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Abstract

Malaria is an infectious disease that causes morbidity and mortality globally. In this study,
we present two deterministic mathematical models of malaria transmission in the presence
of temperature variability. The first is susceptible - infected - recovered - susceptible and
susceptible - infected compartmental model. The model is both qualitatively and quantita-
tively analyzed. The local and global stability of the equilibrium points are shown using the
Routh-Hurwitz criterion and Lyapunov function respectively. The sensitivity analysis of the
model has described and the model exhibits forward and backward bifurcation. Moreover,
we extended the model to the optimal control problem by incorporating three controls treated
bed nets, treatment of infected and indoor insecticides spraying. The Pontraygin’s minimum
principle is applied to obtain the necessary condition for the optimal control problem. Based
on the numerical simulation of the optimality system and cost effectiveness analysis, the com-
bination of treatment and insecticide spraying is the most optimum and least cost strategy
to minimize the disease. Secondly, we proposed and analyzed the susceptible - exposed -
infected - recovered - susceptible and susceptible - exposed -infected compartmental model.
The analysis of the model shows that the model is bounded and positive in certain domain.
Applying the next-generation matrix method, the basic reproduction number with respect to
the disease free equilibrium is computed. The local and global stability of the equilibrium
points are obtained. The sensitivity analysis of the basic reproduction number with respect
to all basic parameters was computed. The model has a forward and backward bifurcation.
Using real data some parameters were estimated. Also the model is extended to optimal
control problem. The Pontraygin’s minimum principle is introduced to obtain the neces-
sary condition for optimal control problem. Runge-Kutta forward-backward sweep method
is used to solve the optimal control problem. Therefore, based on the numerical simulations
of optimal control problem and cost-effectiveness analysis, the most optimal and least cost

strategy to reduce the malaria is using treated bed nets and treatment.

Keywords: Malaria epidemics; deterministic model; temperature variability, optimal con-

trol strategies; cost-effectiveness analysis.
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CHAPTER 1
INTRODUCTION

1.1 Background of the Study

Malaria is one of the oldest disease that causes mortality worldwide (Traoré et al., 2020). It
is commonly associated with poverty and has a major negative effect on economic develop-
ment especially in Africa (Koutou et al., 2018). The disease is widespread in the tropical and
subtropical of the world. This includes much of Sub-Saharan Africa, Asia, and Latin Amer-
ica. In endemic regions of malaria, children under five, pregnant women and non-immune
adults are most at risk of mortality due to the disease. Malaria infection can lead to serious
complications affecting the brain, lungs, kidneys, and other organs. According to the latest
world malaria report on December 2020, an estimated 229 million malaria cases were found
and 409000 deaths due to malaria have occurred world wide and African region accounted

for 94% of all cases in 2019 (WHO, 2020).

1.1.1 Cause of malaria

Malaria is a serious disease caused by a pathogen called protozoa. It is a vector-borne disease
caused by a parasite known as Plasmodium. There are five Plasmodium parasite species that
cause significant numbers of malaria infections in humans (Traoré et al., 2020). Those par-
asites are Plasmodium falciparum, Plasmodium malariae, Plasmodium ovale, Plasmodium
vivax and Plasmodium knowlesi. Plasmodium falciparum is commonly found in Africa and
the most common cause of infection in Africa and South East Asia. Plasmodium falciparum
and Plasmodium vivax are the dominant species in the tropical areas and temperate regions,

respectively (Yiga et al., 2020).



1.1.2 Modes of transmission

Malaria is transmitted to people through the infected female Anopheles mosquitoes while
they bite humans for a blood meal for the development of their eggs. The parasite requires
two hosts to complete its life cycle the vector female Anopheles mosquito and human. The
bites of infected mosquitoes are the mode of transmission of the parasite between the hu-
man hosts (Mandal et al., 2011). And when an Anopheles mosquito bites a person infected
with the malaria parasite, the mosquito becomes a carrier of the disease too. It can also be
transmitted through blood transfusion and from mother to unborn child during the pregnancy
period (Abiodun, 2017). The main vectors provided for the transmission of malaria in trop-
ical Africa are Anopheles gambiae, Anopheles arabiensis and Anopheles funestus (Coetzee,

2004).

Figure 1.1: The image of (a) An. gambiae, (b) An. arabiensis and (c) An. funestus
(Source: Centers for Disease Control and Prevention (CDC), 2016)

1.1.3 Symptoms of malaria

Malaria symptoms typically start within a few weeks after being bitten by an infected vector.
But, some types of malaria parasites can lie dormant in the body for up to a year and cause
relapses. Malaria starts with extreme cold, followed by high fever and severe sweating.
These can be accompanied by vomiting, abdominal pain, rapid heart rate, fever, pain, chills

and sweats may develop a few days (Agusto et al., 2012).

1.1.4 Control of malaria

Malaria is preventable if treatment and prevention measures are sought early. Currently, there
is no vaccine for the malaria. Immunity is the balanced state of having adequate biological
defenses to fight any disease. At birth, children are temporarily protected from infection due

to the transfer of antibodies from mother (Abiodun, 2017). Numerous options have been



recommended to control of the malaria, among the best approach are in three categories.
These are insecticide-treated bed net, treatment with anti-malarial drugs, and indoor residual
spraying of insecticides (WHO, 2020). An insecticide-treated bed net is one of the strategy
used to prevent mosquito-human contacts to reduce the number of bites per mosquito. This
control strategy is the best effective control in reducing disease transmission (Agusto et al.,
2013). Treatment with anti- malarial drug can also be used to prevent malaria. For instance,
Plasmodium falciparum is treated by using chloroquine (EPHI, 2018). Indoor residual spray-
ing strategy is also used to reduce mosquitoes that increase the mosquito death rate (Chu and

White, 2021).

1.1.5 Climatic variability and malaria

Globally, the distribution of mosquitoes has been affected by different climatic factors such
as temperature, rainfall and humidity. The impact of temperature and rainfall is therefore
significant in the transmission dynamics of malaria. For instance, Alonso et al. (2011) found
that the development of the parasite within the mosquito depends on temperature, taking
about optimum at temperatures of 28°C, but stops at temperatures below 16°C. The authors
revealed that temperature fluctuations below 16°C and above 35°C have a negative influence
on development. Ngarakana-Gwasira et al. (2014) proposed assessing the role of climate
change in malaria transmission in Africa. The authors have suggested that the parasite that
causes the disease is sensitive to temperature and rainfall. Agusto et al. (2015) presented that
the malaria transmission increases with the temperature range of 16°C to 28°C that create
conditions that lead to mosquitoes breeding rates. Traoré et al. (2020) proposed a mathemat-
ical model of malaria transmission dynamics with temperature variations effect on mosquito.
They have confirmed that climate factors have a great impact on the mosquito life cycle and

parasite survival in mosquitoes.

Rainfall is one of the climate factor that indicates the probable survival of vector and the po-
tential for malaria transmission (Jepson et al., 1947). It influences the abundance of aquatic
habitats (eggs, larvae, and pupae) available for mosquitoes survival. Moist conditions in the
tropics lead to a stable transmission of the malaria parasite. However, excessive rainfall can
negatively influence mosquito breeding. Immoderate rainfall can lead to flushing of breeding
sites and high losses of aquatic habitats (Paaijmans et al., 2007). Rainfall provides breeding
sites for the mosquitoes that increasing the number of mosquito larval habitants (Yiga et al.,

2020).



Mosquito Life Cycle

Figure 1.2: Life cycle of a mosquito.

(Source: www.mosquito.org/page/lifecycle)

1.1.6 Global distribution of malaria

The weather parameters such as temperature and rainfall can determine the disease epidemics
and the distribution of malaria transmission worldwide (Thomson et al., 1997). The distri-
bution of malaria transmit by mosquito and the impacts of climate change on malaria over

world is depicted in Figure 1.3.

Climate Change and Malaria
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Figure 1.3: The map shows the distribution of malaria worldwide.

(Source: MARA, http://www.mara.org.za)



Malaria is an ancient disease having a huge social, economic, and health burden in Africa
which is also been linked to poverty people suffering from malaria often struggle to earn
their living. In 2019, most malaria cases were reported from African region is 94% (WHO,
2020).
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Figure 1.4: The map shows the distribution of malaria in Africa.

(Source: MARA, http://www.mara.org.za)

Malaria is one of the leading public health problems in Ethiopia. It is found in nearly 60% of
the country are at risk of contracting malaria. In most of Ethiopia, peak malaria transmission
occurs between September and December after the main rainy season from June to August.
Certain areas with low malaria transmission period from April to June, following a short

rainy season from February to March (EPHI, 2018).
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Figure 1.5: The map shows distribution of malaria in Ethiopia

(Source: Ethiopia National Malaria Indicator Survey, 2018)



1.1.7 Role of mathematical modeling on malaria transmission

Mathematical modelling is an important tool that has significant role in the study of infec-
tious diseases. It has a major role in increasing our understanding of the dynamics of diseases
and providing intervention strategies to mitigate the diseases. Mathematical model of malaria
transmission has developed by Ronald Ross, who received the Nobel Prize in 1902 for his
work on the life cycle of the malaria parasite (Ross, 1911). Ross developed a simple SIS for
the human and SI for the vector model. From the Ross model, many mathematical models
have been formulated considering the impact of temperature variability on malaria dynamics
with optimal control strategies (Agusto, 2020; Traoré et al., 2020; Yiga et al., 2020; Herdicho
et al., 2021). To best of our knowledge the impact of temperature variability on the trans-
mission dynamics of malaria epidemics using a logistic growth of temperature variation with
respect to the birth rate of mosquito and malaria infection with optimal control strategies and
their cost-effectiveness is not studied. This is addressed in this dissertation by considering
the logistic growth of temperature variation with respect to the birth rate of mosquito and
malaria infection. Thus we proposed a mathematical model for the impact of temperature
variability on the malaria epidemics by considering the logistic growth of temperature varia-
tion with respect to the birth rate of mosquito and malaria infection with optimal control and

cost-effectiveness analysis.

1.2 Statement of the problem

Malaria remains one of the largest killer diseases in worldwide. Mathematicians have devel-
oped a significant and effective tool, namely mathematical models of malaria transmission,
that give an insight into the interaction between the host and vector population. Several
mathematical models of malaria transmission have been developed considering the impact
of temperature and rainfall variability on mosquito birth rate, contact rate, and death rate
(Ngarakana-Gwasira et al., 2016; Abiodun et al., 2018; Bhuju et al., 2018; Okuneye et al.,
2019; Gashaw et al., 2019; Garba and Danbaba, 2020; Traoré et al., 2020; Yiga et al., 2020).
For instances, Bhuju et al. (2018) proposed an SEIRS model for human population and SEI
for malaria. They also derived malaria transmission model by incorporating the effect of
temperature on the biting rate and birth rate of the vector population. Gashaw et al. (2019)
studied SIRS a mathematical model for human population and SI for malaria. Their study
shown the effect of temperature on the biting rate and both temperature and rainfall on the

birth rate and death rate of the mosquito.



However, all of these studies did not consider the impact of temperature variability on malaria
epidemics with a logistic growth of temperature variation with respect to mosquitoes breed-
ing and malaria infection. Motivated by the recent works of (Ngarakana-Gwasira et al., 2016;
Abiodun et al., 2018; Bhuju et al., 2018; Okuneye et al., 2019; Gashaw et al., 2019; Garba
and Danbaba, 2020; Traoré¢ et al., 2020; Yiga et al., 2020), we consider a malaria transmis-
sion model with the impact of temperature variability on malaria epidemics considering a
logistic model for temperature variation with respect to mosquitoes breeding and malaria
infection. Therefore, this study proposed a mathematical model for the impact of tempera-
ture variability on the malaria epidemics with optimal control strategy and cost-effectiveness

analysis.

1.3 Objectives of the study

1.3.1 General objective

The general objective of this study is to investigate the impact of temperature variability on
malaria epidemics using a mathematical model and propose an optimal control strategy with

cost-effectiveness analysis.

1.3.2 Specific objectives

The specific objectives are to:
* develop SIRS mathematical model of malaria dynamics with temperature variability.
 extend the SIRS model into optimal control and cost effectiveness analysis.
* develop SEIRS mathematical model of malaria dynamics with temperature variability.

* extend the SEIRS model into optimal control and cost effectiveness analysis.

1.4 Significance of the study

The study is significant for the following reasons:

* it will help to improve control strategies for the occurrence of malaria epidemics in a

community.
¢ the output of this study will serve as an input for public health policymakers.

7



* the study will also serve as a reference for further research on optimal control of

malaria and form a base for further studies of related problems.

* further, the study will also help researchers to create awareness of the impact of tem-

perature variability on malaria epidemics.

1.5 The scope of the study

This study mainly focus on developing a deterministic mathematical models to investigate
the impact of temperature variation on the malaria epidemics. Further the developed mathe-
matical models were extended to optimal control strategies with cost-effectiveness analysis.
During applying optimal control theories to the model it is not possible to apply each and
every control measure due to the time constraint. Thus, the study will be limited to the
main governing control strategies depending on the disease dynamics. Pontraygin’s mini-
mum principle is applied to obtain the necessary condition for the optimal control and the
cost-effectiveness analysis is described with all the various combinations of the controls. In

this dissertation, we used the data obtained from the East Shawa Zone.

1.6 Organization of the study

The dissertation is organized into 8 chapters. The structure of each chapter is presented
as follows. Chapter 1 presents general overview. That is, background of the study, state-
ment of the problem, objectives of the study and significance of the study. In Chapter 2
we presented the relevant related review of the literature. Chapter 3 illustrates the research
methodology of the study. Chapter 4 describes a basic deterministic model that describes
the impact of temperature variability on malaria epidemics. This model analyzed both qual-
itatively and quantitatively. Chapter 5 proposes and analyzes a deterministic model of the
transmission dynamics of malaria in the presence of temperature variability factor. Chapter 6
deals with optimal control strategy and cost-effectiveness analysis of the malaria epidemics
model. Chapter 7 is devoted to the optimal control analysis of the malaria epidemics in the
presence of temperature variability. Finally, the conclusions, recommendations and future

research are presented in the last chapter 8.



CHAPTER 2
LITERATURE REVIEW

Malaria is a serious health problem in many African countries. Many studies have been
conducted on understanding how this disease is transmitted and its control by proposing
various types of Mathematical models. In this chapter, we reviewed some researches that
were studied a mathematical model of malaria transmission with optimal control and cost

effectiveness analysis that are directly related to the objectives of our study.

2.1 Malaria transmission models

A number of studies have been conducted to emphasize the control of the diseases and their
dynamic by building different types of Mathematical models. The study on malaria using
mathematical model began in 1911 by Ronald Ross (Ross, 1911). He considered the first
deterministic two-dimensional model with one variable representing humans and the other
representing mosquitoes. Later, he introduced the first deterministic mathematical model
of malaria by dividing the human population into susceptible and infected compartments,
with the infected class returning to susceptible class again leading to the SIS structure. The
mosquito population also has only two compartments susceptible and infected, but they do
not recover from infection due to their short life span, and there by follow the SI structure
(Mandal et al., 2011). The major advantage in Ross model was his ability to provide a
suitable control strategy through the transmission threshold criterion which is based on the

reproductive capacity of the parasite and is termed as basic reproductive number.

After about 40 years, Macdonald et al. (1957) termed the latency period and introduced
the exposed class in the mosquitoes. As a result, in their model the mosquito population is
divided into three compartments SEI and the model studies the time evolution of the exposed
and infected classes in mosquito. Thus, their model takes the form SIS-SEI. Aron and May

(1982) proposed SIRS model by introducing the recovery group in the human population



and their model was structure SIRS-SEI. Later, Anderson and May (1992) proposed the la-
tency of infection by making additional exposed class in humans and their model followed
by SEIS-SEI. This modification further reduces the long term prevalence of both the infected

humans and mosquitoes.

Yang (2000) introduced a mathematical model based on the human host immunity with sep-
arate immune class in human population and mosquito vector taking into account that the
average period of development from egg to adult mosquito are dependent on the tempera-
ture. In the same year, Ngwa and Shu (2000) proposed a model for malaria transmission
in which human hosts follow a susceptible-exposed-infected-recovered-susceptible pattern
and vector hosts follow the susceptible-exposed-infected pattern due to their short life cycle.
Authors introduce in their model, a class of persons who are partially immune to the dis-
ease malaria. Besides, the inclusion of acquired immunity proposed by Chitnis et al. (2006)
was a major point of malaria transmission model. In their model, they considered that the
susceptible mosquitoes can become infected when they bite infectious or recovered humans.
The authors also showed that for basic reproduction number is greater than unity, the disease
free equilibrium is unstable while the endemic equilibrium is stable. Author’s numerical
simulations showed for larger values of the disease-induced death rate, a backward bifurca-
tion is possible at basic reproduction number equal to unity. Chitnis et al. (2008) extended
the model of Ngwa and Shu (2000) by assuming that individuals in the recovered class are
immune, in the sense that they do not suffer from serious illness, they still have low levels of
Plasmodium parasite in their bloodstream and so that can infect the susceptible mosquitoes.
Authors suggested that minimizing the mosquito biting rate and increasing the human recov-

ery rate can be successful in controlling malaria.

Yang et al. (2010) proposed SIR for the human population and SI for vector compartment.
The authors computed disease free equilibrium and derived a basic reproduction number for
model and through stability analysis, that is the disease free equilibrium is stable for basic
reproduction number is less than unity. They also derived an expression for an endemic
equilibrium that is biologically relevant only when basic reproduction number greater than
one. The authors also proved that for basic reproduction number is greater than unity, the
disease free equilibrium is unstable while the endemic equilibrium is stable. Their numerical
simulation result has an agreement with the analytical results. From the contribution point
of view, all other mathematical models that exist for malaria dynamics are developed from

the three basic models (Ross, 1911; Macdonald et al., 1957; Anderson and May, 1992) by
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incorporating different factors to make them biologically more realistic in explaining disease

prevalence and prediction (Mandal et al., 2011).

In recent decades, many studies reveal that the transmission of malaria is determined by
the climatic factors such that temperature and rainfall. For instance, Mordecai et al. (2013)
presented the optimal temperature for malaria transmission. Their model includes empir-
ically derived nonlinear thermal responses, predicts optimal malaria transmission at 25°C.
The result of their studies showed that the transmission of malaria is very low at tempera-
ture below 16°C and decreases for temperature greater than 28°C. Ngarakana-Gwasira et al.
(2016) proposed the role of climate change in malaria transmission in Africa. Their mathe-
matical model incorporated rainfall and temperature to study the transmission dynamics of
malaria. They have also studied the impact of temperature on the death rate of the mosquito
population. The rest of their study suggested that malaria transmission is sensitive to climate
change in the sense that the vector that spread malaria and the parasite that causes the dis-
ease are sensitive to climate variables especially temperature and rainfall. The analysis of
the model suggested that the optimum temperature malaria transmission is 30 —32°C. More-
over, Abiodun et al. (2016) derived a deterministic malaria transmission model that gives
the influence of temperature and rainfall on the dynamics of mosquito populations. They
concluded that climatic changes have a high influence on the vector population birth rate and

the dynamics are negatively influenced by temperature below 15°C and above 30°C.

Bhuju et al. (2018) proposed a mathematical model for the study of the impact of tem-
perature on malaria transmission dynamics. They have studied the effect of temperature
variability in the biting rate and birth rate of the vector population. Their analysis concluded
that the mosquito bite rate is very minimum in temperature below 16°C, optimum in 28°C
and greater than 32°C have negative impact on the survival of the mosquitoes and the trans-
mission dynamics of the disease. Abiodun et al. (2018) presented SEIRS-SEI compartment
of mathematical model for impact of temperature and rainfall variables on malaria transmis-
sion. The author incorporated the effect of temperature in the biting rate and death rate of
the vector population. Their findings suggest that the biting rate of mosquito is very low
in temperature below 12°C; gradually increasing with a slight declination at upper thermal
limit of 35°C and when greater than 35°C have negative impact on the mosquito death rate.
Mosquito death rate is high at temperature below 18°C, low between 18 —25°C and increases

temperature beyond 25°C.
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Gashaw et al. (2019) proposed SIRS for the human population and SI malaria model for
the climate-dependent malaria disease transmission model and it’s analysis. Authors investi-
gated a model by incorporating the effect of temperature in the biting rate and the effects of
both temperature and rainfall in the birth rate and death rate of the vector population. They
have showed that the mosquito bite rate is low at temperature below 18°C and increases at
a temperature beyond 25°C. They also verified that the parasite birth rate increases along
with moderate temperature, while mosquito death rate is constrained at high temperature.
Okuneye et al. (2019) presented weather-driven malaria transmission model. In their study
death rate of mosquito is mainly depend on temperature. The authors suggested that malaria
burden peaks at 29.5°C when daily ambient temperature is held constant, but this peak de-
creases with increasing daily temperature variation to about 23°C — 25°C. Malaria burden
also varies nonlinearly with temperature such that small temperature changes can increase or

decrease the dynamics transmission of the disease.

Traoré et al. (2020) modified the Okuneye et al. (2019) malaria transmission model by formu-
lating a mosquito-stage-structured to take the four metamorphic stages of mosquitoes which
is subject to temperature variations. They confirmed that, climate factors have a great im-
pact on the mosquito life cycle and parasite survival in mosquitoes. Also, using the reported
monthly mean temperature of Burkina Faso, they perform some numerical simulations to il-
lustrate their theoretical results. Further more, Garba and Danbaba (2020) presented a math-
ematical model that shows the effect of temperature variability on malaria control strategies.
Their model assess the impact of temperature changes on various control strategies. The
authors introduced the impact of temperature variation on death rate and birth rate mosquito
population. They have shown that, the model exhibit the phenomenon of backward bifurca-
tion when an associated reproduction number is less than unity. Yiga et al. (2020) proposed
and analyzed the impact of seasonal factors on malaria transmission dynamics. They incor-
porated the role of temperature in death rate of the vector and impact of both temperature
and rainfall in the birth rate of mosquito. Their study concluded that temperature has more

influence on death rate of mosquito.

2.2 Malaria transmission models with optimal controls

The theory of optimal control has been widely applied in the study of malaria transmission.
Many scholars have developed mathematical models that aim at studying the dynamics of

malaria while incorporating a combination of control strategies. For instance, Blayneh et al.
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(2009) formulated a mathematical model with optimal control problem to study the role of
prevention and treatment on the vector borne disease. The authors concluded that the com-
bination of prevention and treatment control measures is the best optimal strategy to combat
the vector borne diseases. Makinde and Okosun (2011) presented a malaria model for the
impact of chemo-therapy on optimal control of malaria using three time dependent contin-
uous controls. Using the Pontryagin’s minimum principle, the optimal control problem was
constructed with combination of four control strategies. They showed that the most efficient
and best strategy to control the malaria transmission is the combination of screening, in-
fected human treatment using drugs and indoor spraying of insecticide. Okosun et al. (2011)
proposed a malaria model with optimal control strategies of malaria spread using two mea-
sures that control treatment infectious and vaccination. The authors obtained the necessary
conditions of optimal control problem using Pontryagin’s minimum principle to determined
optimal strategies to reduce the spread of the disease and least cost effective strategy. Authors
concluded that the best optimal strategy and least cost to control malaria is the combination

of treatment and vaccination.

Agusto et al. (2012) studied a malaria transmission model that includes the optimal con-
trol problem to investigate optimal strategies. To minimize the spread of malaria, they used
treated bed net, treatment infectious and indoor insecticide spraying. Authors performed an
optimal control strategy with the use of one control at a time, two controls at a time and
the combination of more than two controls at a time, to compare the effects of the control
strategies on malaria eradication. Their study reveal that the combination of the treated bed
net, treatment and indoor spraying of insecticides is the best strategy for controlling of the
disease. Moreover, Okosun et al. (2013) presented the malaria transmission dynamics with
optimal control and analysis of cost-effectiveness. The authors applied the combinations of
three malaria control measures such are treated bed net, treatment of infected humans with
ant-malarial drugs and indoor insecticides spraying. In the time-dependent control case, they
derived necessary conditions for the optimal control of the disease. In their conclusion, the
best optimal and least cost-effective controls to prevent malaria spread is the combination of

treatment of infected human using drugs and indoor insecticides spraying.

Mwamtobe et al. (2015) formulated a deterministic a SEIRS-SEI compartment model for
malaria transmission by considering three optimal control strategies. These controls are
treated bed net, treatment infectious and indoor insecticide spraying. Authors obtained the

necessary conditions for the optimal control of the disease. Their numerical simulations in-
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dicate that the prevention strategies lead to the reduction of both the mosquito population
and infected human individuals. The results showed that the combination of the three in-
tervention strategies has a positive and greater impact in reducing the epidemics of malaria.
Abdullahi et al. (2015) studied a deterministic mathematical model for malaria transmission
with two control strategies. The model was extended by applying the optimal control theory
that investigated the optimal control strategies for controlling the spread of malaria using
treatment and culling. The authors suggested that the most effective and least cost strategy

to control malaria is the combination of treatment and culling.

Otieno et al. (2016) presented malaria transmission model with optimal control problem,
using four control measures that time-dependent. The Pontryagin’s minimum principle was
described to derive the necessary conditions for the optimal control of the malaria. The exis-
tence of optimal control problem is proved. Their result concluded that the combinations of
treated bed nets and treatment is the most optimal strategy to minimize the disease. Gashaw
et al. (2018) presented SIRS for the human population and SI malaria model for the malaria
transmission that climate-dependent by introducing triples controls. The authors suggested
that the mixed of three controls treated bed net, treatment of infected human using drugs and

insecticide spraying is the best strategies for the prevention of malaria.

Olaniyi et al. (2018) presented a SEIRS-SEI model with an optimal control analysis using
four time dependent controls, namely personal protection, chemo-prophylaxis, chemother-
apy and mosquito-reduction effort to describe the dynamics of malaria transmission. Their
results concluded that the combinations of all these controls are the best measure for mini-
mizing the spread of malaria. Mohammed-Awel et al. (2018) proposed nonlinear determinis-
tic mathematical model for the malaria spread and optimal control strategies in a community.
Their study presented a new deterministic model for assessing the population-level impact
of mosquito insecticide resistance on malaria transmission dynamics. The optimal control
problem was designed by applying Pontryagin’s minimum principle with two control strate-
gies, namely, the prevention strategy through insecticide-treated bed-nets and indoor residual
spraying; which is the best cost-effective strategy to minimize the disease. Kyere et al. (2018)
presented the optimal control strategies for the malaria model to reduce the spread of disease
using treated bed net, treatment of infected human and indoor insecticide spraying. The au-
thors suggested that the combination of the treated bed nets, treatment and indoor spraying

of insecticides is the best strategy for control of the disease.
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Romero-Leiton et al. (2018) studied an SEIRS-SI optimal control model for malaria trans-
mission in Colombia considering three optimal control strategies. The authors concluded
that integrated of control measures treated bed net, intermittent prophylactic treatment in
pregnancy and effective case management is the best strategy for the prevention of malaria
disease. Romero-Leiton et al. (2019) proposed SEIRS for the human population and SI
malaria model with optimal control and cost-effectiveness analysis in Colombia using four
time dependent controls. They suggested that the combination of treat bed net, antimalar-
ial treatment, intermittent prophylactic treatment in pregnancy and spraying of insecticides

strategy is the most cost-effective approach to control malaria in rural Tumaco.

Oke et al. (2020) proposed the mathematical model for malaria transmission that includes
the optimal control analysis using three time dependent controls. The author’s numerical
simulations results showed that the combination of the three controls, treated bed-net, medi-
cation and insecticides spraying, has the highest impact on the control of the disease. Agusto
(2020) presented the model of the impact temperature variations on malaria transmission dy-
namics with the optimal control using the time dependent control variables namely personal
protection, larvaciding and insecticides spraying. This study presented the results obtained
from investigating the optimal control strategies for malaria in the presence of temperature
variation using a temperature-dependent malaria model. Thus, they concluded that personal
protection, particularly the use of treated bed net, should be encouraged not only at low tem-

peratures but particularly at high temperatures when individuals are driven not to use the nets.

