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Abstract

In this research, the Dirichlet boundary value problem for the second order ”stationary
heat transfer” elliptic partial differential equation with variable coefficient is considered
in 2D. Using an appropriate parametriz function, this problem is reduced to some direct
segregated systems of Boundary Domain Integral Equations (BDIEs). Although the theory
of BDIEs in 3D is well developed, the BDIEs in 2D need a special consideration due to their
different equivalence properties. Consequently, we need to set conditions on the domain
for the invertibility of corresponding parametriaz-based integral layer potentials and hence
the unique solvability of BDIEs. The properties of corresponding potential operators are
investigated. The equivalence of the original BVP and the obtained BDIEs is analysed
and the invertibility of the BDIE operators is proved.
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Notation

Here, the notations used in this research are introduced and some definitions are given as

follows.
C(Q) - is the class of all infinitely

differentiable functions on {2

with compact support.

[' := 09 - the boundary of the

domain (2.

Aa Laplacian of a , Aa = V.Va.

['h - boundary of Qh.

C(Q) - is the class of all continuous
functions on (2.

v , ¥ - trial functions .

Co(9) - is the class of all continuous
functions on 2 that vanishes at boundary
(for bounded sets) or oco.

WHP(Q) - is the class of all functions in
LP(Q2) whose Distributional Derivative up

to order k are also in LP(€2).

C*(€) - the Class of all k — times continuously
differentiable functions on 2.

Q - closure of the €.

C*>=(Q) = Class of C>(Q) function such that all
its derivatives can be extended continuously to
() - the space domain.

R™ - denotes n - dimensional Euclidean space.
HE(Q) - is the space Wi?(Q).

V? - Laplace operator.

H*(Q) - is the space W"2(Q).

D(Q) - is the class of all infinitely differentiable
functions on  with compact support endowed
with inductive limit topology.

I'D - boundary parts with Dirichlet data.

Va - Gradient of a.

1, 7,1 - indices.



Chapter 1

Introduction

1.1 Back ground of the study

Partial Differential Equations (PDEs) with variable coefficients often arise in Mathemat-
ical modeling of in homogeneous media (e.g. functionally graded materials or materials
with damage induced in homogeneity) in solid mechanics, electro magnectics thermo-
conductivity; fluid flows through porous media and other areas of physics and engineer-

ing[2, 6].

The Boundary Integral Equation Method (BIEM) is a well established tool for solution
of Boundary Value Problems (BVPs) with constant coefficients. The main ingredient
for reducing a BVP for a PDE to a BIE is a fundamental solution to the original PDE.
However, it is generally not available in an analytical form for PDEs with variable coeffi-
cients[2]. Nevertheless, for a rather wide class of variable-coefficients PDEs it is possible
to use instead an explicit parametric (Levi function) associated with a fundamental solu-
tion of corresponding frozen-coefficient PDEs and reduce BVPs for such PDEs in interior
domains to systems of Boundary-Domain Integral Equations (BDIEs) for further numer-
ical solution[3].

The Boundary Integral Equation (BIE) method (boundary element method, elastic po-

tential method) has been intensively developed over recent decades both in theory and in



engineering applications. Its popularity is due to the possibility (at least for some prob-
lems with constant coefficients) of reducing a Boundary Value Problem (BVP) for a linear
partial differential equation in a domain to an integral equation on the domain boundary,
that is, to diminish the problem dimensionality by one. It leads to a diminution of the
linear algebraic equations system, which results from discretization, and allows to obtain

numerical solutions using small computer resources|10].

The main thing necessary for the reduction of a BVP to a BDIE is a fundamental so-
lution to the original partial differential equation, available in an analytical form. After
the fundamental solution is used in the corresponding Green formulae, one can reduce
the problem to a boundary integral equation. However, such a fundamental solution is
generally not available if the coefficients of the original BVP are not constant[1, 6, 10].
The BVPs of heat transfer with variable heat conductivity coefficients and the BVPs of
elastic shells particularly belong to this category. One can use, in this case, a parametrix
function, which is usually available, instead of the fundamental solution in the Green
formulae. Parametric correctly describes the main part of the fundamental solution but is

not required to satisfy the original differential equations apart from the singular point,[3].



1.2 Statment of the problem

Let  be a domain in R? bounded by infinitely differentiable curve 92. We shall drive
and investigate Boundary Domain Integral Equation(BDIE), for the following Dirichlet

BVP Find a function u € H'(Q) satisfying:

Yru(x) =9y on 0N

Where @y € Hz(8Q) and f € Ly(Q) are given functions.

This research work will answer the following questions.

e What is the necessary condition for the solvability of this Dirichlet BVP ?

Is the Boundary Value Problem uniquely solvable ?

How to transform this Dirichlet BVP to BDIE systems 7

Is the original BVP equivalent to the obtained BDIE systems ?

Are the BDIE operators for the Dirichlet BVP invertible?

1.3 Objective of the study

1.3.1 General objective of the study

The main objective of this study will be to analyse the boundary domain integral equations

for variable coefficient dirichlet boundary value problem in two dimension.



1.3.2 Specific objective of the study

The specific objective of this study will be as following

e To investigate solvability of the Dirichlet BVP.

e To show the Dirichlet BVPs with variable coefficient in interior domain can be re-

duced to some systems of BDIEs.

e To investigate invertibility of the boundary-domain integral operators obtained in

the appropriate sobolev space.

e To show the equivalence of the original Boundary Value Problem and the obtained

Boundary Domain Integral Equations.

e To investigate the invertibility of the Boundary Domain Integral operators of Dirich-

let BVP.

1.4 Significance of the study

The study of this problem will have the following importance: The study of this research
is highly important to understand the uniqueness, existence, and invertibility of Boundary
Domain Integral Equation (BDIE) for variable coefficient Dirichlet BVP. It also improves
understanding of the Boundary Domain Integral Equations (BDIE) so that reducing and
analysing the given Dirichlet BVPs for variable coefficients. Also, initiates other researchs
to under take further extension and important to understand analysis of BDIE for Variable
coefficient dirichlet BVPs in 2D. It also uses as references for those who needs to conduct

research on this area.



