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Abstract 

A biologically feasible continuous time food web model consisting of a bottom prey, a middle 

predator and top predator which is an extension of Hasting and powell three species food chain 

model that incorporates the nonlinear functional response was studied. The predation follows 

modified Holling type II functional responses as the up take for both predators. It is shown that 

under certain restrictions on the parameter space the model has bounded solutions for all positive 

initial conditions .Which eventually enters an invariant attracting set as an initial step. Towards 

the analysis of the model the governing equation have been splined in to kolmogorov type 

systems. Based on the Jacobean matrix associated to the sub system, the dynamical behavior   

about the semi-trivial equilibra is analyzed and analytic results show that any one of the 

boundary prey predator planes has a stable equilibrium point. More over the dynamical of the 

sub systems in the boundary planes changes as some parameter values vary. Criteria’s for the 

existence, local stability of the nonnegative equilibra are analyzed algebraically. Based on 

numerical simulations the system is numerically solved for suitable combinations of parameters 

in such a manner that Kolomorov conditions are satisfied. It is also observed that the Routh-

Hurwitz criteria the necessary and sufficient conditions for stability are not satisfied. More over 

the coexistence of the three biological species is observed from the oscillation nature of the three 

solution curves. Finally it is observed that there is a change on the qualitative behavior of the 

system when trophic function is of prey dependent than ratio-dependent. 
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CHAPTER ONE 

1.1. Background of the study 

Ecology is the field of study of mutual relationships among plants, animals, and their 

environment. Population ecology is the study of inter specific interactions among species. The   

interaction between two species is mainly classified into three, namely mutualism, competition 

and prey-predator. Mutualism is the interaction between two species where the interaction 

enhances both species, whereas competition is where the interaction of the two species affect 

each other negatively. Prey-predator type of interaction is where one species use the other 

species as a food source [4]. 

Mathematical modeling is the process of developing sets of equation (or inequalities) and 

formula describing some process of interest and the main goal of mathematical modeling is to 

predict how things will turn of some point of interest. Specific observations that have motivated 

ecologists to seek about mathematical models of populations growth is the situation in the 

Adriatic sea during world war I, that resulted ‘‘the growth of one population to be followed by its 

decline’’[1,2,3]. 

 In 1926  the Italian Mathematician  Vito -Volterra  [14] proposed differential equation model  to 

describe the way we analyze  the fluctuation of populations of different species (population 

dynamics ) in a closed area that involve interaction of many species of animals  and plants life 

(echo system ). Independently, in united-states the equation studied by Volterra were described 

by Alfered-Lotka [13] to describe a hypothetical chemical reaction in which chemical 

concentrations oscillate. The mathematical model that describes the predation of one species by 

another is known as Lotka-Volterra model.  

In ecological system with only two interacting species can account for only a small number of 

phenomena that commonly exhibited in nature. The building block which multi species food 

chains and food web model developed is Lotka-Volterra type prey predator model. An echo 

system includes all of the living organisms in specific area. Food chains and food webs describe 

the feeding relationships between species in a biotic community. Both are common in nature. 

They show the transfer of energy from one species to the other with in the echo system. A food 

chain describes a single path way that energy or nutrients may flow in an echo system. There is 
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one organism per trophic level. They usually start with the primary producer and end up with top 

predator. Most food chains have no more than four or five links. Food chains are overly 

simplistic as representatives of what typically happens in nature. Food sources of most species in 

an echo system are much more diverse, resulting in a complex food web of relationships. Most 

consumers feed on multiple species for their food and energy requirements (more than one prey 

population). They are fed up on by multiple other species. Food webs are networks that reflect 

the feeding relationships among ecological populations [8].   

 One aspect to the dynamics of the ecological community is its food web and interaction among 

constituent species, the dynamical behavior of food web (the network of who eats whom) are 

studied with the help of mathematical models governed by non–linear differential equation or 

difference equations. In order to explain more and more new observation such model thus 

extended subsequently by introducing  additional variables  as well as  varieties of a non – linear 

interaction  terms  coupled  with some parameters  which control evolution  of the system[5]. 

 Some of the aspects that need to be critically considered in a realistic and plausible  

mathematical model  to describe  the dynamics of the interaction  between the prey and predator  

in a given ecosystem include ;carrying capacity which is the maximum  number of prey that the 

echo system  can sustain  in absence of predators and  functional responses of predators. 

A functional response is described as a predator’s instantaneous per capita feeding rate as a 

function of prey abundance [17].this means that the consumption rate of an individual predator 

depends on the prey density .There are mainly three Holling types of functional responses. 

Holling type I; given by   F(x) = ax     

Holling type II; given by   F(x) =  ��������   , where  �	 and 
	 are parameters that are specific for 

each predator-prey system and determine the saturation level and the steepness of the response. 

Holling type III   is called the learning functional response since the function is a sigmoid type 

curve with an inflection point. More recent analysts use a Holling type II functional response 

which increases monotonously but saturates with increasing prey density. If one predator feeds 

more than one prey population, n-species functional responses are mostly widely used. 

The behavior of nonlinear mathematical models for food chain/ food web is much more complex 

than the simple two species model. The understanding of nonlinear equations has complex 

dynamical behavior limit cycle, causi-periodic behavior and chaos. The food web models are 



3 

 

more complex and intractable as compared to food chain model as more complex multilevel 

interaction is possible in food web [3, 4].  

Following this sprit Hastings and powell (HP) [10] examined the complex nonlinear behavior of 

three species continuous time ecological model. His study initiated a concerted effort among 

theoretical ecologists who sought to analyze the subtle dynamics of three nonlinear tropic 

(predation) model. He produced an example of chaotic system in three species food chain 

modeled with type II functional responses and found to be most widely accepted for defining the 

movement of aquatic echo system from its equilibrium state to chaotic state. He demonstrated 

the existence of  a ‘ tea cup’ strange attractor &Maiti.et.al [15 ], Upadhyay and his coworkers 

[16] studied  the stability  bifurcation  behavior of models describing  evolution of  three species  

food chain  consisting of  Holling type  response function . From this study it appear that the 

presence of increasing number of variables and additional parameters raise considerable 

problems for analysis of the model both for the experimenter and theoretician. 

1.2. Statement of the problem 

From several investigations of the complex dynamical behavior of multi – species food web, the 

three level food web consists of the prey, middle predator and top predator,  Owaidy and Ammar 

[21] mathematical model deals with the dynamics around the stability of various isolated 

Singularitiess. But it raises certain doubts about various functional responses in the model. 

Michael Freeze [7] proposed and analyzed a nonlinear mathematical model to study the complex 

dynamics for three ecological species the prey, the predator that consumes the prey with ratio 

dependent functional response and the supper predator that consumes both with ratio dependent 

functional response. Biological equilibras of the system are obtained and criteria for local 

stability and global stability of the system derived. He indicated the coexistence of the steady 

state of the three species and the complexity of the interaction is also discussed by the help of 

numerical simulations. 

Keeping the above in view in this thesis a mathematical model of one prey a middle predator and 

generalist predator that consumes both system in which the predator interference is of prey 

dependent is proposed and analyzed. It may be pointed here that results on one prey a middle 

predator and top predator that consumes both system with ratio-dependent trophic function are 
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well known [7,18]. Here we are interested to investigate and see the change in the qualitative 

behavior of the same system as [7] when trophic function is prey dependent.  

 Therefore this research work addresses the following basic questions.  

1. How a mathematical model can describe the dynamics of the three species food – web?  

2. What are the dynamical behaviors of the interaction between the three species? 

3. What are the effects of the interaction between the three species on the eco – system? 

4. What are the possible intervention mechanism for the co–existence of the interacting 

species? 

5. Is there a change in the qualitative behavior with the investigation of  Michael Freeze 

who implemented ratio-dependent interaction function?  

1.3. Objective of the study  

1.3.1. General objective  

The general objective of this research work is to study the complex behavior of the dynamics of 

the three interacting species in the food web. 

1.3.2. Specific objective  

The specific objectives of the study are to: 

(i) Use a mathematical food web model which describes the interaction between three species. 

