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Abstract

In this thesis, we considered a time dependent one-dimensional singularly perturbed parabolic
reaction-diffusion problems. We proposed a parameter-uniform numerical scheme to solve
the problems. First, we dicretized the continuous problem of space variable using a non-
standard finite difference method via the method of line, then the spatial discretization is
transformed to a system of initial value problems. After changing the spatial discretization
to initial value problem, the time derivative is solved using second order Fehlberg Runge-
Kutta method. The method is second order parameter-uniform convergent in both space and
time direction.

Keywords: Parabolic reaction-diffusion problems; Singular perturbations; Non standard fi-
nite difference method; Parameter-uniform convergence.



CHAPTER 1
INTRODUCTION

1.1 Background of the Study

Prandtl introduced the singular perturbations at the third International Congress of Math-
ematicians (ICM) in Heidelberg in 1904, and it was reported in the conference proceedings.
Differential equations with big or small parameters are used to represent many practical sit-
uations, such as mathematical boundary layer theory or approximation solutions of different
problems. Layer areas, which are narrow sections of the domain over which the solution un-
dergoes sudden changes, characterize the solution to these kind of issues. A boundary layer
is a thin layer of rapid change that occurs at a very small interval around a boundary. When
the reduced problem’s features are parallel to the border, a parabolic boundary layer occurs
(Natesan & Gowrisankar, [2012)).

The name singular perturbation comes from the fact that in the limit case, when the
singular perturbation parameter is equal to zero, the character of the differential equations
changes completely (Miller et al., 1996). Singularly perturbed problem is defined by (Roos
et al., 2008)) "ordinary or partial differential equations with a small positive parameter and
solutions (or derivatives) that approach a discontinuous limit as the parameter approaches
zero. Problems of this nature are referred to as singularly perturbed.

Singularly perturbed differential equations (SPDEs) appear frequently in the mathemat-
ical modeling of real-world problems in science and engineering (Kumara Swamy et al.,
2018)), (Glizer, 2003)), (Keller, 1968). (Lange & Miural |1985), (Lange & Miura, 1994)), and
(Lange & Miura, |[1982) researchers have produced a series of articles to get an approximate
solution for singularly perturbed differential equations. For the numerical approximations of
singularly perturbed linear delay differential equations, (Kadalbajoo et al., 2006) combined
fitted-operator approaches with Micken’s non-standard finite difference techniques.

Typical examples include fluid flow (Kreiss & Lorenz, 2004) and (Kreiss & Lorenz,
2004)); they appear in the (linearised) Navier-Stokes and Oseen equations, as well as elas-

ticity, quantum mechanics, electrical networks, gas porous electrodes theory, aerodynamics,
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plasma dynamics, oceanography, diffraction theory, reaction-diffusion processes (Alhumaizi,
2007)) and many other fields. The solution of singularly perturbed problems SPPs has a multi-
scale character (non-uniform behavior), that is, there are thin layer(s) (Boundary layer area)
where the solution changes rapidly, while the solution acts regularly and varies slowly away
from the layer(s) (Outer Region).

Mathematical issues are extremely difficult (or even impossible) to answer precisely,
approximate solutions are required. Using perturbation methods, an approximate solution
can be obtained(Rojal [2017). A singularly perturbed differential equation is one in which
the highest order derivative term of differential equations is multiplied by a small positive
parameter € where 0 < € << 1, and the parameter is known as the perturbation parameter.
The behavior the solutions of these differential equations is determined by the magnitude of
the parameters. More precisely, consider a problem depending on a small parameter € (the
singular perturbation parameter) which we denote by p. where € is multiplied to the highest
derivative term(s). Setting € = 0 in p¢, we obtain a reduced problem which we denote by py.
Let us assume further that u(x, €) is a solution of pg, and u(x,0) is the solution of the reduced
problem.

Now, if

lim u(x, €) = u(x,0)
e—0

then, P is a regular perturbation problem (RPP); otherwise P is a singular perturbation
problem (SPP).

Numerical methods for singularly perturbed differential equations have been studied
since the early 1970s and the research frontier has been constantly expanding, then a com-
prehensive exposition of the state of the art in the analysis of numerical methods for singular
perturbation problems was published in 2008 by (Roos & Zarin, [2002).

A reaction-diffusion equation comprises a reaction term and a diffusion term, i.e. the

typical form is as follows:
uy = DAu(x,t) + f(x,1)

u = u(x, t) is a state variable and describes The state variable u = u(x, t) describes the den-
sity/concentration of a substance, a population... at position x € Q C R" at time t (Q is a
open set). A denotes the Laplace operator. the first term on the right hand side denotes diffu-

sion with D denoting the diffusion coefficient. The second term, f(x,t) is a smooth function

ASTU, (2022) 2
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f : R — R and describes processes with really change the present u, i.e. something happens
to it (birth, death, chemical reaction ...), not just diffuse in the space. It is also possible, that
the reaction term depends not only on u, but also on the first derivative of u, i.e. Vu; and/or
explicitly on x (Kuttler, 2011).

Reaction—diffusion system are mathematical models which correspond to several phys-
ical phenomena. The most common is the change in space and time of the concentration
of one or more chemical substances: local chemical reactions in which the substances are
transformed into each other, and diffusion which causes the substances to spread out over a
surface in space. Reaction—diffusion systems are naturally applied in chemistry. However,
the system can also describe dynamical processes of non-chemical nature. Examples are
found in biology, geology and physics (neutron diffusion theory) and ecology. Mathemat-
ically, reaction—diffusion systems take the form of semi-linear parabolic partial differential
equations.

