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ABSTRACT

In this dissertation, the generation of bipartite quantum features and entanglement transfer
between distance parties have been investigated using hybrid optomechanical system with
an optical parametric amplifier and three-level atoms. In the first part of our work, we
examined the degree of steady-state entanglement in a hybrid optomechanical system
incorporating a parametric amplifier. We used logarithmic negativity to quantify the
steady-state entanglement under the linearization approximation. The entanglement
between the cavity-mechanical oscillator and two cavity modes was analyzed by varying the
nonlinear gain of the OPA, optical cavity detuning, and cavity-cavity coupling strength. We
found that the steady-state entanglement increases with the nonlinear gain of the OPA
medium and normalized detuning. Additionally, we demonstrated that the generation of
entanglement can be significantly influenced by the coupling strengths. In the second part
of our work, we investigated the stationary entanglement and quantum discord between the
cavity and mechanical oscillator mode in an optomechanical system containing three-level
atoms. We explored how the shared entanglement and correlations are affected by the
number of atoms injected into the cavity. By optimizing the injection of atoms and tuning
the optical cavity detuning, we analyzed the impact of these parameters on the degree of
steady-state entanglement and quantum discord. We confirmed that both entanglement and
Gaussian quantum discord are enhanced in the presence of three-level atoms, with
maximum entanglement occurring near the resonance condition. Lastly, we studied the
generation of quantum correlations using an OPA in a single cavity of two distant
Fabry-Perot cavities connected by cavity-cavity coupling. We analyzed steady state
entanglement, quantum discord, and steering. Our findings demonstrate that under
OPA, higher nonlinear gain enhances quantum correlations, resulting in stronger
entanglement. However, the decay rates significantly impact the sustainability of these
correlations. Additionally, we shown that Gaussian quantum discord contributes to
broader quantum correlations beyond entanglement. We also characterize quantum
steering by examining the steerability between subsystems, revealing that strong coupling
under OPA boosts quantum steering between cavity modes. Our results may have potential
applications in constructing long-distance quantum communication networks and
facilitating the manipulation of quantum state transfer.

Key Words: Optomechanical Systems, Optical Parametric Amplifer, Three-Level Atoms,

Entanglement, Quantum Correlations, and Quantum Information Process.
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1. INTRODUCTION

1.1. Background

Quantum entanglement is an important resource in the fields of quantum information to
realize quantum communication, quantum computation, quantum cryptography, and
quantum teleportation (Nielsen and Chuang, 2010; Gebremariam et al., 2017; Horodecki
et al., 2009; Zubair et al., 2017). Recently, entanglement has attracted great attention and
experimental realization using different physical quantum systems and information carriers
(Liu et al.,, 2021; Lin et al., 2020; Riedinger et al., 2018). Specifically, mechanical
resonators at mesoscopic scales are beginning to be available as candidate systems to study
various macroscopic quantum features, whereas optomechanical systems have emerged as
particularly promising platforms due to their versatility in design, fabrication, and control
(Aspelmeyer et al., 2014; Gebremariam et al., 2017).

In recent years, there has been a surge of interest in investigating entanglement
phenomena, specifically within mesoscopic systems and two-qubit states (Berrada et al.,
2010; Tesfahannes and Getahune, 2020). This heightened attention underscores the
significance of unraveling the intricacies of entanglement at intermediate scales, driving
forward our understanding of quantum phenomena in complex systems (Bai et al., 2016;
Mancini et al., 2002). On the other hand, optomechanics is one of the emerging research
areas that focuses on the interaction of light with mechanical motion due to radiation
pressure forces associated with momentum (Meystre, 2013; Nichols and Hull, 1901).
Cavity optomechanical systems have recently garnered significant attention due to their
experimental realization, making them crucial components of quantum technology. For the
existing coherent phonon-photon interaction, the pertinent entanglement has been studied in
various optomechanical systems by transferring the quantum behavior of photons to
movable mirrors of coupled optical cavities. In this respect, different authors have studied
the entanglement of two dielectric membranes suspended inside a cavity (Hartmann and
Plenio, 2008), macroscopic quantum states in two superconducting qubits (Berkley et al.,
2003), dynamical quantum steering (Gebremariam et al., 2019), nano-mechanical
oscillators in a ring cavity by feeding squeezed light (Huang and Agarwal, 2009b),
optomechanically induced transparency (Tesfahannes, 2021), processing quantum
information (Zhang et al., 2015; Li et al., 2015b), and enhancing optomechanical force
sensing (Gebremariam et al., 2020; Liu et al., 2012).

Furthermore, the bipartite entanglement between the cavity mode and the mode of
oscillating mirrors has also been demonstrated with the help of an optomechanical array in
which the optical cavities are connected to one oscillating end mirror via a photon hopping

mechanism (Tesfahannes, 2020). In addition, authors have studied observation and



measures of robust correlations for continuous variable systems (Gebremariam et al., 2017),
steady-state entanglement in a hybrid optomechanical system (Kibret et al., 2023), cooling
a mechanical oscillator to its quantum ground state (Marquardt et al., 2008; Zhang et al.,
2016b), dynamical quantum steering (Gebremariam et al., 2019), generating side band
comb (Xiong et al., 2014), and optomechanically induced transparency (Tesfahannes,
2021). Exploring quantum features in macroscopic systems has also made nanomechanical
oscillators attractive candidates (Huang and Agarwal, 2011; Miao et al., 2009). Entwining
two mirrors in a cavity is a proposal put forth by some researchers (Zhang et al., 2003;
Huang and Agarwal, 2009b). Research has been done on the entanglement that occurs
between a vibrating end mirror and a cavity field (Genes et al., 2008; Mi et al., 2013).
Furthermore, generation of the bipartite entanglement and correlations in an
optomechanical array (Gebremariam et al., 2017).

Moreover, many authors have devoted their effort to studying the effect of the
parametric amplification process on entanglement in a cavity where both ends of the
mirrors are fixed (Alebachew, 2007; Adamyan and Kryuchkyan, 2004). In particular, there
are also indications that placing an optical parametric amplifier inside the optomechanical
cavity leads to cooling of the optomechanical oscillation (Huang and Agarwal, 2009a),
strengthening the optomechanical coupling (Lii et al., 2015), and splitting the normal mode
(Huang and Agarwal, 2009c¢). In the same way, the OPAs in a single optomechanical cavity
have also been shown to improve entanglement between a cavity mode and a mechanical
mode (Mi et al., 2013; Yang et al., 2017).

Recent results suggest that various applications in quantum information theory can be
captured by quantum correlations. Several measures of these quantum correlations have been
investigated in the literature (Henderson and Vedral, 2001; Modi et al., 2010). Remarkably,
one of the quantum correlation measures that Ollivier and Zurek introduced is quantum
discord (Ollivier and Zurek, 2001). The quantum discord is the most popular candidate
for such general quantum correlations and has recently received a great deal of attention
(Datta et al., 2008; Ferraro et al., 2010), and some of these have been verified experimentally
(Lanyon et al., 2008; Xu et al., 2010). Furthermore, quantum discord has been proposed
as the key resource in certain quantum communication tasks and quantum computational
models, despite containing minimal entanglement. Specifically, its asymptotic dynamics
in open quantum systems (Berrada et al., 2011), advancements in quantum communication
techniques (Bub, 2014; Navascués et al., 2015), and the novel type of quantum computing
problems (Zidan et al., 2021) are widely used for the application of quantum information
processing.

Furthermore, the interaction between a single two-level atom and an electromagnetic
field, which is the Jaynes-Cummings model, has been at the forefront of quantum optics
and quantum information. Subsequently, the atomic medium plays an essential role during

the interaction with the hybrid quantum system. Specifically, when the atomic medium is



trapped in a cavity with a micromechanical oscillator, some interesting phenomena have
been revealed. For example, cooling the ground state of a micromechanical system through
a two-level atomic system (Genes et al., 2009b) and the two-level atoms effectively enhance
the radiation pressure of the optical cavity field (Ian et al., 2008) have been extensively
studied based on atom-assisted hybrid optomechanical systems. Particularly, hybrid systems
composed of an atomic ensemble can achieve a strong coupling between a mechanical
oscillator and a single trapped atom (Hammerer et al., 2009b). Recently, the nondegenerate
three-level laser coupled to a two-mode thermal reservoir with atomic coherence has been
investigated (Ayehu, 2021).

In contrast to earlier considerations of linear optomechanical coupling schemes in two
optomechanical cavities in the absence of degenerate OPAs (Gebremariam et al., 2017), we
seek to study the effect of degenerate OPA and the strength of coupling between two separate
optomechanical cavities on the degree of entanglement. With this in mind, we strive to
study steady-state bipartite entanglement in a hybrid optomechanical system using optical
parametric amplifiers. To this end, we obtain the dynamics of the optomechanical system by
applying the corresponding Hamiltonian using the quantum Langevin equations, in which
the dissipation and fluctuation terms are added to the Heisenberg equations of motion. We
then find the steady-state and the linearized quantum fluctuation of the system. Afterward,
the steady-state bipartite entanglement is quantified by applying logarithmic negativity. Due
to the presence of degenerate OPA inside each cavity, the steady-state entanglement is found
to significantly vary with the value of the nonlinear gain of OPA.

Furthermore, we consider steady-state entanglement and correlations in an
optomechanical system whose cavity is injected by three-level atoms, in contrast to
considerations of entanglement measurement with early works of a Fabry-Pérot cavity
without atoms of an oscillating micro-mirror and driven by coherent light (Vitali et al.,
2007). In light of this, we employ the quantum Langevin equations, which add the
dissipation and fluctuation terms to the Heisenberg equations of motion, to apply the
corresponding Hamiltonian and derive the dynamics of the optomechanical system. Next,
we determine the system’s steady-state and linearized quantum Langevin equations of
fluctuation. After that, logarithmic negativity is used to quantify the steady-state
entanglement. However, the quantum correlation is investigated by means of Gaussian
quantum discord. In this way, we explore the effect of atoms injected into an
optomechanical cavity on the degree of steady-state entanglement and quantum discord.
This study shows that the cavity field and the oscillating mirror can be entangled.
Furthermore, with the assistance of atomic enhancement, the logarithmic negativity and
Gaussian quantum discord that separate the entanglement and correlation between the two
modes are enhanced.

Moreover in this dissertation, we investigated quantum correlations in a hybrid cavity

optomechanical system where one of the optical cavities contains an optical parametric



amplifier (OPA), and the two cavity modes are coupled through cavity-cavity coupling
strength. We focused on generating quantum correlations in hybrid systems, incorporating
optical parametric amplification and photon-hopping processes. Under weak conditions, we
examine the system’s ability to create quantum correlations through the OPA. Specifically,
we characterize the quantum correlations among the subsystems using various quantum
correlation measures. We have thoroughly utilized logarithmic negativity to quantify
bipartite entanglement and assess state transfer among the subsystems. While the quantum
steering is used to measure the steerability of the two entangled bipartite states.
Additionally, Gaussian quantum discord is utilized to evaluate the correlation between two
Gaussian states, extending our analysis beyond entanglement.

Our findings indicate that introducing an optical parametric amplifier within the cavity
system significantly enhances quantum correlations between subsystems. We explore the
impact of the nonlinear gain and phase of the OPA, cavity-cavity coupling strength, and
environmental temperature on quantum correlations. Specifically, we show that under OPA,
higher nonlinear gain enhances quantum correlations, resulting in stronger entanglement.
However, the decay rates significantly impact the sustainability of these correlations.
Furthermore, our results show that increasing the cavity-cavity coupling strengthens the
interactions and correlations between the modes, promoting conditions necessary for higher
quantum transfer between subsystems. Our comprehensive approach demonstrates the
potential to enhance quantum correlations within the hybrid system. We believe our
findings hold significant promise for advancing quantum correlations through nonlinear

interactions and facilitating the manipulation of quantum state transfer.

1.2. Statement of the problem

Optomechanics is the latest field of research and has received great attention in a vast variety
of systems, ranging from nanomechanical cantilevers, vibrating microtoroids, membranes,
and ultra-cold atoms to gravitational wave detectors. In the last decade, much theoretical
attention has been given to optomechanical systems. On the other hand, due to research
progress and technological developments, these systems are now becoming experimentally
accessible. Furthermore, the coupling between the cavity field and the movable mirror in
optomechanics has been a great attraction for researchers because it is helpful to create non-
classical states of both the cavity field and the mirror. Also, it has been used for quantum
noise reduction. The interaction between optical cavity mode and the degree of freedom
of a mechanical object, cavity optomechanics, is, at this point, a mature research field in
which many different platforms have been demonstrated that couple energy in a mechanical
resonator to the energy stored in an optical cavity (Metcalfe, 2014; Li et al., 2021; Liu et al.,
2018; Amazioug et al., 2018; Anetsberger et al., 2009; Fogliano et al., 2021).

Currently, the study of mesoscopic quantum states and their correlation properties is a



captivating area of research as it gives

* improved compatibility between small quantum states like photons and atoms in a
cavity and existing quantum technologies in terms of information storage, transport,

and computation,

* a means to examine various nonclassical behaviors on a scale that falls between the

microscopic and macroscopic levels,

On the other hand, squeezing of the cavity field is generated by the OPA, which can be
used to improve the sensitivity of mechanical quadrature measurements. An OPA inside the
cavity can enhance optomechanical cooling, optomechanical coupling strength, and normal
mode splitting. The enhanced coupling strength makes it even possible to implement cavity
optomechanics in the single-photon strong coupling regime. Currently, significant progress
has been reported on the study of the enhanced entanglement of two optical modes in
optomechanical systems. Therefore, the enhancement of entanglement and correlation in
two-cavity modes of optomechanical systems via an optical parametric amplifier is the
subject of an active research field (Zhang et al., 2016a; Paschotta, 2014; Lakhfif et al., 2022;
Pan et al., 2023; Elsaesser et al., 1998; Budritnas et al., 2021; Artigas et al., 2002).
Motivated by these interesting features, we propose the generation of bipartite quantum
features and the transfer of quantum states in a hybrid optomechanical system with an
optical parametric amplifier and three-level atoms. In this dissertation, different behaviors
quantum states and nonclassical states in quantum optomechanical systems, such as
entanglement, quantum discord, steering, their interactions with OPA’s effects, and atomic
cavities, are studied. So, using radiation from the interaction of OPA and atoms with the
cavity field, will entanglement and quantum correlations in the modes of the cavity and
mechanical oscillators be established in this dissertation? Furthermore, what impact do
OPA and atoms injected into an optomechanical cavity have on steady-state entanglement,

quantum discord, and steering?

1.3. Objective of the study

1.3.1 General objective

The general objective of this dissertation is to investigate the generation of bipartite quantum
features and the transfer of quantum states in a hybrid optomechanical system with an optical

parametric amplifier and the three-level atoms.

1.3.2 Specific objectives

The specific objectives of this work are to:



* describes the model, the Hamiltonian of the system, and examine the equation of

motion via the quantum Langevin equations,

* generates quantum features such as Gaussian quantum discord, and Gaussian steering

between the subsystems under the effect of OPA and three-level atoms.

* describe bipartite entanglement, quantum discord, and steering between subsystems

under different parameters.

1.4. Significance of the study

Quantum entanglement and correlation properties are applicable, particularly in the fields
of physics, quantum communication, quantum information processing, computer science,
engineering, and other sciences. A hybrid optomechanical system is used to achieve quantum
control of micromechanical and nanomechanical resonators using the electromagnetic field,
which has been very helpful for recent applications in quantum technologies such as quantum
metrology, quantum cryptography, quantum teleportation, quantum computation, and others.
The development of efficient hybrid optomechanical systems is also important in bridging
the gap between theory and implementation of quantum communication, computations, and
quantum information processing.

Therefore, the results of this dissertation will contribute to these applications that are
used for technological advancements and provide a promising platform for the realization
of bipartite CV quantum information processing and a framework for future remote
entanglement and correlation preparation. Furthermore, the theoretical physicist may use
mathematical procedures to develop further optomechanical models. In addition to that, the
results of this research will be used as input for other researchers and postgraduate students
to apply to other hybrid optomechanical systems. Moreover, it will serve as a platform for

other scientific researchers.

1.5. Scope of the study

Based on the principles of quantum optomechanical systems, this dissertation explores their
applications in various fields, such as quantum communications and quantum information
science.

This study investigates the advancements in hybrid optomechanical systems, focusing
on their entanglement, Gaussian quantum discord, and Gaussian steering. The analysis is
carried out using the quantum Langevin equations for various quantum states of the system.
The study is limited to linear analysis and a good cavity limit. The interaction between the
OPA and the cavity field, as well as the interaction between the atoms and the cavity field,
are considered to be significantly stronger than the optomechanical coupling. However, the

external environments connected to cavity radiation and quantum harmonically oscillating
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mirrors are Markovian. The parameters utilized in this study are restricted to a specific
range. Particularly, the main focus of these investigations was to ascertain the effects of
OPA and atomic injection into the cavity of a hybrid optomechanical system on steady-
state bipartite entanglement, Gaussian quantum discord, and Gaussian steering between
subsystems. Specifically, by selecting the nonlinear gain of OPA, normalizing detuning
function, cavity-cavity coupling strength, the cavity driving laser, coupling rate, decay rate

of the cavity, and ambient temperature.



2. LITERATURE REVIEW

2.1. Overview of the study

In this chapter, we present a comprehensive theoretical overview of the principles of
optomechanics. A number of significant topics will be covered, such as the development of
ptomechanical systems, the importance of optomechanical systems, the basic concepts of
optomechanics, radiation pressure force, optomechanical coupling, and correlated emission
lasers. This chapter also covers the Hamiltonian formulation, Heisenberg quantum
Langevin equations, and linearization approximation approach. After that, we talk about
entanglement through logarithmic negativity, Gaussian quantum discord, and Gaussian

steering, respectively.

