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ABSTRACT 

This thesis presents the comparative analysis of a Z-shaped optical resonator having four-

mirror laser cavity, with two flat feedback end mirrors and two curved mirrors at the two 

ends of the Brewster and Gradient index lens using Ray Transfer Matrix by considering the 

effect of both Gradient Index lens and Brewster plate. The resonator components and their 

Ray Transfer matrix have been defined and the effect of each component with corresponds 

to its value have been examined in order to identify whether or not the component has an 

effect on the stability of the system.   It is recognized that the stability and output beam of 

the two folded mirrors of Z- folded cavity do not depend on the position of the Brewster plate 

and Gradient index lens. The responses of the stability region and beam spot size with the 

variation of the cavity components such as length between mirrors, radius of curvature, 

refractive index and folding angle have examined in comparative form for both Gradient 

Index lens and Brewster based models. The total cavity length of 91 mm with pulse repetition 

rate of 3.84349 GHz for Brewster plate-based and total cavity length of 78 mm with pulse 

repetition rate of 3.29442 MHz for Gradient Index lens based is matched to cover round-

trip distance of 874225000 mm in the cavity for both models. The minimum beam waist is 

found in the sagittal plane for both models at the reflecting surface of the second spherical 

mirror with tangential (wt) = 58.5962 and sagittal (ws) = 55.8025 and minimum wave front 

curvature with tangential (wt) = 58.597 and sagittal (ws) = 55.8034. It is found that Gradient 

index lens is applicable for output beam magnification and Brewster plate is used for 

avoiding the astigmatism effect for propagation of laser beams. 

 

 

Keywords: ABCD matrix; Beam radius; Brewster crystal plate; Gradient index lens; 

Stability; stability map; wave-front curvature and z-shaped cavity. 
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CHAPTER 1:  INTRODUCTION 

1.1 Background of the Study 

An arrangement of optical parts known as an optical resonator enables light to travel along a 

closed route. It is created by putting two mirrors in front of one another, causing light emitted 

along the line between them to bounce back and forth. An optical cavity, resonating (E. 

Heebner, V. W, et al., 2004), is a combination of mirrors that form a standing wave cavity 

resonator for light waves. Optical cavities are a main components of lasers, surrounding the gain 

medium and providing feedback of the laser light. They are also used in optical parametric 

oscillators and some interferometers ( A. Cygan, P. W et al., 2019).  Light restricted in the cavity 

reflects multiple times, producing standing waves for certain resonance frequencies ( J. A. L. 

Schawlow, et al., 2018). The standing wave shapes formed are called modes. Different resonator 

types are well-known by the focal lengths of the two mirrors and the distance between them. 

The resonator type must be chosen so that the beam remains stable, i.e. the size of the beam 

does not continually grow with multiple reflections. Cavity types are also considered to meet 

other criteria such as minimum beam waist or having no focal point (and therefore intense light 

at that point) inside the cavity. 

Because of the optical resonator's stability, any ray that is introduced into the system with a 

transverse offset in position or angle will essentially remain there for many roundtrips. Some 

rays in the presence of unstable resonators show an infinite increase in transverse offset, leading 

to their exit from the optical system. The arrangement of the optical components, namely the 

curvature of the reflecting surfaces, additional focusing effects, and the spacing between the 

components (J. L. et al., 2008), all affect the stability of a resonator. The resonator may go 

through one zone (for ring resonators) or two zones (for standing-wave resonators) when a 

parameter, such as arm length or the dioptric power of the focusing element, is changed.  Such 

stability zones' margins are where the beam, ( J. L.et al, 2008), and the distances between the 

components. When a parameter such as arm length or the dioptric power of the focusing element 

in the resonator is varied, the resonator may go through one (for ring resonators) or two (for 

standing-wave resonators) zones.  At the edges of such stability zones, the beam sizes at the 

resonator ends can diverge or go toward zero, and the sensitivity may also diverge (D. O. F. 

https://en.wikipedia.org/wiki/Mirror
https://en.wikipedia.org/wiki/Standing_wave
https://en.wikipedia.org/wiki/Cavity_resonator
https://en.wikipedia.org/wiki/Cavity_resonator
https://en.wikipedia.org/wiki/Light_wave
https://en.wikipedia.org/wiki/Laser
https://en.wikipedia.org/wiki/Gain_medium
https://en.wikipedia.org/wiki/Gain_medium
https://en.wikipedia.org/wiki/Feedback
https://en.wikipedia.org/wiki/Optical_parametric_oscillator
https://en.wikipedia.org/wiki/Optical_parametric_oscillator
https://en.wikipedia.org/wiki/Interferometer
https://en.wikipedia.org/wiki/Standing_wave
https://en.wikipedia.org/wiki/Resonance
https://www.rp-photonics.com/stability_zones_of_optical_resonators.html


 

   

2 

  

Philosophy & V. Tiwari, 2020). In the stable and unstable regimes, the resonator modes—self-

reproducing field configurations—are extremely distinct from one another. 

Although unstable resonators have advantages in some lasers, particularly those with very high 

output power and high laser gain, where a superior beam quality may be attained, the majority 

of solid-state lasers are based on stable resonators (Hora et al., 2021). Unstable resonators have 

fairly complex characteristics in their modes. A highly reflecting mirror is frequently used for 

output combination, with some of the circulating light lost around the edges (or perhaps only on 

one side). Another option is to employ an output coupler mirror with a transverse reflectivity 

variation that is moderately transmissive. 

The analysis and modeling of a Z-shaped folded four mirror cavity with two flat feedback end 

mirrors and two curved mirrors at the two ends of the crystal plate are explained in this thesis 

utilizing an ABCD matrix with respect to its constituent parts. We will take into account the 

equal radius of curvature, equal folding angle, equal lengths of the 2nd and 3rd arms of the 

cavity, as well as equal lengths of the 1st and 3rd arms of the cavity when modeling and 

investigating for simplification. This model also explains the impact of crystal plate and 

Gradient index lens length change on the stability state. The responses of the stability region 

and output beam parameters using this model will be the required optimal output.  A laser is 

essentially an optical gain medium in a positive feedback resonator configuration. The amplifier 

gain must be greater than the resonator loss for a laser to operate properly.  

The feedback in the resonator is frequently dramatically reduced by even minor misalignments 

(Makovejs, 2018). As a result, laser alignment presents a significant practical challenge to both 

laser users and designers. Small misalignments only change the optic axis in the simplest 

confined-mode laser setups. The consequences of misalignment are typically disregarded as a 

result of this and the fact that the assumption of perfect alignment dramatically simplifies the 

equations governing laser beam propagation. In the laboratory and on the factory floor, lasers 

are aligned to achieve maximum power. However, in modern laser design, maximum power 

may occur at a different alignment from that which produces the optimum spectrum, beam 

quality, or pulse width. Thus, there may not always be a unique  definition of "aligned." (G. 

Pandey and A. Goel, 2017). 
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In the unstable system, modes spread up to the edges of at least one optical component, and that 

results in (a) substantial diffraction losses (even when using large optical components) and (b) 

much more complicated mode intensity profiles. Such modes are also substantially more 

difficult to calculate. Generally, the properties of the resonator modes can vary strongly within 

a stability zone and also between different zones. 

 

Figure 1-1: Stability zones of a standing-wave laser resonator (G. Pandey and A. Goel, 2017). 

The curves show the beam radii at the end mirrors and in the laser crystal as functions of the 

focusing power (dioptric power) of the thermal lens of the gain medium, which is roughly 

proportional to the pump power. Here, the left zone is zone II according to magnitude, and the 

right one is zone I (Prins, 2019).   

1.2 Resonator Modes 

Light restrained in a resonator reflect multiple times from the mirrors, and due to the effects of 

interference, only certain patterns and frequencies of radiation will be sustained by the resonator, 

with the others being suppressed by destructive interference (Chinenye, 2017). In general, 

radiation patterns that are reproduced on every round-trip of the light through the resonator are 

the most stable, and these are the Eigen modes, known as the modes, of the resonator. Resonator 

modes can be categorized into two types: longitudinal modes, which differ in frequency from 

each other; and transverse modes, which may differ in both frequency and the intensity pattern 

of the light. 

https://www.rp-photonics.com/laser_crystals.html
https://www.rp-photonics.com/thermal_lensing.html
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1.3 Resonators with Bulk Components versus Waveguide Resonators 

An optical resonator can be made from bulk optical components, or as a waveguide resonator, 

where the light is guided rather than sent through free space. Bulk-optical resonators are used 

for solid-state bulk lasers, for example. Their transverse mode properties depend on the overall 

setup (including the length of air spaces), and mode sizes can vary significantly along the 

resonator (S. A. Mohammed, 2018). In some cases, the mode properties are also significantly 

influenced by effects such as thermal lensing. Waveguide resonators are often made with 

optical fibers) or in the form of integrated optics. The transverse mode properties are determined 

by the local properties of the waveguide. There are also mixed types of resonators, containing 

both waveguides and parts with free-space optical propagation. Such resonators are used e.g. in 

some fiber lasers, where bulk-optical components need to be inserted into the laser resonator.  

1.4 Linear Resonators versus Ring Resonators  

Linear (or standing-wave) resonators are made such that the light bounds back and forth 

between two end mirrors. For continuously circulating light, there are always counter 

propagating waves, which interfere with each other to form a standing-wave pattern. For ring 

resonators light bounds in all components of the cavity continuously as of having feedback 

elements. For this case, there is no the first and last cavity component in which light bounces 

since it is ring and has feedback elements. 

 

Figure 1-2 : A standing-wave mode in a linear resonator (Shukla, 2014). 

https://www.rp-photonics.com/waveguides.html
https://www.rp-photonics.com/solid_state_lasers.html
https://www.rp-photonics.com/bulk_lasers.html
https://www.rp-photonics.com/thermal_lensing.html
https://www.rp-photonics.com/fibers.html
https://www.rp-photonics.com/integrated_optics.html
https://www.rp-photonics.com/modes.html
https://www.rp-photonics.com/fiber_lasers.html
https://www.rp-photonics.com/laser_resonators.html
https://www.rp-photonics.com/standing_wave_resonators.html
https://www.rp-photonics.com/interference.html
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In reality, the standing-wave period is usually much smaller compared with the resonator 

dimension (except for micro-resonators) because the optical wavelength is so short. In-

ring (Figure 1-3, blow), light can circulate in two different directions. A ring resonator has no 

end mirrors. In either case, a resonator may contain additional optical elements which are passed 

in each round trip. For example, a laser resonator contains a gain medium which can 

compensate the resonator losses in each round trip of the light. 