(ii)Explain the dynamics of the interaction between the three species in an echo system, 

(iii)Explore the effect of the interaction between the three species in the echo-system, 

(iv)Determine conditions under which the species co – exist. 

(v)Identify the changes in qualitative behavior with which investigated by Michael Freeze. 
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1.4. Significance of the study  

The purposes (significance) of this study are to 

(i)Contribute a mechanism on the co – existence of the three species for a longer time.  

(ii) Apply biological/ ecological mathematical model for analyzing and predicting the long term 

predation relationship among the three species.  

(iii) Point out conditions that our nature resource species could not extinct.  

(iv) See the existence of the complex behavior in the interaction.  

(v) See the existence of the change in qualitative behavior with the one investigated in Michael 

Freeze. 

 

 1.5 Review of Related Literature 

In 2002 ERICA [6] used a Lotka – Volterra three – species food chain model which is an 

extension of two species model. Example of such echo system include (mouse – snake-

owl)where the lowest level prey  (x)  is preyed upon by a middle level species (y) , which in turn 

,is preyed upon  by a top  level  predator (z). 

He characterized the qualitative behavior of the linear three species food chain model where the 

dynamics are given by classic (non-logistic) Lotka-Volterra type equation and studied non 

logistic system, which the model exhibits degeneracy’s that makes it an excellent instructional 

tool whose analysis involves advanced topics such as trapping region nonlinear analysis, in 

variant set, Lyapunov type function, the stable / center manifold theorem and the Poincare-

Bendixon theorem. And he concluded that the overall long –term persistence of the top species 

(z) hinges (depends) solely on parameter values a, b, f and g. In particular if ag < fb then (z) dies 

out. While if ag ≥ fb he quite interestingly noted that the parameter most directly related to mid-

level specie y, (namely c, d and e) in no way affect whether species (z) will become extinct or 
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not. Furthermore the model does not allow for the possibility of extinction of species(y) while 

species (x) persist. 

 In (2007) Sunita jakkhar [19] used the dynamical equation of food web consisting of two 

independent predators and a prey. The model considered direct competition between the two 

predator populations and incorporates nonlinear functional response. The model has a unique and 

bounded solutions. Local and global analysis has been carried out.    

 The phase diagram of the food web have been obtained for selected range of  different 

parameters and the analysis shows that the persistence is not possible for two competing 

predators sharing prey species in the cases when any one of the boundary prey-predator planes 

has a stable equilibrium point. The principle of competitive exclusion holds in such cases. 

However, numerical simulation exhibit persistence in the presence of periodic solutions in the 

boundary planes. The system exhibit quase- periodic behavior in the positive octant. More over 

the coexistence in the form of a limit cycle is also possible in some cases. 

In (2012) Jawdat Alebraheem[9 ] used a model of two competing predators sharing one prey in 

homogeneous environment with holling type II functional response and logistic growth for each 

of the species. He showed the system equations are of Kolmogorov type and he proved the 

solutions of the system of three species is bounded. He restricted conditions with parameter 

values to show the local stability of the nontrivial equilibrium points of the subsystems and the 

existence and stability analysis of the three dimensional system using variational matrix of the 

equilibrium points. Moreover he showed the nonexistence of a limit cycle and conditions for 

persistence. Finally by considering different values of parameters (for those measuring the 

efficiency conversion of predators) he presented numerically the existence and extinction of one 

of the predators in a non-periodic solution (i.e. no limit cycle).Numerical simulations have 

investigated that the three species can coexist when the value of efficiency conversions for the 

two predators are near to each other.    

In (2014) Michael Freeze[7] implemented the food web model consisting a prey with logistic 

growth ,a predator  that consumes  the prey with ratio dependent functional response and has the 

ability to consume  both  the predator  and the prey  and super predator  that  has the ability  to 

consume both the predator and the prey with ratio dependent  functional  response.  



7 

 

The thesis analyzed and demonstrated the complexity of the population dynamics for three 

ecological species. In that he gave a necessary condition for the existence of equilibrium point 

with presence of at least two species and the stability analysis of these semi trivial equilibrium 

points. Moreover  he explored  the condition  for the permanence ( existence of positive  global 

attractor ) in the model  and studied  the dynamics  in relation to the component wise  positive 

equilibrium , which indicates  the coexistence of  steady state of three biological species . Finally 

concluded as it is quite difficult to express and analysis the co-existence equilibrium in terms of 

all the ecological parameters, because of the complexity of the interaction. So he used simulation 

for the population solution. As a result numerical simulation for biologically feasible ecological 

parameters, he showed the coexistence equilibrium point exists and is locally asymptotically 

stable.  

1.6 Research methodology 

In this research work we developed a mathematical model which describes the interaction 

between three species population. That has the prey species (x) with logistic growth, a 

predator(y) that consumes prey (x) with Holling type II functional response and  a super predator  

(z) that has an ability  to consume both  predator and  the prey with Holling type II  functional 

responses  using  a non –linear differential equation. we studied the local behavior of various  

singularities  for the system and we developed sufficient conditions for local stability of 

equilibrium  points using Jacobean matrix and Routh-Hurwitz criteria. Bifurcation analysis of the 

sub systems was studied to determine the parameter that plays role to change the dynamical 

behavior from stability of equilibrium point in their plane and admits a limit cycle. And analytic 

solution of the model was supplemented by numerical simulation using ‘MATLAB’. 

 

1.6.1 Definition: Ordinary Differential Equations 

  A differential equation of order � is an equation of the form 


(�, ����  , ������  , ������ , �) = 0. 

A typical ��� order linear differential equation is given by ������  + ��(�) ����������    + ��(�) ����������  + ����(�) ���� + ��(�)� =  (�) 
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1.6.2 Definition: System of ordinary differential equations 

A system of � differential equation is defined as ���� = !("(�), �)Where  

"(�) = #"�(�) , "�(�), "$(�) , … , "�(�)&' , ! =  (
� , 
�, 
$  , 
(, … , 
�)'And  
	 =   
	("�(�) , "�(�), … , "�(�) , �) 

1.6.3 Definition: equilibrium points 

The equilibrium points to a system of the first order differential equation are the points at which 

the first derivatives are equal to zero. That is for the system �"�� = 
(", �)  ���� =  (", �) 

 The equilibrium points are the solution of algebraic equation 
(", �) = 0  (", �) = 0 

 

 

1.6.4 Stability of the equilibrium point  

1.6.4.1Stability by linearization 

For most dynamical systems the equilibrium point of a system of nonlinear differential equations 

plays an important role in the analysis of the models [3], we therefore give the definition of 

equilibrium point and describe the analysis of the equilibrium point below. 

Let 
: *� → *� be a ,� map and suppose that - is a point such that
(-) = 0. That is - is an 

equilibrium point for the differential equation�.(�) = 
(�(�)).  The linear part of 
at - denoted 

by /
(-) is the matrix of the partial derivative at-. 

For � ∈ *� we write 


(�) = 1
�(�)
�(�)⋮
�(�)3 

The function  
	  are called the components of
. We define  
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/
(-) =
⎝
⎜⎜⎜
⎜⎛

7
�7�� (-) 7
�7�� (-) … 7
�7�� (-)7
�7�� (-) 7
�7�� (-) … 7
�7�� (-)⋮7
�7�� (-) ⋮7
�7�� (-) ⋮… 7
�7�� (-)⎠
⎟⎟⎟
⎟⎞

 

 

Called Jacobean matrix and the stability of a flow of a nonlinear system can be studied using 

different approaches if the algebraic sign of the Eigen values of the Jacobean matrix is easily 

identified. But if the algebraic sign of these Eigen values are not determined easily we can use   

and we restrict our self to Ruth – Hurwitz stability criterion 

1.6.4.2 Ruth – Hurwitz stability criterion 

The Ruth – Hurwitz criterion is a method for determining whether a linear system is stable or not 

by examining the locations of the roots of the characteristics equation of the system. In fact, the 

method determines only if there are roots that lie outside of the left half plane: it does not 

actually compute the roots. Consider the characteristics equation 

 ;�(<)=��<� + ����<��� + ����<��� + ⋯ + ��<� + ��<� + �> 

To determine whether this system is stable or not, we have to check the two necessary but not 

sufficient conditions that all the roots have negatives real parts:  

I.  All the polynomial coefficients must be the same sign and 

II.  All the polynomial coefficients must be nonzero. Thus; if these condition are 

satisfied, then compute the Ruth-Hurwitz array as follows: 

                Ruth-Hurwitz array as follows: 

    <�  ��     ����    ���(      ���? … 
           <���  ����  ���$    ���@     ���A … 

           <���   
�       
�          
$ … 

           <��$   B�        B�           B$ … 
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           <��(  ��   …                                             

            <� 

           <> 

Where the �	`D the polynomial coefficients and the coefficients in the rest of the table are 

computed using the following pattern: To determine whether this system is stable or not, check 

the following conditions: 

1. Two necessary but not sufficient conditions that all the roots have negative real parts are: 

All the polynomial coefficients must have the same sign and all the polynomial 

coefficients must be nonzero. If this condition is satisfied then compute the Ruth-Hurwitz 

array as follows 


� = −1���� G �� �������� ���$G = −1���� (�����$ − ��������) 

 


� = −1���� G �� ���(���� ���@G = −1���� (�����@ − ���(����) 

 


$ = −1���� G �� ���?���� ���AG = −1���� (�����A − �������?) 

