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Abstract

We present a deterministic mathematical model for malaria transmission with waning
immunity. The model consists of five non-linear system of differential equations. We
used next generation matrix to derive the basic reproduction number R,. The disease
free equilibrium was computed and its local stability has been shown by the virtue of
the Jacobean matrix. Moreover, using Lyapunov function theory and LaSalle Invari-
ance Principle we have proved that the disease free equilibrium is globally asymptot-
ically stable. Conditions for existence of endemic equilibrium point have been estab-
lished. A qualitative study based on bifurcation theory reveals that backward bifur-
cation occur in the model. The stable disease free equilibrium of the model coexists
with the stable endemic equilibrium when Rj < 1. Furthermore, we have shown that
bringing the number of disease (malaria) induced death rate below some threshold is

sufficient enough to eliminate backward bifurcation in the model.
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Glossary

DFE disease free equilibrium
EEP endemic equilibrium point

SI susptible infected

SIRS susptible infected recoverd susptible
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Chapter 1

Introduction

1.1 Background of the Study

Malaria is an infectious disease caused by the parasitic infections of red blood cells by
a protozoan of the genus Plasmodium that are transmitted to people through the bites
of infected female Anopheles mosquitoes [1]. The name malaria was derived from the
Medieval Italian word, mal aria(bad air), thinking that the foul vapours emanating
from the stagnate water and swamps were the cause of fever, a major symptom of the
disease. Surprisingly, the cause of malaria was not known from the dawn of history
until the later part of the 19th century, when Charles Laveran discovered the malaria
parasite in human blood in Africa. Consequently, Giovanni Grassi and Raimondo
Filetti used the word Plasmodium to name the malaria parasite and in 1897, Ronald
Ross demonstrated that Plasmodium parasite can be transmitted from infected human

to mosquitoes.

The malaria parasite requires two hosts to complete its life cycle, the vector female
Anopheles mosquito and human. Amnopheles mosquitoes become infected when they
feed and ingest human blood that contains mature gametocytes. The gametocytes
develop into male and female gametes that fertilize to become zygotes in the mid-gut
wall of the mosquito. The zygote elongates to become ookinete and penetrates the
mid-gut epithelium that later develops and ultimately produces sporozoites, which

become infective when they migrate to the salivary glands [2].

The development of malaria parasites in a human host commences inside the liver
cells where the malaria parasites undergo asexual multiplication to produce mero-

zoites that are eventually released into the bloodstream to invade red blood cells. Then
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the infected red blood cells burst after 2 — 3 days to release merozoites and gameto-
cytes into the blood stream. This is associated with the clinical symptoms such as
fever, pain, chills and sweats may develop a few days after infected mosquito bites.
The infection can lead to serious complications affecting the brain, lungs, kidneys and

other organs [3].

About 3.2 billion people, nearly half of the world’s population, are at risk of malaria.
In 2015, there were roughly 214 million malaria cases and an estimated 438,000
malaria deaths. Increased prevention and control measures have led to a 60% re-
duction in malaria mortality rates globally since 2000. Sub-Saharan Africa continues
to carry a disproportionately high share of the global malaria burden. In 2015, the
region was home to 89% of malaria cases and 91% of malaria deaths [1]. The envi-
ronmental conditions in the tropics are the prime factor for malaria being endemic.
The moderate-to-warm temperatures, high humidity and water bodies allow mosquito
and parasites to reproduce. The epidemiological patterns of malaria usually vary with

season because of the dependence of transmission on mosquito.

s
o
o
o © o
I cases reduced to zero since 2000 [T Less than 50% change i incidence projected, 2000-2015 || Insufficiently consistent data to assess trends
[T on track for >75% decrease in incidence 2000-2015 I increase in incidence, 2000-2015 ["] Non-endemic or no ongoing malaria transmission
[_] On track for 50%-75% decrease in case incidence 20002015 [ Not applicable

0 875 1750 3,500 Kilometers
I

Figure 1.1: Malaria incidence rate 2000-2015, Source: World Malaria Report 2015, [1].

Malaria control is challenging due to many factors. The complexity of the disease
control process, the cost of the control program and resistance of the parasite to anti-
malarial drugs, and vectors to insecticides, are some of the challenges. There is a
variation in disease patterns and transmission dynamics from place to place, by sea-

son and according to varying environmental circumstances. The approaches in the
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planning and implementation of prevention and control activities also vary based on

local realities.

Since malaria increases morbidity and mortality, it continues to inflict major public
health and socioeconomic burdens in developing countries. It is clear that poverty,
while not a disease in itself, is a contributing factor not only for malaria, but also for
almost all diseases that face mankind. Because of poverty, communities may have poor
sanitation and poor drainage, and these two factors allow the mosquitoes to breed in
ever greater numbers. Poverty also means that people will not be able to afford the
simple protection of a mosquito net or even screens for their windows. A favourite
hiding place for the Anopheles is in a dark, moist room. With an increased number of
vectors living with human becomes an increased chance of being bitten by an infected

mosquito, which will in turn infect the person with the parasite [4].

Malaria has for several years been thought of as a worldwide issue, and several epi-
demiologists and different scientists spent their endeavour in learning the dynamics

of malaria to control its spread.



1.2. Statement of the Problem 4

1.2 Statement of the Problem

Malaria has for many years been considered as a global issue, and many epidemi-
ologists and other scientists invest their effort in learning the dynamics of malaria
and to control its transmission. From interactions with those scientists, mathemati-
cians have developed a significant and effective tool, namely mathematical models of
malaria, giving an insight into the interaction between the host and vector popula-
tion, the dynamics of malaria, how to control malaria transmission, and eventually
how to eradicate it. Mathematical modelling of malaria has flourished since the days
of Ronald Ross [5], who received the Nobel Prize in Physiology or Medicine in 1902 for
his work on the life cycle of the malaria parasite. Ross developed a simple SIS-model.
After many years, Yang et al. [6] proposed SIR for the human and SI for the vector
compartment model. But in their model, they assumed that the number of births for
human and mosquito are independent of the total human and mosquito population.
This assumption was later modified by Abadi and Krogstad [7] by making the number
of births for human and mosquito dependent of the total human and mosquito pop-
ulation. However, Abadi and Krogstad made an assumption that, once the humans
enter the recovered class they never go to the susceptible class again. Yet malaria does
not confer permanent immunity [8]. The recovered humans have a chance to be sus-
ceptible again. So we will modify the model in [7] by replacing the assumption of
permanent immunity with an immunity which wanes through time. Therefore, this

research work will try to address the following basic questions
1. What are the dynamics of malaria transmission?

2. What are the basic assumptions to develop a mathematical model which de-

scribes the dynamics of the transmission of malaria?

3. What are the mathematical models, which describe the dynamics of malaria and

its transmission?
4. Which parameter plays greater role in the dynamics of malaria transmission?

5. What are the biological interpretations of the solution of the mathematical model

which describes the dynamics?
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1.3 Objectives of the Study

1.3.1 General Objective

The general objective of this research work is to understand the dynamics of malaria

and its transmission.

1.3.2 Specific Objectives

The specific objectives of the study are to

* Develop a mathematical model which describes the dynamics of malaria and its

transmission.
* Investigate the qualitative behaviour of the mathematical model.
* Examine the biological implications of the analysis.

* Interpret the biological implication of the solutions.

1.4 Significance of the Study

The significance of this study is to
* Develop awareness about the dynamics of malaria and its transmission.
* Suggest the possible intervention mechanisms.

* Improve our understanding of the dynamical properties of malaria and its trans-

mission.



Chapter 2

Literature Review

Mathematical modelling of malaria began with Ronald Ross while working at the In-
dian Medical Service in 1911 [5,9]. He developed a simple model, now known as
the classical "Ross model” [10], which explained the relationship between the number
of mosquitoes and incidence of malaria in humans. From the Ross’s model, several
models have been developed by researchers who extended his model by considering
different factors such as latent period of infection in mosquitoes and humans [11,12],
age-related differential susceptibility to malaria in human population [11,13,14], ac-

quired immunity [13,15,16], and genetic heterogeneity of host and parasite [17-21].