Ghosh et al. (2020) investigated a malaria model for the spread of disease with optimal
control and cost-effectiveness analysis using three control measures. Their model with time-
dependent control strategies was analyzed to find the optimal solutions of the optimal control
problem. Cost-effectiveness analysis was conducted to support the results of the optimal con-
trol problem by using the average cost-effectiveness ratio and incremental cost-effectiveness
ratio methods. The authors demonstrated the numerical simulations to enhance the theoreti-
cal results. Finally, they suggested that the combinations of treated bed net, treatment using
drugs and an insecticides spraying is the most effective and less costly interventions strategy.
Olaniyi et al. (2020) presented a mathematical model of malaria dynamics with naturally
acquired immunity in the presence of protected travellers. An optimal control theory used to
analyses an optimal control model by incorporating four control variables, which minimizes
malaria infection and costs of implementation. Furthermore, the cost-effectiveness analy-

sis was carried out to identify the less costly strategy that could be implemented to prevent
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the spread of malaria with limited resources. Their study reveal that the combination of the
optimal use of treat bed net, prophylaxis and indoor residual spraying is the optimal cost-

effective intervention.

Bakare and Hoskova-Mayerova (2021) formulated a susceptible-exposed-infected-recovered-
susceptible compartment for the human population and susceptible-exposed-infected malaria
model with optimal control analysis incorporating the presence of five different time de-
pendent controls namely, treated bed net, treatment, educational campaigns, indoor resid-
ual spray and regular destruction of mosquito breeding sites to reduce the number of new
mosquitoes. The authors concluded that multiple control interventions of those strategies
were an optimal strategy for malaria controlling in the community. Herdicho et al. (2021)
proposed an optimal control of malaria transmission model with mosquito seasonal factor
using three time dependent controls such are treated bed net, treatment and insecticide spray-
ing. Furthermore, they determined the existence of the optimal control variable in the malaria
model with seasonal factor. The combination of three controls treated bed net, treatment of
infected human using drugs and insecticide spraying is an optimal strategy and effective in
reducing the disease. Aldila and Angelina (2021) presented a mathematical model of malaria
transmission by extending to the optimal control problem. The optimal control problem was
constructed by introducing the treating fumigation and medical treatment strategy as the
time-dependent variable. The author’s numerical simulations of the optimal control problem
was concluded that time-dependent fumigation and medical treatment could suppress the

spread of malaria more efficiently at minimum cost.

Generally, there are plenty of mathematical studies that have been undertaken for malaria
transmission model with optimal control, but there are no studies that have been under-
taken for modeling the impact of temperature variability on malaria epidemics with optimal
control and cost effectiveness analysis considering logistic growth of temperature variation
with respect to mosquitoes breeding and malaria infection in their models. Hence, to fill
this gap, we considered the impact of temperature variability on malaria epidemics with a
logistic growth of temperature variation with respect to mosquitoes breeding and malaria in-
fection. This study is therefore designed and proposed malaria transmission dynamics with
the impact of temperature variability on malaria epidemics with optimal control strategies

and cost-effectiveness analysis.
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CHAPTER 3
RESEARCH METHODOLOGY

In this chapter we present the study area, data collection and mathematical procedures.

3.1 Study area

East Shewa is one of the Zones of Oromia regional states. It is located in the middle of
Oromia, connecting the western regions to the eastern ones. This zone is bordered on the
south by the west Arsi Zone, on the south west by the Sidama Regions, on the west by South
west Shewa and Oromia Special Zone surrounding Finfinne, on the North west by North
Shewa, on the north by the Amhara Region, on the North east by the Afar Region and on
the south east by Arsi. According to East Shewa administrative zone, the current (2019)

estimated total population in the zone is about 2,130,372.

3.2 Data collection

East Shewa Zone is malaria endemic area located in the Great Rift Valley in Ethiopia. This
study provided data collected from East Shewa Zone Health office. The data is a year, sec-

ondary data reported of malaria infectious between 2010 and 2019 in East Shewa zone.

3.3 Mathematical methods

Mathematical models provide descriptions of the behavior of the systems using mathematical
concepts. It begins with a clear description of the processes based on the understanding of
the system. Then translate into mathematical equations should be made with a specific goal.
We present a mathematical model which describes the impact of temperature variability on
malaria epidemics using a logistic growth for temperature variation with respect to mosquito

breeding rate and malaria infection rate.

17



Firstly, the domain in which the model is mathematically well posed and epidemiologically
meaningful was determined. Qualitative and quantitative analysis of the model is presented.
Both local and global stability analysis of the equilibrium points of the model have been
performed using Jacobian matrix and Lyapunov functions respectively. Also, the nature of
the bifurcation is identified using the method described by Castillo-Chavez and Song that is
based on centre manifold theory (Castillo-Chavez and Song, 2004a). Sensitivity analyses of
basic reproduction numbers have been studied to determine which parameter plays greater
role in the transmission of malaria. Some of the parameter values were estimated with real

data using least square method to validate our model.

Moreover, a malaria transmission model is extended to the optimal control problem. The
existence of the optimal controls is illustrated. Then the necessary conditions of the op-
timal control have been derived by using the Pontryagin’s minimum principle. Numerical
methods for solving ordinary differential equations and boundary value problems can then
be employed to solve the resulting two-point boundary value problem. The method called
fourth forward-backward Runge-Kutta sweep is used to solve the optimality system. Lastly,
numerical simulations of the models are done using the MATLAB software to supplement the
analytical solution of the model. A cost-effectiveness analysis is described with the purpose
of finding the most cost-effective strategy for the prevention of malaria. The most effective
and less costly strategy is obtained using the method called incremental cost-effectiveness
ratio which is defined as the ratio between the difference in averted costs between two strate-
gies and the difference in infections averted between two strategies. In this method, a com-
bination of more than one control at a time is implemented to identify the most optimal and

least-cost strategy which minimizes the disease.
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CHAPTER 4
MODELING SIRS MATHEMATICAL MODEL OF
MALARIA DYNAMICS WITH TEMPERATURE
VARIABILITY

Mathematical modeling is an essential tool in the study of disease transmission and deci-
sion for the disease control. In this chapter, we proposed a malaria transmission model that

describes the impact of temperature variability on malaria epidemics.

4.1 Model description and formulation

The model we are introducing for the malaria transmission divides the human and mosquito
population with the total human populations denoted by N, () and mosquito populations
denoted by N,,(¢) respectively. The model sub-divides the total human population into sub-
populations with respect to their disease status in the system into susceptible human denoted
by Sy(t), infected human denoted by I,(z) and recovered individuals with temporary im-
munity denoted by R, (¢). The human population is assumed the SIRS compartment model
since humans would be repeatedly infected because there is no acquiring permanent im-
munity. Thus, the total population of human is given by Nj,(f) = Sp(¢) + I,(2) + Ru(2).
The female anopheles mosquitoes considered as the transmission vector since only female
mosquito bites human for blood meals. The total vector (mosquito) population denoted by
Ny (1) is sub-divided into susceptible mosquito denoted by S,,(7) and infected mosquito de-
noted by I,,(7). We assume mosquitoes do not recover from the Plasmodium parasite and the
mosquito population is followed by the SI compartment model. Hence, the total population

of mosquito is given by N,,(¢) = S,,(t) + I, (2).

The recruitment rate of human enter the susceptible human population at a rate . Sus-

ceptible human becomes infected if it contacts with the infected mosquito at the rate f3;(T)
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is temperature-dependent and Py, is contact rate of human with mosquito when there is no
variation in temperature and Sy, is incremental contact rate of human with mosquito due
to temperature variation. The natural death rate of all human populations is 1 and the
human induced death rate due to disease is 0. Infected human recovery due to the use of
anti-malarial drugs through treatment at a rate 7;,. Recovered human could be lost temporary

immunity and then becomes susceptible to reinfection at a rate wy,.

The recruitment of mosquito population at a rate ®(T) is temperature-dependent and Py
is the birth rate of mosquito if there is no variation in temperature and ®,, is the incremental
birth rate of mosquito due to temperature variation. Susceptible mosquito population be-
comes infected if it contacts with an infected human at a rate 3,,(T) is temperature-dependent
and f,, is contact rate of mosquito with a human when there is no variation in temperature
whereas f3,, is incremental contact rate of mosquito with human due temperature variation.
The natural death rate of all mosquitoes population is ,,. We assumed mosquitoes do not
recover from malaria. Also, mosquitoes do not die due to disease infection. The growth rate
of the temperature is r, maximum temperature for a mosquito to be most active is denoted by
Tmax and the minimum temperature for the mosquito to be less active is To. We assume that

all parameters in the model are positive.
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Figure 4.1: Flow diagram of malaria transmission model
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From the flow diagram depicted in Figure 4.1, the governing mathematical model is de-
scribed by the following system of differential equations

;

% =¥ — Bu(T)Spln — WS + OLRy,
i — B (T)Spl — (W + 8 -+ 1) I,
dR,

7= Yuln — (W + 0 Ry,
B — &(T) = Bu(T)Smdh — UnSm;
ddL;n - Bm(T)Sth - .umlm7

| G =11 = )(T —To),

(4.1)

where,

Br(T) = Bon + Bin (T_T()) . Bu(T) = Bom + Bim (T_T‘)) and ®(T) = By + Dy, (T_TO) ,

Tmax Tmax T max

With conditions Sj(0) = Sy, I4(0) = T10,Rz(0) = Rp0, Sm(0) = S0, I;m(0) = Ipno, T(0) = Tmo-

Table 4.1: Parameters description used for the model (4.1)

Parameters Parameters description

Bon Contact rate of human with mosquito

Dy Incremental breeding rate of mosquito

vV Human recruitment rate

o) Mosquito recruitment rate

Y Recover rate of infected human

Uy Human natural death rate

o Human induced death rate

U Natural death rate for mosquito

oy, Rate of loss of immunity in human

Bom Contact rate of mosquito with human

Bim Incremental contact rate of mosquito

Bin Incremental contact rate of human

r Growth rate of temperature

To Minimum temperature for the mosquito to be less active
T max Maximum temperature for the mosquito to be most active
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4.2 Qualitative analysis of the model

In this section, we investigate the invariant region, positivity of the solution, disease free
equilibrium point, basic reproduction number, endemic equilibrium point, local and global

stability of equilibrium points of the system (4.1).

4.2.1 Invariant region

It is basic to find the invariant region of the model (4.1) that is a biologically meaningful and

mathematically well posed such that the solution of the model (4.1) is bounded.

Theorem 4.1 The solution of the model (4.1) enter into invariant region and stay in ®,

where

¥ d(T
®= @h X ®m = {(Sh, Ih,Rh,Sm,Im) € Ri N, < ‘u—,Nm < ( >} (42)
h

m

Proof: The model (4.1) represents two groups, namely, the human population and mosquito
population. Firstly, the total population of human is given by N, (t) = Sj(t) + 1,,(¢) + Ru(2).
Then, differentiate N, (¢) both sides with respect to time and adding the first three equations
of system (4.1) we got,

dNj,

— =Y N, — 01

i HniVp hs

% < ‘P—,uhNh. 4.3)

Integrating both sides of equation (4.3) with respect to time and simplifying, we obtain,
¥ — Ny, = ot e 1! (4.4)

where <7 is a constant. Using the initial conditions at t = 0, N,(0) = Ny in (4.4) and

rearranging equation, we got

Y ¥ — u,N,
N, < —— (M) e Ml 4.5)

From equation (4.5) the population of human N, — % as time (¢) tends to infinity that

indicates N, < ——. So that, the invariant region of the system (4.1) for human population

¥
Hp
that is positively invariant is given by

¥
0= {(on 1) € B s+ Tty < 2 |
h
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Secondly, the total mosquito population from the system (4.1) is given as
Np(t) = Sin(t) + Im(2).

Thus, differentiating N, () both sides with respect to time (7) the result obtain as

dN,
d—’" =®(T) — Ny (4.6)
t
By solving equation (4.6), we obtain N,, < %. Hence, the positive invariant region of the

system (4.1) for mosquito population is given as

d(T
®m:{(sm,1m)eR2+:sm+Im§ ( )}.

m

Consequently, the invariant region of the system (4.1) is given by

¥ @(T)}

®:®h ><G)m: {(ShalhaRhasmalm> ERi :Nh < E?Nm < —

m

4.7)

is positive invariant and therefore, all the solution set of system (4.1) is bounded in ®.

4.2.2 Positivity of the solutions

In this subsection, we are going to show that all solutions of system (4.1) with non-negative

initial data will remain non-negative for all time ¢ > 0.

Theorem 4’2 Let @ = {(Sh7 Ih7 Rh7 Sma Im) € Ri : Sh(0)7 Ih(0)7 Rh(0)7 Sm(o)a Im(O)} arc
positive, then the solution {Sy(¢),I5(¢),Ru(t), Smu(t), Im(t)} of the system (4.1) are positive
fort > 0.

Proof. Take the second equation of system (4.1) we have,

dI

d_th = Bu(T)Shlm — (Up + 6 + V)1,

dzI

2 =+ S+ (4.8)

Integrating equation (4.8) with respect to time and applying separation of variable, we obtain
Tu(r) > Th(0)e™ Brtdtmi >

Next, from the third equation of system (4.1) we have,

dRry,

i Yidp — (W + @) Ry,

dR

d_th > —(Up + @p) Ry, (4.9)

23



Applying separation of variable after integrating equation (4.9) with respect to time, we get

R;,(t) > Ry, (0)e(@tHn) > 0,

Thirdly, from the sixth equation of system (4.1) we have,

di,

7 — Bm(T>Sth - .umlm7

di,,

— > — Uyl 4.10
o =M (4.10)

Integrating equation (4.10) with respect to time and solving separation of variable with ap-
plying initial condition, we obtain
Iu(t) > In(0)e ) > 0.

Continuing from the first equation of system (4.1) that is given as

ds

d_th =¥ ﬁh(T)ShIm — ,uhSh + wyRy,

ds

Gz =B+ 1S, 1D

Integrating equation (4.11) with respect to time and solving separation of variable with ap-

plying initial condition, we obtain
Sh(t) Z Sh(O)e_(ﬁh(T)Inﬁ‘Hh)t > 0

Lastly, from the fourth equation of the model (4.1)

ds,,

— = D(T) — Bu(T)Suln — WS,

das,,

S > (BT + S (12

Integrating equation (4.12) with respect to time and using separation of variable with apply-

ing initial condition, we obtain
Sm(l) Z Sm(O)e_(ﬁm(T)[l1+“m)t > 0

Thus, this shows that the all solutions of system (4.1) are non-negative for all # > 0. Hence,
the proposed model (4.1) is both epidemiologically meaningful and mathematically well

posed in O.
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4.2.3 Disease free equilibrium point

An equilibrium point of the dynamic system that occurs in the absence of the disease is
known as the disease free equilibrium (DFE). The model (4.1) has a disease free equilib-
rium that occurs in the absence of the malaria. Then the disease free equilibrium points are

obtained by setting the left-hand side of model (4.1) to zero, that is given as;

W — By(T)Shlm — UpSp + 0pRy = 0,
Bi(T)Splm — (U + 6 + )1 =0,

Yuln — (1 + @p)Ry, = 0,

CI)(T> _.Bm(T)Sth_umSm :07 (4-13)
ﬁm(T)Sth — ‘LLmIm = 0,
K(1— ——)(T—1Tg) = 0.

max

The model has a steady state in the absence of the malaria that is I, =0, I,, = 0 and the
disease free equilibrium of system (4.1) is denoted by E; or E, given by

Y O(T Y O(T
E1= (_70707M,07T0> or kEp = (_707oam707Tmax) . (414)
i u Hn

m m

4.2.4 Basic reproduction number

The basic reproduction number (Rg) is defined as the average number of secondary infections
caused by a single individual in totally susceptible environment (Van den Driessche and
Watmough, 2002). It is crucial in determining whether the disease persists in the population
or eliminated. The Ry is computed using the next-generation matrix method (Olaniyi et al.,
2020; Huo and Qiu, 2014). Thus, to compute we should rewriting the system (4.1) with

starting the infective human and mosquito population classes

dr .
d_th = Bu(T*)Spln — (Up + 8 + W) I,

I, .
% = ﬁm(T )Smlh - .umlm- (4-15)

Then next the right hand side of system (4.15) can be written as the form of .% — ¥/, where

TSl S+l
P Br(T*)Sh, nd ¥ — (Hp+ 6+ )1y

Bm(T*)Sth .umlm
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Finding the partial derivatives of .7 and 7 at the disease free equilibrium points gives £ and

v respectively, where,

0 T*) & ) 0
f= AT andv— | HTOT

Bu(T) 2L 0 0w

The inverse of v is obtained as

|
v i=|[ #totm ? . (4.16)
0
Then the product of £v—! is
| 0 Bu(TH)W
-1 Hnln
V= pumer ' @.17)
Mo (L +0+7,)

The eigenvalues are computed from the determinant of |fv—! — IA,| = 0 as given

_2 Bu(TH)¥
M Wm _
puryory | =0 (518
M (p+0+74)

Obviously, the eigenvalues of £v~! are obtained as

BB (T) P (T7) [ Bu(T) B (T*) P (T7)
Pl (s + 6 + 1) tnlt2 (Mt + 6+ )

(4.19)

Hence, the basic reproduction number, Ry = p (£v~!), is the largest eigenvalue of the product
matrix and the Rg at E; and E, are given respectively, by the equation (4.20) and (4.21) as

given

Born¥ BomPo
Ro1 = 4.20
o \/uhu,%(uh+5+7h) (20

and

(4.21)

Rop = (IBOh + BZh)‘P(BOm + ,BZm) ((I)O —+ CI)zm)
Hn i (U + 8+ )

where, Bop = Bink, Bom = Bimk, Pom = Pimk and k = (—TmaX_T()) :

Tmax

Consequently, the basic reproduction number (Rgz) at maximum temperature (Tmax) can be

written by equation (4.22) as

rs \/R%1+<boB0mB2mw+w<ﬁ0m+ﬁ2m>[ﬁ2h<d>o+c1>2m>+c1>zmﬁ0h] 42

Wntt2 (M + 8+ 1)

where, Rq; is the reproduction number at T for the mosquito to be less active to breed.
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4.2.5 Local stability of disease free equilibrium

Theorem 4.3. The disease free equilibrium points of the system (4.1) is locally asymptoti-

cally stable in @ if Rg; < Rep < 1.

Proof. To prove, we started by finding the Jacobian matrix of the system (4.1) obtain as

—Bn(T*) ) — 1 0 wp —Bn(T*)Sh
Br(T* ) I —(up+6+7v) O 0 Br(T*)Sh
J= 0 Y J33 0 0 (4.23)
0 —Bm(T*)Sm 0 Jaq 0
0 Bm<T*)Sm 0 Bm(T*)Ih Jss
where J33 = — (@ + W), Jaa = =B (T, — W, T55 = — Wy and T* = T OF Tpax-
The Jacobian matrix (4.23) at the disease free equilibrium points is given as
—Hn 0 @y 0 —Bu(T")s
0 —(Ma+d+m) 0 0 BTy
IE)=] 0 T —(op+) 0 0 (4.24)
0 —Bu(rH) 2 0 — L 0
0 Bu(r) % 0 0 i

The eigenvalues of equation (4.24) are obtained from the characteristic equation |J(E,) —

IA| =0 given as

—Hp—A 0 @y, 0 —Bu(T*)
0 —(p+6+m)—A 0 0 Br(T")
0 Vi —(p+ py) — A 0 0 =0. (4.25)
0 —Bm(T" q’,f:) — i — A 0
0 B(1) 2 0 —p—A

Now, all are zero except the first entry in the first column of (4.25) that is —u, — A and we

have the first eigenvalue A = —u;,. The other eigenvalues are obtained from the equation as
follows;
—(Hp+8+m)— A 0 0 Br(T") 4
—(@p+pp) —A 0 0
T o) (5 + i4n) =0. (4.26)
(1) 2 0 T B
Bu(T*) 2 0 —pm—2
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Also all are zero except the third entry in the third column of (4.26) that is —u,, — A. Hence,
we have the second eigenvalue A = —,,. The other eigenvalues are computed using the

equation described as;

—(My+8+7) — A 0 Bn(T*)
Y — (@ + ) — A 0 =0. 4.27)
Bu(T*) 2 0 i — A

Again the second column is zero except in its diagonal. The third eigenvalue of (4.27) found

to be A = — (U, + ). The remaining eigenvalues are obtain using the equation given by

—(Ua+8+mm)— A Bu(T)
(Hn @?1;2) BT |y 428)
Bn(T*) =1~ —Hm— A

From the equation (4.28), we have the last characteristic equation as;
A*+aid+a; =0 (4.29)

where,

ay = Wy + Mty + 6 + W, (4.30)
Bh(T*)\Pﬁm(T*)CD(T*).
Hom

ar = UV + Um0 + by —

By using Routh-Hurwitz criteria (Mojeeb and Adu, 2017), the equation (4.29) has real root
that strictly negative if a; > 0 and a, > 0. So that, we see that a; > 0 since it is the sum of
positive parameters. The value of ap at T* = Ty is derived as

(Bon + Ban) ¥ (Bom + Bam) (Po + P2y
Hom Hn

az = tn¥h + 6 + t by — =1—Rg,.

This implies that a; to be positive, 1 — Rgz must be positive, which leads to Ry < 1. However,
a will be negative if R > 1. Since Rg; < Rgp hence the DFE is locally asymptotically stable
in ®if Ry; < Rpp < 1.

4.2.6 Global stability of disease free equilibrium

Theorem 4.4 The disease free equilibrium points of the system (4.1) is globally asymptoti-
cally stable in @ if Rg; < Rp < 1.

Proof. To prove, we first developed the following Lyapunov function defined as
——TI,+1I, where, T" = T( or Tmax. 4.31)
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By differentiating the above Lyapunov function with respect to time (#) we obtain,

dL Wy dIp dIp
P + ,
dt  Bu(T*) dt dt

- ﬁhL(L?*) (Br(T*)Shlm — (1th + 8 + V) I) + B (T*) Sl — i,
=t~ s (8 )+ B (TS o,

- (ﬁm(T*)Sm—%(uh+3+Yh)) T — (L = 58) I, (4.32)
< (ﬁm(T*)Sm— %(Nh+5+?’h)) Tn,

— (ﬁm(T*)q)E:) B B:(L?*)(NW(SH%)) Lp,

e (1) 1T = T

So, we have that 22 < 0 if Rgp < 1 and Z¢ = 0 if and only if I, =0, I,, =0, since g is
less than one. Thus, the dominant invariant set in {(Sp, I,Rp,Sm,Im) € O % =01}is
the singleton set DFE in ®. Therefore, from LaSalle’s invariant principle (La Salle, 1976),
one concludes that every solution begin in the domain approaches DFE as t — oo and since

Ro1 < Rgz the DFE is globally asymptotically stable in ® for Ry; < Ry < 1.

4.2.7 Endemic equilibrium point

An endemic equilibrium point occur when the malaria persist in the community. The en-
demic equilibrium point denoted by E* = (S}, I;,R;, Sy, I, T") can be obtained by setting
the right hand side of the model (4.1) equal to zero. Thus, we used the following approach
to find the endemic equilibrium point(s) of the model (4.1) by equating the right hand side
equal to zero.

Firstly, solving the third equation of the model (4.1), we obtain

I*
RE— _Mh (4.33)
@y, + Uy
Secondly, solving the fourth equation of the model (4.1), we got
P(T*
o= 2T (4.34)
B (T )Ih e
Thirdly, solving the fifth equation of the model (4.1) gives
T*)D(T*)I;

" (B (T + )
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Continuing solving the first equation of the model (4.1), we obtain

¥+ (DhRZ

Sp=—— Mh_ (4.36)
Br(T*) 05, =+
The endemic equilibrium point of the model (4.1) at T* = T is obtain as
x “P+(1)hRZ
h ™ Bonly+tn’
* thi{
Rp = O+
(4.37)
Sk = gat—
M= Bomdy+Htm’
I* — ﬁOmcIDOI;,k
\ " Um (ﬁOmI/j‘HJm) )

From equation (4.37) by substituting Sy and I into the second equation of model (4.1),

then the I} is computed by solving the equation

A(I})?+B1(1}) =0 (4.38)

where, A1 = Bom(Bon®Po(@n6 + tn (W + o + 8 + tp)) + n(@n + ) (Vi + 6 + Un) ),
By = (@y+ M) [ttt (Vo + 8 + 1) (1 — RG] - (4.39)

Thus, A1 > 0 and By > 0 whenever Ro; < 1. Solving for I , we have that I; = —fi—i < 0.

Hence, there is no positive endemic equilibrium whenever Ry, < 1.

Similarly, using the same procedure, the endemic equilibrium point at T* = T« iS given as

( oF — \P-i-a)hRZ
= (Bon+Bon) L+
X ’YhI]):
h ™ optu,’

(4.40)
g* — (@o+Pom)
m (ﬁ0m+ﬁ2m)1;: +

I* — (ﬁ0m+ﬁ2m)(¢'0+¢'2m)1;;
\ m /Jm((ﬁOm"'ﬁZm)I;“',um) ?

where o, = Bink, Bom = Bimk, Pom = Pimk and k = (—Tm“_TO) :

Tmax

From equation (4.40) by substituting S; and I, into the second equation of model (4.1), then

the I} is obtained by solving the equation

A(1})2+B(1}) =0 (4.41)

where, A = B3,,(B3nPom (0,0 + (Y + @n + 6 + tp)) + L (@n + i) (Yo + 0 + i) i),
B = (0 + ) [kt (V1 + 8 + 1) (1 —RE)] (4.42)
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where B3, = o + Ban, B3m = Bom + Pom and Pz = Do + oy

Hence, if Ry < 1 then automatically implies that Rg; < 1 (see equation 4.22). However,
Ro1 < 1 does not automatically implies Rpp < 1, since the value of Rp, may be greater than
unity, which implies that while Ry present disease free equilibrium Rg; may be become en-

demic situation or present backward bifurcation while Ry only present forward bifurcation.

4.2.8 Local stability of endemic equilibrium

Theorem 4.5. The endemic equilibrium points of system (4.1) is locally asymptotically
stable in ® if Ryp > Ry > 1.

Proof. The Jacobian matrix of the model (4.1) at an endemic equilibrium points is

O11 — Uy 0 @y, 0 —Bn(T*)S;,
Bu(T)M —(Mr+6+%) O 0 Bn(T*)S},
O(E") = 0 T 033 0 0 (4.43)
0 —Bn(T)S, 0 Qua 0
0 Bin(T)S,, 0 Bu(T)I, 0Oss
where, Q11 = —f,(T*)I}, 033 = —(0+ p), Qa4 = —Pm(T*) I} — U and Qss = — .
The eigenvalues of equation (4.43) are the characteristic equation of |Q(E*) —AI5| =0 is
given as
On—-A 0 oy, 0 —Bn(T*)S;,
Bu(T) —(ur+8+m)—A 0 0 Bn(T*)S;,
0 Y O33—A 0 0 =0 (4.44)
0 —Bn(T)S5 0  Qu-24 0
0 Bin(T)S,, 0 Bu(T);, 0Qss—A
where,

On = —(Bu(T*)T, + tn), O33 = — (@ + n), Qaa = —(Bn(T*) I, + ) and Oss = — L.

Letting ¢y = —(Bu(T*); + tn), c21 = Br(T*) L, 0 = —(Un + 8 + W), €30 = Vi, Ca2 =
—Bn(T*)Sy, c50 = Bu(T*)Sy, €13 = Wy, €33 = — (@ + Up), ca4 = —(Bu(T*) L + Um), c54 =
Bin(T*)I;, c15 = —Bu(T*)S}, c25 = Bu(T*)S}, cs5 = — Uy and the characteristic equation of

the Jacobian matrix (4.44) at endemic equilibrium point is given by

A2+ DAY + DA% +D3A% +D4A +Ds =0 (4.45)
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where,

Dy = —(c11 +c22+ 33 + caq +c55), (4.46)
Do = ¢s55(c11 422 4 €33 4 ca4) + 11 (2 + ¢33 + caa) + c22(€33 + €a4) — C11C25C52,
D3 = c11¢25(C52 +€33¢52) — C11¢25(CanC54 + cancaq) — (c13¢21¢33) + (c15¢21¢52) — €55
[(c11022 +c33¢44) + (c11 4+ €22) (€33 4 caa)] — [(€33 + caa)cr1022 + (C11622) C33C44),
D4 = €13¢21¢33(C44 + €55) + c15¢21(€33¢50 + C50Ca4 — €42C54) + C11C25(C52Ca4 + CapC54 — €33C52)
+ c11¢25¢33(Ca2054 — c52€44) 4 (€33 + Caq)c11¢22¢55 4 (11 + €22)€33€a4C55 4 C11¢22€33C44,
D5 = €15¢21¢33(C42C54 — €52Ca4) — C13C21C44C55 + C11€25¢33(C52C44 — C42C54) — C11C22C33C44C55 -
Using the Routh-Hurwitz criterion (Mojeeb and Adu, 2017), for Rgp > Rg; > 1 the endemic
equilibrium points is locally asymptotically stable if D; >0, i=1,...5 and
DiDy —D3 >0,
D{DyD3 +DDs — D3 — D4D? > 0, (4.47)
(D3D4 — D2Ds)(D1D2 — D3) — (D1D4 — Ds)* > 0,
Ds((D3D4 — D2Ds) (DD — D3 ) — (D1 D4 — D5 )?) > 0.
Therefore, according to the Routh Hurwitz criterion, the characteristic equation (4.45) will

have negative roots or imaginary roots with negative real part for Rop > Ro; > 1, the point

E* is locally asymptotically stable.