Classic numerical methods for solving singular perturbation problems are well known
for being unstable and fail to produce exact solution when the perturbation parameter € is
small, because the solution of singular perturbation problem is not easy, and the solution
depends on the perturbation parameter € and mesh size h (Doolan et al., 1980), the accuracy
and convergence of the methods must be properly examined. This shows that the numerical
solution of one-dimensional parabolic reaction-diffusion problems with singularly perturbed
parameters should be improved. When utilizing traditional numerical methods, the presence
of the singular perturbation parameter causes oscillations or divergence in the computed
solutions. When € is very small, an excessively large number of mesh points is required to
avoid these oscillations or divergence, which is not possible. To overcome this drawback
of classical numerical methods, we develop a method based on the method of line (MOL),
which regards the problem without oscillation by combining a non-standard finite difference
method in the spatial direction with an explicit Runge-Kutta method of order two in the
time direction. As a result, this study proposed a numerical method for solving a singularly
perturbed one-dimensional parabolic reaction-diffusion problem that is both accurate and €

uniformly convergent.

ASTU, (2022) 3
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1.2 Statement of the Problem

In this study, we consider one-dimensional time dependent singularly perturbed parabolic

reaction-diffusion equation.

up(x,1) — Eury(x,1) + b(x,1)u(x,t) = f(x,1)
(x,1) €00 =Qx (0,T]

with initial and boundary conditions (1.1)
U(x,0) = v(x,1), Vx € Q
uo,0)=v, U(1,t)=n vt €[0,7).

\

Where € is the perturbation parameter such that 0 < € < 1. When the perturbation parameter
is very small, the results of classical or standard numerical method are not stable and it is
difficult to get the the accurate solution (result).

In this study, we construct Fehlberg Runge-Kutta methods for time derivative and non-
standard finite difference method in space for a singularly perturbed parabolic reaction-

diffusion problem.

1.3 Objectives

1.3.1 General Objectives

The main objective of this study is to develop parameter uniform convergent numerical

method for solving singularly perturbed reaction-diffusion problems.

1.3.2 Specific Objectives

The specific objectives of this study are:

* apply the non standard FDM for solving singularly perturbed parabolic reaction-diffusion

problems.
* analyze the parameter-uniform convergent of the method.

* establish the stability of the scheme.

ASTU, (2022) 4
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1.4 Significance of the Study

The result obtained from this study: understand how to solve singularly perturbed parabolic
reaction-diffusion problems, used as a reference material for scholars who works on this area

and help to provide graduate students with research skills and scientific processes.

ASTU, (2022) 5



CHAPTER 2
REVIEW OF RELATED LITERATURE

In (2003)), Madden and Stynes study a uniformly convergent numerical method for a cou-
pled system of two singularly perturbed linear reaction—diffusion problems. They considered
two singularly perturbed linear reaction—diffusion of two point boundary value problems are
investigated as a coupled system. Each equation’s leading term is multiplied by a smallest
positive parameter, but the magnitudes of these parameters may vary. The boundary layers
of the system’s solutions overlap and interact. The structure of these layers is investigated,
and a piece-wise uniform mesh, a version of the standard Shishkin mesh, is created. On this
mesh, the central difference has been shown to be almost first-order accurate in both small
parameters.

A fitted mesh method for singularly perturbed reaction-convection-diffusion problems
with boundary and interior layers was presented by Shanthi et al., (2006). The problem are
solved by applying a robust numerical method and they constructed an appropriate piece-
wise uniform mesh. To drive the discrete system of equations classical upwind finite dif-
ference schemes are used. They achieved a parameter-uniform error bounded of numerical
approximation. To get the error of this numerical solution, they used double mesh principle.

Clavero et al./in (2009) a higher order schemes for reaction-diffusion singularly perturbed
systems was presented. On a Shishkin mesh, a non—monotone HODIE finite difference
scheme is first developed. At the transition points, the prior approach is adjusted to produce
an inverted monotone scheme. They show that a third order uniformly convergent approach
exists when the diffusion parameters are equivalent. If the diffusion parameters are changed,
numerical evidence suggests that an order more than two uniformly convergent scheme is
achieved. Nonetheless, the uniform errors are larger and the orders of uniform convergence
are lower than when the diffusion parameters are equal.

Clavero and Gracia, (2010) used a uniform convergence of a finite difference scheme for
time dependent singularly perturbed one dimensional reaction-diffusion equations. To ap-
proximate the solution of one-dimensional singularly perturbed reaction diffusion equations,

they use a numerical scheme, which is a combination of classical backward Euler and central
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difference method. The scheme of the meshes are defined as the product of uniform mesh
in time and a special mesh in space. They used three different types of meshes, which are
Bahkvalov (Kellogg et al., 2008), Vulanovic (Vulanovic, 2001) and Shishkin (Miller et al.,
1997). They discritize the time derivatives using Euler method, to provide uniform conver-
gence of the analysis is based on asymptotic behavior of the solution of the semi-discrete
problems. They get a uniform convergent with respect to the parameter of diffusion.

