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Abstract

Partial differential equations are difficult to solve analytically in general but, there exist a
variety of numerical schemes that convert impossible calculus into myriad simple calculations
that a computer can readily perform. This study presents an explanation of a time dependent
damped wave equation from a vibrating string considering the transverse displacement of a
plucked string and the subsequent vibration of the string, and application of finite difference
methods for solving damped wave equation. The study is planned to find numerical solution of
damped wave equation using explicit and implicit finite difference methods. The finite difference
method discretizations proceed by replacing the derivatives in the damped wave equations by
finite difference approximations. These give a large number of algebraic systems of equations to
be solved. The computational experiments are performed writing MATLAB program or using
Thomas Algorithm for explicit and implicit finite difference methods to generate numerical
solutions to the damped wave equation. Stability, consistency and convergence of the methods
are considered based on Ax and At in the study. The methods approximate the solutions with
consistency of the O {(At)?, (Ax)?}, for examining the accuracy of the results. Numerical
examples are presented for each method. The results are compared with the analytic solution,
obtained by the methods of separation of variable. Based on error analysis, we present results

using tables and graphs.



CHAPTER ONE

1 Introduction

1.1 Background of the study

The study of waves helps to model many things that are useful in everyday life i.e., musical
instruments, engineering devices for weather fore cast, tsunami and earth quake detection
devices as well as basic communication devices, and so on. This study presents a numerical
simulation of mechanical waves from a vibrating string. In particular, damped wave equation.
A vibrating string is just a model of many objects that vibrates in nature. Most vibrations result
into wave motion which carries energy that can be controlled for human benefits. A vibrating
string presents a better and an initial point to the study of waves because the variables can be

easily manipulated.

In the study by Saberi Najafi & Izadi (2014), comparison of two explicit FDMs was presented to
approximate the numerical solution of one dimensional damped wave equation. In their work,
they studied the three-level explicit and two-level explicit FDMs taking different values of time
step,At, space size,Ax and damping coefficient k (which is a small positive constant) to
approximate the numerical solution. Considering all the results obtained, they arrived at the
conclusion that although the two methods work with high accuracy, but the three-level explicit
method is better than the two-level explicit method for solving the one dimensional damped

wave equation.

1.2 Statement of the problem

In the study by Saberi Najafi & Izadi (2014), the implicit FDM was not presented to approximate
the numerical solution of one dimensional damped wave equation in comparison with the
explicit FDM. So, in this study a thorough evaluation of the model is treated applying the explicit
and implicit FDMs taking different values of time step, At and space size, Ax considering a

stretched string L of length of negligible weight. Supposing the two ends of the string are firmly



secured at some supports so they are not move and assuming the set-up has damping considering
friction, i.e., the reaction of the surrounding medium (air for example) and density of the string
on the motion of the string, and the string is set to vibrate by displacing it from its equilibrium
position and then releasing it. Then, the vertical displacement of the string at any time, t > 0 and
0 <x <L, is given by the displacement function u (x , t).

And we want to determine the subsequent motion of the string by finding the approximate
numerical solution of u (x, t), i.e., u (x; , t,), fort>0,0<x<L. To find u (x; , t,,), we solve the
equation subject to the BCs and ICs. The work also includes a systematic exploration of stability,
consistency and convergence of the methods.

Finally, we compare the analytic solution with the numerical solutions of the methods, and errors
of the methods with each other. We can then determine which method is better and more
efficient to find the numerical solution of damped wave equation.

And owing this, the study attempts to answer the following questions.

To what extent the methods are stable and which method is more stable?
To what extent the methods are consistent and which method is more consistent?
To what extent the methods converge and which method is more convergent?

Which method is more appropriate to solve damped wave equation?

YV V V V V

Which method has less error?
1.3 Objective of the study

1.3.1 General objective
The general objective of this study is to apply the explicit and implicit FDMs for solving one

dimensional damped wave equation taking different values of time step, At and space size, Ax.



1.3.2 Specific objectives
The specific objectives of the study are:

» To apply the explicit and implicit FDMs to determine the subsequent motion of the string
by finding the approximate numerical solution of one dimensional damped wave equation
subject to its ICs and BCs in different cases.

» To determine the stability, consistency and convergence of the methods.

» To determine which method is more efficient in solving damped wave equation.

1.4 Significance of the study
At the end, the outcome of this study may
> develop skills in the study,
> be used as additional reference material for students and anyone who needs to conduct
further study on application of FDMs on damped wave equation in 1D and 2D, and
» improve the application of FDMs for scientific investigation in the area of applied

mathematics.

1.5 Delimitation/scope of the study
In this study, we plan to apply the explicit and implicit finite difference schemes to approximate
the numerical solution of damped wave equation considering the damped vibration of a string

with fixed ends taking different values of time step,At & step size,Ax and damping coefficient k.

1.6 Limitation of the study
The limitations of this study are:
> lack of internet access to get adequate reference material and to review the literature and

> lack of knowledge and experience of working with MATLAB program.

1.7 Organization of the study

This document has been organized as in the following. In the first chapter background of the
study, statement of the problem, question, purpose of the study, objectives of the study,
significance of the study, limitation and delimitation of the study are presented. The second
chapter deals with review of the related literature. The third chapter focuses on methods and
procedures. The fourth chapter deals with results and discussion. The fifth chapter is about

conclusion and recommendations.



CHAPTER TWO

2 Review of the related literature

2.1 Partial Differential Equations (PDES)

Partial differential equations (PDEs) occur in many branches of applied mathematics, for
example, in hydrodynamics, elasticity, quantum mechanics and electromagnetic theory,
S.S. Sastry (2006). Moreover, PDE is a many-faceted subject that was created to describe the
mechanical behavior of objects such as vibrating strings. The vibration of a string is time and
space dependent, a typical example of multidimensional systems. Lutz & Rudolf (2000) noted
that “Multidimensional physical phenomena depending on time and space are commonly
described by PDEs”, Mango, J.M. et al. (2014). PDEs are models of various physical and
geometrical problems, arising when the unknown function (the solution), call it u, which depend

on two or more variables, usually on time t and one or several space variables.

We say that a PDE is linear if it is of the first degree in the unknown function u and its partial
derivatives, with coefficients depending only on the independent variables. Otherwise we call it
non-linear. We call a linear PDE homogeneous if each of its terms contains either u or one of its
partial derivatives. Otherwise we call the equation non-homogeneous, Erwin Kreyszing (2006) &
C. Chapra (2010). In PDE, there exist three types of equation namely elliptic, parabolic and
hyperbolic equations. The general linear PDE of the second order in two independent variables is

of the form:

0%u ou ou

0%u 29%u _
A(x,y)@+B(x,y)m+C(x,y)a—yz+ F(x,y,u,a,a) =0 (2.1)

Such a PDE s said to be:
Elliptic, if B - 4AC <0,
e.g.. Two-dimensional Laplace equation; ., +u,, =0

Two-dimensional Poisson equation; w,, +u,, =f(x,y)
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Parabolic, if B?- 4AC =0
e.g.. One-dimensional heat equation; u, = c? u,,
Hyperbolic, if B- 4AC > 0
e.g.: One-dimensional wave equation; u,, = c? u,,, C. Chapra (2010).

2.2 Wave Motion

Waves are classified as either mechanical or electromagnetic. Mechanical waves require some
kind of elastic material medium of propagation. An elastic medium is characterized by a
continuum of points where a displacement of one point (source) immediately experiences
reaction forces from neighboring points. The reaction forces at the neighboring produce forces
on their neighboring points and by continuing this process the initial displacement gets
propagated into the elastic medium by way of neighboring points being affected as a function of
time. An electromagnetic wave differs from a mechanical wave in that it can propagate through a

vacuum.

The wave motion is the movement of a disturbance from some source. In the process energy and
momentum are transferred from the source. It can be transverse or longitudinal, Dan Russell
(2016). Figure 1(a) illustrates a long string which is given an initial displacement and then
suddenly released. The elastic properties of the string cause forces which try to pull/restore the
initial displacement of the string back to its equilibrium position. The restoring forces affect
points immediately to the right of the displacement. These neighboring points are pulled up ward
and down ward and so the displacement moves to the right at a definite speed which depends up
on the material properties of the string. This is an example of a transverse wave where the
displacement of the elastic medium is perpendicular to the direction of wave propagation. A

vibrating string is an example of transverse wave motion.



In Figure 1(b) there is illustrated masses connected together by springs to form a chain. The
masses might represent atoms and the springs might represent the forces between the atoms.
When one mass is displaced longitudinally there is created spring elongations and compressions
which produce forces that act on the neighboring masses. If the left most mass is given an initial
displacement to the right, the compression disturbance is created which in turn propagates to the
right along the chain. This is an example of longitudinal wave. Sound wave is an example of

longitudinal wave.

Transverse wave wave disturbance perpendicular
to direction of energy travel
i /Eq'IJJJJ.bI‘l'IJIIl pO.S,lthIl +
a)y =7 " B =
™ Initial transverse displacement b energy
= Eu N =

—= Propagation of transverse displacement
L.ongitudinal wave

(b) Zh0000, M\ 0000 Bk 0000 M\ 0000 B 0000 £

wave ogscillation

wave disturbance is parallel to =

Bircoli £ tramel = =
(C) cCcT1O11 O energy ave energy
= HHEEEEEEEEEEEEEEEEEE
—— MM T T T T TITTTTT

Figure 1: Transverse and longitudinal wave motion

Figure 1(c) illustrates a gas with density p inside a circular pipe with a cross-sectional area A.
Imagine a piston given an impulsive force F which causes the piston to move with velocity c
over a time interval At. This sudden motion compresses the gas inside the pipe and generates a
compression wave moving to the right. This is an example of a longitudinal wave, Nathaniel
Page Sites (2003).



2.3 Wave Equation

As N. Yener (2011) stated quoting X. Lu (2010), wave equation is an extremely important
mathematical model and it is widely used by physics and engineers in describing the propagation
of water waves, sound waves, electromagnetic waves, seismic waves, gravity waves, gas
dynamics, the motion of vibrating string and membrane. However, this study will focus on the
damped wave by simulating one dimensional wave on a vibrating string. The vibrating string is a
simple physical model that can be described with the wave equation. The solution consists of a
number of characteristics states with which the string oscillates. A variety of engineering systems
such as vibrations of rods and beams, motion of fluid waves, transmission of sound and electrical

signals can be characterized by this model, C. Chapra (2010).

2.4 Damped wave

A damped wave is a wave whose amplitude of oscillation decreases with time, eventually going
to zero. In a damped wave equation we consider friction, i.e., the reaction of the surrounding
medium (air resistance for example) and density of the string on the motion of the string. The
effect of friction is, of course, to damp out the free vibration. For small amplitude, motion of this
reaction opposes the motion of each element of the string and is proportional to the element’s
velocity. The friction term k opposes motion of the string and means that eventually vibrations
decay with time, G. Duffy (1998). As stated by Dean G. Duffy (1998) quoting the first published
solution by Kirchhoff G. (1857): on the motion of electricity in wires, “The damped wave
equation first arose in the mathematical description of the telegraph, it is generally known as the
equation of telegraphy.”” This term is also refers to an early method of radio transmission
produced by spark gap transmitters, which consisted of a series of damped electromagnetic
waves. Information was carried on this signal by telegraphy, turning the transmitter on and off
(on-off keying) to send messages in Morse code. Damped waves were the first practical means of
radio communication, used during the wireless telegraphy era which ended around 1920, Siwiak
et al. (2004). Jradel M., (2008) stated that when the neural fields are formulated to predict neural
activity using brain anatomy, one is led to the damped wave equation. One common application
of the damped wave equation is in the study of musical instruments, Peterson, M.R (2004), such

as the violin, classical guitar. Other physical phenomena that have been modeled by the damped



wave equation include potential differences in nerve axons and fluid flow. In such a way that the
damped wave equation has great application in science and technology.

2.5 Finite Difference Methods (FDMs)

In real world, most of the problems in science and engineering, for example problems described
by PDEs are complicated enough that they can only be solved numerically using FDMs, Jain
(2003). For systems in one dimension, like the transverse motion of a vibrating string, the use of
FDMs leads to a recurrence equation that simulates the propagation along the string, A. Chaigne
(1992).

