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Abstract

In this project, we considered heat transfer boundary value problem for non homogeneous
isotropic material in a plane. The boundary value problem were reduced to direct united boundary-
domain integro differential equation (UBDIDE) and direct segregated boundary-domain integral
equation (SBDIE). The mesh-based discretization of the boundary-domain Integral equations
with triangular domain elements in conjunction with collocation method were implemented which
leads to a system of linear algebraic equation. The resulting algebraic equation were computed.
Convergence of the method were investigated. The result shows that both approaches gives good
accuracy as the number of nodes increases.

Keywords: Boundary value, Boundary elements, Partial differential equations, Heat equation,

Parametrix, integral equations
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CHAPTER 1

INTRODUCTION

1.1 Background of the study

Mathematical description of many physical processes leads to linear differential and integral equa-
tions, or even to integro-differential equation of second order. A reasonably broad class of physical
and engineering problems may be reduced to linear second order differential equations. Partial
Differential Equations (PDEs) with variable coefficients often arise in mathematical modeling
of inhomogeneous media in solid mechanics, electro-magnetics, thermo-conductivity, fluid flow
through porous media, and other areas of physics and engineering. Through centuries, different
methods of solving such problems have been developed. In any method, it is crucial to investigate
the existence and uniqueness of solution, and the well-posdness of the problem or whether the
solution depends continuously on a data. In rare cases, one can find the analytical solution for
a given boundary value problem. In most engineering and science problems, it is impossible to
find the analytical solution for a boundary value problems. In that cases, one has to implement
a suitable numerical method to obtain the approximate solution. There are different kinds of
transformations that are efficient in analyzing and obtaining solution. One of a classical method
to investigate the existence of solution of various boundary value problems (BVP) comprises
of reducing the solution of this problem to the solution of an integral equation or a systems
of integral equations (Hsiao & MacCamy, 1973; William & McLean, 2000). The method of
solving a boundary value problem by transforming to an integral equation or a systems of integral
equations is called Boundary Integral Equation method. In short, it is written as, BIE method.
Once the boundary integral equation is formulated, one can implement the so called Boundary
Element Method (BEM) which requires discretizing only on the boundary of the domain. This
will effectively reduces the dimensionality of the problem by one (Brebbia & Dominguez, 1994).
This approach is specially preferable for accurate modeling of unbounded domains and well suited
for modeling of motion (Brebbia & Dominguez, 1994; Curran et al., 1986; Katsikadelis, 2002;
Stephan & Wendland, 1983). The construction of boundary integral equation for a given boundary

value problem requires to obtain the fundamental solution of the partial differential equation.

The BIE method has limitation in the sense that a fundamental solution is generally not available,
or no applicable method is known to construct it for partial differential equation with variable
coefficients and non-linear problems. The construction of explicit fundamental solution is possible
only for linear differential equation with constant coefficients except in some very special cases. In
this case, we can use a parmetrix (Levi function) instead of the fundamental solution in the Green’s
formula. Here, the boundary value problem is transformed not to boundary integral equation but

to boundary-domain integral equation (BDIE) or boundary-domain integro-differential equation



(BDIDE), see e.g., (Chkadua et al., 2009a; Mikhailov, 2002) and the references therein, for the

corresponding two and three-dimensional boundary value problems.

In the two-dimensional case, the fundamental solution for the formulation of BIE or the parametrix
(Levi function) in the formulation of BDIE contains logarithmic function. Because of this, the
corresponding potentials have singularities in the domain as well as in the far field. For this reason,
the two-dimensional problem should be considered independently. Moreover, in the consideration
of boundary value problem in exterior domain, one may work in weighted Sobolev space rather
than the ordinary. The appropriate weight function, which insure the unique existence of solution
for two-dimensional exterior problem is different from the corresponding three-dimensional
exterior problem (Dufera & Mikhailov, 2015).

The boundary element method requires to descretize the boundary of the spatial domain, that leads
to the approximation of the boundary geometry. For two dimensional case, where the steady state
governing equation has constant coefficient, the boundary elements are just line segments. Similar
problems in three dimensions, the boundary elements are either triangular of quadrilaterals. The
next step is approximating the unknowns and their normal derivatives on the boundary elements.
These can be achieved by linear, quadratic or cubic interpolation polynomials shape functions.
The boundary geometry, the unknown quantities and its normal derivatives can be approximated
using the same level of interpolation shape functions, called isoparametric, see e.g., (Katsikadelis,
2002; Pepper et al., 2014). Inserting these approximation into the integral representations, one
can obtain the residuals in different approaches. The collocation method is based on requiring
the residual to vanishes on certain set of points which are colled the collocation points. On the
other hand the Galerkin method demands the residual to be orthogonal on some set of appropriate
test functions, see e.g., (Stefan & Christoph, 2011; Yu et al., 2010) and the reference there in.
In this research project we employed the isoparametric interpolation for the approximation of
the unknowns and their derivative as well as for the boundary elements. For the residual we

implemented the collocation method due to its simplicity (Yu et al., 2010).

