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ABSTRACT

We obtained the equation of evolution of the expectation values of the cavity operators for a
cascade three-level laser with the same and different frequencies by applying the pertinent
master equation. Applying the steady state solutions of the expectation values, we studied the
squeezing, photon statistics and entanglement of the cavity and output modes. The results
obtained show that the light generated by this system is squeezed and entangled and, also
the squeezing inside and outside the cavity is related with the entanglement. Furthermore,
our calculation show that the mean photon number, the variance of the photon number, the
degree of squeezing and entanglement of the cavity and output modes increase for large value
of A, small value of n(if more atoms are initially prepared at the bottom level). Moreover, we
found that as « increase from 0 to 1, squeezing and entanglement of light inside the cavity is

decrease whereas increase at outside.
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INTRODUCTION

1.1 Back Ground of Study

Light has played a special role in our attempts to understand nature both classically and
quantum mechanically. Classically light consists of waves with well-defined amplitude and
phase such is not the case when we treat the field quantum mechanically. Scientists gained
technology measure with great precision, strange phenomena was observed and this leads
to the birth of quantum physics. Recent development of technology greatly improved our
ability to control individual quantum system. This brings quantum technology beyond re-
search to control of the concrete industrial programs. Quantum optics is a field of quantum
physics that deals mainly with quantum properties of the light generated by various quan-
tum optical system, such as LASER and MASER with their effect on the dynamics of atoms.
MASER (Microwave Amplification by Stimulated Emission of Radiation) is the way that the co-
herent electromagnetic radiation can be generated in the radio frequency range. LASER(Light
Amplification by Stimulated Emission of Radiation) is consists of a set of atoms interacting a
resonant electromagnetic radiation in side a cavity with a single-port mirror. A laser operat-
ing well above threshold generates coherent light. The quantum properties of light are largely
determined by the state of the light mode and the well known quantum state are: the number

state, the coherent state, the chaotic state and the squeezed state.

Squeezing is one of the interesting non-classical features of light that has been attracting at-
tention and studied by many authors[1-22]. In squeezed light the noise in one quadrature
is below the vacuum or coherent level at the expense of enhanced fluctuation in the other
quadrature, with product of the uncertainties in the two quadrature’s satisfying the uncer-

tainty relation. Squeezed light can be generated as a result of quantum optical process. Such
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as sub harmonic generation, second harmonic generation and three-level laser under certain
conditions. A three-level cascade laser is one of the quantum optical systems that can pro-
duced squeezed light under certain condition. Squeezing light has potential applications in

low-noise communication, weak signal detection, and optical amplification measurement.

Entanglement is another interesting non-classical features of light in which the density op-
erator for state cannot be expressed as a product of density operators of the constituents.
It has been drawing attention and studied by many authors[23-26]. Entangled photons are
expected to have a potential applications in quantum memory and long distance quantum
communications, since low frequency and narrow line width of the light can enhance effi-
cient coupling between photons and atomic memories in quantum net work. Researchers in
quantum entanglement was initiated by a 1935 paper[24], by Albert Einstein, Boris Podolsky
and Nathan Rosen describing the EPR paradox and several papers by Erwin Schrodinger [26]
shortly. Recently much attention has been paid to the generation and detection of contin-
uous variable entanglement as it might be easier to manipulate than discrete counter parts,
quantum bits in order to perform quantum information processing. On the other hand, the
efficiency of the quantum information processing highly depends on the degree of entangle-

ment. Hence, it is desirable to generate strongly entangled continuous variable state.

Three-level cascade laser is one of the most interesting and well characterized optical devices
in quantum optics. In three-level cascade laser, three-level atoms in a cascade configuration
are injected into a cavity coupled to a vacuum reservoir via a single-port mirror. The injected
atoms may initially be prepared in a coherent superposition of the top and bottom levels. The
set of energy levels of an atom consists of an infinite number of discrete levels correspond-
ing to the bound states of the electron [22]. For a three-level atom, out of these set of energy
levels only three-levels interact with electromagnetic radiation. When the three-level atom
interacts with radiation, it under goes a transition from top to bottom level via the interme-

diate level by emitting two photons.
1.2 Statement of the Problem

In previous time, several authors have studied the quantum analysis of light with the same
and different frequencies generated by a three-level cascade laser alone using different meth-
ods. In this study, we study the quantum analysis of light with the same and different frequen-
cies produced by three-level cascade laser coupled with vacuum reservoir together by using

steady state solution.
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1.3 Objectives of the Study
1.3.1  General Objectives of the Study

The general objective of this thesis is to analyze the photon statistics, squeezing and en-
tanglement properties of light inside and outside a cavity generated by three-level cascade
laser with the same and different frequencies coupled with vacuum reservoir by applying the

steady state solutions of cavity operators.
1.3.2  Specific Objectives of the Study

The specific objectives of this thesis are:

» to determine the master equation of cavity coupled to vacuum reservoir and then for system
under consideration, to obtain the steady state solution of the expectation values of the cavity

mode operator associated with the normal ordering.

»to calculate, applying the steady state solutions of the expectation values of the cavity mode
variables, the quadrature variance of both cavity modes and output modes, the mean and
the variance of photon number of the same and different frequencies created by a three-level

cascade laser coupled to vacuum reservoir.

»to analyze, applying the Dual etal criteria[25], the entanglement of the cavity and output

modes with the same and different frequencies.



REVIEW OF LITERATURE

Quantum optics deals mainly with quantum properties of the light generated by various op-
tical systems and with the effect on the dynamics of atoms. The quantum properties of light
are largely determined by the state of the light mode and the well known the quantum state;
the coherent state, the chaotic state and the squeezed state. Squeezing light can be gener-
ated by quantum optical processes such as parametric oscillation(subharmonic generation),

second harmonic generation and three level laser under certain condition.

A parametric oscillator is one of the most interesting and well characterized optical device
in quantum optics. In this device a pump photon interacts with a non linear crystal inside
a cavity and is down converted in two highly correlated photons. If these photons have the
same frequency and the device is called a degenerate parametric oscillator, otherwise it is

called a non degenerate parametric oscillator.

In second harmonic generation the fundamental mode interacts with a nonlinear crystal and
is up converted into the second harmonic mode. It so happens that the second harmonic
mode is in squeezed state. The fundamental mode is which is initially in a coherent state also

gets squeezed as time progresses.