Among the number of numerical methods available for the solution of PDEs, FDMs are more
gainfully employed than others and particularly well suited and reliable for solving hyperbolic
equations in the time domain, A.R. Mitchell, D.F. Grifliths (1980) & S.S Sastry (2006). A finite
difference scheme is produced when the partial derivatives in the PDE governing a physical
phenomenon are replaced by a finite difference approximation. The result is a single algebraic
equation or a system of algebraic equations which, when solved, provide an approximation to the

solution of the original PDE at selected points of a solution grid, Gilberto E. Urroz (2004).

The most common FDMs for the numerical solution of PDE are explicit, implicit (simple) and
Crank-Nicolson FDMs. These are closely related but differ in stability, consistency, accuracy

and execution speed.

In this study, we are restricted to use explicit and implicit FDMs in solving one dimensional
damped wave equation. In explicit finite difference schemes, the wave at n + 1 time step depends
explicitly on the wave at n time step. The main advantage of explicit FDM is that it is relatively

simple and computationally fast. However, the main drawback is that stable solutions are

obtained only when 0< cg < 1. If the condition is not satisfied, the solutions become unstable.

2
In implicit finite difference schemes, the spatial derivative ZTZ is evaluated at the new time step.

The main advantage of this method is that there is no restriction on the time step. Taking large

time step, however, may result in an inaccurate solution.



(@) Explicit scheme:

i-1 i i+1
(b) Implicit scheme:
n+1
n \AVA/
i-1 i i+1
(c) Crank-Nicolson scheme:
n+1
In+12
n
i-1 i i+1

Figure 2: Explicit, Implicit and Crank-Nicolson schemes
The application of FDM to a particular differential equation problem includes the following

steps:
1. Construction of discrete finite-difference scheme of the problem:

e coverage of the computational domain by a space-time grid, i.e. discretize the domain,
e approximations to derivatives, functions, initial and/or boundary conditions all at the grid
points, i.e. replace the derivatives by difference equations, and

e construction of a linear system of the finite-difference (i.e. algebraic) equations.
2. Analysis of the finite-difference scheme:

e order of approximation,
e stability,

e consistency, and convergence.

3. Numerical computations (tests).



The FD solution of a PDE in the space-time domain is referred to as the Finite Difference Time-
Domain (FDTD) method, Yee (1966). The domains are discretized into discrete space and time
domains, with spacing of Ax and At, respectively. This is convenient to do space and time
derivations. A discretized PDE, which is a function of space and time, will be formulated and
discrete grids assigned. The computation then advances a discrete time, At, which is called a time
step. It defines how far in time the model advances in an iteration. The time step determines the
stability of the computation. Too large time steps cause instabilities in the simulation with
inaccurate results. Overly small time steps waste computational time to achieve the same result

as a coarser time step. This is therefore a trade-off for the FDTD method.

FDM works by replacing the region over which the independent variables in the PDE are defined
by the finite grid of points at which the dependent variable is approximated. The solution domain
of the problem is covered by a mesh of grid lines,

Xji=iAx,i=0,1,2,...,Mandt,=nAt,n=0,1,2,...,N (2.2)
parallel to the space and time coordinate axes, respectively.

Approximations ul* to u (iAx, nAt) are calculated at the point of intersection of these lines,

namely, (iAx , nAt) which is referred to as the (i, n) grid point. The constant spatial and temporal
grid-spacing are Ax = % and At = % , respectively, where L and T are the physical domains of

space and time while M and N are the number of discrete points sampled over these domains,
Jake Wood.

FDMs require the following initial information:

. 9%u ou _ 2 9%u
1. PDE, e.g. the 1D damped wave equation: PO ZkE =c =
2. Space domain, e.g. 0< x; < L, where x; =iAx, i = 0,1,2,...,M, and L = some upper

bound, e.g.
3. Timedomain,e.g. 0<t, <T,wheret, =nAt,n=0,1,2,..,N,and T = sometime in

the future, T can be arbitrarily large

10



4. ICs, the value of u (x,tyatt=0,ie ul,, w €9.u(x,0)=f(x)and Z—’; (x, 0) = g(x),

for0<x<L

5. BCs, which specify the value and/or the derivative of u (x , t) at the ends or edges of the

space domain. In one special dimension, there are two edge values for any time t, t: ug

and uj,. Their values are predetermined by specific functions of time; ug = f(n)

and ul}, = g(n).

a) Dirichlet BCs are the simple case where both f (n) and g (n) are constants.

b) Neumann BCs allow boundary values to fluctuate by setting ug and uj, such that they

obey the equation u,= 0, Jake Wood.

% Taylor Series Expansions: It gives us a means to predict a function value at one point in

terms of a function value and its derivatives at another point

e Forward Expansion:

oul  Ax20%2ul'  Ax393ul
—_ n —_ n L L L
Tl - Ui T + X 0x + 2! 9x2 + 3! 9x3

e Backward Expansion:

oul  Ax2o9%ult Ax3 93ult
T,=ul =ul = Ax—++——Ff ———
0x 2! 9x2 31 9x3

Note: For small Ax higher order terms can be neglected.

u =yl + Axau? + A_xZaZulT1 Ax™ 9™l +Ax"+1 gnHiyl
1 L ox 2! 0x2 TToal 9x™ (n+1)! 9xntl
n-order accurate Truncation error
T.: Ouin — Yitin~ Uin _ Ax 0%uip _ Ai263ui‘n _
b ox Ax 2! 0x? 31 9x3

Forward difference Truncation error O (AX)

T, OUin _ Uin— Ui—1n
2" ax Ax

Backward difference Truncation error O (AX)

T, —T. , Ouin :u?+1_u;.n—1 _ Aiza%hﬂ _
1 2" 9x 20x 3! 9x3

Central difference Truncation error O (Ax)?

2,,. n n n 2 A4,
T +T .0 ul’n:ui+1—2ui tupg,  20x 0%u;
1 2" gx2 (Ax)? 41 9x*

Central difference  Truncation error O (Ax)?, Shipra Agarwal (pp.9-10).
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2.6 Thomas Algorithm for Tri-diagonal System
Consider the system of linear simultaneous algebraic equations given by

AX = b, (2.10)
where A is a tri-diagonal matrix, X =[xy, x5, ..., x,]Tand b = [by, b, ..., b,,]T. Hence we consider

an n x n tri-diagonal system of equations given by

rd; u, O 0 Trx171 [by]
L, dy u, ™~ N | B2 b,
0 l; d; usg X3 bs
=1 . (2.11)
0
Up-11] - .
L 0 - 0 I, d, Itxxl 1b,]

The system of equations given by (2.11) is solved using Thomas Algorithm which is described in
three steps as follows.

Step 1: Set y; = d; and complete

yi=d; ——liu.i_l,fori=2, 3,...,N

Yi-1
Step 2: Set z; = % and complete
1

bi_liz;_ .
z; ==L fori=2,3,...,n
Yi

Step 3: x; = z; — % fori=n—1,n-2, ..., 1, where x,, = z,, Rao V. Dukkipati (2010).

4
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CHAPTER THREE

3 Methods and procedures
In this chapter we mainly focus on the study design, source of information, methods of data

analysis, procedures and instrumentation.

3.1 Study design

The design of this study is documentary and experimental, to solve finite difference
approximation on a discretized domain to get the numerical solution of one dimensional damped
wave equation of a piece of thin flexible vibrating string which is firmly secured at the ends
x =0, x = L, at some supports; assuming the set-up has damping considering friction, i.e., the
reaction of the surrounding medium, air resistance and density of the string on the motion of the

string.

In the study, we design to apply explicit and implicit finite difference schemes in solving damped
wave equation; by defining PDE, FDMs, discretizing the domain, replacing PDE by discrete
functions, solving systems of equations using MATLAB code or Thomas Algorithm. Stability,
consistence, convergence and truncation error of each method is analyzed. Tables & graphs are
presented working with MATLAB code.

3.2 Source of information

To conduct this study, we use different reference books and some down-loaded materials, such
as journals and articles that are related to the applications of FDMs on partial differential
hyperbolic equations and damped wave equation. Applied numerical methods working with
MATLAB and other MATLAB books are also used for the study.

3.3 Data analysis
In this study, analysis of numerical solutions of damped wave equation of each method is done.
Stability, consistence, convergence and truncation error of each method is analyzed. Tables and

graphs are presented working with MATLAB code.
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3.4 Procedures of the study
1. demonstrating the PDE,

2. discretization of the domain,

3. replacing the partial derivatives by difference approximations,

4. solving Tri-diagonal system,

5. writing Mat Lab code,

6. comparisons of the solutions, and so on are procedures of the study.

3.5 Instrumentation

The way of approximation of the numerical solution of wave equation is introduced in the study
using explicit and implicit finite difference methods. We show how to use the these methods to
get the numerical solutions of damped wave equations of a piece of a thin flexible vibrating
string, representing them by tri-diagonal matrix for their solutions. Stability, convergence and
consistency of the solution of each method are analyzed. Computing the solutions of each
method is performed working with MATLAB code or Thomas Algorithm. Plotting the graphs of
solutions of each method and exact solution is performed working with MATLAB code. Finally,

the exact and numerical solutions of the methods can be compared using tables and graphs.
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CHAPTER FOUR

4 Results and Discussion

4.1 A mathematical model of damped wave equation on a vibrating string

Consider a piece of thin flexible (elastic) string, such as a violin string. We place the string along
the x-axis, stretch it to length L, and firmly secured (fasten) it at the ends x = 0 and x = L, at
some supports, so they will not move. We then distort the string initially from a position u = f
and u, = g parallel to the y axis at some instant, call it t = 0, we release it and allow it to vibrate.
Then taking the motion of such a vibrating string and starting from general principles, a
mathematical model of small transverse vibrations of an elastic string, such as a violin string can
be derived. In order to model a wave traveling in a medium, we need to derive some equations
governing the motion of such materials. The displacement (deflection) of the string at the point

x € (0,L) and time t >0 is given by u (x, t).

We make the following physical assumptions in order to proceed the derivation. The mass per
unit length of the string, p [gm/cm], is constant (homogeneous material). The tension T is a force
and assume that when the string is plucked the tension remain constant throughout the string.
This is the same as assuming that the displacement is small for a homogeneous string. Also,
assume that the force of gravity is much weaker than tension (pLg <« T) so that it does not affect
the motion of the string appreciably and can, therefore, be neglected, Ravi P. Agarwal & Donal
O’ Regan (2009).

The string is perfectly flexible, i.e., the string does not resist the motion of the wave. This means
that the forces exerted on the string are tangent at the points where they act. We assume a

damping force which is proportional to the velocity of the string.
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We introduce the following notations:
u=u(x,t): Transverse displacement of the string (cm),
p = p (X): Linear density of string (gm/cm),
T =T (x): Tension in string at pint x (dyne),
w = w (X, t): Transverse external force per unit length (dyne/cm),

u

U= Transverse velocity of the string (cm/sec),
a2 . .
u,, = — Transverse acceleration of the string (cm/sec?),
tt at?

£ = Linear velocity damping force per unit length (dyne/cm?).

To derive the model, we consider an element of the string with density p per unit length located
between x and x +Ax, and the forces acting on a small portion of the string (a line element
[x, x + Ax] of length 0< Ax « 1) as illustrated in Figure 3. Because of the model assumptions,

these will be tensile forces, i.e., tangential to the curve of the string, Erwin Kreyszing (2006).
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T(x+Ax )

X Ax x + Ax

Figure 3: Section of vibrating string showing forces exerted on it

We find the derivatives g—z (x, t) and Z_Z (x + Ax, t) represent the slopes of the tangent lines at the

end points of Ax section. In terms of the angles 8,and 6, these slopes are represented,
a ]
tang, = ﬁ (x, t) and tan@, = % (X + Ax, 1) (4.1)
The external forces acting on this Ax section of the string are approximated by,
wAx = External force (dyne) and
Bu; Ax = Damping force (dyne).

