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ABSTRACT

Autonomous vehicles (AV) have gained significant attention and became prominent for
research area in recent years due to their potential to revolutionize transportation systems.
The AV system is characterized by instability, high nonlinearity and time-varying dynamics.
Trajectory tracking control, plays a fundamental role in achieving the basic task of AVs to
enable safe and efficient autonomous driving. In this research work, the design of a
trajectory tracking control system for AVs using a specific variant of Model Predictive
Control (MPC) called Linear Parameter Varying (LPV)-MPC which has emerged as an
effective technique for trajectory tracking is designed. The time-varying LPV form of the
State space representation is formulated from the mathematical model of the vehicle. This
model is based on a nonlinear dynamic bicycle model, which considers constraints and is
expressed in road-aligned coordinates. The LPV form allows for the incorporation of time-
varying dynamics, providing a more accurate representation of the vehicle's behavior. The
designed LPV-MPC controller for AVs is specifically designed to handle constraints in
trajectory tracking. To enhance its performance, Particle Swarm Optimization (PSO) is
employed as an optimization technique. PSO is used to tune the weighting matrices of the
control parameters, optimizing the system's response and improving trajectory tracking
performance. To evaluate the effectiveness of the LPV-MPC system, extensive simulation
and testing are conducted. The results are compared with the outcomes of a Linear MPC
controller. The simulation and testing demonstrate that the LPV-MPC controller
outperforms the Linear MPC controller in accurately tracking the desired trajectory,
particularly when dealing with nonlinear reference roads. This highlights the capability of
the LPV-MPC controller to effectively handle the challenges posed by nonlinear reference

trajectories.

Key words: Autonomous Vehicle, Dynamic model, Model Predictive Control, Linear

Parameter Varying, Constraints, Particle Swarm Optimization, Trajectory tracking
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CHAPTER ONE
1 INTRODUCTION

1.1 Background

Autonomous vehicles (AVs), commonly referred to as self-driving cars, are vehicles that can
operate and navigate without human intervention. Due to the high frequency of traffic
accidents and congestion brought on by drivers' mistakes, the creation of AVs has long been
a goal of humanity, and they are likely to become inevitable and important development
trends and research areas, playing key roles in intelligent modes of transport. AVs can sense
their surroundings and drive on its own. To understand its surroundings, AVs use a
combination of sensors, such as LiDAR, radar, sonar, GPS, odometry, and IMUs. Control
systems examine sensory data to decide the optimal paths to go, as well as obstacles and
essential signs. AVs have the potential to revolutionize transportation in cities, reducing

traffic congestion by providing a safe means of transportation (Zhu et al., 2023).

AVs have become a prominent subject in the field of control engineering and are driving the
growth of the automotive industry. The transportation sector has experienced a significant
transformation due to the rapid advancements in AV technology, prompting widespread
interest and investment from academic institutions, technology companies, and automotive
manufacturers. However, the journey towards developing AVs has presented its fair share
of challenges. As early as 1925, an Electrical Engineer named Francis Houdina introduced
the concept of AVs with the remote-control car laying the foundation for the AV revolution.
In 1939, General Motors showcased the Faturama at the World's Fair, an AV designed for
transporting passengers on urban roads, providing a glimpse into a future where vehicles

could navigate autonomously, enhancing convenience and mobility (Liu et al., 2020).

In the 1960s, significant research and development efforts were made to advance AVs. At
The Ohio State University, Professor Robert Fenton and his team led the way in developing
vehicles for testing steering and speed controllers. Similarly, in Japan, the Mechanical
Engineering Laboratory and the National Institute of Advanced Industrial Science and
Technology, that were at the forefront of this research developed an AV that employed
inductive cables and pickup coils for lateral control, creating a cooperative system between
vehicles and infrastructure. Rear-end collision avoidance systems based on roadway vehicle

sensors were also developed (Ozguner et al., 2011).



In 1980s, a German researcher Ernst Dickmanns, converted Mercedes-Benz into AV guided
by an integrated computer, which played a significant role in AVs advancement. A
significant milestone in the development of AVs was the Defense Advanced Research
Projects Agency (DARPA) Grand Challenge in 2005. With the racing challenge of a 212 km
off-road course, and it marked a crucial moment in the advancement of AV technology. The
winning robot, named Stanley and created by Stanford University's team, achieved
successful steering control using a kinematic motion model and classical control theory.
After that, several companies, including established automakers, tech companies, and
startups, are now testing and developing AVs. Although the technology has not yet reached
its full potential and not widely used, it is anticipated to have a big impact on transportation

in the future (Babu et al., 2019).

In recent years, AVs have drawn a lot of interest for their ability to improve the convenience,
safety, and efficiency of road transportation. The rapid development of advanced
technologies in robotics, automation, and high-speed communication networks has led to the
growth and evolution of AVs. There is a large market developing around the world for AVs,
which are expected to be autonomous, connected, electrified, and shared. Longer range, safe
and regulated technology and security of personal and vehicle are required for AVs to
become more common (K. Nonami et al., 2013). A number of modules must operate in a
sequential and structured manner in order to accomplish fully autonomous driving. First, the
vehicle needs sensors such as GPS, IMU, cameras, LiDAR, thermographic cameras,
odometry, sonar and radars that collect all the vehicle and environment information and are

treated to extract information about the vehicle and its surroundings (Liu et al., 2020).

Trajectory tracking, which is the fundamental capability of AVs involves maintaining
motion stability and accurately following a desired trajectory within a specified time frame.
The primary objective of tracking control is to enable the AVs to closely follow a predefined
reference. The tracking controller adjusts the control inputs in real-time to ensure that the
system tracks the reference trajectory with minimal deviation. This trajectory is composed
of global positions, orientations and vehicle velocities. The tracking controller continuously
adjusts the control inputs in real-time based on the computed sequence of references and the
vehicle's current position (Guo et al., 2020). The automatic control generates the control
inputs for the actuators using the computed sequence of references and the position of the
vehicle. The control is the last piece in the sequence of the AV and one of the most important

tasks since it is in charge of guaranteeing its motion. With the rapid development and



adoption of AVs, high-precision trajectory tracking control has become one of the issues for
achieving the numerous capabilities. Accurate trajectory tracking can provide crucial

theoretical and practical foundations for AV motion control (Pang et al., 2022).

The study of AVs poses a complex problem that demands interdisciplinary competence. This
complexity arises from the dynamic nature of the environment in which AVs operate, the
need to ensure passenger safety and comfort, in the presence of stochastic companion agents
such as other vehicles, pedestrians, and moving objects. Achieving the full potential of AV
technology will have profound implications for the field of control engineering.
Furthermore, safety is a critical concern in AV technology (Samak et al., 2020). Ensuring
that AVs can navigate and interact safely with their surroundings, obey traffic rules, and
respond appropriately to unforeseen events is of utmost importance. This necessitates the
development of robust and reliable control systems that can handle the complexities and
uncertainties of real-world driving scenarios. The implications of successful AV technology
implementation extend beyond engineering. They have the potential to revolutionize

transportation, urban planning, and society as a whole (Xia et al., 2020).

1.2 Statement of the Problem

AVs are being developed by a variety of manufacturing companies and are close to being
widely adopted in many applications. Ensuring that AVs can safely, accurately and smoothly

follow a desired trajectory is crucial for their safe and efficient operation.

Although, there have been several studies dedicated to trajectory tracking of AVs, achieving
precise and reliable tracking remains a significant challenge in the presence of uncertainties,
especially in unpredictable or difficult road conditions. While conventional controllers have
their own advantages, they experience a number of problems that reduce their efficiency in
trajectory tracking for AVs. These problems include limited adaptability, difficulty in
handling constraints, lack of predictive capability to anticipate future events and difficulty
in handling complex trajectory profiles that involves complicated maneuvers. MPC is a
promising trajectory tracking method for AVs, but improving tracking accuracy and
addressing challenges in design and practical implementation are ongoing efforts. One key
challenge is the dynamic nature of AVs and their varying models over time. The traditional
fixed model approach may not sufficiently capture the evolving dynamics and uncertainties
of AVs. Accurately tracking trajectories in dynamic environments requires considering the

varying AV models and developing strategies that can dynamically adjust to these changes.



1.3 Objective

1.3.1 General Objective
The general objective of this thesis is to develop effective MPC-based trajectory tracking

strategy for AVs to operate autonomously in a wide range of conditions.
1.3.2 Specific Objective

v" Developing a kinematic and dynamic model of an AV considering constraints.

<

Designing a MPC algorithm for trajectory tracking based on the dynamic model.

v" Designing MPC controller optimization problem, that is solved online to compute
the control inputs that guide the AV towards the desired trajectory.

v Analyzing and validating the performance of the MPC-based trajectory tracking

strategy under different trajectories, and testing its performance in simulation.

1.4 Significance of the Study

AVs controlled by MPC can be used in a variety of applications, due to the rapid
advancement of robotics and automation technologies. With the recent improvements in
computer calculation capability, the complexity and CPU elapsed time of MPC with
constraints are no longer major limitations. The proposed MPC controller design approach
can be effectively used in research, development and practical applications for the ASTU

Center of Transportation and Vehicle Engineering (CTVE) Center of Excellence.

1.5 Scope of the Thesis

The scope of this thesis includes developing a trajectory tracking controller for an AV with
three DoF using MPC, which involves designing a controller for trajectory tracking that uses
a nonlinear dynamic model, taking into account factors such as combined-slip tire forces,
rolling resistance, and nonlinearities. The controller is designed to use the throttle and brake
as longitudinal control input and steering angle as lateral control inputs, and the objective is
to control the longitudinal motion of the vehicle and minimize the lateral distance between
the vehicle and the predetermined path. Constraints are introduced in the design process to

ensure that the controller meets desired performance requirements.

1.6 Motivation of the Study

Research into trajectory tracking for AVs using MPC has gained momentum due to the

increasing demand for precise and safe operations for challenging road conditions. AVs must



navigate through traffic, adapt to dynamic road conditions and avoid collisions with other
vehicles and pedestrians for optimal safety. MPC-based trajectory tracking incorporates
constraints such as vehicle dynamics, safety standards and traffic regulations to meet these
requirements. Finally, MPC-based trajectory tracking for AVs research has the potential to
promote the design of efficient and stable AV systems, which could have a significant impact

on mobility, sustainability, and transportation.

1.7 Limitations of the Study

The thesis work is limited to designing the system model on a level road surface without
considering the presence of inclined or uneven terrain. This simplifying assumption may not
fully capture the challenges and dynamics introduced by driving on inclined surfaces. The
research also focuses on handling trajectory uncertainties, although it might not cover the
complete spectrum of uncertainty that AVs might experience in real-world scenarios,

including things like bad weather, changing traffic patterns and sensor limits.

The research work primarily focused on the design and optimization of the control system
in a simulated environment. While extensive evaluation and testing of AV systems can be
performed using simulation, the practical implementation of these systems in hardware
remains a challenge that has not been addressed.

1.8 Thesis Organization

This thesis is organized as follows:

V' Chapter 1: The research work's history, statement of the problems, objectives, scope,

limitations, and importance are all described.
V" Chapter 2: The literature on AV and related research is reviewed in this chapter.

v Chapter 3: The kinematic and dynamic models of AV are described, as well as the

materials and methods used.
V' Chapter 4. The controller design is covered in this chapter.
v Chapter 5: The simulation result for proposed MPC controller is analyzed and discussed.

v 6: Conclusions and recommendations are included in this chapter.



CHAPTER TWO

2 LITERATURE REVIEW

2.1 Overview

This chapter covers brief technical review, components and applications of AVs. The
discussion of AVs' concept and architecture then becomes the main topic. In addition, the
chapter reviews literatures related to research works in the subject of AV and discusses their

benefits and gaps.

2.2 Brief Technical Review of AVs

With the help of modern technology, AVs are capable of sensing, localizing, perceiving,
choosing and controlling their own movements. The specific tasks of AVs include steering
and accelerating without human intervention. Additionally, AVs must recognize pedestrians,
asses road conditions and traverse through traffic patterns. The ultimate goal of AV is to
promote road safety, eliminate human error-related accidents, increase transportation
efficiency, and provide options for people who are unable to drive. Many companies and
researchers worldwide are working to develop and test AV technology in order for it to

become totally autonomous (Liu et al., 2020).

