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Abstract

In this thesis, the hyperbolic (PDE) or wave equation with Dirichlet boundary condition
is solved numerically using the compact finite difference method (CFDM) and the finite ele-
ment method (FEM) to approximate the analytical solution. To transform partial differential
equation into weak formulation we used Galerkin finite element method. The discretizing
procedure transforms the initial value problem of the PDE into a linear system of algebraic
equations that can be solved by matrix inversion method. For finite element method, the con-
vergence, stability and consistency depend on the trial solutions. Sixth order compact finite
difference method and its stability, consistency and convergence were analyzed. It is based
on meshes sizes. error analysis of compact finite difference method is based on Taylor’s the-
orem. The test example was investigated and the sixth order compact finite difference method
has small absolute and small maximum error related with Finite element method. Thus, sixth

order compact finite difference method is more accurate than finite element method.
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Chapter 1

Introduction

1.1 Background of the Study

Partial differential equations(PDEs) are equations that seeks unknown functions of several
variables and their partial derivatives. Partial differential equations can be classified based
on the properties of the characteristics of the equation. There are three basic types of equa-
tions: hyperbolic, parabolic and elliptic. Hyperbolic and parabolic equations are initial value
problems, whereas an elliptic equation is a boundary value problem. The general form of

second order linear partial differential equations is given as follows:

0%u 0%u 0%u ou ou
L 1.1
a8x2+b8x8t+68t2+d6x+€8t+fu 0 (1.1)

Where u is dependent variable, x and t are independent variables a, b , ¢, d, e, f are con-
stant coefficient of PDE. The summarized form of the classification of partial differential

equations, characteristics directions, condition and its examples are given in table (I.1)

Table 1.1: Characteristics of Hyperbolic, Parabolic and Elliptic PDES

Type Characteristic directions | Condition Example
Hyperbolic | Real b* — 4ac > 0 | Wave equation
Parabolic | Imaginary b* — 4ac = 0 | Diffusion equation
Elliptic non-existent b* — 4ac < 0 | Poisson equation

But in this study we considered only hyperbolic type of Partial differential equation
which is wave equation. Wave equation is a hyperbolic second order linear partial differ-
ential equation which identifies the nature of waves appears in various physical phenomena
given as vibration motion. Partial differential equation of hyperbolic type appearing in dif-

ferent fields like: sound wave, elastic, vibrations, fluid dynamics and so on[1] . In physics,
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1.1 Background of the Study

propagation of sound, light and water waves are modeled by hyperbolic partial differential
equations. The efficient and accurate numerical method for the wave equations are funda-
mental importance for the simulation of time dependent acoustic, electromagnetic or elastic
wave phenomena [2].

The wave equation can be defined in n-dimensions as

2
gtz‘ —AAu=0 with ¢>0 (1.2)

where u is a function from R” x R to R and A is the Laplacian operator over the spatial

coordinates defined as

A special case is the one-dimensional wave equation which can be more simply written as
22;;—022:2;:0 with ¢ >0 (1.4)
The function u may be the displacement of a string or membrane of a drum, the height of a
water wave or air pressure for sound waves, dependent on the field the equation is used. The
constant ¢ in the above equations defines the speed at which the wave “moves”. To see this
we can look at the one dimensional wave equation for which, if we have no other conditions,
u(z,t) = g(x + ct) and u(z,t) = f(x — ct) are solutions if the function f(n) and g(u) are
twice differentiable. These two solutions have a constant shape which move in time with
speed c to the left and right respectively. A general solution to the one dimensional wave

equation was actually derived by d’ Alembert and is given by u(x,t) = f(z —ct)+g(z+ct),

being the sum of a left and right moving wave.

The one-dimensional wave equations over a bounded domain D where the spatial bound-
ary of the domain 0D is fixed at zero and we have an initial value in time. These initial

conditions are specified as follows

u(z,t) =0forall x € 9D andt € R (1.5)
u(z,0) = ug(x) forall x € D and (1.6)
g;b(x, 0) = uy(x) forall x € D (1.7)

Thesis 2 (ASTU) 2020



1.1 Background of the Study

The compact finite difference method is a newly developed numerical technique with ex-
cellent capabilities and resolution leading to it being in demand for application in different
kinds of engineering problems. An efficient sixth order compact finite difference discretiza-
tion was introduced for vibration analysis of a nonlocal Euler Bernoulli beam embedded
in an elastic medium. Sixth order accuracy schemes were developed for discretization of
both the governing equation and boundary conditions. Sixth order accuracy schemes were
calculated from simply supported, damped and free boundary conditions. The numerical
results included comparison with exact solutions and with previously published works were
presented for the fundamental frequencies. And also demonstrated the effects of nonlocal
parameter slenderness ratios and boundary conditions on the dynamics characteristics of the

beam [8]].

The two conservative and fourth order compact finite difference schemes were proposed
and analyzed for solving the regularized long wave equation. The first compact finite differ-
ence scheme was two level and nonlinear implicit. The second scheme was three level and
linearized implicit. Conservations of the discrete mass and energy, and unique solvability
of the numerical solutions were proved. Convergence and unconditional stability were also
derived with any restrictions on the grid ratios by using discrete energy method. The optimal
errors norm ||.|| and ||.|| .~ were the fourth order and second order accuracy for the spatial
and temporal step sizes, respectively. Numerical examples were presented to simulate the

collision of different solitary waves and support the theoretical analysis[10].

The finite element method (FEM) is the general method for the numerical solution of
partial differential equations covering all three main types of equations, namely elliptic,
parabolic, and hyperbolic equations. It can be implemented to any type of PDE. FEM is
flexible and accurate method but requires a good knowledge in coding. The finite element
method (FEM) is good enough to give a vision of numerical solution [13]], and it was intro-
duced by engineers in the late 1950’s and early 1960’s for the numerical solution of partial

differential equations in structural engineering (elasticity equations, plate equations).
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1.2 Statement of the Problem

In the present work, we considered sixth order compact finite difference method and
finite element method for solving 1D wave equation. The advantage of our work is that
among the two method which one is more suitable to solve 1D wave equation. There was no
comparison between sixth order compact finite difference method and finite element method
to solve 1D wave equation. So, the result of this study was verified the comparison of sixth

order compact finite difference method and finite element method.

1.2 Statement of the Problem

There are many methods to solve wave equation, such as finite element method, finite dif-
ference method and shooting method. The finite element method constitutes a general tool
for the numerical solution of partial differential equations in engineering and applied science
[12]. The proposed study intended to focus on comparison of finite element method and
sixth order compact finite difference method for partial differential equation. A number of
researchers have addressed solution of wave equation by using finite element method and
other methods. But in each of the reviews, there is no solution of wave equation by using
sixth order compact finite difference method and detailed comparison of these methods on
their efficiency, accuracy and convergence with FEM. This study is intended to consider the

following:
1. comparison of sixth order CFDM with FEM for wave equation.
2. The convergence and stability of sixth order CFDM for wave equation.
3. Developing matlab code for FEM and CFDM.

4. Analysis of finite element method for wave equation
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1.3 Objective of the Study

1.3 Objective of the Study

1.3.1 General Objective

The general objective of this thesis is to compare finite element method and sixth order

compact finite difference method solution for wave equation.

1.3.2 Specific objectives

The specific objectives of this study are to:

1. Determine the consistency, stability and convergence of sixth order CFDM.
2. Compare the results of FEM, sixth order CFDM with exact solution.

3. To test the validation of the methods with examples and write matlab code for the

problem.

1.4 Significance of the Study

The main purposes of the study are:

v To contribute the knowledge of FEM and sixth order CFDM for wave equation for

scientific community.

v" For the growth of research in the area.

1.5 Limitation

There are problems or shortages under this study of research work. Some of them are:

v" This study only comparsion of sixth order compact finite difference method and finite

element method.

v" This study only concerning the one dimension wave equation, anybody will study two

or more dimension wave equation.
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Chapter 2

Review of Related Literature

Hyperbolic partial differential equations (PDEs) play an important role in science, tech-
nology and arise very frequently in physical applications as models of waves, such as acous-
tic, elastic, seismic, shock, electromagnetic, and gravitational waves[1]]. In fact, most of
hyperbolic PDEs that arise in mathematical models of physical phenomena are very difficult
to solve analytically, so numerical methods become necessary to approximate the solution
of such hyperbolic PDEs. For many hyperbolic partial differential problems, FDM and FEM

are the techniques of choice [[14]].

