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ABSTRACT

This dissertation focuses on a class of second-order two-parameter singularly perturbed
parabolic problems, with and without time delay. These problems exhibit narrow boundary
layers near the domain boundaries due to the presence of the perturbation parameters, as
well as an interior layer because of the presence of discontinuous data in the convection term
and/or source term. The rapid changes observed within these layer regions make analytical
solutions challenging to obtain, while standard numerical methods often fail to capture the
layer behaviors effectively. Consequently, the development of parameter-uniform numeri-
cal schemes for such singularly perturbed problems has become a prominent research area.
Based on our literature review, we have encountered two major difficulties regarding the so-
lutions to singularly perturbed problems. These difficulties include standard numerical meth-
ods failing to capture the behavior of the problem’s solution, as well as the need for improve-
ment in the accuracy of the solution obtained using existing numerical schemes. Therefore,
in order to address these challenges, the main objective of this dissertation is to formulate
and analyze fitted numerical schemes that exhibit convergence independent of the parame-
ters. Two effective approaches are explored: the fitted operator finite difference method and
the fitted mesh finite difference method. The fitted operator numerical methods are obtained
by replacing the perturbation parameter with positive functions. Alternatively, in fitted mesh
numerical methods, the successful approach of formulating a parameter-uniform numerical
scheme involves employing standard finite difference operators on a specialized piece-wise
uniform mesh condensed around the layer regions. These approaches yield uniformly con-
vergent numerical results, overcoming the limitations of standard numerical methods. In
this dissertation work, five uniformly convergent numerical schemes are formulated. Again,
the stability estimate of each scheme is established and the parameter-uniform convergence
of the schemes are investigated and proved. Various numerical experiments are conducted
to demonstrate the validity and applicability of the formulated numerical schemes, and nu-
merical results using Python and/or MATLAB tools are presented in tables and graphs. The
theoretical and numerical results confirm that the formulated schemes are more accurate

and uniformly convergent as compared to other existing literature.
Keywords: Delay differential equations, Two-parameter singularly perturbed problems,

Turning point problems, Boundary or interior layer, Fitted operator finite difference methods,

fitted operator finite difference method, and Uniform convergence analysis.
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CHAPTER 1

INTRODUCTION

In this section, we provide a comprehensive overview of singular perturbation problems and
present various models of singularly perturbed partial differential equations. We state the
specific problem that will be addressed in this dissertation work and outline the statement of

the problem, objectives, significance, and scope of the study.

1.1 Singular perturbation problems

The idea of singular perturbation problems (SPPs) was initially introduced by Prandtl (1904),
a German physicist and engineer, during his presentation on fluid motion with small fric-
tion at the 3" International Congress of Mathematicians in Heidelberg. At this time, he
demonstrated that fluid flow over a body can be divided into two regions, a boundary layer
region, and an outer layer region. However, the term singular perturbations was first used
by Friedrichs and Wasow (1946) in a paper presented at a seminar on nonlinear vibrations at

New York University.

Fluid and gas dynamics are described by Navier-Stokes equations (Miller et al., 1996). In
two dimensions, these are made of the following system of three nonlinear partial differential

equations for the conservation of mass, momentum, and energy

Jdp  dpu dpv
a ax oy =Y
dpv_ dlpw)  I(pvtp) | (9T 9Ty

or " ox Jy HFLox "oy

dpe 0 p 0 p
e CCHIEAEC)
d

0 0°T 9°T
(’/”:xx + VTxy) + = (MTyx + VTyy)) —k ( —) = 07

M 5% Iy o2 T oy

where p,u,v, and e are the dependent variables; p is the density of the material (fluid), u
and v are the components of the velocity of the fluid, and e is the internal energy. The
coefficients u and k are respectively the inverse of the Reynolds number Re and that of the
Prandtl number Pr. The components Ty, Tyy, Tyx, and Ty, of the viscous stress tensor T are

expressed in terms of the rate of change in space of the velocities by the relations:

Y 39x 39y’ Y 39x 39y YV Y ax 9y’
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Notice that the last three of the above-mentioned Navier-Stokes equations are of second or-
der. The order of these equations drops to the first order when setting 4 = 0 and k£ = 0.
The equations thus obtained are the Euler equations. The solutions of the Navier-Stokes
equations contain more integration parameters than those of the Euler equations, and conse-
quently, more boundary conditions are required to specify the solution of the Navier-Stokes
equations. For instance, the imposition of a condition of zero velocity (the 'no-slip” condi-
tion) at the surface of the plate in the case of steady, incompressible laminar flow over an
infinite flat plate is allowed for the Navier-Stokes equations but not for the Euler equations.

In this case, the 'no-slip’ condition creates a layer near the surface of the infinite flat plate.

'
> )
)
- >
> >

» Tt > 7 T

——>/ boundary layer
I I

Figure 1.1: The profile of a viscous flow for Euler and Navier-Stokes models (Miller et al.,
1996)

Differential equations (ODEs or PDEs) whose highest derivative terms are multiplied by a
small parameter, €, are said to be singularly perturbed. As € approaches zero, the problem
shows a singularity or a rapid change solution behavior. This singularity can make it difficult

to analyze and solve analytically.

Many real-life problems are modeled by parameter-dependent differential equations whose
solution behavior depends on the magnitude of the parameter. Depending on the location
of the perturbation parameter it contains, perturbation problems can be classified into two
categories. These categories are singular perturbation problems and regular perturbation

problems.

In a perturbation problem, if the solution can be approximated by setting the value of the
perturbation parameter equal to zero (i.e., € = 0), then the problem is called a Regularly
Perturbed Problem (RPP). Otherwise, it is called a Singular Perturbation Problem (SPP). In
other words, a singularly perturbed differential equation is one in which the highest-order

derivative term is attached to a small positive parameter. Otherwise, if the parameter is

Ph.D Dissertation 2
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attached to either of the terms other than the highest-order derivative term, it is called a
regular perturbed differential equation. Singularly Perturbed Problems (SPPs) arise in the
modeling of fluid dynamics, elasticity, quantum mechanics, reaction-diffusion processes,
chemical-reactor theory, plasma dynamics, meteorology, diffraction theory, aerodynamics,
the modeling of semi-conductors, hydrodynamics, and many other applied areas (Kevorkian
and Cole, 1981). These problems also frequently occur in applications including geophys-
ical fluid dynamics, oceanic and atmospheric circulation, chemical reactions, and optimal
control (O’malley et al., 1991). Singularly perturbed problems appear in various branches
of applied mathematics and physics, such as fluid mechanics, quantum mechanics, elasticity,
plasticity, semiconductor device physics, geophysics, optimal control theory, aerodynamics,
oceanography, and mathematical models of chemical reactions (Nayfeh, 2000) and also in
engineering, biology, and lubrication theory (Verhulst, 2005). The numerical solution of sin-
gularly perturbed differential equations exhibits multi-scale behavior. That means there is a
thin layer(s) of the domain where the solution changes rapidly or jumps suddenly, forming
a boundary or interior layer, while away from the layer(s), the solution behaves regularly or
changes slowly in the outer region. As a result, such problems are also called boundary layer

problems.

To determine the solution of singularly perturbed problems (boundary layer problems), there
are two approaches: numerical approaches and asymptotic approaches. The asymptotic ap-
proach helps us gain insight into the qualitative behavior of the problem and gives only semi-
quantitative information, whereas the numerical approach provides quantitative information
about the particular member of the family of solutions. Asymptotic methods require the
problem solver to have some knowledge of the behavior of the expected solution and treat a
comparatively restricted class of problems. Few researchers combined both of the above ap-
proaches to yield better results, for example, (Kadalbajoo and Reddy, 1989; Cengizci et al.,
2019; Salama and Al-Amery, 2015).

The classification of singularly perturbed problems as linear or nonlinear depends on the
form of the underlying equations. Linear singularly perturbed problems exhibit equations
that are linear in the dependent variables or their derivatives, while nonlinear singularly
perturbed problems involve equations that are nonlinear in the dependent variables or their
derivatives. Solving linear singularly perturbed problems can be challenging due to the pres-
ence of a specific parameter that leads to singularity within the solution region. Additionally,
the complexity of analyzing and solving nonlinear singularly perturbed problems is signifi-
cantly influenced by the existence of nonlinearity in the given equations, as nonlinear cases
often exhibit more intricate behavior, requiring the application of specialized techniques for

analysis.

Ph.D Dissertation 3
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1.1.1 Convection-diffusion problem

The convection-diffusion problem is a problem in differential equation form that combines
the effects of convection and diffusion in a physical system. It describes the transport and
distribution of a scalar quantity, such as temperature, concentration, or fluid velocity, in a
medium. Convection represents the transport of the scalar quantity due to the bulk movement
of the medium, whereas diffusion refers to the spreading or dispersal of the scalar quantity
due to molecular motion. The convection-diffusion equation combines these two processes
and mathematically describes how the scalar quantity changes with time and space. The
convection-diffusion equation finds applications in various fields, including fluid dynamics,
heat transfer, mass transfer, and chemical engineering. Solving this equation allows for the
analysis and prediction of the behavior and distribution of the scalar quantity in a given
system, considering the combined effects of convection and diffusion. The Convection-

Dispersion Equation (CDE) in one-dimensional has the following form:

0%u du @

b e Vox~ &

(1.1)

where D is dispersion, v is velocity, and u is concentration. The CDE in (1.1) is referred to as
the Convection- Diffusion equation with diffusion D. The concentration u(x,t) is a function
of space and time. Thus, we assume that D and v are real, scalar constants. From (1.1), the
dispersion term is D - d?u/dx> and the convection term is v - du/dx. In this model, when
the dispersion term is much larger than the convection term, the CDE behaves like the heat
conduction equation, which is a parabolic Partial Differential Equation (PDE). Again, if the
dispersion term is much smaller than the convection term, the CDE behaves like a first-order
hyperbolic PDE. The mathematical models which describe the CDE correspond to several
physical phenomena. For example, for modeling fluid flow the CDE equation can be used to

examine two important classes of PDEs (parabolic and hyperbolic).

1.1.2 Reaction-diffusion equation

The reaction-diffusion problem is a problem in differential equation form that combines the
effects of diffusion and chemical reactions in a system. It describes how the concentration of
one or more chemical species changes over time and space due to both diffusion and chem-
ical reactions occurring within the system. Diffusion represents the spreading or dispersion
of chemical species due to molecular motion, whereas chemical reactions involve the trans-
formation of one or more chemical species into different species. It finds applications in

various fields, including chemistry, biology, ecology, and pattern formation.
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A reaction-diffusion equation in one dimension is an equation of the form:
uy = DAu—+ f(u) (1.2)

where u = u(x,t). Then, (1.2) comprises a diffusion term and a reaction term, DAu and f(u),
respectively. Thus, the first term, DAu on the right-hand side describes the diffusion with the
diffusion coefficient (D) and second term, f(u) is a smooth function and describes changes in
the processes. That means f(u) is the reaction part. Both reaction-diffusion and convection-
diffusion equations appear in the form of singularly perturbed problems, and the following
examples are some model examples of convection-diffusion SPP and reaction-diffusion RPP,

which appear in the form of differential equations (ODEs or PDEs).

1.1.3 Turning point problems

Singularly perturbed problems, in which the convection coefficient vanishes at some points in
the domain of the problem, are called singularly perturbed turning point problems (SPTPPs),
and zeros of the convection coefficient are said to be turning points. Consider the following

two-point Dirichlet boundary-value problem:

Ly = — &yx(x) — p(x)yx(x) + q(x)y(x) = f(x) forx e (—1,1), (1.3)
with the boundary data
y(=1)=di, y(1)=d, (1.4)

where 0 < € < 1 is a constant and p(x) is assumed to be in C>[—1,1],¢ and f are required
to be in C'[—1,1], and d; and d; are given constants. In addition, we assumed that p(x) >
o >0, g(x) > B to obtain a unique solution for the given problem in (1.3)-(1.4). But, in our
assumption, if p(x) = 0, then the given problem depending on the sign of q(x). If q(x);0, for

all x, then the problem is oscillatory. If q(x);0 the solution would have a boundary layer.

The given problem has a turning point depending on the zeros of the smooth function p(x).
Let the function p(x) has a finite number of zeros located at points x,x...,x; in (—=1,1).
Again, we assume that these zeros of p are single simple zeros in (—1,1), and p(—1)p(1)
must not vanish(i.e. p(—1)p(1) # 0). Then, the points x; are called turning points of the

problem in (1.3) - (1.4). Again, bounds on the behavior near a given turning point x; depend

et | _alx) 0
pecifically on € and on the constant 8; where, 3; = ( ) (Bergeretal., 1984). If B; <0, it
Px \Xj

will be shown that y(x) is smooth (no interior layer) near x = x;; on the other hand if 3; > 0,

then there is an interior layer” at x = x;.

Ph.D Dissertation 5



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

In particular, the hypotheses

(1) p(0)=0, P'(0) >0,

(2 q(x) 24¢(0)>0, xe[-11], § (1.5)
(0

® W= e

guarantee the presence of an interior layer at x=0.

Two-parameter singularly perturbed boundary-value problems are applied in different fields
(such as in chemistry as chemical reactor Zahra and Mhlawy (2013)), in biological phenom-
ena. For example, population ecology, control theory, viscous elasticity, and materials with
thermal memory, hybrid optical systems, models for physiological processes, red blood cell

systems, predator-prey models, and so on (Duressa, 2021).

1.1.4 Boundary layers

Definition 1.1.1. (Miller et al., 1996) A boundary layer is defined as a region of the inde-
pendent variable where the dependent variable rapidly changes to satisfy the given boundary
conditions. On the other hand, the outer region is a region in which the solution behaves reg-

ularly and varies slowly

Again, in singularly perturbed problems, if the data given in the source term or the coefficient
term is non-smooth (has discontinuity), then the solution of the problems forms the layers

and these layers are called interior layers.

1.1.5 Delay differential equations

Definition 1.1.2. Delay Differential Equations (DDEs) are a type of differential equation in
which the derivative of the unknown function at a certain time is given in terms of the values

of the function at previous times. The n'" order DDE is given by

Ftou(t),u(t—m),...,ut =), @), t—n),...,u t—%),.-.,
u)(0),u) (1= 1) .. (1= 9) ) =0,

where F is a given functional and ¥;,¥i = 1,2,... k are given fixed positive numbers called

the delay parameters.

In general, a Singularly Perturbed Delay Differential Equation (SPDDE) is a differential
equation where the highest order derivative term is multiplied by a small parameter and
involves the inclusion of at least one delay term either at the space variable, time variable, or
both.
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In many application areas the models that describe the response of the system depend on the
history or delay of the system in a more complicated way. That is the inclusion of time delay
terms in the differential equations involves a small delay parameter. In most applications in
the life sciences, a delay is introduced when there are some hidden variables and processes
that are not well understood but are known to cause a time lag. Delay differential equations
have different applications in a variety of fields, for example in the bio-science of population
dynamics and epidemiology, where the delay is due to gestation or maturation period, in en-
gineering and numerical control, where the delay arises from the processing in the controller
feedback loop, in which the time evolution depends not only on present states but also on
states at or near a given time in the past. Singularly perturbed parabolic differential equa-
tions with delay in time are more practical as the time delay represents the time-lag or after
effect (Wang, 1963). These types of models cannot be modeled by conventional differential
equations, and hence make the delay parabolic equations more peculiar and have numerous
applications in science and engineering, especially in biological, chemical, electronic, and
transportation systems. Some of these include simulation of oil extraction from underground
reservoirs (Ewing, 1983), chemical processes (Adomian and Rach, 1983), fluid flows, water
quality problems in river networks (Roos et al., 1996), mechanical systems (Baranowski,
2010), control theory (Van Harten and Schumacher, 1978). To explain the motivation of the
time-delay parabolic partial differential equation, in a more precise way, we present some

singularly perturbed models with time delay that describe some real-world problems.
1. The Britton-model

du(x,t)

U euu(l—gru) with gwu= [ [og(x— vt —s)uly,s)ds

here, u(x,t) denotes a population density, which evolves through random migration
and reproduction (Ansari et al., 2007). A wide range of Delay Partial Differential
Equation (DPDE) models can be found in (Murray, 2002).

ii. A mathematical model for singularly perturbed parabolic DPDE of the overall control

system is represented by the equation

u\x “u(x u(x
d ((%,r) _ ¢ aiz,t) +vglu(x,t — 7)) (%) +cf [u(x,t — T)] — u(x,1)

defined on a one-dimensional spatial domain x € (0, 1), where v is the instantaneous
material strip velocity depending on a prescribed spatial average of the time-delayed
temperature distribution u(x,7 — 7), and f represents a distributed temperature source

function depending on u(x,z — 7). For more details, readers may refer to (Wang, 1963).
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iii. Hutchinson’s equation

du(x,t)  d*u(x,r)
PR + A (1 —u(x,t —1)),

which arises as a rough model for the evolution of a population in mathematical ecol-

ogy with density (Kumar et al., 2018)

To numerically solve singularly perturbed problems when analytical solutions are unavail-
able or more complex, various methods can be employed, such as finite difference methods,
finite element methods, spline approximation methods, and others. However, the standard
methods may not be able to accurately resolve the layers within the problem unless very fine
grids are utilized. Consequently, these methods may fail to provide a convergent solution
over the entire domain. Two non-classical Finite Difference Methods (FDMs) commonly
employed in solving SPPs are the Fitted Mesh Finite Difference Methods (FMFDMs) and
the Fitted Operator Finite Difference Methods (FOFDMs). Because standard finite differ-
ence methods do not provide stable solutions in the boundary layer region, in this disserta-
tion work, we use these two fitted numerical methods (FMFDM and FOFDM) to solve both

linear and nonlinear SPPs.

1.1.6 Fitted mesh finite difference methods

FMFDMs are numerical techniques used to solve singularly perturbed problems by discretiz-
ing the domain with a non-uniform mesh that is specifically designed to capture the features
of the problem, such as boundary layers or rapid transitions in the solution. These methods
are applied when there is a sharp transition or boundary layer in the solution of a differential
equation. The fitted mesh method is particularly suitable for handling such problems be-
cause it allows for the discretization of the computational domain in a way that aligns with
the well-suited structure of the solution. In FMFDMs, the computational domain is divided
into a set of grid points or nodes. However, instead of using a uniform grid, the nodes are
placed in a non-uniform manner to capture the features of the solution more effectively. Typ-
ically, the fining of nodes is done near the regions where the solution exhibits rapid changes

or boundary layers.

Fitted meshes through the redistribution of mesh points encompasses several approaches,
wherein the meshes are non-uniform within the given domain. Examples of such adaptive/-
fitted mesh techniques include Shishkin mesh, Bakhvalov mesh, Vulanovi¢ mesh, and Gart-
land moving mesh. To develop meshes for FMFDMs, we use the mesh generation strategy

using the boundary layer function.
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1.1.7 Fitted operator finite difference methods

The aim of FOFDMs is to replace the perturbation parameter with positive functions. The
key idea in FOFDM:s is to design finite difference approximations that are accurate and stable
for the given DE. Generally, FOFDMs are classified into two categories. The first category
is Exponentially Fitted Finite Difference Methods (EFFDMs) and in this method, the per-
turbation parameter is replaced by a positive exponential function to stabilize the singular
perturbation problem. The second category is the Non-Standard Finite Difference Method
(NSFDM). The basic idea of the non-standard finite-difference (NSFD) scheme was first in-
troduced by Mickens in his papers, (Mickens, 1994). Later, there is an important reference
book Mickens (2005) to the non-standard finite-difference (NSFD) scheme. Mickens be-
lieved that important benefits can be found with the use of appropriate 'non-local’ terms. In
these FOFDMs, denominator functions of the classical derivatives are replaced by positive
functions derived in such a way that they capture some notable properties of the governing

differential equation.

1.2 Statement of the problem

Two-parameter singularly perturbed parabolic differential equations with time delay have
many applications in different fields, for example, in engineering like the drift-diffusion
equation of semiconductor modeling (Polak et al., 1987), chemical reactor model (Chen and
O’Malley, 1974), and fluid dynamics (Schlichting and Kestin, 1961).

The nature of the singularly perturbed two-parameter problems changes depending on the
values of the perturbation parameters € and u. Specifically, when u = 1, the problem rep-
resents a convection-diffusion equation, and a boundary layer of width O(g) appears in the
neighborhood of the edge x = 0. On the other hand, when pt = 0, the problem corresponds to
a parabolic reaction-diffusion equation, and thin boundary layers of width O(+/€) emerge in
the neighborhoods of both x = 0 and x = 1. The behavior of these singularly perturbed prob-
lems is influenced by the ratio of u? to £. O’Malley (1967) introduced these two-parameter
problems and studied asymptotic expansions for their solutions. He noted that the choice of
the ratio u? /€ significantly affects the nature of these problems. When &/ u? tends to zero as
u approaches zero, the solution exhibits dissipative behavior. Conversely, when u? /€ tends

to zero as € approaches zero, the solution displays dispersive behavior.

Various methods have been developed to enhance the accuracy of the asymptotic meth-
ods proposed by O’Malley (1967) and other researchers for the numerical solution of two-
parameter singularly perturbed problems. In Patidar (2008) and Munyakazi (2015), nonstan-

dard finite difference methods have been employed for both stationary and time-dependent
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cases to effectively solve two-parameter singularly perturbed problems. In addition to non-
standard finite difference methods, several other numerical techniques have been employed
for the numerical solution of two-parameter singularly perturbed ordinary differential equa-
tions with smooth data. These techniques include higher-order methods, adaptive methods,
and exponential fitting methods. Works such as Das and Natesan (2013a); Das (2015); Das
and Natesan (2012,0,0); Dehghan (2004); Gracia et al. (2006); Kadalbajoo and Jha (2012);
Kaushik (2008); Kellogg and Tsan (1978); Linss (2010); O’Riordan et al. (2003); Vulanovié
(2001) have utilized these techniques. Moreover, research has also been conducted for non-
smooth data, as seen in Chandru et al. (2017); Shanthi et al. (2006).

Asymptotic methods can be used to give qualitative information about the solutions, for ex-
ample, to know the width and the location of layers. Numerical methods are used when
analytical solutions of singularly perturbed problems are not available. These numerical
methods can be used for linear or non-linear singularly perturbed problems with turning
point(s) or without turning point(s). The methods are finite difference methods, finite ele-
ments methods, spline approximation methods, and so on. However, standard methods fail
to resolve the layer(s) for all values of the parameter € unless a very fine grid is consid-
ered, which unfortunately raises the computational complexities. Again, in our literature
review, existing numerical methods show a lack of accuracy and simplicity of solutions for
two-parameter singularly perturbed problems. Therefore, in this work, we have formulated
fitted numerical schemes to improve the accuracy and minimize the computational complex-
ity of the existing schemes for both linear and nonlinear two-parameter singularly perturbed

problems.

1.3 Objectives of the study

1.3.1 General objective of the study

The general objective of this study is to develop fitted numerical methods for linear and

nonlinear two-parameter singularly perturbed problems with and without delay.

1.3.2 Specific objectives of the study
The specific objectives of this study are to:

* develop fitted numerical schemes for a class of linear two-parameter singularly per-

turbed problems with and without delay.

* formulate fitted numerical schemes for a class of nonlinear two-parameter singularly

perturbed problems.
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* establish the stability estimate of the developed numerical methods.

* analyze the parameter-uniform convergence of the proposed schemes.

1.4 Significance of the study

The result obtained from this study will contribute convergent theoretical and computational
results for the class of linear and nonlinear singularly perturbed two-parameter time-delay
parabolic problems. Furthermore, the developed numerical schemes are simple, easy to im-
plement, and provide more accurate results. They have the potential to serve as an alternative
approach to solving similar problems. The results of this study also contribute to the body of
knowledge, inspire many mathematics graduate students, and assist them in understanding

research and scientific procedures in this research area.

1.5 Scope of the study

This research study is concerned with the class of linear and nonlinear two-parameter singu-
larly perturbed problems with and without time-delay on a rectangular domain. In this study,

we consider the following problems.

Governing problem |

Consider a two-parameter singularly perturbed time delay initial boundary value convection-

reaction diffusion problem as

Lu(x,t) = €upe(x,1) + pa(x,t)u(x,t) —b(x,t)u(x,t) — uy (x,1) = — c(x,t)u(x,t — y) (16)
+f(x,1) (x,8) €D = (0,1) x (0,T] '

subject to

u(x,t) = ®,4(x,t), for (x,z) €[0,1] x [~7,0]
u(0,t) = ®y(x,1), u(l,t)=>.(x,1), forre|0,T]

(1.7)

where 0 < € < 1and 0 < u <1 are perturbation parameters, and y > € is a delay parameter.
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Governing problem Il

The second model problem is considered as

Le yu(x,t) = Euxe(x,1) + pa(x, t)uc(x,1) — b(x,t)us (x,1) — c(x,t)u(x,t) = f(x,1), (x,t) €D
u(x,0) =up(x), x€D,=10,1]
u(0,¢) =®(t), u(l,t)=d(t), t€bD,=][0,T]
(1.8)

such that D = D, x D; = (0,1) x (0,T] and € and pu are small positive parameters where
O0<e<landO<u<l.

Governing problem Il

A second-order two-parameter nonlinear singularly perturbed problem in the domain D =

(0,1) x (0,T] is considered for our third research study in the following form:

Lu(x,t) +u(x,t) = f(x,1), (x,2) € D
u(x,0) =g(x), xe D,=(0,1), (1.9)
u(0,¢) =s(t), u(1,t) =mf(t), t € D, =[0,T],

where Lu(x,t) = —€ug(x,1) + pa(x,t)u(x, )uy(x,t) — b(x, 1) (u(x,1))?, 0<e<1and 0 <
u < 1 are perturbation parameters. In Chapter 7, we propose a numerical method for this

model problem, along with its corresponding analysis.

