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ABSTRACT

Singularly perturbation problem is a problem involving small positive parameter, which causes
a large effect on the problem. A class of delay differential equations that would be obtained
by maintaining the small parameter multiplying the highest order derivative is said to be a
singularly perturbed differential-difference equation. Due to the effect of the small parameter,
narrow regions (boundary layers) frequently adjoin the boundaries of the domain are exhibited
in the solution, and the delay term give rise to an interior layer. In the layer regions, the solu-
tion changes rapidly with changing values of the perturbation parameter. This rapid changing
behavior of the layer region makes it difficult to solve the problem analytically. Standard nu-
merical methods, on the other hand, do not give satisfactory results as they do not consider the
layer behaviors. As a result, formulating parameter-uniform numerical schemes for a singularly
perturbed problems has become a popular research topic. The main aim of this dissertation is
to formulate and analyze fitted numerical schemes that converge independent of the perturba-
tion parameter for a class of singularly perturbed differential-difference equations in which the
diffusion term is dominated by the reaction term. The numerical schemes are either fitted op-
erator finite difference method or fitted mesh finite difference method. Construction of a fitted
operator parameter-uniform numerical scheme involves replacing the standard finite difference
operator by an operator which reflects the singularly perturbed nature of the differential op-
erator on a uniform mesh. The other successful approach of formulating a parameter-uniform
numerical scheme involves the use of standard finite difference operators on a special piece-
wise uniform meshes condensed around the layer regions. Formulating such form of numerical
schemes for a class of singularly perturbed differential-difference equation yields a uniformly
convergent numerical results, that overcomes the limitations of the standard numerical methods.
In this dissertation, six uniformly convergent numerical schemes are formulated. The stability
estimate of each scheme is established and the parameter-uniform convergence of the schemes
are investigated and proved. To demonstrate the validity and applicability of the formulated
numerical schemes, various numerical experiments are performed and confirmed with the theo-
retical findings. The theoretical and numerical results confirm that the formulated schemes are
more accurate and uniformly convergent as compared to other previous research works in the

literature.

Keywords: Singular perturbation problem, Differential-difference equations, Fitted numerical

scheme, Uniform convergence, Boundary layers, Interior layer.
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CHAPTER ONE

INTRODUCTION

1.1 Singular perturbation problems

The history of singular perturbation problems (SPPs) dates back to the early 20" century, with
the pioneering work of mathematicians such as Prandtl, Friedrichs, and Wasow. At the 3" Inter-
national Congress of Mathematicians held in Heidelberg in 1904, Prandtl introduced the concept
of boundary layers, which are thin layers of fluid near a solid boundary where the velocity and
other properties of the fluid change rapidly. This led to the development of boundary layer the-
ory, which relied heavily on singular perturbation methods (O’Malley, 2014). However, until the
1950s, the field did not begin to flourish with the development of new mathematical techniques
and tools for analyzing these problems. It was first used in the works of Friedrichs & Wasow
(1946) on non-linear vibrational problems. Despite its long history, singular perturbation prob-
lems are still in a state of irrepressible development in various scientific discoveries (Duressa et
al., 2023).

Nowadays, SPPs are widely used in various areas of science and engineering. For instance,
in control theory, singular perturbation problem is used in modeling the systems with fast and
slow dynamics and develop new control techniques (Zhang et al., 2014). In chemical kinetics,
singular perturbation problem is used to develop a simplified models that accurately capture the
behavior of chemical reactions that occur on different time scales (Zhao & Lam, 2019). In the
study of population dynamics, singular perturbation techniques are used to study the behavior
of populations in situations where there are multiple time scales, such as in the predator-prey
dynamics of ecosystems (Campillo & Lobry, 2012). In neuroscience singular perturbation the-
ory is used to study the behavior of neural networks in situations where there are multiple time
scales, such as in the dynamics of action potentials in neurons (Coombes, 2008). Apart from
these, SPPs are used in robotics, material science, biophysics, aerospace engineering, power

systems, climate modeling, and others.

In differential equations, singular perturbation problem occurs when the small parameter (),
0 < e < 1, multiplies the term with highest order derivatives. Thus, naively taking ¢ to be zero

changes the very nature of the problem (Kumar et al., 2011). For instance, in fluid dynamics one
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of a well known singularly perturbed partial differential equation is the Navier-Stoke equation

d(nu) N A(nu? + p) N d(nvu) 1 (aum N 8uzy> 0

- — 1.1
ot ox oy Re \ Ox oy (.1

with appropriate initial and boundary conditions, where u and v are the components of its ve-
locity, 7 is the density of the fluid and p is the pressure. The parameter e is known as Reynolds
number, which is proportional to the length scale, velocity scale and inversely proportional to the

kinematic viscosity of the fluid. If Re is sufficiently large, then (1.1) is a singularly perturbed

1
> Re’

Taking the perturbation parameter equal to zero, reduce (1.1) to the Euler equation

d(nu) N d(nu* + p) N d(novu)
ot ox dy

differential equation, and the corresponding small parameter is a perturbation parameter.

=0, (1.2)

which is different from the Navier-stoke equation. Thus, ignoring the perturbation parameter
removes the essential nature of the problem and leads to incorrect results and can mask important

features of the solution (Kokotovi¢ et al., 1999).

Depending on the effect of e, perturbation problems can be categorized as regular and singular
perturbation problems. A regular perturbation problem (RPP) is the one in which the perturbed
problem for small and nonzero values of the perturbation parameter is qualitatively the same
as the unperturbed problem for ¢ = 0. One can obtain a convergent expansion of the solution
with respect to €, consisting of the unperturbed solution and higher order corrections. On the
other hand, a singular perturbation problem (SPP) is the one for which the perturbed problem is
qualitatively different from the unperturbed problem. One can obtain an asymptotic, but possibly

divergent expansion of the solution, that depends on the parameter € (Hunter, 2004).

In singular perturbation problems, the perturbation parameter causes boundary layer(s), thin
region near the boundary of the domain where the solution changes rapidly. This occurs when
there is a large disparity between two scales in the problem, such as in the case of a small
parameter € multiplying the term with highest order derivatives. The boundary layer arises when
e is very small, causing the solution to change rapidly near the boundary (Naidu, 2002). The
boundary layer can be visualized as a thin layer of thickness O(¢). Inside the layer, the solution
varies rapidly and outside the layer, the solution varies slowly. The behavior of the solution in
the layer region is different from that of outside the layer region, and so it is important to study

singular perturbation problems in these regions, separately.

Boundary layers are observed in various physical situations. For instance, in fluid mechanics

the effects of viscosity is significant in forming a layer of fluid in the immediate vicinity of a

Ph.D Dissertation 2
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bounding surface for large Reynold’s number (Landau & Lifshitz, 2013). In water-pipe prob-
lem, boundary layers are formed for cellular flows at high Péclet numbers (Novikov et al., 2005).
On aircraft wings, viscous force distort the surrounding non-viscous flow and forms a boundary
layer on the part of the flow close to the wing (Duan et al., 2013). In the Earth’s atmosphere, the
atmospheric boundary layer is the air layer near the ground affected by diurnal heat, moisture,
or momentum transfer to or from the surface (Chen et al., 1997). In these types of phenom-
ena, perturbations are operative over a very narrow region across which the dependent variable
undergoes very rapid change. These narrow regions frequently adjoin the boundaries or some
interior point of the domain of interest, owing to the fact that the small parameter multiplies the
highest derivative. Therefore, the problems exhibit boundary and/or interior layers, i.e., there

are thin regions where the solution of the problem changes abruptly.

The locations and behaviors of the layers of SPP may depend on ¢ and the nature of the pertur-
bation problem. One common approach to identify the location of the boundary layers is to use
asymptotic analysis, which involves expanding the solution in a series of terms that capture the
dominant behavior at different length scales. By matching these terms across the boundary or
interfacing regions, one can determine the location and thickness of the boundary layer. Another
approach is to use numerical methods, such as finite difference techniques, to solve the prob-
lem and then examine the behavior of the solution near the boundary or interfacing regions. In
particular, one can look for regions where the solution changes rapidly or exhibits oscillations,
which may indicate the presence of a boundary layer. Ultimately, the best approach will depend
on the specific problem at hand and the available tools and techniques for the computation and

analysis.

In a second order singularly perturbed differential equations, if € multiplies the term with highest
order derivative and the first order derivative term is the dominant term, then the solution of the
problem exhibits a boundary layer either on the left or the right end of the domain depending on
the sign of the coefficient of the first order derivative term. Such type of problems are said to be
convection diffusion problem. On the other hand, if the reaction term is the dominant term, then
the differential equation is known as a reaction-diffusion problem whose solution exhibits two

boundary layers, one on the right and the other on the left side of the domain.

1.2 Singularly perturbed differential-difference equations

A class of delay differential equations in which ¢ multiplies the term with highest order deriva-
tive and involves at least one shift argument is said to be a singularly perturbed differential-

difference equation (SPDDE). Such types of differential equations are frequently observed in

Ph.D Dissertation 3
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the mathematical models of various scientific phenomena, such as in the modeling of biologi-
cal mathematics (Rihan, 2021), the study of bistable devices (Derstine et al., 1982), variational
problems in control theory (Glizer, 2003), in the modeling human pupil-light reflex modeling
(Longtin & Milton, 1989), in the modeling of neuronal variability (Stein, 1965), for modeling
the optimal control of telecommunication systems Erfani et al. (2018), in the modeling of HIV
infection (Culshaw & Ruan, 2000), in the modeling of COVID-19 pandemic and spread (Shayak
et al., 2020; Guglielmi et al., 2022), and others.

The difference between the non-delay and delay singularly perturbed problems is that some-
times delay problems exhibit extra interior layers in the solution of the problems. The shifting
arguments may be less or greater than the singular perturbation parameter. If the perturbation pa-
rameter is greater than the delay argument, then the problem is known as a singularly perturbed
problem with small shift and if the perturbation parameter is less than the delay argument, then
the problem is known as a singularly perturbed problem with large shift. Such type of varia-
tions in the problem brings significant effect in the solution and hence treated differently (Rao
& Chakravarthy, 2014).

1.3 Fitted numerical schemes for singularly perturbed differential-difference
equations

Due to the rapidly changing behaviors of the layer regions, it is tedious to solve SPPs analyt-
ically. On the other hand, standard computational methods, such as finite difference method,
finite element method, finite volume method and spectral methods are also known to be in-
adequate to solve SPPs as they require a huge number of mesh points to give a satisfactory
solution (Roos et al., 2008). In this context, careful numerical tests reveal that the standard
computational methods fail to minimize the maximum point-wise error as the mesh size is re-
fined, until it is equal to the perturbation parameter in its order of magnitude. Also, they fail
to be robust as the perturbation parameter decreases and closer to a critical value (Farrell et al.,
2000). Such methods are unfit and their results are contrary to the natural expectation of error
analysis in an acceptable computational methods. These drawbacks motivated researchers to
develop e—uniform fitted numerical schemes for SPPs, in which the error constant and the order

of convergence are free from the effect of the perturbation parameter.

It is also known that a finite difference method has two major components, such as the finite
difference operator LM that is used to approximate the differential operator £. and the mesh
QN:M that replaces the continuous domain (2. By the standard finite difference methods is meant

that almost all of the finite difference methods have been applied successfully to the problems
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that are not singularly perturbed. Generally, these methods are stable and accurate, and hence
their solutions converge to the exact solution, as /V increases infinitely. However, none of these

methods are e-uniform, so that a new attribute is required.

The development of e-uniform numerical schemes can be categorized into two classes, such
as fitted operator finite difference method (FOFDM) and fitted mesh finite difference method
(FMFDM). The methods are said to be fitted, because they are designed in such a way that they
handle the abruptly varying behavior of a solution in the layers and the numerical instabilities
created by the presence of the perturbation parameter. These methods use the small parameter,
g, to control the size of the numerical grid near the boundary, allowing for a more precise repre-
sentation of the boundary layer. By using this technique, s-uniform methods can provide more
accurate predictions of the solution in the layers where the perturbation parameter is a critical

factor.

The first approach substitutes the differential operator corresponding to the continuous problem
by a fitted finite difference operator, which captures the layer behaviors of the singularly per-
turbed problem on a uniform mesh. The method is first suggested by Allen & Southwell (1955)
in solving the problem of the flow of a viscous fluid past a fixed cylinder. And the first suc-
cessful numerical analysis of e-uniform finite difference methods was given by II’in (1969) for
a linear boundary value problem. In most cases the fitted finite difference operator is used at all
points of the mesh. But, Farrell (1987) has proved that in some cases the fitted finite difference
operator is required only in a neighborhood of the layers, while a standard finite difference op-
erator can be used on the mesh points in the rest of the domain. The development of FOFDM
employs an appropriate choice of the difference coefficients, in such a way that some or all of
the exponential functions are in the null space of the differential operator, or part of it, are also
in the null space of the finite difference operator (Mohapatra & Natesan, 2011; Das & Natesan,
2013). In such procedures, the finite difference operator is referred to as an exponentially fit-
ted finite difference operator. The corresponding numerical scheme is obtained by applying the

finite difference operator to obtain a system of equations on a uniform mesh.

The usual techniques to develop a fitted operator methods require a fitting factor to be incorpo-
rated in the standard finite difference scheme and then it is derived by assuming that the method
converges to the exact solution uniformly. The other technique, which categorized under the
class of fitted operator finite difference methods is the nonstandard finite difference methods
(NSFDMs), by which the dispersive or dissipative nature of the solution of the problem is cap-
tured in the scheme by a systematical construction of suitable denominator functions for the

discrete derivative (Lubuma & Patidar, 2007). Such method is constructed applying the non-
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standard modeling rules of (Mickens, 1994). It is well known that, these rules allow one to in-
corporate the essential physical properties of the differential equations in the numerical schemes

so that they provide reliable numerical results.

The other well recognized approach for developing e-uniform numerical scheme is known as
fitted mesh finite difference method (FMFDM), which involves the use of a suitable mesh that is
adapted to the singular perturbation problem. These methods have extra advantage over the fitted
operator methods due to their implementation on the standard finite difference operators and
their extensions to solve higher dimensional and nonlinear problems with complicated domain
structure. By the fitted or adapted mesh finite difference method, a piece-wise uniform mesh is
formed with specially chosen transition points, which separate the coarse and the fine meshes.
These piece-wise uniform fitted or adapted meshes were first introduced by Shishkin (1988) and
improved to be e-uniform in a series of different research works. What distinguishes a Shishkin
mesh from any other piece-wise uniform mesh is the choice of the transition parameter. Usually
more condensed meshes are formed in the layers, where we observe a significant effect of the
perturbation parameter and coarse meshes are formed outside of the layers. Thus, to formulate a
fitted mesh method, it requires apriori knowledge of the width and location of the regions, where
the solution shows fast variation. Such knowledge is then applied to generate an appropriate

mesh on the domain of the problem.