Chapter 2

Review of Literature

Many researchers give different analysis of Boundary-Domain Integral Equation for el-
liptic partial differential equation with variable coefficient subjected to some boundary
condition. In this research we review some of this analysis developed by different re-
searchers to study the analysis of boundary domain integral equations that are directly
related to the objectives of the study. Reduction of the BVP with arbitrarily variable
coefficients to boundary domain integral equation systems is usually not possible, since
the fundamental solution necessarily for such reduction is generally not available in an
analytical form (except for some special dependence of the coefficients on coordinates)|6].
It is possible to reduce a Boundary Value Problem (BVP) to some systems of boundary
domain integral equations where the Dirichlet ,Neumann and mixed problems for some
partial differential equations were reduced to BDIEs systems by using a parametric(Lev
function).

In [1], an explicit parametric and the parametric-based third Greens identity has been
used to reduce the mixed boundary value problem for the heat transfer partial differential
equation with a variable coefficient to four different versions of direct segregated BDIES.
The obtained BDIE systems contain integral operators defined on the domain under con-
sideration as well as potential-type and pseudo differential operators defined on open sub
manifolds of the boundary. It has been shown that the BDIE systems were equivalent

to the original mixed BVP, and the operators of the BDIE systems were invertible in



appropriate sobolev spaces.

In [2], the Localized boundary domain integral equation system associated with the Dirich-
let boundary value problem for a scalar Laplace PDE with variable coefficient were for-
mulated and analyzed. Mapping and jump properties of surface and volume integral
potentials based on a localized parametric and constituting the LBDIE systems were
studied in a scale of sobolev(Bessel potential) spaces. The main results established in the
paper were the LBDIEs equivalence to the original variable-coefficient BVPs and the in-
vertibility of the LBDIE operators in the corresponding sobolev spaces. Analysis of direct
segregated boundary domain integral equations for variable-coefficient corresponding to

mixed BVPs in exterior domains was presented in [3].

In [3], direct segregated systems of boundary domain integral equations were formu-
lated for the mixed (Dirichlet-Neumann) BVPs for a scalar second order divergent elliptic
PDE with a variable coefficient in an exterior three dimensional domain. The BDIE sys-
tem equivalence to the original BVPs and the fredholm properties and the invertibility of
the corresponding boundary domain integral operators were analysed in weighted sobolev
spaces suitable for infinite domains. This analysis was based on the corresponding prop-

erties of the BVPs in weighted soboev spaces that were proved as well.

Analysis of segregated BDIEs based on a parametric and associated with the Dirichlet
boundary value problems for a linear stationary diffusion partial differential equation with
a variable coefficient were presented in [6]. Equivalence of the BDIEs to the original BVP,
BDIE, solvability solution uniqueness or non-uniqueness,and invertibility of the BDIE op-
erators are analyzed in sobolev spaces.It has been shown that the BDIE operators for the
Dirichlet BVP were not invertible. The analysis of BDIEs for the second order stationary
heat transfer elliptic partial differential equation with variable- coefficient Neumann BVP

in 2D was presented in [12].



In [12], the interior Neumann problem for variable coefficient PDE in two-dimensional
domain,where the right hand side function is from Lo(£2) and the Dirichlet data from
the space H %(Q) has been considered. The BVP has been reduced to two systems of
BDIEs and their equivalence to the original BVP has been shown. The invertibility of the
associated operators in the corresponding Bessel potential spaces has been also proved.
In this research study, the BDIE formulations and analysis for the second order stationary
heat transfer elliptic partial differential equation with variable coefficients based on Levi
function parametric-based third Greens identity is considered in [12] and extended to the

treatment of Dirichlet BVPs in two-dimensional setting.



Chapter 3

Preliminaries

3.1 Basic notations and spaces

In this section we will give some concepts and definition that are important in this research
thesis. We denote a multi-index by a = (a1,a3) € N2 and a point in the plane by
r = (11,72) € R% The length of the multi-index is defined by |a| = «a; + as and
its factorial is defined by a! = ajlas!. The multi-index notation for the power x and

derivative operator is denoted respectively as:

o «q ,,,02
% = 7' 7y

and

e olel
aa = 811822 = aalaag'
1 2

Let Q be an open set in R?, then the set of all infinitely differentiable function on €
with compact support, is denoted by D(Q) or C*=(§). The function space D'(€) consists
of all continuous linear functionals over D(Q2). And we denote by S(R?) the Schwartz
space consisting of functions that together with all their derivatives, decay faster than
any power of |z| as |z| goes to co. That means functions ¢ € C*°(R?) such that

sup [2(D7p) ()] < oo,

z€R?
for all multi-indices o and 3. The function spaces S'(R?) denotes the collection of all

continuous linear functionals over S(R?). Let & € Ny. The sobolev space H*(Q) = W¥(Q)

8



consists of the functions v € L*(2) such that D € Ly(§2) for any multi-index |a| < k,
H*(Q) ={u € Ly(Q) : D*u € Ly(R),  for |a] <k}

Here the Derivatives D®u are understood in the sense of Distributions. The space H*(£2)
is a Hilbert space with the inner products given by:
(u,v) ey = Z (D*u(x), D(x)) Ly(0)5
la|<k
and the corresponding norm is given by
lullfre) = D 1D%ulla0)-
lor| <k

We denote that HO(Q2) = Ly(Q2). In particular, for k = 1, the space H'(2) expressed as

follow :
1 ou ,
H(Q) = {u € Ly(Q); 7 Ly(Q),i=1,2}.
And inner product in H*(Q)is given by:
(U, v) 1) = /D“u(m)Do‘U(x)dx
Q

While the norm is given by

HuHJ%Il(Q) = HUH%Q(Q) + ||VUH%2(Q)-

Definition 3.1. (C*(Q2) space, [15]). Let Q C R? be some open subset and assume
k € Ny. Then C*(€) is the space of functions which are bounded and k times continuously
differentiable in Q[see eg.on 15]. In particular, for u € C¥(Q2) the norm

lullerio) = 3 sup |D"u()],

la|<k xe

is finite. Correspondingly, C>(€2) is the space of functions which are bounded and in-
finitely continuously differentiable. For a function u(z) defined for x € {2 we denote

supu = {z € Q:u(z) # 0}
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to be the support of the function u. Then,
C>(Q2) = {C>(Q) : supu C Q}
is the space of C*(2) functions with compact support[15].

