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Notations

o Multi-index in N¢, o = (01, 0z, ..., 0g)

|| The length of multi-index &, || = a;+ 0+ -+ ay
x* The multi-index power of x € RY, x* = x{1.x32.. .xg"
9% 80‘::810“...8f‘d,where8j:%j:l,...,d.

5 The space of Schwartz function

! The space of continuous linear functional on .

H* The Sobolev space of order k, where k € R

asbh For a,b > 0 it stands for a < cb, where ¢ > 0 that may change from line to line.
a<<b Representa < cb, where 0 < c <1

a~b  Standsfora <bandb <Sa

(x) Stands for (1 + |x|?)2 1

HfHL‘}L; Represent the mixed space-time norm (fOT £ (1) Hz;dt) “ when 1 < g,r < oo, with

the usual modification when g, r = oo
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Abstract

In this dissertation we consider a Whitham-Boussinesq type system modeling surface water
waves of an inviscid incompressible fluid layer. The system describes the evolution with time
of surface waves of a liquid layer in d + 1 dimensional physical space. We are interested in
well-posedness at a low level regularity. We diagonalized the system and reduce it to integral
form. Then we derived solution propagators. We established a lower bound for derivatives of
all order for the Fourier symbol of the pseudo-differential operator that appears in linearized
water wave type equations for both purely gravity waves and capillary-gravity waves. We
then derived dispersive and Strichartz estimate for linearized water wave type equations in
R?. We also derived bilinear estimates which are important to bound nonlinear terms. Using
these estimates together with contraction mapping principle we prove low regularity well-
posedness for Whitham-Boussinesq type system in R¢, d > 3. This dissertation also contains
a study of the long time existence of solutions of Whitham—Boussinesq type system in one
dimensional space. Using fixed point argument we prove that the system is well-posed on
the time scale of order O(1/+/€), where € > 0 is the shallowness parameter measuring the
ratio of amplitude of the wave to mean depth of fluid. Thus if the amplitude of the wave is
very small compared to the mean depth of the fluid that is 0 < € < 1 then the solution exists
for arbitrarily large time. We also show that the solution to the Whitham—Boussinesq type
system approximates the solution of a Boussinesq system on the time scale of order 0'(1/+/€)
for one dimensional space.

Keywords: Surface waves; Whitham—Boussinesq system; Dispersive estimates;, Well-
posedness; Long time existence; Comparison estimate.



Chapter 1

Introduction

1.1 Background of the study

Fluid dynamics is one of the most important of all areas of physics. As we know life would
not exist without fluids and without the behaviors that fluids exhibit. Therefore we have to
know some basic properties of fluids to categorize the fluids flow according to their behav-
iors. There are many behaviors of fluids flow, in this dissertation we will discuss only those
which have particular relevance for us. If we consider the flow, not a fluid, a flow will be
incompressible if its density is constant. Rotational flows are those containing many swirls
or vertices, that is the fluids elements are rotating. Conversely, fluids not exhibiting such
effects might be considered to be irrotational.

The waves on a surface of an incompressible fluid are one of the most common phe-
nomena we observe in our life. The theory of surface waves attracted the attention of many
mathematicians. Among them the most famous mathematicians are Boussinesq, Stokes and
Airy. In spite of the fact that the mathematical aspect of wave propogation is one of the
classical subjects of mathematical physics, the theory of surface waves for many decades
weakly connected with the theory of sound and the theory of electromagnetic waves (Za-
kharov, 1998)). One of the reasons for this was a dispersion. The waves on the surface of an
incompressible fluid are strongly dispersive. Their phase velocity depends essentially on a
wave number. If the group velocity c is a non constant function one can says that the wave
(or rather the equation) is dispersive (Linares and Ponce, |2014)). In the physical context this
means that when time evolves, the different waves disperse in the medium, with the result
that a single hump breaks into wave trains. The basic equations describing waves on a surface
of an incompressible fluid flow in their classical formulation are catheterized as dispersive
partial differential equations (Zakharov, 1998).

The theory of surface waves became a beginning of the modern theory of waves in non-
linear dispersive media. The fast development of plasma and solid state physics showed

that a strong dispersion is a common thing for waves in real media, sound and light waves



which mostly are strongly dispersive (Zakharov, |1968). In the twenty century the surface
waves became a subject of intense study and (Zakharov, |1967) have found that the waves
on a surface of ideal fluid in mathematical sense are Hamiltonian systems and their theory
can be treated in a general theory of dispersive waves. This fact made possible to establish
numerous parallels between the theory of surface waves and theories of waves of different
type in plasmas and nonlinear optics.

The study of nonlinear evolution equations arising from mathematical models for fluid
flow is of great interest both for mathematicians and engineers. For example, nonlinear and
shallow water wave characteristics become important for coastal engineers to understand the
influence of shallow water waves on nonlinear forms (Mohapatra et al., 2016} 2019). The
character of coastal wave dynamics can be very complex; waves are strongly affected by
the bottom topology through shoaling and the resulting variations in local linear wave speed,
with the subsequent effects of refraction, diffraction, and reflection (Craig et al., 2005)). Many
researchers formulate mathematical models based on Boussinesq regime, small amplitude
long wave length, to study propagation of shallow water wave (Dinvay et al.,[2019; Saut and
Xu, 2012). In(Mohapatra et al.,[2019, 2022) different Boussinesq type models are proposed
and studied analytically as well as numerically.

The theory of surface waves have a wide range of applications both mathematically and
physically. Most of equations of mathematical physics arise from the water wave equations,
in particular from surface waves model’s. Engineers also use the model’s of surface wave to
describe the characteristics of solitary waves in coastal area. So in next section we introduce

how these models are developed.

1.2 The equations of fluid motion

Motion of fluid is governed by the Euler system consisting of the Laplace’s equation in this
domain

Ap=0 for xeR?Y —h<z<nxr), (1.2.1)

the Neumann boundary condition at the flat bottom

0.0=0 at z=—h, (1.2.2)



the kinematic condition at the free surface

d
on=0.0—Y d,0dn forxeR’ z=n(x1), (1.2.3)
i=1

and the Bernoulli equation
1
8,¢+§|V¢|2+gn:0 atz =n(x,z). (1.2.4)

The unknowns are surface elevation 1 (x,¢) and velocity potential ¢ (x,z,7). The fluid domain
is the set {(x,z) € R¥*!: —h < z < n(x,t)} extending to infinity in the positive and negative
x-direction. System (1.2.1)-(1.2.4) poses a conserved quantity having the meaning of the

total energy

n 1 n
H = / / gzdzdx+ = / / Vo |*dzdx, (1.2.5)
R4 JO 2 Jrd J_p

that is the sum of the potential energy due to gravity and the kinetic energy (Dinvay et al.,
2019).
If we introduce the trace of the potential at the free surface as ®(x,t) = ¢ (x,1(x,7),t)

with associate Dirichlet-Neumann operator G(1) given by the formula (Alazard et al.,[2011;

Lannes, 2013))
G(m®=1/1+|Vn[>du9, (1.2.6)

where d, ¢ is the projection of the surface fluid velocity on the outer normal, then the system

(I.2.1)-(1.2.4) is reduced to

am =G(n)®, (1.2.7)
Lo (VN.VR+G(n)®)?
@ = —gn— |V + T (1.2.8)

with V = (dy,,...,dx,). The pair (n,P) solve system (1.2.7)-(1.2.8)) describing the surface
waves completely. This formulation is known to be equivalent to the Euler system (1.2.1))-
(1.2.4) (Dinvay et al., 2019). However, it does not simplify the water wave problem since
in general there is no explicit expression for the operator G(1). As shown by (Zakharov,

1998)), the system (I.2.7)-(1.2.8)) has Hamiltonian structure

on = %, O,® = —i—‘f. (1.2.9)

od



Together with the trace ®(x,t) = ¢(x.1(x,1),¢) of the potential at the free surface and the
Dirichlet-Neumann operator G(7) the total energy (1.2.3) takes the form (Dinvay et al.,
2019)

1
=7 [, (en*+@G(n)) dx. (12.10)

Thus, one can simplify the water wave problem further approximating the Dirichlet—Neumann
operator by different explicit expression.

The simplest possible approximation of (I.2.7)-(1.2.8)) is the linearization
on = Gy, (1.2.11)

od = —gn, (1.2.12)

where Gy = G(0) is the Dirichlet-Neumann operator corresponding to the undisturbed sur-
face 1 = 0. For any given potential trace ® the elliptic problem (1.2.1)) with fluid domain
{(x,2) e R —h <z < n(x,0)}, and ¢ = @ at z = 0 can be easily solved in the
frequency space. Indeed, defining g/b\ (€,7) to be Fourier transform of ¢ with respect to the

horizontal variables one obtains

920(E,2) = [E2P(E,2) for —h <z <0,
9.0(E,~h) =0,
0(£,0)= (&),

that is a second order ordinary differential equation in z with boundary conditions at z = —h

and z = 0. It has a unique solution given by

e ]

where & lies in the frequency space and z € [—h,0]. Thus, from Dirichlet-Neumann operator

(1.2.6) we have Gy® = d,¢ at z =0 and so

F(Go®)(&) = 9.9(&,0) = |& | tanh (4] )D(E).

That is, Gy is a Fourier multiplier operator given by the formula



Go = |D|tanh(h|D)), (1.2.13)

where D = —id, if d = 1 and D = —iV if d > 1. Then we can solve system (1.2.11)-(1.2.12))

analytically.

Nonlinear long wave approximation of the water wave problem (1.2.7)-(1.2.8)) can be
done through expansion of the Dirichlet-Neumann operator developed by (Craig
et al., 1997, 1992). It was shown in (Zakharov, [1998)) that this operator depends analyti-

cally on the unknown 1 and can therefore be expanded in the power series

G(n)® = Z G;(n)®, (1.2.14)

where each operator G;(1) is homogeneous of degree j in ). The first term Gy for zero

order was computed in (1.2.13)). The next term has the form

G1(n)® =D(nDP) — Go(nGoP) (1.2.15)

and the rest terms in the power series can be computed using a recursion formula |Craig and

Groves (1994); Craig and Sulem!|(1993). Introducing the new variable
V= Kth),

where @ is the surface trace of the potential ¢ and

__tanh(h|D|)

= 1.2.16
h h|D| ) ( )

the Hamiltonian structure (1.2.9) transforms to (Dinvay et al., 2019, 2020)

al(nav)T = JV(TLV)



when we used change of variables ® — v, with skew adjoint matrix

0  —Kpdy - —Kpd,, —Kpds,
jo | K00 0
—Kpdy, O -+ 0 0

Applying the Hamiltonian long wave approximation, and keeping untouched the part of the
Hamiltonian responsible for the linear wave, one simplifies the energy functional to the form

(Dinvay et al., 2019, 2020; Craig and Groves, [1994; |Craig et al., 1992)
1
H(n,v) = 5/W (gn?+hlK; 'V +1|v|?) dx. (1.2.17)
Such Hamiltonian structure generates evolution described by the model

an+hV.v=—-K,V.(nv),
(1.2.18)
av+gK,Vn = =K,V (|v]*/2),
for two dimensional case (Dinvay, 2020). There are at least two conserved quantities for this

system. The first one is energy (1.2.17). The second one has the meaning of momentum and
has a form (Dinvay, [2020)

J(n,v)= /]Rd nKh’Ide. (1.2.19)

The latter conserves under the restriction that v is a curl free vector field that is, V x v = 0.
In this section we have seen how Whitham—Boussinesq type equations (1.2.18) was de-
veloped. In the derivation of this model (Dinvay et al.l [2019) used Boussinesq regime, that
is, small amplitude long wave length. This model is an alternative to other water wave type
equations. The model has many interesting future of water wave problems and in good
agreements with experiments (Carter, 2018). Thus, we are interested in improving the well-

posedness results of this model.

1.3 Statement of the problem

Our principal aim here is to study the well-posedness of the Cauchy problem for the Whitham-

Boussinesq system ([1.2.18)). Concerning the local well-posedness question, some results are



obtained for the Whitham—Boussinesq system (1.2.18)). [Dinvay| (2019) proved that (1.2.18])
is locally well-posedness in Sobolev space H*(R) for s > 1/2 in one dimension. More re-
cently, (Dinvay et al., 2020) improved local well-posedness of the Cauchy problem (1.2.18])
in one dimension and extend it to two dimensions. They also proved global well-posedness
of this Cauchy problem for sufficiently small initial data in the L?>(R) x H : (R) norm. To
our knowledge there is no well-posedness result for this system in R? for d > 3. Also the
long time existence of solution and it’s consistence with other Boussinesq system were not
studied. Therefore, we are interested to study well-posedness of Whitham—Boussinesq type

system posed on R4*! written as

on+V.w=—-KV.(nv),

(1.3.1)
oV +LEVN = —KV(|v[*/2),
where n : R4t — R, v: R4 — RY is curl free vector field that is V x v = 0 and
Ly = Le(D) = \/ (14 kIDP)K (D), (132)
with
tanh |D
K(D) = aIIID‘\ | (D = —iV = —id),

and K measure surface tension effect.

In Particular, we study the following:
1. Dispersive and Strichartz estimates for linearized water wave type equations in R?.
2. Long time existence of solution for Whitham—Boussinesq type system in R.

3. Comparison between Boussinesq and Whitham—-Boussinesq type systems in R.

1.4 General and specific objectives

1.4.1 General objective of the study

The general objective is to study the well-posedness of Whitham—Boussinesq type system

(I.3.1) and it’s consistency with Boussinesq system.



1.4.2 Specific objectives

The specific objectives of this study are to

1. derive frequency localized despersive estimates for linearized water wave type equa-

tions in R9.

2. derive frequency localized Strichartz estimates for linearized water wave type equa-

tions in R.
3. prove local well-posedness of Whitham-Boussinesq type system in R for d > 3.