For fitted mesh finite difference methods, if sufficient apriori information about the solution
is available, then appropriate meshes can be constructed where the accuracy of the solution de-
pends only on the number of meshes and is free from the influence of the perturbation parameter.
The meshes formed in this case is globally piece-wise uniform rather than uniform, because the
sub-intervals in a neighborhood of the end points of the domain are small. Then, for a transition
parameter (say 7) approaching to zero, the meshes are said to be condensing near the boundary
point. It can be noticed that, whatever the value of the transition parameter, all of the sub-
intervals consist of /N meshes and consequently the mesh points z; are the endpoints of these
N meshes. Also, there are various approaches of adapting the meshes, involving complicated
redistribution of the mesh points have been considered by different authors. For instance, the
research works of Bakhvalov (1969), Gartland (1988), Liseikin (1983) and Vulanovic (1986) are

some layer adapted methods which have no simple piece-wise uniform fitted meshes.

1.4 Statement of the problem

In the real world, various phenomena are described by singularly perturbed differential-difference

equations, a type of delay differential equations that maintains a small perturbation parameter
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in the diffusion term causing a rapidly fluctuating solutions. Such rapid variation of the solution
forms boundary layers in the vicinity of the body, the widths of which depend on the perturbation
parameter. In addition, these problems involve shifting arguments (delays), which may give rise
to interior layers. Because of these complicated factors, it is difficult to determine the analytical
solutions of these problems. As a result, numerical methods are of fundamental requirement in
obtaining some useful insights on the solutions of the problems. However, standard numerical
methods such as the finite difference method, finite element method, finite volume method, and
spectral methods produce large errors, rendering them unsuitable for practical use. The stan-
dard methods do not consider the behavior of layers, unless an extremely large number of mesh
points are considered, which need a massive computational cost or it may fail to give the targeted
results. It is therefore of great research interest to formulate a sound mathematical theory and
precise computational approaches for singularly perturbed differential-difference equations and

related problems emerging in the real-world applications.

Few research works have been available in the recent years with various numerical approaches
and results. For instance, Swamy et al. (2015), Sirisha & Reddy (2017b), Debela et al. (2020)
and Tirfesa et al. (2022) have devised different approaches for singularly perturbed ordinary dif-
ferential equation with small delay. Subburayan & Ramanujam (2013), Nicaise & Xenophontos
(2013), Manikandan et al. (2014), Chakravarthy & Kumar (2021) formulated different numeri-
cal schemes for a singularly perturbed ordinary differential equations with large delay. Bansal
& Sharma (2018) and Kumari & Kumar (2020) treated singularly perturbed partial differential
equations with large delay by formulating different numerical schemes. The accuracy and rate

of convergence of these numerical schemes are not accurate enough.

However, in recent trends in the development of numerical methods for singularly perturbed
problems, if the order of e-uniform numerical scheme is low, the scheme is inefficient for prac-
tical use. So, developing e-uniform numerical schemes with a high order of convergence is an
important research work (Shishkin & Shishkina, 2008). Motivated by this recommendation, ac-
curate and e-uniformly convergent numerical schemes are formulated for a class of SPDDE:s in

this dissertation.

1.5 Objectives of the study

1.5.1 General objective

The general objective of this dissertation is to formulate numerical schemes for a class of singu-

larly perturbed differential-difference equations.
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1.5.2 Specific objectives

The specific objectives of this study are:
1. formulating fitted operator numerical methods.
2. formulating fitted mesh numerical methods.
3. establishing the stability estimate of the formulated numerical methods.

4. investigating the convergence of the formulated numerical methods.

1.6 Significance of the study

This dissertation provides fitted numerical schemes, which are accurate and uniformly conver-
gent for a class of singularly perturbed differential-difference equations. The methods allow
are important to simulate and study the behavior of systems that exhibit small parameter, which
cause large effect on the system. They enable to capture the rapidly changing behaviors of the
layer regions, where the solution varies abruptly. They also provide valuable insights for other
researchers in the area to realize the mathematical theory and computational methods of singu-
larly perturbed problems, and may be helpful in the demonstration of scientific models involving
applications of SPDDEs. Moreover, the analyses and results presented in this study will convey

valuable information to enhance and extend the knowledge in the area for future research works.

1.7 Scopes of the study
There are various forms of SPDDEs. However, this dissertation focuses on developing and

analyzing fitted numerical methods for the following governing problems.

Governing problem I

For a differential operator L., a singularly perturbed ordinary differential equation with large

negative shift is considered as

Lou(x) = —eu”(z) + a(z)u(z) + b(z)u(z — 1) = f(z), =€ (0,2),
u(2) =«
where 0 < € < 1. The numerical formulation and analysis of this model problem is presented

in Chapter Four. The proposed method to solve this problem is also published in the Journal of
Mathematics and available on https://doi.org/10.1155/2022/7974134.
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Governing problem II

For a differential operator L., a singularly perturbed delay partial differential equation is con-

sidered as

Lou(z,t) = w(z,t) — cuge(x,t) + a(x)u(x,t) + b(x)u(x — 0,t) = f(x,t), (x,t) € £,
u(z,0) = ug(z), 2 €T =10,L],

u(z,t) = oz, t), (z,t) € 2,
(u(L,t) = aft), (L,t) € 2%,

(1.4)
where 0 < ¢ < 1, 27 = {(2,t) : 2 € [-6,0], t € A =1[0,T]}, 2% = {(L,t) : t € A}
for the shift argument §, finite time 7" and space L. For 6 € (0, 1), the solution involves weak
interior layer, and its detail discussion is presented in Chapter Five. For 6 = 1, interior layer
exhibited in the solution at x = 1. In Chapter Six, fitted mesh numerical method is formu-
lated to solve the problem, and the obtained method is published in the journal of SN Applied
Sciences and available on https://doi.org/10.1007/s42452-022-05203-9. In Chapter Seven, non-
standard finite difference method is proposed to solve the problem, and the developed method is
published in the International Journal of Mathematics and Mathematical Sciences and available
on https://doi.org/10.1155/2023/7215106. In Chapter Eight, a tension spline fitted numerical
method is developed and analyzed for the problem the problem, and the numerical method is
published in the journal of BMC Research Notes and available https://doi.org/10.1186/s13104-
023-06361-8.

Governing problem III
A singularly perturbed partial differential equation involving spatial and temporal delays is con-
sidered as
(Esu(:z:, t) = w(x,t) — euge(x,t) + a(z)u(x,t) + b(z)u(z — 0,t — 1) = f(x,t), (x,t) € Q,
u(z,t) = uo(z,t), (x,t) € {(z,t):2€][0,2],t € [-7,0]},
u(z,t) = o(x,t), (x,t) € 027,
(u(2,t) = a(t), (2,t) € 27F,

(1.5)
where 0 < e € 1,0 < §d < 1,0 <1< 1,02 ={(zt) :a € [=40,t €[0T
0t = {(2,t) : t € [0,7]} a finite time 7. For § = 1 and T is of o(¢), the solution involves
interior layer, and the detail work is presented in Chapter Nine. The formulated scheme is also

published in the journal of Frontiers in Applied Mathematics and Statistics, Numerical Analysis
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and Scientific Computation, and available on https://doi.org/10.3389/fams.2023.1125347.

1.8 Mathematical preliminaries

In this section, some definitions and discussions of terms and phrases that are widely used in the

dissertation are provided.

Definition 1.8.1 Boundary layer is a narrow region near the end points of the domain, where
the solution of the problem varies rapidly for small values of the perturbation parameter. Inte-
rior layer is a narrow region in the internal parts of the domain that may arise due to the shift

argument. The width of the layers depends on the value of ¢.

Finite difference approximation: Finite difference equation is an equation obtained by dis-
cretizing the domain and replacing the exact derivatives by the finite difference operators to
obtain the finite difference approximation of the differential equation. The common finite differ-
ence operators, derived using the Taylor’s series expansion for any mesh function u; at a mesh

points x; with h = x; 1 — z; are denoted as follows.

Dtu; = =21 O(h)

h
D uy = ==L+ O(h)
Do = Uir1 — Ui—1 O(h2
Ui = =+ O(I")
i+1 — 2U; i—
§2u; = DY Dy = B T2 TN 62

72
Definition 1.8.2 Standard or classical numerical methods are computational methods, such as
standard finite difference, finite element, finite volume and spectral methods that do not consider
the behavior of the solutions in the layer regions. In solving singular perturbation problems,

these methods fail to produce satisfactory results as € approaches to zero (Farrell et al., 2000).

Definition 1.8.3 Local truncation error is the difference between the analytical solution and the
numerical approximation at a mesh point, and global truncation error is the accumulation of the

local truncation errors up to a given mesh point.

Definition 1.8.4 (Miller et al., 2012). Consider a family of mathematical problems parameter-
ized by a singular perturbation parameter ¢, where ¢ € (0, 1]. Suppose that each problem in
the family has a unique solution, denoted by u. and let U, be a numerical approximation of .,
defined on the mesh Q7 and obtained by a numerical method with in N mesh numbers. Then,

the numerical solutions U, are said to converge e-uniformly or robust to the exact solution ., if
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there exist a positive integer /Vy, and positive numbers C' and P, where all are independent of of
N and ¢, such that, for all N > N,

sup ||U. —u.|| < CN~T, (1.6)

0<e<1

Here P is called the s-uniform rate of convergence and C' is called the s-uniform error constant.

By this definition, if a numerical method is e-uniformly convergent, then for all values of ¢ €
(0, 1], no matter how small, the point-wise error at the mesh points is never greater than CN %,
for all values of N > N,. And, since C, P and N, are independent of ¢, it implies that the
upper bound on the error is independent of €. This dissertation is focused on the development
and implementation of e-uniformly convergent numerical schemes in the context of Definition
1.8.4 for solving SPDDEs.

It is know that the convergence of the standard finite difference methods involves the concepts
of consistency and stability. That is, when the rate of convergence is required, consistency
is replaced by a more stringent condition of accuracy of degree P, where P is some positive
number. Then, the theoretical results are consistency and stability, which imply convergence
and similarly accuracy of degree P and stability imply convergence of rate P. Such results
of standard finite difference methods can be applied immediately to e-uniform finite difference
methods, provided that the conditions of accuracy and stability are also e-uniform. This is rarely
the case, which needs more careful analysis. Moreover, in many cases, it is not easy to determine
that a given finite difference method has e-uniform accuracy of some order P > 0, where P and
the local truncation error constant are independent of €. In such cases an alternative method of
proof of the s-uniform convergence may also be necessary. Such problems are briefly discussed
by Gartland Jr (1989).

Numerical and asymptotic analyses: In solving singularly perturbed problems, there are two
principal approaches. One is the numerical analysis, which deals with providing quantitative
information about a particular problem and the second one is asymptotic analysis, which deals
with the qualitative behaviors, such as the location and width of the layers in the solution and
semi-quantitative information about a particular problem assuming € goes to zero. Broad class
of problems are treated by numerical analysis, while comparatively a restricted class of problems

are solved using the asymptotic methods (Kadalbajoo & Reddy, 1989).

M-Matrices (LinB3, 2009). M-matrices are the discrete counterparts of inverse-monotone differ-
ential operators, which have importance in the convergence analysis of finite difference methods

and when studying systems of differential equations. A matrix P € R¥*¥ is said to be
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* an Lo-matrix if a;; <0,Vi,7 =1,2,..., N with i # j.
* inverse monotone if for any two vectors v, w € R, Pv < Pw implies that v < w.
e an M-matrix if it is an inverse monotone Lg-matrix.

The inverse monotonicity of a matrix P can also be characterized by P! > 0, where it is

implicitly assumed that P~! exists.

Lemma 1.8.1 (M-Criterion). Suppose P € RN*YN be an Ly-matrix. Then, P is an M-matrix if
and only if there exist a vector e € RY with e > 0 and Pe > 0. Moreover,

el

Pl <« 1=
1270 < S P

(1.7)

1.9 Organization of the study

This study consists of nine chapters. Chapter 1 deals with the introduction of singularly pertur-
bation problems. Research problems, objectives of the study, significance of the study, scope of
the study and some mathematical preliminaries, which are used widely in this research work are

incorporated in this chapter.

In Chapter 2, some related recent works on various forms of singularly perturbed differential-
difference equations are reviewed. The considered problems, methods formulated to treat the
problems and results obtained are briefly surveyed. Research gaps in the area that have received

little attention and require further study are identified in this chapter.

Chapter 3 deals with the methodology of the study. The study design, sources of information,

the methods applied and general procedures of this study are described in this chapter.

Chapters 4-9 covers the main works of the dissertation. It is organized in three parts. An
exponentially fitted operator method via domain decomposition for the SPDDE given in (1.3)
is presented in Chapter 4. Four different numerical schemes are proposed and analyzed for
the SPDDE considered in (1.4) in Chapters 5-8. In Chapter 9, a nonstandard finite difference
method is formulated and analyzed for the SPDDE considered in (1.5).
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CHAPTER TWO

LITERATURE REVIEW

The theory and numerical study of singularly perturbed problems began towards the end of
the nineteenth century, when approximate solutions were constructed from asymptotic expan-
sions. However, the systematic study of numerical approaches for solving singular perturbation
problems began in the late 1970s (Roos et al., 2008). The research frontier has steadily ex-
panded since then, and the presentation of new developments in the analysis has become a
rigorous research in applied sciences and engineering, where various works have been pub-
lished. Numerous books or monographs have appeared in this area which either dealt with
asymptotic approach or the numerical approaches. Some of the familiar monographs include
Van Dyke (1975), O’Malley (1991), Farrell et al. (2000), Holmes (2007), Nayfeh (2008), Roos
et al. (2008), Shishkin & Shishkina (2008), Linf3 (2009), Miller et al. (2012), and so on. Some
surveys are also published, which deal with the review of different form of singular perturba-
tion problems and the methods developed to treat the problems. For instance, Kadalbajoo &
Reddy (1989), Kumar et al. (2007), Kadalbajoo & Gupta (2010), Roos (2012), Sharma et al.
(2013), Kurina et al. (2017) and Duressa et al. (2023) are some survey articles of reviewing nu-
merical schemes for singularly perturbed problems. In this chapter, various published research
works on recently formulated uniformly convergent numerical methods for singularly perturbed

differential-difference equations are briefly reviewed.

Manikandan et al. (2014) solved a singularly perturbed reaction-diffusion type with large delay
as
eu"(z) + a(x)u(x) + b(x)u(x — 1) = f(x), z € (0,2), (2.1)

subject to u(z) = ¢(x), —1 < x <0, u(2) = ¢ with 0 < ¢ < 1. The authors suggested a
numerical scheme using a classical finite difference method on a piece-wise uniform Shishkin
mesh. Stability estimate and convergence analysis of the method is investigated and proved,

which showed that the method is almost first order convergent in the maximum norm.