Our next assumption is that a point on the string moves only in the vertical direction. This means
that the sum of the forces on the small piece of the string in x-direction is zero. We may

equivalently assume that the horizontal component of the tension is constant. Thus, we have

T(x+Ax)cosd, — T(x)cos6;=0 (4.2)
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This implies
T(x)cosf,= T(x+Ax)cos6, =T 4.3)
Or simply T, cos6@; = T,cosf, =T, where T; = T(x), T, = T(x+Ax) and T is a constant.

In the vertical direction we apply Newton’s second law of motion that mass times acceleration
must equal to the sum of the forces acting on the string. Defining the linear density p to be the
mass of the string per unit length, the mass of the small piece of the string we are considering is

given by pAx. We sum forces at the center point of the string element to obtain

T(x+Ax) sin8, — T(x) sinf; + w(x +—)Ax - ﬁAx— (x+ D) =p(x + —)A a ~ Az—x, t), (4.4)
Where simply
T, sinf, — T, sinf; + wAx — ,BAx— = pr atz (4.5)
sinf, sin6, ou _ *u
=>T costy T s + wAx — ,BAxE = pAx pye (4.6)
2
=Ttanf, — Ttanf;+ wAx — ,[?Axg—? = prZTlZL 4.7
Dividing both sides of (4.7) by Ax and T, we have
tanf, —tanf; , w Bou _ po’u
& YT Tt rom (4.8)
It follows from (4.1) that (4.8) becomes
M (e+dxt) = T4 (xp) Lo _ Bou _ potu 49
ax T ra - rom (4.9)
This implies
g—l;(x+szt) - g—z(xi) _ pd?u w , Bou
ax St T ra (4.10)
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In the limit as Ax — 0, the left hand side of (4.10) becomes a partial derivative of u with respect
to x, and because of our considerations were independent of the horizontal position of the line

element, we finally obtain

2%u pd’u w , Bou
dx2 T Ot? T Tot (4 11)
pu _ O%u o pOu
T Ot? dx2 T T ot

at? pox% p pa

9%u 20%u  w pou
— =St 4.12
at? ¢ ax%2 p poat ( )

Where ¢? = % , C= \/? [m/sec], wave speed, which is a constant dependent on the physical

conditions of the problem. Various special cases of (4.12) can be listed, Dean G. Duffy (1998).

4.1.1 Casel: One dimensional wave equation

The density, p and tension, T are constants with § =0 and w = 0, we obtain the one dimensional
wave equation. The wave equation will model the position u = u(x , t) of any point x of the string,
where 0 < x < L at any time t > 0. In order to get a particular solution to 1D wave equation, we
must specify BCs and ICs. Since the string is fastened at the ends x = 0 and x = L, i.e., the

displacement u is zero, we have the two boundary conditions:
u@,t)=0andu(L,t)=0,fort>0

Furthermore, the form of the motion of the string will depend on its initial shape of the string i.e.,
its initial displacement (displacement at time, t = 0), call it f(x), and its initial velocity (velocity at

t =0), call it g(x). We thus have the two initial conditions:

u(x, 0) =f (x) and 2= (x , 0) =g (x), for 0<x <L
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Our model for the vibrating string is then given by the following initial and boundary value

problems.

% _ 2 2%

5z —C o (4.13)
Subjectto BCs: u (0, t)=u(L,t)=0,t >0, (4.14)
and ICs: u (x , 0) = f(x) and 2 (x , 0) = g(x), 0 < x < L (4.15)

4.1.2 Case 2: One dimensional damped wave equation

The reaction of the surrounding medium, air resistance for example, density of the string and
non-elastic effects in the string will contribute to reduce the amplitudes of the wave so that the
motion dies out after some time, which is damping. Our model does not attain the same
amplitude as the measured data over time. In fact the amplitude decreases over time. This
physical phenomenon is known as damping. One way to take damping into account in our model
is to add in a damping force. A damping force is a force that resists the motion of the wave
acting in the opposite direction of the motion. We would expect a model for a damped wave
traveling in a string to be similar to the un damped model with some additional decay factor.
Assuming that the damping force at a point on the string is proportional to the velocity of the
string, u, and the density, p and tension, T are constants with 8/p = 2k and w = 0, we arrive at

the telegraph equation, i.e., the wave equation with damping.

2%u ou _ 5 0%u

ﬁﬁ'Zk;—C @, (416)
Subjectto BCs: u (0,t)=u(L,t)=0,t >0, (4.17)
and ICs: u (x, 0) = f(x) and 2—7: x,0)=9g(x),0<x<L (4.18)

where, the physical constant T/p is denoted by ¢’ (instead of c), that is ¢ = T/p to indicate that
this constant is positive, a fact that will be essential to the form of the solutions, Donald C.
Armstead (2004).
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e c=,/T/p, wave speed, depends on the physical condition of the problem.

e k is the damping coefficient (friction term), normally be determined from the physical

experiments of the string.

e Theterm 2k 3—1: , presents a damping force proportional to the elements velocity Z—lt‘ :

Its solution is the displacement function u(x , t) defined for all values of x from 0 to L and all
t > 0, satisfying the BCs and ICs, Donald C. Armstead (2004), Christoph Kirsch (2011).
The problem is to determine the vibrations of the string, that is, to find the vertical displacement
of the string, 0 < x < L (or its deflection at any point x), given by the displacement function
u (x,t) at any time, t > 0, that satisfies the one dimensional damped wave equation (4.16) subject
to the BCs and ICs given by equations (4.17) and (4.18). “One dimensional” means that the

equation involves only one space variable, x.
4.2 Finite difference methods for damped wave motion

4.2.1 Simulation of damped waves on a finite string

We begin our study of wave motions by simulating one dimensional damped wave on a finite
string; say on a guitar or violin string considering the reaction of the surrounding medium, air
resistance, density of the string and non-elastic effects in the string. Let the string be in the
deformed state coincide with the interval [0 , L] on the x-axis, and let u (x , t) be the
displacement at time t in the y-direction of a point initially at x. The displacement function u is
governed by the mathematical model that we have derived in the equation (4.16). The solution
u(x , t) varies in space and time and describes waves that are moving with velocity c. The PDE
problems (4.16), (4.17), (4.18) will now be discretized in space and time by a finite difference

method.
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4.2.2 Discritizing the domain
The temporal domain [0, T] is represented by a finite number of mesh points

0=ty < t; <t < <ty <ty=T (4.19)
Similarly, the spatial domain [0, L] is replaced by a set of mesh points

O=xp<x; <A, < <xy_1 < xy=L (4.20)
One may view the mesh as two-dimensional in the X, t plane, consisting of points (x; t,), with

i=0,1,2,...M—-1,Mandn=0,1,2,....,N=1, N

4.2.3 Uniform meshes

For uniformly distributed mesh points we can introduce the constant mesh spacing’s At and Ax.

We have that

Xi=iAx, 1i=0,1,2,...,Mandt,=nAt, n=0,1,2,...,N (4.21)
We also have that
Ax=x; —x;_4,1=0,1,2,.., M—=1 Mand At=t, — t,_;,n=0,1,2,...,.N—=1 N (4.22)

4.2.4 The discrete solution

The solution u (x , t) is sought at the mesh points. We introduce the mesh function u}*, which
approximates the exact solution at the mesh points (x; t,) fori=0,1,...,Mandn=0, 1, ..., N.
Using the finite difference method, we shall develop algebraic equations for computing the mesh
function. One can often refers to the algebraic equations as discrete equations, finite difference

equations or a finite difference scheme.
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4.2.5 Fulfilling the equation at the mesh points

For a numerical solution by the finite difference method, we relax the condition that (4.16) holds
at all points in the space-time domain (0, L) x (0, T] to the requirement that the PDE is fulfilled
at the interior mesh points (x; t, ):

20%u

2%u ou _
oz @i tn) T 2k == (g, tn) = €7

(Xi,tn), 0< X < L, tn >0 (423)

fori=1,2,....,M=landn=1,2,...,N=1. For n =0 we have the ICs u =f (X) &‘;—lt‘ =g (x) =0,
and at the boundaries i =0 & i = M we have the BC u = 0.
4.2.6 Replacing derivatives by finite differences

The second order derivatives can be replaced by central differences, which yield more accurate
approximation for both time & space derivatives. The second order derivative in the t-direction is

9%u ultt oyl 1

5z (K t) ® ————, (4.24)
and a similar approximation of the second order derivative in the x-direction reads

0%u ull, —2ul+ul

ﬁ (Xi,tn) ~ =t =l Axlz L (425)

And the first order derivative can be replaced by central difference approximations as follows
respectively, CF Chan Man Fong D De Kee (2003).

n+1 n-1

it~ (4.26)

2At

4.2.7 Algebraic version of the 1D damped wave equation

We can now replaced the derivatives in (4.16) by central difference approximations and get

for explicit method

n+l_ ,.n n-1 n+1 n-1

n
u i i u; = ug AT
i i i + Zk i i :C2 i+1

(i (4.27)
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and for implicit method

n+1
i

n—1 n+1_ .n n+1 n+1 n+1

i oyopl W 2% T 2up Tt Uy (4.28)
2At Ax? )

- 2ultu
At?

u

4.2.8 Algebraic version of the initial conditions
We also need to replace the derivative in the initial condition (4.18) by a finite difference

n+1_ . n-1 . . .
approximation. A central difference % X, t) = ""Tt‘ is appropriate. Writing out
u1_1+1 _ u‘{l—l A .
T = 0 and ordering the terms gives
uMt =1 fori=0,1,2,....,Mandn=0 (4.29)
The other initial condition can be computed by
ud=u(x,0)=f(x),i=0,1,2, ..., M. (4.30)

4.2.9 Formulating a recursive algorithm
We assume that u~* and u?* are already computed for i = 0, 1, 2, ..., M. The only unknown
quantity in (4.27) and (4.28) is therefore, u***, which can be solved. Given that u*~* and ul* we

find new values at the next time level, Hans Petter Langtangen (2013).

4.3 Explicit and Implicit FDMs to solve damped wave equation
We now consider equation (4.16), subject to the conditions (4.17) and (4.18) [in order for (4.16)

to be solvable]. Select an integer M > 0 and an integer N > 0 to define the x-axis and the t-axis

grid points using Ax = % and At :E respectively. Then the mesh points (x;  t,,) are defined by
x; =iAx,i=0,1,2,...M (4.31)
t, =nAt,n=0,1,2,...,N. (4.32)

At any interior mesh points (4.16) becomes (4.23).
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4.3.1 Explicit Finite Difference Method

Consider the following central difference approximations of the derivatives

u(xl-.tn+1)_2u(xi.tn)+u(xi'tn—1) (At)? 6 u
At? 12 ot

ZZTZ (i ty) = (x;, ty) + O(AL?) (4.33)

ou _ Btne) T8 tn-1) (At)? 3%u
ot (X n) -

2At 6 6t3( i Hn) +0(At?) (4.34)

2%u (x; t,) = Y(xigq ) " 2%Cx ) U (xioq tn)  (B%)° 9%u (& ¢
ox2 N Ax? 12 ax* ol

1) + O(Ax?), (4.35)

where u, € (tp—1 the1) and & € (x;—1 x;4q) forn=1,2, ..., N-landi=1,2, ..., M—1.

Replacing these terms in (4.16) we obtain,

U(x; ,tn+1)_2u(xi ) TUGx tn—1) (AD)? 9%u 2 Ux; tne1) " WX tn—1) (At)z 33
- — (x; + +
Atz 12 3t4 (xl ,:un) O(At ) Zk[ 2At 6 atg ( l Mn)

—2U(y, poy+
+O(At2)] — Cz[u(xn+1.tn) U(A,Zz,tn) U(xn—1.tn) (Altz) lei (fl n) +O(Ax2)] (436)

By omitting all terms of {(At)?, (Ax)?} we have

ut—2ult4ul

At?