1.2 Statement of the problem

Among variety of physical problems that can be solved using the method of integral equation, the
heat transfer problem is typical. It is derived from the energy conservation principle and from

thermodynamics. Its general form is given as (Carslaw & Jaeger, 1959, Theorem 4.2)

d(cup)

_V'q(x7t)+g(xat): ot ’

(1.1)

where x = (x1,x2,x3) is a point in Q, ¢ represent time, q denotes the heat flux, g rate of internal

heat generation due to heat sources, p material density, c is a specific heat, u(x,7) unknown



temperature, and € is domain occupied by the body.

In steady-state heat transfer, that is when the thermal equilibrium has been reached, the temperature

distribution within the body does not depend anymore on time and equation (1.1) simplifies to
—V.-q(x)+g(x)=0. (1.2)

For two-dimensional problems, the heat may flow in any direction of the xjx,— plane. This flow
is described by the flux vector q. According to the generalized Fourier’s law, the thermal flux

density depends linearly on the gradient of the temperature field and is expressed as
q=—-D-Vu, (1.3)

where
D= Axix; Axixp :
Axyx;  Axyxy

is a matrix that provides information about the heat transfer in any direction and it is referred to
as the conductivity matrix. The negative sign in equation (1.3) is due to the fact the heat flows
from higher to lower temperature regions, while the gradient Vu is directed towards regions of
higher temperature. In general D is not a symmetric matrix. However, for the simplicity of the
expressions it is assumed here to be symmetric, thus ay,, = ay,,. If the material is orthotropic!,
it will be ay,y, = ax,x, = 0. Moreover, we consider the case, dy,x, = dx,x, = a(x) corresponding

to an isotropic material and consequently, the equation (1.2) can be written as
2 9 du
o (a3 ) =00 (14
j—Z’l ox j ( ox j
The PDE (1.4) needs to be solved subject to appropriate prescribed boundary conditions.
The numerical implementation of Boundary Integral equation which is called boundary element
method is well developed recently. However, obtaining an efficient numerical treatment of bound-
ary value problem with variable coefficient is challenging, because the fundamental solution is
not available. The numerical implementation of Boundary domain integral equation for the PDE

(1.4) in 3D has been studied in (Grzhibovskis et al., 2013a), with some specific assumptions.

In this project we considered the PDE of the from (1.4) in bounded two dimensional domain

'In material science and solid mechanics, orthotropic materials have material properties that differ along three
mutually-orthogonal twofold axes of rotational symmetry. They are a subset of anisotropic materials, because their
properties change when measured from different directions.



where the right hand side function f(x), representing the heat source is form L () with Dirichlet
boundary condition, where the temperature on the boundary is prescribed. In the case of two
dimensional problem, the kernel which involves in the integral operator, contains logarithmic
function. Such a kernel have additional singularity in the far-field. This creates further challenge

for the numerical investigation.

We transformed the boundary value problem to an equivalent boundary-Domain integral equation.
Then we implemented numerical technique on the boundary-domain integral equation to simulate
the result. We employed the isoparametric interpolation for the approximation of the unknowns
and their derivative as well as for the boundary elements. For the residual we implemented the

collocation method.

1.3 Objective of the study

This study aimed at achieving the following general and specific objectives.

1.3.1 General objective

The general objectives of this study was to numerically solve (using BEM) the solution of heat

transfer BVP in non-homogeneous isotropic material in plane.

1.3.2 Specific objectives

The specific objective of this study were to:
* reduce the BVP for heat equation to an equivalent BDIEs in appropriate Soboleve spaces.
* obtain the Discrete form for the BDIEs.
* study the convergence of the proposed numerical techniques for the problem under study.
* solve heat transfer equation numerically based on boundary element method.

1.4 Significant of the study
The study of this problem have the following importance:
* It contribute a knowledge to the scientific community in the globe and fill the existing gap.

* We believe that the processes of the research have greater contribution in adapting tech-
nologies for the future engineering research work in our country, in particular in Macadam

Science and Technology University

1.5 Scope of the Study

As boundary-domain integral equation method is relatively recent research area, we gave an

emphasis on the implementation of a particular numerical method. We use only the constant
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element for the interpolation and the collocation method were implemented for the residual
minimization. We considered only smooth domain in a plane and the PDE was limited to linear
second order scalar elliptic operator. The study did not considered less regular domains such
as, Lipschitz domains. Furthermore, the method did not investigate for higher order elliptic,
hyperbolic and parabolic PDEs.