 

 

 

 

 

 

Figure 1-3: A Simple linear optical resonator with a curved folding mirror (top) and a four-

mirror bow-tie ring resonator (bottom) (B. SorabhBathla, 2018). 

1.5 Problem Statement 

Although the number of researches have been done about optical resonator by considering it is 

parameters, but analysis of the effect of Gradient index lens and Brewster plate on the stability 

of z-shaped optical resonator needs additional improvement so as to get the most optimal output. 

This is carried out to determine the cavity parameters and components carefully and vary them 

to get the most required optimal output beam without altering the stability. In this case, proposed 

models reflect the same results for all investigating parameters but the difference in crystal and 

Gradient index lens positioning shifts its effect according to its respective location. This 

simplified brief model is needed for the designer to determine the cavity parameters to meet the 

stability condition and output beam parameters carefully. 

 

 

 

https://www.rp-photonics.com/wavelength.html
https://www.rp-photonics.com/laser_resonators.html
https://www.rp-photonics.com/laser_gain_media.html
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1.6 Objectives of the Study 

1.6.1 General Objective 

The general objective of this thesis is to investigate the effect of Gradient index lens and 

Brewster crystal plate on the stability of z-shaped optical resonator comparatively. 

1.6.2 Specific Objectives 

The specific objectives of this thesis are as follows: 

 Calculating overall roundtrip calculation of the designed z-shaped optical resonator.  

 Apply the ABCD matrix of each component of z-shaped optical ring resonator for both 

Brewster crystal plate and Gradient index lens based. 

 Investigate the effect of each components of z-shaped optical resonator on the stability. 

 Analyze beam radius and wave front curvature radius of propagating optical beams and 

waves in the cavity. 

1.7 Significance of the Study 

Higher speed and higher generation communication systems need high capacity optical fiber 

cable as a signal transmission media. Optical fiber cable is also well required transmission media 

for future access technologies .In this technologies, signal is transmitted in the form of optical 

pulse and (Kaur, 2011),  Coherent or non -coherent radiations emitted by its respective sources 

under the optical or infrared wave length (1.7um-0.8um) region seems as a beam. Optical beam 

propagation characteristics in free space, in a cavity or resonator and its interaction 

consequences with other optical elements or devices has been matter of extensive research and 

study from the beginning. Optical resonator or cavity is the major part of laser. Resonator 

stability and its fitness ensures non- ambiguity in generation of coherent optical pulses. 

However, varieties of cavity have been designed as per its need and application including 

communication systems.  

1.8 Scope of the Thesis 

The thesis involves investigating, studying and designing of the z-shaped optical resonator for 

analysis of optimal effect of Brewster crystal plate and Gradient index lens on it is stability by 
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varying components values of them such as refractive index, folding angel, length and thickness. 

It involves the variation of each parameters to reduce the instability and beam risk for magnified 

response obtained at output. It is analysis depends on length of the crystal plate, Gradient index 

lens and their respective thickness and the output result of all parameters will be simulated by 

reZonator software 

1.9 Limitation of the Thesis 

The limitation of this thesis is the difficulty of reZonator software, that it is very sensitive and 

not taking the component value as the designer want while simulating. It takes the limited 

component value to simulate at its stability condition.  Another one is implementation of the 

result of the system has not performed which is the limitation of the study. 

1.10 Organization of the Study 

This thesis is divided into five chapters, each of which is discussed in as the following: 

Chapter 1 discusses the introduction parts which consists of background, statement of the 

problem, objectives, specific objectives, the significance of the study, the scope of the study, 

and limitations of the study. Chapter 2 presents the literature review and related works which 

explain the concept of optical resonators. Chapter 3 presents the methodology of the study in 

terms of modeling and simulation of the optical resonator using in comparison with Gradient 

index lens-based and Brewster Crystal plate-based using reZonator software. Chapter 4 

discusses the simulation result and analysis of both the Gradient index lens and Brewster crystal 

plate based modeled resonator. Finally, chapter 5 presents conclusion for the thesis and 

discusses the recommendation for future work.  
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CHAPTER 2:  LITERATURE REVIEW 

2.1 Related Work  

A long-distance optical fiber communication system's primary goal is to transmit data at the 

highest rate feasible across the shortest possible distance without the need for signal 

regeneration. Increased spectral efficiency (measured in bits/s/Hz) is essential because optical 

amplifiers and eventually the fiber itself impose bandwidth restrictions. Increasing power or 

signal to noise ratio efficiency is essential for reducing the required average transmitted energy 

per bit or reaching an acceptable signal to noise ratio per bit due to the signal power limits 

imposed by fiber nonlinearity. Orthogonal Frequency Division Multiplexing (OFDM), which 

offers improved spectral efficiency, resilience to multipath fading, and interference resistance, 

is being used increasingly frequently in long-haul optical communication networks. The rising 

demand for could be met with the aid of OOFDM (Optical Orthogonal Frequency Division 

Multiplexing). 

Wide application of resonator such as in quantum electrodynamic, enhancement of circulating 

power in resonator, in high-sensitivity laser spectroscopy and sensing , optical switching, 

photonic biosensor, in communication (X. Li, 2012), system is gaining research popularity 

among physicists and engineers omnidirectional. The light rays that bounce back and forth in 

between the resonator shows the directing mechanism. Stability of a bulk-optical resonator 

essentially means that any ray injected into the system with some initial transverse offset 

position and angle will stay within the system during many round trips. For unstable resonators, 

there are rays which exhibit an unlimited increase in transverse offset, so that they will leave the 

optical system (Shlizerman et al., 2012). 

The stability of a resonator depends on the properties and arrangement of the optical 

components, the curvature of reflecting surfaces, other focusing effects, and the distances 

between the components. When a parameter such as the length between cavity components, 

radius of curvature inclination angle and refractive index varied, the resonator may go through 

one (for ring resonators) or two (for standing-wave resonators) stability zones. At the edges of 

such stability zones, the beam sizes at the resonator ends can diverge or go toward zero, and 

the alignment sensitivity may also diverge (S. M. N & Khalid Ali Khan, 2021).  Most solid-

https://www.rp-photonics.com/unstable_resonators.html
https://www.rp-photonics.com/stability_zones_of_optical_resonators.html
https://www.rp-photonics.com/alignment_sensitivity_of_optical_resonators.html
https://www.rp-photonics.com/solid_state_lasers.html
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state bulk lasers are based on stable resonators, but unstable resonators have advantages in 

certain lasers, particularly those with very high output power and high laser gain, where a 

better beam quality may be achieved. The modes of unstable resonators have rather complicated 

properties. Output coupling is often done with a highly reflecting mirror where part of the 

circulating light is lost around the edges (or possibly only on one side). Another possibility is to 

use a partially transmissivity output coupler mirror with a transverse variation of  reflectivity 

(Gaussian reflectivity mirrors) (Reimer, 2017 ). 

Fundamentally self-consistent electric field distributions are resonator modes, or light field 

distributions, which are self-reproducing in each resonator round trip (aside from a potential 

loss of power). The properties (Tovar, 2011) of resonator modes depend very much on various 

details: In waveguide resonators, the transverse mode structure is determined by the waveguide 

properties only, and is constant everywhere in the resonator, if the waveguide properties are 

constant. Only a single transverse mode shape may exist, e.g. if single-mode fibers are used. 

In bulk-optical resonators, the mode properties depend on the overall optical setup, and differ 

very much between stable and unstable resonators. For stable resonators, the transverse mode 

patterns can be described (Dupraz et al., 2015). Higher-order modes correlate to more complex 

structures, while the lowest-order mode (axial mode, fundamental mode) has the simplest 

profile. The ABCD matrix algorithm can be used to calculate the mode attributes. Unstable 

resonators display a far more intricate mode structure that can only be estimated by numerical 

methods. The transverse mode size often changes with the resonator axis.  

To measure the optical beam magnification quality beyond its conventional modes, a 

straightforward ring resonator model with a narrow gradient index (GRIN) lens is examined. 

With the help of this model, we can drastically alter and regulate the limit of resonator stability. 

It has two folding arms, each of which can realized by the elements of its cavity. The beam 

expander feature for the laser is met by inserting a narrow GRIN lens (thickness 9.3mm) into 

the ring resonator, mostly between the first folding ranges. Changes in the Gradient index lens' 

thickness (L) have a greater impact on the stability of the resonator than changes in the lens' 

refractive index (n). Sagittal (S) plane is substantially less sensitive to changes in resonator 

stability than the Tangential (T) plane (Shlizerman et al, 2012). Vigorous magnification in 

https://www.rp-photonics.com/solid_state_lasers.html
https://www.rp-photonics.com/bulk_lasers.html
https://www.rp-photonics.com/unstable_resonators.html
https://www.rp-photonics.com/high_power_lasers.html
https://www.rp-photonics.com/gain.html
https://www.rp-photonics.com/beam_quality.html
https://www.rp-photonics.com/output_couplers.html
https://www.rp-photonics.com/single_mode_fibers.html
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optical beam size at the end of output range in a cavity is the noticeable consequences because 

of Gradient index lens. In this Gradient and Brewster has taken in account. But their impact by 

considering the thickness of each on the state of stability of z-shaped optical resonator has not 

described well. 