4. determine the long time existance of solution of Whitham—Boussinesq type system in

R.

5. formulate the difference estimate between Whitham—Boussinesq type and Boussinesq

systems in R.

1.5 Significance of the study

The results obtained in this study are important for both engineers and mathematicians. This
study can contribute useful tools for coastal engineers to study nonlinear water wave charac-
teristics which are important to understand the effect of shallow water wave on coastal area
of lake, sea and ocean. Air strips and train tracks can be built on thick ice covers. Even these
activities met varied success, sometimes results in loss of life and equipment. So there were
a need to improve understanding of engineering of ice covers. These were done by including
mathematical treatments based on water wave theory. The results in this dissertation can also
be used by mathematicians to study the water wave problems which are modeled based on

Boussinesq regime.

1.6 Scope of the study

This dissertation is limited to the study of dispersive and Strichartz estimates for linearized
water wave type equations in R?, well-possedness of Whitham—Bossinesq type equations

(I.3.1) and comparison estimate between Boussinesq and Whitham—Boussinesq system.



1.7 Organization of the dissertation

The remaining of this dissertation is organized as follow. In Chapter [2| we review some
related literature and Chapter [3] is concerned with method we used to achieve the stated
objectives. In Chapter ] we state some mathematical tools which we use later in the disser-
tation.

In Chapter [5]using change of variables we derived solution propagators. Then, we estab-

lish a lower bound estimates for derivatives of all order of m(r) = \/r(1+ kr2) tanhr. Here
my(r) is the Fourier symbol of pseudo-differential operator m (D) that appears in linearized
water wave type equations. Using these estimates we derive dispersive and Strichartz esti-
mates. We also derive bilinear estimates. Finally we proved that the Whitham—Boussnesq
type equations (T.3.1) is locally well-posed in R? for d > 3.

In Chapter|6] first we derive some useful estimates which helps us to prove long time ex-
istence of solutions. Again using change of variable we write Whitham—Boussinesq type
system in integral form. Then using contraction mapping principle we proved that the
Whitham-Boussinesq type system is well-posed on the time scale of order & (8_%), where
€ > 0 1s shallowness parameter. We also derived a comparison estimate between Whitham—

Boussinesq type and Boussinesq systems.



Chapter 2

Review of Related Literature

2.1 The water wave models

The motion of a perfect, incompressible and irrotational fluid under the influence of gravity
is described by the free surface Euler ( or water-waves) equations. The complexity of Euler
equations led physicists and mathematicians to derive simpler sets of equations most likely
to describe the dynamics of the water waves equations in some specific physical regimes.
In fact, many of the most famous equations of mathematical physics were historically ob-
tained as formal asymptotic limits of the water waves equations. For example, (Korteweg
and De Vries, |1895) and (Kadomtsev and Petviashvili, [1970) equations are derived in these
regime. Each of these asymptotic limits corresponds to a very specific physical regime whose
range of validity is determined in terms of the characteristics of the flow such as amplitude,
wavelength, bottom topography, depth, and so on.

It is generally understood that the Korteweg-de Vries equation, appear to describe the
approximate behavior of unidirectional long waves in nonlinear dispersive media (Zakharov),
1968). The derivation of such model equations in specific physical situations is presented
in (Benjamin et al., |1972)). Considerable stimulus to the study of the Korteweg-De Vries
equation was provided by the research group at the Plasma Physics Laboratory of Princeton
University. They built on earlier work of (Whitham, 1967) and obtain very interesting results.

From Korteweg-De Vries, which is known to be a good model for waves of long wave-

length in shallow water, (Whitham, 2011) proposed the mode

v+ \/va—l—vvx =0,

where the operator K is a Fourier multiplier with symbol K (&) = %, that incorporates

the full unidirectional dispersion relation for the Euler equations in an effort to better capture
mid and high frequency phenomena found in the Euler equations, such as wave steepening

or peaking. Whitham equation, has received considerable attention, having been investigated

10



analytically in (Ehrnstrom and Kalisch, 2009, 2013; Ehrnstrom et al., 2019;|Hur and Johnson,
2015} [Hur and Pandey, 2019) as well as numerically (Sanford et al., 2014; Remonato and
Kalisch, [2017).

Whitham’s idea has been extended to the study of systems of evolution equations which
allow for bidirectional wave propagation. In particular, in (Aceves-Sanchez et al., 2013;
Ehrnstrom et al., [2019; [Hur and Pandey, 2019; Hur and Taol [2018; Carter, [2018; Dinvay
et al.,[2019)) the bidirectional Whitham models that capture more of the important qualitative
properties of the full Euler equations, such as existence of smooth solitary waves and peaked
traveling waves, and both high frequency and modulational instabilities of small periodic
wave trains are developed.

In (Klein et al., 2018)), the following bidirectional Whitham—Boussinesq system was con-

sidered
oM+ Kedw+ €dr(nv) =0,
(2.1.1)
ov+ 0N +€vdyy =0,
where
tanh(v/€D
Kg :K£<D) = L.
VeED
Taking the limit v/€|€| — 0 in K, , (2.1.1)) reduces formally to
€
o+ o+ =93 v+ead(nv) =0,
3 (2.1.2)

v+ 0N + evdyy = 0.

This system is locally well-posed under a non physical condition on the initial data (Klein
et al.,2018). System is also known in the inverse scattering community as the Kaup-
Kupperschmidt system. The Boussinesq system (2.1.1]) can be seen as a well-posed regular-
ization of the Kaup-Kupperschmidt system (Klein et al., 2018).

Dinvay et al.|(2019) derived the bidirectional Whitham—Boussinesq type model

on+ow = _Kax(n")? (2.1.3)

o+ Kdm = —Kd(1*/2),

where




One can observe that the nonlinear part of system (2.1.3)) contains only the bounded operator
Kd,. So among all bidirectional Whitham systems this is numerically the most stable one
(Dinvay et al., [2019). There are also other bidirectional Whitham system considered in

(Dinvay et al.,[2019) which was written as

N = —Kvy — (NV)x,
(2.1.4)

Vi = —Nx — VVy.

It was shown in (Moldabayev et al., 2015)) how this system arises as a Hamiltonian system
from the Zakharov-Craig-Sulem formulation of the water wave problem using an exponential
long wave scaling. Also system (2.1.4) has been studied numerically in the presence of an

uneven bottom in (Vargas-Magana and Panayotaros, 2016).

2.2 Well-posedness theory for Whitham—-Boussinesq type
equations

It was known that the model can be obtained in the long wave framework from the
Zakharov—Craig—Sulem formulation of the water wave problem (Lannes, |2013), also known
to be Hamiltonian. Thus, system (2.1.3)) provide an example of a nonlinear Hamiltonian sys-
tem that is locally well posed. The model has Hamiltonian structure, which is directly
comparable with the one of the full water wave system (Dinvay et al., 2020). Numerical sim-
ulations done in (Dinvay et al., 2019) indicate how the Hamiltonian functional differ from the
corresponding energy levels of the full water problem. It was known that the system (2.1.3])
outperforms other bidirectional Whitham models both in the sense of numerical stability and
accuracy of approximation of Euler equations (Dinvay et al.,[2019). This is due to the reason
that nonlinear part of this system has bounded operator.

System (2.1.3)) appeared in literature as an alternative to other linearly fully dispersive
models able to describe two wave propagation (Dinvay et al., |2019). Those models capture
many interesting features of the full water wave problem and are in a good agreement with
experiments (Carter, 2018). System was derived and studied numerically in (Dinvay
et al., [2019). Then, (Dinvay, 2019) proved the local well-posedness based on an energy
method and a compactness argument. |Pei and Wang (2019) proved the local well-posedness

of the systems considered in (Dinvay et al., 2019) with additional nonphysical condition
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n > C > 0. This system is probably ill-posed for large data if one removes the assumption
n > 0. An heuristic argument is given in (Klein et al., 2018). Without the assumption > 0,
(Kalisch and Pilod, 2019) proved local well posedness for a surface tension regularization
of the system from (Pe1 and Wang, 2019). However, the maximal time of existence for their
regularization is bounded by the capillary parameter. Dinvay et al.| (2020) able to remove
regularization or special nonphysical conditions to prove the well posedness for (2.1.3)).

In some sense can be regarded itself as a regularization of the system introduced
by (Hur and Pandey, |2019). The latter was also investigated numerically in (Dinvay et al.,
2019) and compared with other models of Whitham—Boussinesq type. Indeed, if one for-
mally admits tanh D ~ D for small frequencies, and substituting D instead of tanh D to the
nonlinear part of system (2.1.3)), one arrives to the system considered in (Hur and Pandey,
2019). This approximation inline with the long wave framework. If one in addition for-
mally discards the term 71dyu in the system given in (Hur and Pandey, [2019), then a new
alternative system turns out to be locally well-posed and features wave breaking (Hur and
Tao, 2018)). However, the latter does not belong to the class of Whitham—Boussinesq models
since nonlinear non dispersive terms have been neglected.

If we consider the system regarded in (Duchéne et al., 2016), they modified the bilin-
ear Green—Naghdi model improving frequency dispersion. Due to its fully dispersive na-
ture, their model is closely related to system (2.1.3). Even their system is Hamiltonian
as well. Moreover, they have justified the Green—Naghdi modification proving the well-
posedness, consistency, and convergence to the full water wave problem in the Boussinesq
regime (Duchéne et al.| [2016). Also, the energy levels of their approximate model is com-
parable with full water energy. Existence of solitary waves for their system is also proved
in (Ducheéne et al., 2018). Therefore, the well posedness of the modified Green—Naghdi
model is satisfactory, in the sense that it needs neither surface tension nor any nonphysical
initial condition. All this together makes it a promising system. And indeed, as noticed in
(Duchéne et al., [2016), their modification gives more reliable results than other models of
the Green—Naghdi type.

System (2.1.3)) has a couple of advantages when compared with the modified Green-
Naghdi model (Duchéne et al., 2016). First, it is derived, though not rigorously, from the
Zakharov—Craig—Sulem formulation, and as a result one knows the relation between vari-

ables (1,v) and those describing the full potential fluid flow (Dinvay et al., 2019). As to the
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modification discussed, it is presented in variables where the first one has the meaning of
the surface elevation and so coincides with 1. Its dual variable is called the layer averaged
horizontal velocity (Duchéne et al., 2016)). In the Boussinesq regime it definitely coincides
with the same object associated with the full Euler equations. The second issue is that it
does not seem obvious how the modified Green—Naghdi system can be generalized to a three

dimensional model, whereas system (2.1.3) can be generalized easily(Dinvay et al., [2020).

2.3 Conclusion of literature review

As we have seen from the literature starting from (Korteweg and De Vries, 18935)) equations to
(Dinvay et al., 2019) there are different types of models which can approximate the dynamics
of water problem. Most of them are modeled based on Boussinesq regime, small amplitude
long wave length. Some of the models are locally well-posed with imposed conditions on
initial data. For some of the models researchers are able to improve the well-posedness result
by removing the imposed conditions and make the well-posedness result more strong. The
other thing we observe is that some models are derived not rigorously and satisfies most of
the interesting future of water wave problem. Among the Whitham—Boussinesq system we
have seen only system (2.1.3) has bounded operator Kd, on its nonlinear part that make it
more interesting than the other systems. From above review process we also observe that
the existing well-posedness results for some of the Whitham—Bousinesq systems are not
satisfactory. That is for some of them we have only local well-posedness, also the local
well-posedness results are not generalized to RY and there are still imposed conditions. If
these conditions are removed the models may be ill posed. Therefore, in this study we

are interested to improve the well-posedness result of Whitham—Boussinesq type equations

@.L3).
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Chapter 3

Materials and Methods

In this study, we analysis the existence and uniqueness of solutions of Whitham—Boussinesq
type system and its consistence with other Boussinesq system in the Sobolev space.To do
this, we choose the appropriate contraction spaces via their norms. Then we analyze the
solution of Whitham-Boussinesq type equations in these spaces. To make these analysis
we follow some procedure that help us to achieve our objectives. The mathematical tools
we used in this study is the Banach fixed point theorem also known as contraction mapping
principle. The Banach fixed point theorem is one of the most important tool used to solve
nonlinear equations. It can also be used to prove existence and uniqueness of solutions of
initial value problem for differential equations.

Here we state results from real analysis which are important to our study.

Definition 3.0.1. (Royden and Fitzpatrick, 1988) Let (X, ||.||x) be a normed space. A map

T : X + X is called contraction if there exists a constant 8 € [0, 1) such that

17 () =T ()llx < Ollx—yllx,

for all x,y € X.

Theorem 3.0.1. (Royden and Fitzpatrick, 1988) Let (X, ||.||x) be a Banach space. If T : X —

X is a contraction, then the fixed point equation T (x) = x has a unique solution.

In this study, first we diagonalize the system (1.3.1)) and convert it to differential equation

of the form ”
a4~ u) (3.0.1)
u(0) = up € RY,
where f : RY x R — R? with the properties that it is bounded and Lipschitz, i.e.,
1f (2, x(0)) || < Cllx(@)]], (3.0.2)
1F(2,2(2)) = f (&, ()] < Cllx(z) = y(1) (3.0.3)
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forall € R and x,y € R?, where ||x|| is length of x € RY,

We derived solutions propagators for diagonalized water wave models. Then we es-
tablished a lower bound for derivatives of all orders for the Fourier symbol of the pseudo-
differential operator that appears in linearized water wave type equations for both purely
gravity waves and capillary gravity waves. Using these estimates we derived dispersive and
Strichartz estimate for linearized water wave type equations in R¢. We also derived bilinear
estimates which are important to bound nonlinear terms.

Now we want to answer the following questions:
1. Does a solution to the initial value problem (3.0.1]) exists?
1. If it exists, is the solution unique?

