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Abstract

In the contemporary world, the demand for electronic devices that are smaller in size and
owning fast performing capability is increasing at a tremendous pace. However, under oper-
ating conditions the lessening of size accompanied with high heat flux generation and hence
sometimes these devices fail and damage due to overheating. As a consequence, numer-
ous efforts have been undertaken by the thermofluidic industries in establishing the thermal
management systems. Therefore, nowadays the demand for novel technologies concerning
cooling mechanisms for thermal management in several electronic industries is increasing.
Among such novel technological revolutions, microchannels are the most essential one to
transport fluids in the miniaturization systems. Despite of their high heat transfer capa-
bilities, microchannel flows require a greater pumping power and hence nanofluids were
invented to overcome such a challenging problem in microchannels. Nanofluids flow and
heat transfer in microchannels have a wide range of attributes in industrial process as well
as engineering and biomedical applications. Further augmentation of heat transfer rates in
microchannels as well as in heat exchangers can be achieved by the syndication of nanoflu-
ids with porous media. Due to the aforementioned reasons, the hydrodynamic and thermal
behaviours of nanofluids flow in microchannels filled with porous media were studied in this
dissertation. Flows induced due to the pressure gradient, suction/injection and buoyancy
forces were given attention and the Darcy-Forchheimer model was considered to examine
the nanofluds and porous media interaction. Specific problems were mathematically mod-
eled and studied under various scenarios including variable transport properties, thermal
radiation, chemical reaction, no slip and convective boundary conditions. Therefore, mixed
convection flows of variable transport properties nanofluids without as well as with thermal
radiation and chemical reaction were investigated. The Buongiorno nanofluids flow model
was used to analyze the effects of the Brownian diffusion and thermophoresis of nanoparti-
cles. Moreover, the hydrodynamic and thermal behaviors of ferrofluid (Fe304 — H,O) using
the Tiwari and Das nanofluids flow model was examined. Hence, the highly non-linear
partial differential equations that govern the flow problems were formulated, transformed
into ordinary differential equations using the semi-discretization finite difference method
and solved numerically via the fourth order Runge-Kutta integration scheme. Consequently,
the wall heat transfer rate for the variable viscosity nanofluid indicated an increasing pat-
tern with increasing values of the pressure gradient parameter, variable viscosity parameter,
thermal Grashof number, Schmidt number and Prandtl number. Similarly, the heat transfer
rate for the ferrofluid revealed a rising behaviour with rising values of variable viscosity
parameter, Darcy number, Eckert number and Prandtl number. Furthermore, the radiation
parameter indicated a retarding effect on the temperature profiles of the radiating and react-
ing nanofluid and hence, radiation quite effectively controls the microchannel temperature
distribution and flow transport which plays a significant role in cooling the system. The
results were also compared with that of the existing related literature where a very sound
agreement has been attained. Finally, summary and conclusions as well as recommendation
and suggestions for future research were given based on the findings.

Keywords: Microchannels; Nanofluids; Porous media; Suction/injection; Variable viscos-

ity; Thermal radiation; Chemical reaction.
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CHAPTER 1

INTRODUCTION

1.1 Background of the Study

1.1.1 Heat Transfer and Its Applications

The dynamics of heat transfer phenomenon is commonly encountered in our daily life ac-
tivities as well as in engineering and industrial processes. Some common examples of heat
transfer in our daily life include boiling of water, heating and cooling of room and heat from
sun or light bulb. Heat, also known as thermal energy is a form of energy which transfers
from one physical system to another as a result of temperature difference (Bergman et al.,
2011). Thermodynamics is a branch of physics that deals with the amount of heat transfer as
a system undergoes a process from one equilibrium state to another. More importantly, heat
transfer is a branch of engineering science that deals with the determination of the rates of
such energy transfers as well as variation of temperature and thus it is the main quantity of
interest in the design and evaluation of heat transfer devices (Holman, 2010). Consequently,
there are three fundamental mechanisms of heat transfer namely conduction, convection and
radiation.

Thermal conduction is the direct body contact or microscopic exchange of kinetic energy
of particles through the boundary between two systems. The Fourier’s law of heat conduction
states that the time rate of heat transfer through a material is proportional to the negative
gradient of temperature and to the area at right angles through which the heat flows. In
mathematical form:

Geona = —kVT (1.1)

where G..,q 18 the thermal conduction heat flux vector, T is temperature and k > 0 stands for
thermal conductivity of the medium.

Convection heat transfer is the mechanism of heat transfer process between the layers of
a fluid, when the fluid is in motion or between a fluid in motion and a boundary surface in
contact with it when they are at different temperatures. That is, thermal convection involves
the combined processes of conduction (heat diffusion) and advection (heat transfer by bulk
fluid flow). In the absence of any bulk fluid motion, heat transfer between a solid surface and
the adjacent fluid is by pure conduction. The Newton’s law of cooling states that the rate of

convective heat transfer by a body is proportional to the difference in temperatures between



the body and its surroundings.
qczmv = h(Ts - Too) (1.2)

where G.ony 1 the thermal convection heat flux vector, 4 is the convection heat transfer co-
efficient, 7 is the surface temperature, and 7. is the temperature of the fluid sufficiently far
from the surface. The convection heat transfer coefficient / is not a property of the fluid but
it is an experimentally determined parameter whose value depends on all the variables influ-
encing convection such as the surface geometry, the nature of fluid motion, the properties of
the fluid, and the bulk fluid velocity.

Depending on the driving forces of fluid motion, convective heat transfer is classified
as free or natural convection, forced convection and mixed convection. In free or natural
convection, the fluid motion is induced by density differences from natural means such as
gravitational field or by buoyancy force due to temperature variations in the fluid. On the
other hand, in forced convection the fluid motion is induced by pressure differences from
external forces like a fan, a pump, a blower, and a suction device other than temperature
differences. Forced convection is typically used to increase the rate of heat exchange. Many
types of mixing also utilize forced convection to distribute one substance within another. The
mechanism of mixed convection occurs when forced convection and natural convection act
simultaneously to transfer heat. In other words, the interaction of both pressure and buoyant
forces is also called mixed convection.

The convection heat transfer, the heat transport through the bulk motion of fluids is found
to be a very efficient source to analyze the rate of heat removal or addition. Therefore, the
convection heat transfer occurs in a broad range of applications in engineering and industrial
heating and cooling process such as cooling of microelectronics, nuclear reactor cooling,
cooling/heating systems in buildings, vehicles, heaters, furnaces, refrigerators, textile in-
dustry, food plants, chemical industry, space cooling, power generation, energy production,
manufacture and extraction of polymer and rubber sheets, paper production, wire drawing
and glass fiber production, air conditioning in aerodynamics and biomedical applications
such as laser surgery, magnetic drug targeting and heat conduction in tissues and many oth-
ers (Mohsan et al., 2019; Khan et al., 2019). Because of such wider range of applications,
a great number of researchers studied natural, forced or mixed convection flows of fluids
under various situations. For-instances, Delisle et al. (2019) presented an experimental and
numerical study of forced convection flow of nanofluid in microporous channel. It was found
that the pressure drop can be considered negligible. A negligible pressure drop means that
operating costs are minimal. Another observation was that the temperature distribution has
optimal results when nanofluid with 0.6% alumina is used. Moreover, the experimental and
numerical studies are in good agreement with an average relative error of 3.3%, which is
determined by analyzing the temperature distribution.

Meanwhile, Anwar et al. (2020) investigated a comprehensive analysis of time-dependent



free convection electrically and thermally conducted water-based nanofluid flow containing
Copper and Titanium oxide past a moving porous vertical plate. A uniform transverse mag-
netic field is imposed perpendicular to the flow direction. Thermal radiation and heat sink
terms are included in the energy equation. According to their findings, fluid accelerates
with increasing Grashof number and porosity parameter while increasing values of heat sink
parameter and Prandtl number drop the thermal profile.

Vaidya et al. (2021) focused on the heat and mass transfer characteristics of a mixed con-
vective flow of an electrically conducting nanofluid past a slender Riga plate in the presence
of viscous dissipation and chemical reaction. The thermophoresis and Brownian motion
aspects for nanoliquid were proposed using Buongiorno’s relations. The similarity transfor-
mation were utilized to obtain dimensionless forms of flow field equations and then solved
via optimal homotopy analysis method (OHAM). One of important observations of their
study was that for higher values of modified Hartmann number the velocity profile increased
and temperature profile suppressed.

Thermal radiation is a process of heat transfer in a vacuum or media (most gases and
some liquids or solids) via electromagnetic waves. Unlike conduction and convection, the
transfer of heat by radiation does not require the presence of an intervening medium but
depends on the factors like temperature, solid geometric arrangement, surface properties of
the material that are emitting or absorbing heat. Since all matters emit and absorb elec-
tromagnetic radiation therefore radiation heat transfer is everywhere. It is quite clear that
when temperature difference is high/low, the radiation transmission between two bodies is
intensified/declined. The Stefan-Boltzmann law states that the time rate of heat transfer by
radiation per unit surface area of a material is directly proportional to the fourth power of the

material thermodynamic temperature 7" and given as:
G, =eo'T* (1.3)

where ¢, is the thermal radiation heat flux vector, ¢* is the constant of proportionality called
the Stefan-Boltzmann constant, € is emissivity of the surface (0 < € < 1) which measures
how closely a surface approximates a black-body for which € =1 and T is the surface tem-
perature. Black-body radiation represents the maximum amount of radiation that can be
emitted from a surface at a specified temperature. Absorptivity (&) is the fraction of the radi-
ation energy incident on a surface that is absorbed by the surface, 0 < & < 1. A black-body
absorbs the entire radiation incident on it (§ = 1). Kirchhoff’s law states that the emissivity
and the absorptivity of a surface at a given temperature and wavelength are equal. Of-course,
in heat transfer studies we are interested in thermal radiation, which is the form of radiation
emitted or absorbed by bodies because of their temperature.

In moving fluids, the effect of radiation also plays a significant role in several indus-

trial and engineering application areas such as in aerospace, chemical, environmental, solar



power technology, space technology, nuclear power plants, atomic reactor, glass generation
as turbines, glass production and furnace design, cosmic flight aero dynamics rocket, propul-
sion systems for aircraft, missiles, satellites, and space vehicles (Sujatha et al., 2019; Suresh
et al., 2018). Due to these diverse applications, the study of fluids flow with heat and mass
transfer in the presence of radiation has attracted the attention of many researchers. For
example, Matao et al. (2020) presented the numerical investigation of unsteady magnetohy-
drodynamics (MHD) mixed convection flow of radiating and chemically reacting fluid past
an impulsively started oscillating vertical plate with variable temperature and constant mass
diffusion. The transport model employed includes the hall current and a uniform magnetic
field. The Rosseland approximation was used to describe the radiation heat flux in the energy
equation. The dimensionless governing system of partial differential equations of the flow
was solved numerically by employing the finite element method.

Later on the study of laminar, viscous, incompressible nanofluid flow in a microchannel
with thermal radiation was given by Sindhu and Gireesha (2021). They considered heat
source, thermal heat flux, convective boundary, thermal radiation and shape effect. The non-
dimensional equations were computed by using Runge-Kutta-Fehlberg method. Effects of
heat source, buoyancy force, radiation parameter and convective boundary condition on the

thermal system were demonstrated.

1.1.2 Applications of Microchannels

Nowadays, with increasing energy prices and a demand for energy efficiency, many efforts
were made for energy saving and reduction of production costs and hence heat enhancement
and heat storage are becoming important engineering topics related to renewable energy
(Ganji and Malvandi, 2016). As a result, for the last four to five decades, many techniques
have been presented to improve the efficiency in industrial equipment, especially in different
heat conversion devices or heat exchangers. This technological revolution ensured the strong
industrial productivity growth which in turn has brought an improved societal quality of
life world-wide. In general, the goal is improving heat transfer performance of the heat
exchangers which is referred to as enhancement in heat transfer rate that improve the overall
performance of the industrial system including reducing the initial and capital costs of the
heat transfer devices or heat exchangers in addition to increasing heat transfer rate.
According to Kandlikar et al. (2006), for the convection flow in a channel, heat transfer
enhancement methods can be classified into two main groups known as passive and active
techniques. Passive techniques are those which do not require direct application of external
power, while active techniques require external power. In the case of active techniques, the
addition of external power essentially facilitates the desired flow modification and the con-
comitant improvement in the rate of heat transfer. On the other hand, the passive techniques

improve the heat transfer coefficients by disturbing or altering the existing flow behavior



which is usually accompanied by a rise in the pressure drop. Active techniques commonly
present higher augmentation though they need additional power that increases the initial
capital and operational costs of the system. The common active techniques are mechanical
aids (stirring the fluid by mechanical equipment), surface vibration, fluid vibration, electro-
static/magnetic fields and suction/injection.

The passive methods do not need external power and usually utilize flow channel geome-
try refinement and fluid additives. As far as refining the flow channel geometry is concerned,
there have been countless efforts undertaken by the research community for the last four to
five decades in the fields of device miniaturization. Among the refined channel flow geome-
tries, microchannels have been identified as the most essential one to transport fluids within
a miniaturization systems. The convective thermal transport from a channel surface to a fluid
in motion, the dimensionless heat transfer rate which is also known as Nussselt number Nu
is given by

N hD
U= —
k

where £ is the convective heat transfer coefficient, k is the fluid thermal conductivity and D

(1.4)

is the channel diameter. Then from equation (1.4) the convective heat transfer coefficient is

given by
_ kNu

D

Hence, from (1.5) it can be seen that, as the channel diameter D reduces to micron or nano-

h (1.5)

size, the heat transfer coefficient / can increase to thousand or million times the original value
in order to maintain a constant value of the Nusselt number Nu. Therefore, microchannels
enhance the heat transfer rates for convection flows.

A microchannel is a medium through which fluid is used to dissipate heat from a hot sur-
face by forcing the fluid through a passage of hydraulic diameter ranges from 1um-100pum
(Mehendale et al., 2000). The concept of the microchannel was demonstrated for the first
time by Tuckerman and Pease (1981) in 1981 who came out with a ground breaking idea of
generating high heat transfer coefficients within heat exchangers in the Stanford Electronics
Laboratories. They achieved high heat flux removal capacity of about 800 W/cm? by utilizing
a channel with hydraulic diameter of 100um. They noted that as the hydraulic diameter of
the channel decreases, the convection heat transfer coefficient increases. Microchannel has
higher heat transfer surface area to fluid volume ratio and hence it provides high heat transfer
coefficient for convective heat transfer. Furthermore, microchannels as heat exchangers have
numerous attributes including high thermal effectiveness, small size, low weight, low fluid
inventory, and design flexibility, lower materials and manufacturing costs and light weight
because of extreme compactness when compared to conventional channels and thus brought
about an attractive advantage that would draw the interest of many manufacturers.

As a result, microchannels are increasingly used in a wide range of industrial and engi-

neering applications including electronic cooling, cooling of computer chips, chemical engi-



neering, automotive heat exchangers, laser equipment, aerospace technology, cooling of mi-
crochips, heat sinks of micro-electro-mechanical systems (MEMS) based devices, drug de-
livery applications, DNA hybridization, chemical processing, environmental control, and en-
ergy conversion technologies, biochemical and pharmaceutical applications, bio-technologies,
sensing technologies so and so on (Rai et al., 2018; Jahangiri et al., 2018; Saleel et al., 2019).
Therefore, in recent years a number of researchers have reported the analysis of fluid flow
and heat transfer phenomena in microchannels. To mention some, Prameela et al. (2019)
examined the steady fully developed hydromagnetic natural convection flow in a vertical mi-
crochannel under the influence of heat generation and viscous dissipation. The exact analyti-
cal solutions for energy and momentum equations were obtained using perturbation method.
Accordingly, increasing the value of heat generation parameter enhances the microchannel
slip velocity and temperature. It was also noticed that the skin friction coefficient increases at
the cold wall and decreases at the hot wall whereas the heat transfer coefficient decreases at
the cold wall and increases at the hot wall with an increase in the heat generation parameter.
Furthermore, Moon et al. (2019) performed numerical investigations into three-dimensional

heat transfer enhancement in multi-harmonic wavy microchannels. The solutions by the fi-
nite element method illustrated that as wave amplitude and Reynolds number increase the
effectiveness of the device also increases and that the selection of specific material highly
impacts the diffusion of heat in the solid but it is negligible on the Nusselt number for the
fluid.

1.1.3 Nanofluids and Their Applications

Regarding to the passive heat transfer enhancement technique through fluid additives for con-
vection flows in channels, the most successful one is the inclusion of nanometer-sized solid
particles into the common base fluids, such as water, oil, and ethylene-glycol. The motivation
was to improve the thermal conductivity of a mixture with a solid particle which has a higher
thermal conductivity. These nanoparticles are fairly close in size to the molecules of the base
fluid and thus can enable extremely stable suspensions with only slight gravitational settling
over long periods. To this end, Choi (1995) was the first scientist in pioneering the term
nanofluid at Argonne National Laboratory of USA to indicate that nanofluids are engineered
suspensions or dispersions of nanometer-sized (1nm—100nm) particles in conventional fluids
(base fluids) such as water, ethylene glycol or oils to enhance thermal conductivity.

The nanoparticles (1nm = 1 x 10_9m) used in nanofluids are typically made of met-
als (Al,Cu,Ag,Au,Fe,Ti), carbides (SiC), nitrides (AIN,SiN), nonmetals (graphite, carbon
nanotubes) or oxides (Al,O3,CUO,Ti0,,Si0;,Fe304) (Anwar et al., 2019). Nanofluids
have higher thermal conductivity, better absorption capacity and wonderful stability (Sheik-
holeslami et al., 2020). Thus, nanofluids became a most promising way of fluid additives for

improving the convective heat transfer rate. The working together of two things to produce



an effect greater than the sum of their individual effects is the key to success of nanofluids.

Nanofluids are also important remediation in overcoming the drawback of microchannels
flow. Despite of their high heat transfer capabilities, a challenging problem in microchannels
is that the higher heat transfer coefficient comes at the cost of greater pressure drop per
unit length and hence greater requirement of pumping power in the the microchannel flow
geometries (the resistance is increased due to the reduced radius of the channel). That is,
high frictional resistance of the coolants due to its compactness and rapid transformation
of kinetic energy of the flow to internal energy, leading to high temperature being generated
within the fluid (Dewan and Srivastava, 2015). Furthermore, convectional heat transfer fluids
such as water, air, oils and ethylene are poor in heat transfer capabilities due to their low
thermal conductivity (Kumar et al., 2014). Therefore, with continued miniaturization and
increasing heat dissipation in new generations of products, there is a need for intensification
of cooling issues in many industries like electronics, transportation, energy supply, defense
and medicine.

Nanofluids are being developed in response to these pressing needs for more efficient
heat transfer fluids in microchannels in many industries (Das et al., 2008). Such fluids antic-
ipated to have improved heat conduction, diminish the particles settling, therefore, creating
nanofluids further secure chill microchannels without blockage owing to their miniature size
and diminish the probabilities of surface attrition (zero pressure drop).

According to Dogonchi et al. (2020), apart from higher thermal conductivity, the addition
of nano-sized particles over micro-sized particles into conventional base fluid was preferred
due to several valid scientific reasons such as longer suspension time (more stable), larger
surface area/volume ratio (1000 times, larger), lower erosion and clogging, lower demand for
pumping power, reduction in inventory of heat transfer fluid and significant energy saving.

Several authors have attempted to develop convective transport models for nanofluids,
among which the Buongiorno’s non-homogeneous (two-phase) model and Tiwari and Das
homogeneous (single-phase) model are very popular. Buongiorno (2006) developed a com-
plete model of convective heat transport in nanofluids by considering a nanoparticle-fluid
relative velocity. Although compared to other solid-liquid mixtures with particles larger than
micrometers and millimeters, nanofluids behave more like a fluid, they are essentially two-
phase fluids and contain some common characteristics of solid-liquids. The nanoparticles
are capable of flowing effortlessly without making any blockage to themselves as they are
tiny enough to act likewise to liquid molecules. The nanoparticles absolute velocity can be
viewed as the sum of the base fluid velocity and a relative (slip) velocity.

Buongiorno proposed seven slip mechanisms that can produce a relative velocity between
the nanoparticles and the base fluid. These are inertia, Brownian diffusion, thermophoresis,
diffusiophoresis, Magnus effect, fluid drainage, and gravity. Owing to the small size of
nanoparticles, Buongiorno identified that only Brownian diffusion and thermophoresis are

the dominant slip mechanisms in nanofluids. Brownian diffusion is the random motion of



particles within the base fluid that occurs from the continuous collisions of particles and
molecules of base fluid. Thermophoresis is the diffusion of particles from hotter region to
colder region under the effect of temperature gradient. It is not a result of thermal convection
currents but is due entirely to the presence of a temperature gradient. Based on the ex-
perimental results, Buongiorno developed four equations for non-homogeneous (two-phase)
model that includes two continuity equations for mass conservation, momentum, and heat
energy transport in nanofluids. The momentum equation for nanofluid under boundary layer
approximations remained the same as that of base fluid. Only due to the presence of nanopar-
ticles, the Brownian motion and thermophoresis effects were exhibited through the energy
and the species concentration equations. The conservation equations for nanofluids with no
body forces are given as follows:

Continuity equation for the nanofluid is given by
V.U=0 (1.6)

where U is the nanofluid velocity. Equation (1.6) is identical to the continuity equation for a
pure incompressible fluid.
The continuity equation for the nanoparticles is given by

20 -1
—+U-V)p=—V-J 1.7
a t +( )¢ pp V4 ( )
where 7 is time, ¢ is nanoparticle volumetric fraction and J), is the diffusion mass flux for
the nanoparticles and represents the nanoparticle flux relative to the nanofluid velocity U.
J), can be written as the sum of only two diffusion terms namely, Brownian diffusion and

thermophoresis.

D
Jy=Jpp+dpr =—p,DgVe — ppTZVT (1.8)

where Dp and D7 are Brownian diffusion coefficient and thermal diffusion coefficient re-
spectively and 7 is the nanofluid temperature
Now substituting (1.8) into (1.7), the continuity equation for the nanoparticles becomes
29 Dr
— 4+ (U-V)p=V-(DgVp+ —VT) (1.9)
ot To
Equation (1.9) states that the nanoparticles can move homogeneously with the fluid (second
term of the left-hand side), and they also possess a slip velocity relatively to the fluid (right-
hand side), which is due to Brownian diffusion and thermophoresis.

The momentum equation for the nanofluid with negligible external body forces is given by

P(aa—lt]—i-(U-V)U) =V.1; (1.10)



Note that (1.10) is identical to the momentum equation for a pure fluid. The stress tensor,7;;

can be expanded as follows by assuming Newtonian behavior and incompressible flow.
tj=—PI+u[V-U+(V-U)*| (1.11)

where P is pressure, / is the identity matrix and the superscript t indicates the transpose of
V- U. If the dynamic viscosity u is constant, equation (1.10) becomes the usual Navier-
Stokes equations given as follows.

U

p(WJr(U-V)U) = —VP+uV|V-U+(V-U)¥ (1.12)

Similarly, the energy equation for nanofluid is given by

(PC)ny (aa—f + (U - V)T) =V-kVT +(pC), (DBV(]) -VT + DTZVT . VT) (1.13)
where C,r and C, are the nanofluid specific heat, and the nanoparticle specific heat respec-
tively and k is thermal conductivity of the nanofluid. Equation (1.13) states that heat can be
transported in a nanofluid by convection (second term on the left-hand side), by conduction
(first term on the right-hand side), and also by virtue of nanoparticle diffusion (second and
third terms on the right-hand side). It is important to emphasize that (pC), is the heat ca-
pacity of the nanofluid, and thus already accounts for the sensible heat of the nanoparticles
as they move homogeneously with the fluid. Therefore, the last two terms on the right-hand
side truly account for the additional contribution associated with the nanoparticle motion
relative to the fluid.

Later on, Tiwari and Das (2007) studied the mixed convection of nanofluids in a cavity
with moving side walls by neglecting the effect of Brownian motion and thermophoresis
instead of the Buongiorno’s model. They assumed that the nanofluid flow is single phase
and nanoparticles have been dispersed in the base fluid as homogenous. Consequently, the
nanofluid may be considered as a conventional homogeneous single-phase fluid with effec-
tive physical properties being function of the properties of both constituents and their respec-
tive concentrations. An interesting result from such an assumption resides in the fact that an
extension from a conventional fluid to a nanofluid appears feasible, and one may expect that
the classical theory as developed for conventional single-phase fluids can be then applied to
nanofluids as well. Thus, all the equations of conservation (mass, momentum and energy)
as well known for single-phase fluids can be directly extended and employed for nanoflu-
ids. In the present dissertation, in conjunction with the aforementioned arguments, both the
two-phase and the single-phase nanofluid models approaches have been adopted to study the

hydrodynamic and thermal behaviors of nanofluids in microchannels.



1.1.4 Mass Transfer and Chemical Reactions

Many convective heat transfer processes often occur in coupling with mass diffusion or mass
transfer. Mass transfer is the transport of chemical species in fluids under the influence of
concentration gradient. That is, mass transfer is an irreversible process by which an individ-
ual chemical species travels from a region where it has high concentration to a region where
it has low concentration. From this perspective, mass transfer is analogous to heat transfer
as thermal energy diffuses from a region of high temperature to a region of low temperature.
Analogously, therefore the diffusional mass flux of a species is directly proportional to its
concentration gradient which is known as Fick’s law of mass diffusion. The Fick’s law states
that the time rate of mass transfer per unit area is proportional to concentration gradient of

the chemical species. Mathematically,
J=-DVC (1.14)

where J is the mass diffusion flux vector, C is the concentration of chemical species and
D denotes the proportionality constant known as the diffusion coefficient/convective mass
transfer coefficient.

Chemical reaction is a process that leads the conversion of one set of chemical substances
to another. The reaction rate or rate of reaction is the time rate at which a chemical reaction
takes place, defined as proportional to the increase in the concentration of a product per unit
time and to the decrease in the concentration of a reactant per unit time. Chemical reactions
are always coupled with mass transfer since the reactants have to travel to the location where
the conversion takes place (sink for the reactants) while the products have to travel away
(source for the products).

When some external mass is available in the fluid, then the chemical reaction takes place
in the flow system which can be of two types: homogeneous and heterogeneous. The former
occurs consistently in case of single phase of material such as gas, solid or liquid while the
latter takes place when we have two or more than two phases such as liquid and solid or
gas and solid. According to Chaudhary and Merkin (1995), homogeneous (bulk) reaction
occurs as single phase volume reaction while heterogeneous (surface) reaction occurs at the
boundary surface. Common real life applications of homogeneous reaction are the reaction
between household gas and oxygen to get the flame.

Chaudhary and Merkin (1995) initially studied simple mathematical model for homogeneous-
heterogeneous reactions in boundary layer flow near a stagnation point. They gave the for-
mulation of homogeneous (bulk) reaction by isothermal cubic kinetics and the heterogeneous
(surface) reaction by considering the first-order kinetics. Kinetics is a mathematical expres-

sion of the correlation between rates and reactant or product concentration.
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The isothermal homogeneous reaction is defined as:
D+2E — 3E, rate = kjdé” (1.15)
while on the catalyst surface we have the single, isothermal, first order reaction:
D — E, rate = kyd (1.16)

where d and e are the concentrations of the species D and E, respectively, and k; and k; are
the rate constants.

Recent investigations indicated that industrial fluids may be chemically reactive and
chemical reaction may alter diffusion rates. As a consequence, diffusion of species involving
chemical reaction finds widespread applications in engineering and industry. Such applica-
tion areas include pollution studies, oxidation and synthesis of materials, fibrous insulation,
processing of food, cooling towers, formation and dispersion of fog, moisture and tempera-
ture distributions over agricultural fields (Nayak et al., 2018; Mabood et al., 2018). There-
fore, heat and mass transfer problems with a chemical reaction have received a considerable
amount of attention in recent years. Fore example, a theoretical study of the combined effects
of activation energy and binary chemical reaction in an unsteady mixed convective nanofluid
flow with convective boundary conditions was given by Dhlamini et al. (2019). Their study
incorporated the influence of the Brownian motion, thermophoresis and viscous dissipation
on the velocity of the fluid, temperature of the fluid and concentration of chemical species.
The model equations were solved numerically to a high degree of accuracy using the spec-
tral quasilinearization method. Brownian motion was noted as the main process by which

the mass was transported out of the boundary layer.

1.1.5 Porous Media and Their Applications

Further augmentation of heat transfer rates in microchannels as well as in heat exchangers
can be achieved by the syndication of nanofluids with porous media. According to Mah-
moudi et al. (2020) a porous medium is defined as a solid matrix which is characterized by
the presence of void spaces called pores which are interconnected by a network of channels
where a fluid can move. Usually both the solid matrix and the fluid are assumed to be contin-
uous. Typical examples of natural porous media are rocks, sands, soils, biological tissues like
bones, lungs and kidneys. On the other hand, man made materials such as bread, sponges,
cements, rubber, foams and ceramics can be considered as porous media (Mahmoudi et al.,
2020). Porous media increase the contact surface area between liquid and solid surface so
that the fluid flow interruptions are increasing, and therefore, the effective heat transfer rate
is enhancing.

The first description of transport phenomena in a porous medium was proposed by Henry
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Darcy in 1856 (Whitaker, 1986). He formulated the basic law known as Darcy’s law that
governs the flow of fluids through porous media on the basis of experimental results on
the flow of water through beds of sand. The Darcy law also formed the scientific basis of
fluid permeability used in the earth sciences, particularly in hydro-geology. It is analogous
to the Fourier’s law in the field of heat conduction, Ohm’s law in the field of electrical
networks and Fick’s law in diffusion theory. One application of Darcy’s law is to analyze
water flow through an aquifer. Darcy’s law is also used to describe oil, water, and gas flows
through petroleum reservoirs. Darcy studied water flow in the soil environment and found a
linear relationship between the macroscopic flow velocity, U and the fluid pressure gradient
(resistance produced by solid-fluid interaction) across the medium. Darcy’s law is valid
to describe flow in saturated porous media at low flow rates (Re < 1), when the flow rate
and the pressure gradient have a linear relationship. This law assumes that viscous forces
dominate over inertial forces in porous media and hence, inertial forces can be neglected.
Thus, for steady state flow of an incompressible Newtonian fluid through a porous medium,
the Darcy’s law is given by

ve—_Hy (1.17)

K
where U is Darcy velocity, VP is the pressure gradient in the direction of flow, K is material
conductivity also called Darcy permeability or specific (intrinsic) permeability of the porous
medium and u is dynamic viscosity (Kasaeian et al., 2017; Menni et al., 2018).