CHAPTER 2

LITERATURE REVIEW

Nowadays, the theory and the application of boundary integral equations are well studied, see
e.g., (Constanda, 2020; Costabel, 1988; Hsiao & MacCamy, 1973; Stephan, 1987). One of the
most important advantage of this method is that, it reduces a boundary value problem for linear
partial differential equation in a domain to an equivalent integral equation on the boundary of the
domain. Therefore, it diminishes the problem dimensionality by one, which is very important
for construction of various numerical algorithms. The well known numerical method for the
approximation of BIE is called Boundary Element Method. This method requires discretizing
only the boundary of the domain, which enables one to consider unbounded or exterior problems.
This is one of the advantage over the other numerical method like finite difference and finite
element method (Atkinson, 1996; Brebbia & Dominguez, 1994; Katsikadelis, 2002).

The transformation of a BVP on a domain to a BIE on the boundary, demands the explicit
knowledge of a fundamental solution to the original partial differential equation. The use of the
fundamental solution in the corresponding Green’s formula transforms the BVP to a BIE. The
next essential step is to establish the equivalence of the original BVP and the corresponding BIE,
and to show the invertibility of the BIE operator, which is crucial for further numerical analysis,
see e.g., (Costabel, 1988; Hsiao & MacCamy, 1973; Hsiao & Wendland, 2008).

In (Mikhailov, 2002, 2005, 2006a) localized parametrixes were implemented to reduce a BVP
with variable coefficient to a localized BDIE or BDIDE, in (Chkadua et al., 2009a), the parametix-
based direct boundary-domain integral equations for mixed BVPs with variable coefficients has
been analyzed. In the work, the equivalence of the BDIEs to the original mixed boundary value
problem has been proved and the invertibility of the corresponding operators has been shown
for appropriate Sobolev spaces. The same problem has been investigated for exterior domain in
(Chkadua et al., 2013).

In (Giroire & Nédélec, 1978), numerical solution of an exterior Neumann problem using a dou-
ble layer potential has been used. Stephan & Wendland (1983) considered a two dimensional
interface problem and derived the corresponding system of boundary integral equation with the
direct method. The asymptotic error for the Glerkin approximation of the solution of the integral
equation were derived. In (Stephan & Wendland, 1984), the Helmholtz and Laplacian Dirichlet
boundary value problems were considered, and boundary integral methods has been implemented
to two-dimensional screen and crack problems, a Galerkin scheme on the boundary has been im-

plemented for the numerical solution of the BIE. In (Stephan & Wendland, 1985), the asymptotic



error analysis for boundary element approximation of the the direct BIE for mixed BVP of the
Laplacian were addressed. In (Curran et al., 1986) the numerical solution of transient diffusion
equation for two-dimensional problem were considered. More numerical implementation of
boundary integral equations can be found in (Atkinson, 1996; Brebbia & Dominguez, 1994;
Stefan & Christoph, 2011).

We found the formulation of BDIE and BDIDE for the numerical solution of two-dimensional
mixed boundary value problem for second order linear elliptic PDE with variable coefficients in
(Al-Jawary & Wrobel, 2012) and the author shows that, the method produced accurate results even
with coarse meshes. The numerical implementation of Boundary-domain integral equation for the
PDE (1.4) in 3D has been studied by Grzhibovskis et al. (2013a). In (Mikhailov & Mohamed,
2012), we found a numerical implementation of a direct united boundary-domain integral equation
related to Neumann boundary value problem for a scalar elliptic partial differential equation
with a variable coefficient, the corresponding BDIE where discretized with quadrilateral domain
elements which leads to a system of linear algebraic equation. The system were solved by LU
decomposition and Neumann iterations. Some recent work (Ponzellini Marinelli et al., 2021),
presented a stable computation on local boundary-domain integral method for elliptic PDEs. In
the paper a new method based on a local integral approach were developed considering local

radial bases function interpolations.



CHAPTER 3

RESEARCH METHODOLOGY

For the numerical implementation, mesh-based discretization of the direct UBDIDE and direct
SBDIE with collocation method were used. The collocation method is based on requiring the
residual to vanishes on certain set of points which are colled the collocation points. The descretiza-
tion of the spatial domain, that leads to the approximation of the geometry, results in quadrilateral
elements. The next step is approximating the unknowns and their normal derivatives on the bound-
ary as well as the domain elements. We have used the linear interpolation polynomials shape
functions. The boundary/domain geometry, the unknown quantities and its normal derivatives
were approximated using the same level of interpolation shape functions, called isoparametric. In
this research project we employed the isoparametric interpolation for the approximation of the
unknowns and their derivative as well as for the boundary elements.

Generally, the study followed the following procedures.

3.1 Study procedure

To solve the problem under investigation, the following steps were implemented.

* The boundary value problem modeling the heat equation with variable thermal conductivity
were transformed to its equivalent direct UBDIDE/SBDIE in the appropriate Soboleve

spaces.
* The resulting UBDIDE/SBDIE were discretized using the collocation method;
* The resulting system of linear equations were solved.

* The result were simulated using the FEniCS.