AVs rely on a combination of key components that work together to enable autonomous

driving. These components include

1. Sensors: AVsuse arange of sensors, including radar, LiIDAR, sonar, GPS, odometry,
and IMUs, to understand their environment. These sensors provide the system
information about its surroundings, including where other objects are located, the

topography, and pertinent signs.

2. Computer Vision: AVs process the data from their sensors using computer vision
algorithms to extract relevant information about the environment. This includes
identifying objects, recognizing patterns and detecting features such as road lanes

and traffic lights.

3. Sensor Fusion: AVs combine the data from multiple sensors to create a more
comprehensive understanding of their surroundings. It involves combining the data
from different sensors in a way that allows the system to make more accurate

decisions about its environment.



4.

5.

Localization: AVs use localization algorithms to determine their position and
orientation within their environment. This is typically done using a combination of
sensors and map data, and can involve techniques such as simultaneous localization

and mapping (SLAM).

Path Planning: AVs use path planning algorithms to determine the best route to
follow based on their current position destination and any constraints or objectives

that they need to consider.

Control: AVs use advanced control algorithms to determine the appropriate control
inputs (such as throttle, brake, and steering) based on the vehicle's current state and

the desired trajectory.

These components work together to enable AVs to navigate safely and efficiently through

their environment, and to make decisions about how to respond to changing conditions and

obstacles (H. Wang et al., 2019).

Vs

.

Computer Vision

N\

Localization Path Planning Control

Vs

Sensor Fusion

Figure 2.1: Architecture of AVs

The automatic control is the last piece in the sequence of the AV and one of the most

important tasks since it is in charge of guaranteeing its motion.

The automotive industry uses the Society of Automotive Engineering’s autonomy scale to

determine various levels of autonomous capacity. This scale serves as a valuable tool for

understanding and categorizing the varying degrees of autonomy in vehicles. By utilizing

this scale, we can gauge our current position in relation to the rapid advancements in

autonomous technology (Ranjan & Senthamilarasu, 2020).

v’ Level 0 (No Automation): Both the steering and the acceleleration of the car are

controlled by the driver. This level of autonomy may include issuing a warning to

the driver, but the vehicle itself may not take any action.

V' Level 1 (Driver Assistance): The driver assumes primary control over the car and is

responsible for managing most of its features. This includes keeping an eye the

environment as well as managing steering, breaking and accelerating.



Level 2 (Partial Automation): The vehicle is capable of assuming control over
certain aspects such as steering or acceleration, aiming to relieve drivers of a few
basic tasks. However, the presence of the driver in the car is still necessary.

Level 3 (Conditional Automation): The entire environmental monitoring is done by
the vehicle. It can function in autonomous mode in some circumstances, but the
driver must be ready to take over if the vehicle is put in conditions that are beyond
its scope of operation.

Level 4 (High Automation): The acceleration, braking, and steering are all under the
vehicle's control. It can also keep an eye on the car, the pedestrians, and the general
state of the road. The car can operate in autonomous mode for a large amount of the
time, but in circumstances that are out of the system's control, such as congested
urban areas and busy streets, a human driver must still take over.

Level 5 (Complete Automation): The vehicle will be completely autonomous. No
human driver is necessary as the vehicle handles all critical tasks including steering,
braking, and pedal control. It actively monitors the environment, recognizing and

responding to various driving conditions, including traffic congestion.

2.2.1 Applications of AVs

With the advancements in advanced control techniques, ML, and Al, AVs have the potential

to revolutionize various sectors. Here are some examples:

v

Robotaxis: AVs can be used as robotaxis, providing transportation services without
the need for human drivers. It revolutionizes the taxi industry and enhance urban
mobility.

Shuttles: AVs can be used as autonomous shuttle services in airports, campuses, and
urban areas, providing convenient and efficient transportation options.

Delivery Vehicles: AVs can be used for autonomous delivery services, enabling the
efficient and cost-effective transportation of goods and packages.

Trucking: Autonomous trucks have the potential to transform the freight industry by
improving safety and optimizing long-haul transportation operations.

Logistics: AVs can be utilized in logistics, including warehouses storage and
shipping centers, for tasks such as material handling, inventory management, and
autonomous forklift operations.

Heavy Machinery: AV technology can be applied to heavy machinery used in

agriculture, mining and construction by improving productivity and safety.



Adoption of AVs in these industries has the potential to have a wide range of benefits, such
as higher productivity, lower labor costs, improved safety, and enhanced environmental
sustainability. However, it is crucial to address challenges related to regulations,
infrastructure, public acceptance, and ensuring the reliability and robustness of AV

technologies for widespread deployment in these sectors.

2.3 Recent Related Work on AVs

A review of earlier AV investigations is provided in this section. Numerous research
publications have provided insight that has been used throughout the early stages of the
design of AVs. In order to obtain optimal performance while keeping computational
feasibility, these research works have investigated practical concerns for the real-world
manufacture of AVs. In Table 2.1 a summary of the key research papers used in this thesis

is presented.

In (Alcala et al., 2020), a novel control approach for autonomous racing vehicles utilizing
LPV theory and LPV-MPC is introduced in this paper. The practical implications of this
research indicate that the proposed LPV-MPC strategy can be employed as a promising
solution for autonomous driving control challenges in real-world scenarios and in real-time.
The study incorporates an optimal off-line trajectory planner to compute the best trajectory
considering the constraints of the racing circuit. Additionally, an identification of the system
model based on optimization techniques is performed. The effectiveness of the proposed
strategies is validated through simulations and experimental tests conducted on a physical
platform. The controller is capable of generating a 20-step prediction at a frequency of 33Hz
and successfully following the desired trajectory, albeit with some error attributed to

unmodeled dynamics.

In (Alcala et al., 2019), an innovative approach for trajectory tracking of AVs using a
cascade control system is proposed. The proposed approach uses an external loop that
employs an LPV-MPC technique for position control, while the internal loop uses an LPV-
LQR technique for dynamic control. Both methods make use of an LPV representation of
the kinematic and dynamic models of the vehicle. When compared to the non-linear variant,
the LPV-MPC technique can produce extremely accurate results with reduced computational
cost, allowing for real-time operation. It is also shown how well the LPV-LMI-LQR
approach works to regulate the vehicle's dynamics. The findings show that the suggested

strategy has the potential to improve both performance and safety.



In (Vu et al,, 2021), a NMPC strategy for AVs that can monitor different trajectories is
introduced. By taking into account both hard and soft constraints within the controller, the
objective is to improve the stability and control abilities of AVs. While taking into
consideration the dynamic constraints imposed by the vehicle's physical limitations, the
environment, and surrounding obstacles, the NMPC controller uses an online objective
function to compute the best control actions for vehicle speed and steering angular velocity.
The possibility of identifying the best control actions and preserving system stability
increases with the introduction of softer limitations. To assess the suggested controller's

performance and efficacy, many parameters are used in thorough simulations and analyses.

In (Alcala et al., 2018), a control strategy for autonomous vehicle guidance is proposed,
employing a non-linear kinematic Lyapunov-based technique with LQR-LMI tuning. The
closed-loop system is reformulated in a LPV form to optimally adjust the parameters of the
Lyapunov controller. An optimization algorithm is utilized to solve the LQR-LMI problem
and determine the controller parameters. Additionally, a pole placement constraint is
incorporated to ensure that the dynamic loop achieves the maximum achievable performance
of the kinematic loop. The results show that the suggested controller successfully and
comfortably steers the vehicle from a beginning point to a finish position. The control
strategy successfully addresses both the lateral and longitudinal control problems of AVs.
The optimization algorithm used for parameter determination is efficient and provides
optimal results, while the inclusion of the pole placement constraint enhances system

performance.

In (Pang et al., 2022), a LTV-MPC design for AVs based on a two DoF kinematic vehicle
model is presented. The primary contributions of this study are the reduction in
computational complexity, improved control accuracy, and real-time performance compared
to existing MPC methods, thereby facilitating the implementation and development of
similar MPC controllers. The proposed LTV-MPC controller ensures AVs in real driving
situations high-precision trajectory tracking, hence boosting their dependability and safety.
The findings show that the suggested LTV-MPC technique monitors the desired reference
road trajectories for AVs with outstanding accuracy and stability across a variety of driving

circumstances.

In (Jeong & Yim, 2021), a four-wheel independent steering and driving algorithm based on
MPC for AVs is proposed. The reference state decision and MPC-based vehicle motion

controller modules make up the algorithm. It efficiently distributes control effort among a
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number of actuators, improving reference tracking performance as well as the efficiency and
safety of autonomous driving. By more effectively controlling the body slip angle, enhancing
path and velocity tracking, and actively allocating driving and braking torques to specific
actuators, simulation results show that the proposed approach outperforms base algorithms.
The algorithm is simple modifiable when the actuator design changes and is responsive to
various road conditions and vehicle systems. Overall, the suggested method appears to have

potential for improving the efficiency and security of AVs on the road.

In (M. Wang et al., 2022), the solution for path tracking for autonomous cars proposed in
the paper combines MPC and GA. The vehicle's future movement is predicted using a
nonlinear predictive model, and an objective function is created based on the predicted
movement and the intended path. Instead of employing a convex quadratic programming
solver, GA is used to tackle the optimization problem, allowing for greater flexibility and
the ability to solve any nonlinear problem. Simulations and field testing are used to validate
the proposed MPC-GA method, demonstrating its effectiveness in comparison to more

conventional approaches.

In (Tang et al., 2020), in order to increase tracking accuracy and mitigate road curvature
disturbances, this paper proposes an alternative path tracking control system for AVs that
combines kinematic MPC with PID feedback control of yaw rate and a vehicle sideslip angle
compensation. This technique enhances tracking precision and manages road curvature
disturbances. Although the proposed solution requires for a vehicle sideslip angle sensor,
which may not be present in all AVs, it considerably increases tracking accuracy and
manages road curvature disturbances. Even at high speeds and the handling limits, the

proposed method is effective and robust, as shown by the modeling and field trial results.

In (Y. Wang et al., 2021), the paper proposes a reliable trajectory tracking control strategy
for AVs that accounts for the nonlinearity, uncertainty, and fluctuating longitudinal velocity
of the vehicle. In order to improve vehicle handling stability, the proposed system contains
a novel target longitudinal velocity planning, a lateral control objective, a reliable active
disturbance rejection control route tracking controller, and a feedforward-feedback control
method. In order to effectively deal with fluctuating velocity and unpredictable lateral
disturbance, the article created a reliable active disturbance rejection control route tracking
controller and an extended state observer. It also employed a feedforward-feedback control

method to regulate the overall tire torque. Through simulations of single-lane change
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maneuver and double-lane change maneuver, the suggested controller's robustness under

velocity-varying conditions and rapid lateral disruption was also assessed.

In (Faulwasser & Findeisen, 2011) a NMPC approach for trajectory tracking of constrained
continuous-time systems with a known and asymptotically constant reference trajectory. The
proposed approach differs from standard methods by explicitly considering end penalties
and terminal regions that depend on explicit times. The authors introduce the concept of
time-varying level sets of Lyapunov functions as terminal regions, which can be efficiently
computed using a quadratic Lyapunov function. These terminal regions handle the time-
varying nature of the tracking problem and ensure positive invariance. The proposed
approach also accounts for input and state constraints and guarantees recursive feasibility.
In contrast, standard approaches may not explicitly consider end penalties and terminal
regions that depend on explicit times, and may not guarantee positive invariance or recursive
feasibility. The proposed NMPC scheme explicitly addresses input and state constraints

while ensuring recursive feasibility.

In (Lin et al., 2019) proposed an adaptive MPC-based route tracking method for AV that
enhances tracking stability and accuracy in comparison to general MPC. The recursive least
squares approach is first utilized by the proposed controller to online estimate the road
friction coefficient and tire cornering stiffness. The vehicle dynamics model is then updated
using the predicted tire cornering stiffness, and the road adhesion constraint is updated using
the estimated road friction coefficient. The main contribution of this research lies in the
proposed Adaptive MPC path tracking controller, which not only ensures high accuracy and
stability in path tracking but also exhibits excellent adaptability to changing working
conditions, particularly variations in speed and road conditions. This is achieved through the
incorporation of estimators for tire cornering stiffness and road friction coefficient, as well

as a control parameter selection module.