2.2. The development of optomechanical systems

Any system that has a coupling between an optical and a mechanical element is an
optomechanical system. One area of current quantum physics that is expanding quickly is
optomechanics. An optical cavity connected to a mechanical oscillator makes up a quantum
optomechanical system, to put it simply. Nanophysics and quantum optics converge in
optomechanics. Optomechanics deals with the interaction of light and a mechanical
oscillator, e.g., a mirror attached to a spring or a cantilever. Radiation pressure force is the
force that light applies to an oscillating mirror or mechanical oscillator. In optomechanics,
radiation force is the fundamental element. The next part will go into depth on radiation
pressure force; in the meantime, in an optomechanical system, light can be used to measure
and control the mechanical oscillator. A simple example, sometimes referred to as
cavity-optomechanics, of a Fabry-P “erot cavity consists of one mirror that is fixed while the
other one is free to move in a harmonic potential, as shown in Figure 1 of the cavity modes
of frequency. @, is driven by a laser, and the light inside the cavity will push the mirror due
to radiation pressure. When combined, these two mechanisms can produce a wide range of
optomechanical phenomena, including normal mode splitting, optomechanically induced
transparency, high-sensitivity quantum ground state cooling of mechanical resonators, and
quantum coherent coupling between light and mechanical oscillators (Mari, 2012). The
mirror oscillates in a harmonic potential of frequency @y, which changes the length of the

cavity, modulating the phase of the light.
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Figure 1: Typical shape of cavity optomechanics (Mari, 2012)

2.3. The importance of optomechanical systems

Furthermore, optomecanics systems, which relate macroscopic mechanical objects to
electromagnetic degrees of freedom, offer a way to realize new types of dynamical control
in both the quantum and classical domains and to explore quantum effects on macroscopic
scales (Chen, 2013). These days, optomechanics is a rapidly developing topic that has
drawn significant scientific attention and is now the basis of numerous research initiatives
(Gebremariam et al., 2017). In two-mode compressed states, a number of intriguing
optomechanical devices can be employed to process quantum information and make
high-precision measurements while examining the shifts from micro-to-macro
entanglement.

Additionally, optomechanical systems are a fundamental component of many research
endeavors, as previously noted (Bariani et al., 2014) and (Barzanjeh et al.,, 2019).
Numerous optomechanical device investigations are applicable in the two-mode squeezed
condition (Woolley and Clerk, 2014). In the quantum application of optomechanical
systems, a strong coupling rate with low optical and mechanical losses was the main
concern (Kippenberg and Vahala, 2007). Devices with well-coupled mechanical and optical
modes play an important role in many fields of physics and a wide range of applications,
including the study of optomechanically induced transparency, gravitational wave detection,
precision measurements of small displacement and force, quantum ground state cooling of
mechanical resonators, light readout, and information processing for storage.

Entanglement is now understood to be a resource; it must be generated, manipulated,
and stored to process quantum information (Mathieu et al., 2009). A hybrid quantum
system is a coupling between two quantum systems of a different physical nature, such as
light and mechanical vibration, useful for purposes such as quantum information
processing. In order to combine the advantages of different physical systems in one
architecture, some systems may be strongly interacting (good for computation), some are
very coherent (good for long-term storage), and others are easily transported over long

distances (good for communication).



A light beam passing through an optomechanical cavity and then an atom cloud carries
information in its quadratures about the sum and difference of position and momentum
variables of the mechanics and the spin state that allow to generate CV entanglement between
an optical cavity and mechanical mode. It was recently suggested that light might also be
used to couple the collective spin of an atom cloud to a nano-mechanical oscillator in such a

setup (Hammerer et al., 2009a).

2.4. The basic concepts of optomechanics

It is well known that optomechanical systems can be created when a mechanical
resonator is coupled to electromagnetic fields (to say, an optical or microwave cavity)
through radiation pressure. It has been shown both theoretically and experimentally that
mechanical resonators can be used to convert optical quantum states to microwave ones via
optomechanical interactions between a mechanical resonator and a single-mode field of
both optical and microwave wavelengths (Wang et al., 2014b). Figure 2 shows that when a
weak coherent probe field is applied to the cavity of an optomechanical system, the
mechanical resonator can act as a switch to control the probe photon transmission such that
photons can pass through the cavity one by one or two by two in the limit of the strong
single-photon optomechanical coupling. Moreover, optomechanical systems can also
become transparent to a weak-probe field when a strong driving field is applied to the cavity

field. This is an optomechanical analogy of electromagnetically induced transparency.

[ -Driving field

Input

w Probe field

Figure 2: set up of optomechanics (Wang et al., 2014b)

2.5. Radiation pressure force and optomechanical coupling

In optomechanics, radiation pressure force is the fundamental element. The early 17th

century saw discussions about radiation pressure, also known as radiation pressure force,

10



acting due to the photon momentum of light. Johannes Kepler first recognized that a
mechanical force from the sun might be the cause of comet tail tilts. The comet’s tails are
actually the result of solar energy vaporizing particles from the comet’s surface. Maxwell
later postulated that an object can experience force from an electromagnetic field. In the
20th century, the radiation pressure force of photons was experimentally established
following these predictions (Nichols and Hull, 1901; Lebedev, 1901). These were the first
experimental indications of Maxwell’s predicted radiation pressure force. It was necessary
to thoroughly examine these trials in order to decipher the phenomenon from the radiative
influence that had guided previous studies. The dual nature of the wave particle of black
body radiation was revealed by Einstein in 1909 when he developed the statistics of
fluctuations theory (Einstein, 1909). This theory included a radiation pressure fluctuation
force acting on the movable mirror along with a radiation pressure frictional effect. Beth
(Beth, 1936) and Frisch (Frisch, 1933) demonstrated the angular and linear momentum of
photon transport to atoms and macroscopical objects in a different experiment.

Therefore, in a quantum context, radiation pressure can be intuitively understood in
terms of photons. transferring their momentum to a surface (Groblacher, 2012). As seen
in Figure 3, one of the end-mirrors in a Fabry-Prot cavity is hung and can be thought of
as a damped harmonic oscillator with a mass of m and a resonance frequency of ,,. It is
connected to the light inside the cavity by the radiation-pressure force and is susceptible to an
external temperature bath. The following qualitative description can be used to characterize
the interaction between the mechanical and optical systems: When light with a wave length
of A strikes a moving mirror, each photon imparts momentum of 27k to the mechanism, with
the light’s wave vector being k = 2/1—” The light force causes a slight displacement of the

mirror, which alters the cavity’s length and, in turn, the light field’s phase.

Figure 3: Description of radiation pressure interaction (Groblacher, 2012)
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Two complimentary modes exist in which matter and light interact. In optics, matter is
an inert tool or expertise that is used to determine the direction in which photons propagate.
When a photon travels through an optical system, it encounters several atoms, none of which
significantly affect the photon’s speed. However, the total effect can be rather large. In
atom optics, light is a tool that can be used to accelerate, decelerate, cool, or deflect material
particles. Since a significant number of photons are known to be present in the powerful
laser fields, each photon interacts with the atom at least once, providing a tiny momentum
boost. What occurs when the two kinematics of the light-matter interaction are considered,
especially when light is simultaneously deflected significantly by matter and deflected by it?
In this regime, which is also known as optomechanical coupling, light is used to transmit
a mechanical connection between the material particles. The optomechanical interaction
between the cavity mode and mirror, or the cavity field and atom, plays a crucial role. In
addition to the optomechanical spring effect (Meystre et al., 1985; Sheard et al., 2004),
optomechanical normal mode splitting (Dobrindt et al., 2008; Marquardt et al., 2007; Teufel
et al., 2009; Huang and Agarwal, 2010), self-induced oscillation (Hohberger and Karrai,
2004; Carmon et al., 2005; Metzger et al., 2008),and optomechanically induced transparency
(Safavi-Naeini et al., 2011; Agarwal and Huang, 2010; Lin et al., 2010; Schliesser and
Kippenberg, 2014), the optomechanical coupling in such a system induces various nonlinear
behaviors. Optomechanical connections can be classified into two main groups. These
couplings are dispersive and dissipative, with different physical interpretations depending on
the parameters. In the strong coupling regime, the mechanical response exhibits two discrete
peaks separated by 2g. This is an example of how a peak feature that split into two oscillator
modes hybridized. In the case of a cavity mode driven by a laser, coherent excitation can
also be exchanged between the laser-driven mode and the mechanical mode. Optomechanical
coupling has also been accomplished using superconducting resonators (Regal et al., 2008)
by injecting a nano-mechanical beam into a superconducting microwave cavity or by placing
an aluminum membrane into a superconducting resonator. In contrast to the strong coupling
regime, the situation is different in the weak coupling regime (g < k). However, weak

coupling is also a major topic in optomechanics research.

2.6. Correlated emission laser

The emission of light is attributed to multiple significant aspects, including the interaction
of radiation with multi-level atoms and atomic coherence. Given this claim and with the
intention of examining the non-classical aspects of the radiation arising from this interaction,
we choose to focus on the cascade three-level scheme in the hopes that the methodology to
be created can be easily transferred to other schemes. The scenario where the intermediate
energy level is assumed to have a different parity from the upper and lower energy levels

and, therefore, direct transition between the upper and lower energy levels is absolutely

12



forbidden makes sense for understanding the cascading three-level atom. Keep in mind that
the configuration that results when two photons of the same frequency are produced is known
as degenerate. A three-level laser is a type of quantum optical device in which a single-
port mirror connects a cavity containing three-level atoms to a vacuum reservoir to produce
light. In one model of a three-level laser, three-level atoms initially prepared in a coherent
superposition of the top and bottom levels are injected into a cavity and then removed from
the cavity after they have decayed due to spontaneous emission (Scully and Zubairy, 1988).
The squeezed-out light is caused by the superposition or connection of the top and bottom
levels. The preparation of the atoms in a coherent superposition of the top and bottom levels
prior to their injection into the cavity seems to be rather challenging. Furthermore, it ought
to be difficult to discover that the atoms spontaneously disintegrated prior to being extracted
from the hollow.

From a theoretical standpoint, within the framework of hybrid optomechanical systems
aided by three-level atoms, the temperatures of 300K, 4K, and 100mK represent distinct
thermal environment tiers: 300K (room temperature): This temperature corresponds to
typical room conditions where the system is at thermal equilibrium with its surroundings.
At this temperature, thermal effects are relatively strong, and quantum phenomena may be
influenced by thermal fluctuations. 4K (pulse tube cryostat): This temperature represents a
cryogenic environment achieved using a pulse tube cryostat. Cryogenic temperatures like
4K are often used in experiments to reduce thermal noise and enhance the coherence of
quantum systems. It allows for better control over quantum effects and reduces the impact
of thermal fluctuations on the system. 100mK (dilution refrigerator): This temperature
indicates an even lower cryogenic level achieved with a dilution refrigerator. Dilution
refrigerators can achieve temperatures close to absolute zero (0K), providing an ultra-low
temperature environment for studying quantum behavior with minimal thermal
disturbances. At 100mK, quantum effects dominate, and thermal noise is greatly
suppressed, allowing for the observation of delicate quantum phenomena.

Our findgs specifically delves into the generation of stationary entanglement and
quantum discord facilitated by three-level atoms within optomechanical systems operating
under cryogenic conditions. Cryogenic temperatures typically span from millikelvins (mK)
to a few kelvins (K) to facilitate and observe quantum phenomena effectively. These low
temperatures are essential for inducing quantum behavior, manipulating entanglement, and
observing coherent dynamics. This is evidence that cryogenic temperatures are often used
in optomechanical systems to reduce thermal noise and achieve quantum effects. Hence,
considering a temperature in the cryogenic range is typically required to achieve quantum
effects, manipulate entanglement, and observe coherent behavior in such systems.
Furthermore, as evidence, optomechanical experiments are conducted at temperatures in the
cryogenic range to achieve ground state cooling and observe quantum behavior in the

system. Consequently, under a cryogenic temperature range, the stability conditions of our
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system ensure it operates within a stable regime, effectively controlling quantum effects.
Therefore, temperatures in this low range are typically required to observe and study
quantum phenomena and correlation effects in cascaded three-level atoms coupled to an

optomechanical cavity.

2.7. Hamiltonian formulation

A subharmonic generator has been considered a typical source of squeezed light. It is one
of the most interesting and well-characterized optical devices in quantum optics. In
quantum optics, subharmonic generation can be employed to create entangled photon pairs
or to manipulate quantum states, facilitating experiments in quantum information
processing. In this device, a pump photon interacts with a nonlinear crystal inside a cavity
and is down-converted into two highly correlated photons. If these photons have the same
frequency, the device is called a one-mode subharmonic generator; otherwise, it is called a
two-mode subharmonic generator. However, in this dissertation, we consider only a
one-mode subharmonic generator (degenerate subharmonic generation). In a degenerate
subharmonic generating system, a pump photon of frequency 2@ is down converted into a
pair of signal photons, each of frequency @. With the pump mode treated classically, the
process of degenerate subharmonic generation is described by the Hamiltonian (Kassahun,
2014). _

A= %(dz—aﬁz), @.1)
where &, considered to be real and constant, is proportional to the amplitude of the pump
mode and 4 is the annihilation operator for the signal mode. We can see how to pump
the OPA to produce a signal mode that generates squeezed light. This squeezed light is
useful to entangle the state of the system. Consider three Hamiltonian of the systems: the
free Hamiltonian of the optical and mechanical modes, which are represented by quantum
harmonic oscillators (I:I free)’ the optomechanical interaction between the optical mode and
the mechanical mode (H;,,.), and optical driving of the system, which is power pumped by
the degenerate subharmonic generating system (ﬁderive) illustrated at Eq. 2.1. Then the total
Hamiltonian is given by

H = Hree + Hint + Haerive- (2.2)

The first term H ‘free 18 described by
Hiree = 0:0"a+ 0,bD. (2.3)

Here, both of the optical and mechanical modes are represented by quantum harmonic
oscillators, where @(a") is the bosonic annihilation (creation) operator of the optical cavity
mode, 13(13*) is the bosonic annihilation (creation) operator of the mechanical mode, and

., @, are the corresponding angular resonance frequency. The commutation relations
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satisfy [a@,a"] = 1 and [b,57] = 1.

The displacement operator of the mechanical mode is given by

A

x=x. (b +b), (2.4)

where x, = ) is the zero-point fluctuation, with m, s being the effective mass of

h
(2meffwm
the mechanical mode.

The second term of Eq. 2.2 represents the optomechanical interaction between the optical

mode and the mechanical mode, which is written as

A

By = gd'a(b" +b), (2.5)

where g = [0, (x)/dx]x represents the single-photon optomechanical coupling strength.
This Hamiltonian can be obtained by simply considering that the cavity resonance
frequency is modulated by the mechanical position and using Taylor expansion.
@ (x) = @, + x00:(x) /dx + O (x) ~ @, + g(b" 4 b). Therefor, the total Hamiltonian derived
from Eq. 2.1- 2.5 becomes

A P P €
A = wa'a+ onb'h+ga’ab™ +b)+ %(éz — ™). 2.6)
Furthermore, we consider a generic cavity optomechanical system with a single optical
cavity mode coupled to a mechanical mode, which is canonically modeled as a Fabry-P “erot
cavity with one fixed mirror and one movable mirror attached on a spring (Liu et al., 2013).
In the frame rotating at the input laser frequency ®j,, the system Hamiltonian is transformed
to

H=—Ad"a+ 0,b'h+ga’a(b" +b) + (Q*a+Qa"), (2.7)

where A = w;, — @, is the input-cavity detuning. Here, ®;, is the input laser frequency, and
Q= \/Weiq’ denotes the driving strength, where P is the input laser power, ¢ is the
initial phase of the input laser, and k,, is the input cavity coupling rate.

Moreover, the effective cavity-atom coupling in a cascade configuration of three-level
atoms using the Holstein-Primakoff (HP) approximation and Bra-ket notation (Holstein and
Primakoff, 1940), can be obtained as follows: Start with the Hamiltonian that describes the
interaction between the atoms and the cavity field. In the HP approximation, the Hamiltonian
can be written as:

H=Hy+H;, (2.8)

where Hp is the free Hamiltonian of the system (without interaction) and H;,; is the

interaction Hamiltonian. The free Hamiltonian for a three-level system can be written as:

A

Hy = ha.a'a+ hayla) (a] + hay |b) (b| + hay|c) (|, (2.9)
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where @, is the cavity frequency, @, and wj, are the frequencies of levels |a) and |b),
respectively. The interaction Hamiltonian can be written using the HP approximation,
which involves expanding the atomic operators in terms of bosonic operators. For a cascade

configuration with levels |a), |), and |c), the interaction Hamiltonian can be written as:
Hyy =hg (676, +aé ") +hga(a'6, +a6;h) (2.10)
i = hg1(a'6,,+aé6,,)+hg(a'6, +aé6, ), :

where g; and g, are the coupling constants for transitions |a) to |b) and |b) to |c),
respectively. 6‘1-; and 6‘1-;.“ are the lowering and raising operators for transitions between
levels |i) and | j). In the HP approximation, we represent the atomic operators using bosonic

operators as follows:

6., =\/N,—a'a.a,6} =a' /N, —a'a, (2.11)
6,. = \/ Ny —b'b.b, 6" = b".\/ N, — bb, (2.12)

where N, and N, are the maximum occupation numbers for |a) and |b), respectively. After
applying the HP approximation and simplifying the interaction Hamiltonian, the effective
cavity-atom coupling for the cascade configuration can be expressed in terms of the bosonic
operators d and b as:

Hufp = hgerp(@b+b"), (2.13)

where g, 77 is the effective coupling constant given by:

geff = 81V Ny +g2\/Np. (2.14)

This represents the effective interaction between the cavity field and the atoms in the cascade

configuration of three-level atoms.

2.7.1 The Heisenberg equation

The Heisenberg approach is used to characterize the dynamics of system-reservoir
interactions through the dynamics of the system operators, and the corresponding equations
of motion are obtained by using the quantum mechanical average density matrix.
Furthermore, for dissipative systems, the analog of the Heisenberg equations of motion are
the quantum Langevin equations. More importantly, the Heisenberg-Langevin approach has
attracted many applications and plays a crucial role in certain calculation benefits in the
determination of phase diffusion coefficient and to calculate the laser linewidth (Scully and

Zubairy, 1997). The quantum Langevin equation in optomechanics (Dodonov and
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Dodonov, 2006) for any operator Z can be written as

dz i
—=— V2 2.15

dr h ﬁz + Ztna ( )
where H is the total Hamiltonian of the system. We discuss the general formulation of the
quantum Langevin equation for a system (S) interacting with the environment (E), which
is also called a ” heat bath”. The total Hamiltonian of the system is given by (Gardiner and
Zoller, 2004).

