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Abstract

In this study we presented a mathematical model which describes the interaction between
prey and predator populations. We considered a modified Lotka-Volterra prey-predator
model. The existence and stability of the equilibrium points were studied both analyti-
cally and numerically. The existence and positive equilibrium of the system and stability
of the equilibrium of the system studied under various conditions. The phase portraits are
obtained for different sets of parameter values and initial conditions. Also bifurcation dia-
gram are presented for selected range of growth parameter. Finally, numerical simulation
has been used to specify the control parameters and confirm the obtained results.
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Chapter 1

Introduction

1.1 Background of the study

Mathematical population models have been used to study the dynamics of prey preda-
tor systems since Lotka (1925) and Volterra (1927) proposed the simple model of prey-
predator interactions now called the Lotka-Volterra model. Since then, many mathemat-
ical models, some reviewed in this study, have been constructed based on more realistic
explicit and implicit biological assumptions.
In the 1920s, the Italian mathematician Vito Volterra (1926) proposed a differential equa-
tion model to describe the population dynamics of two interacting species, a predator and
its prey. He hoped to explain the observed increase in predator fish and decrease in prey
fish in the Adriatic Sea during World War I. Such mathematical models have long proven
useful in describing how populations vary over time. Data about the various rates of
growth, death, and interaction of species naturally lead to models involving differential
equations.

Independently, in the United States, the very equations studied by Volterra were derived
by Alfred Lotka [1925] to describe a hypothetical chemical reaction in which the chemical
concentrations oscillate. The Lotka-Volterra model consists of the following system of
differential equations: {

dx
dt

= rx− axy
dy
dt

= −by + cxy
(1.1.1)

where y(t) and x(t) represent, respectively, the predator population and the prey popu-
lation as functions of time. The parameters r,a,b,c are positive constants.
The idea of the first equation is that in the absence of predators, the prey would grow at
a constant rate r, but decreases linearly as a function of the density y of the predators.
Similarly, in the absence of prey, the density of predators would decrease but the rate
increases proportional to the density of the prey. As the number of prey increases, the
rate of the predator grows increases.
In such system there are always fluctuation in the number of predators and prey and
around the value (x0 = b

c
, y0 = r

a
) with the amplitudes and period determined by the

initial conditions.
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This model has two major disadvantages, one of which is a biological character and the
other is a mathematical one. From biological view point a linear dependence of the rate
of predation and predator reproduction on the number of prey is considered by many
authors to be a very crude approximation of reality which is true only with in some very
narrow limits .
From the mathematical view point, the main drawback of the Lotka-Volterra system is
the fact that this system is not ”robust.” that is the account of factors or effects not take
in to consideration when building the model, results in qualitative modification of the
systems behavior.
The Lotka-Volterra model (1.1.1), from many points of view is unstable and unrealistic.
Firstly, in the absence of predators, the population of prey would grow exponentially to-
wards infinity. This feature is easily corrected, one way is to introduce a competition rate
within the prey species.
And also in the absence of predators the growth of prey population follows the logistic
growth model.The growth rate of prey population is determined by the equation;

{
dx
dt

= rx(1− x
k
) (1.1.2)

where r and k are positive constants. The constant r is the internisic growth rate of
the prey while the constant k is the carrying capacity of the environment that limits the
number of prey population that can be considered as the competition rate as well. This
logistic model was first proposed by Verhulst in 1838 to adjust the exponential growth of
the population model at that time.
We then can add another term into the model (1.1.1) as an intraspecific competition and
if we wish, we may also allow an intraspecific competition with in the predators. The
latter is less crucial, as their population does not explode anyway. This leads to a more
general Lotka-Volterra model as follows,

{
dx
dt

= rx− kx2 − axy
dy
dt

= −by + cxy − dy2
(1.1.3)

Thus the classical model (1.1.1) is one special case of the above model.
Another reason why the classical model is unrealistic is the fact that the solution oscil-
lates periodically in the same periodic solution all the time. If a prey population increases,
it encourages growth of its predator. More predators however consume more prey, the
population of which starts to decline. With less food around, the predator population
declines and when it is low enough, this allows prey population to increase and the whole
cycle starts over again. Depending on the detailed system, such oscillations can grow or
decay or go into a stable limit cycle oscillation, which does not occur in either (1.1.1) or
(1.1.3).

In this research, we are also study several types of bifurcations, saddle node, transcritical,
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pitchfork and Hopf bifurcation. The first three types of bifurcation occur in scalar and
in systems of differential equations. The fourth type called Hopf bifurcation does not
occur in scalar differential equations because this type of bifurcation involves a change
to a periodic solution. Scalar autonomous differential equations can not have periodic
solutions. Hopf bifurcation occurs in systems of differential equations consisting of two or
more equations. This type is also referred to as a Poincare-Andronov-Hopf bifurcation.

1.2 Bifurcation:Analyzing changes in a parameter value

The word bifurcation was introduced by Poincar, a French mathematician, in the field of
non-linear dynamics. He used this to indicate the qualitative changes in the behavior of
systems where one or more system parameters values varied.
In particular equilibrium points may created or destroyed or their stability may change,
and in any system, as a parameter value is varied, there is some change in the dynamical
behavior. Most of the time these changes are only quantitative in nature. But there may
also be situations where one or more parameter values change may result in a qualitative
change in steady state behavior of a dynamical system. These qualitative changes in the
dynamical system is called bifurcation. The parameter value at which these changes occur
are called bifurcation points.
If one of the parameters values in the model changes, the value of the steady state(s),
the corresponding eigenvalues and hence the stability characteristics may change as well.
However, these changes are in general continuous, which means that plotted as a function
of the parameter value the value of the steady state(s) form a smooth and continuous
curve. The same holds for the value of the corresponding eigenvalues (both the imaginary
and real parts!).

Mathematically, this means that when the parameter λ crosses some point λ = λ∗, the
phase portrait of the system for λ < λ∗ is topologically different from the phase portrait
of the system for λ > λ∗. The point λ = λ∗ is called a bifurcation point at which the
system undergoes a bifurcation. If the qualitative change occurs in a neighborhood of a
fixed point or periodic solution, then it is called a local bifurcation. Any other qualitative
change that occurs is considered as a global bifurcation. The local bifurcations of fixed
points (equilibrium points) are classified into static bifurcations or dynamic bifurcations.