In (2013), |Gowrisankar and Natesan used the parameter uniform numerical method for
singularly perturbed parabolic reaction—diffusion problems on equidistributed grids. They
use a modified backward Euler finite difference scheme on layer adapted non-uniform meshes
at each time level, and the central difference for the space derivative to solve this singularly
perturbed reaction diffusion problems. The non-uniform meshes are obtained by equidis-
tribution of a positive monitor function, which involves the second-order spatial derivative
of the singular component of the solution. The equi-distributing monitor function at each
time level allows us to use this technique to non-linear parabolic problems. They provided a

parameter-uniform numerical method for the initial and boundary value problem.

u (x,y) + £eu(x,1) = f(x,1) (x,£) € @ = (0,x) x [0,T],
u(x,0) = s(x) on S(x) ={(x,0): 0<x < 1}
u(0,¢) = ap(t) on S(0) = {(0,¢) : 0<r < T}
u(l,r)=a;(t) onS(1)={(1,¢):0<t <T}.

Where £feu = —€uy, + b(x)u,0 < € < 1. Where € is a small parameter, and b, f are suf-
ficiently smooth functions with b(x) > B > 0 for x € [0, 1]. Under suitable continuity and
compatibility conditions on the data, the above initial boundary value problem has a unique
solution u(x,#) (Miller et al., 1998). Boundary layers occur in the solution when € — 0. In
this study, the proposed scheme is parameter-uniform convergent of order O(At +N~?2)
Wondimu et al., (2016) solve singularly perturbed one dimensional reaction diffusion
problems with in Dirichlet boundary conditions. To solve the numerical solution of these
problems, they used fourth order finite difference method. To get the solution, first they
replace the derivative of the given differential equation by finite difference approximation
and then, apply compact finite difference method by using uniform mesh. Compact finite
difference method (CFDM) is a finite difference method which employs a linear combination
of three consecutive points of derivatives to approximate a linear combination of the same

three consecutive values of a function y(x;), j =i—1,i,i+ 1. The numerical results of the

ASTU, (2022) 7
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problem with fourth order compact finite difference method approximates the exact solution
very well.

Das, (2018) used a higher order finite difference method for singularly perturbed convection-
diffusion parabolic partial differential problems. To solve the numerical solution of the given
problem, they apply implicit Euler method to discritize the time derivative and an upwind
scheme are used for the space discritization. A higher order convergent solution with respect
to space and time has obtained using the post-processing based extrapolation approach. as
a result they get the convergent of these presented method is independent of the perturba-
tion parameter €. By applying extrapolation approach, they rises the accuracy of uniform
convergence from first order to second order in both space and time variable.

Bullo et al. (2021) used an accelerated fitted operator finite difference method for singu-
larly perturbed parabolic reaction-diffusion problems. To solve the solution of the problem,
they introduced fitted parameter with asymptotically solution and develop a fitted operator
finite difference method. Richardson extrapolation technique is used to accelerate rate of
convergence of the numerical method. They show the method is consistent, stable, and more
accurate than some methods that used for solving singularly perturbed parabolic reaction-
diffusion initial boundary value problems and as a result, they get second order convergent
method and by applying Richardson extrapolation the convergence the method is accelerated
to fourth order.

A uniformly convergent higher-order finite difference scheme is constructed and an-
alyzed for solving singularly perturbed parabolic problems with non-smooth data. The
scheme involves an average non-standard finite difference with the Richardson extrapola-
tion method for space variables and second-order finite difference approximation for time
direction on uniform meshes (Tesfaye et al., [2021)). In this scheme they show convergent
of second-order in both temporal and spatial directions and the scheme is proven to be uni-
formly convergent and also confirmed by numerical experiments.

Sumit et al.,(2021) studies for singularly perturbed reaction—diffusion problems, optimal
fourth-order parameter-uniform convergence of a non-monotone scheme on equidistributed
meshes. They provide an optimal fourth-order parameter-uniform non-monotone strategy
for singularly perturbed reaction—diffusion boundary value problems with boundary layers
at both ends of the domain on equi-distributed meshes in this study. They use a high-order

non-monotone finite difference approach to discretize the problem and show that it is stable

ASTU, (2022) 8
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in the maximal norm. To discretize the problem, the equi-distribution of an appropriate
monitor function is used to build layer-adapted meshes. On these equi-distributed meshes,
the approach is shown to be optimal fourth-order uniformly convergent. To validate the
theory and demonstrate the efficiency of the method, numerical results are presented.

The method of lines was proposed by Mbroh and Munyakazi, (2021), as a robust numer-
ical scheme for solving singularly perturbed parabolic reaction-diffusion problems. They
considered a one-dimensional and two-dimensional singularly perturbed parabolic reaction
diffusion equation and proposed a parameter-uniform numerical scheme to solve singularly
perturbed parabolic reaction diffusion equations. To answered the solution of this singu-
larly perturbed reaction diffusion problem. They propose a parameter-uniform numerical
technique to address the singularly perturbed reaction diffusion problems.

First, they discretized the space variable using a fitted operator finite difference method to
build (propose) the numerical strategy for these continuous problems. After discretizing the
space variable or continuous problem, they discretized the time derivative, which transforms
the partial differential equation into a system initial value problem, then they solve using the
Crank-Nicholson finite difference approach. As a result they show the proposed approach
is second-order parameter-uniform in both space and time, and that by using the Richard
extrapolation methodology on the space variable scheme, the result is changed in to a fourth-
order parameter uniform convergent method.