P P ki g
H:HS(Z)—i—Z{—.—{—E(qj—X) } (2.16)
J

Here X and p represent the coordinate and momentum operators for the system Z, and
{g,p} describe the set of coordinate and momentum operators for the environment
(reservoir). While k; characterizes the coupling coefficients between the system and

reservoir, the first term represents the system Hamiltonian; such a system could be a
two-level atom or macroscopic LC circuit. The second term Z{ + (q j -X )2} — Hp

describes the Hamiltonian of the heat bath, and the potential energy depends on the
derivation of position X from all § j- The Hamiltonian of the whole system, which is the
coupling between the system and the bath Eq. (2.16), can be simplified by the following

transformation:

(2.17)
— =7,

(V) —k;,

and therefore, based on these transformations, the Hamiltonian Eq. (2.16) becomes

Z)+5 Z{ >+ 0747} (2.18)
The above Hamiltonian and its operators satisfy the following commutation relations:

To derive the Heisenberg-Langevin equations of motion, first solve the equation of motion
for the harmonic oscillator in terms of variable Z, and then substitute it into the evolution
equation of Z. Finally, we can determine the exact quantum Langevin equation for the system

variable Z. Therefore, the Heisenberg equation of motion for the harmonic oscillator variable
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is given by

R Pon 1 R
4 = +lH.4;]=4;— kX, (2.20)
A A

bi = +H.pjl=-04; (2.:21)

a;=—12 21
A/ 2h;
/ (2.22)

and using Eq. (2.19), we obtained the corresponding equations of motion.

t

a;(t) = e @iq; (1) % / =R ()t 2.23)

fo

and similarly, we can also obtain the corresponding Hermitian conjugate equation for &j.. It
is straightforward to extend the result of this equation of motion for any arbitrary system

operator; ¥ can be simplified as

A I rrn [ r A A l Aa
Fo= S[A]- E[HS,Y}—I—E;“[Y,M kX], k%]
= A+ Y ([FkR] 5 —kiR]. (2.24)
]

By substituting Eqgs. (2.21) and (2.22) and after using the partial integration’s, we obtained

the simplified form of the quantum Langevin equations of motion.

A A i A
_ ;l[ ., ]_2_?1 /f (t—)X(F)di—f(t—10)X (t0) ], (2.25)
where

f(t) = ZKJZCOS (wjt). (2.26)
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The above Eq. (2.25) represents the fully quantum Langevin equation. Moreover, from
a fundamental physics perspective, it is a very useful equation in optomechanical point of
view and most widely used to characterize the time evolution of the system, damping, and
noise terms of the optomechanical system (Aspelmeyer et al., 2014; Gebremariam et al.,
2017).

2.7.2 Input-Output formulation

To illustrate the formulation of input-output, we consider a system of single cavity mode
interacting with an external field. The total system Hamiltonian is given by (Walls and
Milburn, 2008).

A= hwca*mhmm/z%* (w)B(w)dw+ih/g(a)) (13(00)&T —diﬁ(m)) do, (227
0 0

where the first term represents the single cavity mode with frequency ., the second term
characterizes the external (electromagnetic) mode, and the last term is the interaction
between a system of the single cavity mode and heat bath, respectively. g(®) characterizes
the coupling strength between the modes. While a4 is the annihilation operator for the
intra-cavity field, with the commutation relations [4,4'] = 1, and b(®) are the annihilation
operators for the external field, with [b(w),b'(@')] = §(w — @’) (Walls and Milburn,

2008). In the Heisenberg equation of motion for cavity and external mode, we have

4(®) =—io.d— / dog(w)i(w), (2.28a)
b(o) = — iob(0) + g(w)a. (2.28b)

By using the initial condition time #( < ¢, we obtained
)
b(w) = e @)hy(w) — g() / d'e @)ty (2.29)
t
and in a similar manner, we can substitute the final condition time ¢ < ¢;, and we have
(@) = e @p, () — g(@) / di' e g, (2.30)

From the above Eqgs. (2.29) and (2.30), by(®) is the value of b(w) at r = 1o, and b; (@) is the

value of 13(0)) at t = t1. Thus, the time evolution of the cavity field in terms of the solution
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with initial conditions Eq. (2.28a) becomes

t

— i /g O1—10) po (@) d o — /da)g )/ o-"a(Vdl'. (231

fo
We now assume that g(®) is independent of frequency, then we substitute g?(w) = e
this is known as the first Markov approximation process. Accordingly, we introduce the

input and output field formulation operators.

17 ets
av(n) = o / doe =0 (w), (2.32)
A 1 i —io(t—1) 7
douw(t) = —/da)e Vb (@), (2.33)
2
where these operators satisfy the commutation relations.

[ain(2),ain ()] = [dou (t),d0u (t)] = (¢t —1'). Finally, using the above equation (2.33), we
can formulate the input and output relations.

av(t) + dow (t) = Vxa(t). (2.34)

The above equation of Eq. (2.34) characterizes the boundary condition relating each of the
far field amplitudes outside the cavity to the corresponding internal cavity field, and the
interference terms between the input and the cavity field may contribute to the observed
moments when measurements are made on do,;.

Note that the quantum Langevin equations used to describe the full dynamics of the
system, including the fluctuation and dissipation terms affecting the optomecanical system,
interact with the environment. It interacts in the external environment with corresponding

decay or damping rate 8 and input noise Z;,, respectively.

2.7.3 The linearization approximation approach

The quantum dynamics of the full non-linear system are difficult to analyze. So we
linearize the dynamics of the quantum fluctuations around the semi-classical fixed points
where the cavity is intensely driven under a strong field (Genes et al., 2009a). We expand
each Heisenberg operator as a sum of its semi-classical steady-state value plus quantum
fluctuation for any relevant operators. The general form of linearization approach for any
operator ¢ is given by

a=a,+oa, (2.35)

20



where « is an operator and o is a real number denoting the optical, microwave, and

mechanical amplitudes, and d & is the quantum fluctuation operator.

2.7.4 Entanglement via Logarithmic negativity

In quantum information processing schemes that involve two sites, entanglement between
more than two quantum states has the potential to be a valuable resource. This can be
extended to an arbitrary number of parties sharing a multipartite entanglement. These days,
it is also widely acknowledged that the high practical realization efficiency of continuous
variable quantum entanglement is one of its most valuable characteristics. For instance,
quantum error correction, entanglement swapping, unconditional quantum teleportation, and
universal quantum computation have all successfully used continuous variable entangled
states.

In quantum information processing and quantum communications, transferring quantum
states between two distant parties is a significant and fulfilling task. A number of schemes
utilizing cavity quantum electrodynamics have been proposed (Kraus and Cirac, 2004; Li
and Paraoanu, 2009). Recently, there has been interest in quantum state transfer in quantum
optomechanics, where mechanical modes are connected to the optical modes through
radiation pressure (Tian and Wang, 2010; Wang and Clerk, 2012; Tian, 2012; Singh et al.,
2012; McGee et al., 2013; Palomaki et al., 2013). In quantum information processing, in
particular, entanglement transmission between two spatially separated cavities is attractive.
Entangling an optical ring cavity’s two movable mirrors (Mancini et al., 2002), entangling
two mirrors of two different cavities illuminated by entangled light beams (Zhang et al.,
2003), and entangling two mirrors of a double-cavity setup coupled to two independent
squeezed vacuums (Pinard et al., 2005) have been considered.

It is also possible to argue that several sufficient inseparability criteria for a composite
state can be proposed for a continuous variable system. One such possibility is logarithmic
negativity. Logarithmic negativity is the most popular tool to measure the degree of the
entanglement between two systems of any size. Researchers use this tool to compute the
entanglement of mixed states to investigate their distribution in space, to capture quantum
correlation, and to quantify the continuous-variable Gaussian-type bipartite state because it
is the only one that can always be explicitly computed, and it is also additive (Lee and
Vidal, 2013). Therefore, we use this tool to study the two possible bipartite entanglements
generated by the interaction between two optical cavities and the optical cavity, the
mechanical resonator of the subsystem. The generated CV bipartite entanglement measure
in terms of logarithmic negativity Ex (Vidal and Werner, 2002) defined as Ey

Ey = max[0, — In21], (2.36)
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where 7 is the symplectic eigenvalue of the bipartite system and it is given by the equation.

1=22[Y(V)~ | L(V)2 —4detV ]}, 2.37)

where
Va Ve
V) = 2.38
Y v) (vg VB) (2.38)

and Y.(V) = detVy + detVp — 2detVe, where V4, Vg, and Vi are 2 x 2 block matrices.

2.7.5 Gaussian quantum discord

It is thought that a good indicator of the quantum nature of the correlations is quantum
discord. Even so, there is no such direct criterion to confirm the existence of discord
for a given quantum state because optimization of the conditional entropy is necessary
because of the involved local measurement process. This is true even though there is growing
evidence for the relevance of quantum discord in characterizing non-classical resources in
information processing. Fortunately, a closed analytical relation that can be used to quantify
the quantum discord for the two-mode Gaussian states can be outlined under restricted
Gaussian measurements.

There is just one approximation to the quantum discord for continuous variable systems,
known as Gaussian quantum discord, created by (Adesso and Datta, 2010) and
simultaneously by (Giorda and Paris, 2010). The primary limitation of this approximation
is that it is limited to the set of Gaussian measurements for the optimization over all
measurements over a single mode. Because of this, the unrestricted quantum discord can
only be approximated by the Gaussian quantum discord (with the exception of a family of
states for which Gaussian measurements are known to be ideal).

Quantum discord has been the subject of numerous recent studies in a variety of
optomechanical systems (Chakraborty and Sarma, ; Amazioug et al., 2018). When
compared to optomechanical entanglement in the presence of cross-Kerr nonlinearity or in
two spatially separated Fabry-Perot cavities, the GOD is more resilient and can withstand
high thermal bath temperatures.

It has already been observed that the increase of squeeze parameter in an
optomechanical system with two spatially separated Fabry-P “erot enhances the GQOD but it
decreases with the increase of thermal effects (Amazioug et al., 2020b), whereas purity and
quantum discord remain nonzero when entanglement between the mechanical modes and
optical modes vanishes under thermal effect (Amazioug et al., 2020a). It is well known that
even some separable states contain nonclassical correlations (Henderson and Vedral, 2001;
Ollivier and Zurek, 2001) where the ‘“nonclassicality” of bipartite correlations can be
measured via quantum discord, which was first introduced as a measure of all quantum

correlations in a bipartite state, including entanglement. The quantum correlation quantifier
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is a fundamental notion allowing for the description of the quantumness of the correlations
present in the state of a quantum system. In our case, the Gaussian quantum discord denotes
non-classical correlations if the two distant cavity fields, a mirror and a distant cavity field,
and two distant mirrors are separable or not.

To study the quantum correlation properties of the hybrid system, utilize the
linearization of quantum fluctuation and rewrite the compact matrix. Specifically, in this
section, we will measure the quantum correlation between the subsystems. In this sense, we
will quantify the bipartite correlations among the possible subsystems. In this manner, we
will measure the correlations between the subsystems through the quantum quantifier of
quantum discord. Specifically, Gaussian quantum discord provides a means to identify and
quantify whether non-classical correlations between various modes, such as
optical-to-mechanical, are separable or not. We can define the two-mode Gaussian state

covariance matrix (Giorda and Paris, 2010) as

A D
C= ( o B > (2.39)

where A, B, and D are 2 x 2 matrices, one can define four local symplectic invariants: Z; =
detA,7Z, = detB,Z3 = detD,Z, = detC. In the case of continuous variables and Gaussian
states, in terms of those sympathetic invariants, specifically, we can define the Gaussian

quantum discord for the optical mode as follows:

GODs = f (VderB) — £(\/01) — F(\/O) + (), (2.40)

the symplectic eigenvalues given by

\/zv +./Z% 47,

O+ = , 2.41
V2 (24D
where Zy, = Z| + Z> 4+ 215 and 1) is defined by
detA +2+/detAdetB+ 21
_ \/ etA + \/ € etb + 213 (2.42)

1+ 2+v/detB ’

where I3 is 2 x 2 identity matrix, represents the vacuum noise contribution on each mode.

Similarly, we can determine the quantum discord for the mechanical mode as follows:

GODy = f (VdetA) — f(\/©,) ~ F(/O)+ (), (2.43)

where

, V/detB+2v/detAdetB +2I;
1+2v/detA ’

(2.44)
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where the function f defined by

Fx) = (x+%) In (x—}—%) _ (x—%) In (x—%). (2.45)

The quantum states of the mechanical and optical modes are said to be entangled when
the Gaussian quantum discord in Eqs. (2.40) and (2.43) satisfies GOD4 > 1 : GODp > 1.
Moreover, if the condition 0 < GQD4 < 1:0 < GODp < 1 is satisfied, the mechanical
mode and optical mode can be in an entangled state or not. Note that; the Gaussian discord
can be non-zero even when a state is not entangled. Specifically, for certain mixed states,
particularly those that are separable (non-entangled), Gaussian discord can still manifest.
For GOD4 = 0 the subsystem A has no quantum correlations beyond classical correlations.
In practical terms, this means that the state of the system is either completely separable
or can be described purely classically. There is no quantum advantage to be gained from
measuring or manipulating the subsystem A. On the other hand, 0 < GOD4 < 1 values
in this range signify the presence of quantum correlations in subsystem A. The closer the
value is to 1, the stronger the non-classical correlations are. This suggests that subsystem A
possesses some degree of entanglement or other quantum effects that can be utilized for tasks
like quantum communication or computation. Similarly, GOD4 = 1 represents a theoretical
upper bound of Gaussian quantum discord. While not all systems can reach this value,
achieving GOD4 = 1 implies that the quantum correlations in subsystem A are maximal,

indicating a fully non-classical state that can harness the full power of quantum phenomena.

2.7.6 Gaussian Steering

Steering is a form of quantum correlation that exhibits a fundamental asymmetry in the
properties of quantum systems. Quantum correlation refers to the correlations between
subsystems of a composite quantum system, including Bell nonlocality, steerability,
quantum entanglement, and quantum discord. Conversely, the (He and Ficek, 2014)
proposal about the quantification and measure of the Gaussian steering quantifier for CV
systems is relatively new. As noted by (Bennett et al., 2011), a measure of steering
quantifies the amount of correlations in a given state. In this case, a measure of the degree of
steerability is obtained by evaluating the maximum violation of a selected steering criterion
as revealed by optimal measurements. This is a manifestation of these correlations that can
be observed by the violation of appropriate EPR-steering criteria. One anticipates that the
state will be more helpful in tasks and a focus of focused research using quantum steering
as a resource, the higher the violation (i.e., number of correlations) (Reid et al., 2009). By
observing these correlations as a breach of suitable EPR-steering criteria, the degree of
steerability can be quantitatively estimated. To do this, the maximum violation of a certain

steering criterion as revealed by optimal measurements is evaluated. Said another way, let’s
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say Alice tries to persuade Bob, who doesn’t trust her, that she is in a tangled relationship
with him. Assume Bob asks Alice to remotely prepare a set of states for his subsystems in
order for Alice to be persuaded. Imagine that Alice took the required measurements
without Bob knowing about them and informed him of the outcome. It is interesting to note
that Bob can certify using the idea of quantum steering whether or not the measurements
originate from an entangled state, given the nature of quantum measurement and an
examination of Alice’s prepared conditional states. To achieve steerability, A and B might
switch roles. For the time being, it is noteworthy that the quantum steering observed in this
form is associated with bipartite entanglement, which is measurable by quantum discord
and logarithmic negativity. The ability to change the state of the remote system without
necessarily interacting with it is represented by the higher degree of steerability, which
could be useful for reliably teleporting quantum information. It is also a measure of the
asymmetry between two subsystems’ entangled observers. It also offers a means of
measuring the degree of steerability that each of the two independent modes possesses. The
steerability of A — B is defined as (Kogias et al., 2015) if we utilize the covariance matrix

of mechanical oscillators to examine the information flow between Alice A and Bob B.

1 detA
S48 = max |0, -1 : 2.46
m“x[ 2 n(4detC)] (246)
The corresponding measure of the Gaussian steerability B — A can be found by
1 detB
SEA = 0,1 : 2.47
m“x[ 2 n(4detC)] (247)

As can be seen from the above, there are two possible scenarios for quantum steering between
A and B: two-way steering if S48 = §874 > 0, and no-way steering, in which Alice cannot
steer Bob and vice versa even in cases where they are not separable. Actually, a steerable
state is always not separable, whereas a non-separable state is not necessarily a steerable
state. If the two matrices involved in a steerability analysis are singular, it indicates that the

matrices do not have full rank, which can affect the evaluation of quantum steering.
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3. MATERIALS AND METHODS

3.1. Materials

The system under discussion consists of OPA inserted into a hybrid optomechanical
system’s cavities and externally coupled through the cavity-cavity coupling parameter.
Additionally, three-level atoms are injected into an optomechanical system’s cavity in a

cascade configuration by an externally powered laser aimed at the OPA and atoms.

3.2. Methods

In this section, we formulate a model of the system under study, utilizing the system’s
quantum Hamiltonian, and solving the system’s quantum Langevin equations are the
techniques to be employed in this investigation. Determine steady-state values and
linearized QLE using these findings. A drift matrix was developed following the
linearization of the quantum Langevin equations. Then, we obtain logarithmic negativity by
utilizing the acquired drift matrix. We discussed the created steady-state bipartite
entanglement feature between subsystems in this regard. In particular, we looked at how
generated bipartite entanglement in the subsystems was affected by OPA and three-level
atoms. Moreover, Gaussian quantum discord and Gaussian steering quantify quantum
correlations. Additionally, we discussed the quantum correlation strength among

subsystems using the cavity-cavity parameter.