To do this first we transform (3.0.1)) into an integral equation of the form

u(t) = o + /O F(s,u(s))ds.
Now define the mapping
T(u) (1) := uo + /0 F(s,u(s))ds. (3.0.4)

Then we reduce the questions of existence and uniqueness to finding a fixed point of the
mapping
I':'X—X

on some appropriate Banach space X. As a contraction space we choose X to be the space

of continuous functions on a compact interval [0, T] with values in R9, i.e.,
X:=C <[0,T],Rd x Rd)

defined via the appropriate norms like sup norm or some Strichartz norms.
Next we show that there exists a time T > 0 which will be determine later, such that

* I'maps X into X.

e ["is a contraction in X.
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To answer I maps X into X we used (3.0.2) to obtain

[T ()] < [luol +/Ot 1f (s, u(s))|ds

T
< ol +C [ 1u(s)lds

< luo|| +CT[[u|x -
Therefore,
[T () [lx < [luoll +CT ||ullx,

and hence

ueX implies I'(u)€X.

That is I'(u) is well defined. To show that I" is contraction, we used the Lipschitz condition

(3.0.3) on f to obtain

)~ T00)] < | [ fsats) = 76505

< [ luts) ~vis) s

<CT||u—v|x.

Therefore,

IT(u) =TW)[lx <2CT ||u = vl|x-

Now if we choose 2CT = %, we obtain
1
ITGe) =T lx < S llu—viix

and thus I' becomes a contraction in X. Thus, we can conclude by Banach fixed point theo-

rem, there is a unique solution u of the integral equation (3.0.4) in X , i.e.,

u(t)=T(u(t)) Vte|0,T].
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Chapter 4

Mathematical Preliminaries

In this chapter we briefly define the function spaces we used throughout the dissertation,
and state a few important results. The results are all relatively well known and for some of
them we omit the proofs. Some of the references we used for this chapter are (Sogge, 1995;

Folland, 2009; Linares and Ponce, 2014} Mitrea, 2013; Bhattacharyyal 2012).

4.1 Distributions

We denote by Lllo C(Rd) the space of locally integrable functions f : R? — R. These are
the Lebesgue measurable functions which are integrable over every bounded domain. For
a positive integer k, the space of functions that are k times continuously differentiable is
denoted by

Ck={f e C(RY) : 0% f € C(RY) foreach o with |r| < k}.

Let Q@ C R? be open subset of R?, then the support of ¢, denoted by supp ¢ is the closure of
the set {x:x € Q, ¢(x) #0}in R, i.e.

suppd = {x:x€Q, ¢(x) #0} inR%

By C7' () we denote the space of continuous function ¢ : Q — R4, having continuous partial

derivatives of all orders and whose support is a compact subset of Q.

Definition 4.1.1. (Bhattacharyya, 2012) Let Q C R¢ be open subset of R?. Then the space
Ci (L) is called the test space(or, equivalently, the space of test functions) and denoted by
2(2) using the notation of Schwartz; i.e 2(Q) =C5(Q) ={¢ : ¢ € C*, supp ¢ C Q} ifit
is equipped with the following notion of convergence: A sequence {¢,};_, in Z(Q) is said

to converge to ¢ € Z(Q) if and only if
(i) there exists a compact subset K C Q such that supp (¢, — ) C K Vn € N.
(ii) %@, — d%¢ uniformly in Q as n — o for all fixed a with |a| € Ny.
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Definition 4.1.2. (Bhattacharyya, 2012) Let Q be open subset of RY and 2(Q) is the space
of test functions. The space of distribution denoted by 2’(Q) is the collection of all complex-
valued functionals f over () where the value of f acting over ¢ denoted by f(¢) = (f, ¢)

satisfies the following conditions

(i) forany aj,a; € C, 91,02 € 2(Q), (f,a191 +ar2) = a1 (f, ¢2) +az(f, 92).
(1) (f,9n) — (f, @), whenever ¢, — ¢ in Z(Q) as n — oo.

Convergence in 2'(Q). Let {f,} be an infinite sequence in 2'(Q) and let f € 2'(Q).
Then we say that f, — f in 2'(Q) if

(fn, @) — (f,¢)inCasn — oo forall¢p € 2(Q).

Definition 4.1.3. (Mitrea, [2013) For o & Ng and f € 2'(Q), the distributional derivative
(or the derivative in the sense of distribution) of order & of distribution f is the mapping

d%f : P +— C defined by

(0%f,0) = (—1)%(f,0%) V¢ € C(Q).

Definition 4.1.4. (Mitrea, 2013) If f € L] (Q) and « € N4, we say that 9% f belongs to

loc

L}O -(Q) in a weak sense provided there exists some function g € Lllo (@) with property that

/ godx = (—1)'“'/ fo%pdx  forevery ¢ € Cy(Q).
Q Q

Whenever this happens, we shall write 0% f = g and call g the weak derivative of order o of

f.

4.2 The Schwartz space and tempered distributions

In this section we will introduce an important class of distributions called a tempered distri-
butions. The theory of distributions in the form widely used today was created by Laurent
Schwartz at the end of 1940’s. Then since now, this theory has played a central role in anal-
ysis of partial differential equations. This space is the most suitable for the theory of Fourier
transform. This is for the reason that Fourier transform of functions in Schwartz space are

themselves in Schwartz space.
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Definition 4.2.1. (Mitrea, 2013) The Schwartz class of rapidly decreasing functions is de-
fined as

F(RY) :={f eC”: sup |xP%f(x)| < oo, forallar, B € N¢}.

xeRd

If f € #(R%), then for each o € N& and N € Ny there exists C € (0,0) such that

C

m for eachx € Rd. (421)
X

09f ()] <

Using this to deduce that .7 (RY) C LP(R?) for every P € [l,e0]. In particular, we have
S (R?) c L'(R?). The space .7 (RY) has several properties not shared by C*(R?). One
of these turn out to the fact that the Fourier transform is an isomorphism from . (R?) on to
(R?) while the Fourier transform of f € Cg(R?) is never in C(R?) except in the trivial
case f = 0.

The algebraic dual of . (R?) is the vector space

{f:.Z(R%) — C: fis alinear and continous}.

Functionals f belonging to this space are called tempered distributions. The space of tem-

pered distribution is denoted by .7’ (R?).

Definition 4.2.2. (Bhattacharyya,2012) A sequence { f;,} of distribution belonging to .7’ (R¢)
converges to f € ./ (R?) if, for every ¢ € .7 (RY), (f,,0) — (f,¢) in which case we write

fon— fasn— oo,

4.3 Fourier transform

Definition 4.3.1. The Fourier transform of a function f € L'(R¢), denoted by, f(&) is de-

fined as:

)

(&)= /Rd e_ix'gf(x)dx foré e RY,
where x.§ = xlfjl —+ e +xd§d.

Since .7 (R?) is contained in L'(R¢), it is possible to define the Fourier transform on

the Schwartz class. We now turn to the Fourier inversion formula, that is, the procedure for
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recovering f from f. The inverse Fourier transform on . (R) is defined as

We also denote fV(x) := .7 ~1[f](x).

Theorem 4.3.1 (L?(R?) inner product under Fourier transform). Let f,g € . (R?) Then

(f, 82w = (f,8" ) 2®a)- (4.3.1)

Proof. We use Fubini’s Theorem to change the order of integration

(f.8) 2me) /Rd { /R de_"x'yf(y)dy} g(x)dx

_ { /R g )de F(3)dy

_/f

= (.8 )z (we)-
O
Corollary 4.3.2 (Plancherel identity). Let f,g € .7 (R?). Then
(f&8@e = (f 8w (4.3.2)
In particular, we have
171 2 ey = 1F | 2 ay- (4.3.3)

Proof. To show (@.3.2) we replace g by g in Theorem and then apply the Fourier inver-
sion formula. The identity (4.3.3) follow from (4.3.2)) by setting f = g. O

Definition 4.3.2. (Folland, [1999) If f and g are function on R9, their convolution is the

function defined by
(fxg)(x / fx—=y)g(y)dy, 4.3.4)

provide the integral exists.

By a simple change of variable, one easily gets (f*g)(x) = (g* f)(x). Various conditions
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can be imposed on f and g to ensure the integral (4.3.4) will be absolutely convergent for all

x € RY. For example if f € L'(R) and g is a bounded function.

Theorem 4.3.3 ((Folland, |1999), Theorem 6.18). Let k(x,y) be measurable function on RY x

RY such that for some ¢ > 0,

/]Rd k(x,y)|dx <c fora.eyeR? and

/d |k(x,y)|dy <c¢ fora.exé€ RY,
R

Then for 1 < p <o and f € LF(R?), the function

TA) = [ k) 0y

and ||T | pway < || fll 1p (ra), where c is as in the hypothesis.

Remark 4.3.1. It may not be clear at the outset why the integral

TS = [ Ky f0)dy

makes sense for f € LP(RY). The proof will show that [ga |k(x,y)f(y)|dy < o for almost

every x, implies that T f (x) is defined almost everywhere.

Proof. Observe that the Theorem is trivial for p = oo, an so assume 1 < p < oo, Let ]l) —|—é =1.

Then

L s 0dy = [ kel (ke[ 0)1) dy

< (L)’ ([ wesisora)

<o (], rk<x,y>|rf<y>|pdy)’l’

where we used Holder’s inequality to get the first inequality.
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Integrating with x we get:

L (Lreonora) aeset [ ([ kenisopas)
<cf [ ([ k) 1r0)rar

L
<crIf I

here we used Tonelli to get the second inequality.

P
/]Rd ITfx)Pdx < co ™| f]|7)

[
Lemma 4.3.4. (Folland, 1999)[Young’s inequality] If f € L'(R?) and g € L (RY) for 1 <

p < oo, then fxg € LP(R?) and

1/ *&llp ey < 11l (may I8l Lo (e -

Proof. This is a special case of Theorem4.3.3) with K(x,y) = f(x—y). O
Corollary 4.3.5 (Generalization of Young’s inequality). Suppose 1 < p,q,r < o« and 11) + Cl] =

L+1.IffeL9(RY) and g € LP(R?), then f+g € L"(R?) and

1f *&llprray < Nflzaea)llgllrra)-

4.4 Sobolev spaces

One of the most satisfactory ways of measuring smoothness of functions and distribution is
in terms of L?(R?) norms (Folland, |1999). There are two reasons for this: L?(R¢) has the
advantage of being a Hilbert space, and a Fourier transform, which converts differentiation

into multiplication by coordinate functions, is an isometry on L?(R9).

Definition 4.4.1. (Folland, [1999) Let k € Ny. The Sobolev space Hk(Rd) is the space of
all functions f € L?(R¥) whose distributional derivatives 0% f are L?(R¢) functions for all

la| <k.
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The notation W52(R9) is also frequently used instead of H*(R?). One then regards
H*(R9) as a member of the more general family W*?(R?) of Sobolev space in which L?(R¢)

is replaced by L?(R?).

Lemma 4.4.1. Let mi(§) = ¥ <k |E¥|% Then f € H*(RY) if and only if

L m(@IF@LdE < @4.1)

Moreover,
1

e = ( [, me@IFFaz) " “42)

Proof. If f € L*(R?), then the distributional derivative satisfy (707)(5) = (iE)%f(E). If
f € H*(R?), we therefore obtain the inequality which implies (4.4.1)). On the other
hand, if holds, we obtain that all the derivatives of order less than or equal to k are in
L?*(R4). We therefore obtain that f € H*(R“) and that (#.4.2)) holds. O

This result suggests a generalization of the Sobolev spaces. We introduce the notation
1
(€)= (1+1EP)>.

A simple modification in the proof of Proposition 8.3 in (Folland, [1999) shows that there

exist C1,C> > 0 such that
Ci{&)* <m(§) <Cr () VEeR?

We can therefore replace (&) by (£)F in the definition of the norm of H*(R¢) above. This

in particular allows us to extend the definition of Sobolev spaces for any k € R.

Definition 4.4.2. (Linares and Ponce, 2014) Let k € R, we define H*(R?), the Sobolev

spaces of order k on RY by
HYRY) = {f € 7' (RY): (§)*f(§) € L*(RY)},

with norm 1
2

e = ( [ (€7@ Pa)
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Lemma 4.4.2. Let £, € RY and k > 1, then

(E+mF <271 ((©)F+ ()"

Proof. Clearly,

E+m?=1+[E+n < 1+[E7 + > +2/€[n]
<G+ m2+2(8)(m) < (&) +(m))*,

which implies

(E+m) <(&)+(n). (4.4.3)

The function f(r) = r* is convex for k > 1. Hence (4 + %) < 1/2(f(r1) + f(r2)). Thus

(r1+m)k <251k 4+ 45). (4.4.4)

Combing (4.4.3]) and (4.4.4)) we obtain

€+ < (&) + (m) <271 (&) + (m)").

O

Theorem 4.4.3. (Linares and Ponce, 2014), If k > d /2, then HF (Rd ) is an algebra with
respect to the product functions. That is, if f,g € H* (RY), then fg € H k (RY) with

”ngH"(]Rd) < Ck,dHfHHk(Rd)||g||Hk(Rd)- 4.4.5)

Proof. By the Fourier transform and convolution theorem we have for all f,g € H*(R?), we

have

~

fa(&) = (F*2)().

Then,
%

el = 1 gl = ( [ (€1 F gz )
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Now observe that

-~

EHT+DE) < [ 417 mIgE —n)lan.

R4

Hence, using Lemma[4.4.2]

@HFD@1 <2 ([ mAFmIEE - mlan + [ (& =7 EE - mlan ).