Definition 3.2. (The spaces LP(Q2), [16]). We denote by LP(2),(1 < p < o0), is
the space of equivalence classes of Lebesgue measurable functions v on the open subset
Q2 € R™ such that |ul? is integrable on 2. We recall that two Lebesgue measurable functions
u and v on 2 are said to be equivalent if they are equal almost all every where in €2, i.e,
u(z) = v(x) for all x out side a set of Lebesgue measure zero,see [16].

The space LP(£2) is a Banach space with the norm,

[ull oy = ( / jul) )

In particular, for p = 2 we have the space of all square integrable functions L?(Q2) which
is also a Hilbert space with the inner product

(u,v) 2(0) = / u(z)v(z)de  forall u,v € L*(Q),
Q

3.2 Test functions and Distributions

Definition 3.3. (Test functions, [18]). Let Q be an open subset of R". Then for
¢ : {0 — C the support of ¢, written supp ¢, is defined as the closure in 2 of the set of
x € Q for which ¢(x) # 0. The class of test functions D(2) consists of all functions ¢(x)
defined in €2, vanishing outside a bounded subset of €2 that stays away from the boundary
of 2 and such that all partial derivatives of all orders of ¢ are continuous.

D(Q)={pecC>®Q); supp of ¢ is compact in Q}.
The set D(2) also denoted by C§°().

Definition 3.4. (Distributions, [18]). A distribution or generalized function is a linear
mapping ¢ — (u,¢) from D(Q) on to R, which is continuous in the following sense: If
¢n — ¢ in D(Q), then (u, ¢p,) — (u,¢). The set of all distributions is called D'(Q2). In
other words, u : D(Q2) — R, where the values of u acting on ¢ denoted by

u;gp»—)u(gp)=ugp=<ﬂ,g@>,

satisfies the following linearity and continuity criteria
1. For any a,b € C and ¢4, p2 € D(Q),

(u, ap1 + bpa) = alu, p1) + b(u, p2).

2. (u, pn) — (u, ) for n — oo in C, whenever ¢, — ¢ D(Q).
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Remark 3.1. A continuous linear functional on D is called a distribution, or generalized
function.

Example 3.1. The simplest example of a distribution is the functional generated by a
locally integrable function, f(z) € LP¢(Q) and is given by

(f. ) = / f(@)p(x)dz, Y € D(Q)

Proof. i. First, we show that the integral exists. Since ¢ € D(2) has bounded support,
contained in a rectangle ) say, the integral is [, f(z)@(x)dz, which exists since the product
of an integrable function and a continuous function is an integrable function. Hence f is
a functional on D.

(i). show linearity.

Let a,b € C, and let o1, ¢ € D(2). Then

(u, (a1 + bps))
= [ alap + b
Q

= / uap; + ubpodx
Q

:/uagpldx—l—/ubg@da:
0 Q

wprdr + b/ upadx
Q

= a<u> 901> + b<u7 902>

=a

S~

(ii). Continuity.
Let ¢, — ¢ in D. Then there exist K a compact set, such that suppy, C K, Vn and
suppp C K. We have

(o on) — (.0 = | /K F(@)lpn — lda]

< (mazx|p, — SDD/ |f(x)|dz — Oasn — oo
K
because ¢, — ¢ uniformly. hence

So f is a continuous functional, that is, a distribution. ]

Definition 3.5. (Locally integrable function, [15]).
A function f: Q C R" — C is locally integrable if [, |f(z)|dz exists and

/Q|f(x)]da: < 0.
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Remark 3.2. Any continuous function is locally integrable; so is any piece wise continuous
function.

Definition 3.6. (Fundamental solutional, [17]). Every parametrix function P(z,y)
which is a solution of equation A, P = 0 is called a fundamental solution of the equation
Au = 0.

Theorem 3.1. (Uniqueness theorem, [14]). The solution of the Dirichlet problem,
if it exists, is unique.

Proof. Let 11,19 be two solutions of the Dirichlet problems, then v, 15 satisfy
Ay (z) +a*Pi(x) =0 in  Q  suchthat 1 =f on T

Apo(z) + a*io(x) =0 in  Q  suchthat 1 =f on T.

Since 11 and 1y are harmonic in €2, (¢ — 1)9) is also harmonic in .
.e. Y —wPe=0 on T =099,

then implies
Y1 = o

at all interior point of €). Therefore the solution is unique. O

Definition 3.7. (Compactness, [9, 15]). Suppose that a set X is equipped with a
metric |.,.|x. An open cover of a subset W C X is a family of open subsets of X whose
union contains W. We say that W is compact if every open cover of W has a finite
sub-cover. Every compact set is closed.

Definition 3.8. (Fredholm Operator, [9]). A bounded linear operator: B : X — Y
is Fredholm if,

(1). range(B) is closed in Y,

(2). ker(B) and the factor space Y, ange(p) are finite dimensional.

The index of B is then defined by

Index(B) = dim(ker(B)) — dim(Y/range(B))-

Definition 3.9. (Adjoint Operator, [9]). Consider a linear map A : X — Y. If
X and Y are each equipped with a conjugation, then we define the adjoint operator
A Y* — X* by

(A*w,u) = (w,Au)  for weY  uelX.

3.3 Trace Theorem , Inverse Trace Theorem and sobolev
space
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3.3.1 Trace Theorem

Definition 3.10. (Trace Theorem, [9]). Trace of f on 02 means that the restrictions

of f to 0£2. We recall the trace is a restriction of a function to the boundary and the
1

interior trace operator is a continuous linear mapping from H*(2) into H* 2 (0f).

ie. v HYQ) = H2(99).