7’1+1 -1

+2k[l i

ull, —2ul+ul*
] = CZ[W]

=S ul™t - 2u A ul T A KA — uf ) = A2 (g - 2uf gy,

where A1=c2t (4.37)
Ax
1-kAt
= ultt = o ——[A%2ult, + 2(1 — A2)ul + 22l )] - Y upt
= ult =a[A2ul, +2(1 — AD)ul + A2ul )] - bult (4.38)
_ 1 _ 1-KkAt
where a=_—— and b = Y (4.39)

Equation (4.38) holds foreachn=1,2,....Nandi=1,2, ..., M—1.
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The total of the truncation errors in using (4.38) instead of (4.16) is,

1 4
Eui}=1"=5 [Atz 6;4‘ (x; ) + 2kAt2 2%

“ () — 2Ax? T (& 6) + 0((AD, (Ax)2)] (4.40)

at3 ot*

This may be written as
E{u} = 0{(At)?, (Ax)?} (4.412)

In this method the IC, g(x) = 0. In (4.38), when n = 0 we need u; * which is calculated as

—1

(XL,O) g(x) =0 =>—(XL,0) =

=02 uf = u;?! (4.42)
Then from (4.38) when n = 0, we have

=a[A%u? , +2(1 = 2H)ud + 22, )] — byt

= (1+b)ul =a[2A2u?_; +2(1 — 2H)u + 22u?, )]

Sup = —— = [22ud, +2(1 — 2)ud + 22, )]

=l = Z[2ul, +2(1 - 2l + 2uf,)], (4.43)

where =1 fori=1,2,..., M—1. (4.44)
1+b 2

Then we use (4.43) together with the IC, u (x;  0) = f(x;), 0<x; < L to get u} for each
i=1,2,...,M—1and n = 0; then go on with (4.38) forn=1,2, ..., N.

Forn=0: [A%u)_ +2(1 — 22)u) + 22u, )],

N | =

i=1,ul = > [2ud +2(1 - 2w + 2ud)], u
1 2 0 1

I
o

i=2,u} = 2[2%ud +2(1 — 22)ud + A2ud)]
2 2 1

26



i=M-1,u] = %[Azu,‘;_z +2(1 = 2Hul_, + 22ud)], ud =0
where  u? =u(x; , 0) = f(x;), (4.45)
foreachi=0,1,2, ..., M.

Matrix form of this set gives:

Tul 1 1 20 -2%) 22 0-- 0 [ u? ]
ul 22 2(1-2%) 22 : ud
us ) 0 pE 2(1=22) 22 ud

. 0
) A2 .
e [ 0 0 2% 2(1— )1l _,]

Then from (4.38), forn=1,2, ..., Nandi=1,2, ..., M—1 we have the following.
Forn=1:u? =a[A%u}; + 2(1 — )ui + 2%u}, ;)] — buf, then
i=1,uf =a[A%uf + 2(1 — A®)ui + 212u)] — bu?

i =2, uZ =a[A%u] + 2(1 — A®)ud + 212u)] — bu?

i=M-1,u%_; =a[APul,_, + 2(1 — )ul,_; + 22ul)] — bud,_,

Forn=2:u} =a[A%u? | +2(1 — 2»)u? + 12uf, ;)] — buf, then

i=1,ud =a[A%uj + 2(1 — AH)uf + 12ud)] — bug

i =2,u3 =a[A%u? + 2(1 — A)us + 12ud)] — bu;j

i=M=1,u,_; =a[A?u?_, +2(1 — AD)ud,_; + 12u2)] —bul,_,
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In general, fori=1, 2, ..., M—1, equation (4.38) can be expressed as follows:

i=1ult =allul + 21 — A2)ul + 22ul)] —bul 1, ul =0

i =2, ul = al2ul + 2(1 — A2)ul + 22up)] - budt

i=M-1,ul =a[A2ul_, +2(1 — A)ul_; + A2u)] —buy L, ul =0

Writing this set of equations in matrix form gives:

[ttt 1 20-22) A2 0 - 0 [ up 1 rult
uptt A2 21-2%) 22 ul u1
ugtt 0 2 200-2%) 2 uz uj~!
=a . l=by (4.47)
: . 0
. 22 .
il L0 0 22 2(1— %)) lug_, L

wheren=1,2, ..., N.

The procedure using this formula will be referred to as the (1, 3, 1) method. This means that the
molecule involves 1grid point at the (n+1) time level, 3 grid points at the (n) time level and 1grid

point at the (n—1) time level. The computational molecule of this formula is shown in Figure 4.

Figure 4: The computational molecule for (1, 3, 1) scheme
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We can now summarize the computational algorithm:

1. Compute u(x;, 0) =uf =f(x;) foreachi=0,1,2, ..., M.

2. Compute u} by (4.43) for i =1, 2, ..., M—1 and set u} = 0 for the boundary points
i=0andi=M

3. Foreachtimeleveln=1,2,...,N
a) apply (4.47) to find ul*** fori=1,2,...,M-1

b) setul*! =0 for the boundary pointsi =0and i =M

The algorithm essentially consists of moving a finite difference stencil through all the mesh

points.

4.3.2 Implicit Finite Difference Method
We now consider the following central difference approximations of the derivatives for solving
the equation (4.16) subject to the BCs and ICs given.

0%u _ U tng ) 2%t PGy ) (ADZ 0%u
ﬁ (xi,tn) - ilnt+1 AtLZ n itn—-1 = at4 ( X;, .un) +O(At2) (4.48)
u _ U(xj tne1) TU(x; tn— ) (At)? a u
M (o ) = -Citme) M tun  OORO% (4 o(ar?) (4.49)
92 Ulxiry, —2Uy; Uy, A 94
a_xT; (G t,) = (Xi41.tn+1) (xAlthn+1) (xj—q .tn+1) (1952) ax’: (& t,) + O(sz) (4.50)

where u, € (tp—1 the1) and & € (x;—q x;41) forn=1,2, ..., N-landi=1, 2, ..., M—1.

Substituting these difference approximations in (4.16) and neglecting the error term,

EQup}= = (A6 S Gei i) + 2KAC2 58 () — 2002 T2 (51 1) + O{(A0)%, (4)?)]

at*

leads to the difference equation

u1i1+1_2u +ul™ 1 uln+1_ uln—1 5 u:1++11 2u"+1+u?+11
+ 2k =c
At? 2At Ax?
n+1 n n-1 n+1 __ Tl 1 2 n+1 n+1 n+1
Sul™t = 2ul +ult + KAt (u] ) = ATl = 2ul +ulty),
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L

-1 1+KkAt 1-KkAt
=>7/12uln_+11 +( +/12) n+l __ /12 {l++11 +( )u:l 1 _ un

= _71/1211{5’11 + (p + 22)ultt — AZ Ml qutt=ul, (4.51)
where 1= ci—;, p=222 and q = 1_;“ (4.52)

Equation (4.51) holds foreachn=1,2,....,Nandi=1,2, ..., M—1.
Also the total of the truncation errors in using (4.51) instead of (4.16) is,
E{ui}=1i'= [At2

T i) + 2KAE2 22 (o, ) — 2B 22 (8, 1,) + 0((AD)?, (Ax)?)

This may be written as
E {u} = 0{(At)%, (Ax)?}

And in this method the IC, g(x) = 0. Since u; ! is not given, we cannot also get u} directly from

(4.51) when n = 0. So, when n = 0 we need u; ! calculated and shown in (4.42). Therefore, when
n =0, (4.51) gives

SRuly + (p+ Dl + = Puly + (@t =l
/12 Fi++q+22)u} +— AZ Ly =uf
=>— /’12 L+ @+ 2)ui +— /12 uf, =d;, (4.53)

where d; =ul =u(x;,0)=f(x;)andp+q=1 fori=1,2,..., M—L1. (4.54)

We now use (4.53) together with the BCs uf = ul}, = 0 and ICs, for n = 0, to get set of equations

of u}, and its matrix form.
Forn =0: —/12 i+ @+ 2)uf +— /12 uj., =d;,we have
i=1,=2%u) + (1 +A2ul + —22u] =dy,uf =0
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i=2, 2 2%ul + (1 + 22u} + = 22ud = d,

i = M—1, = 22ub,_, + (1 + A2ub_y + = A2uly =dy_y, ub =0

2
Writing this system in matrix form gives:

1

1+ 22 0 o]
142 2 12 . : th [ di ]
5 A 1+A 5 A . H u% d2
0 21+ SR ul ds
.0
_712'2 1_ d .
0 0 pzqgpz| o T
- 2 .

where  d; =u =u(x; ,0)=f(x; ), fori=1,2,..., M—L1.

Then from (4.51), we have
_71/1211}?11 + (p + AH)ult + ?Azu?:ll =ul' — qul?!
= _Tl)lzu?fll + (p + AH)uft + ?Azu?j’f =d;,
where d; =ul —qul*!, forn=1,2,..,N&i=1,2,..., M=1,
Forn=1: _71/12111-2_1 + (p + 22)u? + %Azufﬂ =d; , then
i=1, =22+ (p+ A)ud + = A%uf =d;, uf =0
i=2, =220} + (p + 13 + — 124} =d,

i=M—1, = A2u2_, + (p+ A)ufy g+ APudy =dyy, ufy =
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Matrix form of this system is:

1

(p+22 222 0 0]
2 - u% B _ d1 .
Y, 2 12 - :
2 A p+a 2 A ’ : u3 d,
0 22 p+az =2 u? ds
z z So=l o (4.58)
. . 0
—1.2
> u? dm—1
0 0o Zrp+n| MY T
- 2 .

In general, fori=1, 2, ..., M—1 equation (4.56) can be expressed as follows.
i= 1, A2ult o+ (p + A2t + = A2t =dy, utt =0

i=2, = 2ult 4+ (p + AUt + S A2t = d,

i=M-1, = 22upth + (p + 2wt + A2t =dy_y, ult =0

Matrix form of the system gives:

[ p+A2 =2 0 - 0]
2 "u;l‘l'l‘ _ dl -
Z152 2 1y . :
2 A p +A 2 A . . u121+1 d2
0 22 p+a2 =2 upt ds
z z . (4.59)
.0
-1
_/12 . .
0 0o 2x p2+ | R
2

where d; =ul —qul',forn=1,2,..,N&i=1,2,..., M=1,
Similar to the first method, this method has also (1, 3, 1) molecule scheme.
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We can also summarize the computational algorithm as follows.

1. Compute u =u(x;, 0) =f(x;) foreachi=0,1,2, ..., M.
2. For time level n = 0, apply (4.53) to compute u}, where d; = u? = u(x; , 0) = f(x;)
fori=1,2,..., M-1.

3. Foreachtime leveln=1,2, ..., N, apply (4.59) to compute u***, where

d; =ul —qul~t fori=1,2, ..., M—1,

l

Also the algorithm essentially consists of moving a finite difference stencil through all the mesh
points.

4.4 Stability, consistency and convergence analysis of the methods
The most important properties that every finite difference approximation of a PDE should
possess are stability, consistency and convergence. These notions cover different aspects of the

relation between the partial differential equation and its finite difference equation.
% Truncation Error

Truncation error is defined as the error that results from using an approximation in place of exact
mathematical procedure. Truncation error results from terminating after a finite number of terms.
Therefore the error between the exact solution and the numerical solution is determined by the
error that is committed by going from a differential operator to a difference operator is called the
truncation error or the discretization error. The term truncation error reflects the fact that a finite

part of a Taylor series is used in the approximation.

4.4.1 Stability and Von Neumann Stability Analysis (VNSA)

Stability means that the errors at any stage of computation are not amplified but are attenuated as
the computation progresses, C. Chapra, p.875 (2010). That means that the solution of the
difference equation is not too sensitive to small perturbations in the initial data. The choices of
Ax and At are the most important components of a stable numerical solution. Running a
simulation with unstable parameters causes the calculated solutions to diverge rapidly. When

possible it is a good idea to perform basic stability analysis, the most common measures being
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awareness of the Courant - Friedrichs - Lewy (CFL) condition, i.e., i—’: > c (i.e; the wave speed

of the numerical schemes be at least as large as the wave speed of the PDE) and (VNSA).