4.2.9 Global stability of endemic equilibrium

Theorem 4.6. The endemic equilibrium points of the model (4.1) is globally asymptotically
stable in ® if Rop > Ry > 1.

Proof. First, we consider the following Lyapunov function constructed as

1 * * * 1 * *
V=5 [(Sh=Sp) +(Tn—Th) + Ry — R, + Ssm=sp) +(Tn—T)1 (448)
The partial derivative of (4.48) with respect to time (¢) corresponding to system (4.1) is,
g [(Sh—=53) +(Tn—T5) + (Ra — Rh)]E[Sh + In+ Rl +[(Sm— ) + (Im — Im)]a[sm + I
— [(51 = 50)+ (T = T+ (Ra— R + (8 = 53) + (Tn— T2 (449)
However, from equations (4.3) and (4.6) we have,
dN, d
— = —|S I Ryl <YW —uN
o = g St IR S W N,
dn, d .
= (S Tl = @(17) — N (4.50)
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By substituting equations of model (4.50) into the equation (4.49), we have that

I [(Sh—55) + (Tn— I;) + Ry — Rh)]d— +[(Sm—Sp) + (Tm — Im)]F’
< [(Sh—5k) +(Tn—Ip) + Ry — R)I¥ — maNa] + [(Sm — Sp) + (Tm — I)][P(T™) — b
Y
< {N - E} (¥ — UpNu] + [ Nom — it )} [D(T") — UinNm)- (4.51)
By re-arranging and simplify the equation (4.51), we obtain the following result
av 1 1
< —— W — N, P — —[®(T*) — N> 4.52
7 S Hh[ Ny “m[()ﬂ ] (4.52)

Therefore, (d—v)(sh, T4, Rpy Smy Im) < 0 and %—‘t/ =0, if and only if S, = S},I, = I},Ry =
RY, S = Spy» Im = I}, Thus, the dominant invariant setin { (S}, I},R}, S}, I5) € ©: 4L =0}

is the singleton point E*. Hence, from LaSalle’s invariant principle (La Salle, 1976), this

indicates that the endemic equilibrium point E* is globally asymptotically stable in ©®.

4.2.10 Bifurcation analysis

In this sub-section, we can identify the nature of the bifurcation using the method described
by Castillo-Chavez and Song that is based on centre manifold theory (Castillo-Chavez and
Song, 2004a). This approach helps us to determine the bifurcation analysis of model (4.1)

at R is equal to unity. Then the following result can be obtained.

Theorem 4.7. The system (4.1) exhibits forward bifurcation at Rog; = 1.

Proof. Let 3y, be consider as bifurcation parameter such that Ryg; = 1 if and only if

o = ¥ BonPo

Using the changes of variables S, = x1,1;, = x3,R;, = x3,8,, = x4,1,, = x5,T = x¢ and vec-

tor notation X = (x|, x2,X3,X4,xs,X¢)" of the model (4.1) can be written in the form % =

dar —
(f17f27f37f47f57f6)T as

(4.53)

( dx;

T =¥ — Borx1xs — tpx1 + @3,
L2 = Bopxixs — (W + 8 + Y)xa,
D3 = Y0 — (O3 + )3, 454
L4 — Py — Bomxaxs — s,
DBs — Bomxaxa — s,
\ B = r(1- 7.0-) (%6 — To)-
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The Jacobian matrix of (4.54) at a disease free equilibrium point E; with S, is given as

— U 0 oy, 0 _ﬁOh% 0
0 —(un+d+m) 0 0 Bony 0
sey=| T —(ont i) 0 0 0 (4.55)
0 _BOm% 0 —Hm 0 0
0 ﬁOm% 0 0 —Hm 0
0 0 0 0 0 r(l— )

The Jacobian matrix (4.55) has right eigenvectors, w = (wy,wy, w3, w4, ws, we)® associated

to simple zero eigenvalue near fy;, = B, will obtain from equation Jw = 0 can be described

as
—J11 0 oy, 0 —ﬁ()h% 0 w1 0
0 —J» 0 0 Bo;z% 0 Wo 0
0 —-J 0 0 0 w 0
Th . 33 3| (4.56)
0 —ﬁ()m“—’: 0 —J44 0 0 Wy 0
0 P> O 0 —Jss O ws 0
0 0 0 0 0 Je6 We 0
where,
T = Mp, J22 = (U + 8 + W), J33 = (@ + ), Jag = Js5 = Wy, and Jee = r(1 — Tfn(;x)
From equation (4.56), we obtain,
(i = (80 (1 +8))wa
L= @y, ’
Wy =wp > 0,
—
w3 = wy,
: whgou/&)oz (4.57)
WA= v
ws = ﬁo‘rlnm Oy,
we = 0

\

The left eigenvectors, v = (vq,Vv2,V3,V4, Vs, V) corresponding to zero eigenvalue will be ob-

tain by equating vJ = 0 and the equation is arranged in the simple form
T

Vi —J11 0 oy, 0 _BOh% 0 0
v 0 —J»n O 0 Bowy O 0
V3 0 % o —Jn 0 0 0 0
" 0 —Bm 0 —Ju O o | |o *>%)
vs 0 Pzt 0 0 —Js O 0
V6 0 0 0 0 0 Jes 0
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where,

It = My J22 = (U + 8+ 1), T33 = (@ + Mp), Jas = Tss = W, and JTee = r(1 — =2).

Tmax
From the equation (4.58), we obtain
V] =V3 =V4 = Vg = 0, (4.59)
s = (Bon(Hn + 8+ 1))V
Bom®o

Using the center manifold theorem Castillo-Chavez and Song (2004a), the values of constant

numbers a and b such that

0 92 fi
a= vwiw j=—=—(E1, Bon)»
i,j,;zl Jaxl'ax]'
6 &ka
b= ————(E1, B5). 4.60

From equation (4.58), taking the account only partial derivative of f; and f5 that are nonzero

the result is given as

fr L. 9*h
8x18x5 PR 8x5&x1 ’

9 f 9 f>
A L P 4.61
9B axs 1T dxsafy, (+61)

asz _ px asz
0x40x2 O Oxydxy

Having the partial derivatives of (4.61) the type of bifurcation at Ry; = 1 is obtain as

a = vowsw1 By, +vawiws By, + vswawa Bom + vswawa Bom,
v

b = vywsx] = vows—. (4.62)
Up

Thus, substituting values of eigenvalues and eigenvectors into (4.62), we got

a = —2v,BomPows

5 ((uh(uh + 8+ W) + (W + 8)) tn i (i + 8 + %) L (i + 8+ n)) “0

.um(wh + .uh)‘PBqu)O #mq)o
¥ Dy
b =vywsx] = vpws— = vzwzmm—o > 0.
Hp Mo Ly

Obviously, the constant b is positive and a is negative, the malaria transmission model, there-
fore, the system (4.1) may exhibits forward bifurcation at Rg; = 1 and which implies that at

least one stable endemic equilibrium exist when Rg; > 1.
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Theorem 4.8. If Ry; < 1, then the system (4.1) exhibits backward bifurcation at Rpp = 1.

Proof. We consider f33;, as bifurcation parameter so that Ry, = 1 if and only if

2 (1 + 6+ ,) (1 —RG) — ‘Pq)oﬁomﬁzh)
lP(ﬁOm(I)Zm + ﬁqu)Om + B2m¢2m) ,

B3 = B, = ( (4.63)

Let S, = x1,1, = x2,Rp, = x3,8m = x4, 1, = x5, T = x6 and X = (x1,x2,x3,X4,X5,%)" . Then
the system (4.1) can be illustrated in the form % = (f1,/2, 3, fa, f5, fo) " as

(

DL = W — Bajxixs — [yt + O3,
% = Banxixs — (U + 6 + i) x2,
5 — vy — (@ + Uy )x
[ X2 — (O + Uy )x3, 4.64)
T = P — BamXaxs — X4,
s — Baxaxs — s,
d
{ % = r(l — %)()% — T()).
The Jacobian matrix of (4.64) at a disease free equilibrium point (E;) is given by
—MUp 0 y 0 _B3h% 0
0 —(up+0+m) 0 0 [33h%, 0
0 Vi —(wp+u) O 0 0
J(E2) = &
0 —Bam 7 0 —tm 0 0
0 P 0 0t 0
0 0 0 0 0 —r(l-z2)
(4.65)

The right eigenvectors, w = (w1, wy, w3, wq, ws, we)® corresponding to zero eigenvalue will

be obtain from the equation Jw = (. The equation can be written in the form

—J11 0 (0 0 —ﬁ3h% 0 w1 0
0 —J» 0 0 ﬁ3h% 0 w2 0
0 —J 0 0 0 w 0
th) 33 3| (4.66)
0 _B3mﬁ 0 —J44 0 0 Wy 0
0 Bwmp2 O 0 —Jss O Ws 0
0 0 0 0 0 Je6 We 0
where,
T = My T2 = (W, + 8+ 1), T33 = (@0 4 Up), Tas = Ts5 = i, Jge = —1(1 — —2-).

Tmax
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From equation (4.66), we obtain

(

Wi — — ((p4-0+9) 05 (U 1-0) ) wo

1= O+ )
wy =wyp >0,

_ "
W3 = @t (4.67)
D3, ’

w4 = _ﬁSILman27
WS — ﬁSn&:&n W2a
we = 0.

\
The left eigenvectors, v = (v, v, v3,v4,Vs,Vg) corresponding with zero eigenvalue obtain by
equating vJ = 0. This equation can simplify and becomes

T

Vi —J11 0 y, 0 _B3h,l% 0 0
v 0 —J» 0 0 [33;% 0 0
% 0 —J 0 0 0 0
3 th) 33 _ (4.68)
\2 0 —ﬁ3m 1’1“ 0 —J44 0 0 0
Vs 0 Bwmp2 0 0 —Js5s O 0
Ve 0 0 0 0 0 J66 0
where,
Tit = My J22 = (W + 8+ 1), 333 = (@ + t), Taa = Jss = pm, Je6 = —1 (1 — 7.2).
By solving the equation (4.68), we got
Vi=v3=v4=v6=0, (4.69)
My +6+ ?’h)vz
ﬁ3m¢'3m

Using the center manifold theorem Castillo-Chavez and Song (2004a), the value of constant

numbers ¢ and d are;

92 f, )
Z Vkuu]a g (B2, B3p),
,Jk 1
d= Z vku,a aﬁ (B2, B3;)- (4.70)
k,i=1

From equation (4.68) as the first, third, fourth and sixth parts of v are zero, then we can omit

derivative of f;(i = 1,3,4,6) and from the derivative of f, and fs, the only nonzero values
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are

1fHh L. 9ih
8x18x5 Tk (9)65(9)617

f . 9*h
IB5,0xs ' OxsaB3,

?fs . 9fs
aX48XQ T Pm a)an;;'

4.71)

The direction of the bifurcation can be determined from the value of ¢ and d using the above

partial derivatives, which is given as

¢ = vousu B3, +vouyus B3, + vsuaua fam + vsuaua B,
v
d = vousx} = vzusm. 4.72)

From the above, the value of ¢ and d are obtain as given by

¢ = — 21y Bayy Daii2 ((l-lh(l-lh + 8+ %) + op(1n + 8)) (nktas (1n + 8 + %) — ¥PoPom(Bon — ﬁmk)))
e .urﬂ(wh + .uh)lp(ﬂOm(DZm + ﬁ2mq)0m + Bqu)Zm)

Mo (M + 6 + n))
2PomPamit M P3
¥ Pz VY
d =vousx] = vous— = vzuzﬁe'—3 > 0. (4.73)
M Ly

Therefore, since the value of d is always positive, it follows that the model (4.1) exhibits
backward bifurcation at Ry, = 1, which implies that Ry, may be become endemic situation

if the coefficient c is positive.

4.3 Local sensitivity analysis

In this section, we have computed the sensitivity indices of the basic reproduction number
with respect to the parameter values in the malaria model. The sensitivity indices serve as
determinants of the significance of each parameter in the prevalence of the diseases and help
us to determine the parameters that have a high impact on the basic reproduction number
(Ro). Thus, to find the sensitivity indices, we followed the approach outlined in (Makinde
and Okosun, 2011; Chitnis et al., 2008). To obtain the sensitivity index of all the basic pa-

rameters, the developed techniques defined as follows.

Definition 4.1 The normalized forward sensitivity index of Rq that depends differentiable

on a parameter Q is defined as
d Ro 0
V0 = —— x = 474
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for Q represents all the parameters.

Notice that 19QR° = 1 shows that decreasing (increasing) of Q by m% decreases (increases) of
Ro by m%. Similarly, 1950 = —1 implies that decreasing (increasing) of Q by m% increases
(decreases) of Ry by m%.

For instance, the sensitivity index of Ry; with respect to basic parameters is computed as

oo _ 9Ro1 Pon _ 1 Pon®o¥ P _ 1 _
Bon 9 Bon R ) B ¥Pon®o  ppptd (s + 0 + %) Rot 2 ’
L i (M 0+ )
RO _ dRo1 Bom 1 Bor®o¥ Bom _ 1 -0,

Bon ~ 9Bom Ro1 o /_PuBom®_ k2 (Ha+8+%) Ror 2
Mnbtz (U +0+7,)

gror _ 9Ro1 o _ 1 BowPor¥ %o _1_
® T 9B Ro1 5. | Bu¥Bude  HakZ(Ha+ O+ M) Rot 2
L i (M 0+ )
JdRo1 ¥ 1 BormBor®o Y o1
B = + = —=->0, 4.75
¥ 0¥ Ry ) Bor¥ BomPo [/thvl,,%(l/lh +0+m)Rot 2 ( )
L (1 +-6+7)
oo _ IR0t M _ 1 —2Pom¥Por®o_ Hm
B Ol Rot 5 [ Bon®Bon®o__ Myt (Un + 8 + ) Rol ’
L i (M 0+ )
oo _ ORot 1 — i+ 8 + 1) Bow¥PonPo i _ — (2 + 3+ %)
0w Rot  2vV# [l (Un+S8+m)> Rot 2+ 6+wm)
gRor _ 9Ro1 & 1 A S —6 <0
6 d0 Ry 2 BorPBom®o__ [UpptZ(Un+ 8+ W) Ro1 2(n+ 6+ 1)) ’
i3 (1 +-6+1)
gRor _ 9Ro1 & 1 — i Bom ¥ Bon®o i _ o/ <0
K I Rot o [_Poun¥Bon®o _ [pntty(Un+0+¥)* Rt 2(t+8+m)
L (i +6+7)
where 2 — — Pon¥Bon®o

Hakty (p+0+m)
Consequently, their sensitivity indices were written in Table 4.2 after evaluated the parameter

value as given by
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Table 4.2: Sensitivity indices of parameters with respect to Ry

Parameters symbol  Sensitivity index

DY 0.5

P 0.5

Bon 0.5

Bom 0.5

m -1

U -0.092541
0 -0.475258
" -0.024462

By the same procedure the sensitivity index of Rgp with respect to parameter W is

JdRpy ¥ 1 B3nB3mP3m vo1 50

0¥ ROZ 2. | P ¥BsnPsm Upt2 (W + 8+ W) Rz 2
Hp ki, (Hy+0+7)

Similarly, with respect to others basic parameters, 19;;02 19;;)2 19R°2 Ej’i 6;?2, 1951(;2, ﬁﬁfz,

195, 0, 19R°2 are obtained and their sensitivity indices were written in Table 4.3 as given by

Ry __
19‘P

Table 4.3: Sensitivity indices of parameters with respect to Rop

Parameters symbol Sensitivity index

Wy 0.5

@, 0.072438

Bon 0.291659

Bom 0.285714

. 0.069169

Bin 0.208341

Bim 0.214286

Um -1

i -0.092541
) -0.475258
% -0.024462
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4.3.1 Interpretation of sensitivity indices

In Table 4.2, we described sensitivity indices of the basic reproductive number Ry; with
respect to parameters. This output shows that the parameters ¥, ®g, By, and By, have
positive sensitivity indices. They can increase value of Ry if their values increases while
keeping other parameters constant. But, the parameters L,,, i, 0 and ¥, have negative sen-
sitivity indices, decreases the value of Rq; if their values were increased while keeping the
other parameters constant. For examples, 19%;: = 0.5, shows that decreasing (increasing) the
mosquito contact rate by 10%, decreases (increases) the Rg; by 5%, in the same way, 19521
= -1, indicates that decreasing (increasing) the mosquitoes death rate by 10%, increases (de-
creases) Rop, by 10%.

Similarly, in Table 4.3, the sensitivity indices of Rgp with respect to basic parameters were
shown. From this, the parameters that have positive (negative) sensitivity indices respec-
tively, are increase the malaria if their value increases (decreases) respectively, while the
others parameters stay constant. For instances, 19%?; = (0.285714, shows that decreasing
(increasing) the contact rate of the mosquitoes by 10%, decreases (increases) the basic re-
production number Rqy by 2.85714%, similarly, 19;2"2 =-0.024462, indicates that decreasing
(increasing) the rate of the recovery human by 10%, increases (decreases) the basic repro-

duction number Rq;, by 0.24462%.

4.4 Numerical simulations

In this section, we performed the numerical simulation to illustrate the dynamical properties
of the model to show the stability of the disease free equilibrium points and endemic equi-
librium points, and bifurcation analysis of the study. We verified the analytical results of our
model by numerical simulations. Also, the numerical simulations of the model (4.1) were
conducted by Matlab software using parameters values found in Table 4.4 to show the role
of these parameters in the transmission of the malaria. Most of those parameters are taken
from published papers whereas few of them are taken as assumed and we used the initial val-
ues S, (0) = 800,1,(0) =20, Ry(0) =0,5,,(0) = 1000, 1,,(0) =30 and T(0) = 16.1°C for
simulation of malaria transmission model. Moreover, to show the impact of each parameter
on the disease persists in the community, the convergence of the infected human and infected
mosquito to the disease free equilibrium and endemic equilibrium points were shown. These

numerical simulations are demonstrated to enhance the analytical results of the model.
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Table 4.4: Parameters from literature value and assumed values used for model (4.1).

Parameters Parameters description Values References

Uy Human natural death rate 0.00004  Agusto et al. (2012)
Recruitment rate of humans 0.041 Chitnis et al. (2006)

0 Induced death rate for human 0.068 Mojeeb and Adu (2017)

Y Recover rate of infected humans 0.0035 Mojeeb and Adu (2017)

D Recruitment rate of mosquito 0.071 Olaniyi et al. (2020)

Um Natural death rate for mosquito 0.05 Mojeeb and Adu (2017)

wy, Immunity loss rate of human 0.005 Abiodun et al. (2018)

Bim Mosquito incremental contact rate  0.07 Assumed

Bin Incremental contact rate of human 0.05 Assumed

D, Incremental birth rate of mosquito  0.09 Assumed

Bon Contact rate of human 0.03 Olaniyi et al. (2018)

Bom Mosquito contact rate 0.09 Olaniyi et al. (2020)

r Growth rate of temperature 0.007 Assumed

To Minimum temperature 16°C Abiodun et al. (2016)

Tmax Maximum temperature 28°C Bhuju et al. (2018)

Infected Human
Infected Human

[] 20 40 60 80 100 120 140 160 180 [] 20 40 60 80 100 120 140 160 180
Time (days) Time (days)

(a) (b)

Figure 4.2: Convergence of solutions for infected human to the equilibrium points

Figure 4.2a, describes that the simulation of convergence of the infected human at the
disease free equilibrium point of the model (4.1) such that Ryg; = 0.85 where the malaria
disease dies out. In a contrast, Figure 4.2b shows the convergence of the infected human at

the endemic equilibrium point of the model (4.1), in which the basic reproduction number
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(Rp2) greater than unity such that the disease persists in the community.
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Figure 4.3: Convergence of solutions for infected mosquitoes to the equilibrium points

Figure 4.3a, describes that the simulation of convergence of the infected mosquito at the
disease free equilibrium point of the model (4.1) such that Ry; = 0.85 where the malaria
disease dies out. In a contrast, Figure 4.3b shows the dynamics of the infected mosquito at
the endemic equilibrium point of the model (4.1) in which the basic reproduction number

(Rp2) greater than unity such that the disease persists in the community.
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Figure 4.4: Simulation results of susceptible and infected human with vary values of 3,

Figure 4.4 shows the results of susceptible human and infected human with a vary value
of B, In the Figures 4.4a and 4.4b, we observed that an increase the infection rate of infected
mosquito on susceptible human f3,, the secondary case number increases, which implies that

an increase the amount of infected human while the susceptible human population decreases

in number.
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Figure 4.5: Simulation results of susceptible and infected mosquitoes with vary values of 3,

Figure 4.5 describes the simulation results with infected mosquito and susceptible mosquito
for vary value of f,,. Figures 4.5a and 4.5b described that increase the infection rate of in-
fected human on susceptible mosquito f3,;, the endemic of disease increases, which indicates
that an increase the amount of infected mosquito while the amount of susceptible population

mosquito decreases in number.
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Figure 4.6: Simulation results of susceptible and recovered human for different value of @y,

Figure 4.6 shows the results of susceptible human and recovered human for vary value of
@y,. From the Figures 4.6a and 4.6b, we can see that an increase the rate of loss of immunity
in human which leads to an again increase number of susceptible human population, whereas

an increase the loss of immunity rate is decrease the number of recovered human population.
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Figure 4.7: Simulation results of infected and recovered human with different values of uy,

Figure 4.7 describes variations results of infected and recovered human population for

a different value of natural death u,. From the Figure 4.7a it can be observed that increase

the death rate of the infected human reduces the number infected human and increase death

rate of recovered human decreases number of recovered human populations as described in

Figure 4.7b.
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Figure 4.8: Simulation results of susceptible and infected mosquito with vary values of p,,

Figure 4.8 shows variation results with susceptible mosquito and infected population of

mosquito for a various value of ,,. In the Figures 4.8a and 4.8b, we observed that increase

the death rate of the mosquito population decrease the amount of secondary case infection.

Hence, as death rate increase, this leads to a decrease both susceptible and infected popula-

tion of the mosquito.
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Figure 4.9: Simulation results of infected and recovered of human with different value of ¥,

Figure 4.9 illustrates variation results of infected human and recovered human for a dif-
ferent value of y,. From the Figures 4.9a and 4.9b, we can see that increase the recovery
rate of population of infected human due to using the anti-malaria drugs, which makes the
decreases the infected human population while increases recovered human population. Note
that since the reverse relation between basic reproduction number and recover rate leads to

reduces the basic reproduction number.
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Figure 4.10: Simulation results of infected and recovered human with different values of &

Figure 4.10 shows the simulation result is illustrated that the difference of infected human
for a different value of death rate. From Figure 4.10a, it can observe that increase the death
rate of the human due to disease, decreases the number of infected human population. Figure
4.10b shows that increase the death rate of human due to disease decreases the number of

recovered human population.
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Figure 4.11: Sensitivity indices of basic reproduction number Rg; and Rq; respectively

Figure 4.11 shows numerical simulation of the sensitivity analysis of model parameters.
Note that the parameters that have positive (negative) sensitivity indices respectively, were
increase the basic reproduction number Ry if their value increases (decreases) respectively,

while the others parameters stay constant.
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Figure 4.12: Human population and mosquitoes population with rise in temperature

Figure 4.12 describes human population and mosquito population with rise in tempera-
ture. It can be observed that from the Figure 4.12a, the susceptible human, recovered human
and infected human are decreasing. From Figure 4.12b, we can see that infected mosquito
increase to a maximum point then decrease and susceptible mosquito decreases and tends to

its lowest value at maximum temperature (Tpax = 28°C).
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Figure 4.13: Bifurcation diagram of malaria transmission model with temperature variation

Figure 4.13 shows the bifurcation diagram for the case when T = Tp and T = Tpax that
the model is exhibits forward and backward bifurcation respectively, for malaria transmission
model. This implies that Ry; < 1 does not automatically implies Ry < 1, since the value of
Rop may be greater than 1, which implies that Ry, present backward bifurcation while Ry

only present forward bifurcation.
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CHAPTER 5
MODELING SEIRS MATHEMATICAL MODEL OF
MALARIA TRANSMISSION WITH TEMPERATURE
VARIABILITY

Plasmodium parasite requires both human and mosquito for its life cycle to complete, and the
infection is transferred between susceptible human through the bite of infected mosquitoes,
which acquire infection through a blood meal from infected humans. The period from the
point of infection to the beginning of the state of infectiousness is known as latent period
during which the infected individuals stay in the exposed (E) class (Mandal et al., 2011). In
this chapter we considered exposed class and presented a mathematical model that describes

malaria dynamics in the presence of temperature variability.

5.1 Mathematical model formulation

In this section, we have extended the model introduced in section (4.1) by including the ex-
posed class on the human and mosquito populations. The total population of human denoted
by Nj,(¢) and population of mosquito denoted by N,,(¢). The human population is described
by the SEIRS model and sub-divided at the time (¢) into the following sub-population of
susceptible human Sy (¢) those are do not have malaria, exposed humans Ej(¢) those are in-
fected but can not transmit disease, infected humans I,(¢) those can transmit the disease to
mosquitoes, and recovered Ry (¢) are whose recovered from infected compartment. Thus, the

total human population size is N (¢) = Sy (¢) +Ex(¢) + I5(2) + Ra(2)-

New recruitment that enters the population of humans by born or migrate at the rate ¥
(assumed that it is susceptible). An infected mosquito can transmit the malaria to the sus-
ceptible human and moved to the exposed human at a rate 3,(T) is temperature-dependent

and Py, is the contact rate of human with mosquito when there is no variation in temperature
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and By, is incremental contact rate of human with mosquito due temperature variation. The
exposed human moved to an infected human at the rate ¢,. All humans die with a natural
death rate u;,. An infected human can die due to disease at an induced death rate 6. This
death can be reduces the infect human. An infected human can be recovered due to the use
of anti-malarial drugs through treatment at the rate y,. The recovered human has lost their

temporary immunity and becomes susceptible to reinfection at the rate y,.

Moreover, the population of mosquito is followed the SEI compartment model and the to-
tal population of mosquito at time (t) is denoted by N,,(z) is sub-divided into susceptible
mosquito S,,(¢), exposed mosquito E,,(¢) and infected mosquito I,,(z). So that the total adult
female Anopheles mosquito population at time is given by N,,(¢) = S;(f) + Ejn(f) + L (2).
The susceptible mosquito is recruited at the rate ®(T) is temperature-dependent and Py is
the birth rate of mosquito if there is no variation in temperature and ®y,, is the incremental
birth rate of mosquito due to temperature variation. An infected human can transmit the
disease to a susceptible mosquito and the mosquito population gets an infection when it con-
tacts the infected human by malaria is moved to the exposed mosquito at the rate f3,,(T) is
temperature-dependent and B, is contact rate of mosquito with a human when there is no
variation in temperature and fi,, is incremental contact rate of mosquito with human due
temperature variations. The exposed mosquito moved to an infected mosquito at a rate 0.
A natural death rate of all mosquitoes is U,,. We suppose mosquitoes do not recover from

malaria until death. A mosquito does not die due to disease infection.

The temperature growth rate represented by r, mosquito to be most active at maximum
temperature denoted by T« and minimum temperature for the mosquito to be less active is
denoted by To. Also we assume that all parameters in the model are nonnegative. Figure 5.1
shows the flow diagram of malaria transmission so that the state variables and parameters of

the model are described in Table 5.1.

50



Figure 5.1: Flow diagram of malaria transmission with exposed compartment

From the schematic diagram depicted in Figure 5.1, the dynamics of malaria transmission

is illustrated by the system of non-linear differential equations

(B = — By(T)Shlm — HSh+ DRy,
dEh = Br(T)Shlm — (Hn + C)En,
‘ff," = uEp — (U + 6 + Vi)l

Db =yl — (U + On)Rp,

‘%’"z D(T) ~ Bu(T)Swly — HnSim;

dEm ﬁm( )Smlh - (.um + am)Em,
dIm _

S.1)

dr amEm_UmIma
| G = (1 —55)(T=To),

where ,

Bu(T) = ﬁOh+31h(T TO) B (T) = Bom + Bim (TT_TZO) and ®(T) = <I>o+CI>1m(TmZX°).