Application of solid state lasers requires stability of the suitable cavity design ensures cavity 

and intra-cavity focusing of a highly focused beam. For laser pumping, high-speed cavity 

dumping through an acousto-optic deflector, appropriate operation of the saturable absorber, 

and crystal action in frequency doubling, stability analysis is crucial in mode locking. This work 

uses an ABCD matrix to offer a clear and extremely basic model of a Z-shaped folding four 

mirror cavity with flat feedback end mirrors on both ends and curved mirrors on both ends of 

the crystal plate. In order to simplify the modeling process, we took into account the curved 

mirrors' same radius of curvature, equal folding angle, and similar lengths for the first and third 

arms of the cavity. The model shows that shifting the compensated crystal plate along the second 

arm will not change the cavity's state of stability or the output beam parameters. The same is 

true for the curved mirrors' uneven first- and third-arm lengths as well as their uneven first- and 

third-arm radii of curvature  (Biswash Tushar, J. A, 2018). This author used z-shaped optical 

resonator having few components and he did not considered the impact of Gradient index lens 

and mirrors on the stability. In this case, the thickness, of the crystal has taken and analyzed and 

also the impact of distance between each components has not been explained 

2.2 Laser Components 

Although population inversions can be created in any of these three types of medium, most laser 

media are gases or solids. The term "pump" refers to the process of energizing laser gases, which 

are typically housed in cylindrical tubes, with an electric current or an outside light source. 

Similar to semiconductors, transparent crystals with modest concentrations of light-emitting 

atoms may be used in solid-state lasers. What is commonly referred to as just a laser but is 

actually a laser oscillator is created when the laser medium and resonant cavity are combined. 

Numerous laser characteristics are determined by oscillation, which indicates that light is 

produced internally by the device. A laser would merely be an optical amplifier without mirrors 

and a resonant cavity, able to amplify light from an external source but unable to produce a 
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beam internally. The first optical amplifier was developed in 1961 by Elias, a researcher at 

American Optical, but until the development of fiber optic communications, few people 

employed such devices. 

2.3 properties of a Laser beam 

In general, laser light differs from other types of light by being concentrated into a small beam, 

having a limited spectrum of wavelengths (commonly referred to as "monochromatic"), and 

having waves that are in phase with one another. These characteristics result from interactions 

between the laser medium, the resonant cavity, and the stimulated emission process. 

The second photon that results from stimulated emission is identical to the first one that triggered 

it in terms of phase, wavelength, and direction. As a result, the two photons are coherent with 

respect to one another, having peaks and valleys that are in phase. The emission of additional 

similar photons can then be induced by both the first and second photons. This is improved by 

sending the light via a chamber that resonates. 

2.3 Resonator Types 

The most common types of optical cavities consist of two facing plane (flat) or spherical mirrors. 

The simplest of these is the plane-parallel cavity, consisting of two opposing flat mirrors While 

simple, this arrangement is rarely used in large-scale lasers due to the difficulty of alignment; 

the mirrors must be aligned parallel within a few seconds of arc, or "walk off" of the intra-cavity 

beam will result in it spilling out of the sides of the cavity (Lalanne et al., 2008). However, this 

problem is much reduced for very short cavities with a small mirror separation distance (L < 

1 cm). Plane-parallel resonators are therefore commonly used in microchip and micro 

cavity lasers and semiconductor lasers. In these cases, rather than using separate mirrors, a 

reflective optical coating may be directly applied to the laser  medium itself (Aldubaikhy et al., 

2020). The plane-parallel resonator is also the basis of the Fabry–Pérot interferometer. For a 

resonator with two mirrors with radii of curvature R1 and R2, there are a number of common 

cavity configurations. If the two radii are equal to half the cavity length (R1 = R2 = L/2) a 

concentric or spherical resonator results. This type of cavity produces a diffraction-limited beam 

waist in the center of the cavity, with large beam diameters at the mirrors, filling the whole 

https://en.wikipedia.org/wiki/Arcseconds
https://en.wikipedia.org/wiki/Optical_microcavity
https://en.wikipedia.org/wiki/Optical_microcavity
https://en.wikipedia.org/wiki/Semiconductor_laser
https://en.wikipedia.org/wiki/Optical_coating
https://en.wikipedia.org/wiki/Fabry%E2%80%93P%C3%A9rot_interferometer
https://en.wikipedia.org/wiki/Diffraction
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mirror aperture. Similar to this is the hemispherical cavity, with one plane mirror and one mirror 

of radius equal to the cavity length. A common and important design is the confocal resonator, 

with mirrors of equal radii to the cavity length ( 1 2R R L  ). This design produces the smallest 

possible beam diameter at the cavity mirrors for a given cavity length, and is often used in lasers 

where the purity of the transverse mode pattern is important. A concave-convex cavity has one 

convex mirror with a negative radius of curvature. This design produces no intra-cavity focus 

of the beam, and is thus useful in very high-power lasers where the intensity of the intra-cavity 

light might be damaging to the intra-cavity medium if brought to a focus. 

 

Figure 2-1: Types of two-mirror optical cavities, with mirrors of various curvatures, showing 

the radiation pattern inside each cavity (Clayto, 2000). 

According to previously done researches, most of the components have considered for elements 

based simulation, but relatively not the impact of all components on the stability of z-shaped 

optical resonator has done. For this case, since we are going to consider the impacts of all 

components of z-shaped optical resonator, this makes it different from others and this is the gap 

for my work to do on it. 
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2.4 Stability Parameter 

For the cavity to be stable, the location of the light ray should be close to the optical axis after 

many round trips in the cavity between the mirrors. This stability condition can be simply 

verified by taking the round trip ABCD matrix of the cavity. The round trip ABCD matrix of 

the cavity can be given by equation (2.1). 

            
r r

r r

A B

C D

 
 
 

                                                            (2.1)                                                                                             

where , ,r r rA B C  and rD represent the matrix length of the component value of the resonator 

component and then, it has have two stability criteria listed to be followed as condition below.. 

In fact, if the condition 
 

0 2
4

r rA B
  , 21 1 ( ) 1

2

A D
      or If the condition.

 
1 1

2

r rA D
    , is satisfied for both Brewster and Gradient index lens based, the cavity is 

said to be stable. In another way, Stability parameter is a value (Singh, 2007), showing if a 

system can support stable laser operation. It can be calculated in two ways.  

                                             
2

A D
P


                                                                                  (2.2)                                                                                               

                                             
21 ( )

2

A D
P


                                                                          (2.3)     

Different optical cavities with unique design and shapes provide a distinctive platform for 

research and analysis. Three spherical mirrors, a Brewster crystal plate, two flat mirrors, and a 

W-shaped optical cavity are used to create the optical cavity in this paper. Through simulation, 

the effect of Brewster crystal plate thickness and its refractive index fluctuation on the stability 

state and beam profile is examined. For all investigational parameters, suggested models provide 

the same results, but the different crystal positioning modifies the results in accordance with the 

location of each crystal. To cover the round-trip distance of 1811.025 mm in the cavity, the total 

cavity length of 904.88 mm is matched with a pulse repetition rate of 165.652MHz or inter-

mode frequency. In the sagittal plane, the beam waist is at its smallest.                                                                                    
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For normal stability equation (2.1) used and for squared stability equation (2.3) used. Where A 

and D are system round-trip matrix components. In the first case the system is stable when the 

parameter value is in range from -1 to 1. In the second case the system is stable when the 

parameter value is in the range from 0 to 1.Only certain ranges of values for 1r 2r , and L produce 

stable resonators in which periodic refocusing of the intra-cavity beam is produced.  

  

    

 

 

 

 

 

 

Figure 2-2: Stability diagram for a two-mirror cavity, blue-shaded areas correspond to stable 

configurations (Singh, S. P, 2007). 

By using ray transfer matrix method of investigation, it is possible to calculate a stability 

criterion: We classically use the notation as below where r = displacements from center of 

mirror. 

                                                                 1

1

1 ,
L

g
r

                                      (2.4) 

                                                                  2

2

1
L

g
r

                                          (2.5) 

And then obtain the stability condition for any two-mirror linear resonator.  

This relation is often drawn on a diagram representing 1g , 2g space, that is with 1g as y-axis 

and 2g as x-axis.                   
1 2

0 (1 )(1 ) 1
L L

r r
                                                                  (2.6) 

Values which satisfy the inequality correspond to stable resonators (Y.-K. Wong, 2012). 
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The stability can be shown graphically by defining a stability parameter, g for each mirror.    

1 2

1 2

1 , 1
L L

g g
r r

      And plotting 1g against 2g  as shown. Areas bounded by the line 1 2g g = 

1 and the axes are stable. Cavities at points exactly on the line are marginally stable; small 

variations in cavity length can cause the resonator to become unstable, and so lasers using these 

cavities are in practice often operated just inside the stability line. A simple geometric statement 

describes the regions of stability: A cavity is stable if the line segments between the mirrors and 

their centers of curvature overlap, but one does not lie entirely within the other. 

2.5 propagation Direction 

ReZonator assumes a beam is transmitting from left to right in the schematic represented figure 

below. For single-pass diagram, it is as if a light source would be located just before the leftmost 

element of the schema and is directed to the right side. 

      

 

 

Figure 2-3: Optical resonator propagation direction (M. Anjaley, 2015). 

For resonators, it is just the chosen primary direction. In standing-wave resonator, the beam 

reflects from the rightmost element and does round-trip returning to the leftmost one. 

 

Figure 2-4: Showing optical standing wave propagation (Trehan, 2015). 

2.7 Stability Issues 

Stable and unstable resonators, for example, can both be used to make lasers; but, the presence 

of unstable resonators is not a requirement. In rare circumstances, unstable resonators may 

http://rezonator.orion-project.org/help/trip_type.html#schema-kind-sp
http://rezonator.orion-project.org/help/trip_type.html#schema-kind-rr
http://rezonator.orion-project.org/help/trip_type.html#schema-kind-sw
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even prove to be quite beneficial if the laser medium displays a gain coefficient high enough 

to permit significant losses. For instance, this is true with really powerful lasers. 

 

Figure 2-5: An image of hemispheric unstable resonator (Kareem,2020). 

The main advantage of such resonators is that the mode volume in the cavity can be large, 

which leads to low power densities on the mirrors (for high power lasers, the damage threshold 

of the mirrors could be easily reached). Moreover, the transverse modes undergo a high level 

of losses in an unstable resonator, leading to a natural transverse single-mode operation of the 

laser. Those type of resonators are only possible with very high gain systems, because a given 

ray passes only a few times inside the amplifying medium before escaping from the cavity. 