VNSA works on finite difference equations describing linear PDEs and relies on Fourier analysis
to determine the constraints on the CFL condition that preserve stability, Dean. G. Duffy (1998).
(The CFL condition, A is the term that collects the time step, space size and velocity terms into
one variable for a given finite difference scheme.) A solution for the error equation is now
sought in the variable separable form

&t =1G|"e', (4.60)
in which
G = ePmAt and B = mmAx, (4.61)

where the time dependence of this Fourier component of the error at x = iAx and t = nAt, is
contained in the coefficient G™ which is the nth power of the complex number G. The term

elfi = eimnxj = cos(mmx) + isin(mmx) is bounded and, therefore, any growth in the numerical

solution will arise from the term G, known as the amplification factor.
I. Stability Analysis for Explicit Scheme

Now, considering (4.38), for explicit FDM, i.e.,

1 1-KkAt —
uttt = T [A2ul, +2(1 — A2)ul + 12ul ;] - Y n-1
= Ut = —— 22, +2(1 - A2)ul + A2ul, + (1 - kaou! ] (4.62)

By replacing ¢ instead of u in (4.62), we obtain
M= 2280+ 2(1 — A2)ER + A2EN,, + (1 — kADEr (4.63)

J T 1+kat

Substituting (4.60) in (4.63) gives
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|G| etfi= ﬁ[mmneiﬁﬁ-ﬂ +2(1 = 23)|G e + 22|G|"eFUHD 4 (1 — KAL) |G| 1ePi](4.64)

Dividing both sides of (4.64) by |G|™*1e?fJ we obtain

IGIn—leiﬁj

: ]
|G|n+1eiﬁj

GneiBU-D) GneiBi GIneiBU+D)
- ["e + 2(1 _ AZ) |G|"e 2 |G|"e
1+kAt

|G|n+1eiﬁj |G|n+1eiﬁj |G|n+1eiﬁj

22!

+ (1 — kA?)

= 1+kAt=[12e G 14+ 2(1 =226 + 22671 + (1 — kAt)G?]

= 1+kAt=G2[A1%e™BG +2(1 — 22)G + 1?e'PG + (1 — kAt)]

= (1 +kAt) G% — [2(1 — 22)G + A?(e*f + e )G + (1 — kAt)] =0

= (1 + kAt) G? — [2(1 — A2) + 2A%(cosP)]G + (1 —kAt) =0

= (1 +KkAt) G2 — [2(1 — 22) + 22%2(1 — 2sin? /2)]G + (1 —kAt) =0

= (1 + kAt) G? + [-2 + 4A%sin? B/2)]G + (1 —kAt) =0 (4.65)

For all three-level methods the Von Neumann amplification factor G may have one of two values

which are the roots of a quadratic equation of the form
AG2+BG+D=0 (4.66)

In which the coefficients A, B, D are functions of 8,1 and may be complex numbers. For
coefficients of quadratic equation (4.66) the Von Neumann Stability is established by using the

following criteria.

(@) If |A] > |D], then the given finite difference formula is stable if and only if
|A|? — |D|? = |BA — DB,
(b) If |A] = |D| and |[BA — DB|= 0, then the given finite difference formula is
Stable if and only if
2|A| = |BI,
(c) If |A| < |D|, then the given finite difference formula is unstable, Saberi Najafi & lzadi
(2014).
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Consider (4.65), which may be written in the form (4.66) with
A=1+KkAt,B=—-2+42%sin? /2 and D = 1 — kAt.

Note that 1 > kAt > 0, this implies 1 + kAt > 0 and 1 — kAt > 0. Since |A| = 1 + kAt and
|D| =1 — kAt, then |A| > |D| (4.67)

It follows from (a), that the equation (4.38) is stable if and only if
|A|? — |D|? = |BA — DB|
= 11+ kAtl? — |1 - katl? 2 |(=2 + 422sin2) (—(1 + kA)) — (1 - ka) 2 - 44%sin?5)|  (4.68)
= (1+kAt)? — (1 —kAt)? > (2 - 422sin?Z) (1 + kat) — 2 — 422sin? 2y (1 — kat) |
= 1+ 2kAt + k2At2 — 1+ 2KAt — K*At? > | (2kAE) (2 — 44%sin? )|
= 4kAt > 4kAt |1 — 22%sin? ]

1> |1 —Z)Lzsinzg

N |1 _ z;tzsin2§| <1
>-1<1 —ZAzsinzgs 1

N OS/’lZsin2§S1

> 0< asinf <1 (4.69)
So the range of stability for this procedure is0< A1 < 1, for A = ci—; since 0 and 1 represent

minima and maxima of the sine term for all 8. This shows the scheme is stable.
Recall (4.38) that the explicit method can be written in matrix form as

un+1:Aun+bun—11
where the tri-diagonal matrix A has 1— A% on diagonal and %AZ on the super and sub-diagonal.

The norm of the matrix dictates how fast errors are growing (the vector bu™"! does not come
into play), B. Neta (2003).
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If we check the infinity norm or the 1 norm we get

Alle, = I1Ally = 11/22%] + 11 = A2 | +]1/2 2]

For 1— A% > 0 implies 0 < A < 1, all the numbers inside the absolute values are non-negative

and we get a norm of 1.

For 1— A% < 0 implies 2 > 1, the norm is 24> — 1 which is greater than 1.Thus we have

conditional stability with the condition 0 < A < 1. This implies the scheme conditionally stable.

I1. Stability Analysis for Implicit Scheme
Also, for implicit FDM, considering (4.51), i.e.,
_71/1211}?11 + (p+ AH)ult + ?Azuﬁ:’f + qult =ul,

1-kAt
2

where p = £ and q=
By replacing ¢ instead of u in (4.70), we obtain
/’LZ€Z’L+1 + (p +/'12)€n+1 + /1251 n+1 + qf — fln’

Substituting (4.60) in (4.71) gives

_—1)IZ|G|"+1eiﬁ(i_1) +(p+ 2)|G|+eibi +_—1/12|G|n+1eiﬁ0+1) + quln—leiﬁj =|G|"eib,
2 2

Dividing both sides of (4.72) by |G|™e*?/, we obtain

-1 |G|n+1eiﬁ(j—1) |G|n+1 iBj 1 |G|n+1eiﬁ(j+1) |G|n—1eiﬁj
Ry VN oA S ( /12) 2192 _ q € —
2 |G|nelf) |G|neiBi T2 |G|"elP] |G|"elP]

= = 12706+ (p + A2)G —21%e¥G + qG71=1
=+ 16— 2% + e #)G+ G =1
= (p+ 212G — %/12(2605[3)6 +qgG1=1
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=>(p+2/125in2§)G2—G+q=0

1+kAt
= (%

+ 2A%sin? E) GZ—G+ K-

2 2
= (14 kAt + 44%sin?£) G2 — 26 +(1 — kAt) = 0
= AG?+BG+ D=0,

where A= 1+ kAt + 44%sin2, B=—2,D =1 — kAt

Since |A|= 1 + kAt + 44%sin?£ > 1 — kAt =|D| = |4] = |D|

Then it follows from (a), that the equation (4.51) is stable if and only if
|A|? — |D|> = |BA — DB]|

SinceOSsinzgs1,Wehave1+kAtSAS 1+ kAt + 422

Now taking A =1 + kAt (the minimum value of A), we obtain
(1 +kAt)?2 — (1 — kAL)? = |[-2[-(1 + kAt )] — (1 — kAt )2|
= 4kAt > |2(1 + kAt) — 2(1 — kAt)|
= 4kAt > [4kAt] =2 1>1
And taking A = 1 + kAt + 422 (the maximum value of A), we obtain
[(1 + KAL) + 422]%2 — (1 — kAt)? = | — 2[—(1 + kAt + 422)] — (1 — kAt )2|
= (1 + kAt)? +82%(1 + kAt) + (44%) — (1 — 2kAt + k?At?) = |4kAt + 8A?|
= 4KAt + 8A?KAt + 16A* + 84% > 4kAt + 842

> kAt+212 =0 = 222 >0 = 0< 22 <1
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= 0<a<1 (4.79)
Therefore the range of stability for this procedureisalso0 < 1 < 1, for A = cﬁ :

Recall (4.59) that the implicit method can be written in matrix vector form

Aun+1 — b,

where the tri-diagonal matrix A have 1+Tm + A2 on diagonal and _71/12 on the super and sub-

diagonal. If we check the infinity norm or the 1 norm we get

1+kAt

Il = Al = [522] + [F555 4 22 [ + 5 2

Foro<A<1and A > 1, the norm is 1+:At
unconditional stability. This shows scheme is unconditionally stable.

+ 2A? which is greater than 1. Thus we have

4.4.2 Consistency
Definition: The finite difference approximation is said to be consistent with the differential
equation if the truncation error goes to zero when the numerical parameters are made arbitrarily

small. A numerical method is said to be consistent if
limpy a¢sollTftll = 0, where 7] is the truncation error.

According to the interpolation of the truncation error stated, any consistent numerical method
closely matches the differential equation when the step sizes Ax,At are sufficiently close to

Zero.

A finite-difference formula of a partial differential equation is said to be consistent with a partial
differential equation, if in the limit as the grid spacing tend to zero, the finite-difference formula
is identical to the partial differential equation at each point in the solution domain.
Consistency deals with how well the finite difference equation approximates the partial

differential equation and it is the necessary condition for convergence, Dean. G. Duffy (1998).
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I. Consistency Analysis for Explicit Scheme

To researching the consistency of equation (4.16) by explicit finite-difference method, we
consider the equation (4.38).

uftt = —— [22ul, 4+ 2(1 - A2 + 2uly, —(1— kADuPY, (4.80)

1+kAt

written in the form

Lpy{ul'} = (1 + kAt — 22u — 2(1 — 22)ul — A2ufy; + (1 —kAt)ul " =0 (4.81)
Replacing u}* in (4.81) by the exact solution ;" of equation (4.16), we obtain

La{al'} = (1 + kAD)ar*? — 224, — 2(1 — A2)al — 224, + (1 — kAp)ar—?

= Ly{al} = @t — 2ar + a1t + kAc@rtt — art) — A2@an, - 22art + a4t ), (4.82)

which may be no longer equal to zero. Since @' is continuously differentiable, then terms of

(4.82) may be replaced by their Taylor expansions about the point (iAx, nAt). This gives,

Lafar} = A {[ 22 () + 25 2% Gy 1) — o | 4 2K [ 2 e ) + 25 22 (1) + ] -

12 at* 6 ot3
Ax* 0
[ Gt + TS Gt -} =0
= Lo{al= A {28 (1) + 25 22 (xy ) = 2 22 0oy 1) + 22 22 (g 1) -
At? 93u Ax o%u
REESE Gy ) o — T (1) — (4.83)
AN — 2 At? 0%u
= LafaP)= A {2 () + 2K 2% Gry 0) = 2 25 (1) + 25 28 (g ) +
At? 93u Ax? 9%
RS Gy ) — 2220 (g ,tn>}, (4.84)
where
/’Lne(tn—l ’ tn+1)v fie(xi—l ) xi+1) (4-85)
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And

At? 9%u At? 93u

E{07) =20 T8 0 ) + KA T G ) — 22528 (6 ), (4.86)

12 ot* 12 Ox*

is the truncation error of the second-order accurate in time and space. When the grid spacing gets
smaller and smaller with the explicit finite-difference method, the truncation error gets smaller
and smaller at a fixed point (¢;, u,) in the solution domain. In the limit as Ax — 0, At — 0 the
finite-difference formula (4.84) is equivalent to the partial differential equation (4.16); so the
explicit finite-difference method is consistent.

