, b̂] = [b̂†, b̂†] = 0.

Meanwhile, we need to see how the two systems communicate to one another.

Because the optical cavity and mechanical oscillator are coupled by radiation pres-

sure and by the mechanical oscillator physically changing the length of the optical

cavity. We note that ωc = 2πnc
L

where n = 1, 2, 3, ... and when the mirror moves by a

distance x, the length of the optical cavity increases by L + x. Then,

ωc(x) =
2πnc

L + x
. (2.10)

By Taylor expansion Eq. (2.10) becomes

ωc(x) = 2πnc

[
1

L(1 + x
L
)

]
=

2πnc

L

[
1− x

L
+

x2

L2
− x3

L3
+ ...

]
.

Since x � L, by taking the first order and rejecting the other terms we get

ωc(x) =
2πnc

L

[
1− x

L

]
(2.11)

ωc(x) = ωc −
ωcx

L
. (2.12)

After solving Eq. (2.8) and Eq. (2.9) simultaneously we get

x̂ =
b̂ + b̂†√
2~/mωm

. (2.13)

Then, by replacing x by operator x̂ and inserting Eq. (2.13) into Eq. (2.12) we get

ωc(x) = ωc −
ωc√
2L

xzpt(b̂ + b̂†) (2.14)

where xzpt =
√

~
mωm

is the size of mechanical zero point fluctuation or width of the
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mechanical ground state wave function.

From Eq. (2.14) let’s define the term g = ωc√
2L

xzpt which is called single photon op-

tomechanical coupling interaction (strength). It determines the amount of cavity

resonance frequency shift if the mechanical oscillator is displaced by zero point un-

certainty. Then, Eq. (2.14) becomes

ωc(x) = ωc − g(b̂ + b̂†). (2.15)

Finally, inserting Eq. (2.15) into Eq. (2.6) we can extract the optomechanical interac-

tion Hamiltonian as follows,

Ĥopt = ~
[
ωc − g(b̂ + b̂†)

]
â†â (2.16)

Ĥopt = ~ωcâ
†â− ~g(b̂ + b̂†)â†â. (2.17)

Then, from Eq. (2.7) and Eq. (2.17) we get

Ĥ = ~ωcâ
†â + ~ωmb̂†b̂− ~g(b̂ + b̂†)â†â. (2.18)

Equation (2.18) serve as standard optomechanical Hamiltonian of the optical and

mechanical mode with the optomechanical interaction between the optical mode

and the mechanical mode with out driving field for any optomechanical systems.

2.4.2 Quantum Langevin Equations

A Langevin equation is a stochastic differential equation describing the time evolu-

tion of a subset of degrees of freedom. These degrees of freedom typically are col-

lective (macroscopic) variables changing only in comparison to the other (micro-

scopic) variables of the system. The fast (microscopic) variables are responsible for

the stochastic nature of the Langevin equation (Ford and Kac, 1987).

The quantum Langevin equations are used to describe the full dynamics of the

system including the fluctuation and the dissipation term affecting the optomechan-

ical system interact with the environment. It interacts in the external environment
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have corresponding decay or damping rate β and input noise ẑin respectively. The

general form of quantum Langevin equation in the optomechanics for any operator

ẑ can be written as

dẑ

dt
=
−i

~
[ẑ, Ĥ]− βẑ +

√
2βẑin (2.19)

where Ĥ is the total Hamiltonian of the system.

2.4.3 The Linearization Approximation Approach

The quantum dynamics of the full non-linear system are difficult to analyze. So we

linearize the dynamics of the quantum fluctuations around the semi-classical fixed

points where the cavity is intensely driven under a strong field. We expand each

Heisenberg operators as sums of its semi-classical steady-state value plus quantum

fluctuation for any relevant operators (Tesfahannes and Alemu, 2021). The general

form of linearization approach for any operator ô given by Aspelmeyer et al. (2014)

ô = Ôs + δô, (2.20)

where ô is an operator Ôs is a real numbers denoting the optical and mechanical am-

plitudes and δô is the quantum fluctuation operator.
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2.4.4 Logarithmic Negativity

The logarithmic negativity is an entanglement measure which is easily computable

and an upper bound to the distillable entanglement (Plenio, 2005).

It is defined as

EN = max[0,−ln2η̄], (2.21)

where η̄ is the minimum symplectic eigenvalue of partial transposed cavity mode

corresponding to the bipartite system of interest which is given by

η̄ =

√
[
∑

(V )−
√∑

(V )2 − 4detV ]

2
(2.22)

where F can be expressed in a form of block matrix as

V =

FA FC

F T
C FB

 (2.23)

and
∑

(V ) = detFA + detFB − 2detFC where FA, FC and FB are 2 × 2 are matrices

extracted from the correlation matrix of the system. Thus, EN is entangled if detFC <

0 and η̄ ≤ 1. Based on those frame work we can analyze the bipartite entanglement

of an optomechanical system for single mode light produced by three level laser.



3

METHODOLOGY

3.1 Overview of the Study

In this chapter, we investigate theoretically bipartite entanglement of an optome-

chanical system for single mode light produced by three level laser. The dynamics of

the system in terms of quantum Langevin equation for relevant operators are studied

and using logarithmic negativity to quantify the generated and enhanced entangle-

ment of an optomechanical system with three level laser.

3.2 Theoretical Model and Hamiltonian Formulation

We consider mechanical resonator can be described by a harmonic oscillator of fre-

quency ωm and decay rate γ which is one side coupled to the optical cavity with res-

onant frequency ωm decay rate κ via radiation pressure. The atomic medium with

three-level atoms is injected into the cavity and interacts with the cavity field. Such

model of optomechanical system via three level atoms shown schematically in Fig.

(3.1). One cavity mirror is fixed and the other one is movable, which is modeled as a

quantum mechanical harmonic oscillator with effective mass m and frequency ωm.