Trace Theorem states that:- Let Q@ C R? be a C*~!! - domain. For 3 < s < k, the
interior Trace operator )
Vo : H*(Q) — H* (D),

where ypv = v/I" is bounded. Then there exists Cr > 0 such that
H57%(F) < CT||V| H5(Q)5 V’)/ S HS(Q)

|Iypvl

3.3.2 Inverse Trace Theorem

Definition 3.11. (Inverse Trace Theorem, [9]). The Trace Operator,
vp : H3(Q) — H* 2(T) has a continuous right inverse operator & : H*~2(9Q) — H*(1) ,
satisfying:

(ytos)(w) =w  Vw € H*2(D).
There exists a constant C; > 0 such that
|lew|| s (o) < Ch[|W]

1
H™2(T)’

for all W € H Sfé(f‘). The trace theorem enables us to define unambiguously vtu or
u € 0%, provided that u is smooth enough to be in H™(2), i.e. for any u € H™(2), we
have 0%u € H*(Q2) for |a] < m — 1. Thus by the trace theorem the values of 9®u on the
boundary is well-defined and belongs to L?(£2) which implies v70%u € LP(£2).

3.3.3 Sobolev Space

Definition 3.12. (Sobolev Space, [15]). Let 2 be a non-empty open subset of R?, m
be a non-negative integer and 1 < p < oo.

WmP(Q) ={ue LP(Q) : 0% € LP(Q)Va € N" U0, |a| < m}.
The sobolev space H'(2) is the set of all u € Ly(2) such that all the first partial derivatives

g;i belongs to Ly(€2).

i.e. Hl(Q) ={u € Ly() : Vu € Ly(Q)}.
In the definition the derivatives are defined in distributional sense.
i.e.  (Oxju,p) = —(u,0x;p).

In many applied situations , the Dirichlet integral fQ |Vu|? represents an energy. The
functions in H'(f2) are therefore associated with configurations having finite energy.
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Definition 3.13. (Bessel potential space, [9]). For any s € R, we define H*(R?), the
Sobolev space of order s on R? by

H*(R?) = {u € S*(R?) : J°u € L*(R*)},
and equip this space with the inner product
(U, V) s 2y = (Ju, Jv)

and the induced norm

lull ey = 4/ () e 2y = |70l L r2).-

The space H~*(R?) is the dual space of H*(R?) equipped with the norm

HU||H—S(R2) = sup [{uv)

for ue* (R?).
0£ve Hs (R2) |[v] Hs(R2)




Chapter 4

Boundary Domain Integral Equation
of Variable Coefficient Dirichlet BVP

In this Research, the Dirichlet boundary value problem for the second order stationary
heat transfer elliptic partial differential equation with variable coefficient is considered
in 2D. Using an appropriate parametrix function, the problems are reduced. Conse-
quently ,we need to set conditions on the domain for the invertibility of the corresponding

parametrix-based integral layer potentials and hence the unique solvability of BDIEs.

The main thing necessary for the reduction of a BVP to a BIE is a fundamental so-
lution to the original partial differential equation. After the fundamental solution is used
in the corresponding Green formula, one can reduce the problem to a boundary integral
equation. However, such a fundamental solution is generally not available if the coef-
ficients of the original BVP are not constant. One can use, in this case, a parametrix
function, which is usually available, instead of the fundamental solution in the Green
formulae. Parametrix correctly describes the main part of the fundamental solution but
is not required to satisfy the original differential equations apart from the singular point.
However, in order for the reduction to be enabled, a fundamental solution for the PDE is
necessary. Even though fundamental solutions are known for many equations with con-
stant coefficients, they are not generally available in an explicit form for partial differential

operators with variable coefficients.

15
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4.1 Formulations of the Dirichlet Boundary Value

Problem

4.1.1 The First Green’s Identity

If h € C3(£2), then

/Q 38$ih($>d$ = /aQ vy h(x)ng(z)ds,, (1 = 1,2)

where,

yPh(z) = lim  h(y), for x€dN

yeQ—x €N

(4.1)

(4.2)

is the interior boundary trace of h(x). Using the results for density and trace theorem in [9]

we can show that the integral relation (4.1) holds for any h € H'(Q2). Indeed , since C*(Q)

is dense in H'(€) then we have a sequence h, € C*(2) such that (||h, — h||) i) — 0 as

n — oo. Since h,, € C(€2), the integral relation (3) implies :

0
—h,dx :/ vyt honids,, (1= 1,2
/Q Ox; N ( )

Taking the limit as n — oo in the equation (4.3)

Oh,, oh oh,,  Oh
— < —

< (|l = Bll) @) = 0.

Hence,

8hndm — / Oh dxr — 0.
o 0z o 0z

(4.3)
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For the right side of equation (4.1),

| v hynids, — / yhngds,| < v (hy — R)|nids,
o9 00 o0

< (I (b = D)D) o002
the continuity of the trace operator from H'(Q) to H2(9%2) and hence to L2(9€2) implies,
(17" (P = W) L2000) < (c||hn = hl])22(90) — 0 as n — oo. Hence,
/ vyt hpnids, — / vthnids, =0 as n — oo.
o0 o9

ou(x)
8!Ej

Now, for u € H?*(Q2) and v € H*(Q), if we put h(z) = a(x) v(x) and applying the

Gauss Ostrogradski, we obtain

/&L’J 8%) (x))dx:/aan’Y(a(:C)agg)v(x))dsz,

summing over j and noting the relation :

0 Ou 9 du du Qv
G_%M(x)a_xjv(x)) = a—xj(@(x)a—xj)v(x) + a(x)a—xja—xj,

we obtain the following Green’s first formula

e(u,v) = —/Q(Au)(:c)v(:v)dx —i—/ THu(x)yto(x)ds,,

o0

where,

is the symmetric bi-linear form, and

+
T u(z) = EQ%zGBQ an 8yZ u(y)l

for x € 0€2 , is the interior co-normal derivative.
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Remark 4.1. Forv € D(Q), v v = 0. If u € H'(Q), then we can define Au as a distribution
on () by :
(Au,v) = —e(u,v)  for ve D(Q).

The subspace H'?(Q; A) is defined as :
HYW(Q;A) ={g € H'(Q) : Ag € Lo(Q)},

with the norm
HgH?{LO(Q;A) = ||9||%{1(Q) + (1149]1)7,0-

Definition 4.1. For v € H'Y(Q; A) we can define the canonical (co-normal) derivative
Ttu € H= (99) with the help of Green’s formula (see eg. [5, 13] and the references there
in).