CHAPTER 4

BVP TO ITS EQUIVALENT UBDIDES/SBDIES

4.1 Boundary Value Problem

Let Q be a bounded domain in a plane, in R?, having piecewise smooth boundary denoted by
0Q, x = (x1,x2) € R? and n(x) be the exterior unit normal. In our investigation, we assumed that
the material has variable thermal conductivity which is space dependent and is given by a(x).
That means, it varies with spatial coordinate x. The governing equation for the steady state heat

conduction is given by,

ou :
Au = Zax, ( ax,) =f(x) inQ, (4.1)

where the function u is the unknown temperature distribution and f is a given heat distribution
in Q. In order to have a solution, we need boundary condition, i.e., either the temperature, or its
flux has to be given on the boundary. In our study we computed the numerical solution where the

temperature were known on the boundary and given by,
u(x) = @p(x) onaQ. 4.2)
The numerical solution were computed in finite subspace of in the space of functions,
H'Y(Q:A) = {ue H' (Q):Auc Ly(Q)},

where the a function u belongs to H'(Q) implies that u € L,(Q) and Vu € L,(Q) and the derivative
is in distributional sense, see e.g. (Chkadua et al., 2009b; Dufera & Mikhailov, 2015) and the
references therein. Moreover, the function f indicating the heat source is in L(Q) and the

boundary condition @ is from H 2 (0Q)-contains the trace of functions form H'(Q) (Mikhailov,
2011).

4.2 Integral Representation in Q

The first step in the boundary integral equation method or boundary element method is to find the

integral representation of the boundary value problem. We can write the differential operator A in



the following way,

Multiplying by a test function v, we have
vAu = Va(x) - vVu(x) + a(x)vAu(x). (4.3)
For the Laplace operator A, and functions u,v € C2(Q), the following identity is holds true;
vAu=V-(vVu)—Vu-Vv. 4.4)
Then from the relation (4.4) and (4.3), we have the following,

vAu = Va(x) -vVu(x)+a(x)[V-(vWu)—Vu-Vy],
= Va(x) - (Wu(x))+a(x)V-(vVWu) —a(x)Vu- Vv,

or
vAu+a(x)Vu-Vv =V (a(x)vVu). 4.5)

Now, integrating both side of (4.5) over the domain 2, applying the divergence theorem, and
putting E(u,v) := a(x)Vu- Vv we obtain, the first Green’s identity

/(vAu—i—E(u,v))dQ:/'Y+vTu(x)dF(x), (4.6)
Q r

where y* is the trace operator and T " u(x) := a(x)n(x) - Vu(x), x € dQ is the co-normal derivative
operator, (Chkadua et al., 2009a,c; Mikhailov, 2011).

One of the well known and important relation is the second Green’s identity which is easily

obtained by interchanging the roles of «# and v in the first Green’s identity (4.6), and subtracting,
/ [VAu — uAv|dQ = /Y+vT+u — Y uT  v)d(x). 4.7)
Q r

A function P(x,y) is said to be the parametrix for the partial differential equation (4.1) if it satisfies
the equation
AP(x,y) = 8(x —y) + R(x,y),

10



where R(x,y) is a remainder. In particular we can show that the function

log |x —y|
P ——<= J
( ) ) ZTCa(y) )

is a parametrix and the corresponding remainder is given by

. 2 Xi — Vi da(x)
R(-xvy) - l:ZI 27‘561()/) ’x_ylz axi )
1
= Ty Y Vel

Now taking u(x) as a solution of (4.1) and v(x) as the parametrix P(x,y) in the relation (4.7), we
have
/ [PAu — uAP)dQ = /a [PT u—uT ™" PldT(x).
Q Q

Which implies,
[P f@dx— | u(R(y)+8(r—y)Jdr =
/B PT () ~u()T Pl y)JdT (). @48
We know that u(x) *8(x —y) = [ou(x)8(x —y)dx = u(y). Hence equation (4.8) becomes,
u(y) = [ BT Plxy) ~ Y Pley) T u()ldr (o)
+ [ uCoRE)dx= [ Pey)f@dx (49)

Note that, the co-normal derivative of the parametix P(x,y) is given by,

I,"P(x,y) = a(x)ViP(x,y) -n = 276;23) \)Cc(f$|

where ¢ is the angle between (x — y) and n. The expression (4.9) is the integral representation of

the solution of the differential equation (4.1) at any point y €  (not on the boundary).

Integral representation on the boundary 0Q

Next we see the integral representation of the unknown physical quantity u for points on the
boundary dQ2 = I'. Though our research focuses on smooth domain, we consider the general case
where the boundary is not smooth and let y be a corner point on the boundary located at the origin

0. We use the following notations and descriptions,

* Q* denotes a sub-domain of Q obtained by subtracting (cutting out) a small circular section

11



with center y, radius € and confined by an arcs say ya and yb, i.e.,

Q" =Q\B(y,e).

e Let I'; denotes the arc ab, and n the outward normal to I'¢ coincides with the radius € and is
directed towards the corner y and o the angle between the tangents of the boundary at the

point y,

* We denote the sum of arcs ay and yb by [/, and 0 to be the smaller angle formed by one of
the tangent line and 6, the angle formed by the other tangent line.