2.6 Working Planes 

The tangential plane is the plane containing all the resonator’s elements (the plane of an optical 

stand). Beams are refracted or reflected in this plane. The sagittal plane is the plane containing 

the element’s optical axis and perpendicular to the tangential plane 

 

Figure 2-6: ReZonator working planes  (barua, 2018). 
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The Gaussian beam is the model for a beam of coherent emission having diffraction spreading. 

The energy of the beam concentrates close to its axis and quickly falls off in a transverse 

direction. Radial decay of the beam intensity is properly characterized by the Gaussian function. 

Such a beam is the most accurate diffraction approximation for a single light ray (F. Mohammed 

Ali, 2018). 

2.7 ABCD or Ray Transfer matrix for Dielectric 

A ray transfer matrix method is established here to determine quantitatively the effect of 

misalignment on laser performance. Transfer matrix techniques are conceptually and 

mathematically simple, and they encourage a systems approach. Once one is familiar with one 

transfer matrix method, it is straight forward to learn another, even if it is from a completely 

different branch of science. The merits of our emphasis on simplicity has been echoed by 

scientists throughout the ages. Rosas, put it bluntly "In the future, as in the past, the great ideas 

must be simplifying ideas (Rosas, 2013) “One of the principal objects of theoretical research in my 

department of knowledge is to find the point of view from which the subject appears in its greatest 

simplicity." 

This work is different from much of the literature on the subject which uses unnecessarily 

complicated mathematical formalisms. Another difficulty inherent to the modern publication 

process also exists in the literature. 

ABCD matrix is a ray optics formalism that relates the distance R from the optical axis and it is 

slope R’ of a ray as is propagates though optical elements. In this case  is angle of propagation. 

Cumulative effect of optical elements are matrices 
A B

C D

 
 
 

to find the position and slope of a 

ray after propagating through an optical system use ray transfer matrix, alternatively known as 

ABCD matrix, that is a useful tool to analyze the cavity in a precise way. The lateral 

displacements /positions, 𝑟1and𝑟2, and the slopes, 𝑟1’ and𝑟2’ of the input and output rays of any 

optical system are related by the ABCD matrix as shown. To find the position and slope of a ray 

after propagating through an optical system use
' '

2 1

2 1

r rA B

r rC D

    
    
    
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Table 2.1: Literature Reviews 

No

. 
Title Improvement Drawback Author 

1. 

Analysis of gaussian 

beam profile and its 

amplification in optical 

ring resonator with thin 

radial gradient-index 

lens  

 

Explained somehow 

beam variation in a 

resonator. 

 

Not explained stability 

rather than beam. 

Not used flat Mirrors for 

beam variation and 

stability analysis. 

 

(Shlizer

man et 

al,2012) 

 

2. 

Modeling and 

Performance Analysis 

of High Speed Optical 

Fiber Communication 

with Orthogonal 

Frequency Division 

Multiplexing 

Modeling and 

performance analysis 

of HSOF 

communication with 

OFDM has done. 

 

Not used most of 

resonator elements. 

Although it used 

different techniques for 

optical signal 

transmission analysis, 

how laser   

 

(Bekele 

T.h et al, 

2021) 

 

3. 

Numerical investigation 

of V shaped three 

elements resonator for 

optical closed loop 

system 

 

V-shaped optical ring 

resonator explained 

with regard to three 

elements. 

 

Not all elements of V 

shaped optical resonator 

are investigated. 

Other than numerical 

investigation, not 

impact of elements 

explained. 

 

S Amiri, et 

al, 2019) 

 

4. 

Analysis of gaussian 

beam profile and its 

amplification in optical 

ring resonator with thin 

radial gradient-index 

lens 

Explained somehow 

beam variation in a 

resonator. 

 

Not explained stability 

rather than beam. 

Not used flat Mirrors for 

beam variation and 

stability analysis. 

 

Shlizerm

an et 

al,2012) 

 

5. 

Modeling and Analysis 

of Z Folded Solid State 

Laser Cavity with Two 

Curved Mirrors 

Explained in a clear 

manner of stability 

dependence on few 

components. 

 

Not included GRIN lens 

for stability analysis.  

Not explained spherical 

mirror contribution in 

stability 

 

 

(Biswash 

Tushar, 

J. A, 

2018). 
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CHAPTER 3: MATERIALS AND METHODS 

3.1 Introduction  

The Brewster and Gradient index lens-based z-shaped optical resonator was investigated using 

the resonator program, which includes a variety of capabilities. Different resonator kinds and 

forms are constructed, designed, and simulated using it for both stable and unstable resonators. 

Both general and specialized study-area objectives, as well as step-by-step procedures, will be 

used to finish the thesis. They are outlined below.  The first step will involve a review of the 

literature, the gathering and analysis of the essential data, the fabrication and design of the z-

shaped optical resonator, and simulation of extremely powerful lasers. 

3.2 Materials 

In this thesis work we used reZonator software and it’s a powerful software for designing laser 

resonators and calculation the propagation of light beams using ray transfer matrix in complex 

optical system, and it enables users to construct, design, test, and simulate optical links at the 

transmission layer of modern optical networks. This program contains a wide range of optical 

resonator parameters (elements) and wireless components for designing and constructing a 

complete optical resonator, which is a low-cost and time-saving method that allows the 

researcher to work more efficiently. 

3.3 Methods  

 The methods carried out in order to perform this thesis is described as:  

 Studying the basic theories related to the resonators.  

 Reviewing the existing work in the literature which is familiar to the optical resonator.  

 Identifying the components that are required for designing of the system. 

 Modeling the system by using reZonator software.  

  Testing of the proposed system which is simulated.  

 Compare this work with other related work to get the final deduction.  
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3.4 Components of Ring Resonator 

 The optical feedback system, which includes mirrors or other reflective elements, is one of a 

laser's three main parts. Coherent laser oscillations are caused by this optical feedback in 

conjunction with optical amplification from stimulated emission. A pair of mirrors on opposite 

side of the gain medium, creating an optical cavity or optical resonator, is the most basic 

configuration for optical feedback. However, the role of the optical resonator is not limited to 

feedback. In this chapter, we examine in more detail how the optical resonator affects the 

frequency spectrum of the laser light that is produced. 

The simple ring resonator's primary components and a simplified model are shown in Figure 3-

1. It is made up of a radial gradient index (GRIN) lens (F1), two spherical mirrors (M1, M2), 

and a Brewster crystal plate (Cr1). Brewster and a constrictive Gradient index lens (F1) were 

used to maintain the resonator stability in this instance. The Brewster in the resonator is 

primarily intended to compensate for astigmatism, but the addition of Gradient index lens 

produces an optical beam magnification that is acceptable given its performance. Astigmatism 

is one of the frequent optical flaws that imaging systems experience. It occurs when light is 

incident on an optical lens or spherically curved mirror at a large. Here is the schematic block 

diagram showing the resonator components arranged for showing the mixed Gradient index lens 

and Brewster crystal plate based. In this case, both Brewster and Gradient index lens used for 

stability and output beam magnification and for astigmatism omission. 

 

 

 

 

 



 

   

21 

  

 

 

 

 

Figure 3-1: Schematic view of ring resonator ( Khalid Ali Khan & S. M. N. 2021). 

3.5 Block Diagram of Z-shaped Optical Ring Resonator and it’s Components 

Except for the flat mirror, each of the z-shaped optical resonator's parameters has an equivalent 

value. For this resonator, the flat mirror has no length, thickness, or refractive index. These 

components consist of two flat mirrors, two spheres, and a thicknesses of Brewster crystal plate 

or Gradient index lens mirror. Each component serves a different purpose in the propagation of 

the laser, and they are all used within the parameters that allow the laser to become stable. Our 

system may become unstable if a single element is changed by a larger amount, hence 

variable/component value variation must be carefully considered. 

 

 

 

 

   

                                    

 

Figure 3-2: Four mirrors (two curved) Z-folded cavity  (Biswash Tushar, J. A, 2018).  

 



 

   

22 

  

One of the most effective configurations for highly focused beams is shown in Fig. 3.2, which 

shows the block diagram of an optical ring resonator in a z-shape. Its parts include two curved 

mirrors (M2, M3) and two flat mirrors (M1, M4). The cavity comprises three arms: the first arm, 

from M1 to M2, is L1 in length, the second, from M2 to M3, is L2, and the third, from M3 to 

M4, is L3 in length (E. Heebner, June 2004). M2 and M3 have different radii of curvature, R2 

and R3, and their corresponding folding angles are 2 and 3. M2 is the empty space, while LC is 

the astigmatically corrected crystal plate. Equation 15 illustrates how the length of the crystal 

plate space along the second arm, t, can be represented in terms of l. The second arm has an 

astigmatically corrected Brewster crystal plate with length l and refractive index n. 

3.5.1 Brewster plane parallel 

It’s characterized by it is thickness L and it is index of refraction n. a beam falls at the face of 

the plate at the crystal angle. Like, Brewster plane parallel crystal, it’s also a widely used form 

of laser gain medium. It’s used to reduce the astigmatism encountered. An optical that has 

astigmatism is one when two or more rays of light propagates having two perpendicular planes 

and when their ray of light have different foci. If an optical system with astigmatism is used to 

form an image of a cross, the vertical and horizontal lines will be in sharp focus at two different 

distances. The term comes from the Greek α- (a-) meaning "without" and στίγμα (stigma), "a 

mark, spot, puncture. However, when the laser rod becomes too short, it’s convenient to consider 

it as a plane parallel plate which is titled at Brewster’s angle toward the beam propagation. In 

this case the geometric path of the beam effL  is slightly bigger than the thickness of the element.   

