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Abstract

In this research, the Dirichlet boundary value problem for the second order ”stationary

heat transfer” elliptic partial differential equation with variable coefficient is considered

in 2D. Using an appropriate parametrix function, this problem is reduced to some direct

segregated systems of Boundary Domain Integral Equations (BDIEs). Although the theory

of BDIEs in 3D is well developed, the BDIEs in 2D need a special consideration due to their

different equivalence properties. Consequently, we need to set conditions on the domain

for the invertibility of corresponding parametrix-based integral layer potentials and hence

the unique solvability of BDIEs. The properties of corresponding potential operators are

investigated. The equivalence of the original BVP and the obtained BDIEs is analysed

and the invertibility of the BDIE operators is proved.
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Notation

Here, the notations used in this research are introduced and some definitions are given as

follows.
C∞c (Ω) - is the class of all infinitely

differentiable functions on Ω

with compact support.

Ck(Ω) - the Class of all k − times continuously

differentiable functions on Ω.

Ω - closure of the Ω.

Γ := ∂Ω - the boundary of the

domain Ω.

4a Laplacian of a , 4a = ∇.∇a.

C∞(Ω̄) = Class of C∞(Ω) function such that all

its derivatives can be extended continuously to Ω̄

Ω - the space domain.

Γh - boundary of Ωh. Rn - denotes n - dimensional Euclidean space.

C(Ω) - is the class of all continuous

functions on Ω.

Hk
0 (Ω) - is the space W k,2

0 (Ω).

∇2 - Laplace operator.

ϕ , Ψ - trial functions . Hk(Ω) - is the space W k,2(Ω).

C0(Ω) - is the class of all continuous

functions on Ω that vanishes at boundary

(for bounded sets) or ∞.

D(Ω) - is the class of all infinitely differentiable

functions on Ω with compact support endowed

with inductive limit topology.

W k,p(Ω) - is the class of all functions in

Lp(Ω) whose Distributional Derivative up

to order k are also in Lp(Ω).

ΓD - boundary parts with Dirichlet data.

∇a - Gradient of a.

i, j, l - indices.

v



Chapter 1

Introduction

1.1 Back ground of the study

Partial Differential Equations (PDEs) with variable coefficients often arise in Mathemat-

ical modeling of in homogeneous media (e.g. functionally graded materials or materials

with damage induced in homogeneity) in solid mechanics, electro magnectics thermo-

conductivity; fluid flows through porous media and other areas of physics and engineer-

ing[2, 6].

The Boundary Integral Equation Method (BIEM) is a well established tool for solution

of Boundary Value Problems (BVPs) with constant coefficients. The main ingredient

for reducing a BVP for a PDE to a BIE is a fundamental solution to the original PDE.

However, it is generally not available in an analytical form for PDEs with variable coeffi-

cients[2]. Nevertheless, for a rather wide class of variable-coefficients PDEs it is possible

to use instead an explicit parametric (Levi function) associated with a fundamental solu-

tion of corresponding frozen-coefficient PDEs and reduce BVPs for such PDEs in interior

domains to systems of Boundary-Domain Integral Equations (BDIEs) for further numer-

ical solution[3].

The Boundary Integral Equation (BIE) method (boundary element method, elastic po-

tential method) has been intensively developed over recent decades both in theory and in

1
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engineering applications. Its popularity is due to the possibility (at least for some prob-

lems with constant coefficients) of reducing a Boundary Value Problem (BVP) for a linear

partial differential equation in a domain to an integral equation on the domain boundary,

that is, to diminish the problem dimensionality by one. It leads to a diminution of the

linear algebraic equations system, which results from discretization, and allows to obtain

numerical solutions using small computer resources[10].

The main thing necessary for the reduction of a BVP to a BDIE is a fundamental so-

lution to the original partial differential equation, available in an analytical form. After

the fundamental solution is used in the corresponding Green formulae, one can reduce

the problem to a boundary integral equation. However, such a fundamental solution is

generally not available if the coefficients of the original BVP are not constant[1, 6, 10].

The BVPs of heat transfer with variable heat conductivity coefficients and the BVPs of

elastic shells particularly belong to this category. One can use, in this case, a parametrix

function, which is usually available, instead of the fundamental solution in the Green

formulae. Parametric correctly describes the main part of the fundamental solution but is

not required to satisfy the original differential equations apart from the singular point,[3].
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1.2 Statment of the problem

Let Ω be a domain in R2 bounded by infinitely differentiable curve ∂Ω. We shall drive

and investigate Boundary Domain Integral Equation(BDIE), for the following Dirichlet

BVP Find a function u ∈ H1(Ω) satisfying:

Au(x) :=
i=2∑
i=1

∂

∂xi
(a(x)

∂u(x)

∂xi
) = f(x) in Ω

γ+u(x) = ϕ0 on ∂Ω

Where ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω) are given functions.

This research work will answer the following questions.

• What is the necessary condition for the solvability of this Dirichlet BVP ?

• Is the Boundary Value Problem uniquely solvable ?

• How to transform this Dirichlet BVP to BDIE systems ?

• Is the original BVP equivalent to the obtained BDIE systems ?

• Are the BDIE operators for the Dirichlet BVP invertible?

1.3 Objective of the study

1.3.1 General objective of the study

The main objective of this study will be to analyse the boundary domain integral equations

for variable coefficient dirichlet boundary value problem in two dimension.
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1.3.2 Specific objective of the study

The specific objective of this study will be as following

• To investigate solvability of the Dirichlet BVP.

• To show the Dirichlet BVPs with variable coefficient in interior domain can be re-

duced to some systems of BDIEs.

• To investigate invertibility of the boundary-domain integral operators obtained in

the appropriate sobolev space.

• To show the equivalence of the original Boundary Value Problem and the obtained

Boundary Domain Integral Equations.

• To investigate the invertibility of the Boundary Domain Integral operators of Dirich-

let BVP.

1.4 Significance of the study

The study of this problem will have the following importance: The study of this research

is highly important to understand the uniqueness, existence, and invertibility of Boundary

Domain Integral Equation (BDIE) for variable coefficient Dirichlet BVP. It also improves

understanding of the Boundary Domain Integral Equations (BDIE) so that reducing and

analysing the given Dirichlet BVPs for variable coefficients. Also, initiates other researchs

to under take further extension and important to understand analysis of BDIE for Variable

coefficient dirichlet BVPs in 2D. It also uses as references for those who needs to conduct

research on this area.



Chapter 2

Review of Literature

Many researchers give different analysis of Boundary-Domain Integral Equation for el-

liptic partial differential equation with variable coefficient subjected to some boundary

condition. In this research we review some of this analysis developed by different re-

searchers to study the analysis of boundary domain integral equations that are directly

related to the objectives of the study. Reduction of the BVP with arbitrarily variable

coefficients to boundary domain integral equation systems is usually not possible, since

the fundamental solution necessarily for such reduction is generally not available in an

analytical form (except for some special dependence of the coefficients on coordinates)[6].

It is possible to reduce a Boundary Value Problem (BVP) to some systems of boundary

domain integral equations where the Dirichlet ,Neumann and mixed problems for some

partial differential equations were reduced to BDIEs systems by using a parametric(Lev

function).

In [1], an explicit parametric and the parametric-based third Greens identity has been

used to reduce the mixed boundary value problem for the heat transfer partial differential

equation with a variable coefficient to four different versions of direct segregated BDIES.

The obtained BDIE systems contain integral operators defined on the domain under con-

sideration as well as potential-type and pseudo differential operators defined on open sub

manifolds of the boundary. It has been shown that the BDIE systems were equivalent

to the original mixed BVP, and the operators of the BDIE systems were invertible in

5
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appropriate sobolev spaces.