1.6 Mathematical preliminaries

Definition 1.6.1. An M-matrix has non-negative diagonal entries and non-positive off-diagonal

entries. Specifically, an M-matrix is a matrix that satisfies the following conditions:
1. All of its diagonal entries are non-negative.
2. All of its off-diagonal entries are non-positive.

It is also known as a monotone square matrix with certain properties that make it useful in

various mathematical applications.

Definition 1.6.2. Finite difference approximations are numerical methods used to approxi-
mate the derivatives of a function at a given point. The basic idea behind finite difference

approximations is to replace the derivative of a function with a difference quotient involving
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function evaluations at nearby points. The most commonly used finite difference approxi-
mations include the forward difference, backward difference, and central difference approxi-
mations, and such approximations are derived using Taylor’s series expansion for any mesh
function u; at a mesh point x; with mesh size h = x;;1 — x;. The notations for the most com-

monly used finite difference approximations are given below.

D+u,- _ Mi+1h— Ui —|—O(h)

Dy =ML _h”"“ +0(h)

DOy; = “H it 2_hu"‘1 +O(R?)

8%u; =D D u; = s e ZLZ;— til + O(hz)

Definition 1.6.3. (Miller et al. (2012)) Let P; be a family of mathematical problems which
are singularly perturbed and parameterized by a singular perturbation parameter €, where
€ lies in the semi-open interval 0 < € < 1. Again, assume ug be the exact solution of Py and
UNM s the approximate sequence of numerical solutions, defined on meshes DV where N
and M are the time discretization parameter and space discretization parameter respectively.

UNM are said to converge e-uniformly to the exact solution

Then, the numerical solutions
ug, if there exists a positive integer Ny, and positive numbers C, p and q, all independent of

N and €, such that, for all N > Ny and M > M,

su max uNM _ <C(N"P+M1
0oeny OSi§N70§j§M} e | < CN™P+M )
Thus, p and g are called the €-uniform rate of convergences, and C is called the € uniform

error constant.

1.7 Organization of the study

This dissertation research is composed of seven chapters, and each chapter includes descrip-
tions of our study’s work. In Chapter 1, we discuss the introduction of singularly perturbed
problems. This chapter also covers a statement of the problem, study objectives, the scope
of the study, the significance of the study, and the scope of the study. This chapter also in-
corporates various mathematical preliminaries that are widely used throughout this research
work. In Chapter 2, we review recent related works on various forms of singularly perturbed
problems. In our review of the literature, we examined the methods used and identified gaps.
Chapter 3 of the dissertation covers the study area and period, study design, sources of infor-

mation, and study procedure. We will discuss the key findings of the dissertation works from

Ph.D Dissertation 13



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

Chapters 4-7. These chapters mainly focus on three main governing problems. Chapters 4
and 5 deal with the governing problem I and the formulation of a FOFDM and a FMFDM,
along with their respective analyses of the problems. In this chapter, we develop the FOFDM
for the considered problem. In Chapter 6, we formulate a nonstandard numerical method for
solving the governing problem II. Chapter 7 deals with the governing problem III, which is

a nonlinear problem.
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CHAPTER 2

LITERATURE REVIEW

This chapter provides an overview of the relevant literature in the field of singularly per-
turbed problems, specifically focusing on the development of numerical methods to solve

such problems.

2.1 Singularly perturbed problems

Several authors have developed uniformly convergent numerical methods for singularly per-
turbed time-dependent delay differential equations. For singularly perturbed problems, nu-
merous books or monographs have been seen as publications that are focused on either the
asymptotic approach or the numerical methods, such as Van Dyke (1975); O’malley et al.
(1991); Farrell et al. (2000); Holmes (2007); Nayfeh and Balachandran (2008); Roos (2008);
Shishkin and Shishkina (2008); Linf3 (2009); Miller et al. (1996). Again, there are some sur-
veys that are focused on such problems, for instance, Kadalbajoo and Reddy (1989); Kumar
et al. (2007); Kadalbajoo and Gupta (2010); Roos (2012); Duressa et al. (2023), which are

published in this area.

Furthermore, there have been several published studies on recently developed uniformly con-
vergent numerical methods for singularly perturbed problems. For example, Munyakazi and
Patidar (2014) formulated a fitted operator finite difference method for singularly perturbed

turning point problems of the form

Lu=¢eu" +a(x)u' —b(x)u(x) = f(x), xeQ=(-1,1), (2.1)
u(—1)=A, u(l)=B8B, (2.2)

where A and B are given real constants and € € (0, 1], and the coefficients a(x), b(x), and
f(x) are sufficiently smooth functions in Q. The suggested method is robust with respect
to the singular perturbation parameter € and is of order almost one. However, the authors

improve the accuracy of the methods by employing Richardson extrapolation.

Bullo et al. (2021a) considered the singularly perturbed parabolic reaction-diffusion IBVP

as

92 J
(ga_xg —bu— a_b;) (x,2) = f(x,1), Vx € @ = (0,1) x (0,1), @.3)
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subject to the initial and boundary conditions

u(x,0) = s(x), Vx € [0, 1],
u(0,2) = qo(t), u(1,1) = q1(z), vr € [0,1],

(2.4)

where € is perturbation parameter that satisfies 0 < € < 1 and assume that the coefficient
function b(x,7) > B > 0 is sufficiently smooth. The authors proposed a fitted operator finite
difference method to solve problems whose solution exhibits twin boundary layers. The

Richardson extrapolation technique was used to accelerate the rate of convergence.

2.2 Singularly perturbed problems with time delay

Singularly perturbed problems with time delays are mathematical problems that combine
differential equations with a singular perturbation parameter, €, and a time delay parameter.
These problems incorporate time delays, which introduce complexities by including mem-
ory effects and feedback dynamics in the system. The presence of time delay can lead to
stability problems, oscillations, or the emergence of complex dynamics (Zak et al., 2003).
The literature contains various numerical methods that have been developed specifically for
addressing these types of problems. These methods aim to accurately capture the dynamics
of systems with time delay, enabling the analysis and prediction of their behavior with im-
proved precision and reliability. For example, Ansari et al. (2007) investigated a singularly
perturbed delay parabolic equation with Dirichlet boundary conditions on I' =1"y UT, UT%,
where I'y = {0} U (0,T], T, = {1} U(0,T], T}, = (0,1) U(—7,0], and D = (0,1) x (0,T] of
the form
Lug(x,1) = (% — 8% +aug> (x,1) = —=b(x,t)ue(x,t — )+ f(x,2), (x,t) €D,
ug(x, 1) = ¢1(t), (x,0) €y, ue(x,t)=¢:(t), (x,7) €Ty,
ue(x,t) = @p(x,1), (x,1) €T,

where 0 < € < 1 and 7 > 0 (note that 7 = k7 for some integer k > 1 ) and the coeffi-
cients, a(x,t),b(x,t), f(x,1), (x,t) € D, and ¢ (), ¢ (x,2) and ¢.(¢), (x,t) € T, are sufficiently

smooth and bounded functions that satisfy

a(x,t) >0, b(x,t)=p=>0, (x,1)€D.

The authors employed a numerical method that utilized a standard finite difference operator
(centered in space and implicit in time) on a rectangular piecewise uniform fitted mesh con-

sisting of N, x N; elements (where N, represents the number of spatial mesh elements and N;
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denotes the number of temporal mesh elements). This method was particularly effective in
capturing boundary layer phenomena and demonstrated robustness with respect to the small
parameter. The numerical solutions obtained using this method exhibited uniform conver-
gence in the maximum norm to the exact solution across the entire range of parameter values
in the half-open interval (0, 1]. Specifically, it was established that the errors were bounded
in the maximum norm by O (Nx_ 2In® N, + N,_l).

Bashier and Patidar (2011) consider a singularly perturbed delay parabolic partial differential

equation of the form

2
Lu(x,t) = <% — 8% —l—au) (x,1) = f(x,t) —b(x,)u(x,t — 1), (x,1) €Q (2.5)

with the initial data

x,t) =0(x,t), (x,7)€]0,1]x[—7,0],
u(0,1) = Ty (1), 2.6)

where 0 < € < 1 is the singular perturbation parameter and 7 > 0O represents the delay pa-
rameter. The coefficients f(x,¢),a(x,t),b(x,t), and (x,t) € Q are sufficiently smooth and

bounded functions that satisfy

a(x,t) =0, b(x,t)=p=>0, (x1)€eQ.

The authors suggested a fitted operator finite difference method to obtain the numerical
solution. The developed method is unconditionally stable and convergent with the order
O(k+ h?), where k and h are respectively the time and space step-sizes, which is better than
the one obtained by (Ansari et al., 2007). Within this year, the authors also developed a
second-order robust fitted operator finite difference method for singularly perturbed time-
delay parabolic partial differential equations of the convection-diffusion type. The method
is constructed by replacing the classical differential operator with a fitted operator based on
Crank-Nicolson’s discretization. The proposed method is analyzed for stability and conver-
gence, and it is found that this method is unconditionally stable and is convergent with order

O (k* +h?), where k and h are respectively the time and space step sizes.

Singh et al. (2018) designed a domain decomposition method for solving singularly per-
turbed parabolic reaction-diffusion problems with time delay by discretizing the problem

using the backward Euler scheme in the time direction and the piece-wise uniform mesh of
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Shishkin type in the spatial direction. The researchers considered the problem as

Lu(x,t) +b(x,t)u(x,t — 1) = f(x,1), (x,t) €D (2.7)
with

u(x,t) =e(t), (x,t)el’y={0}x(0,T], (2.8)

u(x,t) =¢.(t), (x,t)el,={1}x(0,T], (2.9)

u(x,t) = ¢p(x,1), (x,1) €l =10,1] x [-7,0], (2.10)
where

Lu(x,t) := u; (x,1) — Eupe(x,1) +alx,t)u(x,1)

and

D:=Qx(0,T] = (0,1) x (0,T]

where 0 < € < 1,7>0and b <0,a+b > a > 0 on D. Thus, the proposed the method is
shown to be uniformly convergent, having almost second order in space and first order in

time.

Woldaregay et al. (2023) considered a singularly perturbed parabolic delay differential equa-
tion on the domain D = Q, x Q, = (0,1) x (0,7] with the boundary dD = D\D, where
D =Q,xQ;=[0,1] x [0,T], which is given by

ur — €ty +a(xX)uy + b(x,t)u(x,t) = —c(x,t)u(x,t — 7) + f(x,1), (x,7) € D,
(x,1) = @p(x,1), (x,1) € [0,1] x [-7,0],

u(0,1) = ¢u(1),1 € Q,

u(l,t) =¢,(t),t € Q

u

(2.11)

where € € (0, 1] is a perturbation parameter and 7 > 0 is the delay parameter. The termi-
nal time 7T is assumed to satisfy the condition 7 = k7 for some positive integer k. The
functions a(x),b(x,t),c(x,t), f(x,t) and @;(t),Pp(x,2),9,(¢) are assumed to be sufficiently
smooth, bounded and satisfy a(x) > a > 0,b(x,t) > > 0,c(x,t) > k¥ > 0, (x,t) € D. The
authors designed a fitted exact difference method for solutions of a singularly perturbed time
delay parabolic PDE, by utilizing the Crank-Nicolson method for temporal discretization

and fitted mesh exact finite difference method for spatial discretization.
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2.3 Two-parameter singularly perturbed problems

Two-parameter singularly perturbed parabolic differential equations with time delay find nu-
merous applications across various fields. For instance, in engineering, they are employed in
modeling phenomena such as drift-diffusion in semiconductors Polak et al. (1987), chemi-
cal reactor behavior Chen and O’Malley (1974), and fluid dynamics Schlichting and Kestin
(1961).

In various studies, different researchers have contributed to the development of such numer-
ical methods, ensuring their convergence and reliability. These methods enable the accurate
and efficient computation of solutions for two-parameter singularly perturbed parabolic dif-
ferential equations with a time delay. Some of such studies were found in O’Malley (1967);
Chen and O’Malley (1974); O’Malley (1979); Vulanovié¢ (2001); Roos and Uzelac (2003);
Gracia et al. (2006); O’Riordan et al. (2006); Patidar (2008); Kadalbajoo and Yadaw (2012);
Kadalbajoo and Jha (2012); Zahra and Mhlawy (2013); Munyakazi (2015); Chandru et al.
(2017,0); Govindarao et al. (2019); Sumit et al. (2020); Bullo et al. (2021b); Roy and Jha
(2022); Negero et al. (2023).

Patidar (2008) consider the singularly perturbed differential equation of the form

Le yu =¢u’ (x) + pa(x)u' (x) — b(x)u(x) = f(x),x € Q= (0,1), (2.12)
u(0) = a0, u(l)=ou, (2.13)

where 0 < € and u < 1 are two small parameters and the functions a(x),b(x), f(x) are suf-
ficiently smooth with a(x) > a > 0 and b(x) > B > 0;a, € R. In their work, the author
derived FOFDMs for a class of singularly perturbed two-point BVPs with two small param-
eters multiplying the derivatives. These methods are referred to as nonstandard finite differ-
ence methods (named NSFDM-I, II and III) and computed solutions with them for purposes

of comparison. The only difference between these schemes is the denominator functions.

Kadalbajoo and Jha (2012) considered the singularly perturbed convection-diffusion problem

as

Ly=—¢&y" —pa(x)y +b(x)y=f(x) xe€Q=(0,1) (2.14)

y(0) =yo, y(1)=y1, (2.15)

with two small parameters € and p satisfying 0 < € < 1 and 0 < u < 1. The functions
a(x),b(x) and f(x) are assumed to be sufficiently smooth with a(x) > o > 0,b(x) > B >
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0,b(x)/a(x) > 6 > 0,a,B,8 € R for x € [0,1]. The researchers used cubic splines to de-
velop an exponentially fitted difference scheme for a singularly perturbed ordinary differ-
ential equation with two small parameters affecting convection and diffusion terms. They
demonstrated that the solution to the considered problem has a boundary layer on the left
side of the domain and determined the bounds of the solution’s derivatives. Their approach

is also uniformly convergent at the first order.

Kadalbajoo and Yadaw (2012) consider a singularly perturbed two-parameter parabolic reaction-

diffusion boundary value problem defined on the domain D = Q x (0,7] with Q = (0,1).

2
€24 4 al) 2 b(u() - %= flxr). () €D, 2.16)
u(x,0) = up(x), xeQ, (2.17)
w(0,0)=0, u(1,1)=0 t€]0,T] (2.18)

with two small parameters 0 < € < 1 and 0 < u < 1, such that u?/e — 0 as € — 0. The
method combines a standard implicit finite difference scheme applied to discretize the tem-
poral direction on a uniform mesh using Rothe’s method with a finite element method em-
ployed in the spatial direction on a piecewise uniform mesh of Shishkin type. It has been
demonstrated that the method is unconditionally stable and achieves an accuracy of order
O(N~2(InN)? + At), where N represents the number of spatial grid points and At denotes

the time step size.

Zahra and Mhlawy (2013) considered two-parameter singularly perturbed semi-linear bound-

ary value problem has the following form
Ly(x) = —&5y" +e.p(x)y + f(x,y) =0, x€(0,1) (2.19)

where the boundary conditions are: y(0) = uy, y(1) = up, with two small parameters 0 <
g << 1,0 < g << 1, where p(x) and f(x,y) are sufficiently smooth functions and p(x) >
p >0, forx € [0, 1], assuming that f,(x,y) > 0. The authors solved the problem by employing

an exponential spline on a Shishkin mesh.

Munyakazi (2015) considered a class of time-dependent singularly perturbed convection-
diffusion problems with two parameters affecting the diffusion and the convection terms on
0=Qx(0,T],Q=(0,1),

d%u du du

Lyju= €57 + ua(x)a —b(x)u(x) — i flx,1), (x,1) € Q, (2.20)
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subject to the initial and boundary conditions

u(x,0) = up(x),x € Q, (2.21)
u(0,¢) =u(l,t) =0, €[0,T], (2.22)

with two small parameters 0 < €, 4 < 1. The functions a(x),b(x) and f(x,¢) are sufficiently
smooth and satisfy a(x) > o > 0 and b(x) > B > 0, @ and B are real numbers. The author
employed the classical backward Euler method to discretize the time variable and utilized
the nonstandard methodology introduced by Mickens on a uniform mesh to discretize the

space variable.

A numerical method was designed for two-parameter singularly perturbed parabolic convection-
diffusion problems with non-smooth data by Chandru et al. (2017). In this work, the authors
considered the two-parameter parabolic initial-boundary value problem (IBVP) on the do-
main I = Q, x €, which combines the reaction-diffusion and convection-diffusion terms

as

LS,,uy(xvl) = (SYXx+Nayx —by— Cyt) (xat) = f(xat)a (xat) S (F_ UF+) , (2.23)
y(x7 t) = p(x7 t)? (x7t) E Fc,y(x, t) = q(x7 t)7 (x7l) 6 F[7y(x7 t) = r(x7l)7 (x7t) E Fr' (2'24)

where, 0 < € < 1,0 < u < 1 are two singular perturbation parameters. The coefficient func-
tions b(x,t),c(x,t) are assumed to be sufficiently smooth functions on I" such that b(x,7) >
B > 0,c(x,t) > v > 0. In addition, we assume a(x,t), f(x,t) are sufficiently smooth on
(T~ UTI™) such that

a(x,t) < —oy <0,(x,t) €T”  and a(x,t) >0 >0,(x,t) €. 3)

In this research, o, o are positive constants with @ = min{ ¢, 0, }. In addition, the authors
assumed the jumps of a(x,r) and f(x,t) at (d,¢) satisfy |[a](d,?)| < C,|[f](d,t)| < C, where
the jump of w at (d,¢) is defined as [@](d,t) = ®o(d+,t) — ®(d—,t). Again, in the research,
the presence of discontinuity in a(x,#) and f(x,7) leads to an interior layer in the neighbor-
hood of the point of discontinuity of y(x,7) in addition to the boundary layer phenomena due

to the presence of perturbation parameters.

Govindarao et al. (2019) considered the two-parameter singularly perturbed delay parabolic

initial boundary value problem (IBVP) with Dirichlet boundary condition:
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(% +L8’“) u(x,t) =—c(x,t)ulx,t —7)+ f(x,1), x€Q=(0,1)x(0,7T],

M(X,t) = MQ(X,t), (X,t) € Iy, (2.25)
u(0,6) = ¢ (x,1), on Ty ={(0,6)|0<t<T},
u(1,6) = de(x,1), on  Ty={(1,0)|0<t<T}

where  Lg y = —€ux(x,t) — pa(x)uc(x,t) + b(x,t)u(x,t), Q= (0,1),G = Q x (0, T},

I'=T,Ul,Ul}, I and I; are the left and the right sides of the rectangular domain G
corresponding to x = 0 and x = 1, respectively. I', =[0,1] x [-7,0],0 < e,u < 1 and T > 0
are given constants. The functions a(x),b(x,1),c(x,t), f(x,¢) on G and ug(x,t), 9 (¢), P ()
on T, are sufficiently smooth and bounded functions that satisfy, a(x) > o > 0,b(x,t) > 0,
c(x,t) > B >00nG=[0,1] x [0,T]. Under these assumptions, the authors of this work used
the implicit Euler scheme on a uniform mesh for time variable discretization and the up-
wind difference scheme on the Shishkin-type meshes (standard Shishkin mesh, Bakhvalov-
Shishkin mesh) for spatial variable discretization to develop the numerical scheme. Addi-
tionally, they proved that the proposed method is uniformly convergent, parameter indepen-

dent, and achieves first-order convergence.

In the work of Sumit et al. (2020), the authors considered singularly perturbed delay initial-
boundary value problem in one space dimension with two small parameters on G = GUdG,
where G = (0,1) x (0,T] and G =T, UT, UT; with I, = [0, 1] x [—7,0],I'; = {0} x (0, T},
andI', = {1} x (0,7T] as

Lu=L¢yu—u =—cu(x,t —7)+ f(x,1) in G,
“’rb = @p(x,1),
ulr, = @i(t),
ulr, = ¢-(1)

(2.26)

where L¢ jyu := €uyy + Hauy, — bu with parameters € and  such that 0 <& <1,0< u <1.

The coefficients are such that

O<oa<a(xt), 0<B<bxt), 0<y<c(xt), (xt)eq.

The numerical method is constructed using a hybrid monotone finite difference scheme on
a rectangular mesh. The difference operator incorporates an implicit Euler method for time
and a hybrid scheme for space, which comprises central difference, upwind, and midpoint

operators. The method is demonstrated to be almost second-order convergent in space vari-
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ables and first-order convergent in time variables, regardless of the perturbation parameters.

Bullo et al. (2021b) proposed a robust finite difference method for solving two-parameter
parabolic convection-diffusion problems that are singularly perturbed. They then used Micken’s
type of discretization on a uniform mesh to discretize the solution domain using the fitted
operator approach. Their method is first-order convergent, and Richardson extrapolation

accelerates it.

A parameter uniform method for two-parameter singularly perturbed boundary value prob-
lems with discontinuous data was developed by Roy and Jha (2022) using an appropriately
defined Shishkin-Bakhvalov mesh type and the upwind scheme. Their scheme is first-order

parameter uniform convergent.

Negero et al. (2023) proposed fitted operator finite difference methods are presented for two-
parameter singularly perturbed one-dimensional parabolic partial differential equations with
a delay in the time variable. The authors considered the following two-parameter singularly
perturbed time-delay parabolic boundary value problem on the domain D = Q. x(0,T],Q, =
(0,1) as

£epu(x,t) = up — €y — pa(x,t)u, +b(x,t)u = g(x,t), x€ D (2.27)
with initial and boundary condition

1) =Wy(x,1),(x,1) €T =10,1] x [-7,0],
JI,={(0,):0<t < T}, (2.28)
JI,={(1,1):0<t <T},

where g(x,t) = —c(x,H)u(x,t —7) + f(x,2),(x,t) €D, 0<e<1,0<pu<land 7>0
represents the delay parameter. The functions a(x,t),b(x,t), c(x,t), f(x,1), Wp(x,t), ¥ (t)
and W, (¢) are sufficiently smooth, bounded functions independent of € and u that satisfy
a(x,t) > o > 0,b(x,t) > B > 0,c(x,t) > ¥ > 0,V(x,t) € D=[0,T] x [0,1]. To approximate
the solution to the problem, the researchers applied the Crank-Nicolson method for time
discretization, while the non-standard scheme was used for space discretization on uniform

meshes.

2.4 Nonlinear singularly perturbed problems

Nonlinear singularly perturbed problems are mathematical problems that involve nonlinear

differential equations with a small parameter. These problems often arise in various fields,
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such as physics, engineering, and biology, where the presence of a small parameter that af-
fects the dynamics or the boundary conditions of the system O’malley et al. (1991); Wineman
(2007); Nayfeh and Balachandran (2008).

Numerical methods have been developed to solve the singularly perturbed Burgers-Huxley
equation, a nonlinear partial differential equation that combines the Burgers equation and
the Huxley equation, for instance, Ismail et al. (2004); Kadalbajoo et al. (2005); Batiha
et al. (2008); Zibaei et al. (2016); Inan (2017); Appadu et al. (2019,0); Li-Bin et al. (2020);
Derzie et al. (2022,0). These methods address the challenges posed by the small parameter
in the equation, providing accurate and efficient solutions by discretizing the equation and

employing techniques such as finite difference, finite element, and spectral methods.

Derzie et al. (2022) considered singularly perturbed time-dependent Burgers-Huxley equa-
tion on the domain D = Q x (0,7] = (0,1) x (0, 7] as the form

u(x,0)=f(x), xeQ, (2.29)

where
Leu(x,t) = —€uyy + ouuy — B(1 —u)(u—7y)u

0<e<1l,a>0,8>0,y€(0,1) are real parameters, and the prescribed functions kg (z), h (¢)
and f(x) are sufficiently smooth and satisfy the compatibility conditions %((0) = f(0) and
h1(0) = f(1). The authors have developed a robust numerical scheme that exhibits uniform
convergence for the singularly perturbed time-dependent Burgers-Huxley partial differential
equation. The authors first discretize the time derivative of the equation using the Crank-
Nicolson finite difference method, and they obtained semi-discretized nonlinear ordinary

differential equations.

A robust analytical approach to the generalized Burgers-Fisher equation with fractional
derivatives including singular and non-singular kernels is developed by (Prajapati and Meher,
2022). The proposed method is based on the n-homotopy analysis method with a new inte-
gral transform, and a well-proven algorithm that quickly provides approximate solutions and
maintains excellent accuracy. Sawangtong et al. (2023) formulated an approximate analytic
solution for the multidimensional fractional-order time and space Burger equation-based
on Caputo-Katugampola derivative using the generalized Laplace homotopy perturbation
method.
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Standard numerical methods fail to capture the behavior of the solution for singularly per-
turbed problems due to the presence of certain parameters. Furthermore, the existing nu-
merical schemes discussed in the literature do not provide the desired level of accuracy for
the obtained solution. Consequently, there is a need to formulate new numerical methods
that can deliver improved accuracy. Within this dissertation, we have developed uniformly
convergent numerical schemes that exhibit better accuracy when compared to the existing

schemes.
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CHAPTER 3

RESEARCH METHODOLOGY

3.1 Study area and period

This study was conducted in Applied Mathematics, focusing on a class of time-delayed two-
parameter singularly perturbed problems. The solutions to the problems considered in this
study require accurate, stable, and uniformly convergent numerical schemes. The study pri-
marily focuses on exploring fitted numerical methods for both linear and nonlinear singularly
perturbed parabolic partial differential equations, with and without time delay. The study was

conducted from September 2020 to June 2024.