The second order PDEs with non-homogeneous derivative source terms are of common
occurrence in mathematical physics and several other area of science and engineering such
as flow and heat transfer through porous media. The fourth order CFDM was proposed for
solving general second order steady PDE in 2D on geometries having nonuniform curvilinear
grids. The authors focused on nonorthogonal curvilinear grids with the presence of mixed
derivative term and non-homogeneous derivative source terms in the governing equation(i.e.,
Naiver-Stokes equations) on geometries having nonuniform and nonorthogonal curvilinear
grids with Dirichlet as well as Neumann boundary conditions. Those authors compared the
data produced by the proposed scheme for all the test cases were provided and with existing

analytical solutions [[11].

The development of numerical techniques for the solution of the hyperbolic nonlocal
boundary value problems has been an important research topic in many branches of science
and engineering . There are many papers that deal with the numerical solution of wave equa-
tions. For instance exponential B-spline collocation method was presented to estimate the

solution of second order 1D nonlinear wave equation. Exponential B-splines were used for
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2 Review of Related Literature

spatial variable and derivatives. That method produced two systems of first order ordinary
differential equations and solved those systems using strong stability preserving methods.
Numerical experiments were given to illustrate the accuracy and efficiency of the proposed

method [3]].

The numerical scheme introduced to solve the second-order wave equation with given
initial boundary condition and an integral condition in place of the classical boundary con-
dition. The shifted Legendre Tau method was applied to solve that problem. The stability
and convergence of the Legendre Tau approximations made that approach very attractive and
contributed to the good agreement between approximated and exact values for the numerical
tests. The obtained results showed that the approach could solve the problem effectively and
it needs less CPU time. That method described technique produced very accuracy results

even when employing a small number of collocation points[4]].

The FDM had been used to discrete the time derivative whereas quintic spline was ap-
plied as an interpolation function in the space dimension. The accuracy of the method by
expanded the equation based on Taylor series and minimize the error. The proposed method
had eighth order accuracy in space and fourth order accuracy in time variables. According to
those authors the solution gotten by that method was best approximated among the previous
works and also it was efficient to use. Numerical examples were given to show the applica-

bility and efficiency of the method[S].

The CFDM is designed to obtain quick and accurate solutions to PDE problems [9].
Numerical results were presented to indicate the accuracy of the method based on the sixth-
order discretization for predicting the vibrational response of embedded nanobeams subject
to various boundary conditions and also they have introduced the comparison of the sixth
order FDM and the exact solution [8]]. But for 1D wave equation the authors consider fourth

order CFDM rather than sixth order CFDM|[6]].
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2 Review of Related Literature

The FEM was based on Galerkin method to solve linear second order 1D inhomoge-
neous wave equation numerically with accuracy of the developed scheme had been analyzed
by comparing the numerical solution with exact solution given by the authors in [2]]. The nu-
merical methods for solving the wave equation has been developed by many researchers. Ac-
cordingly, Karadoc and Bhowmik[[17] have implemented a numerical technique supported a
Petrov-Galerkin method using quadratic weight functions and cubic B-spline finite elements
have been proffered to get numerical solution. They experimented with their algorithm along
with single solitary wave during which the precise solution was thought and extended it to
look at the interaction of two solitary waves and Maxwellian initial condition where the
precise solutions were unknown during the interaction. Variational formulation and semi-
discrete Galerkin schemes of the equation were generated. Stability analysis was done and
also the linearized numerical scheme was obtained unconditionally stable. The author of
[16] has discussed on BEM coupling with the FEM fictitious domain approach for the solu-
tion of the exterior Poisson problem and of wave scattering by rotating rigid bodies. Pandit
and Chattopadhyay [15]] have used a robust higher order compact scheme for solving general

second order PDE with derivative source terms on nonuniform curvilinear meshes.

Recently, fourth order CFDM for solving homogeneous and non-homogeneous 1D wave
equations was presented [6]. They have presented and analyzed a weak Galerkin FEM for
solving the symmetric hyperbolic systems[7]]. Many researcher solved one dimensional wave
equation by using several numerical methods. However, they did not introduce comparison
sixth order CFDM and FEM, also linear system obtained from both sixth order CFDM and
FEM in previous works. In this study sixth order CFDM has small absolute error and max-
imum error relative to finite element method. Thus, the result of this study indicated sixth

order compact finite difference method gives more accurate result than finite element method.
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Chapter 3

Research Methodology

This section consists of methods and materials used to undertake the study. These are

study design and Procedures of the study.

3.1 Study Design

The design of this study is solving by discretizing the partial differential equation (wave
equation) using variational formulation and sparse system for CFDM. We also use graphical

representation and matlab as a tool.

3.2 Procedures of the study

To attain the objective of the study, the following procedures were undertaken:
% Defining the problem/formulating the method.
% Discretizing the domain/interval.

% Replacing the given equation by the finite element method and sixth order compact

finite difference approximation.
% Transform partial differential equation into weak formulation we use Galerkin’s method.
% Writing a code for the problem solving by using matlab language.
% Validating the methods using numerical examples.

% Discussing about the methods from the graphs.
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Chapter 4

FEM and 6th order CFDM for 1D Wave

equation

4.1 Finite Element Method for 1D Wave equation

The FEM is a numerical technique for solving problems which are described by PDES or
can be formulated as functional minimization. A domain of interest is represented as an
assembly of finite elements. Approximating functions in finite elements are determined in
terms of nodal values of a physical field which is sought. A continuous physical problem
is transformed into a discretized finite element problem with unknown nodal values. Values
inside finite elements can be recovered using nodal values. Several approaches can be used
to transform the physical formulation of the problem to its finite element discrete analogue.
If the mathematical formulation of the problem is known as a differential equation then the
most popular method of its finite element formulation is the Galerkin method. If the physical
problem can be formulated as minimization of a functional then variational formulation of

the finite element equations is usually used[21].

Consider the second order one dimensional wave equation

Pu 0%
with boundary conditions
u(0,t) = u(b,t) =0 0<t<T (4.2)
and initial conditions
u(z,0) = ¢(x) 0<z<b
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4.1 Finite Element Method for 1D Wave equation

and

ou
ot

First we will derive a different but equivalent formulation for the 1D wave equation defined

in equation (4.1). Let W (x) be a differentiable functions such that W (0) = W (b) = 0 and

—(x,0) = Y(x) 0<z<b

therefore zero on the boundaries of the domain. By multiplying the wave equation with this

function and integrating it over the [0, b] interval we get following equation[21]].

b Pu 0%
_ gu _ 20 4,
0 /O W(5s — g 43)

This equation can be rewritten, using integration by parts, to

ou b, OW Ou
0_/ Waﬁdw_ Walh+ | G e
2, OW Ou
, , OW Ou
with a(u(z,t), / V[/—at2 dx + /0 c D %dx

For the integrals above to exist we require certain properties of u, W and their derivatives.

For this we will use the Lo-norm on a domain D. For a function f this is defined by

1

= ([ 1)), @5)

Using this norm a function f is called square-integrable if the Lo-norm of f is
finite or more specific.

[ f]]2 < o0 (4.6)

The set of all square-integrable functions is denoted by L,. An important property of square-
integrable functions is that the integral of the product of two square-integrable functions over
the domain D is also finite[21]. This property is important for the existence of the integrals
in equation (4.4).

We want the functions u, W and their first derivatives with respect to x to be square-
integrable. The set of functions which are square-integrable and whose first derivative is
square-integrable is called a first order Sobolev space and can be denoted by H' . The set

of functions which are also zero at the boundary of the domain is denoted by H}.
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4.1 Finite Element Method for 1D Wave equation

We now want to find a function u which is in H} for each moment in time ¢ such that for
every function TV in H} the equations of (4.4) holds. This gives rise to the weak formulation

of our one-dimensional wave equation, which can now be stated as follows.

Definition 4.1.1 (Weak formulation). [2]]] Find u(x,t) such that for all t € [0,T] it holds
that u(.,t) € H} and for all W € H;

a(u(z,t),W(x)) =0 4.7)
and the initial boundary conditions equation(4.2) holds.

This is called the weak formulation as the function u only has to hold in eq.(4.7) with
respect to certain functions W called test functions.

Basic steps of finite element method [21]].

1. Discretize the domain. The first step is to divide the solution region into smaller re-
gions that we call elements. The elements contain inside a certain number of points

we call nodes.

2. Select interpolation functions. Interpolation functions are used to interpolate the field
variables over the element. Often, polynomials are selected as interpolation func-
tions. The degree of the polynomial depends on the number of nodes assigned to the

element[21]].

3. Find the element properties. The element equation for the finite element should be es-
tablished which relates the nodal values of the unknown function to other parameters.
For this task different approaches can be used; the most convenient are: the variational

approach and the Galerkin method.