In [2], the Localized boundary domain integral equation system associated with the Dirich-

let boundary value problem for a scalar Laplace PDE with variable coefficient were for-

mulated and analyzed. Mapping and jump properties of surface and volume integral

potentials based on a localized parametric and constituting the LBDIE systems were

studied in a scale of sobolev(Bessel potential) spaces. The main results established in the

paper were the LBDIEs equivalence to the original variable-coefficient BVPs and the in-

vertibility of the LBDIE operators in the corresponding sobolev spaces. Analysis of direct

segregated boundary domain integral equations for variable-coefficient corresponding to

mixed BVPs in exterior domains was presented in [3].

In [3], direct segregated systems of boundary domain integral equations were formu-

lated for the mixed (Dirichlet-Neumann) BVPs for a scalar second order divergent elliptic

PDE with a variable coefficient in an exterior three dimensional domain. The BDIE sys-

tem equivalence to the original BVPs and the fredholm properties and the invertibility of

the corresponding boundary domain integral operators were analysed in weighted sobolev

spaces suitable for infinite domains. This analysis was based on the corresponding prop-

erties of the BVPs in weighted soboev spaces that were proved as well.

Analysis of segregated BDIEs based on a parametric and associated with the Dirichlet

boundary value problems for a linear stationary diffusion partial differential equation with

a variable coefficient were presented in [6]. Equivalence of the BDIEs to the original BVP,

BDIE, solvability solution uniqueness or non-uniqueness,and invertibility of the BDIE op-

erators are analyzed in sobolev spaces.It has been shown that the BDIE operators for the

Dirichlet BVP were not invertible. The analysis of BDIEs for the second order stationary

heat transfer elliptic partial differential equation with variable- coefficient Neumann BVP

in 2D was presented in [12].
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In [12], the interior Neumann problem for variable coefficient PDE in two-dimensional

domain,where the right hand side function is from L2(Ω) and the Dirichlet data from

the space H
1
2 (Ω) has been considered. The BVP has been reduced to two systems of

BDIEs and their equivalence to the original BVP has been shown. The invertibility of the

associated operators in the corresponding Bessel potential spaces has been also proved.

In this research study, the BDIE formulations and analysis for the second order stationary

heat transfer elliptic partial differential equation with variable coefficients based on Levi

function parametric-based third Greens identity is considered in [12] and extended to the

treatment of Dirichlet BVPs in two-dimensional setting.



Chapter 3

Preliminaries

3.1 Basic notations and spaces

In this section we will give some concepts and definition that are important in this research

thesis. We denote a multi-index by α = (α1, α2) ∈ N2
0 and a point in the plane by

x = (x1, x2) ∈ R2. The length of the multi-index is defined by |α| = α1 + α2 and

its factorial is defined by α! = α1!α2!. The multi-index notation for the power x and

derivative operator is denoted respectively as:

xα = xα1
1 x

α2
2

and

∂α = ∂α1
1 ∂α2

2 =
∂|α|

∂α1
1 ∂α2

2

.

Let Ω be an open set in R2, then the set of all infinitely differentiable function on Ω

with compact support, is denoted by D(Ω) or C∞(Ω). The function space D
′
(Ω) consists

of all continuous linear functionals over D(Ω). And we denote by S(R2) the Schwartz

space consisting of functions that together with all their derivatives, decay faster than

any power of |x| as |x| goes to ∞. That means functions ϕ ∈ C∞(R2) such that

sup
x∈R2

|xα(Dβϕ)(x)| <∞,

for all multi-indices α and β. The function spaces S
′
(R2) denotes the collection of all

continuous linear functionals over S(R2). Let k ∈ N0. The sobolev space Hk(Ω) = W k
2 (Ω)

8
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consists of the functions u ∈ L2(Ω) such that Dαu ∈ L2(Ω) for any multi-index |α| < k,

Hk(Ω) = {u ∈ L2(Ω) : Dαu ∈ L2(Ω), for |α| ≤ k.}

Here the Derivatives Dαu are understood in the sense of Distributions. The space Hk(Ω)

is a Hilbert space with the inner products given by:

〈u, v〉Hk(Ω) =
∑
|α|6k

〈Dαu(x), Dαv(x)〉L2(Ω),

and the corresponding norm is given by

||u||2Hk(Ω) =
∑
|α|≤k

||Dαu||L2(Ω).

We denote that H0(Ω) = L2(Ω). In particular, for k = 1, the space H1(Ω) expressed as

follow :

H1(Ω) = {u ∈ L2(Ω);
∂u

∂xi
∈ L2(Ω), i = 1, 2}.

And inner product in H1(Ω)is given by:

〈u, v〉H1(Ω) =
∑
|α|≤1

∫
Ω

Dαu(x)Dαv(x)dx

=

∫
Ω

u(x)v(x)dx+
2∑
i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx

=

∫
Ω

u(x)v(x)dx+

∫
Ω

OuOvdx.

While the norm is given by

||u||2H1(Ω) = ||u||2L2(Ω) + ||Ou||2L2(Ω).

Definition 3.1. (Ck(Ω) space, [15]). Let Ω ⊆ R2 be some open subset and assume
k ∈ N0. Then Ck(Ω) is the space of functions which are bounded and k times continuously
differentiable in Ω[see eg.on 15]. In particular, for u ∈ Ck(Ω) the norm

||u||Ck(Ω) =
∑
|α|≤k

sup
x∈Ω
|Dαu(x)|,

is finite. Correspondingly, C∞(Ω) is the space of functions which are bounded and in-
finitely continuously differentiable. For a function u(x) defined for x ∈ Ω we denote

supu = {x ∈ Ω : u(x) 6= 0}
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to be the support of the function u. Then,

C∞(Ω) = {C∞(Ω) : supu ⊂ Ω}

is the space of C∞(Ω) functions with compact support[15].

Definition 3.2. (The spaces Lp(Ω), [16]). We denote by Lp(Ω), (1 ≤ p < ∞), is
the space of equivalence classes of Lebesgue measurable functions u on the open subset
Ω ∈ Rn such that |u|p is integrable on Ω. We recall that two Lebesgue measurable functions
u and v on Ω are said to be equivalent if they are equal almost all every where in Ω, i.e,
u(x) = v(x) for all x out side a set of Lebesgue measure zero,see [16].
The space Lp(Ω) is a Banach space with the norm,

||u||Lp(Ω) = (

∫
Ω

|u(x)|pdx)
1
p

In particular, for p = 2 we have the space of all square integrable functions L2(Ω) which
is also a Hilbert space with the inner product

(u, v)L2(Ω) =

∫
Ω

u(x) ¯v(x)dx forall u, v ∈ L2(Ω),

3.2 Test functions and Distributions

Definition 3.3. (Test functions, [18]). Let Ω be an open subset of Rn. Then for
φ : Ω → C the support of φ, written supp φ, is defined as the closure in Ω of the set of
x ∈ Ω for which φ(x) 6= 0. The class of test functions D(Ω) consists of all functions φ(x)
defined in Ω, vanishing outside a bounded subset of Ω that stays away from the boundary
of Ω and such that all partial derivatives of all orders of φ are continuous.

D(Ω) = {φ ∈ C∞(Ω); supp of φ is compact in Ω}.

The set D(Ω) also denoted by C∞0 (Ω).

Definition 3.4. (Distributions, [18]). A distribution or generalized function is a linear
mapping φ 7→ 〈u, φ〉 from D(Ω) on to R, which is continuous in the following sense: If
φn 7→ φ in D(Ω), then 〈u, φn〉 7→ 〈u, φ〉. The set of all distributions is called D′(Ω). In
other words, u : D(Ω) 7→ R, where the values of u acting on ϕ denoted by

u : ϕ 7→ u(ϕ) = uϕ = 〈u, ϕ〉,

satisfies the following linearity and continuity criteria
1. For any a, b ∈ C and ϕ1, ϕ2 ∈ D(Ω),

〈u, aϕ1 + bϕ2〉 = a〈u, ϕ1〉+ b〈u, ϕ2〉.

2. 〈u, ϕn〉 → 〈u, ϕ〉 for n→∞ in C, whenever ϕn → ϕ D(Ω).
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Remark 3.1. A continuous linear functional on D is called a distribution, or generalized
function.