(T, w) = /Q (7t w) Au + B(u, 7 w)]de,  Vw € H3 (99) (4.4)

Where v+, : H2(8Q) — HY(Q) is a continuous right inverse of the continuous interior
trace operator v+, which maps H*(Q) — Hz2(dQ) , while E(u,v) = Vu(z)a(z)Vo(z),
and (., .)oq denote the duality brackets between the spaces H 2 (99) and Hz(02), which
extend the usual Ly(0€) scalar product. The operator

T HYO(Q: A) — HZ (89)

is continuous and gives the continuous extension on H?(£2; A) of the classical co-normal

derivative operator. For u € H*(Q), s > %, then the canonical co-normal derivative

defined by equation (4.4) coincides with the classical one , defined in the trace sense,

ou(x)
on(x) )

i.e. THu(x) = a(x)y™(

where n(x) is the exterior unit normal vector.

Remark 4.2. The first Green’s formula also holds for u € H»*(Q; A) and v € H*() as in
[13], i

/QE(u, v)dr = —(Au,v)q + (T u, 7 v)sq. (4.5)

4.1.2 The Second Green’s Formula

In the first Green’s formula by interchanging the role of v and v and subtracting the
result, we obtain the Green’s second formula. For u,v € H'0(); A), the second Green’s

formula is:

/(UAU — uAv)dr = (T u, v v)g0 — (TTv, 7 u)sq. (4.6)
Q
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so we shall drive and investigate the BDIE systems for the following Dirichlet boundary
value problem. Given the functions g € H %(89) , and f € Ly(Q), find a function
u € HY(Q) satisfying, Au = f in Q and v"u = p on 9.

Let © be a domain in R? bounded. Let Q* be a bounded by simple closed infinitely
differentiable curve 02, the set of all infinitely differentiable function on €2 with compact
support is denoted by D(€). The function space D' () consists of all continuous linear
functionals D(Q). For s € R we denote by H*(R?) the Bessel potential space. Note
that the space H'(R2) coincides with the sobolev space W2 (R) with equivalent norm and

H~%(R?) is the dual space to H*(R?). For any non empty open set 2 € R" we define,
H(Q) ={uecD(Q):u=|]J}

for some | J € H*(R™). The space H*(Q) is defined to be the closure of D(2) with respect
to the norm of H*(R™). For s € (5, 3), H*() can be identified with H5(Q), then we
shall consider the scalar elliptic partial differential equation
2.9 ou(x)
Au(z) = 21: o (a(x) o, )= f(z) in Q (4.7)

1
with a(z) € C*(R?),a(z) > 0. For a given functions ¢, € Hﬁ(ﬁﬂ) and f € Ly(92), we

shall consider the Dirichlet boundary value problem for the function v € H* (),
Au(z)=f in Q (4.8)

Yru=py on 00 (4.9)

Here the above equation are understood in the distributional and trace sense respectively.
In application the BVP in the above two solution may be describe a stationary heat
transfer boundary value problem in isotropic in homogeneous two dimensional body (2,
where u(x)is an unknown temperature, a(x) is a known variable thermo-conductivity

coefficient, f(z) is a known distributed heat source, po(z) is a known temperature on the
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boundary. Define a subspace as in[5, 7, 13]
HO(Q, 4) = {g € H'(): Ag € L()},
endowed with the norm
lgIPH (2, A) = [|g][*L2(€2),

for u € HY(Q, A) then we can define the (canonical) co normal derivative T u €

H= (09) in the weak form (see, eg. [5, 13] and the reference there in).
(T ) = / (7, w) Au + B(u, v+ w)]de, Y € H3(0Q) (4.10)
Q

where

v H3(09) — HY(Q)
is a continuous right inverse of the continuous right trace operator

~T L HY(Q) = H2(09)
while

E(u,v) = a(x)Vu(z).Vu(z)

is the symmetric bi-linear form. For u € H*(Q), s > 3 the canonical co normal derivative
defined by equation above coincides with the classical one defined in the trace sense, that
means

T u = an.y*tVu,

where n(x) is the exterior unit normal vector.

Remark 4.3. The first Greens identity holds for any H'9(Q2; A) and v € H*(2)([5, 13]).
That means,

/ E(u,v)dr = —(Au, v)q + (TTu, v v)sq,
Q

and the second Green identity holds for any u,v € H'°(2; A). That means that

/(vAu —uAv)dr = (T u, v v)aq — (T v, v u)sq
Q
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4.2 Parametric-based potential operators

A function P(z,y) is a parametric function for the operator A, if

where § is the Dirac-delta distribution, while R(x,y) is a remainder possessing at most a

weak singularity at = y. In particular, see, eg. on [10], the function

1
P(xay) = WZOQW - ?J|,

2ma
where z,y € R? is a parametrix for the operator A and the corresponding remainder is

2

Ty —Y; 8a(x) 2

R = h R=.
(x,v) 21 2ray)le — g2 O where  x,y €

If a(x) = 1 then A becomes the Laplace operator, A and the parametrix p(z,y) becomes
its fundamental solution, Pa(z,y). Ifu € H"°(Q; A) then from the second Greens identity,

we have the following parametrix-based third Greens identity for y € €, [10],

R(z, y)u(z)dz + / Pz, y)f(x)de,

) = [ [ u@)TE Play) — Playp) T uta)lde - | i

0

(4.11)
Note that the direct substitution of v(z) by P(z,y) in the second Green identity is not
possible as it has singularity at = y. This difficulty is avoided by replacing €2 by
O\ B(y, €), where B(y,¢) is a disc of radius € centered at y; taking the limit ¢ — 0 we

then arrive at equation (4.11),e.g. [14]. The parametric-based logarithmic and remainder

potential operators are defined, similar to [1] in the three dimensional case, as

Pyly) = / Pz, y)g(x)de,

Ry(y) = /QR(:C, y)g(z)dz.

The single and double layer potential operators corresponding to the parametrix P(z,y)

are defined for y is not belongs to 02 as

y € (.



Woly) =~ | T P(a.g)gla)ds.
o9
The following boundary integral (Pseudo-differential) operators

are also defined for y € 012,
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Let Py, Vo,WA, Vs, W, and L, denote the potentials corresponding to the operator A =A.