4. Assemble the element equations. To find the global equation system for the whole
solution region we must assemble all the element equations. In other words we must
combine local element equations for all elements used for discretization. Element
connectivities are used for the assembly process. Before solution, boundary conditions

(which are not accounted in element equations) should be imposed.
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4.1 Finite Element Method for 1D Wave equation

5. Solve the global equation system. The finite element global equation system is typi-
cally sparse, symmetric and positive definite. Inversion methods can be used for solu-

tion. The nodal values of the sought function are produced as a result of the solution.

4.1.1 Discretize the domain

Let us consider the global domain [0, b] x [0, 7] as shown in figure (4.1) in which we have to
approximate the solution of equation (4.1). We divide the global domain into finite number
of rectangular elements. Let there be £ nodes and £ — 1 linear elements in spatial direction.
In the figure , i represents i node and (i) represents i'" the element. Each element has
two nodes. The element (7) has left node 7 and right node i + 1. The length of element 7 is
given by Az; = ;11 — x;. Then we can apply central difference approximation for time and

step size A" = "t — ¢,

j+2

1

Figure 4.1: Discretization of x — ¢ plane

4.1.2 Interpolating Functions

Let us approximate the solution of equation (4.1 by u(x, t)[21], where u(x, t) is defined as

u(z,t) = uD(z,t) + .. A+ uP (@, t) + . w2 ) (4.8)
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4.1 Finite Element Method for 1D Wave equation

where each v (z,t) (i = 1,2,...,k — 1) represent the local interpolating polynomials over

the element (7). Write u( (x, t) for i*" element as
u(w, ) = w (NS + uia (DN, (4.9)

where u;(t) i = 1,2,. .., k represents the nodal values and Ni(i) and Ni(i)l represent the shape
functions for the element (7) at nodes i and ¢ + 1 respectively and N/s are Lagrangian poly-
nomials of degree one. Basis functions are piecewise linear functions and the corresponding

elements are line segments in 1D illustrated in figure 4.2

We define
e A ez (4.10)
Ti — Ti41 Ax;
and
NO = 7% T 4.11
i Tit1 — L4 Az; ( )

In algebraic form, these basis functions are defined as

Mg

NIV

Figure 4.2: Finite element basis functions.

i A B
Ni(x) = % yrp <z < i 4.12)
0 otherwise

Substituting the values from equations (4.10) and (4.11) into equation (4.9), we have

T — Tip1

AZL’i

r — T;

AZL‘Z'

u (z,t) = u;(— )+ ig ( ) (4.13)
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4.1 Finite Element Method for 1D Wave equation

4.1.3 Element Equations

In this section we apply Galerkin method to approximate the solution of 1D wave equation
given by eq.(4.1) i.e.,
Pu 0%
— = —
ot? Ox?
Steps of Galerkin method for 1D wave equation.
1. Write 1D wave equation as residual form. The difference between the exact value and
the approximate value is called the residual, we will denote it by R.
Pu 0%

R(x t) 8t2 — C @

(4.14)
2. Multiplying residual R(z,t) by weighting functions W, (k = 1,2,3,...)

3. Integrating that integral over [0, b] and set this integral equal to zero in addition W (z)

take as the general weighting function.

b 9% 0%u
0%u
/ W@dx —/ c W@dx 0 (4.15)

4. Applying boundary conditions. Now solving the second integral in (4.15) by parts
That is

b
Ou / 2OW Ou (4.16)
0

W AW
/ 8t2 il A e
The factor "; in first term on R.H.S., of equation (4.16) cancels out at all interior
points when we assemble the element equations. It exists only at first and last node
when there are boundary conditions on derivatives. Therefore, we will drop this term
so that equation (4.15) will take the form
5 OW Ou
sy / 207 21 417
/ oz )y o o™ @1
5. Expressed as sum of weighted residual integral of each element. Now the weighted
residual integral [(u(x, t)) for the entire domain is expressed as sum of weighted resid-

ual integrals of each element (i) (1 = 1,2,...,k —1).
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4.1 Finite Element Method for 1D Wave equation

lu(z, ) = 1WDu(z, t) + ...+ 1Du(x,t) + ... + 15 Dy(z,t) =0 (4.18)

where

() _ + 0“u / +o U
Hlule,1)) / Wom it | o o

To evaluate [V (u(x,t)) given by equation (4.19), we require u(" (x, t) and its partial deriva-

dx (4.19)

tives with respect to ¢ and differentiating (4.9) two times partially with respect to t and sub-

stituting values of ;s from equations (4.10) and (4.11) we get

O*u® T — Tin1 T —x;
o2 Ué’(—Tj) + Az, ) (4.20)
Now differentiating equation (4.9) w.r.t, x
oul® 1 1
i Ui(_Txi> + UHI(A%)
ou 1

Substituting the values from equations (4.20) and (4.21) into equation (4.19)

i Tit1 T — Tig1 r—T; iy W U1 — Uy
Ot 0)) = [T WL bl (e [T ST
(4.22)
Writing equation (4.22) symbolically as
1D(u(z,t) = A+ B (4.23)

Where A and B represents the integrals in equation (4.22). In Galerkin method, the weighted
functions W, (k = 1,2, ..., ) are considered to be test functions. Here N () and Ni(-?l (x)
are the shape function. Therefore, let

W(x) = N (z) = 252+ and 2 = — ;L

Substituting the value of W () and %—Vg in equation (4.22) and solving the integrals for A and
B

Titl T — Tiy T — Tiqy T — X
A= / e S T et R G
[ Az i Az, )+ ( N )dz

6

A [2u] + uy 4] (4.24)

Thesis 16 (ASTU) 2020



4.1 Finite Element Method for 1D Wave equation

Next solving for B

Ti+4+1 1 Us 1 — s
B :/ 2( i+ 7

02

Now put the values of equations (4.24)and (4.25) in equation (4.23) we have

2

19 (e, ) = =5 (20 + ] = 5 lwian — ] =0 (4.26)

6

Further we let, W (z) = Ni(fr)l (x), then

W (z) = 52 and GY = 5

d@W

Next we use these values of W (x) a equation (4.22), and solving for A and B we get.

IZ+1$—I1 T — Tia1 T — T;
A= / // + "
A:Cl ( A:Cl ) _'_ul-i-l( A:L“Z )}dl'
Aw;
A= =S+ 2ul] (4.27)
Now
Ti41 1 U 1— Us
B=["e SR

c2

Now substituting values from equations (4.27) and (4.28) into equation (4.23), we have:

Az c?
6 [U// + 2u H—l] + E[Ulurl — Uz] =0 (429)

l(i)(u(x,t)) =

equations (4.26) and (4.29) are the element equations for i*" element.

4.1.4 Assembly of Element Equations

Since i** node is common between (i — 1) and (i) element therefore in order to get the nodal
equation for i** node we assemble the elements equation for node 7 in (i — 1) and (i) element.
The physical domain for element (i — 1) and () is shown in figure (4.3).

As we can see from the figure (4.3) that the node i + 1 for the element (i) corresponds to

node i for the element (i — 1) and node 7 in element (i) corresponds to node (i — 1) in the
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4.1 Finite Element Method for 1D Wave equation

(i-1) (1)
¢ o
i-1 i i+1
(i-1) (i)
o o0 ¢
i-1 i i+1

Figure 4.3: Linear Elements

element (i — 1) . Therefore, to write the element equations for node i of element (: — 1) we
will replace ¢ by ¢ — 1 in the element equation of element () for the node ¢ + 1. Thus we
have:
Ax; ., c?
7 2u”
6 [uz—l + uz] + Axl-,l

In general Az; = x;41—x; and Az; | = x;—x;_1. Now let Ax; = Az, and Ax; 1 = Ax_.

So equations (4.26) and (4.30) for i"" node of (i) and (i — 1) element will be

Az 2
%[QUQI + U;IH] - R[Uiﬂ —u;) =0 (4.31)
Ax_ c?
Multiplying equation (4.31) by Aiu and equation (4.32) by z°— and then adding we get
" " " e c?
[wi_y + 4w + uf | + m[uz — U] — m[uiﬂ —u| =0 (4.33)

In eq.(4.33) u is differentiation with respect to t.

4.1.5 Approximation of Time Derivative

The central finite difference approximation for j* time level is given as[21]:

o Ui j—1 — 2Uj 5 + Ui g1
Utt(l,]) = ’ (At)JQ :

(4.34)

Substitute equation (4.34) into equation (4.33). We get

Uj—1,5-1 — 2“2‘—1,3‘ + U1 541 1 4Uz‘,j—1 - 2%7]‘ + Ui 1 Ui41,5—-1 — 2U¢+1,j + Uit 541
(At)? (At)? (At)?