3.3. Steady-state entanglement in a hybrid optomechanical system

enhanced by optical parametric amplifiers

3.3.1 Model and Hamiltonian of the system

The optomechanical cavities in the system model depicted in Figure 4 have two fixed cavity
mirrors and two moving mirrors. The cavity contents of each optomechanical cavity are
OPA, effective mass m, and frequency @,,;. It is believed that every cavity mode is powered
by a laser, which communicates with the movable mirror through radiation pressure. The
coupling parameter of the physical system connecting the optomechanical oscillators is
denoted by J (Kibret et al., 2023).
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The total Hamiltonian that characterizes the system reads

2
A AT RN | 2 A
H = Z (ha)cja;aj—Fthja;ajqj—}—Ehwmj(q§+p%)
j=1

+ ith(d;e*’.wOft —aje" ™) + ihQ(e"ed;Ze*m’Oﬂ - e"ed?e"w"ﬂ))
+hJ(@lay +asay), G.1)

where the first term describes the sum of the energy corresponding to the optical cavity
modes with photon operators d; or &;( and frequency @.;, While the second term denotes the
radiation pressure with the rate G, the third term is the energy of the mechanical oscillator
with the position and momentum operators §; and p;, the fourth term stands for driving
field, the fifth term denotes the coupling between the OPA and the two cavity modes, €2 is
the nonlinear gain of the OPA and 0 is the phase of the optical field driving the OPA. We
have assumed the nonlinear gain Q and the phase 6 to be similar for the two independent
nonlinear processes, and the last term to describe the coupling between the two cavity modes

dp and ap, with a cavity-cavity coupling term of intensity J. The Hamiltonian of the whole

(2] EN

"~ N ' ™
Pa G2 il {""IE'I _F g I;-I:.,E- ey ﬂl g4 ™
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/th,,/‘r";j ,hf’.ru Jf}ﬁ

Figure 4: The schematic model of a hybrid optomechanical system is under consideration. Thus, the
separate cavities with a degenerate optical parametric amplifier (OPA) are externally coupled, with J
being the coupling parameter, 3; being the cavity decay rate, y; as the mechanical damping rate, @;
as the frequency of the mechanical oscillator, and the other symbols defined in the main text.

system is written as follows after a frame rotates:

2
A g e 1 B A ‘ R X
H= Zl (h Aj a;aj"”thja;ajCIj‘f’Ehwmj(q§+p§) +inE; (@} - aj)
J:

+inQ(e®a’’ — f"%?)) +hJ (a4 +asar), (3.2)
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where A ; = @.j — ay; is the optical detuning, |E}| is the driving amplitude related to driving
power P, and the cavity decay rate f3; by |E;| = , /2P;g /hay; in which By = B, = B = mc/2FL
and F is the cavity finesse and c is the speed of light. The driving amplitude can refer to the
amplitude of an external force or signal applied to a system, influencing its behavior. In
addition, G, = (@.;/L) \/h/Ta)mj is the single-photon optomechanical coupling associated
with the cavity mode with frequency @, ;, where L is the cavity length and m is the effective

mass.

3.3.2 Dynamics of the system
The dynamics of the system are obtained from quantum Langevin equations. Starting from
the Hamiltonian Eq. (3.2), we see that

A 5 A ot A KA K. 2 A2

H = h Ay a,a) +h Do aydy +hGmyayai g + hGmadsyda g + Ehw’"l (g1 +p1)
+1ho (85 + P3) +ihE (4] — a1) + ihEy () — a2) + hJ (@] ay + ala, )

S1oma (33 + P2) +ihEL(d) — 1) +ihEp(a) — ) a,dr +a,a,
+ Qa3 — e 0a}) + inQ(e®a’3 — e 0a3). (3.3)

Employing Eqgs. (2.15) and (3.3) together, that means

dqg ) N
M iinig, A 3.4
dt l/ [qh ]7 ( )

g1 = —i<A1 [G1,a1a1) + Nalgr,aban) + Gmyala gy, 1) + Gmadlanldy, o)

1 A 1 NI o e At A At A
+§wm1[Q17Q%+P%]+Ewm2[611,61%+l?%]+1E1[611,a1—611]+lE2[611,a§—612]

+J[G1,8a2) + T ]G, a5 + Qe [g1,a™3) — iQe~ (g1, 4]
+iQe®[g1,a"3] — iQe [41,&3]) , (3.5)
41 = W1 P1. (3.6)
Similarly,
G2 = W2 (3.7)

In the same procedure we employ for

dp iafa B .
% = —i/h[p1,H] —np1+ &, (3.8)
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p1= —i<A1 [P1, d a ]+Az[ﬁ1,d;d2] +GH11&11'631[151,6?1]+Gn’lzd;é2[ﬁl,ﬁz]

e T T A
= @1 [P1,43 + P+ 5 @u[P1,G3 + 3]+ iE1 [pr,a] — a1] +iEa[pr,a]) — aa)

2 2
+J[pr,alan] +J[p1,asar] +iQe®[py,a"3] — iQe 0 [py,a3] + iQe®[py,a"]
—iQe™ 0 [ﬁh&%]) —np1+&, (3.9)
p1= —Gm16ﬂﬁ1 — Om141 —Np1+&1 (3.10)
Similarly
i,
d—"’t — —i/h[po, H] — Yop2r + &, (3.11)

A

po = —i( A1 [pa,@a1] + Dalpa,ahan) + Gmialay[pa, §i] + Gmadlas [ pa, o)

1 A 1 IR o ta At A o ta At A
+§0)m1[192ﬂ%+17%]+Ewmz[pz,Q%ﬂLP%]+1E1[P2,ai—a1]+lE2[p2,a£—az]
+J[p2,a as] +J[p2,a2a1] +zQe’9[p2, 1] —iQe™! [132,&%] +iQe'? [132,&7%]

—iQe ™ [ﬁz,a%]) —ppr+ &, (3.12)

P2 = —Gma@has — 0o — Va2 + & (3.13)

In the same procedure we can find

da )
% — —i/hlay,A] - Bidi +/2Bia™", (3.14)

Q)

<A1 ar,ala) + Nolar, alas) + Gmialadr, 4i) + Gmadlasay, 4]
O

R 1 et At A e
5 [a1,611+P1]+Zwmz[al,CIerPz]+1E1[a1,ai—al]+lE2[01,a§—az]

+J[ay, & a ]+J[a1,a2a1]+th’9[a1, T%]—iQe e[al,al]-l—zQe’e[ AT%]

—iQe 4y, a%]) (3.15)
41 = —(i N +B1)ay — iGmyGiay + Ey — iJay +2Qe%aT + /214, (3.16)
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Similarly

da
d—f = —i/hldp, A] — Badia + /2B, (3.17)

ay = —i ( A [ag,ala1) + Dalag, aan) + Gmyalay [z, g1) + Gmadsas|az, 4]

1 A 1 A e At A o ta at A
+§wm1[az,61%+l?ﬂ+—wmz[az,q%ﬂ?%]+1E1[a2,aJ{—al]+lE2[a2,a§—az]

2

+Ja2,8}a5) +J[a,a301) + iGe®dy,a") — iGe 04y, a3) + iGe® [y, a"3]

— iGe 0 [dz,az ) Bodr ++/ ﬁzaz , (3.18)
by = —(i Dy +Ba)da — iGmydadn + Ey — iJdy +2Q€0a] + /2%, (3.19)

Thus, the time evolution of the system is obtained following nonlinear quantum Langevin
equations:

41 = Om1p1,

p1=—"p1— m1617611 On1d1+ &1,

4> = O P2,

P2 = —PPr— Gudsdn — O + &,

41 = —(i N +B1)a1 — iGi§rdy + Ey — iJas +29Q6a] + /2B1a",

by = —(i Dy +B2)d2 — iGpaGodia + Ey — iJ Ay +2Qe®a) 4 \/2B2d1, (3.20)

where B; and 7; represent the dissipation of optical and mechanical modes. The thermal
Langevin force is resulting from the coupling of the oscillating mirror to the environment,
which is auto-correlated, as (Giovannetti and Vitali, 2001)

NE My = Y [AO i) ho
(510)§AI)>—-0%U S (choﬂl(zkﬁT 1], 3.21)

where kg is the Boltzmann constant and 7 is the temperature of the environment. d;" is the

vacuum noise operator for the cavity operator, in which the nonzero correlation function is

(@r)as" (e) =8t —1). (3.22)
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3.4. Steady-state and linearized Langevin equations

In the hope of reducing the involved rigor, we opt to restrict the case when @,,1 = @Wy2.
We assume that the optical cavity fields are intense, o¢j; > 1. In this case, we seek to apply
the linearization approach (Tesfa, 2008) by expanding each field operator as a sum of its
steady-state mean values and fluctuation operator with zero-mean value, which can be treated

separately as
dj=js+064;,pj=pjs+0p;,q;=q4js+64;. (3.23)

The steady-state mean values of pis and p;s can be derived from the third and fifth lines of
Eq. (3.20)

pis = pas =0. (3.24)

In the same manner, from the fourth and sixth lines of Eq. (3.20), we see that

-G o 2
s = —omlnst (3.25)
(O]
A —Gm2|a2s|2
PS=—— (3.26)
(0%}
Therefore, using the same procedure, one can easily obtain
EJ
%5 = 3.27
7 (B —2Qcos0) + (A —2Qsin 0) + 72 (3.27)
EyJ
% = 3.28
= (B —2Qc0s0) + (A2 —2Qsin 0) + J2 (3.28)
Therefore, the steady-state mean values of the system can be rewritten as:
ijs = 0,
qjs = _ij|aj5|2/wmj,
E;:J
%is = ; (3.29)

(Bj —2Qco0s 0) +i(A% —2Qsin0) + J?’

where A% = A i — Gmjqjs, are the effective cavity detunings including the frequency shift
due to the interaction with the mechanical resonator. It is straightforward to see that the
OPAs lead to two effects: it modifies the cavity decay rate §; = 8, —2Qcos 6 and also the
effective detunings A/ = A/ —2Qsin 6.
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We have also defined the quadrature fluctuation operators of the cavity modes.
8%; = (8a;+647)/V2,69; =i(8a} - 8a;)/ V2, (3.30)
and the corresponding input noise operators

= (@t +ath V2,3 = i@l —al) V2. (3.31)

Furthermore, let us proceed to get linearized Langevin equations as follows: The fourth line

of Eq. (3.20) can be rewritten as

851 = —ndp1 — Gmya (8@} +8a1) — 01 8G1 + &1, (3.32)
but we have
53 = (8a) + 5n) : (3.33)
V2
8p1 = —18p1 — 8168 — 0 g1 + &, (3.34)
where
g1 = Gm V20 (3.35)
Similarly, one can easily obtain that
8pr = —128p2 — 820% — 0842+ &, (3.36)
where
g2 = Gmy\V 204, (3.37)
Furthermore, from the first line of Eq. (3.20), we have
8&y = —(i Ay +B1)8a) — iGm 1,64y — iJ8ay 42960 547 + /2, 84", (3.38)

from this one can obtain that

84 = —(—i N +P1)8a} +iGm1§1564] + 11885 +2Qe™08a; + \/2B18a]",  (3.39)
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by taking
8% = 841 + 84y, (3.40)

on account of the last line of Eq. (3.25) with Egs. (3.38) and (3.39) into Eq. (3.40) we see
that

—(B1 —2Qc08)8%; + (A +2Qsin) 89| + 89, + /2B 551 (3.41)

In the same procedure, one can easily obtain for 3§1, 8%, and 6§2. Therefore, the following

linearized Langevin equations can be obtained:

841 = Om p1,
8p1=—16p1 —g16%1 — m8G1 + &1,
84> = W8P,
8pr=—16pr— 8208 — 02642 + &,
8d1 = —(B1 —2Qc0s0)8%] + (A +2Q5in 0)89| +J 89 + /2B 857,
891 = —(B1 +2Qc0s 0)89, + (A% —2Qsin 0)8%; 4 g1 841 — 8% + /2B 59,
8%y = —(Br —2Qc08 0)8%: + (A +2Qsin 0) 89, + I 891 + /2,657,
(B +2Q.c0s0)89, + (A —2Qsin 0) 8%, + g28G2 — J8%1 + /2289,
(3.42)

89 =~

where g; = = V2G,,; jQjs 1s the effective optomechanical coupling strength, where we have
taken «j; real by properly choosing the phase reference of the cavity fields.

With the above conditions, we express Eq. (3.42) in a more compact form
S(t) =AS(t) +0(¢), (3.43)

with setting S(¢) as the column vector of the quantum fluctuations and ®(¢) being the column

vector of the noise sources. Their transposed elements are given by;

S(t)T = (8¢1,8p1,8G2, 8 pa, 651,891, 8%, 892),

Q)" = (0,£,0,&,/2B165", \/2B1 69", /2B 875, /2B, 894"). (3.44)
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The corresponding drift matrix A takes the form

0 D1 0 0 0O 0 0 O
—Wyp1 —N 0 0 —g 0 0 O
0 0 0 o, 0 0 0 O
A= 0 0 —Wy2 —P 0 0 —&2 0 ’ (3'45)
0 0 0 0 v ¢ 0 J
g1 0 0 0 o ¢ —J O
0 0 0 0 0O J ¥ o
0 0 2 o —-J 0 yx ¢

where & = —Bi+p, 9 =A% +1, 9 =A"—n, ¢ =B —p,¥=—Pa+p,0 =A% +n,
x=A0A2%—-n,{=—B—p,p=2Qcos O, and n =2Qsin 0. The system would be stable and
reach a steady-state when the real parts of all eigenvalues of matrix A are negative. Due to the
Gaussian nature of the quantum noise terms in Eq. (3.44) and the linearized dynamics, the
steady-state quantum fluctuations of the system are fully characterized by 8 x 8 covariance
matrix. In light of this, a steady-state covariance matrix can be obtained by solving the

corresponding Lyapunov equation (Vitali et al., 2007)
AV +VAT = —D, (3.46)

in Eq. (3.46) V with its entries defined as

Vij = ((ui(eo)uj(0) +uj(eo)ui())) /2, (3.47)

u' (o0) = (841 (), 8p1(o0), 842(o0), 8 p2(e0), 851(0), 871 (e0), 852(co), 892(w)),  (3.48)

is the vector of the fluctuation operators at the steady-state (f — oo).

D = Diag[0,71(21+1),0,12(22+1),B,B, 8, B] (3.49)

is the diffusion matrix. The physical meaning of diffusion matrix encodes the influence
of quantum noise and can represent the coupling between the system and its environment,
which leads to decoherence and dissipation. It is derived from the correlation functions of
the noise operators in the linearized form of the Langevin equation. We have supposed the
mechanical resonator is of high quality factor Q = @,,;/y; > 1, which is satisfied under
the experiment (Groblacher et al., 2009). The correlation function of the noise &(¢) can be
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obtained as

(Ei()&;(1") +&;(1)&(1) /2=y (2a+1)8(r —1'), (3.50)

where 7i = [exp (7@ ;/kpT) — 1]~ is the mean thermal phonon number of the resonator, and
T is the environmental temperature. The covariance matrix (CM) can also be written in the

form of a block matrix:

Rar Kaiaz Kaiaz Kimal
Vv Kllio Ro Kuiz Kna
Kiis Kms Ras Kna

KT KT R,

T
mal KmaZ ma3

, (3.51)

where each element of this matrix is a 2 X 2 matrix.

R.1, Rp» Ry3, and R, stand for the variances of the mechanical oscillator mode 1, the
mechanical oscillator mode 2, the cavity field mode 1, and the cavity field mode 2 with
optical parametric amplifier respectively. Ky 4, Kayaz> Kinay> Kmay» and Ky, represent the
correlation between the mechanical oscillator modes 1 and 2, mechanical oscillator mode
1 and the cavity mode 1, mechanical oscillator mode 2 and the cavity mode 2, the cavity
mode 2 and the cavity mode 1, and mechanical oscillator mode 1 and the cavity mode 2,
respectively. To compute the bipartite entanglement between the sub-systems in a hybrid
optomechanical system, we reduce the 4 x 4 covariance matrix V to a 2 x 2 sub-matrix V.
For instance, if the indices i and j for the element V;; are confined to the set 1,2,3,4, the
sub-matrix Vi = V;; is molded by the first four rows and columns of the correlation matrix V,

and this represents the covariance between the mechanical oscillators 1 and 2 as

Ral KalaZ
vi= . (3.52)
KalaZ Ra2

If the indices 1,2,5, and 6 are the first, second, fifth, and sixth rows and columns of V,
respectively, they represent the covariance between the mechanical oscillator 1 and the cavity

mode 1 with an optical parametric amplifier, and the sub matrix v, is given as
R K
L b (3.53)
Ka1a3 Ra3

The covariance between the mechanical oscillator 2 and the cavity mode 2 with an optical
parametric amplifier is represented by indices 3,4, 7,8, which are the third, fourth, seventh,

and eighth rows and columns of V, respectively, and the sub matrix vy is given as

R, K
w=(ﬁ2 mﬁ. (3.54)
KL, Rn

may
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And the covariance between the cavity mode 1 and 2 with an optical parametric amplifier
is represented by indices 5,6,7,8, which are the fifth, sixth, seventh, and eighth rows and

columns of V, respectively, and the sub matrix vy is given as

vy = Ray Ky . (3.55)
KI R,

mas

Logarithmic negativity is a convenient entanglement measure because it is the only one that
can always be explicitly computed, and it is also additive. Once the covariance matrix V
is obtained, we can then calculate the steady-state bipartite entanglement. To compute the
bipartite entanglement, we choose logarithmic negativity (Vidal and Werner, 2002). Results

and discussions of steady-state bipartite entanglement are presented in chapter 4 (4.1).