The three-level laser systems are V-type, A-type and cascade type. In V-type, the three atoms
are, | a), | b) and | ¢). In this system the energy levels of | a), | b) are higher than that of
| ¢). In A-type atoms, | a) is at the highest energy level, while | b) and | ¢) are at lower level.
Cascade type is defined as a quantum optical system in which three-level atoms in a cascade
configuration and initially prepared in a coherent superposition of the top and bottom lev-
els are injected at a constant rate into a cavity coupled to a vacuum reservoir. These atoms

are removed from the cavity after some time, which is long enough for the atoms to decay



spontaneously to levels other than the middle or bottom. In this system the top, intermedi-
ate, and bottom levels of a three-level cascade atom can be conveniently denoted by | a), | b)
and | ¢), respectively. The transitions between levels | a) and | b) and between levels | b) and
| ¢) is taken to be electric-dipole allowed, with direct transition between levels | a) and | ¢)
is taken to be dipole forbidden. When a three-level cascade atom decays from the top level
to the bottom level via the intermediate level, two photons of frequency w; and w, are emit-
ted. If the two photons have the same frequency, the three-level atom is called degenerate
otherwise non-degenerate. A three level atoms makes a transition from the top to the bottom
level. Then it emits a photon and decays to the intermediate level. We certainly expect several
three-level atoms to be involved in this process. The photons emitted from the top constitute
one light mode and the other emitted from the intermediate level form another type. Due to
the fact that these two photons shared the same intermediate level and they are said to have
coherence which is responsible to the squeezing and entanglement exposition of the same
and different frequencies of light modes. Three-level lasers in which a considerable role is
played by the coherent superposition of the top and bottom levels of the injected atoms have
been studied by different authors [9-14], [16-19] and [23]. These studies show that three-level

lasers can generate light in a squeezed state under certain conditions.

Fesseha[9] has studied the squeezing properties of light by a degenerate three-level laser cou-
pled to a vacuum reservoir. He has found that the squeezing increases with the linear gain
coefficient and the perfect squeezing can be achieved for large values A and for small values

of n.

Tesfa[10] has studied the squeezing properties of the cavity modes produced by a non de-
generate three-level laser applying the solutions of stochastic differential equations. He has
found that the two-mode cavity radiation exhibits squeezing if the atoms are initially pre-
pared with more atoms in the bottom level than in the upper level, and the degree of squeez-

ing increases with linear gain coefficient.

Friew[11] has studied the squeezing and statistical properties of the light generated by non-
degenerate three-level laser whose cavity contains two parametric amplifiers coupled to an
ordinary vacuum reservoir. He has found that parametric amplifiers increase the degree of

squeezing.

Mesfin[12] has studied coherently prepared degenerate and non-degenerate three-level laser

in the linear and adiabatic approximations. He has studied for the two systems, the cavity



radiation as well as the out put radiation is in squeezed state for values of  between zero
and one. He found that almost perfect squeezing can be achieved for sufficiently large values
of the linear gain coefficient. Furthermore, He found that the probability of finding an even
number of photons is greater than the probability of finding an odd number of photons for
the light produced by a degenerate three-level laser. This is because the photons are always
generated in pairs and existence of some finite probability to find an odd number of photons
is due to damping of the cavity mode. On the other hand, the distribution function for a
coherently prepared non-degenerate three-level laser has the same form as the distribution
function for the signal mode from a non-degenerate parametric oscillator. He has also seen

that the photon number distribution in both cases decreases with the photon number.

Abraham([13] has studied the squeezing and entanglement of light produced by a non degen-
erate three-level laser whose cavity contains two degenerate parametric amplifier coupled to
the squeezed vacuum reservoir. He has found that the degree of squeezed vacuum reservoir

increases the degree of squeezing and entanglement.

Eyob[14] has studied the squeezing and statistical properties of the cavity and output modes
of a degenerate three-level laser whose cavity contains a parametric amplifier and coupled to
a squeezed vacuum. He has studied that the effect of the squeezed vacuum reservoir and the
parametric amplifier is to increase the mean photon number and the degree of squeezing of
the cavity and output modes. Also, he has studied that squeezed vacuum reservoir increases
the degree of squeezing significantly over and above the squeezing attainable from a degen-
erate three-level laser with a parametric amplifier. He have also found that the mean photon

number of the cavity mode is greater than that of the output mode.

Dawit[16] studied a degenerate three-level laser in which top and bottom levels are coupled
by strong coherent light and with half probability for the atoms to be in the top or bottom
levels coupled to a squeeze vacuum reservoir applying the solution of stochastic differential

equations. He found that the squeezing increases with the linear gain coefficient.

Alebachew and Fesseha [17] have studied the squeezing properties of the cavity mode pro-
duced by a degenerate three-level laser whose cavity contains a parametric amplifier by ap-
plying the solution of the stochastic differential equations, with the top and bottom levels of
injected atoms coupled by the pump mode emerging from the parametric amplifier. In this
study they showed that the optical system generates light in a squeezed state with a maximum

interacavity squeezing of 93% below the coherent state level.



Tewodros and Fesseha [18] have studied the squeezing properties of the cavity mode pro-
duced by a degenerate three-level laser whose cavity contains a parametric amplifier and
with the cavity mode driven by strong coherent light and the three-level atoms injected into
the cavity are initially prepared in a coherent superposition of the top and bottom levels, with
these levels coupled by the pump mode emerging from the parametric amplifier by applying
the solution of c-number Langevin equations. Their study showed that the system generates
squeezed light with maximum squeezing of 94% below the coherent state level for certain

conditions.

Misrak [19] has studied the squeezing properties of cavity mode produced by degenerate
three-level laser with parametric amplifier by applying the solution of stochastic differential
equations. This study showed that the quantum optical system generates squeezed light and
the degree of squeezing increases with the linear gain coefficient with maximum interacavity

squeezing of 96.5% below the coherent state level.

Eyob[23] has analyzed the squeezing and entanglement properties of the two-mode light pro-
duced by non degenerate three-level cascade laser with a subthreshold non degenerate para-
metric oscillator coupled to a vacuum reservoir inside and outside the cavity by applying
the pertinent master equation. This study showed that the light generated by this system
is in a two-mode squeezed state and the state of the system is strongly entangled at steady
state. Moreover, the presence of the parametric oscillator leads to an increase in the degree of
squeezing and entanglement. He also found that the intermode correlation decreases as the

injected atomic coherence decreases in the system.