2 2

+ W[Ui,j —Ui—14] — m[uwm — Ui 5]

0=

(4.35)
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4.1 Finite Element Method for 1D Wave equation

By simplifying we get

Uim1j1 + M g1+ Ui g1 = (Uimrjo1 — W1 — Uigaj-1) + Quiry + 8uiy + 2uip )

_ e L oy ey
( (ASL’,)Z [ (2] l*LJ]) + (Ax+)2 [ 1+1,7 Z,J]

(4.36)

Equation (4.36) represents the FEM for equation (4.1) when we have non-uniform grid. Now
for uniform grids we have

Az, = Azr_ = Ax
Therefore from equation(4.36) we have
Uim1 41+ AU 1+ U1 1 = (—Wim1jo1 — 41 — Uigrj—1) + (2uim1j + 82us 5 + 2uiq1 ;)

6¢?(At)?

(W[UHJ — 2u;j + Uit1])

(4.37)

Letd =c? ((ﬁi); Therefore we have:

Ui_17j+1 + 4Ui7j+1 + ui-i-l,j-i-l = _(Ui—l,j—l + 411,2'7]'_1 + Ui+17j_1) + (2 + 6d)ui_17j + (8 — 12d)uw~|—
(2 + 6d)uz~+1,j
(4.38)

Equation (4.38) represents the FEM for linear second order 1D wave equation with uniform

mesh points and to be solved system of linear equations by using inversion method.

4.1.6 Convergence and Error Estimate for Finite Element Method

In this section we are going to bound the discretization error e, = u — wu; of Galerkin’s
method, consistency estimates on the discretization error in the solution space V in terms of

“distance” between the solution space and the approximation space: in a Sobolev[18]].
lu = unl[ < Cllv = vplly vn €V

with C' > 0 a constant real number.
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4.1 Finite Element Method for 1D Wave equation

Theorem 4.1.1 (Interpolation inequality in HJ(D) and L*(D)[18]). let v € H*(D),3C,
such that

|U — Uthl(D) S ClhT‘UlHQ(D) (439)

and ACy > 0 such that

|v — vn|r2(py < Cohr V| myD) (4.40)
with h, = maxger, (M)
Proof. The proof is based on the Mean-Value Theorem and a decomposition of the error per
element. The global interpolation error is then recovered by summing over the cells. This
makes sense since the polynomial estimate is defined point-wise: this is then a local property.

In the same spirit the stability of the interpolation operator is also a local property, defined

element-wise[18]]. ]
The discretization error being bounded in O(h, ) the method is first order in HJ (D).

Remark 4.1.1 (Convergence order H'(D)). On the other hand we know that 3Cy > 0 such
that, Vv € H*(D):

HU — ﬂ-lvHLQ(Q)S Clhﬂz.’U’Hz(D)

Using the definition of the norm
v — 771“”%{1(1)): v — 71U||%2(D)+HU - 7T1U||?{1(D)

we get:
lv = mollf @) < CH(hz[v]2(p) + P22 (0))
1
o = mo]l gy < Crhe(1+ h2)2 o] ()

Thus, we verify that the approximation is also first order in H' (D).
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4.2 Compact Finite Difference Method for 1D wave equation

4.2 Compact Finite Difference Method for 1D wave equa-
tion

Consider the one dimensional wave equation of the form:

Pu 0%

@:C@ O<zx<b (4.41)
with boundary conditions
u(0,t) = u(b,t) =0 0<t<T (4.42)
and initial conditions
u(r,0) = o) (w0 =v()  0<z<h @43)

where ¢ is speed of wave, ¢(x) is initial deflection (displacement) (), initial velocity
and u(x,t) is the displacement with position x and time t. In order for this equation to be
solvable the initial conditions Eq.(4.43) as well as the boundary conditions Eq.(4.42) should
be provided[6]]. To describe the scheme, we divide interval [0, b] and [0, 7] in k and n equal
subintervals of mesh length Az and At respectively. Let 0 = 2y < x; < ... < z4_1 = band
0=ty <t <...<ty_1 =T bethe mesh points with x; = x¢ +tAx and t; = t, + jAt for
i=1,2,...,kand j = 1,2,...,n. Assume that u(z, t) has continuous higher order partial

derivatives on the region [0, b] x [0, T']. For the sake of simplicity we use u(z;,t;) = u(3, j),

%(zi, tj) = %(i,j) and %(xi, tj) = ?;t?j(i,j) (s > 1 said to be s** order derivatives ) by
using Taylor series expression, we have:

u(i+1,5) = i )+ Ar 2oy RO gy BORT; ) BOT0uG Gy

<A93;)gg:;(i,j) +o.. (444)

u(i=1.) = ufi, ) ~da (i ST gy (BT gy (B0 )

= <A;)gg:;(z’,j) +... (445)
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4.2 Compact Finite Difference Method for 1D wave equation

i, 1) = uli, )+ A, )+ GOy BTy (B0 G s
S e+ G+ S G+ GG

<A9?9§ig<z, N+ (446)

g —1) = (i, ) a2 iy BTy BT 5y GO0 5y
S g+ gt~ S g6+ R

<A9f)ggig( Q). (44T

Subtracting Eq. (4.45) from Eq. (4.44) and Eq. (4.47) from Eq. (4.46), we obtain the second

order finite 6 u(3, j) difference for the first derivative of u(i, 5):

uw(i,j+1) —u(i,j—1)

.):u(i+1,j)—u(i—1,j)

(ngu(i,j AT + 71 and 5;“(27]) = INE T 72
(4.48)
xr 2 u /[ - . 2 T .
where 71 = —(A6) %(l,j) and 75 = —7@67*) %(l,j).

Similarly, adding Eq. (4.44) with Eq. (4.45) and Eq. (4.46) with Eq. (4.47), we obtain the

second order finite difference §?u(i, j) for the second derivative of u(i, j):

uw(i+1,7) — 2u(i, j) +u(i — 1,7)

62u(i,j) = (A1) + 73 (4.49)
Cou(i, i+ 1) = 2u(i, g) Fuli,j—1
Bali,j) = HEIHDN= I =] o, (4.50)
(Aw)Qau

(4,7) and 74 = (Al? St 2(1,7).

where 73 = 5 ot

Substituting Eqgs. (4.44) - (4.47) into Egs. (4.49) and (4.50) yields:

Pu, . (Ax)2d'u (Ax)* O%u

02l ) = 55 (i) + 5 g () + S h ) £ (@45D)
where 75 = (Qﬁfgo 550, 7).
Pu . At)? 0 ANARNoRT)
i) = 0+ BTGy e BTTN Gy ry s

where 75 = 80" 2°u £(1,7).
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4.2 Compact Finite Difference Method for 1D wave equation

Using from Eq.(4.41) and successive differentiation, we have:

ou, . 1 0% u,.
C R 00) = g g (o i0)) = 0% (i, ) (4.53)
Ou . 1 0%, 0% &u,. |
) = s (50, 0)) = 502 (2 (53 ) (4.54)
64 o 62 62
S 0d) = P55 (55(1,9)) = (3 uli, ) (4.55)
9" , 0% 0% 0% .
5 (00) = @ 55(55(550.4)) = PRl 1)) (4.56)

Substituting Eqs. (4.53), (4.54), (4.55) and (4.56) into Eqgs.(4.51) and (4.52) respectively,

gives:
o Pu, o (Ax)? 1 (Az)* 1
Outlis §) = 556, 5) + “5 50 (0l ) + “5 =500 (04 (0u (i 7)) + 75
Pu . At)? . At)* .
nting) = 2 4Gi) + St i i) + SO 6 0% u(0.5) + 7

Pu, o o (AP, (Az)' 1 o o
@(17])_603711(27])_ 12 gdcx(actu(%]))_ 360 g(scm((; (5015“(7' ]))>_7—5 (4.57)
0?u (At)? (At)*

2¢2 2 . . 2 2 2 2 .. .
atg( ) 5ctu(z -7) 12 c 5ct(5cxu(27])) 360 c 5ct(5ct<5c:cu(27j))) T6 (458)

Again, substituting Eqs.(4.57) and (4.58) into Eq.(4.41), we obtain:

i) — S a2 02u(i.1)) - O 22 (2020, 3) — 7o =
ettuti,g) - B L 2t ) - S L (02 (02, 5) - 7
gt ) — 228 62t ) — SO 20 53,02t 3)) -
262 u(i,j) + (AI) 62 (62 u(i, j)) + (Az)* 62 (62.(62u(i, 5))) = 76 — *15  (4.59)

360

Also,

64 (02 u(i, 7)) = M[u(z‘ +1,7+1) —2u(i+1,5) +u(i+1,5—1) —2u(i,j+1)

+4u(i,j) —2u(i,j— 1) +u(i—1,7+1) —2u(i —1,j) +u(i— 1,5 —1)] (4.60)
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4.2 Compact Finite Difference Method for 1D wave equation