In (Hu, Wang, et al., 2019) the ISMC was used to examine the path-tracking control problem
for AVs while taking temporary performance improvements into account. System
uncertainties, state immeasurability’s, and steering angle constraint are considered, when
designing a reliable path-tracking controller. On the basis of the MME-EKF observer, a
novel, all-encompassing ISMC technique is created, which is utilized to estimate errors
caused by unmodeled dynamics and system uncertainties. With the measurement of the yaw
rate and roll rate, the lateral velocity and roll angle are estimated. A robust EKF is created

to achieve yaw stabilization and improve the transient tracking performance while taking
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input saturation of the vehicle states into consideration. This increased estimation accuracy

for the vehicle states in the presence of parametric uncertainties caused by the lateral and

roll dynamics.

Table 2.1: Summary of literature review

(Lin et al., 2019)

stability and also has a great
adaptive ability to changing
working conditions, especially
to speed and road conditions.

Title, Authors & | Controller Achievement Gap
year published Used
Autonomous racing | LPV-MPC | Proposed LPV-MPC strategy Didn’t consider inertial
using LPV-MPC can be used as a novel approach | frame coordinates
(Alcala et al., 2020) to solve autonomous driving resulting in less
control problems under realistic | accurate AV model and
conditions in real-time. less precise control
LPV-MPC control | LPV-MPC | LPV-MPC provides optimal Only kinematic model
for autonomous NLMP response it isn't linearized and | is used for simulation,
vehicles (Alcala et the technique works very well | which results in limited
al., 2019) compared to the NMPC accuracy, Lack of
problem but in a much faster stability and inability to
way (more than 50 times handle complex
faster). maneuvers.
MPC for NMPC The capacity of AVs to Slower when compared
Autonomous maintain system stability and to other MPC. And the
Driving Vehicles identify the best control actions | hard constraints have
(Vuetal., 2021) is improved by the NMPC more difficulty driving
controller being subject to hard | the vehicle tracking to
and softer constraints. the trajectory
Path tracking NMPC The NMPC is used to predict Computationally very
Method based on the future movement of the AV, | heavy and complex
MPC and GA GA is applied to solve the It is sensitive to model
algorithm for AV optimization problem instead of | uncertainty.
(M. Wang et al., using a convex quadratic
2022) programming solver.
Path tracking of Adaptive | Proposed Adaptive MPC path Tracking accuracy is
AV based on MPC tracking controller ensures good | low at high speed, due
adaptive MPC path tracking accuracy and absence complex

dynamic model.
Tuning of the Adaptive
parameters is online
and very challenging
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CHAPTER THREE

3 METHODOLOGY AND AV SYSTEM MODELING

3.1 Overview

This chapter discusses the materials and procedures employed in the research project. It
involves the development of a mathematical model for the AV system, incorporating both
complex dynamic modeling methods and kinematic modeling approaches. The chapter also
includes an analysis of the AV's open-loop response, offering insights into its behavior

without the presence of a controller.

3.2 Materials

The system model in the thesis is simulated and tested using the MATLAB R2022a software
package. MATLAB is a versatile computing tool with various toolboxes that facilitate
numerical solutions and graphical user interface design. Microsoft Office v.2021 is utilized
for editing the thesis documentation, while diagrams and flow charts are created using the

draw.10 website.

3.3 Method

In order to attain the objectives of the thesis, the following methods and techniques are

followed.

v' Comprehensive review of existing literature and research paper related to
trajectory tracking of AVs was conducted.

v' Mathematical model (kinematics and complex dynamics) of the AV was
developed, considering constraints, uncertainties and combined slip tire forces.

v" The AV system was analyzed to understand its behavior and characteristics.

v" MPC controller is designed for the AV to achieve it’s the desired objectives.

v" The performance of the controller is simulated and tested using MATLAB under
different scenarios.

v" The designed controller is optimized and tuned, then after evaluated and analyzed

by comparing to different controller.

The block diagram in Figure 3.1 summarizes the method followed throughout the research

work.
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Problem formulation Review related Collect data for AV
& Title selection apers and literature and analyze

v
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designedMPC

Result analysis and
discussion

Figure 3.1: Flowchart of MPC Design Methodology for AVs

3.4 Mathematical Modeling of AV and Description

System modeling of an AV’s platform in this thesis work includes kinematic and dynamic
modeling. Kinematic modeling for a system focuses on the geometric relationships and
physics of motion without taking influencing forces into account. Dynamic modeling, on the
other hand, is the study of motion that incorporates and represents many factors, such as
energy, friction and aerodynamic forces. A derivation of an effective system model makes a

system more understandable and controllable.

A control system with inputs, outputs, and state variables are used to model the AV system.
The steering angle and acceleration command are inputs to the system, and the position,
velocity, orientation, and angular velocity of the vehicle are all state variables. A group of
nonlinear differential equations that link the inputs to the state variables and outputs explain

the dynamic behavior of the system.

The thesis study focuses on one specific vehicle architecture, the front-wheel steering
paradigm for AVs. This type of vehicle has four wheels, with the front and rear wheels
lumped so that they resemble a bicycle. In this design, the front wheel acts as the primary

steering and navigational mechanism in this design.

3.4.1 Representing AV’s Coordinate

The position of the AV is primarily represented by the coordinate systems. For the development
of system models, two coordinate systems Cartesian and Polar coordinates are frequently

utilized. In this thesis work, system modeling is carried out in Cartesian coordinates due to their
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simplicity and ease of representation. To model and operate AV, the following cartesian

coordinate systems are employed:

V' The inertial reference frame (X, Y): Refers to a reference frame that is fixed in space
in the coordinate system in the plane of the AV. It defines a random inertial base on the

plane as the global reference frame from some origin.

v’ Body frame (x, y): Refers to a frame of reference that is attached to the AV itself, and
moves along with the vehicle. It is also known as the vehicle-attached or local frame.
The body frame is typically defined such that the x-axis points forward along the
longitudinal axis of the vehicle and the y-axis points to the right along the lateral axis

of the vehicle.

Kinematic modeling and dynamic modeling are the two main methods for modeling a
vehicle's motion. Kinematic modeling accurately represents the motion of the vehicle at slow
speeds and with little acceleration. It, however, might not completely capture the complexity
and dynamism of real-world environments. Dynamic modeling, on the other hand, considers
all of the forces and moments acting on the vehicle. It gives a better understanding of how
the vehicle will behave under varied driving circumstances, such faster speeds and difficult
maneuvers. Considering all of the forces and moments that affect the vehicle, dynamic
modeling can offer a more complete and accurate representation of the vehicle's behavior in
real-world scenarios. Dynamic modeling is therefore more suited for effectively simulating

AVs (Reda et al., 2020).

3.4.2 Kinematic Bicycle Model of the AV Motion
In this section, a kinematic model of AV motion is introduced. This model is frequently used
to guide at low speeds or with little lateral acceleration. Because it is straightforward and
can accurately depict nonholonomic restrictions. The bicycle model has been employed to
illustrate the kinematics of the vehicle based on (Rajamani, 2012). The kinematic bicycle
model is a condensed version of the kinematic four-wheel model, in which the two rear
wheels and the two front wheels are each lumped into one (imaginary) rear wheel and front

wheel. The kinematic model isolates the motion of the vehicle from the forces acting on it

(Boyali et al., 2018).

Since the front wheel's orientation is determined by the direction the vehicle is traveling, the
kinematic bicycle model is also known as the front wheel steering model. This model is

particularly useful for vehicles with adjustable front wheel angles in relation to the vehicle's

16



direction. The front wheel of the suggested bicycle model reflects the front right and left
wheels of the vehicle, while the rear wheel represents the rear right and left wheels. The
center of rotation for the vehicle, or CG, is where the ICR is situated. As shown in Figure

3.2, it is the point around which the vehicle turns when doing a turning maneuver.

The kinematic bicycle model is analyzed using the vehicle coordinates in the body frame
represented by x. and y,, positioned at the CG of the vehicle. The velocity vector of the

vehicle is represented by v and aligns with the direction of the front wheel.

O

>~

)X

Figure 3.2: Kinematic Bicycle model

The motion at the CG of the vehicle deviates slightly from both the bicycle's heading and
the direction in which either wheel is moving forward. This deviation is known as the slip
angle (). The steering angle for the front wheel is denoted by § and is measured relative to
the longitudinal direction of the bicycle (Rajamani, 2012). The vehicles heading angle or
yaw angle is represented by 1. The distance from the center of the rear wheels to the CG is

denoted as [, and the distance from the CG to the center of the front wheel is denoted as [f.

The total wheelbase of the vehicle is given by L = I + [,..

In this inertial frame model, the variable ¢ represents the yaw angle, which indicates the

orientation of the vehicle with respect to the reference frame. Yaw rate () represents the
rate at which the vehicle's orientation is changing. The direction which the vehicle is

traveling or course angle for the vehicle is defined as:

y=v9+p (3.1)
By applying sine rule to triangle OCA:
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sin(8 — B) _ sin (% - 5) (32)

lf R
Also, by applying sine rule to triangle OCB:
] y 7-[
sin(B) _ St (7) _1 (3.3)
L, R R

Whereas R represents the radius of the vehicle's path, it is defined as the distance from the

ICR to the CG of the vehicle.

l .
By expanding equation (3.2), and multiplying both sides by ! cos(8)’ the following can be
obtained:

tan(8) cos(B) — sin(B) = % (3.4

And by multiplying both sides of equation (3.3) by [, and adding to equation (3.4) gives:

e+ 1,

- (3.5)

tan(8) cos(B) =

Under the assumption that the radius of the vehicle's path changes gradually, primarily due
to the vehicle's low speed, the rate at which the vehicle's orientation changes can be
considered equivalent to its angular velocity (Rajamani, 2012). This assumption indicates
that the vehicle's rotational motion is primarily controlled by its angular velocity, which is

directly related to the rate at which its orientation changes.

L v 3.6)
V=7 3.
By using the equations (3.6) in the equation (3.5), the yaw rate can be obtained as:
. vCcos
Y = B) tan(6) (3.7
lr + 1,

From Figure 3.2, the rate of inertial frame coordinates can be obtained as:

X =vcos(y + B) (3.8)
Y = vsin(y + B) (3.9)

Hence, the equations of motion for the vehicle in the kinematic model can be described by

equations (3.7), (3.8) and (3.9). Where the slip angle 8 can be obtained as:

lrtanc?) (3.10)

p = tan™? (
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3.4.3 Dynamic Bicycle Model of the AV Motion
The dynamic vehicle model is presented in this section and is based on the bicycle model
technique shown in Figure 3.3. The longitudinal direction, which corresponds to the heading
direction, and the lateral direction, which is perpendicular to the heading, are the two

components of motion that are taken into account by the model (Schramm et al., 2014).
In the dynamic bicycle model, the following assumptions are made.

v" The left and right wheels of both the front and rear axles are lumped into a single

wheel, simplifying the model to a two-wheel bicycle representation.

v Nonlinear effects such as suspension movement, road inclination, and aerodynamic

influences are neglected.

The full dynamic bicycle model encompasses three DoF. These include the vehicle's
longitudinal velocity (V;), lateral velocity (1},), and yaw angle (¥) motion. The lateral
position of the vehicle is measured along the vehicle's lateral axis, specifically to the point
that serves as the vehicle's center of rotation. The yaw angle is measured relative to the

inertial X axis (Zhu et al., 2023).

Figure 3.3: Dynamic Bicycle model

By applying Newton’s second law of motion and analyzing net acceleration in a rotating

body frame,
z E, =ma, = F, — F. — F¢sin(4) (3.11)

sz = ma,, (3.12)
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> M, =1 (3.13)

F, =ma (3.14)

F, = umg (3.15)
F, is applied force in longitudinal direction provided by the vehicle engine (acceleration) or
brakes (deceleration). F, is positive when applying throttle and negative when applying

brakes. The rolling resistance (friction force) is denoted by F,.. Where, the rolling resistance

coefficient, u, quantifies the magnitude of this resistance.

When analyzing Forces in Lateral Direction, we can obtain:

Fyriae = Fypcos(6) (3.16)
Fyflong = Fnyln(6) (317)

The distance from the vehicle CG to the front and rear tires are represented by ¢ and [,

respectively.