3.2 Study design

In this study both theoretical and experimental designs were used. The numerical experi-
mentation was conducted using MATLAB software and Python software, and the results are

given in the form of tables and plots.

3.3 Source of information

The relevant sources of information for this dissertation encompass a variety of books, previ-
ously published articles, and related studies accessible through Google Scholar. Additionally,
experimental results are obtained by writing and implementing computer programs for the

developed numerical schemes using the Matlab and Python software packages.

3.4 Development of the numerical method

This dissertation focuses on the development of numerical methods for solving linear and
nonlinear SPPs. Two methods, namely the FOFDM and the FMFDM are proposed. These
methods utilize finite difference techniques on either uniform or piecewise uniform grids.
The fitted operator finite difference method is employed on uniform grids. It replaces the
standard finite difference operator with a modified operator that captures the layer behavior
of the problem. On the other hand, the fitted mesh finite difference method is utilized on
piecewise uniform grids. This method involves modifying the mesh to adapt to the singular

perturbation problems, ensuring accurate solutions.
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3.5 Mathematical procedures

To achieve the stated objectives, the following general procedures are employed:

1.

2.

Describing the model problem.

Describing the analytical properties of the continuous solution.

. Develop numerical schemes for the considered problem.
. Establishing the stability and convergence of the proposed numerical schemes.

. Developing an algorithm based on the proposed scheme and writing MATLAB and/or

Python codes for it.

Testing the accuracy of the proposed scheme using numerical examples.

. Presenting the computed results using tables and plots.
. Comparing the obtained results with other existing schemes in the literature.

. Concluding the proposed methods.
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CHAPTER 4

A FITTED OPERATOR FINITE DIFFERENCE
METHOD FOR TWO-PARAMETER SINGULARLY
PERTURBED TIME-DELAY PROBLEMS

This chapter discusses parabolic convection-reaction-diffusion time-delay SPPs with two
small perturbation parameters. The solutions to SPPs exhibit boundary layers, which occur
near the boundaries of the domain. These layers are characterized by steep gradients or
sharp variations in the solution, leading to complex analytical solutions. To solve SPPs
numerically ( when analytical solutions are more complicated), one can use finite difference
methods, finite element methods, spline approximation methods, and others. But, unless very
fine grids are used, standard finite difference methods can not resolve the layers(s) and may
not provide a uniformly convergent solution throughout the given domain. The two fitted
methods used for solving SPPs are Fitted Operator Finite Difference Methods (FOFDMs)
and Fitted Mesh Finite Difference Methods (FMFDMs). In this chapter, we develop the
FOFDM for time-delay parabolic two-parameter SPPs. A parameter-uniform convergent

scheme is formulated on a uniform mesh following the methodology of Mickens (1994).

4.1 The governing problem

Consider the time-delay parabolic two-parameter SPP on the domain D = D U dD, where
D= (0,1)x (0,T] and 0D = L;UL; UL, with L; = [0, 1] x [—7,0] (delay interval), L; =
{0} x (0, T] (left side boundary) and L, = {1} x (0, T] (right side boundary) described as

Lu(x7t) - u,(x,t) = C(x,l‘)bl(X,t - ’}/) +f(x7t)7 (xat) S D7 (41)
with initial boundary data

u(x,t) =®y(x,t), (x,t) €Ly,
u(0,1) =P;(t), u(l,1)=d,(¢), t€]0,T],

(4.2)

where Lu(x,t) = €uy(x,1) + pa(x,t)uy(x,t) — b(x,1)u(x,t), 0 < e <land 0 < pu <1 are
perturbation parameters, and ¥ is a delay parameter. For the problem (4.1)-(4.2), we assume
that the coefficient a(x,t), b(x,t), c¢(x,t), f(x,¢) and initial-boundary functions ®,(z), ®,(¢),

®,(x,1) are sufficiently smooth on D. Additionally, we assume the boundedness of these
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coefficient functions as a(x,t) > a >0, b(x,t) > 8 > 0, and ¢(x,¢) > Y > 0, where «, 3, and
Y are constants independent of the perturbation parameters. At the corners of the domain,

the regularity and compatibility conditions are as follows.

u(0,0) =@;(0), u(1,0)=,(0), u(0,—y)=P/(-y), u(l,—y)=D(-7)
Additionally, at the corner (0,0), the following condition holds.

£(®q)xx(0,0) + a(0,0) (@¢)x(0,0)—b(0,0)(P4)(0,0) — (@4):(0,0)
= —(0,0)(®,4)(0,—7) + £(0,0)

Similarly, at the corner (1,0), the condition is:

&(Py)xx(1,0) 4 pa(1,0)(Pg)x(1,0)—b(1,0)(Pg)(1,0) — (Py):(1,0)
= _C(L())(q)d)(la_w +f(170)

These conditions ensure that the initial boundary data ®,(x,¢) satisfies the appropriate com-
patibility criteria at the corners (0,0) and (1,0). Based on the provided assumptions, it can
be concluded that the given problem in (4.1)- (4.2) possesses a unique solution within the

considered domain.

4.2 Properties of the continuous problem

In this section, we focus on the analytical properties of the governing problem (4.1)-(4.2) in
one spatial dimension within the defined domain D. We begin by stating and proving the

minimum principle and providing derivative bounds for the solution.

Lemma 4.2.1 (Minimum principle). (Kumar et al., 2020). Let ¢ (x,t) € C>'(D). If |5p >0
and (Lg’u — %) ©|p <0, then ¢|5 > 0.

Proof. The proof starts by assuming that there exists an arbitrary point (x*,7*) in the domain
D =(0,1) x (0,T) where the function ¢ (x*,7*) achieves the minimum value among all points
in D, i.e., o(x*,t*) = min{@(x,7)}, ;cp- Then assumes that @(x*,r*) < 0. Since (x*,1*) ¢
{0,1} x {0, T} (the boundary points of D), the proof applies the first and second derivative
tests for multi-variable functions. These tests allow us to conclude that at the point (x*, 1),
the second partial derivative with respect to x, @y (x*,7*), is non-negative, and the gradients

with respect to x and ¢ are both zero, i.e., V,¢(x*,*) =0 and V,@(x*,*) = 0. Next, the
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proof considers the operator <Lg7 w— %) ¢|p and evaluates it at (x*,7*), and it becomes

o\ o 7
-~ -~ -~ -~

>0 =0 >0 =0

d
(Lgnu - E) (P|D :f(Pxx(x*a t*l"}_ya(X*a t*)VX(P(X*7t*) _b(X*7t*)qD(X*7 t*) _Vl(p(X*vt*) >0

By substituting the values of the derivatives and applying the given coefficients, the expres-
sion simplifies to €@y, (x*,1*) — b(x*,*)@(x*,1*). Since @y (x*,t*) > 0 and b(x*,t*) > 0,
the term €@, (x*,t*) — b(x*,*)@(x*,1*) > 0. However, this contradicts the assumption that
(L£“u — %) ©|p <0 for all points in D. Therefore, the initial assumption that ¢ (x*,7*) < 0
must be incorrect. It follows that ¢ (x*,#*) > 0 for all (x*,#*) € D. Since (x*,#*) was chosen

arbitrarily, this implies that ¢ (x,¢) > 0 for all (x,z) € D. |

Lemma 4.2.2. (Kumar et al., 2020). The solution u of problem (4.1)- (4.2) satisfies the bound
Jul| < C. (4.3)

Proof. The proof starts by considering the function r(x,t) defined as r(x,t) = u(x,t) —
Op(x,0) for 0 <t < T and r(x,t) = u(x,t) — @p(x,7) for —y <t <0, where @(x,0) is a
smooth function and = 1. The function r satisfies the equation £¢ 7 —r, = s in £, where
s(x,t) is defined as:

s(x,t) = —c(x,t)u(x,t —y)+ f(x,1) — (237“ - %) Dy (x,0) =f — €Pyr(x,1) + pa(x,t)Dy(x,1)

—b(x,1)D(x,1) — c(x,1)P(x, — )

with boundary conditions r|r, =0, r|r, = ®;(t) — P,(0,0), and r|r, = P,(t) — P,(1,0). To
proceed with the proof, a barrier function g(x,?) is introduced. The barrier function is defined

as g(x,t) =Ct fort € [0,T] and g(x,t) = 0 for t € [—7,0]. It satisfies the equation:

d
<££,u - E) qg=—C(1+bht)

with boundary conditions ¢|r, = 0 and g|r, = ¢g|r, = 0. By comparing the absolute value
of (257“ — %) r with (28# - %) g in Q and considering the inequality |r(x,?)| < g(x,¢) on
0Q, it is shown that |r(x,#)| < g(x,t) holds in the closure Q. Then, by setting ¢ (x,0) = 0
and ¢ = 1, it follows that |u(x,1) — ¢»(x,0)| < Ct in Q. Since ¢, (x,0) is a smooth function
andt € (0,T] in Q, the desired result ||u|| < C is obtained. For more detailed calculations and
arguments, please refer to the proof provided in the referenced paper Kumar et al. (2020).

|

Lemma 4.2.3. (Kumar et al. (2020)) The derivatives of the solution u of problem (4.1)- (4.2)
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1
Vo

satisfy the bounds for all non- negative integers i, j, such that 0 < i+2j <4 are given by
2

’ N C(%)i(%)j, when o’ > ne

Proof. The proof of this Lemma involves transforming the problem using stretching vari-

Siti, when ap®> < ne

oxidtl

ables and applying the methods of steps to obtain bounds on the derivatives of the solution
u. The lemma provides bounds for the derivatives of u in terms of the parameters €, U, «,
and 1. The proof considers two cases: ou? < ne and o> > ne. In each case, a suitable
stretching variable transformation is applied to the problem to obtain a transformed problem
in a new domain. The methods of steps are then used to derive bounds on the derivatives of

the transformed solution.

In the first case, where Oc,u2 < ne, the stretching variable £ = x/ V€ is introduced. The

transformed problem is analyzed using the methods of steps, and it is shown that for i, j € N
+ig 1

———|| < C———. Finally, b

oxor || = (e Y

returning to the original variables, the desired bounds on the derivatives of u are obtained.

with 0 < i+ 2j <4, the derivatives of 7 satisfy the bound

In the second case, where au? > ne, stretching variables ¥ = px/€ and 7 = u’t /€ are used.

The transformed problem is analyzed similarly, and for i, j € No with 0 <i+2j <4, the

itig N 2\’
derivatives of i satisfy the bound || =——==|| < C <—) — | . Again, by transforming back
dxidti € €
to the original variables, bounds on the derivatives of u are obtained. The details of the proof
can be found in Kumar et al. (2020). [

4.3 Derivation of the numerical scheme

In this section, we develop a numerical scheme for discretizing the temporal and spatial
domains, as well as the given singularly perturbed problem described in equations (4.1)-
4.2).

4.3.1 Semi-discrete scheme using temporal discretization

In this section, we will discretize the temporal domain by dividing the given time interval
[0,T] into a uniform mesh, and we choose a parameter y such that 7 = k7Y, where k > 1.
Again, we define two sets of mesh points: DM, which consists of all mesh points in [0, 7],
and DY/, which contains all mesh points in [, 0]. Specifically, we have:

T
DM — {tj=jAt,j=0,1,2,.. . M,tyy =T,At = 1\_/[}’ and
Dg/n = {tj :_]Al’,] 2071727"'7m7tm = ’}/’Al‘ — E}
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Here, M represents the number of mesh points in the time interval [0, T], and m represents
the number of mesh points in [—7,0]. To semi-discretize the continuous problem, we employ
the Crank-Nicolson finite difference method in the temporal direction. The derivation of the
Crank-Nicolson scheme for U;(x,;) at the (x, j+ 1/2) time step involves utilizing Taylor’s
series expansion for U/! and U/, the procedure is as follow.

Ut (x) = U2 () +

ganH/z(x) N (At>21(92U‘/+1/2(x) N (At)3183Uj+1/2(x) N

2 ot 2/ 2 or? 2/ 31 o3
(4.4)
; ; At QU2 (x A\Z 1 Q2U/+1/2(x A3 1 93Uty
UJ(X):U””Z(X)‘zaz()*(z) 2!az2<)_(2) N
4.5)

By subtracting equation (4.5) from equation (4.4), we eliminate the term U/ +1/2 (x) and by

simplifying the result, we get

U/t (x) - U/ (x) _ AU/ (x)

> o),

and the local truncation error T7/+1/ 2(x) of this discretization is given by:

At)3 a3Uj+1/2(x)
24 13

TIH12(x) = ( + H.O.Ts (higher-order terms).
By rearranging the problem in (4.1) using the aforementioned discretizations, we can express

the semi-discretized scheme as follows:

u(x,tjy1) —u(x,t;
( /+1)At ( J):guxx(x,tj+1/2)+Ha(xatj+l/2)MX(x?tj+1/2)

—b(x,tj1 p)u(x,1j512) = f(x,2j112) + O((Ar)?)
—c(x,tj4172)Pa(x) (4.6)
for j=0,1,---,m

—C(xatj+l/2)”<x7tj+1/2_m)
forj=m+1,--- . M—1

where

f(x>tj+l) ‘I'f(x?tj)
2

ulx,tiy1) tulx,t;

Lemma 4.3.1 (Semi-discrete minimum principle). Assume that [LMU/T(x)| is the discrete
operator given in (4.6) and @’*!(x) is any mesh function satisfying (pj+1(x)|aD > 0 and
[LM(pj+1(x)] }D <0for0<j<M, then (pj“(x)‘l-) >0
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Proof. Let s* € D be any arbitrary point such that ¢/*!(s*) = minycp ¢/*!(x). We show
that ¢/*1(x) > 0 for all x € D. For the sake of contradiction, we supposed that there exists a
point s* € D such that /! (s*) < 0. Since ¢/*!(x) is a mesh function, it can only take values
at the mesh points but not the boundary points. That means (s*,#;41) & {(0,2j51), (1,¢j41) }.

Again, by applying first and second derivative tests, we have
4 (/1 (s*)) =0and L (/1 (s%)) >0
dx dx? -

and hence

ngufpjﬂ (s")Ip :f(Pxx(S*ath/zerlja(S*afj+1/2)‘Px(S*7fj+1/2) —gb(S*»fj+1/2)€0(5*,fj+1/2)))J

-~ -~ -~

>0 =0 <0

>0

which is a contradiction to the given hypothesis, so that the assumption is wrong. Therefore
the assumption ¢/*!(s*) < 0 is wrong. Hence, we conclude that @/*!(s*)|p > 0. Since s* is

chosen arbitrarily @/*!(x) > 0 for all x € D. |

. 9 u(x,1)
Lemma 4.3.2. (Estimate of local error). Suppose that || T!

| <C,(x,t) €D,k=0,1,2.
The error estimate in temporal direction ey = U/ (x) —u(x,tj+1) for sufficiently large
constant C is

lej+1] < C(Ar).

Proof. From the Crank-Nicholson finite difference method of temporal discretization, the

fourth-order Taylor’s series expansion, we have

U/t (x) - U/ (x) _ AU/ (x)

3
m 5 +0((&r)*). 4.7)

Using (4.7) into (4.1)-(4.2) , we get
Le ! (x) = ul ™! (x) + O((41)?)
Again, we apply the semi-discrete minimum operator for e, |, and then we have
Ly’ (x) = o((ar)?)
Then, by Lemma 4.3.1 the local error is bounded and given as

lej1]| < Clar)?
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Lemma 4.3.3. (Estimate of global error). The global error, Ej = U/ (x) — u(x,t; of the time

discretization satisfies
|E/|| < c(an?.

where C is a constant independent of €, L and At.
Proof. By using the estimation of local errors, the global error at j+ 1 nodal points is given

as

J
Zel a](AZ) S T
1=1

|E1[ =

= He1 +er+es —|—e4—|—...—i—ejH
<lle1|l + lle2|| + lles|| + llea|| + .. + Hej||
< C1 (A1) +Co(A)? +C3(Ar)? + Cy (A1) + ...+ Cj(Ar)?
<c'(j)(ar’
T

T
< C/E(Al)3 = C'T(Ar)?, because j < A

< C(Ar)?, where, C=C'T

Thus, the semi-discrete scheme is convergent of order two in time. |

Lemma 4.3.4. Let U’ (x) be the semi-discrete solution of (4.1)-(4.2). For a certain order of
derivative q that depends on the smoothness of data U/ (x), it satisfies the following bound:

dU/(x)

P <C <1 +®§e_p®1x+®§e_p®2(l_x)> , for0<¢& <gq,
x

where p is any real constant such that 0 < p < 1.

Proof. To prove the bound for the derivatives of U/(x), we use the smoothness properties
of the semi-discrete solution and the exponential decay estimates for the coefficients ®; and

©,. Let us consider a specific derivative order £ with 0 < & < g. We need to show that

dU/(x)

d Z <C <1 —I—@fe—P@]x_‘_@ge—p@z(l—x)) :
X

holds for some constant C. From the semi-discrete solution U/(x), we know that it satisfies
the system of equations (4.1)-(4.2). By differentiating these equations & times with respect
to x, we obtain a system of equations involving the derivatives of U/(x) up to order &. Using

the exponential decay estimates for the coefficients ®; and ®,, there exist positive constants
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ay, ap, and p (where 0 < p < 1) such that:

01 < aje PO, @, < aye P17V,

for all x € [0, 1]. These estimates indicate that ®; and ®, decay exponentially as x approaches
the boundaries of the interval [0, 1]. The constants a; and a; control the rate of decay, while
p determines the speed of exponential decay. we can estimate each term in the system of

equations. Specifically, we have:

d5U/ (x)

& —pOx & —pO,(1—x)
<
= _c(um@le |+ |@5e \)

=C (1 +®§efp®lx+®§e*p®2(lfx)> ,

where C is a constant that depends on the smoothness of the solution and the coefficients of
the system. Therefore, we have shown that for each derivative order & with 0 < & < ¢, the
bound holds:

dUJ(x)

— 57| <C (1 1@ PO @ge—p@)z(l—x)) |
X

This completes the proof of the Lemma. |

4.3.2 Full-discrete scheme using spatial discretization

To discretize the spatial domain, we consider DV, that denotes the interval [0, 1], and then

divide it into N sub-intervals such that
x0=0, xy=x0+h, o=x1+h=x0+2h,x3=x+h=x0+3h, - xy=xy_1+h=x0+Nh=1

Then, the discretization of the rectangular domain is D¥¥ = (DY x DM)uU (DY x D™), and
also the discretization of the boundary data and boundary conditions is 9DV = Lg’ My
LM UMM where LYM = DV x D, "M =DV Ly, LM =DVNL,. And D" de-
notes the uniform temporal meshes in [—7,0]. Again, using the space discretization, we can

rewrite the semi-discrete scheme as
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Ny g Wi tien) —u(xist)
[L : U],- = A = Eltyy (xi,fj+1/2) +uaxi, iy 2)ux (xi,fj+1/2)

—b (xi,tj172) u (xist11/2) = f (xistj1/2) + O ((A2)°)
—c (xistj11/2) Palx) (4.8)
for i=0,1,---,N, j=0,1,---,m

+
—C (xiatj+l/2) u (xiatj+l/2—m)
for

i=0,1,- N, j=m+1,- ,M—1

Next, the the resulting discretized equation in (4.8) can be rearranged using a nonstandard
fitted operator finite difference method following the steps in Mickens (1994).
(LMY =3 8207 + wa T DTUT b 0P + 6820 + pa/DEU! blUf | - DU

F/ i=0,1,2,---,N—1, j=0,1,2,--- . M—1
4.9)
where
j j 4L i j Jo i
+r7d i+1 Jj+1/2 U 2 (Ui =207 +uiy
Dx Ul — 1 hx 4 , D[ Ul — 1 At l 5x Ul — ( l ¢i21 1
j+1 i+1 i+1 j+1 i+1
Dyt — Ul -/ S2UH UL —207 +ul
x Yi hx ) x i ¢i2
and
i+l jx +1 ' .
T eu T =l ey + T ) for j=0,1,-- m
Fl = (4.10)
l . . . . . . .
% [_c{—HUij—m-H _cl!UiJ—m+]pl/+1 _}_fij} , fOl‘j: m+1,--- ,M—1

where the denominator function ¢l.2 is given by

O (he.n) = 0F = o (exp (@) - 1)

Eq. (4.9) can be written in compact form as

MU = stull s suit s sTul = B - stul, - stuf - stul, @an
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where

The idea for the derivation of the denominator function consists of taking a homogeneous
form of the given equation with constant coefficients, and then forming an exact scheme for

it following the steps in (Patidar, 2008).

4.4 Discrete stability and uniform convergence analysis

In this section, we will examine the stability and uniform convergence of the proposed

scheme.

Lemma 4.4.1 (Discrete minimum principle). Assume that [LN M Uij H} is the discrete opera-

tor givenin (4.11) and (pij is any mesh function satisfying (pJ i+ ‘8DN ” >0and [LN M (plj H]

<0 for 0<i<N,0<j<M, then ¢""' >0

DNM —

j+1

Proof. Assume that ¢/*! = min; ; ¢; Jtl c pNM

for ¢; , where s and [ are indices. To
create a contradiction, let us assume that @/*1 < 0. It is clear that (s,l) ¢ {0,N} x {0,M}
because /"1 > 0. From the assumption ¢/™! < 0, we have ¢/| — /™! > 0 and ¢!*! —

@] < 0. We consider the expression LV gl *1:

I+1 Ly glt! ! I+1
[NM i+t (‘Ps+1 2(Z>S+ + o >+”aé+1 (‘Ps+12“l’s+ )—bé“(pﬁ“
S \)
/AN A R NG R IS | I+1 | o141
N e A e +pualt! O+ _pltigitl s
h&' ,ua(xé)h _ S hs S S
ate) \&XP (=~ 1

The above inequality contradicts the assumption that LN¥ ¢!*! < 0. Therefore, we conclude
that @/*! > 0. Since the indices s and [ were chosen arbitrarily, we can conclude that (pj H

0 for all (i, j) € DNM, u

The above Lemma states the discrete minimum principle and proves that the mesh function

is always non-negative.
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Lemma 4.4.2 (Uniform stability estimate). At any time level t}, if Zij s any mesh function

such that Zé“ = Z]j\;rl =0, then

1 .
5 max ‘LNMZ{H‘  for0< j<M.

Zij+1‘ <

Proof. To prove this lemma, the concept of barrier functions ((pi)lj and the discrete mini-

mum principle are utilized. Two barrier functions are defined as follows:

(H)/ " =R+Z/M,

1

where
1 i1
R=— max ‘LN’MZihL ’
1<i<N—1

Consider the expressions LV (¢i>é+1 and LN-M ((pi)]’;,ﬂ :

NM ()it ] 27 j+1 TR R R TR :
L% _%1522}\)7(—1’(85"[]" +Ha DU = b )"1§]§M_1

. 1 . . . . .
INM (ot 71! =5, ’ (gészif“ +pa/ DU - b{“U{“) ( A<j<M—1
Using the properties of the barrier functions and the fact that Zé“ = ZZ{,H = 0, we can
simplify the above expressions and obtain:

MM (9*)y" 20, MM (p%) 2 0

This is because a(x,7) > o > 0 and b(x,t) > 3 > 0 for all x and 7. By applying the dis-
J+1

i, we conclude that

crete minimum principle (Lemma 7) to the expressions LV (¢¥)
((pjt){+1 > 0 for all i. Thus, we have:

+7/t"'<R or —R<Z/"' <R

which implies:

, 1 .
Z{“‘gR:_ max ’LNMZ{H‘.
2 1<i<N—1

Therefore, the lemma holds. [ |

This lemma shows the uniform stability of the operator LN™ . In the following two lemmas,
we analyze the convergence of the scheme in (4.9) using the bounds of the truncation error

in both variables.

Ph.D Dissertation 38



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

Theorem 4.4.1 (Error estimate in the spatial discretization). Let U/T!(x;) and Ul.j 1 are the
solutions of (4.6) and (4.9), respectively. If N and C are mesh numbers and sufficiently large

constants, then the following error bound holds.

N.M ; il C
legﬂ“@g—q”>‘gﬁ. 4.12)
Proof. To prove this theorem, we use the differential and difference equations and then
define the error as follows:

Ly (U(xiyfm) - Uin) =LYy (Ui ti)) —LEy (U'j+1)

1

d*UiH (x; . AUt (x; . . .
—e_ e (x ) +.uaj+1(xi) dx(x) _bj+1(xi) _ [86)52 —|—,uaf+1(xl~)Dj _bj+1(xi)]
d*U (x) AU () (4.13)
—E g TR ) =)
€ j+1 j+1 j+1 pa’ () (i j+1 i+1
- |:¢12 <Ui]+1 —2u; +u{71) T (U{H -Uj ) — b (%)

. . i1 i1 1
Now, the Taylor’s series expansion of Uij++1 , Ul.’_ +1 and —— are:

1

M N h? d2U1+1(xi) n & d3Uj+1(xi) h4w

j+1 R n- n n
v vt dx 2! dx? 3! dx? +4! dx*

it = & e (xiz1,Xit1)

W) R U )R U )| U E)

j+1 i+1
Ut =u/t —h & € (xio1,Xit1)

dx 20 dx2 31 43 4 dxA
1_ 1 _ 1 et (pal ()
27 ta(xi)h K2 2¢eh 12¢2
# gt (e () 1)

Using these substitutions in (4.13) and applying some simplification gives:

U () pat () U ()
JH Yo ! l
([.La (X,) dxz 2 dx2 > h+
(al ! (0))* d*UT (i) pal ! () PPUTH ()
1282 dx2 6 dx3

(4.14)

>#+m#)

Again, using the bounds of the derivatives in the Lemma 4.2.3, we can describe the bound of

the error below.