METHODOLOGY

We first get the master equation for a cavity coupled to a vacuum reservoir. Then we con-
struct the Hamiltonian for the system under consideration, using this Hamiltonian we find

the master equation for our system. Finally, we obtain the operator dynamics.
3.1 Master Equation
3.1.1 Master Equation for a Cavity Coupled to a Vacuum Reservoir

Now we seek to find the master equation for the same and different frequencies of a cavity
modes coupled to vacuum reservoir. A system coupled to a reservoir can be described by the
Hamiltonian

H = Hg + Hgg, (3.1

where Hgp describes the interaction between the system and the reservoir and Hyg describes
some other interaction of the system. Suppose x(¢) the density operator for a system and the

reservoir. Then the equation of evolution of the density operator can be written as

diciit) — —i[Hs + Hsp, X(t)]. (3.2)

We are interested in the quantum dynamics of the system alone. And the density operator for

the system also known as the reduced density operator is given by
p(t) = Trrx(1), (3.3)

in which T,y indicates trace over the reservoir variables only. Hence taking in to account

Eq.(3.2), we see that the reduced density operator evolves in time according to

d;;it) = —i[Hg, p(t)] — iT,r[Hsr, X(1)]. (3.4)
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In order to obtain a mathematically manageable equation of evolution of the reduced density
operator, we need to adopt some approximation scheme. Thus seek to obtain this equation
of evolution applying the approximately valid relation

dx(t) _ x(t) —x(t —h)
h

dt = —i[Hgs + Hsg, X(t)], (3.5)

where h is small parameter. Now in view of Eq.(3.2) and Eq. (3.5), we see that

X(t) = —ih[Hs + Hsr, $(1)] + X(t = ), (3.6)
So that on substituting this in to Eq.(3.4), there follows

4plt) _ —i[Hg, p(t)] —iT,g[Hsr, X(t — h)] — KT, g[Hsr, [Hs, X(t)]] — hT,r[Hsr, [Hsr, X(t — h)]].

dt
(3.7
We next replace x(¢) by some approximately valid expression. Then, in the first place, we
would arrange the reservoir in such a way that its density operator R remains constant in

time. Moreover, decoupling the system and reservoir density operators, we have

N

X(t) = ptR, (3.8)

So that on introducing this in to Eq.(3.7) and using trace properties, we obtain

aPLe) _ —i[Hs, p(t)] — i[(Hsr) R, p(t — h)] — h[(Hsr)r, [Hs, p(t)]] — hT,r[Hsr, [Hsr, p(t)R]],

dt
(3.9
where the subscript R indicates that the expectation value is to be calculated using the reser-
voir density operator R. Furthermore, the interaction of a cavity modes with a squeezed vac-

uum reservoir can be described by the Hamiltonian

Hsp = i\ (alarm — aral,,) + iro(abagin — aginal), (3.10)

where \; and ) are coupling constant, a1;, and as;,, are annihilation operator for the same
and different frequencies of squeezed vacuum modes and a; and a5 are annihilation operator
for the same and different frequencies of light modes. One can establish that for a squeezed

vacuum

(an) = 0. (3.11)

The expectation of Eq.(3.10) is found to be

(Hsr)r = i\ (a1 (@1in)r — a1(al, ) ) + iXa(ad(@2in) r — (d2in) RAS). (3.12)
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So that on account of Eq.(3.11), we have

[(Hsr)r, p(t — h)] = [(Hsr)r, [Hs, p(t)] = 0. (3.13)

Now on view of this result, expression (3.9) reduces to

) _

7 —i[Hg, p(t)] — KT r(HERR)p(t) — hp()Trr(RHZR) + 20T p(Hsrp(t) RHsR). (3.14)

Furthermore, using the Hamiltonian described by (3.10) and ignoring the non community of

the cavity and in put mode operators, we get

W r(HERR)p = AT (6], a1in) RAL a1 + (@1indly,) RG1G]H)

+ hAB (@b, 00mm) RaYasp + (a2indly,) Ranabp), (3.15)
in which
[@in; @l40) = [a2im, ab,] = 1. (3.16)
For squeezed vacuum,
(@l 1in) R = (@b a2in) R = 0. 3.17)

So that by using Eq.(3.16) and (3.17), Eq.(3.15) will be
Toa
15, (3.18)

where k1 = 2h\?, is the cavity damping constant for light mode a; as well as ky = 2h)\3, is
the cavity damping constant for light mode a». Following the same procedure, one can easily
show that

T

B sanal + 22 pagal, (3.19)

2
In addition, employing (3.10) and the cyclic property of the trace operation, we readily find

T r(Hsrp(t) RHgr) = hAT (6}, 01im) RG] iy + (arindl;,) répal)
+ BN (@b G2in) mitpits + (@2indl,,) mitapicd). (3.20)
So that application of (3.16) and (3.17) leads to
W, r(Hsrp(t)RHsR) = Gopal. (3.21)

Therefore, on account of (3.18), (3.19), and (3.21), expression (3.14) takes the form
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dp

g ~ K A an At A A ant A
o = —ilHs. p(0)] + 7 (201pa] — ajanp — pifan)
R A an At A A Ant A
+ 32(2a2pa; — agagp — pagag), (3.22)

this represents the master equation for a cavity coupled to a vacuum reservoir.
3.1.2 Master Equation for the System Under Consideration

We consider here a three-level atom in a cascade configuration and initially prepared in a
superposition of the top and bottom levels. We assume that such an atom emits two photons
of the same and different frequencies of w; and w, as it makes a transition from the top level
to the intermediate and then the bottom level, respectively. In this optical system the three-
level atoms we denote the top, middle and bottom levels by eigen states | a), | b) and | ¢) and
they are injected at a constant rate of r, in to a cavity coupled to a vacuum reservoir via a
single-port mirror as shown in fig 3.1. The atoms are removed from the cavity after time 7.
The process of a three-level cascade laser leading to the creation of the same and different

light modes of frequencies can be described by the Hamiltonian
H =igl| a)(b | a1+ | b)(c | as —al | b)(a | —ab | ) (b [, (3.23)

where g is the coupling constant between cavity modes and the atom chosen to be the same
for all transitions for convenience equal for both transitions and a; and a5 are the annihilation

operators for the same and different frequencies of cavity modes.

Initially a single atom is prepared in a coherent superposition of the top and bottom levels:

| $4(0)) = ca(0) | @) +¢(0) | o), (3.24)

in which ¢,(0) and ¢.(0) are the probability amplitudes for the atom to be initially in states | a)

and | ¢), respectively and hence the initial density operator for a single atom has the form

pa(0) = pl) 1 a)la | +p | a)(e | +p%) | e)a | +p%Q) [ e)el, (3.25)
in which p,g%) = |cq|? and p((fc)) = |c.|? are probabilities of the atom to be in the states | a) and

| ¢), respectively and ,0,(1(3;) = clc, and pﬁ? = c}c. are the coherence between levels | a) and | ¢)
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la>