By using equations from (3.11) to (3.15) the following equations of motion can be obtained.

ma, = ma — umg — F,¢sin(6) (3.18)
ma, = F, + Fyfcos(é') (3.19)
Ly = Fyrcos(8)l; — F,. 1, (3.20)

Since the longitudinal acceleration a, = V, — szy and the lateral acceleration at the center

of mass of the vehicle is a, = Vy + 1V,. The equations (3.18) and (3.19) can be further

derived as:
ma — umg — F,;sin(8) = mV, — myV, (3.21)
@=a—ug—5fﬂ&9+¢% (3.22)
Ey + Fyrcos(8) = mV, + mV, (3.23)
V;, =%+%cos(6) — PV, (3.24)

From equation (3.20), the angular acceleration ) can be calculated as:

Fyrlr

P = Fyl—flfcos(c?) — (3.25)

z IZ
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3.4.4 Tire Modelling
The tires are among the most crucial elements in modeling vehicle dynamics. Since tires are
the only part in contact with the road surface during normal operation, modeling tire forces
is the essential part of a vehicle motion model. Tire forces are typically difficult to predict
precisely and tires have nonlinear and empirically derived characteristics. Under normal
driving conditions, it is possible to use a simple linear approximation to estimate the tire
forces based on the research by (Kissai et al., 2017). However, this approximation is accurate
only when the slip angles are small and the tire forces exhibit a linear relationship with the
slip angles. The slip angles refer to the angles between the velocity vectors and the direction
of the tire's orientation vector for both the front and rear wheels, denoted as a; and a,
respectively. The tire forces are modeled and represented in the respective tire fixed

coordinate frames, following the convention shown in Figure 3.4.

Figure 3.4: Tire frame coordinates

At higher speeds, the velocity direction of the front wheel and the orientation of the front
wheel itself deviate due to tire deformation. The angle between the inertial X-axis and the
velocity vector of the front wheel is denoted as 6,,r. When a vehicle is turning, the orientation

of the wheel and the velocity of the tire contact patch result in an angle called the tire slip
angle, represented as a. This angle plays a significant role in modeling the lateral force
generated by the tire. In the single-track model, the tire slip angle af and a,. for the front and
rear tires are defined as:

ay =6, — 6, (3.27)
The lateral velocity of the vehicle and the yaw rate of the vehicle multiplied by the distance

from the CG to the front axle determine the velocity of the front left tire in the vehicle's body

frame.

Vip =V, + 9l (3.28)
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Vy + 9l

7 (3.29)

tan(@vf) =
The control input § is constrained between — /¢ and ™ /¢, to ensure that the steering angle
of the vehicle remains within a reasonable and feasible range during control actions. So, it

is assumed that the vi will be small. Then, tan (va) ~ 0,., due to small angle

Uf’
approximation. Thus, equation (3.29) becomes:
V, Pl
9, =24+-L (3.30)
A
Similarly, the longitudinal velocity at the rear of the vehicle with respect to the body frame
relates the velocity at the rear of the vehicle to the lateral velocity at the center of mass of

the vehicle.

Vir = V;/ - lplr (3.31)
v, —yl
tan(6,) = 2 ¥4 (3.32)
Ve

The angle 6, will be very small which results in, tan(6,,) = 6,,_, Then equation (3.32)

becomes,

(3.33)

The lateral force exerting on the vehicle at the tire contact patch of the front and rear tires

are calculated as:
Ey = Coray, (3.35)

Cqr and Cg, represent the cornering stiffness coefficients of the front and rear wheels,

respectively. The cornering stiffness of a tire refers to its ability to resist deformation when

the vehicle undergoes rotational or turning maneuvers.

Since the bicycle dynamic model is being considered, the rear wheels are assumed to be
fixed and not steerable. i.e., §,, = 0, thus, equation (3.27) is changed to @, = —0,,,-. And the

lateral forces exerting on the vehicle defined in equation (3.34) and (3.35) are defined as:
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v, il
yr = Ca.'r <_ vy + Vr) (337)
x x

3.5 State Space Representation of the AV

As in the previous section, the motion of the vehicle is assumed planar; the vehicle is
assumed to be a rigid body with mass m and moment of inertia I, with respect to the axis
normal to the horizontal plane at the center of mass. The left and right tires are lumped into
one, representing the whole axle. This approximation allows for a more manageable model
and disregards certain complexities associated with the individual behavior of each tire. By
doing so, the roll dynamics of the suspension and lateral weight transfer are neglected, and
a large turning radius is assumed, such that the left and right tires undergo approximately the
same lateral deflection as the virtual tire in the middle. This assumption facilitates the
mathematical treatment of the vehicle's dynamics and allows for a more straightforward
analysis. The coordinate frame and angular variables used in the dynamic bicycle model are

shown in Figure 3.3.

The bicycle dynamic model considers both the inertial frame and the body frame to
accurately describe the motion of the vehicle. By connecting these two frames, the absolute

position and orientation of the vehicle can be captured.

From Figure 3.5 the relation between the inertial frame and the body frame is obtained as:
X = Vicos(@) — V,sin(y) (3.38)
Y = Vpsin(®) — V, cos() (3.39)

Figure 3.5: Relations between inertial frame and body frame of AV

The state space has six states which are [Vx v, ¥ Y X Y]T and two control inputs

y
whichare [§ a]”. When inserting the value of F},; and F,,- from equations (3.36) and (3.37)
into V,, Vy and 1, from equation (3.22), (3.24) and (3.25) the following rigid body
constrained to the planar movement that has three degrees of freedom which its motion is

governed by Newton-Euler equations can be formed, which describe the relationship
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between forces, moments, and motion. And by rearranging equations (3.38) and (3.39), the
following equation of motion of the AV can be obtained.

Ve=—ug+

C,rsin(6 C,rsin(0)l . C,rsin(8
of ()Vy+<af ()f+Vy>¢_ ysin®)

mV, mV, m

. Cor + Copcos(5) Carly — Copcos(8)l; . Cypcos(0)
Vo =— - ) i
A ( a v, + a Ve |+ —=5

(3.40)

P =

Corly — Capcos(8)ly v Capcos(8)F+Cqor 2 | N Cyrcos(8)ls 5
LV, 4 LV, v

X = cos()Vy — sin(¥)V,
Y = sin(@)V; + cos(@)V,

where V,, V,, are components of the velocity in the body-fixed coordinate frame and 1 is the

yaw rate, the angular velocity of the rigid body with respect to the normal axis at the center

of mass. Only the front wheel is assumed steered with 6 denoting the steering angle.

To formulate the nonlinear state space equation using equation (3.40):
x=flx,u) (3.41)
Where, x=[V, ¥, % % X Y], i=[% % % % % %" u=[s o

(%1 = filx,u)

Xy = f2(x,u)
X3 = X4

<%:ﬁ@w (3.42)
Xs = fs(x,u)

\ X = fo(x,u)

Where the value of f(x,u) are:

C,rsin(u C,rsin(uy)l

1 mx,
C,rcos(u
_ af ( 1) u, n u
343
Cor + Cqpcos(uy) Carly — Coapcos(uy)ly (3.43)
fa(cu) = — X, + — X1 | Xy
mx, mx,

N Carcos(uy)

u
m 1
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C,-l. —C,rcos(uy)l Cyrcos(uy)l? + Cy, 12
f4(x, u) — ( ar'r Iaf ( 1) f X, — ( af ( 1) f ar r>x4
le szl

Carcos(uq)l
+ af ( 1) f u,
L
fs(x,u) = cos(x3)x; — sin(x3)x,
fe(x,u) = sin(x3)x; + cos(x3)x,
The relationship between the body frame velocities and the inertial frame positions can be

obtained as follows:

V. = cos(P)X + sin(y)Y

V, = —sin()X + cos()Y (3.44)

3.6 Open-Loop System Modeling Simulation Analysis

The open-loop simulation is a method of testing the derived kinematic and dynamic model

of the AV to check if the model correctly captures the vehicle's behavior.

Table 3.1: AV's parameter specification

Parameters Description Value
m Mass of the AV 1575 Kg
I, Yaw moment of inertia 2875 Kg.m?
Cof Front tire cornering stiffness 19000 N/rad
Cor Rear tire cornering stiffness 33000 N/rad
Ly Distance from the front axle to CG 1.2m
L, Distance from the rear axle to CG 1.4m

Coefficient of rolling resistance 0.02
g Gravity 9.81 m/s?

Table 3.1 shows the AV’s parameters specification used for this thesis and are based on the
Chevrolet SUV car as in (Alcala et al., 2019). A dynamic model of an AV in equation (3.41)
is simulated based on parameters given in Table 3.1. It explains the consequence of input on
the output state by using initial velocity of 1m/s for calculating input § and a which are the

steering wheel angle and the longitudinal acceleration.

The simulation result illustrated in Figure 3.6 reveals that the response of the states of the

AV at initial speed of 1m/s. The lateral velocity V,,, which represents the vehicle's sideways

movement, shows unpredictable behavior contrary to the expected value of 0 m/s. Ideally,

the vehicle should not have any sideways motion.
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Figure 3.6: Open-loop response of AV
The yaw angle, suggesting instability in the vehicle's turning behavior and lead to
compromised vehicle control and stability. It can result in unpredictable and erratic
movements, making it difficult for the vehicle to accurately navigate and maintain its
intended trajectory. The instability, nonlinearity, erratic and unpredictable behavior
observed in Figure 3.6 of the X and Y positions of the inertial frame of the AV shows the
need for a controller. A controller is required to track the trajectory of the AV's motion,

ensuring accurate and stable positioning in the X and Y directions.
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CHAPTER FOUR

4 CONTROLLER DESIGN

4.1 Overview

The main focus of this chapter is the design of the MPC controller, which is a key component
of the technique suggested in this thesis and is essential for accomplishing the required
control objectives. The theoretical underpinnings and fundamental ideas of AV trajectory
tracking utilizing Linear MPC and LPV-MPC are covered in this chapter, providing an
understanding of their underlying concepts. It also looks into the particular design criteria

and development processes used in this thesis to create a successful MPC controller.

4.2 Control System Architecture for AVs

In this research work, MPC controller is designed for controlling the nonlinear model of AV.
The objective of using MPC controller is to control the steering wheel angle and the

longitudinal acceleration of the AV, in order to follow the given trajectory.

The entire control system of an AV is fundamentally broken down into the following two

components:

v' Longitudinal Control: This component controls the longitudinal motion of the AV,
considering its longitudinal dynamics. In this case, the throttle (acceleration) and
brake (deceleration) inputs to the AV control its longitudinal motion.

V' Lateral Control: This component controls the lateral motion of the AV, considering
its lateral dynamics. In this case the steering input, which controls the steering angle

and the heading, is the input to AV.

4.3 Model Predictive Control

Since its origin in the late 1970s, Model Predictive Control (MPC) has seen significant
development. The term MPC refers to a wide variety of control techniques that explicitly
use a model of the process to derive the control signal by minimizing an objective function,
rather than a specific control approach. MPC is an optimal control technique, that uses
system dynamics to predict future behavior and optimizes these predictions over a finite time
horizon. This flexible and model-based approach to control system design enables the
optimization of control inputs across a future time horizon to meet desired objectives while

considering system constraints. (Rakovi¢ & Levine, 2019).
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The MPC receives the current measurements of the system's past outputs at each time step.
The current measurement serves as feedback to the MPC, allowing to compare the actual
system outputs with the predicted outputs obtained from the AV system. The MPC evaluates
tracking performance and pinpoints any deviations or errors in the system's behavior by
comparing predicted and measured outputs. MPC operates in a receding horizon way by
measuring or estimating the system's current state at each time step and computing a series
of future control inputs based on model predictions. The process is repeated using the current
measurements and predictions at the subsequent time step, with only the first control input

in the sequence being executed (Brunton & Kutz, 2022).

_  Past Future _
- Prediction horizon .
< >
iControl horizon
Set point '

e

j Jj+l j+77llc—1
fii Jjtmp—1
> |

Moving horizon window
Figure 4.1: MPC Scheme (Brunton & Kutz, 2022)
MPC is frequently used interchangeably with the term "receding horizon control". Receding
Horizon Control solves a fixed size optimization at each time step to determine the best
control inputs to use from the current time to the end of the horizon based on the objective's
constraints and the vehicle's current condition (Rossiter, 2018; M. Wang et al., 2022). In
order to implement MPC, the basic structure shown in Figure 4.2 is used. Based on past,
current and suggested optimal future control actions, the AV model is used to predict plant
outputs in the future. The suggested optimal future control actions are obtained by solving
an optimization problem using the AV model and considering the desired objectives and
constraints. The optimizer determines these actions by calculating the cost function, which

takes constraints and future tracking errors into consideration (Camacho & Bordons, 2007).
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Figure 4.2: Block diagram of MPC AV model

Some of the key Advantages of MPC for AVs are:
v" Ability to handle constraints.
v' Ability to handle MIMO systems.
v' Ability to predict future based on the system model.
v

MPC is optimization technique, which means MPC is designed to find optimal

control input by considering system dynamics, constraints and objectives.
v" MPC is a totally open methodology, which allows for future extension.