With initial conditions Sj,(0) = Sy0,Ex(0) = Eno, 14(0) = I, R, (0) = Ry, Sm(0) = Spo,

Em(o) = EmOaIm(O) — 1m0, T(O) = Tmo-
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Table 5.1: Parameters description used for the model (5.1)

Parameters Parameters description

ay, Exposed human rate of progression

O Rate of progression for exposed mosquito

Bon Contact rate of human with infected mosquito

TP Incremental breeding rate of mosquito population

Y The rate of new human enter to population

D Recruitment rate of mosquito

Y Recover rate of infected human

Un Natural death rate of human population

o Induced death rate for human population

Um Natural death rate for mosquito

oy, Humans immunity loss rate

Bom Contact rate of mosquito with infected human

Bim Incremental contact rate of mosquito

Bin Incremental contact rate of human

r Growth rate of temperature

To Minimum temperature for the mosquito to be less active
T max Maximum temperature for the mosquito to be most active

5.2 Qualitative analysis of the model

In this section, we have shown the fundamental properties of the malaria dynamics model
such as invariant region, positivity of the solutions, disease free-equilibrium point, basic
reproduction number, endemic equilibrium point, local and global stability of equilibrium

points of the model (5.1).

5.2.1 Invariant region

In this sub-section, we will see biologically meaningful and mathematically well posed on
condition that all the solutions with non-negative initial data remain non-negative at every

time.
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Theorem 5.1 If the initial conditions of the model (5.1) are non-negative in Q where

m

¥ d(T
Q= Qh X Qm = {(ShaEha Ty Ris Sms Ems Im) € RZ— :Np < E7Nm < ( )} (52)

then the solutions of the model (5.1) enter and stay in Q.

Proof: The total human population from the model (5.1) is given N, = S, + Ej, + 1), + Ry,.

Then differentiate Ny, both sides with respect to time (¢) gives

dN, ds, dE, dI, dR
h h @Bh | @7k, 4Rh

= 53
dt dt dt dt dt (5-3)
By substituting equations (5.1) into (5.3), we got
dN
h N, — 815 (5.4)
dt
In fact, the equation (5.4) becomes,
dNy,
— < W — Ny, 5.5
= HnNp (5.5)
Integrating both sides of equation (5.5) and simplify the expression, we obtain
Y — u,Ny, > PBeHnl (5.6)

where 4 is a constant. Using the initial conditions N, (0) = Ny in equation (5.6) we got,
Y — u,Ny, > (lP— [.LhNho)ei’uh[. 5.7

Then rearranging equation (5.7), that gives

Ny, < E _ (W) e Hit (5.8)
Hp Hp

From equation (5.8) as time (¢) approaches to infinity, the human population size N, — L%

implies that N, < % Hence, the invariant region of the system (5.1) for human population
is given by

Qh:{(Sh,Eh,Ih,Rh)ERi:Sh—I—Eh—I-Ih—l-Rhg%}. (5.9)
Similarly, we consider the total mosquito population from the system (5.1) given by
Npu(t) = Sm(t) + Em(t) + Iin(2). (5.10)
After the differentiating N,,(7) both sides with respect to time (), we got

d
E(S,,,—{—Em—l—lm) =D(T) — Uy Ny, (5.11)
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®(1)

By solving equation (5.11), we obtain N,,, < BT Hence, the invariant region of the system
(5.1) for mosquito population is given by
(T
Qm:{(sm,Em,Im)eRi:sm+Em+Im§ ( )}. (5.12)
m

Therefore, the invariant region of the system (5.1) is given by

¥ d(T
.Q:QhX.Qm:{(Sh,Eh,Ih,Rh,Sm,Em,Im)GRZ_IN}ZS‘u—,NmS ‘LE )} (513)
h m

is positive invariant and all the solution set of system (5.1) is bounded in Q.

5.2.2 Positivity of the solutions

In this sub-section, we are going to show all solutions of the model system (5.1) with non-

negative initial data will remain non-negative for all time ¢ > 0.

Theorem 5.2 The solution of model (5.1) given as Sy(t), Ex(¢), I5(t), Ru(t), Sm(t), En(t)
and T,,(r) with non-negative initial conditions, S;(0), E;(0), I,(0), R,(0), S, (0), E,,(0) and

1,,(0) are remain non-negative for all time ¢ > 0.

Proof: Take the first equation from model (5.1) given as follows

ds
d_th = — By(T)Shlm — 1iSh -+ Ry (5.14)

It is true that the equation (5.14) becomes

dasy,

o 2 —(Br(T) Ly + ) Sh- (5.15)

Integrating equation (5.15) with respect to time and using technique separation of variables

with applying initial condition, we obtain

From the model (5.1) the second equation is given as

dFE

d_th = Bn(T)Shln — (Un + 0)Ep,
dEy,

oh s E,.

7 2 (Up+ 0p)Ep

Using the approaches of separation of variable, we get
Ej(t) > Ej,(0)e Bt > . (5.16)
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From the third equation of the model (5.1), we have
di,
dt

1,
dt’ > —(tp+ 6+ 1)

= 0pEp — (Un+ 6 + W) 1,

Applying the separation of variable, we get
Tu(r) > Ty(0)e™ Brtd+mi >

From the model (5.1) the fourth equation is given as

dRry,

i Yidn — (W + @) Ry,
dRy,

— > — W, )Ry

1 2 (Mp + @p)Ry,

Applying the separation of variable, we get

R (1) > Rp(0)e Bt > .

From the model (5.1) fifth equation, we have

dSm

dSm

—— > — (B (T, — W) S
g =~ BT — tim)

Applying the separation of variable, we get
S(t) = Sp(0)e™ BrnlDh=tn)t >

From the model (5.1) sixth equation, we have

dE

d_tm = ﬁm(T)Sth - (.um + am)Em7
dE

d_tm > _(um + am)Em~

Applying the separation of variable, we obtain

Ep (1) > Ep(0)e Hntomlt > 0,

Finally, from the seventh equation of the model (5.1), we get

Tim(t) > In(0)e M > 0.

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

This shows that the solution of the model (5.1) with non-negative initial data will remain

non-negative for all time # > 0. Obviously, the malaria transmission model (5.1) is both

meaningful epidemiologically and well-posed mathematically in Q.
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5.2.3 Disease free equilibrium

A disease free equilibrium point of the model is a steady-state solution in the absence of
malaria. To compute the equilibrium solution of the system (5.1), setting the right-hand side

of the system (5.1) to zero, that is given as

Y — Bi(T)Splm — UpSy + @Ry, =0,
Bi(T)Spim — (n + 04)Ep = 0,
0pEp — (tn+ 06 + ¥l = 0,

Wdh — (tn + @p)Ry = 0, (5.22)
D(T) — Bn(T)Smlh — UmSm = 0,
B (T)Smln — (Hm + O4n)Em = 0,
OmEm — Wnly =0,

r(l-—

)(T—To) =0.

max

Thus, if there is no malaria, then the value of £, = 0,1, = 0,E,, = 0, I,, = 0 and the disease

free equilibrium of system (5.1) denoted by &; or &, where

m m

¥ dD(T ¥ D(Tax
51 = (_7070707ﬁ70707 TO> or 52 = (_7070707M70707 Tmax) . (523)
i u Ha

5.2.4 Basic reproduction number

In this sub-section, we computed a basic reproduction number that determine the spread of a
malaria. A basic reproduction number is interpreted as the average number of new infections
that will be generate by one infected case during their entire infectious life-time (Agusto
et al., 2012). It has computed using the next-generation matrix approach (John et al., 2020).
Accordingly, using next-generation matrix, we re-writing the model (5.1) beginning with

newly infective classes:
.
% = Bu(T*)Spln — (Un + 04 Ep,

% = By — (Up + 6 + V)1,

% = ﬁm(T*)Sth - (.um + am)Em,

dl,
L d_;n = OnEm — Umlm-

(5.24)
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From equation (5.24), using the next generation matrix, the rate of appearance of new infec-

tion in sub-populations Ej and E,, is

Br(T*)Shlm
F = 0 . (5.25)
Bin(T*) Sl
0
The Jacobian matrix of .# at the disease free-equilibrium points gives f as
0 0 0 Bu(T)
10 0 0 0 526
f= 0 B, (T*)qﬁ* 0 0 : (5.26)
0 0 0 0

The transfer of individuals out of the compartments of the system (5.24) by all other means,

(up+ o) Ep
v _ (Up+ 6 + ) Iy — Ey, (527)
(o + O B ' '

The Jacobian matrix of ¥ at the disease free-equilibrium points gives v as

oy + Uy 0 0 0
-0, +0+ 0 0
0 0 O+ Uy O

0 0 — Oy U

The inverse of v is obtain as

1
O+ Uy, 0 0 0
2 ; 0 0
vl = | (ontin)(ntd+m)  Hato+m (5.29)
0 0 = 0
'm T Him
o 1
0 0 o (Con+Hm) 1
The next matrix generation is computed as
Bu(T)¥am  Pu(TH)¥
O 0 ﬂhﬂm(am+ lim) Hpm
1 0 0 0 0 530
JUUE purere e 0 0 (530)
(ah+uh)(uh+6+n) Hm (M +6+)
0 0 0 0
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The eigenvalues are obtain from the determinant given by

_ Bu(T)¥0tm  Pu(TT)¥
A 0 Mt (O ) M bom
0 —A 0 0
BuT)B(T)n  Bu()OE) o |7 63D
Mo (O +) (M +6+%) Mo (Hp+6+Yh)
0 0 0 —A
The eigenvalues from the matrix (5.31) gives
0
0
(5.32)

B (T*) B (T*)P(T*) 0 Ot
pnte (0t ) (U +84+Y4) (Cm+ i)

ﬁh\P(T*)Bm(T*)CD(T*)aham
tn 2 (0t ) (i ++3) (On+Him )

Hence, the basic reproduction number computed by Rg = p(fv~!) where p is the spectral

-1

radius of the product fv~" are obtained, respectively, by the equation (5.33) and (5.34) as

given by

Bor¥ BormPo oty 0y
Ro1 = 5.33
o \/ M2 (g + & + %) (0 + 1) (Ot + ) -3

and

_ \/(ﬁOh + Bon) ¥ (Bom + Bom) (Po + Pom) 0, O (5.34)

N 2 (- S+ ) (0 + ) (O + i)

where, By, = Bink, Bam = Bimk, P2 = Pk and k = <—Tma"_T0> .

Tmax

Hence, the basic reproduction number at maximum temperature can be written as;

Ry = \/ RZ 4 Do BomBom ¥ 0t 0 + ¥ (Bom + Bom) [Bon(Po + DPom) + Do Bor) 0 Cin
m =4 [Ro1

M2 (s =+ 0 + Vi) (0 + W) (O =+ i)
(5.35)

where, Ry is the basic reproduction number at T for the mosquito to be less active to breed.

5.2.5 Local stability of disease free equilibrium

Theorem 5.3 If Rp; < Roy, < 1, then the disease free-equilibrium points of the system (5.1)

is locally asymptotically stable in Q.
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Proof: To begin, first find the Jacobian matrix of the system (5.1) given as

211 0 0 o 0 0 —Bn(T*)Sh
Br(T*)m 222 0 0 0 0 Br(T*)Sh
0 Qy 733 0 0 0 0
z= 0 0 Y 244 0 0 0 (5.36)

0 0 —Bu(T")Sm O zss  Pu(T), 0
0 0 Bu(T)Sm 0 PBul(T)n 266 0
0 0 0 0 0 Oy 277

where,

211 = —(Bu(T*)Mh + mn), 220 = — (0 + ), 233 = — (U + 8 + 1), 2a4 = — (Un + @),

255 = —(Bn(T*)n + ) 266 = — (O + ), and 277 = — L.

The Jacobian matrix of system (5.36) at the disease free equilibrium point is given by

711 O 0 w, 0 0 —ﬁh(T*)%
0 0 0 0 0 Bt
0 o 33 0 0 0 0
Z(E)=] 0 0 Y s 00 0 (5.37)
0 0 —Bu(t)EL 0 255 0 0
0 0 Bu(™HEL 0 0z 0
0 0 0 0 0 o o

where, 211 = —Hy, 222 = — (0 + Hp), 233 = —(Ur + 0 + V), 244 = — (U + Op), 255 = —Hm,
266 — _(am "‘,um)a and z77 = — .
The eigenvalues of (5.45) are the solutions of the characteristic equation |z(E.) — I74| =

is

zi—A 0 0 )y, 0 0 _ﬁh<T*)%
0 zp—A4 0 0 0 0 Bu(T*)
0 o, 33— A 0 0 0 0
0 0 " a—A 0 0 0 =0,
0 0 Bt 0 -4 0 0
0 0 Bu(mHEZ 0 0  ze6—A 0
0 0 0 0 0 O 77— A

(5.38)
The first column of (5.38) has only one non-zero —u;, — A that is in its diagonal. This

implies that the first eigenvalue is A; = —y,. Then the others of the eigenvalues are obtain
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from equation

22— A 0 0 0 0 ﬁh(T*)%
o, 33— A 0 0 0 0
0 yi‘ ot w=A 0 0 O 0 (539)
0 (T 0 z5—4 0 0
0 Bu(mHEZ 0 0 z—A 0
0 0 0 0 O 77— A

The third and the fourth columns have diagonal entries. Hence, we have obtained two eigen-
values Ay = —(u, + @) and A3 = —u,, respectively. Then the other eigenvalues are com-

puted using the equation

22— A 0 0 ﬁh(T*),%
Q -2 0 0
h Z33* o —0. (5.40)
0 Bu(T)—p = 266 —2A 0
0 0 Oy 777 — A

Setting ¢; = o+ Up, €2 = Wp+ 0 + Vi, €3 = Oy + Ui, 4 = Uy, and the remaining eigenvalues

are calculated from equation (5.40) with the characteristic given by
l4+b12‘3+b212+b3l +b4=0 (5.41)
where,

by =c1+cy+c3+cy,

by = ci1ca+cac3 + 2c104 + €304 + 204,

by = 2cicoc3 + c1cacy + cpeiey, (5.42)
P (T ) Bin(T")(T") 0 O

M iy
By applying Routh-Hurwitz criteria (Ibrahim et al., 2020) the eigenvalues of the equation

by = cicac3cy —

(5.41) is negative roots or imaginary roots with negative real part if
b1 >0, by >0, b3 >0, by >0,byby—b3 >0,b1bsbz — b3 —byb? > 0,b4(bybabz — b3 —byb?) > 0.

Obviously, we have seen that b; > 0, b, > 0, and b3 > 0, because they are the sum of positive

parameters. Secondly, the value of by, at T* = Ty« is given by

(Bon + Ban)¥ (Bom + Bam) (Po + Pom)
Um iy
This implies b4 to be positive 1 — R%m could be positive, which shows Rg, < 1. But, if

by = U (Up+ 6+ ) (0 + ) (O - i) — :1_R%m'

Rom > 1 then by < 0 shows that equation (5.41) has non-negative real solution and DFE is
unstable. Since Ry; < Ry, the DFE is locally asymptotically stable in Q if Ry; < Rq,,, < 1.
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5.2.6 Global stability of disease free equilibrium

Theorem 5.4. The disease free equilibrium points of the system (5.1) is globally asymptot-
ically stable in Q if Rg; < Ry, < 1.

Proof: First we developed the following Lyapunov function V that is defined as
vV — < oLk, > + ( Iy > + ( .umROm > E,,+ (Hm(am+um)ROm> I,
(0t + 1) (Hn + 6 + ) tp+ 6+ % B3m®3m I33m<133m06m(5 s

By differentiating the above Lyapunov function with respect to time (¢) we obtain

d_v _ ( ahEh ) i ( I'h ) 4 ( ‘umR()m ) E n <‘um((Xm—|—‘Ll,m)R0m) T
dt (ot 4 tp) (U + 0 + ) Uy + 6+ 7, Bsm®sm ) B3 @3 O "
oy, (0pEp — (U + 0 + Yh)lh))
= Splm — (Wn + 0)EpR) +
( ah+“h)(ﬂh+5+7h))(ﬁ3h bl = (- 04 )E) ( W +8+%

mBRom m( Om + Wim )Rom
+ ( En=0 )(ﬁ3m5mlh_(.um+am>Em)+ (“ ( = ) 0 )(O‘mEm_.um)Imv

ﬁ3mq)3m B3mq)3m (0%
_ ﬁ3h(xhsh[m _ Ih /-LmSthROm _ ([.L,%(Oﬂm + .um)ROmIm) : (5.44)
(ot + tn) (U + 6 + ) D3, B3m 0 @3
Bsnot ¥ 2 (0 + um)ROm)
S - Im+ Rom — 1)1, ’
<(ah+uh)(#h+5+7h)uh B3m Cn @3 (Ro M
2
M (O - ) B310n ¥ B3 P3m O
- Ly+1,| (Roy— 1
[( B3m 0nP3m \/thi%(ah+l~lh)(uh+5+Yh)(05m+#m) i (Fon=1)

where, B34 = Bon + Bon, Bsm = Bom + Bom and Pz, = Oy + Doy,

Thus, fl—\t/ < 0if Ry, < 1 and ‘fl—‘[/ =0 if and only if I, =0 and I,, = 0. It shows that the
largest compact invariant set in {(Sy,Ep, I, Ry, Sy By Im) € Q- ‘[’l—\[’ = 0} is the singleton
set DFE in Q. Therefore, by LaSalle’s invariant principle (La Salle, 1976) every solution
which begins in the domian approaches DFE as time (¢) tends to infinity. Therefore, since

Ro; < Ron the DFE is globally asymptotically stable in Q if Rg; < Ry, < 1.

5.2.7 Endemic equilibrium point

An equilibrium point of the dynamic system that shows existence of the disease is the en-
demic equilibrium point (EEP). The endemic equilibrium point E* = (S},E;, I;,R}, Sy,

Eys I T) is the solution of the system from the equations (5.22). At this point let A, =
Bin(T*)I,, and A, = B, (T*)I; be, respectively, infection force of human and infection force
of mosquito. To compute the endemic equilibrium point of the model (5.1), we used the

following procedure:
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Firstly, solving the fourth equation of the model (5.1), we obtain

oF Yl
T

Secondly, solving the first equation of the model (5.1), we got
X Y4+ (DhR;;
Sh= "%
Ay + W
Thirdly, solving the second equation of the model (5.1) gives
Z — )L/;k SZ )
Oy + Hp
Similarly, solving the third equation of the model (5.1) gives the result,

. OyE;
h U+0+m

After substituting and re-arranging the expression of the equation (5.48), we obtain

Yoy, (up + wp)A;
(0 + tp) (M + 6 + W) (i + o) (A + ) — (0R05,7A,)

I

Continuing solving the fifth equation of the model (5.1) gives the result,

. P(TY)
"o A+

Again solving the sixth equation of the model (5.1) gives the result,
E, = S _ .
On + Him

Lastly, solving the seventh equation of the model (5.1) gives the result,

* OCmE;L
m “m
After substituting and re-arranging the expression of the equation (5.52), we obtain

*

. A% 0 (T*)
" (A ) (O A+ o) o

Using the infected human, the infection force of mosquito is computed as

Yoy, (up + wp) A}

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)

3 = Pu(T*) T = Bu(T") [

And also using the infectious mosquito, the infection force of human is obtained as
A0y ®(T*) ]
(A Mon) (Qlon ~+ M) ton |~

A7 = Bal(T*) T4 = Bu(T") [
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Hence, the system (5.1) has the endemic equilibrium point at T* = Ty is given by

5 = W (0, + pn) (U + 0 + W) (U + o)
(0t + ) (B + 6+ ) (B + @) (A7 + 1) — (@05, 1A7)
B = W+ 6 + 1) (i + @) Ay
(otn =+ 1) (1 + 6 + i) (U + @p) (A + 1) — (@p 07 A)
= Yoy, (uy, + o)Ay
(0 + ) (Hp =+ 0 + Yi) (Mn + 0r) (A + ) — (0,00,7:A))°
RZ _ ‘POCh}/h;L;
(otp =+ 1) (i + 8 + ) (M + @p) (A + 1) — (@p 07 A)
« D
S = A+ [T
; AmPo
. (A + M) (O 4 i) (:20)
I A, 0@
" (A M) (O = i) o

By substituting I and I, from equation (5.56) into A and A; respectively, and 4, is ob-

tained by solving the equation
Ci(A)*+Cca(A) =0 (5.57)
where,

C1 = Mo (O =+ Lo ) [(1 + O1) [Bom O Y ~+ Lo (1, + S + W) (O 4 ) )] + ton (@1 V1 0]
Co = (00 + ) [Mnbm (0 + ) (O + ) (1 + 8 + 1) (1 = RG))] - (5.58)

Therefore, C; > 0 and C, > 0 whenever Ry; < 1, so that A, = —% < 0. Hence, positive
endemic equilibrium does not occurs whenever Ry; < 1. But, the endemic equilibrium is
exist if C, is less than zero.

By the same procedure, the model (5.1) has the endemic equilibrium point at maximum
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temperature (T* = Tax) computed as

5 = (0, + ) (U + 6 + i) (n + @)
(otp =+ 1) (i =+ 0 4 ) (M + @0p ) (A + 1) — (@p 0,7 A;)
B = W+ 6 + 1) (i + @) Ay
(otn =+ 1) (1 + 6 + i) (U + @p) (A + 1) — (@p 07 A)
= Yoy, (uy, + o)Ay
(0 + ) (Hp =+ 0 + Yi) (Mn + 0r) (A + ) — (0,00,7:A))°
- ‘POCh}/h;L;
(ot 1) (i + 8+ ) (i + ) (A + 1p) — (00 VAL
¢ — (q30+q)2m)
i ST
. Ay (@0 + Do)
= it o) (G ) (59
e A0 (Po+ Do)
" (A, o) (Ol - o) i

Similarly, substituting I; and I, from equation (5.59) into 4, and A, respectively, and A,/

is obtained by solving the equation
c(A)?+D(A)=0 (5.60)
where,

C = W (O + ) [(1 + @) [(Bom ~+ Boam) 0¥ + i (U, + 6 + ) (0, + ) )] + i (0111, 07)],
D = (@ + k) (Kb (0 + 144) (O + ) (14 + 8+ %) (1 = RG] (5.61)

Tmax—T
where, Bon = Bink, Bom = Bimk, o = 1k and k = (T()) .
Hence, if Ry, < 1 then automatically implies that Ro; < 1 (see equation 5.35) and DFE
exists for both Ry; and Ro,,,. However, Rg; < 1 does not automatically implies Ry, < 1, since
the value of Rp,, may be greater than 1, which implies that while R(; present DFE, R, may
be become endemic situation or present backward bifurcation while Ry; only present forward

bifurcation.

5.2.8 Global stability of endemic equilibrium

Theorem 5.5. The endemic equilibrium points of the system (5.1) is globally asymptotically
stable in ® if Rg, > Rg1 > 1.
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Proof: To illustrate the global stability, we constructed the following Lyapunov function;

S . s E I
L= [Sh—Sj— Spln(S))+ (B — B~ Epin(C)) + [Th = T = Tiin(2))
Sh Eh Ih
* * Rp * * Sm * * m
+ Ry =Ry, = RpIn(=)] + [Sm — Sy — Spuln(—-)] + [Em — E,, — Emln(—*)]
R sk EX,
Im
+ [T — I — Ipdn(=2)). (5.62)
Im
Computing the derivative of L along the solutions of system (5.1) and the result is
dL Sy, E} Iy R} S Ex Ix. ..
@ _n-2nhg, U= SR+ [1= 22Ty (1= 2R+ (1= SB[ = 2B (1= 2] T
dt Sh Sm Im

By substituting equations of model (5.1) into the above equation, we got

fl_T; —l— i_z] (¥ = BT )Sudn — S+ O3R) +1 = E—;] (Bi(T)Shln — (ki + 01)B)
Sh En
1 Ri
0= 21 (0En — (o + 8+ ) ) + 1= 22T (il — (o + @1)R»)
h ;; h ;{;
s En
1= 221 (@) = B(T)Sulh = o) +11 = E2] (B (TS~ (B + 0o
S, Em
1 - 22 (G — ). (5.63)

Im

Consequently, by re-arranging and collecting like terms equation (5.63) becomes

dL * * * * *
—r =+ Ba(TT) T (Sy + Sn) + On(Ry, + Ra) + iNp + 0 (Bj +Ep) + % In + (6 +W)T)
M
:*—(I)(T )"‘ﬁm(T )Ih(S,n+Sm)—|—‘LLmNm—|—(Xh(Em—|-Em)l—[lPS—h]—l—ﬁh(T )ShIm( hE )
~ h - o
Q
S, I+ I R} «\ Sy
+wh(Rh+Rh(Sh))+ﬂhNh+ahM+YhIhR_Z+<5+Yh)Ih+q)(T )S—m+ﬂth
m
Q
(5.64)
o v EF+E IH+1T
+Bm(T )Sm1h<m—m)+amEm<n—m)'
. Eum I
Q

Hence, if M < Q then dL < 0 and dL =0, if and only if S, = S;,E;, = E;, I, = I;,R, =
Ry, Sm =Sy Em=En, In=1,. Thus, the dominant positive invariant setin {(S;,E}, I}, R},
SrnEr,In) € Q: ‘fl—f = 0} is the singleton point (E*). Hence, from LaSalle’s invariant prin-
ciple (La Salle, 1976), this indicates that the point E* is globally asymptotically stable in Q
iftM< Q.
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5.2.9 Bifurcation analysis

In this section, we investigated the nature of the bifurcation with the use of the center man-
ifold theory (Castillo-Chavez and Song, 2004a) that identify the bifurcation analysis of the

model (5.1) at Ry is equal to unity. Then we can obtain the following result.
Theorem 5.6 The system (5.1) exhibits forward bifurcation at Ro; = 1.

Proof: First take transmission rate f3y, as bifurcation parameter so that Ry; = 1 if and only if

2
e Ml (Mt 6+ ) (0t + ) (O + Hon)
Bor = Bon = FBon Dol : (5.65)

Moreover, by changing the variables S;, = x1,E; = x2,1, = x3,R, = X4,S; = X5,Epp =
X6, Im = x7,T = xg and using vector X = (x1,x2,x3,X4,X5,%X¢,X7,xg)" of the system (5.1)

can be written in the form % = (g1,82,83,84,85,86,87,88) " as obtain

(d
T =Y — Borx1x7 — Upx1 + OyX4,
d
T = Bonx1x7 — (p + ot)x2,
d
G = ogx2 — (U + 6+ W)xs,
d
T = vx3 — (0 + ) x4, (5.66)
p .
T2 =D — BomXsx3 — UmXs,
d
% = Bom¥sx3 — (am + .um)x67
d
% = OhpX7 — UmX7,
dx X
L d_tg = r(l — =8 )(Xg—T()).

Tmax

The Jacobian matrix of (5.66) at the disease free equilibrium &; with By, = B, is given

~Ji1 0 0 o, 0 0 —Bory, O
0 —J» 0 0 0 0 ﬁOh% 0
0 a —J33 0 0 0 0 0

5(E) = 0 0 Y —Ju 0 0 0 0 (567

0 0 —B()m% 0 —Jss O 0 0
0 0 Pt 0 0 —Js 0 0
0 0 0 0 0 o, —J7 O
0 0 0 0 0 0 0  Jsg

where, J11 = Wy, J22 = 0 + Uy, T33 = ty + 0 + Vi, Ja4 = U+ @p, I55 = Uiy T66 = O+ Mo,
J77 = Wm, and Jgg = r(l — )

Tmax
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Further the right eigenvectors, w = (wy,wa, w3, ws, ws,we, w7,ws)" corresponding to zero

eigenvalue of equation (5.67) obtain from equation Jw = 0.