Saddle-node bifurcation, pitchfork bifurcation and transcritical bifurcation are exam-
ples of static bifurcations as only branches of fixed points or static solutions meet. Hopf
bifurcation is an example of dynamic bifurcation. Saddle-node bifurcation is a collision
and disappearance of two equilibria in dynamical systems.
In autonomous systems, this occurs when the critical equilibrium has one zero eigenvalue.
This phenomenon is also called fold or limit point bifurcation.
A saddle node bifurcation of a fixed point of the system x

′
= f(x, λ) where x ∈ Rn and

λ ∈ R occurs at (x0, λ0) if,
(i) There is an equilibrium point at x = x0 for λ = λ0 i.e f(x0, λ0)=0 and
(ii) The Jacobian matrix Dxf(x0, λ0) has zero eigenvalue.
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The other types of bifurcation is transcritical bifurcation which occurs when the equi-
librium points change their stability as the bifurcation parameter value is varied. The
fixed points of the system exist for all parameter values and can never be destroyed. In a
transcritical bifurcation, two families of fixed points collide and exchange their stability
properties. The family that was stable before the bifurcation is unstable after it. The
other fixed point goes from being unstable to being stable.
A pitchfork bifurcation is a particular type of local bifurcation (possible in dynamical),
that is one family of fixed point transfers its stability properties to two families after or
before the bifurcation point. If this occurs after the bifurcation point, then pitchfork
bifurcation is called supercritical. Similarly, a pitchfork bifurcation is called subcritical if
the nontrivial fixed points occur for values of the parameter lower than the bifurcation
value. Now that we have introduced bifurcations in one dimension, it is instructive to
discuss some key bifurcations in two dimensions. The essential idea is the same; to find
parameter values that lead to changes in the system’s behavior.
A Hopf or Poincare-Andronov-Hopf bifurcation is a local bifurcation in which a fixed point
of a dynamical system loses their stability as a pair of complex conjugate eigenvalues of
linearization around the fixed point cross the imaginary axis of the complex plane. Hopf
bifurcation is the appearance or disappearance of aperiodic orbit (solution) through a
local change in the stability properties of the equilibrium point. It has two parts; super-
critical Hopf bifurcation(results in a stable limit cycle ) and a sub critical Hopf bifurcation
(results in an unstable limit cycle.) A Hopf bifurcation at which the positive equilibrium
becomes unstable and the system starts to oscillate around that equilibrium when a pa-
rameter is varied. The stable limit cycle grows when a parameter value is varied further.
Then at some point the periodic orbit touches the saddle boundary equilibria, collides
with these and disappears abruptly.

A bifurcation parameter value is sensitive to very small changes so that even a slight
change can lead to differences in the system’s behavior. In addition to changing the num-
ber of fixed points, bifurcations can also change some characteristics of the fixed point as
well, while not necessarily destroying them. For instance, for certain parameter values,
the system may have two fixed points, but the stability of each may vary depending on
the parameter value. Bifurcation plots describe which parameter values yield oscillatory
behavior and allows for a global picture of dynamics.

The main purpose of this research work is to study the qualitative and quantitative
changes in a mathematical model which describes the population dynamics of prey and
predator interaction. In this study we will discuss two-dimensional Lotka-Volterra sys-
tems. The discussion involves the theory of bifurcation analysis. Although some aspect
of the two-dimensional Lotka-Volterra system have been discussed, such as the stability
of the positive equilibrium, the stability of the origin. In bifurcation theory, the presence
of special structure complicates the analysis, since it usually leads to certain degeneracies
that one does not normally have. This leads us to then analyze a general dynamical
system with the same special structure as the Lotka-Volterra system.
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1.3 Statement of the problem

Predator-prey models were used by scientists to predict or explain trends in population
dynamics. The goal of this research work will be to explore the behavior of a simple model
and to understand the basic concept of prey-predator dynamics using the qualitative and
quantitative behavior of the model.
In this research work we will focuses on behavior of the solution of the system,{

dx
dt

= rx− kx2 − axy
dy
dt

= −by + cxy − dy2
(1.3.4)

in order to answer the biological questions;

F How can the model properties change when the parameter value in the model
changed.

F How the dynamics of prey-predator interaction changes as the parameter value
changes.

F How to predict qualitative and quantitative changes in system’s behavior(bifurcation)
occurring at the equilibrium points.

1.4 Objective of the study

1.4.1 General objective of the study

The main objective of this study is to understand the dynamics of prey-predator interac-
tions using mathematical model.

1.4.2 Specific objectives of the study

The specific objectives of this study are to:

I explain the qualitative behavior of the mathematical model for prey-predator inter-
action.

I investigate the effect of change in values of parameter on the dynamics of the system.

I investigate the biological implications of the qualitative and quantitative changes of
the system.

I identify the parameter which plays greater role in the qualitative behavior of the
system.
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1.5 Significance of the study

Predators and prey can influence one another’s evolution. Traits that enhance a preda-
tor’s ability to find and capture prey will be selected for the predator, while traits that
enhance the prey’s ability to avoid being eaten will be selected for the prey. The ”goals”
of these traits are not compatible, and it is the interaction of these selective pressures that
influences the dynamics of the predator and prey populations. Predicting the outcome of
species interactions is also of interest to biologists trying to understand how the ecosystem
are structured and sustained.
This studies is expected to have the following significance to

� It provides reliable information about the quantitative and qualitative changes in
the long-term dynamics of the interaction between prey and predator.

� To maintain the ecosystem.

� The result of this research work will benefit a scientific community by understanding
the bifurcation analysis of a predator-prey model. Moreover the result obtained from
this research work will be used as an input for other researchers.

1.6 Research methodology

In this research work we are going to study the qualitative and quantitative changes in a
mathematical model which describes the a population dynamics of prey and predator in-
teraction using a system of non-linear ordinary differential equations. Usually, non-linear
differential equation are not solvable analytically. We solve the model equation numeri-
cally. We will try to determine the local stability of the system using Jacobian matrix.
The bifurcation analysis will be done, which helps as to understand the quantitative and
qualitative changes in the system. The analytically solutions to the mathematical prob-
lems are supplemented by numerical simulations using biologically meaningful system of
parameter values. Numerical simulations was performed using the software a graphical
MATLAB package for the analysis of dynamical system.
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Chapter 2

Review of Literature

In 1925 Alfred Lotka explained deeply the purpose of the new area called physical biology,
which consists of the application of physical principles in the study of life-bearing systems
as a whole in contrast with biophysics that treats the physics of individual life processes.
Among some examples employed in this area he proposed a model to describe chemical
reactions in which the concentrations oscillates. One year hence, using the same equations,
different studies were carried out by Vito Volterra. The main purpose of his work was to
describe the observed variations in some species of fish in the Upper Adriatic sea. The
system of equations proposed by Lotka and Volterra describes the change of prey or host
density with time, and assumed, for this purpose, that the number attacked per predator
was directly proportional to prey density. This model became known as Lotka-volterra
predator-prey equation.

Volterra’s study showed that the steady state for the co-existence of the prey fish and
predatory fish was periodic and that a pause of fishery would indeed lead to an increase of
the predators and a decrease in the prey. Since then, many ecological models have been
formulated and analyzed to study various phenomena. Volterra (1926) closed his short
paper with the modest statement: Seeing that a great number of biological phenomena
are characteristic of associations of species, it is to be hoped that this theory may receive
further verification and may be of some use to biologists.
Despite the brevity of the paper and the modest closing sentence, Volterra established
with his study a corner-stone for the theory about predator-prey interactions. The Lotka-
Volterra predator-prey model, as it has been referred to since Volterra’s contribution,
forms a basis on which most if not all models of such interactions have been founded.
In addition, it has become clear that predator-prey interactions are one of the most
important causes of oscillations in species abundance. Hence, not only the model that
Volterra (1926) studied, but also the fluctuations he reported are to the present day
important focal points for studying the dynamics of interacting species.