The total Hamiltonian of the whole system is written as (Huang and Agarwal, 2009)

Ĥ =ωcâ
†â +

~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â†e−iωLt − âeiωLt)

+
∑

i=e,g,l

~Eiσii + ~G(σgeâ
† + σlgâ

† + H.c)
(3.1)
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Fig. 3.1: Schematic diagram of an optomechanical system with degenerate three-level atoms

injected into optomechanical cavity and interacts with cavity field.

The first term describes the energy of the optical cavity. The second term denotes

the energy of the mechanical resonator interns of dimensionless position and mo-

mentum operators p and q, respectively. The third term gives the radiation pressure

coupling with the coupling rate of Ω, the fourth term describes the input laser, the

fifth and six terms present the energies of the atoms with the energy Ei(i = e, g, l) in

the level i. The pauli matrix σii = |i〉〈i| denotes the internal energy of the atom, and

the last term refers to the interaction between the atom and the cavity field with the

coupling constant G (Hohenester, 2020). While σge = |g〉〈e|, σeg = |e〉〈g|, σlg = |l〉〈g|

and σgl = |g〉〈l| denote the flip-up and flip-down operators of the atoms.

3.3 Dynamics of the System

The dynamics of the optomechanical system assisted by three-level atoms can be

described by a set of nonlinear quantum langevin equations in which the dissipation

and fluctuation terms are added to the Heisenberg equations of motion as shown in

Eq. (2.7). To obtain the nonlinear QLE for our system operators q̂, p̂, â, σge and σlg we

have to apply a unitary transformation and rotating wave approximation to Eq. (3.1).
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Then, the effective Hamiltonian in the interaction picture is

Ĥ =∆â†â +
~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â† − â) + ~G(σgeâ

† + σlgâ
† + âσeg + âσgl)

+ ~β1σee + ~β2σll

(3.2)

where, ∆ = ωc − ωL is the optical detuning, β1 = Ee − Eg − ωL, β2 = Eg − El − ωL,

thus, β1 − ∆ = ωc − ωL and β2 − ∆ = ωc − ωL represents the detuning between the

classical driving fields and the cavity field. While, Ω is the single optomechanical

coupling strength between the cavity field and mechanical mirror, ε is amplitude of

the field driving laser and the cavity field (input field intensity related to the input

power ε =
√

2κP
~ωL

, where κ = πc
2FL

is optical decay rate with F is the cavity finesse and L

is cavity length).

The nonlinear QLE for this system can be calculated for ˙̂q, ˙̂p, ˙̂a ˙σge and σ̇lg by in-

serting Eq. (3.2) into Eq. (2.7).

For ˙̂q,
dq̂

dt
= ˙̂q =

−i

~
[q̂, Ĥ]− βq̂ +

√
2βẑin. (3.3)

Then, the commutation relation for Eq. (3.2) becomes

[q̂, Ĥ] =[q̂, ∆â†â +
~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â† − â)

+ ~G(σgeâ
† + σlgâ

† + âσeg + âσgl) + ~β1σee + ~β2σll]

(3.4)

[q̂, Ĥ] =[q̂, ∆â†â] + [q̂,
~ωm

2
(p̂2 + q̂2) + [q̂, ~Ωâ†âq̂] + [q̂, i~ε(â† − â)]

+ [q̂, ~G(σgeâ
† + σlgâ

† + âσeg + âσgl)] + [q̂, ~β1σee + ~β2σll].

(3.5)

Now, lets solve Eq.(3.5) term by term by utilizing the following commutation relation

[Â, B̂Ĉ] = B̂[Â, Ĉ] + [Â, B̂]Ĉ (3.6)

and

[ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂. (3.7)

Then,

[q̂, â†â] = 0, (3.8)
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[q̂,
~ωm

2
(p̂2 + q̂2)] = i~2ωmp̂, (3.9)

[q̂, ~Ωâ†âq̂] = 0, (3.10)

[q̂, i~ε(â† − â)] = 0, (3.11)

q̂, ~G(σgeâ
† + σlgâ

† + âσeg + âσgl)] = 0 (3.12)

and

[q̂, ~β1σee + ~β2σll] = 0 (3.13)

Finally, by inserting Eq. (3.8), Eq. (3.9), Eq. (3.10), Eq. (3.11),Eq. (3.12) and Eq. (3.13)

into Eq. (3.11), then Eq. (3.3) becomes

dq̂

dt
= ˙̂q = ~ωmp̂. (3.14)

For p̂,
dp̂

dt
= ˙̂p =

−i

~
[p̂, Ĥ]− βp̂ +

√
2βẑin. (3.15)

Then,

[p̂, Ĥ] =[p̂, ∆â†â +
~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â† − â)

+ ~G(σgeâ
† + σlgâ

† + âσeg + âσgl) + ~β1σee + ~β2σll],

(3.16)

Then, in the same manner

[p̂, â†â] = 0, (3.17)

[p̂,
~ωm

2
(p̂2 + q̂2)] = i~2ωmq̂, (3.18)

[p̂, ~Ωâ†âq̂] = −i~2Ωâ†â, (3.19)

[p̂, i~ε(â† − â)] = 0, (3.20)
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[p̂, ~G(σgeâ
† + σlgâ

† + âσeg + âσgl)] = 0 (3.21)

and

[p̂, ~β1σee + ~β2σll] = 0 (3.22)

Finally, by inserting Eq. (3.17), Eq. (3.18), Eq. (3.19), Eq. (3.20),Eq. (3.21) and Eq.

(3.22) into Eq. (3.16), then Eq. (3.15) becomes

dp̂

dt
= ˙̂p = −~ωmq̂ + ~gâ†â− γmp̂ + ξ. (3.23)

For â,
dâ

dt
= ˙̂a =

−i

~
[â, Ĥ]− κâ +

√
2κâin (3.24)

[â, Ĥ] =[â, ∆â†â +
~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â† − â)

+ ~G(σgeâ
† + σlgâ

† + âσeg + âσgl) + ~β1σee + ~β2σll],

(3.25)

Then, in the same manner

[â, â†â] = ~∆â, (3.26)

[â,
~ωm

2
(p̂2 + q̂2)] = 0, (3.27)

[â, ~Ωâ†âq̂] = ~Ωâq̂, (3.28)

[â, i~ε(â† − â)] = i~ε, (3.29)

[â, ~G(σgeâ
† + σlgâ

† + âσeg + âσgl)] = ~G(σge + σlg) (3.30)

and

[â, ~β1σee + ~β2σll] = 0 (3.31)
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Finally, by inserting Eq. (3.26), Eq. (3.27), Eq. (3.28), Eq. (3.29),Eq. (3.30) and Eq.