(01
ral I<_-. |b>

| lc>

| Vacuum Reservoir

Fig. 3.1: Schematic representation of three-level cascade laser with the same and different frequencies

coupled to vacuum reservoir

and indicative of non-classical features. The density operator for all atoms in a cavity plus the
cavity modes at time t can then be written as
par(t) = raZﬁAR(t, tj)At, (3.26)
J
where r,At represents the number of atoms injected into the cavity at time ¢;. Now convert-
ing the summation into integration ,we get

t
par(t) :ra/ par(t,t)dt, (3.27)
t

and on differentiating with respect to t, there follows
d . A A "o, oyl
%PAR(t) =r4(par(t, 1) — par(t,t — 7)) + 74 apAR(t, th)dt’, (3.28)
t—T1
We observe that p4 (¢, t) is the density operator for the cavity mode plus an atom injected at

time t. This operator can thus be expressed as

par(t,t) = pa(0)p(d). (3.29)

in which p(t) is the density operator for the cavity modes alone. We also observe that p 4z (¢, t—
7) is the density operator for an atom plus the cavity mode at time t, with the atom being

removed from the cavity at this time. We can also express this operator as

par(t,t — 1) = palt — 7)p(2). (3.30)
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Now with the aid of (3.29) and (3.30),we can rewrite (3.30) as

d . ) ) . Lo
J1PARE) = 7a(pa0) = palt,t =T)A(E) +7a | Zpar(t,t)dt, (3.31)
t—1

In the absence of damping of the cavity mode by an ordinary vacuum reservoir, the density

operator p4r(t,t') evolves in time according to

0 OFT A
aﬁAR(tvt/) = _Z[H7PAR(t7t/)]7 (332)

so that using this relation along with (3.27),one can put Eq. (3.31) in the form

© pan(t) = ra(pa(0) — palt,t — 1)) — i[H, pan) (3.33)

Furthermore, tracing over the atomic variables and taking into account the damping of the

cavity mode by an ordinary vacuum reservoir, we have

% — —iTralH, par(t)] + %(mma{ —alarp - palar)
+ %(mgﬁa; — alagp — padas), (3.34)
where we have used the fact that
Tra(t)=Trpa(t—7) = 1. (3.35)

Employing (3.23) the master equation for the cavity modes can put in the form

o = 9Pabit] = @ pu + Predl — a5pre + a1 pra — Prais + d2fen — ppiis)
Rl g an Ata A anta K2 on an Ata A anta
+ ?(Qalpai —alaip—palay) + ?(Zzzgpa; — alagp — padas), (3.36)
in which the matrix element
Pap = (& | pag | B) (3.37)

witha, 8 =a,b,c

Web oG] pal0) | 8) = (o | paltt =) | B)A0)

dt
—i((ca | Hpar | B) — (| pard | B)) — Vhas, (3.38)

where the last term is included to account for the decay of the atoms due to spontaneous

photon emission. And ~, considered to be the same for all of a three levels, is the atomic
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decay rate. We assume that the atoms are removed from the cavity after they have decayed to

a level other than the middle or bottom level. We then see that

<a | /A)A(tat - T) | ﬁ> = 07 (3.39)
and hence Eq.(3.38) reduces to
dpa . R . o x L N
8 = ralla | pa(0) | B)A() — il | Hpar | B) = (| parH | B) = vpas.  (3.40)

Applying this equation and taking into account (3.23) and (3.25) one readily obtains

dﬁab

dt = 9(&1pAbb - ﬁaadl + ﬁacd;) - 7ﬁab> (3.41)
DPhe _ o (anie — puniin 1 al f 5 3.42
T 9(a2pce — PovG2 + a1 Pac) — Y Pbes (3.42)

dpq . . . .

—t = rap'p — g(@1pva + Pabl) — Yhaas (3.43)
D _ o b — prads — Dol 5 3.44
T —g(ayPab — G2Pcb — Prall — Prcly) — Y Pbb, (3.44)

dp X U R

= rap'Dp — g(adpoe + pepiiz) — Ypees (3.45)

g;“ — 1ap\Dp + (@1 pbe — Pablia) — Vhac- (3.46)

We carry out our analysis by applying the linear and adiabatic approximation schemes. The
linear approximation is achieved by dropping g terms in equations above. In addition we
assume that k << g, (the good-cavity limit). Under this assumption, the cavity mode vari-
ables change slowly compered with the atomic variables. Since the atomic variable reach
steady state in the relatively short period of v~!, one can take the time derivatives of such
variables to be zero, while keeping the zero-order atomic and cavity mode variables at time
t. This procedure may be referred to as the adiabatic approximation scheme. So by applying

those schemes, we get from Egs. (3.43), (3.44), (3.45), and (3.46) that
(0)

TaPaa ~

Paa = Ps (3.47)
Y

Py =0, (3.48)
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(0)

pee = L p, (3.49)
v
(0)
A~ TaPac .
Pac = Pac b (3.50)
Y
Substituting the above results into Egs. (3.41) and (3.42), we have
dﬁab (0) A N “
g T2 (ol pak — paapitn) = Viab, (3.51)
dppe _ gra .
£ = T aypl0)p — al o)) = Ve (3.52)
So that employing once more the adiabatic approximation scheme, we get
pab = 97 (P2 pal — plf) pan), (3.53)
pre = L2 (0W0ap — pDa} ). (3.54)
The complex conjugate of Eqgs.(3.53) and (3.54) is obtain as
Ta
Poe = ‘%(p( Viop — palp), (3.55)
/r‘ A A
peb = ?(pﬁc)paz %) pan). (3.56)

Finally on account of Egs.(3.53), (3.54), (3.55) and (3.56), the equation of evolution of density

operator for the cavity modes given by Eq.(3.36) takes the form

b _

dt

= L AP 2l pin — pina] — nal )

+ % Ap© aspal — palas — alasp)
S A (2al il — pala] — alalp)

- % ApY) Qazpiy — paras — aranp)
Heapal - alanp — palan)

(3.57)

in which k; and k&, are the damping constant for light modes of a; and as, respectively and

A = 297# is the linear gain coefficient with r, is the rate at which atoms are injected into
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the cavity as well as ~ is atomic decay constant. It is worth mentioning that the quantum
properties of light with the same and different frequencies generated by three-level cascade
laser are determined by the master equation(3.57). It is not hard to see that with p((l%) = p((;g) =
0 and pg%) = 1, these equation goes over to the master equation of a two-level laser operating

below threshold. The term involving pg%) corresponds to the usual gain and that proportional

to p£2>, to absorption. We will se that the atomic coherence ,ofl%) as well as pgf? responsible for

squeezing.
3.2 Operator Dynamics

Atissue here is to find operator dynamics, the equation of the expectation values of the cavity
operators, and their steady state solutions by using the relation time evolution of the expec-

tation value of an operator A in Schradinger picture which can be expressed as[9]

d(Ay _ dp .
- _TT(EA)’ (3.58)

where % is expressed in above Eq. (3.57) one can get

d<d€;1> = Tr{%Apgg(za{;}alal — parala, — aralpay)
+ %Ap((g)(zagﬁa;al — pabagay — abagpiy)
§A0 (2al s — palalan — alal )
- %APEG)(QGQPalal — pa1G2G1 — G1G2par)
%(2@1;3&1@1 — alaypar — palasar)
+ %(2@;&&;&1 — alagpay — padasa)}. (3.59)

Applying the cyclic property of the trace operation and the commutation relations