B� = −1
� G���� ���$
� 
� G = −1
� (����
� − 
����$) 

 

B� = −1
� G���� ���@
� 
$ G = −1
� (����
$ − 
����@) 

 

2. The necessary condition that all roots have negative real parts is that all elements of the 

first column of the array have the same sign. The number of changes of sign equals the 

number of roots with positive real parts.   

3. Special case 1: The first element of a row is zero, but some other elements in the row are 

nonzero. In this case, simply replace the zero element by ′′I′′ ,complete the table 
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development, and then interpret the results assuming that I is a small number of the same 

sign as the element above it. The results must be interpreted in the limit as I → 0. 

4. Special case 2: All the elements of a particular row are zero. In this case, some of the 

roots of the polynomial are located symmetrically about the origin of the J plane. e.g: a 

pair of purely imaginary roots. The zero row will always occur in a row associated with 

an odd power of J. The row just above the zero row holds the coefficients of the auxiliary 

polynomial. The roots of the auxliry polynomial are the symmetrically placed roots. Be 

careful to remember that the coefficients in the array skip powers of J from one 

coefficent to the next. 
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CHAPTER   TWO 

2.  Model formulation and Analysis 

In this section we are going to develop a mathematical model which describes the dynamics of 

the interaction between three species food web. Which is continuous time model. For the three 

species food web interaction which consists of a bottom prey, middle predator and top predator 

population we used a system of nonlinear differential equations to describe the dynamics. We 

assumed that the prey population follow logistic growth model. The middle predator consumes 

the prey population with Holling type II functional response and the top predator consumes both 

the predator and the prey with Holling type II functional response. The dynamics of the three 

species are governed by the following system of differential equations. 

�K�� =  (L) − M;(L) − NO�(L)  

�P�� = −QM + BM;(L) − NO�(M)                                                               (2 .1)  

�R�� = −JN + ��NO�(L) − ��NO�(M)  

 

       The following assumptions are made for the growth and interaction functions.  

 

i.  (L) = �> S1 − KTU , VℎXQX  (0) = �> > 0 

ii. -(L) = �ZK���ZK      , (ℎ[\\]�  ��-X ^^ 
_�B�][��\ QXJ-[�JX [
 M [� L). 

iii. O�(L) = ��K����K��`P      , (ℎ[\\]�  ��-X ^^ 
_�B�][��\ QXJ-[�JX [
 N [� L). 

iv. O�(M) = �`P���`P���K      , (ℎ[\\]�  ��-X ^^ 
_�B�][��\ QXJ-[�JX [
 N [� M). 
We assume that g, p, O� and O� are continuously differentiable functions. 

System (2.1) has the following form  
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�K�� = �>L S1 − KTU − �ZKP���ZK − ��KR����K��`P  

�P�� = −QM + �ZbKP���ZK − �`PR����K��`P                                                    (2. 2) 

�R�� = −JN + ���ZKR����K��� + �`��PR����K��`P     

Where t is the time  

�>- is the intrinsic growth rate of the bottom prey. 

K   is the carrying capacity of the prey population.  

C - is the conversion factor of middle predator by consuming the bottom prey. 

��- is the conversion factor of the top predator by consuming the bottom prey. 

�� - is the conversion factor of the top predator by consuming the middle predator. 

r - Is the intrinsic death rate of the middle predator in the absence of the prey.  

S -Is the intrinsic death rate of the top predator in the absence of both the prey and middle- 

predator. 

�	   ���  ��  determine the saturation level and the steepness of the response.  

 

 

 

 

 

 

                      Fig1.   Energy flow diagram of the model. 

 

 z 

Y 
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The model we have just specified has 13 parameters, the larger number of parameters in the 

system further complicates the interpretations of the mathematical result in ecological situations 

and decrease applicability of the model. In addition to make the algebraic manipulation simple a 

suitable non-dimensional variables and parameters are introduced to transform the given system 

to the corresponding non-dimensional system (with less number of parameters). By choosing 

� = '�c , V� = 
�d,            V� = 
�d ,           V$ = �c�`�Z ,    V( = �ZbT�c ,    
 V@ = �e�c  ,   V? = �`��   , VA = f�Z���c  ,        Vg = �`���Z  ,   Vh = �D�c   

" = Ld ,    � = ���> M ,           i = ���> N       
      Making this substitution and simplifying yields the following system of equations. Where the 

variables x, y and z are rescaled measures of the population sizes and t the new non- dimensional 

time variable. We obtain a system of the form  

���� = "(1 − ") − ����jZ� − �k��j�K�j`P = x F (x, y, z) 

���� = −V@� + jl����jZ� − jm�k��j`��j��    = y G (x, y, z)                                                                   (2.3)      

�k�� = −Vhi + jn�k��j���j`� + jo�k��j`��j��  = z H(x, y, z) 

In system (2.3) all the model parameter are positive and have usual meaning in ecological 

context. The system is associated with the initial conditions. 

L = "> ≥ 0,      M = �> ≥ 0   , ���   N = i> ≥ 0 

 

2.1. Kolmogorov analysis 

The food web system (2.3) is feasible if it is possible to split the system into feasible prey-

predator subsystems, in the absence of other predatorp11q. So we have two systems namely          

x - y and x-z, this two dimensional subsystems are formulated as follows. 
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1. In the absence  of  z  

���� = "(1 − ") − ����jZ�   = " 
�(", �)                                                                                      (2.4) 

���� =  V("�1 + V�" −  V@�  = �  �(", �) 

2. In the absence of  y 

���� = "(1 − ") − �k��j��   = " 
�(", i)                (2.5) 

�k�� =  jn�k��j��   −  Vhi = i  �(", i)  

The subsystem (2.4) is said to be kolmogorov system, if  
� and   �  satisfies the following - 

conditions. 

a. 
rsZr�  < 0  ;     " rsZr�  + � rsZr�   < 0    

b. 
rvZr�   < 0  ;     " rvZr�  + � rvZr�   > 0         

c.  
� (0, 0) > 0    d.   
� (0, A)= 0 , A > 0  e.  
� (B, 0) = 0  , B>0   f.    �(C,0) = 0  g. B>C 

Since the conditions from a – g  holds, system (2.4) is kolmogorov in the domain                   /� = { (x, y) :  0  <  x  <  "̅  <  1  , y > 0 } 

We now find the equilibrium solution of the Kolmogorov system of (2.4) by solving the 

system of equation 

"(1 − ") − "�1 + V�"  = 0 

V("�1 + V�" −  V@�  = 0 

Simultaneously. 