I1. Consistency Analysis for Implicit Scheme

And to see the consistency of equation (4.16) by implicit finite-difference method, consider the
equation (4.51)

_71/1211}?11 + (p + AH)urtt — AZ b qultt =l (4.87)
Written in the form
La{ul'} = (1 + kAt + 222l — 2Z2(u + uf) — 2ul —uly, + (1= kADu} ™ =0 (4.88)
Replacing u;* in (4.88) by the exact solution @i of equation (4.16), we get
L {0} = (1 + kAt + 222)ar+t — 22@art + atth — 24l + (1 — kAD)ar—?
= L{al} = @t — 24t + a ) + kAac@rtt —artt) — 2@t - 2att + atth),  (4.89)

which may be no longer equal to zero. Since @}' is continuously differentiable, then terms of

(4.89) may be replaced by their Taylor expansions about the point (iAx, nAt). This gives,

LafaP=ac? {25 G t) + 25 8 ey 1) — oo |+ 20 [ G 1) + 2528 (1) + | =
e [ (xl,n)+i§gg(i,tn)_...]}:0
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~ At? 9%
= Lfary= A2 {20 G 1) + 202 (1) — €2 28 G 1) + A5 28 (1) —
At? 93 Ax? 9%
KT () + oo — 22 T8 (1) — 0 (4.90)
~ 92 0 a2 At? 9%
= Lofad= A {28 Gy 1) + 25 2 (e 1) — @ 22 ey 1) + 25 2% (o 1) +
At? 93u Ax? 9
KT ) — 228 (5 ) (4.91)
where pn€(tn_1, the1), §i€(xioq, Xig1) (4.92)
~ At? 9% At? 93 Ax? 9*
And E{ n}_ 12 atr (xluun) k— 3 atl; (xiJH'n)_CZ 1x2 axli (gi;tn), (493)

is the truncation error of the second-order accurate in time and space. Also when the grid spacing
gets smaller and smaller with the implicit finite-difference method, the truncation error gets
smaller and smaller at a fixed point (¢;,1,) in the solution domain. In the limit as Ax — 0,
At — 0 the finite-difference formula (4.91) is equivalent to the partial differential equation

(4.16); therefore the implicit finite-difference method is consistent.

4.4.3 Convergence
Convergence means that the solution of the difference equation approaches to the solution of

partial differential equation as the computational mesh grid is refined, C. Chapra (2010).

Definition

A one-step finite difference scheme approximating a partial differential equation is a convergent
scheme if for any solution to the partial differential equation, u(x , t), and solutions to the finite
difference scheme, ul*, such that u converges to u,(x) as iAx converges to X, then ul* converges

to u(x, t) as (iAx , nAt) converges to (x , t) as Ax, At converge to 0.
The Lax-Richtmyer Equivalence Theorem

A consistent finite difference scheme for a partial differential equation for which the initial value

problem is well posed is convergent if and only if it is consistent and stable.
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Remark: The Lax-Richtmyer Equivalence Theorem is often called the Fundamental Theorem
of Numerical Analysis, even though it is only applicable to the small subset of linear numerical
methods for well-posed, linear PDES; expresses a relationship between stability, consistency and

convergence.

Consistency + stability < convergence
So, as Lax-Richtmyer Equivalence Theorem states that for a consistent FDM of a well posed,
linear initial and boundary value problems, the method is convergent if and only if it is stable.
Therefore, convergence is shown by Lax-Richtmyer Equivalence Theorem; so we can conclude
that both the schemes are convergent.

4.5 Numerical tests

In this section we apply the numerical schemes to solve the following example. The accuracy of
the proposed numerical methods is measured by computing the difference between the analytic
and the numerical solutions at some mesh point. The analytic solution of the equation (4.16)
subject to BCs (4.17) and ICs (4.18) with L =7, ¢® = 1, which is obtained by the method of
separation of variables, D.G. Duffy (2003), is given by

ux, t) =X, sin (nx) e *[a,cos(vn2 — k2 t) + b,sin(vn2 — k2 t)] , (4.94)
where  a, = % fon f () sin (nx)dx

and b, (ka, + %f: g(x) sin (nx)dx) (4.95)

_ 1
T VnZ-k?
are Fourier half-range sine expansions over the interval (0, ), D.G. Duffy (2003).

Example to apply the schemes

2 62u

Consider 2% + 2k2% = ¢ O<x<m,0<t<1,with (4.96)
at? ot ax2’ T T '
Z—x, 0<x<=™
ICs: u (x,0) =f() ={ _, -y = 2 and u(x,0)=g(x)=0 (4.97)
;_SXST[
T 2
BCs:u(0,t)=u(m,t)=0 with L=m, ¢?2=1,k=05 (4.98)
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Now, let’s solve the given example using the methods of explicit and implicit FDM applying

their respective numerical schemes that we have derived. We may consider the following three

cases for each method.

Casel: At, = 312 and Ax; = —

100
At 1 A
Case2: At, ==—=%=—and Ax, = -+ = —
3 96 3 300
At 1 A
Case3: Aty =~ =—and Axy = =+ = —
5 160 5 500
1
Casel: At; = —and Ax; = —
32 100

Inthiscase forc=1,k=0.5 T=1and L =, we have

Aty _ 25 —_ 1 64 — —1+kAt; _ —63 — 1+kAty 65
A=c =g A= == b=—"—=—p=——=""&(
Ax, 8w 1+kAt; 65 1+kAtq 65 2 128

T2

The initial values of the wave at the nodal points, ud, u?, u3, ..., udy, ud,, ul;,

. %,0 <x; <
u; =Ulx;, 0) =1f(x;) =9 e
i 2(9: n)lgsxi

I

L

i
—_—, l
100

ug = u(x , 0) = f(xo) = f(0) = =(0) = 0.0000

where x; = iAx, = =0,1,2, ..., 100, become

w = u(xy , 0) = f(x,) = f() =3(Z-) = 0.0200

100 100

u = u(xy , 0) = f(xy) = FEZ) = 2(2%) = 0.0400

100 100

ud = uxs , 0) = f(xs) = f(0=) =2(==) = 0.1800

100 100

w9 = U(xyg , 0) = f(xx3) = fCom) = 2(325) = 0.2000

100 T 100

oo = Ulxao0 , 0) = Fxr00) = f(55) = (0" — m) = 0.0000

T " 100
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wi | wg | uz | uwy | ug | ug | uy | ug | ug | uj
0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2000

Table 1: Initial values of the vibrating string of case 1 at the 1% time step

N.B: Since the string is symmetrical with respect to the point xg, = g , It is satisfactory to find

the values of u(x; , t,,) only for 0< x; <.

4.5.1 For explicit scheme

Using (4.46) and taking i = 1, 2, 3, ..., 51 successively, we get the following matrix form to
solve uj.
[u;] 1 0.0211 0.9895 0 0 170.02007
u% 0.9895 0.0211 0.9895 0.0400
u% . 0 0.9895 0.0211 0.9895 0.0600
N , (4.99)
. 0.9895 .
u%o 0 0 0.9895 0.02111t1.0000-

where 2(1 — A2) = 0.0211 and A2 = 0.9895 (to the nearest four decimal places). Then solving u},

1,2, ...,50 from (4.100) using MATLAB code, we have

u! = 0.0200, «} = 0.0400, u = 0.0600, u% = 0.0800,u! = 0.1000, ..., u} = 0.1800,
ul, =0.2010, ..., uls = 0.9600, ul, = 0.9800, ul, = 0.4954

uj u; u3 ug us ug uz ug us | uio
0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2010

Table 2: Values of the vibrating string in caselof explicit scheme at the 1% time step

45




And we consider (4.47) to solve u?, u?, uf, ..., uj? taking i = 1, 2, 3, ..., 50 successively for

eachul forn=1,2,3, ..., 31 using MATLAB code,

[uftt] - 0.0211 0.9895 0 07 ul ] [ulf ]
uptl 0.9895 0.0211 0.9895 ul un-1
w1 |0 09895 0.0211 0.9895 : ut | g
== C = (4.100)
H .. .. .. . 0
. 098950 . _
et | L0 0 09895 00211 lun_,| [y |

4.5.2 For implicit scheme
Using (4.55) and taking i =1, 2, 3, ..., 51 successively, we get its matrix vector form AX = B as

follows, where A is a tri-diagonal matrix and B is a vector.

1.9895 — 0.4947 0 01/ %] 70.02007
—0.4947 1.9895 — 0.4947 ul 0.0400
0 —0.4947 1.9895 — 0.4947 P ud 0.0600
= : , (4.101)
—0.4947 ) .
0 0 —0.4947 19895 |ul,] "1.0000-
where 1+4%? = 1.9895 and _71/12 = —0.4947 (to the nearest four decimal places), and

d; = u? =u(x;,0)=f(x; ), fori=1,2,3, ..., 51. Then solving this system

of equation AX = B using MATLAB code or Thomas Algorithm, we get the values of the first
time-step nodal points, u} as uj = 0.0200, u3 = 0.0400, w3 = 0.0600, »; = 0.0800,
ut =0.1000, u} =0.1200,...,u3 =0.1800, ui, =0.2007...., uzs =0.9076, ui, = 0.7283

1 1 1 1 1 1 1 1 1
Ui Uz us Uy Us Ug Uz Ug Ug Uio

0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2007

Table 3: Values of the vibrating string in case 1 of implicit scheme at the 1% time step
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And considering (4.59), a matrix vector form AX = B, where A is a tri-diagonal matrix and B is a
vector, we can solve u*?* taking i = 1, 2, 3, ..., 51 successively for n =1, 2, 3, ..., 31 using
MATLAB code or Thomas Algorithm.

- 1

1.4973 — 0.4947 0 0 q[ut Fdy T
—0.4947 1.4973 — 0.4947 untl d,
0  —04947 14973 — 0.4947 Pl ds
=l .|, (4.102)
. 0
—0.4947 | . .
0 0 —04947 14973 1|yn+1 | Ldy,_,]

Where p + A2 = 1.4973, _71 A% = —0.4947(to the nearest four decimal places), d; = ul* — qul*™*,
forn=1,2,...,3landi=1,2,..., 51 ie, we can solve u?, u?, ..., u??, for n=1,n=2, ...,
n=31,d; =u} —qul, d; =u? — qu}, .., d; = u}* — qu3° respectively; taking i =1, 2, ..., 51

successively.

Case2: At, = A% = % and Ax, = ATz L

Inthiscase forc=1,k=0.5,T=1and L =, we have

At 75 - 1 192 _ —1+kAt —-191 1-kAt 191
A=c2z =75 g =2 ph= 2 = 2=Dlep

q= _ 1+kAt, _ 193
Ax, 24w’ 1+kAt, 193’ 1+kAt, 193’ 2 384

2 384

The initial values of the wave at the nodal points, ud, u?, u9, ul, ..., uds,, uds,, ..., udy,, Using

0 %,OSXL'S
w; = U, 0) =1F(x;) =9, m
i 2(9: n)lgsxi

I

L

where x; = ifx, =~ i=0,1,2, ..., 300, become
ug = u(x, , 0) = f(xs) = f(0) = (0) = 0.0000

u® = u(x, , 0) = f(x;) = f(=) = 2(==) = 0.0067

300 300
2,21

u? = u(x, , 0) = f(x,) = f(e>) =2(Z%) = 0.0133

300 300

w9y = U(x10 , 0) = f(x10) = o) =222y = 0.0667

300 300
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U300 = U(x300 , 0) = f(x300) = f(300n:) :__2(3007T —m) =0.0000

300 m " 300
| oW ug | ug | us | ug | uwy | ug | ug | ujp
0.0067 | 0.0133 | 0.02000 | 0.0267 | 0.0333 | 0.0400 | 0.0467 | 0.0533 | 0.0600 | 0.0667

Table 4: Initial values of the vibrating string in case 2 at the 1* time step

N.B: Since the string is symmetrical with respect to the point x;5, = g , It is satisfactory to find

the values of u(x; , t,,) only for 0< x; <.

4.5.3 For explicit scheme

Using (4.46) and taking i =1, 2, 3, ..., 151 successively, we get the following matrix form to

solve uj.

1
_u150_

N | =

0

1 0.0211 0.9895
0.9895 0.0211 0.9895

0

0.9895 0.0211 0.9895

0

0.9895

. 0
0.9895

170.00677

0.0211-

0.0133
0.0200

-1.0000-

(4.103)

where 2(1 — 2%) = 0.0211 and A% = 0.9895(to the nearest four decimal places). Then solving u,
i=1,2,...,150 from (4.104) using MATLAB code, we have

ul = 0.0067, ul = 0.0134, ul = 0.0200, ul = 0.0267, u} = 0.0334, ul = 0.0400, ul = 0.0467,
ug = 0.0534, ul = 0.0600, ul, = 0.0667, ..., uix,

up | oup | owz | owp | oup | ug | up | ug | ug | uf
0.0067 | 0.0134 | 0.0200 | 0.0267 | 0.0334 | 0.0400 | 0.0467 | 0.0534 | 0.0600 | 0.0667

Table 5: Values of the vibrating string in case 2 of explicit scheme at the 1% time step
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And we consider (4.47) to solve u?, u?, uf, ..., u® taking i = 1, 2, 3, ..., 150 successively for
eachul™! forn=1,2, 3, ..., 95 using MATLAB code.