Ross in his first mathematical model of malaria used the word ”“pathometry” to mean
“quantitative study of a disease either in the individual or in the community”. Through
his model, he showed that reduction of mosquito numbers “below a certain figure”
(transmission threshold) was sufficient to control malaria [10]. The major advantage
in Ross’s models was his ability to provide a suitable control strategy through the
transmission threshold criterion which is based on the reproductive capacity of the
parasite and is termed as the basic reproductive number (R;). Although the idea of
threshold was first introduced by Ross, it originated from Fisher’s “net reproductive

value” for a parasite [22].

In 1911, Ross introduced the first deterministic differential equation model of malaria
by dividing the human population into susceptible (S;) and infected (I;) compart-
ments, with the infected class returning to susceptible class again leading to the SIS
structure. The mosquito population also has only two compartments susceptible(S,,)
and infected (I,,), but they do not recover from infection due to their short lifespan,
and thereby follow the SI structure.

Ross did not consider the latency period of the parasite in mosquitoes and their sur-
6
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vival during that period in his model. This resulted in the model predicting a rapid
progress of the epidemic in human and a higher equilibrium prevalence of infectious
mosquitoes. After about 40 years, George Macdonald, in the 1950s, reasserted the
value of mathematical epidemiology based on 20 years of fieldwork. He modified
Ross’s model and obtain the so-called Ross-Macdonald model, which still is the basis

for much malarial epidemiology [13]. This Ross-Macdonald model is defined as

@ = (abM)y(l —-X)—rXx
;I; N (2.0.1)

i ax(1-y)-puy,

where x is the fraction of infectious humans; y is the fraction of infectious female
mosquitoes; a is the number of bites on humans by a single female mosquito per unit
time, usually day; b is the probability of transmission of infection from an infected
mosquito to a susceptible human per bite; M is the size of the total female mosquito
population; N is the size of the total human population; r is the rate of recovery for
infectious humans; and yu is the death rate of the female mosquito population [23].
He develop (2.0.1) by integrating biological information of latency in the mosquito
due to malaria parasite development, and concerned the survivorship of adult female
mosquito as the weakest element in the malaria cycle. This provided the basis for a
massive World Health Organization (WHO) coordinated campaign, which focused on
using the insecticide dichlorodiphenyltrichloroethane (DDT) that killed mosquitoes,
which resulted in the elimination of malaria transmission among 500 million people

in Africa .

Macdonald termed the latency period as t,,, and introduced the Exposed (E,,) class in
the mosquitoes. Therefore, in his model the mosquito population is divided into three
compartments (SEI), and the model studies the time evolution of the exposed (E,,) and

infected (I,,) classes in mosquito [12].

Total population size was assumed to be constant for all malaria models which came
before Ngwa and Shu’s model. Ngwa and Shu [24] proposed an immunity model in
which disease related death rate is considered to be significantly high, and the total
population is not constant. The Ngwa-Shu model consists of four compartments in

humans Susceptible (S;), Exposed (E), Infected (I;;) and Immune (Rj,) and three com-
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partments in mosquitoes Susceptible (S,,), Exposed (E,,), Infected (I,,,). Mathematical
analysis of the model shows that the basic Reproductive number, R,, can describe
the malaria transmission dynamics of the disease, where a globally stable disease-free
state exists if Ry < 1, while for Ry, > 1, the endemic equilibrium becomes globally
stable. This model explicitly shows the role of inclusion of demographic effects (net
population growth) in predicting the number of fatalities that may arise as a result of

the disease.

Yang et al. [6] proposed SIR for the human and SI for the vector compartment model.
But in their model, Yang et. al. assumed that the number of births for human and
mosquito are independent of the total human and mosquito population. This assump-
tion was later modified by Abadi and Krogstad [7]. Abadi and Krogstad extended the
model of Yang et al. by making the number of births for human and mosquito depen-
dent of their respective total population. However, their model needs a modification
since it allows permanent immunity for recovered humans, which is not a valid as-
sumption because malaria does not confer permanent immunity [8]. So we will modify
the model in [7] by allowing the immunity of the recovered humans to wane through

time. Thus, our model is SIRS for human population and SI for mosquito population.



Chapter 3

Model Formulation and Analysis

3.1 Model Formulation

In this section, we formulate a mathematical model of malaria transmission with wan-
ing immunity. Because humans might repeatedly infected due to not acquiring per-
manent immunity so the human population is assumed to be described by the SIRS
model. Mosquitoes are assumed not to recover from the parasites due to their short
lifespan so the mosquito population is described by the SI model. Recovered human
hosts have temporary immunity that can be lost and are again susceptible to reinfec-
tion. All newborns are susceptible to infection, and the development of malaria starts
when the infectious female mosquito bites the human host. The vectors do not die

from the infection or are otherwise harmed. The flowchart of the model is shown in

Figure 3.1.
Wy,
ay ay ay
A T wSuly/Ny, nln T
h S, B v 4 R,
AN ﬂh /31/ 3 ’
o Ph
Av ﬁvsvlh/Nh F
Sy
aV aV

Figure 3.1: Malaria model flowchart
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Table 3.1: State variables of malaria model

Symbol

Description

The number of susceptible human population
The number of infected human population

The number of recovered human population

The number of susceptible mosquitoes population

The number of infected mosquitoes population

Table 3.2: Parameters of malaria model

Symbol

Description

The recruitment rate of humans

The natural death rate of humans

The human contact rate

Per capita recovery rate for humans

Per capita disease-induced death rate for humans
The per capita rate of loss of immunity in human
The recruitment rate of mosquitoes

The natural death rate of mosquitoes

The mosquito contact rate

The flowchart leads to the following system of non-linear ordinary differential equa-

tions

ds, WSyl

W :Ah—ﬁThv +CL)th—OChSh,

dl,  BuS,l

Tt P N, = —yuln = puly — anly,
dR
d_th :yhlh—a)th—ath, (3'1'1)
ds, B BvSuly S

dt ~— U Nj, v

% — ﬁvsvlh _ I

dt Ny, vty

subjected to the initial conditions

Sy(0) = Spo, 1(0) = Ino, Rp(0) = Ry, S,(0) = Syo, 1,,(0) = Lo,
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where Nj, and N, represent the total size of the human population and mosquitoes

population respectively. All the parameters can be found in Table 3.2.

In the model, the term ﬁ’f]—’f” denotes the rate at which the human hosts S, get in-
fected by infected mosquitoes I, and %:Ih refers to the rate at which the susceptible

mosquitoes S, are infected by the infected human hosts Ij,.

The total population sizes N and N, can be determined by N;, = S;, + I}, + R, and

N, =S, + I, or from the differential equations

dN,

d_th :Ah—ahNh—phIh, (3.1.2)
N,

ddt” =A, - a,N,, (3.1.3)

which are derived by adding the first three equations of the system (3.1.1) for the
human population and the last two equations of the system (3.1.1) for mosquito vector

population.

3.1.1 Invariant Region

The model represented by the system (3.1.1) will be analyzed in the feasible region and
since we are working with population all state variables and parameters are assumed

to be positive. The invariant region can be obtained by the following theorem.

Theorem 3.1.1: Invariant Region

The solutions of the system (3.1.1) are feasible for all t > 0 if they enter the

invariant region ( = Q;, x Q),,, where

A A
Q= {(thlthh) €R}:Sy+I,+R; < a—h} Q, = {(Swlv) eR2:S,+1, < —”}
h

v

Proof: Let (Sy, I, Ry, S,, I,)) € R2 be any solution of the system (3.1.1) with non-negative
initial conditions. For simplicity, we split the solution into two parts; the human
population, Nj; and the mosquito vector population, N,. In the absence of the dis-
ease(malaria), i.e I, = 0, equation (3.1.2) becomes

dN

h
— +a,N;, <Ay,
it aplNy = Ay
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Solving for Nj, yields

A )
Nj, < Zhy Ce ont, where C is constant.
ap

Using the initial conditions at t = 0, Nj,(0) = Nj

A A
Ny, < h + (NhO - —h)e_aht.
477 ap

which can be easily obtained by applying the theorem for differential inequality [25].
Then

A
0<N, <=
ap
Therefore, as t — co the human population Nj, approaches the parameter K = 2—:

which is usually called the carrying capacity. Hence all feasible solutions set of the

human population of the model (3.1.1) enters the region

A
Qp = {(Sh,lh,Rh) E]R;O’r S+ 1+ Ry, < a_h}
h

Similarly, the feasible solutions set of the mosquito enters the region

A
Q, = {(s,,,lv) eR2:S,+1, < —”}.

oy

Therefore, the feasible solution set for the malaria model (3.1.1), given by (2 = (3, xQ),
is positively invariant and hence the model is biologically meaningful and mathemat-

ically well-posed in the domain Q. O

3.1.2 Positivity of Solutions

For the system (3.1.1) with a non-negative initial data to be epidemiologically mean-
ingful and consistent, we need to prove that all the state variables must remain non-

negative Yt > 0.
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Theorem 3.1.2: Positivity

Let the initial conditions of system (3.1.1) be positive. Then the solutions

(Sp(t), In(t), Ry(t), Sy(t), I, (t)) of the system is non-negative for all ¢ > 0.