Ly <U(Xi,fj+1) - Uin)‘ =

N.M NM (,j+1
Lejy (U(xistj1)) = Lejy (Uij+ )‘

< Cih+Ch? + .. (4.15)
C

<Ch=—

= N
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Remark 4.4.1. The problem in (4.1)- (4.2) exhibits two boundary layers with different widths

depending on the relation between the two parameters € and [L.

1. ifu*><eiep®/e — 0ase— 0, then boundary layers of width O(:/€) is expected in
both neighborhood of x = 0 and x = 1.

2. ifu®>eiee/u* — 0as u — 0, a boundary layer of width O (ﬁ) is predictable in a
left neighborhood of x = 0, and a boundary layer of width O(WL) is expected in a right
neighborhood of x = 1.

Combining Lemma 4.3.3 and Theorem 4.4.1, we can state the following theorem as the main

result.

Theorem 4.4.2. (The main result) Let u(x,t) be the solution of (4.1)- (4.2) and Ul.j+1 is its
numerical approximation obtained using (4.9). Then there exists a constant C independent

of €,l, h and At such that

1) —U.j“‘ < C((A1)*+h). 4.16
e el =0 | sc@ien e

Proof. To prove this Theorem, we take the left side of (4.16), then apply triangular inequality
by using the semi-discrete solution, U/*!(x;) as follows

N it N it JHLy j+1‘
OSiSII{II,%)S(jSM u(xi,tjiy1) —U; ogigrz\rll,%)g(ng u(xi,tjiv1) = U7 () U (x) = U
<  max ’u(xi,tj+1)—Uj+1(xi)‘+ max ‘Uj“(xi)—Uij+1

~ 0<i<N,0<j<M 0<i<N,0<j<M

4.17)

Using the error bounds of Lemma 4.3.3 and Theorem 4.4.1 for the result in (4.17), we get

ey it j+1_j+1‘<A2
ogigrlxrll,%éng‘u@”th) U (x)’+0§i§?vl,%)g(ngU (x)=U; < C(Ar)*+Ch

<C((At)*+h).
Hence,

i+1
max ulxi, it —U.J
0<i<N,0<j<M ( ) 1) l

< C((Ar)? +h).
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4.5 Numerical results and discussion

To demonstrate the effectiveness of the proposed scheme in (4.9), we have implemented the
following example. In this example, we have computed the maximum absolute error and the

rate of convergence using the double mesh principle given in Doolan et al. (1980).

N.M :
Errg) = max |UN M (x;, t i)—U N2M (30 1) j)‘ (maximum absolute errors)
’ 0<i,j<N.M
N.M Errgﬁw
Roce )y =logy | ——=x75 (rate of convergence)
I'Te, “’

Example 4.1. Consider the following time-delay problem Kumar et al. (2020):

Eutyy(x,1) + (1 +2x)up(x,1) —u(x,1) — e (x,1) =

—u(x,t — 1) +16x*(1 —x)2, (x,¢) € (0,1) x (0,2]

u(x,t) =0, (x,2)€10,1] x [—7,0]

u(0,1) =0,u(l,t) =0, 1€]0,2]
In Table 4.1 and Table 4.2, we computed the maximum absolute errors and the corresponding
rates of convergence for the developed numerical scheme for Example 4.1. Thus, the results
are presented using p = 1073 and different values of € as shown in Table 4.1, and using
€ = 1073 and different values of u as shown in Table 4.2 with the discretization parameters
N and M varying with the same ratio (N and M both multiplied by 2). Here, we see that the
rate of convergence of the developed fitted operator finite difference scheme is very close to
one(confirm the spatial order). Again, the result in Table 4.3 is computed using g = 1073
and different values of € with the discretization parameters N and M varying with the ratios
of 4 and 2 respectively and the rate of convergence is still first order. Table 4.4 shows the
comparison of our scheme with the reference cited in Kumar et al. (2020). The comparison
confirms that the maximum absolute errors, £ rrlsvftu obtained by our scheme is less than the
error obtained by the scheme in Kumar et al. (2020).
For the given Example 4.1 the plotted figures in 4.1 exhibit the boundary layer behavior in
the solution of the given problem. Again, the log-log plot in Figure 4.2 supports our theoret-

ical error estimates.
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Table 4.1: Maximum absolute errors, E rrlgv,’,fl and rates of convergence, RocN-M using scheme
(4.9) for Example 4.1 with u = 1073 and different values of €

N =32 64 128 256 512

el M =8 16 32 64 128

100 1.8562¢ —03 9.5156¢e — 04 4.8194e — 04 2.4254e—04 1.2167¢—04
0.9640 0.9814 0.9906 0.9952 _

1072 1.9408¢—03 9.7348¢ —04 4.875le—04 2.4395¢—04 1.2202¢ — 04
0.9954 0.9977 0.9988 0.9995 _

1074 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396¢ —04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 _

106 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396e —04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 ;

108 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396e—04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 _

10710 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396e—04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 _

10712 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396¢ —04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 ;

10714 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396¢ —04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 _

10716 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396¢ —04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 _

10720 1.9417¢—03 9.7371e—04 4.8757¢—04 2.4396e—04 1.2203¢ — 04
0.9958 0.9979 0.9990 0.9994 _

Erryyl 1.9417¢—03 9.737le—04 4.8757¢—04 2.4396e—04 1.2203¢ — 04

Rocyy'  0.9958 0.9979 0.9990 0.9994 _
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Table 4.2: Maximum absolute errors, E rrlgv,’,fl and rates of convergence, RocN-M using scheme

(4.9) for Example 4.1 with € = 1073 and different values of u

N =232 64 128 256 512

ul M =38 16 32 64 128

100 1.9389¢ —03  9.7334e—04 4.8752¢—04 2.4395¢—04 1.2203¢ — 04
0.9942 0.9975 0.9989 0.9993 -

1072 1.9417¢ —03  9.7369¢ —04  4.8756e—04  2.4396e —04  1.2203¢ — 04
0.9958 0.9979 0.9989 0.9994 -

1074 1.9416¢ —03  9.7369¢ — 04  4.8756e—04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

10°° 1.9416¢ —03  9.7369¢ — 04  4.8756e—04  2.4396e —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

10°8 1.9416e —03  9.7369¢ — 04  4.8756¢ —04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

10-10 1.9416¢e —03  9.7369¢ — 04  4.8756¢ —04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

10712 1.9416e —03  9.7369¢ — 04  4.8756e —04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

1014 1.9416¢ —03  9.7369¢ — 04  4.8756e—04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

10-16 1.9416¢ —03  9.7369¢ — 04  4.8756e—04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

10720 1.9416¢e —03  9.7369¢ — 04  4.8756¢ —04  2.4396¢ —04  1.2203¢ — 04
0.9957 0.9979 0.9989 0.9994 -

Erri{ ﬁ4 1.9416¢ —03  9.7369¢ — 04  4.8756e—04  2.4396¢ —04  1.2203¢ — 04

Rocyy'  0.9957 0.9979 0.9989 0.9994 :
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) M
Table 4.3: Maximum absolute errors, E rrlg\f’u and rates of convergence, Roc

N:M ysing scheme

(4.9) for Example 4.1 with u = 1073 and different values of €.

N=238 32 128 512

el M=28 16 32 64

100 6.5420¢ — 03 3.5406¢ —03 1.8560¢ —03 9.5155¢ — 04
0.8857 0.9318 0.9638 —

1072 7.6192¢—03 3.8573¢—03 1.9408¢—03 9.7348¢ —04
0.9820 0.9909 0.9954 —

1074 7.6325¢—03 3.8609¢ —03 1.9417¢—03 9.7371e—04
0.9832 0.9916 0.9958 —

107 7.6325¢—03 3.8609¢ —03 1.9417¢—03 9.7371e—04
0.9832 0.9916 0.9958 —

1078 7.6325¢—03 3.8609¢—03 1.9417¢—03 9.7371e—04
0.9832 0.9916 0.9958 —

10710 7.6325¢—03 3.8609¢—03 1.9417¢—03 9.7371e —04
0.9832 0.9916 0.9958 —

10712 7.6325¢—03 3.8609¢ —03 1.9417¢—03 9.7371e—04
0.9832 0.9916 0.9958 —

107%  7.6325¢—03 3.8609¢—03 1.9417¢—03 9.7371e — 04
0.9832 0.9916 0.9958 —

10716 7.6325¢—03 3.8609¢—03 1.9417¢—03 9.7371e — 04
0.9832 0.9916 0.9958 —

10720 7.6325¢—03 3.8609¢—03 1.9417¢—03 9.7371e—04
0.9832 0.9916 0.9958 —

Erryy 7.6325¢—03 3.8609¢ —03 1.9417¢ —03 9.7371e—04

Rocyy' 0.9832 0.9916 0.9958 -
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T-axis

(a)

(b)

Figure 4.1: Numerical solution of Example 4.1 for (a) u = 10710, ¢ = 1073 taking N = 128
and M =64, (b) u = 1073, e = 1079 taking N = 128 and M = 64

Table 4.4: Comparison of E rrgﬁ/l of our
et al. (2020) using Example (4.1)

scheme in (4.9) with an existing schemes in Kumar

u=10"3 N =128 N =256 N =512
el M=32 M =64 M =128
Proposed method
1074 4.8757¢ — 04 2.4396¢ — 04 1.2203¢ — 04
1076 4.8757¢ — 04 2.4396¢ — 04 1.2203¢ — 04
108 4.8757¢ — 04 2.4396¢ — 04 1.2203¢ — 04
10-10 4.8757¢ — 04 2.4396¢ — 04 1.2203¢ — 04
Scheme in Kumar et al. (2020)
10~4 2.4749¢ —3 1.2214e—3 6.0706e — 4
106 24437¢ —3 1.2073¢—3 6,0036¢ —4
10-8 24442¢ —3 1.207le—3 6.0016e —4
10-10 2.4442¢—3 1.2071e—3 6.0016e — 4
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Figure 4.2: Log-Log plot of N vs maximum absolute errors for Example 4.1

4.6 Summary

In this chapter, a fitted operator finite difference method (FOFDM) is developed for solving
singularly perturbed time delay partial differential equation with two parameters. In the
development of the numerical scheme, the discretization was done by using the implicit
Crank-Nicolson finite difference method for the time variable on a uniform mesh, and a
fitted operator finite difference (FOFDM) for the space variable on a uniform mesh. The
proposed numerical method converges uniformly, regardless of the perturbation parameters
€ and u. Theoretically, the scheme is shown to be first-order in space and second-order in
time. To confirm the theoretical convergence results and to demonstrate the applicability of
the proposed method, an example has been provided, and results are presented in tables and

graphs using Matlab software. The numerical example confirms the theoretical analysis.
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CHAPTER 5

ALMOST SECOND ORDER NUMERICAL METHOD
FOR TWO-PARAMETER SINGULARLY PERTURBED
TIME-DELAY PARABOLIC PROBLEMS

This chapter focuses on singularly perturbed time-delay parabolic convection-reaction-diffusion
problems with two small parameters for both smooth and non-smooth data. The study aims
to investigate the behavior of the layers in the solution, considering both smooth and non-
smooth data. To achieve this, a numerical method is developed based on the Crank-Nicolson
scheme for discretizing the time variable on a uniform mesh. Additionally, a hybrid finite
difference scheme is employed for the space variable, incorporating central, upwind, and
mid-point differencing techniques on a Shishkin-type piecewise uniform mesh. The conver-
gence analysis demonstrates the proposed method exhibits uniform convergence of second
order in both space and time. This implies that the numerical solution approaches the true so-
lution with an accuracy proportional to the square of the mesh size. To validate the theoretical
findings, numerical experiments are conducted on various test examples. These experiments
confirm the theoretical results and show the accuracy and reliability of the approach in cap-
turing the behavior of the boundary layers and providing accurate approximations for the

considered problems.

5.1 The governing problem

Define the time-delay parabolic two-parameter SPP on the domain D = DU dD, where D =
(0,1) x (0,T]) and dD = L; UL; UL, with Ly = [0, 1] x [—7,0] (delay interval), L; = {0} x
(0,T] (left side boundary) and L, = {1} x (0, T] (right side boundary) as

LM(XJ) - ul‘(xvt) = —c(x,t)u(x,t - /Y) +f(x7t)7 (X,t) S D7 (51)
subject to initial boundary data

u(x,t) =04(x,1), (x,1) €Ly,
u(0,1) =®;(¢), u(l,r)=,(¢), t€]0,T],

(5.2)

In the above equations, Lu(x,t) = €uyy(x,1) + pa(x, t)uy(x,1) —b(x,t)u(x,t), where 0 < € < 1

and 0 < u <1 are perturbation parameters, and Y is a delay parameter. The coefficients
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b(x,t), c(x,r) for (x,t) € D, a(x,t) and f(x,) (on a given discontinuous interval) and @, (¢),
®, (1), and Dy (x,¢) are assumed to be sufficiently regular such that a(x,) > o > 0, b(x,t) >
B >0, c(x,r) > Y >0, for all (x,z) € D. These conditions ensure that the coefficients are
positive and have sufficient regularity properties within the domain D and its boundary. At
the corner points of the domain D, additional compatibility conditions may be required to
ensure the well-posedness of the problem. These compatibility conditions arise from the
need to match the solutions from different sides of the corner, (0,0) and (1,0). Boundary
layers may arise near the boundary region due to the small perturbation parameters € and
. Additionally, because of the presence of a jump (discontinuity) in the convection coef-
ficient term a(x,) and the source term f(x,#) at a point (&, ) with bounds |[[a](&,{)| < C
and |[f](&,&)| < C, the problem (5.1)-(5.2) exhibit an interior layer near the point of discon-
tinuity of the solution u(x,¢). The presence of the interior and boundary layers may require
special numerical methods or techniques to accurately capture the behavior of the solution
in these layer regions. Under these assumptions, the problem (5.1)-(5.2) possesses a unique

solution.

5.2 Qualitative properties of the continuous problem

In Chapter 4, Section 4.2, the existence and uniqueness of analytical solutions, as well as
the boundedness of their derivatives, are exhaustively discussed. This analysis is supported
by Lemma 4.2.1, Lemma 4.2.2, and Lemma 4.2.3. These results provide detailed insights
into the properties of the solutions and their derivatives in the context of the problem being

investigated.

Remark 5.2.1. If the convection term a(x,t) and the source term f(x,t) are given by discon-
tinuous intervals, the analytical properties are considered in the defined intervals in conve-

nient way.

5.3 Derivation of the numerical scheme

In this section, we focus on the derivation of the proposed numerical scheme for solving the
governing problem. To discretize the time domain [0, 7], we divide it into a uniform mesh.
For the sake of simplicity, we choose a parameter 7y such that 7 = k7Y for some positive integer
k > 1. We define the collections of mesh points as follows:

DM: Collection of all mesh points in [0, 7], where M is the number of mesh points in the
time direction. Itis given by DY = {t; = jAt, j=0,1,2,... . M,ty =T, A\t = Al/[}

Dy: Collection of all mesh points in [—7,0], where m is the number of mesh points in the

negative time direction. It is given by DY = {t; = jAt, j=0,1,2,...,m,t, =y, At = %}
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For the mesh of the space variable, we introduce two transition parameters 7; and 7, as

follows:
1 4/E 2 o Me 1 4/E 2 o 1e
mm{z, IHN}, for u= < -, mln{z, lnN}, for u= < 4=,
n= : 1 :{W ae = . 1 JL/W ae
mln{z,n—zlnN}, for,uzz %, mln{z,#lnN}’ fOT,LLZZ %7

where N is a positive integer and 0 < 7] < 7, < 1. The interval [0, 1] is divided into three
subintervals: [0, 7], [t1,1 — 2], and [1 — 72, 1]. The mesh spacing in each subinterval is de-

fined as follows:

i. In the interval [0, 7;], we divide it into %’ subintervals, and the mesh spacing is

47
hL =X —Xj—1 = Wl

ii. In the interval |1y, 1 — 1], we divide it into %’ subintervals, and the mesh spacing is

21—‘[1—1’2
hy = xi—x;_y = 20=0) N ),

iii. In the interval [1 — 1, 1], we divide it into IZV subintervals, and the mesh spacing is

4
hR =X —Xj—1 = %
Using each mesh spacing, the mesh points in the space variable are denoted by AN = {xi}f\’: 1>
where i =0, 1,...,N. The expression for x; is given by:
. . N
ihy, for0<i<7,
xi =19 1+ (i—)hu, for ¥ <i< 3

In addition to the mesh points in the space variable, we define two quantities related to the
mesh spacing. Let h; = x; —x;_ fori=1,...,N, which represents the mesh spacing between
consecutive points x;_1 and x;. Furthermore, we introduce 7;, defined as the average of A;
and h; 1, given by h; = % fori=1,....N—1.

To discretize the boundary data and boundary conditions domains, the domain is divided into
three sets: LIJ’M, L;V’M, and LZrV’M, which represent the boundary data points, left boundary

points, and right boundary points, respectively, as follows:

1. Lg’M = DV x D™: This set consists of all mesh points in the spatial and delay interval,

and D™ denotes the uniform time mesh in [—7,0] with M mesh points.

11. Lﬁv’M = DV NL;: This set consists of the mesh points in the spatial direction that lie on
the left boundary of the domain. It represents the part of the discretized domain where

the left boundary conditions are applied.
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iii. L¥'™ = DV L,: This set consists of the mesh points in the spatial direction that lie
on the right boundary of the domain. It represents the part of the discretized domain

where the right boundary conditions are applied.

To divide the discretized domain into sub-domains, we introduce k sub-domains denoted by
DM N
-

divided into sub-domains as follows:

, representing the mesh points within each interval of the time domain. The domain is

~AM.N
Dr

=

DVM — PN« DM UDY x DY U...UDN x DY =

r=1
Here, DM represents the mesh points in the time direction corresponding to the interval
[(r—1)y,ry]. It consists of M + 1 uniform mesh points within each interval and is used for

the method of steps.

After generating the rectangular grid, a finite difference method is developed, which em-
ploys a hybrid scheme consisting of the Crank-Nicolson discretization for the time variable
and a combination of the central difference, upwind, and mid-point schemes for the spatial
direction. To derive the Crank-Nicolson scheme in the temporal direction, Taylor’s series

expansion is applied to Uy (x;,;) at the point (x;,2;1/2) as follows.

At QU T2 (At)2182U-j+1/2 (At>3183U.j+1/2

Uit = git? o (53
I N 2) 21 o 2) 3 e T O
i+1/2 2 +1/2 3 +1/2
gi — g p MU T (ANTLOUL T (ANTLO T (5.4)
: : 2 ot 2) 20 o 2) 31 91 '
By subtracting Equation 5.3 from Equation 5.4, the term Ul.j /2 4 eliminated, and the re-

sulting expression is

1/ ™ .
ot At !

In this equation, Tij +172 represents the local truncation error of the scheme, which is given
by:
) A3 93 U Jj+1/2
TIH12(x) = (24) 373 () + H.O.T's (higher-order terms) (5.5)

The truncation error has an order of three, indicating that the error introduced by the scheme

is proportional to (At)3. Now, utilizing the previously mentioned discretizations in the tem-
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poral direction, we can express the hybrid scheme as follows:

Lv]] = 3 (8207 + pal DU — b1 U + 820! + pal DYU! b]U] | - DU
LU | =5 €807+ pal ' DIUM 6] U 87U + pal DI U] - b{Ul.f} —Dp,UIt?
- e 1 - . . . —ia X . . X . . _
_L];X;‘/IU,'J_ =3 _86x2U,-JH +ﬂ5{HD;rUiJH _blfr Uij+1 +85)?Uij —i—,ud{DjUij _bl{Uiji| _DtUij-i-l/Q

(5.6)

where the following definitions apply:

' ' ' ' i+1 '
DUl = M DOy — Ul — UL, DUt _ v/t —u/
o higp 2 YR
52U/ = 1 Ul —Ul U/ -UL, U7 — Ul + U/,

X 1 hi hi+1 hi ) i 2

A 1
Further, let’s define b = b+ A Then, the discretized form of problem (5.6) takes the fol-

lowing form:

+ . C . . —. . ++‘ . CC‘ . - .
INM = U] | +6iU] +oiU! + o iU +oiv/T + o vt =

i+ i+1
F;-] (xl-,tj) S DN’M, (5.7)
Ul-j =u (xi,tj) , (xi,tj) S oDNM
Where
([ [Lcen VMUY| | if 1 <i<N/4,
Leen VMU/| | if N/4 <i <3N /4 and phM|a| < 2e,
R Llnvli{”Uﬂ . ifN/4 <i<3N/4,uhM|a| > 2€ and hM|b| < 2uc,
LNMy) i =

Lup NvMUl.f} . if N/4 < i< 3N/4,uhM|a| > 2¢ and hM|b| > 2ua,
LcenN’MUl.j] , if3N/4 <i< N and uhR|a| < 2,
LMU;} ., if3N/4 <i<N and phR|a| > 2¢

(5.8)

For the left transition point x; = 7; = 0.25, the left layer region will be [0, 0.25]. The hybrid

scheme at x; = T is given by:
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Leen VMU/| | if 1 = 0.25,
[LN’MUZJ] —{ [Lym U,.f] . ifm <0.25 and hM|B| < 2pa, (5.9)
LupNMy! } ., otherwise

Similarly, for the right transition point x; = 7, such that 1 — 7, = 0.75, the right layer region
will be [1 — 17, 1] = [0.75,1]. Atx; =1 — 1, = 0.75, we have the following hybrid scheme:

( [LXMUl], if1— 15 =0.75, and uhgal < 2e,
LMUT|, it 1— 1 =0.75, and phg|a| > 2e,

[LN,MUlj] e ’j_ . . (5.10)
Lmp U/, if1—1>0.75, and hg||b|| < 2ua,

L{YI;MUIJ , otherwise,
\ L i
and
AT ity jemtl | pjtl i 1 NM _  NM
i g[—c{ U T ol ] e = L or LY,
i t T — T n — —
jH+1y,j—m+1 j+1 Jyrj—m Jj e rNM _ yNM
?{—ci U; +fi +—cqU; +fi}, if LYY =Ly
(5.11)
with

—_———  —

JpJ—m Jyrj—m
P —c: P! or —c;U:
]UJ m __ 171 1710
—GUYi -
J€[0, m] JEIM+1, M]

—_—— —

| Aol or —cipi ™
Jrri—m _ P or—ql;
U 7=
Jj€l[0, m] jEm+1, M]
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and the elements in the system of the matrix Lévﬁ/l of (5.7) are as follows

L Nte Atpal o« —Ate Ate At — Nte Atpal
; : — = b+l o= —
o e 2hiy1hi AR

2hi+1hi+ 4n; 0 ' 2hghy 2mihy 201

e gNM — yNM
if LY :Lcd 5

+ Nte ANpal o —Nte NAte Atpal : ENT
c;i= L 0= - - —0.5Ath! +1, o©,= ,
Tty b O dhehy 2hihi | 2k it ST T
it LM =, |
L Nte Dtpa ), : e —Ate NAte Dtpall g, :
o= —0.5Atb’ 1, o0;= — — —0.5Atb’ 1
| }ﬁﬂhi " hivi it O hivihi  hihy hisy 12
. te
j=——, ifINM =)V
(o hihiv 1 np; 9 »
—Ate  —Atualt' e Nte  Nte At —— —NAte  Atpdt
—18’_1' = + ual s 3,- = —+ + 7bl!+1 + 1, o= —+ ‘ual s
2hii by AR, Qhiahi | 2hhy 2 Qhihi | 24
if INM = [NM
=L'M
~Nte  Atpal™! Ate  Nte Atpad™t At NT
Gi= el B R + AL RSy
2hiq1hy 2hi 2hiv1hi - 2hih; 2hi 2 hih;

e fNM — yNM
if LYY = Ly;°,

+1 Jj+1
+4+ —Ate Al‘,lla{+1/2 i1 cc Ate Ate Atuualurl/z ;
o= — Atbl 41,0, = 0.5Atb] 1
| hiJrAlhi i1 Tt hiJrlhi+ hif; hit1 * 1t
- - t€E . _ N,M
O;= hihi lf LN7M = me y

5.4 Boundedness of discrete solution and error analysis

Lemma 5.4.1 ( Discrete minimum principle). The discretized form in (5.7) satisfies the

discrete minimum principle, that is if for any mesh function ¢ with q)l-j DM > 0 and

[ NM q)} J

L1pN

DN

<0, then /| >0.
M PNM

Proof. In the proof of the discrete minimum principle Lemma, we consider the matrix
formed by the proposed difference scheme (5.7). By examining the entries of the tridiag-
onal system matrix of the scheme (5.7), we can verify that it is a negative M-matrix. A
negative M-matrix is a matrix where the off-diagonal entries are non-positive, and the row
sums are non-negative with at least one row having a strictly positive sum. This property
ensures that the matrix is invertible and that its inverse is non-negative. Since the difference

LN M

operator is represented by a negative M-matrix, it satisfies the discrete minimum prin-

ciple. This implies that if the mesh function ¢ satisfies the conditions (pl-j o >0 and
DN
[LN.,M ‘Pz]} ‘DNM < 0, then the solution ¢ will be non-negative throughout the entire domain

DNM, |

This discrete minimum principle is an important property that ensures that the numerical

solution obtained using the discretization scheme (5.7) does not produce negative values
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when the exact solution is non-negative and the source term is non-positive. It guarantees

the preservation of positivity in the numerical solution.