Applying Young’s inequality Lemma[.3.4] we have

& (P 2y < 2 (108 FllzqaplI8ll e + 1L s ol VRl 2 )

Next we use Cauchy-Schwarz to estimate
1Pl = [ IFENE = [ (&) (&1 17E)IdE

<([ d<~’§>‘2"dé)é (f d<é>2"|f<5>|2)é

< ekl fll ey

where 1

2 d
k= (/ (§>_2kd§) <o fork> —.
R4 2
By similar arguments

||§”L1(Rd) < Cng”Hk(Rd)'

This complete the proof of the Theorem. [

4.5 Littlewood-Paley theory

In this section we present the theory of Littlewood-Paley projections and discuss a few of
their immediate applications. The philosophy behind the Littlewood-Paley theory is to de-
compose functions by localizing at different frequencies in the Fourier domain. Localization
is a fundamental notion in analysis. Given a function, localization means restricting it into a
smaller region in a physical space, or frequency space. Littlewood-Paley decomposition of

function is based on frequency space localization.
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There is a certain amount of flexibility in setting up the Littlewood-Paley decomposition

on R?. One standard way is as follows. Let y (&) be a real bump function with

1, <1;
x(&)= o=
0, [&]>2.

Let p(&) be a function

p(&) =x(&) —x(28).

Then y and p are supported on {|&| <2} and {1 < |&| < 2}, respectively. We can re-scale

x and p as
2(E)=x(£/2) for jeL,

pi(&)=p(/2)) for jeZ

Then, by construction we have

Y pi(¢)=1  for &#0. (4.5.1)

JEZ

The Littlewood-Paley projection onto a frequencies || ~ j, denoted by P;, is defined in the

Fourier domain of Schwartz function via

—~ -~

Pif (&) = pi(8)f(8)-

The Littlewood-Paley projection onto low frequencies, denoted by P<;, is defined in the

Fourier domain for Schwartz function f via

-~

P<;f(&) = 1i()f (&)
The Littlewood-Paley projection onto high frequencies is
P.j=1—Pc;.

Using the Littlewood-Paley projections, we can decompose any L?(R?) function into the

sum of frequency localized functions.
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4.5.1 Characterization of H*(R?) in Littlewood-Paley decomposition

We want to characterize the Sobolev space H*(R9) in terms of the Littlewood-Paley decom-

position. Observe that if 2/~1 < 1E| < 2/+1 then
NS 2ivk
(I+&]7)2 ~ (1+2%)2
in the sense that there is a constant C > 0 such that
Cl1+29)E < (1+|ER)E < C(1+2%):.

Then it follows that
-k
1P Nl rty ~ 1 (1 +22) 2Py |2 ey (4.5.2)

Lemma 4.5.1. The operator P; are self adjoint operator and Pj, P;, = 0 whenever | j| — j2| >
2.

Proof. For any f,h € L*(R?), we have

(Pifsh) ey = (Pif ) paqray = (P27 F i) pagmay = (Fop (277 )) 12y
<f7Ph>L2 R4) <f7Ph>L2(Rd)

Hence P; is self adjoint. Observe that if
supp (pj,) Nisupp (pj,) € {27171 <[] <2/ n {227 <[] <22ty =0,

then j; —1 > jp+1and j; +1 < jo — 1. Thatis |j; — ja| > 2. Since p(&/2/1)p (& /272) =

whenever |j; — ja| > 2, we have

PP (E) = p(E/27)p(E/22)F(E) = 0.

Thus, we get Pj, P;, = 0 whenever |jj — ja| > 2. O

Lemma 4.5.2. Let k € R. Then for any f € H*(R?)

e ey ~ (122D P f 72 -
J
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Proof. In view of (4.5.2), it is suffices to show
1By ~ L2
J
Using Lemma and Cauchy- Schwarz inequality

Hf”Hk rdy = (5 S mk(ra) ZPf,ZP,f HK(RY)

1

<Y Y AP P f) i may

I=—1j
1

S X Y NPAlllPrf e ey

I=—1j

< X (St ) (Z 12t )%

l—fl

5 32 ||PJf||Hk(Rd)
J
On the other hand, we have by (4.5.1)
ZHPfHHk Rd) Z/ L+ IE17) 10, ()F(E)1PaE

= Jo (ZP?<5>> (1+E |27 (E) e
J
< [ (+IEPIFE)Pa
R

< W ey

this complete the proof. [

The Littlewood-Paley theory can be used to give alternative description of Sobolev space
and introduce, more refine, spaces of functions. In view of Lemma (4.5.2) we can give a

Littlewood-Paley description of Sobolev norm as

1
2
Hf”Hk(Rd) = (Z <2]>2k”P]fH%Z(Rd)> )

JEZ
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where

2y = V1422,

The Littlewood-Paley calculus is essential for nonlinear estimates. Let f and g be two

functions on R?, then we can write

Pj(fg):Pj< Y ijf-ijfg>- (4.5.3)

J.J"EL
Since Py has Fourier support D' = {271 < |€] <2/} and Pj» has Fourier support D" =

{27"-1 < |€| < 2/"t1}. 1t follow that Pj Pj» has Fourier support D' +D". We get a nonzero
contribution in the sum @3.3) if D’ 4+ D" intersects {2/~! < [£] <2/}
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Chapter 5

Dispersive Estimates for Linearized

Water Wave Type Equations in R?

5.1 Introduction

In this chapter, we drive L (R?) — L*(R?) time decay estimate for the linear propagators

Sm, (D) 1= exp (Fitmy(D)),

where

m(D) = /D] (1 + K|D[2)tanh D)

with k¥ € {0,1} and D = —iV. The pseudo-differential operator m (D) appears in linearized
water wave type equations. The case kK = 0 and K = 1 correspond respectively to purely
gravity waves and capillary-gravity waves.

We fix a smooth cutoff function ) such that
YAS CSO(R)7 0< X< 17 X|[71,1] =1 and Supp(%) - [_272]
We set

p(s)=x(s)—x(2s).

Thus, suppp = {s € R: 1/2 < |s| <2}. For A € 2% we set p; (s) := p(s/A) and define the
frequency projection P; by

Pof(&) = pa(IEDF(E).

Sometimes, we write f) = P, f.
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5.2 Solution propagators

Consider the Whitham equation with or without surface tension, see for example (Dinvay

et al., [2017; [Remonato and Kalischl [2017)
uy + Licuy + uuy, = 0, (k>0) (5.2.1)

where u : R x R — R, and the non local operator L, (D) is related to the dispersion relation
of the linearized water waves system and it is as defined in (1.3.2). The linear part of (5.2.1))
can be written as

iuy —m(D)u =0, (5.2.2)

where

m(D) = DL(D) = —

In terms of the Fourier symbol we have my (&) = sgn(&)m(&). So the solution propagator
for is given by S5 _(t) = exp(—itmy(D)). In fact, both S5 (¢) and S,,,(¢) satisfy the
same L! (R) — L?(R) time-decay estimate.

As an other example, consider the fully dispersion Boussinesq system see (Klein et al.,

2018; [Lannes, [2013))

M +LiV.v+V.(nv) =0,
(5.2.3)
Vi+ VN + Vv =0,

where

N:RIXxR—R, v:RIxR—RY,

This system describes the evolution with time of surface waves of a liquid layer, where n
and v denote the surface elevation and the fluid velocity, respectively. One can derive an

equivalent system of (5.2.3), by diagonalizing its linear part. Indeed, define

_ MFiL Ry

W 2L,

where (1,v) are solution of (5.2.3), and R = |D|~!V is Riesz transform. The linear part of
system (5.2.3)) is transformed to

idwy Fm(D)wr =0 (5.2.4)
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whose corresponding solution propagators are S, _(£t) = exp(Fitm(D)).
As a third example, consider the Whitham—Boussinesq type system see (Carter, |2018;
Dinvay, [2019; Dinvay et al., 2019)

on+V.v=—-KV.(nv),

(5.2.5)
OvV+LEVn = —KV(|v[*/2).
Again, by defining the new variables
Ln FiRv
= 5.2.6

Ut TP (5.2.6)

we see that the linear part of (5.2.5) transforms to
iduy Fm(D)uyr =0 (5.2.7)

whose solution propagators are again S,, (£¢) = exp(Fitmy(D)).

So the linear propagators S,, (£7) appear in all of the equations (5.2.1), (5.2.3) and

(5.2.5). Since the symbol m is non homogeneous, we will derive a time decay estimate
from

S (£2) : LI(RY) — L2 (RY)

for frequency localised functions.

5.3 Linear estimates

In this section, we drive some useful estimates on the derivatives of all order for function

mi(r) = \/r(1+ k) tanh(r) K€ {0,1},

where m(r) is the Fourier symbol of the pseudo-differential operator that appear in lin-
earized water wave type equations. Estimates for the first and second order derivatives of the
function my(r) is derived recently in (Pilod et al., 2021).

Since
tanhr

~ ()7

r
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we have,

mie(r) ~ r(VEr ()2 forr> 0.

Lemma 5.3.1. Let k € {0,1} and r > 0. Then

mle(r) ~ (VER) ()2, (5.3.1)
ImlL(r)] ~ r(V/Kr) ()3, (53.2)

Moreover,
mE I S AR (k> 3). (5.33)

Proof. The estimates (5.3.1) and (5.3.2)) are proved in [(Pilod et al.l 2021), Lemma 3.2]. So
we only prove (5.3.3).

Let
T(r) =tanh(r), S(r)=sech(r).

Then
T'=8>  §=-TS, T"=-287T,

in general, we have

T/(r)=$*P;_1(S,T)  (j>1)

for some polynomial P;_; of degree j — 1.
Clearly,
T(r) ~r(r)! and  S(r)~e™".

So P;_1(S,T) <1, and hence
VMg (=1 (5.34)

Write
myc(r) = fie(r)To(r),

where f(r) = \/r(v/kr) and Ty(r) = /T (r). Then one can show that

DA <R (=), (5.3.5)
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To verify (5.3.5) we find the general form of n'* derivative of fi () as follow:

filr) = 5 V) 4w () !
1) = g V) + 2k (Vi) i ()

0 = 2R+ SR - SRR 4 3 R

continuing this way, we have

. 1 . . .
f,(cj) =r2/ (cl<\/i_<r> —i—czkrz(\/fr)_l +C3(Kr2)2(\/1_cr>_3 4+ +cj+1(1<r2)1(\/fr>1_21) ,
(5.3.6)

where c¢1,¢2,¢3...,cj41 are nonzero constants for j > 1. Hence (5.3.3) follow from (5.3.6).

Combining (5.3.4) with T(r) ~ r{r)~!, we obtain
To(r) ~r2 ()2, L) S iitte > (j>1). (53.7)
Finally, we use (5.3.5) and (5.3.7) to obtain for all k > 3

) (r)| =

k . R
O+ Y (") DA (r)

e ) e A

here we also used the fact that exponential decays faster than any polynomial. 0

Corollary 5.3.2. For A,r > 0 define my. ; (r) = myx(Ar). Then

k 1
a’ (m:c,m)

1

SATNVEL) TN ) (k>0). (5.3.8)




and by 332)-G33)
mE () SAVEADA) T (k>2),

Finally, one can combine these two estimates with the differentiation formula

k k

A0, D et

p=1ki,...kp ENK +-+kp=k

to obtain the desired estimate (5.3.8)). 0
Van der Corput’s Lemma will be useful in the proof of Theorem[5.4.1]

Lemma 5.3.3. [(Stein and Murphy, |1993), Van der Corput’s Lemma] Assume g € C'(a,b),

v € C%(a,b) and |y"(r)| = A for r € (a,b). Then

b
/ e’””(r)g(r)dr

< c(an @gw)r f |g’<r>|dr} | (53.9)

for some constant C > 0 that is independent of a,b and t.

Lemma holds even if ¥/(r) = 0 for some r € (a,b). However, if |y/(r)| > 0 for all

r € (a,b) one can use integration by parts to obtain the following Lemma.

Lemma 5.3.4. Suppose g € Cj'(a,b) and y € C*(a,b) with |y'(r)| > 0 for all r € (a,b). If

. . 1
J < J < 3.
ekl (s )| < 5310
forall 0 < j <N € Ny, then
b
/ MV e(rVdr| < ABN|r|7V. (5.3.11)
a

Proof. Let
b .
I(r):/ MV g(r)dr

For m,N € Ny, define

Sm7N:{k1,...,kNEN()Zk1 <~--<kN§N&k1—|—-~-—|—kN:m}.
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Integration by part yields

I6) = b —i 2 (3, () s |0+ (s ) o ar

- e (w’ ){ N(er’(w’L(r))g/(rHa’z (qﬂl(r))g@]d’
s / W(r)a”(wo)lw&r)g“r”a’(w';(n)g(”]"”

Repeating the integration by parts N-times we get

=i =i’y ¥ Cumn /Cthk7m7N<r>dr,

where Cy , y are constants and

EkmN H

\ I =
/\
v
?
2
—~
=

Applying (5.3.10) we obtain

and hence

[1(t)| = In (1) S ABY[e| 7Y

as desired. ]

5.4 Dispersive and Strichartz estimates

The following is the key dispersive estimate that is important to the proof of Theorem (5.5.1]).
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Theorem 5.4.1. (Localised dispersive estimate). Let k € {0,1},d > 1 and A € 2%. Then

d
1Sme (£0) 2]l () S Cxa ()] [f 1] 1 e (5.4.1)

forall f € .7 (R?), where

S/

cra(A) = A2 (VRA)TE(A) I, (54.2)

Remark 5.4.1. In view of (5.4.2) the loss of derivative (this corresponds to the exponent of

A) is 3d /4 in the case k = 0, whereas the loss is d /4 when k = 1

Proof. Without loss of generality we may assume 4+ = — and r > 0. Now we can write

(Sme(=00f) (x) = F (" E)py (IEDT) () = (I () 1) (),

where

I (x,1) :xd/

) ei/lx.§+itmx(l§)p(‘§ |)dé
R

By Young’s inequality Lemma4.3.4]

18 (=) Sl rety < M (o) |y 1 N 1 me

and therefore (5.4.1) reduces to proving

_d
12 (6 ) || oty < €xea(A)172 (5.4.3)
Observe that
t<SATIVKA)TD implies e g(A) Y2 > 21
in which case (5.4.3) follows from simple estimate
d
"Il(xat)‘|L;°(Rd) S AL
We may therefore assume from now on
£ A1 (VEA) (5.4.4)
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Proof of (5.4.3) when d = 1. In the case d = 1 we have

a(en) =2 [ @ Ep(ig)ae,

where

92.(8) == Acx/t +my(AS).