[ay,al] = [ag,ad) =1,
[a1, a0) = [a},ab] = [a1,ad] =0,

and with the aid of the identity

We readily get
d(a 1 1
M) (A — ) an) — 2 AR . (3.60)
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Following a similar procedure, we get

dfaz) _

1
pr<0>< 1) = =(ApQ) + ko)), 3.61)

dt 9

At . ,
d(a;tal) = (Aply) — m1)(@faa) — S APl (alal) — S Al (anan) + AP, (3.62)
A -
d(ajta2> = — (A0 + /ﬂ?2)<d£&2> + %Apg%)<d11-&;> + %Apgg) (a182), (3.63)
Hinda) _ 11,0 (0) L @ ataty _ gatos

a [A,O — k1 — (Apy + ko)l{araz) + §A,0ac ({(ayay) — (ayag) + 1). (3.64)

On taking k; = ko = k, the steady-state solutions of the above equations becomes

A,
(o) = Ao (0d) (3.65)
H1
A, 41
(ag) = PP/ <a1>, (3.66)
2
1A z(zc) lA 0) ~ *Aga)
(@lan) = 242 (alab) + L Apla (anan) — Ap 7 (3.67)
M1
14 l(w) AT At 14 Ea)AA
(abas) = 222 (818y) + g Apea (@ndz) (3.68)
H2
A 0) At Aty AT a
<d1€l2> — Apac ((a‘la’1> <a2a2> + 1) ) (369)
M1 — p2
where
p1 = ApQ) — (3.70)
= Ap0) 4+ k. 3.71)
Applying Eq.(3.65) and (3.66), we easily find
(a1) = (ag) = 0. (3.72)

Moreover, using Egs.(3.67), (3.68), and (3.69), we get

— 438 | p 12 442 | p 2 o + AP (1 — p2)sa

(alay) =
142 | o) 12—y pa) (1 — pra)

: (3.73)



3.2 Operator Dynamics 18

_ A3 | o012 442 | o0 12 g

(afaz) = , (3.74)
(42 | p 2 =y uo] (g1 — p12)
(4167) = (—Apia + ) Apic' v (3.75)
(A2 | p) 12— o] (11 — pi2)
It can also be readily verified that
(@3) = (a3) = (alas) = 0. (3.76)
We take
a = a1 + ag, (3.77)

to be the annihilation operator for superposition of light modes a; and a», produced by the

three-level cascade laser. One can easily check that
[a,a™] = 2. (3.78)

We wish to study various quantities of interest on the superposed light modes with the same

and different frequencies.



RESULT AND DISCUSSION

4.1 Quadrature Fluctuations

We proceed to determine the quadrature variance for the light modes with the same and dif-
ferent frequencies that produced by a three-level cascade laser inside and outside the cavity

that coupled to vacuum reservoir.
4.1.1 Quadrature Variance of Cavity Modes

Cavity modes with the same and different frequencies are said to be in squeezed state if either
Aa; < landAa_ > 1lorAas > 1land Aa_ < 1suchthat AayAa_ > 1. Weremember that the
variance of the plus and minus quadrature operators for the same and different frequencies

of cavity modes is given by
(Aax)? = (a3) — {ax)?, 4.1)
where quadrature operators that describes the properties of squeezed light are
ar=a" +a (4.2)
and
a_ =i(a’ —a). (4.3)

where a4 and a_ are Hermitian operators representing the physical quantities called plus and
minus quadratures, respectively while a! and a are the creation and annihilation operators of
light obtained from the superposition of the same and different frequencies of cavity modes.

Now on account of Eq.(3.72) along with Eqs.(3.76), (4.2) and (4.3) we see that

(ax) =0. (4.4)
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Hence in view of this, equation (4.1) is expressible as
(Aas)? = (a3). (4.5)

We note that
(Aax)? = (a'a) + (aa’) + (% + at?), (4.6)

and applying Eq.(3.78) the quadrature variance can be put in the form
(Aax)? =24 2(@ata) + (a2 + a'?), 4.7)

With the aid of Eq.(3.77) we can rewrite Eq.(4.7) as

(Aas)? =24 2((a] +al)(a + ag)) + (a2 + al? + a2 + al? + 2a1a0 + 2alad),  (4.8)

and taking Eq.(3.76), we get
(Aax)? = 2[1 + ((ala) + alag)) + (4180 + alald))). 4.9)

Therefore by considering Eqs.(3.73), (3.74) and (3.75) the quadrature variance takes the form

(Aax)? = 2{[A2 | pbd > —ppa) (1 — p2) — A3p | pbe) 1> +A2 | p | iz + Aplid (1 — p2)ia}

[A2 | ple) [2 = pia] (1 — po)
2 | ol P A% | pid g (—Apla) + 1) Apna (0 + pla))

IO - (4.10)
[A2 | pac [ —pap2] (1 — p2)
It proves to be more convenient to introduce a new parameter defined by
) = 1_7” (4.11)
so that in view of the fact that
PO 4 p0 — 1 4.12)
and
| p%) 1= pS ), (4.13)
one easily finds
oo 1 JQF 1 (4.14)
and
1
o 1= 5 (1 =)z, (4.15)
Upon setting

P =[ plO) | e (4.16)
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and taking into account (3.70), and (3.71), the quadrature variance takes the form

—KkA? | pgi) |2 fmAQpﬁ?Z — 3/@2Apg(c]) + mQApé?) — 2K3

20 A2 | pl2) 2~k A2 — kA2p0)” — 352 A4pL) + 362 40K — 247
—2rA | pl | (pt) + k) cos

2k A? | pg%) |2 —/{Angg)Z — /@Ang%ﬂ — 3/-@2Ap£2) + 3/{214,02%) — 2k3

(Aax)? = 2{

1. 4.17)

Applying the relations (4.11) to (4.16), the quadrature variance can be put in the form

(A2 + 4k A + (A2 + 264 + 4k2) + [A2(n2 — %)% + (2kA + A2)(1 — n?)2] cos 6

Aay)? =
(Aas) A2n? + 3k An + 2k2

(4.18)

(Aa_)? = (A% + 4k A)n + (A% 4 25 A + 4K%) — [A2(n? - 774)% + (26A + A%)(1 — 772)%] cos 6
- A2n2 + 3k An + 2k2 ’

(4.19)

(4.20)

(ha )

Fig. 4.1: plots of minus quadrature variance of cavity mode((Aa_)?) [Eq.(4.19)] versus 7 at steady state
for k = 0.8, & = 0 and different values of linear gain coefficient, for A=100(dash-dot curve),

A=300(dash curve) and A=500.(solid curve)
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The plots in Fig.4.1 indicates that as the linear gain coefficient increases, the values of 7 at
which the minimum value of the quadrature variance occurs approaches zero. We thus re-
alize that better squeezing can be achieved by initially preparing the atoms in such a way
slightly more atoms are in the lower level than in the upper level and by increasing the linear

gain coefficient his result is agrees with the report in[9].