                                          

3
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   
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                                                      (3.1) 
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
                                        (3.2) 

Where n is refractive index of the crystal and L is length of the crystal. 

https://en.wikipedia.org/wiki/Optical_system
https://en.wikipedia.org/wiki/Optical_system
https://en.wikipedia.org/wiki/Optical_system
https://en.wikipedia.org/wiki/Cross
https://en.wikipedia.org/wiki/Greek_language
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Figure 3-3: Brewster plane parallel (M. P. & Khalid Ali khan, 2021). 

3.5.2 Empty Space 

The empty space element is a distance between two reference planes in the air (n=1). Matrices 

for both tangential and sagittal planes is the same and L is length of the crystal. 

                                          
1

0 1

L
M

 
  
 

                                                                                (3.3) 

                                                                                     

Figure 3-4: Empty space (G. Gagliardi and H.-P. Loock, 2014). 

3.5.3 Flat Mirror 

Flat mirror has a unity matrix and does not affect the propagating beam. It still is an essential 

element for roundtrip matrix calculation when placed at the end of the resonator. 

                                                       
1 0

0 1
M

 
  
 

                                                                    (3.4) 

 

Figure 3-5: Flat Mirror (V. Van, january 2002). 
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3.5.4 Gradient index Lens  

Gradient index lens is a plane-parallel slab of material with a quadratic transverse variation of 

refractive index, with either a maximum or minimum on the axis that produces a lensing effect. 

The element has similar matrices for both work planes, but gradient constants n2 can be set 

independently for tangential and sagittal planes. Note that this element represents a piece of 

Gradient index lens -medium in free space. It has planar input and output interfaces. 

 

 

 

 

Figure 3-6: Gradient index Lens (R. W. Boyd & J. E, 2001). 

1 0 1 0

,1 cos
1 1

cos

T SM M

f f





   
     
   
      

                                                (3.5) 

3.5.5 Spherical Mirror 

The spherical mirror has the same radii of curvature R for both tangential and sagittal planes. 

Matrices for both planes are equal too when the beam falls on the mirror at the normal angle. A 

spherical mirror can be concave or convex depending on the sign of radii of curvature. The sign 

of ROC is not related to the beam propagation direction but only governs how the mirror 

transforms the beams wave front.          

1 0 1 0

,2 2.cos
1 1

cos

T SM M

R R





   
     
   

  

                                                                            (3.6) 
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Figure 3-7: Spherical Mirror (B. E. Little, April 1997). 

In order to meet the above mentioned objectives of this thesis work, the following formal 

methodologies will be followed subject to changes due to course of the work.                               

Table 3-1: Elements and its ABCD matrix 

Element  ABCD Matrix Descriptions 

Empty space 1

0 1
T S

L
M M

 
   

 
 

L=Empty length 

SM =ABCD matrix in S 

plane 

TM = ABCD matrix in T 

plane 

 

Spherical 

Mirror 

1 0 1 0

,2 2.cos
1 1

.cos

T SM M

R R





   
     
   

  

 

R=Radius of curvature of 

mirror 

 =Beam incidence angle 

Brewster 

Crystal plate 
3

1 0 1
1

,1
1

0 1
T SM M n

n

   
    
   
   

 

l=thickness of crystal 

n=refractive index of crystal 

Gradient 

index Lens 

1 0 1 0

,1 1cos
1 1

cos

T SM M

f f





   
    
    
      

 

f is the focal length of the 

lens and folding angle of the 

beam.  
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Figure 3-8: Four mirrors (two curved) Brewster based Z-folded cavity. 

                              
2

2

1

nr
t

n



                                                                                              (3.7) 

Where n is the length (l =n). 

Then the overall ABCD matrix of the Z-folded four mirror cavity shown in Figure 3.2 for the 

tangential plane and sagittal plane are equal to the product of   all component equivalent matrix 

multiplication respectively: 

                 ( ) 1 1 2 2 3 3 4. . . . , . . .overall t C CM M L M L t L L t M L M                                       (3.8) 

For tangential plane its component multiplication has tabulated in table 3.2. 

3 2 13
( )

3 3 2 2

1 0 1 01
1 0 1 1 1 1 1 01

2 2
1 10 1 0 1 0 1 0 1 0 1 0 1

0 1cos cos

C C

overall t

L L t L L L
M x n

R R 

    
                                            

       

    

(3.9) 

 

2 1

3 3
(t)

3 3 2 2 2 2

1 11
1 1 01

. . . . ,2 2 2
1 10 1 0 1

0 1cos cos cos

C

C

overall

L t L L
L L

M n

R R R  

     
                     

       

(3.10) 



 

   

27 

  

33
2 3 1 3

3 3 2 2 2 2 2 2 2 2

(t)

3 3 2 2 2 2

2 2 22 2 1
1 1

cos cos cos cos cos 1 0
. . ,

0 12 2 2
1 1

cos cos cos

C C
C C

overall

L L L
L t L L n L L

R R R R R n
M

R R R

    

  

   
            

 
     
          

  

 

 

                 . . . . , . . .1 1 2 2 3 3 4(s)M M L M L t L L t M L MC Coverall                                        (3.11) 

For sagittal plane it’s element with equivalent multiplication has given in table 3.2. 

3 2 1

(s) 3 2

3 2

1 0 1 01
1 0 1 1 1 1 1 01

2cos 2cos
1 10 1 0 1 0 1 0 1 0 1 0 1

0 1

C C

overall

L L t L L L
M x xn

R R

 

    
                                            

       

(3.12)  

2 1

3

(s) 2 2 1 2

3 3 3 3 3 3 2 2

1 11
1 1 01

22 2cos 2 cos
10 1 0 1

0 1cos cos cos

C

C

overall

C

L t L L
L L

M xL t Ln
L

R R R R R

 

  

     
                      

       

(3.13) 

3 3 3
2 3

3 3 3 3 3 3

(s)

2

3 3 3 3 3 3

2 1 2 1 22
1

2 2 2 2

2 1 2

2 2

2 2
1

cos cos cos

22

cos cos cos

2 cos 2 L cos 2 L cos2cos 1
1

1 0

02cos 2 cos
1

C C

overall

C

C C C
c

L L L t
L t L L L

R R R
M x

L t
L

R R R

L L L
L L

R R n R R n n

L

R R

  

  

  

 

 
      

 
 

  
 

  
      

 
  

 
 

1

 
 
 

              (3.14) 

 

By another method, the round trip matrix of the shown cavity for the tangential plane and sagittal 

plane (assuming M4 as the starting and ending point) are respectively as below: 

1 2 33
round trip(t) overall(t)

3 32

1 01 0 1
1 1 1 11

22
110 1 0 1 0 1 0 1

0 1 cos

C CL L L t L L
M M x x x xn

RR 



    
                               

       

(3.15)
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1 2 3

round trip(s) overall(s) 2
3

32

1 01 0 1
1 1 1 11

22cos
cos 110 1 0 1 0 1 0 1

0 1

C CL L L t L L
M M x x xn

RR




    
                               

       

(3.16) 

To simplify, we assume 1 3L L L   and 2 3R R R  , 2 3    then the overall ABCD matrix 

of the cavity can be expressed as shown in Table 2. 

Where, 2 3

1
a L t

n
                                                                                                             (3.17) 

                2

1
b L t

n
                                                                                                                                                                      (3.18) 

If the overall ABCD matrix is defined by, 
0 0

0 0

A B

C D

 
 
 

then the round trip ABCD matrix for this 

configuration (flat end mirror) can be found as, 

0 0 0 0

0 0 0 0

r r

r r

A B D BA B

C D C AC D

     
     
    

                                                                                        (3.19) 

Accordingly, 
2

( )
4

r rA D 
for the tangential plane can be expressed as equation-9. 

Table 3-2: Overall ABCD matrix of Brewster based Z folded cavity for tangential and sagittal 

plane 

Plane The overall ABCD matrix of Z-folded cavity 

Tange

ntial 

2
2 2

2 2

( )

2 2

2 2

4 4 4
1 ( 2 )sec( )) sec ( ) ( 2 ) ( ( )sec( )) ( )sec ( )

4 4 2 4
( )sec( ) ( )sec ( ) 1 ( ( 2 )sec( ) sec ( )

overall t

aL L L
a L a L a L

R R R
M

a bl
a L

R R R R

   

   

   
          

    
    

        
     

 

Sagitta

l 

2
2 2

2 2

(s)

2 2

2 2

2 4 4 4 )
1 ( ( 2 )cos( ) cos ( ) (b 2 L) ( (b L)cos( ) ( cos

4 4 2 4
( )cos( ) ( ) cos ( ) 1 ( ( 2 ))cos( ) ( ) cos ( )

overall

bL L L b
b L

R R R R
M

b bL
b L

R R R R

   

   

   
          

    
    

        
     

 

  

4 3 2

2 2 2

2
1 .sec ( ) a .sec ( ) sec ( ) d sec( )

4

r rA B
a c   

 
                                                 (3.20) 
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2 2 2

2 2 2 22 2 2

4 16 ( 2 ) ( 6 4 ) 2 )
( ),b , 4 , 4( )

aL aL b L b aL L a L
a c d

R R R R

   
     

Therefore, 
2

4

r rA D 
the tangential plane can be expressed as equation 3.21, 

3 2

2 2 2 2sec ( ) sec ( ) c sec( ) 0.a b d                                                                                 (3.21) 

Similarly, 
2

4

r rA D 
 the sagittal plane can be also expressed as equation 3.22 

4 3 2

1 1 1 1

2
1 cos ( ) cos ( ) c cos ( ) d cos( )

4

r rA D
a b   

 
                                               (3.22) 

2 2 2

1 1 1 12 3 2

4 16 ( 2 ) 4( 6 4 4(b 2L)
( ),b , ,

bL bL b L b bL L
a c d

R R R R

   
     

Therefore, 
2

1
4

r rA D 
  for the sagittal plane can be expressed as equation-3.23 by more 

simplification and substitution of the variables. 