Despite these, the Darcy model has got limitations. Among these limitations, the main
is that the Darcy model takes into account the frictional force which is offered due to the
presence of solid particles to the fluid rather than the boundary and internal effects. That
is, the Darcy law neglects inertia and boundary viscous effects which are not significant
for a low permeability and when the flow velocity is low. Therefore, the Darcy law does
not hold well for high velocity and high permeability flows and hence to overcome these
shortcomings of the Darcy law, notable equations have been developed by modifying the
Darcy equation which include Forchheimer-Darcy, Brinkman-Darcy, and Darcy-Brinkman-
Forchheimer (Amhalhel and Furmanski, 1997). The Brinkman-Darcy model includes the
viscous stresses (forces) introduced by solid boundary. The Forchheimer-Darcy model con-
siders nonlinear drag effect (quadratic velocity term) due to interaction of the fluid and the
solid matrix, which should be considered when the Reynolds number or permeability is
large. In addition, by adjoining the Brinkman-Darcy and the Forchheimer-Darcy models, a
generalized Darcy-Brinkman-Forchheimer flow model has been developed.

The Darcy-Brinkman model is given by:

u

vP=-L
K

U—uviu (1.18)
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The Darcy-Forchheimer model is given by:

vp—_Hy_ PP

K VK

where p is fluid density and b is dimensionless Forchheimer inertial resistance coefficient.

U? (1.19)

Fluid flows and heat transfers in channels filled with porous media occur in numerous
application areas. Such application areas include transpiration cooling, separation processes
in chemical industries, filtration, transport processes in aquifers, geothermal extraction, and
fiber insulation, crude oil extraction, thermal energy storage, heating and cooling in build-
ings, underground heat pump systems and solar energy, cooling turbine blades, cooling
electronic equipment and combustion systems, heating and drying process, waste treat-
ment, radioactive nuclear waste, solar energy, float glass production, ground water move-
ment, petroleum engineering, geology and geophysics, biomedical sciences and so on (Vafai,
2005; Al-Rashed et al., 2020; Muthamilselvan and Ureshkumar, 2018; Menni et al., 2018;
Chamkha et al., 2020).

The major drawback in using microchannels is the dramatic increase of pressure drop
which is inversely proportional to the cross-sectional length scale (Pence, 2010). The alle-
viation for this problem is combining microchannels with porous media to develop a novel
design. Similar to microchannels, highly porous structures (sufficiently large pore spaces)
feature low-weight, high surface-to volume ratios, and high heat transfer coefficients (Tadrist
et al., 2004). Therefore, it is expected that microchannels filled with porous media (micro-
porous channels) have thermal properties similar to that of regular microchannels while the
pressure drop is lower. Micro-porous channels also have potential applications in filtra-
tion, detection of particles, cooling electronic equipment, insulation of buildings, heat and
fluid exchange inside human and animal organs (tissue engineering), drying of food, etc
(Waghmare et al., 2008). Moreover, such structures have been used in biological and life sci-
ences for analyzing biological materials such as proteins, DNA, cells, embryos, and chemical
reagents (Tamayol et al., 2010).

Consequently, the study of fluid flow and heat transfer in microchannels filled with
porous media has been receiving prodigious interest by many researchers nowadays. To
mention few, Venkateswarlu et al. (2019) examined the influence of thermal radiation and
heat generation on steady fully developed hydromagnetic mixed convection flow in a ver-
tical micro-porous-channel with Darcy’s law in the presence of the suction/injection. The
influence of thermal radiation and heat generation are taken into account. Incorporating the
non-dimensional variables, exact analytical solutions for the energy and momentum equa-
tions in the presence of velocity slip and temperature jump are obtained. The permeability
parameter reduced the fluid velocity at the microchannel walls and enhances the fluid veloc-
ity in the central region of the microchannel in presence of suction/injection.

In summary, from the above literature reviews and discussions, it can be ascertained
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that the analysis of fluids flow and heat transfer phenomena in microchannels, either due
to free, forced or mixed convection has been presented. However, limited studies on flows
of nanofluids in microchannels have been carried out. Such studies are even scarce in the
presence of porous media. Therefore, this dissertation mainly focused on the mathematical
investigations of nanofluids flow and heat transfer enhancements due to mixed convection in

microchannels filled with porous media.

1.2 Statement of the Problem

The analysis of nanofluids flow and heat transfer either due to free, forced or mixed convec-
tion in microchannels have been presented by a significant number of scholars. Fore example
very recently, Nayak et al. (2019) presented the investigation of heat transfer and buoyancy-
driven convective magnetohydrodynamics (MHD) flow of nanofluids past over a thin needle
moving in a parallel stream. The Buongiorno’s nanofluid flow model was implemented to
study the effects of the Brownian motion and thermophoresis. They considered a transverse
magnetic field, variable viscosity, buoyancy, viscous dissipation, Joule heating, heat gener-
ation and convective boundary condition. Similarly, Nwaigwe et al. (2019) investigated the
heat and mass transfer in a variable viscosity channel flow simultaneously accounting for
viscous dissipation, external pollutant injection and Soret-Dufour effects. By adopting the
Boussinesq approximation and assuming a fully developed uni-direction flow, they formu-
lated a set of governing equations. Furthermore, Eegunjobi and Makinde (2019) presented
the irreversibility analysis and heat transfer in a buoyancy-driven variable viscosity liquid
along an inclined heated wall with convective cooling. They assumed that the free surface
exchange heat with the environment and nanofluid viscosity is exponentially dependent on
temperature.

Prameela et al. (2019) examined steady fully developed hydromagnetic natural convec-
tion flow in a vertical microchannel under the influence of heat generation and viscous
dissipation. The influence of velocity slip and temperature jump was taken into account.
Moreover, Venkateswarlu et al. (2019) presented the study of steady fully developed hy-
dromagnetic mixed convection flow in a vertical micro-porous-channel in presence of suc-
tion/injection. The influence of velocity slip, temperature jump, thermal radiation and heat
generation was taken into account.

However, limited studies on unsteady, two-phase flows and heat transfer of nanofluids
with injection/suction in microchannels. Such studies are even scarce in the presence of
porous media with Darcy-Forchheimer model. Therefore, this dissertation mainly focused
on the mathematical investigations of the hydrodynamic and thermal behaviours of unsteady
mixed convection flows of nanofluids in microchannels filled with porous media.

For fluid flow in microchannels, there always exists high frictional resistance of the

coolants leading to generation of high temperature within the fluid and thus, the viscosity
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of the fluid is assumed to be erratic with temperature (Makinde, 2018). Consequently, tem-
perature dependent variable viscosity was also considered in this study. More specifically,
the flow dynamics of nanofluids in microchannels filled with porous media that were inves-

tigated in this dissertation include:

1. Unsteady Mixed Convection flow of Variable Viscosity Nanofluid in a Microchannel
filled with Porous Medium

2. Modeling Heat Transfer Enhancement of Ferrofluid (Fe304-H>O) Flow in a Microchan-

nel filled with a Porous Medium.

3. Unsteady Mixed Convection of a Radiating and Reacting Nanofluid with Variable

Properties in a Porous Medium Microchannel.

1.3 Objectives of the Study

1.3.1 General Objective of the Study

The general objective of this study was to present the mathematical investigation of nanoflu-

ids flow and heat transfer in microchannels filled with porous media.

1.3.2 Specific Objectives of the Study

The specific objectives of this study were to

1. formulate a mathematical model for unsteady mixed convection flow of variable vis-

cosity nanofluid in a microchannel filled with a porous medium.

2. develop a mathematical model of heat transfer enhancement of ferrofluid (Fe;03-H;0)

flow in a microchannel filled with a porous medium.

3. Formulate a mathematical model of unsteady mixed convection of a radiating and

reacting nanofluid with variable properties in a porous medium microchannel.

4. determine the pertinent flow parameters and their effects on the velocity, temperature
and concentration profiles as well as on the skin friction coefficient, the wall heat

transfer rate and the wall mass transfer rate.

1.4 Significance of the Study

The mathematical modeling and investigations of unsteady nanofluids flow and heat transfer

in microchannels filled with porous media have a wide range of attributes in engineering,
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bio-medicine, industries and applied sciences. Therefore, the following are among the sig-

nificance of this dissertation.

e The combination of porous media and nanofluids which have high thermal conductiv-
ity may result in efficient designs for equipment in the thermal management systems
in industries. Therefore, the results obtained in this dissertation can provide insights

into designs of small heat exchangers with high efficiency and low cost.
e The study can also serve as a useful tool for heat transfer rate prediction.

e The results that are obtained in this dissertation can fill knowledge gaps in the study of

nanofluids flow and heat transfer in microchannels.

e This dissertation can serve as a reference for researchers and other interested people
working on nanofluids flow and heat transfer in microchannels filled with porous me-
dia.

e This dissertation can be used as a base of ideas that can be extended to different related

flow problems. That is, opportunity of extending the study.

1.5 Organization of the Dissertation

This dissertation is divided into seven chapters which were organized as follows:

Chapter 1 provides a general overview of the research context with the descriptions of the
background of the study, statement of the problem, objectives of the study, significance of
the study, and organization of the dissertation.

Chapter 2 presents review of literature related to the concepts of the dissertation title includ-
ing heat transfer due to convection, heat transfer due to radiation, flows in microchannels,
nanofluids, flows with chemical reactions and flows trough porous media.

Chapter 3 comprises research methodology with the description of formulation of the math-
ematical models, procedures of numerical solutions and method of result analysis.

Chapter 4 is about an investigation of unsteady mixed convection flow of variable viscosity
nanofluid in a microchannel filled with a porous medium. The model takes into considera-
tion the effect of Brownian motion and thermophoresis of the nanoparticles. The nanofluid
thermophysical properties are modeled using the Buongiorno’s (two-phase) nanofluid mod-
els. In addition, the chapter presents the results graphically for velocity, temperature and
concentration fields as well as for the skin friction coefficient, local Nusselt number and lo-
cal Sherwood number of the flow system.

Chapter 5 deals with modeling heat transfer enhancement of ferrofluid (Fe304 — H>0) in a
microchannel filled with a porous medium. The hydrodynamic and thermal behaviors of fer-

rofluid (Fe304 — H>O) was investigated using the Tiwari and Das (single-phase) nanofluids
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flow model. Discussions for the numerical results were given in detail.

Chapter 6 presents the study of unsteady mixed convection of a radiating and reacting nanofluid
with variable properties in a porous medium microchannel. The Buongiorno (two-phase)
nanofluids flow model was used to study the effects of the Brownian motion and the ther-
mophoresis of the nanoparticles. Moreover, in this chapter temperature dependent thermal
conductivity were considered and convective boundary condition was also taken into ac-
count. The numerical results were displayed via graphs for the embedded governing flow
parameters. Finally, chapter 7 comprises summary, conclusions, recommendation and sug-

gestions for future researches on the topic.
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CHAPTER 2

REVIEW OF RELATED LITERATURE

2.1 Heat Transfer due to Convection

Convection heat transfer is the study of the mechanism of heat transfer process between the
layers of a fluid, when the fluid is in motion or between a fluid in motion and a boundary
surface in contact with it when they are at different temperatures (Holman, 2010). Moreover,
the convective mode of heat transfer is generally divided into two basic processes. If the
motion of the fluid arises from external agents such as flows maintained mechanically by
pressure drop, mixer, agitator, fan blowing, wind or the motion of heated object itself, then
the process is termed as forced convection. On the other hand, if there is no provision
of such externally induced force and the flow arises naturally from the effect of a density
difference, resulting from a temperature or concentration difference in a body force field
such as the gravitation field, then the process is termed as natural or free convection. The
density difference gives rise to buoyancy force to which flow is generated.

Mohsan et al. (2019) examined the effects of natural convection flow of viscoelastic
polydimethylsiloxane non-Newtonian nanofluid under the impact of nanoparticles of differ-
ent materials past a vertical cone. Their result indicated that the temperature profile and the
rate of heat transfer behave as an increasing function of nanoparticles. It is found that tiny
size particles are more efficacious as compared to large particles on the rate of heat transfer
and fluid motion.

computational study on a rectangular microchannels heat sink using nanofluids flow for
forced convection cooling of electronics device under uniform heat flux condition was car-
ried out by Patel et al. (2019). In their investigation water, ethylene glycol and a mixture
of ethylene glycol and water were considered as base fluids with varying concentration of
five different nanoparticles including Al O3, TiO,, CuO, SiO, and ZnO. It was noted that
with addition of nanoparticles, there is sharp increment in local heat transfer coefficient and
decrements in local thermal resistance compared to base fluid but at same time viscosity of
fluid increases that provide more drag or pressure drop which ultimately increases the pump-
ing power. CuO—Water nanofluid of concentration 1% and 4% give large improvement in
heat transfer parameters. Besides, at the same time there was little enhancement in pressure
losses or pumping power and also it has less cost and more stability in base fluid as compared
to other nanofluids.

In higher-power output devices, the forced convection alone is not sufficient in order to
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dissipate all the heat and thus combining natural and forced convection (mixed) will usually
give desired results (Mahdy and Hoshoudy, 2019). Mixed convection is that type of heat
transfer in which there is a noteworthy interaction between free and forced convection with
comparable order. Such processes occur when the effects of buoyancy force in forced con-
vection or the effects of forced flow in free convection become significant. The buoyancy
forces may aid (aiding or assisting mixed convection) or oppose (opposing mixed convec-
tion) the forced flow, causing an increase or decrease in heat transfer rates. The occurrence of
mixed convection flow requires the engagement of free and forced convection flows, where
either the buoyancy force effect in forced convection or the forced flow effect in free con-
vection happens to be substantial. Commonly, the flow impact of free convection to that of
forced convection is measured by buoyancy parameter. The forced convection is dominant
when buoyancy parameter declines to zero while free convection is dominant when buoyancy
parameter gets larger (Okari et al., 2018).

The phenomenon of mixed convection occurs in several industrial and engineering appli-
cations such as cooling of electric devices, heating and cooling of buildings, nuclear reactors
cooled during an emergency shutdown, a heat exchanger placed in a low velocity environ-
ment, solar collectors, manufacture and extraction of polymer and rubber sheets, paper pro-
duction, wire drawing and glass fiber production, melt spinning, continuous casting and so
on (Jothimani and Vidhya, 2015; El-dawy and Gorla, 2019).

Several authors have studied the problem of mixed convection about different surface
geometries. To name some, Maghsoudi and Siavashi (2018) examined the mixed convection
heat transfer of Cu—water nanofluid inside a two-sided lid-driven cavity saturated with het-
erogeneous porous media. The two-phase mixture model and Darcy-Brinkman-Forchheimer
relation were employed for simulation of nanofluid and fluid flow through porous region,
respectively. This examination revealed that the heterogeneity of the porous medium was
optimized to reach the maximum heat transfer rate. Besides, Henniche and Ziane (2018)
studied mixed convection heat transfer enhancement of laminar unsteady flow in a baffled
and asymmetrically heated vertical channel. The numerical solution was done trough finite
volume method. They showed that the ratios of mean Nusselt number and friction factor
increase with increasing Reynolds number and decrease with increasing Grashof number.

Alkasasbeh et al. (2019) examined the micro-rotation and micro-inertia characteristics
of nanofluids over a solid sphere under mixed convection effect. The problem was solved
numerically using an implicit finite difference scheme known as Keller box method and
consequently, the result indicated that the mixed convection parameter led to an increase
of both the local Nusselt number and the local skin friction coefficient. Moreover, Alz-
gool et al. (2019) conducted a study to develop a numerical solution of heat transfer in
magneto-hydrodynamic mixed convection flow of micropolar Casson fluid with thermal ra-
diation about solid sphere. The numerical solution of the finite difference scheme known as

the Keller-box method indicated that values of temperature profiles decrease when Casson
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parameter and mixed convection parameter increase.

Jamaludin et al. (2020) investigated the MHD stagnation point mixed convection flow of
Fe3;04—water (ferrofluid) over a nonlinearly moving surface. A collocation method, namely
the bvp4c function in the MATLAB software used to solve the problem numerically. As
a result, the temperature profiles of the ferrofluid decreased with an increase in magnetic
parameter, however, they increased with increasing the radiation parameter. Consequently,
the rate of convective heat transfer increases as the magnetic parameter increases.

Furthermore, Roy et al. (2020) investigated the influence of the angle of inclination on
mixed convection heat transfer from rectangular plate fine array computationally. Their find-
ings showed that an increase in clearance from 0.01 to 0.25 results in an increase of local
Nusselt number by as high as 15% near the exit. Increase in Grashoff number by 1.37 times
results in enhancement of Nusselt number by a maximum of 25-30%. Around 10% increase

in overall value of Nusselt number was observed with an increase in inclination from 30° to
60°.

2.2 Heat Transfer due to Radiation

Due to the diverse applications of heat transfer as a result of radiation, the study of fluids
flow with heat and mass transfer in the presence of radiation has attracted the attention of
many researchers. For example, Sajid et al. (2018) applied the Darcy-Forchheimer medium
model to study the flow of Maxwell nanofluid over a linearly stretching surface. The govern-
ing nonlinear partial differential equations (PDEs) with convective boundary conditions were
first converted into the nonlinear ordinary differential equations (ODEs) with the help of sim-
ilarity transformation and then solved with the help of bvp4c. The effects of the independent
variables such as variable thermal conductivity, activation energy, nonlinear thermal radia-
tive heat flux, Brownian motion parameter, thermophoresis parameter, Reynolds number,
magnetic parameter, Prandtl number, Lewis number, reaction rate constant and Biot number
on Nusselt number, velocity, temperature and concentration profile were discussed. Ac-
cordingly, the temperature profile has indicated an increasing trend with the thermophoresis
parameter, the radiation parameter, the thermal conductivity, porosity parameter and Debo-
rah number. Besides, rising the value of the Biot number resulted in an enhancement in both
the velocity and the concentration profiles. It was also seen that both thermophoresis pa-
rameter and activation energy parameter has shown an ascending effect on the concentration
profile. Moreover, the heat transfer rate has shown a decreasing behavior with an increasing
values of the thermal radiation parameter, the variable thermal conductivity parameter and
the thermophoresis parameter.

Nilankush (2019) simulated the influence of radiative solar energy on the revolving hy-
brid nanoliquid flow inside a microchannel. Here, alumina and copper were dispersed into

water to frame hybrid nanoliquid where copper was utilized for the usual nanofluid. The
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nonlinear governing partial differential equations were translated to nonlinear ordinary dif-
ferential equations and solved via Runge-Kutta fourth order with shooting technique. The
outcomes revealed that the solar radiation fosters the heat transport in suction. Hybrid solu-
tion exhibited impressive increment in suction even though injection reduced the effect.

Later on, the study of laminar, viscous and incompressible nanofluid flow in a microchan-
nel was given by Sindhu and Gireesha (2021). They considered heat source, thermal heat
flux, convective boundary condition and shape effect. The non-dimensional equations were
computed by using Runge-Kutta-Fehlberg method. It was obtained that aluminum foam has
shown higher thermal field as compared to A/, O3 and it was also explored that the entropy
generation has been reduced by lowering Eckert number and Grashof number. Furthermore,
the results indicated that the temperature distribution was declined with increased values
of Biot number. This is because, increment in Biot number results in enhanced convective
heat transport and as a result lowering of thermal field take place. In addition to this, it
was attained that lowering of Grashof number and Eckert number reduced the entropy of the
thermal system.

Matao et al. (2020) also presented the numerical investigation of unsteady MHD mixed
convection flow of radiating and chemically reacting fluid past an impulsively started oscil-
lating vertical plate with variable temperature and constant mass diffusion. The transport
model employed includes the Hall current and a uniform magnetic field. The Rosseland ap-
proximation was used to describe the radiation heat flux in the energy equation. The dimen-
sionless governing system of partial differential equations of the flow has been solved numer-
ically by employing the finite element method. Consequently, it has been found that thermal
and mass buoyancy force, Hall parameter, radiation parameter and time tends to acceler-
ate both primary and secondary velocities whereas an increase in Prandtl number, Schmidt
number, and chemical reaction parameter tend to decelerate both primary and secondary
velocities. These parameters have shown a similar effect on both primary and secondary
skin frictions. The fluid temperature was enhanced with increment in radiation parameter
and time whereas a reverse trend was noticed with Prandtl number. The fluid concentration
was declined with increment in Schmidt number and chemical reaction parameter whereas
opposite trend was observed with progression of time.

Madhura et al. (2020) reported the numerical study of the thermal performance of the
straight porous fin with temperature-dependent thermal conductivity, radiation, and mag-
netic field effects. The heat transfer model comprised the Darcy’s law for simulating flow
with solid-fluid interactions in porous medium, Rosseland approximation for heat transfer
through radiation, Maxwell equations for magnetic field effect and linearly varying temper-
ature dependent thermal conductivity. The governing equations were solved numerically by
using a finite difference scheme. Thus, the findings pointed out that higher values of the
Hartmann number lead to a decrease in the temperature field. In addition, the fin thermal

performance was reduced with increasing values of thermophoresis parameter, radiation pa-
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rameter and Rayleigh number. More importantly, from their experimental analysis, it was
clearly noted that due to the presence of a porous medium, fin exhibits 16.95% less heat
transfer rate.

Furthermore, a Sisko fluid model with non-uniform sink/source for curved surface was
considered by Ali et al. (2020). The chemical processes, radiation and thermophoresis dif-
fusion aspects were also under consideration. Bvp4c scheme was employed for solving
the model equations. It was found that radius of curvature and temperature dependent heat
sink/source were significantly affected heat and mass transport mechanisms for the curved
surface. Brownian motion parameter was served to deteriorate concentration distribution but
it was intensified via thermophoresis parameter.

The comprehensive analysis of time-dependent free convection electrically and thermally
conducting water-based nanofluid flow containing Copper and Titanium oxide past a moving
porous vertical plate was given by Anwar et al. (2020). A uniform transverse magnetic field
was imposed perpendicular to the flow direction. Thermal radiation and heat sink terms were
included in the energy equation. The Laplace transformation technique was applied to the
non-dimensional equations to get the closed form exact solutions. Accordingly, the nanofluid
was accelerating with increasing Grashof number and porosity parameter while increasing
values of heat sink parameter and Prandtl number dropped the temperature profile.

Yashkun et al. (2020) presented the investigation of heat transfer characteristic of the
magnetohydrodynamic (MHD) hybrid nanofluid over the linearly stretching and shrinking
surface in the presence of suction and thermal radiation effects. The governing mathemati-
cal equations for a single-phase nanofluid model were transformed into pairs of self-similar
equations using similarity transformation. Boundary value problem solver (bvp4c) in MAT-
LAB was adopted to solve the system of reduced similarity equations. From their analysis,
it was noticed that the efficiency of heat transfer of hybrid nanofluid (Cu — Al,O3/H,0) was
greater than the nanofluid (Cu/H,O). Furthermore, it was also found that dual solutions exist
for a specific range of the stretching/shrinking parameter with different values of suction and
radiation parameters. The results also indicated that the skin friction coefficient and the local
Nusselt number increase with suction effect.

Zigita (2020) focused on the theoretical analysis of blood flow in the presence of thermal
radiation and chemical reaction under the influence of time dependent magnetic field inten-
sity. The governing non linear partial differential equations of motion, energy and concentra-
tion were converted into ordinary differential equations using similarity transformations and
then solved numerically by applying ode45. From the simulation, it was obtained that the
velocity of blood flow was increased with the increment of both permeability and unsteadi-
ness parameter. Moreover, the temperature of blood was increased at the vessel wall as the
Prandtl number and Hartmann number increased. Concentration of blood was decreased as
time dependent chemical reaction parameter and Schmidt number increased. The result of

the simulation also revealed that as the thermal radiation parameter increased during blood

22



flow in the vessel, there was a significant rise in the blood temperature.

2.3 Flows in Microchannels

For the last four to five decades, with increasing need of energy as well as energy prices,
on the other hand, increasing demand for energy saving and reduction of production costs
which is also called energy efficiency, many efforts were made by the research community for
the improvement of thermal management systems. Accordingly, microchannels are among
many alternative methods/techniques that have been recommended to improve the efficiency

in industrial equipment, especially in different heat exchangers (Khodabandeh et al., 2018).
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Figure 2.1: Model of a unique microchannel with a superior heat exchange surface
(Risto and Zahid, 2009)
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Figure 2.2: Model of a silicon microprocessor cooling system employing microchannels
(Lakshmi et al., 2017)

Microchannels which are light in weight, smaller in size handle low amount of coolants

and have higher surface area to fluid volume ratio which in turn increases the heat transfer
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Figure 2.3: Model of manifold microchannel heat sink
(Farzad et al., 2019)

from various modern electronic systems (small electronic components) where higher heat
fluxes are encountered. The microchannel has higher heat transfer surface area to fluid vol-
ume ratio which in turn increases the heat transfer from small electronic components. The
pioneer work in the field of heat transfer using microchannel heat sink for electronic cooling
was first time demonstrated by Tuckerman and Pease (1981) by achieving high heat flux re-
moval capacity of up to 800W/cm? with microchannels in single-phase and two-phase flows.
They noted that as the hydraulic diameter of the channel decreases, the heat transfer co-
efficient increases. This landmark work paved the door for further research in the area of
microchannel heat transfer.

Thereafter, lot of literature have been communicated concerning fluid flow and heat trans-
fer phenomena through microchannels. To mention some, Reddy et al. (2018) investigated
the combined effects of wall slip, viscous dissipation, and Joule heating on magnetohydrody-
namics (MHD) electro-osmotic peristaltic motion of Casson fluid with heat transfer through
a rotating asymmetric microchannel. It is found that Casson fluid velocity, temperature, and
heat transfer rate are enhanced with a boost in electro-osmotic force. Furthermore, Kmiotek
and Kucab-Pietal (2018) used the finite element method to explain the influence of slim ob-

stacle geometry on the flow and heat transfer in microchannels. The results indicated that
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microchannels with obstacles exhibit higher heat transfer than the smooth microchannels.

Moreover, the numerical investigation of the unsteady two-dimensional laminar flow of
an incompressible, electrically and thermally conducting fluid across the space separated by
two infinite rotating permeable walls was presented by Khan et al. (2018). The unsteady sys-
tem of dimensionless PDEs were solved with the help of finite difference scheme. Later on,
Sarkar et al. (2019) investigated the Dual-Phase-Lag and diffusion-thermo effects on time-
dependent MHD second-grade double diffusive flow in a fully developed microchannel filled
with porous material in the presence of chemical reaction. The governing partial differential
equations were solved by using the Laplace transform method and the result indicated that
increasing the Dufour number, permeability parameter, Knudsen number increase fluid ve-
locity while magnetic parameter, second-grade parameter and chemical reaction parameter
decrease fluid velocity.

Xu et al. (2019) studied the heat transfer of nanofluid flow driven by the movement of
channel walls in a microchannel under the effects of the electrical double layer and slip-
pery properties of channel walls using homotopy analysis method (HAM). Consequently,
with the increase of the slip-length, the pressure constant of the nanofluid in the horizontal
microchannel decreases. The local volumetric entropy generation rate at the upper wall is
always higher than that of the lower region. Also, the larger the slip-length is, the lower the
total cross-sectional entropy generation rate is when the thermal diffusion is moderate.

Noreen et al. (2019) scrutinized the investigation of the electroosmotic peristaltic pump-
ing of MHD nanofluid in an asymmetric microfluidic channel with zeta potentials. They
showed that the fluid velocity increases in the middle section of the channel, with a reduc-
tion in the vicinity due to electroosmotic parameter and mobility of the medium. Moreover,
the magnitude of axial pressure gradient firstly decreases then increases with the increase of
electroosmotic parameter, Hartmann number and mobility of the medium.

Ahadi et al. (2019) presented a detailed computational fluid dynamic evaluation of heat
transfer enhancement due to unsteady natural convection in microchannel solar collectors
coupled with alumina nanofluid using finite element method. Consequently, they established
that the optimal heat removal is achieved at 2% nanoparticle concentration and they also
observed that increasing the inclination angle of the microchannel solar collector from 0 to
% decreased the heat removal efficiency.

The experimental and numerical study of the heat transfer enhancement potential of
micro-porous channels and nanofluid was given by Delisle et al. (2019). They considered
the forced convection and Darcy-Brinkman nanofluid model and the numerical solution was
given by the finite element method. It was found that the temperature distribution has optimal
results when nanofluid with 0.6% alumina is used. They also showed that the experimental
and numerical results were in good agreement with an average relative error of 3.3%, which
was determined by analyzing the temperature distribution.

Sharaf et al. (2019) presented the numerical investigation of nanofluid particle migra-
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tion and convective heat transfer in microchannels. A transient, two-way coupled hybrid
Eulerian-Lagrangian model was used to characterize nanofluid flow, heat transfer and parti-
cle distribution in a microchannel. According to the results, an increase in Reynolds number
Re resulted in a lower bulk fluid temperatures and a corresponding enhancement of con-
vective heat transfer and Nusselt number from channel walls to the fluid due to the larger
temperature gradient normal to the channel wall.

Meanwhile, Dong et al. (2020) presented the analysis of mixing enhancement of electro-
osmotic flow in microchannels via applying direct current and different wave forms of alter-
nating current signal on the electrode plates. The simulation work was performed with finite
element method. According to the findings, the vortices generated by the direct current or
alternating current field improve significantly the mixing efficiency of different fluids con-
centration. It was also observed that the mixing efficiency rises with time and then reaches a
stable periodic state for mixing efficiently.

Shahrestani et al. (2020) presented the numerical investigation of forced convective heat
transfer and performance evaluation of Al,O3-water nanofluid flow inside an axisymmetric
microchannel. From their results, it was noticed that the expense of increased pressure loss
for the increment of the heat transfer coefficient. They also observed that an increase in inlet
velocity leads to more viscous dissipation rates and the temperature of the wall grows more
intensely compared with the bulk temperature of the fluid.

Convective heat transfer and pressure drop using alumina-water nanofluid under laminar
and turbulent flow regimes using the viscous laminar model have been studied by Suniland
and Kumar (2019). A circular microchannel heat exchanger (0.Im long and 0.5mm inner
diameter) with constant wall temperatures, and 0 to 5% Al,O3;—water nanofluid flowing
inside and cold water flowing outside was used. This experiment showed that convection heat
transfer increased remarkably with the increase of nanoparticle concentration under various
values of Reynolds numbers. The heat transfer coefficient increased 15% compared to pure
water under 5% volume concentration for the laminar regime and 12% for the turbulent zone

(Nusselt number decreased about 2.5%).