82, (6Zuli, §)) = i+1,5+1) —2u(i,j+ 1) +ui—1,j+1) = 2u(i+1, )

1
@i
+4u(i,j) —2u(i—1,7) +u(i+ 1,5 —1) —2u(i,j — 1) +u(i — 1,5 — 1)] (4.61)

02, (62, (82u(i, §))) = [u(i42, j+1)—4u(i+1, j+1)+6u(i, j+1)—4u(i—1, j+1)

1
(Az)*(At)
+u(i—2, j+1)—2u(i+2, j)+8u(i+1, j) —12u(i, j)+8u(i—1, j) —2u(i—2, j)+u(i+2,j—1)

Cdu(i 4+ 1, — 1) +6uli,j—1) —duli— 1,5 — 1) +uli—2,j —1)] (4.62)

64(02, (62 u(i, 7)) = m[u(i—i—l,j+2)—4u(i+1,j+1)—|—6u(i+1,j)—4u(i+1,j—l)

+u(i+1, j—2)—2u(i, j+2)+8u(i, j+1)—12u(i, j)+8u(i, j—1)—2u(i, j—2)u(i—1, j+2)

—du(i— 1,5+ D4+ 6uli—1,5) —4u(i— 1,5 — 1) +u(i—1,j —2)] (4.63)

Substituting Eqs.(4.49), (4.50),(4.60),(4.61), (4.62) and (4.63) into Eq.(4.59) and after spec-

ification, we obtain:

[306(Ax)? + 52(A1)* ) (u(i, j + 1) +u(i,j — 1)) 4+ [—612(Az)? + 612(At)2|u(i, j)+
[26(Ax)? —26(At)*A)(u(i+ 1,5+ 1) +ui+1,5—1)+u(i—1,j —1)+u(i— 1,5+ 1))
+[=52(Ax)?*=306(At)*)(u(i+1, j)+u(i—1, 7)) +[—(At)* ] (u(i+1, j+2)+u(i—1, j+2)

+u(i+1,7—2)+uli— 1,7 —2) + [2(A1)%)(u(i, 5 + 2) +u(i,j — 2))+
[(A2)H(u(i+ 2,7+ 1) +u(@ — 2,5+ 1) +u(i+2,5— 1) +uli — 2,7 — 1))+

[—2(A2)Y(u(i +2,7) +u(i —2,5)) — 77 =0 (4.64)

where, 77 = 360(Ax)?(At)?[16 — ¢*75 — T4 + ¢*73] is a local truncation error with order eight.

A(u(i+1, j+2)+u(i—1,j42)+u(i+1, j—2)+u(i—1,5—2))+B(u(i, j+2) +u(i, j—2))
=C(u(i,j+1)+u(i,j—1))+Du(i, )+ E(u(i+1,7+1) +u(i+1,j— 1) +u(i—1,7—1)
+u(i—1,7+ 1)+ Flu(i+1,7)+u(i —1,))+Gu(i +2,j+1)+u(i — 2,5+ 1)

tu(i+2,j—1)+u(i—2,j-1))+ H(u(i +2,j) + u(i — 2,7)) (4.65)

fort =2,3,...,k—2and 5 =2,3,...,n — 2.
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4.2 Compact Finite Difference Method for 1D wave equation

Where, A = —(At)?c?, B = 2(At)?c?, C = —306(Ax)? —52(At)*c?, D = 612(Ax)? —
612(At)%c?, E = —26(Ax)* + 26(At)*c?, F = 52(Ax)? 4+ 306(At)%c?, G = —(Az)? and
H = 2(Ax)%

In order to satisfy the initial boundary conditions and the reduce algorithm complexity we

can use the following talyor series estimates.
w(i+1,74+2)+u(i+1,j—2)=4u(i+1,j+1) —6u(i+1,5)+4u(i+1,j —1) (4.66)
u(i, j+2) +u(i,j—2) =4u(i,j+ 1) — 6u(i,j) + 4u(i,j — 1) (4.67)
u(i—1,7+2)+u(i—1,7—2) =4u(i—1,j+1) —6u(i —1,5) +4u(i — 1,5 — 1) (4.68)
w(i+2,7+1) +u(@—2,j+1) =4u(i+1,j+1) —6u(i,j+1)+4u(i— 1,5+ 1) (4.69)
w(i+2,7) +u(i—2,j) =4u(i+1,5) — 6u(i,j) + 4u(i — 1,5) (4.70)
w(i+2,7—1)4+u(i—2,7—1) =4u(i+1,j—1) —6u(i,j—1)+4u(i—1,5—1) (4.71)

Substituting equations (.66), (.67), (4.68), #.69), @.70) and (.71) into equation (&.65)

and by rearranging we get the following.

au(i—1,7+ 1)+ pu(i,j+1)+ou(i+1,5+1) +yu(i—1,75) +nu(i, j) +yu(i+1, 5)+

auli—1,j— 1) +Bu(i,j— 1) +au(i+1,j—1)=0 (4.72)

where o = —30(At)?c* + 30(Ax)?, 8 = 60(At)*c* + 300(Ax)?, v = —300(At)*c* —
60(Ax)? and n = 600(At)?c* — 600(Azx)>.

Thus, equation (.72)) is CFDM with 9 points for 1D wave equation. The system of equations

obtained from this equation can be solved by matrix inversion method.

= (@:j+1) s

3 (8

.
S (i-1)

Figure 4.4: Nine points Molecule for equation (#.72))

Thesis 25 (ASTU) 2020



4.3 Stability, Consistency and Convergence Analysis

4.3 Stability, Consistency and Convergence Analysis

Stability: The error caused by a small perturbation in the numerical method remains bounded.
A method is said to be stable if it produces a bounded solution which imitates the exact solu-
tion otherwise it is said to be unstable. When the difference between the computed numerical
solution and the exact solution of the discrete equation remains bounded as time grows[6l.
A numerical method is said to be stable if numerical errors, e.g. due to round off, are not
amplified, and the approximate solution remains bounded.

Consistence: The numerical scheme is called consistent with the differential equation if the
truncation error goes to zero when the numerical parameters are made arbitrarily small[6].
Convergence: means that the solution to the numerical scheme approaches the true solution
of the PDE when the mesh is refined. The numerical scheme formulation must have the same
set of initial conditions and boundary conditions[6].

Von neumann stability analysis is based on decomposing the numerical solution into fourier
harmonics on the spatial grid. Although this method does not capture the influence of the
boundary conditions, it is quite easy to formulate and usually accurate enough to provide
practical stability criteria. We can decompose the solution into fourier modes on the mesh as

cited in [6], assume that the solution of Eq. (4.65) at the grid point (iAx, jA?) is:
u(i, ) =3 wm(t;)e>* (4.73)

u(i, j) = Methzad (4.74)

where ¢ = \/—1, 0 is a real number and || is the amplitude of j'* component.
By linearity it is enough to examine the behavior of a single fourier component so we replace
u(i, j) by Me*A*% and rearrange to get

PV

A= <1

N7
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This is the Von Neumann condition for stability. A is the amplification factor. Substituting

Eq.(4.74) into Eq.(4.65) gives:

A(Aj+2e(i+1)q0 + )\j+2€(i—1)q9 + /\j—2e(i+l)q0 + )\j—2e(i—1)q0) + B()\j+2€(i)q0 + /\j—26(i)q0)
— C()\J'He(i)q9+>\jf1€(i)q9)+D)\j€(i)q9_|_E()\j+1e(i+1)q9+>\ije(i+1)q9+)\jfle(ifl)q9+)\j+le(ifl)q0)+
F()\je(i+1)q9 + )\je(ifl)qg) + G(}\j+1€(i+2)q9 + )\j+1e(i72)q9 4 )\jfle(i+2)q9 + )\jfle(i72)q9)+

H()\je(i+2)q9 + /\je(i—Q)qG)

= 0=\ [A<€(i+1)q9+e(ifl)q9)+Be(i)q9]_)\J'Jrl[Ce(i)q0+E(e(i+1)q9+e(ifl)q9)+G(e(i+2)q6’+
6(%‘—2)119)] 0\ [De(i)q9 + F (D0 4 oi=Dab) L f(e(i+2)a0 4 e(i—2)q9)] _ )\j—l[ce(i)q9+

E(el+Da0  o(i=Da0) L G(eli+D90 4 o(i=2)a0)] 4 \I=2[ f(+D)90 1 (=D)af) 4 Be(Da]

= 0= MN[A(? + e?) + Be*P] — N3 [Ce® + B(e31 + 1) + G 4 1)]—
N [De*® + F(37 4 e®) + H(e* +1)] — N\[Ce®® + E(e3? + e?) 4+ G(e*? + 1)+

[A(e39 4 e9%) + B
al/\4 + ag)\S + CL3/\2 + (14)\ + as = 0 (475)

Where, a; = —[A(e3?° + e1) + Be??], ay = [Ce*® + E(e3? + e1?) + G(e* + 1)],
ag = [De*® + F(e349 + e19) + H(e*? + 1)], ag = [Ce?® + E(e34? + e1%) + G(e*? + 1)]
and a5 = —[A(e3? + e1%) + Be??).