Proof: From the first equation of the system (3.1.1), we have

as
d—th = Ah - ApSy+ wp Ry — ap Sy, > —(/\h + ah)Sh, where Ap = ﬂth/Nh.
Then
das
=oh > —(Ay, + ap)dt,
Sh
which implies
t
InS;, > —J‘ (An(s)+ ap)ds +c, where c is constant.
0

Hence, using the initial condition we obtain
Sh(t) > Sh(())e_fot(/\h(sﬂah)ds > 0.

And from the second equation of the system (3.1.1), we have

dl,

T AnSh =yl — endn — aply > —(yn + o + ap) I

In a similar manner, we get
I,(t) > I (0)e~rntenran)t > g

From the third equation of the system (3.1.1), we have

dR,,

e Vilp — wpRy — ap Ry > —(wp, + ap) Ry,

Thus,
Ry,(t) > Ry, (0)e™(@ntanlt > o,
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From the fourth equation of the system (3.1.1), we have

as,
dt

=A,-1,S,-a,S,, where A, = B,1;,/Ny,

2 _(/\v + av)sv-

Hence,

S, () = S, (0)e” o nsrands 5 o
Finally, from the fifth equation of the system (3.1.1), we have

dl,

E = A,,Sv — CYVIV > —a,,Iv.

Thus,
I,(t) > I,(0)e" %' > 0.

3.2 Model Analysis

3.2.1 The Basic Reproduction Number

Intuitively from the epidemiological point of view, the basic reproduction number(R)
is the average number of new cases(infections), that one infected case will generate
during their entire infectious lifetime [26-28]. It is very important in determining

whether the disease persist in the population or die out.

We use the next generation matrix to compute Ry. Let us assume that there are n
compartments of which the first m compartments correspond to infected individuals.

Let
= %;(x) be the rate of appearance of new infections in compartment i,

- 7.7(x) be the rate of transfer of individuals into compartment i by all other

means, and

-> 7.7 (x) be the rate of transfer of individuals out of compartment i.
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It is assumed that each function is continuously differentiable at least twice in each
variable. The disease transmission model consists of nonnegative initial conditions

together with the following system of equations:

dx,-
dt

= fi(x)=Zi(x)-Vi(x), i=1,...,n, (3.2.4)

where 7(x) = ¥ (x) = /" (x).

1
The next step is the computation of the m x m square matrices F and V which are
defined by

%(Xo) with 1 <i,j <m.

F= [%(Xo)l and V =

such that F is non-negative, V is a non-singular M-matrix and x, is the disease free
equilibrium point (DFE) of (3.2.4). Since F is non-negative and V is non-singular, then
V-1 is nonnegative and also of FV~! is non-negative. The matrix FV~! is called the

next generation matrix [29]. Finally, the basic reproduction number is given by
RO = p(FV_l )r

where p(A) denotes the spectral radius of a matrix A and the spectral radius, p(F V‘l),

is the largest absolute value of eigenvalues of the next generation matrix.

To determine the basic reproduction number, let us rewrite the system (3.1.1) starting
with the infected compartments for both populations; Ij,I, and followed by unin-

fected classes; Sy, Ry, S, also from the two populations, then the system becomes

dl,  BpS;l
T - ﬁThv = VYuln — onlp — aply,
dl, [)’VS,,I;,
v _ —a,l,,
dt Ny, Gy
das S, L
d_fh :Ah—%+thh—ahSh, (3-2-5)
h
dR,
- VYulp — wp Ry — apRy,
ds S, I
d_tv :Av_/jvTZh_avSV'

From the system (3.2.5), .# and 7 are defined as
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ﬁhlf]hfv
F=| " | (3.2.6)
Igvsvlh
Nj
and
(Vn+pn+ap)l
YV = . (3.2.7)

avIv

The disease free equilibrium (DFE) of the model is computed by setting the right hand
side of the model (3.1.1) equal to zero with I, = 0 and I, = 0. Then the Jacobian matrix
of (3.2.6) at the disease free equilibrium (DFE) E, = (2—:, 0,0, A

J s
a‘V

0) is given by

0 Bn

BuAv/ay
Ay/ay

F =

Similarly, the Jacobian matrix of (3.2.7) at the DFE Ej is

Yhtpentay O

0 ay
The inverse of V is
1
V_l _ YhtPrtan
1
0=
Therefore, our next generation matrix is
0 B
FVl= v
ﬁvAvah

ayAp(yntpntar)
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The eigenvalues of the next generation matrix are

A A
/\1 —_ ghﬁv v&p ) and /\2 _ fhﬁv v &) )
Apay(yn+pn+ap) Apay(yn+pn+ap)

which were computed using Maple™.

Since R is the biggest non-negative eigenvalue of the next generation matrix, we have

Rn = ﬁhﬂv/\vah
0— 2 .
Apay(yn+pn+ap)

Then the reproduction number is given by

Ro =+ RoyRop

* Ry, = £ 2/2\” is the contribution of the mosquito population when it infects the
v

humans, and

Bran

+—————— is the human contribution when they infect the mosquitoes.
An(yntontan)

* Rop =

The square root represents the geometric mean of the average number of secondary
host infections produced by one vector, and the average number of secondary vec-
tor infections produced by one host. The basic reproduction number can be used to

determine the local stability of the disease free equilibrium point.

3.2.2 Stability of Disease Free Equilibrium Point

The equilibria are obtained by equating the right hand side of the system (3.1.1) to
zero. Disease-free equilibrium (DFE) of the model is the steady-state solution of the
model in the absence of the disease (malaria). Hence, the DFE of the malaria model

(3.1.1) is given by

0,0,—,0].

A, A
Fo= (5019, RE S018) = £2,0,0,22,0)
v
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The DEFE, E,, of the system (3.1.1) is locally asymptotically stable if Ry < 1.

Proof: The Jacobian matrix of (3.1.1) at the disease-free equilibrium E is

—ay 0 wp, 0  —pn
0  —(yn+pntan) 0 0 PBn
J(Eo)=| o Vi (ap+wy) O 0 | (3.2.8)
0 —’Z"—A‘;‘h 0 —a, 0
0 Bty 0 0 -a,

The eigenvalues of the Jacobian matrix (3.2.8) are the solutions of the characteristic
equation given by

[J(Eg) — Al5| =0,

where I5 is the identity matrix of order 5. Then we have

oA 0 @h 0 —Pn
0 —(yntpntan-A 0 0 Bu
0 Vi —(ap+wp)-A 0 o |=0. (3.2.9)
0 _%\—}}\? 0 —a,— A 0
0 B 0 0 —a,-A

The first column of (3.2.9) is all zero except the first entry, which is —aj, — A. Thus, we

have the first eigenvalue; A; = —ay,. The rest of the eigenvalues are computed from the



3.2. Model Analysis 19

following equation

—(Yntpntap)—A 0 0 B
Vh —(ah+wh)—/\ 0 0
= 0. (3.2.10)
__ﬁzlv\xjh 0 —a,— A 0
ﬁv/\va
TAhh 0 0 -y, -A