Thus, MPC is a powerful control technique that is well-suited for trajectory tracking of AVs.
A significant drawback of MPC is its computational intensity. The process of generating an
optimal control action with MPC involves major computational requirements. The controller
needs to solve an optimization problem repeatedly at each time step, considering constraints
and system dynamics. The computational burden increases as a result of the need to analyze
and optimize a cost function over a predicted horizon, which consists of multiple decision

variables (Besselmann & Morari, 2009).

There are many types of MPC each subjected to specific system characteristics and control
objectives. Some of them are Linear MPC, Nonlinear MPC, Robust MPC, Adaptive MPC,
LPV-MPC and stochastic MPC. The controller used in this thesis work uses linearized MPC
as a benchmark for performance comparison and LPV-MPC to account for time-varying AV
system characteristics. By exploring these two approaches, the thesis aims to evaluate their
respective performances in achieving the desired control objectives. The main focus of this
thesis work is the LPV-MPC method which takes into account the system dynamics’
dependence on varying parameters. In this approach, the controller design takes into account

the time-varying nature of the system parameters and adjusts the control actions accordingly.
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4.3.1 Linear MPC Controller Design for AV
The Linear MPC creates the optimal control actions by using a linearized model of the
system. To make use of Linear MPC for trajectory tracking of an AV, the linearized
continuous-time state space equation from equation (3.41) of the system needs to be
discretized and augmented. To discretize the continuous-time state space equation, Euler’s

discretization method is used.

x(k+1) =Aux(k) + Byu(k)
y(k) = Cqx(k)

Where, Ay = [ +A-T;, By = B-Tgand Cy; = C

4.1)

In tracking problems, in order to maintain the tracking error zero or close to zero, the control
input must be non-zero. This particular approach which eliminates steady-state error and
make the system follow the desired trajectory is known as control signal increment. The
control input is adjusted using the control signal increment in accordance with the difference
between the desired trajectory and current system output. The MPC algorithm determines
the increment in control signal required to bring the AV system to the desired trajectory.
Therefore, in a tracking problem, the changes of input Au(k) are used, which are defined

as follows:

Au(k) = u(k) —uk — 1) (4.2)

In order to capture the desired trajectory and tracking errors, additional variables or states
are added to the state space. To give the MPC controller the ability to track the reference
trajectory and account for deviations, the following augmented states are implemented (Han

& Gao, 2022).

{f(k + 1)~= Ax(k) + BAu(k) 3
y(k) = Cx(k)
x (k) : T
x(k) = lu(k _1 = [V;ck Vyk Ve Y X Yo Ok ak—l]
l em ml (4.4)
7=
\C = [Ca  Onxml

Where, n is the dimension of state vector and m is the dimension of the control vector.
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In tracking MPC, new states that capture the discrepancy between the system's actual states
and the desired reference trajectory must be added when augmenting. The difference
between the system's behavior and the reference trajectory is represented by these additional
states, also known as tracking states. The controller can monitor the reference trajectory by
reducing the error between the tracking states and the target trajectory by including these
states in the MPC formulation. Each MPC iteration updates and controls the tracking states

in order to steer the system toward the reference trajectory while satisfying constraints.

By defining the prediction horizon as N, and the control horizon as N, the future state
variables are calculated sequentially using the set of future control parameters as in (Liuping,
2009):

x(k + 1) = Ax(k) + BAu(k)

x(k + 2) = A%x(k) + ABAu(k) + BAu(k + 1)
4.5)

x(k + N,) = ANvx (k) + AN~ BAu(k) + -+ + ANe~NeBAu(k + N, — 1)
From the predicted state variables of equation (4.5), the predicted output variables are:

y(k +1) = CAx(k) + CBAu(k)
y(k +2) = CA?x(k) + CABAu(k) + CBAu(k + 1)

(4.6)
y(k + N,) = CANex(k) + CANe~*BAu(k) + -+ + CANe~NeBAu(k + N, — 1)
In compact matrix form equation (4.6) can be written as:
Y = I'x(k) + ®AU (k) (4.7)
Where,
T
Y=[yk+1D yk+2) .. y(k+N,)]
AU = [Au(k) Au(k+1) .. Au(k+N.—D]T
[ CA ] [ (B 0 0 0
CA? CAB CB 0 0
r=\ca |, ¢=| CA%B CAB CB 0
LC ANy LCANy=1B  CANv=2B  CAM»=3B .. CANv~Nep.
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4.3.2 LPV-MPC Controller Design for AV
This section presents a novel formulation for the MPC technique that makes use of the non-
linear AV model's representation. LPV is an LTV plant with finite dimensions, if the state
space matrices are fixed functions of a vector of measurable scheduling variables. The LPV
model is employed by the MPC approach when it predicts future vehicle states. This suggests
that representation of the non-linear vehicle model computed with a known scheduling

vector is necessary at each time instant (Alcala et al., 2020).

LPV-MPC, lies between the nonlinear and LTI formalisms. While LPV systems are
nonlinear in their parameter, they exhibit linearity in the state space. This approach allows
for the consideration of nonlinearities in the system by representing it as a collection of linear
models, each valid within a specific range of operating conditions. In LPV-MPC, the system
model is parameterized by varying parameters, and the control law is determined by solving
an optimization problem at each time step. This method involves solving multiple
optimization problems, one for each operating condition, which can lead to increased

computational complexity (Morato et al., 2020).

LPV-MPC is well-suited for systems that exhibit nonlinearities and experience variations in
operating conditions. LPV-MPC, predicts the future behavior of the system, employing an
optimization algorithm to compute the control input that minimizes a predefined cost
function. The advantage of the LPV approach is that it allows the representation of a
nonlinear model as a combination of linear models, where the parameters of these models
vary with certain scheduling variables. This approach eliminates the need for linearization.
This provides a more accurate representation of the system dynamics, especially when the

system exhibits significant nonlinear behavior as the AV (Besselmann & Morari, 2009).

There are several reasons for choosing LPV-MPC over other variants of MPC for trajectory

tracking in AVs (Cisneros et al., 2016), Such as:

v" Nonlinear models can be used with LPV-MPC to represent the dynamics of the AV,
without the need for linearization.

v" LPV-MPC is well-suited for handling time-varying systems, like AV systems that
operate in dynamic environments where operation conditions change overtime.

v" By considering the time-varying nature of the system and constraints, LPV-MPC can

effectively balance stability and performance in trajectory tracking.
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The continuous time-state space used for designing the LPV-MPC can be obtained from

equation (3.41).

v, 0 Ay 0 Ay 0 Of|y| [By o0
i 0 0O 0 A 0 O 0 0 |[6
i=["|= Y e H 4.8)
i 0 Ay 0 Ay 0 ofly| |By 0 |la
X As; As, 0 0 0 O||X 0 0
vl lag, 4, o o o ollyl Lo o
Where,
ng CorSin(8) CorSin(8)lf
All Vx ) 12 mVx ) 14 mVx + y
. Car + Cqpcos(5) _ Carly — Cypcos(6)1y v
Corly — Capcos(8)1f Capcos(8)1F+Corl?
Asp = 1,44, = TV y Ags = — TV
zZ'X zZ'X

Ay = cos(), Asy = —sin(Y),Agr = sin(¥), Ag; = cos()

Carsin(d) Capcos(5) Carcos(8)1s
B, =--2""" p —1B, ="4"""p 4T
11 m 12 21 m 41 IZ

Thus, A(Vx, V0,6 ) and B(6), the system is represented in LPV form.

LPV-MPC discretizes the continuous-time LPV formulation from equation (4.8), augments
it as in equation (4.3), and enables trajectory tracking by iteratively computing future state
variables using a set of control parameters. This allows real-time adjustments of control
inputs considering changing system dynamics and operating conditions. The future state

variables are sequentially calculated using the set of control parameters.
x(k +1) = A x(k) + BAu(k)

.X(k + 2) == Ak+1Akx(k) + Ak+1§kAu(k) + §k+1Au(k + 1)

3 3 3 3 3 o (4.9)
x(k + Np) == Ak+Np—1Ak+Np—2 Akx(k) + ANp—lANp—Z ...Ak+1BkAu(k)

+ + Ak+Np_NC§k+1Au(k + 1) +

+ §k+NC_1Au(k + NC - 1)

By reducing the complexity of the equation (4.9) into matrix form:
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Xkt 1) ~Bk~ ~0 0

Xk +2) ) AktlBk~ ) Bktl 0

x(k+3) | = Ap+24k+1By A +1Br+1 0

: Np-1 : Np-1 '
e+ M) || [ AeniBe | [AeniBen o Beones
L =0 i=1 ) - 4.10)
Au(k) e
Au(k +1) A
| M+ |+ A"”A_"””A" x(k)
Np—I:
[ Au(k + N, — 1) Ay
i=0
Together in compact matrix form it can be expressed as:
X = §AU + {x(k) (4.11)
Where,
X = [x(k +1) x(k+2) .. x(k + Np)]T
AU = [Au(k) Au(k+1) .. Au(k+N,.—D]T
Ay T [ B, 0 0
A Ay Aj+1By Bi1a 0
¢ = Ak+2Ak+1Ak , &= Ak+2Ak+1§k Ak+1§k 0
2 A | L2 AiBe 12 Aewi B Brawes.

From the predicted state variables of equation (4.9), the predicted output variables are:
y(k + 1) = CApx(k) + CB,Au(k)
y(k + 2) = CAk+1Akx(k) + CAk+1§kAu(k) + C~§k+1Au(k + 1)

(4.12)
y(k + Np) S C.'A'Np—lA'Np—Z ...Akx(k) + CA’Np—lA'Np—Z e CAk+1§kAu(k) + -

+ CANP_NCER+1Au(k + 1) + + C~§k+Nc_1Au(k + NC - 1)

By simplifying the above equation (4.12) on matrix form:
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[ y(k + 1) 7
y(k + 2)
yk+3) |=

y(k+ »)d

CB,
CAr+1Bi
CAr+24Ak+1Bi

Np-1

C | | AeiBi
L i=0

Au(k)
Au(k + 1)
Au(k + 2)

[ Au(k + N, — 1)

0
CBin
CAarBrnn
Np—l '
[ [ AeriBen
i=1
CA,
Chnry
Chrsrhin A

CBanes

(4.13)

x (k)

The system output expression in the prediction horizon where, N, = N, would be as follows:

In compact matrix form equation (4.13) can be written as:

Where,

4.3.3 Cost Function

Y = I'x(k) + @AU(k) (4.14)
T
= [y(k +1) yk+2) y(k + Np)]
= [Au(k) Au(k +1) Au(k + N, — D]T
CA, CB, 0 0
CAp1As CA,.1Bx CBy 41 0
CAps2Ar+14x o CArs2Ak41Br CAr+1Bi 0
Np—1 Np—l Np—1
¢ | Aew ¢ 1_[ AviBe € 1_[ Airi Bis CBiesnes

In AV, the objective of optimal control is to closely follow a desired trajectory. The

optimization is focused on reducing the deviation between the desired trajectory and the

actual state of the AV, by taking into account system dynamics and constraints. The control

inputs are modified in real-time to follow the reference trajectory as closely as possible. To
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continuously modify the control inputs and enhance the AV's tracking performance,

optimization is carried out iteratively at each time step.

The LPV-MPC algorithm optimizes the control inputs by solving an optimization problem
based on the cost function over a finite time horizon. The cost function in LPV-MPC for AV
tracking is to achieve optimal control inputs by accurately following the desired trajectory.
It encompasses various terms that penalize tracking errors, control efforts. The goal of the
cost function is to find optimal control input variations that drive the system states towards

the desired reference trajectory while satisfying the system dynamics and constraints.