3.5. Generation of stationary entanglement and quantum discord in an

optomechanical system through three-level atoms

3.5.1 Model and Hamiltonian of the system

We consider an optomechanical cavity wherein an atomic medium with a cascade
configuration is injected into the cavity (Zhou et al., 2011; Li et al., 2020). We designate the
levels of a three-level atom as follows: the top, intermediate, and bottom levels as |a), |b),
and |c), respectively, are introduced into the cavity and engage in interactions with the
cavity field. These atoms are initially prepared in a coherent superposition of their ground
and upper excited levels. They are then injected into the cavity at a constant rate, denoted
by v,. The cavity field with frequency @, is excited by the external driving laser with
frequency @y. As illustrated in Figure 5, a Fabry-Pérot cavity with one cavity mirror is
fixed, and the other one is a perfectly reflective movable mirror. Thus, a mechanical
resonator can be described by a harmonic oscillator of frequency @, and decay rate K,

which is one side coupled to the optical cavity.
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1

oo, 00

Figure 5: The schematic model of an optomechanical system whose cavity is injected by a three-
level atomic ensemble with detunings &; and &,. The fixed mirror is driven by a laser frequency of
@), and the other symbols are defined in the main text.

The total Hamiltonian of the system can be written as (Kibret et al., 2024)

A~ 1 . .
H=ho.da'a +hGaTaq+h§wm(42 + P?) +ihE(aTe N — gel™")

+ W(E ;644 + EpGpp + EcBpe) + h(g16pad" + g26.54" +H.c.), (3.56)

where the first term describes the energy of the optical cavity modes, with operators a or
a', the second term characterizes the energy due to radiation-pressure with the coupling
rate G = (w./L) \/m, where L is cavity length and m is effective mass. The third
term represents the energy of the mechanical resonator in terms of position and momentum
operators p and ¢, respectively; the fourth term describes the energy of the input laser with
the amplitude |E| = \/W, where k = wc/FL with F is the cavity finesse, ¢ is the speed
of light, and P is driving power. The fifth term describes the free Hamiltonian of the atomic
medium, where each atom is modeled by a three-level system. We describe each atom in the
medium using the spin operators. &;; = |)j'(|[j(j') = a,b,c]. The last term describes the
interactions of the atomic medium with the driven cavity fields. Furthermore, we apply the
Holstein Primakoff approximation to characterize the collective behavior of atomic systems
as harmonic oscillators (Holstein and Primakoff, 1940). So, through proper linearization,
the effective coupling strength is given by g = v/N, where k = 1, 2 represents the averaged
atom-field coupling strength (Zhou et al., 2011). The Hamiltonian of the whole system after
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a frame rotates can be rewritten as follows:

o 1
A=nAa"a+nGa'ag+ hia)m(qu + p) +ihE(Q" —a)
+71(g16pad’ + 82600+ H.C.) + 1 640 — 19 Bec, (3.57)
where ¢ =E,—E,— g, ¢’ =E,—E.— oy, 8 = E,—E,— @, & = Ep — E. — o. Thus, A
= ¢/ -0 = ¢N — & = @ — @y denotes detuning between the cavity and the classical driving

field, where @, = @. 6, = |a)(b|, 6ps = |b){a|, and 6p. = |b){(c| denote operators of the

atoms.

3.5.2 Quantum Langevin equations

In order to describe the complete dynamics of the system, the dissipation and fluctuation
terms are added to the Heisenberg equations of motion to obtain the optomechanical system’s

dynamics from the quantum Langevin equations. From Eq. (3.57), we have

; 1
H=nAa'a+nGa'ag+hon(q" +p*) +inE(a" —a)

+71(g16ped’ + 82600 + H.C.) + 1 640 — 19 Occ, (3.58)

where H.c. is a hermtian conjugate. On account of Egs. (2.15) and (3.58), we see that

dG (o i
0 = <i(10.00a + 10.0'aa) + 10 300 + )+ 0.8 -0
+1,816pa0" + 82600" + H.c.]+ 914,60 =9[4, occ]) : (3:59)
4= 0yup (3.60)
Similarly,
ap _ . 5. Aatal 4+ 15.Gatao sl o o 5 iE(GT — a4
priia [p, Aa"a] + [p, aaq]+[p,2wm(q + 7))+ [p,iE(a" —a)]
+[9.816padd" +826.5" +H.c]+ '[P, 6ua] — ¢ [ﬁ,occ]> —yp+E, (3.61)
p=—0ng—yp—Ga'a+E. (3.62)
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Furthermore,

da

1
= —i([&, Na'a)+[a,Ga'ag) + |a, Ecom(cf + p?)] +[a,iE(a" —a)]

+[4,816p06" + 8266+ H.c.]+ 9 (4, 60d) — 0" [4, occ]) — ka+V2kd",  (3.63)

d=—(iA+k)a —iG§a — i(g16pa + g26») + E +V2ka™. (3.64)

With the same procedure, one can easily obtain the expressions 6ba and 6., as follows:

dé a4
d;’“ = —i/h[6pa, H] — T 6}, (3.65)

X NN T | N
Opy = —z(A [Gba,aTa] —|—Ga}a[6ba,q] + za)m[(fbaaqz +p2]+

+ iE[abav aAT - d] + 81 [6ha> 6baaAT] + 81 [6ba7 cAyaba,\]

+ g2 [6baa 6c’l?ClAT] +82[6ba7 6190“] + ¢ [6ba7 6aa] - ¢ [61%17 6cc]) - 617(17 (3.66)
6pa = —(T +i¢ )64y — ig14(6pp — Gua) +ig24" Gpq. (3.67)
Similarly
d6 A 1
= —i/h[60, ) T 6, (3.68)
A A A"TA Ata R | A N2, A2
6. = —i| AN [6p,4"a] +Ga' a6, 4) +§a)m[ccb,q + pl+
+iE[8ep, " — @]+ g1[6eh, 600’ + 81[6ep, Gupd]
+g2[6cb; 6cbaAT] +82[6cb7 6[96&] + ¢ [60177 6aa] - ¢ [60177 666]) - 60197 (3-69)
Gop = — (T +i¢ )6 —ig2d(6ec — Gpp) — ig1" Gea. (3.70)
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Therefore, from Eqgs. (3.60), (3.62), (3.64), (3.67), and (3.70) the non-linear quantum

Langevin equations for operators ¢, p, d, 6pa, and Gp, is given by

A

4= Onp,
p=—0ng—Ga'a—yp+&,
i = —(iAk)a—iGga —i(g16pa + g26.5) + E + V2ka™,

! N A . Al A A S PN
Opa = _(F +l¢ )Gba - lgla(be - Gaa) + 1824 Ocq,

6y = —(T +i¢ )6ep —ig2d(6cc — Bpp) — ig1d" 6ca, (3.71)

where Y damping rate of the mechanical oscillator, each three-level atom is decayed by the
decay rate I’ and I". The resonator is affected by the quantum Brownian noise & (t), leading
to the damping of its oscillation with a rate y possessing the correlation function (Giovannetti
and Vitali, 2001).

EMEE) = L [22i0t-g [wm<

ho
1 3.72
= )+1), a7

2kgT

where kp is the Boltzmann constant and 7 is the temperature of the environment. In order
to obtain the steady-state solution of the system, we use the linear approximation theory
(Scully and Zubairy, 1997) to solve the last two Eqgs. (3.71) to the first order in g;. That is,
6/, is substituted by (&) for the terms in which the 6;; multiply a(a"). We assume that

the atoms are injected into the cavity with the state

p(0) = pagla)(al + pecle) (el + peale) (al + la)(c]) (3.73)

and the atoms are injected into the cavity at a constant rate y,, where p.|c){c| and p2,|a){a]
are the probabilities of the atom to be initially in the level |c¢) and |a), respectively. In this

respect, the last two Eq.(3.71) can be rewritten as

Spa = — (T 419 ) Gpa +ig1 Yup ol + ig2Yupud' (3.74)
A o /" LN A . 0 ~ . 0 A
6y =— (0 +i ) Bep — ig2YaPpd — ig1 Yapld'- (3.75)

By combining Eqs. (3.74) and (3.75) with Eq. (3.71), it is possible to derive the steady-state
mean values as:
S3E+E*Vy

AZO,A:—G(XZ(D,(XZ—,
Ps qs | s|/ 'my Us VIVZ*—{—SlS;

(3.76)
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with

2 0 0
. glyapaa gzyapcc glgzyﬂpca
Si=k+ilA— / X /7S =Kk+ilA+ 7 //7V - 7 V)
| ' +io 2 I + i ] T +io
gngyapca
Vo = 7 7 3.77
T +ip" G710

where the effective cavity detuning, including radiation pressure effects, can be expressed
as Al = A — G‘(gg‘ G = V2Gay is the effective optomechanical coupling strength, where
we have taken oy real by properly choosing the phase reference of the cavity fields. It is
evident that the system’s steady-state values are highly dependent on the atomic medium’s
parameters, including the upper level’s pga initial population, the lower level’s pgc initial
population, and their coherence p?,. The linearized dynamics of the quantum fluctuation
around the semiclassical fixed points are the subject of our next discussion. In these
| > 1. In this

case, one splits the operators in Eq. (3.71) with Egs. (3.74) and (3.75) into their steady-state

scenarios, the cavity’s steady-state photon number should be large, i.e.,

values and quantum fluctuations, e.g., O = Oy + 80(0 = §, p,d, 6,4, 6p). By inserting the
ansatz O = Oy + 00 into Eq.(3.71) with Egs. (3.74) and (3.75) and neglecting all the terms
higher than linear order in the fluctuation 60, the quantum Langevin equations for the

fluctuations can be written as

8§ = 0, 8p,

§p=—wndG— GOR—ySp+E&,

84 =—(iA+k)6a—iGad%—i(g166py + g286) + V2k8a™,

561; = (' +i¢ )5Gba i917.00,84 +ig2y.pL, 84",

86 =—(I" +i¢") 860 — ig2Yapo 80 — ig1¥up 204" . (3.78)

We have defined the quadrature fluctuation operators of the cavity mode, the corresponding
input noise operators, and the atom quadratures as (Ma and Zhou, 2012; Zhou et al., 2011;
Li et al., 2020):

5t = (8a+8a")/v2,89 =i(8a" - 8a)/v2,88" = (84" + 8a™1) /2,
Am — ( Am,T Am)/\/_ (379)

and atom quadrature satisfies the relation.

87 = (88up+86pa) / V2,88 = i(86u — 864a) / V2,80 = (88pe +86.) /V2,
89 =i(86p. — 86:)/V2. (3.80)
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With this consideration, we get the following linearized quantum Langevin equations:

84 = 0P,

0p=—0,8§—y8p— GOz +&,

§f = —Kk8%+ N'89+ 8165+ 280+ V2K 8™,

89 = —k89— A 8%+ G18G — §167 — 8280+ V2K 59",

8F =L 87+ 85— (g1%uPoy — 82YaP2%) 59,

5§ =—T'85— ¢ 67+ (g17up%, + g2%upL) 5%,

Slhi=—T"8a+¢ 80+ (g27%p% — 817uP%) 59,

59 =—T"80—¢ 8il— (24Pl + 81YaPly) O%. (3.81)

We express Eq. (3.81) in a more compact form.

n(t) =Bn(t)+x(), (3.82)

with setting 1(¢) as the column vector of the quantum fluctuations and ) (¢) being the column

vector of the noise sources. The corresponding drift matrix B which takes the form

0O w, O 0 0 0 0 0

—wy, -y -G, 0 0 0 0 0
0 0 —-x A 0 g 0 g

s_ | G 0 -AN —x xd 0/ —2 0 | (3.83)
o 0 0 -¢ -T' ¢ o0 o0
0 0 ¢ 0 —¢ -I' 0 0
o 0 o0 Q o0 o0 -Ir" ¢
o 0 -t 0 0 0 —¢ -I

{ = 81%aPou— 82YaPacs S = §1YaPaa + 82YaPoes @ = 82YaPee — §1YaPeas T = 82YaPec+ 81YaPlas
and G| = v2Goy. Their transposed elements are given by:

n(t)T = (5@, 513,6)2, 5&,5?, 08, 5&,5\3), (3.84)
x0T = (0,&,V2x85™,v/2Kk85",0,0,0,0), (3.85)

The system is stable and reaches a steady-state; the drift matrix B possesses negative real

eigenvalues. The steady-state covariance matrix R can be obtained by solving the Lyapunov
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equation.
BR+RBT = —D, (3.86)

where R is the system covariance matrix, which contains all information about the steady-

state and

D = Diag[0,y(2n+1),k,k,0,0,0,0)], (3.87)

-1
n= [exp (ha)c /KBT)_I] is the diffusion matrix stemming from the noise correlations.
Based on the model of the system shown above, the dynamics of an optomechanical system
approved by three-level atoms, particularly the two-mode steady-state entanglement in the
subsystems, can be computed numerically using the correlation matrix (CM) 8 x 8 of the

entanglement. The covariance matrix R can be written in the form of a block matrix:

Val NalaZ Na1a3 Nmal
T
NalaZ Vao Nuwaz  Nma2

R , 3.88
NaTla3 er;a?) Va3 Nima3 ( )
Nny;al NIZ;aZ N£a3 Vin
in Eq.(3.88) R with its entries defined as R;; = ((u;(c0)uj(eo) + uj(eo)u;(e0)))/2 and
ul () = (8G(c0), 8 p(0), 85(o0), §H(00), 87(00), 85(c0), 8i(e0), 5(c0)), (3.89)

is the vector of the fluctuation operators at the steady-state (t — o). R;; is describing the local
properties of mode j, whereas N;; is referring to the intermode correlations (i, j,a1,az,a3,m).
When a two-level atom is injected into the cavity, we also express Eq. (3.81) in a more

compact form as:

/

n' () =Ccn()+x (t), (3.90)

with setting n'(¢) as the column vector of the quantum fluctuations and ¥ (r) being the

column vector of the noise sources. The corresponding drift matrix C which takes the form

0 o, O 0 0 0

-0, —-Y -G 0 0 0
0 0 —-x A 0
o x st 3.91)
G 0 -A —x —g 0
0O 0 0 -¢ -T' ¢
0 0 ¢ 0 —¢ -T
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¢ =g1Yup2, — 827P0.. ¢ = g1YaP%, + 827.PL.. and G| = v/2G ;. Their transposed elements
are given by:

n' () = (84,8p,8%, 85,87, 85), (3.92)
x ()7 = (0,€,v2K85" V/2K85™,0,0). (3.93)

The results of the generation of stationary entanglement and Gaussian quantum discord are

discussed under chapter four (4.2).

3.6. Generation of Quantum Correlations through Optical Parametric

Amplifcation in a Hybrid Optomechanical System

3.6.1 Model and dynamics of the system

We consider a model of a hybrid optomechanical system (Maquedano and Costa, 2024; Liao
et al., 2020) in which a single cavity is coupled to a degenerate optical parametric amplifier
via a cavity-cavity coupling parameter. In this setup, we incorporate a quantum mechanical
harmonic oscillator with an effective mass m, where two cavity mirrors are fixed and the
other is movable. Each cavity mode is driven by a laser, interacting with the movable mirrors

through radiation pressure interaction, as depicted in Figure 6.

C2
— Degenerate OPA

Figure 6: Schematic diagram of two distant Fabry-Pérot cavities coupled via cavity-cavity coupling
with J. While the other symbols are defined in the main text.
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Now it is convenient to transform the optical mode description by applying the unitary
transformation U = exp (éfél — 6; 62) t and the Hamiltonian that characterizes this system
is (Ma and Wu, 2015)

2
A~ . A A 1 ~ R ) s o
H= Z <a)ckczck+gkckcka+ 2 On (Q,% +sz) + lEk(cZe 1ot —cke’wot))
k=1
ix(efelPem i om02ei™) 4y (ley +eler). (3.94)

Switching to a frame rotating with respect to the frequency w,, and the total Hamiltonian of

the whole system can be rewritten;

A Aol .
A=Y (Ak eren+ kel e O+ 5 On(QF + PE) +iEx (& — @k)>
k=1
+iZ(e0e)? — e 03) +u(e]er+Eden), (3.95)

where A\ = . — @y is detuning frequency of the cavity. Here, the first term describes the
free Hamiltonian of two cavities, with 6}; and ¢, being the creation and annihilation operators
of the cavity modes. The second term describes the interaction of two cavity modes with
a radiation pressure force with a coupling rate of g;. The third term represents the free
Hamiltonian for the two mechanical systems with dimensionless position and momentum
operators Qk and P, (k = 1,2). The fourth term represents the two input driving lasers with
frequencies @y and |Ey| is the driving amplitude related to driving power P, and the cavity

decay rate K by |Ey| = @/2Pk1<k/ha)o in which k] = Kb = Kk = 7tc/2FL and F is the cavity
finesse. In addition, g¢ = (@u/L)y/h/may, (L is the cavity length and m is the effective

mass) is the single-photon optomechanical coupling associated with the cavity mode with
frequency @.. The fifth term is the driving laser from the nonlinear parametric gain. While
¥ is the nonlinear gain of OPA, which is proportional to the pump driving the OPA. The last
term denotes the coupling between two distant cavities by a cavity-cavity coupling strength

with an inter-mode coupling constant J (Gebremariam et al., 2017).

3.6.2 Dynamics of the System

The dynamics of a coupled optomechanical system can be examined by employing the
standard quantum Langevin method (Mekonnen et al., 2024). Since the system dynamics
include fluctuation and dissipation processes and the corresponding effects of damping and

noises, Therefore, using Eq. (3.95), we can obtain the following array time evolution of the
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system, which describes the dynamics of the coupled systems as

Ql = (Dmlsl,
P =—ybP —g1CAICAl — 0,01 + &1,
QZ - a)mp27

P =—yP— nggéz —0n0s + &,
é=— (iA] —|—K1)51 —ig1Q151 +E;—iJé + \/21(151{1,

& = — (i A, +;<2) &y — 92006y + Ex — iJ &1 + 228 + /21687, (3.96)

where ki, %, represents the dissipation of optical and mechanical modes, A;( = N — 81O
are the effective cavity detunings, including the frequency shift due to the interaction with
the mechanical resonator. While, 71 = 15 = ¥, and w1 = Oy = Op,.