(3.31) into Eq. (3.25), then Eq. (3.24) becomes

dâ

dt
= ˙̂a = −(i∆ + κ)â− iΩâq̂ + ε− iG(σge + σlg) +

√
2κâin. (3.32)

For σ̂ge,
dσ̂ge

dt
= ˙̂σge =

−i

~
[σ̂ge, Ĥ]− γσ̂ge +

√
2κσ̂gein (3.33)

[σ̂ge, Ĥ] =[â, ∆â†â +
~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â† − â)

+ ~G(σgeâ
† + σlgâ

† + âσeg + âσgl) + ~β1σee + ~β2σll],

(3.34)

Then, in the same manner

[σ̂ge, â
†â] = 0, (3.35)

[σ̂ge,
~ωm

2
(p̂2 + q̂2)] = 0, (3.36)

[σ̂ge, ~Ωâ†âq̂] = 0, (3.37)

[σ̂ge, i~ε(â† − â)] = 0, (3.38)

[σ̂ge, ~G(σgeâ
† + σlgâ

† + âσeg + âσgl)] = −~Gâ†σle + ~Gâ(σgg − σee) (3.39)

and

[σ̂ge, ~β1σee + ~β2σll] = ~β1σge (3.40)

Finally, by inserting Eq. (3.35), Eq. (3.36), Eq. (3.37), Eq. (3.38),Eq. (3.39) and Eq.

(3.40) into Eq. (3.34), then Eq. (3.33) becomes

dσ̂ge

dt
= ˙̂σge = −(γ + iβ1)σge − iGâ(σgg − σee) + iGâ†σle +

√
2γσ̂gein (3.41)

For σ̂lg,
dσ̂lg

dt
= ˙̂σlg =

−i

~
[σ̂lg, Ĥ]− γσ̂lg +

√
2κσ̂lgin (3.42)
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[σ̂lg, Ĥ] =[â, ∆â†â +
~ωm

2
(p̂2 + q̂2) + ~Ωâ†âq̂ + i~ε(â† − â)

+ ~G(σgeâ
† + σlgâ

† + âσeg + âσgl) + ~β1σee + ~β2σll],

(3.43)

Then, in the same manner

[σ̂lg, â
†â] = 0, (3.44)

[σ̂lg,
~ωm

2
(p̂2 + q̂2)] = 0, (3.45)

[σ̂lg, ~Ωâ†âq̂] = 0, (3.46)

[σ̂lg, i~ε(â† − â)] = 0, (3.47)

[σ̂lg, ~G(σgeâ
† + σlgâ

† + âσeg + âσgl)] = ~Gâ†σle + ~Gâ(σll − σgg) (3.48)

and

[σ̂lg, ~β1σee + ~β2σll] = −~β2σlg (3.49)

Finally, by inserting Eq. (3.44), Eq. (3.45), Eq. (3.46), Eq. (3.47),Eq. (3.48) and Eq.

(3.49) into Eq. (3.43), then Eq. (3.42) becomes

dσ̂lg

dt
= ˙̂σlg = −(γ − iβ2)σlg − iGâ(σll − σgg)− iGâ†σle +

√
2γσ̂lgin. (3.50)

Therefore, the following are nonlinear QLEs of our model

˙̂q = ~ωmp̂, (3.51)

˙̂p = −~ωmq̂ − ~Ωâ†â− γmp̂ + ξ, (3.52)

˙̂a = −(i∆ + κ)â− iΩâq̂ + ε− iG(σge + σlg) +
√

2κâin, (3.53)
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˙̂σge = −(γ + iβ1)σge − iGâ(σgg − σee) + iGâ†σle +
√

2γσ̂gein, (3.54)

and

˙̂σlg = −(γ − iβ2)σlg − iGâ(σll − σgg)− iGâ†σle +
√

2γσ̂lgin. (3.55)

The optical cavity amplitude decay at a rate κ is affected by the radiation input

noise operator âin with zero mean value; its correlation function (Gardiner and Zoeller,

1991) are as follows; where âin is the input vacuum noise operator

〈δâin(t)δâ†in(t′)〉 = δ(t− t′) (3.56)

and

〈δâin(t)δâin(t′)〉 = 〈δâ†in(t)δâin(t′)〉 = 0. (3.57)

The mechanical resonator affected by the quantum Brownian noise ξ(t) leading to

the damping of its oscillation with a rate γm possessing the correlation function

〈ξ(t)ξ(t′)〉 ≈ γm(2n̄ + 1)δ(t− t′), (3.58)

where n̄ = [exp(~ωm/kBT ) − 1]−1 the mean thermal phonon number, which is as-

sumed to stay at the same environmental temperature T. This means that the evolu-

tion of the mechanical resonator is a Markovian process (Pontin et al., 2014).

When the zeroth-order equations of motion for σge and σlg are calculated, the c-

number steady-state values of Eq. (3.51) to Eq. (3.55) can be obtained. In order to

obtain the steady-state solution of the system, we use the linear approximation the-

ory to solve the last two equations, Eq. (3.54) and Eq. (3.55). The approximation holds

as long as the field operator changes slowly during the average lifetime of the atoms

so that they can reach the steady state in a short time. This is because the states of the

atoms and the cavity modes can be generally uncorrelated whether the atoms reside

in or leave the cavity.