2.4 Nanofluids

Conventional (common) heat transfer fluids also called base fluids or host fluids such as wa-
ter, ethylene glycol and oils have limited heat transfer capabilities owing to their low thermal
conductivity, whereas metals have much higher thermal conductivity than these fluids. Thus,
it is naturally desirable to combine both metals and fluids to produce a medium for heat trans-
fer that would behave like a fluid, but have the thermal conductivity of metals (Irfan et al.,
2019). The term nanofluid was coined by Choi (1995) for the first time at Argonne national
laboratory, United States of America, to represent an engineered stable colloidal suspension

of a small amount usually comprise up to 5% of volume fraction of nanometer-sized particles
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(1 — 100nm) known as nanoparticles within host fluids for effectual heat transfer improve-
ments. Contrary to the milli and micro-sized particle slurries, nanoparticles are relatively
close in size to the molecules of the base fluid, and thus can realize very stable suspen-
sions with little gravitational settling over long periods of time. The nanoparticles utilized
in nanofluids are mostly formulated from oxides such as alumina, silica, titania and copper
oxide, and metals such as copper, ferrous, diamond and gold. Carbides or carbon nanotubes
have also been used to realize nanofluids.

Choi’s pioneering experiment with nanofluids also showed that nanofluids have new ther-
mal transport phenomena that display remarkable enhancement in thermal properties such as
thermal conductivity, dynamic viscosity, convective heat transfer coefficients compared to
that of base fluids. The working together of two things to produce an effect greater than the
sum of their individual effects is the key to success of nanofluids. Nanofluids have a broad
range of engineering applications and used to enhance the heat transfer and energy efficiency

in various kinds of thermal systems.
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Figure 2.4: Transparent dispersion of 30% alumina nanoparticles in water. Source: (https:
//www.nanoshel.in/dispersion.html)

Figure 2.5: Nanocopper powder dispersed in water. (Source: https://www.alibaba.com/
product-detail/Nano-Copper-Colloidal-Price-5-10nm_62176204863.html)

Nanofluids have large scale utilization, particularly as coolants in industrial and techno-
logical processes such as electronic cooling, transportation (engine cooling/vehicle thermal
management), space and nuclear system cooling, defense applications (cooling military de-

vices and systems), cooling in chillers and refrigerators, biomedical applications (cancer
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Figure 2.6: Ferrofluid/magnetic fluid interacting with a magnet. (Source: https://www.
aliexpress.com/item/4000251927626.html)

therapy, drug delivery), air conditioning, CPU, micro-elecrto-mechanics (MEMS) etc (Jedi
et al., 2020; Subramanian et al., 2020; Ahadi et al., 2019; Mondal et al., 2020).

Consequently, a number of literature has been communicated in line with nanofluid flow
and heat transfer phenomena in microchannels. For instance, the influences of the ther-
mophoresis and Brownian motion on magnetohydrodynamics (MHD) electro-osmotic Jef-
frey nanofluid peristaltic flow in an asymmetric rotating microchannel was studied by (Reddy
et al., 2019). It was observed that the skin friction coefficient and Sherwood number enhance
with an increase in the electro-osmosis parameter and the magnetic parameter while opposite
trend observed for the Nusselt number.

Moreover, Xu et al. (2019) used the Buongiorno’s model to analyze the nanofluid flow in
a horizontal microchannel under the effects of electrical double layer together with slip prop-
erties of the channel walls using homotopy analysis method (HAM). With the increase of the
slip length, the pressure constant of the nanofluid in the horizontal microchannel decreases.
Besides, Patel et al. (2019) carried out a computational study on a rectangular microchannels
heat sink using nanofluids flow for cooling of electronics device under uniform heat flux
condition. It was noted that with addition of nanoparticles there is sharp increment in local
heat transfer coefficient and decrements in local thermal resistance compared to base fluid.
CuO-Water nanofluid of concentration 1% and 4% give large improvement in heat transfer

parameters and at the same time there is little enhancement in pressure losses or pumping
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power also has less cost and more stability in base fluid as compared to other nanofluids
containg nanoparticles such as Al,O03,Ti0,,Si0O, and ZnO.

Niazi and Xu (2020) studied a fully developed steady immiscible flow of nanofluid in a
two-layer microchannel in the presence of electro-kinetic effects. The Buongiorno’s model
was employed for describing the behavior of nanofluids and the HAM was employed for
the numerical computation. It was found that the Brownian diffusion, the thermophoresis
diffusion, and the viscosity have significant effect on altering the flow behaviors.

Therefore, extensive analysis have been done by a number of researchers to investigate
heat and mass transport phenomena accompanied by nanofluids. For example, Mahanthesh
et al. (2019) scrutinized the boundary layer transient two-phase flow of dusty nanoliquid
on an isothermal plate which is deforming with time-dependent velocity in the presence of
exponential heat source. The problem was solved numerically by employing Runge-Kutta-
Fehlberg method along with shooting technique. They found that a rise in the magnitude of
magnetic parameter, both axial and transverse velocities are diminished while the tempera-
ture profiles are enhanced. Moreover, the temperature of nanofluid and dust phases increase
with an increase in solid volume fraction of nanoparticle.

Anwar et al. (2019) studied Casson nanofluid boundary layer flow over an inclined ex-
tending surface with Soret and Dufour effects numerically by the Keller-Box Scheme. Con-
sequently, the temperature profile increases as the radiations factor increases and the Dufour
effect also causes the enhancement in the temperature profile. Besides, the thermophoresis
factor increases the temperature profile and decreases the concentration profile. Moreover,
Manjunatha et al. (2019) explored the way of heat transfer enhancement by variations in the
basic properties of fluids in the presence of free convection and magnetic field with the aid
of suspended hybrid nanofluids. The model equations were solved numerically by Runge-
Kutta-Fehlberg method. According to the findings, the boundary layer thickness of both
hybrid nanofluid and normal nanofluid diminishes due to decrease in variable viscosity. In
addition, the fluid flow and temperature of the hybrid nanofluid and normal nanofluid in-
creases as there is a rise in volume fraction.

Besides, Wagqas et al. (2020) characterized the Powell-Eyring nanofluid over a stretching
surface in the regime of magnetic dipole. The problem was solved numerically via Runge-
Kutta with shooting scheme. According to the result, the concentration profile and its corre-
sponding layer thickness enhance for larger thermophoresis parameter but decays for higher
estimation of Brownian diffusion parameter.

Furthermore, Ilias et al. (2020) did a theoretical investigation on the unsteady aligned
MHD boundary layer flow as well as magnetic nanofluid’s heat transfer through an inclined
plate with leading edge accretion. The Keller-Box method was used to solve model equations
numerically. Their outcomes revealed that the temperature profile decreases with the increase
in both magnetic parameter and free convection parameter but the reverse trend was observed

for Nusselt number.
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Ferrofluids or magnetic nanofluids are among the nanofluids which are usually stable lig-
uids comprising dispersed colloidal magnetic nanoparticles in the carrier base fluids (Vinod
et al.,, 2016). The magnetic nanoparticles in ferrofluids include ferromagnetic metals like
Fe,Co, or ferrimagnetic metallic oxides, for example, magnetite (Fe304), cobalt ferrite
(CoFey04), maghemite (FeyOy). Ferrofluids possess superior heat transfer properties and
thus they have wider application areas in engineering and industries like micro-devices cool-
ing, eliminating heat from the loudspeakers voice coil, cooling in aerospace, spinning ma-
chinery, generation of thermal power, nuclear reactors cooling, devices of storage, rotors
of gas turbine, disk drives of high-speed computer, medical equipment, crystal growth pro-
cess, and in biomedical applications such as a contrast agent for magnetic resonance imaging
(MRI), magnetic drug targeting, and tumor cell hyperthermia (Joshi et al., 2018; Geridon-
mez, 2020; Ram et al., 2020).

There is a great deal of research studies on the flow of ferrofluids and heat transfer char-
acteristics through different geometries for the last decades. For example, very lately, Do-
gonchi et al. (2020) presented the analysis of the ferrofluid (Fe3 04 — H>O) natural convection
in a triangular annulus numerically by a robust numerical technique based on CVFEM. This
numerical scheme is basically a combination of FVM and FEM. The outcomes further illus-
trate that average Nusselt number raises with rising in heat source/sink parameter, Rayleigh
number, radiation parameter and nanoliquid volume fraction parameter and it reduces with
magnetic parameter.

Similarly, the numerical investigation of the effect of partial slip on the mixed convection
flow of magneto-ferrofluid inside the enclosure is given by Rashad et al. (2020). The nu-
merical and analytical investigation of the flow of Fe3O4—water nanofluid through a porous
movable surface in a parallel free stream is given by Rashad et al. (2019). Besides, Makinde
(2018) studied temporal stability of the stagnation point flow of Fe304 — H>O past a perme-
able stretching/shrinking sheet which is heated convectively. The analysis of water-based fer-
rofluid (Fe3O4 — H>0) flow and heat transfer through a trapezoidal cavity filled with porous
media was done by Khan et al. (2019). Similar studies can be obtained in references (Das
et al., 2019; Ilias et al., 2020; Shaw et al., 2018).

2.5 Flows with Chemical Reactions

Heat and mass transfer problems with a chemical reaction have received a considerable
amount of attention in recent years. Sujatha et al. (2019) developed a mathematical model to
investigate the chemical reaction effects on electrically conducting magnetohydrodynamic
(MHD) nanofluid flow over a cone and a wedge. They also considered a nonlinear thermal
radiation, viscous dissipation, Joule heating with non-uniform heat source/sink. The trans-
formed governing equations were solved by using shooting technique based on Runge-Kutta

fourth order method. Thermal Grashof number and solutal Grashof number declined the

30



temperature profile while radiation parameter, the temperature ratio parameter, heat gener-
ation parameter and magnetic parameter encouraged the temperature. It was also revealed
that the concentration profile was decreased for larger values of chemical reaction parameter.

In another study, Dhlamini et al. (2019) presented a theoretical study of the combined
effects of activation energy and binary chemical reaction in an unsteady mixed convective
nanofluid flow with convective boundary conditions. Their study incorporated the influ-
ence of the Brownian motion, thermophoresis and viscous dissipation on the velocity of the
nanofluid, temperature of the nanofluid and concentration of chemical species. The model
equations were solved numerically using the spectral quasi-linearization method. Their in-
vestigation reported that unsteady parameter reduced the velocity and temperature of the
nanofluid while it increased the concentration of the chemical species. The Eckert and the
thermophoresis parameters were found to increase the temperature of the fluid. The acti-
vation energy and thermophoresis parameters increased the concentration of the chemical
species in the boundary layer while the Brownian motion and the chemical reaction parame-
ters reduced the concentration of the chemical species.

A mathematical model was developed and analyzed by Tarakaramu and Narayana (2019)
to study the effect of chemical reaction on bio-convection nanofluid flow between two par-
allel plates in rotating system with variable viscosity. The governing system of non-linear
PDEs was transformed into non-linear ODEs by using suitable similarity variables and then
solved by using robust shooting method with the help of bvp4c in MATLAB. The result
indicated that the concentration of bio-convection fluid flow was strictly increased with ris-
ing values of the chemical reaction parameter. They also found that the mass transfer rate
has shown an opposite effect with the chemical reaction parameter and the Schmidt number.
The study done by Rasool et al. (2019) was aimed to numerically investigate the Marangoni
convective flow of nanoliquid initiated by surface tension and heading towards a radiative
Riga surface. The influence of first order chemical reaction was involved in the system
with sufficient boundary conditions. Set of governing non-linear PDEs was transformed into
nonlinear ODEs using suitable transformations and solved by using the homotopy analy-
sis method (HAM). Following their results, Prandtl number, radiation and thermophoresis
parameters were increasing factors for temperature distribution. Moreover, a prominent de-
creasing behavior was witnessed with elevated values of chemical reaction parameter while
the heat flux was enhanced with augmented values of thermophoresis parameter.

Bhandari (2019) examined two-dimensional incompressible magnetohydrodynamics (MHD)
flow of a micropolar nanofluid over a stretching sheet in the presence of chemical reactions,
radiation and viscous dissipation. A similarity approach was used to transform the original
set of PDEs into a set of highly non-linear ODEs in dimensionless form and then solved
numerically with the help of the finite element method. Their findings indicated that on in-
creasing the Brownian motion parameter and the chemical reaction parameter, the fluid tem-

perature became higher. Meanwhile, Ramzan et al. (2020) were envisioned a mathematical
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model that discussed the flow of nanofluid comprising Nickel-Zinc Ferrite-Ethylene glycol
(Ni — ZnFe 04 — CyHgO,) amalgamation past an elongated curved surface with chemical
reaction. They considered the impacts of heat generation/absorption and thermal radiation
on the flow model. They also considered the slip and the convective boundary conditions.
The governing system was solved numerically by applying bvp4c solver that is MATLAB
build-in function. Consequently, it was comprehended that the concentration field declined
for both homogeneous and heterogeneous reaction parameters.

Zuhra et al. (2020) constructed a mathematical model to analyze the simultaneous flow
and heat transfer of two nanoliquids (Casson and Williamson) in the presence of gyrotactic
microorganisms and cubic autocatalysis chemical reaction through a porous medium under
the potentiality of buoyancy forces. Heterogeneous reaction existing on the surface was de-
scribed by isothermal cubic autocatalytic chemical reaction whereas homogeneous reaction
was taking place at far field described by first-order kinetics. Similarity transformations
were used to get ODEs from the governing PDEs which were solved via homotopy analysis
method (HAM). The result revealed that the velocity increased with the Weissenberg param-
eter but decreased with the Casson nanofluid parameter in the presence of magnetic field
and porous medium. The temperature profile decreased with high values of slip condition.
Besides, the dual behavior of concentration profile for the strength of homogeneous reaction
parameter was observed. Moreover, flow of microorganisms was decreased based on the
parameters of porous medium, magnetic field, and heterogeneous reaction.

Very recently, Khan et al. (2021) investigated the distribution of heat transmission for
chemically reactive nanofluid flow past a thin moving needle. The needle was placed hori-
zontally in nanofluid with an application of hall current and viscous dissipation. The popu-
lar Buongiorno model was employed in order to explore the impact of Brownian and ther-
mophoretic forces exerted by the fluid. The governing PDEs were converted into ODEs by
using a suitable group of similarity variables and then solved by employing homotopy analy-
sis method (HAM). The result established that the flow of nanoluid was reduced with growth
in magnetic effects and volume fractions of nanoparticles. Thermal characteristics were
increased with augmentation of Eckert number, magnetic field, volume fractions of nanopar-
ticles, Brownian motion parameter but declined with increased values of Prandtl number.
Moreover, concentration of nanoparticles was reduced with corresponding growth in Lewis
number and thermophoresis and chemical reaction parameters while increased with growth
in Brownian motion parameter.

Similarly, investigation of heat and mass transfer characteristics of mixed convective flow
of an electrically conducting nanofluid past a slender riga plate in the presence of viscous
dissipation and chemical reaction with convective boundary conditions was given by Vaidya
et al. (2021). The thermophoretic and Brownian motion aspects for nanoliquid were pro-
posed using Buongiorno’s relations. The similarity quantities were utilized to obtain the

dimensionless forms of flow field equations. The resulting coupled non-linear ODEs asso-
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ciated with the constituted boundary conditions were solved via optimal homotopy analysis
method (OHAM). Their results pointed out that the enhancement of the concentration buoy-
ancy parameter resulted in the reduced velocity profiles while temperature profiles enhanced
for higher values of the viscous dissipation parameter. Temperature distribution showed an
improvement for the Brownian motion and thermophoresis parameters whereas the concen-

tration profile showed a decreasing pattern for higher values of chemical reaction parameter.

2.6 Flows Through Porous Media

Whitaker (1986) discovered that the area-averaged fluid velocity flowing through a column
in porous material is proportional to the pressure and inversely proportional to the viscosity
(u) of the fluid seeping through the porous material, which is known as the Darcy’s law. The
convection of heat in porous materials have distinguished structural properties such as high
thermal conductivity, low density and large contact surface area with fluid per unit volume
which can enhance the heat transfer effect. The increased surface area and passage due to in-
ternal structure of the porous helps dynamic mixing of a moving fluid inside the porous which
results in a significant increase in the loss of fluid pressure and fluid pumping power (Sharma
et al., 2018). Therefore, convection heat transfer and fluid flow through porous media is a
phenomenon of great interest from both theoretical and practical point of view because of
its applications across a wide range of disciplines from mechanical, civil, environmental,

chemical and petroleum engineering to agricultural, food, material and biomedical science.
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Figure 2.7: Illustration of forces of flow through porous media
(Li et al., 2020)

Owing to these stimulating benefits, a large number of researches in the scientific com-
munity are being carried out with the porous media. To list some, the slip flow in porous
medium of micropolar fluid in a rectangular microchannel under the effect of a magnetic
field was investigated by Agoor (2018). The system of differential equations were solved
analytically by utilizing Fourier series. According to his findings, the velocity and microro-
tation were decreasing with the increase in the value of Hartman number while the volumet-

ric flow rate was increasing with the increase in Hartman number. The increasing of porous
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parameter acted to increase the velocity but decreased the volumetric flow rate.

Similarly, Rashad et al. (2018) presented the investigation of partial slip and MHD com-
bined convection flow of Cu—water nanofluid and heat transfer characteristics through a lid-
driven porous enclosure. Moreover, the study of the stagnation point flow of nanofluid past a
stretching sheet with a porous medium in the presence of heat generation is given by Sedighi
etal. (2018). Later on, Nabway et al. (2019) studied mixed bioconvective flow of a nanofluid
past over a wedge with a porous medium. Besides, Nwaigwe et al. (2019) investigated the
heat and mass transfer in a variable viscosity channel flow simultaneously accounting for
viscous dissipation, external pollutant injection and Soret-Dufour effects. Semi-implicit fi-
nite difference scheme was adopted for the numerical solution and they depicted that the
velocity and temperature profiles decrease as the Darcy number increase.

Khan et al. (2019) investigated the thermal management and heat transfer augmenta-
tion of water based ferrofluid in an enclosed partially heated trapezoidal cavity filled with a
porous medium. The numerical solutions are reported using finite element Galerkin method.
It is demonstrated that the magnetic field, thermal buoyancy, porous medium permeability
and the length of the heating element play a crucial role in the enhancement of dimension-
less average heat transfer rate. Furthermore, the MHD peristaltic motion of Bingham fluid
through a uniform channel under the influence of long wavelength and small Reynolds num-
ber was examined by Vaidya et al. (2020). They showed that magnetic parameter decreases
velocity and temperature profiles but the temperature profile increases with an increase in
the value of variable thermal conductivity.

Meanwhile, Yadav (2020) explored the combined effect of the internal heating and the
variable gravity field on the beginning of buoyancy-driven convection in a nanofluid saturated
an isotropic porous medium layer. The numerical solution of the governing equations was
presented using higher order Galerkin method. The result indicated that the nanoparticle
Rayleigh-Darcy number and the modified diffusivity ratio, and the modified nanofluid Lewis
number were found to quick the onset of convection.

Akinshilo et al. (2020) investigated the effects of heat transfer and flow of electrically
conducting magnetohydrodynamic nanofluid through a diverging or converging channel with
porous medium considering internally generated heat. The homotopy perturbation method
is utilized as a suitable numerical method of solution. It is seen that high Reynolds number
enhances the fluid viscosity while decreases velocity. Similarly, heat transfer reduces at high
Darcy’s number owing to decreased flow consequently internal friction reduces. Moreover,
Hayat and Alsaedi (2020) addressed the analysis of the mixed convective and flow of viscous
fluids induced by a nonlinear inclined stretching surface. Heat and mass transfer phenomena
were analyzed with additional effects of heat generation/absorption and activation energy.
The nonlinear Darcy-Forchheimer relation was deliberated. The dimensionless problem was
obtained through appropriate transformations and convergent series solutions were obtained

by utilizing an optimal homotopic analysis method (OHAM). Enhancement in the veloc-
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ity was observed through the local mixed convection parameter while an opposite trend of
the concentration field was noted for the chemical reaction rate parameter. In addition, the
Forchheimer number showed a retaerding effect on the velocity profile.

Rasool et al. (2020) investigated the consequences of binary chemical reaction, thermal
radiation, and Soret-Dufour effects on a steady incompressible Darcy-Forchheimer flow of
nanofluids. They considered the effects of Brownian motion and thermophoresis. The gov-
erning highly nonlinear system of equations which were advanced version of Navier-Stokes
equations, were transformed into ordinary differential equations (ODEs) using appropriately
adjusted transformations and then solved numerically using RK45 in connection with shoot-
ing technique. According to their findings, a rise of temperature field was observed with
increasing values of thermal radiation parameter. Besides, a clear decline was noticed in
velocity field for elevated values of Forchheimer number and porosity factor. The Dufour
effect anticipated a rising factor for temperature distribution and the same was noticed for
concentration distribution for increased values of Soret effect. The outcome also revealed
that thermal radiation and binary chemical reaction had shown strong impact on heat trans-
port rate.

Moreover, Yusuf et al. (2020) conducted a research to investigate the slip effect and to
analyze entropy production in both hybrid nanofluids, and common nanofluids flow past a
convectively heated three-dimensional stretching sheet placed in a porous medium. The slip
flow was considered in a Darcy-Forchheimer’s scheme by incorporating the nonlinear ther-
mal radiation. Water was taken as base fluid, while Copper and Titanium dioxide nanopar-
ticles were considered. The governing models were over-set into dimensionless variables
using similarity transformation and then solved numerically. The results communicated that
temperature was enhanced with porosity, whereas velocity was found to be decelerated. It
was also seen that, Bejan number was decreasing with an increase in the nanoparticle vol-
ume fraction of nanoparticles. Furthermore, hybrid nanofluids generated less entropy than
common nanofluids.

Roja et al. (2021) presented a numerical study on irreversibility investigation of Casson
fluid flow in an inclined microchannel subject to a Darcy-Forchheimer porous medium. The
governing partial differential equations were transformed into ordinary differential equa-
tions by using appropriate similarity transformat and then solved by the fourth-fifth order
Runge-Kutta-Fehlberg method along with the shooting technique. From the perspective of
numerical results, it was recognized that the production of entropy can be improved with the
Joule heating, viscous dissipation, and convective heating aspects. It was concluded that the
production of entropy was the maximum with increased values of the Casson parameter, the
angle of inclination and the Hartmann number. Besides, both the Reynolds number and the
radiation parameter caused the dual impact on entropy generation.

In addition, Aghamiri et al. (2021) investigated the forced convection of two-phase Ferro-

nanofluid flow in a completely porous microchannel containing rotating cylinders. The re-
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sults showed that increasing the Reynolds number and volume fraction of nanoparticles in-
creased the heat transfer, pressure drop, and coefficient of friction. By comparing the poros-
ity percentages with each other, it was also noticed that increasing the Reynolds number
reduced the entropy generation due to heat transfer and increased the entropy generation due
to friction. On the other hand, increasing the volume fraction of nanoparticles increasesd the
entropy generations due to heat transfer and friction.

Raizah and Aly (2021) simulated natural convection flow resulting from heat partitions
in an H-shaped enclosure filled with a nanofluid. The right area of the H-shaped enclosure
was saturated with non-Darcy porous media. The center variable partitions of the H-shaped
enclosure walls were kept at a high-temperature while the left and right walls of the H-shaped
enclosure were positioned at a low temperature. The performed simulations proofed that the
length of the heated partitions augments the velocity field and temperature distributions in
an H-shaped enclosure. Rayleigh number raised the fluid velocity and heat transfer in an
H-shaped enclosure. The porous layer on the right side of the H-shaped enclosure at a
lower Darcy parameter caused a high resistance force for the fluid flow and heat transfer
characteristic inside an H-shaped enclosure. Moreover, the added nanoparticles reduces the
velocity field and enhances the heat transfer inside an H-shaped enclosure.

Similarly, Rundora and Makinde (2018) studied the unsteady reactive flow and heat
transfer properties between two uniformly porous plates with suction/injection under the
influence of constant pressure gradient, convective cooling, and buoyancy force. The cou-
pled nonlinear partial differential equations for momentum and energy balance were numer-
ically solved using a semi-discretization finite difference method coupled with a fourth order
Runge-Kutta-Fehlberg integration scheme. From their results, it can be noticed that the skin
friction is increased significantly by the variable viscosity parameter, buoyancy parameter,
Eckert number, and suction/injection Reynolds number whereas the porous medium shape
factor parameter reduces skin friction. Moreover, the buoyancy parameter, Eckert number
and variable viscosity parameter were observed to increase the wall heat transfer rate.

Similarly, Endalew et al. (2018) investigated the dual phase lag heat transfer effect on
MHD second grade fluid flow in fully developed microchannel filled with porous material.
The governing equations of fluid velocity and temperature were solved using Laplace trans-
form Method. The result indicated that as the second grade parameter increases, fluid veloc-
ity diminishes in the all fluid flow domain but it increases as the Darcy number increases. It
is also noticed that for the smaller time, the fluid velocity and fluid temperature diminish as
thermal relaxation time increases but for the larger time, the fluid velocity increases but fluid
temperature attains steady state as thermal retardation time increases.

Furthermore, Shashikumar et al. (2018) considered the heat transfer and entropy genera-
tion in MHD flow of Casson fluid through a porous microchannel with thermal radiation and
they investigated numerically by using fourth-fifth-order Runge-Kutta integration method

along with shooting technique. Based on the numerical results, it was seen that the veloc-
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ity profile increases for increasing values of slip parameter, Hartmann number and Casson
parameter. The result also revealed that as the Casson fluid parameter, Eckert number and
Prandtl number increase, the temperature within the microchannel increases.

Moreover, the analysis of entropy generation and heat transport of magnetohydrody-
namics (MHD) Casson fluid flow with viscous and Joule heating in an inclined porous
microchannel were presented by Gireesha et al. (2019). The numerical simulation for the
model problem was given through Runge-Kutta-Felhberg with shooting technique. It was
established that the greater values of Grashof number, heat source parameter, and Casson
fluid parameter increase the velocity and temperature profiles. Velocity and temperature pro-
files decrease with increasing values of magnetic parameter,and permeability parameter in
the microchannel.

Besides, the investigation of the fully developed laminar flow of a viscous incompressible
and electrically conducting fluid in an inclined micro-porous-channel was given by Aina and
Malgwi (2019). The governing equations were solved analytically and the injecting through
the micro-porous channel thickens the thermal boundary layer, resulting to weakening the
convective current and consequently decreasing the fluid velocity whereas suction weakens
the thermal boundary layer yielding an increase in fluid velocity. It was also seen that in-
jection thickens the thermal boundary layer, thereby weakening the convective current and
consequently decreasing fluid velocity whereas suction weakens the thermal boundary layer

yielding an increase in fluid velocity.
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CHAPTER 3

RESEARCH METHODOLOGY

The study in this dissertation is an explanatory type of research and hence, devoted to the
mathematical investigation of nanofluids flow and heat transfer in microchannels filled with
porous media. Therefore, formulation of the mathematical models, procedures of the numer-

ical solutions and method of sults reanalysis are discussed in detail as follows.

3.1 Formulation of the Mathematical Models

The continuum hypothesis was assumed in the formulation of the model problems. More-
over, the conservation law of mass/matter, conservation of momentum (Newton’s second
law of motion), conservation of energy (first law of thermodynamics) and the law of mass
balance respectively were used in deriving the continuity, momentum, energy, and species
concentration equations. These governing models equations were highly non-linear partial
differential equations of initial boundary value problems (IBVPs). The initial and boundary
conditions were also determined. Then the non-dimensional form of the governing models

equations of initial boundary value problems (IBVPs) were formulated.

3.2 Procedures of the Numerical Solutions

The numerical approach namely the semi-discretization scheme also known as the method of
lines was employed to transform the non-dimensionalized initial boundary value problems
(IBVPs) into initial value problems (IVPs). Thereafter, the well known fourth order Runge-
Kutta integration scheme (which is numerically stable and of fourth order accuracy) was
utilized in solving the obtained initial value problems (IVPs). The computational algorithms
were implemented in a computer using the MAPLE symbolic package. In the following

subsections, brief explanations of these methods are given.

3.2.1 The Semi-Discretization Method (Method of Lines)

Partial differential equations (PDEs) arise in the mathematical modeling of chemical, bio-
logical, physical and engineering problems which include applications in chemical kinetics,
heat and mass transfer in fluid dynamics, hydrology, electromagnetism, astrophysics and so
on. This is due in large part to the three dimensional form of our physical world, and its vari-

ation with time. Thus, PDE models have at least four independent variables, that is, three
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spatial dimensions and time. Such PDE models are usually highly non-linear and therefore
require numerical methods and computer based solution techniques (Schiesser, 2016).

To this end, several numerical methods have been developed and the choice of the method
is dependent on the desired accuracy, as well as concerns about the stability and robustness
of the system, while maintaining computational efficiency (Schiesser, 2017). A well known
approach in the numerical solution of evolutionary problems in time dependent PDE models
in fluid dynamics is the so called semi-discretization method also known as method of lines
(MOL). The numerical method of lines (MOL) is a comprehensive approach to the solu-
tion of time dependent PDE models that basically proceeds in two steps namely the space
discretization and the time integration. This version is also known as the vertical method
of lines which is discrete in space and continuous in time. The basic idea behind MOL is
to discretize along the spatial coordinates only and that is why the approximation is called
semi-discretization.

Moreover, the convergence, stability and consistency of the MOL implemented in this
dissertation for tackling parabolic PDEs are already published in the literature (Zafarullah,
1970; Verwer and Sanz-Serna, 1984). Discretizing the PDEs in space and leaving time con-
tinuous leads to a system of ordinary differential equations (ODEs). That is, in the space
discretization, the spatial derivatives are first approximated using finite differences, finite
elements, finite volumes, spectral techniques, or collocation method in such a way that the
PDEs (IBVPs) are transformed into a system of ODEs (IVPs) corresponding to the solution
at some grid points as a function of time (Hamdi and Griffiths, 2009). The time ¢ is then the
independent variable of the resulting semi-discrete system of ODEs. The assumption is that
the ODE:s are easier to analyze and solve as compared to the PDEs and indeed, one of the
salient features of this method is the use of existing and generally well established numerical
methods for ODEs (IVPs).

Uo(t) Uy(t) Ux(t) Una(t) Un(t) Un+i(t)
[ [l h 1

X0 X3 X= Em-l Xw Xp+l

Figure 3.1: MOL: Uj(¢) is the solution along the line forward in time at the grid point x;
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A method of line obtained with finite differences is easiest to apply and hence it was
used exclusively in this research study. Once the PDEs (IBVPs) are transformed into ODEs
(IVPs), the spatial derivatives are no longer stated explicitly in terms of the spatial indepen-
dent variables and thus in effect only the initial value variable time in a physical problem
remains. In other words, with only one remaining independent variable time ¢, it is a sys-
tem of ODEs (IVPs) that approximate the original PDEs (IBVPs). From the literature, the
references (Roknujjaman and Asaduzzaman, 2018; Cortés-Molina et al., 2018; Rundora and
Makinde, 2018; Makinde and Rundora, 2017; Ali, 2021) employed the MOL to study fluids
flow and heat transfer characteristics.