It is straightforward to see that the OPA leads to two effects: it modifies the cavity decay rate
Ky = Kr — 2Xcos O and also the effective detunings A;C = A;{ —2X¥sin 0. The mechanical
resonator is affected by the quantum Brownian noise &(¢) leading a mechanical oscillator

with a correlation function (Gardiner and Zoller, 2004)

<5k<r>ék</>> =t d—“’e‘l""(t—t')w{wcoth( "o

97
On) 27 2kBT)]’ (3:97)

where 52” is the zero-mean vacuum cavity input noise, which obeys the following correlation

-1
function, <CA§<” (t)é,t’m (t)> =§(r—1), where n= |exp(w,/kgT) —1| is the mean thermal

photon number in the optical mode, which is assumed to be at the same environmental
temperature (Yin et al., 2013).

3.6.3 Linearization of Langevin equations

Now, it is important to mention that the dynamical equations of the system can be linearized
in order to study the statistical properties of the system. To this aim, we assume that the
cavity is intensively driven with a very large response power. Thus, in the steady state,
the intracavity fields have a large amplitude. Accordingly, the nonlinear quantum Langevin
equations of the system can be linearized by re-writing each Heisenberg operator as a sum
of its coherent amplitudes of steady-state value and an additional fluctuation operator with
zero-mean value as (Gebremariam et al., 2017) oty + 8¢ and Qg + 8B, where (k = 1, 2)
represents the subsystem. & and Oy characterize the steady-state averages of the operators.

While 8¢, and 8P, describe the fluctuations of the system, respectively. By setting the time
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derivatives to zero and the steady-state average

le = _g1|a1s|2/a)m7

pls = 07
. EJ
Us1 = ——— 7 [
Q2s - _82|a2s|2/wm7
pSZ - 07
E»>J
Os = 2 (3.98)

(xz —2%.cos e) +i<A'2 —2%sin 9) +J?

As for the fluctuations, their dynamics are given by the linearized quantum Langevin Eq.
(3.96). After linearizing the operators within the subsystem, its linearized QLEs can be
obtained by neglecting the small value quantities, and the steady-state fluctuation state of the
dynamics can be established.

Specifically, the statistical properties of bipartite entanglement and its correlations with the
system can be characterized by analyzing the variance between these quadrature components
of the fields. Now we define the dimensionless quadrature operators for the optical and

mechanical parts of the system, respectively, as:
8X = <6ék + 3@;) /2,80 = i(sa,t —~ 5@) V2,
and the corresponding quadrature components of Hermitian input noise operators

Xin — (é;;" +a§(’”) JV2, 80 = i(@Z”T - é;;") /V2.
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Consequently, by incorporating these quadratures into rewriting Eq. (3.96), we can obtain

the quantum fluctuation dynamics as:

501 = WP,

5P = P — 816X — 0,801 + &),

50> = Wb,

8P, = —1,6P) — 828X — 0,805+ &,

5X1 = — k16X, + N 8Y) + T8V, + /2K, 8X",

§Y) = —k18%1 + A 18X1 — 81601 + 78X + /2K 87,

5%, = - <’<2 —2Xcos 9) 5% + (A/z +2Xsin 9> 8yr +J 891 + /212 8%,

Sf’z =— (Kz +2¥cos 9) 8V, + (Alz —2Xsin 9) 86Xy + 8280, — J6X) + /21,87,
(3.99)

where Gy = v/2g,04; is the effective optomechanical coupling strength. where we have
taken oy, real by properly choosing the phase reference of the cavity fields. Thus, we can

rewrite Eq. (3.99) in a more compact form as

W(r) = MW(r) +N(r), (3.100)

with setting W(z) as the column vector of the quantum fluctuations and N(¢) as the input

noise vectors, respectively. Their transposed elements thus turn out to be

T
W(I) = (5@1,5p1,5@2,5?2,5)2],5?1,6)22,6?2) , (3.101)

T
N(r) = (0,51,0,52,\/2KX{",\/2;<Y{", \/2;@)22"”,\/2@?2"") . (3.102)
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Therefore, the corresponding drift matrix M takes the form

O ® 0 0 0 0 0 0
—On —Yn O 0 —-Ggq O 0 0
o 0 0 ® 0 0 0 0
T U U L Gy 0
0 0 0 0 -—x A 0 J
Ga 0 0 0 A —x —J 0

0 0 0 0 0 J —Kk+2Zcos® A,+2%sin@

0 0 Ga 0 —J 0 A,—2%sinf —x—2%cosf

(3.103)

To measure the bipartite quantum correlations and entanglement properties between the
subsystems, the stability of the system is guaranteed and a prerequisite for a feasible and
realizable system. Furthermore, the drift matrix M contains information about the system.
Particularly, the criteria to be stable for the drift matrix M are satisfied by the Routh-Hurwitz
criterion (Leng et al., 2009), i.e., if the eigenvalues of the drift matrix must be negative
real parts. Consequentially, the system is stable and reaches a steady state, which is fully

characterized by the correlation matrix with corresponding components (Walls et al., 1994)

1

Vij(t) = 5 (Wit W (1) + W;(8)Wi(r))). (3.104)
Thus, the stability criteria (Leng et al., 2009) are satisfied, and the steady-state correlation
matrix of the quantum fluctuation can be derived by the following Lyapunov equation (Li

et al., 2016; Wang et al., 2014a)
MV +VM! = —D, (3.105)

where, D=Diag (0, ¥,,(2n+ 1), 0, y,(2n+ 1), K, Kk, K, K) is the matrix of the stationary
noise correlations; it characterizes the noise correlations, i.e., the diffusion matrix. Eq.
(3.105) is a linear equation in V that can be straightforwardly solved; however, the exact
analytical expression is too cumbersome and will not be reported. Specifically, the block
matrix off-diagonal represents the correlations between two components, i.e., the covariance
across various subsystems. While the block elements of the main diagonal characterize the
variance between each subsystem. Note that results and discussion of stationary

entanglement, quantum discord, and steering are presented under chapter four (4.3).
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4. RESULTS AND DISCUSSION

4.1. Steady-state entanglement of an optomechanical system with OPA

4.1.1 Steady-state bipartite entanglement

In this section, we discussed the nature of steady-state bipartite entanglement, such as the
entanglement between the first cavity-mechanical oscillator modes and the second cavity-
mechanical oscillator modes, and the two cavity modes. For such a system without OPA, the
entanglement properties of bipartite modes have been studied (Tesfahannes, 2020; Huang
and Agarwal, 2009c; Kuzyk et al., 2013; Wang and Clerk, 2013). We opt to focus on the
effects of the nonlinear gain of OPA and cavity-cavity coupling strength on logarithmic
negativity. In doing so, we choose experimental parameters and the parameters of the
two optomechanical cavities to be the same: B; = B =B, Y1 = = 7%, and @y = Oy
= ®, (Kippenberg and Vahala, 2008; Mari and Eisert, 2009). Besides, the results are

obtained by adopting the parameters analogous to Refs. Firstly, we investigate steady-state

Table 1: List of experimental parameters for the system (Eichenfield et al., 2009; Cho et al., 2008;
Schmidt et al., 2015)

Parameters Symbol Value

Frequency of mechanical oscillator @, 2nx 10 MHz
Mechanical quality factor 0 10°
Optical laser wavelength A 810nm
Length of the cavity L Imm
Mass of mechanical oscillator m 5x 10" 2kg
Driven laser power P 100 mW

P2 50 mW
Cavity finesse F 1.07 x 10*
Mechanical damping rate Y 27w x 100Hz

bipartite entanglement between the cavity-mechanical oscillating modes, the second cavity-

mechanical modes, and the two cavity modes as a function of the phase 0
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Figure 7: Plots of EN between (a) C1 — M1, (b) C2— M2, and (¢) C1 —C2 at Q = 3 (red solid
curve), Q = 0.958 (black dashed curve), and Q = 0.9 (blue solid curve) as a function of the phase
0 for various optimal values of nonlinear gain at temperature 7 = 400mk, = 44MHz, and coupling
strength J = 0.5w,,. The rest of the parameters are given in Table 1.

In Figure 7(a), the entanglement of the first cavity-mechanical oscillator modes as a
function of the phase 6 for various optimal values of nonlinear gain is plotted. We observe
that the steady-state entanglement generated and the nature of entanglement significantly
vary with the value of the nonlinear gain of the OPA. Specifically, from Figure 7(a), we see
that when the nonlinear gain of OPA medium increases, the entanglement measurement also
increases. In Figure 7(b), we also plot the entanglement of the second cavity-mechanical
oscillator modes as a function of the phase 6 for various values of the nonlinear gain of
OPA, and the other parameters that have been used are the same as in Figure 7. Similarly,
from this figure, we can see that the entanglement increases with increasing nonlinear gain
in the OPA medium. But, comparing Figures 7(a) and (b), the maximum entanglement
between the first cavity-mechanical oscillating modes is greater than the maximum
entanglement between the second cavity-mechanical modes. The reason is that increasing
the input laser power increases the parametric gain, and this causes a stronger coupling
between the movable mirror and the cavity field, leading to an increase in entanglement.
Furthermore, Figure 7(c) illustrates the entanglement between two cavity modes as a
function of phase 0, and the other parameters are the same as in Figure 7. We also observe

that the entanglement between two cavity modes is generated in a steady state. Specifically,
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the entanglement increases with the nonlinear gain of the OPA medium until certain 6, then
it decreases. The minimum value of entanglement between the two cavity modes at a
reasonable temperature is non-zero; this shows that there is an entanglement transfer in the
system due to cavity-cavity coupling strength. From the three Figures 7(a), (b), and c, we
observe that the steady-state entanglement generated and the entanglement measurement
increase with increasing the value of nonlinear gain Q. The fact is that increasing the
nonlinear gain of the medium causes a stronger coupling between the cavity and mechanical
oscillator modes. Furthermore, the minimum value of entanglement at a reasonable
temperature is non-zero; this shows that there is an entanglement transfer in the system.
More importantly, from Figures 7 (a), (b), and c, we can see that the generation of
steady-state entanglement and entanglement transfer strongly depends on cavity-cavity
coupling strength and OPA medium. In light of the observed result, it is worth noting that
the emerging entanglement is induced due to the coupling of degenerate OPA with their
cavity and the presence of cavity-cavity coupling strength. Comparing the behavior of
entanglement measurement in a Fabry-Perot cavity without the OPA of an oscillating
micro-mirror driven by coherent light [28] with the presence of the OPA, the entanglement
is more enhanced. Additionally, in the present paper, the system is different from the
standard optomechanical system reported in Refs. (Tesfahannes, 2020; Mi et al., 2013;
Yang et al., 2017). Therefore, such a hybrid optomechanical system can utilize immediate
practical interest in the investigation of remote entanglement measurements and is suitable
for future information processing applications.

Secondly, we discuss the steady-state bipartite entanglement as a function of the
normalized detuning A /@ for different values of the coupling parameter J. The main
reason for the choice of the parameter is to see an evident difference in the entanglement in
a coupled system and to determine in what way the nature of the entanglement would be
influenced by the strength of the cavity-cavity coupling parameter. With this respect, we
plot the bipartite entanglement as a function of the normalized detuning for different values
of J.
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Figure 8: Plots of EN of the first cavity-mechanical oscillator modes (red dashed curve), the second
cavity-mechanical oscillator modes (blue solid curve), and the two cavity modes (black dashed curve)
as a function of the normalized detuning A /@ for coupling strength (a) J = 0.3@,,, (b) J = 0.4®,,, (c)

J =0.50,,, and (d) J = 0.6w,,, with fixed value of Q = 0.95f3, where the other parameters are taken
to be the same as in Figure 7.

Specifically, in Figure 8(a), we plot the entanglement of the first cavity-mechanical
oscillator modes, the second cavity-mechanical oscillator modes, and the two cavity modes
as a function of A/® with coupling strength J = 0.3®,,, and the other parameters are
the same as in Figure 7. We can see that the entanglement of the first cavity-mechanical
oscillator modes and second cavity-mechanical oscillator modes increases with normalized
detuning until a certain range, and then it decreases. In Figure 8(b), we also plot the bipartite
entanglement as a function of the normalized detuning for coupling strength J = 0.4®,,, and
the other parameters are taken to be the same as in Figure 7. The logarithmic negativity that
accounts for the entanglement of cavity-mechanical oscillator modes also increases until
a certain detuning, and then it decreases. But the entanglement between the two cavity
modes almost decreases from a certain maximum entanglement. It is possible to see from
Figures 8(a),(b), and(d) that continuous variable entanglement witnessed for the parameter
A /o ranging from 0 to 4. Similarly, in Figures 8(c) and (d), we plot the entanglement of
the first cavity-mechanical oscillator modes, the second cavity-mechanical oscillator modes,
and the two cavity modes as a function of A/ for coupling strengths J = 0.5m and J=
0.6w,,, respectively. We also observe the same behavior as in Figures 8(a) and (b). We

see from Figure 8(c) that continuous variable entanglement is witnessed for the parameter
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A/ ranging from O to 5, which entails that the greater possibility of entanglement can be
easily realized in an experiment. This shows the behavior of the generation of our bipartite
entanglement consistent with the photonic-crystal optomechanical cavity (Eichenfield et al.,
2009).

Additionally, we observe the effect of coupling rate J on the bipartite entanglement from

Table below. In Table 2, we see that the entanglement of the first cavity-mechanical oscillator

Table 2: The maximum value of EN concerning the strength of the coupling parameter from Figure
8

The strength of coupling rate / EN (C1-M1) EN (C1-C2) EN (C2-M2)

0.3wy, 0.27 0.19 0.26
0.40,, 0.29 0.194 0.27
0.5wy, 0.30 0.19 0.28
0.6, 0.31 0.19 0.29

modes and second cavity-mechanical oscillator coupled modes increases with increasing the
value of cavity-cavity coupling strength J. However, the entanglement between the two
cavity modes is almost consistent with increasing the strength of the coupling parameter. In
addition, these results can be compared with the situation discussed in Ref. (Tesfahannes,
2020). From this point of view, the bipartite entanglement with our model can be generated
and significantly enhanced by a variation in the cavity-cavity coupling strength process. The
generation of entanglement between the two cavity modes can be transferred entirely due to
the coupling strengths. It might then be possible to deduce that the strength of the coupling
rate J would be very crucial in transferring quantum features in a hybrid optomechanical
system.

Thirdly, we examine the effect of the coupling rate on the entanglement. Figure 9 exhibits

the EN of optomechanical systems for different input laser power when the nonlinear gain
of OPA Q =0.958.
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Figure 9: Plots of EN between (a) the first cavity-mechanical oscillator modes, (b) the second
cavity-mechanical oscillator modes, and (c) the two cavity modes as a function of the normalized
detuning A/, Q = 0.95f, blue solid and red solid lines correspond to the parameters P, = 100mW
and P, = 50mW, respectively. The rest of the parameters are taken to be the same as in Figure 7.

From Figures 9 (a), (b), and (c), we observe that the entanglement of the coupled cavity
optomechanical systems increases when the laser power is increased. That means increasing
the input laser power increases the mean photon number, leading to increase the coupling rate
gj- The reason is that the real part of the effective coupling rate is given by g; = V2G,, 0.
Since the steady-state amplitudes o of the cavity fields are proportional to the laser driving
amplitude Ej, it should be realized that the g; factor in the drift matrix A is essentially
determined by g; =< G,,E;. This shows that the behavior of the coupling rate g; on the
entanglement is consistent with a recent experiment (Thompson et al., 2008). Therefore,
one can show that our discussion of steady-state entanglement is actually experimentally

realistic.
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Figure 10: Plots of EN of the first cavity-mechanical oscillator modes (red solid line) and the second
cavity-mechanical oscillator modes (black solid line) as a function of the decay rate 3, for T = 100mK,
Q = 6 x 10%5~!, where the other parameters are taken to be the same as in Figure 7.

In Figure 10, we observe that the bipartite entanglement between the cavity-mechanical
oscillator modes increases as the cavity field decay rate decreases. In other worlds, when
the decay rate increases, the bipartite entanglement degrades. In fact, from Figure 10, we
also see that the optical cavity losses destroy entanglement. Therefore, decay rates decrease
the bipartite entanglement and produce different amounts of bipartite entanglement in the
subsystem. Additionally, the bipartite entanglement between the mechanical oscillators is
not a monotonic function of the decay rate. In fact, external factors like temperature
variations in the surrounding environment can contribute to thermal noise in sensitive
measurements. Thus, we prefer cryogenic temperature 7 = 100mK since, the system

requires very low temperatures.
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Figure 11: Plots of EN as a function of the nonlinear gain of Q for various temperatures and the
other parameters are taken to be the same as in Figure 7.

Moreover, we plot the entanglement versus the nonlinear gain of € for various
temperatures. From Figure 11, we observe that as the temperature of the environment
increases, the bipartite entanglement between the subsystems decreases. This implies that at
the moderate value of nonlinear gain, the bipartite entanglement increases. Furthermore, at
a large value of nonlinear gain, the entanglement decreases. This shows that our system
would prefer to work at cryogenic temperatures. Furthermore, from our theoretical point of
view, we investigated the entanglement between the cavity and mechanical oscillator
modes, and the two cavity modes are analyzed through the applicable choice of nonlinear
gain of OPA, optical cavity detuning, and cavity-cavity coupling strength. However, it is
possible to generate the entanglement for the optomechanical subsystem between the two
mechanical modes. To achieve this, we have to fix the cavity-laser detuning associated with
the mechanical resonator. Therefore, under this regime and by switching the roles of the
cavity modes and the mechanical mode, comparable techniques were utilized to generate
entanglement between the subsystems, such as two mechanical resonators (Yang et al.,
2017; Li et al., 2015a). Subsequently, there is a state transfer between the mechanical
resonator and the cavity mode. This confirms that there is still a possibility of generating
entanglement between subsystems. Such entanglement between the two mechanical
oscillators is very sensitive to the choice of cavity-cavity coupling strength. Since, in our
model, there is no direct interaction between two mechanical oscillators, and the
entanglement is entirely transferred due to cavity-cavity coupling strength. This confirms
we can generate the entanglement by fixing the value of cavity-cavity coupling strength,
and one can measure the optomechanical entanglement between two oscillators. From the

above, we can conclude that by exchanging the roles of the cavity modes, the mechanical
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modes, and cavity-cavity coupling strength, a similar mechanism can be used to prepare the

entanglement between the two mechanical oscillators interacting with the cavity modes.