Then the following relations hold, [1] :

2
1 1
1
1 1
Vg:aVAg, Wg:aWA(ag)

1 1

Vg = EVAga Wg = EWAWQ)
01

Wag=W Ag+[a=—(-)V A g,

(9n(a)

L*g = Li{ag) + laz- (WS (ag).

Theorem 4.1. Let s € R, then the following operators are continuous:

Vi H*(0) — H*"2(Q),

W H*(0Q) — H* 3 (),

Vi H*(0Q) — H*™(05),

W, W' H0Q) — H*1(0Q),

(4.12)

(4.13)
(4.14)

(4.15)

(4.16)
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LY H5(0Q) — H*1(0Q).

Proof. We have the corresponding mappings for the corresponding constant coefficient
operators. (see eg.[5,9,15]). Equation (4.13),(4.14), (4.15), (4.16) also implies that the
theorem claim. ]

Theorem 4.2. Let u € Hz (0Q) and v € H2(9S), then the following jump relation hold
on 09.[9]

T Vuly) = Vu(y), (4.17)
TWey) = Sely) + Woly), (1.15)
T Valy) = Sufy) + W'aly). (4.19)

For the constant coefficient case, this theorem is well known. Then taking into account
the relations (4.17), (4.18) and (4.19), we can prove the theorem for the variable positive

coefficient a € C*(R?) as well.

Theorem 4.3. Let Q be a bounded open domain domain in R? with closed, infinitely
smooth boundary 0S). Then the following operators are continuous:

P:H Q) — H*%(Q), seR (4.20)

L H5(Q) — H7?(Q), s> _71 (4.21)
R:H(Q) — HY(Q), seR (4.22)

L H5(Q) — HPHQ), s> _71 (4.23)
VP E(Q) = HT2(0Q), s> _73 (4.24)
CHY(Q) = HT2(0Q), s> _71 (4.25)
VTR H*(Q) — H*3(09), s> _71 (4.26)
CH(Q) = H2(0Q), s> _71 (4.27)
THP:HA(Q) = HY3(0Q), s> _71 (4.28)
CH(Q) = H 2(0Q), s> _71 (4.29)
TTR:H*(Q) — H2(89), s> % (4.30)
L H(Q) — H32(0Q), s> % (4.31)
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Proof. The operator P, (asin [2, 9, 12, 15]) is a homogeneous pseudo-differential operator
of order —2 on R? then mapping P, : HZ, (R?) — H;'?(R?) continuously for any
s € R. Hence the application of trace theorem along with the relations (4 12), the
operators (4.20),(4.22),(4.24),(4.26), (4.28),(4.30) are continuous. For s € (5}, 3), Hs(Q)
is identified with H S(Q), and equation (4.31) directly follows from equation (4.20). To

prove the case s € ( ) we implement the Gauss divergence theorem and the fact that

ilo |z — |——il0 |z — y

and obtain:
—(P A g)y :——/ —loga:— dzx,
5 2~ y]
= — / log|x — yl—g( )dz — 2— loglx — y|nyy"g(x)ds,.
™ Joq
=P A (0;9)() +V & (nyyTg)(y). (4.32)

Now for s € (3,32), since
9; 1 H°(Q) — H* ()

is continuous, we have

P A, HY(Q) — H™(Q)

is continuous,and from the trace theorem
vtg € H2(0Q)
and the properties of the single layer potential operator, we conclude that
VP, H5(Q) — H*(Q)
is continuous. This implies that
P, : H*(Q) — H*"2(Q)

is continuous, which along with the relation Pg = lPA leads to the continuity of operator
of equation (4 21) for s € (3, 2). Further, with the help of these results and the relatlon
(4.32),we can verify by induction that the operator (4.21) is continuous for s € (k— 3, k+
%), where k is an arbitrary non-negative integer.For the values s = k + %, the continuity
of the operator (4.21) the follows due to the complex interpolation properties of Bessel
potential spaces. The trace theorem will give the continuity of proof for the operators
(4.24) and (4.25). We can follow the same procedure to prove the claim of the theorem
concerning the operator R. The continuity of the operators (4.28) — (4.31) follows if we
remark that for the chosen s the co-normal derivative can be understood in the classical
sense. (see, e.g. [9],Theorem 3.27) O



Corollary 4.4. Let s € R . Then the following operators are compact
V: H*(0Q) — H*(0Q)
W H*(092) — H*(09Q)
W' : H*(092) — H*(09)

Corollary 4.5. The following operators are compact for any s > %

R: HY(Q) — H*(Q),

[NIES

+viR: HY(Q) — H*
TTR: H*(Q) — H*

(092),
(9).

3
2

4.3 Logarithmic potentials
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The parametrix-based logarithmic and remainder potential operators are defined, similar

to [2] and [3] in three dimensional case as,

Pyly) = /QP(Ly)g(ﬂf)dfc,

Ry(y) = /QR(% y)g(z)dz

Let P, denotes the fundamental solution of the Laplace operator A, and the corresponding

logarithmic potential by, P,. Then

To see this,




Remark 4.4. The Logarithmic potential,

Poulz) = /R Pafe = y)uly)dy

is a homogeneous pseudo-differential operator of degree -2.

From the definition of fundamental solution, A Px(z,y) = d(z — y).

If we take the Fourier transform in x both side we have,

_‘€|2FPA(7Z/) = F5(7y)
= (27)te .

This implies that for £ # 0,

1

Pul,9) = —~(2m) " F e

Putting this in

Poulz) = /R Pafa = y)uly)dy

we get,
’Pu(aj):/n (2m) ' F- (‘er) (y)dy,
—— [ o / e ;2d€] uly)dy
—— [ en [ e umane e
~ 5 [ gier
—1

26

Therefore, Pu(x) = ]:g_ — z(——=0(€)), hence it is homogeneous pseudo-differential

€17

operator with symbol §(&) = ’ B
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4.4 Layer potentials

The single and double layer potential operators corresponding to the parametrix P(z,y)

are defined for y is not belongs to 0f2 as,

Voly) = /d Pla.g(o)is.

Woly) = — /a TPla.)g(e)ds.