Example 3.1. The simplest example of a distribution is the functional generated by a
locally integrable function, f(x) ∈ Lloc1 (Ω) and is given by

〈f, ϕ〉 =

∫
Ω

f(x)ϕ(x)dx,∀ϕ ∈ D(Ω)

Proof. i. First, we show that the integral exists. Since φ ∈ D(Ω) has bounded support,
contained in a rectangle Ω say, the integral is

∫
Ω
f(x)ϕ(x)dx, which exists since the product

of an integrable function and a continuous function is an integrable function. Hence f is
a functional on D.
(i). show linearity.
Let a, b ∈ C, and let ϕ1, ϕ2 ∈ D(Ω). Then

〈u, (aϕ1 + bϕ2)〉

=

∫
Ω

u(aϕ1 + bϕ2)dx

=

∫
Ω

uaϕ1 + ubϕ2dx

=

∫
Ω

uaϕ1dx+

∫
Ω

ubϕ2dx

= a

∫
Ω

uϕ1dx+ b

∫
Ω

uϕ2dx

= a〈u, ϕ1〉+ b〈u, ϕ2〉
(ii). Continuity.
Let ϕn → ϕ in D. Then there exist K a compact set, such that suppϕn ⊂ K, ∀n and
suppϕ ⊂ K. We have

|〈f, ϕn〉 − 〈f, ϕ〉| = |
∫
K

f(x)[ϕn − ϕ]dx|

≤ (max|ϕn − ϕ|)
∫
K

|f(x)|dx→ 0asn→∞

because ϕn → ϕ uniformly. hence

〈f, ϕn〉 → 〈f, ϕ〉.

So f is a continuous functional, that is, a distribution.

Definition 3.5. (Locally integrable function, [15]).
A function f : Ω ⊂ Rn → C is locally integrable if

∫
Ω
|f(x)|dx exists and∫

Ω

|f(x)|dx <∞.
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Remark 3.2. Any continuous function is locally integrable; so is any piece wise continuous
function.

Definition 3.6. (Fundamental solutional, [17]). Every parametrix function P (x, y)
which is a solution of equation AxP = 0 is called a fundamental solution of the equation
Au = 0.

Theorem 3.1. (Uniqueness theorem, [14]). The solution of the Dirichlet problem,
if it exists, is unique.

Proof. Let ψ1, ψ2 be two solutions of the Dirichlet problems, then ψ1, ψ2 satisfy

∆ψ1(x) + a2ψ1(x) = 0 in Ω suchthat ψ1 = f on Γ

∆ψ2(x) + a2ψ2(x) = 0 in Ω suchthat ψ2 = f on Γ.

Since ψ1 and ψ2 are harmonic in Ω, (ψ1 − ψ2) is also harmonic in Ω.

i.e. ψ1 − ψ2 = 0 on Γ = ∂Ω,

then implies
ψ1 = ψ2

at all interior point of Ω. Therefore the solution is unique.

Definition 3.7. (Compactness, [9, 15]). Suppose that a set X is equipped with a
metric |., .|X . An open cover of a subset W ⊂ X is a family of open subsets of X whose
union contains W . We say that W is compact if every open cover of W has a finite
sub-cover. Every compact set is closed.

Definition 3.8. (Fredholm Operator, [9]). A bounded linear operator: B : X → Y
is Fredholm if,
(1). range(B) is closed in Y ,
(2). ker(B) and the factor space Y/range(B) are finite dimensional.
The index of B is then defined by

Index(B) = dim(ker(B))− dim(Y/range(B)).

Definition 3.9. (Adjoint Operator, [9]). Consider a linear map A : X → Y . If
X and Y are each equipped with a conjugation, then we define the adjoint operator
A∗ : Y ∗ → X∗ by

(A∗w, u) = (w,Au) for w ∈ Y ∗, u ∈ X.

3.3 Trace Theorem , Inverse Trace Theorem and sobolev

space
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3.3.1 Trace Theorem

Definition 3.10. (Trace Theorem, [9]). Trace of f on ∂Ω means that the restrictions
of f to ∂Ω. We recall the trace is a restriction of a function to the boundary and the
interior trace operator is a continuous linear mapping from Hs(Ω) into Hs− 1

2 (∂Ω).

i.e. γ+ : Hs(Ω)→ Hs− 1
2 (∂Ω).

Trace Theorem states that:- Let Ω ⊂ R2 be a Ck−1,1 - domain. For 1
2
< s 6 k, the

interior Trace operator
γD : Hs(Ω)→ Hs− 1

2 (Γ),

where γDv = v/Γ is bounded. Then there exists CT > 0 such that

||γDv||Hs− 1
2 (Γ)

6 CT ||V ||Hs(Ω), ∀γ ∈ Hs(Ω).

3.3.2 Inverse Trace Theorem

Definition 3.11. (Inverse Trace Theorem, [9]). The Trace Operator,

γD : Hs(Ω)→ Hs− 1
2 (Γ) has a continuous right inverse operator ε : Hs− 1

2 (∂Ω)→ Hs(Ω) ,
satisfying:

(γ+oε)(w) = w ∀w ∈ Hs− 1
2 (Γ).

There exists a constant C1 > 0 such that

||εw||Hs(Ω) ≤ C1||W ||Hs− 1
2 (Γ)

,

for all W ∈ Hs− 1
2 (Γ). The trace theorem enables us to define unambiguously γ+u or

u ∈ ∂Ω, provided that u is smooth enough to be in Hm(Ω), i.e. for any u ∈ Hm(Ω), we
have ∂αu ∈ H1(Ω) for |α| ≤ m− 1. Thus by the trace theorem the values of ∂αu on the
boundary is well-defined and belongs to Lp(Ω) which implies γ+∂αu ∈ Lp(Ω).

3.3.3 Sobolev Space

Definition 3.12. (Sobolev Space, [15]). Let Ω be a non-empty open subset of R2, m
be a non-negative integer and 1 ≤ p ≤ ∞.

Wm,p(Ω) = {u ∈ Lp(Ω) : ∂αu ∈ Lp(Ω)∀α ∈ Nn ∪ 0, |α| ≤ m}.

The sobolev spaceH1(Ω) is the set of all u ∈ L2(Ω) such that all the first partial derivatives
∂u

∂xi
belongs to L2(Ω).

i.e. H1(Ω) = {u ∈ L2(Ω) : ∇u ∈ L2(Ω)}.

In the definition the derivatives are defined in distributional sense.

i.e. 〈∂xju, ϕ〉 = −〈u, ∂xjϕ〉.

In many applied situations , the Dirichlet integral
∫

Ω
|∇u|2 represents an energy. The

functions in H1(Ω) are therefore associated with configurations having finite energy.
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Definition 3.13. (Bessel potential space, [9]). For any s ∈ R, we define Hs(R2), the
Sobolev space of order s on R2 by

Hs(R2) = {u ∈ S∗(R2) : J su ∈ L2(R2)},

and equip this space with the inner product

(u, v)Hs(R2) = (J u,J v)

and the induced norm

||u||Hs(R2) =
√

(u, u)Hs(R2) = ||J su||L2(R2).

The space H−s(R2) is the dual space of Hs(R2) equipped with the norm

||u||H−s(R2) = sup
06=v∈Hs(R2)

|〈uv〉|
||v||Hs(R2)

for u ∈−s (R2).



Chapter 4

Boundary Domain Integral Equation
of Variable Coefficient Dirichlet BVP

In this Research, the Dirichlet boundary value problem for the second order stationary

heat transfer elliptic partial differential equation with variable coefficient is considered

in 2D. Using an appropriate parametrix function, the problems are reduced. Conse-

quently ,we need to set conditions on the domain for the invertibility of the corresponding

parametrix-based integral layer potentials and hence the unique solvability of BDIEs.