~J 0 0 w, 0 0o - ﬁo,% 0
0 J» 0 0 0 0 Bory, O
0 o -—Ju 0 0 0 0 0
0 0 %W —Ju 0 0 0 0
0 0 —Pwmp 0 —Jss O 0 0
0 0 /30,”% 0 0 —-Je¢ O 0
0 0 0 0 0 o, -—J;7 0
0 0 0 0 0 0 0  Jsg

where, J11 = Uy, J22 = O+ Uy, T33 = U+ O+ Vi, Jaa = U+ Op, Tss5 =

J77 = W, and Jggzr(l— ) )

Tmax

From equation (5.68), we obtain

( (o) +(p+-0+7) o) wa
wp = “}% s
wy =wp >0,

Wiy = —h __y
37 Tt dtm) 2
_ OnYh
W4 = Tron) (wtotm) V2
2
alj; Bom®Po
Ws = ———0 212y
3 L2 (1) 2
2
_ o Bom®o
W6 = Lot (it 5+ 7) V20
o2 0y Bom®
_ 1, YmPOm=*0
Wy = ATy,
T 12wt ) 2
wg = 0.

\

67

wi
w2
w3
w4
ws
We

w7

|
S O © O ©o o ©o o

wg
(5.68)

Wy J66 = O+ U,

(5.69)



Similarly, the left eigenvectors, v = (vi,v2,Vv3,Vv4,Vs5, Vg, v7,vg) corresponding to zero eigen-
value were obtain from the equating vJ = 0.

T

Vi —J1 0 0 w, 0 0  —Bony. O 0
V) 0 —J» 0 0 0 0 [30;,% 0 0
V3 0 o -Jy 0 0 0 0 0 0
" 0 0 S FUR | 0 0 o |o
Vs 0 0 —Pwd 0 -Js 0 o o | |o
Ve 0 0 Bz O 0 —Je¢ O 0 0
vy 0 0 0 0 0 o, -—J7 O 0
Vg 0 0 0 0 0 0 0  Jgg 0
(5.70)

where, J11 = Wy, J22 = O+ Up, I33 = Up+ 0 + Vi, Tas = Up+ @p, T55 = U, Te6 = O+ i,
J77 = W, and Jgg = r(l — o )

Tmax

From the equation (5.70), we got

V]ZV4ZV5ZV8:O,

_ Mw, (5.71)
oy
ve — Bor'¥ v
Mo (O =+ M)
_ Bon'?
V7 = Va.
My m

The second partial derivatives of functions g;(i =1,2,3,4,5,6,7,8) at the point (§;, ;) are

g L. 9
8x18x7 - PoR 8)673)61

3282 — = 82g2
oBLox; ' 9x79B,
0°86 L. _ 9°ge
dxs0xs O™ Ox30xs

Thus, the nature of bifurcation at Ry; = 1 obtained from the above partial derivatives is given

(5.72)

a = vawyw1 Bgy, +vawiwrBay, + vewsws Bom + vewsws Bom,

¥
b = vowix] = vowy—. (5.73)
Up
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By substituting the parameter values, we have the following expression

+ tp) (U + 8 + 1)) (ap + )
a=—2v0 P w3 (((ah + <0,
20l PomBow 1% BomPo 4 Po i (Ln + 6 + Vi)
70 ) Bom®@o'P
b= vawr} = vawr o = vywy GG o ¥ (5.74)
M Mo My (Ol + fhon)

Obviously, the coefficient of b is always positive and a is negative. This implies that the sys-
tem (5.1) exhibits forward bifurcation at Ry; = 1 and which implies that at least one stable

endemic equilibrium exist when Ry, > 1.
Theorem 5.7 If Ry, < 1, then the system (5.1) exhibits backward bifurcation at R, = 1.

Proof. Considering rate 33, as bifurcation parameter so that Ro,, = 1 if and only if

a2 (pn + 8 + ) (@ + ) (O + i) (1 — RE,) —PPo Bos B 0 O
W (Do Bom + Bom®Po + PomPam) 0 O

B =i = (
(5.75)

Let renaming the variables S, = x1,E;, =x2, I, = x3,R;, = X4, Sy = X5,Epp = X6, Ly = X7, T =
xg and using vector X = (x,x2,X3,X4,X5,X6,%7,Xg) . Then the model (5.1) can be written in

the form & = (g1,82,3,84,85. 86.47,85)" as described by

( Ly — P Bayxyx7 — Xy + @y,
2 = Byjocrxg — (W + 04,)x2,
B3 = ayxy — (U + 8+ )3,
B — yx3 — (o + py)xa, (5.76)
D5 = @3, — BamXs 3 — s,
D6 = Baxsxs — (O + Hin )Xo,
6%7 = O4nX7 — UmX7,
[ 58 =r(1— 2% ) (xs — To).

ax

where, Bsn = Bon+ Bk, Bam = Bom + Bimk, P3m = Po + Pk and k = <—Tmax_T0> .

T max
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The Jacobian matrix of equation (5.76) at a disease free equilibrium &, with B3, is given;

~Jn 0 0 w, 0 0 - ﬁgh% 0
0 —Jn 0 0 0 0 Bwy O
0 o —J 0 0 0 0 0

5(Ey) — 0 0 Y —Ju 0 0 0 0 577

0 0 B2 0 —Js5 0 0 0
0 0 Bz 0 0 —Je¢ O 0
0 0 0 0 0 on -—J7 O
0 0 0 0 0 0 0  —Jgs

where, J11 = Uy, J22 = O + Uy, T33 = Uy + O + Vi, Jas = Uy + Op, T55 = U, T66 = Oy =+ Ui,

J77 = WUpm, and Jggzr(l— Lo )

Tmax

The right eigenvectors, w = (w1, wy, w3, wq, ws, we, w7, wg )’ associated to simple zero eigen-

value of equation (5.77) obtain from equation Jw = 0.

~J 0 0 o 0 0 - /33;1‘% 0 Wi 0
0 —Jn 0 0 0 0  Bwy O W) 0
0 o, —Jxn 0 0 0 0 0 w3 0
0 0 % —Ju 0 0 0 0 wi | |0
0 0 Pudm 0 -5 0 0 0 ws | | o0
0 0 Bwmpz 0 0 —Je O 0 e 0
0 0 0 0 0 oy -—J7 0 e 0
0 0 0 0 0 0 0  —Jg wg 0
(5.78)

where, J11 = Uy, J22 = O + Uy, T33 = Uy + O + Vi, Jaa = Uy + Op, I55 = M, T66 = Oon + U,

J77 = Wm, and Jggzr(l— To )

Tmax
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From equation (5.78), we obtain

;

\

Wi — — ((ogtpp) + (U +6+vm) g ) wa
1= 'u}% )
Wy = wp > O,
(Lp+0+y) "=
_ OnYh
W4 = Tron) (wtotn) V2
2
ahﬁ3tnq)3m
Wy = ———"—7"——W
5 L2 (o) 2
2
_ ahﬁ3m¢'3m
W6 = (o) V2
2
ahamﬁ3m¢3m
Wy = —————
7 ﬂ%#h(am+lim) 25
wg = 0.

(5.79)

Similarly, the left eigenvectors, v = (vi,v2,V3,Vv4,Vs, Vg, v7,vg) corresponding to simple zero

eigenvalue can be obtained from the equating vJ = 0 and the system can be written in the

form
B ¥
V1 —J11 0 0 @y, 0 0 - ﬁg, hi, 0
V) 0 —J» 0 0 0 0  Bwy O
V3 0 oy —J33 0 0 0 0 0
V4 0 0 Y —Jy4 0 0 0 0
Vs 0 0 PPz 0 —Js5 0 0 0
Ve 0 0 [33,”% 0 0 —Je¢ O 0
V7 0 0 0 0 0 Oy, —J77 0
Vg 0 0 0 0 0 0 0  —Jgg

o O O O o o o o

(5.80)

where, J11 = Uy, J22 = O+ Up, T33 = Up+ O + Vi, Tas = Up~+ Op, T55 = U, T66 = O+ Ui,

TQ)

Tmax

J77 = Wp, and Jgg = r(l —

From the equation (5.80), we got,

Vi=v4=v5=vg =0,
_ (o + ) y
oy, ’
_ Bsn¥
V6 - v25
it (O =+ M)
V7 = B3hva2.
My m
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From the second partial derivatives of functions g, and gg, with the ones that are nonzero at

the point & with B3, are obtain from

g L, 9
ox10x7 T 9x70x
9%g, 9%g,
_ 9% 4 5.82
9Biam 1 T amaps, (5-82)
9%g6 . 0%

dxsdxs ™ Ox30xs
and all the other partial derivative of g, and g¢ are zero. The direction of bifurcation at

Ro; = 1 obtained from the above partial derivatives given as

a = vowyw1 B3, +vaw1w 3, + vewsw3Bm +vewswsBam,
D4
b =vowix] = V2W7E. (5.83)

By substituting the parameter values, we have the following expression

2
L h 2 oy Hnbin (O =+ i) (06 + ) (i + 8 + V) — ¥ 0,06, P0 Bor (Bor + Biink)
@ = (=220} o D3m) ( Y(BomPom + BomPo + BomPam)

(ot + pn) (M + 6 + n)) 2 > ( (o + Un) )
. —2vo 07 B3, P 3w ,
( M43 (O + L) 20 B @32 \ G i + 8 70)
b =vywx] = \/2W7E = vowy ch 062 Pan® (5.84)
Up M My (O + )

Therefore, the coefficient b is always positive since all parameters are non-negative. The
malaria transmission model (5.1) may exhibit backward bifurcation at Rg,, = 1, if the con-

stant coefficient a is positive.

5.3 Local sensitivity analysis

In this section, we apply same approach implemented in section (4.3) for sensitivity analysis
of some basic parameters of the model. The sensitivity analysis of the model parameter is
to illustrate the parameters that affected on the basic reproduction number. The approach
we followed is outlined in (Okosun and Makinde, 2014; Berhe, 2020) to find the sensitivity
analysis. These sensitivity indices tell us how crucial each parameter is on the transmission
of the disease.

Definition 5.1 The normalized forward sensitivity index of Rq that depends differentiable on

a parameter p is defined as
8R0 p
0 = — . 5.85
p 9p R (5.85)
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For instance, the sensitivity index of Ry; with respect to all parameters is computed as

Ror

Ror

Bon
Mg
Iy
I,
M.
I,
Hfgoz

Ror
HYh

Ry

Up —

IRy Pom 1

— I = 0

Bon " 9Bom Ry~ 2 -0

IR Por 1

= 0P
dBor Ry 2
aROl D 1

T 0Bery 2
8R0, v 1

TRy 2
JR

_ 9Ro % _ M >0,
doy, Ror  2(og+ up)
IRy Oy M

=" >0, 5.86
A0, Ror 20 + ) (:80)
JR

_ ORoL fm __ 20m + 3k <0,
a.um ROl 2((Xm+.um)
0
do Ry 2(Up+6+m)
Y Ro 2up+0+7)

_ORupy 1 (ot 2+t m)
Iy Ror 2 2(up+ 6+ ) (o + up)

As a result, after evaluated the parameters values, their sensitivity indices were written in

Table 5.2 as given by

Table 5.2: Sensitivity indices of parameters with respect to Ry,

Parameters symbol

Sensitivity index

oy

0.000345
0.238095
0.5

0.5

0.5

0.5
-0.013650
-0.092541
-0.475258
-0.024462
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Applying similar method, the sensitivity index of Rg,, with respect to parameter ¥ is
given by
dRom Y 1

" = — =_>0. .
¥ =y X =370 (5.87)

.. . . R R R R R R
Similarly, with respect to others basic parameters, IT;%", IT.°", T2, TI1.°" T10", IT;0"
Y, p p > Bon? T Bom? TR0 T T B T P T P’
R R R R R R . . e e . . . .
IO, T, TIg™, T, TT,™, Tl are obtained and their sensitivity indices were written

in Table 5.3 as given by

Table 5.3: Sensitivity indices of parameters with respect to Ry,

Parameters symbol  Sensitivity index

o, 0.000345

o 0.238095

Wy 0.5

@, 0.072438

Bon 0.291659

Bom 0.285714

Pim 0.069169

Bin 0.208341

Bim 0.214286

Lo -0.013650
m -0.092541
) -0.475258
% -0.024462

5.3.1 Interpretation of the sensitivity indices

In this study, using the given parameter values we have described the sensitivity indices of
different parameters as given in Table 5.2 and Table 5.3 respectively. In Table 5.2 the sen-
sitivity indices of the basic reproductive number Ry; with respect to ten basic parameters
are described. This indicates that the parameters a,,, &, ¥, ®g, Bo, and By, have pos-
itive sensitivity indices. The value of Ry, increases if their value increases while keeping
other parameters constant. This shows that the total amount of secondary cases of infection
increases in the population. The parameters o, 0y, 0 and ¥, have negative indices. They de-
crease the value of Ry if their value are increased while stay the other parameters constant.

For examples, HES’ = 0.5, shows that decreasing (increasing) the mosquito contact rate by
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10%, decreases (increases) the Ry; by 5%, in the same way, Higf = -0.013650, indicates
that decreasing (increasing) the mosquitoes death rate by 10%, increases (decreases) Rq;, by
0.13650%.

By the same approach in Table 5.3, we have illustrated the sensitivity indices of the basic
reproductive number R, with respect to thirteen basic parameters. The output of the pa-
rameters Oy, o, ¥, ©o, Pim, Bon, Bin, Pom and By, have positive sensitivity indices will
have a high role on the spread of the disease in the population if their values are increased.
The parameters o, 0, d and ¥, have negative sensitivity indices. Those parameters have
an ability to minimize the existence of the malaria disease as their value increases with oth-

0,

ers keep constant. For instance, HRO’" = (0.285714, implies that decreasing (increasing) the

mosquito contact rate by 10% decreases (increases) the R, by 2.85714%. In contrast, Hﬁ&’”
=-0.013650, shows that decreasing (increasing) the mosquito’s death rate by 10% increases

(decreases) the basic reproduction number Ry, by 0.13650%.

5.4 Parameter estimation

A standard dynamic model for system (5.1) is the ordinary differential equation given as

dx

E = f(tvxav)v x(l()) = X0 (588)

where ¢ represents independent variables, x is the state vector of the system, v is the vector
of unknown parameters and xy is the initial condition of the system. The representation of

the error is sum of squares error given as the form
() =Y (xi—x})* (5.89)

where x; is the real data and x is the solution of ordinary differential equation (5.88) for
the given v. Our main goal is to find the least square estimators D to minimize the errors
of equation (5.89) under the constraint equation (5.88) to obtain the best estimated parame-
ters using least-square method. The procedure that used to estimate the basic parameters is

summarized in Table 5.4 as follows.
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Table 5.4: Procedures that used to estimate the model parameters

Input:  Setting the initial parameter values of the model (5.1).

Step 1. The system (5.88) is solved with the initial parameters values using MATLAB ode45.

Step 2. The model solution is compared with the real data and algorithm of an optimization

(fminsearch) is applied to obtain the estimated parameter values to fit malaria data.

Step 3.  After obtained the update parameters’ values, using this values the Ode (5.88) is solved

and the real data is compared with the model solution.

Step 4. The iteration between updating the values of parameter and solutions of the model (5.88)

continues till the minimize error in equation (5.89) is obtained.

5.4.1 Data

Malaria is one of the most serious infectious disease in Ethiopia. East Shewa Zone is one of
the malaria endemic area located in the Great Rift Valley in southeast Ethiopia. This study
provided data collected from East Shewa Zone of Oromiya Region, Ethiopia. The data is a

year reported of malaria infectious between 2010 and 2019 in East Shewa Zone.

Table 5.5: Total number of malaria infectious in East Shewa between 2010 and 2019.

Year Malaria infectious Year Malaria infectious
2010 32102 2015 52266
2011 38650 2016 37452
2012 51663 2017 25280
2013 52659 2018 18325
2014 54676 2019 12094
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Table 5.6: The estimated parameters used for the model (5.1)

Parameters Parameters Description Value Reference

ay, Exposed human progression rate 0.058 Olaniyi et al. (2018)

(o Exposed mosquito progression rate 0.055 Yiga et al. (2020)

U Natural death rate for human 0.015074 United Nation (2019)

o Induced death rate for human 0.068 Mojeeb and Adu (2017)
Y Recover rate of infected human 0.0035 Mojeeb and Adu (2017)
v Recruitment rate of human 32112.93 Estimated

P Recruitment rate of mosquito 1000 Ghosh et al. (2020)

U Mosquito natural death rate 0.05 Mojeeb and Adu (2017)
wy, Human loss of immunity rate 0.09 Abiodun et al. (2018)
Bim Incremental contact rate of mosquito  0.07 Assumed

Bin Incremental contact rate of human 0.05 Assumed

Dy, Incremental birth rate of mosquito 0.09 Assumed

Bon Contact rate of human with mosquito  0.0482 Estimated

Bom Contact rate of mosquito with human 0.0932 Estimated

r Growth rate of temperature 0.007 Assumed

To Minimum temperature 16°C Abiodun et al. (2016)
Tmax Maximum temperature 28°C Bhuju et al. (2018)

5.5 Numerical simulations

A numerical simulation is important to justify the theoretical result of the model. In this
section, we use numerical tools to illustrate the theoretical results obtained in the math-
ematical model analysis sections for our model. Then we investigate the simulation of
the model (5.1) with parameter values in Table 5.6 using the Runge Kutta fourth order to
show the impact of the basic parameters in the transmission of the disease. Some of the
parameters value are obtained from literature whereas few of the them were estimated as
described Table 5.6. For instance, the parameter value of natural death rate u, = ﬁ per
year where 66.34 years is the average life span in Ethiopia (United Nation and affairs popula-
tion dynamics report, 2019). Based on the 2007 Census conducted by the Central Statistical
Agency of Ethiopia (CSA), East Shewa zone has a total population of 2130372 (Zone, 2019).
The recruitment rate ¥ is then estimated as ¥ = u;,N(0) = 32112.93 per year. The initial

infected humans are taken as the infected human ones the first year of 2010. Numerical
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simulation is shown with the initial values S;(0) = 50000,E,(0) = 34000, 1,(0) = 32102,
R;,(0) = 1000, S,,(0) = 52000, E,,(0) = 35000, I,,,(0) = 2000 and T(0) = 16.1°C in malaria

transmission model.

x10*

< Real Data 7
e Fitted Data

Malaria Incidence
= ~ w I
[ N [ Nn [ o [

1 . . .
2010 2011 2012 2013 2014 2015 2016 2017 2018 2019

Time (years)

Figure 5.2: Fitting of the model equation (5.1) to the real data in Table 5.5

Figure 5.2 demonstrates the results of fitting the model (5.1) to the malaria data in Table
5.5. From Figure 5.2, the continuous line and points are represent, respectively, the model
output of infected human and the malaria infected real data. Overall, the model fits well with

the real data.
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Figure 5.3: Human population and mosquitoes population group when Rg; = 0.183

In Figure 5.3a, the susceptible human population increases, recovered human population
increase to a certain point then decrease while exposed and infected human population are
decreased. From Figure 5.3b, the susceptible mosquito population increase while the popu-

lation of exposed mosquito and infected mosquito are decreased due to natural death.
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Figure 5.4: Human population and mosquitoes population group when R, = 13.758

From Figure 5.4a, the susceptible human population decelerates to zero due to the in-
fected mosquito population. The exposed and infected human population increases to an
endemic point due to malaria disease. Recovered human immediately decreases. It can be
seen that in Figure 5.4b, susceptible mosquitoes are decreased because of natural death. The
exposed mosquito and infected mosquito population are increases exponentially to a certain

endemic point level.
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Figure 5.5: Variation results of the exposed and infected humans for different value of o,

Figure 5.5 describes the variation results of exposed and infected populations of human
for different value of oy,. From the Figures 5.5a and 5.5b, we observed that an increase the
rate of progression for exposed human increase the infection of secondary cases. Thus, in-
crease the rate of progression for exposed human, decreases the exposed human population

while increases the number of infected humans due to disease.
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Figure 5.6: Variation results of exposed and infected mosquitoes for a vary value of o,

Figure 5.6 shows the variation results of exposed and infected population of mosquito for
different value of a,. From the Figures 5.6a and 5.6b, we can see that an increase the rate of
progression exposed mosquito increases basic reproduction number. Hence, as increase the
rate of progression exposed mosquito, the exposed mosquito population decreases while an

increases the number of infected mosquito.
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Figure 5.7: Variation of the infected and recovered humans with different values of uy,

Figure 5.7 describes variations results of infected population and recovered human pop-
ulation for a different value of natural death u;,. From the Figures 5.7a and 5.7b, it can
be observed that increase the death rate of the infected and recovered population of human

which makes that the infected and recovered human population decreases in number.
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Figure 5.8: Variation of the exposed and infected mosquitoes with different value of u,,

Figure 5.8 shows variation results with exposed mosquito and infected population of
mosquito for a different value of u,,. In Figures 5.8a and 5.8b, we can see that the increase in
the death rate of the mosquito population decreases the amount of secondary case infection.
This implies that as death rate increases both susceptible and infected population of the

mosquito leads to decreases in number.
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Figure 5.9: Variation of infected and recovered humans with different value of 7,

Figure 5.9 illustrates variation results of infected human and recovered human for a dif-
ferent value of ¥,. From the Figures 5.9a and 5.9b, we can see that an increase the recovery
rate of the infected population due to the use of anti-malaria drugs increases the recovered
human population. However, an increase the recovery rate of infected human, decreases

number of the infected human.
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Figure 5.10: Variation of infected human and recovered human with varies values of 0

Figure 5.10 describes the variation results of infected and recovered population of human

for a different values of . From Figure 5.10a, we can see that increasing the death rate of

the human population due to disease, decrease the number of the infected human population.

Figure 5.10b shows that if death rate of the human increases then the number of recovered

human population decreases.
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Figure 5.11: Sensitivity indices of basic reproduction number Rg; and Ry, respectively

Figure 5.11 shows numerical simulation of the sensitivity analysis of model parameters.

Note that the parameters that have positive (negative) sensitivity indices respectively, were

increase the basic reproduction number Ry if their value increases (decreases) respectively,

while the others parameters stay constant.
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Figure 5.12: Human and mosquitoes populations with rise in temperature respectively

Figure 5.12 indicates the human population and mosquitoes population group with rise
in temperature. From the Figure 5.12a, we can see that all the humans populations are de-
creasing at maximum temperature (Tmax = 28°C). Figure 5.12b shows that all mosquitoes

populations are decreasing at maximum temperature (Tmax = 28°C).
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Figure 5.13: Bifurcation diagram of the model when T = Tp and T = Typax

Figure 5.13 illustrates the diagram of bifurcation for the case when T = T and T = Tpax
for malaria transmission model. Basically, Ry; < 1 does not automatically implies Ro,, < 1,
since the value of Rg,, may be greater than 1, which implies that while Rq, present backward

bifurcation while Ry; only present forward bifurcation.
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CHAPTER 6
OPTIMAL CONTROL AND COST EFFECTIVENESS
ANALYSIS OF SIRS MALARIA DYNAMICS MODEL
WITH TEMPERATURE VARIABILITY

Optimal control theory is used to make a decision that involves a mathematical model on the
biological situations (Lenhart and Workman, 2007). In this chapter, we want to implement
the optimal control strategy to prevent malaria transmission. Thus, we proposed a non-
linear deterministic optimal control model for malaria transmission described by systems
of ordinary differential equation and using optimal control theory to determine an optimal

control and least cost strategy with limited resources.

6.1 Optimal control problem formulation

In this section, we extended the malaria model in section (4.1) to optimal control model with
introduced time dependent controls. The optimal control strategies on the malaria model
(4.1) was formulated using the controls; the force of infection in the human and mosquitoes
populations in the model (4.1) is decreased by a factor (1 — u;(¢)) where u;(¢) denotes
treated bed net that used to minimize the contacts between susceptible human and susceptible
mosquitoes populations with infected mosquitos and infected human respectively. The next
control function u,(¢) represents the control effort on the treatment of infected human with
anti-malarial drugs. The third control function u3(¢) is indoor residual spraying used to in-
crease the mosquito death rate that reduce the number of mosquitoes. The control functions

are performed on the time interval [0,#7]. After incorporating the controls into the malaria
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transmission model (4.1), the state equations becomes

;

Lo =W — (1= 1) Bu(T) Sl — MnSh+ OpRy,

i
Uy — (1= ) Bu(T)Snd — (W + 8+ ¥+ u2) i,
% = (W +u2)lp — (U + @) Ry, 6.
B = @(T) — (1—u1) Bu(T) Sl — (Lon + 143) S,
U — (1 —uy) B (T) Sl — (Hon + 43) I,
| G =r(1—7)(T—To),
where,
— T—To o T—To . T—T,
Bir(T) = Bor + Bin ( T ) + Bn(T) = Bom + Bim <K> and P(T) = P+ Py ( T ) :

The main objective is to reduce the total amount of infected human I,(¢), infected mosquito
I,(t) and costs of controls u;(z) associated with treated bed nets to protect the mosquito,
treatment of infected human with anti-malaria drugs to reduces the infected human and in-
door residual spraying to kill the mosquitoes. The objective functional we formulated for
model (6.1) is given by

[ 1 2 2 2
J(uy,up,u3) = mm/o A11h+A21m+§(Blul+Bzu2+33u3) dt (6.2)

up,uz,u3
where the quantity 7, denoted the final time, quantities A; and A, are weights constants
for the infected human and infected mosquito respectively, while By, B, and B3 are weight
constants for each controls respectively. The expression %Biu? stands for cost functions that
corresponding to the controls u;(t) is quadratic in similar within the literature (Abioye et al.,
2020; Bakare and Hoskova-Mayerova, 2021; Ghosh et al., 2020; Handari et al., 2019; Wang

et al., 2021). The basic goal is to compute a triple optimal controls u},u5 and u3 such that
JI(ut,us,uz) = min{J(uy,up,us) : uy,up,usz € 9} (6.3)

where ¥ = (u1,u,u3) : u;(t) such that uy,u, and u3 are Lebesgue measurable on ¢ € [0, 1]
with 0 < u;(z) <1 fori=1,2,3 is the control set. Next the basic setup of the optimal control
problem starts by checking the existence of the optimal control triples and characterization

of the optimal pair.

6.2 Existence of the optimal controls

In this section, we prove the existence of an optimal control triples that optimize the objec-

tive functional given in (6.2). Thus, we have the following result.
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Theorem 6.1: Given a cost functional J(u;,u,u3) subject to control induced state system

(6.1), then there exists an optimal control triples u* = (u},u3,u3) and the corresponding to

the optimal solution (S}, Iy, R}, Sy, I, T*) such that

J(uy,u5,uz) = min{J(uy,up,u3) : uy,up,uz € V}. (6.4)

Proof: To prove the existence of optimal controls triples we need to verify the following five

conditions based on the result given in (Fleming and Rishel, 1975).

1.

The set of controls and corresponding state variables is non-empty.

. The measurable control set is convex and closed.

. The right hand side of the state system is bounded by a linearized function in the state

and control variables.

The integrand of the cost functional is convex on 9.

. There exist constants dj,d; > 0 and d3 > 1 such that the integrand of the objective

d
functional satisfies g(x,u) > d (Ju1|> + |uz|? + |u3]?) T — do.

. Note that we have shown the boundedness of the malaria model in section (4.1). It

follows that the solutions of the state system are continuous and bounded for each
admissible control functions in ©¥. Moreover, the right hand side functions of the model
equation (6.1) satisfies the Lipschitz condition with respect to state variables. Thus,

the solutions of system (6.1) exist (Lukes, 1982). Thus, the set ¥ is non-empty.

Given that the control set ® = [0,1]3, then © is closed by definition. Moreover, we

consider

O ={uecR:|ju| <1}.

Let uj,uy € ¥ such that ||u;|| < 1 and ||up|| < 1. Tt follows, by the definition of a
convex set (Beck, 2014), that for any A € [0, 1],

Aatr -+ (1= 2| < AlJug ][+ (1= )] < 1.

Thus, Au; + (1 —A)uy € ¥ implies that 9 is a convex set.