To illustrate this method, consider the PDE of heat diffusion equation.

u_u

ET 3.1

with initial and boundary conditions
u(x,0) = f(x),u(0,t) = go(t),u(1l,t) =g1(t) for t >0 and 0 <x <1 (3.2)

Now, divide the space variable x into m equal sub-intervals [x;,x; ] of mesh size h where i =
0,1,2,...,m. Also, the function U;(r) is approximated as U;(t) ~ u(t,x;). Then discretizing
the heat diffusion equation (3.1) by using the second-order central differences in space at
grid points x; gives

d Ui_l(l‘)—ZUi(l)—f—UH_l(t)

“Ui(t) = -2 , fori=1,2,...m (3.3)

Expanding (3.3) fori = 1,2,...,m yields the following system of equations.

d uo(t) —2U1(t) + Us(1)

EU](I): 2 , for i=1
d U1(t)—2U2(t)—|—U3(t) .
- = fi =2
dtUz(t) i , for i
3.4
d _ Um_l(t)—zUm(t)+Um+1(t) .
dtUm(t) = 2 , for i=m

Equation (3.4) is a coupled system of m ODEs for the variables U;(), which vary continu-
ously in time along the lines shown in figure 3.1 that can also be written in a matrix form as
follows:

Ui (1) = AUi(1) +(1) (3.5)
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where A is a tridiagonal matrix and g(¢) includes the terms of the boundary conditions given

as follows:
U()(l‘) :go(t) and Um_H(l‘) :gl(t) (3.6)
2 1 0 ] [g0(r)]
1 -2 1 0
1 1 -2 1 1 0
A= FOEAN (3.7)
1 -2 1 0
i 1 =2 ] | g1(7) ]

Therefore, (3.5) is a semi-discretized form of equation (3.1) which can be solved using any
standard method for solving IVPs. Indeed, in this dissertation the obtained IVPs were nu-

merically solved by using the well known fourth order Runge-Kutta integration scheme.

3.2.2 Runge-Kutta Order Four Method

The most famous Runge-Kutta method which is widely used is that of forth order. That is,
the local truncation error for this method is of order O(h*) provided that the solution has
five continuous derivatives. The approximation to the solution of the IVP, (3.5) using the

Runge-Kutta order four scheme is given as follows:

1
Ui = U,-+6(k1 + 2ky +2k3 +kq) ,for i =0,1...,m. (3.8)
where
ki = hf(t:,U;)
ky = hf(t; +2,U+k')
h 3.9
:hf<t+2>U+ 2)
kg =hf(t;+h,U;+k3)

The Runge-Kutta order four scheme is based on finding the solutions in such a way that the
value of Uj;; at the point x;1| can be obtained from the known value of U; at the point x;.

Here h = x; 11 — x; is the step size.

3.3 Method of Results Analysis

The entire computational algorithms evolved from this research works were implemented
using MAPLE symbolic software. The quantitative analysis of this study was given in which
the numerical solutions were displayed via graphs for each embedded parameters. Further-
more, the qualitative analysis for the physical meaning interpretation for each graph was
established in detail. That is, reasons for the obtained numerical results in line with the

effects of each embedded governing flow parameters on the velocity, temperature and con-
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centration as well as on the physical quantities of engineering interests namely skin friction
coefficient, local Nusselt number and local Sherwood number were justified in detail. The

results were also compared with that of the existing literature.
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CHAPTER 4

UNSTEADY MIXED CONVECTION FLOW OF VARIABLE VISCOSITY
NANOFLUID IN A MICROCHANNEL FILLED WITH A POROUS MEDIUM

This chapter focuses on the mathematical investigation of unsteady flow of variable viscosity
nanofluid through a microchannel filled with a saturated porous medium. The Buongiorno

nanofluid flow model is used to study the Brownian diffusion and thermophoresis of nanopar-

ticles.

4.1 Mathematical Model Formulation

Consider an unsteady mixed convective flow of Newtonian fluid in a microchannel filled with
a saturated porous medium. The microchannel was assumed to have permeable walls placed
aty=0and y = a as shown in figure 4.1, where a denotes the distance between the two walls.

It was also assumed that the flow is driven by the combined actions of axial pressure gradient

lg

2c(0,1) , D7T(0t) _ o I
5 ay T, dy |
|

Porous imed in

u=0 I u=2a
1'=Vo| v ="V
TZTQ T:Tw

Injection | §X | Suction
u E—

—— y I

— I ’

=
I

(i

Figure 4.1: Physical flow model and coordinate system

i
1
y =

Flow

together with fluid body forces due to solutal and thermal buoyancy variations. Furthermore,
a nanofluid injection into the microchannel took place through the left wall (y = 0) while a
nanofluid suction out of the microchannel occurs at the right wall (y = a).

At time ¢ = 0, the fluid temperature was maintained at 7y and the fluid was in the static

position. For large time (¢ > 0), the flow occurred only when the nanofluid started to move
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with the time within the microchannel flow regime. Also no-slip conditions were imposed for
axial velocity at the walls, and temperatures at the walls were taken to be non-uniform where
the left microchannel wall was placed at temperature Ty while the right wall was placed at
temperature 7, such that Ty < 7,,. Both the temperature and concentration were initially zero
within the fluid except at the walls where the constant values were maintained.

The nanofluid dynamic viscosity was assumed to be an exponential decreasing function

T—T) where 7y, is a viscosity variation pa-

of temperature and hence given as i (T) = g e~
rameter and U is the dynamic viscosity at the left wall of the microchannel. Moreover, the
nanofluid was supposed to move through the control volume and across the control bounding
surface. Besides, the governing partial differential equations for continuity, momentum, en-

ergy and chemical species concentration were formulated under the following assumptions.

(i) The microchannel was assumed to have permeable walls with non-uniform tempera-

tures.
(i1) The porous media was assumed to be saturated, homogeneous and isotropic.

(iii)) The nanofluid flow was a two-dimensional unsteady laminar flow, which satisfies the

no-slip boundary condition.

(iv) The interaction between the porous medium and contacting fluid was formulated using

the Darcy-Forchheimer model.
(v) The nanofluid dynamic viscosity was assumed to be temperature dependent.

(vi) The nanofluid injection/suction with constant velocity V, at the microchannel walls

was also assumed.

4.1.1 Equation of Continuity: The Mass Conservation Law

To derive the governing equations, a finite control volume V of arbitrary shape of finite size
was considered, which was fixed in space where there is no sources/sinks through which the
fluid can enter or leave the control volume.

Let 7 be the unit vector normal to a surface element dS of S drawn outwards as indicated
in figure 4.2. Let the velocity of the nanofluid be U = (u,v,0) = (u,Vy,0), the y-component
velocity is taken to be v = V) since it is assumed that the nanofluid injection/suction at the
micro channel walls with constant velocity V. Let p be the density of the nanofluid contained
in a control volume V. For small mass dm we have dm = pdV since m = pV. So the total

mass in the control volume V is given by

m:/vdm:/vpdV 4.1)
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Surrounding fluid

Surface element dS

Control volume V

Surface S

Figure 4.2: Finite control volume in a flow field.

From the conservation law of matter it is evident fact that the mass of a nanofluid in a volume
containing the same particles all the time (no sources or sinks) is constant. That is, the time
rate of change of mass of a nanofluid in a volume containing the same particles is zero.

Thus,
dm

= / pdV =0 4.2)

But

7 / dv = / Y —dV + / p(U -1)dS, by the Reynolds transport theorem.

/ —dV + / V. (pU)dV, by the Gauss divergence theorem.

:/v (aa—lt)-l-V-(pU))dV

Hence, (4.2) becomes
/ (8—p+V-(pU))dV:0 4.3)
74 dt

Since the volume V is arbitrary, from (4.3) we write

d

—p+V-(pU):0 (4.4)
at

and thus, (4.4) is called continuity equation. But using the property of divergence (V-) from

vector calculus, we have
V-(pU)=p(V-U)+Vp-U (4.5)

Then, using (4.5), the equation of continuity (4.4) becomes

P
8_’t’+p(v-u)+Vp-U:o (4.6)

Since the fluid considered in the current problem is nanofluid, being liquid it is incompress-

ible and consequently p is constant in space and time which leads to aaf =0,Vp=0. Asa
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result, (4.6) reduces to
V-U=0 4.7

For microchannel nanofluid flow with velocity U = (u,Vp,0), (4.7) takes the form

d d d du

Therefore, the equation of continuity for the problem in consideration is given by

du
— =0 4.9
Ep (4.9)
Physically, a continuity equation describes the movement of a fluid element.That is, when a

nanofluid is in motion, it must move in such a way that its mass is conserved.

4.1.2 The Navier-Stokes Equations: The Conservation of Momentum

To derive the Navier-Stokes equations or the momentum equations also known as equations
of motion, the Newton’s second law of motion was applied which states that the total time

rate of change of linear momentum is conserved. That is,

Total time rate of change of momentum Sum of all forces acting on the fluid

of the fluid particle in the control volume , = particle in the control volume

In this case we consider momentum per unit volume which is known as momentum flux,
rather than the momentum itself. Thus, momentum of the fluid particle in the control volume

is equal to pU, since p is mass per unit volume. Hence,

Total time rate of change of momentum

d
of the fluid particle in the control volume [ = a7 / (pU)dv
14

Hence, p
E/V(pU)dV:Ft —F+F (4.10)

where F; is the total force which is the sum of is the total surface forces F; and the total body

forces Fj,.
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But

0
%/ (pU)dV :/ (gtU) dV—f—/(pU)(U-ﬁ)dS, by the Reynolds transport theorem
% v s

:/ @dV—l—/V-(pU}UdV, by Gauss divergence theorem
1% 14
:/ <M+V-(pU)U)dV

174 ot

Thus, (4.10) becomes

/(@—FV-@U}U)CZV:FS+F;, 4.11)
\%

Then applying the identity in vector calculus, we have
V- (pU)U=U-V(pU)+pU(V-U)

=p(U-V)U+pU(V-U)
=p(U-V)U, since V-U =0 from continity equation

Thus,
V- (pU)U =p(U-V)U 4.12)

Now, substituting (4.12) into (4.11) yields

/V(a(gtU)+P(U'V)U>dv:/‘/P(%—lt]—F(U'V)U)dV:FerFb (4.13)

The total surface force F; which is force per unit surface area is given by
F, = / <(T,-J- +Ppo) ﬁ> ds = / V. (Tij+Pp0)dV, by Gauss divergence theorem  (4.14)
S 14

where 7;; is force per unit surface area known as stress tensor and Py, is the drag resistance
force (extra pressure stress) due to the perpendicular motion of the fluid particles towards
pore spaces of the porous medium.

The total body force F;, is external force per unit volume. In this case the body force is

due to buoyancy given by
F = / pgdV (4.15)
v

where g is the acceleration due to gravity. So, from (4.14) and (4.15) we have

Fs—l—Fb:/V <V-(’L‘,-j—|—Pp0)+pg)dV (4.16)
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Now, substituting (4.16) into (4.13) yields

oU
/Vp<w+(U-V)U>dV:/V (V-(r,-j+Ppo)+pg>dV (4.17)

Since V is arbitrary, from (4.17) we have

U
P (E +(U- V)U) = (V- (Tij + Ppo) —I—pg) =V-1;+ VP, +pg (4.18)
Thus, (4.18) is called the momentum equation which also known as the Navier-Stokes equa-

tions for incompressible fluid flow. For the incompressible Newtonian fluid flow, the stress

tensor 7 is given by
Tij = —PI+ Oij 4.19)

where P is pressure also known as the normal stress tensor, / is the identity matrix tensor and
0;; s the shearing stress tensor (Cauchy stress tensor). The Cauchy stress tensor o;; has nine

components and described in matrix as

Oxx ny Oxz
Oij= | Oy Oy Oy (4.20)
Oz Ozy Oz

The components of o;; in (4.20) are given as follows.

o du . du aV() o
Gxx—zH(T>a, ny_'u(T)(a_y—'—E)_ny
_ Vo . du Jdw .
ny_zu(T)a_y7 ze_»u(T)(8Z+ ax)_clx (421)

aw Vo Jdw
0 =2(T) 52, O = R(T)(2 +50) = On

Using the equation of continuity (4.9), expressions in (4.21) can be simplified as follows.

u
O =0, Oy = ,u(T)a—y = Oyx
oyy =0, 0 =0=0y (4.22)
Oz Oa Oy; 0 Ozy
Therefore, (4.20) becomes
Ju

0 wu(T) 5 0
Ojj = ‘I,L(T)g—; 0 0 (4.23)

0 0 0
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where u(T) is temperature dependent dynamic viscosity.

Now, let us determine the expression for the term V - 7;; in (4.18). Then

V-Tij:V-(—Pl—l-Gij):—V-(PI)—I—V-GU 4.24)
But
P OO —gF
ox
~V-(P)=-V-| 0 P 0 |=| -2 (4.25)
IP
0O 0 P -5
and
d(on) | 9(0y) | I(0x
5 5 5 | O oo o ol . o T (05
_ _ 9(0yx) d(oyy) d(0oy;)
V'Gij_<£7a_y7a_z)' Oyx Oyy Oy - 8))6 +83y) + Jz (426)
O, Oy O 3(;Cu)+ (ac;y)_i_a(gzzz)

Again, by using the values of the expressions in (4.22), the values for the expressions of the

components in (4.26) can be determined as follows.

9(0xx)  9(0xy) I(Ox) _d 0 du 0 _d [ du
x oy e a0t g rNg O =5 ke ¢
Similarly,
d(oy)  d(oyy)  d(oy) - d(oy)  d(oy)  d(oz) _
o + Iy + 3z =0, Ep + Iy + 3z =0 (4.28)
Then using (4.27)and (4.28) into (4.26) gives
5 [u(T)Z%Z]
V.o;; = 0 (4.29)
0
Using (4.25) and (4.29), (4.24) reduces to
21 | a[pnz] | [ seaunz]
| _dP _
V.t = % + 0 = _ ‘3—’; (4.30)
—<t oP
dz 0 — 5

By using the Darcy-Forchheimer porous media flow model, the term VP,, in (4.18) is given
by

)
“(?” - pi’/E” 431)

VP, = —
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The left hand side expression in the momentum equation (4.18) is

U . -a(u,V(),O) a a J

— @_}_ 14-\/ a Vi
_p_a (ua 0a (u, V0,0
—Plar Tax %y
ENETI
P19 %y

Hence, P P P
U u u

p{a—+(U V)U} [ 5 Vo Qy} (4.32)

Therefore, by using (4.30), (4.31) and (4.32), the x-momentum equation becomes

du du|  JP d ou]l w(T)u pbu?
p[at +Voay} __8x+8y {H(T)ay} Tk UK +pg (4.33)
and the y-momentum becomes
% =0 (4.34)
dy

From (4.34) it can be seen that the pressure is as a function of x only. That is, P(x,y) = P(x).

In buoyancy driven flows, a common approach is to consider constant thermophysical
properties of the fluid with the exception of the density variations that are only taken into
account in the buoyancy forces, that is, the so called Oberbeck-Boussinesq approxima-
tion. Now, applying the Boussinesq approximation on the equation of momentum (4.33),
which states that density variation with temperature and concentration is important only for
body force term but not for other terms. Hence, the body force term in (4.33) is given by
pg = p(T,C)g. Using the Taylor series expansion for p = p(7T,C) about (Tp,Cp), yields the
following where py = p(7p,Co).

9*p (T —T)* | 9*p (C—Cp)?
oT? 2! dC? 2!

dp
oC

dp
p=pot o (T—To)+ 5~

(C—Coy) +
Then, neglecting the second and higher order terms, we have

dp

—(T — T())—l-ac

p—po=15- (C—Co) (4.35)

However, as y — 0,u = 0,v = V), then the momentum equation (4.33)) becomes

0= pog (4.36)
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Subtracting (4.36) from (4.33) yields

du dul  JdP d oul w(Tu pbu?
R R I B N L L
Substituting (4.35) into (4.37) gives
Gyl 0P O o) (T phl [p . . 3
p{aﬁv‘)ay} = ox "oy {“(T)ayl_ K vk @ |ar T H5eC-Co)e
(4.38)

Equivalently,

du du  1dP 194 oul w(Tu bu> [19dp
S = o s M) !

which implies that

du du 1dP 10 ou]l wu(Tu  bu?
—+V—=——=+—|uU1)=—| ——F———= T —T C—C
Vg =SS o e | U P (T~ o)+ €~ )
(4.40)
where 1 = %g—g and B, = %g—g are the thermal expansion coefficient and the concentration

expansion coefficient respectively. Therefore, (4.40) represents the equation of momentum.
The associated initial and boundary conditions (no slip conditions) are:

u(a,t) =0

0,/)=0
u(3,0)=0 and "7 }fort>0 (4.41)

4.1.3 Energy Equation: The Conservation of Energy

To derive energy equation, the energy conservation principle known as the first law of ther-
modynamics was used. The first law of thermodynamics states that the time rate of change of
energy within the volume element dV is equals to the sum of the rate that energy is received

by heat (Q) and work done in the interaction process.

dE  dQ dwW
—_— =4 — 4.42
dt dt + dt ( )
where E is total energy, inclusive of internal energy and kinetic energy. The potential energy
could have been included in E, but instead it will be absorbed into the work term W. Q is the
amount of heat added or removed.

For a nanofluid within 4V, the differential amount of total energy is give by

1 1 1
dE = p,redV + EpUzdv = pdV (e+ EU2) = PusdV (e + 5Uz) (4.43)
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where p,dV represents mass, e is internal energy, p,s designates density of nanofluid and
%U 2 is kinetic energy.
Integrating (4.43) gives

1 dE d 1
EZ/VPnf(€+ EUz)dV. which implie that o= E/Vp”f(HEUZ)dV'

dE d 1
So, —:f/pnf(e—l——Uz)dV

dt dty 2
de  10U? 1
= / Pn (af + 57 )dV + /pnf(e + EUZ)(U.fi)dS, by the Renolds transport theorem

86 1<9U2 5
/ pnf )dV + / V- Upnf(e—i- U )dV, by the Gauss divergence theorem

ae 1aU2 5
:/Vpnf(g—i-z BR dV—l—/pan Ue dv+/2p”f V U(U ))dV

de ouU? )
—/Vpnf(at—i-V-Ue)dV—F/Vanf( - +V-UU )>dV

Therefore,

dE de 1 oU?
—t—/VPnf(EJFV'Ue)dVJF/VEPnf(T

But V-U(U?) =U?*(V-U)+VU?-U =VU?*-U, since U? isscalarand V-U = 0.

+V. U(Uz))dV (4.44)

oU? oU? 9U?
_ 2 .
= VU0 = (T 5 ) )
JdU JdU dU J 0 0

- ZU(ga a_yv 8_z) ’ (M,V, W) - ZU(uaava_yaWa_Z)U

=2U(U-V)U
Therefore, V-U(U?)=2U(U-V)U (4.45)

. U? oU

Again we have also rale =2U— Y (4.46)

Equations (4.45) and (4.46) gives

1 ouU? 5 oU
/‘/Epnf(a——FV UU ))dV:/VpnfU(W—{-(U-V)U)dV (4.47)

Since e = (Cp), T, it yields

% = (Cp)nf%_Yt" andalso V-Ue=e(V-U)4+U-Ve=U-Ve= (Cp)s(U-V)T (4.48)
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Similarly, (4.48) gives

de oT
/Vpnf(E+V-Ue)dV:/V(pCp)nf<(E+(U-V)T>dV (4.49)

Now using (4.47) and (4.49) into (4.44) yields

dE oT U
- :/V(pCp),,f((W+(U-V)T)dV—I—/VpnfU(W+(U-V)U)dV (4.50)

where (Cp), is specific heat of nanofluid at constant pressure.

For the work term we have the fact that work is done when a force acts through a distance,
and a work rate arises when a force acts through a distance at a particular rate in time and
hence velocity is involved. Thus, work done is the dot product (inner product) of the force

vector F with the position vector 7. So

dW = di-F
This implies that work rate is
dw dr - -
—=—F=U"F 4.51
dt dt (4-51)

Here the forces are the total surface force F; and the total body force F;,.

FS:/((Tij-i—PpO)-ﬁ)dS, Fb:/png (4.52)
S 14

Hence, using (4.52) into (4.51) gives

_ SU((Tij-i—PpO) -ﬁ)dS+/VU(Pg)dV (4.53)
:/Vv. (U(fij+Ppo))dv+/vU(pg)dV

However, U - P,, = 0, since P, is the drag resistance force (extra pressure stress) due to
the perpendicular motion of the fluid particles towards pore spaces of the porous medium.
Therefore, (4.53) is simplified as:

aw
v / V.- (U;)dV + / U(pg)dV (4.54)
dt 1% 1%
But from vector calculus, it is true that

V. (U‘C,‘j) = U(V-Tij)—i- (‘L’,'j-V)U
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Therefore,

dw
— :/ |:U(V'Tij) +(Tij'V)U+U(pg):| dv
Y (4.55)
= [ o9+ 0B +Utpg) -0 TR + (550 v
However, multiplying the equation of momentum (4.18) by U yields
oU
P (G- + (U V)0 ) =U(Y-5) + U (V) + U(pg) .56
Using (4.56) into (4.55) yields
cil_VtV :/ {pnfU<aa—U—|— (U - V)U) —U(VPy) + (- VU |dV (4.57)
v

The term (7;;- V)U in (4.57) is known as dissipation energy and it can be simplified as

follows:
du du Jd d
IV - T_a T_7 ‘\F 7.
du 0 8u 8
= (T)% - %—I— (T)@ . 8_ since Vj is constant
—H dy oJx H dy dy’ 0
du du du
= ,u(T)a—y N since P 0
au 2
= “(T)<a_y)
Hence,
(13- V)U = (T2 (4.58)
ij u ay .
Again using (4.31) gives
U-(VP,yy) = (u,V,0) - (_ w(Tu _pbi o) __mIw phe (4.59)
po) — y V0, K \/K s Uy - K \/E .
Indeed, this is the case because VP, is the pressure gradient in the direction of flow that is
in the x—direction. So, VP,, = —“(?U — &\/Ig = (—”(I?” Pj@ 0,0).
Now, substituting (4.58) and (4.59) into (4.57) gives
dw U w(T)u®>  pbu’ du .,
°ar o N i .V T 4.
; /V[pr<at+(U )U)+ K e PGP v @)

For the heat transfer term, define the heat flux vector g as the amount of heat energy per unit
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area and as a vector it points in the direction of thermal energy flow which has units of energy
per area per time. Following Buongiorno (2006), the effects of Brownian and thermophoretic
diffusions are considered to study heat transfer and thus according to Buongiorno, the Brow-
nian and thermophoretic diffusions are the main slip mechanisms in nanofluids. That is, the
thermophoretic and Brownian diffusions of the nanoparticles siginificantly contribute to the
heat and mass transfer phenomena of the nanofluid. Brownian diffusion is due to random
drifting of suspended nanoparticles in the base fluid which originates from continuous colli-
sions among the nanoparticles and liquid molecules. Thermophoresis induces nanoparticle
migration from warmer to colder region (in opposite direction of the temperature gradient),
making a non-uniform nanoparticle volume fraction distribution.

The random motion of nanoparticles within the basefluid, which is due to the continuous
collisions between the nanoparticles and the molecules of the basefluid, is called Brownian

motion. The nanoparticle mass flux due to the Brownian diffusion is given by

-

Ty =—p,DpVC (4.61)

where, —p,, is density of the nanoparticle, Dp is Brownian diffusion coefficient and C is
concentration of nanoparticle. Thermophoresis is a phenomenon, which causes the motion
of small particles from a hot surface to cold one under the thermophoretic force that devel-
ops due to the temperature gradient. The nanoparticle mass flux due to the thermophoresis
diffusion is given by

Jor=—pp——=VT (4.62)
where, D7 is thermophoresis diffusion coefficient.
Therefore, the total nanoparticle mass flux is the sum of the nanoparticle mass fluxes due

Brownian and thermophoresis diffusions, which is given by

-

L. D
Ty =T,5+Tpr = —p,(DgVC+ TTVT) (4.63)
0

Thus, the net heat transfer rate through the surface § is given by

a0 _

= /S (G —hpty) - 7idS (4.64)

The first term in (4.64) represents the contribution of heat conduction through base fluid
and the second term represents the heat flux due to nanoparticle diffusion. The minus sign
indicates that heat flux transfers from higher to lower direction.

40 /(* hod,) - idS /* *ds+/h J,-iids (4.65)

—_— =— — -AdS = — 7/ 7/ .

dr ¢ q—pJp Sq oty

The specific enthalpy of the nanopatrticle /,, is given by i, = (Cp),T and T is assumed to be
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constant over a given surface (isothermal wall). Hence,
/ hpJy - 7idS = hy, / Ty - 7idS (4.66)
S S
Now, substituting (4.66) into (4.65) gives:

dQ — 7 — - = T 74
dr = _/S(‘]_hpjp)'”dsz _/SCI'ndS+hp/SJP'”dS (4.67)

Then by using the Gauss divergence theorem, (4.67) becomes,
dQ - - = —
E:—/‘/V-qu-i—hp/VV-deV:—/V(V-q—th-Jp)dV (4.68)

But the heat flux vector g can be calculated as the sum of the Fourier (conduction) heat flux

and the heat flux due to nanoparticle diffusion.
G=—kVT +h,T, (4.69)

where k is the nanofluid thermal conductivity and 7 is the nanofluid temperature. Then

operating both sides of (4.69) with divergence gives,
V.-G=—kV?T +Vhy,-J,+h,V-J, (4.70)

Now, substituting (4.70) into (4.68) gives,

a0 _

= — [ (=kV2T +Vh,-J,)dV 4.71
o= | (T vn,T,) @71)

Then using (4.63) into (4.71) yields,

a0 _

" _—/V (-kV2T+V(cp),,T)- [—pP(DBVC—i- l;—OTVT)DdV

D
= / (kV2T+(pCP)p {DBVC.VT+TTVT~VTDW
\% 0

Hence,
dQ Dr

_ 2 : T (vr)?
o= /V (kV T+ (pCp)p {DBVC VT + T (VT) de (4.72)
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Finally, substituting (4.50), (4.60) and (4.72) into (4.42) yields:

/‘/(PCP)nf(aa_f+(U'V)T)dV—l-/‘/PnfU(a&—lt]—l-(U-V)U>dV

_/ {pnfU(—+ U- V)U)+u(71;)u2+p\1;%3+“m(@)z}dv 473)

Dr
+ / (kV2T+(pCp) {DBVC VT + =
0

Lvr) )dV

Since V is arbitrary, from (4.73) one can write

0o (G + W97 ) +p0 (G400

u? u u
zpnfU(%—lt]HU-V)U) +“(? +p\l;f +u(T)(3—y)2

Ly

0

+kVAT + (pCp), {DBVC VT +

This implies that

oT D
(PCp)ns <E +(U - V)T> = kV*T + (pCp), {DBVC VT + TT(VTV}
0
4.74
4 (T)(@)2+H(T)M2+Pbu3 @79
%y K VK
Rearranging and letting o = W, = ((;)g: ))’; gives the thermal energy equation.
88—T+(U V)T = oc,VzT-i—F{DBVC-VT—l—%(VT)z
0
L BT Gy w(TWE | ph (7
(PCpP)ur 9" (PCP)nrK ~ (pCp)usVK
oT  oT oT °T 9°T w(T)u? pbu’ w(T) ,ou.,
=5 tu=—+W--=0 + + —
ar " ox 00y t{axz 8y2} (PCP)nsK ~ (pCp)nyVK ~ (PCpP)ns 9y

oCIT 9CIT] Dr[ dT, ,oT.,
”{DB{ax o a—ya—y} *TO[W 5 H

(4.76)
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Assuming ’g—f < %, 3—5 < g—g, gives

oT oT 0°T dCIT Dr 0T, u(T) du.,
— + Vo= = 0y(5—) +T|Dp= =— + —(=)*| + —
ar Yoy =) T P oy T ) T locr oy
> 3 (4.77)
w(T)u pbu

(PCP)asK  (pCP)apvVK

Thus, (4.77) is the governing equation of thermal energy for the nanofluid flow problem. The

initial and boundary conditions are:

T(Oat> = To,
T(y,0)=Tp and D500 = =PrIOI 5 fors > 0 (4.78)
T(a,t) =T,
Here, the boundary condition Dp acgg,z) = _TDOT aTa(;)’[) is due to the passive control of the

nanoparticles.

4.1.4 Concentration Equation: The Law of Mass Balance

Let C be a concentration of the chemical species of the nanoparticles within a control volume
V and let also Cy and C,, be the concentration of the species at the cold wall and hot wall of
the microchannel respectively. The law of mass balance was applied to derive the chemical
species concentration equation. The law of mass balance, also called a material balance, is
an application of conservation of mass to the analysis of physical systems and it is stated as

follows:

Rate of change of mass of fluid Net rate at which mass enters the control

within the control volume = volume through the control surface

Then the total rate of change of the chemical species concentration C within the control

volume dV is given by
d
— cdv 4.79
< oo (4.79)

and the net rate of entry of mass of the chemical species into the control volume through the

area element dS is given by
- / Jp-Tids (4.80)
S

Now equating (4.79) and (4.80) yields:

d End
4 av=—[7,iid 4.81
dt/vppc 14 /SJp nds ( )
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where j, is the mass flux of the chemical species due to the Brownian motion and ther-
mophoresis diffusion given by J_;, = —p,(DeVC + DTOTVT) as described under the previous
subsection. Then using the Reynolds transport theorem and the Gauss divergence theorem
(4.79) becomes:

dt/ppCdV pp(/ 5 dV+/C ds) p,,(/ = dV+/V (CU) dV) (4.82)

ButV.-(CU)=C(V-U)+(U-V)C=(U-V)C, since V-U =0 from continuity equation.

Thus
4 / cav — / €+ / (U-V)CaV (4.83)
dt Vpp —Pr v ot 1% '
Again by the Gauss divergence theorem, (4.80) becomes:
— Tﬁdsz—/v-“'dv 4.84
/S]p . Jp ( )

Now using (4.83) and (4.84), (4.81) reduces to

Pl 3
pp( /V ooav+ /V (U-V)CdV) — /V V- j,dv (4.85)

Since V is arbitrary from (4.85) gives

oC o
Py (E +(U- V)C) —-V.j, (4.86)

For two dimensional flow, (4.86) can be written as

8C BC 8C . 2 DT
» (E +u$ +Voa—y) =-V.j,=V. (pp(DBVC+ TOVT)) (4.87)
Therefore, 5 5
oC aC B 0°C Dy 0°T
> +Vo— N =Dp—— e + = T 97 (4.83)

Thus, (4.88) is the governing equation for the chemical species concentration. The associated

boundary conditions are:

C(O,l) Co,
C(3,0)=Cp and  Dp?G21 = “PrITOD S for >0 (4.89)
C(a,t) =C,

Therefore, the governing equations for the flow problem are summarized as follows:

u

== 0 (4.90)
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du Ju  10dP 10 ou]l w(Tu bu?
2 Ty T p8x+p9y[“m }

EN Ry by < + B1g(T — To) + P28(C — Co)
4.91)

81)2] B(T) Q| (1)@ b

pC, (3_y) pC,K  C,VK

oT oT 0T r[ dCIT Dr

FC I R L NP MR TN

(4.92)
oc  dC 9’C Dy d*T
—+W—=Dp=—+——= 4.93
o TV0g, TPt g (4.93)
with the initial and boundary conditions:
u(0,¢) =0,T(0,t) = Tp,C(0,t) = Cp
Dg dC(0,t) _ —Dy dT(0.t)
u(y,0)=0,T(y,0) =Tp,C(y,0) = Cp and dy I dy 7 fors >0
(».0) (5.0) =To,C(y,0) =Co want) = 0.T(at) = T,
C(a,t) =C
(4.94)

4.2 Non-Dimensional Formulation

In order to non-dimensionalize the above governing equations, the following dimensionless

variables were introduced.