The main thing necessary for the reduction of a BVP to a BIE is a fundamental so-

lution to the original partial differential equation. After the fundamental solution is used

in the corresponding Green formula, one can reduce the problem to a boundary integral

equation. However, such a fundamental solution is generally not available if the coef-

ficients of the original BVP are not constant. One can use, in this case, a parametrix

function, which is usually available, instead of the fundamental solution in the Green

formulae. Parametrix correctly describes the main part of the fundamental solution but

is not required to satisfy the original differential equations apart from the singular point.

However, in order for the reduction to be enabled, a fundamental solution for the PDE is

necessary. Even though fundamental solutions are known for many equations with con-

stant coefficients, they are not generally available in an explicit form for partial differential

operators with variable coefficients.

15
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4.1 Formulations of the Dirichlet Boundary Value

Problem

4.1.1 The First Green’s Identity

If h ∈ C1
0(Ω̄), then ∫

Ω

∂

∂xi
h(x)dx =

∫
∂Ω

γ+h(x)ni(x)dsx, (i = 1, 2) (4.1)

where,

γ+h(x) = lim
y∈Ω→x∈∂Ω

h(y), for x ∈ ∂Ω (4.2)

is the interior boundary trace of h(x). Using the results for density and trace theorem in [9]

we can show that the integral relation (4.1) holds for any h ∈ H1(Ω). Indeed , since C1(Ω̄)

is dense in H1(Ω) then we have a sequence hn ∈ C1(Ω̄) such that (||hn− h||)H1(Ω) → 0 as

n→∞. Since hn ∈ C1(Ω̄), the integral relation (3) implies :∫
Ω

∂

∂xi
hndx =

∫
∂Ω

γ+hnnidsx, (i = 1, 2) (4.3)

Taking the limit as n→∞ in the equation (4.3)

|
∫

Ω

∂hn
∂xi

dx−
∫

Ω

∂h

∂xi
dx| ≤

∫
Ω

(|∂hn
∂xi
− ∂h

∂xi
|)dx

≤ (||hn − h||)H1(Ω) → 0.

Hence, ∫
Ω

∂hn
∂xi

dx−
∫

Ω

∂h

∂xi
dx→ 0.
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For the right side of equation (4.1),

|
∫
∂Ω

γ+hnnidsx −
∫
∂Ω

γ+hnidsx| ≤
∫
∂Ω

|γ+(hn − h)|nidsx

≤ (||γ+(hn − h)||)L2(∂Ω),

the continuity of the trace operator from H1(Ω) to H
1
2 (∂Ω) and hence to L2(∂Ω) implies,

(||γ+(hn − h)||)L2(∂Ω) ≤ (c||hn − h||)L2(∂Ω) → 0 as n→∞. Hence,∫
∂Ω

γ+hnnidsx −
∫
∂Ω

γ+hnidsx → 0 as n→∞.

Now, for u ∈ H2(Ω) and v ∈ H1(Ω), if we put h(x) = a(x)
∂u(x)

∂xj
v(x) and applying the

Gauss Ostrogradski, we obtain

∫
Ω

∂

∂xj
(a(x)

∂u(x)

∂xj
v(x))dx =

∫
∂Ω

njγ(a(x)
∂u(x)

∂xj
v(x))dsx.

summing over j and noting the relation :

∂

∂xj
(a(x)

∂u

∂xj
v(x)) =

∂

∂xj
(a(x)

∂u

∂xj
)v(x) + a(x)

∂u

∂xj

∂v

∂xj
,

we obtain the following Green’s first formula

ε(u, v) = −
∫

Ω

(Au)(x)v(x)dx+

∫
∂Ω

T+u(x)γ+v(x)dsx,

where,

ε(u, v) =
2∑
i=1

∫
Ω

a(x)
∂u(x)

∂xi

∂v(x)

∂xi
dx,

is the symmetric bi-linear form, and

T+u(x) = lim
y∈Ω→x∈∂Ω

[
2∑
i=1

ni(x)a(y)
∂

∂yi
u(y)],

for x ∈ ∂Ω , is the interior co-normal derivative.
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Remark 4.1. For v ∈ D(Ω), γ+v = 0. If u ∈ H1(Ω), then we can define Au as a distribution
on Ω by :

(Au, v) = −ε(u, v) for v ∈ D(Ω).

The subspace H1,0(Ω;A) is defined as :

H1,0(Ω;A) = {g ∈ H1(Ω) : Ag ∈ L2(Ω)},

with the norm
||g||2H1,0(Ω;A) = ||g||2H1(Ω) + (||Ag||)2

L2(Ω).

Definition 4.1. For u ∈ H1,0(Ω;A) we can define the canonical (co-normal) derivative

T+u ∈ H −1
2 (∂Ω) with the help of Green’s formula (see eg. [5, 13] and the references there

in).

〈T+u,w〉 =

∫
Ω

[(γ+
−1w)Au+ E(u, γ+

−1w)]dx, ∀w ∈ H
1
2 (∂Ω) (4.4)

Where γ+
−1 : H

1
2 (∂Ω) → H1(Ω) is a continuous right inverse of the continuous interior

trace operator γ+, which maps H1(Ω) → H
1
2 (∂Ω) , while E(u, v) = Ou(x)a(x)Ov(x),

and 〈., .〉∂Ω denote the duality brackets between the spaces H
−1
2 (∂Ω) and H

1
2 (∂Ω), which

extend the usual L2(∂Ω) scalar product. The operator

T+ : H1,0(Ω;A)→ H
−1
2 (∂Ω)

is continuous and gives the continuous extension on H1,0(Ω;A) of the classical co-normal
derivative operator. For u ∈ Hs(Ω), s > 3

2
, then the canonical co-normal derivative

defined by equation (4.4) coincides with the classical one , defined in the trace sense,

i.e. T+u(x) = a(x)γ+(
∂u(x)

∂n(x)
),

where n(x) is the exterior unit normal vector.

Remark 4.2. The first Green’s formula also holds for u ∈ H1,0(Ω;A) and v ∈ H1(Ω) as in
[13], i.e ∫

Ω

E(u, v)dx = −〈Au, v〉Ω + 〈T+u, γ+v〉∂Ω. (4.5)

4.1.2 The Second Green’s Formula

In the first Green’s formula by interchanging the role of u and v and subtracting the

result, we obtain the Green’s second formula. For u, v ∈ H1,0(Ω;A), the second Green’s

formula is: ∫
Ω

(vAu− uAv)dx = 〈T+u, γ+v〉∂Ω − 〈T+v, γ+u〉∂Ω. (4.6)
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so we shall drive and investigate the BDIE systems for the following Dirichlet boundary

value problem. Given the functions ϕ0 ∈ H
1
2 (∂Ω) , and f ∈ L2(Ω), find a function

u ∈ H1(Ω) satisfying, Au = f in Ω and γ+u = ϕ0 on ∂Ω.

Let Ω be a domain in R2 bounded. Let Ω+ be a bounded by simple closed infinitely

differentiable curve ∂Ω, the set of all infinitely differentiable function on Ω with compact

support is denoted by D(Ω). The function space D′(Ω) consists of all continuous linear

functionals D(Ω). For s ∈ R we denote by Hs(R2) the Bessel potential space. Note

that the space H1(R2) coincides with the sobolev space W
1
2 (R) with equivalent norm and

H−s(R2) is the dual space to Hs(R2). For any non empty open set Ω ∈ Rn we define,

Hs(Ω) = {u ∈ D′(Ω) : u =
⋃

Ω}

for some
⋃
∈ Hs(Rn). The space Ĥs(Ω) is defined to be the closure of D(Ω) with respect

to the norm of Hs(Rn). For s ∈ (−1
2
, 1

2
), Hs(Ω) can be identified with Ĥs(Ω), then we

shall consider the scalar elliptic partial differential equation

Au(x) =
2∑
1

∂

∂xi
(a(x)

∂u(x)

∂xi
) = f(x) in Ω (4.7)

with a(x) ∈ C∞(R2), a(x) > 0. For a given functions ϕ0 ∈ H
1

2 (∂Ω) and f ∈ L2(Ω), we

shall consider the Dirichlet boundary value problem for the function u ∈ H1(Ω),

Au(x) = f in Ω (4.8)

γ+u = ϕ0 on ∂Ω (4.9)

Here the above equation are understood in the distributional and trace sense respectively.