In (2021), Bullo et al., deals with the numerical treatment of singularly perturbed parabolic
reaction-diffusion initial boundary value problems. Introducing a fitting parameter into the
asymptotic solution and applying average finite difference approximation, a fitted operator
finite difference method is developed for solving the problem. To accelerate the rate of con-
vergence of the method, Richardson extrapolation technique is applied. The consistency
and stability of the method have been established very well to ensure the convergence of
the method. Generally, the formulated method is consistent, stable, and more accurate than
some methods existing.

Efficient discretization and reconditioning of the singularly perturbed reaction diffusion
was studied by |Bacuta et al. (2022). They investigate the reaction diffusion problems and
show how to discretize and precondition when the reaction term dominates the equation in
the singular perturbed situation. They give effective discretization procedures for uniform

and non-uniform meshes using the principles of optimal test norm and saddle point refor-

ASTU, (2022) 9
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mulation. They provide a preconditioning technique that is effective across a wide range of
perturbation parameters. For a problem on the unit square, numerical examples are supplied
to demonstrate the method’s effectiveness.

Cheng et al.| (2022)) investigated the balanced-norm error estimation of the local discon-
tinuous Galerkin technique on layer-adapted meshes for reaction-diffusion issues. For singu-
larly perturbed problems, we investigate the local discontinuous Galerkin (LDG) approach
on layer-adapted meshes. The balanced norm is appropriate for capturing the contribution
of the boundary layer component of the solution in these reaction-diffusion situations. In
the broader case, however, obtaining an optimal balanced-norm error estimate for the local
discontinuous Galerkin approach is problematic. That is, using the usual procedure, one can
only get a sub optimal error estimate of the local discontinuous Galerkin method in the spec-
ified "artificial" norm. They proposed a new projection that combines the local Gauss-Radau
projection and the local L? projection in a subtle way. They get a more accurate balanced-
error estimate.

Computational method for for singularly perturbed parabolic reaction diffusion equations
with robin boundary conditions was studied by (Wendimu & Duressa, 2022). The non-
standard finite difference method has been presented in this paper for the numerical solution
of singularly perturbed parabolic reaction-diffusion subject to Robin boundary conditions.
They used the implicit Euler and non-standard finite difference methods on a uniform mesh
to discretize temporal and spatial variables, respectively. They demonstrated that, regardless
of the perturbation parameter, the suggested technique exhibits uniform convergence in time
with first-order and in space with second-order. They designed three numerical examples to
back up their theoretical conclusions.

Generally, we have seen several parameter-uniform convergent numerical method for
singularly perturbed parabolic reaction-diffusion problems. Motivated by looking high order
uniform convergent and the work of (Mbroh & Munyakazi, 2021)),using non-standard finite
difference method in space direction and second order Fehlberg Rugge-Kutta method in
time derivative, we develop a parameter-uniform convergent method of second order both in
space and time. Non Standard finite difference (NSFD) approaches for numerical integration
of differential equations were first described in 1989 (Mickens, |1989). Patidar presents an
almost full listing and overview of articles employing non standard finite difference (NSFD)

methods up to 2004 in his paper (Patidar, 2005)). "Using the known solution of the differential

ASTU, (2022) 10
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equation or ’ad hod experimentation..." is how the non standard finite difference (NSFD)
method approach works (Garcia-Lopez, | 2003)). A thorough evaluation of the results obtained
thus far clearly demonstrates that this interpretation of what has been accomplished utilizing
non standard finite difference method (NSFD) approaches is incorrect. Non-standard finite
difference techniques offer the possibility of producing finite difference models that are free
of the standard numerical instabilities induced by discretizing differential equations with
traditional approaches. The non-standard finite difference scheme is defined by |Anguelov

and [Lubuma

ASTU, (2022) 11



CHAPTER 3
FORMULATION OF THE METHOD

3.1 Qualitative properties of continuous problem

We consider a simple singularly perturbed time dependent reaction diffusion equation

Leu(x,t) = uy — €uxy + b(x,)u = f(x,1),(x,1) € 0 =Q % (0,T] (3.1

subject to the initial and boundary conditions

u(x,0) = v(x), Vx € Q
u(0,7) = y,u(l,t) =y, Vt€[0,T]

(3.2)

where 9 and ¥, are given constants and 0 < € < 1. The functions b(x,?) and f(x,7) are
assumed to be sufficiently smooth such that b(x,7) > B >0, V(x,7) € Q and b, f € C*?)(Q).
Also, we impose the following compatibility conditions between data of problem (3.1)-(3.2)

so that the exact solution u(x,7) € C*2)(Q:

£(0,0) = £(1,0) =0, f1x(0,0)+5(0,0) £(0,0) = £;(0,0), frx(1,0)+b(1,0) £(1,0) = f;(1,0),
for the solution of problem (3.1)-(3.2) to be compatible at the corners of Q.

Lemma 3.1. (Continuous maximum principle). Let K be a sufficiently smooth function de-
fined on Q which satisfies x(x,7) > 0, V(x,¢) € dQ. Then Lk (x,t) > 0,V(x,) € Q implies

that x(x,t) > 0,V(x,t) € Q.