[uf*t] - 0.0211 0.9895 0 07 ul ] [uf ™
uptl 0.9895 0.0211 0.9895 ul un-1
uil |0 09895 0.0211 0.9895 : ut | g
== C = (4.104)
H N N N N 0
. 098951 . _
et | L0 0 09895 00211 lun_,| [y |

4.5.4 For implicit scheme
Using (4.55) and taking i = 1, 2, 3, ..., 151 successively, we get its matrix vector form AX =B as

follows, where A is a tri-diagonal matrix and B is a vector.

1.9895 — 0.4947 0 01 1 | 10.0067
—0.4947 1.9895 — 0.4947 ul 0.0133
0 —0.4947 1.9895 — 0.4947 il 0.0200
=l . , (4.105)
—0.4947 || . .
0 0 —0.4947 1.9895 1|yl | 11.0000

where 1+4%? = 1.9895 and _71/12 = —0.4947 (to the nearest four decimal places), and
d; = u? = u(x;, 0) = f(x;), fori =1, 2,3, ..., 151. Then solving this system of equation
AX = B using MATLAB code or Thomas Algorithm, we get the values of the next time-step
nodal points, u! as ul = 0.0067, u} = 0.0133, ul = 0.0200, ul = 0.0267, ul = 0.0333,
ul = 0.0400, ul = 0.0467, u} = 0.0533, ul = 0.0600, ul, = 0.0667, ..., uls,.

1 1 1 1 1 1 1 1
Uu; Uz us Uy Us Ug Uz Ug Ug Uio

0.0067 | 0.0133 | 0.0200 | 0.0267 | 0.0333 | 0.0400 | 0.0467 | 0.0533 | 0.0600 | 0.0667

Table 6: Values of the vibrating string in case 2 of implicit scheme at the 1% time step
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And considering (4.60), a matrix vector form AX = B, where A is a tri-diagonal matrix and B is a
vector, we can solve u**! taking i = 1, 2, 3, ..., 151 successively for n =1, 2, 3, ..., 95 using
MATLAB code or Thomas Algorithm.

1.4921 — 0.4947 0 0[ur™] 1 di
—0.4947 1.4921 — 0.4947 unt d,
0  —04947 1.4921 — 0.4947 s ds
=l . |, (4.106)
—0.4947 || .
0 0 —04947 14921 1|y | ld,,_ ]

Where p + A2 = 1.4921, _71 A% = —0.4947 (to the nearest four decimal places), d; = ul* — qul* 1,
forn=1,2,..,95andi=1,2, ..., 151, i.e., we can solve u?, u?, ..., uf®, forn=1,n=2, ...,
n=95d; =u} —quf, d; =u? — qul, ..., d; = u® — qu?* respectively; taking i = 1, 2, ..., 151
successively.

by _ ®

At 1
Case3: Atz = —- = [~ andAxz = —-=

In this case, forc=1,k=0.5,T =1and L =, we have

At _ 25 1 320 . _ —1+kAt; _ —319 1+kAt; _ 321 1-kAt; _ 319

Axs 8w’ 1+kAts; 321" 1+kAt; 321 P=—" T 4= 640

A=cC

The initial values of the wave at the nodal points, ud, u?, u3, u, ..., udsy, udsq, ..., uy, using

ﬁ, 0< X < g
0 — — - T
ul - u(xl ’ 0) - f(xl) - _Z(xl._n-)lz S xl S T[l
T 2
where x; =idxy == i=0,1,2, ..., 500, become

ug = u(x, , 0) = f(xs) = f(0) = (0) = 0.0000

u® = u(x, , 0) = f(x,) = (=) = 2(=) = 0.0040

500 500
ud = u(xz , 0) = f(xy) = f(=-) = (=) = 0.0080

u% = U(xyo , 0) = f(xxy0) = () = 2(25) = 0.0400

500 500
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U0 = U(Xs00 » 0) = fxs00) = FCmm) = 2222 — 1) = 0,0000

500 T 500
u | up | uz | ug | us | ug | uy | ug | ug | ujp
0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0200 | 0.0240 | 0.0280 | 0.0320 | 0.0360 | 0.0400

Table 7: Initial values of the vibrating string in case 3 at the 1* time step

N.B: Since the string is symmetrical with respect to the point x,¢, = g , It is satisfactory to find

the values of u(x; , t,,) only for 0< x; <.

4.5.5 For explicit scheme

Using (4.46) and taking i = 1, 2, 3, ..., 250 successively, we get the following matrix form to

solve u}

1
_u250_

N | =

0

1 0.0211 0.9895
0.9895 0.0211 0.9895

0

0.9895 0.0211 0.9895

0

0.9895

. 0
0.9895

170.0047

0.0211-

0.008
0.012

-1.000-

(4.107)

where 2(1 — A?) = 0.0211 and A% = 0.9895 (to the nearest four decimal places). Then solving u?,
i=1,2,...,250 from (4.108) using MATLAB code, we have

u! = 0.0040, u} = 0.0080, u} = 0.0120,u} = 0.0160,u! = 0.0200, w! = 0.0240,
ul =0.0280, u} = 0.0320, u} = 0.0360, ul, = 0.0400, ..., ul,

up

U

u3

Uz

us

Ug

uz

Uio

0.0040

0.0080

0.0120

0.0160

0.0200

0.0240

0.0280

0.0320

0.0360

0.0400

Table 8: Values of the vibrating string in case 3 of explicit scheme at the 1% time step
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And we consider (4.47) to solve u?, u}, u}, ...

eachu* forn=1,2, 3, ..., 159 using MATLAB code.

[uftt] - 0.0211 0.9895 0 0 1[ Wi
uptt 0.9895 0.0211 0.9895 uy
g 0  0.9895 0.0211 0.9895 ul
_192
~ 193 )
_ 0.9895 .
umL 0 0 09895 0.0211 [unr_, ]

4.5.6 Graph of explicit scheme

Graph of Explicit Method - Damped Wave

52

191
193

, ut® taking i = 1, 2, 3, ..., 250 successively for

(4.108)
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4.5.7 For implicit scheme

Using (4.55) and taking i = 1, 2, ..., 251 successively we get its matrix vector form AX = B as

follows, where A is a tri-diagonal matrix and B is a vector.

1.9895 — 0.4947 0 01] w1 r0.021
—0.4947 1.9895 — 0.4947 uj 0.04
0 —0.4947 1.9895 — 0.4947 ul 0.06
= (4.109)
—0.4947 .
0 0 —0.4947 1.9895 |1 [ '1.00

where 1+4%? = 1.9895 and _71/12 = —0.4947 (to the nearest four decimal places), and

d; = u? = u(x;, 0) =f(x; ), fori =1, 2,3, ..., 251. Then solving this system of equation
AX = B using MATLAB or Thomas Algorithm, we get the values of the next time-step nodal
points, u! as u} = 0.0040, u} = 0.0040, »} = 0.0040, »; = 0.0040, u = 0.0040,
ug = 0.0040, u} = 0.0040, u = 0.0040, 3 = 0.0040, uj, = 0.0040, ..., ul;,

uip | oup | ouwz | owg | oup | ug | up | ug | U | Uj
0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0200 | 0.0240 | 0.0280 | 0.0320 | 0.0360 | 0.0400

Table 9: Values of the vibrating string in case 3 of implicit scheme at the 1% time step

And considering (4.60), a matrix vector form AX = B, where A is a tri-diagonal matrix and B is a

vector, we can solve ul**? taking i = 1, 2, ..., 251 successively for n = 1, 2, ..., 159 using
MATLAB or Thomas Algorithm.

1.4910 — 0.4947 0 01l w1 [ dy
—0.4947 1.4910 — 0.4947 uptt d,
0 —0.4947 1.4910 — 0.4947 P untt ds
= . |, (4.110)
—0.4947 _ .
0 0 —0.4947 14910 [yn+t] ldy,
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Where p + A2 = 1.4910, _71 A% = —0.4947 (to the nearest four decimal places), d; = ul* — qul*~*.

We can solve u?, u?, ..., u}®, d; =ul — quf, d; =u? — qu}, ..., d; = u}>® — qu}>® respectively

forn=1,2, ..., 159;taking i =1, 2, ..., 251 successively.

4.5.8 Graph of implicit scheme

Graph of Implicit Method - Damped Wave

0.04
0.035 —|
0.03 —|
0.025

0.02

u - values

0.015

90

space - x

time

54



4.6 Analytic (exact) solution
By (4.94) and (4.95) the exact solution of the given example in (4.96) with the initial and
boundary conditions (4.97) and (4.98) respectively, with ¢ = 1and k = 0.5 is given by

u(x, t) =X, sin (nx) e~t/? [ancos (—4"2_“) + b, sin (—4";_“)] : (4.111)
8 . ni
where a, = inZ Sin (7)
_  kay _ 2kan _ 8 . nm o
and b, = T Vi miea sin (=) ,forn=1,2, ... (4.112)
o s s . Van2—1 8 . . [Van2-1
u(x,t) = Y=y Sin (nx) e [nznz sin (nz—”) cos (Tt) t o Sin (nz—n)sm (Tt)]
-t Van2_— 4/ 2_
=ux,t)= %e7 Z;’{Ll%sin (nx) [sin (%) cos ( 4n2 : t) + \/4,112—_15“1 (nz—n)sin (%)]
-t
>u((x,t)= %e7 sin (x) [cos (g) + %sin (?)], forn=1. (4.113)

Solving the example given from its analytic solution using Mat Lab code analytically,
particularly at the first time step, we get the values of the vibrations of the string (wave) at each
nodal point. So, computing the solutions of (4.16) of the first time step using Mat lab code

considering the above three cases, we get the following tabular results.

4.6.1 Casel: Aty = %and Axq = %

1 1 1
Uuq Uz us Uy Usg Ug Uz Ug Ug Uio

0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2000

Table10: Exact values of the vibrating string (wave) in casel at the 1% time step

At 1 A
4.6.2 Case2: At,= > = — and Ax, = == —
3 96 3 300
1 1 1 1 1 1 1 1 1
Uu; Uz Uz Uy Usg Ug Uz Ug Ug Uio

0.0067 | 0.0133 | 0.0200 | 0.0267 | 0.0333 | 0.0400 | 0.0467 | 0.0530 | 0.0600 | 0.0667

Tablel1: Exact values of the vibrating string (wave) in case2 at the 1% time step
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. At 1 Ax b4
4.6.3 Case3: At; = Tl = o and Ax; = le -
uj u; u3 uj Uy Uug uz ug us | uip
0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0200 | 0.0240 | 0.0280 | 0.0320 | 0.0360 | 0.0400

Tablel12: Exact values of the vibrating string (wave) in case3 at the 1* time step

4.6.4 Graph of analytic (exact) solution
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4.7 Comparison of solutions of FDM and Analytic (Exact) of the cases

4.7.1 Comparison of solutions of FDM and Analytic for case 1

Method Wave at some grid points/ Values of vibrating string at some nodal points Re
T I R B B S T T T e T R A R T

Exact 0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2000

Explicit | 0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2010

Error 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 |0.0000 | 0.0000 | 0.0000 | 0.0010

Implicit | 0.0200 | 0.0400 | 0.0600 | 0.0800 | 0.1000 | 0.1200 | 0.1400 | 0.1600 | 0.1800 | 0.2007

Error 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 |0.0000 | 0.0007

Table 13: Comparison of FDM and exact solutions for case 1

4.7.2 Comparison of solutions of FDM and Analytic for case 2

Method Wave at some grid points/ Values of vibrating string at some nodal points Re

ma

i [ [l [ [l [ w [ w [ [ W [k |

Exact 0.0067 | 0.0133 | 0.0200 | 0.0267 | 0.0333 | 0.0400 | 0.0467 | 0.0530 | 0.0600 | 0.0667

Explicit | 0.0067 | 0.0134 | 0.0200 | 0.0267 | 0.0334 | 0.0400 | 0.0467 | 0.0534 | 0.0600 | 0.0667

Error 0.0000 | 0.0001 | 0.0000 | 0.0000 | 0.0001 | 0.0000 | 0.0000 | 0.0004 | 0.0000 | 0.0000

Implicit | 0.0067 | 0.0133 | 0.0200 | 0.0267 | 0.0333 | 0.0400 | 0.0467 | 0.0533 | 0.0600 | 0.0667

Error 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0003 | 0.0000 | 0.0000

Table 14: Comparison of FDM and exact solutions for case 2
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4.7.3 Comparison of solutions of FDM and Analytic for case 3

Method Wave at some grid points/ Values of vibrating string at some nodal points Re
1 1 1 1 1 1 1 1 1 1 ma
Ui uz us Uy Us Ug u;z Ug Ug Uio

rk

Exact 0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0200 | 0.0240 | 0.0280 | 0.0320 | 0.0360 | 0.0400

Explicit | 0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0200 | 0.0240 | 0.0280 | 0.0320 | 0.0360 | 0.0400

Error 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 |0.0000 | 0.0000

Implicit | 0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0200 | 0.0240 | 0.0280 | 0.0320 | 0.0360 | 0.0400

Error 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

Table 15: Comparison of FDM and exact solutions for case 3
We see that the error of the solutions produced by the methods becomes reducing, when Ax and
At replaced by Ag—x and % and A?x and % respectively.
Error = max;, |4 — ul*|,
where @' is exact and u}* is numerical solution.