In application the BVP in the above two solution may be describe a stationary heat

transfer boundary value problem in isotropic in homogeneous two dimensional body Ω,

where u(x)is an unknown temperature, a(x) is a known variable thermo-conductivity

coefficient, f(x) is a known distributed heat source, ϕ0(x) is a known temperature on the
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boundary. Define a subspace as in[5, 7, 13]

H1,0(Ω, A) = {g ∈ H1(Ω) : Ag ∈ L2(Ω)},

endowed with the norm

||g||2H1,0(Ω, A) = ||g||2L2(Ω),

for u ∈ H1,0(Ω, A) then we can define the (canonical) co normal derivative T+u ∈

H
−1
2 (∂Ω) in the weak form (see, eg. [5, 13] and the reference there in).

〈T+, u〉 =

∫
Ω

[(γ+, ω)Au+ E(u, γ+
−1ω)]dx, ∀ω ∈ H

1
2 (∂Ω) (4.10)

where

γ+
−1 : H

1
2 (∂Ω)→ H1(Ω)

is a continuous right inverse of the continuous right trace operator

γ+ : H1(Ω)→ H
1
2 (∂Ω)

while

E(u, v) = a(x)∇u(x).∇u(x)

is the symmetric bi-linear form. For u ∈ Hs(Ω), s >
3

2
the canonical co normal derivative

defined by equation above coincides with the classical one defined in the trace sense, that

means

T+u = an.γ+∇u,

where n(x) is the exterior unit normal vector.

Remark 4.3. The first Greens identity holds for any H1,0(Ω;A) and v ∈ H1(Ω)([5, 13]).
That means, ∫

Ω

E(u, v)dx = −〈Au, v〉Ω + 〈T+u, γ+v〉∂Ω,

and the second Green identity holds for any u, v ∈ H1,0(Ω;A). That means that∫
Ω

(vAu− uAv)dx = 〈T+u, γ+v〉∂Ω − 〈T+v, γ+u〉∂Ω
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4.2 Parametric-based potential operators

A function P (x, y) is a parametric function for the operator A, if

AxP (x, y) = δ(x− y) +R(x, y),

where δ is the Dirac-delta distribution, while R(x, y) is a remainder possessing at most a

weak singularity at x = y. In particular, see, eg. on [10], the function

P (x, y) =
1

2πa(y)
log|x− y|,

where x, y ∈ R2 is a parametrix for the operator A and the corresponding remainder is

R(x, y) =
2∑
1

xi − yi
2πa(y)|x− y|2

∂a(x)

∂xi
, where x, y ∈ R2.

If a(x) = 1 then A becomes the Laplace operator, 4 and the parametrix p(x, y) becomes

its fundamental solution, P4(x, y). If u ∈ H1,0(Ω;A) then from the second Greens identity,

we have the following parametrix-based third Greens identity for y ∈ Ω, [10],

u(y) =

∫
∂Ω

[γ+u(x)T+
x P (x, y)− P (x, y)T+u(x)]dx−

∫
Ω

R(x, y)u(x)dx+

∫
Ω

P (x, y)f(x)dx, y ∈ Ω.

(4.11)

Note that the direct substitution of v(x) by P (x, y) in the second Green identity is not

possible as it has singularity at x = y. This difficulty is avoided by replacing Ω by

Ω\B(y, ε), where B(y, ε) is a disc of radius ε centered at y; taking the limit ε → 0 we

then arrive at equation (4.11),e.g. [14]. The parametric-based logarithmic and remainder

potential operators are defined, similar to [1] in the three dimensional case, as

Pg(y) =

∫
Ω

p(x, y)g(x)dx,

Rg(y) =

∫
Ω

R(x, y)g(x)dx.

The single and double layer potential operators corresponding to the parametrix P (x, y)

are defined for y is not belongs to ∂Ω as

V g(y) = −
∫
∂Ω

P (x, y)g(x)dsx,
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Wg(y) = −
∫
∂Ω

T+
x P (x, y)g(x)dsx.

The following boundary integral (Pseudo-differential) operators

are also defined for y ∈ ∂Ω,

V g(y) = −
∫
∂Ω

P (x, y)g(x)dsx,

Wg(y) := −
∫
∂Ω

T+
x P (x, y)g(x)dsx,

W ′g(y) := −
∫
∂Ω

T+
Y P (x, y)g(x)dsx,

L+g(y) := T+
y Wg(y).

Let PM,VM,WM,VM,WM and LM denote the potentials corresponding to the operator A =M.

Then the following relations hold, [1] :

Pg =
1

a
P M g, Rg =

−1

a(y)

2∑
1

∂iP M [g∂ia] (4.12)

V g =
1

a
V M g, Wg =

1

a
W M (ag) (4.13)

Vg =
1

a
VMg, Wg =

1

a
WM(ag) (4.14)

W ′g =W ′ M g + [a
∂

∂n
(
1

a
)V M g], (4.15)

L+g = L+
M(ag) + [a

∂

∂n
(
1

a
)]W+

M (ag). (4.16)

Theorem 4.1. Let s ∈ R, then the following operators are continuous:

V : Hs(∂Ω)→ Hs+ 3
2 (Ω),

W : Hs(∂Ω)→ Hs+ 1
2 (Ω),

V : Hs(∂Ω)→ Hs+1(∂Ω),

W,W ′ : Hs(∂Ω)→ Hs+1(∂Ω),
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L+ : Hs(∂Ω)→ Hs−1(∂Ω).

Proof. We have the corresponding mappings for the corresponding constant coefficient
operators. (see eg.[5,9,15]). Equation (4.13), (4.14), (4.15), (4.16) also implies that the
theorem claim.

Theorem 4.2. Let u ∈ H −1
2 (∂Ω) and v ∈ H 1

2 (∂Ω), then the following jump relation hold
on ∂Ω.[9]

γ+V u(y) = V u(y), (4.17)

γ+Wv(y) =
−1

2
v(y) +Wv(y), (4.18)

T+V u(y) =
1

2
u(y) +W ′u(y), (4.19)

For the constant coefficient case, this theorem is well known. Then taking into account

the relations (4.17), (4.18) and (4.19), we can prove the theorem for the variable positive

coefficient a ∈ C∞(R2) as well.

Theorem 4.3. Let Ω be a bounded open domain domain in R2 with closed, infinitely
smooth boundary ∂Ω. Then the following operators are continuous:

P : H̃s(Ω)→ Hs+2(Ω), s ∈ R (4.20)

: Hs(Ω)→ Hs+2(Ω), s >
−1

2
(4.21)

R : H̃s(Ω)→ Hs+1(Ω), s ∈ R (4.22)

: Hs(Ω)→ Hs+1(Ω), s >
−1

2
(4.23)

γ+P : s̃(Ω)→ Hs+ 3
2 (∂Ω), s >

−3

2
(4.24)

: Hs(Ω)→ Hs+ 3
2 (∂Ω), s >

−1

2
(4.25)

γ+R : H̃s(Ω)→ Hs+ 1
2 (∂Ω), s >

−1

2
(4.26)

: Hs(Ω)→ Hs+ 1
2 (∂Ω), s >

−1

2
(4.27)

T+P : H̃s(Ω)→ Hs+ 1
2 (∂Ω), s >

−1

2
(4.28)

: Hs(Ω)→ Hs+ 1
2 (∂Ω), s >

−1

2
(4.29)

T+R : H̃s(Ω)→ Hs− 1
2 (∂Ω), s >

1

2
(4.30)

: Hs(Ω)→ Hs− 1
2 (∂Ω), s >

1

2
(4.31)



24

Proof. The operator PM (as in [2, 9, 12, 15]) is a homogeneous pseudo-differential operator
of order −2 on R2 then mapping PM : Hs

comp(R2) → Hs+2
loc (R2) continuously for any

s ∈ R. Hence the application of trace theorem along with the relations (4.12), the
operators (4.20),(4.22),(4.24),(4.26), (4.28),(4.30) are continuous. For s ∈ (−1

2
, 1

2
), H̃s(Ω)

is identified with Hs(Ω), and equation (4.31) directly follows from equation (4.20). To
prove the case s ∈ (1

2
, 3

2
), we implement the Gauss divergence theorem and the fact that

∂

∂xj
log|x− y| = − ∂

∂yj
log|x− y|,

and obtain:
∂

∂yj
(P M g)(y) = − 1

2π

∫
Ω

g(x)
∂

∂xj
log|x− y|dx,

=
1

2π

∫
Ω

log|x− y| ∂
∂xj

g(x)dx− 1

2π

∫
∂Ω

log|x− y|njγ+g(x)dsx.