Proof. Let (x,¢ ) be such that

and suppose Kk(x,¢ ) < 0. It is clear that k(x ,7') ¢ Q. We have

12
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Lek(x /) =1k(x 1) - eke(x .1 ) + b(x .1 )k(x,1).
Since ke (x',7) >0 and K (x,7) = 0, we obtain L¢(x ¢ ) < 0, which contradicts with the

initial assumption that Lg (x,7) > 0,V(x,t) € Q. Therefore, k(x,t) > 0,V(x,1) € O
Lemma 3.2. (Stability estimate). Let u(x,7) be the solution of the continuous problem(3.1)-
(3.2). Then we have the bound

leell < B=HL£ 1l + max(v (x), max(y0,m))-

Proof. We define two comparison functions @™ as
o (x,0) = B[ f]| +max(v(x),max(y, 1)) £ ulx,1).
At the initial stage we have

@ (x,0) = BYIfIl+max(v(x),max(y, 1)) £ u(x,0),

= B IFIl+max(v(x),max(y,m1)) £ v(x),

> 0.
at the boundaries we obtain
wi(()?t) = ﬁileH+max(7’077/1)):t”(07t)7
= B £l +max(v(0),max(y,m)) £ W,
> 0.

0 (1,t) = B fIl+max(v(1),max(y,m))£u(1,1),

= B fIl+max(v(1),max(v, 7)) £ 1,

> 0.

ASTU, (2022) 13
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and at the boundaries we obtain

Lew®(x,1) = oF (x,1) — €0l (x,t) +b(x,1)0F (x,1),
) B ] max(v(x), max(o, 1)) % Leu(x, 1),
= b(x,0)B | f ]| +max(v(x),max(1, 1)) £ f(x.1),

0, since b(x,t) > f.

v

Therefore 0™ (x,t) > 0,V(x,t) € Q. This show that it is bounded.

3.2 Spatial Discretization

Let N be a positive number that sub-divide the domain [0, 1] of the space x direction with

in a uniform mesh size Ax = & such that
x0=0,xi=x0+iAx,i=1:(N—1),Ax=x; —x;_1,x, = 1,

where N be the number of mesh point in the space discretization. For a continuous problem
of in the form of Eq.(3.1)-(3.2), whilst keeping the time direction domain (0,T], we solve
the differential part using non-standard finite difference method. To construct the exact finite
difference method, we follow Mickens rules. Consider the constant coefficient sub-equations
given by:

d’u
—SW—FZ)M:O, 3.3)

where b > 0. The solution of Eq.(3.3) has two linearly independent solutions namely )

and e(**) with
b
€

We denote the approximate solution of u(x) at x; by U;. The solution a difference equation
which has the same general solution as the differential equation in (3.3) has at the grid point
x; given by U; = Aje¥i) 4 Ay phaxi), Using the theory of difference equations for second

order linear difference equations have

Uy eMxic1)  plhaxiog)
U; e(hixi) el2xi) | =0,

UH—] e(llxiJrl) e()LZXiJrl)

ASTU, (2022) 14
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then we have,

ehxi) o) eMxio1)  p(haxio1) eMxio1)  p(haxio1)
Ui - Ui + Uit =0,
eMxip)  p(Aaxivn) eMxit1)  p(haxig) ehixi)  o(haxi)

U (e(lzh) _e(;uh)> U (e((lzf A)h) _e((/llf/lz)h)> Uy (—e(*bh) +e<*7“”)> 0

(3.4)

substituting the values of A; and A, in Eq.(3.4),

Ui (e(\/gh) —e(\/gh)) -U; (6(2\/@1) —e(z\/gh)> + Uit (—e(_\/gh) +e(\/gh)) =0

b b
dividing both sides by e(\/;h) — e(f\/;h) we have:

Ui-1— (e(\/gh) +e(\/gh)> Ui+Ui+1 =0,

b
U;_1 —2cosh (\/;h> U+Uy=0. 3.5

\/Z h cosh< gh) -1
Using half angle identity, sinh? Y5~ | = ——5—%—, we have

b
b o[ VeEhn
2cosh —h | =24+4sinh” | —— |,
£ 2

ASTU, (2022) 15
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then Eq.(3.5) can be written as:
Ve
) €
Ui_l— 2+ 4sinh T Ui+Ui+1 :O,

b
e
Ui_l—ZUi—I—U,'_H:‘l-Sinhz Tg U;,

Ui_1—-2U;+U;
i—1 it H_]—U':O

l ’
4sinh? (@)

multiplying both sides by —ep?, where p = \/g we obtain

Ui — 2Ui+ U;
— e — z”;h Ty py; = 0, (3.6)
psmh (%)

is an exact difference scheme for Eq.(3.3). The denominator function becomes ¢ = [% sinhz(%h).

Adopting this denominator function for the variable coefficient problem we can write as:

4 \/zh
¢0? = —— sinh® | 2 | . (3.7)

NGRS

Using ¢i2 and Eq.(3.6) into the discretization of the main equation in Eq.(3.1), we obtain

™

() —¢ {Uiﬂ —2U;+ Ui

LNUi(1) = U; 52 1+biUi(t) = fi(t), (3.8)

together with the semi-discrete boundary and initial conditions
U()(l‘):)/(), UN(Z‘):’)/l and U,'(O):Vi, i=1,....N—1. 3.9

Here the denominator function ¢? is given by

4 ih
¢,~2 = ?smhz (?) ,

1

where p; = \/b;/€,1=1,2,..N-1. Similar to the previous section, we write the difference

ASTU, (2022) 16
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scheme (3.8)-(3.9) as
U' (1) +B()U(t) = F(1), (3.10)

where U(t),F(t) € R¥ "' and B(t) € RN~! x RN~!. The entries of B(¢) and F(t) are given by

2¢€

Bii(t) = —+bi, i=1,2,3,...,N—1,
¢;
£
Biivi(t) = ——, i=1,2,3,..,N—2,
¢;
€ .
Bii1(t) = ——, i=23,...N—1
¢;
£
F(t) = fl(t)"‘PVO»
i
F(t) = fi(t), i=2,3,...,N—1

£
Fy-1(t) = fno1t—5n
i1

When we consider the entries of equation (3.8)-(3.9), it is clear that the semi-discrete matrix
is a tri-diagonal matrix, which implies that it satisfies a semi-discrete maximum principle as

well as the uniform stability estimate which is given in the next section.