3 2

1 1 1cos ( ) cos ( ) cos( ) d1 0a b c                                                                                   (3.23) 

Here, 
2

1
4

r rA D 
  contains the terms L, R, θ, a and b. It’s clear from the equation-3.22 and 

equation-3.23, that a and b are independent of the position of the Brewster crystal plate 𝐿𝐶. It it 

can be indicated that, even for not equal radius of curvature (𝑅2 and 𝑅3) and not equal inclination 

or folding angle (θ2 and θ3) of the spherical mirrors and unequal 1st   and 3rd  arm length of the 

cavity (𝐿1and 𝐿 3), 
2

1
4

r rA D 
 contains only the terms a and b apart from 𝑅2 ,𝑅3 θ2, θ3, L1 

and L3. 

Therefore, the stability in tangential and sagittal plane is independent of the position of the 

compensated crystal plate in two curved mirrors of the Z-folded cavity. So, any change in the 

position of the compensated crystal plate will not alter the state of stability. 
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3.6 Stability Region and Effect of Crystal Length Variation on the Stability of Resonator. 

The stability condition 
2

1
4

r rA D 
  or 21 1 ( ) 1

2

A D
      is described by equation 

above having trigonometric terms as 3 2

2 2 2sec ( ) sec ( ) c sec( ) 0.a b     for the tangential (T) 

plane and equation of  3 2

1 1 1cos ( ) cos ( ) cos( ) d1 0a b c      for the sagittal (S) plane in 

expressions of the different parameters and components  of the cavity. If the folding or 

inclination angle (θ) is designed for different 2nd arm length of the cavity (L2) in order to meet 

the condition 
2

1
4

r rA D 
 , then L2 versus θ curves for the tangential and sagittal plane are 

found. The curves can be plotted for folding angle 21° to 23°, but stability is varied. The stability 

region for the respective plane is found in between the two curves for 
2

1
4

r rA D 
  

21 ( )
2

A D
P


   =1.  Both Brewster crystal plate and Gradient index lengths are an important 

parameters in the stability analysis. If the length of the both crystal (l)  and Gradient index (l) 

are increased, the length versus stability parameter shift outward for the sagittal plane and shift 

inward for tangential the plane. If the Length versus stability parameter curves for the tangential 

plane and sagittal plane are superimposed, a region bounded by the two curves is found which 

the stability region of this cavity is. 

The stability region found using equation 
3 2

1 1 1cos ( ) cos ( ) cos( ) d1 0a b c        and

3 2

2 2 2sec ( ) sec ( ) c sec( ) 0.a b     of our model for the same cavity parameters used by in Fig.3.9. 

This verifies the perfection of all the equations and overall ABCD matrix parameters of our model. 

However, if the length of the Brewster crystal and Gradient index lens is increased, the stability region 

shifts towards the right and as expected from the previous discussion.  

Based on the the below general block diagram of Z-shaped optical resonator/ optical cavity 

having different elements, the above table is givent to it for each component value matrix 

showed by the reZonator software. By the given vale explained in the table the system becomes 

stable. 
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Figure 3-9: Four mirrors (two curved) Gradient index based Z-folded cavity. 

For Gradient index based Z-shaped optical resonator the same calculations and conclusion is 

work with that of Brewster based. Whereas the only difference is the interchange of the position 

of Brewster crystal plate based and the Gradient index components as of the function in 

resonator modeling. The only difference between them is Brewster used to reduce astigmatism 

whereas Gradient index lens is used for output beam magnification. 

In this M1 is flat mirror, L1 = d1 is distance between flat mirror and the first spherical mirror M2, 

2 and 3 are inclination angle of spherical mirrors, LC is distance between either of Gradient 

index or Brewster and M2 and L2-LC-t is distance/length between either Brewster or Gradient 

index and M3, L3 is length between M3, and M4. 

3.7 Calculation of Round-trip Matrix 

The ray-matrix calculation deduces the resonator component matrices are multiplied side-by-

side in the direction opposite to the beam propagation direction. Each element characterizes by 

a pair of ray matrices (means both tangential and sagittal ray matrices). One matrix is for the 

tangential (T) plane, and the other is for the sagittal (S) plane. Round-trip matrices are calculated 

independently for both planes (Prokhorov, June 1958). 

http://rezonator.orion-project.org/help/elem_matrs.html
http://rezonator.orion-project.org/help/glossary.html#propagation-dir
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Proper inclination without any deviation is given to the spherical mirrors 1 2 3, ,M M M and 4M  

so that it’s matched with beam incidence angle (α) to ensure maximum capturing of beam. 

Therefore, the complete round trip matrix ( 0M ) for the proposed cavity model (by considering 

1M  as reference point) will be as: 

                                     0M  = 1 4 4 3 3 1 2 2 1. . . . . . . .M M d M d F d M d                                                  (3.24) 

Where 1 4 4 3 3 1 2 2 1. . . . . . . .M M d M d F d M d represent the elemental ABCD matrix that has been 

calculated as per its specific values and recorded in Table below. 

3.8 Ring Resonator Calculation Round-trip 

If the schema is the ring resonator, then elements’ matrices are multiplied in the next way: 

 from the reference element to the first element of the schema, 

 From the last element to an element next to the reference. 

The round trip calculation for this will be as 0M   = 1 4 4 3 3 1 2 2 1. . . . .G . . .M M d M d d M d  and 

0M  = 1 4 4 3 3 1 2 2 1. . . . . . . .M M d M d F d M d   interchangeably for both Brewster and Gradient 

index lens by taking Mo as reference point or output mirror.                                           

 

Figure 3-10: Ring Resonator calculation round trip (A. L. Schawlow and C. H. Townes, 

December 1958). 

3.9 Stability Map 

For advanced system optimization, reZonator can compute cavity stability maps against values 

of one or two parameters of any element. It’s possible to specify arbitrary contour lines for the 

contour stability map. In addition, automatic computation of stability boundaries provided. 

 

http://rezonator.orion-project.org/help/trip_type.html#schema-kind-rr
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3.10 Wave front Curvature 

ReZonator can plot the size and the wave front curvature radius of the Gaussian beam over one 

or a few elements, astigmatism also taken into account. It’s possible to compute beam size at 

any position inside the system. Automatic determination of position and size of the waist at 

element where it’s, calculation of the radius of diffractive divergence, and other parameters of 

the Gaussian beam provided.  The caustic is a curve or surface to which each of the light rays is 

tangent, defining a boundary of an envelope of rays as a curve of concentrated light. Therefore, 

in the photo to the right, caustics can be seen as patches of light or their bright edges. These 

shapes often have cusp singularities. 
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CHAPTER 4:  RESULTS AND DISCUSSIONS 

4.1 Technical specification of components for Brewster Based 

For the system to be stable, the following specifications have taken and based on the values of 

each components of the cavity the following results will be simulated. Where 1d  = 1L  = length 

of the first arm, 2d  = cL = length of the second arm, 3d  = 2 cL L t   = length of the second arm 

and 4 3d L = length of the third arm respectively.  

Table 4-1: Component specification of Brewster based z-shaped optical resonator 

No Elements Specifications 

1 
Flat mirror 1M

 
No value given to flat mirror. 

2 
Empty space 1d

 L = 1d
  = 4d

=22 mm, 2d
 = 3d

 = 17 mm,  

3 Spherical mirror 2M  Radius of curvature ( 1 2R R ) =25 mm.  

Folding angle ( ) =21o. 

4 Brewster plate 1G  L= 10 mm, 

Refractive index (n) = 1.3. 

5 Flat mirror  No value given to flat mirror. 

4.2 The round-trip calculation result for Brewster based resonator 

The z-shaped optical resonator consists of nine (9) elements and each element has its own length 

and equivalent matrix value. It contains two flat mirrors, empty space (d1, d2, d3 and d4) Gradient 

index lens and two spherical mirrors in which each components has their own respective 

function. Conventional ABCD matrix has been chosen to decide the resonator stability in which 

normal stability lies in between -1 to +1. Thin Gradient index lens and thin Brewster crystal 

plate (G1) is considered because of resonator stability otherwise it may lose stability.  

 

Figure 4-1: Schematic diagram of Brewster plate based z-shaped optical resonator. 
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The pulse amplification is observed along the output folding range (M1) in the plane of 

tangential (T) and sagittal (S) as well. 

Hence, by using 1 1
2

r rA D
    , and recorded value of individual elemental ABCD matrix as 

Table specifying each value described for Brewster based above the complete round trip matrix 

in terms of ABCD matrix for proposed resonator in tangential (T) and sagittal (S) plane are 

respectively for Brewster based resonator (D4 has been taken as reference). 

0.153925 0.00874016

111.704 0.153925
TM

 
  
 

 And 
0.283681 0.0110534

83.1895 0.283681
SM

  
  

 
 

Table 4-2: Elemental ABCD matrix as per mentioned specification for Brewster crystal based 

resonator 

Elements T-plane matrix S-plane matrix 

1M  1 0

0 1

 
 
 

 
1 0

0 1

 
 
 

 

1D   1 0.022

0 1

 
 
 

 
1 0.022

0 1

 
 
 

 

2M  1 0

85.6916 1

 
 
 

 
1 0

74.6864 1

 
 
 

 

2D  1 0.017

0 1

 
 
 

 
1 0.017

0 1

 
 
 

 

1G  1 0.00455166

0 1

 
 
 

 
1 0.00769231

0 1

 
 
 

 

3D  1 0.017

0 1

 
 
 

 
1 0.017

0 1

 
 
 

 

3M  1 0

85.6916 1

 
 
 

 
1 0

74.6864 1

 
 
 

 

4D  1 0.022

0 1

 
 
 

 
1 0.022

0 1

 
 
 

 

4M  1 0

0 1

 
 
 

 
1 0

0 1

 
 
 
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This is the data sheet with its equivalent matrix that has calculated and displayed by reZonator 

software and in this data sheet limit our resonator become stable and if the elements’ values 

increment will be done by larger value difference, the system may lose its stability and become 

unstable resonator. Since the software is very case sensitive larger value increment and 

decrement to the element may lose it is stability and even if by small value increment the beam 

magnification result and stability shape may be changed.  

4.3 Technical specification of components for Gradient Index Lens based Resonator. 

Table 4-3: Component specification of thin gradient index lens based z-shaped optical 

resonator. 

S.no Elements Specifications 

1 
Flat mirror 1M

 
No value given to flat mirror. 