Assuming that the initial state of a three-level atom to be ρe = ρ0
ee|e〉〈e〉+ ρ0

le|l〉〈l〉+

ρ0
le(|l〉〈e〉+ |e〉〈l〉) and the atoms are injected into the cavity at a normalized injection

rate ra. Consequently, the last two equations of Eq. (3.54) and Eq. (3.55)can be written
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as

˙̂σge = −(γ + iβ1)σge + iGraρ
0
eeâ + iGraâ

†ρ0
le +

√
2γσ̂gein, (3.59)

and

˙̂σlg = −(γ − iβ2)σlg − iGraρ
0
llâ− iGraρ

0
leâ

† +
√

2γσ̂lgin. (3.60)

3.4 Steady State Solutions of the Equations of Motion

The quantum dynamics of the full nonlinear system is difficult to analyze. So we

can proceed with linearization of the system operators around the steady state under

strong intense laser driving intra-cavity field amplitude Genes et al. (2008). So we

write each operator of the system as the sum of its steady state mean value and a

small fluctuation with zero mean value as follows

q̂ = qs + δq̂, (3.61)

p̂ = Ps + δp̂, (3.62)

â = αs + δâ, (3.63)

â† = α∗s + δâ†, (3.64)

σ̂ge = σges + δσge (3.65)

and

σ̂lg = σlgs + δσlg, (3.66)

where Ps, qs , αs, σges and σlgs represent the amplitudes of the system, whereas δq̂,

δp̂, δâ, δσge and δσlg are the fluctuations with zero-mean values. The corresponding

average values are obtained by setting the fluctuations with zero-mean values and
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applying derivatives to zero.

Eq. (3.51) becomes and it’s mean value of momentum is zero.

δ ˙̂q = ~ωm(Ps + δp̂) = 0 (3.67)

The momentum Ps in the steady-state is equal to zero and the mechanical damping

does not affect the steady-state of the system. Then,

Ps = 0. (3.68)

To find qs, lets insert Eq. (3.62) , Eq. (3.63), Eq. (3.64) and Eq. (3.65) into Eq. (3.52)

δ ˙̂p = −~ωm(qs + δq̂)− ~Ω((α∗s + δâ†)(αs + δâ))− γm(Ps + δp̂) + ξ = 0. (3.69)

Then,

−~ωmqs − ~ωmδq̂ − ~Ω(α∗sαs + α∗sδâ + αsδâ
† + δââ†)− γmPs − γmδp̂ + ξ = 0. (3.70)

Since the mean values of fluctuation terms δq̂, δp̂, δâ and δâ† are zero and due to the

momentum in the steady-state, Ps , being equal to zero, the mechanical damping, ξ,

does not affect the steady-state of the system and neglecting the small terms of δâδâ†.

Thus, qs can be written as

qs = −Ω|αs|2

ωm

. (3.71)

Since αs, α∗s are hermitian operators

αs = α∗s, (3.72)

δââ† and Ps are approximately zero for linearization.

Then, Eq. (3.70) becomes

δ ˙̂p = −~ωmqs − ~ωmδq̂ − ~Ω(|αs|2 + αs(δâ + δâ†))− γmδp̂ + ξ. (3.73)

Now after inserting Eq. (3.71) into Eq. (3.73) we obtain

δ ˙̂p = −~ωm
g|αs|2

ωm

− ~ωmδq̂ − ~Ω(|αs|2 + αs(δâ + δâ†))− γmδp̂ + ξ. (3.74)

Equation (3.74) can be simplified as

δ ˙̂p = −~Ω|αs|2 + ~Ω|αs|2 − ~ωmδq̂ − ~Ωαs(δâ + δâ†)− γmδp̂ + ξ. (3.75)
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δ ˙̂p = −~ωmδq̂ − ~Ωαs(δâ + δâ†)− γmδp̂ + ξ. (3.76)

Again after inserting Eq. (3.61), Eq. (3.63) , Eq. (3.64) and Eq. (3.65) into Eq. (3.53)

we get

˙̂a = −(i∆+κ)(αs+δâ)−iΩ(αs+δâ)(qs+δq̂)+ε−iG((σges+δσge)+(σlgs+δσlg))+
√

2κâin.

(3.77)

Similarly, the mean values of fluctuation terms δq̂, δp̂, δâ, δσge and δσlg are zero

and cavity input noise âin , being equal to zero,it does not affect the steady-state of

the system and neglecting the small terms of δâδq̂ and then, Eq. (3.77) becomes

−αs(i∆ + κ + iΩqs)− iG(σges + (σlgs) = −ε (3.78)

αs =
−iG(σges + σlgs) + ε

i∆̃ + κ
(3.79)

where, ∆̃, is called the effective cavity detuning, including the radiation pressure ef-

fects defined as ∆̃ = ∆ + Ωqs.

In the same manner Eq. (3.77) can be written as

δ ˙̂a =− αs(i∆ + κ + iΩqs)− iG(σges + σlgs) + ε− (i∆̃ + κ)δâ− iΩαsδq̂

− ~G(δσge + δσlg)− iΩδâδq̂ +
√

2κâin.
(3.80)

By neglecting the small terms of δâδq̂ and comparing Eq. (3.80) with Eq. (3.78) we

obtain

δ ˙̂a = −(i∆̃ + κ)δâ− iΩαsδq̂ − iG(δσge + δσlg) +
√

2κâin. (3.81)

Again after inserting Eq. (3.63), Eq. (3.64) , Eq. and Eq. (3.65) into Eq. (3.59) we get

˙̂σge = −(γ + iβ1)(σges + δσge) + iGraρ
0
ee(αs + δâ) + iGra(α

∗
s + δâ†)ρ0

le +
√

2γσ̂gein (3.82)
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Similarly, the mean values of fluctuation terms δâ, δâ† and δσge are zero and atomic

input noise σ̂gein , being equal to zero,it does not affect the steady-state of the system

and then, Eq. (3.82) becomes

−(γ + iβ1)σges + iGra(ρ
0
ee + le0)αs = 0 (3.83)