= P M (∂jg)(y) + V M (njγ
+g)(y). (4.32)

Now for s ∈ (1
2
, 3

2
), since

∂j : Hs(Ω)→ Hs−1(Ω)

is continuous, we have
P M ∂j : Hs(Ω)→ Hs+1(Ω)

is continuous,and from the trace theorem

γ+g ∈ Hs− 1
2 (∂Ω)

and the properties of the single layer potential operator, we conclude that

OPM : Hs(Ω)→ Hs+1(Ω)

is continuous. This implies that

PM : Hs(Ω)→ Hs+2(Ω)

is continuous, which along with the relation Pg = 1
a
PM leads to the continuity of operator

of equation (4.21) for s ∈ (1
2
, 3

2
). Further, with the help of these results and the relation

(4.32),we can verify by induction that the operator (4.21) is continuous for s ∈ (k− 1
2
, k+

1
2
), where k is an arbitrary non-negative integer.For the values s = k + 1

2
, the continuity

of the operator (4.21) the follows due to the complex interpolation properties of Bessel
potential spaces. The trace theorem will give the continuity of proof for the operators
(4.24) and (4.25). We can follow the same procedure to prove the claim of the theorem
concerning the operator R. The continuity of the operators (4.28) − (4.31) follows if we
remark that for the chosen s the co-normal derivative can be understood in the classical
sense. (see, e.g. [9],Theorem 3.27)
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Corollary 4.4. Let s ∈ R . Then the following operators are compact

V : Hs(∂Ω)→ Hs(∂Ω) (4.33)

W : Hs(∂Ω)→ Hs(∂Ω) (4.34)

W ′ : Hs(∂Ω)→ Hs(∂Ω) (4.35)

Corollary 4.5. The following operators are compact for any s > 1
2

R : Hs(Ω)→ Hs(Ω), (4.36)

γ+R : Hs(Ω)→ Hs− 1
2 (∂Ω), (4.37)

T+R : Hs(Ω)→ Hs− 3
2 (∂Ω). (4.38)

4.3 Logarithmic potentials

The parametrix-based logarithmic and remainder potential operators are defined, similar

to [2] and [3] in three dimensional case as,

Pg(y) =

∫
Ω

P (x, y)g(x)dx,

Rg(y) =

∫
Ω

R(x, y)g(x)dx

Let PM denotes the fundamental solution of the Laplace operator M, and the corresponding

logarithmic potential by, PM. Then

Pg =
1

a
PMg

Rg =
−1

a(y)

2∑
i=1

∂iPM[g(∂ia)].

To see this,

Rg(y) =

∫
Ω

R(x, y)g(x)dx

=

∫
Ω

2∑
i=1

xi − yi
2πa(y)|x− y|2

∂a(x)

∂xi
g(x)dx

=
1

a(y)

2∑
i=1

∫
Ω

xi − yi
2π|x− y|2

∂a(x)

∂xi
g(x)dx
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=
−1

a(y)

2∑
i=1

∂

∂yi

∫
Ω

log |x− y|
2π

∂a(x)

∂xi
g(x)dx

=
−1

a(y)

2∑
i=1

∂

∂yi
PM(

∂a(x)

∂xi
g(x))

Remark 4.4. The Logarithmic potential,

PMu(x) =

∫
R2

PM(x− y)u(y)dy

is a homogeneous pseudo-differential operator of degree -2.

From the definition of fundamental solution, M PM(x, y) = δ(x− y).

If we take the Fourier transform in x both side we have,

−|ξ|2FPM(., y) = Fδ(., y)

= (2π)−1e−iyξ.

This implies that for ξ 6= 0,

PM(x, y) = −(2π)−1F−1(e−iyξ
1

|ξ|2
)

Putting this in

PMu(x) =

∫
R2

PM(x− y)u(y)dy

we get,

Pu(x) =

∫
Rn

−(2π)−1F−1(
e−iyξ

|ξ|2
)u(y)dy,

= −
∫
Rn

(2π)−2[

∫
Ω

eixξe−iyξ
1

|ξ|2
dξ]u(y)dy

= −
∫
R2

(2π)−2[

∫
Ω

e−iyξu(y)dy]eixξ
1

|ξ|2
dξ

=
1

2π

∫
R2

eixξ
−1

|ξ|2
û(ξ)dξ

Therefore, Pu(x) = F−1
ξ → x(

−1

|ξ|2
û(ξ)), hence it is homogeneous pseudo-differential

operator with symbol δ(ξ) =
−1

|ξ|2
.
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4.4 Layer potentials

The single and double layer potential operators corresponding to the parametrix P (x, y)

are defined for y is not belongs to ∂Ω as,

V g(y) =

∫
∂Ω

P (x, y)g(x)dsx,

Wg(y) = −
∫
∂Ω

TxP (x, y)g(x)dsx,

Where g is some scalar density function. The following boundary integral (pseudo-

differential) operators are are also defined for y ∈ ∂Ω,

Vg(y) = −
∫
∂Ω

P (x, y)g(x)dsx,

Wg(y) = −
∫
∂Ω

T+
x P (x, y)g(x)dsx,

W ′g(y) = −
∫
∂Ω

T+
y P (x, y)g(x)dsx

Lg(y) = T+
y Wg(y).

4.5 Invertibility of the single layer potential operator

It is well known (see, [4],remark 1.42(ii), [15], proof of Theorem 6.22) for some 2D domain

the kernel of the operator V∆ is non zero, which by equation (4.14) also implies that

ker(V) 6= 0 for the same domains. In order have the invertibility for the single layer

potential operator in 2D, we then define the following subspace of the space H
−1
2 (∂Ω),

([15], see eq. (6.30))

H
−1
2
∗ (∂Ω) = {φ ∈ H

−1
2 (∂Ω) : 〈φ, 1〉∂Ω = 0}.

Where the norm in

H
−1
2
∗ (∂Ω)

is the induced by the norm in H
−1
2 (∂Ω).
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Theorem 4.6. If ψ ∈ H
−1
2
∗ (∂Ω) satisfies Vψ = 0 on ∂Ω, then ψ = 0.

Proof. The theorem holds for the operator V∆ (see, e.g. ([9], corollary 8.11(ii)), which by
equation (4.14) implies it for the operator V as well.

Theorem 4.7. Let Ω ⊂ R2 have a diameter, diam(Ω) ≤ 1. Then the single layer potential

V : H
−1
2 (∂Ω)→ H

1
2 (∂Ω)

is invertible.

Proof. By ([15], Theorem 6.23), for diam(Ω) < 1 the operator V∆ : H
−1
2 (∂Ω)→ H

1
2 (∂Ω)

is H
−1
2 (∂Ω) - elliptic and since it is also bounded. Then by the first relation in (4.15) the

invertibility of the operator,

V∆ : H
−1
2 (∂Ω)→ H

1
2 (∂Ω)

also follows.