. In order to verify this condition, we used the approach adopted by (Berhe, 2020;

Laarabi et al., 2012). Let the right hand side of the system equation (6.1) and it’s
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solution be represented by 4 and 0 respectively. It follows that

— (1 —u1)Au(Sh1 — Sw2) — M (Sk1 — Sn2) + (Rt — Rpo)
(L= u1)An(Sp1 — Sn2) — (M + 8 + W+ u2) (I — In2)

|h(t,61,u)—h(t,6,u)| = (Va +u2) (1 — In2) — (U + @n) (Rp1 — Ri2)

—(1=u) A (Sm1 — Sm2) — (W + u3) (St — Sm2)
(L= 1) A (Sm1 — Sm2) — (Mo + u3) (It — In2)

|h(2,01,u) — h(t, 62, u)| < (2(1 —u1) Ay + M) [Sn1 — Sp2| + (M + 8 + 2% + 2u2) | I — In2|
+ (20 + W) |Rur — Ruz| + (2(1 — ) Ay + on + u3) [ St — Sz |
+ (tm +u3) [ — L2 |
<Li[Sh1 = Sp2| + Lallnt — In2| + L3|Rp1 — Riz| + La|Sim1 — S|
+Ls |1 — In2|
M6, — 6|

where L = 2(1 - ul)lh,Lz = ([lh +064+2y7+ 2u2),L3 = (2(0;, + ‘LLh),
Lys= (2(1 - ul)lm) + Wy +uz,Ls = (,um +u3) and M = max{Ll,Lz,L3,L4,L5} .
Thus, the state system (6.1) is clearly uniformly Lipschitz continuous and with this

condition (3) is satisfied.
. Let the integrand of the cost functional is given by
g(x,u) = Al + Aol + %(Blu% + Bou3 + B3u3).
Let w = (wy,w2,w3) € ¥,z2=(z1,22,23) € ¥ and 7 € [0, 1]. Then we have

g(x (1= t)w+72) = [(1 = 7)g(x,w) + 7¢(x,2)]

B B
= 71 (1—1)°w? +27(1 — ©)wyz; + 7227 + ?2[(1 —1)°w3 +27(1 — T)wazp + T°23]
B B B B
+ 511 = 1Pw3 +20(1 = Dwazs + 23] — (1= 1) (G wi + 5 w3+ 5 wd)]
B Bs Bj3
- [T(jz% + TZ% + EZ%)] (6.5)
B By B3
= (‘62 — ‘L') (TI(WI —Z1)2 + 7(W2 —22)2 + 7(W1 —Z1)2> <0.
——
<0
Hence,

g(x, (1 =t)w+12) <[(1 - 7)glx,w) + 78(x,2)]

which proves that g(x,u) is a convex function (Beck, 2014).
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5. Finally, we get

1
g(x,u) = Al + Aol + E(Blu% + Bous + B313),

> (Blu% + Bgu% + B3u%),

QN =

1

> —(uf +u5+u3) — o,

0|

where d; = min{Bj,B,B3}, d» > 0 and d3 = 2. Hence, there exists an optimal con-

trol triples that minimizes the objective functional.

6.3 Hamiltonian system

In this section, we use the Pontryagin’s minimum principle (Pontryagin, 2018) to obtain the
necessary conditions for the optimal control model (6.1). The defined Hamiltonian function

of the optimal control problem that consists of equations (6.1) and (6.2) is represented as

s, . dl, . dRr dly,
S =By + Boly+ = ZB, |+ A h-i—)tz h+/l3 h 147 AS—H%— (6.6)
=1

It follows that the system of equations (6.1) and (6.2) are substituted into a minimize Hamil-
tonian function with respect to uy,us,u3 is given by
1 2 2 2
Y 4 :[Allh + Ay, + E(Blul + Bous + B3u3)]

+ M ¥ — (1 —u1) Bu(T)Splm — UnSn + @Ry
+ A2 [(1 — 1) Br(T)Splm — (i + O + Yy 4 u2) 1]
+ A3 [ (Y + u2) I, — (Hn + @p)Ry]

+ A4 [D(T) — (1 —uy) B (T)Sindp, — (Wim + u3) S (6.7)
+ As[(L = u1) B (T)Smln — (Mo + u3) L]
+26[r(1 — —)(T = To)],

max

where A1,42,A3,44, A5 and Ag are adjoint variables. Next to obtain the adjoint variables
by applying Pontryagin’s minimum principle (Pontryagin, 2018), with existence result of
(Fleming and Rishel, 1975), the following theorem is stated.

Theorem 6.2. For a given optimal control triples u],u;,u5 and solutions S;,I,,R;,S,,, I,
T* of the corresponding state system that minimize J(u;,u,u3) over ¥ subject to the equa-

tion (6.1), then there exist co-state variables A1,A;,43,A4, 45 and Ag satisfying the adjoint
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system

(

P — — (1 =) Bu(Th(R2 = A0)) + pa,
dd_);z = _((1 - ul)ﬁm(T)Sm()LS - ;L4)> +7Lz(ﬂh +o0+y+ I/tz) - 7L3(u2 + ’Yh) — Ay,
U2 = —onhs + 23 (n + on),
G = (1 =) BT (A5 — Aa)) - Aa a3+ ).
D = —((1—un) Bu(T)Sh(A2 — A1) + As(u3 + M) — o,
| T = = el — )
(6.8)
with transversality conditions
Jalty) = dalty) = Aalty) = Aalty) = As(ty) = Aelty) = 0. (6.9)

Further more, the optimal controls uj,u5 and u3 are represented by

Proof. To

1 = e {0, 1, B2 = AOBTISE + O~ MBI |

uﬁzmax{o,min{l,w}}, (6.10)

Bs

AaSh 4+ AsL } }

u3 = max< 0,min < 1,
B3

obtain the form of the adjoint equations we compute the derivative of the Hamil-

tonian function (6.7) with respect to Sy, I, R, Sm, I, and T respectively. Then the adjoint

equations obtained are given by

G =~ = (1= ) Bu( TR = A1) + i,
Bo = =% — —(1=u)Bu(T)Sm(As = Aa)) + Ao (ltn + 8 + Y+ 102) — A3 (w2 + 1) — B,
s — —%%i: = —opA + A3 (W, + o),
s 0L (1= )BT (A5 — M) + At 1t3 + ),
G =G = (1= u)Bu(T)Sh(A2 = Aa)) + As (us + ) — B2,
G = = e el — )
6.11)
with transversality conditions
Mi(tp) = Aa(tp) = A3(1y) = Aalty) = As(ty) = Ao (tf) = 0. (6.12)

To obtain the controls value, we compute the partial derivative of Hamiltonian given by

oA

— =0, fori=1,2,3. (6.13)
8u,~
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Obviously, after derivation of Hamiltonian (#°) with respect to each control the result be-

comes

(1 = ) Bu(T)Si 1+ (A — A5 B (ISl + w11,
2«31; — ),21;: +uyBs, (6.14)

—(7L4S;;1 + /151:1) + u3Bs.

Moreover, solving for control variables from the equation (6.14), we obtain

(

\

* (M2 =2A1) B (T) ST+ (As —Aa) B (T) S5

Ml = B ’
x (M=)

= Pl (6.15)
* A4S;1+ASI:1

Uy = B—3

By standard control arguments involving bounds on the control, it becomes

(0 if 97 <0

=1 O if 0<d <1 (6.16)

1

i 9>

\

and the compact notation of (6.16) is written as the compact form of the controls

(

/

(A2 — A1) Bi(T) Syl + (As — A4) B (T) S5l

u] =max< O,min< 1, ,

\ \ :191*
4 (
A — M)
i3 = max { 0,min 1,(2]3—3)’1 : (6.17)
H,Z_/
\ \ =05

uz =max < 0,min< 1,

1 AaSh 4+ AsL
B3
=0

6.4 Optimality system

The optimality system is obtained from the optimal control system (6.1) and the adjoint

system (6.8) by incorporating the optimality condition on control set (6.10), the initial value
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of (6.1) and transversal condition of (6.9). And after incorporated, the optimality system is
given by

(
% =W — (1 —u}) Br(T)Snln — WnSh + @Ry,

D — (1 — ) Bu(T) b — (o + 8 + ¥ + 1651,

C% = (W +u3) I — (U + @p) Ry,

S — &(T) — (1= ) B (T) Sl — (Hon +145) S,
D — (1 — ) Bua(T) Sy — (fon + 145) I,

4L =r(1—==)(T —To),

dt Tmax

Do — (1= u}) Ba(T) (P2 — A1) + i,

o — (1 =) Bu(T)Sm(As — Aa)) + Ao (W + 8 + Y+ u5) — A3 (i + 1) — A1,
A _

g = — oM+ A3 (y + @),

Wi — (1= ) B (T)I4(As — Aa)) + A5+ ).

DB = —((1—u}) Ba(T)Sh(A2 — A1) + As (u + ) — P,
Lo = —rhs —re( 72 — 21),

Tmax Tmax
. Ao A0 ) B (T)SEL A (As—Ad) B (T) S
MT :maX{O,mln{l,( 2—21)Bu(T) hm;‘]( 5—2A4) B (T) h}}7
. (L—23)1;
uy :max{O,mm{l,B—zh ,
\ u; :max{O,min{l,/l“S’“B—t’lsl’“}},

(6.18)
M(tr) = Ma(ty) = A3(ty) = Aa(tp) = As(ty) = Ao(tr) = 0,54(0) = Spo, 25 (0) = Lo,
Rh(O) = Rho,Sm(O) = Smo,lm(()) = I, T(O) = Tho-

6.5 Numerical simulations

Most optimal control problems can not be solved analytically and instead numerical solution
approach is used. Then to get optimal strategy we solved the optimality system (6.18) that
contains two systems such are state system and the adjoint system. The iterative method
called the forward-backward sweep is implemented to solve the optimality system. In solv-
ing state equations (6.1) using the initial value of state variables, the forward fourth or-
der Runge-Kutta was used. Due to the transversality condition (6.9) with the solution of
state functions and the value of optimal controls, the adjoint equations are solved using
backward fourth order Runge-Kutta. Using a convex combination of the previous controls
and the value from the optimality conditions (6.10) then the controls were updated. Until
two consecutive iterations are close enough to each other this situation continues (Lenhart
and Workman, 2007). The expected time of control strategies was approximately 6 months

(180 days). For numerical simulation of the optimal control problem the initial condition
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Sp(0) = 100,1,(0) = 10,R,(0) = 0,S,,(0) = 300, 1,,(0) = 30, T(0) = 16.1°C and the pa-
rameter values from Table 4.4 were used. The weight constants values chosen for the state
and controls that we used are A = 60,27, = 100,B; = 60,B, = 100, and B3 = 80.

Next, we proposed four strategies with different combination of more than two controls at a

time to illustrate the influence of each control on reducing of malaria.

Strategy A: Combination of treated bed net (u;) and treatment of infected human (u)
Strategy B: Combination of treated bed net () and indoor residual spraying (u3)
Strategy C: Combination of treatment of human (u;) and indoor residual spraying (u3)

Strategy D: Combination of treated (u ), treatment (u;) and insecticides spraying (u3)

6.1 Strategy A: Combination of treated bed net () and treatment with drugs (u,)

Under this strategy we optimize the objective function equation 6.2 using the treated bed
net as control u; and the treatment of infected human as control u, with the value of the
indoor insecticides spraying as control u3 set to zero. From Figure 6.1a we can observe that
if there is use the control, the number of infected humans I, reduces whereas the infected of
human increases if control is not used. Similarly, in Figure 6.1b we can see that the infected
mosquitoes I,, is decreased in the use of control strategy tends to its lower point whereas for
the uncontrolled case an infected mosquito increases. The control profiles are given in Figure
6.1¢ with this strategy suggest that controls on treated bed nets #; maintain maximum level
(100%) until the end of the implementation while the treatment of infected with anti-malaria
drugs u, is retained its maximum bound for 5 days then gradually tends to the minimum

value in the end of day.

6.2 Strategy B: Combination of treated bed net (u;) and indoor spraying (u3).
This strategy combined the treated bed net as control u; and indoor insecticides spraying as
control u3 that used to reduce the total populations of infected and cost associated without
the value of the treatment of infected human as control u,. In Figure 6.2a, we can see that
the amount of infected humans I; declines with use of controls, in contrast, the infected
human increases to certain point when there is no controls. From Figure 6.2b we observed
that the infected mosquitoes I,, is decrease in there is control strategy whereas an infected
mosquitoes increase for the uncontrolled case. The control profiles described in Figure 6.2¢
suggest that controls on treated bed nets #; is maintain upper bound (100%) for 175 days of
the intervention period before dropping slowly to the lower bound while the indoor insecti-

cides spraying u3 is kept its maximum for 10 days and gradually drops to its minimum value
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Figure 6.1: Simulations use of treated bed net () and treatment of infected human (u)
at the end of the intervention.

6.3 Strategy C: Combination of treatment (1) and indoor insecticides spraying (u3)
In this strategy, we used the combination of treatment of infected human as control u; and
indoor insecticides spraying as control u3 to minimize the total infected populations and cost
averted. From Figure 6.3a we observed that using this control strategy, the number of in-
fected human I, becomes smaller if there is the use of controls than without controls and
declines to its lowest value. The infected mosquitoes I,, is decreased in the occurrence of
control strategy then drops whereas for the uncontrolled case infected mosquitoes increase
is observed in Figure 6.3b. In Figure 6.3c with this approach, the control profiles conclude
that controls on the treatment of infected human u, maintain upper bound (100%) for 5 days
while the indoor spraying u3 is retained maximum for 6 days and gradually declines to lower

bound at the end of the 180th day.
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Figure 6.2: Simulations use of treatment (1) and indoor spraying of insecticides (u3)

6.4 Strategy D: Using treated (i), treatment (u,) and indoor spraying (u3)
In order to minimize the objective functional (6.2) we used all controls on the treated bed
net u;, treatment of infected human u; and an indoor insecticides spraying u3. From Figure
6.4a, we observed that the number of infected humans I, decreases in the presence of con-
trols as the infected human increases if there is no use of control. It can be described that
the infected population of mosquitoes I,, decreases in the use of control strategy whereas in
the absence of control strategy an infected mosquitoes increases are observed in Figure 6.4b.
Using this strategy, in Figure 6.4¢ the control profile depicted that controls on treated bed
nets u#1 and the treatment u, were kept their maximum coverage (100%) for 160 days and 5
days respectively, while insecticides spray u3 is retained its upper bound (100%) for 8 days,

then all reduces to their minimum level in the last day.
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Figure 6.3: Simulations use of treatment (u;) and spraying of insecticides (u3)

6.6 Cost effectiveness analysis

From the above Figures (6.1-6.4) it is not possible to determine the most efficient strategy
as their patterns are similar. Based upon the numerical simulation of the optimality sys-
tem using the parameter values in Table 4.4, we can obtain the most effective and least-cost
strategy. To obtain this strategy, we used the method called incremental cost-effectiveness
ratio (ICER). Applying this technique we compare more than one competing strategy incre-
mentally, one intervention should be compared with the next less effective alternative. This
approach was defined as the ratio of the difference in averted costs between two strategies
to the difference in the total number of infections averted (Tilahun et al., 2018). The total

infected averted during the intervention period t r is given by

i If
total infection averted = / I,dt — / I,dt, (6.19)
0

0

where I/h is the solution of the system (6.1) without controls and I is the optimal solution

of system (6.1) with controls. This implies that the total number of infections averted is
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Figure 6.4: Using the treated bed net (i), treatment (u,) and indoor spraying (u3)

obtained by subtracting the total number of the infected human populations by malaria with
control from the total number of the infected human population by malaria without control.
And whereas the total cost of each strategy was obtained by using cost functional represented
by %Blu%, %Bzu% and %Bw% over the time (Berhe et al., 2019). But, we did not consider a
strategy that applies single control, since alone control is not effective to reduce the malaria
at all from the human population. From the simulation of numerical result, the calculated
total cost averted, total infections saved, and control strategy order in increasing based on

the total infections saved as listed in Table 6.1.
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Table 6.1: Total amount of the infections saved and cost averted for all strategies

Strategy Description Total averted Total cost($)
B Treated bed net and indoor spraying 3792.797 6420.361
C Treatment and indoor spraying 4094.558 1955.467
A Treated bed net and treatment of infected 4115.460 6474.615
D Treated, treatment and indoor spraying 4115.486 6490.286

Using the total number of saved population and total cost of averted for each strategy

given in Table 6.1, the calculated value of the incremental cost effectiveness ratio (ICER)

used for comparing different two strategies is obtained and given by

ICER(B) =

ICER(C)
ICER(A)

ICER (D)

3792.797

6420.361

=1.693

1955.467 — 6420.361

= 2094558 _3792.797 4796

_ 6474.615—1955.467

© 4115.460 — 4094.5584
~6490.286 —6474.615

" 4115.486 —4115.460

=216.211

= 602.725

From the above result the number of infection saved with ICER for four strategy is given in
Table 6.2.

Table 6.2: Total amount of the infection averted and total cost with their ICER

Strategies Total infections averted Total cost ($) ICER
B 3792.797 6420.361 1.693

C 4094.558 1955.467 -14.796
A 4115.460 6474.615 216.211
D 4115.486 6490.286 602.725

In Table 6.2 we have compared the interventions B and C. It can observed that ICER(C)

is less than ICER(B). This shows that strategy B is expensive and less in saving people.

Thus, strategy C save people more than strategy B. So that we have omitted B from the the

competing strategies. Then re-calculate the ICER for the competing strategies C, A and D

as given in Table 6.3.
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Table 6.3: Total infection averted and total cost of the strategies C, A and D

Strategies Total infections averted Total cost ($) ICER
C 4094.558 1955.467 0.478
A 4115.460 6474.615 216.211
D 4115.486 6490.286 602.725

As we have seen in Table 6.3 from the competing intervention strategies C and A, the

ICER(C) is less than ICER(A). This illustrate that strategy C dominates A. Thus, strategy A

is less effective and more costly than strategy C. Hence, we have dropped strategy A from

the list of competing and re-calculate the ICER as given in Table 6.4.

Table 6.4: Total infection averted and total cost of the strategies C and D

Strategies Total infections averted Total cost ($) ICER
C 4094.558 1955.467 0.478
D 4115.486 6490.286 216.687

In Table 6.4 comparison between intervention strategies C and D indicates that ICER(C)

is less than ICER(D). This shows that strategy C strongly dominates D. So that the strategy C

provided the least total cost and the most effective. From the result of the analysis, therefore,

we suggest that strategy C that is a combination of treatment of infected human and indoor

residual spraying is the most effective and least-cost strategy to minimize the disease.
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CHAPTER 7
OPTIMAL CONTROL AND COST EFFECTIVENESS
ANALYSIS OF SEIRS MALARIA TRANSMISSION
MODEL IN THE PRESENCE OF TEMPERATURE
VARIABILITY

In this chapter, we have extended the malaria model introduced in (5.1) into an optimal
control model. The Pontryagin’s minimum principle is used to determine the necessary
condition for the controls to be optimal. The study compares the combination of different
controls strategies and cost-effectiveness analysis is implemented to identify the least-cost

strategy that helps to minimize the disease in the specified time.

7.1 Formulation of optimal control model

In this section, we incorporated the time-dependent controls into the malaria transmission
model (5.1) to study the optimal strategies that prevent malaria epidemics. The control func-
tions u1 (¢) represents protective control using insecticide treated bed net, where the infection
force of susceptible human and mosquitoes populations are reduced by a factor (1 —u;(t)).
The second, uy(#) represents treatment control of infected human using anti-malaria drugs,
whereas u3(t) denotes a mosquito reducing control using indoor spraying of insecticides.
Time is specified, that is given by # € [0,77] where ¢/ is the terminal time. Then by extending

malaria transmission model (5.1) into the optimal control problem, then the associated state
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system is obtain and given by

(b (1 — 1)) By (T) Sl — 11Sh + OBy,

Eu = (1~ 1) Bu(T) Sl — (1 + O4)Ep,

%’1 = opEp — (U + 6+ Y+ u)ly,

B — (- ua)l, — (W, + @p) Ry,

ds, (7.1)
e D(T) — (1 —u1) Bn(T)Smdn — (Wm + u3) S,
D — (1= 1uy) B (T) Sl — (fon + O+ u3)Enm,
dcf?l = OnEm — (U + u3) I,
\ % = r(l_ﬁ)(T_TO)a
where
_ T—To o T—To _ T—T,
Ba(T) = Bon+-Bus (520 Bu(T) = Pow-+ Bi (522 and (T) = g+ by (572

The analysis of optimal control problem is described by the Pontryagin’s minimum principle
(Boltyanskiy et al., 1961), with the aim of reducing the exposed human Ej(¢), infected human
I,(t), infected mosquito I,,(7) and costs of controls u;(z). The problem (7.1) has objective
functional given by

J(uy,up,u3) = min, /Otf (BlEh +Boly + B3l + %(Dlu% +Doud + D3u%)) dt, (7.2

ug,up,us

where 7 represents the final time of control implementation, parameters By, By and B3 are
weights constants of the exposed human population, infected human population and infected
mosquito population respectively, while Dy,D, and D3 are weight constants for use treated
bed nets, treatment control using anti-malaria drug and indoor insecticides spraying respec-
tively. In this work, as in other studies (Kyere et al., 2018; Chukwu et al., 2020; Okosun and
Makinde, 2013; Tchoumi et al., 2021; Srivastav and Ghosh, 2021), we make the expression
%D ,~ui2 is to be a quadratic for the cost control functions in order to obtain a unique optimal
expression for each of the control variables from the optimality condition. The specific goal

is to obtain an optimal control triple u},u; and u3 of that
J(uy,u5,uz) = min{ J(uy,uz,u3) : uy,uz,u3 € O} (7.3)

and it is assumed that there is limitations on the maximum rate of treated bed nets, using anti-
malaria drug and indoor insecticides spraying where ® = {(uy,up,u3) : u;(t) is Lebesgue

measurable on ¢ € [0,#7] with 0 < u;(r) < 1}.
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7.2 Existence of the optimal controls

In this section, the boundedness of solutions of system for a finite time interval is used to
prove the existence of an optimal controls. As the result, the existence of an optimal control
triples treated bed nets, treatment of infected human and indoor insecticides spray can be

proven based on the result (Fleming and Rishel, 1975).

Theorem 7.1: Given J(uj,us,us3) subject to state system equation (7.1), then there exist op-
timal controls u* = (u},u},u3) and corresponding to the optimal solution (S},E;, I}, Ry, Sy,

E',I:,T*) such that

m» m»
J(uy,usy,uz) = min{J(uy,up,u3) : uy,up,uz € O}. (7.4)

Proof: To prove the existence of an optimal controls triples we need to verify the following

five conditions based on the result given in (Fleming and Rishel, 1975).
i. The set of controls and corresponding state variables is nonempty.
ii. The measurable control set is convex and closed.

iii. The state system can be written as linear function of control variables with coefficients

depending on time and state variables.
iv. The integrand of the cost functional is convex on ¥.

v. There exist constants by,b, > 0 and b3 > 1 such that the integrand of the objective

b
functional satisfies g(x,u) > by (|ug |> + |ua|* + |u3|2)73 — bs.

i. It is clear that © is an nonempty set of measurable functions on 0 <7 in real numbers
RR. Since the system (7.1) has bounded coefficients, any solutions are bounded on [0,7/]. The
corresponding solutions for the system (7.1) exist (Lukes, 1982).
ii. We consider
0= {MER3 Cul| < 13

Let u1,up € © such that ||u;|| <1 and ||uz|| < 1. It follows, by the definition of a convex set
(Chong and Zak, 2004), that for any o € [0, 1],

18ur 4 (1~ 8)ua| < 8l ur]| + (1 8) o] | < 1.

Thus, Su; + (1 — 0)up € © implies that © is a convex set.
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iii. The state system (7.1) is clearly linear in control variables u;,u; and u3 with coeffi-
cients depending on state variables. With this condition (iii) is satisfied.

iv. Let the integrand of the cost functional is given by

1
g(t,x,u) = BiEp+Baly + B3l + E(Dlu% + Dzu% + D3u§) )

£(t, %) e

Thus, g(#,x,u) is the sum two convex functions. Since linear function is a convex, f(z,x)
is convex. Obviously, A(z,u) is a finite linear combination with positive coefficients of the

1

functions h;(u) = Qul-z. It is more better to show that the function A; : ® — R defined by

hi(u) = Ju® is convex. Let v,z € ® and @ € [0, 1]. Then we have

h(t, (1 -@)y+oz) - [(1-o)gt,v) +og(t,2)]
:%((1—(D)v+&5z)2—%((1—6))\/24—6&2), (7.5)
_ %((Dz—w)(v—z)z <0,

Hence,

h(t,(1—@)v+oz) <[(1—®)h(t,v)+@h(t,2)]

which proves that (¢, u) is a convex function (Chong and Zak, 2004). Since the sum of two
convex functions is convex, so g(z,x,u) is convex function.

v. Lastly, we have
1 2 2 2
g(x,u) = B1Ej, + Baly + B3l + = (D1uj + Dous + D3u3),

2
1S,
> = Diu;,
_2; U

where b| = %min{Dl,Dz,D:,'}, by > 0and b3 = 2.
Hence, there exists an optimal control that minimizes the objective function. This completes

the proof.

7.3 Hamiltonian system

By using the Pontryagin’s minimum principle (Boltyanskiy et al., 1961) to obtain the neces-

sary condition, the Hamiltonian (.77”), which consists of the state equations (7.1) and inte-
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grand of the objective functional (7.2) is given by

1 ds, de, di, dr, ds, dE, dI, dT

H =[B1Ep+Bolp+B3Im+= Y D]+ A —1.

[1h+zh+3m+2i;,u,]+,dt+dt+dt+dt+dt+dt+dt+dt
(7.6)

By substituting the stated equations (7.1) and (7.2) into a minimizing problem of a Hamilto-

nian function (.7#) with respect to controls uy,uy,us is given by

H =[B1Eyj, + Bol), + B3l + %(Dlu% + Dou3 + D3ul)]
+ MW — (1 —up)Bu(T)Splm — WSy + @pRy]
+ 2 [(1—u1) Bu(T) Sl — (U + 04,)Ep]
+ As[onEn — (Hp + 8 + ¥+ u2) 1]
+ Aa[(W + u2)In — (U + @) Ry
+ As[D(T) — (1 — 1) B (T) Sl — (Mom + 13) Sy (1.7)
+ A6[(1 = 1) B (T)Smdn — (Hm + On + u3)Ep]
+ A7 [0nEm — (M + u3)1]

+2s[r(1 = —)(T = To)],

max
where, A1,A2,A3,A4, A5, Ag, A7 and Ag are adjoint variables. In the next we present the
adjoint variables and control characterizations by applying Pontryagin’s minimum principle
(Boltyanskiy et al., 1961), with existence of the optimal controls (Fleming and Rishel, 1975)

the following result can be obtain.

Theorem 7.2. For an optimal control set u* = (u}, u;,u3) and a solution (S}, Ef, Iy Ry, Sy Er, Ins
T*) to the corresponding state system (7.1) that minimize J(u;,u,u3) over U, then there ex-

ist adjoint variables A1, Ay, A3, A4, A5, Ag, A7 and Ag such that

W — (1= u)B(T) (A2 — M) + ips,

% = —B1 + A (up + 0) — o A3,
% =—By— ((1 _ul),Bm(T)Sm(lﬁ _)LS)) +7L3(,uh+ 6+'}’h+lxt2) —14(1424-’}/;,),
iy

g = —opA + A (U, + @),

dhs — (1= 1) Bu(T)h(As — As)) + As (143 + ),

D — N (u3 + L + Om) — A7 O,

B — By — (1~ ) Bu(T)Sh(M2 — A1) + A7 (u3 + L),
| G = s st — ),

(7.8)
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with full time (transversality) conditions

7(,1 (tf) = )Lz(tf) = )\,3([f) = ),4(tf) = l5(l‘f) = )L6(tf) = l7(tf) = lg(tf) =0. (7.9)
Moreover, the optimal controls u7, u3,u3 with the optimality condition are represented by

it = o, 1, B2 = AOBUTISE + = 3B ()51 ||

Y

Dy
Ay — M)
u§:max{o,min{1,(3D—4>h}}, (7.10)
2
uj = max{O,min{l, ;LSS’"—FA;E”’—'_MI’"}}.
3

Proof: By finding the partial derivatives of the Hamiltonian function (7.7) with respect to
the state variables Sy, Ep, I5, Ry, Sm, Em, Im, and T respectively, the adjoint equations stated

at the system (7.8) are obtained. So that the adjoint equations are given by

(= 97— (1)) By(T) (A2 — M) + iy,

% — %éf =B+ (U + o) — oy As,
Po =2 — By — (1= 1) Bu(T)Sm(Ae — As)) + A (i + 8 + Y + 1) — Aa 102 + ),
dhy _ _g-—l;ff: = —pA1 + Aa(y + @),

s = 3 — (1~ ur) B (D4R — As)) + As (13 + ),
%:_%:)’6(”34‘“111“’0‘1%)_&70‘%

% = _aa%f =—B3— (1 —u1)Bn(T)Sn(A2 — A1) + A7 (uz + W),
| G =% = kg — k(7 — D).