X:E,W:pau,f_uot _T-T _C-Gy P*:pazP
a

— . 0= L0 = , (4.95)
Uo pa? T, —To C1—Gy ,LL(%

From these dimensionless variables defined in (4.95) and using the rules of partial differen-

tiation, gives the following.

du  Jdudt Uy po oW (&)ziaW

% " acar paipadr \p) @ar (£56)
Ju JudX 1du Uy oW
ax IXdx  adX  pldxX (*97)
Ju Jdudn 1du  py oW
dy dndy adn pa’dn (499
Pu d du. W, 9 IW.In o W
a2~ 'ay) "o an) " oy oy “paran P
19P  19PJIX 1 9P ., 1 oPx
pox paxox padXx 'p)aox (+-100
JT JTdt g oT o a0
9 " dcar paar pa T lgg (+10D)
9T 9Ton 19T (T,—Tp) 8 (4102

dy dndy adn  a I
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°T 9 oT. 9 ((T,—Ty)de\ (T,—Tp) %6
e n G n ()= e e
JdC _dCIt _ po oC _ Ho .. .09
9 95 opdar pa2 G g, (4.104)
IC ICIn 19C  (C1—Cp) 39
Oy ondy aom_ a4 on (4.105)
9°C 9 ,0C, 9 [((Ci—Cy) a9\ (Ci—Cp)d*¢
RIS
d du d du d%u
5 (h05) = ) S+ g
_d an du dn d%u
—%(H( ))8—))%&—)) ( )o'?y2
_ 19 du (M) _yor,—1)9°W
_;817(“(”817 + pa3 ¢ on?
_Ho 9 pom-t B0 OW | (Ho)® 1) 0 W
a’?adn padn  pa’ an?
= (uo)zi(e*?’leﬁwao)a_ea_W_F (uo)ze*VLQ(Tw*To) I*W
pa® 90 an n pa’ an?
= _YI(TW_TO)("’LO)ze*Yle(Tw*To)a_ea_W_|_ <‘LL0)267’Y19(TW7T0) *W
pa’ andn  pa’ on?
_ (H0)* -n6(Tw—To) W _ _ a_Ga_W
= pa3 e 8112 '}’I(Tw TO)aT[ an
Hence, 5 )
9 (@) _ (o) o (3°W 369w
dy (“(T) 8y) “pad ¢ \on2 " Yanan (107

where y =71 (T, — Tp).
By using (4.95)—(4.107), the dimensionless form of the governing equations (4.90)—(4.94)

was derived as follows.
Continuity Equation

9% = 0. But using (4.97) yields g% = 2% 5. This implies that 2% 9% = 0. Since 2% #0,

we must have that %—‘;(/ =0.
Thus, the dimensionless equation of continuity takes the form:

oW

X 0 (4.108)
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Momentum Equation

8u+V8u 18P+li T&u w(Tu  bu?
ot "9y pax  pay

o )8y _p—K_W(‘f’Blg(T To) + B2g(C — Co)

Hoo 1 OW Ho OW — pg OPx | M5 (W 96 9W
= p) a’ dt + Y02 9n ~  p2d® X +p2a3e on? Y&n an

_ “0 o 70 b M o
p2ak® W- VK p2d — W+ Big(T — To) 0 + P2g(C1 — Co) 9

aW | PVoa OW _ Pk | g (W aea_w _a_ze,ye _ba
FT: Uy on X on? &n on K VK
o — T 2a3(Cy -G
ﬁlgP (2 0)0+B2gp a (21 0)¢
H Mo
ow oW 0?W 96 oW
= W+R€W :A+6—Y9 (a—nz —Y%W> —Se_YGW—FW2+Gt9+GC¢

Hence, the dimensionless momentum equation takes the form:

2
%—VZ+R6§—V;:A+6_Y9(317W ygzaa—‘j’/)—Se_wW—FWz—i-GtQ—i-Gc(l) (4.109)
_ 9P p,_ PVa ¢_d p_ ba oy _ Biep’@(Tv=To) . _ Brgp’a’(Ci—Co)
where A = — 55 Re = ug ,S—f,F—\/—E,Gt— L m O Gc= ”gl o,
Energy Equation
oT oT 9°T dCoT Dr 0T W(T) du,  w(T)u? b
Vo= == +T|D
a Ve T T Py Ty (9y)} pC, (3y) pC,K ' C,VK
,LL() 8_6 (Tw—Tp) 00 (T —To —Co) 8¢ (Tw—Ty) 26
pa a2 T TO)8 +Vo a on SeTT +F DB a a on
Dr (T To 992 Hoe v IJo ALY
e i e Ha)
0 a? p n
Hoae " s 3
+(pa) G, KW +(pa) c) \/_W

a0 apWVy d0 o;p PRL:) DB(C1 Co)p 3(1) 00 Dr (TW — T())p 20
= — + — = - +T L SE (22
dT Mo dN Mo 9N Uo anon ' T Ho an
e e a

+(“) i G ey

POa2__ = 7 w?
pa T,—Ty) dn pa’ Cy(T,—To) K

)2

Ho 1 a w3
+b w
< p > CP(TW_TO) \/E
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00 20 1 9°6 09 36 20 , oW
oY _ 99 95 i
=52 +Re an ~ Prom? +Nb8n an + Nt (an) +Ece (an

Therefore, the dimensionless energy equation takes the following form.

)2 +EcSe W2+ EcFW?

L ae 1 9°6 ¢ 06 20 , oW
FP an Pr&n Nb(?n(?n —l—Nt(an) +Ece (an) +EcSe "'W? + EcFW

(4.110)
whete Nt = 58 (T = T3) . Nb = FD3(Cy ~Co) . e = gt Pr = £t

Chemical Species Concentration Equation

aC aC 02C D7 9T

E—FV()a DBay + = T ay
& 8(]) ( C()) 8_(]) - (Cl —C()) 82(]) & (TW — T()) 829
~ pa? (G -C)ge atT +Vo a on Ds a>  Jn? + Ty a*> dn?

29 pvoaa_¢_D p d* Drp (T,—T)d*6
It mo In  "Hoan? ' T po (Ci—Co)on?

8_q)+ pVoa 99 _ Dy P [82 N Dr (TW To) aze]
ot Mo 9N to [dn* ~ DgTy (C1 —Co) 0
L) a9  1[d%  Ni9*6
=9 TR T s {8172 T Nban?
Thus, the dimensionless form of the concentration equation is given by
) 99 1[d%  Ni9d*6
P + Re 877 {an Nban (4.111)

where Sc = p“T%.
Initial and Boundary Conditions
u(y,0) =0 and u(0,t) =0=W(n,0) =0 and W(0,7) =0
u(a,t) =0=W(1,7) =0 since y=a gives n =1 because n = X

a
. -1,
T(y,0)=Ty= 6(n,0)(T,, — Tp) + To = Ty since 6 =
TW_TO

= 6(n,0)(Tw—Tp) =0
=06(n,0)=0
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Similarly, 7(0,7) =To=0(0,7)(T\w—T0)+To=To
= 0(0,7)(T, —To) =0
=6(0,7)=0

T(a,t) =T, = 06(1,7)(T, — o)+ Ty =T,

. C—-C
C(»b,0) =Co= ¢(n,0)(C1 —Co) +Co = Cy since ¢ = C C,?
1 —Co

= ¢(n,0)(C1 —Co) =0
= ‘P(’%O) =
C(a,t)=C1 = ¢(1,7)(C; —Cp) +Co = C|

= (I)(l,T)(C] —C()) :C1 —C()

C1—CG

9C(O0.0) _ ~DraT(0.0) _  (€1=C0)9(0.7) __Dr (T —To) 96(0.7)

Ds dy T dy a on Ty a an
— 8(1)(0,1‘) _ Dr (TW_TO) ae(oaf)
on  ToDp(Ci—Cop) I
2¢(0,7) Nt d6(0,7)
an  Nb dn
= np 2007 |, 0007)
an an

Therefore, the dimensionless initial and boundary conditions have the following form.

6(0,7) =0,

,T) =0,
(0,7 )+Nta9((”) 0,
0,

(
o
W (1,0) =0,6(n,0) = 0,9(n,0) = 0 and ”(T;

¢(1,7)=1

an

6(1,7) =1,

fort >0

4.112)

In general the non-dimensional form of the governing equations with the corresponding non-

dimensional initial and boundary conditions are summarized as follows.

ow
% =0 (4.113)

4+ Re— e

ow oW e[ PW 00 9W]  _h0 )
5 3n =A+te {anz lanan — e *USTW —FW* 4+ G160+ Gep  (4.114)
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2
a—9+R 96 _ 19° +Nba—¢a—9+N 96 12

2 2 —A0yy2 3
P an " Pran? a0 am (an ) +S°Ece "W +FEcW

) —I—Ece_’w(a—w

an
4.115)
29 29 2% Nt 9%6
Re —+t—=— 4.11
ot TRegy Sc[aanrNb&nz (4.116)
with the initial and boundary conditions:
( 7)=0,6(0,7) =0,
Np220T) | N, 900T) _ g
W(n,0) =0,0(n,0) =0,¢(n,0) =0 and n o © b fort>0
(1,0) (1,0) =0,¢(n,0) W(l.7)=0.0(1.7) = 1,
¢(1,7)=1
4.117)

where 7 is dimensionless time, Re is the suction/injection Reynolds number, Gt is the Grashof
number due to thermal buoyancy effect, Gc is the Grashof number due to solutal buoyancy
effect, Ec is the Eckert number, Pr is the Prandtl number, A is dimensionless axial pressure
gradient parameter, ¥ is the dimensionless viscosity variation parameter, S is the porous me-
dia shape factor parameter and F' is the Forchheimer number also called the Forchheimer
inertial resistance which is the second order porous media resistance parameter, Sc is the
Schmidt number, Nb is the Brownian motion parameter and Nt is the thermophoresis param-

eter.

4.3 Physical Quantities of Engineering Interests

Other physical quantities of practical significance in this study are the wall shear stress (or
skin friction coefficient Cy), the wall heat transfer rate (or local Nusselt number Nu) and
the wall mass transfer rate (or local Sherwood number Sk). In the study of fluid flow and
thermal systems, it is mandatory to examine the influences of the thermophysical parame-
ters on Cr, Nu and Sh. This is because, the consequences of excessive heat generation is
not only evaluated from the economy perspectives like the efficient operation of machinery,
property destruction etc. but also it may jeopardizes the lives of machine operating person-
nel. Therefore, the dimensionless skin friction coefficient Cy, local Nusselt number Nu and

local Sherwood number S/ at the microchannel walls are derived as follows.

The Wall Shear Stress: Skin Friction Coefficient (Cy)

2
pa-t, du _vo Mo OW
Cr= , where 7, = u(T)— = e W — —
T |04 pa am | g,
2 ow ow
=Cf= Piz‘uoe—yeﬂ_oz_ —e 19—
1K pa* on n=0,1 an n=0,1
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Hence, the dimensionless skin friction coefficient is given by:

aw
Cr=e "~ (4.118)
81‘] n=0,1
The Wall Heat Transfer Rate: Nusselt Number (Nu)
aT k(T,, —Ty) 96
Nu = A where ¢, = —k— = ——( w—To) -
k(TW - TO) ay y=0,a a 817 n=0,1
L Nu— agw —a k(T,—T) 8_9 _ _8_9
k(Tw—To) k(T —To) a an n=0,1 an n=0,1
Thus, the dimensionless Nusselt number is given by:
a0
Nu=—— (4.119)
aT[ n=0,1
The Wall Mass Transfer Rate: Sherwood Number (Sh)
j aC Dp(Cy —Cy) 0
Sh:a‘]—w where jW:_DB_ _M_(P
Dp(C, —Co) 9 | y-04 a N | o1
g Ww _ —a  Dp(C1-Cy)I¢ _ 99
DB(C1 —C()) DB(Cl —Co) a 817 n=0,1 811 n=0,1
So, the dimensionless Sherwood number is given by:
d
Sh = _9¢ (4.120)
IN | n=0,1

4.4 Numerical Solutions

The semi-discretization finite difference scheme also known as the numerical method of lines
(MOL) which is basically proceeds in two steps namely the space discretization and the time
integration was applied to solve the governing equations (4.114)—(4.116) with initial and
boundary conditions (4.117). This version is also known as the vertical method of lines
which is discrete in space and continuous in time. In the space discretization, the spatial
derivatives are first approximated using finite difference method in such a way that the partial
differential equations (PDEs) are transformed into a system of ordinary differential equations
(ODEs) corresponding to the solution at some grid points as a function of time.

The discretization of the governing equations is based on a linear cartesian mesh and uni-
form grid on which finite differences are taken. Both the second and first spatial derivatives
are approximated by second-order central differences. The equations corresponding to the

first and last grid points are modified to incorporate the boundary conditions. The resulting
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nonlinear system of the initial value problem (IVP) is then solved iteratively using the well
known fourth order Runge-Kutta method in MAPLE software. Thus, the semi-discretization

scheme for the velocity, temperature and concentration fields are recorded as follows.

aw; Wi —W_ v,
T =A —Re% — e 1SPW; — FW? + G16; + G
4.121
oo [ Wit =Wt Wiy 01— 6y Wit — Wi (@120
(An)? 241 2An
d6i _ p O =01 | 10120461\ 01— 9io1 Bip1 — 6y
dt 2A1N Pr (An)? 2AN 2AN
0. 0. 12 - W12 4.122)
AN | Ly Bee 0 | ZEL T 4 2Eew? 4 SPECW)
2An 2An
doi Gir1—0i—1 | 1 [ @1 —2¢i+9ir1 Nt 61 —26i+ 64y
@0 _ _RePH Ot 2 2 4.123
dt ¢ 2AN T (An)? b (An)? ( )
with initial conditions
Wi(0) =0, 6;(0)=0, ¢;(0)=0 (4.124)

where, W;(1) = W(n;,1),6;(7) = 0(n;, ), 9i(t) = ¢(n;, T) and the spatial interval [0, 1] par-
titioned into N equal sub-intervals. The grid size and the grid points are defined as An = %

andni:%forlgigN—l—l.

4.5 Results and Discussion

4.5.1 Transient and Steady State Profiles

The transient and steady state profiles for the velocity, temperature and concentration are
portrayed in figures 4.3(a), 4.3(b) and 4.4 respectively. From these figures it can be observed
that the velocity, temperature and concentration profiles show parabolic shapes with transient
increase and reach the steady states at about 7 > 0.9. Besides, figure 4.3(a) indicates that the
velocity profile attains its maximum value around the microchannel center line region and
then reduces to zero because of the no-slip boundary conditions. Figure 4.3(b) demonstrates
that the temperature profile attained its lowest value at the right wall and gradually increas-
ing towards the left wall where it attained its pick value whereas figure 4.4 shows that the
concentration profile attained its pick value at the right wall and starts decreasing gradually

towards the left wall where it attains its lowest value.

4.5.2 Parameter Dependent Solutions

Figures 4.5(a), 4.5(b) and 4.6 are double graphs that portray the effects of Re and A on the

fluid velocity, temperature and concentration profiles. In the current study, it was assumed

67



0.124
084 A=1,Re=1,Gt=0.1,Gc=0.1,y=0.1, Ec=1,5=1,

F=0.1,Pr=10, Nb=0.1,Nt=0.1,Sc=0.1
0.104

0.6
0.08+

0.06 041

1=0.1,0.2,0.4,0.9,2.0

0.04+

,Re=1,Gt=0.1,Gc=0.1,y=0.1,Ec =1,
,F=0.1,Pr=10,Nb=0.1, Nt=0.1, Sc = 0.1

0.024

0 T T T T 7
0 0.2 0.4 0.6 0.8 1

@) (b)

Figure 4.3: (a) Velocity and (b) Temperature profiles with transient and steady state solutions

that there is a uniform fluid injection into the flow regime at the left permeable wall (vertical
line 1 = 0) and suction out at the right wall (vertical line = 1). Figures 4.5(a) and 4.5(b)
portray that as the values of the suction/injection Reynolds number Re increases, both the
velocity and temperature profiles tend to decline and also it can be seen that the velocity
profile shows slightly skewing behavior towards the right wall of the microchannel. This
result is similar to the one obtained by Rundora and Makinde (2018). Indeed, the argument
for this result may be ascribed to the fact that as a fluid is sucked out of the right wall, the
velocity towards the right wall is higher than elsewhere in the microchannel and this in turn
increases the rate of convective heat transfer out of the right wall resulting in a significant

drop in fluid temperature.
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Figure 4.4: Transient and steady state solution of concentration profile
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Figures 4.5(a) and 4.5(b) also reveal that both the fluid velocity and temperature profiles
increase as the pressure gradient parameter A increases. This is the case because the fluid
motion is due to the pressure gradient and hence as A increases the fluid moves faster which
in turn increases the fluid velocity and temperature. Re and A have shown the opposite effects

on the concentration profile as depicted in figure 4.6.

14
0.251 4=0.1,0.3,0.5 Gt=1,Gc=1,Ec=1,y=0.1,5=1,F=0.1,
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Figure 4.5: (a) Velocity and (b) Temperature profiles with varying A and Re
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Figure 4.6: Effects of A and Re on concentration profile

Figures 4.7(a), 4.7(b) and 4.8 display the effects of the thermal Grashof number Gt and
the solutal Grashof number Gc on velocity, temperature and concentration profiles. The ve-

locity and temperature profiles increase with Gt and Gc as shown in figures 4.7(a) and 4.7(b).
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This is the case because as the values of Gt and Gc enhanced, the body forces acting on the
fluid (thermal and solutal buoyancy forces) also get enhanced which also enhance the veloc-
ity that in turn increase the viscous heating and hence increasing the fluid temperature. The
opposite scenario is demonstrated in figure 4.8 for the concentration profile due to the fact
that a small temperature increment will cause a very small decrement in the concentration
which is also known as the cross-diffusion effect.

Figures 4.9(a) and 4.9(b) portray that as the dimensionless variable viscosity parameter
Y increases a significant rise in the fluid velocity and temperature profiles is observed. This
is the case because an increase in 7y reduces the fluid viscosity since u(T) = upe ®. So,
the fluid becomes less viscous and hence friction between fluid layers decrease due to which
fluid velocity remains at higher levels for higher values of y. Rundora and Makinde (2018)
reported a similar result. However, increasing the values of y decreases the concentration

profile as indicated in figure 4.11(a).
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Figure 4.7: (a) Velocity and (b) Temperature profiles with varying Gt and Gc¢

The effects of the Eckert number Ec¢ on the fluid velocity, temperature and concentration
profiles are depicted in figures 4.10(a), 4.10(b) and 4.11(b) respectively. From figures 4.10(a)
and 4.10(b), it is observed that as the magnitude of Ec increases, both the fluid velocity and
temperature also increase. This result is similar to the one obtained in the papers (Rundora
and Makinde, 2018) and (Makinde et al., 2019). Physically, the Eckert number Ec¢ expresses
the relationship between the flow boundary layer enthalpy difference and its kinetic energy
which results in more heat to produce and hence Ec characterizes the viscous heating within
the flow. Therefore, as the magnitude of Ec rises the viscous heating will be enhanced within
the flow resulting in the fluid temperature increment which in turn increases the fluid velocity.
Figure 4.11(b) displays the opposite phenomena for the concentration profile.

Figures 4.12(a)—4.14(b) depict the effects of the porous medium parameters S and F on
the velocity, temperature and concentration profiles. Figures 4.12(a) and 4.12(b) portray that
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Figure 4.9: (a) Velocity and (b) Temperature profiles with varying y

both the velocity and temperature profiles decrease significantly as the porous medium shape
parameter S increases. From the literature, the studies in (Rundora and Makinde, 2018) and
(Makinde and Rundora, 2018) reported similar results. The reason behind this result is the
fact that as the value of S increases, the porous medium permeability decreases which should
naturally dampens the fluid flow and thus the observed decline in the magnitude of fluid
velocity which also results in the decrement of viscous heating which in turn decreases the
magnitude of fluid temperature. On the contrary, figure 4.14(a) reveals that as the porous
medium shape parameter S increases the concentration profile increases.

In figures 4.13(a) and 4.13(b), it is observed that the fluid velocity and temperature pro-

files decrease with increasing values of the Forchheimer number F which is also known as
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Figure 4.10: (a) Velocity and (b) Temperature profiles with varying Ec
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Figure 4.11: (a) Effect of ¥y on concentration profile and (b) Effect of Ec on concentration
profile

inertial resistance parameter. Physically, large values of F implies the stronger resistant iner-

tial force in the direction normal to the fluid flow which is due to the intensive dimensionless

drag force coefficient b since F' = pl\’;’l?. For higher values of b stronger resistivity inertial

force is effective within the fluid flow so that the velocity becomes lessen and consequently
the fluid temperature decreases. From figure 4.14(b), we can see that the Forchheimer num-
ber F' shows the opposite effect on the concentration profile.

Figures 4.15(a) and 4.15(b) are double graphs that display the effects of the Prandtl num-
ber Pr and the thermophoresis parameter Nt on the velocity and temperature profiles. Ac-
cordingly, the larger values of Pr leads to a significant decrease in the temperature profile
since higher values of Pr corresponds to low thermal diffusivity of the fluid (Pr and thermal

diffusivity have inverse relationship) which reduces the rate at which heat is transported from
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Figure 4.13: (a) Velocity and (b) Temperature profiles with varying F

the heated microchannel walls into the fluid that was initially at zero temperature. Hence, as
observed in figure 4.15(b) the fluid temperature decreases as the value of Pr increases which
in turn decreases the fluid velocity profile as shown in figure 4.15(a). This result is similar
to the one obtained by Makinde et al. (2019), Makinde and Rundora (2018) and Sarkar et al.
(2019) but the opposite was observed in Rundora and Makinde (2018). On the other hand,
thermophoresis is a mechanism in which small particles are pulled away from hot surface to
cold one and thus, figures 4.15(a) and 4.15(b) declare that as the value of Nt enhances, both
the velocity and temperature profiles also enhance. The reason behind this argument is that
an enhancement in Nt yields a stronger thermophoretic force which allows deeper migration
of nanoparticles from hot surface to cold fluid resulting in higher fluid temperature which
in turn results in higher fluid velocity. Figure 4.16(a) shows that the concentration profile

increases with both the Prandtl number Pr and the thermophoresis parameter Nt.
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Figure 4.14: (a) Effect of S on concentration profile and (b) Effect of F on concentration
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Figure 4.15: (a) Velocity and (b) Temperature profiles with varying Pr and Nt

Figure 4.16(b) is also a double graph that displays the effects of Sc and Nb on the con-
centration profile. It shows that the concentration profile increases with the Schmidt number
Sc. Physically, larger values of Schmidt number Sc indicate less mass diffusion which causes
the concentration of nanoparticles to remain larger in the fluid. On the other hand, the Brow-
nian motion is an arbitrary disorganized motion of nanoparticles dispersed in the base fluid
resulting from their collision with moving molecules of the base fluid. Consequently, the
concentration profile shows a decreasing behavior with increasing values of the Brownian
diffusion parameter Nb as shown in figure 4.16(b). The argument behind this result is that
when the magnitudes of Nb increases, the random motion and also collision of the nanopar-
ticles in the fluid increase which reduce the concentration of the nanoparticles in the fluid.

Similar results were observed for the nanofluid velocity and temperature as illustrated in
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Figure 4.16: (a) Effects of Pr and Nt on concentration profile and (b) Effects of Sc and Nb
on concentration profile
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Figure 4.17: (a) Velocity and (b) Temperature profiles with varying Sc and Nb

figures 4.17(a) and 4.17(b) respectively.

4.5.3 The Wall Shear Stress, Wall Heat and Mass Transfer Rates

This subsection comprises the effects of flow parameters on the wall shear stress, wall heat
and mass transfer rates. Indeed, the graphical results that are illustrated in this subsection
for the skin friction coefficient Cy, the Nusselt number Nu and the Sherwood number Sh
are plotted for large time, say 7 > 2 (steady state) and thus the results obtained may not be
affected by time increasing for all parameters values as a consequence of the results obtained

in subsection 4.5.1.
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The Wall Shear Stress: Skin Friction Coefficient

The effects of pertinent parameters on the wall shear stress at the left wall 7 = 0 and at the
right wall n = 1 are illustrated in figures 4.18(a)-4.21(b). Consequently, from these graphs
it can be observed that the wall shear stress, coefficient of skin friction Cy (at both left and
right walls) shows an increasing behavior with increasing values of the Eckert number Ec¢ and
the thermal Grashof number Gt for varying scaled values of the suction/injection Reynolds
number Re. The results in the works of Rundora and Makinde (2018) and Makinde et al.
(2019) are similar with the outcomes of the present work. The pressure gradient parameter
A, the Schmidt number Sc and the Prandtl number Pr also show an increasing effect on Cy (at
both left and right walls) for varying scaled values of the suction/injection Reynolds number
Re. However, the Forchheimer number F' and the porous medium shape parameter S have a
decreasing effect on Cr at both walls of the microchannel. In addition, Cy increases as the
values of the variable viscosity parameter Y increases at the left wall of the microchannel n =
0 (see figure 4.21(a)) whereas Cy decreases with increasing values of the variable viscosity
parameter Y at the right wall n =1 (see figure 4.21(b)).
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Figure 4.18: (a) Skin friction at 1 = 0 and (b) Skin friction at 1 = 1 with varying A, F and
Re

The Wall Heat Transfer Rate: Nusselt Number

The effects of prominent governing flow parameters on the wall heat transfer rate at the left
wall 7 = 0 and at the right wall 1 = 1 are portrayed in figures 4.22(a)-4.25(b). Accordingly,
from these graphs it can be seen that the wall heat transfer rate, the Nusselt number Nu at
both left and right walls shows an increasing behavior with increasing values of the variable
viscosity parameter ¥ and the thermal Grashof number Gt for varying scaled values of the

suction/injection Reynolds number Re. This result is similar to the one obtained by Rundora
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Figure 4.19: (a) Skin friction at 1 = 0 and (b) Skin friction at n = 1 with varying S, Ec and
Re
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Figure 4.20: (a) Skin friction at n = 0 and (b) Skin friction at n = 1 with varying G, Sc and
Re

and Makinde (2018). Likewise, Nu at both left and right walls shows an increasing behavior
with increasing values of the pressure gradient parameter A, the Schmidt number Sc and the
Prandtl number Pr for varying scaled values of the suction/injection Reynolds number Re.
Nevertheless, the Forchheimer number F' and the porous medium shape parameter S have a
decreasing effect on Nu at both walls of the microchannel. As presented in figure 4.23(a), the
Nusselt number Nu increases as values of the Eckert number Ec¢ increases at the left wall of
the microchanneln = O but figure 4.23(a) revealed that Nu decreases with increasing values
of the Eckert number Ec at the right wall n = 1.
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Figure 4.21: (a) Skin friction at n = 0 and (b) Skin friction at n = 1 with varying ¥, Pr and
Re

A4=0,0.1,02,03

A

Ge=1,Ec= 1,y=0.1,5=1,Pr=10, =
>~
~

Nb=0.1,Nt=0.1,S5c=0.1

177/
V44
777/

A4=0,0.1,0.2,0.3

I
¢

-3 NS
AN
2 Ge=1,Ec= 1,y=0.1,5=1,Pr=10, N\
-4 Nb=0.1, N¢e=0.1,Sc=0.1 NN
1 F=0’l’2’3 == = §
‘ ‘ S———— ; ; ; ; ; :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Re Re
(@ (b)

Figure 4.22: (a) Nusselt number at 7 = 0 and (b) Nusselt number at 1) = 1 with varying A,
F and Re

The Wall Mass Transfer Rate: Sherwood Number

The effects of the governing flow parameters on the wall mass transfer rate at the left wall
1 =0 and at the right wall 11 = 1 are given in figures 4.26(a)-4.29(b). As aresult, these graphs
depict that the wall mass transfer rate, Sherwood number Sh at both left and right walls
shows an increasing trend with increasing values of the pressure gradient parameter A, the
variable viscosity parameter 7, the thermal Grashof number Gt, the Schmidt number Sc and
the Prandtl number Pr for varying scaled values of the suction/injection Reynolds number

Re. Nonetheless, the Forchheimer number F and the porous medium shape parameter S
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Figure 4.23: (a) Nusselt number at 7 = 0 and (b) Nusselt number at 1 = 1 with varying S,
Ec and Re
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Figure 4.24: (a) Nusselt number at 7 = 0 and (b) Nusselt number at n = 1 with varying Gz,
Sc and Re

have a decreasing effect on Sh at both walls of the microchannel. From figure 4.27(a), it is
noticed that Sh increases as values of the Eckert number Ec increases at the left wall of the
microchanneln = 0 while figure 4.27(b) shows that Sk decreases with increasing values of

the Eckert number Ec at the right wall n = 1.
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Figure 4.25: (a) Nusselt number at 17 = 0 and (b) Nusselt number at 1) = 1 with varying 7,

Pr and Re
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Figure 4.26: (a) Sherwood number at 7 = 0 and (b) Sherwood number at 1 = 1 with varying

A, F and Re
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Figure 4.27: (a) Sherwood number at 7 = 0 and (b) Sherwood number at 11 = 1 with varying
S, Ec and Re
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Figure 4.28: (a) Sherwood number at 7 = 0 and (b) Sherwood number at 1 = 1 with varying
Gt, Sc and Re
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Figure 4.29: (a) Sherwood number at 7 = 0 and (b) Sherwood number at 11 = 1 with varying
A, Pr and Re
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CHAPTER 5

MODELING HEAT TRANSFER ENHANCEMENT OF FERROFLUID FLOW IN
A MICROCHANNEL FILLED WITH A POROUS MEDIUM

The heat transfer characteristics and the hydrodynamical properties of ferrofluid in mi-
crochannels in the presence of porous media with non-uniform permeable walls temperature
plays an important role in modern microfluidic applications, such as solar collectors, nuclear
reactors, micro-electro-chemical cell transport, micro heat exchanging, microchip cooling,
and electronic equipment. Therefore, this chapter aims to present the investigation of forced
convection flow and heat transfer characteristics of ferrofluid (Fe304 — H>O) through a mi-
crochannel with non-uniform permeable walls in the presence of a porous medium. The
Tewari and Das single phase nanofluids flow model was used to study the hydrodynamic and

thermal behaviors of ferrofluid.