Freedman (1980) came up with a generalised prey-predator model represented by the
system of differential equations given by :

x
′
= xg(x)− yf(x)

7



y
′
= y(−e+ p(x))

where x and y are the densities of the prey and predator respectively, g(x) is the growth
rate of the prey in absence of the predators, f(x) is the functional response of the predators
with respect to prey x, and p(x) is the numerical response of the predator. In most cases,
p(x) is a product of a constant and f(x).
Another improvement of predator and prey population models was done by Kolmogorov.
After noticing population models in Volterras work, Kolmogorov in 1936 studied predator-
prey models of the general form:

x
′
= xS(x, y) (2.0.1)

y
′
= yW (x, y) (2.0.2)

Conditions must be put on S and W to make x and y a prey and a predator respectively.
The first group of conditions requires that, if the number of predators increases, then the
rates of increase of the two populations decrease;

∂S
∂y
< 0 and
∂W
∂y

< 0

In addition, the rate of increase of the predator population increases with respect to the
increase of population of prey, while the rate of the prey population decreases,

∂S
∂x
< 0 and
∂W
∂x

> 0

Of course, there are more conditions we need in order to approximate the model closely
to the reality.
The Lotka-Volternra predator-prey model and the other population models are special
cases of models in population dynamics. This is because in ecology, interactions between
species can be very complex, even when only two species are considered.
As in the predator-prey models, the simplest model that can represent all the above
two species interactions is of the Lotka-Volterra type. Thus, using a modern notation we
have the general two-dimensional Lotka-Volterra model that can represent all interactions
between two species:

x
′
= x(b1 + a11x+ a12y)

y
′
= y(b2 + a21x+ a22y)

The signs of bi and ai,j (i,j = 1,2) determine what population model we have. For example,
we can construct a competition model here by letting b1, b2 be positive and a11, a12, a21 and
a22 be negative. Among all two-species interactions, predator-prey and competition rela-
tionships are the most studied models in population dynamics. Besides the Lotka-Volterra
model, the Kolmogorov model can also be used to represent not only predator-prey in-
teraction but also competition and cooperative relationships using the freedom in the
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conditions of functions S and W. In the Gause model, one has to generalise some as-
sumptions for this model to be able to model not only predator-prey relationship but all
two-species interactions as well.
Turchin et al. (2000) have argued convincingly that to the cycles in abundance in voles
are predator-prey cycles, in which the vole are the prey of their specialized predator, the
weasel. However, data on fluctuations in abundance of the weasel are generally not avail-
able, hence it is not possible to compare the cycle characteristics with those of the limit
cycles predicted by the Rosenzweig-MacArthur model.
Kesh et al. (2000) proposed and analyzed a mathematical model of two competing prey
and one predator species where the prey species follow Lotka-volterra dynamics and preda-
tor uptake functions are ratio dependent. They derived conditions for the existence of
different boundary equilibria and discussed their global stability. They also obtain suffi-
cient conditions for the permanence of the system.
Hsu et al. (2001) studied the qualitative properties of a ratio dependent predator-prey
model. They showed that the dynamical outcome of interactions depend upon parameter
values and initial data.
Chaudhuri and Kar (2004) proposed and analyzed a fishery model of a two prey-one preda-
tor system in which the prey were being harvested and the feeding rate of the predator
increases linearly with prey density. They derived conditions for global stability of the
system using a Lyapunov function.
Vlastmil and Eisner (2006) studied a one consumer-two resource population dynamics
system in which the resource was spatially distributed between two patches. The study
showed that when resources grow exponentially, handling times are zero and apparent
competition always leads to extinction of the weaker resource. However, with logistic
growth and Holling Type II functional response included in the model, species perma-
nence was guaranteed.
Braza (2008) considered a two predator; one prey model in which one predator interferes
significantly with the other predator is analyzed. The analysis centers on bifurcation dia-
grams for various levels of interference in which the harvesting is the primary bifurcation
parameter.
Lotka-Volterra developed the prey-predator model, but after developed the model does
not studies bifurcation analysis of prey-predator model. And also no one of the above
authors studies bifurcation analysis of the lotka-volterra prey-predator model. In this
research work the bifurcation analysis of the system will be done, and discuss the types of
changes in dynamics that can occur in continuous-time models of biological populations
when a single model parameter value is varied. Several types of such bifurcations can oc-
cur and these types posses particular characteristics that hold independent of the model
they occur in. This research work will essentially not introduce any new techniques or
methods, as the discussion below depends entirely on the computation of steady states,
their eigenvalues and stability properties. A new perspective will be added, because we
will focus on the question how these model properties change when a parameter value in
the model is changed.
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Chapter 3

Model analysis

In this section, we analysis a mathematical model which describes the dynamics of inter-
action between prey and predator. The model equation we consider a modified Lotka-
Volterra prey-predator model. Reduce the model to non-dimensional form and determine
the existence of solution, positivity of solution and boundedness of the solution will be
caried out.
The main feature of the model is that the bifurcation analysis incorporated in the model
to represent the properties in the way the predators feeds on each of the prey species.
Terms representing logistic growth of the prey species in the absence of the predator and
the predator species with it self included in the model. The model has two non-linear
autonomous ordinary differential equations describing how the population densities of the
two species would vary with time t.
The analysis includes the local and global stability analysis and also determining all the
bifurcation type, i.e saddle,pitchfork,transcritical and Hopf bifurcation.
Lastly numerical simulation is followed in order to better understand the dynamics of
modified lotka-volterra model.
The model consists of two species, prey and predators and the lotka-volterra assumes
logistic growth for the population of each species.The mathematical model for two in-
teracting species are the non linear differential equation which represent the modified
lotka-volterra system is as follows;

{
dx
dt

= rx− axy − kx2
dy
dt

= −by + cxy − dy2
(3.0.1)

where x and y are respectively, the size of prey and predator population at a time t, and
the interaction coefficients,k,d> 0, measures the carrying capacity of the environment that
limits the number of prey and predator population,respectively that can be considered as
the interaction rate as well.There are six parameters on this model,we non-dimensionalize
to reduce this number to three.
Assumption of the model
� The prey population in the absence of predator to be growing logistically.
� The effect of the predation is to reduce the preys per capita growth rate of prey by a
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term proportional to the prey and predator populations.
� In the absence of prey population the predators death rate results in logistically decay.
� The preys contribution to the predators growth rate is cxy ; that is it is proportional
to the available prey as well as to the size of the predator population.
� Death rate due to interaction between prey population within itself computing for the
same resources,the kx2 term.
� Death rate due to interaction between predation population within itself computing for
the same resources, the dy2 term.
Parameters of the model
The parameters of model are presented in Table 3.1. The parameter r represents the
natural growth rate of prey in the absence of predators. The parameter a represents
the effect of predation on the prey population because of the predation of the predator.
k represents the implicitly related to the carrying capacities of prey population or the
interaction between prey population with in itself. In the second equation parameter b
represents the natural death rate of the predators in the absence of prey. The predator
population benefits from the prey and that result in an increase in the predator popu-
lation represents by parameter c. Parameter d represents the benefit of predator due to
interaction between predator with it self.