The equilibrium solutions are solutions of 



16 

 

  " x(1 − ") − ���jZ�y  = 0 

 � z V("1 + V�" −  V@ {   = 0 

Solving simultaneously we get    x=0, y = 0, (1 − ") − ���jZ� = 0 , jl���jZ� −  V@ = 0 

Therefore the three non-negative equilibrium points for the Kolmogorov system (2.4) are 

|> = (0,0)   |�  = (1,0)   |�  = ( "̅ , �} ) = ﴾ j~jl�jZj~   , (1 − "̅)(1 + V�"̅﴿﴿  

=(
j~jl�jZj~  , jl(jl�j~�jZj~)(jl�jZj~)� )    the equilibrium points exist if  

 V( − V@ − V�V@ > 0                                                                                                                (2.6) 

Note that  "̅  ≥  1  is not feasible equilibrium point for logistically growing prey species x. 

Further  "̅  <   1  

           
j~jl�jZj~  < 1                                                                                                                   (2.7) 

The equilibrium points |>  and    |� in xy-plane always exists and the linearized system about |> has zero eigenvalues and about |� has one zero and one negative eigenvalue. These are non-

hyperbolic saddle points. 

The variational matrix of system (2.4) about  |�  = ( "̅ , �} ) = ( j~jl�jZj~   , (1 − "̅)(1 + V�"̅))  is 

given by 

� = ⎣⎢⎢
⎡−"̅ + V�"̅ �}(1 + V�"̅)� −"̅(1 + V�"̅)V(�}(1 + V�"̅)� 0 ⎦⎥⎥

⎤
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� = ⎣⎢⎢
⎢⎡−"̅ + V�"̅ (1 − ")(1 + V�"̅) −"̅(1 + V�"̅)V((1 − ")(1 + V�"̅) 0 ⎦⎥⎥

⎥⎤  
The eigenvalues of the characteristics equation about |� has a negative real part if  ��� < 0  

−"̅ + V�"̅ (1 − "̅)(1 + V�"̅)  <   0 

"̅ > V�"̅ (1 − "̅)(1 + V�"̅)   
 1 > jZ  (���̅)(��jZ�̅)   

"̅ > jZ���jZ    >0                                                                                                                             (2.8) 

Combining (2.7) and (2.8) 

0 < V� − 12V�   <   "̅   <   1 

0 < V� − 12V�   <  V@V( − V�V@    <   1 

V� − 12V�   <  V@V( − V�V@              
V�(V( − V�V@) − V( − V�V@  < 0                                                                                          (2.9) 

Therefore the equilibrium point |�  = ( "̅ , �} ) is locally asymptotically stable under 

(i) "̅ > jZ���jZ       (ii)  ��  =  V�(V( − V�V@) − V( − V�V@  < 0   
The characteristics equation about |� is  

P (λ) = λ� – (−"̅ + jZ�̅ (���̅)(��jZ�̅) ) λ + jl�̅ (���̅)(��jZ�̅)�   = 0    solving for the eigienvalues we get 
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λ =   
��̅��Z�� (Z���)(Z��Z��) ±�(��̅��Z�� (Z���)(Z��Z��) )��(�l�� (Z���)(Z��Z��)��  

Let the determinant of the quadratic equation be ‘D’. 

D = (−"̅ + jZ�̅ (���̅)(��jZ�̅) )� − 4 jl�̅ (���̅)(��jZ�̅)�   
D =  (jZ�̅ (���̅)(��jZ�̅) )�  − 2"̅(jZ�̅ (���̅)(��jZ�̅) + "̅� − 4 jl�̅ (���̅)(��jZ�̅)�   

We get a complex eigenvalue for ‘λ’ if   D < 0   that is if  

2"̅(jZ�̅ (���̅)(��jZ�̅) + 4 jl�̅ (���̅)(��jZ�̅)�   >     SjZ�̅ (���̅)(��jZ�̅) U�  + "̅�   

 2(jZ�̅ (���̅)(��jZ�̅) + 4 jl (���̅)(��jZ�̅)�   −   "̅   SjZ (���̅)(��jZ�̅)U�  −  "̅    >   0 

2V�"̅ (1 − "̅)(1 + V�"̅) + 4V( (1 − "̅) − "̅(V� (1 − "̅))� − "̅(1 + V�"̅)�(1 + V�"̅)�   > 0   
2V�"̅ (1 − "̅)(1 + V�"̅) + 4V( (1 − "̅) − "̅#V� (1 − "̅)&� − "̅(1 + V�"̅)�  > 0 

  2V�"̅ (1 − "̅)(1 + V�"̅) + 4V( (1 − "̅) − V�"̅ (1 − "̅)(V� (1 − "̅)) − "̅(1 + V�"̅)�  > 0 

V�"̅ (1 − "̅) p 2(1 + V�"̅) − V� (1 − "̅)q + 4V( (1 − "̅) − "̅(1 + V�"̅)�  > 0 

p 2(1 + V�"̅) − V� (1 − "̅)q  − (1 + V�"̅)�V� (1 − "̅)  + 4V(V�"̅ > 0 

(1 + V�"̅)  �2 − (1 + V�"̅)V� (1 − "̅)� − V� (1 − "̅) + 4V(V�"̅ > 0 

(1 + V�"̅) �2V� (1 − "̅) − (1 + V�"̅)V� (1 − "̅) � − V� (1 − "̅) + 4V(V�"̅  > 0 

�2V� (1 − "̅) − (1 + V�"̅)V� (1 − "̅) �  − V� (1 − "̅)(1 + V�"̅)  + 4V(V�"̅ (1 + V�"̅)  > 0 
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2V� (1 − "̅) − (1 + V�"̅) − V�(���̅)��(1 + V�"̅) + 4V( (1 − "̅)"̅ (1 + V�"̅) > 0 

V� (1 − "̅) �1 − V� (1 − "̅)(1 + V�"̅) � + V� (1 − "̅) − (1 + V�"̅) + 4V( (1 − "̅)"̅ (1 + V�"̅) > 0 

V� (1 − "̅) �−V�  + (1 + 2V�"̅)(1 + V�"̅) � − (−V�  + (1 + 2V�"̅))  + 4V( (1 − "̅)"̅ (1 + V�"̅) > 0 

(−V�  + (1 + 2V�"̅)) �jZ (���̅)(��jZ�̅) − 1� + (jl (���̅)�̅ (��jZ�̅) > 0  
The inequality satisfied if  (−V�  + (1 + 2V�"̅) = 0  or   

jZ (���̅)(��jZ�̅) − 1 = 0 that is  

When "̅ = jZ���jZ     , the eigenvalues of the characteristic equation will be a complex number. 

Let   λ = �> ±  
>]    then the real part of the eigenvalues which is  �>   can be zero if  ��� = 0   

�> = −"̅ + jZ�̅ (���̅)(��jZ�̅)  = 0 = ���  

�> = 0    If   "̅ = jZ���jZ    
Therefore the Kolmogorov subsystem changes its dynamical behavior from stability at 

equilibrium point |�, and admits a limit cycle in domain /� under the condition 

(i)   "̅ < jZ���jZ          and     (ii)  ��  =  V�(V( − V�V@) − V( − V�V@  > 0 

Hence the two purely imaginary eigenvalues crosses the imaginary axis when the parameter  V� vary this leads us to the formation of Hopf- Bifurcation. 

Similarly for the kolmogorov subsystem (2.5) we get the following results. 

The three non-negative equilibrium points for system (2.5) are  

|> = (0,0)        |� = (1,0)         |$ = ("� , î )=(
j�jn�j�j�  , (1 − "̅)(1 + V�"̅))=(

j�jn�j�j�  ,jn(jn�j��j�j�)(jn�j�j�)� )  with these we have the following  conditions. 
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The equilibrium point|$ exists if    VA − Vh − V�Vh  > 0                                               (2.10) 

"� = j�jn�j�j�  < 1                                                                                                               (2.11) 

"�  >  j� ���j�                                                                                                                            (2.12) 

Combining (2.11) and (2.12) we get, 

0<   j� ���j�  <   j�jn�j�j�  < 1                                                                                                   

So  �� =   V�( VA − V�Vh) − VA − V�Vh < 0                                                                (2.13) 

Therefore the equilibrium point   |$ = ("� , î )  is locally asymptotically stable under the 

conditions 

(i)        "�  >  j� ���j�         (ii)    �� =   V�( VA − V�Vh) − VA − V�Vh < 0         
More over the sub system (2.5) changes its dynamical behavior from stability of  |$  to 

admitting a limit cycle in the domain /�  = �(", i): 0 < " <  "�  < 1 , i > 0�  under the 

conditions 

    (i)        "�  <   j� ���j�         (ii)    �� =   V�( VA − V�Vh) − VA − V�Vh > 0     
       Hence the two purely imaginary eigenvalues crosses the imaginary axis when the 

parameter  V� vary this leads us to the formation of Hopf- Bifurcation. 