Swamy et al. (2015) treated a linear singularly perturbed delay reaction-diffusion equation of
the form
eu"(z) + a(x)u(x — 0) + b(x)u(x) = f(x), z € (0,1), (2.2)
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subject to u(z) = ¢(z), —0 < x < 0, u(l) = p with 0 < ¢ < 1 and J is a small delay
of o(e). They constructed a computational method for this problem by replacing the original
singularly perturbed delay differential equation by the first order neutral type delay differential
equation and then employed the Trapezoidal rule. Applying linear interpolation, they obtained

a uniformly convergent finite difference scheme.

Selvi & Ramanujam (2016) also presented a numerical method to solve (2.1) based on an iter-
ative scheme, so that the solution is obtained as the limit of the solutions to a sequence of the
non-delay problems. The numerical solutions of the non-delay problems are obtained by apply-
ing existing finite difference schemes and finite element method for the non- delay singularly
perturbed equations. Error estimates are investigated in the supreme norm. Numerical results il-
lustrating the theory are also included. An extensive amount of computational works have been
carried out to demonstrate the applicability of the proposed methods. In this techniques, it is

observed that the order of convergent is increased depending on the number of iteration.

Subburayan (2016) suggested a hybrid initial value method on Shishkin mesh to treat a singu-
larly perturbed problem

eu"(z) + a(x)u'(z) + b(x)u(z) + c(x)u(x — 1) = f(x) z € (0,2), (2.3)

subject to the interval and boundary conditions u(x) = ¢(z), —1 < z < 0, u(2) = ¢ with
0 < € < 1. By this technique, they obtained a second order uniformly convergent result. In
the work of Chakravarthy et al. (2017a), this problem is treated by constructing an exponentially
fitted operator scheme to overcome the drawbacks of the corresponding classical counter parts.
They established stability estimate and convergence analysis, and obtained that the scheme is a

second order uniformly convergent method.

Sirisha & Reddy (2017a) treated a convection type singularly perturbed problem of the form
eu’(z) + a(z)u'(x — &) + b(z)u(x) = f(z) on (0, 1), (2.4)

with u(z) = ¢(z), =0 < 2 <0, u(l) = fwith0 < ¢ < 1 and J is a small delay of o(e).
They proposed a numerical integration technique. The shift argument is handled using Taylor’s
series expansion, and consequently the second order delay differential equation is replaced by an
asymptotically equivalent first order neutral type delay differential equation. Then, an exponen-
tial integrating factor is introduced to the resulted first order delay equation. The trapezoidal rule
of integration along with linear interpolation is employed to get a numerical scheme. Venkata &
Palli (2017) proposed an exponentially fitted spline method for such problem and obtained that

the scheme provides a second order convergence and free from the perturbation parameter.
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Devendra (2018) solved a singularly perturbed problem involving small negative shift and turn-

ing interior point as
eu’(z) + a(z)u'(x — §) + b(z)u(z) = f(z), z € (—1,1), (2.5)

with the conditions u(x) = ¢(z), —1 -9 < x <0, u(l) = fwith0 < ¢ < 1 and § is
small delay of o(¢). The author used cubic B-spline functions and handled the shift term by
the first two terms of Taylor series approximation. Then, to obtain an approximate solution, a
B-spline collocation method based on Shishkin mesh is proposed. The convergence analysis of

the proposed method is discussed and the scheme is uniformly convergent of almost order two.

Chakravarthy & Kumar (2018) proposed an adaptive mesh scheme for a singularly perturbed

partial differential equation

Ut —E Uz (T, 1) Fa()uy (z, t)+b(x)u(x, t)+c(z)u(z—0, t)+d(x)u(z+n,t) = f(z,t), € (0,2),

(2.6)
with the initial and internal boundary conditions u(x,0) = ¢o(z), = € [0,1], u(x,t) =
oi(x,t), (z,t) € {(x,t) : x € [=0,0], t € [0,T]}, u(x,t) = ¢p(x,t), (z,t) € {(x,1) :
xr € [—0,0]}, where 0 < ¢ < 1. To formulate the method, the authors used backward Euler
scheme for the time variable and the concept of entropy function is used for the spatial variable
using the central difference operator. To overcome the effects of the shift and advance param-
eters, they defined a special mesh, so that the terms containing the shifts lie on the mesh point
after discretization. It is observed that in such method prior information of the width and posi-
tion of the layers are not required. And the obtained method converges uniformly with respect

to the perturbation parameter.

Govindarao & Mohapatra (2018) proposed a scheme for the singularly perturbed problem of the

form

(ur — ey + a(x)uy + b(x)u) (z,t) = c(z)u(z, t —7) + f(x,1),

u(z,t) = ¢u(t), (z,t) € {(x,t): x=0,0<t<T}, 2.7)
u(z,t) = ¢.(t), (x,t) € {(x,t): x=1,0<t < T},
u(z,t) = ¢u(t), (z,t) € {(x,t): x€]0,1],—7 <t <0},

where 0 < ¢ < 1 and 7 1s a time delay. To obtain a global second order accuracy, the authors
proposed a hybrid scheme, which is a combination of the midpoint upwind method and central
difference method in the spatial direction and an implicit-trapezoidal method in the temporal
direction. The standard Shishkin mesh was extended to the hybrid of standard Shishkin mesh
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and Bakhvalov-Shishkin mesh and the method is parameter-uniformly convergent of second

order in time and space.

Bansal & Sharma (2018) considered a singularly perturbed reaction-diffusion of the form
ur(z,t) — ety (x,t) + a(z)u(z, t) + b(x)u(z — 1,t) = f(z,1), (2.8)

with the conditions

uo(x), = € [0,2],
u(z,t) = o(x,t), (z,t) € {(z,t): =1 <2 <0,0<t<T},
u(2,t) = B(2,1), (2,t) e {(2,t): 0<t < T},

where 0 < ¢ < 1 and 7' is a finite time. They proposed a numerical scheme to treat the problem
by approximating the derivative term with respect to time using the implicit Euler scheme on
a uniform meshes and in the spatial direction, they used the central difference operator on a
piecewise uniform Shishkin meshes. They investigated the stability estimate and convergence
result of the proposed method. By this method, it is observed that the scheme is uniformly

convergent of order one in time and almost of order two in the spatial direction.

Sahihi et al. (2019) constructed a computational method using reproducing kernel Hilbert space
method based on collocation scheme for (2.4). The approach is based on the division of the prob-
lem’s domain into two sub-intervals, one with boundary layer and the other without a boundary
layer, and then they applied the reproducing kernel Hilbert space method in each sub-intervals.
From this study, it is observed that the method is with less computational work, fast convergence

and high precision.

Adilaxmi et al. (2019) treated a singularly perturbed problem involving mixed shifts as
e’ (z) + a(z)u'(x) + b(x)u(z — 8) + c(x)u(z + n) = f(x), x € (0,1) (2.9)

subject to u(x) = ¢(z), —0 < x < 0, u(z) = p(x), x € [1,1 +n with0 < ¢ < 1,
d and 7 be shift parameters of o(¢). They simplified the shift terms using the Taylor’s series
approximation and replaced the original second order differential equation by an asymptotically
equivalent singularly perturbed problem. Then, the resulted first order problem was solved using

the nonstandard finite difference method.

Woldaregay & Duressa (2019) solved singularly perturbed parabolic differential-difference equa-
tion given by

Uy —E2 Uy (7, ) Fa(@)ug (2, 1) +b(z)u(z, t)+e(z)u(x—6, t)+d(x)u(z+n,t) = f(z,t), v € (0,2)
(2.10)
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with the initial and internal boundary conditions u(x,0) = ¢o(z), = € [0,1], u(x,t) =
oz, t), (x,t) € {(z,t) : =0 <2 <0<t < T} uzt) = o (x,t), (x,t) € {(z,t) :
—0 <z <0}, where 0 < ¢ < 1. To overcome the the effect of the shift parameters, they used
Taylor’s series approximation and to overcome the influence of ¢, they formulated an s-uniform
scheme based on the method of line using the NSFDM in the spatial direction and the implicit
Runge-Kutta method in the temporal direction. The method is obtained to be e-uniformly con-

vergent of second order in time and one in space.

Sekar & Tamilselvan (2019) treated a singularly perturbed problem with non-local boundary

condition given as

—eu(x) + a(z)u'(z) + b(x)u(z) + c(z)u(z — 1) = f(x), z € (0,2),
u(z) = ¢(z), = € [-1,0], (2.11)

ru(2) = u(2) — 5/0 g(x)u(z)dr =1,

where 0 < ¢ < 1 and f02 g(x)dx < 1. The authors suggested a finite difference scheme with
an appropriate piece-wise uniform Shishkin type mesh. They established the stability estimate
and investigated the convergence of the method, so that the scheme is uniformly convergent
almost of second order. Debela & Duressa (2020) also treated (2.11) by developing a fitted
operator method on a uniform mesh. The non-local integral is handled using the Simpson’s rule
of integration. They accelerated the rate of convergence to second order using the Richardson

extrapolation.

Woldaregay & Duressa (2020) solved the problem in (2.9) by constructing an exponentially
fitted finite difference scheme. The numerical analysis and experiment show that the method
converges uniformly with linear order before Richardson extrapolation and quadratic order af-
ter Richardson extrapolation. Musharary (2020) also constructed a hybrid numerical scheme
for such problem. Using the cubic spline difference scheme in the fine mesh, and the modi-
fied upwind scheme in the coarse mesh, they formulated a hybrid scheme. They established a
theoretical uniform bound in the discrete maximum norm and demonstrated that the formulated

scheme is uniformly convergent.

Mbroh et al. (2020) solved the problem in (2.7) by proposing a numerical method via a step
by step discretization. First, the spatial derivatives were discretized using a finite difference
method, and then Crank-Nicolson method was applied to the resulted initial value scheme on
a uniform meshes. The proposed method is then analyzed for its convergence and accelerated

the accuracy by using the Richardson extrapolation. From the results obtained, it was concluded
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that the obtained method is uniformly convergent of first order in space and second order in time.

Kumari & Kumar (2020) solved a singularly perturbed differential equation in (2.8) by formu-
lating a uniformly convergent scheme. The scheme is constructed applying the Crank-Nicolson
method on the temporal uniform mesh and the standard central operator is used on a piece-
wise uniform spatial meshes. From the theoretical and numerical experiments carried out, the

obtained scheme is uniformly convergent of order two in time and almost order one in space.

Melesse et al. (2020) solved the problem in (2.5) by constructing a hybrid numerical scheme.
They constructed a numerical method applying the mid-point upwind technique in the outer
region and the central difference approach in the layer regions on piece-wise uniform Shishkin
meshes. They established the stability estimate and investigated the convergence analysis of the
numerical scheme. They obtained that the proposed hybrid scheme is e-uniformly convergent

of almost second order in the maximum norm.

Sathya & Rao (2020) presented a stabilized central difference method with exponential fitting
factor for the problem in (2.3). The method is developed by re-approximating the error terms in
the central difference approximation of the given boundary value problem, leading to a stabiliz-
ing effect and a second order convergent method is obtained. An error analysis of the method is

investigated so that the scheme is uniformly convergent of second order.

A singularly perturbed ordinary differential equation with small negative shift in the convection

and reaction terms of the form
eu(x) + a(z)u'(x — ) + b(x)u(x — §) + c(x)u(x) = f(x) z € (0,1), (2.12)

subject to u(z) = ¢(z), =5 <z <0, u(l) = p(1) with 0 < ¢ < 1 and J be a small delay
parameter of o(¢), is solved in by Angasu et al. (2021) and Woldaregay & Duressa (2021). In
both articles, Taylor’s series approximation was used to handle the delay terms. In the former
article, the authors developed an exponentially fitted numerical scheme and obtained that the
scheme is accurate and convergent. In the later article, the problem is solved using the technique

of nonstandard finite difference method.

Chakravarthy & Kumar (2021) solved the problem in (2.1), and improved the results by con-
structing a fitted operator scheme on a uniform meshes. To handle the abruptly varying behavior
of the layer regions, the authors introduced a fitting factor and derive it using the Numerov’s
method. They solved numerical examples and concluded that the method is convergent uni-

formly in the perturbation parameter.

Elango et al. (2021) focused on the study of a singularly perturbed partial differential equation

Ph.D Dissertation 18



Fitted numerical schemes for a class of SPDDEs 2023

with delay and having an integral boundary condition as

ur(z,t) — etz (x,t) + a(z)u(z, t) + b(x)u(z — 1,t) = f(z,1),
u(z,t) = ¢y(x,t), ¢z, t) € {(z,t) : =1 <2 <0, 0<t<T}, (2.13)

ru(z,t) = u(2,t) — 5/0 g(x)u(z, t)dr = ¢.(x,t), op(x,t) € {(2,): 0<t < T}
u(z,t) = gp(z,t), dp(z,t) € {(,0): 0 <z <2},

They constructed a numerical scheme applying the standard central difference for the second or-
der space derivative and backward difference for the first order time derivative. They simplified
the integral boundary condition using the trapezoidal rule and constructed a numerical method
on a piece-wise uniform spatial meshes. From the analyses of the method, they concluded that

the method is convergent of first order in time and almost of second order in space.

Duressa & Bullo (2021) modified the studies and results in solving (2.2) by proposing a high
order numerical method. In this method, the delay term is expanded using the Taylor’s series
expansion and as a result the problem is transformed to a convention-diffusion form. Then us-
ing the finite difference methods, they obtained a three-term recurrence relation finite difference
approximation. To accelerate the convergence result, they used Richardson extrapolation tech-
nique and obtained an improved order of convergence. Tirfesa et al. (2022) improved it more
by developing a non-polynomial cubic spline method. In this method, the singularly perturbed
delay reaction-diffusion equation is transformed into an asymptotically equivalent two-point
boundary value problem using Taylor series expansion. Then, a non-polynomial cubic spline
approximation is developed into a three-term recurrence relation and obtained that it is accurate

and convergent of order four.

Babu et al. (2022) also treated (2.7). In this method, based on the harmonic mesh, which are
nonuniform and fine in the vicinity of the layer region, the authors constructed a parameter-
uniform numerical scheme using backward Euler scheme to discretize the time derivative and
the upwind finite difference scheme to discretize space derivative of the equation. The temporal
delay was handled by choosing a positive integer times the time mesh yielding the delay param-
eter. From the theoretical and numerical experiments, it was proved that the proposed scheme is

computationally more efficient as compared to other meshes like Bakvalov and Shishkin meshes.

Prasad et al. (2022) presented a computational method based on an exponential spline method
for solving problem (2.4). To control the oscillations in the solution, the authors included a

parameter, which is based on the exponential spline function and a special type of mesh is
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developed. To enhance the effectiveness of the scheme, a fitting factor is introduced, which is

determined using the theory of singular perturbation.