4.6 The Third Green Identity

For u ∈ H1,0(A; Ω) , let us write the third Green’s identity (4.11) using the surface and

volume potential operator notations,

u+Ru− V T+u+Wγ+u = PAu in Ω (4.39)

Applying the Trace operator to this equation and using the jump relations from Theorem

4.2, we have

1

2
γ+u+ γ+Ru− VT+u+Wγ+u = γ+PAu on ∂Ω (4.40)

Similarly applying the co-normal derivative operator to the equation (4.39), and using

again the jump relation ,we obtain

1

2
T+u+ T+Ru−W ′T+u+ Lγ+u = T+PAu on ∂Ω (4.41)

For some functions f, ψ, φ let us consider a more general indirect integral relation associ-

ated with equation (4.39).

u+Ru− V ψ +Wφ = Pf in Ω. (4.42)
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Lemma 4.8. Let u ∈ H1(Ω), f ∈ L2(Ω), ψ ∈ H −1
2 (∂Ω) and φ ∈ H 1

2 (∂Ω) satisfy equation
(4.42). Then u belongs to H1,0(Ω;A) and is a solution of partial differential equation
Au = f in Ω and
V (ψ − T+u)(y)−W (φ− γ+u)(y) = 0, y ∈ Ω

Lemma 4.9. (i). Let either ψ∗ ∈ H −1
2 (∂Ω) and diam(Ω) < 1 ,or ψ∗ ∈ H −1

2 (∂Ω)∗.
If V ψ∗ = 0 in Ω ,then ψ∗ = 0 on ∂Ω.
(ii) Let φ∗ ∈ H 1

2 . If Wφ∗ = 0, then φ∗ = 0 on ∂Ω.

Proof. (i). Taking the Trace of equation in Lemma 2(i) on ∂Ω , by the jump relation
(4.18), we have

Vψ∗(y) = 0 on ∂Ω.

If ψ∗ ∈ H
−1
2 (∂Ω) and diam(Ω) < 1, the the result follows from the invertibility of the

single layer potential given by above theorem.
On the other hand if ψ∗ ∈ H −1

2 (∂Ω)∗, then the result follows.
(ii). Let us take the trace of equation in Lemma 2(ii) on ∂Ω and use the jump relation
(4.19) to obtain,

−1

2
φ∗ +Wφ∗ = 0 on ∂Ω.

Multiplying this equation by a(y), denoting

φ̂∗ = aφ∗

and using the second relation in (4.14), we obtain equation

−1

2
φ̂∗ +W M φ̂∗ = 0 on ∂Ω.

It is well known that this equation has only the trivial solution. It is particularly due to
the contraction property of the operator 1

2
I +WM, [7, Theorem3.1] since a(y) not equal

to zero, then the result follows.

4.7 Boundary-Domain Integral Equations (BDIEs)

To reduce the variable-coefficient Dirichlet Boundary Value Problem Au = f , and γ+u =

ϕ0 to a segregated boundary-domain integral equation system, let us denote the unknown

co-normal derivative as;

ψ = T+u(x)H
−1
2 (∂Ω)

and will further consider ψ as formally independent on u. Assuming that the function

u satisfies partial differential equation (PDE), Au = f , by the substituting the Dirichlet
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condition into the third Green identity of equation

u+Ru− V T+ +Wγ+u = PAu in Ω

and either in to its trace of equation

1

2
γ+u+ γ+Ru− V T+u+Wγ+u = γ+PAu on ∂Ω

or in to its co-normal derivative of the equation

1

2
T+u+ T+Ru−W ′T+u+ L+γ+u = T+PAu on ∂Ω,

we can reduce the boundary value problem (bvp) (4.8)− (4.9) to two different systems of

Boundary-Domain Integral Equations for the unknown function

u ∈ H1,0(Ω;A) and ψ = T+u ∈ H
−1
2 (∂Ω).

Boundary-Domain Integral Equation System (D1) obtained from the following two equa-

tions is as follows:

u+Ru− V T+u+Wγ+u = PAu in Ω

and

1

2
γ+u+ γ+Ru− V T+u+Wγ+u = γ+PAu on ∂Ω

is

u+Ru− V ψ = F0 in Ω

γ+Ru− V ψ = γ+F0 − ϕ0,

where

F = Pf −Wϕ0 in Ω (4.43)

The system can be written in the matrix form as

A1U = F where U = [u, ψ]T ∈ H1,0(Ω;A)XH
−1
2 (∂Ω)
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and

A1 =

(
I +R −V
γ+R −V

)
,

and

F1 =

(
F0

γ+F0 − ϕ0

)
From the mapping properties of W in above Theorem 1 and P in Theorem 3, we get the

inclusion F0 ∈ H1,0(Ω;A), the Trace theorem implies

γ+F0 ∈ H
1
2 (∂Ω).

Therefore

F1 ∈ H1(Ω)XH
1
2 (∂Ω).

Due to the mapping properties of the operators involved in A1, the operator,

A1 : H1,0(Ω;A)XH
−1
2 (∂Ω)→ H1(Ω)XH

1
2 (∂Ω)

is bounded.

Boundary Domain Integral Equation (BDIE) system (D2) obtained from the equations

u+Ru− V T+u+Wγ+u = PAu in Ω,

and

1

2
T+u+ T+Ru−W ′T+u+ L+γ+u = T+PAu on ∂Ω

is

u+Ru− V ψ = F0 in (Ω),

1

2
ψ + T+Ru−W ′ψ = T+F0 on ∂Ω,

where F0 is given by the equation

F0 = Pf −Wϕ0 in Ω.
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In matrix form it can be written as

A2U = F2,

where

A2 =

(
I +R −V
T+R 1

2
I −W ′

)
,

F2 =

(
F0

T+F0

)

Note that the operator;

A2 : H1,0(Ω;A)XH
−1
2 (∂Ω)→ H1(Ω)XH

1
2 (∂Ω), is bounded.

4.8 Equivalence and Invertibility Theorems

In the following theorem we shall see the equivalence of the original Dirichlet Boundary

Value Problem to the Boundary Domain Integral equation systems.

Theorem 4.10. Let ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω).

(i). If some u ∈ H1(Ω) solves the Boundary Value Problem (BVP) (4.8)− (4.9), then the
pair (u, ψ), where

ψ = T+(u) ∈ H
−1
2 (∂Ω) (4.44)

solves the boundary domain integral equation systems (D1) and (D2).
(ii). If a pair

(u, ψ) ∈ H1(Ω)XH
−1
2 (∂Ω)

solves Boundary Domain Integral equation (BDIE) system (D1),and diam(Ω) < 1, then
u solves Boundary domain Integral Equation (BDIE) (D2) and Boundary Value Problem
(BV P ) (4.8)− (4.9), this solution is unique, ψ satisfies the equation

ψ = T+u ∈ H
−1
2 (∂Ω).

(iii). If a pair

(u, ψ)H1(Ω)XH
−1
2 (∂Ω)
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solves Boundary Domain Integral Equation (BDIE) system (D2), the u solves the Bound-
ary Domain Integral Equation (BDIE) system (D2) and Boundary Value Problem (BV P )
(4.8) and (4.9) this solution is unique, and ψ satisfies the equation

ψ = T+u ∈ H
−1
2 (∂Ω).

Proof. (i). Let u ∈ H1(Ω) be solution of the Boundary Value Problem (BV P ), (4.8) and
(4.9). Since f ∈ L2(Ω), we have that u ∈ H1,0(Ω;A). Setting ψ by equation

ψ = T+u ∈ H
−1
2 (∂Ω)

and recalling how Boundary Domain Integral Equation (BDIE) system (D1) and (D2)
were constructed, and we obtain that (u, ψ) solves them. Let now a pair

(u, ψ) ∈ H1(Ω)XH
−1
2 (∂Ω)

solves the system (D1) or (D2). Due to the first equations in the Boundary Domain
Integral Equation (BDIE) systems, the hypotheses of Lemma 1 are satisfied implying
that u belongs to H1,0(Ω;A) and solves partial differential the equation γ+u = ϕ0 in Ω,
while the following equation also holds

V (ψ − T+u)(y)−W (ϕ− γ+u)(y) = 0, y ∈ Ω. (4.45)

(ii). Let

(u, ψ) ∈ H1(Ω)XH
−1
2 (∂Ω)

solve the system (D1).
Taking the trace of the first equation in (D1) and subtracting the second equation from
it, we get γ+u = ϕ0 on ∂Ω.
Thus the Dirichlet Boundary Condition is satisfied, then we have

V (ψ − T+u)(y) = 0, y ∈ Ω

Lemma 2(i) then implies ψ = T+u.
(iii). Let now

(u, ψ) ∈ H1(Ω)XH
−1
2 (∂Ω)

solves the system (D2).
Taking the co normal derivative of the first equation in (D2) and subtracting the second
equation from it, we get

ψ = T+u on ∂Ω.