3.3 Convergence Analysis

We follow (Clavero & Jorge, 2015) to give some properties of the semi-discrete problem
(3.10) which show that the solution of this problem exist and also unique. Then we use these

results to analyze the convergence of the spatial discretization.

Lemma 3.3. (Semi-discrete maximum principle). Suppose the operator defined by the
semi-discrete scheme in Eq.(3.8)-(3.9) satisfies a semi-discrete maximum principle. That
is, kKo(t) >0, ky(t) >0,V (x;,t) € QN x [0, T]. Then LY k;(t) > 0,V(x;,¢) € QN x [0,T] im-
plies x;(¢) > 0,V(x;,t) € Q x [0,T].

Proof. Note that ;(¢) denotes k(x;,¢). Let¢ € [0,T] be such that

k()= min K(t) and K(t)<O.
x€Q,€[0,T]

ASTU, (2022) 17
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Then we have 0 < I < N. Tt follows that (x(¢)); =0, K+1(t) — Ks(z) > 0 and (7)) —
Ky_1(t) > 0. Therefore, LY k,(¢) < 0, which is a contradiction. Hence &;(¢) > 0,V(x;,t) €

QN x[0,T).

Lemma 3.4. If u;(¢) is the solution of the semi-discrete problem (3.8)-(3.9) then, it follow

the bound

@) <B~"  max |LYw()|+  max  (v(x),max(%,7))-
(x:,(1)€QX[0,T) (x;,(1)€QX[0,T]

Proof. We consider the functions @:(¢) defined by
07 (1) =d +u(t),
where

d=p"" max [Lfw()]+ max  (v(x),max(y,n)).
(xi,(r)€Qx[0,T] (xi,(r)€Qx[0,T]

At the boundaries we have

of(t) = dfug(t)=d+yw >0
oy(t) = dtu,(t)=a+y >0
Now for Q x [0, 7] we have

d:tblH_l(l) —2(d:|:ui(t))—|—d:|:ui_1(t)
¢2

Mot = (d:l:u,-(t))t—e( >+b,-(t)(d:|:u,-(t))
= (bi(1))d £ Leui(t)

+ /()

= (bi(r)) [ﬁl max |Lew;(t)|+  max  (|v(x)[,max(y, 7))
(x1,(1) QX [0,T) (x1,(1) €0 [0,T]

> 0, since bi(t) > .

From Lemma 3.3 it follows that @~ () > 0,V(x;,t) € Q x [0,T], this completes the proof.
Before we proceed, let us state a Lemma that will be used in the error analysis. This Lemma

was proved in Munyakazi and Patidar (2010).
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Lemma 3.5. For all integers k on a fixed mesh, we have that

exp(=Cxi/ V€)

li =0
e%ié&%ﬁl ek/2
and
—C(1 — x:
lim max EPCC xi)/\VE) _0
e—0i<i<n—1 ek/2

where x; = ih,h=1/N,Vi=1:N— 1.

Proof. Let’s take partition of the domain
[0,1]:=0=xp<x] <xp <---<xy_1] <xy=L1.
For the interior grid points of the domain, we have

max exp(—Cx;/+\/€) < exp(—Cx1 /\/€) _ exp(—Ch/+\/€)

i<i<N—1 ek/2 - ck/2 ck/2

and

exp(—=C(1 —xi)/e) _ exp(=C(1—xv)/Ve) _ .exp(=Ch/Ve)
i<iaN1 gk/2 - ek/2 - ck/2

asx; =h,1 —xy_; = 1— (N —1)h = h. By applying the L’Hospital’s rule the gives

—Cx: k !
lim &2 (=Cxi/ V) — lim —Z = im i
€0 ek/2 p=1/e—0 exp(Chp) ~— p—e (Ch)kexp(Chp)

This is proof of the above lemma.

The truncation error of the spatial discretisation is

dui(t)

Leui(t) —U;i(t) = ” — &(uxx(t))i+ bi(t)u;(t) —
dL(t) B ui+1(t) —2u,~(t)+u,~_1(t) Ous
[ i e( . >+b,<t> m]
— ely ui+1(t)—2ui(t)—i—u,-_1(t)
ety st

Since this truncation error does not include the time derivative term, it’s estimate is equivalent

to that of its corresponding stationary problem. Using a truncated Taylor series expansions
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of u;y1(t) and u; 1 (¢) yields

4
Lelwlt) = () < ~elualt)+ 53 [h2<uxx<r>>i+%wxm(r»i] .

Again we use the Taylor series expansion of the denominator function 1/h? — B/(12¢) +

B2h? /(240€?) and this results into

L) -ul) < e+ (5-E B
h4
[P+ T )]
< (St B )12+ (L= Bt )
B2h6
+m(um€x(t))i+....

Applying the bound (3.2) and Lemma 3.5 gives

e P B B B>h°
Le(ui(t)) = Ui(t) < <E_E) h2+<m m) h4+28808+...