5.4.1 Error analysis

The given decomposition of the discrete solution U is expressed as:
U=V +W,+Wg, (5.12)

where

LMV = v/ L (i) € DM

(5.13)

VI o =V (ists)

(LMW )] = —c] (W)™, (xitj) € DV (5.14)
(WL); spm WL (xirt) |
[L¥MWe]] = —c] W)™, (xi,t;) € DY (5.15)
(Wr)/ o = R (Xis1)) |

where V, Wy, and Wg represent different components of the solution. Let’s examine each

component in more detail:

V satisfies the same equation as the original problem defined by equation (5.13). In this

equation, [LN M VLJ represents the discrete operator applied to V at grid point (i, j), and it is
equal to —clj Vl-j My fij . Here, clj and fl-j are coefficients or source terms associated with the

original equation. The equation is valid for grid points (x;,#;) within the domain DV'M, and

the boundary condition v/ =V (xi, t ) is imposed on the boundary of the domain.
1 8DN M J

Wy, satisfies a similar equation as V, but with different boundary conditions. Equation (5.14)
defines the equation for Wy, where [LN-MW_ ]/ represents the discrete operator applied to Wy
at grid point (i, j), and it is equal to —clj (WL){ ~™. The boundary condition for Wy is given

by W)/ |, = we (xirty).

DN,

Similarly, Wy satisfies an equation similar to V and Wy, but with a different set of boundary
conditions. Equation (5.15) defines the equation for Wg, where [LN M WR]{ represents the
discrete operator applied to Wx at grid point (i, ), and it is equal to —clj (WL){ ™. The

boundary condition for Wy is given by (Wg)’ ’ = wg (xi,1}).

| gpNM

By decomposing the discrete solution U into the components V, Wy, and Wg as shown in

equations (5.13), (5.14), and (5.15), respectively, we can study and analyze the behavior
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and properties of each component individually, which can help in understanding the overall

solution.

The given excerpt introduces an error decomposition for the numerical solution U and the
analytical solution u of the problem. The error decomposition is expressed as follows:

[U — u]j = [V —v]lj + [WL —WL]{ + [WR —WR]{ for all (X,’,l‘j) € QM

i
In this expression, the error [U — u]l] at a specific grid point (x;,7;) is decomposed into

three components:

1. [V— v]lj represents the error introduced by the finite difference scheme in space and
time. This component captures the discrepancy between the numerical solution V and the

analytical solution v in the interior of the domain.

2. [Wp— WL]{ represents the error associated with the left boundary of the domain. This
component captures the discrepancy between the numerical solution at the left boundary,
denoted as Wy, and the corresponding value of the analytical solution at the left boundary,

denoted as wy.

3. [Wg —wg]! represents the error associated with the right boundary of the domain. This
component captures the discrepancy between the numerical solution at the right boundary,
denoted as Wg, and the corresponding value of the analytical solution at the right boundary,

denoted as wg.

Lemma 5.4.2. For functions s = v,wr,wg defined on Q and S =V, Wy, Wg defined on DN,

a. the local truncation error is defined as:

. ) . J
[LN’M(S—S)]; = —c{[S—s]{fm—i— {(L&u — %) s—LN’Ms}

where [S — s]lj " represents the difference between the values of S and s at the mesh point

(xi,t; —m), and c! is a coefficient. On an arbitrary mesh size h;:

J i
L5 (s =9)] | < |15 =7 +C [l + i lswall + M2 sl

(s —s)]'

i

< |15 1| +C [l + this lseall + M2 ]

NM J i _
| Linp (S—S)L | <8 —sl{™™ | 4+C [ehi[|sunell + b2, | (Isxeell + [15eell) + M7 [|se ]
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On a uniform mesh size h:

J i
L8 (S =5)| | < IS =81/ | +C [eh? scoce + 1 sl + M2 ]

A

i

J —m _
L (=) | < |1 =8l +C [e8 swanell + o scell+ M sul]

J i
L (s =) | < |5 =51 +C [ehllsceell + 1 sl + lsll) + M2 s ]]

1

IN

In these bounds, €, u, M, and C are constants, and 7; represents the step size in the spatial
direction. The bounds for the local truncation error differ on an arbitrary mesh compared to
a uniform mesh in terms of the terms involving spatial derivatives. Here’s a breakdown of
the key differences:

On an arbitrary mesh: - The bounds involve terms #; and Ah; 1, which represent the step sizes
in the spatial direction at different mesh points. These step sizes can vary at different loca-

tions in the mesh. - The terms &7;||syxx

» Wi |sx][, and .uhizﬂ(HSXXXH + [|sxx[|) appear in the
bounds, indicating the impact of spatial derivatives on the local truncation error estimation.
- The terms ||s;|| and M2 are also present, representing the impact of second-order time
derivatives and the inverse of the square of the mesh size in the temporal direction on the
local truncation error.

On a uniform mesh: - The bounds involve a single step size 4 that is uniform throughout the
mesh. - The terms €h?||Sycec||s A2 ||Sxeel|, and wh(||s.||) appear in the bounds, indicating
the influence of spatial derivatives on the local truncation error estimation. - The terms ||sy||
and M2 are also present, representing the impact of second-order time derivatives and the
inverse of the square of the mesh size in the temporal direction on the local truncation error.
b. The error bound for the smooth component is

‘[v | <c(M24N2).

c. The error bounds on the singular components(the layer components) satisfy

(W.)!| <CN"2, i=N/4,... N,jAt <7,

l
(Wo)l| <CN72, i=0,...,3N/4,jAt <.

Proof. The detailed proof is in Sumit et al. (2020). |

By using the idea in b and ¢ of lemma 5.4.2, we have obtained the following main result.

Ph.D Dissertation 56



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

Theorem 5.4.1 (Main result). Ler Ul.j 1 and u(xi,tj11) be the numerical solution and the

continuous solution of the problem in (4.1) - (4.2). Then,

+1
sup max ‘M(Xi,tj+1) ~U/*
e |0SI<N0<j<M

N,M] _ { C(M™2+N7%*(InN)?), when apu® <ne
5 S

C(M~2+N"*(InN)?), when opi*> >ne

5.5 Numerical results and discussion

To confirm the efficiency of the proposed method, we consider test problems with smooth
and non-smooth data. We present the numerical results on a uniform mesh as well as on a
non-uniform mesh of Shishkin type. The maximum absolute errors and the numerical rate of
convergence are computed using the double mesh principle Doolan et al. (1980) due to the
unavailability of the analytical solution. Results are compared with some methods.

The maximum absolute error is given by

NM __ NM/ .. ON2M . .
Errey _Ogg}?ﬁl,M‘U (xi, tj)—U (x2i, tzj)‘

and the rate of convergence by the formula

ErVM
N.M €,
Roce ) =log, 2N 2M
Err&u’

To investigate the applicability of the developed scheme in (5.7), the following two test

examples with smooth data are considered:
Example 5.1.

Etyr (X, 1) + (1 + X))y (x,8) — u(x,1) — s (x,2) =
—u(x,t —7y) +16x*(1 —x)?, (x,1) € (0,1) x (0,2]
u(x,t) =0, (x1)€l0,1] x[—7,0]

u(0,t) =0,u(l,t)=0, 1€]0,2]

Example 5.2.

uee(x,1) + 1 (L +x(1—x) +12) uy(x,1) — (14 5xt)u(x,1)
—u(x,t) = —u(x,t —y)+x(1—x) (" = 1), (x,2) €(0,1) x(0,2]
u(x,t) =0, (x,1)€l0,1] x[—7,0]

X,t)
u(0,t) =0,u(l,t) =0, re(0,2]
We consider the following two-parameter singularly perturbed time delay parabolic problem

for our third and fourth examples. This problem involves a non-smooth convection coef-

ficient term a(x,#) and a source term f(x,7) in (5.1)-(5.2), as described in Chandru et al.
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(2018).
Example 5.3.
(e.1) —(14+e),0<x<0.5, 1+xt)0<x<0.5
a(x,t) =
24+x+1,05<x<1, 2—|—x t205<x<1
b(x,t) =2+xt, c(x,t) =1, and u(0,7) = u(1l,¢) = u(x,0) =0
Example 5.4.
(0.1) I+x(1—x)+70<x<0.5, 1—|—x (e —1),0<x<0.5,
a(x,t) =
—(143x),05 <x<1, 2+xt05<x<1

b(x,t) =14x+t, c(x,t) =1, and u(0,7) = 1) =u(x,0)=0.

We utilized scheme (5.7) to obtain the numerical solutions for the given test examples, as the
analytical solutions are not available in closed form. The results are presented in Table 5.1-

Table 5.9, corresponding to Example 5.1- Example 5.4.

For Example 5.1, the numerical implementation results are shown in Table 5.1 and Table
5.2. The experimental results for Example 5.2 are displayed in Table 5.3 and Table 5.4. Both
examples demonstrate that our scheme (5.7) achieves uniform convergence with a second

order in both variables, regardless of the perturbation parameters.

Tables 5.6 and 5.7 present the numerical solution of the test problem in Example 5.3, while
Tables 5.8 and 5.9 present the obtained numerical results of Example 5.4. In both examples,
the convection and source terms contain non-smooth data. As a result, the solutions to these
problems exhibit interior layers and boundary layers, as illustrated in Figures 5.3 and 5.4.
Once again, our scheme (5.7) demonstrates uniform convergence with a second order in

both variables, as supported by the numerical results of Examples 5.3 and 5.4.

To compare our proposed scheme with the existing scheme in Sumit et al. (2020), we refer
to Table 5.5. The comparison reveals that our scheme exhibits a lower maximum point-wise
error compared to the scheme in Sumit et al. (2020). This indicates that our scheme is more

accurate.

In all of our test examples, the errors remain independent of the perturbation parameters.
This confirms that the present method is parameter-uniform. The uniform convergence is

further supported by the log-log plots in Figures 5.3 and 5.4.

Examples 5.1 and 5.2 feature smooth data in the convection coefficient and source term, re-
sulting in boundary layers near the boundary regions. On the other hand, Examples 5.3 and

5.4 involve non-smooth data with discontinuities in the convection coefficient and source
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term. Due to this non-smoothness, the solutions exhibit both interior layers and boundary
layers, as depicted graphically in Figures 5.3 and 5.4. The theoretical behavior of the numer-

ical solutions is supported by Figures 5.1-5.4.

. N.M NM .
Table 5.1: Maximum absolute errors, Erre ), and rates of convergence, Roce j, using scheme

(5.7) for Example 5.1 with g = 1073 and different values of €.

N— 32 64 128 256 512

el M — 8 16 32 64 128

100 Ery = 7.1784e-04 1.8213e-04 4.5704e-05 1.1437e-05 2.8598e-06
Rocyy' — 19787 1.9946 1.9986 1.9997 -

1072 Erd)' = 5.6025e-03 1.4060e-03 3.5184e-04 8.7980e-05 2.1996e-05
Rocyy —  1.9945 1.9986 1.9997 1.9999 -

107 Erd)' — 5.8291e-03 1.4625e-03 3.6596e-04 9.1510e-05 2.2879e-05
Rocyy —  1.9948 1.9987 1.9997 1.9999 -

10°°  Erdy’ — 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
Rocyy' — 19948 1.9987 1.9997 1.9999 -

1078 Erdy' — 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
Rocyy' — 19948 1.9987 1.9997 1.9999 -

10710 Er) - 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
Rocyy —  1.9948 1.9987 1.9997 1.9999 -

10712 Erdy' = 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
Rocyy —  1.9948 1.9987 1.9997 1.9999 -

1074 Erdy' = 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
Rocyy' — 19948 1.9987 1.9997 1.9999 -

107 Er)' = 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
Rocyy' — 19948 1.9987 1.9997 1.9999 -

Eryy = 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05

Rocyy — 1.9948 1.9987 1.9997 1.9999 -
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Table 5.2: Maximum absolute errors, E rrgﬁ/[ and rates of convergence, Rocgﬁ/[ using scheme
(5.7) for Example 5.1 with € = 1073 and different values of u.

N — 32 64 128 256 512

T M — 8 16 32 64 128

100 Erryy —  6.4634e-03 1.5384e-03 3.7470e-04 9.2432e-05 2.2952e-05
Rocyy —  2.0709 2.0376 2.0193 2.0098 -

1072 Ery' — 5.8135e-03 1.4580e-03 3.6474e-04 9.1193e-05 2.2798e-05
Rocy ' —  1.9954 1.9991 1.9999 2.0000 -

107 Erdy' — 5.8075e-03 1.4572e-03 3.6464e-04 9.1181e-05 2.2796e-05
Rocyy' — 19947 1.9987 1.9997 2.0000 -

107 Erd)' — 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocyy —  1.9947 1.9987 1.9997 1.9999 -

1078 Erdy’ = 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocyy —  1.9947 1.9987 1.9997 1.9999 -

10710 Er)' = 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocyy' — 19947 1.9987 1.9997 1.9999 -

10712 Erd)' = 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocyy —  1.9947 1.9987 1.9997 1.9999 -

1074 Erdy = 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocyy —  1.9947 1.9987 1.9997 1.9999 -

1071 Ery' = 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocy ' —  1.9947 1.9987 1.9997 1.9999 -

107 Ery)' = 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05
Rocyy' —  1.9947 1.9987 1.9997 1.9999 -

Erriy — 5.8074e-03 1.4572e-03 3.6464e-04 9.1180e-05 2.2796e-05

Rocgy — 1.9947 1.9987 1.9997 1.9999 -
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Table 5.3: Maximum absolute errors, £ rrfgvﬁ/[ and rates of convergence, Rocgﬁd using scheme
(5.7) for Example 5.2 with u = 1073 and different values of .

N— 32 64 128 256

el M — 8 16 32 64

10° Errgy —  89042e-04  2.2425¢-04  5.6169%-05  1.4049e-05
Rocyy' —  1.9894 1.9973 1.9993 -

1072 Errgy' = 3.1319e-03  7.8541e-04  1.9655¢-04  4.9150e-05
Rocyy' — 19955 1.9985 1.9996 -

104 Erryy' —  32007¢-03  8.0247e-04  2.0080e-04  5.0214e-05
Rocyy —  1.9959 1.9987 1.9996 -

10 Errgy' = 32014e-03  8.0264e-04  2.0085¢-04  5.0225¢-05
Rocty' — 19959 1.9986 1.9996 -

108 Errgy' —  32014e-03  8.0264e-04  2.0085¢-04  5.0225¢-05
Rocty = 1.9959 1.9986 1.9996 -

1071 Erdy' = 32014e-03  8.0264e-04  2.0085e-04  5.0225e-05
Rocyy —  1.9959 1.9986 1.9996 -

10712 Erly' = 32014e-03  8.0264e-04  2.0085e-04  5.0225¢-05
Rocyy' — 19959 1.9986 1.9996 -

1074 Erd)' = 32014e-03  8.0264e-04  2.0085e-04  5.0225e-05
Rocty' — 19959 1.9986 1.9996 -

1071 Erdy' = 32014e-03  8.0264e-04  2.0085e-04  5.0225e-05
Rocyy —  1.9959 1.9986 1.9996 -

10718 Erly' - 32014e-03  8.0264e-04  2.0085¢-04  5.0225e-05
Rocyy' — 19959 1.9986 1.9996 -

10740 Erdy' = 32014e-03  8.0264e-04  2.0085e-04  5.0225¢-05
Rocyy' — 19959 1.9986 1.9996 -

Erryy = 32014e-03  8.0264e-04  2.0085e-04  5.0225e-05

Rocyy — — 1.9959 1.9986 1.9996 -
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Figure 5.1: Surface plot for Example 5.1 using scheme in (5.7) with N = M = 64 and (a)
e=108u=10"% (b)e=10"*pu=10"3
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Figure 5.2: Surface plot for Example 5.2 using scheme in (5.7) with N = M = 64 and (a)
e=108%u=10* b)e=10"*u=10"8
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Table 5.4: Maximum v errors, £ rré\fﬁw and rates of convergence, Rocgﬁ/] using scheme (5.7)
for Example 5.2 with € = 1073 and different values of .

N — 32 64 128 256

ud M — 8 16 32 64

10° Errgpl —  35162e-03  8.4508e-04  2.0685¢-04  5.0155e-05
Rocyy —  2.0569 2.0305 2.0441 -

102 Errgy' = 3.1970e-03  8.0128e-04  2.0046e-04  5.0122e-05
Rocyy' = 1.9963 1.9990 1.9998 -

10~ Errdy = 3.1940e-03  8.0086e-04  2.004le-04  5.0115e-05
Rocyy —  1.9957 1.9986 1.9996 -

107° Erly' = 3.1940e-03  8.0085e-04  2.0040e-04  5.0115e-05
Rocyy —  1.9958 1.9986 1.9996 -

108 Errgy' = 3.1940e-03  8.0085¢-04  2.0040e-04  5.0115e-05
RocYy = 1.9958 1.9986 1.9996 -

10710 Erd = 3.1940e-03  8.0085e-04  2.0040e-04  5.0115e-05
Rocyy' — 19958 1.9986 1.9996 -

10712 Erd' = 3.1940e-03  8.0085e-04  2.0040e-04  5.0115e-05
Rocty —  1.9958 1.9986 1.9996 -

1074 Enly = 3.1940e-03  8.0085e-04  2.0040e-04  5.0115e-05
Rocyy' —  1.9958 1.9986 1.9996 -

1074 Enly = 3.1940e-03  8.0085e-04  2.0040e-04  5.0115e-05
Rocty' —  1.9958 1.9986 1.9996 -

Erdy = 3.1940e-03  8.0085¢-04  2.0040e-04  5.0115e-05

Rocgy = 1.9958 1.9986 1.9996 -

Table 5.5: Comparison of the proposed scheme in (5.7) with an existing schemes in Kumar
et al. (2020) using Example 5.1

scheme in Sumit et al. (2020)

,u:10*3 N=32 N =064 N=128 N=256 N=512
el M =38 M =16 M =32 M=64 M=128
Proposed method
10~% 5.8291e-03 1.4625e-03 3.6596e-04 9.1510e-05 2.2879¢-05
10-° 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
10-8 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e-05 2.2888e-05
10-10 5.8314e-03 1.4631e-03 3.6611e-04 9.1547e¢-05 2.2888e-05

10~ 4.3705¢ —2 1.6704¢ —2 7.3802¢ — 3 3.7406¢ — 3 1.8967¢ — 3
10-° 4.3471e —2 1.6596¢ — 2 7.3290¢ — 3 3.7218¢ — 3 1.8873¢ — 3
10-8 4.3429¢ — 2 1.6573¢ —2 7.3303¢ — 3 3.7211e — 3 1.8870¢ — 3
10~10 4.4343¢ —2 1.6572¢ —2 7.3303¢ —3 3.7211e — 3 1.8870¢ — 3

Ph.D Dissertation

63




Fitted numerical methods for time-delayed two-parameter SPPs

2024 G.C

Table 5.6: Maximum absolute errors, E rr]g\fﬁ/[ and rates of convergence, Rocgﬁ/[ using scheme
(5.7) for Example 5.3 with u = 1073 and different values of €.

N— 32 64 128 256

el M — 8 16 32 64

100 Errgy —  55107e-03  1.4134e-03  3.5905e-04  9.0543e-05
Rocyy' —  1.9631 1.9769 1.9875 -

102 Errgpl = 57686e-03  1.4501e-03  3.6416e-04  9.1280e-05
Rocyy' —  1.9921 1.9935 1.9962 -

104 Errly' = 5.8369e-03  1.4589¢-03  3.6526e-04  9.1417e-05
Rocyy' —  2.0003 1.9979 1.9984 -

10 Eriy — 58375603  1.4591e-03  3.6529e-04  9.1426e-05
Rocyy' —  2.0003 1.9980 1.9984 -

108 Ery = 5.8375e-03  1.4591e-03  3.6529e-04  9.1426e-05
Rocyy' —  2.0003 1.9980 1.9984 -

10710 Enly = 5.8375e-03  1.4591e-03  3.6529e-04  9.1426e-05
Rocyy' —  2.0003 1.9980 1.9984 -

1072 Erd)' = 5.8375e-03  1.4591e-03  3.6529e-04  9.1426e-05
Rocyy' = 2.0003 1.9980 1.9984 -

10°  Erd)' = 58375603 1.4591e-03  3.6529e-04  9.1426e-05
Rocyy' —  2.0003 1.9980 1.9984 -

1071 Enly = 5.8375e-03  1.4591e-03  3.6529e-04  9.1426e-05
Rocy ' —  2.0003 1.9980 1.9984 -

10720 Enly = 5.8375e-03  1.4591e-03  3.6529e-04  9.1426e-05
Rocty —  2.0003 1.9980 1.9984 -

Erdy = 5.8375e-03  1.4591e-03  3.6529¢-04  9.1426e-05

Rocty = 2.0003 1.9980 1.9984 -
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Table 5.7: Maximum absolute errors, Erre ), and rates of convergence, Roce ), using scheme

(5.7) for Example 5.3 with € = 10~3 and different values of u.

N— 32 64 128 256

nl M — 8 16 32 64

10° Errgy —  6.1608e-03  1.5011e-03  3.7069¢-04  9.2110e-05
Rocyy' —  2.0371 2.0177 2.0088 -

102 Erryy —  5.8314e-03  1.4576e-03  3.6493e-04  9.1323e-05
Rocyy —  2.0002 1.9979 1.9986 -

10~ Erryy —  5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05
Rocyy' = 2.0002 1.9979 1.9986 -

100 Errgy' —  5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05
Rocyy' —  2.0002 1.9979 1.9986 -

1078 Erryy' —  5.8314e-03  1.4576e-03  3.6493¢-04  9.1324e-05
Rocyy —  2.0002 1.9979 1.9986 -

10710 Ery' = 5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05
Roct' = 2.0002 1.9979 1.9986 -

1072 Erly = 5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05
Rocyy' = 2.0002 1.9979 1.9986 -

1074 Ery = 5.8314e03  1.4576e-03  3.6493e-04  9.1324e-05
Rocyy —  2.0002 1.9979 1.9986 -

10710 Ery’ = 5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05
Rocyp' —  2.0002 1.9979 1.9986 -

102 Erdy' = 5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05
Rocyy —  2.0002 1.9979 1.9986 -

Eryy = 5.8314e-03  1.4576e-03  3.6493e-04  9.1324e-05

Rocyy = 2.0002 1.9979 1.9986 -
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Table 5.8: Maximum absolute errors, £ rr]g\fﬁ/[ and rates of convergence, Rocgﬁ/[ using scheme
(5.7) for Example 5.4 with u = 1073 and different values of €.

N— 32 64 128 256

el M — 8 16 32 64

10° Errgy —  3.8029e-03  1.1072e-03  3.0071e-04  7.8684e-05
Rocyy — 17802 1.8805 1.9342 -

102 Errgy' = 4.8349e-03  1.2524e-03  3.2301e-04  8.2004e-05
Rocyy —  1.9488 1.9550 1.9778 -

10~ Errgy' = 5.0002e-03  1.2915¢-03  3.2799e-04  8.2634e-05
Rochy' = 1.9529 1.9773 1.9888 -

100 Errgy' —  5.0019e-03  1.2919e-03  3.2809¢-04  8.2660e-05
Rocyy' —  1.9530 1.9773 1.9888 -

108 Ery' = 5.0019e-03  1.2919e-03  3.2809e-04  8.2660e-05
Rocyy' = 1.9530 1.9773 1.9888 -

1071 Emly = 5.0019e-03  1.2919e-03  3.2809e-04  8.2660e-05
Roct' = 1.9530 1.9773 1.9888 -

1072 Erd' = 5.0019e-03  1.2919e-03  3.2809e-04  8.2660e-05
Rocyy' — 19530 1.9773 1.9888 -

10°%  Erd' = 5.0019e-03  1.2919e-03  3.2809e-04  8.2660e-05
Rocyy' = 1.9530 1.9773 1.9888 -

1071 Enly = 5.0019e-03  1.2919e-03  3.2809e-04  8.2660e-05
Rocyy' —  1.9530 1.9773 1.9888 -

1072 Erly = 5.0019e-03  1.2919e-03  3.2809e-04  8.2660e-05
Rocty' —  1.9530 1.9773 1.9888 -

Erdy = 5.0019¢-03  1.2919¢-03  3.2809¢-04  8.2660e-05

Rocgy = 1.9530 1.9773 1.9888 -
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Table 5.9: Maximum absolute errors, £ rr]g\fﬁ/[ and rates of convergence, Rocgﬁ/[ using scheme
(5.7) for Example 5.4 with € = 10~3 and different values of u.