A singularly perturbed parabolic equation of the form
Elyy (T, 1) + a()uy(z,t) — b(z)u(z — 1,t) — c(x)u(x, t) —u(z, t) = f(x,t), (2.14)

with initial and interval boundary conditions u(z, 0) = ug(x), x € [0,2], u(x,t) = ¢(z,t), (x,t) €
{(z,t) : =1 <2 <0, 0<t<T}Hu?2t) =p(21), (2,t) € {(2,t) : 0 <t < T}, where
0 < e < 1and T is a finite time, is solved by Daba & Duressa (2022). Due to the presence
of discontinuity and large delay, interior layers appear in the solution. To solve the problem,
they formulated a numerical scheme using implicit Euler technique in the temporal direction
and used a cubic spline in compression on a uniform spatial meshes. The method is obtained to

be uniformly convergent of first order in time and second order in space.

Ayele et al. (2022) also solved (2.14) by constructing a numerical method applying the Crank-
Nicolson in the temporal direction and NSFDM in the spatial direction. The authors described
that the interior layer is caused by the delay term and the weak boundary layers are exhibited by
the discontinuity of the convection coefficient and source functions. However, the occurrence of

weak layers due to coefficient and source functions is not clearly described.

Gobena & Duressa (2022) treated problem (2.13) and improved its accuracy by formulating a
fitted numerical scheme. To formulate the scheme, they used the Crank-Nicolson technique on
the temporal mesh and an exponentially fitted operator method on a uniform spatial mesh. It
is obtained that the scheme is uniformly convergent of second order in both time and spatial

direction.

Elango & Unyong (2023) treated a singularly perturbed problem given as

— e () + a(z)u(z) + b(z)u(x — 1) + c(z)u(z + 1) = f(z) z € (0, 3),
u(z) = ¢(z), © € [—1,0], u(z) = ¢(x), x € [3,4] (2.15)

for 0 < ¢ <« 1. They solved the problem by constructing two non-uniform meshes used as
part of the finite difference method. And they obtained that scheme is convergent of almost first
order for the Shishkin mesh and it is convergent of first order for the Bakhvalov—Shishkin mesh

formation.
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A singularly perturbed problem with a non-local boundary condition of the form

— e (z) + a(z)u(z) + b(z)u(zx — 1) = f(z), = € (0,2)
u(z) = ¢(z), = € [-1,0], (2.16)

ku(2) = u(2) — 6/0 g(x)u(z)dr =1,

where 0 < ¢ < 1 and f02 g(x)dx < (is solved by Elango (2023). The authors suggested a finite
difference scheme with an appropriate piece-wise Shishkin type mesh. Using the discrete norm,
the error estimate is analyzed , and obtained that the method is almost of first order. However,
the solution of reaction-diffusion problems are expected to be of second order, and hence the

result obtained by Elango (2023) contradicts this assumption

Brdar et al. (2023) considered a singularly perturbed time-dependent problem of the form

wy (2, 1) — 2Ugy (2, 1) + a(@)u(z, t) + b(z)u(x — 1,t) = f(z,1),

u(z,0) = ug(x), x € 0,2, (2.17)
u(z,t) = oz, t), (z,t) € {(z,t): =1 <2 <0,0<t<T},
u(2,t) = B(2,1), (2,1) €{(2,1): 0<t =T}

where 0 < ¢ < 1 and 7' is a finite time. The authors treated the problem using the finite ele-
ment technique in the spatial direction and a discontinuous Galerkin technique in the temporal
direction. They investigated the uniform error estimate and obtained that the scheme is conver-
gent of second order in time and space. Tiruneh et al. (2023) treated the problem in (2.17) by
constructing a nonstandard finite difference method on a uniform spatial mesh, and then using
the Crank-Nicolson method on a uniform time mesh. The error analysis shows that the scheme

is uniformly convergent of second order in time and space.

Hailu & Duressa (2023) considered a singularly perturbed problem with integral boundary con-

ditions as

ur(,t) — g (x,t) + a(z)uy(x,t) + b(x)u(x, t) + c(x)u(x — 1,t) = f(x,t),

u(z,t) = gp(z,t), dp(z,t) € {(z,0): 0 <x <2},

u(z,t) = ¢z, t), ¢(z,t) € {(z,t): =1 <x<0,0<t<T}, (2.18)
ru(x,t) = u(2,t) — 5/0 g(@)u(z, t)dr = ¢.(z,t), or(z,t) € {(2,t) : 0 <t < T},

for the singular perturbation 0 < ¢ < 1. To treat the problem, the authors formulated a numer-

ical method applying implicit Euler technique in the time direction and an exponentially fitted
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difference method in the spatial direction. They used Simpson’s rule of integration for the inte-
gral boundary conditions, and the first order of convergence is accelerated to order two applying

the Richardson extrapolation.

From the various research works reviewed above, it is observed that a significant amount of
research has been done on different forms of SPDDEs in terms of designing and analyzing the
numerical methods. Most of the works are focused on the problems involving small shift argu-
ments. Different fitted finite difference methods have been developed, analyzed and validated
to be implemented for practical purposes. However, singularly perturbed differential equations
with large negative shifts, that arise in various fields of science and engineering, have received
relatively very little attention from the research community. This observation suggests that there
is still much to be explored in the area, and more research is needed to formulate new and
more efficient numerical methods that can handle the problems and to explore their applications
in various fields. This dissertation is mostly focused on formulating and analyzing numerical

methods for singularly perturbed differential equations involving large negative shift.
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CHAPTER THREE

RESEARCH METHODOLOGY

3.1 Study area and period

This study is conducted in Applied Mathematics focusing on a class of singularly perturbed
differential-difference equations. These problems are considered in this study, because they re-
quire parameter-independent numerical methods, which yield accurate, stable and convergent
results. The study is mainly focused on formulating, analyzing and validating fitted numerical
schemes for the problems under consideration. And this dissertation is conducted from Septem-
ber 2019 to June 2023.

3.2 Study design

The dissertation is designed to employ documentary review of various singularly perturbed dif-
ferential equations, description of the continuous solution, mathematical derivation of the nu-
merical methods and numerical experiments on a singularly perturbed differential-difference

equations.

3.3 Source of information

The relevant sources of information for this dissertation include various books, previously pub-
lished articles and related studies available on google scholar, and the experimental results are
obtained by writing and implementing computer programs for the developed numerical schemes

on a Matlab software package.

3.4 Methods of scheme formulation

In this dissertation, to formulate fitted numerical schemes for a class of singularly perturbed
differential-difference equations, finite difference methods are used either on a uniform or piece-
wise uniform meshes. On a uniform meshes, fitted operator finite difference methods, which in-
volve replacing the standard finite difference operator by one which captures the layer behavior
of the problem are formulated. And on a piece-wise uniform meshes, fitted mesh finite differ-
ence methods are formulated by modifying the meshes that adapt to the singular perturbation

problems.
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2023

3.5 Study procedures

To achieve the stated objectives, the following general procedures are employed

1)
2)
3)
4)
5)
6)
7)
8)

9)

Describing the model problem.

Describing the properties of the continuous solution.

Discretizing the solution domain.

Formulating fitted numerical method on the discretized domains.
Establishing the stability estimate of the formulated numerical methods.
Investigating the convergence of the formulated numerical methods.
Confirming the theoretical findings by numerical experiments.
Comparing the formulated schemes with others in the literature.

Conclusion on the proposed methods.
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CHAPTER FOUR

AN EXPONENTIALLY FITTED OPERATOR METHOD
VIA DOMAIN DECOMPOSITION FOR SINGULARLY
PERTURBED ORDINARY DIFFERENTIAL EQUATIONS
WITH LARGE NEGATIVE SHIFT

This chapter deals with the formulation and analysis of an exponentially fitted operator scheme
for solving a singularly perturbed ordinary differential equations involving large negative shift
on a decomposed solution domain. Such problem arises frequently in the mathematical model-
ing of various physical and biological phenomena. The studies of these problems have shown
that the behavior of the layers can change its character with the changes of the perturbation pa-
rameter, and this makes it difficult to solve the problem analytically. Few works are available in
literature with various forms of numerical schemes. However, most of the formulated schemes
are not accurate enough and have low parameter-uniform convergence rate. In this chapter, a
numerical scheme is formulated by decomposing the domain into six subdomains, four inner
regions and two outer regions. For each inner regions, an exponentially fitted finite difference
scheme is proposed and combining all with the reduced schemes of the outer regions, an accurate

and convergent numerical scheme is obtained.

4.1 The governing problem

Consider a second order singularly perturbed delay differential equation is considered as
Lou(z) = —eu"(z) 4+ a(z)u(z) + b(z)u(z — 1) = f(z), z € (0,2), 4.1)

with the interval and boundary conditions given as

u(z) = ¢(z), z € [—1,0],
u(2) = a,

4.2)

where u(xr) € C(T) = C°[0,2] N C%((0,1) U (1,2)) and the functions a(x), b(z) and f(x)
are assumed to be sufficiently smooth, bounded and independent of ¢ on [0, 2]. Moreover, for

arbitrary constant ), the coefficient functions satisfy the conditions

a(z) +b(x) > 2\ > 0 for and b(z) < 0, z € [0, 2] 4.3)
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Also, ¢(x) is a smooth function on [—1,0] and « is a given constant, which are independent of

. Problems (4.1)-(4.2) can be rewritten as

L. u(x) = —eu(z) + a(z)u(z) = f(z) — b(z)p(x — 1), = € (0,1], (4.4a)
L.ou(x) = —eu"(z) + a(z)u(z) + b(z)u(x — 1) = f(z), = € (1,2) (4.4b)

with u(z) = ¢(x) on [—1,0], u(17) = u(17), v/(17) = «/(1") and u(2) = «, where 1~ and
1T represent the left and right side limit of u at x = 1, respectively. Due to the influence of
the perturbation parameter, the solution u(z) of the boundary value problem (4.1)-(4.2) exhibits
strong boundary layers at x = 0 and = 2 (Natesan & Bawa, 2007), and due to the large
negative shift, interior (interfacing) layers occur on left and right sides of x = 1 (Subburayan,

2016). Such type of problem has a unique solution (Eloe et al., 2005).

4.2 Properties of the continuous solution

Lemma 4.2.1 (Dinesh et al., 2017). For the smooth functions a(x) and b(x) satisfying (4.3), let
Y(x) € C(T), such that 1(0) > 0, ¥(2) > 0 and L.)(z) > 0on (0,2). Then, (z) > 0 on
[0, 2].

Proof. Let z* be given such that ¢)(2*) = min,¢(o,9¢(x) and for the contrary, suppose ¢(z*) <
0. By the given conditions, * ¢ {0,2} and from the extreme value theorem, it follows that
Y'(x*) = 0 and 9" (2*) > 0. Consequently,

*

X

££,1¢(x*)
and L.o9(x")

— e (z*) + a(z*)(z*) < 0, 2* € (0,1],
—ey(@7) + a(z")Y(a") + b(a")Y(a" — 1)
— e (z*) + [a(z*) + b(z")]Y(x*) < 0, z* € (1,2),

(z7)
(z7)

T

IN

which is a contradiction to the given hypothesis, so that the assumption is wrong. This implies
that ¢)(z*) > 0 and ¢(z) > 0, for all z € [0, 2]. |

Lemma 4.2.2 (Dinesh et al., 2017). Let the conditions in (4.3) hold true and u(x) be any
function on . Then, for all z € [0, 2], |u(z)| < 55 || Leul| + max{|u(0)], |u(2)|}.

Proof. Define two functions as ¢*(z) = $||L.ul + max{|u(0)], |u(2)|} £ u(x). By these

functions, one can have
1 1
Atz =0, *(0) = FLeull + max{|u(0)], [u(2)[} £ u(0) = L] Leull 2 0,

1 1
Atz =2, ¢*(2) = FILull + max{|u(0)], [u(2)[} £ u(2) = L[| Laull = 0.
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And by (4.4) for all x € (0, 2),

Leap*(2) = — el +a(z)p* (x)

=Fepi+ M||£<,:,1UI| + a(x) max{[u(0)], [u(2)[} + a(z)u(z)

A
=+ [a(x) = b(x)y(z —1)] + @Hf(l‘) = b(x)y(x — V|| + a(z) max{[u(0)], [u(2)[}

>a(x) max{|u(0)[, |u(2)|} >0, x € (0, 1].

Lat*(@) = — gl + () (@) + ba)p (o — 1)
=5 gl + U Leau()] + XD Lot — 1))+ fafa) + b)) mac{fu(0)], ()]}
+ a(x)u(z) £ b(z)u(x — 1)

b(x)

=+ 1) + "L puo) + 2D

By
>la(x) + b(z)] max{lu(0)], [u(2)[} = 20max{|u(0)], [u(2)[} = 0, z € (1,2).

[1£epu(z = D] + [a(z) + b(z)] max{[u(0)], [u(2)[}

Applying Lemma 4.2.1, we obtain o= (z) > 0, for all z € [0, 2], and hence |u(z)| < %HEEUH +
max{|u(0)], |u(2)|}, for all z € [0, 2]. |

Lemma 4.2.3 (Manikandan et al., 2014). Let the conditions in (4.2) hold true and u(x) be the
solution of (4.1)-(4.2). Then, the k'" derivatives of u(z) are estimated as

[u® ()| < Ce™2(|Ju]l + || 1)), if k= 0,1,

_k — k=2 .
W (@) < Oz (Jull + 1FI| + 1752 le™=0), if k=2,3,4.

Proof. The case for £ = 0 holds true by Lemma 4.2.2. For the case k = 1, let z € (0, 1) and
construct an associated neighborhood N, = (¢, + 1/€), such that z € N, and N, C [0, 1]. By

the Mean Value Theorem for some s € IN,, it follows that

|U,(S)| _ U(L + \/g> B U’(L)
(t+vE)—
Then, for x € N,,
o (0)] =1 (s) + (o) — w(5)| = (o) + [ ey
=u'(s) + ! /m[—f(t) + a(t)u(t) + b(t)(t — 1)]dt|, t € (a,x)

=& 2 ut+ V) — u(r)| < 2¢2ful.

3

<h/(5)] + 2171 + allull + b6l vE
(lull + 1£1).

<(Ce~
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By a similar procedure, for z € (1,2), construct a neighborhood N, = (¢,¢ + v/2) C (1,2).
Then, by the Mean Value Theorem as above, it becomes |/ ()] < Ce™z (||ul| + ||.f]]).

The case for k£ = 2, follows rearranging terms in (4.1) as
u’(z) = e Ha(z)u(x) + b(z)u(x — 1) — f(x)]. 4.5)
From this, [u”(z)| < Ce™*(||u]|+]|f]|)- Differentiating both sides of (4.5) once and twice yields

lu" () :5_1|a'($)u(:v) +a(z)u' (x) + V' (x)u(x — 1) + b(x)u'(x — 1) — f'(z)]
<e YO+ Ce=(Jlull + IIF1) + 111D < Cem2(flull + £+ 1£1l€3)-
= 1|(d(@)u(@)) + (a(x)d (2) + (O (@)u(z — 1)) + (b(x)d' (@ — 1)) — f"(z)]

<Ce™*(llull + A1+ [1F"1le).