We want to prove
1 1

10 (1) ) S A2 (VEA) 2 (A) 312 (5.4.5)

under condition (5.4.4).
Since suppp = { € R:1/2 <|&| <2}, we can write

2 .
B =2 [ @ Cpacea [ e p(et.

=0 (x;t) =0 (x,1)

=7

We estimate only I3 (x,7) as the estimate for I; (x,7) can be derived in exactly the same way.

Since

03(8) = A [x/t+mi(AE)], 07(8) = A*m(AE) (5.4.6)
it follows from Lemma [5.3.1] that

5

107(E)] ~ A (VKAY(A) "2 forall€ € [1/2,2]. (5.4.7)

Now we prove (5.4.5)) by dividing the region of integration into sets of non stationary contribution:{¢ :

¢; (&) # 0} and stationary contribution {& : ¢; (§) = 0}.

Non stationary contribution
Since m) is positive, the non stationary contribution occurs if either

1

x>0 or 0<—x< (VKA)(A) 2t or —x>><x/§l>(/’t)*%t

In this case we have

[\)

91(E) 2 A(/KA)(A) 2 forallE € [1/2,2),
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where Lemma[5.3.1]is also used. Combing this estimate with we get

ag(@)\ AR )

Now this estimate can be combined with Lemma for N =1 to estimate I, (x,) as

I\J\w

max
1/2<E<2

where to get the second line we used (5.4.4).

Stationary contribution

This occurs if

0< —x~ (VEAYA) 2t

In this case we use Lemma/[5.3.3|and (5.4.7)) to obtain

u;(x,r)rsz(ﬂmcmar% @i [ pola]
ATHVRA)TH()

EN[oY
mb—-

r

O

Proof of (5.4.3) when d > 2. To prove (5.4.3)) first observe that I; (x,7) is radially symmetric
with respect to x, as it is the inverse Fourier transform of radial function e"’m"(lé)p (&), and

so we can write see (Loukas Grafakos, [2014)), appendix B.5

2
L(x,0) = Ad(2m)? / / e (A plx) T g Jaa (Arlx|)F = p (r)ar, (5.4.8)
1/2
where J(r) is Bessel function:
r/2 trs G 1/2
= fi —1/2.
Jo(r) = T(o+1/2) \/—/ ds foro>—1/

The Bessel function Js(r) satisfies the following properties for 6 > —1/2 and r > 0 see
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(Loukas Grafakos|, |2014) appendix B and (Stein and Murphy, [1993)):

Moreover, it was known that (John, [1981))

d-2
r 2

2

Ja2(s) = €*h(s) 4+ e "h(s)

for some function /4 satisfying the decay estimate

d—1

()| <C(ry™ 7 F (k>0).

We use the short hand

miea (r) = m(Ar),  p(r)=r"""p(r), Ju(r)=r"Ja(r).

Hence,

a (2 .
I (1) = A4(2m) 8 / i (1)
1/2

We prove (5.4.3)) by treating the cases |x| <A1 and |x| > A~! separately.

Casel |x| <A1

By (5.4.9) and (5.4.11) we have for all r € (1/2,2) the estimate

0F a2 (Arlx)p(M]| S 1 (k> 0).

From Corollary we have

AN VR A)

41

a2 (Arix)p(r)dr.

(5.4.9)
(5.4.10)
(5.4.11)

(5.4.12)

(5.4.13)

(5.4.14)

(5.4.15)

(5.4.16)



We denote

d/2, if d is even,
[d/2] =
(d+1)/2, ifdisodd.

Applying Lemma 5.3.4| with (5.4.15)- (5.4.16) and N = [d /2] to (5.4.14)) we obtain

Lol S 24 (A vany ) e

S cea(A)e2,

(ST

where to get the second line we used (5.4.4).
Case 2: |x| > A~! Using (5.4.12) and (5.4.14)) we write

2
I (x,t) = ld(Zﬂ:)% {/1/2 itg; (r (lr|x| dr+/ ity (r h(Ar|x))p(r)dr

where

05 (r) = Arlx|/t£my; (r).

Set Hy (|x|,r) = h(Ar|x|)p(r). In view of (5.4.13)) we have

max
1/2<r<2

OFHy (x| S (AR, (k= 0)

where we also use the fact A|x| > 1.

Now we write

L (x,t) = I (x,0) + 1 (x,1),

where

2
I (x,) = A4 (2m) 4 /1 , 19 OVH, (|x], r)dr

2 o _
I (x,0) = A4 (2m) 4 /1 /26_”¢7t OV, (|x), r)dr

Observe that

%05 (r) = A [|xl /1 £mi(Ar)], 9737 (r) = £A%m (A1),
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and hence by Lemma[5.3.1]

1

10,65 (N] Z AVKAY(A) 2, 9205 ()] ~ A3 (VKA ()2, (5.4.18)

for all r € (1/2,2), where we used the fact that m/,. is positive.

Estimate for I} (x,): Following as in the proof of Corollary [5.3.2 we have

K (0,97 ()| Sk A (VAT AT (k>0) (5.4.19)

max
1/2<r<2

Applying Lemma |5.3.4{ with (5.4.17), (5.4.19) and N = [d /2] to I; (x,t) we obtain
A

d—1 1
2

1 (x,0)] S AYAx)) ™7 (A7 (VEA) T (A 2) 14721~ 1d/2] (5.4.20)
A

a1,

where to get the second line we used the fact that A|x| > 1 and the condition in (5.4.4).
Estimate for 7, (x,z): We treat the non stationary and stationary cases separately. In the

non stationary case, where
> (VEAY(A) "2t or x| < (VEAY(A) 21,

we have

10,07 (1) 2 A (VKAL) (A)77,

and hence I, (x,7) can be estimated in exactly the same way as I} (x,7) above and satisfy the

same bound in (5.4.20).

So it remain to treat the stationary case:
x| ~ (VEAYA) 2.

In this case we use Lemma(5.3.3] (5.4.18) and (5.4.17) to obtain

5 1 _ 2 B
1 ()l S AN (VA (A) )72 [!Hg(!x!,z)\ +/ 10 (1. 2) dr
Sa iR )it )

< cea )8,
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where we also used the fact that A (|x],2) = 0 and |x| ~ (v/kA) M)_%t. O
O]

Once Theorem [5.4.1]is proved, the corresponding Strichartz estimates are deduced from

a classical TT* argument.

Theorem 5.4.2. (Localised Strichartz estimate). Let k € {0,1},d > 1 and A € 2%. Assume

that the pair (p,r) satisfies the following conditions:

2 d d

2<q§°°; ZS}"SOO, _+_:—.

q r 2

Then
1 1
ISme (02 agmern S a1z, 421)
! 11
[ sn-s)m sy SlenaW By, 6422
0 LILL(RA+1) * ’

forall f € S (RY) and F € % (RTY) where, ¢ 4() is as in (5.4.2).

We shall use the Hardy-Littlewood-Sobolev inequality which asserts that (Tao, 2006)

11775 Fllee) S 11 o) (5.4.23)

whenever 1 < b < a <o and 0 < ¥ < 1 obeying the scaling condition

I 1 -
—=—-+1-7.
a

Proof of Theorem[5.4.2] We only prove (5.4.21) since (5.4.22) follows from (5.4.21). First
note that (5.4.21)) holds true for the pair (g,r) = (e0,2) as this is just the energy inequality.

So we may assume 2 < g < o and r > 2.
Let ¢’ and 7' be conjugate of ¢ and r, respectively, i.e., is ¢ = -1 and ¥ = <. By

standard TT* argument is equivalent to

* 1-2
ITT*Fl s mart) S (cxa(A)) (L (5.4.24)
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where

TTF(x,t) = / / deix'éii(t_s)m"(é)p%(‘g’)}?(é,s)dsd§ (5.4.25)
R JR

= / kj 1—s* F(.,5)ds,
R

with
o (x) = /Rd eix.éiitmx(g)p%(é)dg_
Since
kroxg(x) = ™ O)P gy,
it follows from (5.4.1))

o 8l ety S el gz (5.4.26)
On the other hand by Corollary @ ,i.e., Plancherel identity
k20 * 8l 2 ray S 118l 2(e)- (5.4.27)
So interpolation between (5.4.26) and (5.4.27)) yields
e * &l zgrey S lewa )10 gl g, (5.4.28)

for all r € [2,00].
Applying Minkowski inequality to (5.4.23)), and then (5.4.28)) and (5.4.23) with

N 2
(aab):(qaq/)a ’}/:___:57
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we get

HTT*FHLqu Rd+1 S H/ ||k)LI*F('7S)HLr R4
gty S | I, 0] .

S lea(A)]' 7

_q(i_1
/R|t—s| A DNF(c5) oy

L} (R)
_2
. [CK,d(A)]l r ||F|’L§’(Rd) 17 (R)
_2
< [ewa @' FIF g o s,
which is the desired estimate (5.4.24)). O

5.5 Well-posedness of Whitham—Boussinesq type system

in R? for d > 3

As an application of Theorem we prove low regularity well-posedness for the system
(5.2.5) with k = 0 (i.e., for purely gravity waves) in R?, d > 3. To this end, we complement
the system (5.2.5) with initial data

n(0) =no € H(RY)  v(0)=vp € [HS“/Z(Rd)r. (5.5.1)

Theorem 5.5.1. Let k=0,d >3,0<v <L 1ands > ‘71 — % + 3. Suppose that vy is curl free,

i.e., Vxvg=0, and

<||770||Hs(Rd) + ||V0||[Hs+1/2(Rd)}d> ~ Do.

Then there exists a solution
(n,v) € C ([0.7):H*(RY) x [ /2(RY)))

2
of the Cauchy problem (5.2.3)), (5.5.1), with existence time T ~ D, '**".
Moreover, the solution is unique in some subspace of the above solution space and depends

continuously on the initial data.
Remark 5.5.1. The followings are known results:
1. Theorem and Theorem are proved in (Dinvay et al.| |2020) when k = 0,
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de{l,2}and A 2 1.

2. Theorem is also proved in (Dinvay et al.| 2020) when d = 2. In the case d = 1
local well-posedness for s > —1/10 and global well-posedness for small initial data
in L? (R) is also established in (Dinvay et al., 2020). Long time existence of solution

in the case d = 2 is also obtained in (1esfahun, 2022).

We consider the system (5.2.5]) with k¥ = 0 and a curl free vector field v, i.e., V x v = 0.

Observe that
Lo(D) = VK(D)  mo(D) = |D|\/K(D).

The transformation (with k¥ = 0) yields
N=u;+u_ v=—iVKR(uy —u_),
where we have used the fact that v is curl free, in which case
V(V.v) = Av = —|D|?v.
Then, the equation for u; becomes

20y = I —iK 2|D|'V.9v
— —V.v—KV.(qv) +iK"2|D|"'V. [KV + KV([v|*/2)]
= —V.v—KV.(qv) —iK?|D|n — iK2|D|(|v[*/2)

= ~iVKID| [~ iK~*|D|7'V.v| +iVKID| [VKIDIT'iv.(qv) - [v /2]

Thus,
8,u+ = —l\/I_(‘D|L{+ +

i@’D‘ VKID['iv.(nv) - v2/2] .

Similarly,
20u_ = dn +iK 2 |D|"'V.9v
— —V.v—Ky.(nv) —iK 2 |D|"'V. [KVn + KV(]v[2/2)]

= —V.v—KV.(qv)+iK?|D|n +iK?|D|(|v[/2)

= iV/KID| [0 +iK 41D 'V.v| +iVKID| [VKIDI V. (qv) + /2]
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Thus,
vV K|D
g =Rl + YKL RiD 9 () + v 2]

Consequently, the Cauchy problem (5.2.3), (5.5.1)) transforms to

iduy —mo(D)uy = —PB" (uy,u_),

idu_+mo(D)u_ = —B (uy,u_), (5.5.2)
u:l:(o) = f:i::
where
B (u,,u_) =27V |D|KR. {(M Fu VRVE (uy — u,)} (5.5.3)
T4 YDIVK [%ﬁ(u+ — u,)} ’
and
fy= VEKno FiR.vg c H‘Y(Rd). (5.5.4)

2VK

Thus, Theorem [5.5.1|reduces to the following:

Theorem 5.5.2. Letd >3, 0<v < 1ands > % — % + % If the initial data has size
Y I fllms < Do,
T
then there exists a solution
() €€ ([0,7): 1 (RY) x HE(RY))

2
of the Cauchy problem (5.5.2)-(5.5.4) with existence time T ~ D, '**". Moreover, the so-
lution is unique in some subspace of C ([0,T]; H*(R?) x H*(R?)) and the solution depends

continuously on the initial data.

5.5.1 Reduction of Theorem [5.5.2 to bilinear estimates

The Duhamel’s representation of (5.3.2) is given by

(1) = S () e+ £ B (0,) () F 55 (0,9)(0), (55.5)
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where S, (1) = €0(P) and

B (u,v)(1) 1= /O S ({1 — ') DKR. (um\/fv) (t')dt’ (5.5.6)
B (0. v)(t) = /Ots (£ —)DVE (RVEwRWEY) (d (5.57)

withu=u; +u_ and v=u; —u_. Setting k = 0 in Theorem[5.4.2] we obtain the following.