0.8

(ha )

Fig. 4.2: plots of minus quadrature variance of cavity mode((Aa_)?) [Eq.(4.19)] versus  at steady state
for n=0.1, # = 0 and A=100.

Fig.4.2 shows that as the cavity damping constant « increases, then the values of minus quadra-
ture variance of cavity modes increases. However, squeezing of light inside the cavity is de-

creases.
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4.1.2 Quadrature Variance of Output Modes

The variance of the output mode quadrature operators

a2 = al . + dout, (4.21)
Q% = i(al ., — dout), (4.22)

in which
&out = &l,out + CALZ,outv (423)

where, a,, is the annihilation operator for superposition of output mode of a; o+ and az out,

produced by the three-level cascade laser and transmitted from cavity to outside. One can

easily check that
[outs ] = 2, (4.24)
with
a1,0ut = VK1, G200t = VK2, (4.25)
can be expressed as
(Aasou)? = (03 gur) — (@,0u)”. (4.26)

Now applying Eq.(4.20)-(4.24) and Eq.(4.4) one can get
(Aazou)® = (@3 our); (4.27)

then, the steady quadrature variance of the same and different frequencies of light outside

the cavity can be put in the form
(Aas,ou)? = 2+ 26[((al a1 + abao)) = ((ara) + (alad)]. (4.28)
Up on substituting Eqs.(3.73), (3.74) and (3.75) into Eq.(4.27)
2h[= A%l | pl) [2 +A% | pl 2 2 + Apld (11 = po)ie]
(A2 [ pl [ —paie] (rr = o)
25— A3p0) | pl 12 442 | oD 12 1 £ (AP + 1) Apa(p) + p$)]

(A% | b |2 —puapiz] (1 — )
and taking Egs.(3.70) and (3.71), also Egs.(4.11)-(4.16) into account, then the quadrature vari-

(ACLi,ouz‘/)2 =2+

. (4.29)

ance of output light mode takes the form
(May)? — 2.4 (KA2 = 2ADE & kA% + 2674 — 212 An)
ou A2n? + 3k An + 2K
[RA2(n2 — 0% + (2624 + £A2)(1 — 12)2] cos 6

4.30
+ A2n? + 3k An + 2K2 ’ (4.30)
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and

(kA% — 2k A0? + kA% + 2k2A — 2K% An)
A2n? + 3k An + 2K2

[kA%(n? — 774)% + (25%A + KA?)(1 — 772)%] cos 6

A2n2 + 3k An + 2k2 ’

(Aaf,out)2 =2+

(4.31)

2
Eal T I

(ba ) ]

Fig. 4.3: plots of minus quadrature variance of output mode((Aa,,out)Q) [Eq.(4.30)] and cavity
mode((Aa_)?) versus 7 that represented by dash-curve and solid curve,respectively and for
k= 0.8, 0 = 0 and A=300.

It can readily be observed from the plots in Fig.(4.3) that the degree of squeezing of the same
and different frequencies of light outside the cavity is less than that of the interacavity. Pho-
tons with the same and different frequencies in the cavity are generated pairwise and highly
correlated and this correlation is the source of squeezing in the system. However, when pho-
tons leave the cavity through the port mirror, correlated pairs of photons may not leave at the
same time, and hence, there is some finite probability observing an odd number of photons
inside and outside the cavity. It is obvious that the probability of observing an odd number of
photons outside the cavity is greater than the interacavity one. As a result of this, the correla-

tion between the pairs could be destroyed to some extent depending on the property of the
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port mirror(or the value of ). This leads to the decreases in the degree of squeezing of the

output mode. This result is agrees with the report in[23].

1.8¢ N

2
(Aa—,out)

1.2¢ N

Fig. 4.4: plots of minus quadrature variance of output mode((Aa_ ,,:)?) [EqQ.(4.30)] versus « for

1=0.1,0 = 0 and A=100.

Fig.4.4 shows that as the cavity damping constant « increases, then the values of minus quadra-
ture variance of output mode decreases. However, the squeezed light available at outside the

cavity is increasing.
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4.2 Photon Statistics

The statistical properties of the same and different frequencies of cavity modes described
in terms of the mean and variance of the photon number. Here we wish to calculate the
mean and variance of photon number for the same and different frequencies of cavity modes
generated by a three-level cascade laser. Photon statistics of light modes based on the relation
between the variance and the mean of the photon number. Hence the photon statistics of a
light modes for which (An) = n is referred to as Poissonian and the photon statistics of a light
mode for (An) > n which is called super-Poissonian. Otherwise the photon statistics is said

to be sub-Poissonian.
4.2.1 The Mean Photon Number
We define the mean photon number of the same and different frequencies of light mode by
n = (a'a). (4.32)
Then using Eq.(3.77) and taking into account (3.76), we easily find
i = (ala)) + (alas). (4.33)

so by considering the Egs.(3.73) and (3.74) there follows

— A%l | pbe P +A% | phe) 2 o+ A — o) | — A%k | ph [P +A2 | p 2

[A2 | o) 12—y pa) (1 — pra) 142 | o) 12—y pa) (1 — pra)
(4.34)

n=

in terms of  Eq.(4.33) can be put in the form

_ 2 2 2 _ 2 2
n= 3ZA 772_(%214_%)77—"_%4_&214 ZA 772_'_% (435)
kA?n? + 3k2An + 2k3 KkAZn? + 3K2An + 2k3° )
this equation is simplified as follow
A2 — (RA— A+ A4 kA
i = ( 2 )1+ 5 . (4.36)

A2n2 + 3k An + 2kK2

This represents the mean photon number of the same and different frequencies of cavity

modes.
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Fig. 4.5: plots of mean photon number(7) [Eq.(4.35)] versus n for x = 0.8, and different values of linear

gain coefficient, for A=1(solid curve), A=2(dash curve) and A=3(dash-dot curve)

It can be observed from the plots in Fig.(4.5) that the mean photon number decreases with

linear gain coefficient.
4.2.2 The Variance of the Photon Number

The variance of photon number of cavity modes with the same and different frequencies is
defined as
(An)? = ((aTa)?) — n2. (4.37)

This can be put in the form

(An)? = (a'2a?) + 27 — a2 (4.38)
Now applying the fact that a is a Gaussian variable with zero mean, we get
(An)? = 27 + 7% + (a1?)(a?). (4.39)
and on taking into account Eq.(3.78) along with Eq.(3.77), we arrive at

(An)? = 27 + 72 + 4(alal) (4 a). (4.40)
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Hence in the view of Eq.(4.35) and Eq.(3.75), the photon number variance of cavity modes

with the same and different frequencies takes the form

2 _ (—TA4 — kAt + (—32A4 — 2K A3 4 (A% — K2A2 — 3n2A3)772
(A%n? 4 3k An + 2K2)?
. (34% 1 25 A% — 263 A + 3k2 A% + (A* + 267 A% + 263 A + Sk AP)
(A%n? + 3kAn + 2k?)? '

(An)

(4.41)

100

90+ Variance of photon number 1
—— mean photon number

70F 1

601 1

501 1

401 .