   Further analysis of a system (2.3) carried out under conditions (2.6) and (2.10)   

V( − V@ − V�V@ > 0   

VA − Vh − V�Vh > 0           
                                                                                                                                                                                         

2.2 Model Analysis  

It is observed that all the interacting functions F(x, y, z), G(x, y, z) and H(x, y, z) of system (2.3) 

are continues and have continues derivatives on the nonnegative octant. 
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       Ω� = �(", �, i) � *$ ; ", �, i ≥ 0� 

  Theorem 2.1 

The solution of system (2.3) initiating in  Ω�  for t ≥ 0 is uniformly bounded.  

Proof 

The first equation of the system that represents the prey equation is bounded through  

�"�� = "(1 − ") − "�1 + V�" − "i1 + V�L + V$M 

���� ≤ "(1 − ")     since x(t) ≥ 0, y(t) ≥ 0 ,and z(t)≥ 0  for all  t≥ 0. 

�"�� = "(1 − ") 

z1" + 1(1 − "){ �" = �� 

1" �" − 1(" − 1) �" = �� 

� z1" �" − 1(" − 1) �"{�
> = � ���

>  

ln|"| − ln|(" − 1|  = t + constant 

 

The constant enables the initial value problem  x(0) = " >  

 ln|"| − ln|(" − 1| = � + ln|">| − ln|("> − 1| 
ln ¡ "">¡ + ln ¡"> − 1" − 1 ¡ = � 
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ln z "">{ z"> − 1" − 1 { = � 

z "">{ z"> − 1" − 1 { = X� 

" ("> −  1) = ">(" − 1)X� " ("> −  1) = ">"X� −  ">X� " ("> −  1) − ">"X� = −   ">X� "#("> −  1) − ">X�& = −  ">X� 

" = ">X�#("> −  1) − ">X�& 

" = 11 + S1 − ">"> U X�� 

" = 11 + BX��        VℎXQX     B = 1 − ">">  

 

→ x (t) = ���b¢�£     for   t≥ 0  and constant c. Hence for a very large value of   t we get x (t)≤ 1.  

The bounded ness of y(t) and z(t) follows from the bounded ness of x(t),hence all the species are 

uniformly bounded for any initial value in  *�$ . 
2.2.1 Local behavior of the system 

Local stability of the equilibrium points is done by using the variational (Jacobean) matrix.  

 

� = ¤!� ¥� ¦�!� ¥� ¦�!k ¥k ¦k § 
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� =
⎣⎢⎢
⎢⎢⎢
⎡1 − 2" − �(1 + V�")� − i(1 + V$�)(1 + V�" + V$�)� −"1 + V�" + V$"i(1 + V�" + V$�)� −"1 + V�" + V$�V(�(1 + V�")� + V�V?�i(1 + V�" + V$�)� −V@ + V("1 + V�" − V?i + V�V?"i(1 + V�" + V$�)� −V?�1 + V�" + V$�VAi + V$VA�i − V�Vg�i(1 + V�" + V$�)� Vgi + V�Vg"i − V$VA"i(1 + V�" + V$�)� −Vh + VA" + Vg�1 + V�" + V$�⎦⎥⎥

⎥⎥⎥
⎤
 

Which is evaluated at the equilibrium points. Then find the eigenvalues of the Jacobean matrix. 

According to the sign of the eigenvalues, we can determine the local stability of the equilibrium 

points.  

I.   Behavior of the system or stability analysis of trivial singularities  

A. The variational  matrix at  E1(0,0,0) is obtained by substituting it in general variational 

matrix  and we get 

�� = ¨1 −⋋ 0 00 −V@ −⋋ 00 0 −Vh −⋋ª 

The corresponding characteristics polynomial of the equilibrium point |�is  

P (<)= (1- <) [(-V@- <)(-Vh – <)]=0 

The eigenvalues of   �� are    <� = 1,     <� =  −V@  ,   <$=− Vh 

                              

B. The variational matrix at  |� (1,0,0) is obtained by substituting it in general variational 

matrix  and we get 

�� =
⎣⎢⎢
⎢⎡−1 −⋋ ����jZ ����j�0 −V@ + jl��jZ −⋋ 00 0 −Vh + jn��j� −⋋⎦⎥⎥

⎥⎤
   

The corresponding characteristics polynomial of the equilibrium point  |� ]J 

P (<) = (−1 −⋋) S−V@ + jl��jZ −⋋U S−V@ + jl��jZ −⋋U = 0 
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The eigenvalues of  �� are      <� = −1,     <� = −V@ + jl��jZ and <$ = −Vh + jn��j� 

 <� ,   <$ < 0   If  <� =  V( − V@ − V�V@ < 0 and   <$ = (VA − Vh − V�Vh) < 0 

We observe that all the eigenvalues are negative. 

Theorem 2.2 

a. The trivial singularity  |� = (0,0,0) of system (2. 3) always exist and hyperbolic saddle 

having one dimensional unstable manifold along the x direction. 

b. The axial singularities  |� = (1,0,0) of a system (2.3) always exists and hyperbolic 

saddle having one dimensional stable manifold along x direction. 

These results are evident from the eigenvalues of the varitational matrix   J1 and J2. 

II. Behavior of the system or stability analysis of non- trivial singularities  

A. variational matrix at |$ = ("̅, �}, 0) = ( j~jl�jZj~ , jl(jl�j~�jZj~)(jl�jZj~)� , 0) is obtained by 

substituting it in general variational matrix  and we get 

 

 

 

�$ =
⎣⎢⎢
⎢⎡1 − 2"̅ − �}(��jZ�̅)� ��̅��jZ�̅ ��̅��j��̅�j`�}jl�}(��jZ�̅)� −V@ + jl�̅��jZ�̅ �jm�}��j��̅�j`�}0 0 −Vh + jo���j��̅�j`�}⎦⎥⎥

⎥⎤
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�$ =
⎣⎢⎢
⎢⎢⎢
⎡"̅ «V�(1 − "̅)1 + V�"̅ − 1¬ −⋋ −"̅1 + V�"̅ −"̅1 + V�"̅ + V$�}V(�}(1 + V�"̅)� 0 −⋋ −V?�}1 + V�"̅ + V$�}0 0 −Vh + VA"̅ + Vg�}1 + V�"̅ + V$�} −⋋⎦⎥⎥

⎥⎥⎥
⎤
 

The corresponding characteristics polynomial   of |$  ]J     p(⋋) = |­ −⋋ ^| = 0 ℎ�J  X] X� ®�\_XJ ⋋�, ⋋�  ��� ⋋$ 

p(⋋) = «z−Vh + VA"̅ + Vg�}1 + V�"̅ + V$�}{ −⋋¬ «⋋�− «"̅ zV�(1 − "̅)1 + V�"̅ − 1{¬ ⋋ + V("̅ �}(1 + V�"̅)$¬ = 0 

⋋$= −Vh + VA"̅ + Vg�}1 + V�"̅ + V$�}          
   ⋋�+⋋�=   "̅ xV�(1 − "̅)1 + V�"̅ − 1y = �Q�BX [
 ­ < 0      
⋋�⋋�=  V("̅ �}(1 + V�"̅)$ = det ­ > 0   
For stability we need   Re ⋋< 0 

Theorem 2.3 

a. The singularities  |$ = ("̅, �}, 0) ]J ℎ�-XQ
[\]B ���Q�B�]�  
[B_J ]� �ℎX ℎ�-XQ -\��X Ω� =Ω�}}}} ∩ �(x, y, z)εIR$; z = 0�, provided  
∩�= V�( V( − V�V@) − V( − V�V@ < 0           …………………….                       (2.14) ∩�= ( V( − V�V@)(V@VA + V(Vg + V�V@Vh − V(Vh − V$V(Vh − V�V@Vh) −V(V@ )(Vg − V$Vh) < 0 ……………………………….                                           (2.15) 