The third column of (3.2.10) has only one non-zero entry which is in its diagonal, i.e.
—a, — A. Then A, = —a,, is the second eigenvalue of (3.2.8). The other eigenvalues are

computed using the equation

—(yn+tpn+tap)-A 0 Bh
Byt 0 —a, A

The second column is zero except in its diagonal. In a similar manner, the third eigen-
value of (3.2.8) found to be A3 = —(aj, + wy,). Note that all of the eigenvalues we have

found so far are all negative. The remaining eigenvalues are found using the equation

~(Yn+pntap)—=A By

= 0. (3.2.12)
'I/A'U
bk —ay -4
The algebraic simplification of (3.2.12) gives
A%+ (k+ay) A+ ka, (1-R3) =0, (3.2.13)

where k = y;, +pp,+aj, > 0. Routh-Hurwitz criteria [30], gives a necessary and sufficient

condition for the negativity of the roots (eigenvalues) of (3.2.13). In our case, the
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condition of Routh-Hurwitz criteria is reduced to the condition
ke, (1-R5)> 0. (3.2.14)

But we know that k > 0 and a, > 0. Hence, if we need equation (3.2.14) to hold, then
R should be less than a unity. Therefore, the DFE E is locally asymptotically stable
if Ry < 1. O

Theorem 3.2.2

If R} < A, the disease free equilibrium (Ey) of the system (3.1.1) is globally asymp-

totically stable, where

_ ﬁhﬂvphl\v
az Ap(yn+pn+an)

Proof: To establish the global stability of the DFE (E,), let

Ay
h ha,
Ri=1- Pububic, :

A
Ay oror (Vi Pn+ @)

We notice that Ry = R% +1—A, thus R; <1 is equivalent to R% < A. Since

AN,
7 = An—anNy = puln 2 A= (@ + )N
we have
A
Ny > —"1
ap+pPp

Now we choose the following Lyapunov function
LIy 1,) = 221+,
Pn

Differentiating the Lyapunov function with respect to t, we obtain
L a, dI N dr,
dt By dt  dt

ay ﬁhshlv ﬂvsvlh
=— —(Yn+pon+ap)ly|+ -
Brn\ Ny VTP ) N,

aVIv
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Sth

_ Y BoSoln _
=0y Nh ﬁh (7h+ph+ah)lh+ N avlv
S a S
= (ﬁvﬁ; _ﬁ_:(7h+ph+ah))lh_av(1 _ﬁ};)lv
Av/av ay )
< _— + +ay) |l

B 2
= Ry —1)1I,.
av(Vh"‘ph"‘ah)( ! )h

Thus we have established that % <0if R; <1 and % =0if and only if [, =0, [, = 0.

Therefore, the largest compact invariant set in

dL
{(ShlIh:Rh: Sv:Iv) cQ: E = 0},

is the singleton set {Ey} in Q. From LaSalle’s invariant principle [31], every solution
that starts in the region () approaches Ej as t — co and hence, the DFE E; is globally

asymptotically stable for R < A in Q. O

3.2.3 Existence and Stability of Endemic Equilibrium Point

Endemic equilibrium point (EEP) is a steady state solution where the disease persists
in the population. The EEP E, = (S}, 1, R} S;, I;)) can be determined by setting the right
hand side of the model (3.1.1) equal to zero.

Solving the third equation of (3.1.1) gives

R, =10 _p¢
ap + wy

From the fourth equation of (3.1.1) we get

AN},
Sr=—*r 0 (3.2.15
" ayNp+ Bl )
The fifth equation of the model (3.1.1) gives
I = Pu SyI. (3.2.16)

v ath
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By substituting (3.2.15) into (3.2.16) we obtain

OvaOvI;’le
[ =—r2rh (3.2.17)
v aVNh + [)’th
where R, = /3212\".
When we substitute (3.2.17) in the second equation of (3.1.1) we get
ﬁhS]: avROVIZ
—(yp+pn+ap)l; =0,
Ny \auNp+ Bl (vn+pn+anl,
which implies I, = 0 or
BnavRoy Sy, — Ni(yn + pn + an)(ay Ny + B, 1) = 0.
Then
apPrayRoy Sy A
hﬁh vR0v oy _(av_h"‘ﬁvl;,) —0.
Ap(yn+pn+ an) ay
Thus, we get
o OAit @bl
h ahang ’
where R% = Ry, Ropn, Rop = % and I} is obtained by solving the equation
A(I})*+BL;+C=0, (3.2.18)
where
A = apay B ynwn RGNy — anay, BBy Roy — aj vy By (@ + wp) N},
B = aja, BpAp(ay + wp) RGN + apay ypwp RGN, ( )
3.2.19

— e, Prlp(ay + )Ny — aj o, Bolay + wp)NJ — al BnAyRq,,

C= aha,‘z‘Ah(cxh + a)h)th(l —R%).

From (3.2.19) it follows that C > 0 whenever Ry > 1. Thus, the number of possible

positive real roots for (3.2.18) depends on the signs of A and B. This can be analyzed
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using the Descartes’ Rule of Signs on the quadratic function
f(I;) = A(I;)* + BI; + C.

The different possibilities for the roots f(I}) are tabulated in Table 3.3.

Table 3.3: Number of possible positive real roots of f(I}) for Ry <1 and Ry > 1.

Cases A B C Ry Number of sign changes Number of positive real roots

1 + + + >1 0 0
2 + + - <1 1 1
3 + - + >1 2 2
4 + - - <1 1 1
5 -+ + >1 1 1
6 -+ - <1 2 2
7 - - 4+ >1 1 1
8 - - - <1 0 0

Hence, we have established the following result

The system (3.1.1) has a unique endemic equilibrium point where one of the

cases 2,4,5 and 7 in Table 3.3 are satisfied.

To show the local stability of the EEP, we solve equation (3.2.18) and we get

1[(Qu-Q+ VK —Ky)

I; = ¢, 3.2.20
=27 e (3-2.20)
where
Q . a}%ﬂﬁﬁvAvthh
1 — ’
oy Ay(yn+pn+ ap)
252
a; B Pu A
2= % +apBy(ay + wp)N7,
v
Q _ aiﬁﬁ/ﬂvAv(ah+wh)Nh aﬁthhﬂhﬂv/\vNﬁ
> ay(Yn + pn + ap) An(yn+pn+ap) ’

Qu = apay By PrAn(ay + wp)Ny + aj oy By (ay + wp)NE + BBy AnAsy,
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K, =4Q,Q5R5+4Q,Q5 + Q3 + Qf,
Ky = QQsR§+4Q,Q5+2Q3Qy.

Then we have, the endemic equilibrium point, E, = (SZ, I;l, RZ, S;, 1), where

* * * * H *
St=H +H,(, I; =C, R, = H3(, S = 4

with

avAh

A ApA

’ -~ 5 — ’ 4 » HS =
aha,,R(z) a,,R% ap+ wy ap

=—, Ir = _—
H5+H6C v H4+H6C

; » He = py, Hy =

/J)VAV
a,

*

Now, the Jacobian of 3.1.1 at the endemic equilibrium point, E, = (S;,I;, R}, S;,I}) is

given by
“-m-ap, 0  wy 0 —12
m —k 0 0 "2
J(E.) = 0 S 0 o | (3.2.21)
0 M3 0 —my-a, 0
0 ns 0 4 —Qy
where r = aj, + wy, k =y, + pp + @ and
_ PuHyCay, _ Bu(CHy+Hy)ay, — ByHaay, _ BuCay,
N CherHAy P AP TCHerH)AY T A,
The characteristic equation of (3.2.21) is given by
M+ KA+ KA+ K3 A2+ Ky A+ K5 = 0, (3.2.22)

where

Ky =2a,+n4+r+k+n+a,>0,
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K, = —(=kr —kay, — 2ka, —kijy — kg —ray, — 2ra, — rijy — rij4 — 20,0, — aptjy — a2
= 20,11 = Aty =114+ 12713),

K3 = —(=kray, —2kra, —krny —krng = 2kapa, —kapng — ka? - 2kay,m —kayng —kniny
—2rapa, —rapng — rag —2ray,ny —ray,Ng — 1y s+ 1tz — aha,% —apay, g+ apons
— Qg — Qs+ AyTats + Vi),

Ky = —(=2krapa, —krayn, —kraZ — 2kra,n, —kragyn, —kripng — kaya? — kapa,ng,
— ka,%;h —kayning— rapa’ - rapo, g+ raptas — ra%ql — QN1 1y + T3
+ ARy I3 + 200 Y1 @+ YRt awn)

K5 = krahaf +krapa,ng+ krafm +kra,mng —rapa,nns — afyhmwh — Ay Y 4@y,

We use Routh-Hurwitz Criteria [32] for polynomial of degree 5 and conclude the fol-

lowing result

Theorem 3.2.4

The endemic equilibrium point, E, of the model (3.1.1) is locally asymptotically

stable whenever

K;>0fori=2,3,4,5 K K,K3—K?-KKs>0and

(K1 Ky = K5)(K; K,K3 — K3 — K1 Ky) = Ks(K; Ky = K3)* = K K2 > 0.