20f 1

Mean and variance of photon number

10r 1

Fig. 4.6: plots of mean and variance of photon number(n and (An)?) [Egs.(4.35) and (4.40)] versus 7
for k = 0.8 and A=3

We see from Fig.4.6 that the variance of the photon number is greater than the mean of the
photon number. This indicates that the photon number statistics is super-poissonian. This
result agrees with a report in[22]. Furthermore, we observe that the mean and variance of the

photon number decreases as n increases and as linear gain coefficient decreases.
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4.3 Quantum Entanglement

In this section, we wish to investigate the entanglement properties of modes with the same
and different frequencies inside and outside the cavity at a steady state. It is known that a
state of a system p of the same and different frequencies of cavity modes d; and a> is said to
be entangled or not separable if it is not possible to express in the form

p=> pip i, (4.42)

J

where ﬁgdl) and ﬁ§&2) are assumed to be the normalized density operators of modes a; and d»
respectively, with p; > 0 and }_,p; = 1. A maximally entangled continuous variable state
can be expressed as a co-eigen state of a pair of Einstein-Podolsky-Rosen (EPR)-type oper-
ators[21] such as #; — &2 and p; + po. Thus the total variance of this operators reduced to
zero for the maximally entangled continuous variable states. In addition, according to the

criterion set by Duan et al.[25] quantum states of the system claimed to be entangled.
4.3.1 Entanglement of the Cavity Modes

A quantum state of a system is said to be entangled if the sum of the quantum fluctuations of

the two Einstein-Podolsky-Rosen(EPR)-like operators © and ¢ satisfies the inequality

(Av)? + (Av)? < 2, (4.43)

where
0 =1 — To, (4.44)
U= p1 + Po. (4.45)

with #; = %(dj + &}), and p; = %(&} — a;), (with j= 1,2) are the quadrature for the same and

different frequencies of cavity modes. But

(Av)? = (0%) — (0)?
= (@1 — 2)%) — (&1 — 2)°
= (#7) + (23) — ((#122) + (22d1))
= [(&1)% + (22)" — ({&1)(E2) + (22)(21))]. (4.46)
substituting, & = %(al +aj),and 2o = %(dg +d£). and using Eqgs. (3.72) and (3.76), one can

get
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Following the same step and substituting p; = - (&I —ay), and py =

7 _(a) — ay). one can

7
readily find

— ((P1)? + (P2)? + (P1)(B2) + (P2)(P1)), (4.48)

(Av)? = %K&Idﬁ + (@1al) + (abag) + (a2ad) — ((ards) + (a0an) + (alab) + (ala]))].  4.49)
On the basis of the boson commutation relation that are mentioned as
[a1,a]] = [ag, ab) = 1. (4.50)
we can find that
(Av)? + (Av)? = 2+ 2[(ala)) + (abas) — ((ara2) + (alal)). 4.51)
By taking Eq.(4.9) under consideration, one can obtain
(Av)? + (Av)? = 2+ 2[{alar) + (abag) — ((araa) + (ala]))). (4.52)

which implies in the system under consideration, the entanglement and quadrature variance
exactly equal. Now the various correlations involved in Eq.(4.51) would be determined by

using the steady-state equations, (3.72), (3.73), (3.74), and (3.75), we can get

[—A3paa | oS¢ |2 +A2 1o 12 g + Al — o) o
[AZ | Pac \2 —pap2] (1 — p2)
\ paJ 2 +42 | pid |
[A2 \ P |2 —ppa] (1 — p2)
(—Ap2) + 1) Apa (0 + p)

142 | p |2 =y pg) (1 — pi2)

(Av)? 4 (Av)?2 =2 +2

). (4.53)

by inserting Eqgs.(3.70), (3.71) and (4.16) in above expression, one can get

I<&A2 | pg%) ‘2 —KAngg)z _ 3I€2Ap(0) + K2Ap(0) 3
2/<;A2 | p ]2 /<;A2p£2)2 — /iAQpé%) 3/@2Ap(0) + 3n2Ap(0) K3
B —2kA | o | (92 + k) cos 0

2k A? | pé%) |2 —/-@Anggﬂ — I-iAnga) — 3/12Apgg) + 3;4;2Ap§32 —

(Av)* + (Av)? =

RCAT)
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By applying Eqgs.(4.11)-(4.15), one can obtain

(Av)? + (Av)? = (Aa_)?
(A% 4+ 4k A)n + (A% + 2k A + 4K2)
A2n? 4+ 3k An + 2K2
[A2(n* = %) + (264 + A%)(1 — n?)%] cos
B A2n2 + 3k An + 2k2 '

(4.55)

which implies in the system under consideration, the total variance of the EPR-types opera-

tors equal with the minus quadrature variance of the cavity modes.

15
N
3
N+
)
g

1,
0.5 1 1 1 1
0 0.2 0.4 0.6 0.8 1
n

Fig. 4.7: plots of the the total variance of EPR-likes operators of cavity modes((Av)? + (Av)?) at steady

state versus 7 for k = 0.8, § = 0 and different values of linear gain coefficient, for A=100(dash-

dot curve), A=300(dash curve) and A=500.(solid curve)

We easily see from Fig.4.7 that (Av)? + (Av)? less than 2 for all values of  exceptn = 1, hence
the entanglement criteria [Eq.(4.42)] is satisfied. This indicates that the state of the system
is entangled at a steady state provided that there is injected atomic coherence. Moreover,
the degree of entanglement increases with the linear gain coefficient. On the other hand,
comparison of Fig.4.7 and Fig.4.1 shows that there is strong entanglement of the cavity modes

when there is a substantial degree of squeezing. This strong values entanglement is produced
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by small values of 7, that is, when slightly more atoms are in the lower level at the initial
time. It is also easy to see that the squeezing and entanglement are directly related as given

in Eq.(4.54).

= = =
B (*2] (o]
T T T
I I I

(AU)*+(Av)?