N— 32 64 128 256

nl M — 8 16 32 64

10° Erryy —  5.0529e-03  1.3020e-03  3.2960e-04  8.2863e-05
Rocyy —  1.9564 1.9819 1.9919 -

102 Erryy' —  4.9835e-03  1.2875e-03  3.2703e-04  8.2399e-05
Rocyy' = 1.9526 1.9771 1.9887 -

10~ Erryy —  4.9856e-03  1.2878e-03  3.2707¢-04  8.2403e-05
Rocyy' — 11,9529 1.9772 1.9888 -

100 Errgy' —  49856e-03  1.2878e-03  3.2707e-04  8.2403e-05
Rocyy — 11,9529 1.9772 1.9888 -

1078 Erryy' —  49856e-03  1.2878e-03  3.2707¢-04  8.2403e-05
Rocyy — 11,9529 1.9772 1.9888 -

10710 Ery' - 4.9856e-03  1.2878e-03  3.2707¢-04  8.2403e-05
Rocyy — 19529 1.9772 1.9888 -

1072 Erly = 4.9856e-03  1.2878e-03  3.2707e-04  8.2403e-05
Rocty' — 11,9529 1.9772 1.9888 -

1074 Ery —  4.9856e-03  1.2878e-03  3.2707e-04  8.2403e-05
Rocyy = 1.9529 1.9772 1.9888 -

10710 Ery = 4.9856e-03  1.2878e-03  3.2707¢-04  8.2403e-05
Rocyy — 19529 1.9772 1.9888 -

102 Ery' = 4.9856e-03  1.2878e-03  3.2707¢-04  8.2403e-05
Rocyy —  1.9529 1.9772 1.9888 -

Erdy = 4.9856e-03  1.2878¢-03  3.2707e-04  8.2403e-05

Rocgy = 1.9529 1.9772 1.9888 -
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U(x,t)

(a) (b)

Figure 5.3: Surface plot for Example 5.3 using scheme in (5.7) with N = M = 64 and (a)
e=108%u=10"% b)e=10"*u=10"8

0.5

U(x,t)

() (b)

Figure 5.4: Surface plot for Example 5.4 using scheme in (5.7) with N = M = 64 and (a)
e=108%u=10"* b)e=10"*u=10"8
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Figure 5.5: Log-Log plot of N vs maximum absolute error for Example 5.1.
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Figure 5.6: Log-Log plot of N vs maximum absolute error for Example 5.2.
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Figure 5.7: Log-Log plot of N vs maximum absolute error, for Example, 5.3.
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Figure 5.8: Log-Log plot of N vs maximum absolute error, for Example, 5.4.
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5.6 Summary

This chapter introduced a hybrid-fitted finite difference scheme to solve two-parameter sin-
gularly perturbed time delay parabolic differential equations for both smooth and non-smooth
data. The problem was discretized using the difference operator comprising the Crank-
Nicolson method for time and a blend of the central, upwind, and midpoint difference oper-
ators for space. The convergence analysis proved that the method is uniformly convergent
with second-order time variables and almost second-order space variables. The method was
further implemented using test examples (with smooth and non-smooth data). In both cases,
the theoretical results were confirmed. Tabulated results show practically a second-order
uniform convergence. Furthermore, a performance comparison with an existing method in

the literature indicates that the proposed method is more accurate.
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CHAPTER 6

A FITTED PARAMETER CONVERGENT FINITE
DIFFERENCE SCHEME FOR TWO-PARAMETER
SINGULARLY PERTURBED PARABOLIC
DIFFERENTIAL EQUATIONS

This chapter focuses on the formulation of a numerical scheme that is uniform in its param-
eters for a class of time-dependent parabolic SPPs with two perturbation parameters without
delay. In these problems, the existence of the two parameters results in the formation of
boundary layer(s) in the solution regions. Solving these model problems using classical
methods does not yield satisfactory results due to the layer behavior. Therefore, nonstandard
finite difference schemes have been developed as a means to obtain numerical solutions for
these problems. To develop the scheme, the Crank-Nicolson discretization on a uniform time
mesh and a fitted operator method with a uniform spatial mesh are employed. The stability
and convergence analysis of the proposed scheme is also discussed, and it exhibits uniform
convergence of second order in the temporal direction and first order in the spatial direction.
However, temporal mesh refinements are used to enhance the order to two in both directions.

Model examples are provided to validate the practicality of the proposed numerical scheme.

6.1 The governing problem

Consider the problem with Dirichlet boundary conditions on the domain D = (0,1) x (0,7
with boundary dD = D\D as

Le pu(x,t) = up(x,1) + pa(x,t)uc(x,1) — b(x,t)u; (x,1) — c(x,t)u(x,t) = f(x,1), 6.1)
(x,t) €D,

u(x,0) = up(x), xe][0,1], (6.2)

u(0,0) =®o(r), u(l,r)=®(t), te<][0,T]. (6.3)

Here, € and 1 are small positive parameters with0 < € <1and 0 < u < 1. From (6.1)-(6.3),
the coefficients a(x,t), b(x,t), c(x,t), and f(x,t) for (x,t) € D, are assumed to be smooth.
Additionally, it is assumed a(x,7) > o > 0, b(x,t) > B > 0, ¢(x,¢) > y > 0. Again, at the
corners (0,0) and (1,0), we make the assumption of adequate regularity and compatibility

conditions based on the idea as stated in Ladyzhenskaya et al. (1968). If all of the stated as-
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sumptions are satisfied, then the problem described in (6.1)-(6.3) possesses a unique solution

on D.

6.2 Some qualitative properties of the continuous problem

This section presents a discussion on certain analytical properties of the governing problem

(6.1)-(6.3) in a one-dimensional spatial domain, denoted as Q.

_ d
Lemma 6.2.1. Let ¥(x,t) € C>'(D).  If¥|;p >0 and <Lg”u_ — E) Y|p <0, then
¥lp > 0.

Proof. We prove this lemma by contradiction. Assume there exists an arbitrary point (x*,*)
in the plane D = (0,1) x (0, T') such that ¥(x*,#*) = min{¥(x,?) } , ;e p, and suppose ¥(x*,1*) <
0. By the definition of (x*,7*), it is clear that (x*,#*) ¢ {0,1} x {0,T}. Applying the first
and second derivative tests for multivariable functions in calculus, we have W, (x*,*) > 0,

V. ¥(x*,*) =0, and V,¥(x*,t*) = 0. Consequently, we can observe that

d

which leads to a contradiction. Hence, our initial assumption, ¥(x*,*) < 0, is incorrect.
Therefore, ¥(x*,1*)|5 > 0. Since (x*,7*) was arbitrarily chosen, it follows that ¥(x,7) > 0
for all (x,z) € D. |

Lemma 6.2.2. Gupta et al. (2019). Let u(x,t) be the solution of (6.1)-(6.3), then for0 < € <1

and 0 < u <1, we have

lullg < 5”;;”[’ lullao.

Proof. We can prove this Lemma using the concept of barrier functions. Therefore, let us

introduce two comparison (barrier) functions as follows:

o) = L2 4l £ ) ¥inr) € D
when x = 0, ¢(0,1) = gHZ;HD + ||ullgp £ u(0,t) = gngD +||ul|lgp £ DPo(z) > 0 and
whenx = 1 ¢=(10) = S oy () = S 4 gy 2 1) 2 0

Then, we have ¢* (x,) > 0V(x,t) € dD. Again, since b(x,t) > B > 0and || f]|p > f(x,1)V(x,t) €
D, we have —b(x,t)B~!||f|l5 % f(x,t) < 0. This inequality implies

Ley9™=(x,1) <0, VY(x,t) €D.
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Applying the minimum principle in Lemma 4.2.1, we get ¢*(x,¢) > 0,V(x,t) € D, which

gives the desired estimate. u

Lemma 6.2.3 (The bounds of the continuous problem and its derivatives). In the contin-
uous problem described in 6.1)-(6.3), consider the solution u, which can be decomposed as
u=v+wp+wg. Here, v represents the regular component, wy represents the left singular
components, and wg represents the right singular components. These components are ac-
companied by a sufficiently large constant C, which remains independent of the perturbation

parameters Kumar et al. (2020). Then,
a. llul| <C.

b. For all non- negative integers i and j (0 <i+2j < 4), the derivatives of the solution u of
problem (6.1)- (6.3) satisfy
2

‘ C(%)i<%)j, when (XLLZZT]S

c. |wr(x,1)] < Ce 9%, lwr(x,1)| < Ce %R

1
“Wer

2
ity when ocpl” < ne

oxidti

where

{*@’? ap® < e, OR:{Z—“’}E, ap? < e,
u

o 2 2
e ap 21787 %7 au 27]8

0, =

6.3 Derivation of the numerical scheme

6.3.1 Temporal discretization

To develop the numerical scheme, we first divide the time domain [0, T into a uniform mesh
using the given time step size A\t. The mesh points in the temporal domain are denoted by
oM — {tj=jAt, j=0,1,2, .., M, tyy =T}, where M represents the number of mesh

points in the time interval.

Next, we apply the implicit Crank-Nicolson discretization in the temporal direction to formu-
late the semi-discrete scheme for the problem described in (6.1)-(6.2). The derivation of the

Crank-Nicolson scheme for U;(x,t;) at the (x, j+ 1/2) time step involves utilizing Taylor’s
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series expansion for U/*! and U/.

. , At QUITV2(x At\2 1 QU712 (x
UJ+1(X) :U]+1/2(X> +?T() + (?) ET()—F (6.4)
A\ 1 PUTT R ()
2 ) 3! or3
. . At QU2 (x AtN\2 1 QU112 (x
U/(x) :U/H/z(x)—?a—t()—i— (?) ZT()_ (6.5)
AP0 )
2 ) 31 o3

Subtracting Eq. (6.5) from Eq. (6.4), and eliminating the term U/1/2(x), we get

U/t (x) - U/ (x) _ AU H1/2(x)

3
m 5 ——+0(Ar)’. (6.6)

The local truncation error value (771/2(x)) obtained from the Taylor’s series expansion is

(At)3 a3Uj+1/2(x)

I (x) = 24 o

+ (higher order terms)

and its order three, ( O((At)3)). After substituting Eq. (6.6) into (6.1)) and rearranging, we

obtained the semi-discretized scheme as

. u(x,t; —u(x,t;
[LN’MU(X)}JEZ’(XJHl/z)( ( HI)AI ( ])> = Eltye (X,171172) +

pax, i p)ux (x,t1172) —¢ (%00 72) u (0,550 72) = f (xtj4172) + 0 ((A)°) },

(6.7)

where
u (X tj1) +u (1))

+0 ((At)3) , and

f(xtjvn) +f (x,15)
2

u(xtii12) =

[ ti) = +0((ar))

Lemma 6.3.1. (The minimum principle for the semi-discrete scheme). Assume that [LM U (x)] Jt
is the discrete operator given in (6.7) and W+ (x) is any mesh function satisfying ¥/ (x) >
0 on dQ and [LM‘P(x)j“} <0onQfor0< j<M, then W/ (x)>00nQ

Proof. This Lemma can be proven using a proof by contradiction. Therefore, let r* € Q
be any arbitrary point, such that /! (7*) = min,cq ¥/*!(x). Again, suppose ¥/*!(x) < 0.
It is clear that the set ((r*,#j4+1) ¢ {(0,¢j41),(1,¢j+1)}. Applying the concept of the calcu-
lus of several-variable functions, we obtain (¥,,)/"!(r*) >0, (¢,)/*!(s*) = 0. This gives
LM (r*)/+1 > 0 which contradict to the fact that LY¥(x)/*! < 0. Therefore, ¥/*!(x) >0

on Q which is our claim. [ |
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k
TUD) | < () €T k=

0,1,2. The local error estimate in temporal direction Ej.y = U/ (x) —u(x,t;11) is given
by

Lemma 6.3.2. (The local error estimate). Suppose that ||

|Ej41 ]| < C(ar).
for sufficiently large constant C.

Proof. The time derivative is approximated by the fourth-order Taylor’s series expansion of

the Crank-Nicholson finite difference discretization in the temporal direction, given by:

Ut @) =V _
- Mt

m (x) +O((Ar)*). (6.8)

Upon substituting Eq. (6.8) into (6.1)-(6.2), we obtain the following equation

3
Le yu(x,tjy1) = u(x,tj41) + O((Ar)”)
Furthermore, considering E | as the semi-discrete minimum operator, we have

LY E(x,tj41) = O((Ar)°)

Then, by using Lemma 6.3.1, the bound of the local error is estimated as HE ja || <C (At)3
[ |

Lemma 6.3.3 (The global error estimation). The global error;, G; = U/ (x) — u(x,t; of the
time discretization satisfies

Gyl < clary
where C is a constant independent of €, L and At.

Proof. By using the estimation of local errors, the global error at j+ 1 nodal points is given

as

J(A) <T

J
ol = | £ 5

= ||Ei+E2+E3s+Es+ ...+ Ej|
<E|+ | Eoll + B3]l + [|Ea ]| + .. + || Ef]
<Ci(j)(Ar)

T T
< C1— (A1) =C\T(Ar)? <
_ClAt( 1)° = C\T(At)", because i<

< C(Ar)?, where, C=CiT
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This lemma shows that the convergence of the semi-discrete scheme is order two in time.

6.3.2 Spatial discretization for full-discrete scheme

The given domain QV = [0, 1] is subdivided into N sub-intervals such that
x0=0,x1=xo+i=hxy=x1+h, - xy :N(h) =1

Now, the full discretized problem is

[LN,MU]IJ _ b(xi,tj_‘_l/z) <M (xiatj+1)A; u (-xl'ytj) ) — gux,-x (xiatj+l/2) +

(6.9)
ua(xi,tj+1/2)ux (Xi,fj+1/2>

—C (Xi,lj+l/2) u (Xi,lj+l/2) —f (Xi,lj+l/2) +0 ((Al)z) }

Using fitted finite difference methods the fully discrete scheme in (6.9) can be expressed as

LY = 5 (€820 + wa  DF U = U + e82U] + pad DY U] — clU] | -
b Ui = F =012, N—1, j=0,1,2,--- M—1
(6.10)
where
Ul v/ Uitt Ul 22U+
D)—CO-UIJ — i+1 i ’ D Uzj+l/2 i i 6x2UlJ _ i+1 21 i—1
R At 0
Jt1 j+1
D)-Cl-Uij—"l _ UH—I _Uz ,
hy
and
+1 +1 +1
52Uj+1 _ (Uzirl _ZUiJ +ul!fl ) Fj _ f(xi’tj‘H) +f(xi’tj)

Again, from Munyakazi (2015), the denominator function ¢,.2 is given by

02 (h,e, 1) = 07 = u:fx‘) (exp (“a ixi)h) _ 1) 6.11)
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Using the finite difference schemes and the value of q)iz above, Eq. (6.10) can be written in

compact form as

(VMUY = stultt v seuit 5T U 81U + 85U+ 87U = F (6.12)

where, the coefficients 5, 51+ ,0¢,67,0™ and 8" are

(e wpad™\ o [ e  pd €
o= (2¢(i)2+ 2h )’61 B <2<¢>(:’)2Jr an )0 0 o 20(i)?

O e Y U AN A A WS e T A 1
0(i)2 2k 2 Ar )1 02 2n 2 A’

6.4 The convergence analysis of the numerical scheme

This section analyzed uniformly stability and uniformly convergence of the developed scheme.

Lemma 6.4.1. (Discrete minimum principle) Assume that [LNMU] lj 1 is the discrete op-
erator given in (4.11) and (Pij s any mesh function satisfying (Pij +l >0 on IQVM and
[LN’M(])]'I.]H <Oon QNMfor() <i<N,0<j<M, then d)in >0 on QVM

Proof. Letsand !/ be indices such that ¢’+1 =min; ¢J 1 for ¢.j e QNM, Again, assume
that ¢! < 0. It is clear to see that (s,l) ¢ {1, N} {1,M}, because ¢!T! > 0. It follows
that ¢'T] —¢!*1 > 0and ¢/7' ¢/t <o0.

s+1 s

[+1 H—l H—l

[ g :8<¢s+1 2«1; +o! >+W§H<¢mh 2 )_Céﬂ =

N S

I+1 1+1 l+l [+1 I+1 I+1

JNM i+ A A e (S T T 0

s ¢ he (exp (M>_1> M hy G %

ta(x)

which is a contradiction to the fact that LN-M¢/*1 < 0. Therefore ¢/*! > 0. The indices s
and [ being arbitrary, we obtain ¢ij i > 0in QVM, [

Lemma 6.4.2. (Uniform stability estimate) At any time level t}, if Hl.j s any mesh function
such that H({H = H]{,H =0, then

i1 ] i1
‘H{* ‘g— max ‘LNvMHl“ :
T 1<i<n—1

Theorem 6.4.1 (Error estimate in the spatial discretization). Let U (x;,tj11) and Ul.j 1 are

the exact solution and approximate solution of (6.1)-(6.2) respectively. If N and C are mesh
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numbers and sufficiently large constants, then the following error bound holds.

Llsv;jzw (U(xbtj—i—l)_Uin)‘ <cN L. (6.13)

Proof. To proof Lemma 6.4.2 and Theorem 6.4.1, follow the steps in (4.4.1). [

Combining Lemma 4.3.3 and Theorem 4.4.1, we can state the following theorem as the

main result of this paper.

Theorem 6.4.2. (The main result) Let u(x,t) be the exact solution of (6.1)- (6.2) and Ul-j 1

is its numerical approximation obtained using (6.10). Then there exists a constant C inde-

pendent of €, U, h and At such that

It < Ar)? 14
sguE {0<i<r1{[1’%§j<M‘Ul u(x,,tJH)H < C(h+ (Ar)7). (6.14)
Proof. This Lemma can be proved by combining Lemma 6.3.3 and Theorem 6.4.1, and it
confirms the developed method is uniformly convergent of second order in time and first

order in space directions. |

6.5 Numerical implementations and discussions

To demonstrate the applicability of the proposed scheme in (6.10), two examples are pro-
vided. The maximum absolute errors and numerical rate of convergence are calculated on

the considered using the double mesh principle given in Doolan et al. (1980) as follows.

E rrﬁﬁ = max |U N.M (x;, tj)—=U 2N.2M (221, 1 J)‘ (maximum absolute errors)
' 0<i,j<N.M
N.M Errglﬁw
Roce ) =logy | —xam (rate of convergence)
E rre gl

Example 6.1. Munyakazi (2015) We consider the following time-dependent problem

aZu 8u al/t 2 2
ega tR(IHN T~ 5 —u=162(1-22 (1) €Q=(0,1)x(0.1]

u(x,0)=0, xe€Q,=][0,1]
u(0,6) =0, u(l,t)=0, teQ =][0,1]
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Example 6.2. Das and Mehrmann (2016) For our second example, we consider the following
time-dependent Initial Value Boundary Problem (IVBP) of

Uy — Ettx + U (1 +exp(x))ux + (14+x* |x]) u = 10exp (£2) (x* —x*) , (x,2) € (0,1) x (0, 1]
u(x,0) =x*(1—x)>, x€(0,1)
u(0,1) =u(1,t) =0, t€(0,1]

The exact solution of the two given problems is not known. So, we have used the developed
scheme in (6.10) to solve such problems and to investigate the applicability of our scheme.
Tables 6.1 and 6.2 show the result of Example 6.1 by using the scheme in (6.10). From these
tables, results ensure that our scheme is first order which confirms the spatial order. But, by
using temporal mesh refinement, we have improved this order to two as shown in Tables 6.3
and 6.4. Tables 6.6 and 6.7 show the numerical implementation of Example 6.2 using the de-
veloped scheme in (6.10), and the results from these tables show that the linear convergence
of the scheme. Using a similar technique that we did in Tables 6.3 and 6.4, we modified the
linear convergence of the scheme to quadratic convergence (see Table 6.8). A comparison
of our scheme to existing schemes was done in Tables 6.5 and 6.9, and our scheme shows
better accuracy than the existing schemes. Figure 6.1 and Figure 6.2 describe the graphical
result of Example 6.1, while Figure 6.2 is for Example 6.2. The plotted figures exhibit that
the boundary layer behavior in the solution of the given problem. Also, the log-log plots in
Figure 6.3 are plotted for the considered examples, and these plots support our theoretical

error estimates.

o
‘:‘“,mmm

aie
R R
O
o‘.O,o,o,o‘o,o,o.:,..'

T-axis 11 X-axis

(a) (b)

Figure 6.1: Numerical results of Example 6.1 using scheme (6.10) (a) for N = M = 64,
=22 pu=23andb)for N=M =64, =270 u=1
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. N.M NM .
Table 6.1: Maximum absolute errors, Erre ), and rates of convergence, Roce ), using scheme

(6.10) for Example 6.1 with u = 273 and different values of €.

N — 16 32 64 128 256

el M- 8 16 32 64 128

100 Erlyt 3.8894e-04 5.4676e-05 1.3382e-05 3.1627e-06 7.0143e-07
Rocyy' 28306 20306  2.0811 21728 -

272 Erdy' = 2.9658e-03 1.4713e-03 7.4156e-04 3.6828e-04 1.8377e-04
Rocyy — 1.0113 0.9885 1.0098 1.0029 -

274 Erly' = 3.4955e-03 1.7391e-03 8.7940e-04 4.3455¢-04 2.1807e-04
Rocyy' — 1.0072  0.9837 1.0170  0.9947 -

270 Erly' = 3.6659e-03 1.8261e-03 9.2406e-04 4.5617e-04 2.2918e-04
Rocty' — 1.0054  0.9827 1.0184 09931 -

278 Erly = 3.7438e-03 1.8710e-03 9.4711e-04 4.6727e-04 2.3476e-04
Rocy ' — 1.0007 0.9822 1.0193 0.9931 -

2710 Er 5 3.7424e-03 1.8914e-03 9.7841e-04 4.8873e-04 2.4644e-04
Rocl ' — 0.9845 0.9509 1.0014 0.9878 -

2712 Erly' = 3.7399e-03 1.8728e-03 9.5354e-04 4.9208e-04 2.7039e-04
Rocyy' — 09978 09738 09544 08639 -

274 Erly 5 3.7399e-03 1.8728e-03 9.5069e-04 4.6984e-04 2.3925e-04
Rocyy' — 09978 09781 1.0168 09912 -

2710 Erf 5 3.7399e-03 1.8728e-03 9.5069e-04 4.6983e-04 2.3635e-04
Rocy ' — 0.9978 0.9781 1.0168 0.9912 -

274 Eryt 3.7399e-03 1.8728e-03 9.5069e-04 4.6983e-04 2.3635e-04
Rocyy' 09978 09781 10168 09912 -

Erdy - 3.7399¢-03 1.8728¢-03 9.5069¢-04 4.6983¢-04 2.3635¢-04

Rocty — 0.9978  0.9781 1.0168 09912 -
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Table 6.2: Maximum absolute errors, E rr]g\tﬁ/l and rates of convergence, Rocg"y using scheme
(6.10) for Example 6.1 with € = 1072 and different values of .

N — 16 32 64 128 256

ul M — 8 16 32 64 128

20 Erryy| 3.8894e-04 5.4676e-05 1.3382e-05 3.1627e-06 7.0143e-07
Rocyy'  2.8306 2.0306 2.0811 2.1728 ;

22 Erryy' — 33064e-03 1.6808e-03 8.2753e-04 4.1419e-04 2.0490e-04
Rocl ' — 09761 1.0223 0.9985 1.0154 -

24 Erryy| — 3.2956e-03 1.6376e-03 8.1657e-04 4.1055e-04 2.0407e-04
Rocyy — 1.0090 1.0039  0.9920 1.0085 -

26 Erryy' — 3.2919e-03 1.6359e-03 8.1575e-04 4.0737e-04 2.0356e-04
Rocyy — 1.0088 1.0039 1.0018 1.0009 -

28 Erry)' — 3.2909e-03 1.6354e-03 8.1552e-04 4.0725¢-04 2.0350e-04
Rocy ' — 1.0088 1.0039 1.0018 1.0009 -

2710 Eply' = 32906e-03 1.6353¢-03 8.1547e-04 4.0722e-04 2.0349e-04
Rocyy' — 1.0088 1.0039 1.0018 1.0009 -

2712 Erly' = 32906e-03 1.6353e-03 8.1547e-04 4.0722e-04 2.0349e-04
Rocyy — 1.0088 1.0039 1.0018 1.0009 -

27 Er' 5 32906e-03 1.6353e-03 8.1547e-04 4.0722e-04 2.0349e-04
Rocy ' — 1.0088 1.0039 1.0018 1.0009 -

270 Ert 37399e-03 1.8728e-03 9.5069e-04 4.6983e-04 2.3635e-04
Rocyy  1.0088 1.0039 1.0018 1.0009 -

Erdy — 3.7399¢-03 1.8728¢-03 9.5069¢-04 4.6983e-04 2.3635e-04

Rocyy — 1.0088 1.0039 1.0018 1.0009 -

Ph.D Dissertation

82



Fitted numerical methods for time-delayed two-parameter SPPs

2024 G.C

Table 6.3: Maximum absolute errors, £ rr@’fy and rates of convergence, Rocgﬁ/[ using scheme
(6.10) for Example 6.1 with u = 1073 and different values of €.

N— 16 32 64 128

el M — 8 32 128 512

10° Errgy —  37154e-04  5.1172e05  12743e-05  3.1831e-06
Rocyy' —  2.8601 2.0056 2.0012 -

1072 Erryy' —  3.1715e-02  7.4881e-03  1.8460e-03  4.5989e-04
Rocyy' —  2.0825 2.0202 2.0050 :

104 Erryy —  3.6848e-02  8.7688¢-03  2.1682e-03  5.417le-04
Rocyy — 20711 2.0159 2.0009 -

1070 Errgy' —  3.6921e-02  8.8083e-03  2.1882e-03  5.5165e-04
Rocyy' — 20675 2.0091 1.9879 -

108 Eryy' —  3.6921e-02  8.8083e-03  2.1882e-03  5.5165e-04
Rocty' — 20675 2.0091 1.9879 -

10710 Erdy' = 3.6921e-02  8.8083e-03  2.1882e-03  5.5165e-04
Rocty' —  2.0675 2.0091 1.9879 -

1072 Emly = 3.6921e02  8.8083e-03  2.1882e-03  5.5165e-04
Rocyy' = 2.0675 2.0091 1.9879 -

1074 Ery' = 3.6921e02  8.8083e-03  2.1882e-03  5.5165¢-04
Rocyy —  2.0675 2.0091 1.9879 -

10710 Erdy' = 3.6921e-02  8.8083e-03  2.1882e-03  5.5165e-04
Rocty' —  2.0675 2.0091 1.9879 -

10°18 Erryy —  3.6921e-02  8.8083e-03  2.1882e-03  5.5165e-04
Rocyy' = 2.0675 2.0091 1.9879 -

10720 Erypl = 3.6921e-02  8.8083e-03  2.1882e-03  5.5165e-04
Rocyy' = 2.0675 2.0091 1.9879 -

Eryy = 3.6921e-02  8.8083e-03  2.1882¢-03  5.5165e-04

Rocgy — — 2.0675 2.0091 1.9879 -

Ph.D Dissertation

83



Fitted numerical methods for time-delayed two-parameter SPPs

) NM NM .
Table 6.4: Maximum absolute errors, E Ire and rates of convergence, Rocg ), using scheme

(6.10) for Example 6.1 with u = 1073 and different values of u.