Corollary 5.5.3. Let A € 27 and d > 3. Assume the pair (q,r) satisfies

2<g <o, 2<r<eo, 2,4 4
q r 2
Then
< M(l,l)
[Smo (D) Sall Ly mary S A) 427 | foll 2w, (5.5.8)
! 3d
H/ Smo (1) (1 — 5)F), (s)d's <SAyEG—) 1Fall ) 2 ey, (5.5.9)
0 LILy(Rd+1)

forall f € #(R?) and F € .7 (R4*1),

Now we define the contraction space X7, via the norm

Z(MZSIIMH)Z] ,

[ul|x; =
A
where
—3(1-2v) 2 12
lullx, = [1PauliZzg + (2302 Py,
with
1 1 v J 1 d—2+4v
_ = - = an -_— —
qg 2 r 2d

Observe that
[Pl 2 < lullx,

3 . (5.5.10)
[Pl g < ()32 Julx,
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We estimate the linear part of (5.5.5)) using (5.5.8)) as follows:

1/2
[Smo () S 1x5 = Z(MZSHSmO(i)fin

A
- 1/2

< Z(Mll&filli;] (5.5.11)
| A

~ I fx s

So Theorem reduces to proving bilinear estimates on the terms @f (u,v) and e%’zi (u,v)
that are defined in (5.5.6)) and (5.5.7), respectively.

Here we state the lemma which we used to prove local well-posedness in RY. We give

the proof of this lemma in the next section.

Lemma 5.5.4. Letd23,T>O,0<v<<lands>‘§1—f¢+%. Then

1
18 (w, ) g S T2 lullxg vl (5.5.12)

1
185 (w,v) xS T2 |[ullx [1v]lxg (5.5.13)
for allu,v € X3, where %li and 93% are as in (5.5.6) and (5.5.7)), respectively.

5.5.2 Local well-posedness

Given that Lemma[5.5.4holds, we solve the integral equation (5.5.5]) by contraction mapping

techniques as follows. Define the mapping

(upu )= (DT (uy,u),® (uy,u_)),

where ®* (1, ,u_) is given by the right hand side of (5.5.5)). Now given the initial data with

norm

Y I fllms < Do,
T

we look for solution in the set

Er = {ui € Xy 1) luxlyy < 2CDO} :
=
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Then by (5.5.11)) and Lemma[5.5.4] we have

2
1
19 () lxy < CY | felle +-CT2H (Z ||Mi\|x;>
+ +

< €Dy +CT ™ (2CDy)?
< 2CDy,
provided that
T < (8C2Dg) T2, (5.5.14)

Similarly, for two pair of solutions (u,u_) and (v4,v_) in E7 with the same initial data,

one can drive the difference estimate
+ +
HZCI) (M-HM—)_ZCI) (V—HV—)HX;
+ +
1
<cr: (Z et [[ x5 + ||Vi||x;) (Z e+ —Vi||x;>
T +
< 4C2T%+VD0 (Z ”I/tj: — Vj:”XI{)
+

1
<3 (ZH“i—ViHX;) ,
+

where in the last inequality we used (5.5.14)).

Thus, (®1,®7) is contraction on E7 and therefore it has a unique fixed point (u,u_) €
2

Er solving the integral equation (5.5.3)-(5.5.7) on R? x [0, T], where T ~ D, """ Continu-
ous dependence of solution on the initial data can be shown in the similar way by difference

estimates. This conclude the proof of Theorem (5.5.2).

5.6 Bileaner estimates in R for d > 3

First we prove some bilinear estimates in Lemma(5.6.1|below that will be crucial in the proof
of Lemma [5.5.4] To do so, we need the following Bernstein inequality, which is valid for

1 <a < b < o see for instance (Taol 2006) appendix A.
d_d
1falle < Aa™ 2| falleg- (5.6.1)
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Moreover, we have for all s1,sp € Rand p > 1,
DI K2R fy [ p < A°HA) 2| fall e (5.6.2)
where we used K (&) ~ (£)~ 1.

Lemma 5.6.1. Letd >3,T >0,0< v < land ; € 2% (j=0,1,2). Then

THY min((h), (A))? 43
(A2)

DI, (w1, RVEv3, ) 12 S b, 1115,

(S

(5.6.3)
1 1 d 1 v
T2V {A)2min((A;),(A))27 412
Vo) min(h), B2)* 272 e, vl

(M)2(22)

IIDIVEP, (93VKuy RV, ) 1y 5

S]

(5.6.4)

Jorallue X, ,veX,
Proof. To prove (5.6.3), by symmetry we may assume A; < A,. Let

1 v 2d q>
- = - = —
qg 2 d—2+4+4v -

Then by Holder, (5.6.2)), (5.6.1)) and (5.5.10) we obtain

IIDIK P2 R (a2, RVKV2) 13 12
ST 20(A0) " |19 (w1, WV, ) 2
S T2 h0(h) ™ (A2) 2 fua, 2 o192, L 22
STHY () 4] o, g1V, sz
< T%+v<12>—%;Ll%71+2vMl)%(l—zv)||u||xkl v,

1 1 d_1l,v
STV {(A2) " 2(A) 27+ 2 ullx,, [Ivllx,,,

which proves (5.6.3).
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By similarly arguments,

|IDIVEPs, (BVKuy, RVEv, ) 2
1 1
< T2 (M) 2| <D@t\/[_{u;nﬂ%\/fv,12> Iz

1

—_

1

1 _1 _1 _1
ST220(0) 2 (M) 2 (A2) 2 M[up, [l 2 e v, 2

1 1 _1 _1.4
ST (k)2 (M) 2 (h) 220 oy iz o lva, sz
ST (o) () ™2 A0) "2 5 E full, (19,

]

Now we are ready to prove Lemma [5.5.4] estimates (5.5.12) and (5.5.13). To this end,

we decompose u =) uy, and v =) j v, . Note that by denoting

a = ||u||X)u bl = ||V||Xp

we can write

[ullxy = 1CAYa)llz, vl = 11((A)°B2) 2 (5.6.5)

We shall make a frequent use of the following dyadic summation estimate, for u, A € 2% and
c1,cp>0:
6127 , ifp>0,

Zauwal, Z AP <

u~A c1SASe cf, if p <O0.

Applying 5.9) to " (u,v) in (5.5.6) we get

2

ID|KR.P, (ufri\/l_(v)

172°
7Ly

17 (w, ) 1% < §<ﬁo>2s

By the dyadic decomposition, we obtain

2

H IDIKR.Py, (um\/Ev) (5.6.6)

<Y H|D|K9%.PAO (u,llf)%\/fv;b) ’
A,

1 172"
LyL3 LyL3

Now let Aypin, Appeq @and Ayyqy denote the minimum, median and maximum of A = {49, 41,4, },
respectively. By checking the support properties in the Fourier space of the bilinear term on

the right hand side of (5.6.6) one can see that this term vanishes unless A = (49,41,42) € A,
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where

A= {)L : ;Lmed ~ Afmax}~

Thus, we only get a nonzero contribution in (5.6.6) if A € U?ZOA j,where

A():{ll/ﬂlofj/l] N/lz},
A= {7L : /'Lz <<)ul N).()}, (5.6.7)
Ao={A: 4 <A~ Ao}

By using these facts, and applying (5.6.3) to the right hand side of (5.6.6)), we get

2
2 2
127 ()5 STV Y. 75

j=0
where )
min((A;), (A §-1+3
Ji=Y 0¥ Y () B) anba,| - (5.6.8)
0 A AgTAEN, (A2)2
So (5.5.12)) is reduced to proving
JiSulilviz  (=0,1,2), (5.6.9)

for s > %l — % + % These are shown to hold as follows:

N[

2
/052(7%)2“( Y ay, (M)~ +5%>
Ao Ai~222 20
2
§Z<ao>—2<s—‘5+i—¥>( y <x1>5azl<xz>~*bb)
Ao AM~A 2 A0

2 2
S Hu||x;||V||x;

for all s > % — % + ¥, where to obtain the last line we used Cauchy Schwarz inequality in

)ul ~ )uz and @
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Similarly,

(ST

2

2
/I<Z<%>zs< Y, aylh) 3*”%)

Ao A< Ai~Ag

< lull; vl

for all s > % - % + %, where to get the last two inequalities we used Y ., a1, ~ @, and

Cauchy Schwarz
i_i+! i_i_._, s s
Y (M) by, = ) (Ao) T ¥ (A) by,
A A
SN (A2)02,)llg.
S [vilx;-
Finally,

2

2
/2<Z<7Lo>2s< ) </11>H+§azlbzz>

Ao M <Ar~Ag

Ay

2
S Y (h0)2 83, <Z<al>%’-i+¥az.)
o

< lullg 1]l

d__3
foralls > § —3+7%.
Arguing as in the preceding case we apply to %5 (u,v) in (5.5.7) and then use
(5.6.4)) to obtain
2
2 1+2 7
15 (wv)ll%y ST VY 75,
j=0

where

Ji=Y )| Y, Clo,h,A)ayby, (5.6.10)

/10 l],ﬂ@ilel\j

with
Cllo, A 2g) = R0 min({e), (o)) 472
<Al>2 <)Lz> 2

[(S/EW
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So (5.5.13) is reduced to proving
Ji Sl vk (7=0,1,2). (5.6.11)

These can be proved following the argument of the preceding case by using the fact that

(S B

EN[)

C(Ao, A1, A2) Smin((Ar), (Ap))2~3+7 (5.6.12)

for all A9, A1, € A.
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Chapter 6

Comparison between Boussinesq and

Whitham-Boussinesq Type Systems

6.1 Introduction

In this chapter we consider the Whitham—Boussinesq type system

+ v+ €K (Mv), =0,
un e(Mv) 6.1.0)

V¢ +Kgnx+8Kg(V2/2)x - O7

with given initial data
N(x,0) = f(x) € H'(R), v(x0) = g(x) € H' '3 (R). (6.12)

Here K¢ is a non local operator related to the dispersion relation of the linearized water waves

system, and is defined as

_tanh(\/eD)
=—ep

where D = —idy. The shallowness parameter € > 0 is proportional to the ratio of the am-

Ke := Ke(D) (6.1.3)

plitude of the wave to the mean depth of the fluid. The system (6.1.1) approximates the
two dimensional water waves problem for an inviscid incompressible potential flow. The
variables 11 and v denotes the surface elevation and fluid velocity, respectively. For some
discussion on its precise physical meaning we refer the reader to the work of (Dinvay et al.,
2019) where the system (6.1.1]) appear for the first time.

There has been several studies by (Saut et al., 2017; Saut and Xu, 2012, 2020a; |Linares
et al.,|2012;Saut and Xul,2020b) regarding the long time existence of solution for Boussinesq
type systems with initial data of size &'(1). In (Saut et al., 2017} |Saut and Xu, 2012, [2020al)
the authors showed that the time of existence of solution for Boussinesq type system is of

scale O'(1/€). For example, in (Saut et al., 2017) using quasilinearization the authors proved
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that the one dimensional dispersive Boussinesq type system

N +ve+ (M), =0,
(6.1.4)

Vet Ny + Evvy — ENux = 0,

is locally well-posed with existence time of scale &'(1/¢).
In this chapter, we are interested in the problem of the long time existence of solution

to (6.1.1)-(6.1.2) assuming that the shallowness parameter € is sufficiently small. We also

drive a comparison estimate between solutions of (6.1.1) and (6.1.4). In particular, we prove
that (6.1.1)-(6.1.2) is locally well-posed with existence time of order &(1/+/€) provided
(No,vo) € H*(R) x H'*2 (R) for s > 1/2. This result was conjectured by (Dinvay, [2019) but

the proof was not given. Our comparison result is related to the work of (Alazman et al.,
2006)) comparing solutions of Boussinesq system to solutions of the Korteweg- De Vries

equation and Benjamin-Bona-Mahony equations.

6.2 Preliminary estimates

Note that K¢ (&) = tanl\%\fg) is even and real analytic, K¢(0) = 1, and decreases to zero

monotonically away from origin. In fact,

1 2
tanhx:x—§x3+ﬁx5 — 0@ for |x|<1.

We need the following technical result which compares the symbol of K0, and o, + £9;

3
that will be used later, where K is as in (6.1.3).