=
N
T
I

Fig. 4.8: plots of the variance of the sum of the EPR-likes operators of cavity modes((Av)? + (Av)?) at
steady state versus « for n=0.1, 6 = 0 and A=100

Fig.4.8 shows that as cavity damping constant « increases, then the values of entanglement
of cavity modes increases, as a result of this degree of entanglement of light inside the cavity

is decreasing.
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4.3.2 Entanglement of the Output Modes

The EPR-like operators for the output modes have the form

gout = gout _ gout (4.56)
pout — pout | pout (4.57)
in which
it = \“fg(&i +a1),
ot — “g(a; +d2),
o= 5l
and

D2

sout __ @ &T —a

are quadrature operators for the output modes. Hence, the entanglement criterion for the

output modes can be written as

2 (4.58)

(AU)(Q)ut + (Al/)out < 2.
By considering the mean photon number of a vacuum reservoir to be zero, one can get
(@b ()aou () = r(ala),

(Gout ()il (1)) = w(ata) + 1,

(ab, (1) = (a') = 0.

out

The steady-state variance of the operators v,,; and ,,; can then be expressed as

(Av)2, = (A)2, = 1+ r(alar) + w(abas) — m((aras) + (alad)). (4.59)

out —

So that on account of Egs.(4.28) and (4.30), the total variance of the operators 0,,; and
becomes

(Av)gut + (Ay)gut = (Aaaout)2
o4 (kA% — 2k A2 4+ kA% 4 2k2A — 2K2 An)
A2n? + 3k An + 2K2
[RAP(P — )7 + (262A + kA?) (L — 1%)7] cos B (460
A2n? 4 3k An + 2Kr? ‘ '
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Fig. 4.9: plots of the variance of the sum of EPR-likes operators for both of the light modes in the
cavity[(Av)? + (Av)?] and out side the cavity[(Av)?,, + (Av)2,,] at steady state versus 7 for
k = 0.8, 0 = 0 and for A=300.

Fig.4.9 shows that the entanglement criterion for output modes, Eq.(4.57), is satisfied except
n=1 as before. In addition, as can be seen from the same figure, the degree of entanglement of
the output modes is less than that of the cavity modes.This is because the degree of squeezing

of the output modes is less than that of the cavity modes.
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Fig. 4.10: plots of the total variances of EPR-likes operators of light modes outside the cavity((Av)?,,, +
(Av)?,,) at steady state versus « for n=0.1, = 0 and A=100

out

Fig.4.10 shows that as cavity damping constant « increases, then the sum of variance of EPR-
likes operators of output modes decreases and as a result of this the degree of entanglement

of light outside the cavity is increases.



CONCLUSION

In this thesis, we have studied the photon statistical, squeezing and entanglement properties
of light inside and outside the cavity produced by the three-level cascade laser with the same
and different frequencies coupled to vacuum reservoir. We first calculated the master equa-
tion of a system under consideration. Using this pertinent master equation, we obtained the
steady state solutions of the expectation values of cavity operators. Applying this steady state
solutions, we have calculated the mean and variance of photon number, the squeezing and
entanglement of cavity and output modes generated by the system. Our results show that the
light generated by the system is in squeezing state and the state of the system is entangled,
also the squeezing inside and outside the cavity is related with the entanglement. We have
seen that the mean and variance of photon number, the degree of squeezing and entangle-
ment of cavity and output modes increases with increase in the values of A, small value of r(if
more atoms are initially prepared at bottom level). We have also observed that squeezing and
entanglement of the cavity light increases with the value of . However, the squeezing and
entanglement of output modes decreases. In addition, we also seen that the mean photon
number is less than variance, and this indicates that the photon statistics is super-poissonian.
Furthermore, it is found that the state of the system is strongly entangled at steady state. We
have shown that the degree of entanglement in the cavity and output modes light is directly
related to their squeezing. Whenever there is squeezing in light modes, there exists entangle-

ment in the system.



Reference 37

References
[1] E. Alebachew and K. Fesseha Opt.common, 265,314 (2006).
[2] M. Bekele, M.sc Thesis , Adama science and Technology University (2014).
[3] W. Mokonnon, M.sc Thesis , Addis Ababa University (2007).
[4] T. Yirgashewa, M.sc.Thesis, Addis Ababa University (2006).
[5] T. Yirgashewa, Ph.D.dissertation, Addis Ababa University (April,2010).
[6] S. Getachow, M.sc.Thesis, Addis Ababa university (2011).

[7]1 M. o. Scully, K. Wodkiewicz, M.s.zubairy, ].Bergou, N, Lu, and J].Meyerte Vehn, Phys.Rev.Latt.60,1832
(1988).

[8] B. Daniel and K. fesseha,Opt.commun , 151,384 (1998).

[9] K. Fesseha, Fundamentals of Quantum Optics, (Lula , North coria, 2008)

[10] S. Tesfa, Phys.Rev A74,043816 (2006).

[11] E Gebremedhin, M.sc Thesis, Dilla University (2011).

[12] M. Abayine, M.sc.Thesis , Addia Ababa University (2001).

[13] A. Abraham, M.sc Thesis , Adama Science And Technology University (2015).
[14] Eyob Alebachew (M.sc Thesis , Addis Ababa University,2003).

[15] N. A. Ansari, Phys. Rev. A 48, 4686 (1993).

[16] Dawit Hiluf, MSc Thesis, Addis Ababa University, (2005).

[17] E. Alebachew and K. Fesseha, opt.commun.265, 314, (2006).

[18] Darge and Kassahun, Coherently driven degenerate three-level laser with parametric

amplifier. PMC Physics. B 2010 3: 1.
[19] Misrak Getahun, PhD Thesis, Addis Ababa University, (2009).
[20] Diriba Demissie, MSc Thesis, Addis Ababa University, (2001).

[21] P Lambropoulos and D. Petrosyan, Fundamentals of Quantum Optics and Quantum

Information (Springer-Verlag, Berlin Heidelberg, 2007).

[22] Sintayehu, Tesfa, Nondegenerate Three-level Cascade Laser Coupled to a Two-mode

Squeezed Vacuum Reservoir, PhD disseration, Addis Ababa University, (2008).



Reference 38

[23] A. Eyob, Phys. Rev. A76, 023808(2007).
[24] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777(1935).
[25] L.M.Duan, G.Giedke,].I.Cirac,and PZoller,Phys.Rev.Lett 84, 2722(2000)

[26] E.schrodinger,” Discussion of Probability Relations Between Separated Systems,”Proceedings

of the Cambridge Philosophical Society 31, 555-563(1935): 32,446-451(1936).



	INTRODUCTION
	 Back Ground of Study
	Statement of the Problem
	Objectives of the Study
	 General Objectives of the Study
	 Specific Objectives of the Study


	REVIEW OF LITERATURE
	METHODOLOGY
	Master Equation
	Master Equation for a Cavity Coupled to a Vacuum Reservoir
	Master Equation for the System Under Consideration

	Operator Dynamics 

	RESULT AND DISCUSSION
	  Quadrature Fluctuations
	Quadrature Variance of Cavity Modes
	Quadrature Variance of Output Modes

	Photon Statistics
	The Mean Photon Number
	The Variance of the Photon Number

	Quantum Entanglement
	 Entanglement of the Cavity Modes
	Entanglement of the Output Modes 


	CONCLUSION