5.1 Mathematical Model Formulation

Assume that the flow is viscous and unsteady as well as the fluid is Newtonian ferrofluid
(Fe304 — H>0) passing through the microchannel in the presence of a saturated porous
medium. Also assume that the walls of the microchannel are permeable and located at y =0

and y = a as indicated in figure 5.1, where a designates the walls separation length.

u=0v="V,T=T,

- ..T_ _T_ _T_ - _T_ -T- -V = a(suction)

.
11

T TR . ¥
Flow direction Femrofluid ‘
. 1]
- -T. - .T-T- - -T-T- = =y = 0 (injection)
Uu=0v="V, T =1

Figure 5.1: Flow Geometry and the Coordinate System

The flow is assumed to be driven by the Darcy-Forchheimer inertial resistivity force and
the pressure gradient. Moreover, injection of the ferrofluid into the microchannel occurs
at the cold wall (y = 0) while the suction of the ferrofluid out of the microchannel takes

place through the hot wall (y = a). When the time ¢ = 0, the temperature of the ferrofluid
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is kept at 7y and the ferrofluid is in the stationary point. When the time is large (r > 0),
the flow process happens only after the ferrofluid begins to travel with the time inside the
flow regime of the microchannel. It is also assumed that there are no-slip conditions at the
walls for the ferrofluid velocity, and the temperature of the walls is considered to be not
uniform so that the cold wall of the microchannel is positioned at temperature 7y whereas
the hot wall is positioned at temperature 7Ty where 7o < T,,. The initial temperature is zero
within the ferrofluid flow regime but the temperature at the walls is kept to be constant. The
temperature-dependent dynamic viscosity of the ferrofluid is considered as an exponentially

retarding function of temperature 7 and thus written as pt,(T) = s e N7 =T0)

, where 71 is
a viscosity variation parameter and Uy is the base fluid (water) dynamic viscosity. Further-
more, in the model equations, it it also assumed that convection terms in the axial direction
are very small and are ignored as compared to the convection terms in the normal direction
and hence we have, aa—§ < %—g, % < g—';

Indeed, the flow model in this chapter is similar to the one in the previous chapter ex-
cept the effect of gravitational acceleration is assumed to be negligible. Thus, by taking all
the aforementioned assumptions into account as well as employing the Darcy-Forchheimer
porous medium flow model, the equations of continuity, linear momentum and energy that

govern the flow of the ferrofluid are given as follows:

% =0 (5.1)
du du 1 JoP 1 0 oul  up(T)u  bu?
—+Vo=—=—5—+—= U | — — 5.2
dt "9y pur Ox | pusdy {“ 3 >8y] pnK VK 62

oT oT _ kn s 9°T [.Lnf(T) % 2 [.Lnf(T)u2 pnfbu3 (5.3)

__|_ _
ot Yy (PCpur 32 (PCplag 9y’ (PCoarK | (pCplusvK

with the initial and boundary conditions:

0,1) =0, T(0,t) =Ty,

u(y,0) =0,7(y,0) =Ty and
(-,0) (,0) 0 u(a,t) =0, T(a,t)=T,,

} fort >0 (5.4)
where 7 is time, u is ferrofluid velocity in the axial direction, Vj is a constant suction/injection
velocity at the walls, a is width of the microchannel, p,, s is density of the ferrofluid, u,¢(T') is
the temperature-dependent ferrofluid dynamic viscosity, P is ferrofluid pressure, T is the fer-
rofluid temperature, (0Cp), is the ferrofluid specific heat capacitance at constant pressure,
kyy is thermal conductivity of the ferrofluid, K is permeability of the porous medium, and b
denotes coefficient of the porous inertia resistance also called the dimensionless Forchheimer
constant where b = 0 represents the Darcy law.

Following (Tarafdar et al., 2018; Hamid et al., 2018), the effective thermophysical prop-

erties of the ferrofluid in terms of that of the base fluid and nanoparticles are presented by
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the following formulae.

Puf = (1=@)pr+@ps, (pPCp)nr = (1—¢)(pCp)s+@(pCp)s
 pperI=h) kg ks +2ky — 2@ (ks — ks) (5.5)
Bl =005 ky ~ kot 2k + @k —ky)

where p; is the base fluid density, py is the nanoparticles density, k¢ is thermal conductivity
of the base fluid, &, is thermal conductivity of the nanoparticles, ¢ is volume fraction of the
nanoparticles, L is dynamic viscosity of the base fluid, (pCp)  is specific heat capacitance of
the base fluid at constant pressure and (pCp); is specific heat capacitance of the nanoparticles

at constant pressure.

Table 5.1: Thermophysical Properties of the Base Fluid and Nanoparticles (Tarafdar et al.,
2018; Hamid et al., 2018)

Physical Properties | p(kg/m®) | Cp(J/kg-K) | k(W /m-K)
H,O 997.1 4179 0.613
Fe304 5180 670 9.7

5.2 Non-Dimensional Formulation

Define the following non-dimensional variables to convert the governing equations (5.1)—(5.4)

into dimensionless forms.

Y X _ prau Uyt T-To . pfazP
n_aax—aaw— l,l,f ,T_pfaz,e_Tw—TO’ - “J% (56)
From the dimensionless variables defined in (5.6), one can have the following.
du_dudt _ Ky ﬁa_W_(ﬁ)Zia_W (5.7)
ot 9t dt pratpadt  py’ @’ dt '
du_0udX _1ou_ u oW 55
dx 0X dx adX pra? X '
du_oudn _1ou_ oW 59)
dy dnady adn pra?adn '
Pu_ 0 duy 9 Wy oW, 9 900 _ W IW
dyr  dy dy’  dy pratdn’ Jn dy dy psa’ In? '
2
1 aP_La_PQ_X_ 1 JP Hi 1 dPx 5.11)

@E N Pnf 0X Jdx N pnfaﬁ - pnfpfa_3 0X
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JT JdT Jdt

o1 dtdt  psa® ot pfaZ(TW_TO)&_ .12
OT _9Ton _ 19T _(T,—T) a8 (5.13)
dy onady adn  a on '
2 _ _ 2
PT_ 00T, 9 ((1,-T)08) _(T,-T)% .1
dy> dy' dy dy a dJn a>  dn?
0 Ju d du 0%u
52 (D) = S g (T G g (1) %
_d an du dn 0u
—%(Un ( ))8_)/%8_3; " (T)a_yz
19 du uy 0Ty O°W
= 2o Mgt o g an?
_ Hr i[ —n6(T,—Ty), Hf oW “f% *VIG(TW*TO)aZ_W
a*(1—¢)* dn pradn = pra(l—@)*> an?
— ‘LL% i( 7’)/19(TW7T0)8_98W 'u’% 7716(TW7T0)82_W
pra’(l—¢@)>> 06 on n = prad(l—e)* an?
_7’1( TO)“f %e(waTo)a_e oW + NJ% ~n6(Tv—To) W
pfa3(1—(p) an an  prad(l1—¢@)*> an?
_ H7 p6t1) [ O°W 909w
~ prad(1-)25° oz~ M Tog Gy
Hence,
19 du 1 uy . <a w96 aW)
— o pp(T) == ) = ———TL 7 — (5.15)
pnf8y<“ s )9y> Puf pra*(1—@)*> an? ~ Yan on

where v =y (T, — Tp).

ur oT _ Wy

Then by using (5.7)—(5.15), the dimensionless forms of the governing equations were

derived as follows.
Continuity Equation
= 0. But from (5.8), it is possible
Since p 2 > # 0, one must have that

takes the form:

Momentum Equation

1 dP

pnf ox

au _

du
ot

du _ M oW
ox pfa2 8X

= 0. Thus, the dimensionless equation of contmuity

Mf W _

to have This implies that

oW

1 0 oul  Mnr(T)u  bu?
— T, (T | - _
Py Iy {“ i by} Pk VK
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2 2
(ﬁ)ZLaW e oW Hf 10Px 1 Ky e 82W_y8_98_W
pr’ @ dt ' Upp@dn T puprd® 9X | pusprad(1— o) an?  ‘dndn
uye ™ bUF 2
 Purprak(1— )25 VKpja?

:>8W+V0apf8W _prdPx py e ? <82W aeaW) pra* e

S w
9t w9 pur 90X pur(1-@23\ a2 Tanan ) b K (1- )23
_b_aW2
VK
ow ow  py pr e <82W aeaw> pr e b 5
IV L ReZ =Pl P 220N Pr W— 2w
9t N " pur pur(1—@)\an?  'anan ) puDa(i—9)> " Vba
Pus [OW 8W} e 79 <82W 00 8W> e 70 Pnp b s
=TT LR | =G _ 42 _
Pf[af+ “om g3\ on? anan ) Da(i-e) Pr v/Da
g2 ][ gV Ly € (FW000WN e
Tl ot T T T =95\ an2  Yonan ) Da(l—)%
Ps| b o
11—+ }—W since P,r=(1— + @p;
[ ¢+ | Vba Pnf = (1—@)pr+@p

Therefore, the dimensionless form of the momentum equation takes the form:

1 [ow ow 19 (92w 90 IW
e

dt an (1—¢)5 [an> Toanan
(5.17)
e Mw { (p+(ppyl bW?
(1 —(p)2-5Da Py /D
whereG—%i,R p’;lvfoa,Da:%.
Energy Equation ‘

aT ny aT ks 9°T [.Lnf(T) @ 2 ,LLnf(T)M2 p,,fbu3
ar oy (Pcp)nf dy* ~ (pCp)ny 9y (PCo)nfK — (pCp)nsVK

— _ 2 2
- Hy (TW—TO)a—e—l—Vo(TW To) 89_ kg (T, — Tp) 0-6 ,LLnf(T) My aw

L @ I (PChy @ AW (pCpas plat I

oy (T) “jzf 2 Pnsb “.i%
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00 Vopsad® _ ki pro®6 e 10 W7 oW 1y
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Thus, the dimensionless form of the energy equation resembles the following.

B (pCp)s ][00 907 1 [ks+2ks —2¢(ks —ks)] 026
j’{l P P0c,); | [ae TR | T Prl ke 2k ol —) | a2
—v0 -0

eV oW, Ec e W2 (5.18)

s o) T ha T g
+ 22 o+ |w
\/Da{ ¢ (pr
_ K7 _ My(Cp)y
where B = Sraey ammy P w

Initial and Boundary Conditions
The corresponding dimensionless initial and boundary conditions are:

W(1,0)=0,0(n,0)=0, and W(1,7)=0,6(1,7)=1, pfort>0 (5.19)

Consequently, the non-dimensional forms of the governing equations are summarized as
follows:

ow
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ool | [V g W] g, e [PW oeaw
PO or T | T T =925 [an? T Yan am
(5.21)
_ﬂ_{ o &]b_WZ
(1—¢)*Da o/ /Da
B (pCp)s ][00 90 1 [ke+2ks—2¢(kf—ks)] 926
[1 O och ot T | T Pr| et 2k otk —ky) | a2 52
Ece™® oW , Ec 7 , DbEc Ps .3 '
+ + Wt —|1-0+0—|W
(T—¢75an) " Dai— g3 VDa[ Y (pr}
The corresponding dimensionless initial and boundary conditions are:
w(0,7) =0,6(0,7) =0,
W(n,0)=0,0(n,0)=0,and W(1,7)=0,0(1,7)=1, pfort>0 (5.23)

where 7 is non-dimensional time, Re is dimensionless Reynolds number or suction/injection
parameter, E ¢ denotes Eckert number of the base fluid, Pr is Prandtl number of the base fluid,
G is non-dimensional pressure gradient parameter, ¥ is non-dimensional dynamic viscosity

variation parameter, and Da designates the Darcy number.

5.3 Physical Quantities of Engineering Interests

The coefficient of skin friction Cr and the wall heat transfer rate (local Nusselt number) Nu
are among other physical variables with great concern in engineering. Hence, the dimension-
less coefficient of skin friction Cr and local Nusselt number Nu take the following forms.

The wall shear stress: Coefficient of skin friction (Cy)

2

pra du Wy _yo Mf OW

Cr==—5-1,, where 7, = l,r(T)= = eV
/ IJJ% " " " ay y=0,a (1 - (P)Z'S pa2 811 n=0,1
up (L=@)>  pra®on [, (1—9)5 dn |,
Hence, the dimensionless skin friction coefficient is given by:
e’ dw
Cr=———5z — (5.24)
T (=9)25 dn |,
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The wall heat transfer rate: Nusselt number (Nu)

aT knr(T, —Tp) 06
Nu=—29 _ where G = —knf—— _kap(Tw —Tp) 96
k(T —To) dy y=0,a a an n=0,1
— k(T — T kn
kp(Tw—To)  ke(T —To) a n=0,1 kp dn {520,
knr 00 ks+2kr—2¢@(k k d
L R LIUE }_
kg an n=0,1 k —|-2kf—|—(p ky— kg d n=0,1
Therefore, the dimensionless Nusselt number is given by:
ks+2kr—2@(ks—kg) | dO
ky+2ks+@(kp—ks) | dn 1=0,1

5.4 Numerical Solutions

The system of governing equations (5.21)—(5.22) along with the initial and boundary con-
ditions (5.23) were solved by using the semi-discretization finite difference method. The
method is also called the method of lines which comprises two steps namely time integration
and space discretization. Firstly, the spatial derivatives were approximated by the central
finite difference method so that the governing partial differential equations (PDEs) were
converted into a system of ordinary differential equations (ODEs) as a function of time that
corresponds to the solution at some grid points. Secondly, the resulting nonlinear system of
the initial value problem of ODEs is iteratively solved by employing the fourth order Runge-
Kutaa integrator using the Maple software. As a consequence, the semi-discretization finite

difference scheme for equations (5.21)—(5.23) resembles the following form:

Ps Ps Wip1 —Wica
-+ G—|1—o+ 1
i (A

2An
. e 10 [sz —2Wi+ Wi _y9i+1 — 01 Wip1 — Wiy
(1-9)? (An)? 241 241
e 10w ps | bW?
R A b

(5.26)
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Cp)s 1 d6;
1—<P+(P(p P)] _

(PCP)s | ,, Oit1—0i—1
A R
(PCp)r] dt ‘

—| 11—+
{ PP 0Ch); 2An
1 |:ks+2kf—2(p(kf—ks):| 0,1 —26,+ 061

Pr ks+2kf+(P(kf—ks)2 (An)? (527)
L Ece™ % lWiH—WH] Ec e 1% W2
(1-9)*> [ 2an Da(1—¢)>> "
with initial conditions:
W;(0) =0, 6;(0)=0 (5.28)

where, W;(t) = W(n;,7), 6;(t) = 6(n;,7) and the interval for spatial which is [0, 1] was
subdivided into N sub-intervals of equal length. The size of the grid is defined as An = %
and the grid points are defined as 1; = ﬁ forl<i<N+1.

Moreover, the values for pr, ps, (Cp) 7, (Cp)s, kr, ks that are appearing in the semi-discretized

equations (5.26)—(5.27) are taken from Table 5.1 during the numerical computation.

5.5 Results and Discussion

5.5.1 The Transient and Steady State profiles

Figures 5.2(a) and 5.2(b) portray the steady state and the transient solutions for velocity
and temperature of the ferrofluid. These figures display that both velocity and temperature
profiles show a parabolic transient surge and attain the states of steadiness nearly at 7 > 2.0.
In addition, the no-slip boundary conditions at the walls leads the ferrofluid velocity to reach
its peak value at about the center and then decrease to zero as depicted in figure 5.2(a). The
ferrofluid temperature gradually increasing towards the cold wall of the microchannel where

it obtained its maximum value as demonstrated in figure 5.2(b).

5.5.2 Parameters Dependent Solutions

The effects of the suction/injection Reynolds number Re and the dimensionless pressure gra-
dient parameter G on the ferrofluid velocity and temperature are portrayed in figures 5.3(a)
and 5.3(b) respectively. The present study has taken into account that a uniform injection
of ferrofluid into the flow regime through the cold wall (vertical line n = 0) whereas fer-
rofluid suction out occurs through the hot wall (vertical line n = 1). From figure 5.3(a), it
can be noticed that the ferrofluid velocity decreases with increasing values of Re where it
also shows a slight skewing pattern towards the microchannel hot wall. Physically speaking,
an increment in the suction at the wall of the microchannel decreases the rate of flow inside

the core region. However, figure 5.3(b) indicates that the ferrofluid temperature increases as
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Figure 5.2: (a) Velocity and (b) Temperature of ferrofluid for transient and steady state
solutions

Re increase. The reason behind this result may be because an increase in Re implies a rise
in ferrofluid suction at the permeable wall with convective heat loss, leading to an increase
in the ferrofluid temperature within the core region. Moreover, figures 5.3(a) and 5.3(b) il-
lustrate that both ferrofluid velocity and temperature rise with increasing values of G. The
reason for this result is, the ferrofluid motion is driven by the axial pressure gradient. That
is, increasing values of G implies that the ferrofluid flows faster which leads to the ferrofluid

velocity and temperature increment.
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Figure 5.3: (a) Velocity and (b) Temperature of ferrofluid for increasing values of G and Re

Figures 5.4(a) and 5.4(b) portray the influence of volume fraction of nanoparticles on the

ferrofluid velocity and temperature. Both the ferrofluid velocity and temperature decline as
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the value of ¢ increases. The argument for this result can be when @ increases the ferrofluid
dynamic viscosity rises that results in the decrement of ferrofluid velocity which also, in turn,

decreases its temperature.
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Figure 5.4: (a) Velocity and (b) Temperature of ferrofluid for increasing values of ¢
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Figure 5.5: (a) Velocity and (b) Temperature of ferrofluid for increasing values of y

Figures 5.5(a) and 5.5(b) exhibit that the velocity and temperature of the ferrofluid rise
significantly with the dimensionless variable viscosity parameter. This result may be at-
tributed to the fact that as y increases, the viscosity of the ferrofluid decreases because
u(T) = uoe~"9. Therefore, the friction within the ferrofluid particles reduces which in turn
increases the ferrofluid velocity.

Figures 5.6(a) and 5.6(b) present the influences of the Darcy number Da and the Forch-

heimer constant b on the ferrofluid velocity and temperature. Both the ferrofluid velocity
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Figure 5.6: (a) Velocity and (b) Temperature of ferrofluid for increasing values of Da and b
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Figure 5.7: (a) Velocity and (b) Temperature of ferrofluid for increasing values of Ec

and temperature show a significant increase with increasing values of Da as portrayed in
Figures 5.6(a) and 5.6(b). This result is attributed to the fact that when the value of Da in-
creases, the permeability of the porous medium increases that indeed support the flow of the
ferrofluid and, hence the noticed increase of ferrofluid velocity that in turn increases the fer-
rofluid temperature. In contrast, the same figures reveal that both velocity and temperature of
the ferrofluid decline as the Forchheimer constant b that is also called the inertial resistance
parameter increases. A bigger value of b implies that there is a stronger inertial resistivity
force acting in the normal direction to the flow of the ferrofluid. For a large magnitude of
b stronger inertial resistivity force is in effect inside the flow region of the ferrofluid as a

consequence of which the ferrofluid velocity turns out to be lessening which also results in
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the decline of the ferrofluid temperature.

The effect of the Eckert number Ec on the velocity and temperature profiles of the fer-
rofluid is depicted in Figures 5.7(a) and 5.7(b) respectively. From these figures, it can be
noticed that as the magnitudes of Ec increase, both velocity and temperature of the ferrofluid
rise. Indeed, Ec indicates the relation between the enthalpy difference of flow boundary
layer and its kinetic energy that leads to the generation of an extra heat and thus describes
the viscous heating inside the region of flow. Consequently, when the magnitude of Ec in-
creases the amount of viscous heating also increases inside the region of flow leading to the

increment of the ferrofluid temperature that also results in the rise of the ferrofluid velocity.
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Figure 5.8: (a) Velocity and (b) Temperature of ferrofluid for increasing values of Pr

Figures 5.8(a) and 5.8(b) display the effects of the Prandtl number Pr on the ferrofluid
velocity and temperature profiles. Accordingly, a rise in values of Pr results in an increment

of the ferrofluid velocity and temperature profiles. The argument behind this result is the

momentum diffusivity
thermal diffusivity

value of Pr enhances the momentum diffusivity that results in the enhancement of velocity

fact that physically Pr is defined as Pr = and therefore, the elevated

and temperature profiles of the ferrofluid.

5.5.3 The Wall Shear Stress and Wall Heat Transfer Rate

This subsection encompasses the influences of the embedded flow parameters on the wall
shear stress (coefficient of the skin friction) and wall heat transfer rate (local Nusselt num-
ber). Actually, all plotted graphs elaborated under this subsection for the coefficient of the
skin friction Cy and the Nusselt number Nu are sketched for larger time, 7 > 2 (steady state)
and therefore the results found may not be disturbed by an increment in values of the time for

every value of the parameters as a consequence of the result found under subsection 5.6.1.
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The Shear Stress at the Wall: Coefficient of the Skin Friction

The effects of the nanoparticles volume fraction ¢ and Ec on the cofficient of skin friction
are indicated in figures 5.9(a) and 5.9(b). Figure 5.9(a) indicated that the coefficient of skin
friction at the cold wall of the microchannel was increased with ¢ and Ec. Physically, the
coefficient of skin friction is a decreasing function of ferrofluid temperature as presented
in equation (5.24). Besides, as indicated in figure 5.4(b), higher values of ¢ imply lower
ferrofluid temperature. Therefore, as ¢ increases the coefficient of skin friction at the cold
wall (n = 0) of the microchannel increases as shown in figure 5.9(a). The reverse scenario

was noticed at the hot wall (1] = 1) of the microchannel as displayed in figure 5.9(b).
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Figure 5.9: (a) Skin friction at n = 0 and (b) Skin friction at 1 = 0 with increasing values
of ¢ and Ec

Figure 4.10(a) showed that the coefficient of skin friction at the cold wall of the mi-
crochannel increases as the dimensionless variable viscosity parameter ¥ and Ec¢ increase
whereas the coefficient of skin friction at the hot wall decreases (see figure 5.10(b)). This
may be justified as the hot wall gets more heat than the cold wall for higher values of 7.

Figures 5.11(a) and 5.11(b) described that the skin friction coefficient for both cold and
hot walls of the microchannel increases as the Darcy number Da and Ec increases. This may
be the case because the ferrofluid velocity increases with Da as shown in figure 5.6(a) and as
a consequence, Cy at both walls increases with increasing values of Da.

Figures 5.12(a) and 5.12(b) showed that the coefficient of skin friction for both cold
as well as hot walls of the microchannel decreases as the Forchheimer constant b and Ec
increase. This may be the case because the ferrofluid temperature decreases with b as shown
in figure 5.6(b) and as a result both walls may acquire heat equally.

Figures 5.13(a) indicated that the skin friction coefficient for the cold wall of the mi-

crochannel decreases as the Prandtl number Pr and Ec increase. The opposite is observed
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Figure 5.10: (a) Skin friction at 7 = 0 and (b) Skin friction at 1 = 1 with increasing values
of yand Ec

for the hot wall as displayed in fig 5.13(b). These results may be justified as when Pr in-

creases the cold wall of the microchannel gets more heat than the hot wall.
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Figure 5.11: (a) Skin friction at 7 = 0 and (b) Skin friction at 1 = 1 with increasing values
of Da and Ec

Rate of Heat Transfer at the Wall: The Nusselt Number

Figures 5.14(a) and 5.14(b) indicated that the heat transfer rate at both hot and cold walls
of the microchannel decreases as the value of the nanoparticles volume fraction ¢ and Ec
increase. The argument behind this result may be, as @ increases the ferrofluid temperature

decreases as shown in figure 5.4(b) which results in a decline in the rate of heat transfer at
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Figure 5.12: (a) Skin friction at n = 0 and (b) Skin friction at 7 = 1 with increasing values
of band Ec
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Figure 5.13: (a) Skin friction at 7 = 0 and (b) Skin friction at 1 = 1 with increasing values
of Prand Ec

both walls of the microchannel.

Figures 5.15(a) and 5.15(b) described that the heat transfer rate at both cold and hot
walls of the microchannel rises with the dimensionless variable viscosity parameter y and
Ec. The reason behind this result may be, as Y increases the ferrofluid temperature increases
as shown in figure 5.5(b) which in turn enhances the heat transfer rate at both walls of the
microchannel.

Figures 5.16(a) and 5.16(b) illustrated that the heat transfer rate at both hot and cold
walls of the microchannel increases as the values of the Darcy number Da and Ec¢ increase.

The justification for this result may be, as Da increase the ferrofluid temperature increases
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Figure 5.14: (a) Nusselt number at 7 = 0 and (b) Nusselt number at 1) = 1 with varying ¢
and Ec
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Figure 5.15: (a) Nusselt number at 1 = 0 and (b) Nusselt number at 1 = 1 with varying y
and Ec

as illustrated by figure 5.6(b). Consequently, the rate of heat transfer at both walls of the
microchannel increases.

Figures 5.17(a) and 5.17(b) demonstrated that the rate of heat transfer for both hot and
cold walls of the microchannel decreases as the values of the Forchheimer constant » and
Ec increase. This is the case because as b increases the ferrofluid temperature decreases
as shown in figure 5.6(b) as a result of which the rate of heat transfer at both walls of the
microchannel decreases.

Figures 5.18(a) and 5.18(b) revealed that the rate of heat transfer for cold and hot walls

of the microchannel increases with the Prandtl number Pr and Ec. The argument behind this
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result may be, as Pr increases the ferrofluid temperature increases as shown in figure 5.8(b)

as a result of which the rate of heat transfer for both walls of the microchannel increases.
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Figure 5.16: (a) Nusselt number at 7 = 0 and (b) Nusselt number at 1 = 1 with varying Da
and Ec
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Figure 5.17: (a) Nusselt number at 17 = 0 and (b) Nusselt number at n = 1 with varying b
and Ec
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CHAPTER 6

UNSTEADY MIXED CONVECTION OF A RADIATING AND REACTING
NANOFLUID WITH VARIABLE PROPERTIES IN A POROUS MEDIUM
MICROCHANNEL

Radiating and reacting nanofluids flow in microchannels with non-uniform permeable walls
temperature and filled with porous media plays an important role in the modern industrial
and engineering applications. Therefore, this chapter presents the investigation of hydrody-
namical characteristics and thermal properties of radiating and reacting nanofluid with vari-
able transport properties in a microchannel filled with a porous medium. The Buongiorno
nanofluid model is employed and the convective boundary condition is also taken into con-
sideration. Indeed, the work in this chapter is an extension of the model problem studied in

chapter 4.

6.1 Mathematical Model Formulation

Consider unsteady mixed convective flow of Newtonian incompressible nanofluid in a mi-
crochannel filled with a saturated porous medium having permeable walls placed at y =0
and y = a as shown in figure 6.1, where a denotes the distance between two permeable walls
of the microchannel. It is assumed that the flow is driven by the combined actions of ax-
1al pressure gradient together with fluid body forces due to solutal and thermal buoyancy
variations. Furthermore, a nanofluid injection into the microchannel takes place through the
left wall (y = 0) while a nanofluid suction out of the microchannel occurs at the right wall
(y = a). At time ¢t = 0, the fluid temperature is maintained at 7; and the fluid is in the static
position. For large time (¢t > 0), the flow occurs only when the nanofluid starts to move with
the time within the microchannel flow regime and is subject to a convective heat exchange
with the surrounding boundaries.

For the axial velocity at the walls, no-slip conditions were imposed and the wall temper-
ature is taken to be non-uniform where the left microchannel wall is placed at temperature 7y
while the right wall is placed at temperature 7;, such that 7o < 7;,. Both the temperature and
concentration are initially zero within the fluid except at the walls where the constant values
are maintained.

The nanofluid dynamic viscosity is assumed to be an exponential decreasing function

TfTw)

of temperature and hence given as u(7) = Uo e Nl , where 7 is a viscosity varia-

tion parameter and g is the initial nanofluid dynamic viscosity at temperature 7y. Be-
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Figure 6.1: Physical Flow Model with Coordinate System

sides, the thermal conductivity of the nanofluid is also assumed to be an exponential in-

T=Ty) where 7, is the

creasing function of temperature and hence given as k(T) = kg e
thermal conductivity variation parameter and kg is the initial nanofluid thermal conductiv-
ity at temperature 7. The axial convection terms are also assumed to be very small in the
model equations and are neglected as compared to the normal convection terms and thus,
E<E 5<% 5<5

Actually, the continuity, momentum equations are the same as that of the problem stud-
ied in chapter four. However, the energy equation is modified to incorporate temperature-
dependent thermal conductivity, heat radiation and convective boundary condition. The
concentration equation incorporated the chemical reaction term. Therefore, by considering
the above assumptions and using the Darcy-Forchheimer flow model, the governing equa-
tions of continuity, linear momentum, energy and concentration under the usual Oberbeck-

Boussinesq approximation are presented in the following form.

u

5. =0 (6.1)

+ B1g(T —T,y) + B2g(C — Co)
(6.2)

8u+V8u l@_Fla (T)@ _u(Tu bu?
ot 9y T pax ooy My T ok T UK
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aT oT 1 d aT dCIT Dr dT ,| u(T), du,,

o "%y = ac, ay [km ay} F[DBay 5 5 e, G .
w(hu?> b’ 1 dq, (6.3)
pC,K  C,W/K pCp dy

Jac  dC 9’C Drd’T
N +Voa—y =Dp 92 + T_w 97 —e(C—C) (6.4)
with the initial and boundary conditions:
Lt(y,()) = O7T(y70) = T07C(y70) = Cy,
u(0,1) = 0,—koGE(0,1) = hy(Ty = T(0,1)),
9C(04) _ —Dr 9T(0,) (6.5)
and D55, Ly dy 7 fort >0
( a, ) —O,T(Cl,l) =T,
C(a,t) =C

where u is the axial velocity, Vj is constant wall suction/injection velocity, p is the nanofluid
density, P is nanofluid pressure, 7" is the nanofluid temperature, C is the nanoparticles con-
centration, Cp is specific heat at constant pressure, I is the heat capacity ratio which is the
ratio of heat capacity of the nanoparticle and heat capacity of base fluid, K is the porous
medium permeability, g is gravitational acceleration, Dp is the Brownian diffusion coeffi-
cient, D7 is thermal diffusion coefficient, 4 is convective heat transfer coefficient, Ty is the
temperature of the nanofluid heating the surface of the microchannel, € is the reaction rate,
qr 1s the thermal radiative heat flux vector and b is the second order dimensionless (porous
inertia) resistance coefficient also known as the dimensionless Forchheimer constant such
that b = O corresponds to the Darcy law.