Parameter Interpretation

r Natural growth rate of prey in the absence of predator

a The effect of predation due to prey

k Interaction between prey population with itself

b The natural death rate of the predator in the absence of
prey.

c The efficiency and propagation rate of the predator in
the presence of prey.

d Interaction between predator population with itself

Table 3.1: Parameters of the Model
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3.1 The dimensionless form of the model

A model can be transformed in to a dimensionless form,i.e rewriting the system interms
of dimensionless quantities. One of the advantages of the system in dimensionless form is
that the number of parameter is reduced to a minimum, and that makes also the analysis
easier. Further more parameters can be better compared with each other, in terms of
small and large and thus one gets more insight in to the system. It is also possible to
make a comparison between different systems. The dynamics of the transformed model
will be the same as in the original system,

{
dx
dt

= rx− axy − kx2
dy
dt

= −by + cxy − dy2
(3.1.2)

system(3.1.2) becomes

{
dx
dt

= rx(1− a
r
y − k

r
x)

dx
dt

= by(−1 + c
b
x− d

b
y)

(3.1.3)

Let {
τ = rt⇒ dτ = rdt⇒ dt = dτ

r
(3.1.4){

v = a
r
y ⇒ y =

r

a
v ⇒ dy

dt
= r

a
dv
dt (3.1.5){

u = c
b
x⇒ x =

b

c
u⇒ dx

dt
= b

c
du
dt

(3.1.6)

Now substituting (3.1.4), (3.1.5) and(3.1.6) in to first and in the second equation of(3.1.3),
we have {

du
dτ

= u(1− v − kb
rc
u)

dv
dτ

= b
r
v(−1 + u− rd

ba
v)

(3.1.7)

Thus equation(3.1.3) becomes{
du
dτ

= u(1− v − αu)
dv
dτ

= δv(−1 + u− βv)
(3.1.8)

with α = kb
rc
, β = rd

ab
and δ = b

r
Therefore the dimensionless form of the model(3.1.2) is{

du
dτ

= u(1− v − αu)
dv
dτ

= δv(−1 + u− βv)
(3.1.9)
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3.2 positivity and boundedness of solution

3.2.1 Positivity of solution

Theorem 3.2.6.1 All solution of system(3.1.9) that starts in R2
+ with positive initial

conditions stay positive for all time, i.e.if u(0),v(0)> 0, then u(τ),v(τ)> 0 for all τ > 0.
proof; Let u( τ) and v(τ) be the solution of system(3.1.9).

{
du
u

= (1− v − αu)dτ
dv
v

= δ(−1 + u− βv)dτ
(3.2.10)

Integrating system(3.2.10) with initial conditions(u0, v0), we have,

∫ u(τ)

u0

du

u
=

∫ τ

0

(1− v − αu)dτ

∫ v(τ)

v0

dv

v
=

∫ τ

0

δ(−1 + u− βv)dτ

⇒ u(τ) = u0exp

∫ τ

0

(1− v − αu)dτ

⇒ v(τ) = v0exp

∫ τ

0

δ(−1 + u− βv)dτ

showing that u(τ) ≥ 0 and v(τ) ≥ 0 whenever u(0) > 0 and v(0) > 0. Hence all
solutions remain within the first quadrant of the uv-plane starting from an interior point
of it. Further we can easily establish that solution trajectories starting from (u0, 0) with
u0 > 0, remain within the positive u-axis at all future time and similar result holds for
trajectories starting from a point on the positive v-axis. Hence, R2

+ = {(u, v) : u, v ≥ 0}
is an invariant set.
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3.2.2 Boundedness of solution

Theorem: If u(τ),v(τ) are the solutions of the system (3.1.9) then u(τ),v(τ) will be
bounded for any initial condition u(0)≥0,v(0)≥0.

proof;consider u(τ),v(τ) satisfying the following initial value problem. From the first
equation of system(3.1.9), we have

du
dτ
≤ u(1− v)

then we can write this as,

du
u
≤ (1− v)dτ

Integrating both side we have,

lnu+ lnu0 ≤ (1− v)τ

⇒ uu0 ≤ e(1−v)τ

⇒ u(τ) ≤ 1
u0e(v−1)τ

⇒ u(τ) ≤ 1

Thus we conclude that u(τ) will be bounded for any non negative initial condition.
To the same manner,

dv
dτ
≤ δv(1− βv)

⇒ dv
v(1−βv) = δdτ

using integration by partial fraction,

⇒ ln v − ln(1− βv) = δτ

⇒ ln v
(1−βv) = δτ

⇒ v = eδτ(1−βv)

⇒ v(τ) ≤ eδτ

1+βeδτ

v(τ) bounded. Therefore u and v are bounded.

3.3 Stability analysis

3.3.1 Equilibrium points

The dynamical system(3.1.9) has the following three fixed or equilibrium points. The
origin(E0), a boundary fixed point (E1) and a fixed point for with both populations
survive(E2):

14



E0 = (0, 0)
E1 = (u∗, 0) = ( 1

α
, 0)

E2 = (u∗, v∗) = ( 1+β
1+αβ

, 1−α
1+αβ

), if 1− α > 0

Biologically the first equilibrium points corresponds to extinction of both species, the
second equilibrium points corresponds to extinction of one species,and the last equilibrium
points corresponds to steady state co existence of both species.

Equilibrium point Existential conditions

E0(u
∗, v∗)=(0,0) -

E1(u
∗, v∗) = ( 1

α
, 0) -

E2(u
∗, v∗) = ( 1+β

1+αβ
1−α
1+αβ

) 1− α > 0

Table 3.2: Conditions on parameters for existence of equilibrium points of the system
(3.1.9).

3.3.2 Local stability analysis of equilibria of the system

The local asymptotic stability of each equilibrium point is studied by computing the Ja-
cobian matrix and finding the eigenvalues of the jacobian matrix evaluated equilibrium
points.

If all the real parts of our eigenvalues are negative,then the equilibrium point is asymp-
totically stable.
If at least one eigenvalue of the Jacobian matrix is positive, then the equilibrium point is
unstable.

From systems (3.1.9), the Jacobian matrix of the system is given by:

Ei =

[∂f1
∂u

∂f1
∂v

∂f2
∂u

∂f2
∂v

]

which gives J(Ei) =

[
1− v − 2αu −u

δv −δ + δu− 2δβv

]
The local asymptotically stability for each equilibrium point is analyzed as below;

A.Local stability analysis of the point E0 = (0, 0)
The jacobian matrix of system(3.1.9) evaluated at E0 gives the matrix,

J(E0) =

[
1 0
0 −δ

]

15



It follows that the origin(0,0) is unstbale, since the eigenvalue of the jacobian matrix
evaluated at the origin is negative(λ1 = −δ) and the other eigenvalue is positive
λ2 = 1

B.Local stability analysis of the point E1 = (u∗, 0) = ( 1
α
, 0)

The jacobian matrix of system(3.1.9) evaluated at E1 gives the matrix

J(E1) =

[
−1 −1

α

0 −δ + δ
α

]
=

[
−1 −1

α

0 δ(−1 + 1
α

)

]
The eigenvalues of the matrix J(E1) are λ1 = −1 and

λ2 = δ(−1 + 1
α

)⇒ δ
α

(−α + 1) = −δ
α

(1− α). The eigenvalues of the

above are negative for −δ
α

(1− α) < 0⇒ 1− α > 0 = α < 1

Hence the equilibrium point E1(
1
α
, 0) is locally asymptotically stable, if the condition

α < 1 (3.3.11)

hold.
But if the condition 1 − α > 0 ⇒ α > 1 then one of the eigenvalue become positive,
therefore the equilibrium point is unstable. This equilibrium point represents the limiting
population of the prey as 1

α
in the absence of the predator.

C.Local stability analysis of the point E2 = (u∗, v∗) = ( 1+β
1+αβ

, 1−α
1+αβ

).