4.2. Correlations in an optomechanical system with three-level atoms

4.2.1 Generation of stationary entanglement

Stationary entanglement is a convenient entanglement measure because it is the only one that
can always be explicitly computed. To compute the steady-state entanglement, we choose

the stationary entanglement (Adesso et al., 2004), which is defined as
En = max[0,—In2Z], 4.1)

where ¥ is the minimum symplectic eigenvalue of partial transposed CM corresponding to

the bipartite system of interest, which is given by

5_ \/ Y(Z2)—/Y(Z)2—4detZ
2 Y

where Z can be expressed in a form of block matrix extracted from the covariance matrix. R

Zy Z
A 4.2)
and Y (Z) = detZs + detZp — 2detZ¢, where each element of the block plays as a 2 x 2 of
the correlation matrix. Once the covariance matrix is obtained, we then reduce the 8 x 8

as as

CM to a 4 x 4 sub-matrix. The CM characterizes the system since the blocks Z4 and Zp are
associated with the oscillating mirror and cavity modes, respectively. The block matrix Z¢
describes the optomechanical correlation in the presence of atoms. If the partially transposed
density matrix has no negative eigenvalues (i.e., it is positive semi-definite), the logarithmic
negativity will be zero, meaning it does not detect entanglement.

In this section, we discuss and study the nature of steady-state entanglement and quantum
correlation between the cavity and mechanical oscillator modes by concentrating on the
presence and absence of atoms’ effects on stationary entanglement and Gaussian quantum
discord, respectively. We begin our discussion of the stationary entanglement and Gaussian
quantum discord for an optomechanical cavity approved by the presence of three-level atoms,
two-level atoms, and in the absence of atoms. Besides, the results are obtained by adopting
the following experimental parameters analogous to Refs.

With this consideration, we get stationary entanglement as a function of normalized

detuning A/ @,,.
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Table 3: List of experimental parameters for the system (Gigan et al., 2006; Barzanjeh et al., 2019;
Ma and Zhou, 2012; Lai et al., 2021; Gut et al., 2020; Kleckner and Bouwmeester, 2006)

Symbol Value

O 2w x 10 MHz
10°

810nm
Imm

5x 10~ 2kg
50 mW
1.07 x 10*
27w x 100Hz
88MH?z

7.8 x 1014
700Hz
2000

7T x 100
1.47 x 10°
3mx 10°
1.87 x 107
3.2 x 107
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Figure 12: Plots of EN! as a function of the normalized detuning A /@, of cavity-mechanical
oscillator mode in the absence of atoms. The parameters are given in the Table 3.
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The stationary entanglement between the cavity and mechanical oscillator modes in the
absence of atoms is plotted against the normalized detuning in Figure 12. The graph’s curve
indicates that, for a certain parameter range, continuous variable entanglement is present.
Keep in mind that the maximum entanglement happens close to the resonance case, and the
value of entanglement in the absence of an atom reaches its maximum value, which is
similar to a Fabry-Pérot experiment that can be used to determine the degree of
entanglement between the cavity and mechanical oscillator modes of an optomechamical
cavity without atoms. Therefore, the degree of entanglement between the cavity and
mechanical oscillator modes of an optomechamical cavity without atoms is consistent with

a Fabry-Pérot experiment.
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Figure 13: Plots of EN? versus the normalized detuning A/, for cavity-mechanical oscillator
mode in the presence of two-level atoms and the parameters are the same as in Figure 12.

Moreover, Figure 13 shows the stationary entanglement of cavity-mechanical oscillator
mode in the presence of two-level atoms as a function of the normalized detuning A/ ®,.
The curve indicates the same behavior as Figure 12, which is that continuous variable
entanglement persists for the parameter A /@,,. Specifically, the value of entanglement in
the presence of two-level atoms is increased, and similarly, the maximum entanglement
occurs near the ringing case. Therefore, the degree of entanglement between the cavity and
mechanical oscillator mode for the optomechanical cavity in the presence of two-level
atoms can be increased when we compare it with the steady-state entanglement of a

Fabry-Pérot experiment without atoms.
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Figure 14: Plots of EN? versus the normalized detuning A/, for cavity-mechanical oscillator
mode in the presence of three-level atoms, and the parameters are the same as in Figure 12.

In addition, Figure 14 shows the stationary entanglement as a function of the
normalized detuning A/, between the cavity and mechanical oscillator modes when
three-level atoms are present. The entanglement between the cavity and mechanical
oscillator mode is generated in the steady state. With normalized detuning, the generated
steady-state entanglement increases up to a certain range and then decreases. Furthermore,
the behavior of the curve explains why the entanglement persists as a continuous variable.
In particular, the value of entanglement in the presence of three-level atoms is enhanced and
dramatically decreases when normalized detuning increases. The maximum entanglement

also occurs near the resonance case.
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Figure 15: Plots of (a) stationary entanglement between cavity-mechanical oscillator modes in the
presence of three-level atoms for various temperatures 7 = 20.5K (blue solid curve), T = 21K (red
solid curve), and T = 22K (black solid curve) of the atoms as a function of the normalized detuning
A/ @y, The other parameters are the same as in Figure 12.

In particular, we saw in Figure 15 that when the environment’s temperature drops, the
degree of entanglement produced by three-level atoms injected into a Fabry-Pérot cavity
increases. Additionally, the injected three-level atoms can help to improve the degree of
steady-state entanglement between the cavity and the mechanical oscillator mode compared
to the value without the injection of atoms. Therefore, the entanglement is temperature-
dependent, exhibiting the same behavior as an entanglement measurement using a Fabry-
Pérot cavity injected with two-level atoms (Ma and Zhou, 2012).

Finally, we investigate how the steady-state entanglement is affected by the coupling rate
for varying input laser power. The stationary entanglement of a three-level atom-injected

optomechanical cavity as a function of normalized detuning is shown in Figure 16.
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Figure 16: Plots of stationary entanglement between cavity-mechanical oscillator mode in the
presence of three-level atoms as a function of the normalized detuning, blue dashed and red solid
lines correspond to the parameters P = 30mW and P = 50mW, respectively. The other parameters are
the same as in Figure 12.

We can see that the entanglement rises with input laser power in this output figure. That
shows that increasing the input laser power increases the mean photon number, leading to
an increase the coupling rate. The mean photon number and the effective coupling rate
are directly correlated, which explains the reason. This suggests that the coupling rate’s
behavior on the entanglement is in line with the findings of a recent experiment (Thompson
et al., 2008). Thus, one can show that our discussion of steady-state entanglement is actually

experimentally realistic.

4.2.2 Generation of Gaussian quantum discord

Furthermore, it has been proposed that in certain models of quantum computing and
quantum communication, quantum discord plays an important role (Datta and Gharibian,
2009; Cui and Fan, 2010). More broadly, the quantum discord quantifies the nonclassical
correlations of a more fundamental type, since separable mixed states can have a nonzero
quantum discord. This implies that quantum correlations in classical communication may
arise from the existence of nonorthogonal quantum states. Quantum discord, the
fundamental building block of quantum information, is realized through bipartite systems

of continuous variables, which are defined by Gaussian states with two modes. Therefore, it
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is acknowledged that a quantum correlation offers a broader approach to measuring the
separation between quantum systems. In particular, Gaussian quantum discord is a useful
class of correlation measures for continuous variables. We study quantum discord as two
manifestations of mutual information. The covariance matrix is actually an 8 x 8
dimensional matrix. Specifically, to use Gaussian quantum discord to study quantum
correlation. We illustrate the entire Z from Eq. (4.2) covariance matrix is 4 x 4
sub-matrices. In this way, a bipartite Gaussian state that is described by its two-mode
covariance matrix. The Gaussian quantum discord is defined as (Yang et al., 2015; Giorda
and Paris, 2010).

\/Zl + 2212, +2¥

D=U(VZ)-U(y )-U(y")—U( TN

), (4.3)

where for any O,

U(®) = (®+%)log(®+%) —(®— %)log(@)— %),yi = %\/Aim—4z4,

AN=Z1+2,+2¥,Z) =det(Zy),Z, = det(Zp),Z3 = det(Z¢),andZy = det(Z).  (4.4)

In this section, we also discuss the nature of the quantum correlation between the cavity
and mechanical oscillator modes by concentrating on the presence and absence of atoms’
effects. Gaussian quantum discord. We assume the Gaussian quantum discord, represented
by D1, D,, and D3, between the cavity and mechanical oscillator modes in the absence of

atoms and the presence of two-level and three-level atoms, respectively.
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Figure 17: Plots of D; as a function of the normalized detuning A/®,, of cavity-mechanical
oscillator mode in the absence of atoms. The other parameters are the same as in Figure 12.

Figure 17 presents the results of the Gaussian quantum discord as a function of the
normalized detuning A /®,, parameter. It is evident from Figure 17 that there is a Gaussian
quantum discord between the cavity and mechanical oscillator mode in the absence of
atoms, which reaches a maximum when the normalized detuning value approaches zero.
Furthermore, the Gaussian quantum discord decreases when the value of normalized
detuning increases. Conversely, when the normalized detuning value lies between some
intervals, the Gaussian quantum discord is entangled (D > 1). On the other hand, the
covariance matrix can be correlated or unentangled (D < 1) for the values of A/,

increased.
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Figure 18: Plots of D, versus the normalized detuning A /®,, of cavity-mechanical oscillator mode
in the presence of two-level atoms, and the parameters are the same as in Figure 12.

The dynamical Gaussian quantum discord is plotted against the normalized detuning
parameter in Figure 18. The Gaussian quantum discord reaches a maximum value when
the normalized detuning value approaches zero. The figure makes it evident that there is an
increase in the Gaussian quantum discord between the cavity and mechanical oscillator when
two-level atoms exist. However, the Gaussian quantum discord decreases when the value
of normalized detuning increases. Additionally, when the values of normalized detuning
increase to a certain range, the Gaussian quantum discord is entangled (D > 1). Conversely,

the covariance matrix can be correlated or not entangled (D < 1) for some interval of A/ ®,,.
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Figure 19: Plots of D3 versus the normalized detuning A\ /@, of cavity-mechanical oscillator mode
in the presence of three-level atoms, and the parameters are the same as in Figure 12.

The findings displayed in Figure 19 make it abundantly evident that, in the presence of
three-level atoms, there is a Gaussian quantum discord between the cavity and the
mechanical oscillator against the normalized detuning parameter. The Gaussian quantum
discord increases and reaches its maximum value when the value of normalized detuning
disappears. Additionally, as the value of normalized detuning increases, the Gaussian
quantum discord monotonically decreases. The Gaussian quantum discord is entangled
(D > 1) when the value of normalized detuning A\ /®,, increases. While, for a certain range
of normalized detuning A/®,, the Gaussian quantum discord can be correlated or not
entangled (D < 1).

Additionally, we plotted the quantum discord for different system temperatures as a
function of the normalized detuning. The quantum discord D is plotted against the

normalized detuning for a range of temperature values in Figure 20.
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Figure 20: Plots of Gaussian quantum discord between cavity-mechanical oscillator modes in the
presence of three-level atoms for various temperatures 7 = 20.5K (blue solid curve), T = 21K (red
solid curve), and T = 22K (black solid curve) of the atoms as a function of the normalized detuning
A/ @y,. The other parameters are the same as in Figure 12.

Furthermore, quantum effects such as entanglement and discord can be generated under
cryogenic temperatures, typically in the range of millikelvins (mK) to a few kelvins (K), in
order to achieve and observe quantum effects. Moreover, those temperature regimes provide
quantum dominance, where thermal noise is greatly suppressed, allowing for the observation
of delicate quantum phenomena and the study of quantum behavior with minimal thermal
disturbances.

More importantly, from the above results, we observed that the atoms injected into the
cavity have a strong influence on the enhanced steady-state entanglement and Gaussian
quantum discord. Through a comparison of the three curves, we found that the three-level
atoms injecting an optomechanical cavity exhibit more enhanced steady-state entanglement
and quantum discord than the two-level atoms. Similarly, when two-level atoms are injected
into an optomechanical cavity, they also become more entangled or correlated than they
would be in an optomechanical cavity without atoms. It is important to note that the
emergence of quantum entanglement and correlation is caused by the presence of atoms,
especially in light of the observed result. Thus, by contrasting this entanglement
measurement’s behavior with previous studies of a Fabry-Pérot cavity driven by coherent
light and devoid of atoms of an oscillating micro-mirror (Vitali et al., 2007), and in the case
of two or three-level atoms, the steady-state entanglement between the cavity field and the

movable mirror is highly increased.
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4.3. Quantum correlations through OPA in an optomechanical system

4.3.1 Generation of Stationary Entanglement

To quantitatively measure the stationary entanglement between different modes, we utilized
Ey (Vidal and Werner, 2002), which defined as

Ey = max[0, —In2£], (4.5)

where  is the minimum symplectic eigenvalue of partial transposed CM corresponding to

the bipartite system of interest, which is given by

= 5 ,

= \/Z(A) —/X(A)? —4ddetA

where A can be expressed in a form of block matrix extracted from covariance matrix as as

A— | Ra Re (4.6)
RL Rp

and Y (A) = detRy +detRp — 2detRc, where Ry, Rc, and Rp are being 2 X 2 blocks matrices
and can be extracted from the correlation matrix V. Specifically, the correlation matrix
associated with the selected bipartite can be obtained by neglecting the rows and columns in
the uninteresting mode in the 8 x 8 correlation matrix V.

We trace over the remaining degrees of freedom to obtain the entanglement of the
possible bipartite subsystems, i.e., between cavity-mechanical oscillator modes and
cavity-cavity modes, from which we can study the bipartite entanglement in our system.
For example, when the bipartite entanglement between the mechanical oscillator mode 1

and the cavity mode 1 is evaluated, we have

Vi1 V

Ry = 1 Vi , @)
Va1 Vp
\% \%

Ry — 33 V34 ’ 4.8)
Vi3 Vyy

and

A\ \%
Vo3 Vou

Logarithmic negativity will be used to quantify this bipartite entanglement. We choose
all the following experimental parameters by setting the cavities and mechanical oscillators

to be the same, for example: P = P, = P, Ey = E; = E, and g; = go = g. The results are
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obtained by adopting the parameters analogous to those in Refs. (Vitali et al., 2007; Schmidt
et al., 2015; Giorda and Paris, 2010; Vidal and Werner, 2002).

03

0.25¢

0.2}

=z L
ui- 015

01}

0.05

(a)

0.3 T T T T T 03

0.25,

0.2r

=z
L7 045}
04}

0.05(

0.3 0 0.1 0.2 0.3 0.4 0.5 0.6

©) ' VA ' (d) Moy

Figure 21: Plots of logarithmic negativity between (a) C1 — M1, (b) C2 — M2, (¢) C1 —C2, and
(d) M1 — M2 as a function of the normalized function A /@ for various values of the cavity-cavity
coupling parameter using £ = 1.4k and temperature 7" = 100mk. The other parameters are given in
Table 4.

Table 4: List of experimental parameters

Parameters Symbol Value
Frequency of mechanical oscillator @, 2nx 10 MHz
Mass of mechanical oscillator m 5x 10" 2kg
Length of the cavity L Imm

Optical laser wavelength A 810nm
Mechanical quality factor 0 10°

Driven laser power P 60mW
Cavity finesse F 1.07 x 10*
Mechanical damping rate Y 2w x 100Hz

First, we generate the steady-state bipartite entanglement between subsystems as a
function of the normalized detuning for various values of the cavity-cavity coupling
parameter J. Using realistic values of the parameters for which a significant amount of
entanglement is achievable, we observed steady-state entanglement as a function of the

normalized detuning for various values of the cavity-cavity coupling between cavity-
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mirrors, two cavity modes, and two mirrors, as shown in Figure 21. Figures 21 (a), (b), (c),
and (d) show the logarithmic negativity between the first cavity-mirror, second
cavity-mirror, two cavity modes, and between the two mirrors as a function of the
normalized detuning, respectively. As indicated above in our model of the system, a
degenerate OPA is placed in the second cavity, while the first cavity is without a degenerate
OPA coupled through a coupling parameter. Under this circumstance, one can easily
observe from Figure 21 (a) that the logarithmic negativity, which accounts for the
entanglement of the first cavity-mirror modes, increases with the coupling parameter to a
certain range of parameter J. While, in Figure 21 (b), the entanglement between the second
cavity-mirror modes decreased as the cavity-cavity coupling parameter increased. On the
other hand, from Figure 21 (c), we see that the entanglement between two cavity modes
increases with the coupling parameter. Similarly, the result of Figure 21 (d) shows the
entanglement between the modes of two mirrors increases with the value of the coupling
parameter. The value of the cavity-cavity coupling parameter increases the entanglement
between the two cavity modes and the modes of the two mirrors. Furthermore, we found
that the range of entanglement between the first cavity - mirrors and between the two
mirrors can be expanded by increasing the coupling parameter, which implies that a greater
possibility of entanglement can be readily realized in an experiment. This demonstrates
how our bipartite entanglement is generated in a way that is consistent with an
optomechanical cavity with photonic crystals (Vitali et al., 2007). Then, one could infer that
the cavity-cavity coupling parameter can modify the entanglement considerably, meaning
that the transfer of quantum features in a hybrid optomechanical cavity would depend
greatly on the strength of the coupling. A significant advantage for the practical
implementation of remote entanglement preparation in quantum information processing is
the observed transfer of entanglement from the two cavities to mechanical mirrors, between

the two cavities, and between the two mirrors (Riedinger et al., 2018).

Secondly, another aspect of interest is the influence of the phase of the OPA on the

distribution of entanglement between different modes.
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Figure 22: Plots of logarithmic negativity between (a) C1 — M1, (b) C2 — M2, (¢c) C1 —C2, and (d)
M1 — M2 as a function of the phase with various values of nonlinear gain with the values of cavity-
cavity coupling parameter J = 0.6@,, and the rest parameters are the same as Figure 21.