Then,

σges =
iGra(ρ

0
ee + le0)

(γ + iβ1)
(3.84)

In the same manner Eq. (3.82) can be written as

˙̂σge = −(γ+iβ1)σges+iGra(ρ
0
ee+le0)αs−(γ+iβ1)δσge+iGraρ

0
eeδâ+iGraρ

0
leδâ

†)+
√

2γσ̂gein

(3.85)

Now comparing Eq. (3.85) with Eq. (3.83) we obtain

˙̂σge = −(γ + iβ1)δσge + iGraρ
0
eeδâ + iGraρ

0
leδâ

† +
√

2γσ̂gein (3.86)

Again after inserting Eq. (3.63), Eq. (3.64) , Eq. and Eq. (3.66) into Eq. (3.60) we get

˙̂σlg = −(γ − iβ2)(σlgs + δσlg)− iGraρ
0
ll(αs + δâ)− iGraρ

0
le(α

∗
s + δâ†) +

√
2γσ̂lgin. (3.87)

Similarly, the mean values of fluctuation terms δâ, δâ† and δσgl are zero and atomic

input noise σ̂glin , being equal to zero,it does not affect the steady-state of the system

and then, Eq. (3.87) becomes

−(γ − iβ2)σgls − iGra(ρ
0
ll − le0)αs = 0 (3.88)

Then,

σgls =
−iGra(ρ

0
ll − ρ0

le)

(γ − iβ2)
αs (3.89)

In the same manner Eq. (3.87) can be written as

˙̂σlg = −(γ−iβ2)σgls−iGra(ρ
0
ll−ρSle0)αs−(γ−iβ2)δσlg−iGraρ

0
llδâ−iGraρ

0
leδâ

†+
√

2γσ̂lgin.

(3.90)
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Now comparing Eq. (3.90) with Eq. (3.88) we obtain

˙̂σlg = −(γ − iβ2)δσlg − iGraρ
0
llδâ− iGraρ

0
leδâ

† +
√

2γσ̂lgin. (3.91)

Therefore, from Eq. (3.51),Eq. (3.76) and Eq. (3.81) and Eq. (3.91) the linearized

quantum Langevin equation for the fluctuation operators can be written as

δ ˙̂q = ~ωmδp̂, (3.92)

δ ˙̂p = −~ωmδq̂ − ~Ωαs(δâ
† + δâ)− γmδp̂ + ξ, (3.93)

δ ˙̂a = −(i∆̃ + κ)δâ− iΩαsδq̂ − iG(δσge + δσlg) +
√

2κâin, (3.94)

δ ˙̂a† = −(−i∆̃ + κ)δâ† + iΩαsδq̂ + iG(δσeg + δσgl) +
√

2κδâ†in, (3.95)

˙̂σge = −(γ + iβ1)δσge + iGraρ
0
eeδâ + iGraρ

0
leδâ

† +
√

2γσ̂gein, (3.96)

˙̂σeg = −(γ − iβ1)δσeg − iGraρ
0
eeδâ

† − iGraρ
0
leδâ +

√
2γσ̂egin, (3.97)

˙̂σlg = −(γ − iβ2)δσlg − iGraρ
0
llδâ− iGraρ

0
leδâ

† +
√

2γσ̂lgin, (3.98)

and

˙̂σgl = −(γ + iβ2)δσgl + iGraρ
0
llδâ

† + iGraρ
0
leδâ +

√
2γσ̂glin. (3.99)

3.5 Quantum Fluctuation

The squeezed lighted generated by three level laser and optical cavity with the me-

chanical resonator is able to enhance bipartite robust CV entanglement in system
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(Vitali et al., 2007b) that is the quantum correlations between appropriate quadra-

tures of the two intra-cavity fields and the position and momentum of the resonator.

Introducing the quadratures for the operators as

δx̂ = (
δâ† + δâ√

2
) (3.100)

and

δŷ = i(
δâ† − δâ√

2
). (3.101)

δÛ1 = (
δσge + δσeg√

2
) (3.102)

δV̂1 = (
δσlg + δσgl√

2
) (3.103)

δÛ2 = i(
δσeg − δσge√

2
). (3.104)

δV̂2 = i(
δσgl − δσlg√

2
). (3.105)

and the input noise quadratures

x̂in = (
â†in + âin√

2
) (3.106)

ŷin = i(
â†in − âin√

2
). (3.107)

δÛ1in
= (

δσgein
+ δσegin√
2

). (3.108)

δV̂1in
= (

δσlgin
+ δσglin√
2

). (3.109)

δÛ2in
= i(

δσglin − δσlgin√
2

). (3.110)

After inserting Eq. (3.100) into Eq. (3.93) we get

δ ˙̂p = −~ωmδq̂ − ~Ωαs(
√

2δx̂)− γmδp̂ + ξ, (3.111)
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But, let’s define the term G0 =
√

2Ωαs which is the effective coupling of the optical

cavity fluctuation with mechanical resonator. Then, Eq. (3.111) becomes

δ ˙̂p = −~ωmδq̂ − ~G0δx̂− γmδp̂ + ξ. (3.112)

Now, let’s derivate Eq. (3.100) on both sides with respect to time

δ ˙̂x = (
δ ˙̂a† + δ ˙̂a√

2
). (3.113)

After inserting Eq. (3.94) and Eq. (3.95) into Eq. (3.113) we get

δ ˙̂x =(
−(−i∆̃ + κ)δâ† + iΩαsδq̂ + iG(δσeg + δσgl) +

√
2κδâ†in − (i∆̃ + κ)δâ− iΩαsδq̂√

2
)

+ (
−iG(δσge + δσlg) +

√
2κâin√

2
).