The jacobian matrix of system(3.1.9) evaluated at E2 gives the matrix,

J(E2) =

[
−αβ−α
1+αβ

−1−β
1+αβ

δ−αδ
1+αβ

αβδ−βδ
1+αβ

]
=

[
−α(β+1)
1+αβ

−1−β
1+αβ

δ(1−α)
1+αβ

δβ(α−1)
1+αβ

]
The eigenvalues of J(E2) are obtained by solving;

det

[
−α(β+1)
1+αβ

− λ −1−β
1+αβ

δ(1−α)
1+αβ

δβ(α−1)
1+αβ

)− λ

]
=0

This gives

(−α(β+1)
1+αβ

− λ)( δβ(α−1)
1+αβ

)− [(−1−β
1+αβ

)( δ(−α)
1+αβ

)] = 0

which simplifies to a characteristic equation,

= λ2 + (−α(β+1)
1+αβ

)( δβ(α−1)
1+αβ

)− δβ(α−1)
1+αβ

λ+ α(β+1)
1+αβ

λ+ ( 1+β
1+αβ

)( δ(1−α)
1+αβ

)

λ2 − (δβ(α−1))λ
1+αβ

+ α(β+1)λ
1+αβ

− α(β+1)
1+αβ

( δβ(α−1)
1+αβ

) + [ (1+β)
1+αβ

δ(1−α)
1+αβ

]
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= λ2 − 1
1+αβ

(δβ(α− 1)− α(β + 1))λ− δ(β+1)
(1+αβ)2

(αβ(α− 1)− (1− α))

=λ2 − 1
1+αβ

(δβ(α− 1)− α(β + 1))λ− δ(β+1)
(1+αβ)2

(αβ(α− 1) + (α− 1))

Therefore, the characteristic equations becomes,

λ2 − 1
1+αβ

(δβ(α− 1)− α(β + 1))λ− δ(β+1)
(1+αβ)2

(αβ + 1)(α− 1))=0

Hence, the eigenvalues of the jacobian matrix evaluated at E2 are given by,

λ1,2 =
1

1+αβ
(δβ(α−1)−α(β+1))±

√
( δβα−δβ−αβ−α

1+αβ
)2−4(−(β+1)(αβ+1)(α−1)

(1+αβ)2
)

2

= 1
2
[ 1
1+αβ

(δβ(α− 1)− α(β + 1))±
√

( δβα−δβ−αβ−α
1+αβ

)2 + 4 (β+1)(αβ+1)(α−1)
(1+αβ2)

]

But in the existence condition 1− α > 0, therefore

λ1,2 = −1
2

[ (δβ(1−α)+α(β+1))
1+αβ

±
√

(δβ(1−α)−α(β+1))2

(1+αβ)2
− 4( (β+1)(αβ+1)(1−α)

(1+αβ)2
)]

Hence,

λ1 = −1
2

[ (δβ(1−α)+α(β+1))
1+αβ

− i
√

(δβ(1−α)+α(β+1))2

(1+αβ)2
+ 4( (β+1)(αβ+1)(1−α)

(1+αβ)2
)]

= −1
2

[ (δβ(1−α)+α(β+1))
1+αβ

− i
1+αβ

√
(δβ(1− α) + α(β + 1))2 + 4(β + 1)(αβ + 1)(1− α)]

and

λ2 = −1
2

[ (δβ(1−α)+α(β+1))
1+αβ

+ i
√

(δβ(1−α)−α(β+1))2

(1+αβ)2
− 4( (β+1)(αβ+1)(1−α)

(1+αβ)2
)]

= −1
2

[ (δβ(1−α)+α(β+1))
1+αβ

+ i
1+αβ

√
(δβ(1− α) + α(β + 1))2 + 4(β + 1)(αβ + 1)(1− α)]

Therefore, the positive interior equilibrium point is locally asymptotically stable as the
real part of the eigenvalues are negative.
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3.3.3 Global stability analysis of equilibria

In this section,the global stability analysis of system(3.1.9) in the R2
+ is investigated by

using Lypunov function. Actually the first lypunov function in population biology was
contracted by Vito Volterra 1920. He considered the predator-prey model which describes
the fluctuation of predator species(selachians(sharkas)) and prey species(the food fish) in
Mediterranean sea.

Theorem: The positive interior coexistence equilibrium point E2 is globally asymp-
totically stable.

proof: Consider a lypunov function,

H(u, v) = u− u∗ − u∗ lnu
u∗

+ 1
δ
(v − v∗ − v∗ ln v

v∗
).

Differentiating H with respect to time t,thus we get,

dH(u, v)

dt
=

(u− u∗)
u

du

dt
+

1

δ

(v − v∗)
v

dv

dt

substituting in the expression for du
dt

and dv
dt

, we get

dH(u, v)

dt
=

(u− u∗)
u

(u(1− v − αu)) +
1

δ

(v − v∗)
v

(δv(−1 + u− βv))

= (u− u∗)(1− v − αu) + (v − v∗)(−1 + u− βv)

= (u− u∗)(−(v − v∗)− α(u− u∗)) + (v − v∗)((u− u∗)− β(v − v∗))

= −α(u− u∗)2 − (u− u∗)(v − v∗) + (u− u∗)(v − v∗)− β(v − v∗)2

= −α(u− u∗)2 − β(v − v∗)2 < 0

⇒ dH
dt
< 0, hence H(u,v) is a Lypunov function. Therefore E2 is globally asymptoti-

cally stable. Note that dH
dt

does not change sign and is not identically zero in the Int.R2
+

of the xy-plane.
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3.4 Bifurcation analysis

Bifurcation analysis focuses on the dependency of the long-term dynamics behavior on
the model parameters of non linear dynamical systems. In this section we study the
occurrences of different types of local bifurcations due to the change in stability properties
of various equilibrium points of the system. Local bifurcations are those which can be
previewed studying and the above vector field in the neighborhood of a fixed point or a
closed trajectory.
An application of the Sotomayor’s theorem is used to investigate the occurrence of the
local bifurcation near the equilibrium points of system (3.1.9).
The requirement is how we vary parameters and what typical bifurcations can occur.

The equilibrium points of system(3.1.9) are;

(0,0),( 1
α
, 0) and ( 1+β

1+αβ
, 1−α
1+αβ

),if (1− α > 0), or (α < 1)

The jacobian matrix of system(3.1.9) is;

J(u, v) =

[
∂f1
∂u

∂f1
∂v

∂f2
∂u

∂f2
∂v

]
=

[
1− v − 2αu −u

δv −δ + δu− 2δβv

]
(3.4.12)

we now determine the nature of equilibrium points using linearization

1. The jacobian matrix evaluated at E1, J( 1
α
, 0)=

[
−1 − 1

α

0 δ(−1 + 1
α

)

]
,

the eigenvalue of the jacobian matrix at E1 given by λ1 = −1, and λ2 = δ(−1 + 1
α

),
using stability condition, if α < 1, then the equilibrium point ( 1

α
, 0) is stable, if α > 1

then the equilibrium point( 1
α
, 0) is unstable. Hence α = 1 is a bifurcation curve called a

transcritical bifurcation curve, in the parameter space ( 1
α
, 0).