N— 16 32 64 128

el M— 8 32 128 512

102 Erpy —  3.6681e-02  8.7863e-03 2.3760e-03  5.6170e-04
Rocyy' —  2.0617 1.8867 2.0807 -

1074 Ery' —  3.6290e-02  8.6223e-03  2.1288e-03  5.3056e-04
Rocyy' — 20734 2.0180 2.0045 -

10°°  Err}' —  3.6288e-02  8.6218e-03  2.1287e-03  5.3053e-04
Rocty' —  2.0734 2.0180 2.0045 -

1078 Erdy' = 3.6288e-02  8.6218e-03  2.1287e-03  5.3053e-04
Rocyy' —  2.0734 2.0180 2.0045 -

10710 Er) - 3.6288e-02  8.6218e-03  2.1287e-03  5.3053e-04
Rocty' — 20734 2.0180 2.0045 -

1072 Erdy' —  3.6288e-02  8.6218e-03  2.1287e-03  5.3053e-04
Rocyy —  2.0734 2.0180 2.0045 -

Errgy = 3.6288e-02  8.6218¢-03  2.1287e-03  5.3053e-04

Rocty  — 2.0734 2.0180 2.0045 -

Table 6.5: Comparison of E rrg}iw of our scheme in (6.10) with an existing schemes in Mun-
yakazi (2015) using Example 6.1

u=10"2(N=M)— 16 32 64 128 256
¢ | Proposed method
272 3.5408e-03 1.4406e-03 7.2367e-04 3.6274e-04 1.8160e-04
276 7.6891e-03 3.5741e-03 1.6758e-03 8.3861e-04 4.1005¢e-04
28 8.8804e-03 4.8270e-03 2.3954e-03 1.1960e-03 5.9488e-04
scheme in Munyakazi (2015)
272 7.10e-3 3.11e-3 1.44e-3 6.89¢-4 3.37e-4
26 1.95e-2 7.29e-3 291e-3 1.27e-3 5.89%¢-4
28 3.21e-2 1.31e-2 491e-3 1.92e-3 8.19e-4
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Table 6.6: Maximum absolute errors, £ rrfsvﬁ/[ and rates of convergence, Rocgfy using scheme
(6.10) for Example 6.2 with u = 1072 and different values of €.

N— 32 64 128 256 512

el M- 8 16 32 64 128

1072 Erryy — 4.8396e-03 2.4330e-03 1.2184e-03 6.0984e-04 3.0505¢-04
Rocyy' — 09922 09977 09985 09994 -

1074 Erry)' — 4.8440e-03 2.4340e-03 1.2186e-03 6.0991e-04 3.0506e-04
Rocyy — 09929  0.9981 0.9986  0.9995 -

100 Errdy’ — 4.8440e-03 2.4340e-03 1.2186e-03 6.0990e-04 3.0506e-04
Rocy ' — 0.9929 0.9981 0.9986 0.9995 -

108 Erryy' — 4.8440e-03 2.4340e-03 1.2186e-03 6.0990e-04 3.0506e-04
Rocyy — 09929  0.9981 0.9986 09995 -

10710 Er)' —  4.8440e-03 2.4340e-03 1.2186e-03 6.0990e-04 3.0506e-04
Rocgy — 09929  0.9981 0.9986  0.9995 -

10740 Erfl' 4.8440e-03 2.4340e-03 1.2186e-03 6.0990e-04 3.0506e-04
Rocgy — 09929  0.9981 0.9986  0.9995 -

Erryl — 4.8440e-03 2.4340e-03 1.2186e-03 6.0990e-04 3.0506e-04

ROC{;{ZM — 09929  0.9981 09986 09995 -

Table 6.7: Maximum absolute errors, E rrﬁﬁw and rates of convergence, Rocﬁ’ly using scheme
(6.10) for Example 6.2 with € = 1072 and different values of 4.

N— 32 64 128 256 512

T M — 8 16 32 64 128

1072 Erryy| — 4.8396e-03 2.4330e-03 1.2184e-03 6.0984e-04 3.0505¢-04
Rocl)' — 0.9922 0.9977 0.9985 0.9994 -

107 Er' = 4.8396e-03 2.4329e-03 1.2183e-03 6.0983e-04 3.0505e-04
Rocyy' — 09922 09978 09984 09994 -

10°°  Erl' — 4.8396e-03 2.4329e-03 1.2183e-03 6.0983e-04 3.0505e-04
Rocyy' — 09922 09978 09984 09994 -

108 Errgy' — 4.8396e-03 2.4329e-03 1.2183e-03 6.0983e-04 3.0505¢-04
Rocyy — 09922 0.9978 0.9984 0.9994 -

10710 Erf - 4.8396e-03 2.4329e-03 1.2183e-03 6.0983e-04 3.0505e-04
Rocyy' — 0.9922 0.9978 0.9984 0.9994 -

1074 Erf' 4.8396e-03 2.4329e-03 1.2183e-03 6.0983e-04 3.0505e-04
Rocyy' — 0.9922 0.9978 0.9984 0.9994 -

Eriy — 4.8396e-03 2.4329¢-03 1.2183¢-03 6.0983e-04 3.0505e-04

Rocyy — 0.9922 0.9978 0.9984 0.9994 -
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Table 6.8: Maximum absolute errors, £ rrfgvﬁ/[ and rates of convergence, Roczs\iﬁ/[ using scheme

(6.10) for Example 6.2 with 1 = 1073 and different values of €.

N— 32 64 128 256

el M — 16 64 256 1024

1074 Erd) = 62804e-02  1.6164e-02  4.0679e-03  1.0188e-03
Rocyy' —  1.9581 1.9904 1.9974 -

10°°  Ery' —  62807e-02  1.6165e-02  4.0682¢-03  1.0189¢-03
Rocyy — 19581 1.9904 1.9974 -

108 Ery' = 62807e-02  1.6165¢-02  4.0682e-03  1.0189-03
Roct ) —  1.9581 1.9904 1.9974 -

102 Ery' = 6.2807e-02  1.6165e-02  4.0682¢-03  1.0189¢-03
Rocy —  1.9581 1.9904 1.9974 -

Erryy = 6.2807e-02  1.6165e-02  4.0682¢-03  1.0189¢-03

Rocgy  — 1.9581 1.9904 1.9974 -

Table 6.9: Comparison of £ rrgfy of our scheme in (6.10) with an existing schemes in Das
and Mehrmann (2016) using Example 6.2

u=10"% (N)— 64 128 256 512
(M) — 16 32 64 128
€ | Proposed method
1072 2.4330e-03 1.2184e-03 6.0984e-04 3.0505e-04
1074 2.4340e-03 1.2186e-03 6.0991e-04 3.0506e-04
scheme in Das and Mehrmann (2016)
1072 2.2542e-2  1.1005e-2 5.3920e-3 2.6870e-3
1074 2.4125e-2 1.1985e-2 5.9160e-3 2.9660e-3
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Figure 6.2: Numerical results of Example 6.1 using scheme (6.10) (a) for N = M = 64,
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Figure 6.3: Numerical results of Example 6.2 using scheme (6.10) (a) for N = 128 = M

e=p=2"and (b)for N=128=M,e=pu=2""2
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Figure 6.4: Log-Log plots of (a) Example 6.1 and (b) Example 6.2

Ph.D Dissertation

87



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

6.6 Summary

In this chapter, a fitted operator finite difference method (FOFDM) for solving singularly
perturbed partial differential equations with two perturbation parameters are formulated. A
uniform mesh has been considered in both space and time directions while we discretized
the given domain. The discretization used the Crank-Nicolson method for time variable and
nonstandard finite difference method (NSFDM) for space variable. The proposed the numer-
ical method is uniformly convergent and independent of both the perturbation parameters,
€ and u. The scheme is shown to be first order in space and second order in time theoreti-
cally. To confirm the theoretical convergence results and to demonstrate the applicability of
the proposed scheme, we have implemented two tested examples, and results have been pro-
vided and presented in tables and graphs. The numerical examples and the graphical results

confirm the theoretical analyses and findings.
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CHAPTER 7

A STABLE NUMERICAL TECHNIQUE FOR SOLVING
NONLINEAR TWO-PARAMETER SINGULARLY
PERTURBED PDES

In this chapter, a new numerical approach is developed for a nonlinear two-parameter singu-
larly perturbed initial-boundary value problem. The implicit backward Euler’s discretization
for time derivative and the fitted operator technique in the the spatial domain are employed.
Newton’s quasilinearization technique is carried out for the nonlinear terms. Investigation of
parameter-uniform error estimates shows that the developed approach is first-order accurate
in both time and space. But temporal mesh refinement technique is introduced to improve
the order of accuracy to two. Two examples are provided and implemented in Python to

validate the applicability of the method and results are displayed in tables and graphs.

7.1 The governing problem

The nonlinear two-parameter problem in the domain D = (0, 1) x (0, T] is considered as

Lu(x,t) +u(x,t) = f(x,1), (x,t) € D,
u(x,0) =g(x), xe D,=(0,1), (7.1)
u(0,¢) =s(t), u(1,t) =mf(t), t € D, =[0,T],

where Lu(x,t) = —€ug(x,1) + pa(x,t)u(x, uy(x,t) — b(x, 1) (u?(x,2)), 0<e<1and 0 <
i < 1 are perturbation parameters. The coefficient functions a(x,),b(x,t) and f(x,?), (x,) €
D, the initial function g(x) for x € Dy, and the functions s(z) and m(t) for t € D, are assumed
to be sufficiently smooth, and bounded with a(x,#) > o > 0 and b(x,7) > B > 0. Also, we
assume the compatibility conditions of the data at the corners, that means ©(0,0) = s(0) and
u(1,0) = m(0).

7.1.1 Properties of the continuous problem

_ d
Lemma 7.1.1. Assume ¥(x,7) € C>'D. If ¥|;p > 0 and (Lg,u + E) ¥Y|p >0, then
P, > 0.

Proof. Let (x*,7*) be an arbitrary point in the domain D = (0, 1) x (0, T') such that ¥ (x*,1*) =
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min{¥(x,?)} yep- We will assume that ¥'(x*,#*) < 0. Since (x*,#*) ¢ {0,1} x {0,T}, we
can apply the first and second derivative tests for multivariable functions and use the defini-

tion of (x*,¢*) to obtain the following properties:
Wo(r, 1) >0, V() =0, V,¥(x",r")=0.

Hence,

(Lot 5 ) ¥lo = oo )+ ala” VRO IVRO) b0 ()

VP (x*, 1)

Since W, (x*,1*) > 0 and V¥ (x*,1*) =0, the terms involving these derivatives become zero.
Additionally, V,¥(x*,#*) = 0. Hence;

0
<Lg7u + 3t> Y|p = —eW (x", 1)+ pa(x™, )P (X, )V P (", 1) —b(x*, 1) (P(x*, t*))2 +V, P (x*, 1)
<0 =0 <0 =0
(7.2)

<0.

where the inequality follows from & > 0 and (¥(x*,*))?> > 0. However, this contradicts
our assumption that (L&“ + %) Y|p > 0. Here, our initial assumption that ¥(x*,*) < 0
is incorrect. Hence, we conclude that ¥(x*,t*)|5 > 0. As (x*,#*) was chosen arbitrarily, it
follows that ¥ (x,z) > 0 for all (x,7) € D. |

Due to the prevalence of multiple solutions in most nonlinear problems, the task of obtaining
a unique solution becomes challenging when studying nonlinear TPSPPs. Consequently,
we introduce the following theorem, which assures that the considered problem possesses a

unique solution.

Theorem 7.1.1 (Existence and Uniqueness ). The problem given in (7.1) possesses a unique

solution.

Proof. To prove this theorem, we need to define an energy function. We can define by
introducing a suitable function that captures the energy or Lyapunov-like structure of the

problem as follows.

! I 1
E(r) :78/0 M)%(X,t)dx%—%/o uz(x,t)dx—g/o u? (x,1)dx. (7.3)
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Taking the derivative of (7.3), we have:

1

1 1
Ef)=—¢ /0 e (0, )ity (5, £)dlx + pLcx /O (o, )ity (x,1)dx — B /0 W2 (x, ity (x,1)dx. (7.4)

Using integration by parts and utilizing the value of u,(x,) from (7.1), we obtain

_8/01 u?(x,t)dx = —¢ (ux(x,t)u,(x,t) - /01 U (x,t)uxx(x,t)dx> (7.5)

o /O ) (o) dx = 1 /0 1) (Bt (5, 1) — pa e, )0, i () 4+ by ) )2 (5, 1))
(7.6)

1 1
B /0 W2, )ity (x,1)dx = — B /0 2 (5,1) (Etts (0,1) — pae, D, )iy (6,7) + b (o, 1) (u(x,1))? + f(x,1)) dix.
(7.7)

This will allow us to express (7.4) in a different form.

1
E'(t)=—c¢ (ux(x,t)u,(x,t) —/0 u,(x,t)uxx(x,t)dx) +
1
,LLOC/O u(x,1) (Eue(x,1) — palx, )u(x,t)ux(x,1) +b(x,1) (u(x,1))? + f(x,1)) dx

1
—[3/0 u®(x,1) (Euxe(x, 1) — pa(x,t)u(x, 1)ux(x, 1) +b(x,1) (u(x,1))? + f(x,1)) dx.
(7.8)

Equation (7.8) becomes

E'(t)=— 8/01 uy (X, 1)ty (x,1)dx+

I
,LLOC/O u(x,1) (Eue(x,1) — palx, )u(x,t)ux(x,1) +b(x,1) (u(x,1))? + f(x,1)) dx

-B /Ol u? (x,1) (e (x,1) — pa(x, 1) u(x, )uy(x,1) + b(x, 1) (u(x,1))* + f(x,1)) dx
(7.9)

Using Cauchy-Schwarz and Holder’s inequalities, we can bound the integral terms in Equa-
tion (7.9).

[aa] <[ [ [ a2 = sl o

/u(f+ Ellyy — LOULL +ﬁu2)dx

< lullp, (@) |1f + Etter — potusy + Bu*|ly ) (7.10)

/uz(f—l—suxx — o, + Bu®) dx

< |, (@) IS + Etter — oty + Bu? ||, ()

Ph.D Dissertation 91



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

To obtain the overall bounds for the integrals in equation (7.10), we need to combine the

individual bounds for each integral.

E'(1) < —& (el ooy 1t en) + 110t (1l o 1 + 00— provue + B )
B (1 (@ I + et — ot + Bl ey )
(7.11)

We are considering the case where € + 8 < pa to estimate the terms on the right-hand side.
This leads to

dE
— <0. 7.12
dr — ( )
Hence,
E(t) <E(0) for0<t<T. (7.13)

Again, if we consider the case 3¢ +2 < 3ua, we get
E(t) > E(0) for0<r<T. (7.14)
Now, combining (7.13) and (7.14), we have
E(1) = 0. (7.15)

Now, let us assume the given problem in (7.1) has two distinct solutions, say u# and v. Again,
define difference function w(x, ) that satisfies the given conditions of (7.1) such that w(x,#) =

u(x,t) —v(x,r). Then substituting w(x,7) in (7.3), and using the result in (7.15), we have:

— 1 1 1
E(w(x,1))=0= —8/ w2 (x,1)dx + ﬂ/ w2 (x,1)dx — E/ w2 (x,1)dx = 0.
2 Jo 2 Jo 3 Jo

w(x,1) =0
u(x,t) —v(x,1) =0
u(x,t) = v(x,t),

and this contradicts to our assumption problem in (7.1) has two distinct solutions. Therefore,

the problem in (7.1) has a unique solution. |

Ph.D Dissertation 92



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

Lemma 7.1.2 (Continuous uniform stability estimate). Assume u(x,t) is the solution of
(7.1). For any € > 0 and u > 0, it follows that

lullp < B~ 11 £1l5 + lullan-
Proof. We define two comparison functions as
o= (x,1) = B fllp + lullop £ ulx,r)  forall (x,r) € D.
Now, let’s investigate the behavior of ¢ on the boundary of D:

Whenx =0, ¢*(0,1)=B||fllp+ |lullap £u(0.1)
=B Ifllp+ llullap £ (1),
where s(t) is the boundary function at x = 0. Since s(t) > 0, we have ¢=(0,¢) > 0.

Similarly, when x = 1, we have ¢*(1,¢) > 0. Therefore, we have shown that o= (x,z) > 0
for all (x,7) € dD. Next, we consider the operator L¢ ;, applied to ot

L&Ii(pi(xvt) = £(p)§(x,t) —l—‘LLa(x,l‘)qu(x,t)ngDi(x,l‘) _b(xvt)((pi(xJ))z'

Since @ (x,¢) < 0and V,@*(x,t) = 0 for all (x,¢) € D, we can simplify the expression:

LE,,u(Pi(xvl) = _b(xat)((pi (xat))z‘

Now, by applying the maximum principle in Lemma 7.1.1, we conclude that o= (x,7) > 0
for all (x,7) € D.
Since ¢ (x,1) = B~ £l + [lull ap £ u(x, 1), we have

9 ()20 = BUflp+Ilullap £ulx,r) >0

This implies that —u(x,2) < B~ fllp+ |lullop and u(x,2) < B=Y| £l 5+ |ullop for all (x,t) €
D. Therefore, we have ||ul|5 < B~ f|l5+ |lull5p, which gives the desired estimate. ]

Therefore, this Lemma establishes the continuous uniform stability estimate for the so-
lution u(x,) of (7.1).

Lemma 7.1.3 (Derivative bounds). Assume u(x,t) is the solution to the problem described

in (6.1). For j =0,1,2, there exists a constant C such that

J
‘a “B0D| o ) e b.

ot/
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Here, C represents a constant value that remains unaffected by the perturbation parameters

€ and L.

Proof. From the initial condition, we have u(x,0) = ho(x) for r = 0. Upon differentiating

with respect to ¢, we obtain

du(x,0 9%u(x,0 du(x,0
WD) e PO 03t 0) P 0, 0))7 4 £0,0), xe[0,1)
(7.16)
At the boundaries x = 0 and x = 1, we have:
a”gi”) — (1), (7.17)
auélt’t):mll(t), t€(0,T]. (7.18)

Using the smoothness of hg(x), so(¢), and m;(¢), we can find a constant C; such that:

du(x,t)
ot

< C) forall (x,t) € dD.

For any (x,t) € D, the differential equation Lu — f = a”g;’t) = 0 holds. Since the linear

operator L is uniformly stable, we can apply Lemma 7.1.2 to conclude that

0 _
ug;,t) < Cforall (x,t) € D

This completes the proof of the Lemma. |

7.2 Construction of the numerical scheme

7.2.1 Time discretization

To discretize the time interval [0,7] into M equally sized intervals of length Az given as
T

At = i such that 7o = 0,y = T and t; = jAr for j =0,1,2,3,...,M. To write the semi-

discrete form for the problem in (7.1), we discretize the time variable using implicit Euler

method with a uniform time step At.
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u(x,0) = u’(x) = ¢°(x),

(%t)_u]) B gu){jl(x) -|—‘uaj+1(x)l/lj+l()€)u){+l(x) _ bj+1(x)(uj+1(x))2 _ fj+1(x)u

u(0,¢) = w/t(0) = s/11(0), u(1,¢) =uw/*1(1) =m/TI(1).

(7.19)
After rearranging Eq. (7.19), we obtain the following system.
(
u’(x) = g°(x),
—Areudd” (x) F ArpaH () (i (@) - A @@ P
AP () () = 0 (x), |
[ u(02j51) =5771(0), u(L,tj41) =m/H(1).
Eq. (7.20) can be reduced to
u’(x) = (),
L;#uﬁ—l :ng'j—i-l,
u(0,11) = /T1(0), u(l,2j11) =m/*1(1).
(7.21)

where Le yu/ ' = —eul ™ (x) + wa/ 1 (x)ud 1 (x)ud T (x) — b7 (x) (/! (x))2 and
. , 1 . 1 .
FIH = fitl(x) — EM] Hx) + EM] (x). The above Eq. (7.21) is a nonlinear semi-discrete

form of the given problem for j =0,1,2,3,....M — 1.

7.2.2  Analysis of the semi-discrete scheme

Lemma 7.2.1 (Semi-discrete maximum principle). If ¥/*1(0) > 0, ¥/*1(1) > 0, and
(Leu) W/ (x) > 0 for all x € D, then it follows that /! (x) > 0 for all x € D.

Proof. Suppose there exists x* € D such that ¥/*!(x*) = min,.5 ¥/ (x) < 0. Since x* #
{0,1}, we can employ the second derivative test and first derivative test on the function
Witl(x) to establish that W/ (x*) = 0 and WL (x*) > 0. By substituting ¥/ +!(x*) into
Equation (7.21), we obtain:

Le 977 (") = —e WL () + pa’ ™ )W ()W () — 07 () (9 ()2 < 0

J/

<0 =0 <0

This contradicts the assumption (Lg ) P/ "1 (x) > 0, thereby establishing that ¥/*!(x) >0
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for all x € D. [ |

The semi-discrete maximum principle establishes the non-negativity of the solution at
the mesh points given certain conditions on the boundary values and the operator L ;.

The above semi-discrete maximum principle leads to the following stability estimate result
|Len| <C. (7.22)

where C is a constant independent of €, 4 and Ar. For the semi-discrete scheme (7.21), the
local truncation error e is estimated as ej41 = u (x,2j41) — @/7'(x), where 4/!(x) is the

solution of the following boundary value problem

2°(x) = g°(x) xe D,
Lg‘#ﬁj—kl :yj—i-l,
4(0,¢41) =s/710), a(1,t;41) =m/ (1), j=0,1,2,...M—1.
(7.23)

k

d _
Lemma 7.2.2 (Local error estimate). Given that a—tku(x,t)‘ < C holds for all (x,t) € D

and k = 0,1,2, the local error estimate e in the temporal direction can be expressed as:
lej+1]| < C(Ar)>. (7.24)

Proof. Due to the sufficient smoothness of the solution u(x,) for the problem (7.1), we can

employ a Taylor series expansion to represent u(x, ;) at the time level #:

At? Ar3
u(x,tj) = u(x,tjp1) — Aty (x,1j41) + 7u"<x’ tiv1) — ?um(x,é) (7.25)

for some & € [tj,#;,1]. Substituting the expression for u,(x,t;) from Equation (7.19) into
Equation (7.25), we obtain:
u(x,t;) =u(x,tjp1) — At (€ul — pa/ T+ BN W 4 7 (x)) + O(Ar)?
=u(x,tj11) — Ateul T+ Arpa T T ud T — AT (T2 — AT (x) + O(Ar)?

(7.26)

Now, subtracting Equation (7.20) from Equation (7.26) yields the local truncation error e, 1,
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which fulfills the subsequent boundary value problem:

el (x) = g% (x),
L8_7“€j+1 = O(Al‘)z,

ej+1(0) = s771(0), eji1(1) =m/TH(1).

The stability estimate in Equation (7.22) of the semi-discrete scheme guarantees the intended

outcome. Consequently, we obtain:
2
|ejr1]| < C(Ar)*.

Lemma 7.2.3 (Global error estimate). The temporal direction global error estimate, E; | =

u(x,tj+1) —u/T1(x) is given by
|Ej][ <C(ar), jan<T. (7.27)

Proof. Start by expressing the global error E; | as the sum of the local truncation errors e,
up to time step j:
Bl = | Ll stan<T

J
Y
=1

By the triangle inequality, we can bound the norm of the sum by the sum of the norms:

= Hel—i—ez—l—€3+"'+€jH
<llet]| + lleal +llesl| + -+ |e;

Since the local truncation errors e; are bounded by C; (At)z, as shown in the Local Error

Estimate lemma, we can substitute these bounds into the inequality:

< C1 (A1) +Co(A)* + C3 (A1) 4 -+ Cj(Ar)?
<C'(j)(Ar)?

Here, C'(j) represents a function of j that depends on the specific coefficients and conditions
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of the problem. However, since j(Ar) < T, we can further simplify the expression:

<c (%) (A1) =C'T(Ar)

< C(Ar)

where C =C'T. [ |

Therefore, the global error estimate HE 1 H is bounded by C(Ar), which implies that the

semi-discrete scheme is convergent of order one in time.