¾¿ÀÀÁ 

From the eigenvalues  ⋋�  ��� ⋋�  we want to show  ⋋�  ���   <�   are both negative with ∩�< 0 
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⋋�+⋋�=   "̅ xV�(1 − "̅)1 + V�"̅ − 1y 

⋋�+⋋�=   1 − �j~Â − Ãjl , VℎXQX   O = V( − V�V@ > 0 ��� ; = O − V@ 

⋋�+⋋�= V(O − 2V(V@ − -OV(O  

⋋�+⋋�< 0 

If   V(O − 2V(V@ − -O < 0 

q(V( − -) −  2V(V@ < 0 

q(V( − (V( − V�V@ − V@)) −  2V(V@ < 0 

q(V�V@ + V@) −  2V(V@ < 0 

q(V� + 1) −  2V( < 0 

( V( − V�V@)(V� + 1) − 2V( < 0 

V�V( − V��V@ − V( − V�V@ < 0 

       ⇒     V�( V( − V�V@)  − V( − V�V@ < 0        

Therefore the sum of eigenvalues  ⋋�  ��� ⋋� is negative for ��< 0. More over their product is 

positive. 

⋋�⋋�= V("̅ �} (1 + V�"̅)$ > 0  , 
[Q V( > 0,   "̅ > 0,   �} > 0  ,    1 + V�"̅ > 0  
Therefore,  ⋋�  ��� ⋋�  �QX  
[�ℎ �X ��]®X. 

For the other eigenvalue        ⋋$= −Vh + jn�̅�jo�}��j��̅�j`�} 
⋋$= −Vh + jn�̅�jo�}Å       ,   where   (R =1 + V�"̅ + V$�} >0)   
⋋$  ]J \XJJ �ℎ�� iXQ[ ]
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VA"̅ + Vg�} − Vh * < 0 

VA"̅ + Vg�} − Vh − V�Vh"̅ − V$Vh�} < 0 

L"̅ − Vh + Æ(1 + V�"̅ − "̅ − V�"̅�) < 0         where  Ç = V@ − V�Vh    and  Æ = (Vg − V$Vh) 

[L+V�d − d − V�d"̅q "̅ − Vh + d < 0 

j~Â �VA − V�Vh + V�d − d − V�d j~Â � − Vh + d < 0       ,   where    "̅ = j~Â  

 
j~jnÂ�j�j~j�Â�jZj~fÂ�j~fÂ�jZj~�f�j�Â��fÂ�Â� < 0 

qpV@VA − V�V@Vh + V�V@d − V@d − VhO + dOq − V�V@�d < 0 

qpV@VA − V�V@Vh + V�V@(Vg − V$Vh) − V@(Vg − V$Vh) − Vh(V( − V�V@) + (Vg −V$Vh)(V( − V�V@)q − V�V@�(Vg − V$Vh) < 0 

qpV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq + O(V$V@Vh−V@Vg) − V�V@�d < 0 

qpV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq − V@Od−V�V@�d < 0 

qpV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq − pV@O−V�V@�qd < 0 

qpV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq − pV@(V( − V�V@)+V�V@�qd < 0 

qpV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq − pV(V@ − V�V@� + V�V@�qd < 0 

qpV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq − pV(V@qd < 0 

(V( − V�V@)pV@VA + V(Vg + V�V@Vh − V@Vg − V(Vh − V$V(Vhq − V(V@(Vg − V$Vh) < 0 

Hence  ⋋$< 0  , 
[Q  ∩�< 0    .       
Here the sum of   ⋋�  ��� ⋋� is negative, the product of ⋋�  ���    ⋋�  is positive, so we can 

say that |$ = ("̅, �}, 0)X"]J�J  ��� ]J �J�È[�[]B�\\� J��
\X ]� "�  plane provided condition 

(2.14) holds. More over   |$ will be stable in x- y- z, plane. Provided condition (2.15) holds. 

B. The variational matrix at  |( = ("�, 0, î )= ( j�jn�j�j� , 0, jn(jn�j��j�j�)(jn�j�j�)� ) is obtained by-   
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 Substitution of  |( in the general variational matrix and we get 

  

 

�( =
⎣⎢⎢
⎢⎡S1 − 2"� − k̂(��j���)�U −⋋ �����j��� �����jZ�� + j`��k̂(��j���)�jnk̂(��j���)� 0 −⋋ jok̂�j�jm��k̂�j`jn��k̂(��j���)�0 0 −V@ + jl����jZ�� − jmk̂��j��� −⋋⎦⎥⎥

⎥⎤
  

The characteristics polynomial of   �(   ]J    
 

P (<) = �−V@ + jl����jZ�� − jmk̂��j��� −⋋� �⋋�− S1 − 2"� − k̂(��j���)�U ⋋ + jn��k̂(��j���)`�=0 

 

⋋�+⋋�=   1 − 2"� − î(1 + V�"�)� = "� «zV� − V�"�1 + V�"� { − 1¬ = "� «zV�(1 − "�1 + V�"� { − 1¬ 

⋋�⋋�= VA"�î(1 + V�"�)$ 

⋋$= V("�1 + V�"� − V@ − V?î1 + V�"� 

Theorem 2.4  

a. The singularity |( = ("�, 0, î) is hyperbolic attracting focus in the hyper plane Ω� = Ω.� ∩ �(x, y, z)εIR$; y = 0�, provided   ∩�,= V�( VA − V�Vh) − VA − V�Vh < 0                                                                  (2.16) ∩�,=∪ ( VhO − V@ ∪) − V?(∪ −Vh)(∪ +V�Vh) < 0                                      (2.17)            

Where ∪=  VA − V�Vh   and O =  V( − V�V@ 

 We want to show   ⋋�+⋋�< 0   ,      ⋋�⋋�> 0   ,     ⋋$< 0   ]
 ∩�,< 0 ��� ∩�, <0 

Proof 

�⋋�+⋋� = "� Sj�(������j��� U − 1�                 

 Let 
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"� = Vh∪ , 
[Q   _ =  VA − V�Vh  ���   î  = VAÊ∪�   , 
[Q   Ê =∪ −Vh 

⋋�+⋋�=  Vh∪  «V�(∪ −Vh)VA − 1¬ = Vh∪  «V�ÊVA − 1¬ = Vh∪ «V�Ê − VAVA ¬ 

But     ⋋�+⋋�< 0         ]
          Vh(V�Ê − VA) < 0 

 ⟹      V�Ê − VA < 0 

⟹  V�( VA − V�Vh − Vh) −  VA < 0 

        And  ⋋�⋋�= jn��k̂(��j���)` > 0, 
[Q VA > 0     "� > 0,    î  > 0              
For the third eigenvalue 

⋋$= −V@ + jl����jZ�� − jmk̂��j���   < 0 

−V@ + jl����jZ�� − jm(����)(��j���)��j���     < 0 

 jl����jZ�� − V? (1 − " ̂ ) − V@  < 0 

jl���jm���jm�j~�jZjm����jZjm���jZj~����jZ��    < 0     if 

 V�V?"�� + (V( + V? − V�V? − V�V@)"� − V? − V@ < 0 

Let     "� = j�jn�j�j�     VℎXQX   Ì =  VA − V�Vh →       "� = j�Í  


jZjmj���jlj�Í�jmj�Í�jZjmj�Í�jZj~j�Í�jmÍ��j~Í�Í� < 0 

−V@Ì� + V(VhÌ − V�V@VhÌ−V?Ì� − V�V?VhÌ + V?VhÌ + V�V?Vh� < 0 

−V@Ì� + VhÌ( V( − V�V@) −  V?Ì(Ì + V�Vh) +  V?Vh(Ì + V�Vh) < 0  
U(VhO − V@Ì)−V?(Ì − Vh) (Ì + V�Vh) < 0 
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(VA − V�Vh)( Vh( V( − V�V@) −  V@(VA − V�Vh)) −  V?((VA − V�Vh) − Vh)( (VA − V�Vh) 

+V�Vh < 0 

 

2.2.2   Behavior of three dimensional system  

a. Existence of ÎÏ = (x*,y*,z*) 