(3.114)

Now after inserting Eq. (3.100), Eq. (3.101), Eq. (3.104), Eq. (3.105) and Eq. (3.106)

into Eq. (3.114) and rearranging we get

δ ˙̂x = −κδx̂− ∆̃δŷ −GδÛ2 + GδV̂2 +
√

2κδx̂in. (3.115)

Again let’s derivate Eq. (3.101) on both sides with respect to time

δ ˙̂y = i(
δ ˙̂a† − δ ˙̂a√

2
). (3.116)

After inserting Eq. (3.95) and Eq. (3.94) into Eq. (3.116) we get

δ ˙̂y =i[(
−(−i∆̃ + κ)δâ† + iΩαsδq̂ + iG(δσeg + δσgl) +

√
2κδâ†in + (i∆̃ + κ)δâ + iΩαsδq̂√

2
)

+ (
iG(δσge + δσlg)−

√
2κâin√

2
)].

(3.117)

Now after inserting Eq. (3.100), Eq. (3.101), Eq. (3.102), Eq. (3.103) and Eq. (3.107)

into Eq. (3.117) and rearranging we get

δ ˙̂y = −G0δq̂ − ∆̃δx̂− κδŷ −GδÛ1 −GδV̂1 −
√

2κδŷin. (3.118)

Again let’s derivate Eq. (3.102) on both sides with respect to time

δ
˙̂
U1 = (

δσ̇ge + δσ̇ge√
2

). (3.119)
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After inserting Eq. (3.96) and Eq. (3.97) into Eq. (3.119) we get

δ
˙̂
U1 =(

−(γ + iβ1)δσge + iGraρ
0
eeδâ + iGraρ

0
leδâ

† +
√

2γσ̂gein − (γ − iβ1)δσeg − iGraρ
0
eeδâ

†
√

2
)

+ (
−iGraρ

0
leδâ +

√
2γσ̂egin√

2
).

(3.120)

Now after inserting Eq. (3.101), Eq. (3.102), Eq. (3.104) and Eq. (3.108) into Eq. (3.120)

and rearranging we get

δ
˙̂
U1 = Gra(ρ

0
le − ρ0

ee)δŷ − γδÛ1 + β1δÛ2 +
√

2γδÛ1in
. (3.121)

In similar manner the rest fluctuation are as follows

δ
˙̂
U2 = Gra(ρ

0
le + ρ0

ee)δx̂− β1δÛ1 − γδÛ2 −
√

2γδÛ1in
(3.122)

δ
˙̂
V1 = Gra(ρ

0
ll − ρ0

ee)δŷ − γδV̂1 − β2δV̂2 +
√

2γδV̂1in
(3.123)

and

δ
˙̂
V2 = −Gra(ρ

0
ll + ρ0

ee)δx̂ + β2δV̂1 − γδV̂2 −
√

2γδV̂2in
(3.124)

Finally, the linearized QLE with fluctuation and dissipation terms of our system

are written as

δ ˙̂q = ~ωmδp̂, (3.125)

δ ˙̂p = −~ωmδq̂ − ~G0δx̂− γmδp̂ + ξ, (3.126)

δ ˙̂x = −κδx̂− ∆̃δŷ −GδÛ2 + GδV̂2 +
√

2κδx̂in, (3.127)

δ ˙̂y = −G0δq̂ − ∆̃δx̂− κδŷ −GδÛ1 −GδV̂1 −
√

2κδŷin, (3.128)

δ
˙̂
U1 = Gra(ρ

0
le − ρ0

ee)δŷ − γδÛ1 + β1δÛ2 +
√

2γδÛ1in
, (3.129)

δ
˙̂
U2 = Gra(ρ

0
le + ρ0

ee)δx̂− β1δÛ1 − γδÛ2 −
√

2γδÛ2in
, (3.130)
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δ
˙̂
V1 = Gra(ρ

0
ll − ρ0

ee)δŷ − γδV̂1 − β2δV̂2 +
√

2γδV̂1in
, (3.131)

and

δ
˙̂
V2 = −Gra(ρ

0
ll + ρ0

ee)δx̂ + β2δV̂1 − γδV̂2 −
√

2γδV̂2in
. (3.132)

The above Eq. (3.125)up to Eq. (3.132) can be written in matrix form as:

u̇(t) = Au(t) + n(t) (3.133)

where u(t) = (δq̂, δp̂, δx̂, δŷ, δÛ1, δÛ2, δV̂1, δV̂2)
T is the vector of quadrature fluctuation

operators, A is the so-called drift matrix (contains information about the system),

and n(t) = (0, ξ(t),
√

2κδx̂in(t),−
√

2κδŷin(t),
√

2γδÛ1in
(t),

−
√

2γδÛ2in
(t),

√
2γδV̂1in

(t),−
√

2γδV̂2in
(t))T is the vector of noise quadrature operators

associated with the noise terms and the exponent T represent the transpose. Here we

assumed that ~ = 1. 

δ ˙̂q

δ ˙̂p

δ ˙̂x

δ ˙̂y

δ
˙̂
U1

δ
˙̂
U2

δ
˙̂
V1

δ ˙̂v2



=
(
A

)



δq̂

δp̂

δx̂

δŷ

δÛ1

δÛ2

δV̂1

δV̂2



+



0

ξ
√

2κδx̂in

−
√

2κδŷin

√
2γδÛ1in

√
2γδÛ2in

√
2γδV̂1in

√
2γδV̂2in



(3.134)

and

A =



0 ωm 0 0 0 0 0 0

−ωm −γm G0 0 0 0 0 0

0 0 −κ ∆̃ 0 −G 0 G

−G0 0 ∆̃ −κ −G 0 G 0

0 0 0 Gra(ρ
0
le − ρ0

ee) −γ β1 0 0

0 0 Gra(ρ
0
le + ρ0

ee) 0 −β1 −γ 0 0

0 0 0 Gra(ρ
0
ll − ρ0

ee) 0 0 −γ −β2

0 0 −Gra(ρ
0
ll + ρ0

ee) 0 0 0 −β2 −γ



. (3.135)
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Equation (3.133) can be written in compact form as u̇(t) = Au(t) + n(t), whose so-

lution is u(t) = M(t)u(0) +
∫∞

0
M(s)n(t − s)ds, where M(t) = exp(At). The system is

stable and reaches its steady state when all of the values of A have negative real parts

so that M(∞) = 0. The stability refers to a time independent state of motion while

dynamic stability refers to a time dependent state of motion.