Then inserting this in equation (4.44) gives

W (ϕ0 − γ+u)(y), y ∈ Ω.

And Lemma 2(ii) implies
ϕ0 = γ+u on ∂Ω.
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The uniqueness of the Boundary Domain Integral Equation (BDIE) system solutions
follows form the fact that the corresponding homogeneous Boundary Domain Integral
Equation systems can be associated with the homogeneous Dirichlet problem, which has
only the trivial solution. Then paragraph (ii) and (iii) above imply that the homogeneous
Boundary Domain Integral Equation systems also have only the trivial solutions.

Theorem 4.11. If diam(Ω) < 1, the the following operators are invertible,

A1 : H1(Ω)XH
−1
2 (∂Ω)→ H1(Ω)XH

1
2 (∂Ω), (4.46)

A1 : H1,0(Ω;A)XH
−1
2 (∂Ω)→ H1,0(Ω, A)XH

1
2 (∂Ω). (4.47)

Proof. Theorem (4.44)(ii) implies that operators (4.46) and (4.47) are injective.
Let us denote

A1
0 =

(
I −V
0 V

)
.

Then
A : H1(Ω)XH

−1
2 (∂Ω)→ H1(Ω)XH

1
2 (∂Ω)

is bounded.
It is invertible due to its triangular structure and invertibility of its diagonal operators

I : H1(Ω)→ H1(Ω)

and
−V : H

−1
2 (∂Ω→ H

1
2 (∂Ω).

then the operator

A1 −A1
0 =

(
R 0
γ+R 0

)
H1(Ω)XH

−1
2 (∂Ω)→ H1(Ω)XH

1
2 (∂Ω)

is compact, implying that operator (4.46) is a Fredholm operator with zero index, then
the injectivety of the operator (4.46) implies its invertibility . To proof invertibility of
operator (4.47) , we remark that for any

F ∈ H1,0(Ω;A)XH
1
2 (∂Ω),

a solution of equation
A1U = F1,

can be written as
U = (A1)−1F1,

where
(A1)−1 : H1(Ω)XH

1
2 (∂Ω)→ H1(Ω)XH

−1
2 (∂Ω)
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is the continuous inverse to the operator (4.46). But due to Lemma 1 the first equation
of system (D1) implies that

U = (A1)−1F1 ∈ H1,0(Ω;A)XH
−1
2 (∂Ω),

and moreover the operator

(A1)−1 : H1,0(Ω;A)XH
1
2 → H1,0(Ω;A)XH

−1
2 (Ω)

is continuous, which implies invertibility of the operator (4.47). The following similar
assertion for the operator A2 holds without a limitation on the diameter of Ω.

Theorem 4.12. The following operators are invertible.

A2 : H1(Ω)XH
−1
2 (∂Ω)→ H1(Ω)XH

−1
2 (∂Ω), (4.48)

A2 : H1,0(Ω;A)XH
−1
2 (∂Ω)→ H1,0(Ω;A)XH

−1
2 (∂Ω). (4.49)

Proof. Theorem 4.14(iii) implies that the operator (4.48) and (4.49) are injective.
Let us denote

A2 =

(
I −V
0 −1

2
I

)
.

Then
A2

0 : H1(Ω)XH
−1
2 (∂Ω)→ H1(Ω)XH

−1
2 (∂Ω)

is bounded. It is invertible due to its triangular structure and invertibility of its diagonal
operators

I : H1(Ω)→ H1(Ω)

and
I : H

−1
2 (∂Ω)→ H

−1
2 (∂Ω).

then the operator,

A2 −A2
0 =

(
R 0

T+R −W

)

H1,0(Ω;A)XH
−1
2 (∂Ω)→ H1(Ω)XH

−1
2 (∂Ω)

is compact. This implies that operator (4.48) is a Fredholm operator with zero index and
then injectivity of the operator (4.48) implies its invertibility.



Chapter 5

Conclusion

In this research, we have considered the interior Dirichlet problem for variable coefficient

PDE in a two-dimensional domain, where the right hand side function is from L2(Ω) and

the Dirichlet data from the space H
1
2 (∂Ω).

The BVP was reduced to two systems of Boundary-Domain Integral Equations and their

equivalence to the original BVP was shown. The invertibility of the associated operators

in the corresponding sobolev spaces was also proved. In a similar way one can consider

also the 2D versions of the BDIEs for the Neumann problem, mixed problem in interior

and exterior domains, united BDIEs as well as the localized BDIEs, which were analyzed

for 3D case. The Boundary Domain Integral Equations systems are in general uniquely

solvable and invertible.

36



Bibliography

[1] Chkadua, O., Mikhailov, S.E. and Natroshvili, D.: Analysis of direct boundary-
domain integral equations for a mixed BVP with variable coefficient, I: Equivalence
and invertibility. J. Integral Equations and Appl.(2009)

[2] Chkadua, O., Mikhailov, S.E. and Natroshvili, D.: Analysis of some localized
boundary-domain integral equations. J. Integral Equations and Appl. (2009).

[3] Chkadua, O., Mikhailov, S.E. and Natroshvili, D.: Analysis of direct segregated
boundary-domain integral equations for variable-coefficient mixed BVPs in exterior
domains. Analysis and Appl.(2013).

[4] Constanda, C.: Direct and indirect boundary integral equation methods. Chapman
and Hall/CRC (2000).

[5] Costabel, M.: Boundary integral operators on Lipschitz domains: elementary results.
SIAM J. Mathematical Anal. (1988).

[6] Mikhailov,Analysis of Segregated Boundary-Domain Integral Equations for Variable-
Coefficient Dirichlet and Neumann Problems with General Data(2015).

[7] Grisvard, P.: Elliptic Problems in Non-smooth Domains. Pitman, Boston-London-
Melbourne (1985).

[8] Hsiao, G.C., Wendland, W.L.: Boundary Integral Equations. Springer, Berlin (2008).

[9] McLean, W.: Strongly Elliptic Systems and Boundary Integral Equations. Cambrige
University Press, Cambrige (2000).

[10] Mikhailov, S.E.: Localized boundary-domain integral formulations for problems with
variable coefficients. Int. J. Engineering Analysis with Boundary Elements, (2002).

[11] Mikhailov, S.E.: Analysis of united boundary-domain integro-differential and integral
equations for a mixed BVP with variable coefficient. Math. Methods in Applied
Sciences,(2006).

[12] Mikhailov,S.E: Analysis of Boundary Domain Integral Equation with Variable-
Coefficient Neumann BVP in 2D: Integral Methods in science and En-
gineering: Computational and Analytical Aspects.C.Constanda and A.Kirch
(eds.),Birkhauser,Boston(2015).

37



38

[13] Mikhailov, S.E.: Traces, extensions and co-normal derivatives for elliptic systems on
Lipschitz domains. Mathematical Analysis and Appl.(2011).

[14] Miranda, C.: Partial Differential Equations of Elliptic Type. Springer, Berlin-
Heidelberg-New York.

[15] Steinbach, O.: Numerical Approximation Methods for Elliptic Boundary Value Prob-
lems: Finite and Boundary Elements. Springer (2007).

[16] Wolfgang, Boundary Domain Integral Equations ,Applied mathematical science,
Springer(1986)

[17] Carlo Miranda, Partial Differential Equations of Elliptic Type, Springer, (1970).

[18] Robert Strichartz ,A guide to Distribution theory and Fourier Transforms (1993).