The control objective function of MPC can be defined as follows:

Np Nc—1

J(k) = Z(Rref %) Q(Rpey —x) + Z Mu(k + D)TRAu(k + i)

s.t. X = [x(k +1) x(k+2) .. x(k + Np)]T
Au(k+) =uk+i)—uk+i-1), (4.15)
Aupin (k) < Au(k) < Aupg(k),k=01,--,N, — 1,
Umin(k) S ulk) < upar(k),k=01,---,N. — 1,
Xmin(k) < x(k) < Xpmaek =0,1,--,N,. — 1

Where, Q € R®*® and R € R**? are positive weighting matrices and R, is the desired

reference trajectory.

The first term in equation (4.15) is the tracking error term, which quantifies the deviation
between the AV states and the desired reference trajectory. It penalizes the tracking errors
to ensure the vehicle closely follows the desired trajectory. The second term is the control
effort term and it penalizes the magnitude of rate of change of control inputs, required to
achieve the desired trajectory. By adjusting the weights in the state weighting matrix Q and
the control weighting matrix R, the importance between tracking accuracy and control effort

can be balanced (Hu, Qin, et al., 2019).

Through careful formulation and tuning of the cost function, the MPC controller can
effectively track the desired trajectory. The cost function is designed to take into account
various control objectives and constraints, to ensure the controller operates within acceptable
limits to achieve accurate trajectory tracking. By optimizing the control inputs based on the

cost function, the MPC controller can navigate the AV along the desired path.
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4.3.4 Constraints
Handling constraints effectively is important for the safe and reliable operation of AVs. By
properly including constraints into the control algorithms, AVs can navigate through
complex environments while avoiding violations and unsafe situations. For AVs to operate
safely and reliably, there must be constraints on their design and operation. These constraints
specify the restrictions and limitations, which the AV must operate (Greenblatt, 2016). The
input steering wheel angle and the applied longitudinal acceleration which is produced by
throttle or brake is controlled within reasonable range. AVs have many constraints, such as
speed restrictions, acceleration limits, steering angle restrictions and physical vehicle
functioning limits. In order to guarantee safe and normal operation of AVs, it is necessary
to restrict control inputs and some of the outputs in the constraint form in Table 4.1 which
then will be included in the cost function. In the specific AV model considered in this thesis
work, several constraints are taken into account to ensure safe and reliable operation as in

(Chen et al., 2020). These constraints include:

Table 4.1: Constraints of the MPC controller for AV

Parameters Min value Max value
Steering wheel angle (§) -1/6 /6

variation (A6) —1/300 /300
?;)ngltudmal acceleration » F, fs::(S) ug— Vynp N Fyssin(8) ug— Vy¢
variation (Aa) —0.1m/s? 0.1m/s?
Longitudinal V, 1m/s 30m/s

Lateral 1}, —0.1V, 0.1V,

Constraints are applied in the steering wheel and acceleration, control inputs and some other
state variables to make sure the AV stays within reasonable limits to track the desired

trajectory and maintain safety regulations.
The predicted input signals from equation (4.2) can be expressed as:

u(k) =ulk — 1) + Au(k)

utk+1) =ulk—1) + Au(k) + Au(k + 1)
(4.16)

u(k+N.—1) =u(k—1) + AUT

An inequality constraint equation can be created when placing restrictions on the control

signal expressed in equation (4.16) of trajectory tracking for AVs.
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Umin S Uk + N, — 1) < Upax

Umin < ulk — 1) + AUT < uppyg,

Umin — Uk — 1) S AUT < upg, —ulk— 1) (4.17)
AUT < Uy —ulk — 1)

—AUT < —up +ulk — 1)

From equation (4.16) and (4.17) the general upper and lower expression of input constraints

is expressed as:

I Umax — u(k - 1)
[ lAU < [ (4.18)
I —Umin + u(k - 1)

And for the state constraints the following formulations are made.

-ka
Vi
Ver 1 0000 0 0 07 ¥
v, 01000 0 0 0| ¥
. Vi o
Vi = =C x(k) = '
S 000000 1 0% (4.19)
Wy 000000 0 U
Ok—1
Ag—1
Where yj, is the state constrained matrix which contains [Vy, Vy, k-1 ax—1]".
Yiemin = Yk = Yiemaz
{—y;; <~V {—C*EAU — C{x(k) < —y; (4.20)
Vi = Vimar | C6AU + CCx(k) < Vi,

From equation (4.20), the upper and lower expression of state constraints is expressed as:

U<

[ Ceal lA 4.21)

—C*éAU

y;:max - C*ZX(k) ]
v, .+ C*{x(k)

By using equations (4.18) and (4.21) the general input and state inequality constraint

equation is provided as:

AxAU <b (4.22)
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I Umax — u(k - 1)

_ -1 _ —Umin T u(k - 1)
Where, A= C‘*{:AU , b= y;max _ C*{X(k)
7] I (O SO

Due to the presence of inequality constraints, finding the optimal value of AU becomes

challenging. To address this, the built-in MATLAB function “quadprog” is utilized.
AU = quadprog(H, f,A, b) (4.23)
Where, H = I'TQI' + R, and f = —I'TQ(R,f — Dx(k))

The AU obtained is specific to the current time of the controlled AV. As the system
progresses to the next time point, a new prediction of the system output is generated. To
address this, the objective function is solved again to calculate a new control sequence for
the AV at the next time point (Nouwens et al., 2021). This process allows for obtaining an
optimal control increment that corresponds to the desired control actions needed to achieve
the desired system performance. By iteratively updating the control sequence based on the
changing system dynamics and objectives, the controller can continuously adapt and

generate control inputs suitable for the evolving conditions and time steps (Pang et al., 2022).

The cost function in LPV-MPC is designed to capture the control objectives, which are
trajectory tracking and constraint satisfaction requirements. The optimization algorithm used
in this thesis specifically MATLAB’s built-in function “quadprog”, is quadratic

programming, that directly optimizes the cost function subject to constraints.

4.4 Weighting Matrices Tuning Using PSO for Controller Optimization

PSO is a population-based stochastic optimization algorithm that is inspired by the social
behavior of fish schools and bird flocks. Using their individual best solution and the most
recent global best solution, a population of particles in PSO iteratively updates their positions
in search of the ideal answer. PSO's simplicity and quick convergence characteristics make
it a good choice for real-time trajectory optimization in MPC. Since it can manage both
continuous variables and restrictions, a variety of optimization issues can be solved with it.
PSO makes it possible to effectively explore and exploit the search space, producing efficient
and reliable optimization outcomes by taking use of the social behavior of particles and their

capacity to communicate and share information (Boumaza et al., 2018).
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The weighting matrices employed in the controller design in this thesis are adjusted using
the PSO algorithm. By adjusting these matrices iteratively to minimize a particular objective

function, PSO is used to determine the best values for them.

Table 4.2: PSO parameters

Parameters for Algorithm Value

Maximum generation 30
Population size 50
No of parameters 8
Lower Boundary [00000000]
Upper Boundary [50 10 10 10 100 100 1 10]

The maximum and minimum values of the weighting matrices indicate the priority given to
the corresponding states that the weighting matrices supposed to multiply in the objective
function. By adjusting these values, the trade-off between tracking performance and energy

efficiency can be controlled.
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CHAPTER FIVE

S RESULT AND DISCUSSION

5.1 Chapter Overview

The results and analysis of the proposed LPV-MPC approach are the main topics of this
chapter, which also compares it to Linear MPC-controlled AV. MATLAB scripts are created
depending on the particular controller in order to mimic the system response and evaluate
the controller's efficacy. These MATLAB scripts were thoughtfully created to investigate
the control strategy in great detail. In particular, the parameters used for the MATLAB
simulations are reported in Table 3.1 and are based on the Chevrolet SUV car as in (Alcalé

etal., 2019).

5.2 Simulation Results

The simulation results of the AV’s trajectory tracking provide the properties and behavior
during operation. The effectiveness and efficiency of the LPV-MPC and Linear MPC
controllers in tracking accuracy of the trajectory tracking can be analyzed through these
simulations. The simulations also make it possible to evaluate how the AV responds to

various road conditions.

The simulation results provide a complete analysis of the AV's performance in a number of
aspects, including trajectory tracking, longitudinal and lateral control, and error analysis.
These results make it possible to assess how well the AV maintains the necessary
acceleration, steers precisely along specified trajectories, and adjusts to changing
environmental conditions. The results of the simulation under different conditions explain

capabilities and limitations of the LPV-MPC and Linear MPC controlled AVs.

5.2.1 Trajectory Tracking of a Linear Reference (Ramp Reference)
This section focuses on assessing the trajectory tracking capabilities of an AV controlled
with LPV-MPC and compares it with Linear MPC controlled AV. The AV follows a linear,
straight-line reference trajectory. Tracking accuracy is used as the primary criterion to assess
how well LPV-MPC and Linear MPC perform in comparison. The goal is to determine how
closely the AV can follow to the required trajectory. The PSO method is applied to obtain
optimal trajectory tracking. PSO aids in choosing the optimum weighting matrices for the
control method. The goal is to improve the AV's capability to reliably track a linear reference

trajectory by utilizing the LPV-MPC technique and optimizing the weighting matrices
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through the PSO algorithm. The effectiveness can be evaluated by the comparison with
Linear MPC.

The straight-line ramp trajectory is defined as follows:

R _{X:15*t
ref Y =15t 5.1

The simulation time is 50sec, and the prediction horizon is 10.
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Figure 5.1: Comparison of linear ramp Trajectory Tracking: LPV-MPC vs Linear MPC

The obtained optimized weighting matrices have the following values, which have been

tuned through the PSO algorithm:
Q =diag([32.74 6.5e—2 .863 4.17¢—3 48.736 26.912]) and
R =diag([.297 .846))

Figure 5.1 illustrates the linear straight line road trajectory tracking performance of the AV
under the control of both LPV-MPC and Linear MPC, utilizing the aforementioned
weighting matrices. Both control strategies demonstrate remarkable capabilities in enabling
the AV to closely follow the desired linear ramp reference route. As a result, the AV exhibits
a very minimal deviations from the intended trajectory, showcasing its ability to maintain

high trajectory accuracy. This impressive level of accuracy highlights the effectiveness of
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the control algorithms employed, which enable the AV to achieve precise adherence to the

specified reference road.
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Figure 5.2: Steering angle (&) control inp(uts )for ramp reference (straight road)
In Figure 5.2, the control input § for the designated linear straight-line reference road is
presented, showcasing a comparison between the performance of LPV-MPC and Linear
MPC. The plot reveals that the control input § generated by LPV-MPC exhibits reduced
overshoot and settling time in comparison to Linear MPC. This observation emphasizes the
efficiency and effectiveness of LPV-MPC in achieving precise control of the AV's steering.
The reduced overshoot signifies that the AV controlled by LPV-MPC reaches the desired
steering angle with minimal deviation, minimizing any oscillatory behavior. Additionally,
the reduced settling time indicates that the AV reaches its desired steering angle quickly and
settles into the desired trajectory faster, improving the overall responsiveness of the control

system.

Figure 5.3 illustrates the control input a for the designated linear ramp reference road,
comparing the performance of LPV-MPC and Linear MPC. The graph shows how the
acceleration is dynamically adjusted over time to accurately track the desired trajectory. A
closer at the plot, reveals LPV-MPC exhibits slightly higher overshoot compared to Linear
MPC. Which implies that the AV controlled by LPV-MPC experiences a temporary
deviation from the desired acceleration, resulting in a brief period of acceleration overshoot.
However, LPV-MPC demonstrates a faster settling time, indicating its ability to reach the

desired trajectory more quickly and efficiently compared to Linear MPC.

The use of a time-varying model, which more correctly represents the dynamics of the
system under various operating situations, is responsible for LPV-MPC's enhanced

trajectory tracking skills. The LPV-MPC produces control inputs that better adapt to the
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unique road circumstances and optimize the trajectory tracking performance by taking into

account the varying dynamics and uncertainties of the AV system.
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Figure 5.3: Longitudinal acceleration (a) control inputs for linear road (straight road)
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Figure 5.4: a) Longitudinal velocity (V) comparison on linear ramp road b) Lateral

velocity (V) comparison linear ramp road

The behavior of the AV controlled by LPV-MPC and Linear MPC is contrasted with the
reference ramp trajectory in Figure 5.4 (a) and (b). Along with the reference velocity on the
linear route, the plots display the AV's longitudinal velocity (V) and lateral velocity (V)
with time. When LPV-MPC and Linear MPC are compared in terms of performance, LPV-
MPC comes out slightly ahead. Due to its capacity to take into consideration the time-

varying nature of the AV's dynamics and its adaptation to different operating situations, it
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exhibits decreased overshoot and settling time in both V, and V,, exhibiting the ability to
produce more accurate and responsive control. More proof that the LPV-MPC control
algorithm tracks the AV's longitudinal and lateral velocities is provided by this.
Additionally, it makes it possible for the LPV-MPC controller to provide smoother and more

accurate control, which leads to less overshoot and a quicker settling time than Linear MPC.
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Figure 5.5: a) Yaw angle (1) response to trajectory on straight road b) Yaw angle rate (1)

response on linear road

Figure 5.5 (a) illustrates the AV's yaw angle (y) response when controlled by LPV-MPC
and Linear MPC, as it aligns with the desired linear trajectory on the straight road. The plot
clearly demonstrates the superior performance of LPV-MPC in accurately controlling the

AV's yaw angle and ensuring its alignment with the desired trajectory.