We can easily show that; for € closer to 0, (8; —6;) — a,I'c — 0 and (I'—/) — I' . Now consider
the expression (4.8) on the domain Q*, since y lies out side the domain Q*, we have 8(x —y) = 0.
This implies,

/* u(x)d(x—y)dx=0.

And hence the equation (4.9) becomes,

lAQJY”%Lyﬂ*VQJ—yﬂdwij@o%d&

+/*M(X)R(x,y)dx: /*P(X,y)f(x)dx,

Since 0Q* = (I' — ) UT, the above equation becomes,

[ B POIT u) =¥ u(o T Pl y)ds,
[P T () = v u() T Py s,
I,

+ u(x)R(x,y)dx:/ P(x,y)f(x)dx. (4.10)
Q* Q*

Now taking the limit € — 0, we obtain the following,

lim | [y"P(e,y) T u(x) =y u(x) T, P(x,y)|ds
e—0J1r—]

= [ PUyT u) =¥ u(0 T PLx.y)ds..

Also,
lim [ Pley)f(x)dx= [ Pley)f(x)dx

e—0 /0O

and

éiirg) Q*u(x)R(x,y)dx:/Qu(x)R(x,y)dx.

12



Next, inserting the parametrix and its conormal derivative,

[ B PEIT ul) =y w0 T Pl y)ds,

1 Ju 1 cos¢
= I dsy —dsy.
r, 2ma(y) o R’ /rsu(x>27ca(y) r o

For the circular arc T, r = €, and ¢ = w. Also, ds, = €(—d0), because the angle 0 is positive in

counter-clockwise sense, which is opposite to that of increasing s.

Thus,
ou 62 1 ou
- 2xaly )lograﬂdsx o, 2maly) )elogsan (—0),
1 ou
= 27ta(y) {$‘| 0810g8(91 —92). 4.11)

The the step in (4.11) is due to mean value theorem for integral. When € — 0, the point O of the

au] y, though not defined, it is bounded. Therefor,

arc approaches to y. In this case the derivative [—

ou 1 du
li 1 d 0; —0y) limel =0.
. 2raly) 28 9 T amary) o (&1 ~ 02 limeloge
Similarly,
92 _1
fim— [ () =200y i — (T ed(—0)
e—~0 Jr, 2na(y) r e~0 Jo, 2ma(y)" €
. 91 — 92 o
— lim — 8, — ;) = lim = ).
£230 2Tlta(y)[ “lo(82=61) e—0 27a(y) laujo 2nu(y)
Hence,
. (0
lim [ [P(x,y)Tu(x) — u(x)TP(x,y)|dsy = —u(y).
e—0.JT, 2n

Therefore, as € — 0, the expression (4.10) becomes,

0)+ [ W PT ul) =7 u() T Plxy)lds,

+/ R(x,y dx—/QP(x,y)f(x)dx. (4.12)

275

The expression (4.12) is the integral representation of the solution for the differential equation

(4.1) at point y € I', where the boundary is not smooth. For points y, where the boundary is

13



smooth, oo = 7. Hence (4.12)

Ju0)+ [ B PET () =Y u() T P, )T ()
r

—|—/Qu(x)R(x,y)dx:/QP(x,y)f(x)dx.

Note that, a comparison between (4.9) and (4.12) shows that the function u is discontinuous when
the point y € € approaches to a point to boundary. So we will have a jump condition equal to
(1— %) for a corner points. And a jump condition equal to % for smooth points.

If the point y is located outside the domain Q, then 8(x — y) = 0 and hence

/ u(x)d(x —y)dx = 0.
Q

So from equation 4.8,
| B POT a0 Y )T Plx, )T ()
Q
+/ u(x)R(x,y)dx = / P(x,y)f(x)dx. (4.13)
Q Q
Equations (4.9),(4.12), and (4.13) can be combined in a single general equation as:

cl)u)+ [ PLT u() U Ty Pl

+ /Q u(xX)R(x,y)dx = /Q P(x,y)f(x)dx, (4.14)

where,
1, ifyeQ,
c(y)=c(nQ)=4 0, ify¢gQ,
%, ifyel.

Here o is an interior space angle at a corner point y of the boundary I'.

The representation (4.13) holds for a function u € H'"*(Q;A). The representation (4.14) is known
as direct united boundary-domain integro-differential equation (UBDIDE)(Grzhibovskis et al.,
2013a; Mikhailov, 2006b).

If we replace the co-normal derivative 7" u in the integral representation (4.13) by a new unknown

14



boundary function say ¢ and applying the equation in domain and its trace on 0Q, we get,

)+ [ PLx.y)I(0) ~ Ul T Py

+ [ utoRGdx= | Peey)f@ds, @.15)

where ¢(y) is described above. The integral equation (4.15) is known as the direct segregated

boundaary-domain integral equation (SBDIE).