Lemma 6.2.1. Assume that \/€ | £ |< 1. Then,
(k@) - (-8 st e P

Proof. The proof follow from the expansion

klE) =& (1 je+ (508t O(VEES)) for |VeEI<
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We need a bound on 7 (D)1 in L?>(R), where (1, v) is the solution of the system (6.1.1)

and 7z (D) is the Fourier multiplier operator of symbol 7¢(£) defined via

me(8) = —i (Ke(§) - (6 - 5&9). (62.1)

Lemma 6.2.2. Let (1,v) € H*P8(R) x H**8(R) be the solution of Cauchy problem (6.1.1))-
(6.1.2) for s > 0. Then, for all j € N, j > 0, there exists C > 0 that depends on the norm of
the solutions such that

. 3
|07 (D)n(1)]| 2 < Ce2,
forall0<t<g 2,

Proof. We apply the operator 0! 7e (D) to the first equation of system (6.1.1]), multiply this

equation by 9y 7, (D)n integrating in the space variable over R, we obtain

[ dime(naiz(D)max
R

_ / (371 e (D) + £0{* ' 1o (D)Ke () 3 e (D) dx.
R

Then using the Cauchy-Schwarz inequality we get

l1d, .;
S0tz (D,

< (197 7e(D)vl| 2 +€|0] " e (D)Ke ()l 2) |9 e (D) 2. (6.2.2)

Now, we fix cut-off function y € C7’(R) such that the supp (x) C [-1,1] and y =1 on
the interval [—1/2,1/2] and we define the Fourier multiplier P_; sz of symbol x(1/€.) and
P, /e =1—P.y; /e Then, using Minkowski’s inequality we get

107 e (DIl 2 < 1Py edi ™ me (DY 2 + 1Py 0 e (DY 12 (6.2.3)

We have to estimate each norm on the right hand side of (6.2.3).
To bound the first term in (6.2.3), we use Corollary 4.3.2]and Lemma [6.2.1]to get

HP<1/\/58)5+17T8(D)VHL2 S £2||v||H,-+6. (6.2.4)
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Since K¢ (&) < 1, we have

7§ S216 |+ SEISIENI+IER SU+IEPDL 629

Then using Plancherel’s identity and inequality (6.2.5) we get

p 9t (DWII2 </ 20j+1) 2 SEVIR d
[Py g08 me(D)vll72 S \§|21/¢5‘§| 7 (8) [ V(&) [~ dE

S [, TEPUD (14 £ PP RE) P
E1=1/ve
On the support of the integral 1 < &* | £ |®. Thus, we have
P10 T e (D)2 S €%Vl| s (6.2.6)

Similarly, using Plancherel’s identity , Lemmal6.2.1] boundedness of K over R and Theorem
for s > 1/2, we have the estimate

107! e (D)Ke (v)]| 12 < (10 7 (D) () |2
<Py /g0 T e (D) (V)| 2+ 1Psy ) 20 e (D) (V) 2
N 82||nv||Hj+6+82||nv||Hj+8

< M laislVllmses + &Ml gsss V] givs. (6.2.7)

Combining estimates (6.2.4)), (6.2.6) and (6.2.7) the inequality (6.2.2)) becomes

> 10{me(D)n (1) |72 < C€?||9}me(D)n]| 2, (6.2.8)

where C depends on the norm of solutions. Therefore, integrating (6.2.8]) between 0 and ¢

we obtain

19{me (DN (1) 2 < |9 7e(D)N (0)| 2 +CE®

< ||0{7(D)N(0)]| 2 +Ce?, (6.2.9)
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[ S
for all 0 <t < €7 2. Finally, using similar arguments as above, we have

107 (D)N (0) |2 < 1P~y ) /e 0 e (D) (0)[| 12 + | P /60 e (D)M (0) | 2
S €N (0)]|s+s + €M (0) || o7 < Ce. (6.2.10)

Thus, combining inequalities (6.2.9) and (6.2.10) we complete the proof of the Lemma. [

We state the following Gronwall’s type Lemma which is used to prove the comparison

estimate.

Lemma 6.2.3 ((Albert and Bona, 1991)), Lemma 2). Let u > 0, % > 0 and ¢ > 1 be given.
Define
T= ﬁ—éu‘o"/ (1+x°)"dx.
0

Then there exists a constant C > 0, which is independent of | and ¥, such that for any
Ty € [0,T], if A(¢) is non-negative, continuous function defined on [0,T}] satisfying A(0) =0
and

A1) < /O [HA(T) + 94%H (7)) d

forallt € [0,Ty], then
A(r) <Cut

forallt € [0,Ty].

Using these estimates we prove long time existence of solutions for Whitam—Boussinesq

type system and it’s consistence with Boussinesq system.

6.3 Well-posedness of Whitham—Boussinesq type system
in R

In this section we discuss the well-posedness theory for the initial value problem (6.1.1))-

@©.1.2).

Theorem 6.3.1 (Well-posedness). Let s > 1/2, 0 < € < 1 and the initial data has size

(I1m0lls(z) + Ivoll vy ) ~ Do
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Then there exists a solution
(n,v) €C ([0, TeJs 1P (R) < H*H3 (R)
of the Cauchy problem (6.1.1)-(6.1.2)) with existence time T given by
—1.—41
Tg ~ DO € 2.

Moreover, the solution is unique in some subspace of the above solution space and depends

continuously on the initial data.

6.3.1 Diagonalization of (6.1.1)) and reformulation of existence theorem
Here we diagonalize system (6.1.1)), and then reduce Theorem to Theorem below
which correspond to the diagonalized system. We define the new variables

1
ui:niKe 2y
2

then,
1

n=ut+u, v=KZu"—u). (6.3.1)

Then, the equation for u™ becomes

_1
28[1/!+ = &[n +KS Za[V
_1
— —iDv —ieDK:(nv) + K, *[—iDKen — ieDK:(v* /2)]
1 1
— —iDv —ieDK;(1v) — iDKZ 1 — ieDKZ (v*/2)

1 _1 1 1
— —iDKZ[n +K, 2v] —ieDKZ [KZ (nv) +1*/2).

Therefore, we have

1
1 ieDKZ 1
™ = —iDKFu" = === [KE (qv) +17/2]. (632)
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Similarly,

1
28;14_ = a,’r] —Kg_z@v

_1
= —iDv —ieDK¢(nv) — K, [—iDKen — ieDKe (v* /2)]
1 1
= —iDv—ieDK¢(nv) + iDKZ 1 + ieDKZ (v*/2)
1 _1 1
= iDK2[n — K, 2v] — ieDKZ [KZ (nv) —v*/2].
Hence,

1
ieDK?
2

du~ — iDKiu~ — K2 (qv) —v2/2]. (6.3.3)

From (6.3.2) and (6.3.3)) system (6.1.1]) transforms to

1
dut +iDKZut = —ieB (ut,u"),

: (6.3.4)
du~ —iDKZu~ = —ieB; (u",u"),
where
1
BE(utu) = EDK{.;[(UJ’_ +u )/ Ke(ut —u)]
1
+ D Ke[/Ke(u™ —u™)]?.
The initial data (6.1.2]) transforms to
.
+K,
fr=le (6.3.5)

By Duhamel’s principle the Cauchy problem (6.3.4)-(6.3.5)) can be written as integral equa-
tion

. ro_.
ut(r) = eTimeD) g+ _ ie/o eFit=s)meD) B (7 1y~ (s)ds, (6.3.6)

where
me(D) := D+/K¢ (D).

Now we can state Theorem [6.3.1]in terms of the new variables as follow.
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Theorem 6.3.2. Let s > 1/2, 0 < € < | and the initial data has size

1f Nles + 11~ lazs ~ Do
Then there exists a solution
(u+,u_) € C([0,T¢]; H*(R) x H*(R))

of the Cauchy problem (6.3.4)-(6.3.5)) with existence time T as in Theorem Moreover,
the solution is unique in some subspace of the above solution space and solution depends

continuously on the initial data.

6.3.2 Bilinear estimates in R

Here, we proved the key bilinear estimates which are important in the proof of Theorem

[6.3.2]in next subsection.

Lemma 6.3.3. Let 0 < & < 1 ands > 1/2. Then, we have

1
1DKe (ay/Kev) [l S &2 s (6.3.7)

1
IDVKe (VEeu/Kev ) s < €2 el vl (6.3.8)

forallu,v € H(R).
Proof. Since | tanh(1/€€) |[< 1, we have

tanh(vE | £ ) tanh(VE|E]) _
\/§|§| = NG <eg 2, (6.3.9)

Then using Corollary |4.3.2} inequality (6.3.9), algebra property of H*(R) Theorem and

boundedness of K¢ over R we have

| Ke(8) =16 |

IDKe (av/Kev ) 1 = 11()° | EKe(&) 7 (a/Kev) () |12
<& 2 |lun/Kev|as
_1
S € 2 ||ullas |V Kevlas

1
S €2 |ullas[[vls,
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forall s > 1/2.

Using similar arguments as above with triangular inequality via Fourier transform, we

have estimate

||D\/Fg( Keu ng) || s
< || V/DRe (V/DReuy/Kev) s+ 1|/ DRe ((v/Kewy/DRev ) s
< e (v/DReuy/Kew) I+ &4 (VReny/DEev) [
< &4 || V/DKeu s | v/Kev s + €3 v/Kew s |/ DKev s

1
S €2 [ullas|lvlas,

for all s > 1/2, which completes the proof of the Lemma.

6.3.3 Long time existence

We define contraction space X7, via the norm

lullxy = sup [[u(®)| s (r)s
0<t<T

where T is to be determine later. We estimate the linear part of (6.3.6) as follows;

9

He¥itmg(D)f:|: HXT = sup ”e:Fl'l‘mg(D)fiHHs
0<t<T

< sup ||/ |l
0<t<T

< Hfi“XT'

(6.3.10)

We solve the integral equation by contraction mapping techniques as follows. Define

the mapping

() = (W (uum), We (u™u7)),

where W (u™,u™) is given by the right hand side of (6.3.6). Now let

Y11= lx < Do,
+
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we find solution in the set
Ep, = {ui cXr: ; Hui||XT <2Dgp}.
Then by (6.3.10) and Lemma[6.3.3| we get
LI Gy < X (1L el [/ B )6asly )

2
1
<Y If*|x, +CTe? (ZHuiHv)
+ +

where

T < -
8CDpe2

(6.3.11)

Let (ut,u™) and (v*,v™) are two solution pairs of the integral equation (6.3.6) in Ep, with

the same initial data, then we can drive the difference estimate
YIe (uhu) = (v v )y
+
1 + +
<CTe> (Z [ ||x, + ||Vi||XT> (Z lu™ —v ||XT>
+ +
<4CTeDy Y [l —v¥||x,
+

< Z Hui _V:tHXW
+

| =

where in the last inequality we use (6.3.11).

Therefore, (W7, ¥, ) is contraction on Ep, and has a unique fixed point (u™,u~) € Ep,
solving the integral equation on R x [0,71], where T; ~ D, 'e=1. Continuous depen-
dence on the initial data can be shown in a similar way, by the difference estimates.

Finally, since

(ut,u™) e C([0,Te]; H*(R) x H*(R))
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is the unique solution to (6.3.4)- (6.3.5)), we conclude that
1 |
(M) =t +u= K2 (u™ —u~)) €C ([o, To); H' (R) x H”f(R))

is the unique solution to (6.1.1)-(6.1.2). This recovers the result of Theorem [6.3.1]

6.4 Comparison result

This section is devoted to prove comparison between Boussinesq and Whitham—Boussinesq

type equations with the same initial data.

Theorem 6.4.1 (Comparison estimate). Let (f,g) € H™8(R) x H"3(R) for integer m > 0.

Suppose that the pairs (1,v) and (7},V) are solutions in
C (10,6720 H"H(R) ) x C ([0, Do) H"*(R))

of systems (6.1.1) and (6.1.4), respectively with the same initial data (6.1.2). Then there

exists a constant C > 0 depending on the norm of solution, such that
107" (n = )|z + (19" (v =) |2 < Cer,

for0<e<land <t < 8_%D0, where Dy is as in Theoremm

Remark 6.4.1. We state Theorem in the space H™8(R) x H*T3(R) since we need 1,
v and their derivatives with respect to x up to order eight are bounded in L* by constants

which depends on initial data norm. Hence we will use this fact to proof Theorem

Let

w=n-—1 and 0=v—7,

where (1,v) and (7], V) are solutions of the system (6.1.1)) and (6.1.4), respectively with the

same initial data. Then one can verify that the pair (@, ) satisfies the initial value problem

@+ 0+ &(00),+€(NO)y+ (VW) — EDyyy — EOryy = Hy + €G1,
O, + Wy + €00 + (V0 — €Oy — EOyxxy = Hyy +Hpp +€G,,  (6.4.1)
o(x,0) = 6(x,0) =0,
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where
e((Mv)x —Ke(nv)x)
€ (Ke(MV)xxx — (N7)xxx)

H;
Gy

1
Hy =¢ (vvx —Ke(vvy) — 5831‘[ — 8)(31'1)
Hyy = e (D)N — €9 (D)
.- 1 .
Gy=¢€ (Kg(vvx)x)C — (W )ax + 58517 + 8)651‘])
and 7¢ (D) is a Fourier multiplier of symbol 7¢ (&) defined in (6.2.1)).

To verify that the pair (@, 6) satisfies the initial value problem (6.4.1]) we calculate the

following derivatives

@ = — 0, — eKe(MV) +&(7V)y,

e(w0),

8(nxv_ MV — v + MV + Ny — NV — vy + ﬁ‘jx)a

)
S(ﬁe)x e(ﬁxv_ﬁx‘j‘k ﬁvx_ﬁﬁx)a
8(‘7(1)))6 = S(nﬁx - ﬁﬁx + NV — ﬁxﬁ)a

—EWyxt = EOpxx + 82K8 (Tlv)xxx - gz(ﬁﬁ)xxx-
Adding the above equations we get

@+ 0y +€(@O),+€(NO)x+ (VW) — EDyyr — €Oy

= S(WV)x - 8Ke(’7")x + gzKe(nV)xxx - gz(ﬁ‘j)xx»
Similarly,

6 = — 0 — KeTlx + 1+ gaj”n — &K (vvy) + €97 — 8(%8317 +371),
= — @+ T (D)N — €Ke (vvy) + €09, — e(%&fn +927),
€00, = € (vvy — Vi, — Wy + V1),
€(VO)yx = € (Vi — Wiy + Vv — Vi),

1 -
— €0,y = EOc; — €02 T (D) + €2 Ke (W) e — £ (V) x + 82(56317 +327).
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Thus,

0, + 0y + €00, + €(VO)x — €Oy — EMyyx
1 .
= e (D)N 4 evvy — eKe (Vi) — 8(58317 +937)

80270 (D)1 + €2Ke (1) e — E2(55) e + ez(%agn +957).