7.2.3 Quasilinearization

In order to construct a computational method for the boundary value problem stated in (7.1),
it is necessary to linearize the semi-discrete problem (7.20) that involves nonlinearity. This
can be accomplished by employing Newton’s quasilinearization approach (see Bellman and

Kalaba (1965)). The non-linear scheme given in (7.20) can be expressed as

u(x) = g°(x),

—eul (%) = —pa T () u T ) ud T () 4+ 5 () (T (x))2 + FI (x) — éuﬂl (x)+ iuj (x),
u(0,t;11) = s/T1(0), u(l,tj41) =m/T1(1).
(7.28)
Let F (w1, uf™) = —pa* ! (x)u*! (x)ud ™ () 467 (x) (/1 ()2 + 7 () — é”j“ (x)+

1 .
Euf (x) and rewrite (7.28) as

u’(x) = g°(x),

—euli (x) = Fw/+, ulth), (7.29)

M(O,IJ_H) - Sj+l<0)7 M(l,tj+1) = mj+1(1)

Let (uj“’(k) (x), uﬁl’k(x)) denote the k’* nominal solution of (7.29). By employing a two-
variable Taylor series expansion of F (uj Jrl’(kJrl)(x),u)]frl’kJrl (x)) around the nominal solu-

tion (uj LK) (x), AR (x)) and considering only the first-order term, we obtain:

F <uj+1,(k+1),u_)1€'+1,k+1) _F <Mj+1,(k),u_);c'+1,k>
n (uj+1,(k+l) _uj+1,k(x)> Fo (uj+l,(k) _uj+1,k(x)> (7.30)

n (u)jc'+1,(k+1) _u)jc'+1,k(x)> F o (u)JC"f‘]a(k)u)jc'-i-l,k(x))

X
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Using the value of (7.30) in (7.29), and performing some simplifications, we obtain the

following system.

uo’(kH)(x) _ gO,(k-H)(x)

)

_gugl,(kﬂ)(x) _|_uaj-&-l,(k)uj-l-L(k)M)J('+1.(k+1) o (;1 _‘uaj-l-l,(k)u){+l,(k) _|_2‘ubj+1,(k)uj+1,(k)> ARNISEY!
t
= pa R0 TRt (k) (um,(k))2 L) 1w

At ’
uj+1,(k+1)(0) — sj+1,(k+1)(0)’ uj+1,(k+1)(1) — mj+17(k+1)(1)_

(7.31)

where 1/11:(0) is initial guess of the nominal solution (uj L) ()l ’k(x)) fork=0,1,2,...
is the iteration counter.

Using the following notations to write (7.31) in simplest form.

( Uj+1(x) — uj+1,(k+1)(x)

. 7.32
d(x) = _Ai — a0 LR o (0 1K) (7:32)
t
H(x) = a0+ L0 10 it ) (uj—l-h(k))z + L0 4 Aiu];(k)
\ t

Then, using the above notations (7.31) can be written as:

U°(x) = g%(x),
—eULT () + ue(x)Uit — d(x)Uit! = H(x), (7.33)
UHH0) = s/110), UT(1) =m/TI(1).

Equation (7.33) is the linearized form of the semi-discrete singularly perturbed nonlinear
problem in (7.20).

To obtain a unique solution for the linearized singularly perturbed problem in (7.33), we
assumed that the coefficient functions, c(x), d(x) and H(x) are smooth with ¢(x) > A >0
and d(x) > p > 0, where A and p are positive numbers.

Lemma 7.2.4. Let U/*!(x) be the semi-discrete solution of (7.33). For a certain order of

derivative ¢ that depends on the smoothness of data U/*!(x) satisfies the following bound

dU/ (x)

& —pOx & —pO,(1—x)
< <EL
py: _C(l—l—@le +03e >, for 0<E<gqg

where p is any real constant such that 0 < p < 1

Proof. See Kadalbajoo and Yadaw (2012) |
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The above lemma provides insights into the asymptotic behavior of the solution u/*! and its
spatial derivatives in (7.2.4). This lemma plays a crucial role in analyzing the convergence

of the fully-discrete solution.

7.2.4 Full-discrete scheme

In this section, the spatial domain D= [0,1] is subdivided into N equal sub-intervals, with

each sub-interval consisting of a mesh element of length 1/N such that
x0=0, xy=x0+i=h, xp=x1+h=2h, --- xy=Nh=1.

Utilizing the discretization of the spatial domain, the semi-discrete linearized problem (7.33)

can be transformed into its complete discrete formulation as presented below.

u(x) =g%x;), i=0,1,2,3...,.N—1,

(VMU = —e8207 ! 4 pe()DF U — d(uit = HIT, (7.34)
U({_H :S8+l U]{[-I—l _ mX’H'
where
| vl —ou/tt Ut . Uit — g/t
s/t = | ,and DfU/T = | L (7.35)
07 (h,€, 1) h

Employing FOFDM based on the technique of Mickens (1994), then we can express equation

(7.34) in a discretized form.

u(x) =g%x),i=1,2,3...,.N—1
vt 2ot vl
07 (h,e, 1)

j+1 ti J+L Lk .
L U =5y ,Uy =my, j=123,.. . M—1

j+1 41
v/ - Ul

N.M J+1
[LNMU] ;

_d(x)Uij-H :Hij-i-l

+ pe(x)

(7.36)

where the denominator function ¢?(h, €, 1) is written as

oo (22))

(Piz(hag?“) = ¢i2 =
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Now, the equation (7.36) can be expressed as.

ud(x) = g%(xi), 1 <i<N—1
U R 6l 73

Jj+1 _ fit j+1 _ fin .
Uy =5y Uy =my 1<j<M—1
with

' € j 2¢e . €
E,-]+1 = (_‘7’_12) , Fl.JJrl — (q)_f _ HC}EX) _d(x)) 7 Glﬁrl _ (_(P_lz B MC;EX)) 7

. o (yit gt ) N2 1.
+1 +1,,j+1 +1 +1 +1 +1
H" = pad U/ (— — | —b] (U,.’ ) +fT+-2U

h At

7.3 Analysis of the developed numerical scheme

Lemma 7.3.1. Let ‘P{H be any mesh function fori =0,1,2,3,...,N. If ‘PSH >0, ‘{’]J\',H >0
Jj+1 :
and [Lg,iw‘l’} ~ >0for1<i<N,then ‘P{H >0, fori € [0,N].
1
Proof. Assume there is i* such that ¥V (x;») = min,5 PV (x;). We also assume that ‘Plj AP
0 for some i. Based on the given hypothesis, we have i* # {0, N} and the following inequal-
ities hold:

P/ @l > 0, and WM — Wit > 0.

Jj+1
Now, let’s consider the expression [ngvfy‘{’] ~, which corresponds to the discrete operator
. 1
applied to ¥/ 1
. i+l j+1 j+1 j+1 j+1
Nmg it Wi 2%+ o |V =Wy JHggi+1
'\Pj*—H _le*—H +q,j*—1 _le*—O—l . le*—H _le*—H . .
— ¢ i*+1 i i*—1 i —I—Cljl i i*—1 —d!jllpl:rl <0
2 [ i i
I Wi h
: . : J+1 :
This contradicts the assumption that [Lgfy‘ll] - >0forie [1,N—1]. Hence, we conclude
A l
that W/ > 0 for i € [0,N]. m

From this Lemma, the full-discrete maximum principle ensures that if the given conditions
are satisfied, the mesh function ‘P{ ! remains non-negative for all grid points in the discrete

domain.

Lemma 7.3.2 (Discrete uniform stability). Let ‘Pl] 1 ,i=0,1,...,N be any mesh functions
such that ‘Péﬂ = ‘PZ{,H =0, then

Ph.D Dissertation 101



Fitted numerical methods for time-delayed two-parameter SPPs 2024 G.C

“P{H‘ < LI:,MT{+1

max 0<i<N,

1
p 1<i<N—1

where d (x;) > p > 0.

Proof. Define

1
[‘Pﬂ"“ = — max ‘LQ”M‘P’.’H ‘ +grrl
m P 1<i<N—1 !

Now, we can show that these comparison functions satisfy the required properties. For i = 0:

i 1 : 1 ) .
[‘Pﬂjﬂ = — max Lév’M‘PJH) j:‘P(J)Jrl = — max g’M‘PJH‘ j:s(J)+1 >0,
0 p 1<i<N— ! p 1<i<N- i
and fori =N
i 1 ; 1
[‘Pﬂjﬂ = — max LISV’M‘PJH‘ j:‘P{\,le = — max NM‘P]H‘ +mi > 0.
N p 1<i<N—1 ! P 1<i<N—1

~ 1
LJEV’M [‘Pﬂ{“ = LZSV’M (— max

ng/,MT{+1’iq,{+1>

p 1<i<N-1
d (x;
_ ( ,) N.M ‘iLNM\Pj—H
P 0<1<N
> max ]EV’M ‘iL]gV’M‘P{H >0,
0<i<N

where the inequality holds because d (x;) > p. Therefore, [‘Pi]lj 1 satisfy the conditions of
the Full-Discrete Maximum Principle (Lemma 7.3.1), which implies that [‘Pi]l] i > 0 for
0<i<N. Consequently, we have:

‘\PJ—H‘ < max1<,<N 1 LNM\P{—H), 0<i<N. [

Theorem 7.3.1 (Error estimate). Assume U/*!(x) represents the solution of the semi-

discrete problem (7.33), and Uij ™1 denotes the solution of the fully-discrete problem (7.36).
If N represents the number of grid points and C denotes a suitably large constant, the follow-

ing error bound is fulfilled.

‘LNM (Uf“( ) — UJ“)‘ <N (7.38)
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Proof. We define the truncation error using the differential and difference equation as

L (U0 = U7 ) =L G g0) - L5 (07)

1

dZUj+l ; . de+l ; ) ) )
:—dez(X) + ,LLC]+1 (Xi)dx(x> —dﬁ_l (x,‘) — [85)? + ,UC]+1 (x,-)D; — dj+1 (x,-)]
dzUj+1(xi) : deJrl(x,') :
et e ) T i ()
€ j+1 j+1 +1 pelt(x) j+1 j+1 j
- |:—¢2 (Ul]:_l _2Ui]+ +u{j—l>+T<Ul]++1 —Uij+ )—derl(X,‘)
(7.39)
By utilizing the Taylor series expansion for the terms Ulfll, U/t and —, we get

i

AU (v) R dPUT (xy) n w dBU (x) N ht d*UI (&)
de 20 a2 31 a4 ad

Uit = Uit

i+1 76 S (xi—l,xi—i-l)

W) R U ) B AU )| PG

Ut =uitt —p & € (xi-1,%i+1)

i dx 20 42 31 dxd 4 dt
1 1 L pet () (et (x0)?
02 we(xi)h YY) 12¢2
0; —”C&i) (exp( Cg ) — 1>

Applying the above substitutions in (7.39) and performing some simplification, we obtain

dZUj+1 » dzUjJFl(xi) ‘ucj“(x,-) dzUj+l(xi)
—87(%’) + ([,Lcj (i) dx? B 2 dx? ) ht
(1 ()2 U () et () U ()
12¢2 dx? 6 dx’

(7.40)

)#+mm)

By employing Lemma 7.2.4, the bound of the spatial error estimate can be described as

2 (Ut )| =

i+1
LN U stgen)) 223 (07
< C1h+C2h2+... (7.41)
<Ch=CN 'where N"'=1/N=h

By combining Lemma 7.27 and Theorem 7.3.1, we arrive at Theorem 7.3.2 below.

Theorem 7.3.2. (The main result) If u(x,t) represents the exact solution of problem (6.1),

and Ul-j denotes the solution of the numerical scheme (4.16), the error estimate for the full
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discrete scheme can be expressed as:

u(xit)) —U| <C(Ar+h), 0<i<N, 0<j<M. (7.42)

The aforementioned analysis demonstrates that the proposed method exhibits first-order

parameter-uniform convergence in both space and time.

7.4 Numerical examples and discussions

The following examples are implemented to demonstrate the applicability of the proposed
scheme in (7.37). Here, maximum absolute errors E rrjg\{# and numerical rate of convergence,
Rocﬁﬁ/[ are calculated on the considered meshes using the double mesh principle given in
Doolan et al. (1980) as follows.

E rrgﬁl = max |U NM(xi 1 i) —U 2N ,2M (x2i, 2 ])‘ (maximum absolute errors)
R o<i j<nm
N.M El’r}gvﬁ/l
Roce ) =logy | ——x75 (rate of convergence)
Errg. U

Example 7.1. Consider the following nonlinear (nonlinearity in both convection and reac-

tion terms) singularly perturbed problem

( Euee(X,1) + (1 +x)u(x, )y (x,1) — (u(x,2))? —us (x,1) = 16x%(1 —x)?, (x,¢) € (0,1) x (0,1]
u(x,0)0=0, xe€(0,1)

| u(0,1)=0, u(l,)=0, 1€]0,1]

Example 7.2. Consider the following nonlinear singularly perturbed problem

( Euge(x,1) + (1 +x)u(x,t)ue(x,) — (u(x,1))> —us (x,¢) = |xt| x*t>(1 —xt), (x,1) € (0,1) x (0,1]

u(x,0) = x(1 —x?)sinx, x€(0,1)

\ u(0,0) =0, wu(l,t)=0, re€l0,1]

For the given examples, their analytical solutions do not exist in explicit form. Consequently,
we have applied scheme (7.37) to attain the numerical solution and compute maximum ab-
solute errors, E rrﬁf, as well as the convergence rates, Rocgﬁ/[, and we employed Python
software packages for carrying out numerical computations. Table 7.1 presents the numer-
ical results of the nonlinear problem described in Example 7.1 using scheme (7.37) with
p = 107> and varying values of € to obtain the numerical solution and compute the corre-
sponding E rrg’ﬁl, and Roclg\{ ;fl In Table 7.2, the values of £ rrﬁﬁw and Rocjg\{ ﬁ/l are displayed
for various combinations of N and M. The simulations were performed for y = 1019 and
various values of &, allowing us to examine the impact on E rrgﬁ[ and Roc™M . The results
obtained from the two tables indicate that the presented method exhibits uniform conver-

gence with a first-order rate in both variables. In Tables 7.3 and 7.4, we explore the effect
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of varying the values of € on the computationn of £ rrlg\f ,i” and Roc]g,’fy. For Tables 7.3, we
set U = 107, while for Tables 7.3, we use u= 1019, In both cases, the tables demonstrate
first-order uniform convergence results. In The graphical results from Figure 7.1 provide
an examination of the boundary region behavior of the PDE in Example 7.1. Furthermore,
Figure 7.3 shows cases of the Log-Log plots representing the numerical solutions of the
problems presented in Example 7.1 and Example 7.2. These plots provide empirical evi-

dence that aligns with the theoretical assumptions made during the analysis.

%1073

U(x,t)

oo B N W & u

0.8

T-axis 11 X-axis T-axis 11 X-axis

(@) (b)

Figure 7.1: Numerical results of Example 4.1 using scheme (7.37) (a) for N = 320, M = 160,
£=10""2, u =102 and (b) for N = 320,M = 160,£ = 1072, u = 10~ 2

Ph.D Dissertation 105



Fitted numerical methods for time-delayed two-parameter SPPs

2024 G.C

Maximum absolute error

102 1

1073 1

1074 1

Maximum absolute error

-- £=107"8 y=10""

olN~1)
£=10"2, u=10"%
g=10"% y=10"3

e=10"% y=10"10

£

=10710, u=10"10

. T
10
N

Figure 7.2: Log-Log plots for Example 7.1 using scheme (7.37)

1071

1072 5

1074 4

10-5 4

106 4

o(N~1)
£=100p=10"5
£=10"4pu=10"%
£=10"%, u=10"%
£=10-%,u=10"10
£=10"10,;=10"10

10?2
N

Figure 7.3: Log-Log plots for Example 7.2 using scheme (7.37)
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Table 7.1: Errlgv,ﬁ” and Rocls\iﬂ/[ using scheme (7.37) for Example 7.1 with g = 10~ and
different values of €.

N 20 40 80 160 320 640

el M 10 20 40 80 160 320

100 9.0297e-04 2.3126e-04 5.8291e-05 1.4616e-05 3.6584e-06 9.1509¢-07
1.9652 1.9882 1.9957 1.9983 1.9992 _

1072 3.5951e-02 1.3233e-02 4.2589e-03 1.2359e-03 3.3539¢-04 8.7546e-05
1.4419 1.6356 1.7849 1.8817 1.9377 ;

1074 4.9995e-02 2.4988¢-02 1.2477e-02 6.2075¢-03 3.0528¢-03 1.4547¢-03
1.0005 1.0020 1.0072 1.0239 1.0694 ;

1076 5.0001e-02 2.5001e-02 1.2500e-02 6.2502¢-03 3.1251e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 -

1078 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 -

10-10  5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10712 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 -

10714 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 -

1016 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 -

10740 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

Erryy" 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625e-03

Rocyy' 10000 1.0001 1.0000 1.0000 1.0000 ;

Ph.D Dissertation

107



Fitted numerical methods for time-delayed two-parameter SPPs

2024 G.C

Table 7.2: E rr?fﬁ’l and Rocgﬁ/l using scheme (7.37) for Example 7.1 with g = 107'% and
different values of &.

N 20 40 80 160 320 640

elM 10 20 40 80 160 320

100 9.0296e-04 2.3126e-04 5.8292¢-05 1.4616e-05 3.6581e-06 9.1526e-07
1.9651 1.9881 1.9957 1.9984 1.9988 ;

1072 3.5950e-02 1.3233e-02 4.2589e-03 1.2359¢-03 3.3539¢-04 8.7546e-05
1.4419 1.6356 1.7849 1.8817 1.9377 .

1074 4.9994e-02 2.4988e-02 1.2477e-02 6.2073e-03 3.0527e-03 1.4547¢-03
1.0005 1.0020 1.0072 1.0239 1.0694 _

1076 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625e-03
1.0000 1.0001 1.0000 1.0000 1.0000 _

1078 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10719 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10712 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625e-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10714 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

1071®  5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 _

10740 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03
1.0000 1.0001 1.0000 1.0000 1.0000 ;

Erryy 5.0000e-02 2.5000e-02 1.2500e-02 6.2500e-03 3.1250e-03 1.5625¢-03

Rocyy' 10000 1.0001 1.0000 1.0000 1.0000 -
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Table 7.3: Err]e\iﬁw and Roc@iﬁ/[ using scheme (7.37) for Example 7.2 with 4 = 10> and
different values of €.

N 20 40 80 160 320 640

elM 10 20 40 80 160 320

100 3.1193e-05 8.0016e-06 2.0154e-06 5.0521e-07 1.2644e-07 3.1626e-08
1.9629 1.9892 1.9961 1.9984 1.9993 ;

1072 1.2479e-03 4.5771e-04 1.4724e-04 4.2719e-05 1.1592¢-05 3.0256¢-06
1.4470 1.6363 1.7852 1.8817 1.9378 §

1074 1.7278¢-03 8.6360e-04 4.3121e-04 2.1453e-04 1.0551e-04 5.0275e-05
1.0005 1.0020 1.0072 1.0238 1.0695 ;

1076 1.7280e-03 8.6403e-04 4.3201e-04 2.1601e-04 1.0800e-04 5.4001e-05
0.9999 1.0000 1.0000 1.0001 1.0000 ;

1078 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0000 1.0000 1.0000 1.0000 ;

10710 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0000 1.0000 1.0000 1.0000 ;

10712 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0000 1.0000 1.0000 1.0000 ;

10714 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0000 1.0000 1.0000 1.0000 ;

10-16  1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0000 1.0000 1.0000 1.0000 ;

10740 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0000 1.0000 1.0000 1.0000 ;

Erryy 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05

Rocy' 1.0000 1.0000 1.0000 1.0000 1.0000 §
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Table 7.4: E rrjg\:ﬁ/[ and Rocgﬁ/l using scheme (7.37) for Example 7.2 with u = 1010 and
different values of €.

N 20 40 80 160 320 640

eM 10 20 40 80 160 320

100 3.1192¢-05 8.0016e-06 2.0153e-06 5.0523e-07 1.2644e-07 3.1636e-08
1.9628 1.9893 1.9960 1.9985 1.9988 ;

1072 1.2479e-03 4.5771e-04 1.4724e-04 4.2719e-05 1.1591e-05 3.0256¢-06
1.4470 1.6363 1.7852 1.8819 1.9377 §

1074 1.7278e-03 8.6358¢-04 4.3119e-04 2.1453e-04 1.0550e-04 5.0273e-05
1.0005 1.0020 1.0071 1.0239 1.0694 ;

1076 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.3999¢-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

1078 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10710 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10712 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10714 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10-16  1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

10740 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05
1.0000 1.0001 1.0000 1.0000 1.0000 ;

Erryy 1.7280e-03 8.6400e-04 4.3200e-04 2.1600e-04 1.0800e-04 5.4001e-05

Rocy' 1.0000 1.0001 1.0000 1.0000 1.0000 §
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7.5 Summary

In this work, a fitted operator scheme has been developed for two-parameter nonlinear sin-
gularly perturbed initial boundary value problems. The scheme has been constructed using
Euler’s implicit discretization on a uniform mesh in the temporal direction and a fitted opera-
tor discretization on a uniform spatial mesh. Newton’s quasilinearization has been applied to
handle the non-linearity. The investigation reveals that the proposed technique was proved to
be stable and uniformly convergent of order one in both variables. However, temporal mesh
refinement was employed to enhance the convergence rate to the second order. To ensure
accuracy and confirm the theoretical results of the suggested method, we have provided two

examples and presented them in tables and graphs.
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Conclusions

The dissertation contributes to the formulation of fitted numerical schemes for a class of two-
parameter singularly perturbed problems with time delay in both linear and nonlinear cases.
Due to the presence of perturbation parameters attached to the higher-order terms, the solu-
tions of these problems exhibit boundary layers at the endpoints of the domain. Additionally,
if these problems contain nonsmooth terms such as coefficient terms and source terms, they
can exhibit an interior layer in the region of the point of discontinuity in the solution. The

contributions of this dissertation are summarized as follows:

A nonstandard finite difference method called the fitted operator finite difference method was
developed for two-parameter singularly perturbed problems with time delay. This method
utilized the Crank-Nicolson technique for the time variable and the fitted operator method for
the spatial variable on a uniform mesh. The stability estimate and convergence analysis of
the formulated scheme were investigated. The analysis revealed that the scheme is accurate

and uniformly convergent of order one.

A fitted mesh finite difference method was formulated for time-delay two-parameter singu-
larly perturbed problems, considering both smooth and non-smooth data. The scheme was
developed by employing the Crank-Nicolson discretization for the temporal variable and
utilizing a hybrid scheme that incorporates central, upwind, and midpoint difference oper-
ators for the spatial variable. Convergence analysis was conducted, and it was proven that
the method is uniformly convergent for second-order time variables and nearly second-order
space variables. This analysis demonstrates the accuracy and reliability of the proposed

scheme in approximating solutions for such problems.

A fitted numerical method is developed on a uniform mesh for nonlinear two-parameter
singularly perturbed problems. The method incorporates the quasilinearization technique
to handle the nonlinearity in the problem. Additionally, a fitted operator finite difference
method is applied on a uniform mesh, utilizing Euler’s implicit discretization for the time
variable and a nonstandard finite difference technique for the spatial variable. The conver-
gence analysis demonstrates that the developed scheme is uniformly convergent with first-
order accuracy. This highlights the effectiveness and accuracy of the proposed method in
approximating the solutions of the considered nonlinear two-parameter singularly perturbed

problems.
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Recommendations

The developed numerical methods have wide applicability in numerous applications of math-
ematics, physics, and engineering, with particular relevance to fields such as fluid dynamics,
elasticity, quantum mechanics, reaction-diffusion processes, chemical reactor theory, plasma
dynamics, meteorology, diffraction theory, aerodynamics, semiconductor modeling, and hy-
drodynamics, among the areas where these problems arise. To further enhance the applica-
bility of these numerical schemes and guide future research, the following recommendations

are made:

* The methods developed can be expanded to address singularly perturbed differential

equations in two dimensions.

* Further modifications can be made to the methods by applying them on non-uniform

or graded meshes, such as Bakhvalov’s meshes or Volanovic meshes.

* The methods developed can be expanded to address singularly perturbed nonlinear

problems with turning points.

* The methods developed can be expanded to address singularly perturbed nonlinear

problems with turning points in two dimensions.
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APPENDIX B

MATLAB AND PYTHON PROGRAMS

The Matlab and Python programs used to solve the examples can be found on Google Drive

as shared below.

1. Matlab program for Example 4.1 of Chapter 4
https://drive.google.com/file/d/1qJAry1UPRTyfokjT1uwFNNGfULGTTD8 /view

?usp=drive_link

2. Matlab program for Example 5.1-5.4 of Chapter 5

https://drive.google.com/file/d/1S71Q8WEGHdgN1HyaNPby7kW_FNOF60Wt/

view?usp=drive_link

— https://drive.google.com/file/d/1z-Kw_-n1375p11FpnUyLELRQISHSE cUN/
view?usp=drive_link

— https://drive.google.com/file/d/1in3Y4 DLf972SCIMBa8LEHvPpeVwiifg/

view?usp=drive_link

— https://drive.google.com/file/d/1BqadFwSLiD2P6qqEc2xD5L1zNIrpu_lo/

view?usp=drive_link

3. Matlab program for Example 6.1-6.2 of Chapter 6
https://drive.google.com/file/d/1V4dv-0t0i0X1nl15U0kPBuGWwmmPRnQ5t/view

?7usp=drive_link
4. Matlab program for Example 7.1-7.2 of Chapter 7

— https://drive.google.com/file/d/1vh6d05XxEPM8t-rYonAIVrbLDvcHyERCO/

view7usp=drive_link

— https://drive.google.com/file/d/1r2hWoXo7vt1ojJ6S4bWQrEKL_Qk5CBVM/

view?usp=drive_link
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