[ut(2)

which completes the proof of the required estimate. |

4.3 The numerical method

In this section, the asymptotic techniques and derivation of the numerical methods are discussed
in detail. To handle the essential behavior of the solution, the locations of the two boundary
layers and the interfacing layers are described, and the mathematical derivation of the numerical

method is described.

Description of the numerical method

Since the solution of (4.1) exhibits two boundary layers and interior (interfacing) layers, the
domain is divided into six sub-domains, such as two boundary layers, two interior layers (left
and right side of x = 1) and two outer regions. Let the asymptotically expanded solution of
(4.1)-(4.2) be given as

o

u(z,e) = Z(uﬂ(x) + v (1) + vi2(12))€, = € (0, 1], (4.62)
u(z,e) = Z(uﬁ(x) + vi3(y3) + via())e's = € (1,2), (4.6b)

x—1 2—x

where v, = \%, Yo = 1’7;”, V3= 2 and 4 = T Then, the corresponding zeros order
asymptotic expansions of (4.6a)-(4.6b) are given by

U(l‘) = Uop1 (I) + Vo1 (’71) + U02(’72)7 YRS (07 1]7 (473)
u(:v) = u02($) + UOS(VS) + U04<74)> T C (17 2)7 (4‘7b)
where ug () = % and ugy () = W are the asymptotic solutions of the

reduced problem on (0, 1] and (1, 2) respectively, which do not satisfy the conditions in (4.2).
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From the solution of the reduced problem, the value of u(z = 1) = /3 (say) can be obtained. In
(4.7a)-(4.7b), vo; is the left boundary layer function, vy, is the left side of « = 1 interior layer
function, vg3 1s the right side of x = 1 interior layer function and vy, is the right boundary layer

function.

The functions vy1, Vg2, Vo3 and vy, satisfy respectively, the following transformed homogeneous

differential equations.
d*vo1 (1)

————— ta(0)vor(1) = 0; 1 € (0.00), (4.8a)
dyi
2
d 002(2%) + a(1)vga(72) = 0; 72 € (0.00), (4.8b)
dvy
2
o d 003(273) + a(1)voz(3) = 0; v3 € (0.00), (4.8¢)
dns
2
~ L) a(@)um () = 0 2 € (0.0). (480
4

Solving each sub-equations in (4.8) at the corresponding terminal points and by (4.7a)-(4.7b)
yields the zeros order solution of (4.1)-(4.2) as

(@) = s () + Me VL 4 e VD e (0.1, (4.92)
() = uga(w) + Age VI ED L n e VIR e (12), (4.9b)

where \i, \2, A3 and )\4 can be obtained using the interval and boundary conditions as

a(l)

[0(0) — u01(0)] — [B — ups (1)]e™V "=

N =D , (4.10a)

— €
18— un ()]~ [6(0) — up (0))e VT

\ e (4.10b)
— €

o 1 ()] = 8 — w2V @100

. (V) |
1—e : :
Mo [ = wa(2)] = [B — uga(1)]e VE (4.10d)

l—e (\/@ﬂ/@)

Derivation of the numerical method

The domain [0, 2] is divided into N equal parts with a uniform mesh length h. Suppose 0 =

T, T1, T2, ..., TN = 1, TN, TN o, ...,xx = 2 be the mesh points. Then, z; = ih; 1 =
2 2 2
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0,1,2,..., N. Choosing the terminal points as z,, = /&, T, = 1 — /&, 2,, = 1 + /¢ and
Tn, = 2 — \/g, suppose that the left boundary layer is in the interval [0, /], the right boundary
layer is in the interval [2 — /2, 2], the left interior layer is in the interval [1 — /e, 1], the right
interior layer is in the interval [1,1 + /], the left outer region is in the interval [\/g,1 — \/¢]
and the right outer region is in the interval [1 + /2,2 — /¢].

Now, at x = z;, (4.1) can be written as —cu”(z;) + a(z;)u(z;) + b(x;)u(z; — 1) = f(zy).
Let U; be the approximate solution of u(z;). Then by the central finite difference method,
u”(x;) = 02U; — %U¢(4) + R, where R = %U(ﬁ) (), t € [x; — h,x; + h]. Introducing a fitting
factor o to obtain an e-independently convergent scheme,

2 h?
LNU; = - g—UUifl T (E + ai) Ui — g—UUiH + g

h? h? h? 12
which leads to
N . N
LU =AUy + BiUi + AUy = D+ T, i = 1,2, ., o (4.12a)
N

N
LU = AU+ BUj + AU = B+ T, i = S+l 2. N=1,  (412b)

where A; = =53, B; = 27 4-a;, D; = fi=bi¢;_n, Ei = fi=bUi_nppand T; = —22 UG (1) +
eaO(h*) fort € [z; — h,z; + hl.

To handle the abruptly changing behaviors of solutions in the layers, an exponential fitting factor
is introduced in each layers as follows.

Case 1: Left boundary layer

On the interval [0, y/¢], we introduce a fitting factor o in (4.11) as

U,y —2U; + U, . N
—801< ! h2+ +1)+aiUi:Di+Tiforz:1,2,...,§. (4.13)

To determine the fitting factor o7 on the left boundary layer, the left boundary layer asymptotic
solution is used with the left outer solution given by

Ui = Um(ﬂ?,’) -+ )\16_ a(EO)xi. (414)

Assuming that the solution converges uniformly to the solution of (4.1)-(4.2), from (4.13),
—‘;—;(Ui_l —2U; + Uiy1) = D; + T; — a;U;, where p = \/% Taking the limit as h — 0,
yields

. 01 T . T
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From the asymptotic solution (4.14), it follows that U;_; = Upy(x;_1) + A\e” V @“e Val0r and
_. /e, \/_0 . . . o .
Uipr = Upt (zi41) + Me V= “iem V0% Ingerting these in (4.15) and simplifying gives

(a2 )
1 <smh<mp/2> | o

which is the fitting factor in the interval [0, v/¢]. Having this fitting factor in (4.13),

€01 2e0q €0y

N
_ﬁUi—l + (F + (IZ‘) Uz - FUH_I = DZ + E, for ¢ = 1, 2, g (417)

Case 2: Left outer region

On the interval [\/z, 1 — /2], setting ¢ = 0, (4.11) becomes

N N 3N
Ui=D;, fori=—+1—+2,..., —, 4.18
a or ¢ 3 + g + S ( )
which is the scheme in the left outer region.
Case 3: Left side interior layer
On the interval [1 — /2, 1], introducing a fitting factor o5 in (4.11) yields
U,_1—2U; + U, . 3N 3N N
—c0y ( ! e + “) +ail; =Dyt Tifori===+1,==+2,.. 0. (419

To determine the fitting factor o5, the corresponding interior layer asymptotic solution is used

with the left outer region solution given as

Us = Ut (1) + MoV "1 0= (4.20)

Assuming that the solution converges uniformly to the solution of (4.1)-(4.2), from (4.19), one

cane obtain that

—lim (U — 2U; + Usyy) = lim (D, +T; — a;U;), (4.21)
_>

/a(l) ) /
Wherep = \% From (4.20), Ui_1 = U01<$Ci71)+)\2€_ 51 (l_wl)e_ a(l)p and Uz’+1 = U01<$¢+1)+

a(1) Y/ o . . . . . . .
Age™ = (=) oy/a(Dp, Substituting these into (4.21) and simplification gives a fitting factor in

the interior layer on the left side of x =1 as

(a2 )
(sinh(\/a(l)p/Q) . (+:22)
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And with this fitting factor, it is possible to obtain

E09 260’2 E09 . 3N 3N N
—ﬁUi_l + ( h2 + ai) Ul — ﬁUH_l = Dz —|—T‘“ fOI' 1 = ? + 1, ? —|—2, ceey E (423)

Case 4: Right side interior layer

On the interval [1, 1 + /], introducing a fitting factor o in (4.11) gives

U1 —2U; + Ui
—E&03 2

N N 5N
) taU(n =B+ T, fori= "+ 1,5 2, - (424)

To determine o3, the right side interior layer asymptotic solution is used with the right outer

solution given by

Us = Uga(:) + Mge~V @D, (4.25)

Again, assuming that the solution converges uniformly to the solution of (4.1)-(4.2), from (4.24),

one can find that

] 0-3 — ] . - — . .
— }ILIL% ?(Uz‘_l — QUI + Ui+1> = }ILILI(I)(EZ + T’z CLZUZ), (426)

[r@) .. sy
where p = \/% Using (4.25), it follows that U; 1 = Upa(z;_1) + Aze” - @=Devap and

/ a( ) / . . . i . .
Uir1 = Upa(is1) + Aze™ = @i—Dg—ya(p, Putting these in (4.26) and simplifying gives the

fitting factor o3 in the right side interior layer as

I VAT >
: <smh<mp/z> | 27

Having this fitting factor, (4.24) becomes

E03 250’3 E03 . N N 5N
—?Uifl + < 72 + CLZ‘> Ul — ﬁUiJrl = E@ + ﬂ for i = ? -+ 1, 5 —+ 2, N (428)

Case 5: Right outer region

On the right outer region [1 + /2,2 — /2], setting ¢ = 0, (4.12b) is reduced to

oN oN TN
aU;=FE;, forr=—+4+1,—+2,...,—, (4.29)
8 8 8
which is the right outer region scheme.
Case 6: Right boundary layer
On the interval [2 — /2, 2], introducing a fitting factor oy in (4.11) gives
U,y —2U; + U, . TN TN
—504( ! 72 + +1) —I—aZUZ:EZ—{—TZ, forz:?—l—l,?%—l...,]\f. (430)
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To determine o4, the right boundary layer asymptotic solution is used with right outer solution,
which is given by
[a(2) .
UZ' = UOQ(xi) + /\46_ %(2_%). (431)

Assuming that the solution converges uniformly to the solution of (4.1)-(4.2), it follows that

—lim Uiy — 2U; + Upyy) = lim (E; + T, — ;). (4.32)
—

where p = . From ((4.31)), Ui_y = Ugs (i) +-MeV = E#0eV P and Uy = U (i) +

a(2)

e Ve Fmmile=va@p gnqg putting these into (4.32) and simplifying, the fitting factor is ob-

(/a2 ) 433
! (sinh(\/a(2)p/2) . (+:33)

With this fitting factor, the numerical scheme in right boundary layer is given as

tained as

E0y 260’4 E0y . TN TN
—ﬁUZ‘_l + ( 72 + (li> (]Z - WUH—I = Ez + ,I'z fori = ? + ]_, ? + 2, ceey N. (434)

Thus, the solution of the considered singularly perturbed differential equation with large nega-
tive shift can be obtained by solving the recurrence relations in (4.17), (4.23), (4.28) and (4.34)
together with the outer layer schemes (4.18) and (4.29).

Discrete stability estimate

To establish the computational stability of the proposed numerical scheme, the approaches of
Tiruneh & Reddy (2007) and Smith et al. (1985) is used as follow. From (4.12a), consider the

recurrence relation

N

AU+ BiUi + AiUi1 = Dy, i = 1,2, .., o (4.35)
where A; = —5% and B; = 2;—2" + a; with o as in (4.16) or (4.22) and subject to the boundary
conditions Uy = ¢(0) and Uy = U(a:%) Now, set

Ui:HUi—&-l"i‘Qi, fOIi:N—l,N—Q,...,Z,l, (436)

where P, = P(x;) and Q); = Q(x;) are determined as follows. From (4.36), U; 1 = P,_1U; +
(2;—1 and substituting in (4.35) gives

—4A, D; — AiQia

U= ———U,; _
AP, + B; (o AP, + B;

(4.37)
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From (4.36) and (4.37),
A,
p=_— "t 4.
" AP+ B (4382)
D; — AiQiy
= . 4.38b
@ AP + B; ( )

Using the initial condition Uy = ¥ (0) = PyU; + Qo, we can solve (4.38a) and (4.38b). Choose
Py = 0, it follows that )y = U,. Using this and U N = U (x%), compute P; and Q; for all
1=1,2,..., % Suppose that in computing P; from (4.38a), a small error e; be committed. Then,

.. —A;
P =P +e;and P | = P_; + ¢;_;. But, it is to compute P = AP 7B So,

A, A AP,

‘ ! AP+ B; * APy + B; AP+ Ajei_y + Bz'e '

From the assumption in (4.3), a(x) > 0 and since A; = —33 and B; = 2,5—2" + a;, it follows

that |B;| > |24, fori = 1,2,..., N — 1. Then, from (4.38a), P, = Wﬁ& <1, P =
— A, —A,

h o5 < 4,5 < las 1 <1 and successively, continuing in this manner yields |P| < 1

fori = 0,1,2,..., N — 1. Thus, under the assumption that there is small initial error, |e;| =

AP 1+Aie;1+B;

In a similar procedure, it is possible to show that (4.38b) is also stable and following the same

<

le;—1|, which implies that |e;| < |e;—1|. This implies that (4.38a) is stable.

procedure for the numerical scheme (4.12b), a similar result can be obtained. This shows that

the formulated finite difference scheme is stable.

Error analysis

To provide the error analysis of the proposed numerical scheme, the approach in Duressa (2021);

Sathya & Rao (2020) is used. From (4.12a), a system of equations can be written as

€ 2e € N
—%m4+6%#m>w—%mﬂ+%+ﬂzaszzwg, (4.39)

where o is as in (4.16) or (4.22), g; = — f; + bﬂbif% and T; = %u?) (), t € [x; — h,z; + hl.
Incorporating the conditions U(0) = ¢(0) and U(1) = U(x i ) in (4.39), a system of equations
in matrix form is given as

(G+H)U+ M +T(h) =0, (4.40)
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2 -1 0
-1 2 -1
where G = 33 | : ... i | isatri-diagonal matrix of order § — 1
-1
0 0 -1 2
ag 0 0 ... 0
0 ay 0 ... 0
andH=1|: : : ... : is a diagonal matrix of order & — 1.
0
o 0 ... 0 a;_

t
And the associated vectors of (4.40) are M = (gl — 5”52(0) 19250 GN g, GN g — =1 ) ,T(h) =

t
(T 1,15, ..., T N _1> . Now, let U* be the approximation of U satisfying the system of equations
(G+H)U"+M =0 (4.41)

and suppose that the i** truncation error be ¢; = U — U, i = 1,2, ..., % — 1, such that £ =

t
(61, e, ..., e%> — U* — U. Taking the difference between (4.40) and (4.41) yields
(G + H)E =T(h). (4.42)

Leta; < K, Vi =1,2,...,N/2 — 1, for arbitrary constant K and let H;; be the (4,7)"" entry of
matrix H. Then since a; > 0, for a sufficiently small h, we have H;; # 0 and 2;—;’ + H,;,; # 0 for

i=1,2,.., % — 1. These show that (G + H) is an irreducible matrix.