Tmax Tmax

(7.11)

with transversality conditions

ll(tf) = lz(tf) = 2,3(tf) = 7[«4(1‘]") = )\,5(tf) = 3,6(tf) = ﬂq(l‘f) = lg(l‘f) =0. (7.12)

Further, the optimality conditions with respect to the controls is given by

oy 4
8ul~

=0, fori=1,2,3. (7.13)

The optimal controls value that calculated by the above condition is follows that

oH
0= = (b1 = )Bu(D)SiEy + (s~ A)Bu(DIS;; + D1,
0= 88% = 7L4Ih 1312 +usDyp, (7.14)
up
oH
0= 3 = —(7L5S:1—|—7L6E;kn—i—l71:1)—|—u3D3.
7))
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From equation (7.14) solving for control variables then we obtain,

( ut = P M)B(D)S; (A= As) B (T)Sud;
1 - D ’
A3
uy =B (7.15)
u* — (155;:,4-16}3;["-171;,)
. 73 D3 ’

By standard control arguments involving bounds on the control, then becomes

(0 if <0

ui =¢ zf if 0<zi <1 (7.16)

1 if 7 >1
\

and then we conclude that the compact form of the controls in equation (7.16) is

( (

A—A T)S; I — A T)S) 1
u = max 4 0.mind 1, P2 APHDISybn + (A6 = A5)Bn(D)Snly | L
\ =z
( (
A3 — M)
uy = max < 0, min 1,(3D—4)h , (7.17)
—_—
\ \ =12
( 4
AsSy, + A6E;, + A7l
uz = max ¢ 0,min 1,( 5Sm+ AeBn+ 2aln)
D3 B
\ \ =123

This completes the proof.

7.4 Optimality system

In this section, the optimality system is obtained from the state system, the adjoint system,
the optimality condition on control set incorporating with the initial value of state variables

and transversal condition of adjoint variables. Then after incorporated, the optimality system
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is given by

(8% (1 1) By(T) Sl — 1 Sh + O1R,
P = (1—u3) Bu(T)Subm — (1n + ) En,

‘ﬁ,’," = 0B — (Up+ 6 + Y+ u3) I,

dRh = (W +u3) I — (U + @) Ry,

%z@( )= (1= u}) B (T) Sl — (Mo + 165)Sim,

Do — (1 —u}) Biu(T) Sl — (m + O + 45 Ep,

B = E — (M + 105 D,

T = r(1-72)(T-To),

W = (1= ) By(T) (A2 — M) + Hp,

%2 = —B; + (U + o) — A3,

% = =By — ((1 —u])Bn(T)Sm(As — As5)) + A3 (U + O + Y +u5) — Aa(u5 + V),
dAy _

= —opA + A (W, + o),

s = (1~ ) B (TR — As)) + As (15 + ).

s — N6 (1 + L + Olm) — A7 O,

% = —B3 — ((1 —u}) Bu(T)Sn(A2 — A1) + A7 (43 + ),

Do = —rhg—rig(F — 21,
o= 20)Bu(T)S+ (Mg —As) B (T )anlz}}

Dy

uy = max{O,mm{
us :max{O,mm{l7 (A3~ M )y }},

A‘SS* +16Em+/171;1) }}

u3 = max 1 0, min ,

(7.18)
)Li(l‘f) = 07 1= 1,...8, Sh(()) = Shanh(O) = Epo, Ih(()) = IhOth(O) = Rho,Sm(O) = Smo,
Em(0) = Emo, Im(0) = Io, T(0) = Tpmo.

7.5 Numerical simulations

The optimality system (7.18) consists of two systems, the state system (7.1) and co-state
system (7.8) having their respective initial conditions and final-time conditions with the
controls value state in equation (7.10). The method called fourth forward-backward Runge-
Kutta sweep is used to solve this optimality system. Using fourth-order forward Runge-Kutta
method, the state equation (7.1) is solved with the initial value of state variables. After ob-
taining the solution of state functions and the value of optimal controls, the adjoint equations
(7.8) were solved using the backward fourth order Runge Kutta due to the transversality con-
ditions. Then we update the controls by using a convex combination of the previous controls

and the value from the optimality conditions (7.10). This process is repeated and iterations
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are finished when the values at before iterations are near to the ones at the present iterations
(Lenhart and Workman, 2007). The optimal control problem is simulated using the param-
eter values given in Table 4.4 and with the initial conditions used for the state variables are
Sy(0) =100,E,(0) = 20,1,(0) = 10,R,(0) =0, S,,(0) = 300,E,,(0) = 60, I,,(0) =30 and
T(0) = 16.1°C. The values of the weight constants of the state and controls that we used are

given as By = 80,B, = 60,B3 = 100,D; = 60,D, = 100 and D3 = 80.

In this section, to determine the role of each control on the minimizing of malaria, we used
the following strategies with different combination of more than one control at a time and

three controls at a time.

Strategy A: Implementing the treated bed net () and treatment of infected (u5)
Strategy B: Implementing the treated bed net (1)) and indoor residual spraying (u3)
Strategy C: Implementing the treatment of infected () and indoor spraying (u3)

Strategy D: Using the treated bed net (u;), treatment () and indoor spraying (u3)

7.1 Strategy A: Implementing the treated bed net () and treatment with drugs (u;)

In this strategy, we apply the combinations of two controls by treated bed net u; and treat-
ment for the infected human using anti-malaria drugs u; to minimize the objective function
(7.2) whereas the control indoor spray of insecticides u3 is set to zero. From the Figures 7.1a
and 7.1b the total population of exposed human and infected human are decreased in the use
of controls than the case there is no controls and are tends to their lowest value at the end
of the intervention while in Figure 7.1¢ infected mosquito in the presence of controls is de-
creased. In contrast, in cases without controls, the infected mosquito is increasing. In order
to minimize the number of exposed human, infected human, infected mosquito populations
and the cost corresponding with the controls u#; and u;, the control profiles shown in Figure
7.1d indicate that use of the treated bed nets #; maintained its maximum level bound 100%
throughout the entire time of strategy and treatment the infected human with anti-malaria
drugs u, is intended upper bound 100% for 6 days before gradually declines to its lower

value at the final time.
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Figure 7.1: Simulations result with strategy of treated bed net (u;) and treatment (u;)

7.2 Strategy B: Implementing the bed net () and indoor spraying (u3)
In this strategy to minimize the objective function (7.2) the combinations of two controls pro-
tective using treated bed net u; and an indoor spraying of insecticides u3 while the control
treatment for the infected human with anti-malarial drugs u, is set to zero are implemented.
In Figures 7.2a, 7.2a, and 7.2c¢ the total population of exposed human, infected human and
infected mosquito are reducing rapidly if there is the use of controls than the case absence
of the controls. Using the controls, the total number of exposed human E;, infected human
I, and infected mosquito 7, are tends to their lowest value at the end of the intervention. In
Figure 7.2d the profile of the control implies that the use of the treated bed nets u#; main-
tained its the upper bound 100% for 178 days in the entire time of strategy and an indoor
spray of insecticides u3 is retained its high level 100% till 18 days and gradually reduces to

their lower bound in the final time.
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Figure 7.2: Simulations result with treated bed net () and indoor spraying (u3)

7.3 Strategy C: Implementing the treatment (u;) and indoor spraying (u3)
In this approach, the objective function (7.2) is optimized using the combinations of two
controls, treatment of infected human with anti-malarial drugs u, and an indoor spraying of
insecticides u3 with the use of treated bed nets u; is set to zero. The results in Figures 7.3a
and 7.3b shows that the significant number of human exposed and human infected are higher
in the absence of controls than in the case use of controls. The total population number of
exposed human E; and infected humans 7, declines to their lowest value at the end of the
day. In Figure 7.3c¢, infected mosquito in the presence of controls is smaller than in case of
without controls and downfall to the minimum value at the end of the intervention. Simi-
larly, in Figure 7.3d, the control profiles indicate that both treatments of infected human with
anti-malaria drugs u; and an indoor spraying of insecticides #3 maintained their upper bound
99% for 30 days and 60 days respectively before gradually reduces to their minimum at the

end of the intervention.
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Figure 7.3: Simulations result with treatment () and indoor spraying (u3)

7.4 Strategy D: Using treated (i), treatment (u,) and indoor spraying (u3)
To minimize the objective function, we used all controls using treated bed net u, treatment
for the infected human with anti-malaria drugs u,, and indoor spraying of insecticides u3. It
can be observed that in Figures 7.4a, 7.4b, and 7.4¢ the total population of exposed human,
infected human and infected mosquito populations are increased in the absence of controls
while they are decreased in the presence of controls. The total number of exposed human
Ej, infected human 7, and infected mosquito 7, are declined to their lowest value at the
end of 180 days. From Figure 7.4d the control profiles with this strategy, the use of the
treated bed nets u; almost maintained its maximum level 100% for 176 days in the entire
time of the strategy and treatment the infected human with anti-malaria drugs u, is retained
maximum coverage 100% for 6 days while the control indoor insecticides spraying uz keep
its maximum average for 16 days before gradually tends to their minimum value at the end

of the final time.
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Figure 7.4: Simulations with treated (u;), treatment () and indoor spraying (u3)

7.6 Cost effectiveness analysis

Note that we cannot determine the least cost strategy with limited resources from the above
Figures (7.1 - 7.4). In this section, we need to illustrate the most effective and less costly
strategy with analysis of cost-effectiveness to find the intervention that used to eradicate
the malaria. To obtain this strategy, the method called incremental cost-effectiveness ratio
(ICER) is used. Mathematically for two strategies i and j, the incremental cost-effectiveness

ratio is computed by (Akanni et al., 2019)

Difference in averted costs between two strategies i and j

Difference in infections averted bewteen two strategies i and j

Using the numerical simulation result of the malaria model (7.1), the total number of people
averted is obtained by subtracting the total number of new cases with control from the total
number of new cases without control. The total cost of each strategy can be obtain using their
respective cost functions %Dlu%, %Dzu% and %Dgu% to calculate over the time of intervention

(Handari et al., 2019). From the result of simulation of the system (7.1) using the values of
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parameters in Table 4.4, the estimated total number of people averted in increasing order and

total cost are listed in Table 7.1.

Table 7.1: Total amount of infection averted and total cost for all strategies

Strategies Total infections averted Total cost ($)
Strategy B 3751.40 7011.747
Strategy C 4531.14 9099.090
Strategy A 4673.15 8304.796
Strategy D 4673.16 9152.528

Based on the total amount of people averted and total cost of each strategy as obtained

in Table 7.1 to compare two intervention strategies, the incremental cost effectiveness ratio

(ICER) for the each competing strategies is estimated as given as

7011.747
ICER(B) = = = 1.869
B)= 375140
9099.090 — 7011.747
ICER(C) = 531 1a 375120 7%
8304.796 — 9099.090
ICER(A) = = -5.593
A= 67315453114
152.528 — 8304.796
ICER(D) = > % 8477317

4673.16 —4673.15

The amount of people averted in Strategy B, C, A and D in an increasing rank and the total

cost is given in Table 7.2.

Table 7.2: Increasing order of infections averted.

Strategies Total infections averted Total cost ($) ICER
Strategy B 3751.40 7011.747 1.869
Strategy C 4531.14 9099.090 779.739
Strategy A 4673.15 8304.796 -5.593
Strategy D 4673.16 9152.528 84,773.17

From the strategies B and C with their competition in Table 7.2, we obtained that ICER(B)

is less than ICER(C). This implies that strategy C is dominated by Strategy B. It mean that

strategy C more expensive than strategy B. Thus, we have deleted C from the competition

strategies. Then again re-calculate the ICER for the remaining competing strategies B, A

and D as given in Table 7.3.
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Table 7.3: Comparison between interventions B and A

Strategies Total infections averted Total cost ($) ICER
Strategy B 3751.40 7011.747 1.869
Strategy A 4673.15 8304.796 1.402
Strategy D 4673.16 9152.528 84,773.17

The competition between interventions B and A was shown in Table 7.3. From this
the ICER(A) is less than ICER(B). This indicates that strategy B dominated by strategy A.
Hence, strategy A is more efficient and less cheaper than strategy B. So that we excluded

strategy B from the list of competing and re-calculate the ICER as given in Table 7.4.

Table 7.4: Comparison between interventions A and D

Strategies Total infections averted Total cost ($) ICER
Strategy A 4673.15 8304.796 1.777
Strategy D 4673.16 9152.528 84,773.17

In Table 7.4 there is a comparison between strategies A and D. From this the ICER(A)
is less than ICER(D). This shows that strategy D strongly dominated by strategy A. So that
strategy A provided the less cost and the more effective. Obviously, based upon the result,
we suggest that strategy A which is a combination of treated bed net and treatment is the

most effective and least-cost strategy to prevent the disease.
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Figure 7.5: The total infections averted with their respect total cost expended of strategies
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CONCLUSIONS AND RECOMMENDATIONS

Malaria is a parasitic vector-borne disease that is dominant in many parts of the world mostly
with large proportion in sub-Saharan Africa (WHO, 2020). In this study, we considered
the impact of temperature variation on the transmission dynamics of malaria epidemics and
predict an optimal control strategies with least cost effectiveness analysis. In this chapter,

we present the conclusions, future research and recommendations.

Conclusions

In this dissertation, deterministic mathematical models have been proposed to illustrate the
impact of temperature variability on malaria epidemics. Qualitatively these models have
been analyzed. An application of optimal control theory is applied to determine the best
optimal strategy. Then the cost effectiveness analysis is implemented to describe the least

cost strategy to minimize the malaria burden with limited resources.

In Chapter 4, a non-linear deterministic model is presented that describes the impact of tem-
perature variability on epidemics of malaria. The model analysis showed that all solutions
of the systems are positive and bounded with initial conditions in a certain set. The basic
reproduction number with respect to the disease free equilibrium was computed using the
next generation matrix technique. If the basic reproduction number is less than one, then
the disease free equilibrium is both locally and globally asymptotically stable conditionally.
On the other hand, the positive endemic equilibrium is locally and globally asymptotically
stable if the basic reproduction number is greater than unity. The sensitivity analysis of the
model has described and the model exhibits forward and backward bifurcation. Our study
confirm that temperature variation plays a significant role on the transmission of malaria.
Furthermore, the study reveals that bringing the basic reproduction number less than one is
not sufficient condition for the elimination of malaria from the community. Hence, it is im-
portant to reduce the mosquito breeding rate and malaria infection. Moreover, we performed

the numerical simulation using matlab software. The simulations results agreed with the an-
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alytical result of our model.

In Chapter 5, we have extended the model introduced in chapter 5.1 by introducing the
exposed class, to the SEIRS (susceptible - exposed - infected - recovered - susceptible) - SEI
(susceptible - exposed - infected) malaria transmission model. Firstly, we have shown the
invariant region and positivity of the solution which illustrate the biological meaningful and
mathematically well-posed of the model. By applying the next-generation matrix method,
the basic reproduction number with respect to the malaria disease free equilibrium was com-
puted. The local stability of the equilibrium points is obtained using the Routh-Hurwitz
criterion whereas global stability is performed by the Lyapunov function. We proved that if
the basic reproduction number is less than unity, then the disease free equilibrium is locally
and globally asymptotically stable whereas the unique endemic equilibrium exists if the ba-
sic reproduction number is greater than one. Moreover, the sensitivity analysis of the basic
reproduction number with respect to all basic parameters was obtained and contact rate is
highly sensitive over the basic reproduction number such that increase the contact rate could
be increase the basic reproduction number. Using the Centre Manifold theorem we identified
that the model has a forward and backward bifurcation. The qualitative analysis reveals that
decrease the contact rate, increasing the death rate of mosquito and increase the treated rate
of infected human can reduce the malaria burden in the community. The numerical simula-

tion results demonstrate good agreement with our analytical results.

In Chapter 6, we have extended the malaria transmission model (4.1) into the optimal con-
trol model considering the crucial time-dependent control variables such as prevention using
treated bed net, treatment of infected human with drug and using indoor residual spraying for
mosquito reducing strategy. The existence of optimal controls is depicted. The Pontraygin’s
maximum principle was applied to obtain the necessary condition for the optimal control. A
numerical simulation of optimality system is carried out to determine the optimality of dif-
ferent combinations of the controls. The cost-effectiveness analysis is investigated with all
the various combinations of the controls considered through the study to obtain the least-cost
strategy. To obtain this strategy, we used the method called incremental cost-effectiveness
ratio (ICER). Applying this technique we compared more than one competing strategy in-
crementally, one intervention should be compared with the next less effective alternative.
Based on the result of numerical simulations of the optimal control and analysis of cost ef-
fectiveness, we suggest that the combination of treatment and indoor insecticide spray is the

optimal strategy and less costly to effectively minimize the malaria spread.
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In Chapter 7, an optimal control problem was formulated by extending the malaria trans-
mission model (5.1) by incorporating three continuous controls, namely personal protection
using treated bed net, treatment of infected human with anti-malarial drug and indoor resid-
ual spraying for vector killing strategy. We described the objective function that used to
reduce the total amount of exposed human, infected human, infected mosquito and costs
of controls. The necessary condition for the optimal control problem is obtained using the
Pontraygin’s maximum principle. Numerical simulation is performed by considering a com-
bining two controls at a moment then finally implementing all three control variables. Then
also the analysis of cost-effectiveness is investigated with all the different combination of the
controls. It is revealed that from the cost-effectiveness analysis of the employed strategies,
the integrated strategy of treated bed nets and treatment is the most effective and least cost

to reduce the transmission of malaria.

Future Research

In this dissertation the deterministic models that we have formulated can be extended into a

lot of respects for future research as follows;

e This study focused solely on variation of temperature. However, rainfall variability
could be strongly determines the malaria transmission dynamics. Thus, the impact of
rainfall variability on the transmission of the malaria is a basic area of research to be

investigated.

* An extension of the models in this dissertation to take care of the period between
contacting disease and showing clinical symptoms will be interesting. It takes time for
mosquito bites the human and then human becomes infectious. Thus, we can develop

a delay differential equation models.

* A basic area of research to be investigated is a life cycle of mosquito in a compart-
mental formulation, starting with aquatic mosquitoes stages, eggs, larvae and pupae
grouped into a single compartment and further subdivide adult mosquito into more

compartments.
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Recommendations

Malaria eradication remains a big challenge to health organizations in most developing coun-
tries. Public health policy makers can use the optimal strategies with the appropriate imple-
mentation to reduce the malaria. Thus, in the long run this research could help as a baseline
to create a link between mathematics and public health organizations. Based on our study it

is recommended that

* Our main focus is clearly stated with respect to temperature variation which plays
a significant role on the transmission dynamics of malaria. This event does lead to
increase mosquitoes breeding rate and malaria infection. Hence, adequate preparation
should be made by all concern bodies in order to minimize the transmission dynamics

of malaria.

* To reduce the contact between mosquitoes and humans, it is recommended that the
stockholders should be using treated bed net and destroying the adult mosquitoes using

indoor residual spraying.

* The findings of the study also reveal that the combination of treated bed net, treat-
ment of infected individuals and indoor residual spraying has significant impact on the
spread of the disease. Hence, it is recommended to employ these control strategies to

minimize the health burden of malaria.
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APPENDIX A

MATHEMATICAL PRELIMINARIES

In this section, we described the basic concept in mathematical models. Those basic con-
cepts includes the basic differential equations, local and global stability analysis of dynam-
ical systems, bifurcation analysis, optimal control theory involving intervention strategies
to combating the spread of the diseases with minimal cost. In the next parts, we present in
the sequel some basic mathematical preliminaries that are critical in the use of differential

equations to model infectious diseases.

1. Ordinary differential equations

A differential equation is an equation involving a function together with its derivatives with
respect to some independent variable(s). A differential equation is said to be an ordinary
differential equation if the derivative depends on only one variable. Infectious disease mod-
elling are mostly deterministic models and are ordinary differential equations. This the-
sis involves deterministic models and therefore emphasis would be on ordinary differential

equations.

Definition 1.1 Let x be the state of a dynamical system. Then a generalized determinis-
tic model involving x is given by
dx

- =f) (19)

where x € R", t denotes time and ¥ € R denotes the parameters upon which the evolution
of the system depends. An equation (19) is called an ordinary differential equation(ODE).
An ordinary differential equation in which the time variable explicitly appears are said to be
non-autonomous whereas those in which the time variable does not explicitly appear are said

to be autonomous. Almost epidemic models including those considered that the autonomous
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systems which can be written in the form

dx

— =f(x 20
=) 20)
where x = (x,x2,...,x,) and % = f(x) denotes derivatives of the state variable with respect
to time. In other words, a given system with n compartments, a general dynamical system

that describes the evolution of the system is given as

d
% = f1(x1,X2, 0, Xn)
d
% :fz('xluxz,-..,xn)
(21)
dx,_
xc?tl = fa—1(x1,%2, ..., Xp)
dxy, _

\ ar fn(xl,xz, ...,xn),

And the dynamical system of eq. (20) is the compact of the dynamical system of the (21).

Definition 1.2 (Khalil and Grizzle, 2002) A function f(x) is said to be locally Lipschitz
on a domain ® € R" if each point of ® has a neighborhood ®¢ such that f satisfies

|f(x) = f(y)| <Mx—y| forall x,y € O. (22)

f is globally Lipschitz if it is locally Lipschitz for every neighborhood & of R".

Theorem 1.1 (Hirsch et al., 2012) Suppose that f € C'(R") and that f(x) satisfies the global

Lipschitz condition
[f () = f )] < Mlx—y| (23)

for all x,y € R". Then for xo € R”, the initial value problem (20) has a unique solution x(r)
defined for all r € R.

2. Stability of equilibria of the system

Definition 2.1 (Equilibrium point (Boyce et al., 2017)) A point x* € R" is said to be an
equilibrium point of the equation (20) if f(x*) = 0. And the equilibrium points are also
called critical points, fixed point or steady state solution of the model. An ordinary differen-
tial equation epidemic models given in the equation (20), their equilibrium points are always
computed by equating the left hand-sides of the equations zero and then compute for the

state variable.
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Definition 2.2 (Locally stability (Boyce et al., 2017)) An equilibrium point x* of the equa-
tion (20) is said to be locally stable if all solutions sufficiently close to x* stay nearby for all
t > 0. That is Ve > 0,36 > 0 such that |x —x*| < § = |x(r) —x*| < €. An equilibrium point

which is not locally stable is said to be unstable.

Definition 2.3 (Asymptotic stability (Boyce et al., 2017)) An equilibrium point x* of the
equation (20) is said to be locally asymptotically stable if it is locally stable and all solutions
starting near x* tend towards x* as time tends to infinity. That is Ve > 0,36 > 0 such that

|x —x*| < 6 = limy_eox(2) = x*.

3. Local stability of equilibrium points

The basic important point is to know the behavior of a dynamical system near an equilibrium
point. The Jacobian matrix is the matrix of the partial derivatives of each function with re-
spect to each variable that provides a linear approximation of a system at equilibrium points.
In mathematical modelling so that to linearize the system, we should compute the Jacobian

matrix of the system.

Definition 3.1 The Jacobian of the dynamical system in equation (21) is given by

ah  9h ... Oh 9h
o0xy 0xy 0xp_1 dxy
9L 9L .. 9h  9f
8x1 a)Q 8x,,,1 8xn
afnfl afnfl . afnfl afnfl
o0x) 0xo dxp_1 dxy
I 9w .. O Ofn
oxy 0x) 0x,_1 ox,

Definition 3.2 A critical point x* of a dynamical system is said to be locally stable if all

eigenvalues of the Jacobian evaluated at x* are negative.
Definition 3.3 (Routh Hurwitz Criteria (Allen, 2007)) Consider the characteristic equa-

tion given as

PA) = A"+ A" L+ oA 2+ +a,_ A +a, =0, (25)
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determining the n eigenvalues A of a real n x n square matrix A. Then the eigenvalues A all

have negative real parts if det(H;) > 0 for j =1,2,..,n and where,

a 1 0 O
al 1 0
ar 1 a; a, a; 1
Hi = a, 2= yH3=11 a3 ay a1 |, Ha= yeees
az az as a4 az ap
as a4 aj
ay deg as ag
and
a 1 0 0 --- 0
ay az ai 1 0
H, = as a4 a3 ap --- O
0 0 0 0 - a,

Note that the steady state is stable (that is, Re(A) < 0) for all A if and only if det(H;) > 0 for
all j=1,2,3,...,n and the Routh-Hurwitz criterion is establish the local stability of equilibria

points.

4. Global stability of equilibrium points

Definition 4.1 An equilibrium point x* of (20) is said to be globally asymptotically stable if

it is asymptotically stable for all initial condition xy € R”.

Definition 4.2 (Positive definite functions (Wiggins, 2003))

A continuously differentiable function V : R™ — R is said to be positive definite in a region
U € R™ that contains the origin if V(0) = 0 and V(x) > 0 for x € U and x # 0. Conversely,
V(x) is said to be negative definite if V (x) < 0.

Definition 4.3 (Lyapunov functions (Wiggins, 2003))
A continuous differentiable function V: U — R, where U C R™ is a Lyapunov function for
x= f(x) atx € U if V(x) is positive definite at x* and V(x) < O for all x € U. Moreover, V(x)

is negative definite at x*, then V is a strict Lyapunov function.

Theorem 4.1 (Global stability in terms of Lyapunov (Khalil and Grizzle, 2002))
Suppose that x* is a equilibrium point of X = f(x). Suppose that for some open set U € R™
containing x* there exists V : U — R such that V is Lyapunov at x*. Then x* is Lyapunov-

stable. If V is strictly Lyapunov at x*. Then x* is asymptotic Lyapunov-stable.
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Moreover, the applications of this theorem is difficult since there are no set rules for con-
structing the Lyapunov functions. However, some functional forms are often serve as base-
line for Lyapunov functions are quadratic functions and logarithmic functions, respectively,

with an equilibrium point of x* = (x7,x3,...,x;;) given as

L(x) = i(x—x}")z and L(x) = Zn‘i <x—x;~kln(%)) : (26)

i=1 i

5. Bifurcation analysis

Definition 5.1 Bifurcation is defined as a change in the qualitative behavior of a given dy-
namical system if an associated parameter is varied. Bifurcation point is the point at which
the changes of parameters usually occur. An alternative approach used to study the stabil-
ity of endemic equilibrium point is the center manifold theory (Castillo-Chavez and Song,

2004b). This approach is stated as the following result;

Theorem 5.1 (Castillo-Chavez and Song, 2004b) Considering the general system of ordi-

nary differential equations with a parameter ¢;

%C:f(x,qb),f:R”XR%RandfGCZ(R”XR), 27

where 0 is an equilibrium point of the system of differential equations (f(0, ¢) = 0) for every

¢ and assume;

« A=D,f(0,0) = (371” (0, 0)) is the linearization matrix of (27) at equilibrium point 0
J
with ¢ evaluated at 0. Where zero is simply an eigenvalue of A and other eigenvalues

of A have negative real parts;

* The matrix A has a right eigenvector w and a left eigenvector v with each corresponding

to the zero eigenvalue. Then let f; be the k" component of f and

a= Y, vy f'Tafcj(o’O)’ (28)

The local dynamics of the system (27) around O is totally determined by the signs of a and
b;
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e Ifa>0,b>0and ¢ <O with |¢| <1, then 0 is locally asymptotically stable and there
exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists a

negative and locally asymptotically stable equilibrium;

* Ifa<0,b<0and ¢ <0 with |¢| <1, then 0 is unstable; when 0 < ¢ < 1, 0 is locally

asymptotically stable and there exists a positive unstable equilibrium;

* Ifa>0,b<0and ¢ <O with|@| <1, then 0 is unstable; when 0 < ¢ < 1,0 is unstable
and there exists a locally asymptotically stable negative equilibrium; when 0 < ¢ < 1,0

is stable and there exists a positive unstable equilibrium;

* If a <0,b >0 and ¢ changes from positive to negative, then O changes its stability
from stable to unstable; A negative unstable equilibrium turns positive and locally
asymptotically stable.

Particular, when a > 0 and b > 0, then a backward bifurcation is said to occur at ¢ = 0.

6. Basic reproduction number (%)

In epidemic models, the basic reproduction number gives or tells the state of disease with
time. It is very important in disease modelling because it gives an indication regarding the
future state of the infection that tells us whether or not the disease will persist or will be

eradicated in due course.