Figures 22 (a), (b), (c), and (d) illustrate the logarithmic negativity between the first
cavity-mirror and the second cavity-mirror, the two cavity modes, and the modes of the two
mirrors as a function of the phase with various values of nonlinear gain. We examine the
impact of OPA in hybrid optomechanical systems by varying the nonlinear gain of OPA while
maintaining all other parameters constant. It is interesting to note that, entanglement greatly
depends upon the choice of X. In this respect, we also show the plot of logarithmic negativity
as a function of the phase with various values of three different choices of nonlinear gain.
For instance, in Figure 22 (a), the value of entanglement increases with the value of the
nonlinear gain of the OPA medium. Similarly, in Figure 22 (b), the value of entanglement
also increases with increasing the value of nonlinear gain. Furthermore, Figure 22 (c)
shows the plot of the logarithmic negativity between two cavity modes as a function of the
phase with various values of nonlinear gain. Particularly, it indicates that a large value of
nonlinear gain generates a large value of entanglement, while a small value of entanglement
generates a small value of nonlinear gain in the in the OPA medium. Figure 22 (d) shows
plots of the logarithmic negativity between the two mirrors as a function of the phase with
various values of nonlinear gain. From these results, we see that the presence of OPA
enhances the generation of entanglement between two mirrors. It may not be difficult

to see from Figure 22 that the logarithmic negativity is enhanced with the value of the
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nonlinear gain of OPA medium. It is important to note in light of the observed result
that the hybrid optomechanical cavity’s cavity-cavity coupling parameter, in addition to the
presence of degenerate OPA in the second cavity, is what’s responsible for the emerging
enhanced entanglement between subsystems. Consequently, it can be observed that this
entanglement measurement is strengthened by OPA when compared to previous studies of
a Fabry-Perot cavity driven by coherent light and lacking degenerate OPA of an oscillating
micro mirror (Vidal and Werner, 2002). These findings help optimize system performance
and offer valuable insights into underlying quantum mechanical interactions, with potential

applications in quantum technologies.
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Figure 23: Plots of logarithmic negativity between C1 — M1, C2 —M2,C1 —C2, and M1 —M?2 as a
function of decay rates and the other parameters are taken to be the same as Figure 21.

Next, we discuss the effect of the decay rate on bipartite entanglement. In Figure 23,
we plot entanglement as a function of decay rate values. Our results show that as the
cavity field decay rate decreases, entanglement increases. This implies that while higher
nonlinear gain enhances entanglement, decay rates significantly impact its sustainability.
Consequently, different decay rates lead to varying levels of bipartite entanglement in the
subsystem, generally reducing entanglement as decay rates increase. Therefore, balancing
gain and decay rates is essential for maintaining robust entanglement, with high decay rates

diminishing entanglement unless countered by sufficiently high OPA gain.
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4.3.2 Generation of Quantum Correlations via Quantum Discord

Furthermore, we use another quantum correlation quantifier, which is a fundamental notion
allowing for the description of the quantumness of the correlations present in the state
of a quantum system. In our case, the Gaussian quantum discord denotes non-classical
correlations if the two distant cavity fields mirror and a distant cavity field and two distant
mirrors are separable or not. Employing Eq. (4.6) on Egs. (2.40) and (2.43), the Gaussian
quantum discord for the subsystem can be obtained (Giorda and Paris, 2010; Mekonnen
et al., 2023). In this way, we used the quantum quantifier of quantum discord to quantify
the correlations between the subsystems. In particular, Gaussian quantum discord offers a
way to detect and measure non-classical correlations between different modes, like whether
or not optical-to-mechanical correlations are separable.

Thus, from our theoretical perspective, we looked into the Gaussian quantum discord
between two distant mirrors, two cavity fields, and a mirror and a cavity field by selecting
the appropriate parameters for the cavity-cavity coupling parameter, optical cavity detuning,

and parametric gain of OPA.
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Figure 24: The plot of GOD between (a) C1 — M1, (b) C2— M2, (¢) C1 —C2, and (d) M1 — M2 as
function of normalized detuning A/ for various values of cavity-cavity coupling parameter. The
other parameters are the same as in Figure 21.

Figure 24 (a) demonstrates that when the cavity-cavity coupling increases, the Gaussian

quantum discord between the first cavity-mirror decreases to a certain range. It is enhanced
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with the value of J/ = 0.2®,, (green solid curve) and reaches its maximum value at the
critical point of the normalized detuning. Conversely, the Gaussian quantum discord
decreases as the normalized detuning increases after increasing to a certain range.
Furthermore, Figure 24 (b) shows the Gaussian quantum discord between the second
cavity-mirror as a function of normalized detuning for various values of the cavity-cavity
coupling parameter. The GQOD increases with the normalized detuning, and the maximum
value is reached with J = 0.6®,, (black solid curve) at the critical point. While after the
critical point, the GOD decreases, normalized detuning. Specifically, the GOD decreases
when the coupling parameter increases. In both cases, we observed that the covariance
matrix can be correlated or not entangled when it is less than one, whereas the GQD is
entangled when Gaussian quantum discord is greater than one. Furthermore, Figure 24 (c)
shows the plot of the Gaussian quantum discord between two cavity fields as a function of
normalized detuning for various values of cavity-cavity coupling strength. When the
normalized detuning number is gradually increased, we observe that the Gaussian quantum
discord amount varies between its maximum and minimum bounds. This makes it evident
that in Figure 24 (c), the Gaussian quantum discord value rises, reaches its maximum at the
normalized detuning critical value, and then dramatically falls to a specific range. On the
other hand, in Figure 24 (c), the quantum discord value increases with the coupling
parameter value. Conversely, the cavity-cavity coupling parameter J = 0.4®,, yielded the
maximum value (red-solid curve). Furthermore, Figure 24 (d) clearly indicates that the
Gaussian quantum discord between two distant mirrors against the normalized detuning
parameter for various values of coupling parameter J = 0.2w,, (green-solid curve), J =
0.4, (red-solid curve), and J = 0.6®,, (black-solid curve). The GQOD is generated and
increases as the coupling parameter increases. It is possible to generate GQD for the hybrid
optomechanical subsystem between the two mechanical modes. The two cavity modes
work together with the mechanical oscillator to exchange the roles of the cavity and
mechanical modes to fix the effective detuning value, choose the cavity-laser detuning
properly by fixing the value of the OPA’s nonlinear gain, and prepare the GOD between the
two mechanical oscillators interacting with the cavity modes. In general, from Figure 24,
we can see that the enhanced Gaussian quantum discord strongly depends on the coupling
strength. Furthermore, from our point of view, it is evident to us that the covariance matrix
exhibits either entangled or unentangled within specific detuning parameter intervals, as
indicated by the Gaussian quantum discord, which shows a midpoint value between zero
and unity. Consequently, an entangled covariance matrix can be created from the interaction
of an interacting optical parametric amplifier in a hybrid optomechanical system. Numerous
applications in secure communication and quantum information theory can benefit from
these findings, both analytically and experimentally. A similar interpretation using distinct
systems was documented in Refs. (Liu et al., 2015; Zhao et al., 2017). Consequently, we

can enumerate the prerequisites required to assess the quality of correlations between the
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coupled hybrid optomechanical cavities based on the results above. In fact, we can draw the
conclusion that different optomechanical parameters are controllable. In general, by
maintaining different initial settings of parametric gain of OPA and strength of coupling
between cavity parameters, the corresponding covariance matrices are correlated, especially
when the Gaussian quantum discord is plotted with respect to changes in the normalized
detuning parameter. Therefore, the study of GQD contributes to a deeper understanding of
broader quantum correlations beyond entanglement within such systems. It highlights
potential pathways for enhancing quantum coherence and advancing applications in

quantum technology.
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Figure 25: The plot of GOD between the C1-M1 (red-solid line), C2 — M?2 (blue-solid line), C1 —C2
(blue-dashed line), and M1 — M2 (black-solid line) as a function of parametric gain ¥ with the values
of cavity-cavity coupling parameter J= 0.4@,,, the other parameters are taken to be the same as Figure
21.

Furthermore, we discuss the Gaussian quantum discord between cavity-mirrors, two
cavity fields, and two mirrors as shown in Figure 25 as a function of parametric nonlinear
gain (X). The choice of parametric gain has a significant impact on the quantum discord.
The Gaussian quantum discord of the system increases with the parametric gain at the
given environmental temperature. The decrease in parametric nonlinear gain ¥ reduces the
enhancement of quantum discord between two mirrors, and two cavity fields, as well as
between a mirror and a cavity field. In this instance, the OPA can greatly improve quantum
discord. Within the hybrid optomechanical system, GOD quantifies the quantum correlations
between subsystems that go beyond entanglement. It takes into account more general types
of Gaussian state quantum correlations. The figures show how the parametric gain affects

GOD. The optical and mechanical modes’ coherence characteristics and interaction strengths
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are influenced by this parameter. The larger parametric nonlinear gain usually results in
stronger nonlinear interactions inside the system, which impacts the quantum correlations
that GOD captures. For various values of the cavity-cavity coupling parameter, GOD is
displayed in each plot. The interaction between the optical modes in various cavities is
enhanced by higher coupling strengths. Indirect optical coupling effects may influence
correlations between two mirrors and result in greater quantum correlations between two

cavity fields when there is enhanced coupling.

4.3.3 Generation of quantum steering

A basic asymmetry in the characteristics of quantum systems is demonstrated by steering, a
type of quantum correlation. The relationships between subsystems of a composite quantum
system, such as quantum entanglement, quantum discord, steerability, and Bell nonlocality,
are referred to as quantum correlations. Put another way, suppose Alice tries to convince
Bob, who doesn’t believe her, that she is involved with him in a complicated way. Let’s
say Bob wants to convince Alice, so he asks Alice to remotely prepare a set of states for
his subsystems. Imagine that Alice notified Bob of the results after taking the necessary
measurements covertly. Given the nature of quantum measurement and an analysis of Alice’s
prepared conditional states, it is interesting to notice that Bob can certify using the concept
of quantum steering regardless of whether the measurements originate from an entangled
state or not. The roles R4 and Rp could be exchanged in order to achieve steerability. It is
important to note at this time that the quantum guidance shown in this form is comparable to
quantum discord and logarithmic negativity-quantifiable bipartite entanglement. The ability
to change the state of the remote system without necessarily interacting with it is represented
by the higher degree of steerability, which could be useful for reliably teleporting quantum
information. It is also a measure of the asymmetry between two subsystems’ entangled
observers. It also offers a means of measuring the degree of steerability that each of the two
independent modes possesses. The steerability of R4 — Rp is defined as (Kogias et al., 2015)
if we utilize the covariance matrix of mechanical oscillators of Eq. (2.39) to analyze the
information flow between Alice R4 and Bob Rp. From the above, there are two possibilities

for quantum steering between R4 and Rp: If SRA—Rs = §Rz—Ra —

0, there is no-way steering,
which means Alice cannot steer Bob and vice versa even if they are not separable, and
two-way steering if SR K8 = §Rs=Ra > () In actuality, a non-separable state is not always a
steerable state, while a steerable state is always not separable (Mekonnen et al., 2023; Kogias
et al., 2015).

In light of this, we generate the steering between subsystems as a function of the

normalized A/ w,, for various values of the cavity-cavity coupling parameter J.
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Figure 26: The plot of the steering between the first cavity and the two mirrors as a function of
normalized detuning A/, for various values of cavity-cavity coupling strength J = 0.4, (blue-
solid curve), J = 0.5w,, (red-solid curve), and J = 0.6@,, (black-solid curve). The other parameters
are the same as in Figure 21.

Using realistic values of the parameters, a significant amount of steering is achievable.
We observed steering as a function of the normalized detuning for various values of the
coupling between the first cavity and the two mirrors, as shown in Figure 26. As indicated
above in our model of the system, a degenerate OPA is placed in the second cavity coupled
to the first cavity without OPA through the cavity-cavity coupling parameter. Under this
circumstance, one can easily observe from Figure 26 that the steering of the first cavity to
the two mirrors increases with the coupling parameter to a certain range. Furthermore, we
found that the range of steering between the first cavity to the two mirrors can be expanded
by increasing the cavity-cavity coupling, which implies that a greater possibility of steering

can be readily realized in an experiment.
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Figure 27: The plot of the steering between the second mirror to cavity field as a function of
normalized detuning A/, for various values of cavity-cavity coupling strength J = 0.4, (blue-
solid curve), J = 0.5w,, (red-solid curve), and J = 0.6@,, (black-solid curve). The other parameters
are the same as in Figure 26.

While, in Figure 27, the steering between the second mirror to cavity field decreased as
the coupling parameter increased. However, from this result, we see that the presence of

OPA enhances the generation of steering between the second mirror to cavity field.
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Figure 28: The plot of the steering between the two mirrors as a function of normalized detuning
A/ @y, for various values of cavity-cavity coupling strength J = 0.4, (blue-solid curve), J = 0.5®,,
(red-solid curve), and J = 0.6w,, (black-solid curve). The other parameters are the same as in Figure
26.

79



Similarly, the result of Figure 28 shows the steering between the modes of two mirrors
increases with the value of the coupling parameter. A significant advantage for the practical
implementation of remote steering preparation in quantum information processing is the

observed transfer of steering from the two mirrors.
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Figure 29: The plot of the steering between the first cavity to the second cavity field as a function of
normalized detuning A /@,, for various values of coupling strength J = 0.4, (blue-solid curve), J =
0.5®,, (red-solid curve), and J = 0.6, (black-solid curve). The other parameters are the same as in
Figure 26.

Furthermore, Figure 29 shows the plot of the steering between the first cavity to the
second cavity field as a function of normalized detuning A / @,, for various values of coupling
strength. In Figure 29, the quantum steering value increases with the coupling parameter
value. These show, in general, how our steering is generated in a manner consistent with
steady-state entanglement in a hybrid optomechanical system improved by optical parametric
amplifiers (Kibret et al., 2023) and entanglement in an optomechanical cavity containing
photonic crystals (Eichenfield et al., 2009). Then, one could infer that the cavity-cavity
coupling can modify the steering considerably, meaning that the transfer of quantum features

in a hybrid optomechanical cavity would depend greatly on the strength of the coupling.
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5. CONCLUSIONS AND RECOMMENDATIONS

5.1. CONCLUSIONS

We have investigated the generation of bipartite quantum features and transfer of quantum
states in hybrid optomechanical system with an optical parametric amplifier and three-level
atoms. In particularly, we primarily focused on the steady-state entanglement between the
two cavity modes, the second cavity-mechanical modes, and the first cavity-mechanical
oscillator modes in a hybrid optomechanical system. The cavities in the system, which
contain two distinct degenerate OPAs, are externally connected. Because of the measure of
logarithmic negativity, we were able to construct the linearized quantum Langevin
equations in the steady-state regime and quantify the steady-state entanglement. In this way,
at steady-state, the bipartite entanglement is generated by the degenerate OPA. It is
discovered that the entanglement rises as the OPA medium’s nonlinear gain does. It has also
been demonstrated that the type of entanglement between cavity-mechanical oscillator
modes is strongly dependent on the strength of cavity-cavity coupling. Furthermore, we
have demonstrated that, at an acceptable temperature, the lowest value of entanglement
between the two cavity modes is non-zero. This is because the system exhibits
entanglement transfer, which has experimental significance. Hopefully, the possibility of
entangling the modes of mechanical oscillators externally coupled via sharing the quantum
properties of the accompanying OPA may have potential applications in the realization of
continuous-variable quantum information processing applications.

Furthermore, we have investigated the impact of atoms on the generation of stationary
entanglement and quantum discord between the cavity and mechanical oscillator mode using
an optomechanical cavity injected with three-level atoms. Specifically, we quantified steady-
state entanglement and quantum correlations using Gaussian quantum discord and stationary
entanglement, respectively.

We have demonstrated the existence of an entangled state in the quantum discord and
entanglement generated between the cavity and mechanical oscillator mode, both with and
without atoms. We observed that the atoms injected into the cavity have a strong influence on
the generation of stationary entanglement and quantum discord. Besides, the injected three-
level atoms enhanced the degree of entanglement and quantum discord compared to without
the injection of atoms. Furthermore, the we indicates that, for a certain parameter range,
continuous variable entanglement is present and the resonance case is close to the point of
maximum entanglement. Moreover, the curve’s width is increased, and this is important
for the probability of finding the existence of entanglement in the experimental realization.
Furthermore, we have demonstrated a direct correlation between the effective coupling rate

and the mean photon number. This implies that the behavior of the coupling rate on the
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entanglement is in fact consistent with experimental reality. Consequently, we think that our
findings could provide a basis for a practical instrument in the implementation of continuous
variable quantum information processing.

In addition, in this dissertation, we have also studied the generation of quantum
correlations in a hybrid optomechanical system with OPA, where the two cavity modes are
coupled via the cavity-cavity coupling process. We characterized the quantum correlations
among the subsystems using various quantum correlation measures. Specifically, we
utilized logarithmic negativity to quantify bipartite entanglement and assess state transfer
among the subsystems. Quantum steering was used to measure the steerability of the two
entangled bipartite states, and Gaussian quantum discord was employed to evaluate the
correlation between two Gaussian states, extending our analysis beyond entanglement. Our
results show that higher nonlinear gain under OPA strengthens quantum correlations,
leading to stronger entanglement. However, the sustainability of these correlations is
significantly impacted by the decay rates. Furthermore, we demonstrate that Gaussian
quantum discord plays a role in more general quantum correlations beyond entanglement.
Finally, by analyzing the steerability between subsystems, we found that, strong coupling
under OPA increases quantum steering between cavity modes. Therefore, our model can be

useful for building long-distance quantum communication networks.

5.2. RECOMMENDATIONS

The current study can be switched to different direction of optomechanics. The influence of
the characteristics of quantum harmonically oscillating mirrors (masses, frequencies,
mechanical mode of damping rate, cavity finnese) on the nonclassical behaviors of
mechanical modes has not been discussed from an overall perspective due to time
constraints. The other area of concentration will be on using quantum information science
by changing the input quantum resource. We propose that researchers studying quantum
information processing take into consideration the problem of quantum communication and
metrology since changes in the OPA, atomic, cavity, and parameters impact the features of
different nonclassical correlations. We will continue to study more nonclassical correlations
in the future, including fidelity, quantum monogamy, bistability of mechanical modes,

magnon, and others, both theoretically and experimentally using different means.
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