We accomplish the proof of Theorem [6.4.1]in two steps. In Subsection [6.4.1 we proved
Theorem in the case of m = 0. Then using induction with the case m = 0 at hand we

proved for m > 1 in Subsection |6.4.2)

6.4.1 Comparison result in case m =0

Multiplying the first equation of (6.4.1) by ® and the second by 0, integrating over space

variable we obtain

/ (0@ + 06, — EOO; — €0 Oy + WO, + Oy — EWOyy — EOWxxx) dx
_ —e/ (0(08)y+ O(70), + (7o), + 626, + 6(76)) dx (6.4.2)

+/ (8(!)G1+0)H1+89G2—|—9(H21+H22))dx.

First, we simplify the left hand side of equation (6.4.2). Therefore, using the assumption

0,  and their derivatives vanishes at infinity we obtain

/w (0.0 + 06,)dx = /w oy (00)dx=0.

— 00

By similar arguments as above, we have

(o)

/ (0Oxxx + O Wy dx = —/ (Bxx Oy + O, ) dx

—00
(o)

:_/ d¢ (6, @y) dx = 0.

—00

And also
/ o exdng/ 9:(6%)dx = 0.
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Using integration by parts we obtain

ld [~

2, g2 2 .92
=37 _w(w +6” +ew; +€6;) dx.

/ (0w, + 06, — EOWy — OOy ) dx

Thus, the integral equation (6.4.2)) can be reduced to the form
1d [~
2dt ) -«

= —e/ (0(wO)y+ w(70),+ 0(Tw),+ 6(70),)dx (6.4.3)

(0*+ 67 +ewl +€0})dx

+/ (ewGi+ wH, +€0Gy+ 0(Ha + Hy)) dx.

Since @(x,0) = 0(x,0) = 0, integrating the integral equation (6.4.3)) over the interval [0,z],
we obtain

1 o

5/_00 (0® + 6%+ eof +€67) dx

t oo
_ —8/0 / (@(06), + ©(710); + ®(F0), + 0(70)y) dxdT (6.4.4)
t )
+/() / (E(DGl—|—0)H1+8962+9(H21—|—H22))dxd‘6.

Let Ay(¢) denotes the positive square root of the integral equation on the left hand side of

(6.4.4), i.e.,
A3(t) = / (0% + 67+ ew? +€07) dx.

Then, we have

lo][2 < Ao(2),

(6.4.5)
ool 2 S € 2 A0 ().

Using the inequality
1= S A2 Nl 2 (6.4.6)

it follows that

1
o] < €74 A0 (7).

In fact, the same estimates also hold for 6.
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Since h =1, v, 7,7 € H3(R) for all 1 € [0,8_%Do] and 0 <i <8, we have
|9chll2 S 1. (6.4.7)

Using these observations we can bound the terms on the right hand side of the integral equa-

tion ( as follow:

—s// 0(w0) dxdr—e// 0,00dxdr,

<e [ odzlola00]-dv
t

e [ lodzlolalol 6z
t

8‘1*/A(3)(T)d1'
0

where we used Holder’s inequality, estimate and to obtain the first, second

(6.4.8)

AN

and third inequalities, respectively. Using similar arguments as above, we have the following

t o0 t
s/ / wxﬁedxd'cgsé/ A3(t)dt
0 J—oo 0
t 0 t
8/ / wxa)\?dxdrgsi/ A(Z)(r)dr, (6.4.9)
0 J—oo 0
t 0 t
e / / 6.07dxdt < & / A2(1)de
0 J—oo 0

here we also used estimate (6.4.7). Using Holder’s, Minkowski’s inequalities and bounded-

estimates

ness of K¢ over R, we have

b t
8/0 / (DGldXd’L'Sez/O HwHLZHKS(nV)Xxx_(ﬁﬁ)xxx”[]df
t
582/0 ol 2(1(MV)xxll 2 + [ (T1P) x| 12)d T

t
<g? / Ao(7)dr, (6.4.10)
0

where we used estimates (6.4.6), (6.4.7) and (6.4.3) to get the last inequality. By similar
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arguments, we have the following estimates

t oo t
/ / wHdxdt < s/ Ao(7)dT,
0 J—oo 0
t o t
€ / / 0Grdxdt < € / Ao(1)dr,
0 J—oo 0

t poo t
/ / 9H21dxd’€ S 8/ A()(’L')d’t'.
0 J—oo 0

Using Minkowski’s inequality, estimate and Lemma [6.2.2] it follows that

t 00 t
/ / 0HsdxdT < €7 / Ao(T)dr,
0 J—o 0

forall0 <r < 8’%.

Combining the estimates (6.4.8)-(6.4.12) we get the differential inequality

A2(r) < C/Ot (EZAO(T)) 1 e3A0(1) + eAo(t) + e2A2(1) + e%Ag(r)) dr.

Using Young’s inequality we can write

L 5 13
£2A7 = (8Ap)?A; <

6.4.11)

(6.4.12)

(6.4.13)

(6.4.14)

From (6.4.14) and the fact that 0 < € < 1 the differential inequality (6.4.13) can written as

A(r) < C/Ot (eAo(7) +A3(7)) dr.

(6.4.15)

Now applying Lemma [6.2.3] on the differential inequality (6.4.15) with u = Ce, ¥ = C and

o =2, we have

Ao (t) < Cet,

forall 0 <t < sf%Do. Thus, we conclude that

lol[2+1[6]]2 < Cer,

for € [0, eféDo]. This complete the proof of Theorem in the case m = 0.
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6.4.2 Comparison result in case m > 1

In this subsection, we compare the solutions (17,v) and (], V) of system (6.1.1]) and (6.1.4)),

respectively in the Sobolev spaces H™(R) for m > 1. We can proceed the proof of the
theorem by induction on the derivatives. We assume that for0 <i<m—1and0<¢ < 8_%D0

there exists a constant C > 0 that depends on the norm of solutions, such that
|9f@]| 2 +1|9i6]| 2 < Cer.

In particular,

1902 +19:6]|2 S Ce?, (6.4.16)

forallz € [0, 8’%D0]. We will use these estimate in the induction step. Then we have to show
that the result holds for m.

Multiply the first equation in by 92" and the second by 92”8, add the results,
integrating over space variable we get

/ (02" 0@y + 0706, — €07 WOt — €900,y ) dx

_ / (€07 WO,xx + EIF"O Oy — 0P 00, — 97" O ;) dx

—e/i (020 ((08) + (718)x + (7)) + I2"O(06, + (70),)) dix

+ / (02" (G + H) + 9F"0(eGy + Hay + Han) ) dx.

(6.4.17)

Then, applying integration by parts we can write the left hand side of integral equation

©.4.17) as

(3 [ (@re)+ (0o +e@r @) +2(@r ) dx

Again using integration by parts the right hand side of integral equation (6.4.17) can be
simplified as
/ (02" 06, + 2" 0w )dx = (—1)™ (0" @™ 10 +0"00"  w)dx

[ 9(m@d™9)dx = 0,

—o00
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here we used the fact that @, 6 and their derivatives vanishes at +oo. By similar arguments,
we have

/ (a)czmwexxx+ayczm9wxxx>dx = (_1)m1/ (a;nJrlwa;erZe +8}Z”198)T+2w)dx

(—1y! / " o0 @1 9)dx = 0.

/oo (0@ (I (w6 + 16 +7w)) + 90 (91 (6%/2+76))) dxdt
{  poo

)/
0 J—

[

(V'wd)" (eG1+Hy)+9]"09]" (€Gr+ Hpy + Hy)) dxdr,
where

(6.4.18)
A2(1) = / (0" ®)? + (30)% + £(2" )2 + £(9" 1 0)?) dx
for m € N and m > 1. Then, we have

105" @llp2 +119y"61] 12 S A1),

(6.4.19)
1
197 @|2 + (1971 0|2 S €72 A ().

Recall that, for all # € [0, 2Dg), h = 1,v, 7,7 € H™8(R) and 0 < i < m+8, we have

|9ghll 2 S 1.

(6.4.20)
Next we will bound the terms on the right hand side of integral equation (6.4.18). Using

Leibniz’s rule to expand the differentiated term in the integral, one obtain expression which

are easily estimated using the assumed bound in the induction hypothesis. Thus we have the
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following estimates:

t o] t oo m+1 m+1
// 8;”a)8;"+1(w\7)dxdr:// 9" Z( l )am+1 i03iv | dxdt
0 J—e 0 J—eo i=0

t (o)
_ / / "™ @ + (m+1)(9" )20,
0 J—oo

m+1
+9'® (Z (mjl)a’"“ ‘0div >dxd‘c.

i=2

Howeyver,

t oo 1 t oo
/ / ooy otdxd = 5 / / (9" ) 5dxd
0 —0o0 0 —00
1 st
=3 / / (0" w)20,idxd.
0 J—co

Then, we have

/ / 9" 0" (0P)dxdt

_// m—l— ) (9 @ 28 v+ Z (m+1)8mw8m+1 ’w&’vdxd’v

Using Holder’s inequality, estimate (6.4.6), (6.4.20) and (6.4.19)) we have

/ / y (””T )a;"wa;"“—lwa;ﬁdxdr
0 J—eo ;2

rrtl m+1 m m+1—i i i+1 2
N/ 107" o]l 2107 @l 12| 9% VIleHa VIledT (6.4.22)

"’“ (m+1)/A

where we also used induction hypothesis (6.4.16) to get the last inequality. Hence, from

and we obtain the estimate

t oo 1
£ / / " wd™ N (wv)dxdt < € / (A7, (7) +An(T)) dT. (6.4.23)
0 J—o 0
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Using similar arguments, we have the estimates

t o t

e / / 97097 (09)dxdt < & / (A2(7) +An(7)) dT,
0 J—oo 0
t o t

e / / Im09 1 (6%)dxdr < ¢ / (A2(7) +An(7)) dT,
0 J—oo 0
1 o t

e / / I 0™ (00)dxdr < / (14+& H)A2(1) + An() ) dr,

0 J—oo 0

t oo t
e// afway+1<9ﬁ)dxdzge/ ((1+& 5)A2 (1) +An(D)) dr.
0 J—oo 0

(6.4.24)

On the other hand from Holder’s, Minkowski’s inequalities, estimate (6.4.6)), (6.4.20) and
(6.4.19) we have

t o t oo
e / / A" 0" GrdxdT = € / / 97 @ (Ke(NV)rex — (717)ue) dxd T
0 J—o 0 J—oo

t
e [ arol,s (10 () |+ 1923 () 2) s

m—+3
m+3 !
58226( ; )/()Am(r)dr.
(6.4.25)

By similar arguments we have the following estimates

t oo m+1 1 t
/ / "I Hydxdt S e Y (’”T ) / An(T)dT
0 J—eo i=0 \ ! 0
t oo m+3 3 t
/ / "0 Hy dxdt S e Y (mj ) / An(T)dT (6.4.26)
0 J—e = 0

t 00 m+5 t
€ / / A0 Grdxdt S €% Y (m+5) / Ap(T)dT.
0 J—eo i=0 \ ! 0

Finally, applying Cauchy-Schwarz, Minkowski’s inequality, Lemma[6.2.2]and estimate (6.4.19)

it follows that

t o t )
/ / 970" Hypdxdt — / / 900" (1 (D)1 — £ (D) e )dxd T
0 J—oo 0 J—oo
t
S/O 1050l 2 (1| 0% e (D) [ 12 + [| €0y e (D) Me | 12)d T

t
583/Am(r)dr.
0
(6.4.27)

Hence, gathering the estimates (6.4.23))-(6.4.27) the integral equation (6.4.18]) can be
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bounded as
2 ! 3 2 142 2
A, (1) < C/ <8Am(’L') +€2A,(7)+€°An(T) + €24, (T) + 8Am(T)> dr. (6.4.28)
0
Thus, using Young’s inequality (6.4.28) can be reduced to the form
t
A1) <C /0 (eAn(7) +43 (7)) dx. (6.4.29)

Therefore, we conclude the proof of Theorem [6.4.1]using Lemma|6.2.3] as for the initial step
with y =Ce, 9 =Cand 0 =2.
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Chapter 7

Conclusions, Recommendations and

Future Works

7.1 Conclusion

In this dissertation we consider a Whitham—Boussinesq type system modeling surface wa-
ter waves of an inviscid incompressible potential flow. We derive a lower bound estimate
for derivative of all order for Fourier symbol of pseudo-differential operator that appear in
linearized water wave type equations. We also derive dispersive and Strichartz estimates for
linearized water waves type equations in R?. Then for pure gravity case we proved that the
system is locally well posed in R? for d > 3. This generalizes a recent result by (Dinvay et al.|
2020), where they proved low regularity well-posedness in one and two dimensions. Using
contraction mapping principle we proved that the one dimensional Whitham—Boussinesq
type system is well-posed on the time scale of order & (8’%), where € > 0 is shallowness
parameter. This result was conjectured by (Dinvay, 2019), but the proof was not given. In
particular, if the amplitude of the wave is very small compared to the mean depth of the
fluid that is 0 < € < 1, then the solutions of Whitham—-Boussinesq type equations exist for
arbitrarily large time. Thus, the solution has a life span of order & (8‘%). We also derived
the difference estimate between Boussinesq and Whitham—Boussinesq type systems on the
time scale of order & (8*%). Hence, on this time interval we can approximate Boussinesq

system with Whitham—Boussinesq type system.

7.2 Recommendations

The results of this study can be used to study wave propagation on an ice sheet over a body
of water. Coastal engineers can also use results of this dissertation to study characteristics
of solitary waves. For example, using the characteristics of solitary waves coastal engineers

can study about sedimentation of sands and rocks around the coastal area.
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7.3 Future works

In the present work we only consider the pure gravity case to prove the well-posedness
results. In future, it would be interesting to consider gravity-capillary case and extending the
result of this study to a global well-posedness. We have also an interest to extend the long
time existence of solutions of Whitham—Boussinesq type equations to three dimensional
space. Using the results of this study one can also prove well-posedness of other water wave

models.
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