Here x*, y* ���  z* are the positive solutions of the system of algebraic equation given by  

 1 − Ð∗ − Ò∗��jZÐ∗ − Ó∗��j�Ð∗�j`Ò∗ = 0                                                                                  (2.18) 

−V@ + jlÐ∗��jZÐ∗ − jmk∗��j�Ð∗�j`Ò∗ = 0                                                                                     (2.19) 

−Vh + jnÐ∗��j�Ð∗�j`Ò∗ + joÒ∗��j�Ð∗�j`Ò∗ = 0                                                                             (2.20) 

 From     (2.20)   we get    

y*= (j�j��jl)Ð∗�j� jo�j`j� = ÔÐ∗�j�T where   M = V�Vh − V(  ���   Æ =  Vg − V$Vh 

Substituting y*  ]�  (2.19) we get 

z*= (jlÐ∗�jZj~Ð∗� j~)(f�j�ÕÐ∗�j`ÖÐ∗�j`j�)jmf(��jZÐ∗)  

z*= (ÂÐ∗�j~)(f�j�ÕÐ∗�j`ÖÐ∗�j`j�)jmf(��jZÐ∗)         where   O = V( − V�V@ 

Subtitling    y*  ���  z*  ]�   (2.18)  VX  X�  
1 −x*− ÔÐ∗�j�T(��jZÐ∗) − (ÂÐ∗�j~)jm(��jZÐ∗) = 0 

V�V?Õ Ð∗Ø + (V?d + V?Ù + dO − V�V?d)x*+V?Vh − V?d − V@d = 0 

x*  can be  obtained from the quadratic equation of the form  

­∗ "∗� −  Ú ∗"∗ + 1 = 0 
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Where 

A*= jZjm( jo�j`j�)jmj��(j~�jm) (jo�j`j�) 
B*= ( jo�j`j�)( jl�jZj~)� jmp( jo�jn�jZjo)�j�(j��jZj`�j`)q( j~�jm)( jo�j`j�)�jmj�  

 The vector field L(", �, i) admits unique singularity when  

A*< 0                                                                                                                                      (2.2.1) 

"∗ =      �Û ∗±ÜÛ ∗��(Ý∗�Ý∗   

y*= (j�j��jl)Ð∗�j� jo�j`j�    

z*= (ÂÐ∗�j~)(f�j�ÕÐ∗�j`ÖÐ∗�j`j�)jmf(��jZÐ∗)                                                                                                 

where   q = V( − V�V@  ,  k = Vg − V$Vh  and  M = V�Vh − V(                                                                                       

b.   Local stability of ÎÏ = (x*,y*,z*)  

The characteristics polynomial of the general variational matrix about ÎÏ = (x*,y*,z*) is     

P (⋋) = �X�(­ −⋋ ^) = 0 , where A is an operator and ⋋ is an eigenvalue. 

Þßàà −⋋ ßàØ ßàáßØà ßØØ −⋋ ßØáßáà ßáØ ßáá −⋋Þ = â 

P (⋋) =⋋$+ � ⋋�+ 
 ⋋ +B = 0, where 

ã = −(ßàà + ßØØ + ßáá) 

ä = (ßààßØØ + ßààßáá + ßØØßáá) − (ßáØßØá + ßàØßØà + ßàáßáà) 

å = (ßààßáØßØá + ßØØßàáßáà + ßááßàØßØà)− (ßààßØØßáá + ßàØßáàßØá + ßàáßØàßáØ) 
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ãä − å = p−( ßàà + ßØØ + ßáá)(ßààßØØ + ßààßáá) + ßàà (ßàØßØà + ßàáßáà)− ßØØ(ßØØßáá −  ßàØßØà) − ßáá(ßØØßáá −  ßáØßØá − ßàáßáà)+ ßØØßáØßØá q  + ßàØßáàßØá + ßàáßØàßáØ  
        Where ßàà =  1 − 2" − �(��jZ�)� − k(��j`�)(��j���j`�)�       ßàØ = 

����jZ� + j`�k(��j���j`�)�      ßàá =
����j���j`�           

                ßØà = 
jl�(��jZ�)� + j�jm�k(��j���j`�)�       ßØØ =  −V@ + jl���jZ� − jmk�j�jm�k(��j���j`�)�        ßØá =  

�jm���j���j`�                                                       
ßáà =  

jnk�j`jn�k�j�jo�k(��j���j`�)�               ßáØ =  jok�j�jo�k�j`jn�k(��j���j`�)�              ßáá =  −Vh +
jn��jo���j���j`�     

According to Routh – Hurwitz criterion the necessary and the sufficient condition for stability 

are     a > 0,   b > 0,   c > 0     and   a b > c 

Using the Routh –Hurwitz criteria which gave rise to intractable mathematical condition for local 

stability of  |@  for  È�$ < 0  and   È�$ < 0  we have the following theorem. 

Theorem 

Suppose |@ = = (x*,y*,z*) exists and let È�� < 0,   È�� < 0 and  È$$  ≤ 0 if any one of the 

following conditions satisfied. 

I. If   0 < (ßààßØØßáá + ßàØßáàßØá + ßàáßØàßáØ) <  (ßààßáØßØá + ßØØßàáßáà +ßááßàØßØà)  

II. If  (ßààßØØßáá + ßàØßáàßØá + ßàáßØàßáØ)  = â 

III. If    â < −  ßàØßáàßØá − ßàáßØàßáØ  < − (ßààßØØßáá) (ßààßØØ  + ßààßáá ) + ßàà (ßàØßØà + ßàáßáà ) − ßØØ (ßØØßáá − ßàØßØà ) − ßáá (ßØØßáá  − ßáØßØá  − ßàáßáà )+ ßØØßáØßØá. Then ÎÏ  is asymptotically stable.  If not ÎÏ is unstable. 
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Assuming that the vector field has unique singularity.  Condition for existence of an invariant 

compact set in Ω is proved in [20] and showed that for a maximal invariant set  Γ      ‘which is 

non empty because it is an intersection of decreasing family of compact set and a path connected 

set that doesn’t reduce to a single point [12]’ there exist an invariant compact set  ∧�⊂ Γ , which 

contains all possible orbits of L(", �, i).Therefor with this attracting compact set the coexistence 

of the three species with time guaranteed. 
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CHAPTER THREE  

3. 1 Numerical simulation Results 

Analytical studies can never be completed without numerical verification of the results. in this 

section  I present   computer simulation  of some  solution of the system (2.3).Beside verification 

of an out analytical findings, these numerical solutions are very important  from practical point 

of view .The system is numerically  solved for suitable  combination of parameters in such a 

manner that kolmogorov condition  (2.6) and  (2.10) satisfied. 

We choose parameters for the vector field  L(x, y, z) as  

W1 = 1.4       w2 = 5.0         w3 = 8.0         w4 = 1.0         w5 = 0.16           w6 = 0.1        w7 = 1.1            

w8 = 2.0     w9 = 0.163                                                                                                                 (3.1) 

And find the equilibrium values E3, E4, and E5 

(i). In the absence of the top predator Z, The equilibrium point   |$ = ("̅, �,� 0) where  

"̅ = V@V( − V�V@ = 0.160.776 = 0.2061856           ��� 

�} = (1 − "̅)(1 + V�"̅) = (0.7938144)(1.2886598) = 1.0229567 

Therefore |$ = (0.2061856 ,1.0229567,0) is an attracting focus in the x y plane and has an 

unstable manifold along z axis. 

(ii) In the absence of the middle predator Y, The equilibrium point |( = ("�, 0, ��) where  

"� = VhVA − V�Vh = 0.1630.285 = 0.5719298              ���  
î = (1 − "�)(1 + V�"�) = (0.4280702)(3.859649) = 1.6522007 

Therefore  |( = (0.5719298, 0 ,1.6522007) is also an attracting focus in x z plane and has an 

unstable manifold along y –axis. 
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Thus the equilibrium points E3 and E4 have one dimensional unstable manifold in axial 

directions.  