Routh Hurwitz stability criteria provides a simple algorithm to decide whether or not the
zeros of polynomial are in the left of the complex plane ( such a polynomial at times “Hur-
witz”). A Hurwitz polynomial is a key requirement for a linear continuous time invariant to

be stable( all bounded inputs produce bounded outputs). By using Routh Hurwitz criteria

and using the transformation [6], A\ = i; substitute into Eq.(4.75), we have

(ay — ag + az — ag + as)A\* + (3a; + 2ay — 2a4 — 3a5)\* + (6a; — 2as + 6as) N>+
(3&1 + 2&2 — 20,4 — 3@5))\ —I— (a1 —f- a9 + as + ay + (1,5) = O (476)

If |\| < 1, then the CFDM of Eq.(4.65) is stable. It is sufficient to show that:

ay+as <0 and ay+as+as >0
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From Eq. (4.75),

as + a4 = [Ce2q9 + E(e3q6’ + 6‘19) + G(e4q0 + 1>] + [Ce2q0 + E(€3q0 + eqé)) + G(64q9 + 1)]
= 2[—306(Ax)? — 52(At)?c*|e*? 4 2[26(Ax)? — 26(At)*c*|(e* + )
+ 2[—(Ax)2(e4q9 +1)]

= —2[(Az)?(1 4 26e%° 4 30621 + 26e>? 4 1) 4- 26( At)2c*(—e? + 227 — £349)]

ag + as + a5 = —[A(e3 + 1) + Be?) + [De* + F(e3 + 1) 4+ H (e 4 1)]—
[A(e37 + %) + B
= (F —24)e? + (D — 2B) + (F — 2A)e*® + He” + H
= 2[(Az)*(1 + 26e% + 3067 4 26€34° + 4% + (At)*c?(154e? — 30774
154¢%1%)]
Clearly, for sufficiently small At , a; + a4 < 0 and a; + ag + a5 > 0. Thus, the CFDM given

in Eq.(4.65) is absolutely stable for wave equation. Now, expand Eq. (4.64) in Taylor series

and replace the derivatives involving x and t for the relation,

Pu, . Pu, .

ﬁ(%]) = CQ@(%J) (4.77)
and then we drive the local truncation error. The principal part of the local truncation error

of the proposed method using Eqgs. (4.50), (4.52) and (4.64) for the wave equation is:

T(i,j) = 360(Az)*(At)*[r5 — ¢*15 — 74 + 7]

(A1) OPu, . (Az)® DPu

= 300 (A ) =)
@BV T G jy) - (BT
0*u Otu

= 30(=Ax) (A1) (5 (i, 5) + (Ax)* (A1) 2= (i, 7)) + O((Ax)* (A1) + (Az)*(At)*)

dat dat
Thus, 7" — 0 as Az and At — 0.

So that, the scheme is consistent with the order of O((Ax)?(At)* + (Az)*(At)?).

The Lax equivalence theorem on the convergence of the solution of the discrete problem to

that of the given properly posed initial-value problem states that if the numerical scheme is

consistent, then stability is necessary and sufficient for convergence[23]].
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Chapter 5

Result and Discussion

Matlab version of the finite element method and Compact finite difference method of 1D

wave equation is presented and demonstrated in this section.

5.1 Test problem

Consider the initial and boundary problem[0]

Utt = Uge,

u(0,t) = u(m, t) =0, 0<t< 5
u(z,0) = sin(mx) for 0 <z <1,
u(z,0) =0 for 0 <z <1.

The exact analytical solution of the above wave equation is: u(z,t) = sin(mwz) cos(7t).

Solve this Problem by using:

1. Finite element method.

2. Sixth order compact finite difference method.

Finite element method:

Let Az = i, At

L
100

and for simplicity u(x;,t;) = w;; for4,j = 0,1,2, 3, 4. Discretize

1

spatial as zo = 0, z; = i, Ty =3, 13 = % and z, = 1 and discretize time t, = 0, t; = ﬁ,

ty = 2,13 = 125 and t4 = 5-. We can see in the figure (5.1). The initial condition is given

as u; = sin(mx;) = ¢; and 8;‘9‘;0 =0 =1y, fori = 0,1,2,3,4. The boundary condition of

the given problem ug; = 0 and uy; = 0 for j = 0,1,2,3,4. ugg = 0, w19 = ?, Ugg = 1,

Uz = g and Uy = 0

From difference equation, it can be approximated for —aggo
_ 8uio U1 — Uj—1

Vi= 5 T~ T oar
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5.1 Test problem

Using eqn.(4.38) withd = &5, c¢=1

t -
I..I,_; UE; L.I;
L & - Fourth time step
Uy Lizz Lizz
I ® L Third time step
Uz Uzz Uzz
L & ® Second time step
Uag Uzs Uzy ) ]
t, ] $ 9 First time step
s >
T X2 X *
Figure 5.1: Discretization of the domain
403
Uim1 41+ AU 1+ Ui = —Wim1 o1 — A1 — Ui 51 + %Ui—l,j‘i‘
797 403
Ui+ Uit (5.2)
100 "7 " 200 T

For first time step substitute j = 0 and equation(5.1)) into equation (5.2). We get

403 797 403
Ui—1,1 + 44U g + Uip11 = muifl,o + %Ui,o + roouiﬂ,o

This equation is used to find first time step, so, for ¢ = 1

4 . 403 n 797 . 403)
Up,1 U1 T U1 = 74()0“0’0 72001&1,0 100 U2,0
2387
4 = — 5.3
= 4Up 1 + U2 624 (5.3)
For i=2, then we have
4 . 403 . 797 . 403
U U U3 ] = —U —u —u
1,1 2,1 31 7000 1 500420 T 4030
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5.1 Test problem

5729

= 4 = — 5.4
U + 4ug 1 + usy 1059 (5.4)
For i=3, then we get
4 . 403 . 797 . 403
U Ug1 = —U U —u
U2,1 3.1 4.1 100 2,0 200 3,0 400 4,0
2387
= 4 = 5.5
Uz,1 + U3, 1 624 ( )
From equation (5.3), (5.4) and (5.5) we have the following
2387
4 1 0 Uyl 624
1 4 1 Uz | — % (56)
2387
01 4 U3 1 624
For second time step substitute ; = 1 into equation (5.2). We get
403
Ui—12 + AU + Uip12 = —Ui—1,0 — 4Ui 0 — Uip1,0 + %ui—l,l‘i‘
o7, 403
100 " 200 M
For i=1, then we get
4 L 4 L 403 L 797 L 403
= — —dug g —u —, —u —u
Up,2 Uiz T U222 Uo,0 1,0 2,0 200 0,1 100 1,1 200 2,1
—@u —403u +4uy o +uzp = —4ui o —u
100"t~ 5p0v2! 1,2 2,2 = 1,0 2,0
797 403 —4552
_mul,l — TOOUQJ +4u o + uzp = 1189 (5.7)
For i=2, then we get
4 . 4 . 403 . 797 . 403
Uzg = — U1 g — dUsg — U —u —u —u
Ui,2 U2 2 3,2 1,0 2,0 3,0 200 1,1 100 2,1 200 3,1
—@u —@u —403u + U9 +4uso + Uz = —Upg — 4Usg — U
20001 T Tp0¥2! T 9008t 1,2 2,2 3,2 = 1,0 2,0 3,0
@u — Mu — @u 4+ Ui o+ 44Uz s + Uz g = 7_2209 (5.8)
200" T 1p0Y2! T 90048t 1,2 2,2 32 = 7408 .
For i=3, then we get
4 L 4 n 403 . 797 . 403
U U Usg = —Ugg — dUs 0 — U —u —u —u
2,2 3,2 4,2 2,0 3,0 40 T 500Ut T g Ut T 50 et
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5.1 Test problem