Theorem: Suppose that δ = 1, then the system undergoes the transcritical bifurca-
tion at equilibrium point ( 1

α
, 0) as the parameter α passes through the bifurcation point

α0, where α0 = 1
Proof: Let us consider the jacobian matrix of the system at the equilibrium point J(u,v)

given by J(u,v)=

[
1− v − 2αu −u

v −1 + u− 2βv

]
, since δ = 1.

The jacobian matrix J(u,v) evaluated at the equilibrium point ( 1
α
, 0),we obtain

B = J( 1
α
, 0) =

[
−1 −1

α

0 −1 + 1
α

]
Here observe that the matrix B has a single zero eigenvalue as it’s determinant is zero
and we assumed that the trace 6= 0. This ensures that the Jacobian matrix B has sim-
ple zero eigenvalue. We shall establish the existence of transcritical bifurcation at the
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equilibrium ( 1
α
, 0) of system (3.1.9) by using Sotomayor theorem. Below we compute all

the needed terms to verify the conditions for existence of transcritical bifurcation at α = 1.

Let V =

[
v1
v2

]
be an eigenvector of the matrix B corresponding to the eigenvalue λ = 0.

Hence using the standard computation of the Eigenvector and choosing an arbitrary vec-
tor v1 = 1 we obtain, v2 = α− 1.

v =

[
1

α− 1

]
⇒ (1, α− 1)T

Now let w =

[
w1

w2

]
be an eigenvector of the matrix

BT =

[
−1 0
−1
α
−1 + 1

α

]
.

corresponding to the eigenvalue λ = 0 Thus using similar computation of the eigenvectors

w and choosing an arbitrary vector w2 = 1, we obtain w =

[
0
1

]
.

Differentiating the system(3.1.9) with respect to the bifurcation parameter α and evalu-
ating at the point ( 1

α
, 0) we obtain

fα( 1
α
, 0) =

[
−u2

0

]
=

[−1
α2

0

]
and hence

wTfα(
1

α
, 0) = (0, 1)

[−1
α2

0

]
= 0 (3.4.13)

wT [Dufα(
1

α
, 0)v] = (0, 1)

[
1

α− 1

]
= α− 1 6= 0ifα 6= 1 (3.4.14)

wT [D2fα(
1

α
, 0)(v, w)] = (0, 1)

[
−2α 0

0 −2β

] [
1

α− 1

]
= −2β(α− 1) 6= 0, if α 6= 1.

(3.4.15)
Therefore Sotomayor theorem together with equations (3.4.13), (3.4.14) and (3.4.15) imply
that the system (3.1.9) experiences transcritical bifurcation at α = 1.

Theorem2 The system (3.1.9) undergoes transcritical bifurcation at the equilibrium point

E2(
1+β
1+αβ

, 1−α
1+αβ

) when the parameters δ passes through the bifurcation point δ = δ0 where

δ0 = α(β+1)
β(α−1) .

Proof: Let us consider (3.4.12) which is the Jacobian of system (3.1.9) evaluated at an
equilibrium point (u,v) given by;
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J(u, v) =

[
1− v − 2αu −u

δv −δ + δu− 2δβv

]
Since the equilibrium point of study is ( 1+β

1+αβ
, 1−α
1+αβ

), evaluating the Jacobian matrix J(u,v)

at ( 1+β
1+αβ

, 1−α
1+αβ

) ,we obtain

A = J( 1+β
1+αβ

, 1−α
1+αβ

) =

[
−αβ−α
1+αβ

−1−β
1+αβ

δ−δα
1+αβ

αβδ−βδ
1+αβ

]
Here observe that the matrix A has a single zero Eigenvalue as its determinant is

zero and we assumed that the trace 0. This ensures that the Jacobian matrix B has
simple zero Eigenvalue. We shall establish the existence of Trans-Critical bifurcation
at the equilibrium ( 1+β

1+αβ
, 1−α
1+αβ

) of system (3.1.9) by using Sotomayor theorem. Below
we compute all the needed terms to verify the conditions for existence of Trans-Critical
bifurcation at ( 1+β

1+αβ
, 1−α
1+αβ

).

Let v =

[
v1
v2

]
be an Eigenvector of the matrix A corresponding to the Eigenvalue λ = 0.

Hence using the standard computation of the Eigenvector and choosing an arbitrary vector
v1 = 1, we obtain v2 = −α

v =

[
1
−α

]
. Now let w =

[
w1

w2

]
be an eigenvector of the matrix

AT =

[
−α(β+1)
1+αβ

δ(α−1
1+αβ

−1−β
1+αβ

δ(α−1)
1+αβ

]
Corresponding to the eigenvalue λ = 0. Thus using similar computation of the eigenvectors

w and choosing an arbitrary vector w1 = 1, we obtain w =

[
1

α(β+1)
β(α−1)

]
Differentiating the

system (3.1.9) with respect to the bifurcation parameter δ and evaluating at the point
( 1+β
1+αβ

, 1−α
1+αβ

) we obtain

fδ(
1+β
1+αβ

, 1−α
1+αβ

) =

[
0

v(−1 + u− βv)

]
=

[
0
0

]
and hence

wTfδ(
1+β
1+αβ

, 1−α
1+αβ

) = (1, α(β+1)
β(α−1))

[
0
0

]
= 0

wT [Dfδ(
1+β
1+αβ

, 1−α
1+αβ

)(v, w)] = (1, α(β+1)
β(α−1)

[
1
−α

]
= 1− α2(β+1)

β(α−1) = 1 + α2(β+1)
β(1−α) since 1− α > 0

wT [D2fδ(
1+β
1+αβ

, 1−α
1+αβ

)(v, w)] = (1, α(β+1)
β(α−1)

[
−2α 0

0 −2βδ

] [
1
−α

]
= −2α(1 + αδ(β+1)

α−1 ) =

−2α(1− αδ(β+1)
1−α )

Therefore, Sotomayor’s theorem together with the above three conditions imply that the
system(3.1.9) experiences transcritical bifurcation at δ = α(β+1)

β(α−1) .
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Chapter 4

Numerical simulation and Results

Numerical simulations help us to analyze the phase diagram of dynamical systems de-
pending up on parameters. The numerical solution of the growth rate equation of(3.1.9)
computed employing the fourth order Runge-Kutta method for specific values of the var-
ious parameters that characterize the model and initial conditions. For this MATLAB
has been used. It is possible to find more precise numerical solutions to a given set of
differential equations using various methods in MATLAB. The Runga-Kutta methods,
used by MATLAB’s ode45 solvers, are frequently used in systems of ordinary differential
equations to estimate the values of an equation at a particular point.

In this section we provide the numerical simulations to illustrate some results of the
previous sections. Mainly, we present the time plots of the solutions u and v with the
phase diagrams (around the positive equilibrium points) for the predator-prey systems.
Dynamical nature of the systems (3.1.9) about the equilibrium points with different sets
of parameter values are presented. And also bifurcation diagram for the system(3.1.9),
about the equilibrium point under different sets of parameter values are presented. The
result are illustrated in the following figures and the analysis of result are presented below.
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Figure 4.1: For this graph we use the parameter α = 0.001, β = 0.15, δ = 1 and the
initial conditions u0 = 0.2 and v0 = 0.75

Figure 4.2: Local stability of E1

For u(0) = 0.2, v(0) = 0.3, α = 0.85, β = 0.2, δ = 0.8, for this choice of parameters
values the equilibrium point E1 = ( 1

α
, 0) is locally asymptotically stable. Eigenvalues are

λ1 = −1 andλ2 = −0.1417749. Hence the equilibrium point is stable. So that |λ1,2| < 1
Clearly u approaches 1 and v approaches 0 in finite time. The time plot and the phase
diagram illustrate the result and the predator is extinction.
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Figure 4.3: Local stability of E2

Here u(0)=0.1, v(0)=0.35, and we take the parameter α = 0.25, β = 0.85 and δ = 1.
Computations yield E2 = 1.5257732, 0.61855617. The eigenvalues are,

λ1,2 = 0.90721649± i
1.2125

√
6.81630784 and |λ1,2| < 1. Hence the criteria for stability are

satisfied.
Evidently both species converge to their equilibrium. The result of this graph of system
(3.1.9) showing that E2 is locally asymptotically stable.