Where g is some scalar density function. The following boundary integral (pseudo-

differential) operators are are also defined for y € 052,

Vg(y) = — /m P(x,y)g(w)ds,,

Wyly) = — /89 TYP(x,y)g(x)ds,,
Wals) = = | T Ple.yata)ds,
Lg(y) =T, Wg(y).
4.5 Invertibility of the single layer potential operator

It is well known (see, [4],remark 1.42(ii), [15], proof of Theorem 6.22) for some 2D domain
the kernel of the operator Va is non zero, which by equation (4.14) also implies that
ker(V) # 0 for the same domains. In order have the invertibility for the single layer
potential operator in 2D, we then define the following subspace of the space H _71((99),
([15], see eq. (6.30))

H (09) = {6 € H () : (6, 1)an = 0}.

Where the norm in

is the induced by the norm in H = (99).
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Theorem 4.6. If o) € H2 () satisfies Vib — 0 on O, then i = 0.

Proof. The theorem holds for the operator Va (see, e.g. ([9], corollary 8.11(ii)), which by
equation (4.14) implies it for the operator V as well. ]

Theorem 4.7. Let ) C R? have a diameter, diam(S)) < 1. Then the single layer potential
V:H7(09Q) = H2(09)
s tnvertible.

Proof. By ([15], Theorem 6.23), for diam() < 1 the operator Va : H2 (09) — Hz(05)
is H= (99) - elliptic and since it is also bounded. Then by the first relation in (4.15) the
invertibility of the operator,

Va: H2 (09) — H2(09)

also follows. O

4.6 The Third Green Identity

For u € H'Y0(A;Q) , let us write the third Green’s identity (4.11) using the surface and

volume potential operator notations,
u+Ru—VTtu+Wrytu=PAu in Q (4.39)

Applying the Trace operator to this equation and using the jump relations from Theorem

4.2, we have

1
§7+u +YT"Ru — VT u+Wrytu =~TPAu  on 00 (4.40)

Similarly applying the co-normal derivative operator to the equation (4.39), and using

again the jump relation ,we obtain

1
§T+u +T*"Ru—WT v+ LyTu=TYPAu on 99 (4.41)

For some functions f, 1, ¢ let us consider a more general indirect integral relation associ-

ated with equation (4.39).

u+Ru—-V+Wo=Pf in Q. (4.42)
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Lemma 4.8. Let u € HY(Q), f € Ly(Q), 1 € H%l(aﬂ) and ¢ € H%(ﬁQ) satisfy equation
(4.42). Then u belongs to HYO(Q; A) and is a solution of partial differential equation
Au=f n Q and

V(=T u)(y) =W(¢ —7"u)(y) =0, ye

Lemma 4.9. (i). Let either v* € H=z (09) and diam(Q) < 1 ,or ¢* € H= (09),.
If Vy* = 0in Q ,then Yv* =0 on 0.
(ii) Let ¢* € Hz. If W¢* =0, then ¢* =0 on O

Proof. (i). Taking the Trace of equation in Lemma 2(i) on 0f) , by the jump relation
(4.18), we have
VY*(y) =0 on  ONQ.

If * € H=2 (9Q) and diam() < 1, the the result follows from the invertibility of the
single layer potential given by above theorem.

On the other hand if v* € H _71(89)*, then the result follows.

(77). Let us take the trace of equation in Lemma 2(ii) on 092 and use the jump relation
(4.19) to obtain,

—%Qﬁ* +Wo*=0 on 00
Multiplying this equation by a(y), denoting
" = ag’
and using the second relation in (4.14), we obtain equation
B R
7¢*+WA »*=0 on 0N

It is well known that this equation has only the trivial solution. It is particularly due to
the contraction property of the operator %I + W,, [7, Theorem3.1] since a(y) not equal
to zero, then the result follows. ]

4.7 Boundary-Domain Integral Equations (BDIEs)

To reduce the variable-coefficient Dirichlet Boundary Value Problem Au = f, and ytu =
o to a segregated boundary-domain integral equation system, let us denote the unknown
co-normal derivative as;

=T u(z)H =z (09)

and will further consider ¢ as formally independent on u. Assuming that the function

u satisfies partial differential equation (PDE), Au = f, by the substituting the Dirichlet
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condition into the third Green identity of equation
u+Ru—VITt +Wrytu=PAu in €
and either in to its trace of equation
%'ﬁu +"Ru - VT u+WryTu=~TPAu  on 09

or in to its co-normal derivative of the equation
1
§T+u + T "Ru — W' T u+ LTyTu=TYPAu  on 09,

we can reduce the boundary value problem (bvp) (4.8) — (4.9) to two different systems of

Boundary-Domain Integral Equations for the unknown function
we HOA)  and o =True H? (09).

Boundary-Domain Integral Equation System (D1) obtained from the following two equa-

tions is as follows:

u+ Ru— VT u+WryTu=PAu in

and
1
§7+u +yTRu — VT u+Wrytu=~TPAu  on 09
is
u+Ru—Viyp=F in
V" Ru = Vi =" Fy — gy,
where

F=Pf—-—Wypq in (4.43)

The system can be written in the matrix form as

AU=F where U=[u,y]" € H1’0(9§A)XH%1(89>
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and

o [ITR Y
VTR =V ’

’Y+F0 — %o

From the mapping properties of Win above Theorem 1 and P in Theorem 3, we get the

and

inclusion Fy € H°(Q; A), the Trace theorem implies
vt Fy € H2(09).
Therefore
Fl'e H(Q)XHz(09).
Due to the mapping properties of the operators involved in A!, the operator,
AL HY(Q; A)XH = (09) — H' (Q)X Hz(09)

is bounded.

Boundary Domain Integral Equation (BDIE) system (D2) obtained from the equations
u+Ru—VTTu+WryTu=PAu in Q,

and
%TW +T"Ru —WT w+ LYy u=TYPAu  on 0N
is
u+Ru—-Vip=F in (Q),
%¢ +T " Ru—WiY=T"F, on 09,

where Fj is given by the equation

Fo = Pf — W(,Oo m Q.
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In matrix form it can be written as
AU = F 2,

where

Note that the operator;
A2 HYW(Q AXH= (09) — H'(Q)XH2(09), is  bounded.

4.8 Equivalence and Invertibility Theorems

In the following theorem we shall see the equivalence of the original Dirichlet Boundary
Value Problem to the Boundary Domain Integral equation systems.