The existence of multiple endemic equilibrium point when Ry < 1 is shown in Table
3.3 which suggests the possibility of backward bifurcation [33], where the stable DFE
coexists with a stable endemic equilibrium, when the reproduction number is less than
unity. Thus, the occurrence of a backward bifurcation has an important implications
for epidemiological control measures, since an epidemic may persist at steady state

even if Ry < 1. This will be explored in the next section.

3.2.4 Existence of Backward Bifurcation

We shall use the following theorem in [34], to show that the system (3.1.1) exhibits

backward bifurcation at Ry = 1.
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Theorem 3.2.5: Castillo-Chavez, Song

Consider the following general system of ordinary differential equations with a

parameter ¢
— =f(x,¢), f:R"xR—-Rand feC*R"xR). (3.2.23)

Without loss of generality, it is assumed that 0 is an equilibrium for system

(3.2.23) for all values of the parameter ¢, (thatis f(0,¢) = 0). Assume

(A1) A = D,f(0,0) = (%(0,0)) is the linearized matrix of system (3.2.23)
]

around the equilibrium 0 with ¢ evaluated at 0.

(A2) Zero is a simple eigenvalue of A and all other eigenvalues of A have nega-

tive real parts;

(A3) Matrix A has a non-negative right eigenvector w and a left eigenvector v

kth

corresponding to the zero eigenvalue. Let f; be the component of f

and

n
2”fi
a= Z vkwiij(;(0,0),
k.i,j=1 P

X . (3.2.24)
_ )
b= i; VeW; 8xi8¢(0'0)'

The local dynamics of system (3.2.23) around 0 are totally determined by 4 and
b.

i. a>0,b > 0. When ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable and
there exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable

and there exists a negative and locally asymptotically stable equilibrium.

ii. 2 < 0,b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is
locally asymptotically stable, and there exists a positive unstable equilib-

rium;

iii. a>0,b <0. When ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ < 1, 0 is stable,

and a positive unstable equilibrium appears;
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iv. < 0,b> 0. When ¢ changes from negative to positive, 0 changes its stability
from stable to unstable. Correspondingly a negative unstable equilibrium

becomes positive and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

To apply the above result, the following simplification and change of variables are
made on the system (3.1.1). Let S, = x1,I, = x, R}, = x3,S, = x4 and I, = x5. So, N, =
X1 + x5 +x3 and N, = x; + x,. Moreover, by using vector notation x = (xy, x,, X3, X4, X5)",

the system (3.1.1) can be written in the form % = (fi, for f3 far f5)T as follows

dx, BnX1Xs

e :fl :Ah——+wh3€3—0[hxl,
dt X1 +Xy+X3

dx; Br¥x1%5
—==fr=———"——(yntpn+anx,,
T Cereeremial VR L
dX3

Fr f3 = ynxa — wpx3 — apxs, (3.2.25)
dxy Bvxax

— :f4 :Av———OKVX4,

dt X1 +Xy+ X3

dxs _ s Buxaxs

A R,

dt X1 +Xy+X3

Choose fj, = f;, as a bifurcation parameter. Solving for g, from R, =1 gives

Apa}(yp+pn+ap)
ﬁvAvah

’

P =

The Jacobian matrix of the system (3.2.25) evaluated at the disease free equilibrium

Ey with g, = B, is given by
—ap 0 Wy 0 —Bn
0 -k 0 0 B

]*: 0 Vh —(ah+a)h) 0 o |

0 -d 0 —a, 0
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where k =y, +p,+ apand d = (B, A, ap)/(a, Ay).

The Jacobian J, of the linearized system has a simple zero eigenvalue with all other
eigenvalues having negative real part. For the case when Rj = 1, using the technique
in Castillo-Chavez and Song [34], it can be shown that the matrix J, has a right eigen-

vector (corresponding to the zero eigenvalue), given by w = [w; w, w; wy ws]T, where

2
aj + (yn+ wp+pplap+ wppy wp + ay,
w, = - w3, W= w3, w3z=w3>0,
Vh&h Vh
Py + ay) _apPpy(wy + ayp)
4 = 2 w3, Ws5= 2 w3
Yy Ay Yoy Ay

Similarly, the components of the left eigenvector of ], (corresponding to the zero eigen-

value), denoted by v = [v; v, v3 v4 V5], are given by

Ay« +popt+a
Vi =v3=v4=0, v,=v,>0, v5= hV(W;\ P+ an) 5.
ﬁv v&p

Computation of a

By computing the second-order partial derivatives at the disease free equilibrium

point we have

8?12]8[23(] =0, forj=1,2345
8??8[239 =0, forj=1,234
aijgz,cj =0, forj=1,234
ai:;x] =0, forj=1,2345
92}8[2;9. =0, forj=145

where as

P fHh  hHh By

8x28x5 B 8X58X2 B Ah ’

’h _ PhH P
8x38x5 8X58X3 Ah '




3.2. Model Analysis

29

Similarly,
82f5 .
99, =0, forj=1,3,45
82f5 .
7% 8x]- =0, forj=5
*fs
= f | = 1} ;4;
8x38x]~ 0, forj 3,4,5
2% fs .
9310, =0, forj=1,3,45
*fs
= fori=1,2
s Bx]- 0, forj ,2,3,4,5
while
Pfs _ Pfs _ By Pfs  Pf
axlaxz B 8X28X1 B a’I/Ai B 9x2(9x3 B ax38x2'
P fs _Zﬁv/\vai P fs P fs Py
dx? a,A? " Oxy,0xy  Oxgdxy, Ay
Then

92 92
a UQwa Ifr 00+v5wa s (0,0)

T 0x;0x; ]8x18x
ij=1 ij=1
Bnan Bran
=2v; | —wow
2( 2Ws TN W3Ws A,
Aya? 2B, A, a? Aya? a
+ 25 —wlwzﬁv St w3 Py o —w2w3ﬁv ok +w2w4ﬁv h
a,A; ay A; ayA; Ay,

2(yn+pn+an) (@i + (yn+ wp + pr)ag + 0ppp) (wp + ap)vaw3

Apyr
day(yp+ o+ an)wp + ap)?vowy  2ay(wp+ ay)(yp+ e + an)vw3
) Anyi - Apyn
2050, Bu(yn + P+ an) (@ + ap)*vow3

i

~2yntpntap)(wp+ap) [Ofﬁ + (Vn+ wp+ pp)an+ onpn 20 (wp +ap)

Vh Apyn Anvn
_apayPu(wp + ap)

Vh

v2w§

ay

Ay
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_2(av(7/h+ph+ah)(wh+ah))2 ﬁvAvph _R2 v2w2
= 0 3

Vi BrBoani, Ao (yn+pn+ap)

Computation of b

To compute b we need to find the second order derivatives of f, and f5 with respect to

x; and B, at the disease free equilibrium point. Direct computation shows

2
’h__ 0, fori=1,23,4
Ix; By,
9 fs
- ’ f ] — 112) 141 ’
axiaﬁh 0 ori 3,4,5
and
9 f
= Bp-
dxs9By,

° sz
Z VWi ox aﬁh ) = ﬁhv2w5 > 0.

i,k=1
Since b is positive, it follows that the sign of a determines the local dynamics around

the disease free equilibrium for §, = ;. Based on Theorem (3.2.5), system (3.1.1) will

undergo backward bifurcation. Hence the following result holds.
Theorem 3.2.6

The malaria model (3.1.1) exhibits backward bifurcation at Ry = 1 whenever a is

positive.