< CK,

where we have also used the relation 42 > h* > .... The error becomes
lui(r) = Ui(1)| < Ch? (3.11)

when we apply Lemma 3.4.

We have thus proved the following theorem.

Theorem 3.6. Let U;(r) be the numerical solution of equation (3.10) and u;(¢) the exact

solution, then we have

ma (1) —U;(t <Ch2,
Ogign;té[O,T] jui(t) = Ui(t)] <

as the error associated with the spatial discretization for problem (3.1)-(3.2).
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3.4 Time Discretization

The discritization of a time t with the domain [0,T] with a step size At =¢;1 — ¢, ]=1:M,
such that QM be discretized domain where M is the number of mesh in the time direction.
We use numerical scheme for discretizing the system of initial value problems in Eq.(3.10),
and use second order Runge-Kutta-Fehlberg method (Fehlberg, 1969). First we write Eq.
(3.10) as follow

dU;(t)
dt

= f(t,Ui(t)),i=0:N (3.12)

with initial condition U;(0) = v;, for i = 0:N. where f(¢,U;(t)) = —B(¢)U;(t) + Fi(t). Then
an approximation to the solution of the I.V.P. is made using a Runge-Kutta method of order

two is given by
255

1 1
U,‘7j+1:Ui7j+512K1+256K2+512K3 (3.13)

Where

Ky = hf(t;,U;;),

1 1
Ky = hf(tj+ AU j+ oK)

2 2
1 255
K3 = i+ AU+ —K) 4+ ==K
3 hf(t]+ t7Ul7]+256 1+256 2)

Let Uj(tj+1) be the approximation solution of Uj(¢;+1) at the mesh point ¢;. For j=1:M the

local approximation of U; 1 to Ui, j+1 has second order accuracy (i.e 0(At)3).

Lemma 3.6. The global error estimates of the above approximation method in the time

discritization are given by:
IEj1ll = 1Ti(tj1) = Uiltj) || < CAZ,

where E is the global error in the time discritization at the time step (j+1)"".

Proof. By using the estimate of local error ¢; up to the time step i, we get the global error
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th

estimate of time step at (j+ 1)"* grid point.

j
1Ejill = Y llejll, j<M
=1

lex ]| +lleall +llesll -+ +lle;l, llejll = C(ar)

IN

d(jAr)(ar)?

IN

dT(Ar)?, jAt<T

IN

C(Ar)?

IN

By using the boundedness of the solution, the above Lemma 3.6 implies

sup [|Ti(tjs1) = Uitj1) | gw < C(Ar)? (3.14)

0<e<l

This shows that the time direction in the above discritiazation is consistent and global error
is bounded. Then, by using Eq.(3.14) we can prove the parameter uniform convergence of

the fully discrete scheme as follow

sup [ui(t) = Gi(ej)Il < sup [lui(ey) = Uit + sup [Uilt)) = Ti(e)lgu ~ (3.15)
0<e<l 0O<e<l] O<e<l]

Applying Theorem (3.6), boundedness of the solution, and Eq.(3.9), we get:

Jsup [luile)) Uit} < C((Ax)*+ (A1)?). (3.16)
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CHAPTER 4
NUMERICAL EXPERIMENT AND DISCUSSION

In this section we test the performance of the proposed method with numerical examples.
We use the double mesh principle to estimate the errors because the exact solutions are not
known for the above equation. The maximum error ENM at each mesh points are computed
as follow.
2N At /2|

ENAT — max UNN
0<n<N;0<m<M ’

where U, are the numerical solutions of the one-dimensional problems, N is number of
mesh points in the space direction and M is the mesh point of time direction. Furthermore,

we compute the rate of convergence by using the following formula.
r:logz(EN,Al_EQN,AI/Z) (4.1)

Example 4.1. Consider the problem (Munyakazi & Patidar, [2013))

w— €+ 25U = 1422, (x,1) € (0,1) x (0,1].
u(x,0) =0,x€[0,1};u(0,1) =u(1,t) = 0,7 € (0,1].

Example 4.2. Consider (Clavero & Gracia, 2005)

iy — €+ 50 = (141)°, (x,1) € (0,1) x (0,1];
u(x,0) =0,x€[0,1};u(0,7) =u(1,r) = 0,7 € (0, 1].

Example 4.3 Consider ()

2 .
Uy — Ellyy + 1+2x u=-¢e —1+sin(mx)

u(x,0)=0,xcQ
u(0,1) =u(l,t) =0,7 € (0,1].
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Table 4.1: Maximum point-wise error of Example 4.1 and its convergent rate

€ N=16 32 64 128 256 512
M=16 32 64 128 256 512

1078 | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5146e-07
2.0353 2.0180 2.0091 2.0046 1.9998

107° | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5119e-07
2.0353 2.0180 2.0091 2.0046 2.0023

10719 | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5119e-07
2.0353 2.0180 2.0091 2.0046 2.0023

10~ | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5119e-07
2.0353 2.0180 2.0091 2.0046 2.0023

10712 | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5119e-07
2.0353 2.0180 2.0091 2.0046 2.0023

1070 | 1.6243e-04 | 3.9627e-05 | 9.7839e-06 | 2.4306e-06 | 6.0573e-07 | 1.5119¢-07
2.0353 2.0180 2.0091 2.0046 2.0023

1071 | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5119¢-07
2.0353 2.0180 2.0091 2.0046 2.0023