Theorem 4.10. Let oy € H2(0Q) and f € Ly(9).
(i). If some uw € H*(QY) solves the Boundary Value Problem (BVP) (4.8) — (4.9), then the
pair (u,1)), where

o =T%u) € H= (09) (4.44)

solves the boundary domain integral equation systems (D1) and (D2).
(i1). If a pair
(u, ) € HN(Q)XH? (59)
solves Boundary Domain Integral equation (BDIE) system (D1),and diam()) < 1, then

u solves Boundary domain Integral Equation (BDIE) (D2) and Boundary Value Problem
(BV P) (4.8) — (4.9), this solution is unique, 1 satisfies the equation

¢ =TVrue H? (09).

(111). If a pair B
(u, ) H ()X H = (00)
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solves Boundary Domain Integral Equation (BDIE) system (D2), the u solves the Bound-
ary Domain Integral Equation (BDIE) system (D2) and Boundary Value Problem (BV P)
(4.8) and (4.9) this solution is unique, and v satisfies the equation

¢ =True H? (09).

Proof. (i). Let u € H'() be solution of the Boundary Value Problem (BV P), (4.8) and
(4.9). Since f € Ly(2), we have that u € H'0(Q; A). Setting ¢ by equation

=T ue H? (09)

and recalling how Boundary Domain Integral Equation (BDIFE) system (D1) and (D2)
were constructed, and we obtain that (u,1)) solves them. Let now a pair

(u,1) € H{(Q)XH? (99)

solves the system (D1) or (D2). Due to the first equations in the Boundary Domain
Integral Equation (BDIE) systems, the hypotheses of Lemma 1 are satisfied implying
that u belongs to H(Q; A) and solves partial differential the equation vTu = ¢g in Q,
while the following equation also holds

Vi —Tu)(y) —W(e—~"u)(y) =0, y € Q. (4.45)

(ii). Let
(u,9) € H{(Q)XH= (99)
solve the system (D1).
Taking the trace of the first equation in (D1) and subtracting the second equation from
it, we get v u = ¢ on 9N.
Thus the Dirichlet Boundary Condition is satisfied, then we have

V(=T u)(y) =0,y €Q

Lemma 2(4) then implies ¢ = T u.
(iii). Let now
(u,9) € HY(Q)XHF (09)

solves the system (D2).
Taking the co normal derivative of the first equation in (D2) and subtracting the second

equation from it, we get
=T "u on ON.

Then inserting this in equation (4.44) gives

W(eo —=7Tu)(y), ye

And Lemma 2(i7) implies
wo=7Tu on O
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The uniqueness of the Boundary Domain Integral Equation (BDIFE) system solutions
follows form the fact that the corresponding homogeneous Boundary Domain Integral
Equation systems can be associated with the homogeneous Dirichlet problem, which has
only the trivial solution. Then paragraph (ii) and (7i7) above imply that the homogeneous
Boundary Domain Integral Equation systems also have only the trivial solutions. ]

Theorem 4.11. If diam(Q)) < 1, the the following operators are invertible,
Al HY Q)X H = (0Q) — HY(Q)X H2(09), (4.46)
AL HY(Q: A)XH = (0Q) — HY(Q, A)X Hz(09). (4.47)

Proof. Theorem (4.44)(ii) implies that operators (4.46) and (4.47) are injective.

Let us denote
1 (I =V
Al = (O 7).

A HY(Q)XH? (09Q) — H Q)X H2(90)

Then

is bounded.
It is invertible due to its triangular structure and invertibility of its diagonal operators

I:HY(Q) — HY(Q)

and ) )
=V H_T(E?Q — H2(09).

1 1 R O
A_AO_(’)/J'_R O)

HY (Q)XH= (09) — H'(Q)XHz(09)

is compact, implying that operator (4.46) is a Fredholm operator with zero index, then
the injectivety of the operator (4.46) implies its invertibility . To proof invertibility of
operator (4.47) , we remark that for any

then the operator

F e HYO(Q; A)XHz(09),

a solution of equation
AU = F,
can be written as
U= (A)1F,

where
1

(AH1: HY Q)X Hz2(09) — H'(Q)XH = (69)
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is the continuous inverse to the operator (4.46). But due to Lemma 1 the first equation
of system (D1) implies that

U=(AY'Fl e HO(Q: A)XH= (69),
and moreover the operator
(AD™  HY(Q; A)XHE — HY(Q A)XH = (Q)

is continuous, which implies invertibility of the operator (4.47). The following similar
assertion for the operator A2 holds without a limitation on the diameter of (. ]

Theorem 4.12. The following operators are invertible.
A2 HY Q)X H? (0Q) » HY(Q)XH? (09), (4.48)
A HYO(Q: A)XH = (0Q) — HY(Q; A)XH = (09). (4.49)

Proof. Theorem 4.14(i7i) implies that the operator (4.48) and (4.49) are injective.
Let us denote

Then ) 1
A2 HY Q)X H= (09Q) — HY(Q)XH™= (09)

is bounded. It is invertible due to its triangular structure and invertibility of its diagonal

operators
I:HY(Q)— HY(Q)

and B B
I:H=(0Q) — H= (09).

then the operator,

2 2 R 0
A=A = <T+R —W)

HYO(Q; AAXH = (09) — H (Q)XH = (09)

is compact. This implies that operator (4.48) is a Fredholm operator with zero index and
then injectivity of the operator (4.48) implies its invertibility. [



Chapter 5

Conclusion

In this research, we have considered the interior Dirichlet problem for variable coefficient
PDE in a two-dimensional domain, where the right hand side function is from Ly(2) and
the Dirichlet data from the space Hz(9S2).

The BVP was reduced to two systems of Boundary-Domain Integral Equations and their
equivalence to the original BVP was shown. The invertibility of the associated operators
in the corresponding sobolev spaces was also proved. In a similar way one can consider
also the 2D versions of the BDIEs for the Neumann problem, mixed problem in interior
and exterior domains, united BDIEs as well as the localized BDIEs, which were analyzed
for 3D case. The Boundary Domain Integral Equations systems are in general uniquely

solvable and invertible.
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