In matrix (G + H), if S; be the sum of entries on the i** row, then S; = SAag, i=1, % -1

and S; = a;, 1= 2,3, ..., % — 2. Let’s define K1 = min a; and Ky = max a;, which imply
1<i<fd 1<i<f

that 0 < Ky < K < K. Thus, for a sufficiently small value of h, (G + H ) is monotone, so that
it is non-singular and (G + H)_1 > 0. From (4.42),

IEI < (G + =) T ()| (4.43)

and in each row of (G + H), it is true that
N N
Si > h2(2_02- +ai), 1= 1, 5 —1and Sl > hQai, 1= 2,3,..., 5 — 2.

Suppose that (G + H)(_llj) be the (i,7)" entry of (G + H) ™" and define that

81
G+ = max S|(G+H))| and |T(R)| = max [T}
1<i<5 -1 1 <i<S—
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Since
N
(G+H) 'S =1,i= 1,2, —1and (G+H)™" >0,

it follows that

1 1 N
G+H)'l<—< L i=1,=—1,
CHH) g “mEray ! 13
and
N/2-2
1 1 N
G+ H) | < < =1,2,...,— — 2.
Z ( * )Z’j B I’IliIlSj B h2CLi, ! T
Jj=2 J
From (4.43), using the i*" row sum,
81
-1 _
1 <G+ B T = max (G +H | % max [T,
i S5
1 1 1 1 ealu™® (&)
<5 — X h? & € (w, i),
ThE\SEta a3ty 12 & € (@ Tin)

Since o is given as in (4.16) or (4.22) for the corresponding sub-regions, assuming sufficiently
small h, we obtain || E|| < Ch?. Thus, for sufficiently chosen large value of C, this result shows
the second order convergence of the proposed scheme on (0, 1], and by a similar analysis, the

convergence of the numerical scheme can be investigated on (1, 2).

4.4 Numerical results and discussions

In this section, the numerical experiments are presented to test the applicability of the derived
numerical scheme. If the exact solution is given or can be determined, the maximum point-wise
error is computed as ¢ = Z:BnlaXN|u(ycl) — UN|. And if the exact solution of a problem is not
known, then the double mesh principle (Doolan et al., 1980) is used to determine the maximum
absolute error and corresponding convergence rate of the proposed numerical scheme. That is,

for a mesh function U;, the maximum absolute error is computed as

el = max|U}" — U, (4.44)

£

where U?" is the approximate solution obtained by taking 2N mesh points. The uniform abso-

lute error is then determined by

e = max(el). (4.45)

€

The corresponding convergence rate is computed by

v _ log(ed /)

4.46
c log 2 (4.46)
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and the uniform convergence rate is obtained as
_ N
r = max(r. ). (4.47)

Example 4.4.1 (Selvi & Ramanujam, 2016). Consider a constant coefficient boundary value
problem —eu' (x) + 5u(z) —u(x — 1) =1, u(z) =1, z € [-1,0], u(2) =2

Example 4.4.2 (Dinesh et al., 2017). Consider a variable coefficient boundary value problem
—eu(x) + (x +5)u(x) —u(x —1) =1, u(z)=1, z € [-1,0], u(2) =2

Example 4.4.3 (Manikandan et al., 2014). Consider a constant coefficient boundary value
problem —eu” (x) 4+ 2u(x) —u(x — 1) =0, u(z) =1, z € [-1,0], u(2) = 1.

To elucidate the stability, uniform convergence and accuracy of the finite difference scheme de-
veloped in this chapter, maximum absolute errors and corresponding convergence rates are com-
puted for each examples. Since the exact solutions are not given for the considered examples,
the techniques in (4.44)-(4.47) are used to show the maximum absolute error and convergence
rate. As it is shown in Tables 4.1, 4.2 and 4.3, the maximum absolute errors and convergence
rates of Examples 4.4.1, 4.4.2 and 4.4.3 are given, respectively by taking various values of ¢
and N. From these tables, one can observe that the maximum point-wise error decreases when
the mesh number increases. This confirms with the desired numerical results that increasing the
mesh numbers increases the accuracy of the result. On the other hand, for each mesh number,
decreasing the value of the perturbation parameter yields stable and uniform maximum absolute
error, which confirms with the theoretical results. As shown in Table 4.4, the results obtained ap-
plying the formulated scheme are compared with some other published results in the literature.
From this table, one can see that the numerical schemes developed in this chapter is accurate

and uniformly convergent to solve the considered problem.

The numerical solutions of examples 4.4.1 and 4.4.2 are simulated graphically in Figures 4.1
and 4.2, respectively for various values of ¢. In these figures, one can observe that minimizing
the perturbation parameter decreases the width of the boundary layers and the interior layer,
and characterized by steep gradients. The convergence result of the formulated method is also
simulated by plotting the log-log graph of the maximum absolute errors versus mesh numbers as
shown in Figure 4.3. From the log-log plots, one can visualize that increasing the mesh numbers
(i.e decreasing the mesh sizes) decreases the maximum absolute error, and decreasing the value

of the perturbation parameter yields stable maximum absolute errors.
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Table 4.1: Maximum absolute errors and rate of convergence of Example 4.4.1 for different

values of £ and V.

le | N—

012

1024

2048

4096

8192

20

2—2

2—4

2—6

2—8

2—10

2—14

2—16

2—18

2—20

1.8437e-04
1.9815
1.3535e-04
1.9766
4.3100e-05
1.9609
1.1424e-05
1.9372
4.8890e-05
1.8671
1.6110e-04
1.7203
4.2044e-04
1.3839
6.0346e-04
0.5214
5.9842e-04
0.5985
5.9840e-04
0.5474
5.9841e-04
0.5475

4.6688e-05
1.9908
3.4390e-05
1.9883
1.1071e-05
1.9804
2.9831e-06
1.9692
1.3402e-05
1.9353
4.8891e-05
1.8671
1.0110e-04
1.7203
4.2044e-04
1.3839
3.9522e-04
1.2000
4.0946e-04
1.2363
4.0943e-04
1.2339

1.1747e-05
1.9953
8.6676e-06
1.9942
2.8057e-06
1.9902
7.6189¢e-07
1.9847
3.5042e-06
1.9681
1.3402e-05
1.9353
4.8891e-05
1.8671
1.6110e-04
1.7203
1.7203e-04
1.7660
1.7380e-04
1.7797
1.7408e-04
1.7820

2.9463e-06
1.9977
2.1757e-06
1.9918
7.0623e-07
1.9078
1.9250e-07
1.9792
8.9565e-07
1.9841
3.5042e-06
1.9681
1.3402e-05
1.9353
4.8891e-05
1.8671
5.0582e-05
1.9040
5.0619¢e-05
1.9046
5.0620e-05
1.9035

7.3777e-07

5.4704e-07

1.8821e-07

4.8824e-08

2.2639¢-07

8.9566¢-07

3.5042¢-06

1.3402e-05

1.3516e-05

1.3520e-05

1.3530e-05

=z

6.0346e-04
0.5214

4.2044e-04
1.2721

1.7408e-04
1.7820

5.0620e-05
1.9035

1.3530e-05
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Table 4.2: Maximum absolute errors and rate of convergence of Example 4.4.2 for different

values of £ and V.

le | N—

012

1024

2048

4096

8192

20

2—2

2—4

2—6

2—8

2—10

2—14

2—16

2—18

2—20

1.8665¢e-04
1.9809
1.2319e-04
1.9747
2.7505e-05
1.9567
1.0979e-05
1.9110
4.1803e-05
1.8364
1.3501e-04
1.6750
3.3699¢-04
1.3031
4.3315e-04
1.6500
4.3226e-04
1.6251
4.3218e-04
1.6115
4.3221e-04
1.6147

4.7283e-05
1.9904
3.1343e-05
1.9873
7.0856¢-06
1.9783
2.9195e-06
1.9561
1.1706e-05
1.8871
4.2281e-05
1.8130
1.3657e-04
1.6530
1.3802e-04
1.2700
1.4013e-04
1.2995
1.4109e-04
1.3075
1.4113e-04
1.3127

1.1900e-05
1.9953
7.9051e-06
1.9936
1.7983e-06
1.9891
7.5245e-07
1.9781
3.1648e-06
1.9936
1.2033e-05
1.9567
4.3426e-05
1.8800
5.7230e-05
1.4390
5.6930e-05
1.5182
5.7004e-05
1.4536
5.6816e-05
1.4222

2.9948e-06
1.9976
1.9850e-06
1.9968
4.5299¢-07
1.9945
1.9099e-07
1.9891
7.9473e-07
1.9803
3.0998e-06
1.9628
1.1798e-05
1.9268
2.1108e-05
1.5962
1.9876¢-05
1.5449
2.0812e-05
1.6113
2.1200e-05
1.6385

7.4744e-07

4.9735e-07

1.1368e-07

4.8108e-08

2.0141e-07

7.9521e-07

3.1031e-06

6.9812e-06

6.8120e-06

6.8120e-06

6.8091e-06

4.3315e-04
1.6178

1.4113e-04
1.3022

5.7230e-05
1.4327

2.1200e-05
1.6025

6.9812e-06
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Table 4.3: Maximum absolute errors and rate of convergence of Example 4.4.3 for different

values of £ and V.

le | N— 012 1024 2048 4096 8192

20

2—2

2—4

2—6

2—8

2—10

2—14

2—16

2—18

2—20

8.5338e-05
1.9985
7.4882e-05
1.9805
5.0149e-05
1.9752
3.7180e-05
1.9712
1.1403e-04
1.9495
4.2339e-04
1.8936
1.4397e-03
1.7657
3.9298e-03
1.4487
5.9127e-03
0.5894
5.6718e-03
0.7291
5.6293e-03
0.7266

2.1595e-05
1.9912
1.8975e-05
1.9902
1.2755e-05
1.9876
9.4821e-06
1.9857
2.9523e-05
1.9754
1.1395e-04
1.9494
4.2339e-04
1.8936
1.4397e-03
1.7657
3.9298e-03
1.4486
3.4217e-03
1.4381
3.4020e-03
1.4206

5.4317e-06
1.9956
4.7761e-06
1.9951
3.2163e-06
1.9938
2.3941e-06
1.9929
7.5077e-06
1.9878
2.9504¢e-05
1.9754
1.1395e-04
1.9494
4.2339e-04
1.8936
1.4397e-03
1.7657
1.2628e-03
1.6284
1.2708e-03
1.6236

1.3621e-06
1.9974
1.1981e-06
1.9976
8.0754e-07
1.9948
6.0149e-07
1.9980
1.8928e-06
1.9940
7.5028e-06
1.9879
2.9504e-05
1.9754
1.1395e-04
1.9494
4.2339¢-04
1.8936
4.0845e-04
1.7666
4.1240e-04
1.8028

3.4114e-07

3.0003e-07

2.0261e-07

1.5058e-07

4.7517e-07

1.8915e-06

7.5028e-06

2.9504e-05

1.1395e.04

1.2004e.04

1.1820e.04

5.9127e-03
0.5894

3.9298e-03
1.4487

1.4397e-03
1.7657

4.2339e-04
1.8185

1.2004e-04
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Table 4.4: Comparison of the present scheme with other published works in literature.

N — 1024 2048 4096 8192

Example 4.4.1
Present scheme

eV 4.2044e-04 1.7408e-04 5.0620e-05 1.3530e-05

rv 1.2721 1.7820 1.9035 -
Selvi & Ramanujam (2016)

N 47371e-04  1.6440e-04 5.5672e-05 -

rv 1.5268 1.5622 - -
Example 4.4.2
Present scheme

eV 1.4113e-04 5.7230e-05 2.1200e-05 6.9812e-06

rv 1.3027 1.4327 1.6025 1.6852
Dinesh et al. (2017)

e 9.7137e-04 4.0988e-04 1.8682e-04 8.8062e-05

rv 1.0430 1.0217 1.0109 1.0056
Example 4.4.3
N — 128 256 512 1024

Present scheme
eV 3.9298e-03 1.4397e-03 4.2339e-04 1.1395e-04
rv 1.4486 1.7657 1.8936 1.8974
Manikandan et al. (2014)
e 0.5770e-02 0.3410e-02 0.2010e-02 0.1140e-03
rv 0.6100 0.7320 0.7920 0.8170
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2 2
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1.6 1.6
14 1.4
_12r 121
=
)
1 1
0.8 0.8
0.6 0.6
0.4 0.4 l
0.2 : : : . : : : : 0.2 : : : : : : : : :
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
X
(e =275 (bye=2"4
Figure 4.1: Numerical solutions of Example 4.4.1 for N = 28 and different values of .
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Figure 4.2: Numerical solutions of Example 4.4.2 for N = 28 and different values of .
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Max. absolute error

(a)

Max. absolute error

(b)

Figure 4.3: Log-log plots of maximum absolute errors versus N for (a) Example 4.4.1 and (b)
Example 4.4.2
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4.5 Summary

In this chapter, a second order singularly perturbed ordinary differential equation involving large
negative shift is considered. The differential equation is transformed to difference equations
by decomposing the domain into its boundary, interior and outer regions. In each boundary
and interior layer sub-domains, the problem is discretized and exponentially fitted numerical
schemes are formulated. And in each outer layer regions, reduced problems are obtained by
setting ¢ = 0. Combining these schemes, a second order e-uniformly convergent numerical
method is derived. To validate the formulated method, three numerical examples are considered
and solved. The numerical results of the examples are confirmed with the theoretical analysis of
the proposed numerical scheme, and hence the proposed method is convergent independent of

the perturbation parameter. The main findings of the chapter are summarized as follow:

1. A second order uniformly convergent numerical scheme is obtained for singularly per-

turbed ordinary differential equations involving large negative shifts.

2. The width of the layers decrease by decreasing the value of ¢, but its steepness become

more sharp.
3. The maximum absolute errors decrease by decreasing the mesh sizes.
4. Decreasing the value of ¢ yields stable and maximum absolute errors.
5. The global error estimate is obtained to be of order two.

6. The accuracy of the present numerical scheme is better than other compared methods in

the literature.
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CHAPTER FIVE

A FITTED MESH FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARABOLIC
DIFFERENTIAL EQUATIONS WITH NEGATIVE SHIFT

This chapter deals with the study of singularly perturbed partial differential equations involving
negative shift argument. A fitted mesh finite difference scheme is formulated and its analysis
is investigated when the delay parameter § € (0, 1). The solution exhibits two boundary layers
due to the influence of the perturbation parameter, and a weak interior layer due to the presence
of the shift argument. To solve the problem, the time domain is discretized into uniform meshes
and the spatial domain is discretized into piece-wise uniform Shishkin meshes. On the temporal
uniform mesh, the Crank-Nicolson method is applied and on the spatial piece-wise uniform
meshes, the central difference method is applied to transform the problem into a fully discrete

scheme. The formulated finite difference method is shown to be uniformly convergent.