403 797 403

_%UZI - ﬁu&l - %Um + U o + 4us o + Uso = —Ug o — duz o — Usp
N 403 797 403 n 4 L —4552 (5.9)
———Ug] — ——U3] — —U U U Ugg = ——— .
200 ' 100 M1 200 WP T R2TTRZTIAZT g9
From equation (5.7), (5.8) and (5.9) we have the following
Too w0 O | (] (41 O [u 118
s oz | Ly | a1 | = (2] G0
o) ) o1 o) ws) 5
For third time step substitute 7 = 2 into equation (5.2). We get
403
Uj—1,3 + 4%‘,3 + Ujp1,3 = —Ui—11 — 4U¢,1 — Ujt1,1 + %Uz‘—mﬂL
797 n 403
Tan Wi onn Wi
100 ** " 200 M
For i=1, then we get
Ugz +4ui s+ us3 = —ugq1 —4u1 —u +@u +yu —|—@u
0,3 1,3 2,3 = —Uo,1 1,1 21T 590%02 T gtz T 50122
4 + o7 103 +4 + 0
U Up] — ——Ulg — —U U Ug3 =
1,1 217 79012 T g0 Y22 1,3 2,3
797 403
=4 - — - — 4 =0 5.11
Ur + U1 100u1’2 200U2,2 +4duy s+ uss ( )
For i=2, then we get
4 L 4 L 403 L 797 L 403
U U U3 = —Up 1 — 4dUg 1 — U — — —
1,3 2,3 3,3 1,1 2,1 311 550412 T 190422 T 500 Y32
Uy +4ug +u —@u —Eu —@u +up3+4uss +uss =0
1,1 2,1 317 5002 T 790 "22 T 900482 1,3 2,3 3,3 =
403 797 403
= 4 - — - — - — 4 =0 (5.12
U1, + 4ug 1 + Uz 200“1,2 100162,2 200U3,2 + u1,3 + 4ug 3z + uz 3 ( )
For i=3, then we get
Uz +4uss +Us3 = —Ug 1 —4dusz1 — u +@u +yu —|—@u
2,3 3,3 4,3 = —U21 3,1 41T 550122 T 1ggUs2 T 500142
4 n 403 797 403 . 4 L
U U U] — ——Ugg — ——Uzy — ——U U U Ug3 =
2,1 3,1 117 590422 7 79g 82 T g Y42 2,3 3,3 4,3
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5.1 Test problem

403 797
= Ug1 + 4U371 — %UQ’Z — ﬁﬂ&g + U3 + 4'LL373 =0 (513)

From equation (5.11), (5.12) and (5.13) we have the following

4 10 Uy 1 % % 0 Uy,2 4 1 0 Uy,3 0
L4 1| fugn |+ 508 500 S8 | Juga | T |1 4 1| [ues|=]0[ 514
01 4 u3,1 0 ﬁ % us,2 01 4 u3,3 0
For fourth time step substitute j = 3 into equation (5.2). We get
403
Uimra + AUjg + Uip14 = —Uim12 — Ui — U120 + %Uifl,?;‘i‘
797 403

ﬁui’?’ + %Uiﬂ,zs

For i=1, then we get

4 n 4 n 403 n 797 n 403
U U U g = —Ugo — 4U1 9 — U — — —
0,4 1,4 2,4 0,2 1,2 22+ 500103 T 75548 T 5 Y23
410+ u —yu —@u +4dui 4+ Uy =0
1,2 22~ o013 ~ pp Y23 1,4 24 =
797 403
=4 - — - — 4 =0 5.15
U2 + U2 100U1,3 200U2,3 +4dur g + Uy ( )
For i=2, then we get
4 n 4 n 403 n 797 n 403
U U Ugg = —Upo — dlUg g — U — — —
1,4 2,4 3,4 1,2 2,2 321 550413 T 199428 T 500438
44 N 403 797 403 N Ly N 0
U U Uzg — —— U3 — ——Ug 3 — ——1U U U Ug g =
1,2 2,2 327 5503 T 10023 T 200133 1,4 2,4 3,4
403 797 403
= 4 - — - — - — 4 =0 (5.16
U2 + 24Uz + U3 200”1,3 100 U233 500 Uz 3 + Upa + 4Uz g + Uz g ( )
For i=3, then we get
Uga + 4Usa + Usa = —Ugo — dUss — U +@u +yu —|—@u
2,4 3,4 4,4 = —U22 3,2 42 T 555U23 T 755Us3 T 55U48
i n 403 797 403 n i n 0
U U Ugg — ——Ugz — ——1Uz 3 — ——1U U U Ugy =
2,2 3,2 127 550423 T 190133 T 900143 2,4 3,4 4,4
403 797
= U2.2 + 4U372 — %uzg — mu&g + U2 4 + 4U374 =0 (517)

Thesis 33 (ASTU) 2020



5.1 Test problem

From equation (5.15), (5.16) and (5.17) we have the following

41 0\ [ue o 0 Uy 3 41 0\ (wa 0

L4 1| |usa |+ |52 520 S8 | [ugs |+ |1 4 1| |ua|=[0] (5.18)

0 1 4) \usgye 0 S et/ \uss 0 1 4) \usy 0

Thus, combine the equation (5.6)), (5.10), (5.14) and (5.18). We get

4 1 0 0 0 0 0 0 0 000/|[uy] [z
1 4 1 0 0 0 0 0 0 000][un e
o 1 4 0 0 0 0 0 0 00 0/|]u 2381
oo 0 4 1 0 0 0 0 00 0] up o
S TSNS 1 4 1 0 0 0 000 ||un | |2
0 S% T O 1 4 0 0 0 000]||use| | T
41 0 SIS g 4 1 0 00 0||ws| | O
14 1 5 =B A ] 4 1 00 0| u 0
0 1 4 0 & B0 1 4 00 0| ug 0
0 0 0 4 1 0 SR 0 410wy 0
o 0 0 1 4 1 B S0 A8 1 41 || uy 0

0 0 0 0 1 4 0 & G801 4||lua]| | O

Solve this system of equation by using matlab software and shown in table (5.1).Graphi-
cal visualized in figure (5.2))

Exact solution Numerical solution

08
06
04

02

0.06 0.06

time 0 o ’ xaxis time 0 o

x-axis

Figure 5.2: Exact solution and Numerical solution of the 1D wave equation
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5.1 Test problem

Table 5.1: Exact, Numerical solution, Absolute Error of wave equation by FEM

Grid point | Exact Solution Numerical Solution Absolute Error

ull 0.706561627484314 | 0.706532994858762 | 2.86326255513059¢-05
u2l 0.999229036240723 | 0.999188543593342 | 4.04926473805967¢-05
u3l 0.706561627484314 | 0.706532994858762 | 2.86326255513059¢-05
ul2 0.704927006965107 | 0.70481256708059 0.000114439884516759
u22 0.996917333733128 | 0.996755491296368 | 0.000161842436760096
u32 0.704927006965107 | 0.70481256708059 0.000114439884516759
ul3 0.702205440095289 | 0.701948289956318 | 0.000257150138971762
u23 0.993068456954926 | 0.992704791740826 | 0.000363665214100584
u33 0.702205440095289 | 0.701948289956318 | 0.000257150138971762
ul4 0.69840112333371 0.69794481195799 0.000456311375720664
u24 0.987688340595138 | 0.987043018858928 | 0.000645321736210236
u34 0.69840112333371 0.69794481195799 0.000456311375720664

Maximum error 0.000645321736210236

Sixth order compact finite difference method

au(i—1,7+ 1)+ pu(i,j+1)+ou(i+1,j+1) +yu(i—1,75) +nu(i, j) +yu(i+1, 5)+

au(i—1,j— 1)+ Pu(i,j—1)+au(i+1,j—1)=0

For first time step substitute j = 0 and equation(5.1) into equation (4.72). We get

au(i —1,1) + Pu(i, 1) + au(i + 1,1) + yu(i — 1,0) + nu(i,0) + yu(i + 1,0)+

au(i —1,—1) + pu(i,—1) + au(i+1,-1) =0

This equation is used to find first time step, so, for ¢ = 1

2(ou(0,1) + fu(l,1) + au(2,1)) + yu(0,0) + nu(1,0) + yu(2,0) =0

Bu(l,1) + ou(2,1) =

For i=2, then we have

1V
iy

n+7)

(5.19)

1
auyg + nugy + ausy = —=(yuro + Nugoe + Yuso)

2
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5.1 Test problem

1
= ouyg + Pugy +ausy = —5(\/5’7 +n)

For i=3, then we get

1,v2
aug + fus + oy = —5(777 +7)

From equation (5.3), (5.4) and (5.5) we have the following

B oa 0) [u —%(§77 +7)
a B allu|=[-32v+n)
0 a B) \us; —%(?n +7)

For second time step substitute j = 1 into equation (4.72). We get

(5.20)

(5.21)