As the AV follows the linear reference trajectory on the ramp road, the response of the AV's
yaw rate (1) is displayed for both the LPV-MPC and Linear MPC in Figure 5.5 (b). This
graph shows the AV's yaw rate as it changes over time, demonstrating its capacity to correct
for and maintain its yaw angle at various locations along the linear path. Once again, it is
clear that LPV-MPC performance surpasses the Linear MPC in terms of efficiently

regulating the AV's yaw rate and guaranteeing steady yaw angle adjustment.
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The comparison between LPV-MPC and Linear MPC in terms of yaw angle and yaw rate
responses further highlights the advantages of utilizing the LPV-MPC control algorithm.
The LPV-MPC approach, with its ability to capture the time-varying dynamics of the AV,
enables more accurate and precise control of the yaw angle and yaw rate, resulting in better

alignment with the desired trajectory and improved stability throughout the maneuver.
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Figure 5.6: a) X position tracking of AV on ramp road b) Y position tracking of AV on

ramp road

Figure 5.6 illustrates the tracking performance of the AV on a linear ramp road, controlled
by the LPV-MPC and Linear MPC controllers. The plot displays the X and Y position of the
AV over time while following a 750m trajectory. Both controllers demonstrate remarkable
precision in tracking the desired trajectory. The graphical representation of the AV's X and
Y coordinates showcases its ability to closely follow the specified linear reference trajectory.
The figures offer a comprehensive evaluation of the AV's position accuracy along the linear

route, emphasizing the effectiveness of the MPC controller in achieving precise tracking.
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Figure 5. 7: a) X position error on linear road b) Y position error on linear road c) Y error

on linear road

Figure 5. 7 showcases the deviations between the actual X and Y positions, as well as the
of the AV under the control of LPV-MPC and Linear MPC, in comparison to the
corresponding positions along the desired reference trajectory on the linear straight route.
Both controllers demonstrate remarkable accuracy, with minimal errors and deviations that

are close to zero.

The plots provide a clear visualization of the AV's ability to closely track the desired

reference trajectory, as evidenced by the minimal discrepancies in the X and Y positions and
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the heading angle. These results highlight the effectiveness of MPC controller in achieving

precise trajectory tracking and emphasize their capability to minimize positional errors.

5.2.2 Trajectory Tracking of Nonlinear Reference (Parabolic Reference)
This analysis compares the performance of an AV controlled by the LPV-MPC strategy to
that of the Linear MPC approach in terms of a parabolic reference trajectory, which includes
navigating a curved path. The primary purpose is to assess the precision of tracking achieved
by both control strategies as the AV follows the planned parabolic trajectory. This
assessment sheds light on the effectiveness of LPV-MPC and Linear MPC in controlling the

AV's steering and acceleration in order to maintain accurate adherence to the curved course.

X=15=*t

= 750
Rrer =1 y = < 2) « X 4 250 (5.2)

900

The PSO algorithm is used, to determine the optimized weighting matrices. The obtained

optimized weighting matrices have the following values, which have been tuned.
Q = diag([18.491 9.183e—2 1.013 1.6e—3 57.173 16.192]) and
R =diag([.343 0.802])

The simulation time is 50sec, and the prediction horizon is 10.

In Figure 5.8, the performance of LPV-MPC and Linear MPC is compared for tracking a
given parabolic reference trajectory. LPV-MPC exhibits a slight performance advantage
over Linear MPC with slightly small deviation from the reference. The advantage observed
in the parabolic trajectory tracking performance of LPV-MPC are attributed to its ability to
handle the varying dynamics of the system more effectively. To better adapt to varying
operating conditions, LPV-MPC uses a varying model that captures the nonlinearities of the
AV’s dynamics. In contrast, Linear MPC focuses on linearization, which simplifies the
systems dynamics by assuming a fixed linear model. Therefore, the LPV-MPC approach is
better suited to handle the highly nonlinear dynamics of the AV and adapt to changing

operating conditions, leading to improved trajectory tracking performance.
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Figure 5.8: Comparison of Parabolic Trajectory Tracking: LPV-MPC vs Linear MPC
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Figure 5.9: Steering angle (&) control inputs for parabolic reference
The steering angle (&) control input for the parabolic reference trajectory is shown in Figure
5.9, and the results show that both LPV-MPC and Linear MPC exhibit identical steering
angles with little variation. The behavior of Linear MPC, however, shows a slight difference
because it exhibits a tiny overshoot. This suggests that the Linear MPC controller likely react
more aggressively, resulting in a brief departure from the target steering angle. However,
LPV-MPC exhibits more accurate steering angle control, leading to smoother and more

precise tracking of the parabolic reference trajectory.
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Figure 5.10: Longitudinal acceleration (a) control inputs for parabolic reference

Figure 5.10 illustrates the longitudinal acceleration (a) control input for the parabolic
reference trajectory in both LPV-MPC and Linear MPC. The control inputs generated by
both approaches exhibit a close resemblance, indicating that they yield similar longitudinal
acceleration inputs. This similarity suggests that both LPV-MPC and Linear MPC
effectively adjust the acceleration of the AV to track the desired parabolic trajectory. The
comparable control inputs reflect the capability of both controllers to maintain consistent

and appropriate acceleration levels, ensuring smooth and accurate trajectory tracking.
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Figure 5.11: a) Longitudinal velocity (V,) comparison on parabolic reference b) Lateral

velocity (V3,) comparison on parabolic reference

Figure 5.11 illustrates the comparison between Linear MPC and LPV-MPC for trajectory

tracking of a parabolic reference trajectory, focusing on the (a) longitudinal velocity (V) and
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(b) lateral velocity (V;,) components. Upon analyzing the figure, it is evident that Linear MPC
exhibits a deviation in the 1, component from the reference value of V,, = 0. This deviation
is primarily caused by the linearization process employed in Linear MPC. In contrast, LPV-
MPC, which can handle the highly nonlinear dynamics of the AV, shows better trajectory
tracking performance with reduced deviation in the ¥, component. LPV-MPC takes into
account the varying models of the AV over time, allowing for more accurate and robust
control actions. By considering the nonlinear behavior of the AV, LPV-MPC is able to better
capture the dynamics and uncertainties of the system, resulting in improved trajectory

tracking performance.
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Figure 5.12: a) Yaw angle (1) response to trajectory on parabolic reference b) Yaw angle

rate (1) response on parabolic reference

In Figure 5.12, the responses of the yaw angle (1) and yaw angle rate () to a parabolic
reference trajectory are depicted for LPV-MPC, along with a comparison to Linear MPC.
The response of the yaw angle (1)) shown on (a) to the parabolic reference trajectory shows
that both LPV-MPC and linear MPC are able to track the desired yaw angle reasonably well.
However, LPV-MPC exhibits a slightly more accurate and smooth response, closely
following the reference trajectory without significant deviations. And the response of the

yaw angle rate () in (b) to the parabolic reference trajectory.
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In Figure 5.13, the comparison of tracking performance using LPV-MPC and Linear MPC
of the AV's position on a parabolic reference trajectory is presented, focusing on the (a) X
position and (b) Y position components. The X position tracking of the AV illustrates the
ability of the controller to accurately follow the desired X position along the parabolic
reference trajectory. Both LPV-MPC and linear MPC exhibit satisfactory performance,
closely tracking the reference trajectory without significant deviations. And the Y position
tracking of the AV demonstrates the controller's capability to accurately track the desired Y
position perpendicular to the reference trajectory. The ability of LPV-MPC to account for
the nonlinear dynamics of the AV enables it to achieve more accurate and precise trajectory

tracking, leading to enhanced overall control performance.
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Figure 5.13: a) X position tracking of AV on parabolic reference b) Y position tracking of

AV on parabolic reference

In Figure 5.14, the errors in the X and Y positions and yaw angle orientation of the AV are
presented for both LPV-MPC and Linear MPC, of the parabolic reference trajectory. The X
position error in (a), represents the deviation of the AV's X position from the desired X
position along the parabolic reference trajectory. It can be observed that LPV-MPC exhibits
smaller errors compared to linear MPC, indicating better accuracy in tracking the X position.
LPV-MPC demonstrates a closer alignment with the desired X position, resulting in reduced
deviations and superior performance in terms of X position tracking. The Y position error in

(b), represents the deviation of the AV's Y position from the desired Y position perpendicular
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to the parabolic reference trajectory. Both LPV-MPC and linear MPC exhibit relatively
small deviations from reference Y position, with comparable errors. In (c), the yaw angle
error of LPV-MPC demonstrates slightly smaller errors compared to Linear MPC, which
indicates that LPV-MPC achieves better accuracy in controlling the AV's yaw angle

orientation along the parabolic reference trajectory.
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Figure 5.14: a) X position error on parabolic reference b) Y position error on parabolic

reference c) 1 angle error on parabolic reference

5.2.3 Trajectory Tracking of Nonlinear Reference (U-Shape Reference)
In this section, the trajectory tracking performance of an AV controlled by LPV-MPC is
assessed using a U-shaped reference trajectory. The performance of LPV-MPC is compared
to that of Linear MPC to evaluate the effectiveness of the LPV-MPC approach in accurately
following complex and curved paths, of the U-shaped reference road in (Alcala et al., 2018).
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The primary objective of this analysis is to evaluate the AV's precise navigation capabilities
in challenging real-world scenarios involving curved roads, intersections and complex
maneuvers. Using LPV-MPC controlled AV along with comparison to Linear MPC in such
environments. The aim is to ensure safe and accurate navigation by effectively tracking the

desired path, which is given as:

Xl = 15 *t
Rref = {
1 Y; = 50 = sin(2mt) + 250

X, = 300 * cos(2mt) + 600
Rrer, = { Y, = 300 * cos(2mt) + 500
Xy =600 — 15 * t
Rrers = { Ys = 50 * cos(2mt) + 750

(5.3)

The simulation time is 140sec, and the prediction horizon is 10.

To enhance control and improve trajectory following, the PSO algorithm is utilized to
optimize the weighting matrices. This optimization process helps fine-tune the control
parameters, enabling the AV to achieve more accurate and responsive trajectory tracking.
The resulting optimized values of the weighting matrices, obtained through the PSO

algorithm, are as follows:
Q = diag([46.695 5.496 .176 0.045 61.739 38.528]) and
R =diag([.877 1.918)])

Figure 5.15 shows the comparison between LPV-MPC and Linear MPC in terms of
trajectory tracking on a U-shaped reference trajectory. The results demonstrate the superior
performance and accuracy of the LPV-MPC controlled AVs in navigating complex and

curved paths.

The efficiency of LPV-MPC is attributed to its ability to handle the high nonlinearities
present in the AV system. By using a time-varying model, LPV-MPC adapts and responds
to the complexities of the U-shaped trajectory, resulting in minimal deviation from the
reference path. The LPV-MPC controller effectively captures the dynamic variations of the
AV, allowing for precise and reliable control throughout the maneuver. Which emphasizes
its potential in enabling AVs to navigate challenging and nonlinear driving scenarios with
enhanced accuracy and performance. In contrast, the Linear MPC controller exhibits larger
deviations in turning maneuvers from the reference trajectory, indicating its limitations in

accurately handling the nonlinearities of the AV system. The linearization process in Linear
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MPC did not adequately capture the varying dynamics and uncertainties, leading to less

precise trajectory tracking.
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Figure 5.15: Comparison of U-shape Trajectory Tracking: LPV-MPC vs Linear MPC
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Figure 5.16: Steering angle (&) cont(rol znputs for U-shaped reference
Figure 5.16 depicts the comparison between the control inputs of LPV-MPC and Linear
MPC for the steering angle (&) of the AV during the navigation of a U-shaped trajectory.
From the plot, it can be observed that the control input, §, for LPV-MPC is slightly lower
than that of Linear MPC. This difference suggests that LPV-MPC adopts a more refined and
precise control strategy in steering the AV along the U-shaped trajectory. The lower control

input in LPV-MPC indicates a more efficient utilization of steering commands to achieve
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accurate trajectory tracking. In contrast, Linear MPC exhibits slightly higher § control input,

indicating a less refined control strategy when navigating the U-shaped trajectory.