5.1 The governing problem

A SPDDE is consideredon Q@ ="' x A = (0,1) x (0,7] and 092 = {(x,0) U (0,t) U (1,¢) : x €
[',t € A} for a fixed time T as

(2, 1) = Eae (2, 1) + a(x)u(z, t) + b(z)u(z — 6,t) = f(z,1), (5.1)
subject to the initial and boundary conditions
u(z,0) = ug(z), x € T =[0,1],

u(z,t) = ¢(x,t), (x,t) € Q™ (5.2)
u(l,t) = aft), (1,t) € QF,

where Q= = {(z,t) : * € [-6,0] , t € A}, QF = {(1,t) : t € A}, 0 < ¢ < 1 and
0 < § < 1. The considered functions a(z), b(x), f(z,t), up(z), ¢(x,t) and (t) are assumed to

be sufficiently smooth, bounded and independent of the perturbation parameter.

Using the differential operator L., (5.1) can be written as
L.ou(x,t) = G(z,t), (5.3)
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where

Cou(t) = ur(z,t) — etge(x, t(x, 1)) + a(x)u(z, t), (z,t) € (0,d] x A,
(2, ) = 2t a,1) + alw)u(a, 1) + bayule —6.1). (2.1) € (5,1) x A
(5.4)

and

o) = [z, t) = b(z)p(x — 4,t), (x,t) € (0,d] x A, (5.5)
f(z,t), (x,t) € (6,1) x A.

Moreover, for arbitrary positive constant \, the coefficient functions a(x) and b(z) satisfy the
conditions
a(x) +b(x) > 2\ >0and b(z) <0, x € T (5.6)

For the model problem (5.1)—(5.2), the existence and uniqueness of the solution are guaranteed
by the Holder continuity of the functions involved in the problem and imposing compatibility

conditions at the corner points as

(5.7)

and
¢1(0,0) — e(u)22(0,0) + a(0)ug(0,0) + b(0)up(—4,0) = £(0,0),

(1,0) = £(up)as (1, 0) + a(L)uo(L,0) + b(L)up(1 — 5,0) = F(1,0).

Since the solution of the problem under consideration has boundary layers on both ends of the

(5.8)

domain, by (5.7) and (5.8), it is guaranteed that there exist a constant C' independent of the
perturbation parameter Roos et al. (2008). Thus, for (z,t) € Q,

lu(z,t) — uo(z)| < Ct. (5.9)

Remark 5.1.1 Since twin boundary layers are exhibited near {(0,t) : t € [0,T]} and {(1,1) :
t €[0,T} of Q, there is no constant C independent of ¢ satisfying

lu(z,t) — ¢(0,t)] < Czx and |u(z,t) — a(t)| < C(1 — z).

5.2 Properties of the continuous solution

Assuming the above basic assumptions, the following properties of the continuous solution of
(5.1)-(5.2) hold true.
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Lemma 5.2.1 The solution u(z,t) of the continuous problem (5.1)-(5.2) is bounded as

lu(z,t)] < C, (z,t) € Q.

Proof. From (5.9), since |u(z,t)| — |up(z)| < |u(x,t) — uo(z)| < Ct, it gives |u(x,t)| <
C't+ |uo(x)|. For a fixed time T, since t € (0, T] and ug(x) € C?(2), it implies that C't + |ug()|
is bounded, so that |u(z,t)| < C, (z,t) € Q.

Lemma 5.2.2 (Kumari & Kumar, 2020). For a function ¥(x,t) € C*Y(Q), let ¥(x,t) >
0, (x,t) € 00 and LI (x,t) > 0, (x,t) € . Then, we have ¥(x,t) > 0, (x,t) € L

Proof. Let (&,7) € Q and assume that ¥(£, ) = mingd(z,t) < 0. From the given condition
(&,m) ¢ 092 . By the assumption and extreme values, it follows that J;(¢,7) = 0, 9,(£,7) =0
and ¥,.(£,n) > 0. Then,

Case 1: For z € (0, 9], L.9(¢,n) = Vi(t,n) — €V4a(t,m) + a(t)I(e,m) < 0.

Case 2: For 1 € (5,1), L€, 1) = Vi(&,n) — Vu(sn) + a(€)D(E,m) + bwhulz — 6,) =
V(&) — e¥ea (& m) + [al§) + 6]V n) + b(E)[V(E — 6,m) — (&, m)] <0

From the two cases, £.9(£,n) < 0, which is a contradiction to the given hypothesis. Thus, the
assumption fails and hence (&, n) > 0, which implies that 9(z,t) > 0, (z,t) € Q. [

Lemma 5.2.3 (Swaminathan et al., 2016). The solution u(x,t) of the continuous problem (5.1)—

(5.2) is estimated as

Hfll

Ju(z, )] < Z5= 4+ max{|ug(0)[, [¢(0, )], [a(£)[}.

Proof. Defining barrier functions as 7= (z, t) = Y 4+ max{|uo(0)|, |¢(0, 1), |o(t)[} £ u(z, t),

one can find that

7 (2,0) = Lo 01,1600, 1 Ja(0)]} £ wa(a) > 0.
||f||

||f||

T(0,t) =

(1) =

For z € (0, 4], t € (0,7, one can have

+ max{[uo(0)|, [(0, )], la(t)[} £ o(t) = 0

+ max{[uo(0)[, [4(0, )], [a(t)[} £ a(t) = 0.

LonE(x,t) =r (2, 1) — ens (z,t) + a(z)m* (x, 1)
—a(2) (”f” T mas{uo(0)],16(0, )], |a<t>|}) L fr.t) > 0.
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For z € (4,1), t € (0,77, one can obtain

LonE(x,t) =n (2, 1) — en (z,t) + a(x)7E (2, t) + b(x)7™ (v — 6,1)

~ia(e) + b60)) (1) + max{lao(O)1 600,00 a0 ) & £o.0) 2 0,

Hence, £.7%(z,t) > 0 and by the maximum principle, 7% (z,t) > 0, (z,t) € €, which implies
the required stability estimate. ]

Lemma 5.2.4 (Kumari & Kumar, 2020). The derivatives of the solution u(x,t) of (5.1)-(5.2)

are bounded as

C (1 + s%kB&l> , (2,t) € (0,0], t € A,

|u(k’7m)(l»’t)‘ < )
C (1 —1—5778572) , (x,t) € (0,1), t€ A

for all non-negative integers k and m such that 0 < k + 2m < 4, where the functions B, and
B, are given by B., = exp(—y/A/ex) + exp(—+/A/e(0 — x) and B. 5 = exp(—+/A/e(x —
9)) +exp(—+/A/e(1l — x).

Proof. Consider the case when k = 0 for (x,t) € Q, which provides the derivatives of u(x,t)
with respect to t. For m = 0, the result holds by Lemma 5.2.1. For the case m = 1, equation

(5.1) becomes

w (1, 1) = ettge(,t) — a(x)u(z, t) — b(x)u(x — 6,t) + f(x,1). (5.10)
On the side ¢ = 0, (5.10) becomes

w2, 0) = cttge(z,0) — a(z)ulz, 0) — b(z)u(z — 6,0) + f(z,0). (5.11)

Without loss of generality, assume that u(x,0) = uy = 0, u(x,t) = ¢(x,t) = 0, u(l,t) =
0. Then, along the sides * = 0 and = = 1, it follows that u(x,t) = 0, which implies that
ui(z,t) = 0 and along ¢t = 0, u(z,0) = 0, which implies that u,,(z,0) = 0. On (0,J],
u(x —6,0) = ug(x — 0,0) = ¢p(x — 9,0) = 0 and on (4, 1), up(x — 6,0) = 0. Combining these
results gives u(z — 6,0) = 0 and hence (5.11) becomes u;(z,0) = f(x,0). Since f is smooth
function, |u(x,0)| < C on 02, so that

lu(z,t)| < C on Q. (5.12)

Similarly for m = 2, differentiating (5.1) with respect to ¢ gives

U (0, 1) — Eger (1) + a(x)ug(x, t) + b(z)uy(z — 6, ) = ft(z,t)
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and along ¢t = 0, it becomes
U (2,0) — ety (z,0) + a(z)uy(x,0) + b(x)uy(x — §,0) = ft(z,0). (5.13)

Since ui(x,0) = f(x,0), ue(x,0) = fra(z,0) and u,(x — 6,0) = 0, so that (5.13) becomes
u(x,0) = efpu(z,0) — a(z) f(x,0) + fi(z,0). Hence, |ugu(xz,0)] < C on 02 and since
f is smooth function, |uy(z,t)] < C, (x,t) € . Thus, for sufficiently large choice of C,
|uy (2, )| < C on Q.

In a similar procedure, to bound the derivatives of the solution u(x, ) with respect to the spatial
variable, consider the cases for £ = 0, 1, 2, 3, 4. For £ = 0, it implies Lemma 5.2.1. For the
case k = 1, let € 2 and consider a neighborhood of I = (e, e + /€), Vo € I. For some ¢ € [

and t € (0, 7] by the mean value theorem, it becomes

u(e + /e, t) — ule,t)
Ve

|uz(C, )] =

' —e7 u(e+ Ve, t) —ule,t) <27 |jul.  (5.14)
For x € I_,
Ug(2,t) = uy(C, 1) + up(x, t) — ug (¢, t)
= u,(C, Uzr(S,1)ds
(€04 [t
= u.((,t) + 6_1/4 (ug(s,t) + a(s)u(s,t) + b(s)u(s — d,t) — f(s,1)) ds.
= Jup(z,1)] < Jua (¢, 1)) + Ce™ /w (el + (1) ds
¢

= |u (¢, 8)| + Ce™ (JJull + | £]) 2.

Inserting (5.14) into the above result gives |u,(z,t)| < Cez, (z,t) € . Rearranging (5.1)

implies
Uge(2,1) = e (uy(z, 1) + alx)u(z, t) + b(x)u(x — §,t) — f(x,1)). (5.15)

For a fixed time ¢ € [0, 7] and for = € [0, 1], since |u| < C, |u;| < C and f is smooth function,
|t (x, )| < Ce™!. Differentiating both sides of (5.15) with respect to ¢ becomes

Uppe (7, 1) = 71 (uge (2, 1) + a(@)ue(z,t) + b(2)us(z — 0,1) — ft(w,t)).

Since |uy] < C, |Juy| < C and |fi(z,t)] < C, it follows that |us,,(x,t)] < Ce™!. Similar
procedure holds for the remaining values of £ and m satisfying 0 < k£ + 2m < 4, so that the

bounds on the derivatives of the solution can be easily determined. |
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5.3 The numerical method

To derive a fitted numerical scheme, the temporal and spatial domains are discretized. Then,
the semi-discrete scheme is derived in the temporal direction, and a fully-discrete scheme is

constructed in the spatial directions as follows.

5.3.1 Temporal discretization

Consider M uniform meshes on the time domain [0, 7] with mesh size At as AM = {At =
T/M, t; = jAt, j =0,1,2,..,M}. Let U*!(x) is the approximate solution of (5.1)-(5.2)
at the (j + 1) time level. Using the Crank-Nicolson method on, the temporal semi-discrete

scheme of (5.1) becomes

— Ut (z) + (Ait + a(az)) U7t (x) + b(z) U7 (2 — 6)

=cUJ (x) + (A% - a(x)) U (x) — b(z)U? (x — 6) + 7T () + f(z), (5.16)

which can be written as
LM (z) = (2), j4+1=1,2,... M (5.17)
with the initial and boundary conditions

U%x,0) = up(x), z € T = [0,1],
Uitl(z) = ¢/l (x), x € [-4,0], (5.18)
Uj+1(1> = a(tj+1)7 tjiy1 € [O,T],

Ha) = b(@)d! (x = 0) + [ (z) + (), x €(0,0],
2)) U (2) = b(@)U? (z — 0) + f7H (2) + f(x), = € (3,1),

LY () — eUS (@) + (£ + a(z)) Ut (z) + b(z)¢/ T (z — §), = € (0,4],
: U (2) + (2 + a(x)) U (@) + b(x) U7+ (z — 6), x € (5,1).

Lemma 5.3.1 For a smooth function 9’ **(z), suppose that 9’ (x) > 0, x € 9T and LY 97T (x) >
0, x € I. Then, ¥ (x) > 0,z € T.

Proof. Let s be given in I, such that ¥/*!(s) = minp ¥/ *(x) and suppose that ¥/*1(s) < 0.
From the given hypothesis, s ¢ OI' and by the assumption and extreme value properties, it

follows that 977! (s) = 0 and ¥} !(s) > 0. Then, consider following cases two cases.
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Case 1: For s € (0,6], LMY (s) = —e0if! + (£ + a(s)) ¥ (s) < 0.

Case 2: For s € (0,1), LM (s) = —e0it! + (& +a(s)) 9T (s) + b(s)9itl(s — §) <
—eiH 4+ [ 2 + als) + b(s)]97H(s) < 0.

The two cases contradict the given hypothesis. Thus, the assumption fails, and hence ¥/ 11 (s) >
0, implying /*!(x) > 0, z € . Thus, the semi-discrete maximum principle is satisfied by the

operator £ and as a result,
(L) < (1+20A8) 7" (5.19)
|

Lemma 5.3.2 (Bansal & Sharma, 2018) Let U’ (z) be the solution of (5.16)-(5.17). Then, it
can be estimated as
At LYU|

j+1 <
7 @)l < 1+ 2)At

+max{|U7H(0)], |07 (1)} z €T

Proof. Define barrier functions as

A AtH[,MUH A A )
Jj+1 _ € 741 741 7+1
917 ) = VT o 0) 10 (1)} + 074 ).

Then, it is easy to see that /" (0) > 0 and ¢,"' (1) > 0. And
Casel: For0 <z <9,

At
2 ) ALY
At N T oA

LU ) = - e02)s + (57 + ) ) 047

:iwj+1(w)+< +max{|U7(0)], [U7TH(1)}]

> (g +al@)) nax{|o O 0 1)) 2 0,

Case2: Ford <z <1,

LU0 ) = e02)s + (57 + ) ) 047 ) 4 6O o

> — 5(19i+1)m + (i + a(ac)) ﬁfl(x) + b(m)ﬂiﬂ(:z:)

At
At|| LXU]

j+1 j+1
g max(|UTO)L U ()]

=+ Wit (z) + (Ait +a(r) + b(ﬂf)) [

> (A% +a(2) + b(x)) max{[U7*(0)], [0 (1)}] = 0.

Thus, applying Lemma 5.3.1, one can obtain that ¥,"'(z) > 0, z € I, which implies the

required estimation. u
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Lemma 5.3.3 Given that |8kg£f’t)| < C for (z,t) € Qand k = 0, 1, 2, the local truncation

error is estimated as ||’ ™| < C(At)3, j + 1=1, 2, ..., M. And with this condition, the global
error is estimated as | E7TY| < C(At)?, j+1=1,2, ..., M.

Proof. Choose the center point (z,%;1/2) of the temporal mesh as a convenient base point

where the Taylor series is expanded. Then U (x, ;1) and U(z, t;) can be expanded as

At (At)?