The stability condition can be formulated by using the Routh-Hurwitz criteria

(Schumacher, 2013; 202, 2021). In spite of this fact, the explicit inequalities are quite

cumbersome. Here, we check the stability of the steady-state solutions with numeri-

cal calculation to ensure that the parameters we used always satisfy the stability con-

ditions. Due to the Gaussian nature of the quantum noise terms in Eq.(3.133) and

the linearized dynamics, the steady-state quantum fluctuations of the system is a bi-

partite Gaussian state , fully characterized by the 8 × 8 covariance matrix V with its

entries defined as

Vij =

(
〈vi(∞)vj(∞) + vj(∞)vi(∞)〉

)
/2. (3.136)

In the stable system such a CM is given by

V =

∫ ∞

0

M(s)DMT (s)ds. (3.137)

If the system satisfied stability conditions M(∞) = 0 , since Eq.(3.137) is equivalent

to the following Lyapunov equation Anderson et al. (1986) for the steady-state CM

AV + V AT = −D, (3.138)

where V is the system CM contains all information about the steady state and D is the

diffusion matrix stemming from the noise correlations, which is defined as

1

2
〈ni(t)nj(s) + nj(s)〉 = Dijδ(t− s). (3.139)

The diffusion matrix (noise) is a diagonal matrix, that is D = diag[0, γm(2n̄+1), κ, κ, γ, γ, γ, γ].

Here we have assumed the mechanical resonator is of high quality factor Q = ωm/γm �

1, which is typically satisfied under the current experiment conditions (Vitali et al.,

2007a).

Thus, the bipartite entanglement of our system can be quantified numerically us-
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ing the correlation matrix 8× 8 of the two bipartite entanglement

V =



v11 v12 v13 v14 v15 v16 v17 v18

v21 v22 v23 v24 v25 v26 v27 v28

v31 v32 v33 v34 v35 v36 v37 v38

v41 v42 v43 v44 v45 v46 v47 v48

v51 v52 v53 v54 v55 v56 v57 v58

v61 v62 v63 v64 v65 v66 v67 v68

v71 v72 v73 v74 v75 v76 v77 v78

v81 v82 v83 v84 v85 v86 v87 v88



. (3.140)

Finally, we employ on logarithmic negativity EN a quantity which has been already

proposed as a measure of entanglement in the continuous variable case as defined

in Eq. (2.9) Eq. (2.10) and Eq. (2.11). Based on those framework we can quantify the

bipartite entanglement dynamics behavior of an optomechanical system with three

level atom.

The CM allows to calculate the stationary entanglement. Indeed, to calculate the

pairwise entanglement, we reduce the (8 × 8) covariance matrix V to a (4 × 4) sub-

matrix VR. There are four such cases of the sub-matrix VR: (i) if the indices i and j for

the element Vij are confined to the set 1, 2, 3, 4 , the submatrix VR = [Vij] is produced

by the first four rows and columns of V and correspond to the covariance between

the first intracavity photon-phonon coupling. Similarly, (ii) if the indices run over

3, 4, 5, 6, VR is the covariance matrix of the second intracavity optical cavity and three

level atom interaction. (iii) If the indices run over 1, 2, 5, 6 , VR designates the covari-

ance between the two mechanical resonator mode and three level atom.
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RESULT AND DISCUSSION

In this section, we discusses the numerical results of the analysis of bipartite entan-

glement of system for single mode light produced by three level laser. The entangle-

ment properties can be verified by experimentally measuring the corresponding CM

through logarithmic negativity. To measure EN at the steady state, one has to mea-

sure all the determined independent entries of the correlation matrix V. This has been

experimentally realized (Li et al., 2020), (Zhou et al., 2011) for the case of steady-state

entanglement via three-level atoms in a hybrid levitated optomechanical system.

The parameters used from (Li et al., 2020), (Zhou et al., 2011) are optical cavity length

L = 3×10−3m, the speed of light c = 3×108m/s, Plancks constant h = 6.626×10−34J.s,

Boltzmanns constant KB = 1.38 × 10−23J/K, wavelength of driven laser λ = 810 ×

10−9m, the power of driven laser P = 50 × 10−6W , frequency of mechanical oscilla-

tor ωm = 2πMHz and damping for the mechanical rate γm = 200πHz. Accordingly,

we study effects of atom injected for entanglement of optical cavity with mechanical

resonator, entanglement of atom with optical cavity, and entanglement of atom with

mechanical resonator are investigated by plotting graphs as follows.

Fig.(4.1) shows EN as a function of the normalized detuning ∆̃/ωm between optical

cavity with mechanical resonator; here the internal energy of the atoms are assumed

to be equal as ρee = ρll = ρle = 0.5 (Li et al., 2020) and atomic detunings also assumed

equal β1 = β2 = πMHz. In this case power P = 50×10−6W , the mechanical oscillator
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has a frequency ωm = 10πMHz, a damping rate ωm = 2πMHz, its temperature is

T = 42µK, the internal energy of the atoms ρee = ρll = ρle = 0.5, atomic decay rate

of γ = 2πMHz,atomic detunings β1 = β2 = πMHz and decay rate of optical cavity

κ = 0.2MHz . The red line refers to the coupling of the atom and the cavity field of

G = 2π × 2 × 106Hz, the blue line refers to G = 2π × 1.7 × 106Hz and the green line

refers to G = 2π × 1.5 × 105Hz. The dependence of bipartite entanglement on the

coupling of the atom and the cavity field G, as it’s value increases or decreases causes

the enhancement of entanglement.
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0

0.5

1

1.5

2

2.5

E
N

G=2 2 106 Hz

G=2 1.7 106 Hz

G=2 1.5 105 Hz

Fig. 4.1: Plot of the logarithmic negativity EN as a function of the normalized detuning ∆̃/ωm

between optical cavity with mechanical resonator for internal energy of the atoms

are assumed to be equal.