2 
Empty space 1d

 L = 1d
  = 4d

=22 mm, 2d
 = 3d

 = 17 mm,  

3 
Spherical mirror 2M

 Radius of curvature ( 1 2R R
) =25 mm.  

Folding angle ( ) =21˚. 

4 Thin Gradient index 

lens 

L= 10 mm, Angle of incidence ( ) = 10. 

 

5 Flat mirror  No value given to flat mirror. 

4.4 The round-trip calculation result for Gradient index lens based resonator 

Here also, by using 1 1
2

r rA D
     and recorded value of individual elemental ABCD matrix 

as Table specifying each value described for Brewster based above the complete round trip 

matrix in terms of ABCD matrix for proposed resonator in tangential (T) and sagittal (S) plane 

are respectively for Brewster based resonator (M1 has been taken as reference).  

 
0.1311062 0.0172135

57.096 0.131062
TM

 
  

 
 And 

0.359234 0.0262971

33.1196 0.359234
SM

  
  

 
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Figure 4-2: Schematic diagram of Gradient index lens-based z-shaped optical resonator. 

Where d1 = L1 = length of the first arm, d2 = CL  = length of the second arm, d3 =L2 – CL  – t = 

length of the second arm and d4 = L3 = length of the third arm respectively. 

Table 4-4: Elemental ABCD matrix as per mentioned specification for Gradient index lens 

based resonator 

Elements T-plane matrix S-plane matrix 

1M  1 0

0 1

 
 
 

 
1 0

0 1

 
 
 

 

1D   1 0.022

0 1

 
 
 

 
1 0.022

0 1

 
 
 

 

2M  1 0

85.6916 1

 
 
 

 
1 0

74.6864 1

 
 
 

 

2D  1 0.017

0 1

 
 
 

 
1 0.017

0 1

 
 
 

 

1F  1 0

101.543 1

 
 
 

 
1 0

98.4808 1

 
 
 

 

3D  1 0.017

0 1

 
 
 

 
1 0.017

0 1

 
 
 

 

3M  1 0

85.6916 1

 
 
 

 
1 0

74.6864 1

 
 
 

 

4D  1 0.022

0 1

 
 
 

 
1 0.022

0 1

 
 
 

 

4M  1 0

0 1

 
 
 

 
1 0

0 1

 
 
 
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4.5 Effect of the thickness of Brewster plate and Gradient index lens on the stability of z-

shaped optical resonator 

As it’s described in previous section, z-shaped folded cavity has two models in which first one 

hold Brewster plate in second arm (in between M2 and M3) whereas in second model, Gradient 

index lens is placed in second arm (in between M2and M3). In both models, stability of the cavity 

is unaffected by the position of both Gradient index lens and Brewster crystal. “Figure below” 

reveals that simulated stability parameter lies in the range for both Gradient index lens and 

Brewster plate based for minimum refractive index to maximum of 2.5 in both plane of 

observation. Of course, the stability ranges /values are in between -1 to +1 which is a satisfactory 

condition for laser operation in case of Gradient index lens and Brewster plate. Refractive index 

(n) versus stability ( 1 1
2

r rA D
    ) variation plots are similar and almost the same for both 

model in S and T plane simultaneously under the same boundary condition. But, a serious impact 

of crystal and gradient index thickness variation may be observed on the state of cavity stability, 

wherein wider thickness of both (ℓ> 10 mm) can disturb the stability in both T and S plane for 

both models. 
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4.6 Stability dependency of the Resonator on the different parameters of the system.  

4.6.1 Stability dependency on the empty space (d1) for both Brewster and Gradient index 

lens based resonator.                                                                           

Figure 4-3: Stability dependency on empty space (d1) for Brewster based for both planes. 

Here as it’s shown in the figure 4.3 above the both planes have almost parabolic shape and they 

both look decreasing as distance increases and as distance goes increasing the system may be 

disturbed and it can become unstable. They both lie in the stability condition of 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ). In this case, the tangential plane (T) looks 

more decreasing as compared to the sagittal plane (S). At the start the tangential plane starts at 

(22, 1) whereas sagittal plane starts at (22, 0.97). Then from this we conclude that although the 

Tangential plane starts at higher value than the Sagittal plane, it rapidly decreases than the 

sagittal plane.  
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As refractive index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, 

the system stability lost and as radius of curvature increase, the stability decrease and vice versa 

and also, as inclination angle of spherical mirror increases , the stability decreases. 

Figure 4-4: Stability dependency on empty space (d1) for Gradient index lens for both planes. 

Here also, as it’s shown on the above figure 4.4, the system result lies in the stability parameter 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ). For this case relative to Brewster based of at 

d1, it’s more magnified system result.  Relatively the Sagittal plane is more magnified than the 

Tangential plane. Although the both have the parabolic shape due to 21 1 ( ) 1
2

A D
     , 

the sagittal plane is increasing whereas the tangential plane is decreasing. Here also, as refractive 

index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, the system 

stability lost and as radius of curvature increase, the stability decrease and vice versa and as 

inclination angle of spherical mirror increases, the stability decreases.  In comparison for both 
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Brewster plane and the sagittal plane at the same point (d1), the magnified result is obtained in 

Gradient index lens based for sagittal plane and the tangential plane looks the same for both 

components. 

4.6.2 Stability dependency on the empty space (d2) for both Brewster and Gradient index 

lens based resonator. 

 

Figure 4-5: Stability dependency on empty space (d2) for Brewster based for both planes 

For this case, the system lies in the stability condition of 21 1 ( ) 1
2

A D
     or (

1 1
2

r rA D
    ). 

In this case also the sagittal plane is more magnified than that of the Tangential plane and as 

distance increases T decreases and S increases. The same condition for d1 works here. 
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Figure 4-6: Stability dependency on empty space (d2) for Gradient index lens based for both 

planes. 

From this figure we understand that it fit the condition of stability 21 1 ( ) 1
2

A D
     or 

( 1 1
2

r rA D
    ). And the system result is decreasing as distance increase. In this case the 

sagittal plane is more magnified than the tangential plane showing the magnification property 

of Gradient index lens and it’s almost the same result with the Brewster based at the same 

position for both planes. Here also the sagittal plane is more magnified than the tangential plane 

when compared to each other. This shows as distance increase the system result/ magnified 

result decreases and vice versa for both planes. The same conditions for d1 works here also. 
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4.6.3 Stability dependency on the Spherical Mirror (M2) for both Brewster and Gradient 

index lens based resonator. 

 

Figure 4-7: Stability dependency on spherical mirror (M2) for Brewster plate based. 

Here from the simulated result above of figure 4-7, we understand as it shows the application of 

spherical mirror as reflecting or refracting of optical light rays. The result shows somehow the 

refraction application of the mirror. More, the Tangential plane shows this application and it lies 

in the stability condition 21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ). In this case, we 

observe that the tangential plane is more magnified than the sagittal plane. 

As refractive index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, 

the system stability lost and as radius of curvature increase, the stability decrease and vice versa 

and as folding angle of spherical mirror increases, the stability decreases. 
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Figure 4-8: Stability dependency on spherical mirror (M2) for Gradient Index lens based. 

Here also the system lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ). In this case, the tangential plane is more 

magnified than the sagittal plane and both planes are more magnified than in Brewster based for 

spherical mirror component due to higher magnification ability of Gradient index lens taken in 

order to get this refracted optical light ray and this generally shows the reflection or refraction 

property of the spherical mirror of beam rays while optical signal propagated and the refraction 

occurred. 

As refractive index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, 

the system stability lost and as radius of curvature increase, the stability decrease and vice versa 

and as folding angle of spherical mirror increases, the stability decreases. 
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4.6.4 Stability dependency on the Spherical Mirror (M3) for both Brewster and Gradient 

index lens based resonator. 

 

Figure 4-9:  Stability dependency on spherical mirror (M3) for Brewster plate based. 

Here also the system lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and the result shows the signal is refracted 

back by spherical mirror with the inclination of angle given to it in suitable form for optical light 

signal to be resonated. 

In this case also we see that the inclination angle of the spherical mirror is taken as 21o that is 

(α) and bear a resemblance to the folding angle for mirrors and properly 

matched with optical beam incidence angle. As the inclination angle increase the stability of the 

system decrease and much increasing of inclination angle lose the stability. The above simulated 

result is almost similar to that of figure 4.5 of M2. Additionally, as radius of curvature increase, 

the stability decrease and vice versa. 
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Figure 4-10: Stability dependency on M3 for Gradient index lens based. 

It’s known that the system lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and the result shows the signal is magnified 

due to Gradient index lens magnification property and the tangential plane is more magnified 

than the sagittal plane. Here, as the radius of curvature increase the stability decreases and as 

the inclination angle increases the stability of the system decrease and much increasing of 

inclination angle lose the stability and as refractive index increases the stability increases until 

2.5 and beyond it the system will become unstable. 
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4.6.5 Stability dependency on the Brewster and Gradient index lens. 

 

Figure 4-11: Stability dependency on Brewster. 

It’s known that the system lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and at the interface of d2 and d3 the signal is 

magnified and decreased respectively. When the tangential plane is decreasing constantly 

starting from the interface to the second interface of Brewster plane and the sagittal plane is 

increasing starting from the first interface to the Brewster length 17 mm and it’s decreasing after 

Brewster (19 mm) to the last interface, and we can conclude for this that the sagittal plane is 

more magnified than that of tangential plane  

As refractive index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, 

the system stability lost and as radius of curvature increase, the stability decrease and vice versa 

and as inclination angle or folding angle of spherical mirror increase from 21˚to 50˚, the stability 

decreases. 
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Figure 4-12: Stability dependency on Gradient Index Lens. 

It’s known that the system lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and as it’s known that the Gradient Index Lens 

is used for beam or optical signal magnification, as a result for the same data with Brewster 

based here, the simulated result is more magnified than that of Brewster based.  

As refractive index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, 

the system stability lost and as radius of curvature increase, the stability decrease and vice versa 

and as inclination angle of spherical mirror increases, the stability decreases. 