In Figure 5.17, the control input for the acceleration (a) of the AV, controlled by both LPV-
MPC and Linear MPC, is shown as it traverses a U-shaped reference trajectory. The plot
illustrates how the acceleration is dynamically adjusted over time to ensure accurate tracking
of the desired U-shaped path. From the figure, it can be observed that LPV-MPC exhibits
slightly lower acceleration values compared to Linear MPC. This observation indicates that
LPV-MPC provides a smoother and more controlled response in maintaining the AV's speed
along the U-shaped trajectory. The lower acceleration values in LPV-MPC suggest a more
gradual adjustment of the AV's speed, resulting in a smoother and more refined trajectory

tracking performance.
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Figure 5.17: Longitudinal acceleration (a) control inputs for U-shaped reference

In Figure 5.18 (a), the comparison between the LPV-MPC and Linear MPC controlled AV
is presented, focusing on the AV's longitudinal velocity (V) and its alignment with the
reference velocity on a U-shaped reference. From the plot, it can be observed that both LPV-
MPC and Linear MPC enable the AV to maintain its longitudinal velocity in close proximity
to the reference velocity throughout the traversal of the U-shaped reference. Similarly, in
Figure 5.18 (b), a comparison is made between LPV-MPC and Linear MPC in terms of the
AV's lateral velocity (V) and its alignment with the reference velocity on the U-shaped
reference. While there may be some deviation observed in both LPV-MPC and Linear MPC,

the deviations remain within an acceptable range.
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In Figure 5.19 (a) and (b), the response of the AV's ¥ and 1 to the U-shaped Road trajectory
is shown. It illustrates how both the LPV-MPC and Linear MPC controlled AV adjust their
orientation to align with the desired yaw angle trajectory. The graph highlights the AV's

ability to accurately follow the intended heading throughout the maneuver.

Figure 5.20 illustrates the X and Y positions tracking of the LPV-MPC controlled AV with
comparison of Linear MPC controlled AV as it follows a U-shaped reference trajectory. The
graph the evolution of the AV's X and Y positions over time while navigating the highly

nonlinear and curved path.
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Figure 5.20: a) X position tracking of AV on U-shaped reference b) Y position tracking of

AV on U-shaped reference

On the U-shaped reference trajectory, the X and Y for the LPV-MPC and Linear MPC
operated AVs are shown in Figure 5.21. The differences between the actual AV positions
and the desired reference positions along the trajectory are represented by these inaccuracies.
As can be seen from the figure, the LPV-MPC controlled AV exhibits very minor deviations
from the reference track, suggesting precise tracking performance. The Linear MPC
controlled AV, on the other hand, exhibits a large deviation from the reference track of up
to 4.4m. This distinction underlines the drawbacks of linearizing the AV's dynamic model
for control strategies that focus on forecasting and optimizing outcomes and inability to

operate under varying conditions. When dealing with highly nonlinear reference trajectories

58



that resemble real road conditions, the benefit of adopting LPV-MPC becomes apparent. The
LPV-MPC approach operates well in a variety of circumstances, capturing the AV's
nonlinear dynamics and facilitating more precise and dependable trajectory tracking. This
outcome highlights how LPV-MPC outperforms Linear MPC in handling complicated and

nonlinear road trajectories.
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Figure 5.21: a) X position error on U-shaped reference road b) Y position error on U-

shaped reference road
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CHAPTER SIX

6 CONCLUSION AND RECOMMENDATION

6.1 Conclusion

Achieving accurate trajectory tracking in AVs is a challenging task due to their inherent
instability and nonlinear dynamics. A carefully designed control system is essential to ensure
precise trajectory tracking. This thesis proposes a MPC method, specifically the LPV-MPC,
that is specifically tailored for trajectory tracking in AVs. The LPV framework, which
incorporates a time-varying mathematical model capturing the dynamics of the vehicle while
considering constraints, serves as the foundation for the MPC method used in this thesis. By
generating optimal control inputs, the LPV-MPC control system guides the AV along the

predetermined trajectory, enabling accurate and precise trajectory tracking.

The MPC control system is implemented and simulated using the MATLAB software. The
weighting matrices of the controller are tuned and optimized using PSO, which results in
best control performance. The simulation results of the proposed MPC controller for AV
reference trajectory tracking have shown exceptional performance with a minimal tracking
error. The controller effectively guides the AV along the desired trajectory, closely following
the reference path with high precision. By continuously adjusting the control inputs based
on the predicted system behavior, the MPC controller minimizes deviations from the
reference trajectory, resulting in a minimal tracking error. Additionally, a Linear MPC

approach is also utilized for comparison and evaluation purposes.

Generally, experimental results obtained from assessing the proposed LPV-MPC system
provide strong confirmation of its successful performance. The LPV-MPC system surpasses
the Linear MPC system, demonstrating exceptional accuracy in tracking the desired
trajectory with an impressively low tracking error. Moreover, the LPV-MPC controller
exhibits resilience by effectively navigating and tracking nonlinear reference trajectories.
This ability is attributed to the system's capability to handle time-varying dynamics. These
results serve as compelling evidence of the effectiveness of the proposed control system in
achieving accurate trajectory tracking in AVs. The performance of the LPV-MPC system
indicates its potential to significantly advance AV technology and enable safe and effective

autonomous driving in various real-world scenarios.
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6.2 Recommendation

The following recommendations for additional development and extension of the thesis

work could be made based on the results and limitations noted in this study:

v

While the proposed MPC system has shown promising results, implementation of
NMPC for trajectory tracking of AVs offers the advantage of accurately controlling
the complex nonlinear dynamics inherent in AV systems. By formulating the control
problem as an optimization task over a finite time horizon, NMPC can generate
optimal control inputs that minimize tracking errors less than the LPV-MPC and
satisfy system constraints. Implementing NMPC in the trajectory tracking system
can enhance its performance, robustness, and capability to handle challenging
scenarios with varying dynamics.

By incorporating the effects of inclined surfaces and nonlinear tire model, in the
model, the control system would be better equipped to handle variations in road
conditions, leading to more reliable trajectory tracking.

By integrating obstacle detection and avoidance mechanisms into the control system,
the AV would be able to perceive and react to obstacles in real-time, ensuring safe
trajectory tracking while maintaining efficient navigation.

The incorporation of path planning algorithms into the AV system allows it to
autonomously determine its trajectory while integrating obstacle avoidance
capabilities.

While simulation-based evaluations provide valuable insights, validating the
developed control system on physical hardware would further enhance the credibility

and applicability of the research.

Future research can expand on the results of this thesis by taking into consideration these

recommendations, advancing the control systems for AVs, addressing major problems, and

advancing the implementation of safe and effective autonomous driving.
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APPENDIX

Appendix A: MATLAB Functions

Appendix Al: AV Model MATLAB function

function xdot = AV_Model(t, x, u)
% Model parameters

g = 9.81; % Gravitational acceleration

mu = 0.02; % Coefficient of friction

m = 1575; % Vehicle mass

Iz = 2875; % Yaw moment of inertia

Cf = 19000, % Front tire cornering stiffness

Cr = 33000, % Rear tire cornering stiffness

1f = 1.2; % Distance between CG and front axle
lr = 1.4 % Distance between CG and rear axle

% Compute matrix elements

A1l = (-mu*g/x(1));

A12 = Cf*sinCu(1))/(m*x(1));

A14 = (CF*1f*sinCu(l))/(m*x(1)) + x(2));

A22 = -(Cr + Cf*cosCu(1)))/(m*x(1));

A24 = ((Cr*lr - Cf*1Lf*cosCu(1)))/(m*x(1)) - x(1));
A34 = 1;

A42 = (Cr*lr - Cf*Lf*cosCu(1)))/(I1z*x(1));

Ad4 = -(CF*1LfA2*cosCu(l)) + Cr*lrA2)/(Iz*x(1));
A51 = cos(x(3));

A52 = -sin(x(3));

A6l = sin(x(3));

AG2 = cos(x(3));

B11l = -Cf*sinCu(1))/m;
B12 = 1;

B21 = Cf*cosCu(l1))/m;

B41 = Cf*1f*cos(u(1))/Iz;

% Initialize the derivative of the state vector
xdot = zeros(6, 1);

% Compute the derivative of each state variable
xdot(1) = AL1*x(1) + A12*x(2) + Al4*x(4) + B11*u(l) + B12*u(2);
xdot(2) = A22*x(2) + A24*x(4) + B21*u(l);
xdot(3) = A34*x(4);
xdot(4) = A42*x(2) + A44*x(4) + B41*u(l);
xdot(5) = A51*x(1) + A52*x(2);
xdot(6) = A61*x(1) + A62*x(2);
end



Appendix A2: MPC Optimization MATLAB function

function u_opt = MPC_Optimization(A_aug, B_aug, x@, Q, R, N, x_ref)
n_states = size(A_aug, 1);
n_inputs = size(B_aug, 2);

% Initialize the optimization variables
x_opt = zeros(n_states, N+1);
u_opt = zeros(n_inputs, N);

% Set the initial condition
x_opt(:, 1) = x0;

% MPC Loop

for k = 1:N
% Define the optimization problem
x_current = x_opt(:, k);

% Define the constraints
1b = -inf(n_inputs, 1); % Lower bounds on inputs
ub = inf(n_inputs, 1); % Upper bounds on inputs

% Solve the quadratic program
options = optimoptions('quadprog', 'Display', 'off');
u_k = quadprog(Q,zeros(n_inputs,1),[],[1,[],[],1b,ub,[],options);

% Store the optimal input
u_opt(C:, k) = u_k;

% Apply the control input to the system
Xx_next = AV_Model(A_aug, B_aug, x_current, u_k);

% Store the next state
x_opt(:, k+1) = x_next;
end
end

Appendix A3: Cost Function MATLAB function

function cost = Cost_Function(Q, R, x, u, x_ref)
% Calculate the tracking error
error = x - x_ref;

% Calculate the cost
cost = sum(sumCerror.A2 .* Q)) + sum(sum(u.A2 .* R));
end



Appendix B: MATLAB Codes

Appendix B1: LPV-MPC MATLAB loop

= 10; % Horizon length

= diag([32.74 6.5e-2 .863 4.173e-3 48.736 26.912]);%State cost matrix
= diag([.297 .846]); % Input cost matrix

r k = 1:length(t)

% Update the reference trajectory

x_ref_k = x_ref(:, k:k+N);

- OO =2
|

% Run the MPC optimization
u_k = MPC_Optimization(A_aug, B_aug, x(:, k), Q, R, N, x_ref_k);

% Apply the first control input
u(:3 k) = u—k(:, 1);

% Simulate the system
x(:, k+1) = AV_Model(A_aug, B_aug, x(C:, k), u(C:, k));
end

Appendix B2: MATLAB Program for LPV-MPC Optimization

rng default

options = optimoptions('particleswarm');
options.PlotFcn = 'pswplotbestf';
options.SwarmSize = 30;
options.MaxIterations = 50;

nvar = 8;

LB=[00000O0O0O0];

UB = [50 10 10 10 100 1 10];

[x, fval] = particleswarm(@evalObj, nvar, LB, UB, options)

function J = evalObj(para)

Q
R

diag([para(l) para(2) para(3) para(4) para(5) para(6)]);
diag([para(7) para(8)]);

yreftot = AVReferenceTrajectory(time)';

el = abs(xHistory(:,1)-yreftot(:,1));

e2 = abs(xHistory(:,2)-yreftot(:,2));

e3 = abs(xHistory(:,3)-yreftot(:,3));

e4 = abs(xHistory(:,4)-yreftot(:,4));

e5 = abs(xHistory(:,5)-yreftot(:,5));

€6 = abs(xHistory(:,6)-yreftot(:,6));

e=[el;e2;e3;e4;e5;e6];

J = 0.5*h*(e(D)+2*sum(e(2:end-1))+e(end));
end