Radiation is a process which involves energy transfer by electromagnetic wave propaga-
tion which can occur in vacuum as well as in a medium. Experimental evidence indicates that
radiant heat transfer is proportional to the fourth power of the absolute temperature, whereas
conduction and convection are proportional to a linear temperature difference. From the
Rosseland approximation of equation (1.3), the radiative heat flux g, in the energy equation
(6.3) is given by
40* AT*
3k* dy

where 6* and k* represent the Stefan Boltzmann constant and the Rosseland mean absorption

o= — (6.6)

coefficient, respectively. The temperature difference within the flow is also assumed to be
sufficiently small so that 7* in equation (6.6) can be easily linearized about Ty by using the
Taylor series expansion as T4 = Tg' +- 4T3 (T — Ty) + 675 (T — Tp)* + ... Then neglecting the
second and higher order terms, we have T4 =~ 4T3T 3T0 So, ‘987; = 4T03‘?9—§. Now using
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this in equation (6.6) we get g, = — 16§‘k* . aT . Therefore,

dqr 16G*T3 0T

dy  3k* oy ©.7)
Substituting equation (6.7) into the energy equation (6.3) yields,
aT oT 1 0 aT dCoT Dr 0T,
55y = ot M5 TP 2 o

w(T )(8u) w(Tu>  bu? 1 160*Ty 9°T
pCp 9y pCoK  C,vK  pCp 3k 9y?

6.2 Non-Dimensional Formulation

The steps of non-dimensionalization procedure is similar to that of the one followed in chap-
ter four. Hence, in order to non-dimensionalize the governing equations, the following di-

mensionless variables were introduced.

_ _ 2 *
n:X,X:E,W:pau,T:uOI,GzT To7¢:C CQ,P*:paP,A:_aP,
a a Ho pa2 T, — Ty Ci—Cy [JO 0X
pVoa a’ ba ahf epa’
R T,—Ty),A =»(T,—T)),S= —,F=—.,Bi = aQ=—
=" T 7i( 0),A =1 0),5=—+, N/ = o
2a3 (T — T, 2a(c -G D 166*T;
G — Prsp’a (2 0) G Paspa (21 0) Nt =120, ) 2 =100 Ts
Uy Ky T, Ho 3k*k0
2
P Hy .uOCp Ho
3G O)Ho’ TP, (T,—To) ke " pDs
(6.9)

Using the dimensionless variables defined in (6.9) into (6.1)—(6.2), (6.4)—(6.5) and (6.8)

yields, the following dimensionless governing equations.

3_;":0 (6.10)

aa—‘f-l-Rea&—‘:;:A-i-e_ye B%’—ygz ?ﬂ —Se W —FW?+Gt0+Gegp  (6.11)

3_2 +Re§—f; % [e“ +R] %—FNbgi; gfl + {NHP%M“’} (3—2)2 612
+Ece " <§—v,:>2 +SEce W2 + FECW? |
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However, it is important to show the steps followed to non-dimensionalize the convective
boundary condition: —ko%—g(o,t) =hyg(Ty —T(0,t)), where Ty is convective surface tem-

perature and /s is convective heat transfer coefficient.

aT

~ko5(0,0) = hy(Ty =T(0,1))
= —kowa—e(o, T) =hs(Tw—T(0,7)), since Ty =T,
a dn
. (TW_TO)a_G — _ —
= —ko a an (0,7) =hs(T,, —To+To—T(0,7))
96 _ ahy (Ty—To+T—T(0,7) . _ T-T,
é%((),f)—— ke T T = —Bi(1-6(0,7)), since 6 = T T
Therefore,
8—9(0 7) = —Bi(1-6(0,7)) (6.14)
an ) - l ) *

) he . . )
where, Bi = ak—of is the Biot number of the microchannel.

Therefore, the corresponding dimensionless initial and boundary conditions are:

W(n=0> :079(17’0) :07‘1’(7770) =0,
260(0,1)

W(va) = 07 p] = _Bl[l - 6(077)]7
200 3, 2005) _ (6.15)
and 0 om o for 7> 0
W(l,7)=0,6(1,7) =1,

o(l,7)=1

where, 7 is dimensionless time, Re is the suction/injection Reynolds number, Gt is the
Grashof number due to thermal buoyancy effect, Gc is the Grashof number due to solu-
tal buoyancy effect, Ec is the Eckert number, Pr is the Prandtl number, A is dimensionless
axial pressure gradient parameter, y is the dimensionless viscosity variation parameter, A
is the dimensionless thermal conductivity variation parameter, S is the porous media shape
factor parameter and F' is the Forchheimer number also called the Forchheimer inertial resis-
tance which is the second order porous media resistance parameter, R is radiation parameter,
Sc 1s the Schmidt number, Nb is the Brownian motion parameter, Nt is the thermophore-
sis parameter, ¢ is dimensionless reaction rate parameter and Bi is the Biot number of the

microchannel.

6.3 Physical Quantities of Engineering Interests

Other physical quantities of practical significance in this study are the skin friction coefficient
Cy, the local Nusselt number Nu and the local Sherwood number Sh. Indeed, the derivation

of the skin friction coefficient, Nusselt number and Sherwood number follow the same steps
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to that of the problem in chapter four and thus Cy, Nu, Sh at the microchannel walls take the
following dimensionless forms.
o AW o o

Nu= , Sh= (6.16)

Cr=e , -
' dn | p—o1 dn | p—o1 dn | p—o1

6.4 Numerical Solutions

The finite difference numerical method adopted to tackle the obtained model initial boundary
value problem (IBVP) (6.11)—(6.13) and (6.15) is the semi-discretization method (method of
lines). The method is numerically stable with a high level of accuracy based on the well
known Fourth Order Runge-Kutta integration scheme (Hamid et al., 2019). The numerical
approach includes transforming the obtained IBVP into Initial Value Problem (IVP) by dis-
cretizing centrally in space only. Thereafter, the obtained IVP is numerically solved using
the fourth order Runge-Kutta integration scheme. Thus, the semi-discretization scheme for

the velocity, temperature and concentration fields are recorded as follows:

52? —A _1reeW”“2+nW"1 — e VUSPW, — FW? + Gt6; + Geg;
6.17
L YO Wict =2Wi+Wip1 01— 601 Wit — Wiy ©.17)
(An)? 2An 2An
do; Oir1—6i-1 1| 30 0i—1 —26;+ 6,11 Oir1— i1 61— 0
o R T IEL L A6 g Nb :
dt ““2an TP {e * (An)? + 2A1 2A7
1, a6 6i+1—06i-1 2 e [Wi1 —Wii]? "0,
+|iN[+E)~€ 9’:| {W} + Ece 70; W +SZEC€ y61m2+FEC"‘/i3
(6.18)
do; Oir1— i1 1 [¢i1 =20+ @1 Nt 6,1 —26;+ 6,4
@O RePHI O, L 2 —ag (619
dt oA se (An)? Nb (An)? ¢ 619
The initial conditions are
Wi(0) =0, 6;(0) =0, ¢;(0)=0 (6.20)

where, W;(1) =W (n;,7),0i(t) = 0(n;,7),9i(T) = ¢(n;, ) and the spatial interval [0, 1] par-

titioned into N equal sub-intervals. The grid size and the grid points are defined as An = %

andni:ﬁforl <i<N+I1.
6.5 Results and Discussion

This subsection presents the detailed overview of numerical outcomes and physical inter-

pretation of the effects of various embedded parameters such as A, Re, Ec, Gt, Gc, S, F, v,
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A, Nt, Nb, Pr, Sc, a, Bi, R on the flow field variables (W, 0,¢) as well as on the physical

quantities of engineering interests (Cy, Nu, Sh).

6.5.1 Transient and Steady State Profiles

The transient and steady state profiles for the fluid velocity, temperature and concentration
are portrayed in figure 6.2(a), figure 6.2(b) and figure 6.3 respectively. From these figures it
can be observed that the velocity, temperature and concentration profiles show a parabolic
shape with transient increase and attains the steady states at about 7 > 1.9. In addition, fig-
ure 6.2(a) shows that the velocity profile attains its maximum value around the microchannel
center line region and then reduces to zero because of the no-slip boundary conditions. Fig-
ure 6.2(b) demonstrates that the temperature profile attained its lowest value at the cold wall
and gradually increasing towards the hot wall where it attained its maximum value whereas
figure 6.3 indicates that the concentration profile attained its maximum value at the cold wall

and starts declining gradually towards the hot wall where it attains its lowest value.
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Figure 6.2: (a) Velocity and (b) Temperature profiles with transient and steady state solutions

6.5.2 Parameter Dependent Solutions

From figures 6.4(a) and 6.4(b) it is observed that as the magnitude of the Eckert number
Ec increases both the nanofluid velocity and temperature profiles increase. From the liter-
ature, the studies in (Makinde et al., 2019; Monaledi and Makinde, 2018) reported similar
results. However, the concentration profile shows a retarding trend with increasing values of
the Eckert number Ec as presented in figure 6.5(a). This result is similar to the one obtained
in (Bhandari, 2019). Figures 6.4(a) and 6.4(b) also display that both the nanofluid veloc-

ity and temperature profiles increase with the chemical reaction parameter o. References
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Venkateswarlu et al. (2019) and Bhandari (2019) reported similar findings. Unlike, from fig-
ure 6.5(a) it is observed that an increment in o shows a retarding effect on the concentration

profile. This is because of the fact that the reactants are consumed during the homogeneous
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Figure 6.3: Concentration profile with transient and steady state solution

reaction and thus a decrease in the concentration is observed.

0.5

Figures 6.6(a) and 6.6(b) pictures that as the dimensionless variable viscosity parameter
Y increases a significant rise in the fluid velocity and temperature profiles is observed. This
is the case because an increase in y reduces the fluid viscosity since u(7) = pge"°. So, the
fluid becomes less viscous and hence friction between fluid layers decrease due to which fluid
velocity remains at higher levels for higher values of . The research works in (Monaledi and
Makinde, 2018; Venkateswarlu et al., 2019) indicated similar results. However, increasing

the values of the variable thermal conductivity parameter A decreases the nanofluid velocity
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Figure 6.4: (a) Velocity and (b) Temperature profiles with varying Ec and o
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Figure 6.5: (a) Effects of Ec and « and (b) ¥ and A on the concentration profile
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Figure 6.6: (a) Velocity and (b) Temperature profiles with varying ¥ and 4

and temperature. A similar outcome was reported in (Venkateswarlu et al., 2019). Figure
6.5(b) shows the opposite trend for the concentration profile.

Figures 6.7(a) and 6.7(b) display the effects of the thermal Grashof number Gt and the
solutal Grashof number G¢ on velocity and temperature profiles. The velocity and temper-
ature profiles increase with Gt and Gc as shown in figures 6.7(a) and 6.7(b). This is the
case because as the values of Gt and Gc¢ enhanced, the body forces acting on the fluid (ther-
mal and solutal buoyancy forces) also get enhanced which also enhance the velocity that
in turn increase the viscous heating and hence increasing the fluid temperature. The study
in (Monaledi and Makinde, 2018; Bhandari, 2019) revealed similar results. The opposite
scenario is demonstrated in figure 6.8(a) for the concentration profile.

Figures 6.9(a) and 6.9(b) depict the effects of the porous medium parameters S and F' on
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Figure 6.7: (a) Velocity and (b) Temperature profiles with varying Gt and Gc
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Figure 6.8: (a) Effects of G and Gc and (b) Effects of S and F on the concentration profile

the velocity and temperature profiles. Figures 6.9(a) and 6.9(b) portray that both the veloc-
ity and temperature profiles decrease significantly as the porous medium shape parameter S
increases. The reason behind this result is the fact that as the value of S increase, the porous
medium permeability decreases which should naturally dampens the fluid flow and thus the
observed decline in the magnitude of fluid velocity which also results in the decrement of
viscous heating which in turn decreases the magnitude of fluid temperature. Besides, from
the same figures it is observed that the fluid velocity and temperature profiles decreases with
increasing values of the Forchheimer number F which is also known as inertial resistance
parameter. Physically, large values of F implies the stronger resistant inertial force in the
direction normal to the fluid flow which is due to the intensive dimensionless drag force

coefficient b since F' = \[;—‘Il(. For higher values of b stronger resistivity inertial force is ef-
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Figure 6.9: (a) Velocity and (b) Temperature profiles with varying S and F

fective within the fluid flow so that the velocity becomes lessen and consequently the fluid
temperature decreases. These results are similar to the findings in the works of (Makinde
and Rundora, 2018). On the contrary, figure 6.8(b) reveals that as both S and F' increase the

concentration profile decreases.
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Figure 6.10: (a) Velocity and (b) Temperature profiles with varying Pr and Nt

Figures 6.10(a) and 6.10(b) are double graphs that display the effects of the Prandtl num-
ber Pr and the thermophoresis parameter Nt on the velocity and temperature profiles. Ac-
cording to figures 6.10(a) the larger values of Pr leads to a significant increase in the velocity
and temperature profiles since Pr is the ratio of momentum diffusivity to thermal diffusiv-
ity, therefore, the elevated values of Pr enhance the momentum diffusivity that results in

enhancement of the velocity and temperature profiles. From the literature, (Venkateswarlu
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Figure 6.12: (a) Temperature and (b) Concentration profiles with varying Bi and R

et al., 2019; Sujatha et al., 2019) indicated similar findings. On the other hand, thermophore-
sis is a mechanism in which small particles are pulled away from hot region to cold one
and thus figure 6.10(a) and 6.10(b) declare that as the value of Nt enhances the velocity
and temperature profiles decline. The reason behind this argument is that an enhancement
in Nt yields a stronger thermophoretic force which allows deeper migration of nanopar-
ticles from hot nanofluid to the cold surface resulting in lower fluid temperature. Figure
6.11(a) shows that the concentration profile decreases with both the Prandtl number Pr and
the thermophoresis parameter Nt. Actually, these outcomes confirm the results reported in
(Venkateswarlu et al., 2019; Bhandari, 2019; Sujatha et al., 2019).

Figure 6.11(b) is also a double graph that portrays the effects of Sc and Nb on the con-
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centration profile. This figure displays that the concentration profile increases with the the
Schmidt number Sc. Physically, larger values of Schmidt number Sc indicate less mass dif-
fusion which causes the concentration of nanoparticles to remain larger in the fluid. The
same results were obtained in the references (Venkateswarlu et al., 2019; Ramzan et al.,
2020; Sujatha et al., 2019). The concentration profile also shows an increasing behavior for
larger values of the Brownian motion parameter Nb as shown in figure 6.11(b). The argu-
ment behind this result may be when the magnitudes of Nb increases, arbitrary disorganized
motion and also collision of the nanoparticles in the fluid increase which may enhance the
concentration of the nanoparticles in the fluid. The same result was presented by (Bhandari,
2019).

The effects of the radiation parameter R and the Biot number Bi on the nanofluid tem-
perature and concentration profiles are are displayed through figures 6.12(a) and 6.12(b)
respectively. Consequently, from figure 6.12(a) it is observed that the temperature profile
decreases as R increases due to fact that when a large value of radiative heat is absorbed by
the nanofluid the buoyancy force decreases which retards the flow rate and thereby retarding
the temperature profiles. Thus, R quite effectively controls the microchannel temperature
distribution and flow transport which plays a significant role in cooling the system. These
types of applications can be used in pseudoscientific alternative medicine to control blood
pressure through the process of magnetoelectric machine therapy. The results obtained in
this work is similar to the one obtained in (Venkateswarlu et al., 2019; Ramzan et al., 2020;
Sujatha et al., 2019). From the same figure, it is also noticed that the temperature distribution
declines with increased values of the Biot number Bi. This is the case because increment in
Bi results in enhanced convective heat transport that results in the lowering of the tempera-
ture field. In the contrary, the Radiation parameter R and the Biot number Bi indicates rising
effects on the concentration profile as displayed in figure 6.12(b). These results are the same
as the result reported in the work of (Monaledi and Makinde, 2018).

6.5.3 The Wall Shear Stress, Wall Heat Transfer and Mass Transfer
Rates

This subsection comprises the effects of flow parameters on the wall shear stress, wall heat
and mass transfer rates. In deed, the graphical results that are illustrated in this subsection
for the skin friction coefficient Cy, the Nusselt number Nu and the Sherwood number Sh are
plotted for large time, say T > 1.9 (steady state) and thus the results obtained may not be
affected by time increasing for all parameters values as a consequence of the results obtained

in subsection 6.6.1.
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The Wall Shear Stress: Skin Friction Coefficient

The effects of pertinent parameters on the wall shear stress at the cold wall 7 = 0 and at the
hot wall n = 1 are illustrated in figures 6.13(a)-6.16(b). Consequently, from these graphs
it is observed that the coefficient of skin friction Cy at both cold and hot walls shows an
increasing behavior with increasing values of the thermal Grashof number Gt, the Schmidt
number Sc, the Brownian motion parameter Nb and the porous medium shape parameter S
for varying scaled values of the suction/injection Reynolds number Re. However, the Eckert
number Ec, the thermophoresis parameter Nz, the radiation parameter R and the Biot number

Bi indicate a decreasing effect on Cr at both walls of the microchannel.
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Figure 6.13: (a) Skin friction at n = 0 and (b) Skin friction at n = 1 with varying S, Ec and
Re

The Wall Heat Transfer Rate: Nusselt Number

The effects of pertinent governing flow parameters on the wall heat transfer rate at the cold
wall 1 = 0 and at the hot wall n =1 are portrayed in figures 6.17(a)-6.21(b). Consequently,
from these graphs it can be seen that the wall heat transfer rate, the Nusselt number Nu
at both cold and hot walls shows an increasing behavior with increasing the values of the
variable viscosity parameter Y, the Brownian motion parameter Nb and the porous medium
shape parameter S for varying scaled values of the suction/injection Reynolds number Re.
Nevertheless, the variable thermal conductivity parameter A, the thermophoresis parameter
Nt, the radiation parameter R and the Eckert number Ec show a decreasing effect on Nu at
both walls of the microchannel. As presented in figures 6.20(a), 6.20(b), 6.21(a) and 6.21(b),
the Nusselt number Nu increases with increasing values of the the Schmidt number Sc, the
Grashof number Gt and the Biot number Bi respectively at the cold wall of the microchannel

1 = 0 but the reverse trend is observed at the hot wall 1 = 1 of the microchannel.
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Figure 6.15: (a) Skin friction at n = 0 and (b) Skin friction at n = 1 with varying Nt, Nb
and Re

The Wall Mass Transfer Rate: Sherwood Number

The effects of embedded governing flow parameters on the wall mass transfer rate at the
cold wall 1 = 0 and at the hot wall n = 1 are displayed in figures 6.22(a)-6.26(b). As a
result, these graphs indicate that the wall mass transfer rate, the Sherwood number S/ at
both cold and hot walls shows an increasing behavior with increasing values of the porous
medium shape parameter S, the variable viscosity parameter y,and the thermophoresis pa-
rameter Nt for varying scaled values of the suction/injection Reynolds number Re. However,
the Eckert number Ec, the variable thermal conductivity parameter A, the Brownian motion

parameter Nb and the radiation parameter R show a decreasing effect on Sk at both walls of
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Figure 6.16: (a) Skin friction at 1 = 0 and (b) Skin friction at = 1 with varying Bi, R and
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Figure 6.17: (a) Nusselt number at 7 = 0 and (b) Nusselt number at 7 = 1 with varying Ec,
S and Re

the microchannel. Figures 6.25(a), 6.25(b), 6.26(a) and 6.26(b) presented that the Sherwood
number S% rises with rising values of the the Schmidt number Sc, the Grashof number Gf and
the Biot number Bi respectively at the cold wall of the microchannel 7 = 0O but the opposite

is observed at the hot wall 1 = 1 of the microchannel.
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Figure 6.18: (a) Nusselt number at 17 = 0 and (b) Nusselt number at 11 = 1 with varying 7,
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Figure 6.20: (a) Nusselt number at 7 = 0 and (b) Nusselt number at 1 = 1 with varying Sc,
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Figure 6.21: (a) Nusselt number at 7 = 0 and (b) Nusselt number at n = 1 with varying Bi,
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Figure 6.22: (a) Sherwood number at 7 = 0 and (b) Sherwood number at 1 = 1 with varying
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Figure 6.23: (a) Sherwood number at 7 = 0 and (b) Sherwood number at 1) = 1 with varying
Y, A and Re
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CHAPTER 7

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

7.1 Summary

The heat and mass transfer characteristics as well as the hydrodynamical properties of nanoflu-
ids through microchannels in the presence of porous media with non-uniform permeable
walls temperature have large scale utilization in industrial and technological processes such
as electronics cooling, engine cooling/vehicle thermal management, aerospace technology,
nuclear system cooling, defense applications (cooling military devices and systems), cool-
ing in chillers and refrigerators, laser equipment, geothermal extraction, crude oil extrac-
tion, underground water movement, environmental control, and pharmaceutical and bio-
technological applications including DNA hybridization, cancer therapy and drug delivery.
Therefore, this study considered the analysis of unsteady laminar flow of Newtonian nanoflu-
ids with some variable properties through microchannels with non-uniform permeable walls
temperature and filled with porous media. The flows were generated due to the axial pressure
gradient, suction/injection and buoyancy forces. The Darcy-Forchheimer model was consid-
ered to study the interaction between the nanofluid and the porous media. Specific problems
were studied under various scenarios including variable transport properties, thermal radia-
tion, chemical reaction, no slip and convective boundary conditions.

In chapter 4, unsteady mixed convection flow of variable viscosity nanofluid in a mi-
crochannel filled with porous medium was analyzed. The Buongiorno’s nanofluids flow
model (two-phase model) was used to examine the effects of the Brownian diffusion and the
thermophoresis diffusion of nanoparticles.

In chapter 5, the mathematical modeling and heat transfer enhancement of ferrofluid
(Fe304 — HyO) flow in a microchannel filled with a porous medium was presented. The
Tiwari and Das nanofluids flow model (single-phase model) was used to examine the flow
and heat transfer characteristics.

In chapter 6, unsteady mixed convection of a radiating and reacting nanofluid with vari-
able properties in a porous medium microchannel was examined. Indeed, this chapter is an
extension of the works in chapter 4 to include the effects of variable thermal conductivity,
radiation, chemical reaction and convective boundary condition.

For the aforementioned specific flow model problems, the highly non-linear partial dif-
ferential equations (initial boundary value problems) for continuity, momentum, energy and

concentration were formulated. Thereafter, the non-linear PDEs (IBVPs) governing the

123



nanofluids flow were non-dimensionalized and transformed into ordinary differential equa-
tions (ODEs) of initial value problems (IVPs) using the semi-discretization finite difference
method also known as method of lines (MOL). Finally, the IVPs were solved by using the
well known fourth order Runge-Kutta integration scheme in MAPLE software. The numer-
ical solutions were displayed via graphs to indicate effects of the pertinent parameters on
the velocity, temperature, species concentration, skin-friction coefficient, heat transfer rate
(Nusselt number) and mass transfer rate (Sherwood number). Furthermore, comparisons
of results were done for some parameters with prior published results where a very sound

agreement has been attained.

7.2 Conclusions

This dissertation presented the investigation of hydrodynamic and thermal behaviours of
nanofluids flow in microchannels filled with porous media. Therefore, depending on the
results obtained from the models and analysis presented in this dissertation, the following

key conclusions are worth-mentioning.

e Both the velocity and temperature profiles for the variable viscosity nanofluid show an
increasing behavior with increasing values of the pressure gradient parameter A, the
variable viscosity parameter ¥, the Eckert number E¢, the thermal Grashof number Gt,

the solutal Grashof number G¢ and the thermophoresis parameter Nt.

e The concentration profile for the variable viscosity nanofluid indicates an increasing
trend with increasing values of the suction injection Reynolds number Re, the porous
medium shape parameter S, the Forchheimer number F, the Prandtl number Pr, the

Schmidt number Sc and the thermophoresis parameter Nt.

e The skin friction coefficient Cy for the variable viscosity nanofluid is large for higher
vales of the pressure gradient parameter A, the Eckert number Ec, the thermal Grashof
number Gt, the Schmidt number Sc and the Prandtl number Pr on both sides of the

microchannel walls.

e Both the Nusselt number Nu and the Sherwood number S/ for the variable viscosity
nanofluid show an increasing pattern with an increasing values of the pressure gradient
parameter A, the variable viscosity parameter ¥, the thermal Grashof number Gz, the
Schmidt number Sc and the Prandtl number Pr on both sides of the microchannel

walls.

e The ferrofluid velocity and temperature reveal a rising pattern with pressure gradient
parameter G, variable viscosity parameter ¥, Darcy number Da, Eckert number Ec¢ and

Prandtl number Pr.
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The Reynolds number Re also called the suction/injection parameter shows a decreas-
ing effect on velocity of the ferrofluid whereas it indicates an increasing effect on

temperature.

The nanoparticles volume fraction ¢ and the Forchheimer constant b show a decreas-

ing effect on both the ferrofluid velocity and temperature.

The coefficient of skin friction for the ferrofluid at the cold wall of the microchan-
nel is larger for higher values of nanoparticles volume fraction ¢, variable viscosity

parameter 7y, Darcy number Da and Eckert number Ec.

The coefficient of skin friction for the ferrofluid at the hot wall of the microchannel

increases with Darcy number Da and Prandtl number Pr.

The heat transfer rate for the ferrofluid at both cold and hot walls of the microchannel
reveals a rising pattern for a rising value of variable viscosity parameter y, Darcy

number Da, Eckert number Ec¢ and Prandtl number Pr.

The nanoparticles volume fraction ¢ and the Darcy number Da show retarding effects

on the rate of heat transfer for the ferrofluid at both hot and cold microchannel walls.

Both the velocity and temperature profiles of the radiating and reacting nanofluid show
an increasing behavior with increasing values of variable viscosity parameter Y, Eckert
number Ec, thermal Grashof number Gt, solutal Grashof number G¢, Prandtl number

Pr and chemical reaction parameter o.

The concentration profile of the radiating and reacting nanofluid indicates an increas-
ing trend with increasing values of variable thermal conductivity parameter lambda,
porous medium shape parameter S, Forchheimer number F', Schmidt number Sc, Brow-

nian motion parameter Nb, radiation parameter R and Biot number Bi.

The skin friction coefficient Cy of the radiating and reacting nanofluid is large for
higher vales of suction/injection Reynolds number Re, porous medium shape parame-
ter S, thermal Grashof number Gt, Schmidt number Sc and Brownian motion parameter

Nb on both sides of the microchannel walls.

The heat transfer and mass transfer rates of the radiating and reacting nanofluid on
both sides of the microchannel walls indicate an increasing behaviour for increasing
values of suction/injection Reynolds number Re, porous medium shape parameter S,
variable viscosity parameter y but a decreasing behaviour for increasing values of Eck-

ert number Ec, variable thermal conductivity parameter A and radiation parameter R.
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e Grashof number G?¢, Schmidt number Sc and Biot number Bi indicate an increasing
effect on both the heat transfer and mass transfer rates of the radiating and reacting

nanofluid at the cold wall of the microchannel.

e The Brownian motion parameter Nb and the thermophoresis parameter Nt show an
opposite effect on the heat transfer and mass transfer rates of the radiating and reacting

nanofluid on both sides of the microchannel walls.

7.3 Recommendation and Suggestions for Future Research

7.3.1 Recommendation

The findings of this dissertation are useful for engineering and industrial processes specifi-
cally in heat transfer systems design. Thus, integrating the findings of the present theoretical
models with experimental investigations may improve the existing design in cooling sys-
tems by making use of variable viscosity nanofluids, radiating and reacting nanofluids, and

ferrofluid trough permeable microchannels filled with porous media.

7.3.2 Suggestions for Future Research

The works presented in this dissertation can be extended to different problems in the follow-

ing ways. That is, this dissertation suggests the following future areas of research.

e One can include the effects of the body forces such as Lorentz and Coriolis forces by

considering rotating MHD nanofluid flow.

e The same geometry of microchannels flow can also be considered for non-Newtonian

fluids with non-Fourier heat conduction law.

e The Soret and Dufour effects (thermal-diffusion and diffusion-thermo) with slip and

hall current can also be considered.
e One can consider the entropy generation analysis with heat source.

e Radiating and reacting nanofluid flow (or the problem in chapter 6) can be studied by

considering particular nanofluids such as Cu — H,O0, Ag — H,O, Al,O3 — H,O.
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APPENDIX A

MATHEMATICAL PRELIMINARIES AND DEFINITIONS OF KEY TERMS

In this Appendix, essential hypothesis and theorem as well as definitions of some key terms

were given.

A.1 Mathematical Preliminaries

Continuum Hypothesis: In continuum Mechanics, a fluid is approximated as a continuum
(aggregate or macroscopic) rather than as a discontinuous molecular medium or a fluid is at
the macroscopic scale of the flow. That is, fluid properties such as mass, density, volume, vis-
cosity, linear or angular momentum, body and surface forces, pressure etc. are considered to
be with continuum characteristics and thus these quantities are considered to be (piece-wise)
continuous functions in space and time. As a consequence of the continuum hypothesis, the
following theorems are utilized in formulating the flow governing equations.

Reynolds Transport Theorem: Let ® be any smooth vector (or scalar) field, and suppose
R(t) is a fluid element with surface S(¢) traveling at the flow velocity U. Then

d 0P
4 c1>dv:/ —dV+/ (U -7i) dA
dt /R(t) R(t) Ot S(t) (U-#)

Gauss, or divergence Theorem: For any smooth vector field F over a region R C R* with a

/V-F dV:/F-ﬁ dA
R S

A.2 Definitions of Key Terms

smooth boundary S. Then

A.2.1 Classification of Fluids

Fluid is any substance that deforms continuously when subjected to a shear stress regardless
of magnitude of the shear stress.

Shear stress is a force per unit area that act tangentially to the surface.

Microchannel is a medium through which fluid is used to dissipate heat from a hot surface
by forcing the fluid through a passage of hydraulic diameter ranges from 1um-100¢m.
Porous medium is a solid matrix which is characterized by the presence of void spaces

called pores which are interconnected by a network of channels where a fluid can move.
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Compressible and Incompressible Fluids: A fluid is said to be compressible if its density
changes with pressure but if the density of the fluid is constant or has no significant change
with pressure, it is called incompressible fluid.

Viscous and Inviscid Fluids: A fluid is said to be viscous when both the normal stress
(pressure) and the shearing stress exist but it is said to be inviscid fluid when only the normal
stress (pressure) acts between the adjoining layers.

Newtonian and Non-Newtonian Fluids: Newton’s law of viscosity is given by 7;; = uj—g.
It sates that the shear stress is linearly related to the rate of strain or velocity gradient (rate
of deformation) where dynamic viscosity (i) is a constant of proportionality. Thus, fluids
that obey the Newton’s law of viscosity are called Newtonian fluids but that do not are called

non-Newtonian fluids.