10752 | 1.6243e-04 | 3.9627e-05 | 9.7839e-06 | 2.4306e-06 | 6.0573e-07 | 1.5119¢-07
2.0353 2.0180 2.0091 2.0046 2.0023

10773 | 1.6243e-04 | 3.9627e-05 | 9.7839¢-06 | 2.4306e-06 | 6.0573e-07 | 1.5119¢-07
2.0353 2.0180 2.0091 2.0046 2.0023

Table 4.2: Maximum point-wise error of Example 4.2 and its convergent rate

N=16 32 64 128 256 512

e M=16 32 64 128 256 512

10° | 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442¢-06 | 6.8611¢-07
1.9535 1.9791 1.9902 1.9952 1.9999

1077 | 6.6370e-04 | 1.7136¢-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442¢-06 | 6.8717¢-07
1.9535 1.9791 1.9902 1.9952 1.9976

1010 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442¢-06 | 6.8717¢-07
1.9535 1.9791 1.9902 1.9952 1.9976

10T [ 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442¢-06 | 6.8717¢-07
1.9535 1.9791 1.9902 1.9952 1.9976

10" [ 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442¢-06 | 6.8717¢-07
19535 1.9791 1.9902 1.9952 1.9976

1020 [ 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442e-06 | 6.8717¢-07
1.9535 1.9791 1.9902 1.9952 1.9976

102 [ 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442e-06 | 6.8717¢-07
1.9535 1.9791 1.9902 1.9952 1.9976

102 [ 6.6370e-04 | 1.7136e-04 | 4.3465¢-05 | 1.0941e-05 | 2.7442¢-06 | 6.8717¢-07
19535 1.9791 1.9902 1.9952 1.9976
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Table 4.3: Maximum point-wise error and convergent rate of Example 4.3

€ N=16 32 64 128 256 512
M=16 32 64 128 256 512
1078 | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2572¢-07
1.8593 1.9348 1.9687 1.9847 1.9949
107° | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
10719 | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
10~ | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
10712 | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
10729 | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
10721 | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
10722 | 1.9335e-04 | 5.3287e-05 | 1.3937e-05 | 3.5607e-06 | 8.9970e-07 | 2.2611e-07
1.8593 1.9348 1.9687 1.9847 1.9924
Table 4.4: The comparison of Example 4.1 with recent articles
N=16 32 64 128 256 512
€ Schemes | M=16 32 64 128 256 512
A 1.6243e-04 | 3.9627e-05 | 9.7839e-06 | 2.4306e-06 | 6.0573e-07 | 1.5146e-07
10°% | B 5.12E-04 1.28E-04 3.20E-05 8.00E-06 2.00E-06 5.00E-07
A 1.6243e-04 | 3.9627e-05 | 9.7839e-06 | 2.4306e-06 | 6.0573e-07 | 1.5119e-07
10712 | B 5.12E-04 1.28E-04 3.20E-05 8.00E-06 2.00E-06 5.00E-07
A 1.6243e-04 | 3.9627e-05 | 9.7839e-06 | 2.4306e-06 | 6.0573e-07 | 1.5119e-07
10716 | B 5.12E-04 1.28E-04 3.20E-05 8.00E-06 2.00E-06 5.00E-07

Where, A is proposed scheme and B is a scheme proposed by (Mbroh & Munyakazi, 2021)
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Figure 4.1: Graph of the numerical solution of Example 4.1 when M=N=256 and € = 107>

Figure 4.2: Graph of the numerical solution of Example 4.2, when M=N=256 and £ = 10~°
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Figure 4.3: Graph of the numerical solution of Example 4.3, when M=N=256 and & = 107>

The solution of the problems given in Example 4.1, 4.2 and 4.3 has two boundary layer
at the right and left side (see Figures 4.1, 4.2 and 4.3). To validate the theoretical analysis
of this thesis, three examples have been considered by taking different value of meshes size
in both space and time derivative for different value of perturbation parameter €. As we see
from the numerical result of table 4.1, 4.2 and 4.3, the proposed method is second order
parameter uniformly convergent in both space and time derivatives and from these table we,
observe the maximum point wise error is decreasing as the number of meshes increase for
each €. By testing the result of the presented method with in examples, we show this method
is stable, accurate and parameter uniform convergent. When we, compare this method with
in Munyakazi and Patidar, (2013]) the presented method is better. In this paper, we use non
standard finite difference method in the space direction and explicit Fehlberg Runge-Kutta in
the time direction. In the case of using explicit Fehlberg Runge-Kutta the numerical solution

is converge, when the step size very small.
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CONCLUSION AND RECOMMENDATION

Conclusion

In this study, we prepared a time-dependent singularly perturbed reaction-diffusion prob-
lem in one dimension. We develop non-standard finite difference method based on method
of line in space discritization and second order Fuhlberg Runge-Kutta method for the system
of initial value problems in time discritiazation after the results of space discritization. The
proposed scheme’s stability and convergence are investigated. In this work, we obtained sec-
ond order parameter-uniformly convergent in both space direction and time derivative. To
validate the theoretical study of this work, we have considered three examples by taking dif-
ferent value of perturbation parameter and mesh size. The point-wise error of these proposed

method very small, when we are compared with a previous published articles.

Recommendation

We recommended for the future researchers, who studies in this area to choice implicit
method. If, we select an explicit methods, the solution may not be converge, when the step
size is large due to this case implicit method is better than explicit method to converge the

solution quickly.
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