Definition 6.1 (Basic reproduction number (Van den Driessche and Watmough, 2002))

The basic reproductive number is denoted by Ry and used to measure the ability of the dis-
ease to reproduce. This is described as the expected number of secondary cases reproduced
by one infected individual in its entire infectious period. Obviously, when basic reproduction
number (Ry) is less than unity each infected individual can produce an average of less than
one new infected individual during his entire period of infectiousness and the disease will
not persist in the population and may be eradicated. However, in a situation where basic
reproduction number (Ry) is greater than unity implies that each infected individuals during
the entire period of infectiousness can produce more than one new infected individual and

indicates that the disease can persist and invade the population.

Definition 6.2 (Next generation method (Van den Driessche and Watmough, 2002))
The general method used to compute a basic reproduction number R in cases where one

or more classes of infective are involved is called next generation matrix method. Let us
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assume that there are n compartments of which the first m compartments correspond to in-
fected individuals, f;(x) be the rate of appearance of new infections in compartment i, v; (x)
be the rate of transfer of individuals into compartment i by all other means, v, (x) be the
rate of transfer of individuals out of compartment i and v;(x) = v; (x) — v (x) is the rate of
disease progression, death and recovery decrease the ' compartment. The disease transmis-
sion model consists of nonnegative initial conditions together with the following system of
equations

a’x,- .

E:fi(x):fi(x)—vi(x), i=1,..,n, (29)
It is assumed that each functions are continuously differentiable and the computation of the

m X m square matrices £ and ¥ which are defined by

o= || anao - {g (] (30)

j
where 1 < i, j < m and xg is the disease free equilibrium point of (29). And since ¥ is

non-singular matrix (its determinant is different from zero), then of ! is exist. The matrix
0! is called the next generation matrix. Consequently, the basic reproduction number is
computed as Ry = p (@0~ 1) where p(£0~!) denotes the spectral radius of a matrix and is

the dominant of the non-negative eigenvalue of the next generation matrix.

7. Optimal control theory

Optimal control theory is a powerful mathematical tool that can be used to make decisions
involving complex biological situations (Lenhart and Workman, 2007). The best methods of
preventing the spread of malaria disease stated in the part of the thesis employs concepts in
mathematical optimal control theory. An optimal control problem is an optimization problem
that tends to optimize (minimise or maximize) the objective functional subject to a system

of equations (constraints) (20) with some given (initial or boundary conditions).

7.1 Optimal Control with Bounded Controls

Many problems require bounds on the control to achieve a realistic solution. An optimal
control problems with bounds on the values of the controls where € is a closed subset of R™

is given by
Iy
Maximize [  f(t,x(t),u(t))dt,
0
Subject to x(1) = g(t,x(¢),u(t)), Vt € [to, 7], 31)

x(to) = x0, u(t) € Q.
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To solve optimal control problems (31) with bounds on the values of the controls, we need

the full power of Pontryagin Maximum Principle.

Theorem 7.1 (Pontryagin’s Maximum Principle (Boltyanskiy et al., 1961))
Let (x(z),u(t)) be a maximizer for optimal control problem (31), then there exist A () called

the adjoint variable such that the following conditions satisfies for all #;

* the maximality condition

H(t,x(1),u(t),A(t)) = max J2(t,x(t),w,A(t)); weE Q, (32)

¢ the Hamiltonian system

£0) = 22 1 x(0)ult) A1),
1) = =22 120,000, 10), (3)
« the transversality condition
Atr) =0; (34)

where the Hamiltonian 7 is defined by

H(,x(1), A (1), u(t)) = f(1,x(2),u(t)) + A(1)g(t,x(1), u(1)). (35)

7.2. Numerical solution of optimal control problem

Numerical solution is used to solve optimal control problem given by (31) involves find-
ing piecewise continuous functions u;(¢) that optimize the objective functional. Numerical
methods for solving boundary value problems can then be employed to solve the resulting
two-point boundary value problem. The optimality system that contained two systems such
are ordinary differential system from the state and rest from the adjoint equations. The iter-
ative method so called the forward-backward sweep is used to solve the state system and the
adjoint system. In solving state equations (33) due to the initial value of state variables the
forward fourth order Runge-Kautta is used. Due to the transversality condition (34) with the
solution of state functions and the value of optimal controls, the adjoint equations are solved
using backward fourth order Runge Kutta. Using a convex combination of the previous con-
trols and the value from the optimality conditions then the controls are updated (32). And

this situation continues until two consecutive iterations are close enough each other. The
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rough outline of the procedures that generates an approximation to an optimal solutions is

given below (Lenhart and Workman, 2007);

Forward-Backward Runge Kutta sweep method

Input: Setting the initial parameter values of the model (31).

Step 1. Make an initial guess for u over the interval. Store the initial guess as u.

Step 2.  Using the initial condition x(#y) = xo and the stored values for u, solve x forward in

time according to it differential equation in the optimality system.

Step 3.  Using the transversality condition A (f7) = 0 and the stored values for x and u, solve

A backward in time according to its differential equation in the optimality system.

Step 4. Update the control u by entering the new x and A values into the characterization.

Step 5. If values of the variables in this iteration and the last iteration are negligibly small,

output current values as solutions. If values are not small, return to step 2.

Note that to verify the convergence taking delta (8) as the tolerance the require to
be small ||u(i) — uy1q(i)|| < O||u(i)|| where u(i) is the values of the control during
the current iteration and u,;4(f) is the vector of estimated values from the previous

iteration.
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APPENDIX B
FAMOUS MATHEMATICIANS

</. Ronald Ross (1857 - 1932)

Ronald Ross was born in 1857 in the North of India, where his father was an officer in the
British army. He studied medicine in London but preferred to write poems and dramas. After
working for a year on a ship as surgeon, he managed to enter the Indian Medical Service
in 1881. His medical work in India left him plenty of free time, during which he wrote
literary works and taught himself some mathematics. From 1895 till 1898, Ross continued
his research in India and tested Manson’s idea. His superiors having sent him to Calcutta
during a season where malaria cases were rare, he decided to study malaria in cage birds.
He found the parasite in the salivary glands of anopheles mosquitoes and managed to infect
experimentally healthy birds by letting mosquitoes bite them: this proved that malaria is
transmitted by mosquito bites and not by ingestion of contaminated water. He was elected to
the Royal Society in 1901 and received in 1902 the Nobel Prize in Physiology or Medicine
for his work on malaria. Ross published a Report on the Prevention of Malaria in Mauritius
in 1908 and The Prevention of Malaria in 1910. He tried to build mathematical models of the
transmission of malaria for the first time in 1991 and Ross died in London in 1932 (Bacaér,

2011).

Ronald Ross (1857 - 1932), (Bacaér, 2011)
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#. Lev Semyonovich Pontryagin (1908 - 1988)

Lev Semyonovich Pontryagin is a Soviet mathematician. He was born in the Moscow, Rus-
sian Empire and lost his eyesight completely due to an unsuccessful eye surgery after a
primus stove explosion when he was 14 years old. Despite his blindness he was able to
become one of the greatest mathematicians of the 20th century, partially with the help of
his mother Tatyana Andreevna who read mathematical books and papers (notably those of
Heinz Hopf, J. H. C. Whitehead, and Hassler Whitney) to him. He made major discoveries
in a number of fields of mathematics, including algebraic topology and differential topol-
ogy. Pontryagin worked on duality theory for homology while still a student. He went on
to lay foundations for the abstract theory of the Fourier transform, now called Pontryagin
duality. In 1942 he introduced the cohomology operations now called Pontryagin squares.
Moreover, in operator theory there are specific instances of Krein spaces called Pontryagin
spaces. Later in his career he worked in optimal control theory. His maximum principle
is fundamental to the modern theory of optimization. He also introduced there the idea of
a bang-bang principle, to describe situations where the applied control at each moment is

either the maximum steer or none and Pontryagin died in Mosco in 1988.

23

Pontryagin (1908 - 1988), (Wikipedia: May 7, 2021)
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APPENDIX C

MATLAB CODE

Malaria model simulation main program

function y = system4(t,A1,A2,A3,B1,B2,B3,x1,x2,x3,x4,x5,x6,x7)
test = -1; delta = 0.001;N=1000; A1=80; A2=60; A3=100; B1=60; B2=100; B3=80;
t=linspace(0,180,N+1); t0=0; tf=100; h=(tf-t0)/N; h2=h/2;

Model parameters

m=0.058;1=0.055; d=0.068; g=0.0035; y=0.041; Q0Om=0.071; Q1m=0.09; w=0.09; BOh=0.03;
B1h=0.05; BOm=0.04; B1m=0.07; uh=0.00004; um=0.05; r=0.007; Tmax=28; TO=16; M1=0;M2=1;

Model variables

ul=zeros(1,N+1); u2=zeros(1,N+1); u3=zeros(1,N+1); x1=zeros(1,N+1); x2=zeros(1,N+1);
x3=zeros(1,N+1);x4=zeros(1,N+1); x5=zeros(1,N+1); x6=zeros(1,N+1); x7=zeros(1,N+1);
x8=zeros(1,N+1); lambdal=zeros(1,N+1); lambda2=zeros(1,N+1); lambda3=zeros(1,N+1);
lambdad=zeros(1,N+1); lambda5=zeros(1,N+1); lambda6=zeros(1,N+1); lambda7=zeros(1,N+1);
lambda8=zeros(1,N+1);

Initial conditions of the model

x1(1)=100; x2(1)=20; x3(1)=10; x4(1)=0; x5(1)=300; x6(1)=60; x7(1)=30; x8(1)=16.1;

Iterations of the method

while(test < 0)

oldul=ul;oldu2=u2; oldu3=u3; oldx1=x1; oldx2=x2; oldx3=x3; oldx4=x4; oldx5=x5; oldx6=x6;
oldx7=x7; oldx8=x8; oldlambdal=lambdal; oldlambda2=lambda2;

oldlambda3=lambda3; oldlambda4=lambda4; oldlambda5=lambda5; oldlambda6=lambda6;
oldlambda7=lambda7; oldlambda8=lambdag;
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Runge-Kutta parameter in state variables

fori=1:N

k11=y-(1-ul(i))*(BOh+B1h*((x8(i)-T0)./Tmax))*x1(i)*x7(i)-uh*x 1 (1)+w*x4(i);
k12=(1-ul(i))*(BOh+B 1h*((x8(i)-T0)./Tmax))*x1(i)*x7(i)-(uh+m)*x2(i);
k13=m*x2(i)-(u2(i)+uh+d+g)*x3(1);

k14=(u2(1)+g)*x3(1)-(uh+w)*x4(1);

k15=(Q0m+Q1m*((x8(1)-T0)./Tmax))-(1-ul(i))*(BOm+B 1m*((x8(1)-T0)./Tmax))*x5(1)*x3(i)-
(u3(1)+um)*x5(@);

k16=(BOm+B 1m*((x8(i)-T0)./Tmax))*x5(1)*x3(1)-(u3(i)+um+1)*x6(i);
k17=1*x6(1)-(u3(i)+um)*x7(i);

k18=r*(1-(x8(i)./Tmax))*(x8(1)-T0O);

Second Runge-Kautta iterations in state variables

k21=y-(1-0.5%(ul(i)+ul(i+1)))*(BOh+B 1h*(((x8(i)+h2*k 18)-T0)./Tmax))*(x1(i)+h2*k11)
#(x7(1)+h2*k17)-uh* (x1()+h2*k 1 1)+w*(x4(i)+h2*k14);
k22=(1-0.5%(ul(i)+ul(i+1)))*(BOh+B 1h*(((x8(i)+h2*k 18)-T0)./Tmax))*(x 1(i)+h2*k11)
#(x7(1)+h2*k 17)-(uh+m)*(x2(1)+h2*k 12);
k23=m*(x2(i)+h2*k12)-(0.5*(u2(i)+u2(i+1))+uh+d+g)*(x3())+h2*k13);
k24=(0.5%(u2(i)+u2(i+1))+g)*(x3(i)+h2*k13)-(uh+w)*(x4(i)+h2*k 14);
k25=(Q0m+Q1m*(((x8(i)+h2*k18)-T0)./Tmax))-(1-0.5%(ul(i)+ul(i+1)))*(BOm+B 1m
#(((x8(1)+h2*k 18)-T0)./Tmax))*(x5(1)+h2#k 15)*(x3(i)+h2*k13)
~(0.5%(u3(i)+u3(i+1))+um)*(x5(1)+h2*k15);

k26=(BOm+B 1 m*(((x8(i)+h2*k18)-T0)./Tmax))*(x5(i)+h2*k 15)*(x3(i)+h2*k13)
~(0.5%(u3()+u3(i+1))+um+1)*(x6(i)+h2*k 16);

k27=1%(x6(1)+h2*k 16)-(0.5%(u3(i)+u3(i+1))+um)*(x7(i)+h2*k 17);
k28=r*(1-(x8(i)+h2*k18)./Tmax)*((x8(1)-+h2*k 18)-T0);

Third Runge-Kutta iterations in state variables

k31=y-(1-0.5%(ul(i)+ul(i+1)))*(BOh+B 1h*(((x8(i)+h2*k28)-T0)./Tmax))*(x 1 (i)+h2*k21)
#(x7(1)+h2¥k27)-uh*(x 1 ()+h2*¥k2 1 )+w*(x4(i)+h2*¥k24):;
k32=(1-0.5%(u1(i)+ul(i+1)))*(BOh+B 1h*(((x8(i)+h2+k28)-T0)./Tmax))*(x 1 (i)+h2*k21)
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#(x7(1)+h2*#k27)-(uh+m)*(x2()+h2*k22);
k33=m*(x2(i)+h2*k22)-(0.5*(u2(i)+u2(i+1))+uh+d+g)*(x3(i)+h2*k23);
k34=(0.5%(u2(i)+u2(i+1))+g)*(x3(i)+h2*k23)-(uh+w)*(x4(i)+h2*k24);
k35=(Q0m+Q1m*(((x8(i)+h2*k28)-T0)./Tmax))-(1-0.5%(ul(i)+ul(i+1)))
*(BOm+B 1m*(((x8(i)+h2*k28)-T0)./Tmax))*(x5(i)+h2*k25)*(x3(i)+h2*k23)
~(0.5%(u3()+u3(i+1))+um)*(x5()+h2*k25);

k36=(BOm+B 1 m*(((x8(i)+h2*k28)-T0)./ Tmax))*(x5(i)+h2*k25)*(x3(i)+h2*k23)
~(0.5%(u3()+u3(i+1))+um+1)*(x6(i)+h2*k26);
k37=1%(x6(1)+h2*k26)-(0.5%(u3(i)+u3(i+1))+um)*(x7(i)+h2*k27);
k38=r*(1-(x8(i)+h2*k28)./Tmax)*((x8()+h2*k28)-T0);

Fourth Runge-Kautta iterations in state variables

k4 1=y-(1-ul(i+1))*(BOh+B 1h*(((x8(i)+h*k38)-T0)./Tmax))*(x 1 (i)+h*k31)*(x7(i)+h*k37)
—uh*(x1(0)+h*k3 )+w*(x4(i)+h*k24);

k42=(1-ul(i+1))*(BOh+B 1h*(((x8(i)+h*k38)-T0)./Tmax))*(x 1 (1)+h2*k31)*(x7(i)+h*k37)
~(uh+m)*(x2(i)+h*k32);

k43=m*(x2(i)+h*k32)-(u2(i+1)+uh+d+g)* (x3(1)+h*k33);
kd4=(u2(i+1)+g)*(x3(i)+h*k33)-(uh+w)*(x4(i)+h*k34);
k45=(Q0m+Q1m*(((x8(i)+h*k38)-T0)./Tmax))-(1-ul(i+1))*(BOm+B 1m*((x8(i)+h*k38)-T0)./Tmax))
#(x5(1)+h*k35)*(x3(i)+h*k33)-(u3(i+1)+um)*(x5(i)+h*k35);

k46=(BOm+B 1 m*(((x8(i)+h*k38)-T0)./Tmax))*(x5(i)+h*k35)*(x3(i)+h*k33)-(u3(i+1)+um-+l)
#(x6(i)+h*k36);

k47=1%(x6(1)+h*k36)-(u3(i+1)+um)*(x7(i)+h*k37);
k48=r*(1-(x8(i)+h*k38)./Tmax)*((x8(i)+h*k38)-T0);

Runge-Kutta new approximation in state

x1(i+1) = x1(1) + (W6)*(k11 + 2¥k21 + 2*k31 + k41);
x2(i+1) = x2(31) + (W/6)*(k12 + 2¥k22 + 2%k32 + k42);
x3(i+1) = x3(1) + (W/6)*(k13 + 2%k23 + 2%k33 + k43);
x4(i+1) = x4(i) + (W6)*(k14 + 2¥Kk24 + 2¥k34 + kd4);
x5(i+1) = x5(1) + (W/6)*(k15 + 2*¥k25 + 2%k35 + k45);
x6(i+1) = x6(i) + (W/6)*(k16 + 2%k26 + 2*k36 + k46);
x7(i+1) = x7(1) + (W6)*(k17 + 2#k27 + 2*k37 + k47);
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x8(1+1) = x8(1) + (h/6)*(k18 + 2*k28 + 2*k38 + k48);

end

Backward Runge-Kautta iterations in co-state variables

for i=1:N
J=N+2-1;

First Runge-Kutta parameter in co-state

nl1=-((1-ul(j))*(BOh+B1h*((x8(j)-T0)./Tmax))*x7(j)*(lambda2(j)-lambdal(j))-uh*lambdal(j));
nl2=lambda2(j)*(uh+m)-lambda3(j)*uh-Al;
n13=-((1-ul(§))*(BOm+B1m*((x8(j)-T0)./Tmax))*x5(j)*(lambda6(j)-lambda5(j))
+lambda4(j)*(u2(j)+g)-lambda3(j)*(u2(j)+uh+d+g))-A2;
nl4=-(lambdal(j)*w)+lambda4(j)*(uh+w);

nl15=-((1-ul(j))*(BOm+B Im*((x8(j)-T0)./ Tmax))*x3(j)*(lambda6(j)-lambda5(j))
-lambda5(j)*(u3(j)+um));

nl6=lambda6(j)*(u3(j)*uh+l)-lambda7()*I;
nl7=-((1-ul(j))*(BOh+B1h*((x8(j)-T0)./Tmax))*x1(j)*(lambda2(j)-lambdal(j))
-lambda7(j)*(u3(j)+um))-A3;

n18= -r*lambda8(j)-r*lambda8(j)*((T0-2*x8(j))./Tmax);

Second Runge-Kutta parameter in co-state

n21=-((1-0.5*(u1(j)+ul(j-1)))*(BOh+B1h*(((0.5*x8(j)+x8(j-1))-T0)./ Tmax))*0.5*(x7()+x7(j-
1))*((lambda2(j)-h2*n12)-(lambdal(j)-h2*n11))-uh*(lambdal(j)-h2*n11));
n22=(lambda2(j)-h2*n12)*(uh+m)-(lambda3(j)-h2*n13)*uh-Al;
n23=-((1-0.5*(ul1(G)+ul(G-1)))*(BOm+B1m*(((0.5*%x8(j)+x8(j-1))-T0)./ Tmax))*0.5*(x5()+x5(-

1))*((Jlambda6(j)-h2*n16)-(lambda5(j)-h2*n15))+(lambda4(j)-h2*n14)*(0.5*(u2(j)+u2(j-1))+uh+g)-

(lambda3(j)-h2*n13)*(0.5*(u2(j)+u2(-1))+uh+d+g))-A2;
n24=-((lambdal(j)-h2*n11)*w)+(lambda4(j)-h2*n14)*(uh+w);
n25=-((1-0.5*(u1(G)+ul(G-1)))*(BOm+B1m*(((0.5*%x8(j)+x8(j-1))-T0)./ Tmax))*0.5*(x3(j)+x3(j-
1))*((lambda6(j)-h2*n16)-(lambda5(j)-h2*n15))-(lambda5(j)-h2*n15)*(0.5*(u3(j)+u3(-1))+um));
n26=(lambda6(j)-h2*n16)*(u3(j)*uh+1)-(lambda7(j)-h2*n17)*I;
n27=-((1-0.5*(ul(G)+ul(-1)))*(BOh+B1h*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*0.5*(x1(j)+x1(j-
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1))*((lambda2(j)-h2*n12)-(lambdal(j)-h2*n11))-(lambda7(j)-h2*n17)*(0.5*(u3(G)+u3(-1))+um))-
A3;
n28= -r*(lambda8(j)-h2*n18)-r*(lambda8(j)-h2*n18)*((T0-2*(0.5*x8(j)+x8(j-1)))./Tmax);

Third Runge-Kutta parameter in co-state

n31=-((1-0.5*(ul(j)+ul(j-1)))*(BOh+B1h*(((0.5*x8(j)+x8(j-1))-T0)./ Tmax))*0.5*(x7()+x7(j-
1))*((lambda2(j)-h2*n22)-(lambdal(j)-h2*n21))-uh*(lambdal(j)-h2*n21));
n32=(lambda2(j)-h2*n22)*(uh+m)-(lambda3(j)-h2*n23)*uh-Al;
n33=-((1-0.5*(u1(j)+ul(j-1)))*(BOm+B1m*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*(0.5*(x5(G)+x5(-
1)))*((lambda6(j)-h2*n26)-(lambda5(j)-h2*n25))+(lambda4(j)-h2*n24)*(0.5*(u2(j)+u2(j-1))+uh+g)-
(lambda3(j)-h2*n23)*(0.5*(u2(j)+u2(j-1))+uh+d+g))-A2;
n34=-((lambdal(j)-h2*n21)*w)+(lambda4(j)-h2*n24)*(uh+w);
n35=-((1-0.5*(ul(j)+ul(-1)))*(BOm+B 1m*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*0.5*(x3(j)+x3(j-
1))*((lambda6(j)-h2*n26)-(lambdaS(j)-h2*n25))-(lambda5(j)-h2*n25)*(0.5*(u3(G)+u3(-1))+um));
n36=(lambda6(j)-h2*n26)*(u3(j)*uh+1)-(lambda7(j)-h2*n27)*I;
n37=-((1-0.5*(u1(G)+ul(-1)))*(BOh+B1h*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*0.5*(x1(j)+x1(j-
1))*((lambda2(j)-h2*n22)-(lambdal(j)-h2*n21))-(lambda7(j)-h2*n27)*(0.5*(u3(j)+u3(j-1))+um))-
A3;

n38=-r*(lambda8(j)-h2*n28)-r*(lambda8(j)-h2*n28)*((TO-2*(0.5*x8(j)+x8(-1)))./ Tmax);

Fourth Runge-Kutta parameter in co-state

n41=-((1-ul(j-1))*(BOh+B 1h*(((0.5*x8(j)+x8(-1))-T0)./ Tmax))*x7(j-1)*((lambda2(j)-h*n32)-
(lambdal(j)-h*n31))-uh*(lambdal(j)-h*n31));
n42=(lambda2(j)-h*n32)*(uh+m)-(lambda3(j)-h*n33)*uh-Al;

n43=-((1-ul(j-1))*(BOm+B 1m*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*x5(-1)*((lambda6(j)-h*n36)-
(lambda5(j)-h*n35))+(lambda4(j)-h*n34)*(u2(j-1)+uh+g)-(lambda3(j)-h2*n23)*(u2(j-1)+uh+d+g))-
A2;

n44=-((lambdal(j)-h*n31)*w)+(lambda4(j)-h*n34)*(uh+w);

n45=-((1-ul(j-1))*(BOm+B 1m*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*x3(j-1)*((lambda6(j)-h*n36)-
(lambda5(j)-h*n35))-(lambda5(j)-h*n35)*(u3(j-1)+um));
n46=(lambda6(j)-h2*n26)*(u3(j)*uh+l)-(lambda7(j)-h2*n27)*I;

n47=-((1-ul(j-1))*(BOh+B 1h*(((0.5*x8(j)+x8(j-1))-T0)./Tmax))*x1(j-1)*((lambda2(j)-h*n32)-
(lambdal(j)-h*n31))-(lambda7(j)-h*n37)*(u3(j-1)+um))-A3;
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n48= -r*(lambda8(j)-h*n38)-r*(lambda8(j)-h*n38)*((TO-2*(0.5*x8(j)+x8(j-1)))./Tmax);

Runge-Kutta new approximation in co-state

lambdal(j-1)=lambdal(j)-(h/6)*(n11+2*n21+2*n31+n41);
lambda2(j-1)=lambda2(j)-(h/6)*(n12+2*n22+2*n32+n42);
lambda3(j-1)=lambda3(j)-(h/6)*(n13+2*n23+2*n33+n43);
lambda4(j-1)=lambda4(j)-(h/6)*(n14+2*n24+2*n34+n44);
lambda5(j-1)=lambda5(j)-(h/6)*(n15+2*n25+2*%n35+n45);
lambda6(j-1)=lambda6(j)-(h/6)*(n16+2*n26+2*n36+n46);
lambda7(j-1)=lambda7(j)-(h/6)*(n174+2*n27+2*n37+n47);
lambda8(j-1)=lambda8(j)-(h/6)*(n18+2*n28+2*n38+n48);

end

ul=max(M1,min(M2,((lambda2.*x1.*x7)-(lambdal.*x1.*x7)*(BOh+B 1h*((x8@+1)-T0)./Tmax))
+(lambda6.*x5.*x3)-(lambda5.*x5.#¥x3)*(BOm+B Im*((x8(i+1)-T0)./Tmax)))/B1));
ul = 0.5%(ul+oldul);

u2 = max(M1,min(M2,((lambda3.*x3) - (lambda4.*x3))/B2));

u2 = 0.5%2 + oldu2);

u3 = max(M1, min(M2,((lambda5.*x5)+(lambda6.*x6)+(lambda7.*x7))/B3));

u3 = 0.5*%(u3+ oldu3);

Absolute error for convergence

templ = delta*sum(abs(ul)) - sum(abs(oldul - ul));
temp?2 = delta*sum(abs(u2)) - sum(abs(oldu2 - u2));
temp3 = delta*sum(abs(u3)) - sum(abs(oldu3 - u3));
temp4 = delta*sum(abs(x1)) - sum(abs(oldx1 - x1));
tempS = delta*sum(abs(x2)) - sum(abs(oldx2 - x2));
temp6 = delta*sum(abs(x3)) - sum(abs(oldx3 - x3));
temp7 = delta*sum(abs(x4)) - sum(abs(oldx4 - x4));
temp8 = delta*sum(abs(x5)) - sum(abs(oldx5 - x5));
temp9 = delta*sum(abs(x6)) - sum(abs(oldx6 - x6));
temp10 = delta*sum(abs(x7))- sum(abs(oldx7 - x7));
templ1 = delta*sum(abs(x8)) - sum(abs(oldx8 - x8));
temp12 = delta*sum(abs(lambdal)) - ... sum(abs(oldlambdal - lambdal));
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temp13 = delta*sum(abs(lambda2)) - ... sum(abs(oldlambda2 - lambda2));

temp14 = delta*sum(abs(lambda3)) - ... sum(abs(oldlambda3 - lambda3));

temp15 = delta*sum(abs(lambda4)) - ... sum(abs(oldlambda4 - lambda4));

temp16 = delta*sum(abs(lambday)) - ... sum(abs(oldlambda5 - lambda5));

templ7 = delta*sum(abs(lambda6)) - ... sum(abs(oldlambda6 - lambda6));

temp18 = delta*sum(abs(lambda?)) - ... sum(abs(oldlambda7 - lambda7));

temp19 = delta*sum(abs(lambdag)) - ... sum(abs(oldlambda8 - lambdag));

test= min(temp1, min(temp2,min(temp3,min(temp4,min(temp5, min(temp6,min(temp7,
min(temp8,min(temp9,min(temp10,min(temp11,min(temp12,min(temp13,min(temp14,
min(temp15,min(temp16,min(temp17,min(temp18,temp19))))))))))))))))));

end

yl(G, 1) =t y1(:,2) =ul; y1(:,3) =u2; y1(:,4) =u3; y1(:,5) = x1; y1(:,6) = x2;

y1(:,7) =x3; y1(:,8) = x4; y1(:,9) = x5; y1(:,10) = x6; y1(:,11) = x7; y1(:,12) = x8;
y1(:,13) =lambdal; y1(:,14) = lambda2; y1(:,15) = lambda3; y1(:,16) = lambda4;
y1(:,17) = lambda$5; y1(:,18) = lambda6; y1(:,19) = lambda7; y1(:,20) = lambdas;

box on

hold on

Ploting section

plot(y1(:,1),y1(:,11),b’,’ linewidth’,4)

xlabel(" Time (days)’)

ylabel(’Infected Human’)

legend('uy = 0,up = 0,u3 =0 uy #0,up #0,uz =0')
set(gca, linewidth’,3)

hold on
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