Notice that a > 0 © Ry < VM where M = 23’3”%. Moreover, M =1 gives
Ahav(7h+ph+ah)

Ajad(yn+ ap)
> = O
BoAy—Ajai

P =

Hence, if the disease induced death rate satisfies 0 < pj;, < p;, then the disease can be

eradicated provided that Ry < 1.



Chapter 4

Numerical Simulations and Result

In this chapter we present a numerical simulations of the model which is carried out
using a fourth order Rung-Kutta scheme in Matlab ode45. The values of the parameter

used in the model are given in Table 4.1.

Table 4.1: Parameter values

Parameter Values Reference
Ay 2.5 [35]
Bn 0.01 [6]
ay 0.05 [12]
On 0.0001 Assumed
Vi 0.9 7]
A, 500 [35]
Bu 0.005 [6]
a, 0.06 [12]
Wy, 0.9 Assumed

The initial conditions S;(0) = 19413000, I;(0) = 3797000, R;(0) = 3790000, S,(0) =
16800000, I,(0) = 38200000 were used for the simulations. In Figure 4.1, the frac-
tions of the populations, Sy, I, and R, are plotted versus time. The susceptible pop-
ulations will initially decreases with time and then increases and the fractions of in-
fected human populations decrease. The reproduction number is below one and the

disease-free equilibrium point Ey = (A}/ay, 0,0) is stable. The susceptible and infected

31
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mosquito population decreases over time as shown in Figure 4.2.

107

0.8

Number of People

0.6 |:
:
0.4 3
\

0.2 -

A | L L L | |
0 100 200 300 400 500 600 700 800 900 1,000
Time

Figure 4.1: Simulations of the model (3.1.1) for susceptible, infected and recovered
human population which shows the local stability of the disease free equilibrium.
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Figure 4.2: Simulations of the model (3.1.1) for susceptible and infected mosquito
population which shows the local stability of the disease free equilibrium.
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Figure 4.3: Time series plot of the model (3.1.1) with different initial conditions which
shows the global stability of the disease free equilibrium.
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Figure 4.4: Simulations of the model (3.1.1) for R, = 47.6631 with parameter val-
ues Ay = 0.000091,A, = 0.071, B, = 0.0714285, 8, = 0.09091, y;, = 0.000014285, ay, =
0.00004278, ar,, = 0.04, p;, = 0.0000027, wj, = 0.109

The following parameter values were used to simulate the bifurcation diagram A, =
7,A, = 0.071,a), = 0.23,a, = 0.54,B, = 0.82,;, = 0.143,p; = 0.27,w;, = 0.011. It is

important to note that these parameter values were used for illustrative purpose only,
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Figure 4.5: Simulations of the model (3.1.1) for Ry = 47.6631 showing infected human,
infected mosquito and recovered human.
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Figure 4.6: Backward bifurcation phenomenon

and may not be realistic epidemiologically.



Chapter 5

Discussions and Conclusion

5.1 Discussions

House spraying with residual Insecticides and mosquito bed nets are the major inter-
vention measures used in these days to prevent malaria transmission. These methods
reduce the contact rates between the mosquitoes and humans. Other measures em-
ploy the use of anti-malarial drugs which have the effect of reducing the infectivity
of the human host. Indoor Residual Spraying (IRS) reduces mosquito longevity and it
also reduces mosquito fertility. This strategy is also likely to kill mosquitoes that rest
indoors after feeding so it would increase the chances of killing infected mosquitoes.
Indoor residual spraying increases the mosquito death rate a,, and reduces the num-
ber of mosquitoes. Increasing «, can be effective in reducing the malaria burden. The
other intervention measure, Insecticide-Treated bed Nets, prevent mosquito-human
contacts which reduce the number of bites per mosquito. Reducing the number of
blood meals that each female mosquito gets would also lower the mosquito recruit-
ment rate, A,, which in turn reduces the number of mosquitoes. This is found to be the
most effective control strategy in reducing disease transmission. Therefore, all these
control strategies are an effective way of controlling most of the parameters which are
involved in our model. In order to determine the efficient way to tackle malaria, and
reduce malaria mortality, it is necessary to know the relative importance of the dif-
ferent factors responsible for its transmission and prevalence. The basic reproduction

number is such an important tool, which allows us to determine the importance of

35
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the parameters in the disease transmission. From our computation of the basic re-
production number we have noticed that R is independent of the rate of immunity
loss. We have also noticed that an increasing mosquito to human contact rate f;, the
mosquito recruitment rate A,, and the human to mosquito contact rate g,, leads to
an increase in the basic reproduction number and this leads to for disease to be hard
controlling. Furthermore, we have seen that bringing R less than unity is necessary

but not sufficient condition for the disease eradication.

5.2 Conclusion

In this study, a deterministic mathematical model for malaria transmission has been
presented. It was showed that there exists a domain in which the model is mathe-
matically and epidemiologically well posed. The next generation matrix was used to
derive the basic reproduction number R, which is the average number of new cases
that one infected case will generate. The disease free equilibrium of the model was
proved to be locally asymptotically stable whenever Ry is less than unity. It is also
showed that the disease free equilibrium is globally asymptotically stable provided
that the basic reproduction number is less than some threshold. The unique endemic
equilibrium point was shown to exist under certain conditions. The possibility of mul-
tiple endemic equilibrium point was discussed. It was shown that the model undergo
backward bifurcation phenomenon. The stable disease free equilibrium coexist with
the stable endemic equilibrium. Bringing the disease (malaria) induced death rate
below some threshold was shown to be sufficient to eliminate backward bifurcation.
Thus along with treated bed nets, and insecticides that would reduce the mosquito
population there is a need for effective drug and efficient treatment which reduce the

number of malaria induced death rate.



Appendix A

Mathematical Preliminaries

A.1 Basic Definitions and Results

In this section, we provide the basic mathematical definitions and results, which are

crucial for a better understanding of this thesis work.

An autonomous system of non-linear ordinary differential equation have the form

dx
d_tl :fl(xll"'lxn);
dx
o fuw )

Which can be written concisely in vector form

dx

E—f(x), x € R"

where x = (x1,---,x,)T and f = (fi,---, fu)T [36].

Definition 1

(A.1.1)

I(xg) is an interval in R containing the origin.

Let x(0) = x( be the initial condition of (A.1.1), by a solution of (A.1.1) we mean

a continuously differentiable function x : I(xy) — R" satisfying (A.1.1), where

37
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Definition 2: [37]

Equation (A.1.1) defines a dynamical system on E C R" if, for every x € E, there

exists a unique solution of (A.1.1) defined for all t e R,.

A simple condition which permits one to imply uniqueness is the Lipschitz condition.

Definition 3: [31]

A function f(x) is said to be locally Lipschitz on a domain () C R" if each point of

() has a neighborhood () such that f satisfies

1/ (x) = f@)l < Lilx - vll for all x,y € (2.

f is globally Lipschitz if it is locally Lipschitz for every neighborhood () of R".

If f(t,x) and [d f/dx](t,x) are continuous on [a,b] x Q, for some domain Q C R”,

then f is locally Lipschitz in x on [a,b] x Q.

Theorem A.1.1: Picard-Lindelof, [31]

Let f(t,x) be a piecewise continuous in t and satisfy the Lipschitz condition

£ (8, %) = f(£9)ll < Lllx -y

Vx,y € B={x e R" : ||x — x¢|| < r},Vt € [ty,t;]. Then, there exists some 6 > 0

such that the state equation x = f(t,x) with x(¢y) = xo has a unique solution over

[to, to + 5]

A.2 Equilibria and Stability

Definition 4: Equilibrium Point, [38]

An equilibrium point (fixed point, stationary point, rest point, singularity, criti-

cal point, steady state) of the system (A.1.1) is a point x, € R" such that f(x,) =0,

i.e. a solution which does not change in time.
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Stability properties characterize how a system behaves if its state is initiated close to,

but not precisely at a given equilibrium point.