Comparison of the error of explicit and implicit methods in some selected grid points is shown in
table 16. Second-order accurate (k = 0.5).

Method Case At Ax Error
i. 1/32 /100 | 0.0010
Explicit . 1/96 n/300 | 0.0004
iii. 1/160 /500 | 0.0000
i. 1/32 /100 | 0.0007
Implicit i. 1/96 /300 | 0.0003
iii. 1/160 /500 | 0.0000

Table 16: Comparison of the error of explicit and implicit methods
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Graphical solutions of Explicit, Implicit, Exact
1 T I T T T T

o

09—

0.8— e B —

0.7— -

06~ p . |

05— —

u - values

04— B —

0.3 —

02— —

01— —

Figure5: Graphical solutions of Explicit(u), Implicit(v) & Exact(w) at At = % Ax = 1”—0 k=05

4.8 Discussion

Using the central difference approximation for the first-order and second-order time and space
derivatives, we derived difference equations equivalent to the one dimensional damped wave
equation up to an error of order O{(At)?, (Ax)?}, which leads to an explicit and implicit

numerical schemes.

Analyzing the stability of the schemes using VNSA, we arrived at the range of stability
O<A<1fora= cﬁ—;, i.e., at the condition ¢ < i—’:, which is CFL-condition for explicit and

implicit FDM. These show both methods are stable.
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But, from matrix form u"*! = Au"™ + bu"™ lof equation (4.38), we have seen that,
lAlleo = 1Al = [1/222] + |1 = 22 | +[1/222].

v' For 1— 2?2 > 0 implies 0 < A < 1, all the numbers inside the absolute values are non-
negative and we get a norm of 1.

v For 1— 2?2 < 0 implies A > 1, the norm is 24 — 1 which is greater than 1.Thus we have
conditional stability with the condition 0 < A < 1. This implies the explicit scheme
conditionally stable.

And from matrix form Au"*! = b of equation (4.51), we have seen that

1+KkAt

lAll = 1Al = [5022] + 55 + 22 |+ 522

1+kAt
2

unconditional stability. This shows implicit scheme is unconditionally stable.

v  Foro<A<1and A >1,the norm is

+ 222 which is greater than 1. Thus we have

We have seen also the consistency and convergence of the methods. The accuracy of the
methods based on error analysis using test example was clearly indicated in the tables. The
solutions using explicit and implicit FDMs in comparison with the exact solution are graphically

presented.

Considering numerical example and applying the schemes using three different cases with
damping factor k = 0.5, we arrived at table 16. From this table in case 1, we see that the absolute
maximum error of explicit scheme is 0.0010 and that of implicit is 0.0007. In case 2, the absolute
maximum error of explicit scheme is 0.0004 while the implicit one is 0.0003. These indicate that
the implicit finite difference method is more stable, accurate, and converges faster than the
explicit finite difference method. But in case 3, the absolute error of the schemes is nil. This
shows as the step sizes At, Ax sufficiently close to zero, the approximate numerical solutions

refined and converge to the exact solution, and the methods are consistent & convergent as well.
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CHAPTER FIVE

5. Conclusion and Recommendation

5.1 Conclusion

Wave equation is one of the most important equations in science and engineering. In this work,
we studied explicit and implicit finite-difference schemes to approximate the numerical solution
of damped wave equation on finite string. The discretization schemes of damped wave equation
are almost similar to that of un damped one with regard to the steps. But the complexity in the
PDE due to the damped term causes algorithm complexity in the FDMs. So, solving damped
wave equation using the two FDMs is more difficult than solving the un damped one. Using the
centered difference (which yield more accurate approximation) and Taylor’s series expansion for
the first and second order space and time derivatives, we derived a difference equation of each
schemes equivalent to the damped wave equation up to an error of order O {(Ax)?, (At)?}. We

could also see the truncation error of each scheme.

A sufficient discussion is presented in this study to solve the damped wave equation using
explicit and implicit FDMs. Stability, consistency and convergence of the methods were treated
using VNSA, CFL condition, L., L, norm of a tri-diagonal matrices of the schemes, definition
and theorem. Numerical solutions of the schemes were shown considering illustrative example in

each scheme taking different cases, i.e.,

. 1
. At; = —and Ax; = —
32 100

N At 1 A

i, At, = =X = —and Ax, = =L = =
3 96 3 300

At 1 A

fi.  At; = =L = —andAx; = -+ = —
5 96 5 500

Finally from this study we could conclude which scheme is more efficient in solving the damped

wave equation.
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When we consider each schemes one by one explicit scheme is somewhat easy because the
unknown can easily evaluated operating the matrices known numerically. But as the implicit
scheme is expressed by tri-diagonal matrix, it can be solved using mat lab code or Thomas
Algorithm.

The errors of the solutions produced by the respective methods become reducing, when Ax and
At are decreasing. This shows that we could minimize error by increasing the grid (mesh) points
of space and time step dimensions. Also even if the result obtained in the implicit method is
better than the explicit method in case 1 and case 2, the solutions of the two methods are very
close to each other and very close to the exact solution with minimized error. But in case 3, the
results obtained by the two methods are the same to the exact solution. This may be due to the
use central difference approximation, the effect of damping and using decreased uniform time
step and the space size. These show almost the two methods work with good performance. The
main difference between the two methods is that explicit FDM is conditionally stable satisfying
the CFL condition. And the main similarity is that both methods use central difference

approximation for the PDE.

5.2 Recommendation

In this study we see that how stability, consistency and convergence of each schemes occurs
focusing on the nature of the solutions as Ax and At change their values taking constant damping
coefficient, k. As we see in these cases it is clear that if both Ax and At approach to zero, the
solution of the difference equation will converge to the exact solution; that means the errors can
be minimized. So, it can be concluded that FDM is a reliable method which is capable to solve

the damped wave equation.

In this work, we have not tested the effect of different values of non-negative damping
coefficient, k, the effect of step size, Ax with fixed values of time step, At and the effect of time
step, At with fixed values of step size, Ax on the numerical solution of damped wave equation.
Thus, this thesis can be extended further testing the effects of these cases. It is suggested that the
methods could also be expanded to higher dimensional damped wave equation; and the other

numerical methods can be treated to solve the problem.
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Appendices for codes
Appendix(A): Mat Lab code for Analytic solution: Casel

%Analytic(Exact) solution — Wave

>> x=0:0.031415926:pi/10;

>>1=0:0.03125:0.5;

>> m=length(x);

>> n=length(t);

>> %[x,t]=meshgrid(x,t);

>> %v=(8/pi.~2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %BCS

>>u(1,:)=0;

>>u(m,:)=0;

>>[=0.03125;h=0.031415926;%Mesh sizes

>> %ICS

>> u(:,1)=(2/pi)*x,0<=x<=pi/2;u_t(:,1)=0

Appendix(B): Mat Lab code for Analytic solution: Case2
>> %Analytic(Exact) solution - Wave
>>x=0:0.010471975:pi/30;

>>1=0:0.010416666:0.5;

>> m=length(x);
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>> n=length(t);

>> %[x,t]=meshgrid(x,t);

>> %v=(8/pi.A2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %BCS

>>u(1,:)=0;

>> u(m,:)=0;

>>[=0.010416666;h=0.010471975;%Mesh sizes

>> %ICS

>> u(:,1)=(2/pi)*x,0<=x<=pi/2;u_t(:,1)=0

Appendix(C): Mat Lab code for Analytic solution: Case3
>> %Analytic(Exact) solution - Wave

>> x=0:0.006283185:pi/50;

>>1=0:0.00625:0.5;

>> m=length(x);

>> n=length(t);

>> %[x,t}l=meshgrid(x,t);

>> %v=(8/pi.A2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %BCS

>> u(1,:)=0;

>> u(m,:)=0;

>>|=0.00625;h=0.006283185;%Mesh sizes

>> %ICS
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>> u(:,1)=(2/pi)*x,0<=x<=pi/2;u_t(:,1)=0

Appendix (D): Mat Lab code for Explicit Scheme — Wave using Case3
>> %Explicit Method - Wave

>> x=0:0.006283185:pi/50;

>>1=0:0.00625:0.5;

>> m=length(x);

>> n=length(t);

>> %[x,t]=meshgrid(x,t);

>> %v=(8/pi.~2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %BCS

>>u(1,:)=0;

>>[=0.00625;h=0.006283185;%Mesh sizes

>> %ICS

>> u(:,1)=(2/pi)*x,0<=x<=pi/2;u_t(:,1)=0;

>> %Exact solution

>> %v=(8/pi.A2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %Damping factor

>> k=0.5;

>> for j=2:n;

fori=2:m-1;

a=1/(1+k*j);b=(-1+k*j)/(1+k*j);d=j/h;

u(i,j+1)=a*((d.A2)*u(i-1,j)+2*(1-d.~2)*u(i,j)+(d.2) *u(i+1,j))+b*u(i,j-1);
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end

end

>> %v=(8/pi.A2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> surf(u)

>> title('Graph of Explicit Method - Wave'),xlabel('time'),ylabel('space-x'),zlabel('u-values')
Appendix (E): Mat Lab code for Implicit Scheme — Wave using Case3

>> %Implicit Method - Wave

>> x=0:0.006283185:pi/50;

>>1=0:0.00625:0.5;

>> m=length(x);

>> n=length(t);

>> %[x,t}=meshgrid(x,t);

>> %v=(8/pi.~2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %BCS

>>u(1,:)=0;

>>[=0.00625;h=0.006283185;%Mesh sizes

>> %ICS

>> u(:,1)=(2/pi)*x,0<=x<=pi/2;u_t(:,1)=0;

>> %Exact solution

>> %v=(8/pi.A2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> %Damping factor

>> k=0.5;
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>> for j=2:n-1;

fori=2:m-1;

p=(1+k*})/2;0=(1-k*})/2;d=j/h;
u(i,j)=(-0.5)*(d.~2)*u(i-1,j+1)+(p+d.~2)*u(i,j+1)+(-0.5)*(d.A2) *u(i+1,j+1)+q*u(i,j-1);
end

end

>> %v=(8/pi.A2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> surf(u)

>> title('Graph of Implicit Method - Damped Wave'),xlabel('time'),ylabel('space - x'),zlabel('u - values')
Appendix (F): Mat Lab code for Analytic(exact) solution

>>symsxtu

>> u=(8/pi.~2)*exp(-0.5*t)*sin(x)*(cos(sqrt(3)/2*t)+(1/sqrt(3)) *sin(sqrt(3)/2*t));
>> ezsurf(x,t,u,[0 1 0 2])

>> title('Graph of Analytic(exact) solution'),xlabel('x'),ylabel('t'),zlabel('u’)

70