Figure 4.4: Global stability of E2

Here we consider the model with α = 0.09, β = 0.35 and δ = 0.02 and the initial
condition u0 = 7.2, v0 = 10.

The initial strength of both the species are different and the second species would
always dominates the first species. Further the first species has falls down at a very low
rate and then become constant after t=1. Eventhough the second species dominates the

first species, but their population decreases from time to time, as seen in figure(4.4)
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Figure 4.5: Bifurcation diagram for u(t) with α as the bifurcation parameter for u(0)=0.3,
v(0)=0.4, when β=0.85, δ=0.5.
A bifurcation with respect to a parameter α in a specific solution at α0 where there is
no neighborhood around α0 such that in this neighborhood the branch can be uniquely
extended. At a bifurcation something happens. Qualitative changes are tied with bifur-
cation. For this bifurcation diagram for prey population, Figure(4.5), we consider the
values, β = 0.85 δ = 0.5 and varying r from 1.4 to 3.2.
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4.1 Results

As we explain in the previous section E1 is locally asymptotically stable if condition(3.3.11)
hold. In terms original parameter(3.1.2) kb < rc. Hence the dynamics of prey and preda-
tor becomes locally stable if the competition with in prey population and natural death
rate of population is less than natural growth rate of prey population with interaction
between prey and predator populations.
Dynamic nature of the system (3.1.9) about the stability equilibrium point at E1, we take
α = 0.85, β = 0.2, and δ = 0.8. The initial conditions for prey and predator populations
are respectively u(0) = 0.2 and v(0)=0.3. The conditions α < 1 satisfied. Since the prey
density is small compared to predator population density, the entire predator population
does not get enough food which leads to the decline in the predator population. Even
though prey population increases continuously subject to the logistic growth, the predator
population struggles to recover from the decline. Finally the predator becomes extinct,
see Figure(4.2, ).

From the figure(4.1) we can conclude that a large enough increase in the number of
predators leads to a decrease in the number of prey. This is logical from a biological
standpoint, since a larger population of predators leads to increased interactions between
predators and prey, and therefore increased prey death. This is also logical based on the
Lotka-Volterra model. As the prey population decreases, the predator population also
begins to decrease, since the increased predator population can no longer be supported
by the shrinking number of prey available. As the predator population decreases, the
prey population begins to recover. Once the prey population has sufficiently recovered,
the predator population once again increases. This brings us back to where we started:
once again, an increase in the predator population leads to a decrease in the number of
prey. This periodic pattern is common to all predator prey relationships.
We analyse the complete behavior of the solutions by varying the parameter value of α.
We start with E( 1

α
, 0). Point E1(

1
α
, 0) changes its stability when it passes through α = 1,

from anode (when α > 1). The unstable saddle point coexist with the non trivial stable
node obtained from E1 when 0 < 1 < α.

The bifurcation diagram is another useful numerical analysis tool that illustrate how the
characteristics of fixed points change as the varying parameter increases in a specific
intervals. We plot the bifurcation diagram as the systems parameter increases in the
interval [0,1] for various values of parameter.

Biologically Interpretation
All of the results discussed above is in agreement with the theorems explained in the
paper. However, in this work we are able to give a real case from which we can easily
interpret the biological phenomena of the solutions of the system.
The trivial solution E0(0, 0) is always unstable that means the absence of predator will
let prey grows following logistic equation (see first equation of (3.0.1)).
As predators death rate increase, the absence of predator will maintain the existence of
prey. Meanwhile, for decreasing predator death rate ( 1

α
, 0) becomes unstable meaning at

that death rate the absence of predator cannot be sustained, as the predator still can
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reproduce and grow. This is the reason why that unstable solution co-exists with a sta-
ble nontrivial solution E1. In this interval, as the death rate decreasing of prey density
decreases while predator density increases.

As we said before, for mathematical reasons we studied the population dynamics for
the entire parameter plane. However, for biology purposes we give the biological in-
terpretation for the positive quadrant. As a consequence, as we already established by
convention, if u0 and/or v0 are negative we say that the corresponding equilibrium u0
does not exist. If one or both initial populations do not exist, they will not exist for ever.
In fact, this is a consequence of the fact that the axes of coordinates in the phase plane
are separatrix. If the initial population are at any equilibrium point, then the popula-
tions remain constant at any subsequent time. If the initial populations are situated on
a limit cycle, then the time evolution of populations will be cyclical (periodic). For all
other initial values the subsequent populations vary in various manners, depending on
the values of the parameters α, β and δ. The subsequent populations are oscillatory but
not periodic ( first both populations increase, then only v increases and u decreases, then
only u increases and v decreases with the amplitudes smaller and smaller, and again both
populations increase and so on) until they reach the equilibrium point E(0, 0) and the
subsequent populations are slowly oscillating until they come to the equilibrium point
E( 1

α
, 0), i.e. v becomes extinct. In all other cases the equilibrium points are unstable,

namely one or both populations go to infinity.
Finally, we can conclude that the prey u(t) flourish in the absence of the predator. The-
oretically, the predator can destroy all the prey so that the latter becomes extinct. How-
ever,if this happens the predator v(t) will also become extinct since, as we assume, it
depends on the prey for its existence. In order for the predation to take place there must
be a fight between a predator and a prey. In addition, our parametric portrait shows
precisely where all these phenomena occur.

4.2 Discussion

The proposed model is shown biologically well-posed in the sense that any positive so-
lution starts in the first quadrant remains both non-negative and bounded. The local
stability of the system in different equilibrium point and the global stability of the ex-
istence equilibrium point has been discussed. The existence of equilibrium point imply
that the dynamics of the system is very sensitive to the variation of the initial conditions.
Prey-predator models with logistic growth rate for the prey and predator population and
constant death rate of predator results in either stable steady-state coexistence or oscil-
latory coexistence of prey and predator when death rate of the predator species is not
very high mortality of the predator species results in the extinction of predator and the
prey population survive at level of their carrying capacity. The dynamical behavior of
the proposed model represented by system(3.1.9) has been investigated locally as well
as globally. Local bifurcation near the equilibrium points has been investigated. The
proposed system has the equilibrium point ( 1

α
, 0) through the transcritical bifurcation

as the bifurcation parameter (α = 1), crosses it’s critical value and also the system can
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have a positive equilibrium point through the transcritical as the bifurcation parameter
(δ = α(β+1)

β(1−α)), crosses it’s critical value. The Sotomayar’s theorem is applied to ensures
the existence of saddle-node, transcritical and pitchfork bifurcations.
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Chapter 5