Definition 5: Stable, [38]

A critical point x, is stable provided that, for each ¢ > 0, there exists 0 > 0 such

that

[xo—x.l<6 = ||x(t)—x,|| <& forall t>0.

The critical point x, is called unstable if it is not stable.

Definition 6: Asymptotically Stable, [38]

A critical point x, is asymptotically stable if there exists 6 > 0 such that

lxog—x]l<o = lim x(t) = x,.

t—o0
A.2.1 Descartes’ Rule of Signs
Given a polynomial
P(A)=agA"+a{t +-+a, A +a, a; €R, ay = 0. (A.2.2)

Theorem A.2.1: [39]

Consider the sequence of coefficients of (A.2.2):

a,,y_1,---,41,040-

Let k be the total number of sign changes from one coefficient to the next in the

sequence. Then the number of positive real roots of the polynomial is either

equal to k, or k minus a positive even integer.

Note: if k =1 then there is exactly one positive real root.
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A.2.2 The Routh-Hurwitz Criteria

Given a polynomial

PA) = A"+ @ A" v ap A2 4o v, (A.2.3)

where the coefficients a; are real constants,i = 1,2,...,n define the n Hurwitz matrices

using the coefficients of the characteristic polynomial:

a 1 0

~

a 1
Hl:(al)’HZZ H=lay ay a

as dap
asg d4 ds
and
a, 1 0 0 0
as dp dq 1 0
H, = as ag 4z a 0
0 0 0 0 a,

where a; = 0 for j > n.

Theorem A.2.2: [32]

All the roots of polynomial (A.2.3) are negative or have negative real parts iff the

determinants of all Hurwitz matrices are positive:

detHj>O, j=12,...,n

a 1
For n = 2, detH; = a; > 0 and H, = =aya, > 0or a; >0 and a, > 0. For

0 a)

polynomials of degree 2,3,4 and 5, the Routh Hurwitz Criteria are summarized as
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follows:

n=2:a;>0anda, >0

n=23:a;>0,a3>0and aja,—asz >0
n=4:a;>0,a3>0,a4>0and a1a2a3—a§—a%a4>0
n=5:;>0,i=1,2,3,4and 5,a1a2a3—a§—a%a4>0, and

2 2 2 2
(ayaq —as)(ajazas —djz —611514) —as(aa; — as) —apas > 0

A.3 Linear Systems and Linearization

A.3.1 Linear Systems

Consider a linear systems

d
d—: —Ax, xeR" (A.3.4)

where A is a matrix of order n. Then the solutions of (A.3.4) is given by
n
x(t) = Zcie’\itxi, c;’s are arbitrary constants
i=1

where A;’s are the eigenvalues of A and x;’s are the corresponding eigenvectors.

The stability of the solutions of a linear systems is determined by the sign of the eigen-

values of its coefficient matrix. Particularly, we have the following characterization

theorem for a linear systems

Theorem A.3.1

The equilibrium point x = 0 of (A.3.4) is stable if and only if all eigenvalues of A
satisfy Re[A;] < 0.

A much simpler characterization of stability in a planar system is given by the follow-

ing result.
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Theorem A.3.2

Let A be a 2 x 2 matrix and consider the system

x = Ax,

where x € R?, then stability is equivalent to

TrA <0 and detA >0

The trace-determinant diagram shown in Figure A.1 gives the general classification of

stability of the linear systems.

degenerate sink

spiral sink

sink

detA

spiral source

A=0:
det A=} (TrA)?

|®

center

degenerate source

source TrA

line of stable fixed points

saddle

line of unstable fixed points

Figure A.1: Trace-Determinant diagram

A.3.2 Linearization

To determine the behavior near a critical point, we will linearize the non-linear system

around the critical point and use our knowledge of linear systems.

The linearization of the non-linear system (A.1.1) around the equilibrium point x, is

(A.3.5)
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where | is the Jacobian matrix evaluated at x,, i.e.

d d d

Fre) F) o Fw)
J:=](x) =

aﬂ ail 871

T(e) ge) o ()

The local behavior of the solutions near a critical point is described by the following

theorems.

Theorem A.3.3: Poincaré - Lyapunov

Suppose x, is a critical point of the non-linear system (A.1.1), and suppose the

Re(A), the real part of the eigenvalues of | (the linearization) are negative. Then

the critical point is locally asymptotically stable.

Theorem A.3.4

Suppose x, is a critical point, and the real part of at least one eigenvalue of ] is

positive. Then the critical point is unstable.

A.3.3 Hartman-Grobman Theorem

Definition 7: Hyperbolic Equilibrium Point, [40]

A critical point is called hyperbolic if the real part of the eigenvalues of the Jaco-

bian matrix | are nonzero.

The next theorem is a guarantee that the non-linear system inherits the behavior of

the linearized system.

Theorem A.3.5: Hartman-Grobman, [41]

Suppose that x, is a hyperbolic critical point of system the nonlinear system

(A.1.1). Then, in a neighborhood of x,, the system (A.1.1) and its corresponding
linearization are equivalent; i.e., there is a homeomorphism h that maps trajec-

tories in (A.1.1) near x, onto trajectories in (A.3.5).
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A.4 Lyapunov Theory

A powerful method for analyzing the stability of an equilibrium point is based on the
use of Lyapunov functions [42].

A function V : R"” — R is said to be a positive-definite function if

* V(x)>O0forall x=0,
* V(x)=0if and only if x = 0.

Definition 9

Let x, be an equilibrium point of (A.1.1) and let V : U — R be a C' function

defined on some neighbourhood U of x, such that
(i) V is positive-definite,

(ii) V(x)<0in U\{x}.

Any function, V, that satisfies the conditions (i) and (ii) above is called a Lyapunov
function [39,42].

Definition 10: Invariant Set

A set M is an invariant set with respect to (A.1.1) if

x(0)eM = x(t)e M,VteR

Definition 11: Positively Invariant

A set M is a positively invariant set if

x(0)eM = x(t) e M,Vt >0

The following result usually called LaSalle’s invariance principle, is a very important

tool in showing the global stability of a critical point.
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Theorem A.4.1: LaSalle’s

Let f(x) be a locally Lipschitz function defined over a domain D c R" and Q c D

be a compact set that is positively invariant with respect to (A.1.1). Let V(x) be
a continuously differentiable function defined over D such that V’(x) < 0 in Q.
Let E be the set of all points in QQ where V’(x) = 0, and M be the largest invariant

set in E. Then every solution starting in () approaches M as t — co.

A.5 Bifurcation

Bifurcation is the qualitative changes in the dynamics of a system, which occurs when
the system parameters are changed [43]. The parameter values where bifurcation oc-
curs are called bifurcation values (bifurcation point) [40]. A standard definition of bi-
furcation at a point is given below.

Let

d

d—’t‘ = f(x, ), xeR, ueR, (A.5.6)
be a one-parameter family of one-dimensional ODEs. An equilibrium solution
of (A.5.6) given by (x, ) = (0, 0) is said to undergo bifurcation at y = 0 if the flow

for p near zero and x near zero is not qualitatively the same as the flow near

x=0atu=0.

There are several types of bifurcation which includes; saddle-node bifurcation, tran-
scritical bifurcation, pitchfork bifurcation, forward bifurcation, backward bifurcation,

Hopf bifurcation [40].
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Mathematicians

The true method of foreseeing the
future of mathematics is to study its

history and its actual state.

Poincaré

Ronald Ross ~ amateur mathematician

Figure B.1: Ronald Ross

Born in Almora, India, Sir Ronald Ross (13 May 1857 - 16
September 1932), was a British medical doctor who received
the Nobel Prize for Physiology or Medicine in 1902 for his
work on the transmission of malaria, becoming the first
British Nobel laureate, and the first born outside of Europe.
His discovery of the malarial parasite in the gastrointestinal
tract of a mosquito proved that malaria was transmitted by
mosquitoes, and laid the foundation for the method of com-
bating the disease. He was a polymath, writing a number of
poems, published several novels, and composed songs. He
was also an amateur artist and mathematician. He devel-
oped the mathematical foundation for epidemiology, and
used insights gained from his mathematical models to re-
duce the transmission of malaria. He also published over a
dozen papers in pure mathematics [1,9,44].