As coupling of the atom and the cavity field G increases the optomechanical en-

tanglement also increases. In addition to this the lower value of coupling of the atom

and the cavity field G causes decreases in entanglement between optical cavity and

mechanical resonators.

Fig.(4.2) illustrates that the logarithmic negativity EN as a function of the normalized
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Fig. 4.2: Plot of the logarithmic negativity EN as a function of the normalized detuning ∆̃/ωm

between optical cavity with mechanical resonator for internal energy of the atoms

are assumed to be different.

detuning ∆̃/ωm between optical cavity with mechanical resonator. Unlike descrip-

tion of Fig.(4.1) the internal energy of the atoms are assumed to be taken different

values as ρee = 0.2, ρll = 0.8, ρle = 0.4 and atomic detunings assumed equal. In this

case the internal energy of the atoms ρee = 0.2, ρll = 0.8, ρle = 0.4. The red line refers

to the coupling of the atom and the cavity field of G = 2π × 2 × 106Hz, the blue line

refers to G = 2π×1.7×106Hz and the green line refers to G = 2π×1.5×105Hz. Other

parameters are the same as in Fig.(4.1). The dependence of bipartite entanglement

on the coupling of the atom and the cavity field G, as it’s value increases or decreases

causes less enhancement of entanglement. After certain increment of normalized

detuning, coupling of the atom and the cavity field G increases equally causes less

increment of the optomechanical entanglement. Thus, in order to get robust bipar-
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tite entanglement the internal energy of the atoms must be equal with the increment

of the coupling of the atom and the cavity field G.
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Fig. 4.3: Plot of the entanglement EN versus effective atom-field coupling G of different co-

herent superposition parameter η: in this case ∆̃ = 3κ and the driving power

P = 50µW . The red line refers to µ = −1, the yellow line refers to µ = 0, the blue

line refers to µ = 0.6 and the green line refers to µ = 1. Other parameters are the

same as in Fig.(4.1)

Fig.(4.3) indicates that the entanglement EN versus effective atom-field coupling G

of different coherent superposition parameter η (Sete and Eleuch, 2015). In order to

investigate the impact of the atomic coherence on the steady-state optomechanical

entanglement, we introduced a new coherent superposition parameter η ∈ [−1, 1] to

characterize the initial atomic medium, i.e., ρ0
ee = (1 − η)/2 and ρ0

ll = (1 + η)/2, and

the corresponding atomic coherence, i.e., ρ0
le =

√
1− η2/2 (Sete and Eleuch, 2015).

It is easy to find that ρ0
ee (ρ0

ll) decreases (increases) with the increase of η. In contrast,
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the atomic coherence ρ0
le increases first and then decreases to 0 with the increase of

η. The optimal coherence of the atomic initial state can be attained when η = 0. The

initial population of the atomic states affects significantly the effective optomechan-

ical coupling. Furthermore, when the atomic population is changed from the upper

level to the lower level, the bipartite entanglements EN increase monotonically. The

entanglement maximum appears at η = 1 and ρle = 0 . Therefore, the large initial

population of lower level 〈l| can enhance the optomechanical entanglement. In ad-

dition, the bipartite entanglements EN decrease with the increase of G if all atoms are

initially in the upper level, i.e., (η = 1). In contrast, when the atoms are initially in the

lower atomic level, i.e., (η = 1), the bipartite entanglements EN increase with the in-

crease of G. Consequently, the injected atomic medium should be prepared initially

in the lower level at a fixed atomic coherence ρle to attain a large entanglement.
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Fig. 4.4: Plot of the entanglement EN as functions of the atomic detuning β: in the case the

optimal cavity detuning ∆̃ = 3κ, β2 = ∆̃, G = 1.6πKHz and P = 50µW .Other

parameters are the same as in Fig.(4.1)



40

In Fig.(4.4) we investigate the dependence of the optomechanical entanglements,

EN , upon the atomic detunings d1 and d2 near the optimal effective cavity field de-

tuning β with ∆̃ = 3κ. The entanglements are not a monotonic function of the atomic

detunings β1 and β2. Further, for a given atomic detuning β, the maximum entangle-

ment appears in the region of β2 = ∆̃. In contrast, when the atomic detuning β2 is

fixed, the bipartite entanglement decreases first and then increases with the increase

of the atomic detuning β2 and the minimum entanglement is attained at β2 = ∆̃. The

results suggest that one should carefully choose the atomic detunings, which impact

significantly the optomechanical entanglement and its maximum.
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CONCLUSION AND RECOMMENDATIONS

5.1 CONCLUSION

In conclusion, we have analyzed the bipartite entanglement of an optomechanical

system for single mode light produced by three level lasers to generates the stationary

continuous-variable entanglement. Particularly, we have studied the dependence of

bipartite entanglement on the coupling of the atom and the cavity field , as its value

increases or decreases causes the enhancement of entanglement. In addition to this

the lower value of coupling of the atom and the cavity field causes decreases in entan-

glement between optical cavity and mechanical resonators. After certain increment

of normalized detuning, coupling of the atom and the cavity field G increases equally

causes less increment of the optomechanical entanglement.

Thus, in order to get robust bipartite entanglement the internal energy of the

atoms must be equal with the increment of the coupling of the atom and the cav-

ity field. Accordingly, our results showed that the introduction of three level atoms

makes the entanglement more robust. Interestingly, we showed that the effects of

atom-field coupling, the internal energy of atoms and atomic detuning have great

contribution for the enhancement of the stationary continuous variable entangle-

ment. Thus, when three level atoms are added inside a cavity, the optomechanical

coupling and the bipartite entanglement is improved.
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5.2 RECOMMENDATIONS

In this work, we have studied robust bipartite entanglement in an optomechanical

system assisted by three level laser. Further studies will be conducted on the en-

hancement of entanglement at several mechanical oscillators and cavities with few

atoms injected among them. This might be at cold and warm temperatures
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