(5.22)

au(i —1,2) + fu(i,2) + au(i + 1,2) + yu(i — 1,1) + nu(i, 1) + yu(i +1,1)+

au(i —1,0) + fu(i,0) + cu(i + 1,0) =0

For i=1, then we get

au(0,2) + Bu(l,2) + au(2,2) +yu(0,1) + nu(l, 1) + yu(2, 1)+

au(0,0) + fu(1,0) + au(2,0) =0

= nu(l,1) +yu(2,1) + fu(l,2) + au(2,2)+ = —\f/@ -«

For i=2, then we get
au(1,2) + pu(2,2) + au(3,2) + yu(l,1) + nu(2,1) + yu(3,1)+

au(1,0) + fu(2,0) + au(3,0) =0

yu(1l,1) +nu(2,1) + yu(3,1) + au(1,2) + fu(2,2) + au(3,2)+

= —au(1,0) — Au(2,0) — au(3,0)

(5.23)

= yu(1,1) +nu(2,1) +yu(3,1) + au(1,2) + fu(2,2) + au(3,2) = —v2a — § (5.24)

For 1=3, then we get

au(2,2) + fu(3,2) + au(4,2) +yu(2,1) +nu(3, 1) + yu(4, 1)+

au(2,0) + pu(3,0) + au(4,0) =0
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5.1 Test problem

yu(2,1) + nu(3,1) + au(2,2) + fu(3,2) = —au(2,0) — fu(3,0)

2
= yu(2,1) +nu(3,1) + au(2,2) + fu(3,2) = —\2_5 -« (5.25)
From equation (5.23), (5.24) and (5.25) we have the following
n v 0 U1,1 B oa 0 U2 —?6 -«
von oyl fuea | tla B oallus|=|-V2a-8 (5.26)
0 v 7 U3,1 0 a f U3,2 —?ﬂ -

For third time step substitute j = 2 into equation (5.2). We get
au(i —1,3) + Pu(i,3) + au(i + 1,3) + yu(i — 1,2) + nu(i, 2) + yu(i + 1,2)+
au(i—1,1) + pu(i, 1) + au(i + 1,1) =0
For i=1, then we get
au(0,3) + Pu(1,3) + au(2, 3) + yu(0,2) + nu(1,2) + yu(2,2)+
au(0,1) + fu(1,1) + au(2,1) =0
= fu(1,1) + au(2,1) + nu(1,2) + yu(2,2) + fu(l,3) + au(2,3) =0 (5.27)
For i=2, then we get
au(l,3) + fu(2,3) + au(3, 3) + yu(l,2) + nu(2,2) + yu(3,2)+
au(1,1) + fu(2,1) + au(3,1) =0

au(l, 1)+pu(2, 1)+au(3, 1)+yu(l, 2)+nu(2, 2)+yu(3, 2)+au(l, 3)+Lu(2, 3)+au(3,3) = 0

(5.28)
For 1=3, then we get
au(2,1) 4+ Pu(3,1) + yu(2,2) + nu(3,2) + au(2,3) + fu(3,3) =0 (5.29)
From equation (5.27), (5.28) and (5.29) we have the following
6 a 0 Ui n v 0 Ui 2 6 a 0 (T 0
a B alflua| Ty n v w2 tT|a B al|us| =10 (5.30)
0 a U3,1 0 v n U3,2 0 a S U33 0
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5.1 Test problem

For fourth time step substitute j = 3 into equation (5.2). We get
au(i —1,4) + pu(i, 4) + au(i + 1,4) + yu(i — 1,3) + nu(i, 3) + yu(i + 1,3)+
au(i —1,2) + fu(i,2) + au(i +1,2) =0
For i=1, then we get
pu(l,2) + au(2,2) + nu(l, 3) + yu(2,3) + fu(l,4) + au(2,4) =0 (5.31)

For i=2, then we get

au(l,2)+pu(2, 2)+au(3, 2)+yu(l, 3)+nu(2, 3)+yu(3, 3)+au(l,4)+pu(2,4)+au(3,4) = 0

(5.32)
For i=3, then we get
au(2,2) + Pu(3,2) +yu(2,3) + nu(3,3) + au(2,4) + fu(3,4) =0 (5.33)
From equation (5.31), (5.32) and (5.33) we have the following
B oa 0] [ue n v 0) (us B a 0] [ua 0
a B afllwz| Ty n v |ws| tT|la B « uga | = |0 (5.34)
0 a B) \usy 0 v n) \usg 0 a B) \usg 0
Thus, combine the equation (5.22)), (5.26)), (5.30) and (5.34]). We get
(80000000000 0]|[uy]| |-22p+7 ]
a f 00000000 0] uy —1(V2y+n)
00 a B 00000000 0]|us, —1(Ln+9)
ny 0B a0000000/up —25 @
vy n v a B a 000000 U —2a —f
07y 0apB 000000 |lu| | —Ps-a
Ba0mn~0P8a0000||us]| 0
a [ a v n v o« 0 0 0 Us3 0
0O a p O~y n 0O a p 000 Uss 0
000 B8 aO0On -~ 027 0 || us 0
00 0 a p Yy n oy « Uy 0
_0000a 0O v n O I usa | | 0 |
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5.1 Test problem

we solve this using matlab and results are shown in table (5.2) and Graphically illustrated by

figure (5.3).

Table 5.2: Exact Solution, numerical solution by CFDM and Absolute Error

Grip point | Exact Solution Numerical Solution of CFDM | Absolute Error
ull 0.706561627484314 | 0.706547923590673 1.37038936404155e-05
u2l 0.999229036240723 | 0.999209656008479 1.9380232243571e-05
u3l 0.706561627484314 | 0.706547923590673 1.37038936404155e-05
ul2 0.704927006965107 | 0.704872234182536 5.47727825710442e-05
u22 0.996917333733128 | 0.996839873321167 7.74604119608835e-05
u32 0.704927006965107 | 0.704872234182536 5.47727825710442e-05
ul3 0.702205440095289 | 0.702082361704247 0.000123078391041975
u23 0.993068456954926 | 0.99289439782508 0.000174059129846138
u33 0.702205440095289 | 0.702082361704247 0.000123078391041975
ul4 0.69840112333371 | 0.698182716073708 0.000218407260002551
u24 0.987688340595138 | 0.987379466085922 0.000308874509215684
u34 0.69840112333371 | 0.698182716073708 0.000218407260002551
Maximum error 0.000308874509215684

time

Numerical solution

0o x-axis

time

Exact solution

0 x-axis

Figure 5.3: Exact Solution and Numerical Solution by CFDM for 1D wave equation
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5.2 Discussion

5.2 Discussion

In this study we applied sixth-order CFDM and FEM for 1D wave equation. The compact
techniques in FDM are usually used to obtain the numerical solution of differential equa-
tions. Therefore, the CFDM can obtain by repeated differentiation and estimated the higher
derivative. In FEM we use Galerkin’s method to transform wave equation into weak for-
mulation. We developed the linear system of equation used for the matlab simulation with
exact and approximate solution. From the system of equation to understand the behavior of
numerical and exact solution at grid points. The method reduces the underlying problem to
linear system of algebraic equations, which can be solved successively to obtain a numeri-
cal solution at varied time-levels. From the above tables (5.1) and (5.2) have shown exact,
numerical solution and absolute error when the solution is convergent. Sixth order CFDM
more accurate than FEM as given in above example. Numerical experiments which were
shown in the above tables and graphs are good agreement with the exact ones. The tables

and graphs shown that CFDM gives good numerical results than FEM.
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Chapter 6

Conclusion and Recommendation

6.1 Conclusion

This thesis presents the basic finite element method and the compact finite Difference method
to solve 1D wave PDE. The main idea of finite element method is to choose the appropriate
basis functions and then expressing the unknown as linear combination of the basis functions.
To transform partial differential equation into weak formulation we use Galerkin’s method.
To investigate the stability, consistency and convergence of finite element method, one may
observe the results which were obtained in the test example in table (5.1). For compact finite
difference method, we observe the results which were obtained in tested example, using table
(5.2) which shows the absolute errors and maximum error. This shows that as mesh sizes
becomes closer and closer to zero, it produces a bounded solution which approaches the exact
solution and the absolute and maximum error are smaller, which shows that the method is
stable. The linear system of equations that is obtained from both FEM and CFDM is sparse
matrix which contains more zero elements. In both methods matlab is used to produce the
results, based on matrix inversion.

Generally, sixth order compact finite difference method has small absolute and maximum
error with relative to Finite element method. Hence sixth order compact finite difference

method is more accurate than the result from finite element method.

6.2 Recommendation

The results obtained in this thesis on the comparison of FEM and sixth order CFDM for
solving wave equation on stability, consistency and convergence in 1D. This thesis can be

extended further: One may make analysis of the three methods with FVM or other methods.
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