(iii) In the presence of all the species the equilibrium point |@ = ("∗, �∗, i∗) is obtained from the 

quadratic equation 

­∗ "∗� −  Ú ∗"∗ + 1 = 0 

"∗ =      �Û ∗±ÜÛ ∗��(Ý∗�Ý∗   Where  ­∗  ��� Ú ∗ are  

A*= jZjm( jo�j`j�)jmj��(j~�jm) (jo�j`j�) = (>.�()(>.?h?)>.>�?$�>.�g>h? = −0.5917648 

B*= ( jo�j`j�)( jl�jZj~)� jmp( jo�jn�jZjo)�j�(j��jZj`�j`)q( j~�jm)( jo�j`j�)�jmj�  

B*= >.?h?)(>.AA?)� >.�p��.h�(>.�?$)(g.�)q(>.�?)(>.?h?)�>.�?$  

B*= >.(g$A@?>.�?(?? = 2.9379084,     J[ 

"∗ = �.h$Ah>g(±√�>.hhg$?(h$�(�>.@h�A?(g)    

The positive root of the quadratic equation is  

"∗ = 0.3197807 

Next we get �∗  and  i∗ by substituting  "∗ in  

y*= (j�j��jl)Ð∗�j� jo�j`j� = (�>.�g@)(>.$�hAg>A)�>.�?$>.?h?  

y*= 0.1032507            and   

 z*= (ÂÐ∗�j~)(f�j�ÕÐ∗�j`ÖÐ∗�j`j�)jmf(��jZÐ∗)                                                                                                

z*=2.0854223  where   q = V( − V�V@= 0.776 ,  k = Vg − V$Vh = 0.696  and  M = V�Vh −V(= -0.285 

More over the kolmogorove conditions (2.6) and (2.10) 
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(i) V( − V@ − V�V@ = 0.616 > 0  

(]])  VA − Vh�    j� Vh = 0.122 > 0 

Since A*< 0 and kolmogorove conditions satisfied the vector field L(", �, i) admits unique 

solution, and hence the equilibrium point |@ = (0.3197807,0.1032507,2.0854223) istheonly 

singularity in the interior of   Ω.  To get the characteristics polynomial associated with the 

positive equilibrium point |@we substitute  "∗, �∗, i∗ in the general variational matrix of system 

(2.3) where 

 È�� =  −0.0134637       È�� = 0.2339287     È�$ = −0.0933691 

  È�� = 0.0586889           È��=0.0146852         È�$ = −0.0030147 

  È$� = 0.1735361             È$� = 0.4237935      È$$ = 0 

    

Þßàà −⋋ ßàØ ßàáßØà ßØØ −⋋ ßØáßáà ßáØ ßáá −⋋Þ = â 

p(⋋) =⋋$+ � ⋋�+ 
 ⋋ +B = 0 where 

ã = −(ßàà + ßØØ + ßáá)= -(0.0012215)< 0 

ä = (ßààßØØ + ßààßáá + ßØØßáá) − (ßáØßØá + ßàØßØà + ßàáßáà) 

    =-0.0001977+0.0037515 

    =0.0035538 > 0 

å = (ßààßáØßØá + ßØØßàáßáà + ßááßàØßØà)− (ßààßØØßáá + ßàØßáàßØá + ßàáßØàßáØ) 

    =0.002224> 0 

ab-c= -0.0022283 < 0. It is observed that for the Routh-Hurwitz criterion the necessary and 

sufficient condition for stability are not satisfied for at least a<0 thus the real part of the three 

roots of the polynomial are not all negative. 
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P (⋋) =⋋$− (0.0012215) ⋋�+ (0.0035538) ⋋ +0.002224 = 0 

The three Eigen values ⋋� , ⋋�   ,   ⋋k associated with singularity  |@ are given by 

(⋋�=0.060983+0.120909i, ⋋�= 0.060963 − 0.120909]  ,⋋k=   −0.120744).  the existence of 

the non- trivial invariant attracting compact set in the interior Ω is now possible due to [20]  this 

implies that the prey population  X  and both the predator population  Y and  Z co-exist in time 

which tends to the invariant set ⋀� . 

 

Fig-1    The solution curves of the dynamical system of the three species for initial population density (0.2 , 0.65 , 

0.15) and selected parameters W1 = 1.4 w2 = 5.0  w3 = 8.0  w4 = 1.0  w5 = 0.16  w6 = 0.1  w7 = 1.1  w8 = 2.0  w9 = 

0.163   ; shows that the system is unstable .                                                                 
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Fig-2    The solution curves of the dynamical system of the two species for initial population density (0.5, 0.4 ) and 

selected parameters W1 = 1.4 w4 = 1.0  w5 = 0.16   ; shows that the system is stable.  
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CHAPTER FOUR 

Conclusion                                                                                                                                                                              

In this thesis a mathematical model is developed for three dimensional food web system 

consisting of one prey population one middle predator population feeding on the prey and one 

generalist population feeding up on both populations. The complex dynamic behavior of the 

system incorporporating prey dependent functional responses is investigated. The solution 

initiating the positive octant is uniformly bounded. The system is decomposed in to two 

Kolomogrov sub systems. Conditions for the asymptotic stability the nonzero positive 

equilibrium points in boundary planes of x-y and x-z has been established. The instability of the 

existing equilibrium point in three dimensional space shown by Routh-Hurstz criteria. Numerical 

simulations on fig-2 shows that the solution curves for the chosen initial populations’ approaches 

their equilibrium values. So the equilibrium points are stable. More over simulation results on 

fig-1 shows that the solution curves are oscillatory for initial population (0.2, 0.65, 0.15) , so the 

equilibrium point of system 2.3 is unstable. The simulation also suggested that the coexistence of 

the three biological species in a longer time is due to the oscillation of the curves. No one of the 

species come to extinction. Finally it is observed that there is a change on the qualitative 

behavior of the system when trophic function is prey dependent in that the coexistence 

equilibrium point investigated in this paper is unstable. Whereas the results on the paper of 

Michael-Freeze in which the predators interference is ratio-dependent shows the coexistence 

equilibrium point is asymptotically stable for selected parameters and initial conditions. 

Recommendation 

It is recommended that the unstable coexistence of the three species may be stable by choosing 

appropriate values to the parameters, more over the stability analysis done in this thesis does not 

guarantee the coexistence for longer time so finding the global stability is crucial. 
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APPENDIX 

 User defined function file of the main system. 

ydot=stud(t,y,par) 

par =[1.4 5.0 8.0 1.0 0.16 0.1 1.1 2.0 0.163]; 

w1=par(1); 

w2=par(2); 

w3=par(3); 

w4=par(4); 

w5=par(5); 

w6=par(6); 

w7=par(7); 

w8=par(8); 

w9=par(9); 

  

ydot=[y(1)*(1-y(1))-(y(1)*y(2))/(1+w1*y(1))-(y(1)*y(3))/(1+w2*y(1)+w3*y(2)); 

   (w4*y(1)*y(2))/(1+w1*y(1))-(w6*y(2)*y(3))/(1+w2*y(1)+w3*y(2))-w5*y(2); 

   (w7*y(1)*y(3)+w8*y(2)*y(3))/(1+w2*y(1)+w3*y(2))-w9*y(3)]; 

Script file of the main system. 

 t=[0 1000]; 

y0=[0.2;0.65;0.15]; 

[t,y]=ode45(@stud,t,y0); 
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%  figure;plot(t,y(:,1)); 

%  figure;plot(t,y(:,2)); 

%  figure;plot(t,y(:,3)); 

plot(t,y(:,1),t,y(:,2),t,y(:,3)); 

User defined function file of the sub system. 

function [ ydot ] = tem( t,y,par ) 

par=[1.4 1.0 0.16]; 

w1=par(1); 

w4=par(2); 

w5=par(3) 

ydot=[y(1)*(1-y(1))-y(1)*y(2)/1+w1*y(1); 

   -w5*y(2)+ w4*y(1)*y(2)/1+w1*y(1)]; 

  

Script file of the sub system 

t=[0 1000]; 

y0=[0.5;0.4]; 

[t,y]=ode45(@tem,t,y0); 

%figer;plot(t,y(:,1)); 

%figer;plot(t,y(:,2)); 

plot(t,y(:,1),t,y(:,2)); 
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