Conclusion

This thesis provides a detailed stability and bifurcation analysis of the modified Lotka-
Volterra model. In this model, we have find an equilibrium points of the system and
discuss their stability nature both analytically and numerically. We analyze the general
model for biological reasonable parameters and found that we have the trivial equilibrium
point E0(0, 0), as well as the semi-trivial equilibria E1(u

∗, 0) and the coexistence equilib-
rium E2(u

∗, v∗). The trivial equilibrium is always unstable, while the others are stable or
unstable depending on the choice of parameters. ( 1

α
, 0) is the extinction equilibrium point

in which the predator go extinct and the prey go to the carrying capacity,α, it is stable
for birthing rate of prey, which we defined as our bifurcation parameter. (u∗, v∗) is the
coexistence equilibrium point of prey and predator. This equilibrium point is stable after
it bifurcates from ( 1

α
, 0) equilibrium. We simulate the model using MATLAB specifically

ode45. These numerical simulations demonstrated again the three equilibria depending on
the initial parameter value. We have drown the phase diagrams and bifurcation diagrams
of the system for different values of the model parameter. The results are illustrated
with suitable parameter values. Numerical simulations are to show that the dynamical
behavior of the system(3.1.9).
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Appendix

A.Mathematical preliminaries

Lypunov function

Consider a nonlinear autonomous system

dx

dt
= f(x, y) (5.0.1)

dy

dt
= g(x, y (5.0.2)

such that the system has an isolated point (0,0) and the function f(x, y) and g(x, y) have
continuous first order partial derivatives for all (x, y). Let E(x, y) be a function with first
order partial derivatives at all point (x, y) in the domain D containing the point (0,0).

i. The function E(x, y)is said to be positive definite in D if and only if E(x, y) > 0,
∀(x, y) ∈ D| {0, 0} and E(0, 0)=0.

ii. The function E(x, y)is said to be positive semi definite in D if and only if E(x, y) ≥ 0,
∀(x, y) ∈ D| {0, 0} and E(0, 0)=0.

iii. The function E(x,y)is said to be negative definite in D if and only if E(x, y) < 0,
∀(x, y) ∈ D| {0, 0} and E(0,0)=0.

iv. The function E(x, y) is said to be negative semi definite in D if and only if E(x, y) ≤ 0
∀(x, y) ∈ D| {0, 0} and E(0, 0) = 0.

Considering the above system such that the system has an isolated critical point (0, 0)
and the functional of f and g have first order partial derivatives for all (x, y) in domain
D containing the point (0, 0). Let E(x, y) be positive definite function in the domain D
such that dE

dt
= Exf(x, y) +Eyg(x, y), is negative semi definite in D. Then the function E

is called Lyapunov function for the system in D.

Sotomayor’s theorem

Suppose that f(x0, µ0) = 0 and that the n ∗ n matrix A = Df(x0, µ0) has a simple
eigenvalue λ = 0 with eigenvector v and AT has an eigenvector w corresponding to the
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eigenvalue λ = 0. Furthermore, suppose that A has k eigenvalues with negative real
parts and (n-k-1) eigenvalues with positive real parts and that the following conditions
are satisfied.

wTfµ0(x0, µ0) 6= 0

wT [D2f(x0, µ0)(v, v)] 6= 0

Then there is a smooth curve of equilibrium points of x
′

= f(x, µ) in Rn ∗ R passing
through (x0, µ0) and tangent to the hyperplane Rn ∗ {µ0}. Depending on the sign of the
expression in the above condition there are no equilibrium points of x

′
= f(x0, µ0) near

x0, when µ < µ0 or (µ > µ0) and there are two equilibrium points of x
′
= f(x0, µ0), when

(µ > µ0) or (µ > µ0). The two stable manifolds of dimensional k and k+1 respectively,
that is the system experiences a saddle node bifurcation at the equilibrium point x0 as
the parameter µ passes through the bifurcation value µ = µ0. The set of c∞ vector fields
satisfying the above condition is an open dense subset in the Banach space of all c in f.
One parameter vector fields with an equilibrium point x0 having a simple zero eigenvalue.

I If the above conditions are changed to,

wTfµ(x0, µ0) = 0

wT [Dfµ(x0, µ0)v] 6= 0

wT [D2fµ(x0, µ0)(v, v)] 6= 0

Then the system x
′

= f(x0, µ0) experiences a transcritical bifurcation at the equilibrium
point x0 as the parameter µ varies through the bifurcation parameter value µ = µ0.

I If this conditions are also changed to,

wTfµ(x0, µ0) = 0

wT [Dfµ(x0, µ0)v] 6= 0

wT [D2fµ(x0, µ0)(v, v)] = 0

wT [D3fµ(x0, µ0)(v, v, v)] 6= 0

Then the system experiences pitchfork bifurcation at the equilibrium point x0 as the
parameter µ varies through the bifurcation value µ = µ0.
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B. Matlab Codes

Lotka-Volterra model

function du = lotka-volterra(t, u)

du = [0;0];

α = 0.25;

β = 0.85;

δ = 1;

du(1) = u(1)*(1-u(2)-alpha * u(1));

du(2) = delta*u(2)*(-1+u(1)-beta*u(2));

[t,u] = ode45(’lotka-volterra’,[0 20], [0.5 0.45]);

plot(t,u);

ylabel(’prey predator population’)

xlabel(’time’)

legend(’Prey’, ’Predators’);

34



Lotka-Volterra model

clear; to = 0;

tf =100;

yo = [1.01 .85];

[t y] = ode45(’yprf’,[to tf],yo);

plot(t,y(:,1),t,y(:,2))

title(’Prey-predator solution’)

ylabel(’prey predator’)

xlabel(’time’)

legend(’Prey’, ’Predators’);

function yprf =yprf(t,y)

α = 0.99;

β = 0.35;

δ = 0.2;

yprf(1) = y(1)*(1-y(2)-alpha*y(1));

yprf(2) = delta*y(2)*(-1+y(2)-beta*y(2));
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yprf = [yprf(1) yprf(2)]’;

Bifurcation diagram

c=2;

r=0.25;

b=0.25;

tmin=1.4 ;tmax=3.2;

No = 0.4;

Po = 0.3;

n = 10000;

jmax = 500;

t = zeros(jmax + 1, 1);

z = zeros(jmax + 1, 250);

del =(rmax-rmin)/jmax;

for j = 1:jmax + 1

N = zeros(n + 1, 1);

P = zeros(n + 1, 1);

N(1) = N0;
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P(1) = P0;

t(j) = (j-1)*del + rmin;

r = t(j);

for i = 1 : n

N(i + 1) = N(i)*(1-P(i)-r*N(i));

P(i + 1) = b*P(i)*(-1+N(i)-c*P(i));

if (i > 750)

z(j,i-250) = N(i + 1);

end

end

end

plot(t,z,’r.’,’linewidth’,2,’MarkerEdgeColor’,’r’,’MarkerSize’,5)

xlabel (’t values’,’fontsize’,8,’fontweight’,’b’),

ylabel(’prey population’,’fontsize’,8,’fontweight’,’b’)

title (’Bifurcation diagram for the lotka-volterra model’,’fontsize’,8,’fontweight’,’b’)

set(gca,’fontsize’,10,’fontweight’,’b’,’linewidth’,1.75)

axis([1.1 3.5 0.1 0.46]);
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