4.3 Discretisation and Approximations

Let the domain € be partitioned in to, say, Ng linear triangular elements denoted by Q¢ e =
1...,Ng, then,

No
a=Jo
e=1

Moreover, the intersection Q' N Q/ for i # j must be either empty, common edge or common
vertex. We have, say, N total number of vertices of the triangles called nodes denoted by
{xa = (x4,y4) })_, in QUAQ. To each triangular element we associate three vertices from the list
X1,...,xy which can be identified by their indices in this list. Denote the vertices of the element
Q¢ by xf,a=1,2,3.

Let I, be a segment formed by two consecutive nodes residing on the boundary, Q. That is [ is a

segment having the end points z;,zx+1 € dQ. Then,
Ng

0Q = | J k.
k=1

Basis functions

Let us take a triangular reference element (parent domain) in &n-coordinates denoted by Q¢ =
{(&,Mm):0<E<1,0<n <&} with local nodes given by &, = (0,0),&, = (1,0) and &; = (0,1).
We define a one-to-one mapping between the parent domain and the global domain. This mapping

is described by,
x=x(gn),y=y(En).

Recall that using chain rule, we have,

dx  Ox
-l E)A)
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The matrix
Ji= [ 5 o ] )
is Jacobian matrix. For any given value of d€ and dn, (4.16) implies dx and dy are uniquely

determined. If we know dx and dy, provided that detJ # 0, we have

3]--2]

So, if we assume detJ > 0, there exist a one-to-one relation between the values d€, dn and dx, dy,

i.e., the mapping is unique, at least locally.

The local basis functions on the parent domain, denoted by, NS, a = 1,2,3 are given as follows,

Nle(é;n)zl_a_rb Nf(&»ﬂ):‘%y

For a point (x¢,y°) in arbitrary triangular element Q¢ with vertices (x¢,y), a = 1,2,3, we defined

the mapping by the interpolation,

x¢ = N(§,m)xj +N3(§,m)x5 + N5(§,m)xs, (4.17)
Y= NPy + N3 (Em)ys +N5(Em)s. (4.18)

To write (4.17)-(4.18) in matrix form, we define

e = MEn MEn NEm |
X6 = [xf x5 x5 ]T’ye: [)’i Y Y5 ]T

Then ,
X =N(EMm)x% ¥ =N°(Em)°. (4.19)
Observe that, this element shape functions possess the needed properties,
3
N:(E,) = 84p, and ZN =1.

a=1

It follows that,
3 3
() = Y NS (Ep)xg =x5, ¥(&) =) Ni(&y)ys =i
a=1 a=1
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That is, each corner point in the parent domain is mapped to a corner point of the reference element.

Global basis functions: we will denote the global basis function by N4, A =1,...,N, and defined

on element e, in terms of the local basis functions given by;

NE(E(x)), if xqa=x%a=1,23,

. (4.20)
0, if xa#x5,a=1,2,3,

Na(x“(8)) = {
where &(x) are the function inverse to x(&) given by the isoparametric mapping. The global basis
functions satisfy the d-property N4 (xp) = d45.

Approximation of the unknown

We use the continuous, piecewise linear basis function for the interpolation of the unknown

temperature u(x) ~ u"(x),
N
u(x) = Z Na(x)uq, x€QUT.
A=1

Here u(x4) := uy is the nodal values of the unknown u at the nodes, A = 1,...,N.

Let us classify the nodes in to two groups, interior nodes having total number Ny and boundary
nodes having total number Ng. Hence, Ng = N — Nj.

Similar to Grzhibovskis et al. (2013a) for the 3d case, we assume the global node numbering starts

form the interior, then using the Drichlet boundary condition u = i on dQ we have the following,

Ny N
W'=Y Na@ua+ Y Na(x)ia, (4.21)
A=1 A=Ng+1

where the values i1 for A = Np+1,...,N are known from boundary conditions.

The discretized co-normal derivative

Let ny be the outer normal unit vector to the segment /; and €, denotes the triangular element

which possesses the segment /; as one of its side. The temperature gradient is approximated by
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the gradient of «”. Hence, the conormal derivative is approximated as follows,

=y (a(x) Z n(x) - VNAx)uA) :

A=1

a(x) Z ng(x) - VNA(X)ua,

AZ)CAE.Q]k

N
x) Y Tiaua, x€li, (4.22)

where,
ng-VNy, if x5 € .Q.[k
Ty = .
0, if XA §é Qlk-

Discretized integral representation

Now applying the Green’s representation formula (4.14), collocating at the interior nodes xp, B =