A.2.2 Types of Flows

Internal and External flow:The flow of an unbounded fluid over a surface is called external
flow and if the fluid is completely bounded by the surface, then it is called internal flow. For
example, flow over a flat plate is considered as external flow and flow through a channel or
pipe/duct is internal flow.

Steady and Unsteady Flows: If a fluid flows in such a way that all its properties at every
point in the flow depend upon time then it is called unsteady flow; otherwise, it is called
steady flow.

Rotational and Irrotational Flows: A flow is said to be irrotational if the fluid particles
along their path translate without rotation about the particles center. If along their path the
fluid particles translate and rotate about the particles center, the flow is rotational.

Laminar and Turbulent Flows: A flow is said to be a laminar flow if the fluid particles
move in a definite path or streamlines. In contrary, turbulent flow is characterized by the
irregular movement of particles of the fluid. That is, the particles travel in irregular paths

with no observable pattern and no definite layers.
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APPENDIX B

MAPLE CODE FOR MODEL PROBLEM IN CHAPTER 4

% This code solves the transient and steady state solution for the velocity profile.
with(plots);

A=1R=1;Gt:=.1;Gc:=.1;lam:=.1; Ec:=1;S:=1; Pr:=10; Nt :=.1; Nb :=.1; Sc
=.1;F:=.1;

fens == [w(y, t), T(y, t), C(y, t)]; IBC :=[w(y, 0) =0, w(0, t) =0, w(1, t) =0, T(y, 0) =0, T(0,
t) =0,T(1, t) = 1, C(y, 0) = 0, Nt*(D[1](T))(0,t)+Nb*(D[1](C))(0, t) =0, C(1, t) = 1];

sys := [diff(w(y, t), t) = -R*(diff(w(y, 1), y))+A+exp(-lam*T(y, t))*(diff(w(y, t),(y,2))) —
lamx exp(—lam T (y,t)) * (dif f(w(y,1),¥)) = (dif f(T (y,1),y)) — S x exp(—lam =T (y,1)) *
w(y,t) —F xw(y,t) «w(y,t) + Gt x T (y,t) + Gc * C(y,1),

dif f(T(y,1),t) = =R+ (dif f(T (:1),y)) + (dif f(T (y,1),(y, 2)+Nb*(diff(C(y, 1), y)) *(diff(T(y,
t), y))/Pr+Nt*(diff(T(y, t), y))*(diff(T(y, t), y))+Ec*exp(-lam*T(y, t))*(diff(w(y, t), y))*(diff(w(y,
), y)+S*Ec*w(y, )*w(y, 1)

+(S*Ec*w(y, )*w(y, 1)*w(y, t),

Sc*(diff(C(y, t), t)) = -Sc*R*(diff(C(y, t), y)+diff(C(y, t), “*(y,2)) + Nt x (dif f(T (y,1), *“(y,
2)))/Nb]

pds := pdsolve(sys, IBC, fcns, numeric);

plw :=pds:-plot(w(y, t), t =.1, y =0 .. 1, numpoints = 100, labeldirections = ["horizontal",
"vertical"], labels = ["y", "velocity"], style = line, color = blue);

p2w := pds:-plot(w(y, t), t=.2, y =0 .. 1, numpoints = 100, labeldirections = ["horizontal",
"vertical"], labels = ["y", "velocity"], style = line, color = red);

p3w := pds:-plot(w(y, t), t = .4,y =0 .. 1, numpoints = 100, labeldirections = ["horizontal",
"vertical"], labels = ["y", "velocity"], style = line, color = black);

p4w := pds:-plot(w(y, t), t =.9, y =0 .. 1, numpoints = 100, labeldirections = ["horizontal",
"vertical"], labels = ["y", "velocity"], style = line, color = magenta);

pSw = pds:-plot(w(y, t), t =2, y =0 .. 1, numpoints = 100, labeldirections = ["horizontal",
"vertical"], labels = ["y", "velocity"], style = line, color = green);

plots[display](p1w, p2w, p3w, p4w, pSw);

o Yo Y% % % To To Yo% %o % %o To Jo %o %o % To To Yo% %o % %o To Yo% Jo %o

% This code solves the parameters dependant solution for the velocity profile.

with(plots);

A=1;R:=1;Gt:=1;Gec:=1;lam:=.1; Ec:=1; S:=1; Pr:=10; Nt :=.1; Nb :=.1; Sc
=.1;F:=.1;

fens == C(y), T(y), w(y); sys := -R*¥(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) —
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lam«exp(—lam*T (y))* (dif f(w(y),y)) = (dif f(T(y),y))) — S xexp(—lam*T (y)) *w(y) —
F*(y)#w(y) + Gt +T(y) + GexC(y) =0,

—Rx(dif f(T(y),y)) + (dif f(T (y),(y, 2)+Nb*(diff(C(y), y))*(diff(T(y), y)))/Pr+Nt*(diff(T(y),
y)*(diff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y))+S*Ec*w(y)*w(y)
+HS*Ec*w(y)*w(y))*w(y) = 0,

-SCHRH(AfF(C(y), y)+diff(C(y), *(,2)) + Nt + (dif £ (T (y), **(y» 2)))/Nb = 0;

pl := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7);

plw :=odeplot(p1, [y, w(y)], O .. 1, numpoints = 100, labels = ["y", "u"], style = line, color
= blue);

plt:=odeplot(pl, [y, T(y)], O .. 1, numpoints = 100, labels = ["y", "T"], style = line, color =
blue);

plc :=odeplot(p1, [y, C(y)], 0 .. 1, numpoints = 100, labels = ["y", "C"], style = line, color
= blue);

with(plots);

A=3R=1,Gt:=1;Gc:=1;lam:=.1; Ec:=1; S:=1; Pr:=10; Nt :=.1; Nb := .1; Sc
=.1;F:=.1;

fens = C(y), T(y), w(y): sys := -R¥(diff(w(y), y)1+A+exp(-lam*T(y)) *(diff(w(y), ““(5,2)) —
lamxexp(—lam*T (y))* (dif f(w(y),y)) * (dif f(T(y),y))) — S xexp(—lam*T (y)) *w(y) —
F"(y)«w(y)+ Gt *T(y) + GexC(y) =0,

—Rx(dif f(T(3),9)) + (dif F(T(y), *“(y, 2)+Nb*(diff(C(y), y)*(diff(T(y), y)/Pr+NCH(diff (T(y),
Y)*(iff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y)+S*Ectw(y)*w(y)
+(S*Ec*w(y)*w(y))*w(y) =0,

-SHRH(If(C(y), y)+F(C(Y), “(,2)) + Nt (dif (T (y), ““(y, 2))/Nb = 0;

p2 := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7);

p2w := odeplot(p2, [y, w(y)], O .. 1, numpoints = 100, labels = ["y", "u"], style = line, color
=red);

p2t := odeplot(p2, [y, T(y)], 0 .. 1, numpoints = 100, labels = ["y", "T"], style = line, color =
red);

p2c := odeplot(p2, [y, C(y)], 0 .. 1, numpoints = 100, labels = ["y", "C"], style = line, color
=red);

with(plots);

A=5R:=1;Gt:=1;Gec:=1;lam:=.1; Ec:=1; S:=1; Pr:=10; Nt :=.1; Nb :=.1; Sc
=.1;F:=.1;

fens == C(y), T(y), w(y); sys := -R*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) —
lam exp(—lam s T(y))  (dif f(w(y),9)) % (dif £(T(2),))) = Sk exp(—lam=T (y)) ¥ wiy) -
F¥(y) *w(y) + Gt T (y) + GexC(y) =0,

—Re(dif f(T(y),9)) + (dif f(T (), *“(y 2))+Nb*(diff(C(y), y))*(ditf(T(y), y))/Pr+ Nt (diff(T(y),
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Y)H(FE(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y)Y*(diff(w(y), y)+S*Ec*w(y)*w(y)
HS*Eckw(yw(y)*w(y) = 0,

-SCHRH(AifF(C(y), y)+dff(C(y), *(,2)) + Nt + (dif (T (y), **(y» 2)))/Nb = 0;

p3 := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,

w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7);

p3w := odeplot(p3, [y, w(y)], 0 .. 1, numpoints = 100, labels = ["y", "u"], style = line, color

= black);

p3t := odeplot(p3, [y, T(y)], 0 .. 1, numpoints = 100, labels = ["y", "T"], style = line, color =

black);

p3c := odeplot(p3, [y, C(y)], 0 .. 1, numpoints = 100, labels = ["y", "C"], style = line, color

= black);

with(plots);

A=.1;R:=15;Gt:=1;Gc:=1;lam:=.1; Ec:=1;S:=1; Pr:=10; Nt :=.1; Nb :=.1; Sc
=.1;F:=.1;

fens = C(y), T(y), w(y); sys := -R*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) —
lamxexp(—lam=T(y)) = (dif f(w(y),y)) = (dif f(T(y),y))) = S*exp(—lam=T (y)) xw(y) —
FY(y)xw(y)+Gt«T(y)+Ge*C(y) =0,—Rx (dif f(T (y),y))+ (dif f(T (), ““(y, 2))+Nb*(diff(C(y),
y)*(diff(T(y), y)/Pr+Nt*(diff(T(y), y))*(diff(T(y), y))+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y),
y))+S*FEc*w(y)*w(y)

HS*Ectw(y)*w(y))*w(y) = 0, -Sc*R*(diff(C(y), y))+diff(C(y), *(y,2)) +Nt*(dif f(T (y), ““(y,
2)))/Nb = 0;

p6 := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,

w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7);

p6bw := odeplot(p6, [y, w(y)], O .. 1, numpoints = 100, labels = ["y", "u"], style = line, color

= blue);

p6t := odeplot(p6, [y, T(y)], 0 .. 1, numpoints = 100, labels = ["y", "T"], style = line, color =

blue);

pb6c := odeplot(p6, [y, C(y)], 0 .. 1, numpoints = 100, labels = ["y", "C"], style = line, color

= blue);

with(plots);

A=3;R:=15;Gt:=1;Gc:=1;lam:=.1; Ec:=1;S:=1; Pr:=10; Nt :=.1; Nb :=.1; Sc
=.1;F:=.1;

fens == C(y), T(y), w(y); sys := -R*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) —
lamxexp(—lamxT (y)) x (dif f(w(y),y)) * (dif f(T(¥),))) — Sxexp(—lam=T (y)) xw(y) —
FY(y)xw(y)+Gt =T (y)+GexC(y) =0, —Rx(dif f(T(v),y)) + (dif f(T (), **(y, 2))+Nb*(diff(C(y),
y)*(diff(T(y), y)/Pr+Nt*(diff(T(y), y))*(diff(T(y), y))+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y),
YD+SFEcHw(y)*w(y)

+HSFEc*w(y)*w(y))*w(y) = 0, -Sc*R*(diff(C(y), y)+diff(C(y), ““(,2)) + Nt * (dif £ (T (¥), ““(y,
2)))/Nb = 0;
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p7 = dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7);

p7w := odeplot(p7, [y, w(y)], O .. 1, numpoints = 100, labels = ["y", "u"], style = line, color
=red);

p7t := odeplot(p7, [y, T(y)], 0 .. 1, numpoints = 100, labels = ["y", "T"], style = line, color =
red);

p7c := odeplot(p7, [y, C(y)], 0 .. 1, numpoints = 100, labels = ["y", "C"], style = line, color
=red);

with(plots);

A=5R:=15,Gt:=1;Gc:=1;lam:=.1; Ec:=1;S:=1; Pr:=10; Nt :=.1; Nb :=.1; Sc
=.1;F:=.1;

fens := C(y), T(y), w(y); sys := -R*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) —
lamxexp(—lam*T (y))* (dif f(w(y),y)) = (dif f(T(y),y))) — S xexp(—lam*T (y)) *w(y) —
FY(y)xw(y)+Gt+T(y)+GexC(y) =0, =R+ (dif f(T(y),y)) + (dif f(T (), “*(y, 2)+Nb*(diff(C(y),
Y)H(fET(y), y))WPr+NEs(diff(T(y), y)*(diff(T(y), y)+Ectexp(-lam*T(y)) *(ditf(w(y), y)) *(diff(w(y),
y)+S*Ec*w(y)*w(y)

HSFECHW(y) w(y))*w(y) =0, -Sc*R¥(diff(C(y), y)+diff(C(y), “(,2)) +Ne+ (dif (T (), ““(y.
2)))/Nb = 0;

p8 := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7);

p8w := odeplot(p8, [y, w(y)], 0 .. 1, numpoints = 100, labels = ["y", "u"], style = line, color

= black);

p8t := odeplot(p8, [y, T(y)], 0 .. 1, numpoints = 100, labels = ["y", "T"], style = line, color =
black);

p8c := odeplot(p8, [y, C(y)], 0 .. 1, numpoints = 100, labels = ["y", "C"], style = line, color

= black);

plots[display](p1w, p2w, p3w, po6w, p7w, p8w); % %o %% %o% Yo Yo Jo% Yo %o % Yo Fo % Yo %o %o

o Yo% %0 % To To Yo %o Jo %

% This code solves the cf, Nu, and Sh .

% Maple program written by Prof-O D Makinde

% Skin friction, Nusselt number and Sherwood numbers

with(plots);

R :=array(l .. 352); T11 := array(l .. 352); T12 := array(1 .. 352); T13 := array(1 ..
352);i:=1; A:=0; Gt :=1; Gc :=1; lam := .1; Ec .= 1; S := 1; Pr := 10; Nt := .1;
Nb :=.1; Sc :=.1; F := .1; for RI from 0 by 0.5e-1 to 1 do fcns := C(y), T(y), w(y); sys

= -RI*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), “*(y,2)) — lam x exp(—lam x T (y)) *
(diff(w(y),y)) = (dif f(T(y),y))) — S exp(—lam = T (y)) * w(y) — F x w(y) x w(y) + Gt x
T(y)+GexC(y) =0, —RIx (dif f(T(y), )+ (dif f(T(y), (v, 2)+Nb*(diff(C(y), y))*(diff(T(y),
YI)/Pr+ Nt (diff(T(y), y))*(diff(T(y), y))+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y))
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+S*Ec*w(y)*w(y)+(S*Ec*w(y)*w(y))*w(y) = 0,

-SCHRI¥(diff(C(y), y)+AIfF(C(y), **(3,2)) + Nt # (dif f(T (), *“(y. 2)))/Nb = 0;

pl := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i]
:=rths(p1(0)[7]); T12[i] := rhs(p1(0)[5]); T13[i] := -rhs(p1(0)[3]); i := i+1 end do;

A :="A; Rl :="RI’; Gt :="Gt’; Gc :="Gc’; Nt :="Nt’; Nb :='Nb’; Sc :=’Sc’; Ec := "Ec’;
Pr:="Pr’;lam :="lam’; S :="S’; F := "F’; points1 := seq([R[j], T11[j]],j =1 .. 21); points2
:=seq([R[j], T12[j]],j =1 .. 21); points3 := seq([R[j], T13[j]],j=1 .. 21);

pCf1 := pointplot(points1, labels = ["Nt", "Cf"], style = line, color = blue);

pNul := pointplot(points2, labels = ["Nt", "Nu"], style = line, color = blue);

pSh1 := pointplot(points3, labels = ["lam", "Sh"], style = line, color = blue);

with(plots);

R := array(l .. 352); T11 := array(1 .. 352); T12 := array(1 .. 352); T13 := array(1 ..
352); 1:=1; A:=.1; Gt :==1; Gc :=1; lam := .1; Ec :== 1; S := 1; Pr := 10; Nt := .1;
Nb :=.1; Sc :=.1; F := .1; for RI from 0 by 0.5e-1 to 1 do fcns := C(y), T(y), w(y); sys
= -RI*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), “*(y,2)) — lam x exp(—lam x T (y)) *
(dif fw(3),9)) * (dif F(T(),9))) = S exp(—lam  T(y)) # w(y) — F 5 w(y)  w(y) + Gt *
T(y)+GexC(y) =0, —RIx (dif f(T(y), )+ (dif f(T(y), (v, 2)+Nb*(diff(C(y), y))*(diff(T(y),
YOIPr+NE(diff(T(y), y))*(diff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), ))
+S*Ec*w(y)*w(y)+(S*Ec*w(y)*w(y))*w(y) = 0,

-ScHRIHAIfF(C(y), y)+diff(C(y), ““(v,2)) + Nt (dif f(T(y),*“(y. 2)))/Nb = 0;

pl := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) = 0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i]
:=rths(p1(0)[7]); T12[i] := rhs(p1(0)[5]); T13[i] := -rhs(p1(0)[3]); i := i+1 end do;
A:="A;RI:="RI’; Gt :="Gt’; Gc :="Gc’; Nt :="Nt’; Nb :=’Nb’; Sc :=’Sc’; Ec :=Ec’; Pr
:="Pr’; lam :="lam’; S :="S’; F ;= "F’; points11 := seq([R[j], T11[j]],j=1 .. 21); points21
:=seq([R[3], T12[j]],j =1 .. 21); points31 := seq([R[j], T13[j]],j=1 .. 21);

pCf2 := pointplot(points11, labels = ["Nt", "Cf"], style = line, color = red);

pNu2 := pointplot(points21, labels = ["Nt", "Nu"], style = line, color = red);

pSh2 := pointplot(points31, labels = ["lam", "Sh"], style = line, color = red);

with(plots);

R :=array(1 .. 352); T11 := array(l .. 352); T12 := array(l .. 352); T13 := array(l ..
352);i:=1; A= .2; Gt:=1; Gc :=1; lam := .1; Ec:=1; S := 1; Pr := 10; Nt := .1;
Nb :=.1; Sc :=.1; F := .1; for RI from 0 by 0.5e-1 to 1 do fcns := C(y), T(y), w(y); sys
= -RI*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) — lam x exp(—lam x T (y)) *
(diff(w(y),y)) = (dif f(T(y),y))) = S exp(—lam =T (y)) x w(y) — F x w(y) * w(y) + Gt *
T(y)+GexC(y) =0, —RIx (dif f(T (y),y)) + (dif £(T(v), ““(y, 2)+Nb*(diff(C(y). y)) *(diff(T(y).
YDIPr+NC(diff(T(y), y))*(diff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), ))
+S*Ec*w(y)*w(y)+(S*Ec*w(y)*w(y))*w(y) = 0,
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-SHRIH(IfF(C(y), Y)H+AIEC(y), ““(3,2)) + Nt x (dif f(T(y), *“(y. 2))/Nb = 0;

pl := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) = 0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i]
:=rths(p1(0)[7]); T12[i] := rhs(p1(0)[5]); T13[i] := -rhs(p1(0)[3]); i := i+1 end do;
A:="A;RI:="RI’; Gt :="Gt’; Gc :="Gc’; Nt :=’Nt’; Nb :=’Nb’; Sc :=’Sc’; Ec :=Ec’; Pr
:="Pr’; lam :="lam’; S :=’S’; F :="F’; points12 := seq([R[j], T11[j]],j =1 .. 21); points22
:=seq([R[j], T12[j]],j =1 .. 21); points32 := seq([R[j], T13[j]],j=1 .. 21);

pCf3 := pointplot(points12, labels = ["Nt", "Cf"], style = line, color = black);

pNu3 := pointplot(points22, labels = ["Nt", "Nu"], style = line, color = black);

pSh3 := pointplot(points32, labels = ["lam", "Sh"], style = line, color = black);

with(plots);

R :=array(1 .. 352); T11 := array(l .. 352); T12 := array(l .. 352); T13 := array(I ..
352); 1:=1; A= .3, Gt :=1; Gc :=1; lam := .1; Ec:=1; S := 1; Pr := 10; Nt := .1;
Nb :=.1; Sc :=.1; F := .1; for RI from 0 by 0.5e-1 to 1 do fcns := C(y), T(y), w(y); sys
:= -RT*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(v,2)) — lam x exp(—lam x T (y)) *
(dif f(w(y),y)) = (dif f(T(y),y))) = S exp(—lam =T (y)) x w(y) — F  w(y) * w(y) + Gt *
T(y)+GexC(y) =0, —RIx (dif f(T(y),9)) + (dif £(T (), ““(y, 2)+Nb*(diff(C(y), y))*(diff(T(y),
YDYPr+NCHff(T(y), y))*(iff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y))
+S*Ectw(y)*w(y)+(S*Ectw(y)*w(y))*w(y) = 0,

-Sc*RI*(diff(C(y), y)+diff(C(y), ““(y,2)) + Nt (dif f(T (y), ““(y, 2)))/Nb =0; p1 := dsolve(sys,
Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) =1, w(0) = 0, w(1) =0, fcns, type
= numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i] := rhs(p1(0)[7]);
T12[i] := rhs(p1(0)[5]); T13[i] := -rhs(p1(0)[3]); i :=i+1 end do;

A:="A;RI:="RI’; Gt :="Gt’; Gc :="Gc’; Nt :=’Nt’; Nb :=’Nb’; Sc :=’Sc’; Ec :="Ec’; Pr
:="Pr’; lam :="lam’; S :=’S’; F :="F’; points12 := seq([R[j], T11[j]],j =1 .. 21); points22
:=seq([R[j], T12[j]],j =1 .. 21); points32 := seq([R[j], T13[j]],j=1 .. 21);

pCf4 := pointplot(points12, labels = ["lam", "Cf"], style = line, color = magenta);

pNu4 := pointplot(points22, labels = ["lam", "Nu"], style = line, color = magenta);

pSh4 := pointplot(points32, labels = ["lam", "Sh"], style = line, color = magenta);
with(plots);

R :=array(1 .. 352); T11 := array(l .. 352); T12 := array(1 .. 352); T13 := array(l ..
352);1i:=1; A:=1; Gt :==1; Gc :=1; lam := .1; Ec := 1; S :=1; Pr := 10; Nt := .1;
Nb :=.1; Sc :=.1; F := 0; for RI from 0 by 0.5e-1 to 1 do fcns := C(y), T(y), w(y); sys
= -RT*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(v,2)) — lam x exp(—lam x T (y)) *
(dif f(w(y),y)) = (dif f(T(y),y))) — S exp(—lam =T (y)) x w(y) — F * w(y) * w(y) + Gt *
T(y)+GexC(y) =0, —RIx (dif f(T(y),9)) + (dif f(T (), ““(y. 2))+Nb*(diff(C(y), y))*(diff(T(y),
YDY/Pr+NCHdff(T(y), y))*(iff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y))
+SFEcHw(y) w(y)+(SFEcw(y)sw(y))*w(y) = 0,

-SCHRI¥(diff(C(y), y)+AIfF(C(y), **(3,2)) + Nt # (dif f(T (), *“(y 2))/Nb = 0;
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pl := dsolve(sys, Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) = 0,
w(1l) =0, fcns, type = numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i]
:=r1hs(p1(0)[7]); T12[i] := rhs(p1(0)[5]); T13[i] := -rhs(p1(0)[3]); i := i+1 end do;

A :="A; Rl :="RI’; Gt :="Gt’; Gc :="Gc’; Nt :="Nt’; Nb :="Nb’; Sc :=’Sc’; Ec :=Ec’;
Pr:="Pr’;lam :="lam’; S :=’S’; F := ’F’; points1 := seq([R[j], T11[j]],j =1 .. 21); points2
:=seq([R[3], T12[j]],j =1 .. 21); points3 := seq([R[j], T13[j]],j=1 .. 21);

pCf5 := pointplot(points1, labels = ["RI", "Cf"], style = line, color = blue);

pNu5 := pointplot(points2, labels = ["RI", "Nu"], style = line, color = blue);

pShS := pointplot(points3, labels = ["RI", "Sh"], style = line, color = blue);

with(plots); R := array(1 .. 352); T11 := array(1 .. 352); T12 := array(1 .. 352); T13:
array(l .. 352);i:=1; A:=1; Gt:=1; Gc :=1; lam := .1; Ec :=1; S := 1; Pr:= 10; Nt :=

.1; Nb :=.1; Sc := .1; F :=1; for RI from 0 by 0.5e-1 to 1 do fens := C(y), T(y), w(y); sys

= -RI*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), “*(y,2)) — lam x exp(—lam x T (y)) *
(diff(w(y),y)) * (dif f(T(),y))) — S * exp(—lam = T (y))  w(y) — F * w(y) x w(y) + Gt *
T(y)+GexC(y) =0, —RIx (dif f(T(y), )+ (dif f(T(y), (v, 2)+Nb*(diff(C(y), y))*(diff(T(y),
Y))/Pr+N*(diff(T(y), y))*(diff(T(y), y))+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y))
+S*Ec*w(y)*w(y)+(S*Ec*w(y)*w(y))*w(y) = 0,

-Sc*RI*(diff(C(y), y))+diff(C(y), ““(y,2)) + Nt (dif f (T (y), ““(y, 2)))/Nb=0; pl :=dsolve(sys,
Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) =0, w(1) = 0, fcns, type

= numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i] := rhs(p1(0)[7]);
T12[i] :=rhs(p1(0)[S]); T13[i] := -rhs(p1(0)[3]); i := i+1 end do;

A:="A;RI:="RI’; Gt :="Gt’; Gc :="Gc’; Nt :=’Nt’; Nb :=’Nb’; Sc :=’Sc’; Ec :="Ec’; Pr
:="Pr’; lam :="lam’; S :="S’; F :="F’; points11 := seq([R[j], T11[j]],j=1 .. 21); points21
:=seq([R[j], T12[j]],j =1 .. 21); points31 :=seq([R[j], T13[j]],j=1 .. 21);

pCf6 := pointplot(points11, labels = ["'RI", "Cf"], style = line, color = red);

pNub6 := pointplot(points21, labels = ["RI", "Nu"], style = line, color = red);

pShé := pointplot(points31, labels = ["RI", "Sh"], style = line, color = red);

with(plots);

R := array(l .. 352); T11 := array(l .. 352); T12 := array(1 .. 352); T13 := array(1 ..
352); i:=1; A:=1; Gt:=1; Gec :=1; lam := .1; Ec :=1; S := 1; Pr := 10; Nt := .1;
Nb :=.1; Sc := .1; F := 2; for RI from 0 by 0.5e-1 to 1 do fcns = C(y), T(y), w(y); sys
= -RI*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) — lam x exp(—lam x T (y)) *
(dif f(w(y),y)) = (dif f(T(y),y))) = S exp(—lam T (y)) x w(y) — F * w(y) * w(y) + Gt *
T(y)+GexC(y) =0, —RIx (dif f(T (y),y)) + (dif F(T(v), *“(y, 2)+Nb*(diff(C(y), y))*(diff(T(y).
Y)/Pr+ Nt (diff(T(y), y))*(diff(T(y), y))+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), y))
+S*Ec*w(y)*w(y)+(S*Ec*w(y)*w(y))*w(y) = 0,

-Sc*RI*(diff(C(y), y)+diff(C(y), ““(y,2)) + Nt x (dif f(T (y), ““(y, 2)))/Nb=0; p1 :=dsolve(sys,
Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) = 1, w(0) =0, w(1) = 0, fcns, type

= numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i] := rhs(p1(0)[7]);
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T12[i] :=rhs(p1(0)[S]); T13[i] := -rhs(p1(0)[3]); i :=i+1 end do;

A:="A;RI:="RI’; Gt :="Gt’; Gc :="Gc’; Nt :=’Nt’; Nb :=’Nb’; Sc :=’Sc’; Ec :="Ec’; Pr
:="Pr’; lam :="lam’; S :=’S’; F ;= "F’; points12 := seq([R[j], T11[j]],j =1 .. 21); points22
:=seq([R[j], T12[j]],j =1 .. 21); points32 := seq([R[j], T13[j]],j=1 .. 21);

pCf7 := pointplot(points12, labels = ["RI", "Cf"], style = line, color = black);

pNu7 := pointplot(points22, labels = ["RI", "Nu"], style = line, color = black);

pSh7 := pointplot(points32, labels = ["RI", "Sh"], style = line, color = black);

with(plots);

R :=array(1 .. 352); T11 := array(l .. 352); T12 := array(l .. 352); T13 := array(l ..
352); i:=1; A:=1; Gt:=1; Gc :=1; lam := .1; Ec :=1; S := 1; Pr := 10; Nt := .1;
Nb :=.1; Sc := .1; F := 3; for RI from 0 by 0.5e-1 to 1 do fcns = C(y), T(y), w(y); sys
= -RI*(diff(w(y), y))+A+exp(-lam*T(y))*(diff(w(y), ““(y,2)) — lam x exp(—lam x T (y)) *
(dif f(w(y),y)) * (dif f(T(y),))) = S x exp(—lam+ T (y)) * w(y) — F x w(y) x w(y) + Gt *
T(y)+GexCy) =0, —RIx(dif f(T(y),y)) + (dif f(T(y), (v, 2)+Nb*(diff(C(y), y) *(diff(T(y),
YDIPr+NC(diff(T(y), y))*(diff(T(y), y)+Ec*exp(-lam*T(y))*(diff(w(y), y))*(diff(w(y), ))
+S*Ec*w(y)*w(y)+(S*Ec*w(y)*w(y))*w(y) = 0,

-Sc*RI*(diff(C(y), y)+diff(C(y), ““(y,2)) + Nt (dif f(T (y), ““(y, 2)))/Nb =0; p1 :=dsolve(sys,
Nt*(D(T))(0)+Nb*(D(C))(0) =0, C(1) =1, T(0) =0, T(1) =1, w(0) = 0, w(1) = 0, fcns, type
= numeric, method = bvp[midrich], abserr = 0.1e-7); R[i] := RI; T11[i] := rhs(p1(0)[7]);
T12[i] :=rhs(p1(0)[5]); T13[i] := -rhs(p1(0)[3]); i := i+1 end do;

A:="A;RI:="RI’; Gt :="Gt’; Gc :="Gc’; Nt :=’Nt’; Nb :=’Nb’; Sc :=’Sc’; Ec :="Ec’; Pr
:="Pr’; lam :="lam’; S :="S’; F :="F’; points12 := seq([R[j], T11[j]],j =1 .. 21); points22
:=seq([R[j], T12[j]],j =1 .. 21); points32 := seq([R[j], T13[j]],j=1 .. 21);

pCf8 := pointplot(points12, labels = ["RI", "Cf"], style = line, color = magenta);

pNu8 := pointplot(points22, labels = ["RI", "Nu"], style = line, color = magenta);

pSh8 := pointplot(points32, labels = ["RI", "Sh"], style = line, color = magenta);
plots[display](pCf1, pCf2, pCf3, pCf4, pCt5, pCf6, pCf7, pCt8);

plots[display](pNul, pNu2, pNu3, pNu4, pNu5, pNu6, pNu7, pNug);

plots[display](pSh1, pSh2, pSh3, pSh4, pSh5, pSh6, pSh7, pSh8);
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