Here, we conclude that as Gradient index length increases the stability increases for tangential 

plane at higher values than mentioned on the figure, it loose it’s stability beyond this whereas 

stability decreases as Gradient index lens length increases for sagittal plane. 



 

   

49 

 

4.6.6 Stability dependency on the empty space (d3) for both Brewster and Gradient index 

lens based resonator. 

 

Figure 4-13: Stability dependency on empty space (d3) for Brewster based for both planes. 

It’s known that the system lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and similar to other lengths like d1 and d2 for 

Brewster based, the system has higher stability at its first interface (from Brewster to d3) and 

has lower stability at the start of next interface (d3 to M3).  From this while both planes lie in 

stability condition the sagittal plane is more amplified than the tangential plane. As refractive 

index increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, the system 

stability lost and as radius of curvature increase, the stability decrease and vice versa and as 

inclination angle of spherical mirror increases, the stability decreases. 
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Figure 4-14: Stability dependency on empty space (d4) for Gradient Index Lens based for both 

planes. 

This system result also lies in the stability condition of the resonator that is 

21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ). As refractive index increases from 1 to 2.5, 

the stability increases and for refractive index ˃2.5, the system stability lost and as radius of 

curvature increase, the stability decrease and vice versa and as inclination angle of spherical 

mirror increases, the stability decreases. 

Both planes are more amplified and magnified than in Brewster based when compared to each 

other and for both Gradient index lens based and Brewster plate based, as distance increase the 

state of stability decrease and when distance (d3) decrease stability increase for both plane. 
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 4.6.7 Stability dependency on the empty space (d4) for both Brewster Gradient index 

lens based resonator. 

 

Figure 4-15: Stability dependency on empty space (d4) for Brewster based for both planes. 

This is also similar to other empty spaces (d1, d2, and d3) and as it’s observed it obeys the 

stability condition of 21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and As refractive index 

increases from 1 to 2.5, the stability increases and for refractive index ˃2.5, the system stability 

lost and as radius of curvature increase, the stability decrease and vice versa and as inclination 

angle of spherical mirror increases, the stability decreases. 
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Figure 4-16: Stability dependency on empty space (d4) for Gradient index based for both 

planes. 

This is also similar to other empty spaces (d1, d2, and d3) and as it’s observed from the figure 

above, it obeys the stability condition of 21 1 ( ) 1
2

A D
     or ( 1 1

2

r rA D
    ) and in 

general,  in all stability dependency of d1, d2, d3 and d4, the sagittal plane is more magnified 

than the tangential plane which shows the sagittal plane is more distance dependent than the 

tangential plane and this is why sagittal plane is a plane containing the element’s optical axis 

and tangential plane is the plane containing all the resonator’s elements (the plane of an optical 

stand).  

Here also, as refractive index increases from 1 to 2.5, the stability increases and for refractive 

index ˃2.5, the system stability lost and as radius of curvature increase, the stability decrease 

and vice versa and as folding angle of spherical mirror increase from 21˚to 50˚, the stability 

decreases. 
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4.7 Gaussian beam propagation and beam magnification 

 

Figure 4-17: Beam radius variation throughout the cavity in presence of Brewster crystal. 

The beam size on the folding -range arms are larger than other arms and a sudden contraction 

in beam radius is recorded in between spherical mirrors (in between M2 to M3, in both models). 

It may be more interesting to note that, dual curve profile of beam radius variation are also traced 

in both plane of observation which are the consequences of existence of two different crystal- 

thicknesses for same state of stability Eventual and abruptly hike in beam radius at the surface 

of Cr plate is also appearing in the tangential plane due to refraction of the beam because of the 

refractive index of the crystal. Sharp fall or rise in beam radius along d1 and d2 depends upon 

the nature of spherical mirrors and its folding angles. Beam that comes closer to Brewster 

appears as a smaller beam spot especially for tangential plane. This means for this case minimum 

beam waist is found in tangential plane but due to Brewster presence at the middle showing it’s 

used for astigmatism compensation. This figure claims that with increase of length, beam radius 

increases and decreases in both plane (S, T) and at first and last interfaces the beam radius 

increases and decreases respectively. Larger beam radius found at the interface of spherical 
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mirrors M2 and M3 and sudden decrement of it occurred at Brewster interface and after 

spherical mirror respectively. As radius of curvature increases, the beam radius decreases and it 

operates for an interval radius of curvature of 23 mm-25 mm. 

 

Figure 4-18: Beam radius throughout the cavity in absence of Gradient Index Lens. 

Here since the presence of the Gradient Index Lens can be the cause of much increment of beam 

radius that is unwanted, we consider the absence of it.  As it’s observed from this simulated 

result, the beam radius is increasing from first folding arm to the first spherical mirror (M2) and 

after it decreases until it middle of second folding arm then after it’s increasing at the interface 

of the second spherical mirror (M3) then after it decreases. The beam radius is differently 

increasing at the interface of M2 and differently decreasing at outface of M3 and in both cases 

sagittal plane is more increasing than the tangential plane and between M2 and M3 both planes 

are overlapped and decreasing from M2 to half of the second folding arm and increasing from 

it to M3. As radius of curvature increases, the beam radius decreases and it operates for an 

interval radius of curvature of 23mm-25mm. 
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Figure 4-19: Wave front radius variation throughout the cavity in presence of Brewster plate. 

Radius of Curvature is observed to be equal to twice the focal length for spherical mirrors with 

small apertures. Here both planes wave front curvature lies in the stability condition for the 

system and it shows how wave fronts are useful for showing how waves move in 2 dimensions. 

The length between two lines on a wave front is exactly one wavelength. To summarize, we can 

say that a wave front is the set or locus of all the points in the same phase for both planes. From 

the figure we understand that the wave of light is travelling in two dimensions for both planes 

in the range of stability. 
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Figure 4-20: Wave front radius variation throughout the cavity in the absence of Gradient 

index lens. 

As it’s observed from fig 4.21 the wave front curvature radius exists for both tangential and 

sagittal planes and for the positive value of wave front curvature radius the sagittal plane is 

existed and it’s decreasing value until it reaches the 0 level and for all d1, d2, d3 and d4 values 

of an interval between ≈ 3mm to 80mm both plane overlapped and are at almost zero level and 

at 80mm for all elements to the wave front curvature radius the tangential plane is decreasing 

from zero to negative infinitive. As radius of curvature increases, wave front curvature decreases 

and the two opposite side waves diverged to their side to the small value and also as inclination 

angle increases wave front curvature decreases. 
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Table 4-5: Stability Intervals for proposed Resonator Components. 

N

o

. 

Element/ Parameter Stability 

interval for G1 

based 

Stability 

interval for 

F1 

based 

 

Description 

 

1 Flat Mirror  Has no value / 

impact 

Has no value/ 

impact 

Since has no value, it has no 

impact. 

2 Empty space (d1 = 

d4) 

22 mm 22 mm As d1 and d4 increase, stability 

and beam radius decrease. 

3 Empty space (d2 = 

d3) 

17 mm 17 mm As d2 and d3 stability and beam 

radius decrease. 

4 Radius of curvature 

(R2 = R3) 

25 mm 25 mm As R increases, stability and beam 

radius decrease. 

5 Refractive index (n) 1.3 - As refractive index increases, 

stability increases and beam radius 

decreases. 

6 Folding angle of 

spherical mirrors 

21˚ 21˚ As folding angle increases, 

stability and beam radius S-plane 

increase and T-plane decreases. 

 

7 Gradient indexlens 

(l) 

- 10 mm Both Stability and beam radius 

decrease. Where, l is the Gradient 

index lens thickness. 

8 Brewster (l) 10 mm - Both Stability and beam radius 

decrease. Where, l is the Brewster 

thickness. 

Note: increment and decrement of the parameters value beyond the indicated in the table may 

disturb stability of the system. 
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5. CONCLUSION AND RECOMMENDATION 

5.1 Conclusion 

In this thesis, the impact of Gradient index lens and Brewster crystal plate on the stability and 

beam characteristics of z-shaped optical resonator has been investigated. The responses of the 

stability region and output beam parameters with the variation of cavity parameters are also 

shown in this analysis. 

Depending on our simulation result we can conclude the following: 

 While positioning the Brewster crystal plate prevents the astigmatism effect for 

optical beam propagation, placing the Gradient index lens in the second folding 

range (between M2 and M3) achieves the beam size magnification across output 

range (M1).  

  In a two curved mirrors Z-folded cavity, it is discovered that the stability and output 

beam parameters of the cavity are independent of the location of the compensated 

crystal plate and Gradient index lens along the focusing arm.  

 Figures 4.11 and 4.12 for the same Brewster and Gradient index lens thickness show 

that the Brewster-based sagittal (S) has magnified almost continuously while the 

Gradient index lens has magnified the pulse rapidly in tangential (T) whereas in 

Brewster based the sagittal (S) has magnified almost constantly and this shows that, 

by small variation of Gradient index lens thickness, the system stability can be 

affected and lost. 

 Generally, based on figures 4.3 - 4.16, the responses of the stability region and output 

beam parameters with the variation of cavity components are also shown in this 

analysis and the proposed cavity may be highly compatible in signal amplification 

for ultra-short optical pulses (like solitons) future. The solitons based transmission 

provides dispersion free transmission in optical fiber communication which is the 

integral part of high speed generation (4G, 5G and 6G) technologies. 

 From figure 4.17, 4.18, 4.19 and 4.20, as radius of curvature and inclination angle of 

spherical mirror increase, the beam radius and wave front curvature decrease. 
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5.2 Recommendation 

In order to obtain a better, more stable, and magnified laser pulse, this thesis focuses on a 

comparative analysis of Brewster crystal plate-based Z-shaped optical ring resonators and 

gradient index lenses. Future research can explore what happens when the thickness of the 

Gradient index lens increases significantly and how the pulse loses stability. Future research can 

examine how the Brewster thickness (radius of curvature), which affects stability, affects the 

quality and strength of the pulse as the distance between components increases.  In both 

Brewster and Gradient index lens based systems, the modification will once again be necessary 

for tangential (T) and sagittal (S) planes. This can also be investigated in further research. 
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