1,---,No, we have,

u(xp +Z/ (x,xg)T Tu(x)dT (x) + /R(x,xg)u(x)dx
Q

Ns
) / u(x) T, P, x5)dT(x) + / P(x,x5) £ (x)dx.
' Q

Substituting (4.21) and (4.22), we have

u(xg) + Z /P X,Xg)a Z T8 uadl(x)
k=

N
/ X xB [Z uANA Z L_tANA(X) dx
A A=No+1

/Z AuNAT ™ P(x,xp)dI(x +/ (x,xp)f
A=Ny+1
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Now shifting the known values to the right hand side and rearranging, we obtain
No No
up+ Z Z /P x,xp)a(x)To4dT(x) | ua + Z /R(x,xB)NB(x)dx ug
A=1
N
= /T+P x,x8)Na (x)dT(x /P x,xp)a(x)T,dT(x) | i
A= N()-l—l

N
- ) /R(anB)NA(x)dX ﬁA+/P(x,xB)f(x)dx.
Q Q

A=Ny+1

We use the following notations, the matrix V¢ € RNoxNs R ¢ RNoxN K ¢ RNoxN,

Ve, = /lk P(x,xp)a(x)dT(x), (4.23)
Kpa i— /F ToP(x, x5)Na (x)dT(x), (4.24)
Rpa ::/QR(x,xB)NA(x)dx, (4.25)

and the vector f € RM can be computed as

Ng
fp = ;/QEP(x,xB)f(x)dx

Using these notations, we have the following referred to as UBDIDM

No Ng Nep Ng
up + Z Z ViTo+Rea|ua= Y |[Kpa— Y VETo—Rpa|iia+fs.  (4.26)
A=Ny+1 k=1

The SBDIM can be obtained in the same procedure using the segregated boundary in integral

equation(4.15).
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Domain integral transformation

To compute the matrix entries, we need to transform the integrals from the global domain to the

local variables.
RBAZ/R(X,XB)NA(X)Q'X»
Q

Ns
-3 / R(x,xa)Na(x)dx,

/ [ RO m) )N (6 ) (),

Also,

fp = P(x,xB)f(x)dx,

/ / P(x(&,M),x5(&,M))f (x(&,M)) det(J)dEdn.

Boundary integral transformation
For the segment /; formed by two consecutive nodes z; = (xx,yx) and 7z

parameterize it by

(1 —m)xx +Mxet 1,
y=(1=n)yx +NYyk+1-

X

(4.27)

(4.28)

= (xk+1ayk+1), we

We will denote by M§ (1), o = 1,2, the local one dimensional basis function that are the traces of

the two dimensional basis functions N¢(&,m) and given by,

Mi(m)=(1-m), M;Mn)=n.
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Now

2 = /l P(x,xp)a(x)dT(x),

= [ Patem) s m)atx(E ) [(g—n)i (3—31)2] “an, (4.29)

Kps = /F ToP(x, x5)Na (x)dT(x),

1

_ k%l [ TPt . [(g—n)i (%)2] @0

Recall that,
P(x.x5) log |x — xp|
X, xp) = ————-
B 2ma(xp)
1
R(x,xp) = (x—xpg) - Va(x),

27a(xp)|x — xp|?
a(x) coso

T P(x,xp) = a(x)V P(x,xp) - n = 2maleg) v —xs]’
where ¢ is the angle between (x — xp) and n. The element matrices are usually evaluated using
numerical integration techniques, which are selected according to whether the integral is: non-
singulars, singulars or nearly singulars. When the collocation point is located away form the
element, we obtain non-singular integrals, hence the standard quadrature techniques can be used.
When the collocation point is located on the element, the integrals become singular. For accurate

numerical integration a variable transformation in the parametric coordinates & is needed.
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CHAPTER 5

NUMERICAL IMPLEMENTATION

In this section, we implement the numerical experiment. The domain is discretized by conformal
triangulations using the mesher tool from (Alnas et al., 2015).
The accuracy of the method is investigated using two errors which are computed on a set of a

fixed N; nodes: the first is the root mean square (RMS) error given by

N,
kg.l (ke — tte 1)
Ekms = N N2 (5.1)
Z (ue,k)
k=1

and the second is the maximum error given by

Emax = ) max |ug — Ue k|, (5.2)
=1y 50V

where u, is exact solution. The number A, is different to Ny, Ng and Ng and remains the same for

all the meshes. We take N; ~ 10000 points uniformly distributed across each mesh.

Example 1

The 3D case of this example is reported by Grzhibovskis et al. (2013b). Considers the original
BVP (4.1) defined on a disc of radius %, Q = B(0, %) C R? with no heat source, f = 0 and the

variable coefficient is given by,

a(x,y) = (k=12 +(y—1)%) 2, (5.3)

B —

one can show that the analytical solution is given by;

ue(x,y) = ((x— 1)+ (y— 1)2)%. (5.4)

Figure 5.1 depicts a typical discretisation for the given problem.
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Figure 5.1: A discretisations for Example 1

Table 5.1 shows five different meshes denoted by 1;, i = 1,...,5. The total number of elements
denoted by Ng, N is number of total nodes, while Ny is number of internal nodes and Ny is the

number of nodes on the boundary.