46
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Daniel Bernoulli ~ a pioneer in mathematical epidemiology

Daniel Bernoulli (8 February 1700 - 17 March 1782) was a
Swiss mathematician and physicist and was one of the many
prominent mathematicians in the Bernoulli family. He is
particularly remembered for his applications of mathemat-
ics to mechanics, especially fluid mechanics, and for his pio-
neering work in probability and statistics. His name is com-
memorated in the Bernoulli’s principle, a particular exam-
ple of the conservation of energy, which describes the math-
ematics of the mechanism underlying the operation of two
important technologies of the 20th century: the carburetor

and the airplane wing [45].

Daniel was the son of Johann Bernoulli (one of the “early de-
velopers” of calculus), nephew of Jacob Bernoulli (who “was
the first to discover the theory of probability”). He had two
brothers, Niklaus and Johann II. He is said to have had a
bad relationship with his father. Between 1725 and 1749

Figure B.2: Daniel Daniel won 10 prizes from the Paris Academy of Sciences
for work on astronomy, gravity, tides, magnetism, ocean cur-

rents, and the behaviour of ships at sea. He also made substantial contributions in
probability. He shared the 1735 prize for work on planetary orbits with his father,
who, it is said, threw him out of the house for thus obtaining a prize he felt should be
his alone. Daniel’s prizewinning papers reflected his success on the research frontiers
of science and his ability to set forth clearly before an interested public the scientific
problems of the day. In 1732 he accepted a post in botany and anatomy at Basel; in

1743, one in physiology; and in 1750, one in physics [45,46].

Despite his groundbreaking contribution to physics, which also gave him the honor
to be called the father of mathematical physics, Daniel was a pioneer in mathematical
epidemiology. In 1760, he showed the effectiveness of inoculation against smallpox,
which was the first known result in mathematical epidemiology. Now, smallpox is the

only infectious disease that affects humans has been eradicated [1,44,47].



Appendix B. Mathematicians 48

Henri Poincaré ~ the father of dynamical systems

The opponent of Georg Cantor’s theory of transfinite num-
bers, Jules Henri Poincaré (29 April 1854 - 17 July 1912)
was born in Cité Ducale neighborhood, Nancy, Meurthe-et-
Moselle into an influential family. His father Leon Poincaré
(1828-1892) was a professor of medicine at the University
of Nancy. His cousin, Raymond Poincaré was the President
of France from 1913 to 1920. Poincaré was the greatest man

France had ever produced in modern times.

Poincaré grew up in Nancy and studied mathematics from
1873 to 1875 at the Ecole Polytechnique in Paris. He contin-
ued his studies at the Mining School in Caen before receiv-

ing his doctorate from the Ecole Polytechnique in 1879 un-

der the supervision of Charles Hermite. His doctoral thesis
(b) was in the field of differential equations. Poincaré devised a
Figure B.3: Poincaré ~ New way of studying the properties of these equations. He
not only faced the question of determining the integral of
such equations, but also was the first person to study their general geometric prop-
erties. He introduced a new point of view that emphasized qualitative rather than
quantitative questions. Particularly, in attacking the three body problem Poincaré de-
veloped a powerful geometric approach, which has flowered into the modern subject
of dynamics. He was also the first to use the word bifurcation [43,46].
Poincaré ’s Analysis situs, published in 1895, is an early systematic treatment of topol-
ogy. He can be said to have been the originator of algebraic topology and, in 1901, he
claimed that his researches in many different areas such as differential equations and
multiple integrals had all led him to topology. For 40 years after Poincaré published
the first of his six papers on algebraic topology in 1894, essentially all of the ideas and
techniques in the subject were based on his work. The Poincaré conjecture remained
as one of the most baffling and challenging unsolved problems in algebraic topology
until it was settled by Grigori Perelman in 2002. He is also described as a polymath,
and in mathematics as The Last Universalist by Eric Temple Bell, since he excelled in

all fields of the discipline as it existed during his lifetime [48].
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Aleksandr Lyapunov ~ a stable lover

A student of Chebyshev, Aleksandr Mikhailovich Lyapunov
was born in Yaroslavl, Russian Empire. His surname is
sometimes romanized as Ljapunov, Liapunov, Liapounoff or
Ljapunow. He was the son of astronomer Mikhail Lyapunov
and his brother, Sergei Lyapunov, was a gifted composer and
pianist. After the death of his father in 1868, Aleksandr
Lyapunov was educated by his uncle R. M. At his uncle’s
tamily, Lyapunov studied with his distant cousin Natalia

Rafailovna, who became his wife in 1886 [39].

In 1892, Lyapunov completed his doctoral thesis The general
problem of the stability of motion in which the original prob-
lem was proposed by his mentor Chebyshev. Afterwards,
he contributed to several fields, including differential equa-
tions, potential theory, dynamical systems and probability

theory. His main preoccupations were the stability of equi-

Figure B.4: Lyapunov libria and the motion of mechanical systems, and the study
of particles under the influence of gravity. His work in the
field of mathematical physics regarded the boundary value

problem of the equation of Laplace. In the theory of potential, his work from 1897 On
some questions connected with Dirichlet’s problem clarified several important aspects of
the theory. Lyapunov developed many important approximation methods. His meth-
ods, which he developed in 1899, make it possible to define the stability of sets of
ordinary differential equations. He created the modern theory of the stability of a dy-
namic system. In the theory of probability, he generalised the works of Chebyshev and

Markov, and proved the Central Limit Theorem under more general conditions than

his predecessors [31].

By the end of June 1917, Lyapunov traveled with his wife to his brother’s place in
Odessa. Lyapunov’s wife was suffering from tuberculosis so they moved following her
doctor’s orders. She died on October 31, 1918. The same day, Lyapunov shot himself
in the head, and three days later he died.
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Appendix C

Matlab Codes

C.1 Malaria model

function dydt = malaria (t,y)

LS/ S/S1S18/S/SISI8/S/SISISIS /S SISIS/SISISI8/S/SISIS SIS SISIS/SISISIS/S/SISIS/S/S SIS/ S/SISISIS/S/SISI8/S/S/SVo
% Starting script to the module "Malaria model’

LSS/ S1S/8/S/SISI8/S/SISIS/S /S SISIS/S/SISIS SIS ISIS S/ SISIS/SISISIS/SISISIS/S/SISIS/S/SISISIS/S/SISIS/S/S/SVo
dydt = zeros (size(y));

% User Section 1: Definition of model parameters
Ah=2.5;Av=500;

b1=0.01;b2=0.005;

g=0.6;

d1=0.05;d2=0.06;
el=0.0001;w=0.9;

% Definition of initial conditions

50
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dydt(1) = Ah — blxIv+Sh/Nh +wxRh — d1xSh;
dydt(2) = bl«Iv+«Sh/Nh - (g + el + dl)=xIh;
dydt(3) = g«Ih — (w +d1)x*Rh;

dydt(4) = Av — b2xIh+Sv/Nh — d2xSv;
dydt(5) = b2xIh*Sv/Nh — d2xIv;

%The basic reproduction number for the malaria model
RO = sqrt((blxb2xAvxdl)/(Ahx(d2"2)x(g + el+ d1)));
disp (RO)

tspan = [0 100];
y0 = [19413000 3797000 3790000 16800000 38200000];
[t,y] = ode45(@malaria,tspan,y0);

plot(t,y(:,1),’b’,t,y(:,2),'r’,t,y(:,3),’g’, Linewidth’,3)

%title ("Plot of human population against time’)
xlabel ('Time ")
ylabel ( "Number of People’)
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legend(’S_h’,’I_h’,’R_h")

tspan = [0 100];
y0 = [19413000 3797000 3790000 16800000 38200000];
[t,y] = ode45(@malaria,tspan,y0);
plot(t,y(:,4),’b’,t,y(:,5),’r’, Linewidth’,3)
%title (’Plot of mosquito population against time’)
xlabel ('Time ")
ylabel ('"Number of Mosquitoes )

(

legend (’S_v’,’ I.v")
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