Table 5.1: No number of elements, N number of total nodes, Ny number of internal nodes, and Ng
number of boundary nodes

Mesh NQ N N() NS
T1 88 55 34 21
T 135 80 52 28
T3 402 233 191 42
T4 908 502 221 281
Ts 1556 823 391 432

Figure 5.2 is the plot for the exact solution and its corresponding error using the two mentioned
methods, we observe that the symmetry of the solution and the error distribution across the line
x =y for both methods. For the same discretisation 73, the difference between both methods is
almost of one order of magnitude.

The root mean square error (€gyss) and maximum error (€,,,,) using different values of the total
number of nodes is shown in Figure 5.3. The subplots 5.3a compare the internal nodes (/N;) against
errors the two methods. The subplots 5.3b compare the number of the unknowns (V,) in the final
linear system for both cases (V, = Ny for UBDIDM and N,, = Ny + Ns for SBDIM). Increasing the
number of nodes improves the accuracy of the numerical solution for both methods, but always
the SBDIM outperforms the UBDIDM in almost one order of magnitude. There is no relevant

difference between errors and Ny or N,,.
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Figure 5.3: RMS error and Maximum Error vs N; and N,

Example 2
This example is adapted from Coco & Russo (2013), consists of the BVP (4.1) on the domain
given by a rotated ellipse centered at the origin (see Figure 5.4), and the boundary is given by

parametric equations
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Figure 5.4: Domain discretization of Example 2

| x(r) = Leos(r) — ¥ sin(r)
o { y(t) = %cos(l) + {5 sin(?) < 10.2m

In this example the problem has a heat source where the distribution is described by the right-hand
side:
Fx,y) = ") (cos(x+y) — sin(x+y)) + 2sin(x) cos(y)

and variable coefficient representing the heat conductivity of the material is given by; a(x,y) =

1 + @), The exact solution corresponding to this problem is
ue(x) = sin(x) cos(xy). (5.5)

As for Example 1, we consider five discretisations (t;, i = 1,...,5). The structure of this meshes
is described in Table 5.2 which gives the values for Ng, N, Ny, and Ny as in the previous problem.

For instance, Figure 5.4 shows the domain and its discretisation.

Table 5.2: No number of elements, N number of total nodes, Ng number of internal nodes, and Ny
number of boundary nodes, of meshes considered for Example 2.
Mesh NQ N No NS
T1 84 55 33 22
T 152 94 65 29
T3 343 197 87 110
T4 984 534 384 150
Ts 2116 1122 921 201

The results of the computational errors are summarized in Table 5.3 where the RMS error and

maximum error are shown for each of the five meshes and comparing the united method against
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Table 5.3: RMS-error and Maximum error for Example 2

UBDIDM SBDIM

Mesh |  €gpys Emax ERMS Emax
T 1.50e-03 2.79e-04 | 1.08e-04 3.05e-05
Ty | 8.44e-04 1.79e-04 | 5.72e-05 1.71e-05
T3 | 3.80e-04 8.90e-05 | 2.26e-05 6.81e-06
T4 1.65e-04 4.07e-05 | 9.16e-06 2.86e-06
Ts | 7.86e-05 1.99e-05 | 4.86e-06 2.68e-06

the segregated. From this table, it is clear that as the number of nodes increases, the errors

decrease. Once again, the SBDIM overtakes the UBDIDM by one order of magnitude.
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CHAPTER 6

CONCLUSION AND RECOMMENDATION

6.1 Discussion and Conclusions

In this research project, we presented two boundary-domain integral formulations for solving
steady state heat diffusion with variable heat conductivity in a plane. First, the boundary value
problem were transformed to boundary domain integral equations. Following (Grzhibovskis et al.,
2013a), we formulated the direct united boundary-domain integro-differetnial equation(UBDIDE)
and the direct segregated boundary-domain integral equation(SBDIE).

Moreover, we included the numerical discretisation of both formulations based on collocation
discretisations using continuous and piecewise linear Lagrange elements over triangular meshes
of the domain. We analysed the convergence to the solution as the number of elements increases.
Last, we provided two numerical examples over different domains. Both methods showed a good
accuracy behaviour for different discretisations and in both examples the SBDIM overcame the
UBDIDM in agreement with the results provided in Grzhibovskis et al. (2013b) for the 3D case.

6.2 Recommendation

For the future work we recommend for the investigation of full numerical analysis, such as the
theoretical study on convergence, stability and the order of convergence. Since the resulting
algebraic equation contains fully populated matrix, there should be a mechanism to obtain sparsely
populated stiffness matrix which reduce the computational complexity. Furthermore, extending
the study to nonlinear partial differential equations, other kinds of boundary conditions and
time-dependent partial differential equation is important. At last, we recommend for the study of
full comparison of this method with the finite element, finite difference and other well-known
method.
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