Ut () = UF2 () + U7 4 20 o((a?), (5.20a)
Ul (x) = U2 (z) — %Uﬂ'“/? + %Uﬂ'“ﬂ + O((A1)?). (5.20b)

Now, subtracting (5.20b) from (5.20a) gives
UIi@) = U2@) _ i 1 o((an?), (521)

At
Using (5.1) into (5.21) at (x,t,41/2) gives
Uit (x) — Ui(x)
At

—eUI2(2) — al2)UT2(2) — b(a)UH2(a — 5)
+ flx, tjz12) + O((AL)?). (5.22)
Putting (5.22) into the time semi-discrete problem (5.16) gives
eUs (@) — a(x) U2 (2) — b(2) U7 2 (@ = 8) + f(2, tjeap2) + O((A2))

- (Ui ) + ) + D () + 0 )

2
+ 2D @1 ) 4 e - 0)) = (@) + P ).
which can be written equivalently as
LY (U(z,tj1) — U (2) = O((AL)?). (5.23)

Using (5.19) into (5.23), a boundary value problem of the form £LM:e/T1(x) = O((At)?) with
e/t1(0,¢;41) = 0 and e/T!(1) = 0. Applying Lemma 5.3.1, the local truncation error is esti-
mated as ||/t < C((At)3).

Using the estimation of the local truncation error up to (j + 1) time level,

J

2«

=1
=[le' + e+ ...+ ¢

17| = , J<T/At

<[letll + el + ... + [le”*H]
<C'T(At)? < C(At)?, j=0,1,2,..., M.
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Thus, the temporal semi-discrete scheme is convergent of order two. |

Remark 5.3.1 The Shishkin decomposition of the solution U7 () of the semi-discrete prob-
lem (5.17) is U/ (x) = Vit (x) + WiTl(x), where the regular component V7 *1(z) is the

solution of the problem

LIV @) =m(x,tj11), @ € (0,8], VIH(0) = uo(0,1;11),
VITH(67) = (U(0)) M [m (8, tj1) + (0, t5) +m(8)U7 (8) — b(0)p(0, tj11)],
LV @) =n(2, ), @ € (0,1), VIHH(L) = uo(L, tj41),
VIFL(EF) = (a(0) " [m (0, tj1) + 7(6,15) + b()U? (8) — b(8) VT (0)],
where [(z) = 2 + a(z) and m(z) = 2 — a(x). The singular component W7 (z) is the

solution of the problem
LYW (2) =0, z € (0,6] and LYW/ (2) =0, z € (4,1),
W7 0) = U7FH(0) — VI+H(0), WIHH(1) = U/ (1) — VITH(D),
Vj+1((5_) + Wj+1(5—) — Vj+1(5+> 4 Wj+1(5+).

Since the problem under consideration involves two boundary layers, the singular component
can be further decomposed as W/ (z) = Wit (z) + Wi (z), where

Wg“(x) = WjH(O)WfEl(:E) + 71W£7;1(x) and W}];rl(:p) = 72W§§1 (x) + WjH(l)Wf_;:LQl(x),

where the constants ~y; and 7, are arbitrarily chosen constants in such a way that the weak interior
layer conditions at x = ¢ are satisfied. The sub-divisions of the singular component satisfy the

following problems.

LYW (z) =0, z €(0,4], (5.24)
ngl(O) =Wi+1(0), ngl(O) — 0 and W,{jl(x) =0, z €[5,1].
LYW @) =0, 2 € (0,4, (5.25)

WIEL(0) =0, Wit (s) = 0 and Wit () = 0, « € [5,1].

LYW (@) =0, z € [5,1], (5.26)
W1H(0) =0, W' (1) = 0 and WEY ' (z) = 0, = € (0, 6].
LYW () =0, z € (5,1], (5.27)

W (8) =0, WEEH (1) = W7T(1) and WY (z) = 0, = € [0, 4].
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Lemma 5.3.4 The derivatives of the solution U’ (z) and its components can be estimated as

follows.
dej-i-l(x) - C(1 +5%kd1($))7 z € [0,0],
dx* - C(1 +g%kd2(aj)), x € [0,1],
V()| fO0+ e di@), v e (0,4,
dz* T o e T dy(@), @ € 18,1,

AW (@) | _ Ce? di(z), z € )0,6],
det | 7| 0eF 2y (), @ € 6, 1],

where k =0, 1, 2, 3, dy(z) = e Vi e VI gpg do(z) = e VEE=0) 4 o—V/E0-0),

Proof. The estimation for £ = 0 implies Lemma 5.3.2. For k = 1, construct a neighborhood of

I, = (s,5++/2), such that z € I, and I, € (0, 6]. For some 7 € I, one can obtain that
U ()] = e U7 (s + VE) = U7+ (s)] < 2672 U7
Then, for any z € I (], it is possible to get

U7 ()

)+ |G+ D) (s )] s
n
<|UZ ()l + Ce (107 + 1= )
<C:7 <C [1 e (e Viv g e—@@—r))] .z € (0,4).
Form € {2,3,4}, the estimates can be verified easily using the bounds of U7 (x) and UJ**(z).
The estimate for the smooth component follows the decomposition provided in Remark 5.3.1.

Since V7t (z) = Vi () + eVy*!(x), where V7" (z) is the solution of a scheme similar to

(5.17), it is possible to obtain

d*VIitl(x)
dxk

<C(l4e2) < C+e T (e Vi 4 VIO 4 € (0,6], k=0,1,2,3.

And the singular component is estimated as

d*Witl(x)

— <O <CeF (e Vi e VD)) 1 e (0,6), k=0,1,2,3.

By similar procedures, the estimates for x € (4, 1) can be easily verified. [
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5.3.2 Spatial discretization

Consider a piece-wise uniform mesh I'YY with N mesh numbers on the spatial domain [0, 1].
Let’s sub-divide it as [0, 1] = [0, 7] U (7,1 — 7] U (1 — 7, 1], where 7 is a transition parameter,

which separates the non-uniform meshes and given by

1 €
= mi - 24/=1InN ».
T mln{47 \/:n }

To get a piece-wise uniform mesh, consider % meshes on each of the fine mesh regions [0, 7]
and (1—7,1) and % meshes on the coarse region (7, 1 — 7|. The mesh points are z; = ;1 + h;,

1 =1, 2, ..., N, where the mesh size h;’s are given as

Ar - N
N Z—l 2 Yoy A4

hi: 2_47—7.:_"’_]—711"‘2

N ’47

ri=3 41,342 N
To handle the influence of the delay term a special mesh is considered, so that the term containing
the shift argument lies on the mesh point after discretization. Now, define the finite difference
operators as

D+U i) = 5 D_U i) — Y
) hisi ) h
2
D*DU(x;)) = ——— (D" — D")U(xy), i =0,1, ..., N.
(@) = (D" = D)), i =0.1,..,

Using the finite difference operators in (5.16), we obtain a fully discrete scheme as

LMt — 5 —0,1,2,..., M — 1, (5.28)

with the conditions U? = ug(z;), z; € [0, 1], U (z;) = ¢"(z;), z; € (0,6] and UV (zy) =
a(tjs1), z; € (0,1), where

—eDTD U + (& +a) U +biglt,, i = 1,2,

1 1—r)

—eD*D UM + (B +a) U+ 0U ) i =r+ Lr 42, N - 1,

7 1—7r )

N,Mpri+l _
‘Ce Uz -

eDTD U + (& —a)) Ul —bigl_ + I+ fl,i=1,2,...,m,

)

eD*DU) + (& —a) Ul —=bUL, + I + fli=r+1,r+2,. N1

1
and 7r3 +

forr =0N, sothatr € {1,2,..., N — 1}
On simplification of (5.28), it gives the system of equations of the form

AU+ BU + U = DU, + BEU + FUL + Hiy, (5.29)
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where
—2¢ 2¢e 2¢e 2¢e 2 —2¢
A = , B = +— )+ = +ap, Ci=——7,
hiy1(hi =+ hig1) hi + iy (hm hi) At i hi(hi + hi1)
2¢e —2¢ 2¢e 2¢e 2¢e
D, = , Bi= + )t F=
hiv1(hi 4+ hit1) hi + hia (hiJrl hi) At hi(hi + hit1)
i P b —bi? i=1,2,.r j=0,1,2,... M —1,
ij =

e = U — U i=r41,.,N—1, j=0,1,2,..,M — 1.

T

Lemma 5.3.5 (Discrete maximum principle). Let 19{“ be a given mesh function satisfying
O > 0and 0 > 0. IFLYMYT > 0,0 =1,2 .., N =1, then 9)t' > 0,0 =0, 1,
2, ..., N.

Proof. For some k € {0,1,2,..., N}, suppose that 19?;“1 = m(n)lNﬁjJr < 0. Then,
1=0(1

2 . .
LMot = — eDYDTY + (E + ak) P bl <0, k=1,2,..,7,

) , 2
LMY = —eDt D9 + <Kt +a ) 0 4 b9t

A 2 A
<—eDTD 9 4 (A—t+ak+bk) V<0, k=r+1,r+2,...,N—1,

which is a contradiction to the hypothesis. Hence, the assumption fails, and hence 19{ >0,
=0, 1, 2, ..., N. n

Lemma 5.3.6 (Kumari & Kumar, 2020). If Uij *1 s the solution of (5.28), then it can be esti-

mated as

|Uj+1 < At”””
K

<oy T me{lUTHO)L [T, = 0,1, N

Proof. Define two barrier functions as

. _ At

i1 i1 i+1
i1 = Togaar T me(IUTT O U £ U7

for which the following results hold true.

At||x]| . . , At||x]|
= il TR J+1 LY ity > T
P05t = ToNAL | [P O)], [T+ T} = 1+ 2)At — 0
At||7|| , . : At||||
il | A L I J+1 L) ity > T 5 g
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Casel: Fori=1,2,...,7,

At
2 At||r|] j+1 j+1 +1
== 4+q ) (=120 1 + )
(2 +0) (130 + macllo ), (070 ) 7

> (5 +a) (max{UO)], 107 0)D) > 0.

B 9
LMol =—eD D o, + <— + ai) i1

Case2: Fort=r+1,r+2,....N — 1,
2
N,M _
L5 ‘P?,:j—i-l =—¢eD™D %:',tjﬂ + (E + ai) @fjﬂ + bz‘@it_r,jﬂ
2 At|||| ; ; +1
=\ — i +0; —_— U0 Uit + 7t
(astare) (50 + maxiw O, (07 W) )

> (Ait +a +bz‘) (max{[T7(0)], [U7*H(1)[}) = 0.

Applying Lemma 5.3.6, gpfj 1 =20,i=1,2,..., N, which gives the required estimate. |

Remark 5.3.2 To obtain an improved error estimate, consider the Shishkin decomposition of

U/t as U/ = V7T 4 W7, where V7! is the smooth component satisfying

NMy g+l G+l .
LAV =x"1=0,1,...,N,

VITH0) = uo(0), VITH(1) = uo(1),
and Wij 1 is the singular component satisfying

LYMWITt =0, i=0,1,...,N,
Wt = witl(0), Wit = Wit (1),

The singular component Wz-j 1 is further decomposed as VVij = Wf;l + Wg;l, where the left

singular layer ngl and the right singular layer W};gl are defined as

LXMW =0, Wit =Wt 0), Wi =0,
LMW =0, Wi =0, Wi = w3t ).

Theorem 5.3.1 Let U7+'(z;) be the solution of the scheme (5.17) and U*" be the solution of

(5.28). Then, the discrete error estimate in the spatial direction is given as

U7 (z) — U/ < C(N"'In N)2.
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Proof. It is well known that the nodal truncation error can be written as
U7 () = U7 = (VI (i) = VIT0) o+ (W () = W),

As a result, one can estimate the solution’s errors separately for the smooth and singular com-

ponents. The classical argument gives

[LEM (VI (@) = V] =

d? + j+1

Celwipr — i) |[VITH ()3, z; € [1,1 = 7],

CE[LCiJrl — xi,l]QIVj“(xi)M, otherwise.
For any piece-wise uniform mesh, since z;,; — z;_; < 2N !, we have

CN™le?, az;er1—1]

|LNM (VI () — Vj+1)| _ |
CN~2, otherwise.

7

Now, introduce the function p(z;) as

%7 T; € [07T]7
o(z;) = CN~2 4+ CON 2rc71/2 1, xyelr,1-1],

o g e [1—1,1)
Then, it follows that ¢(z;) < CN?In N and

CN~lez + N2, g, € [1,1— 7],

£YV ()| > |
CN~2, otherwise.

Applying the discrete maximum principle, (V7' —V7+1(z;)) < ¢(z;), which leads to the bound

of the smooth component as

V7T — Vitl(z;)| < CN2In N. (5.30)

To obtain the error estimate for the singular component, consider the cases when 7 = }L and
7=2,/5InN < 1, separately as follows.
Case 1: When 7 = 7, the mesh is uniform and ; < 2,/%InN. From this, we have e 12 <

CInNandx; — x;—1 = % Using the classical argument, we obtain

LMW (@) = WY <Clais — vt el WE (@),

<C(N7'InN)?
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Then, applying Lemma 5.3.5 yields
(Wi (@) — Wi < C(NT'In V)%, (5.31)

Case 2: When 7 < 1 , it implies a piece-wise uniform mesh. In this case, consider a nonuniform

meshes with mesh sizes 47 in the sub-intervals [0, 7] U [1 — 7, 1] and 2027) 27) in the sub-interval

[7,1 — 7]. In the sub-intervals [0, 7] and [1 — 7, 1], applying the classwal argument gives
[LEMWE () = W] SC(in — i) ?e| WL () a
<CN-272571
<C(N~'InN)2.

Then, applying the discrete maximum principle gives

(Wi (@) = Wi < C(N " InN)2. (5.32)

For the case of z; being in the sub-interval [7, 1 — 7], the local truncation error satisfies

, , P
LWL (@) = WD < 2 |(DFD™ = )W (@),
. G+1
But, it is known that |[D*D~Wit! (z;)| < [max ] % , and hence
Ti€|Ti—1,Tit1
) ] d2vvj+1

L. (Wit () — With)] <2¢ max L
it xiE[{Ei_l "EH-I} d.IQ

A

<CeVE < CeVEF) < ON2,
Thus, the discrete maximum principle gives that
(Wi (@) — Wi < CON2 2 € [r,1— 7] (5.33)
Combination of all error estimates in the sub-intervals [0, 7|, [7,1 — 7] and [1 — 7, 1] gives
(Wi (@) = Wi < C(N ' InN)2. (5.34)
Thus, from (5.30) and (5.34), one can obtain that
U7 (z) = U/ < O(N"'InN)?, i =0,1,..., N,
which is the required error estimate in the spatial direction. ]

Theorem 5.3.2 Suppose that u(x,t) is the solution of the continuous problem (5.1) and Uij s

the solution of the discrete problem (5.28). Then, the uniform error is estimated as

sup U7 — (i, ty)l| < C((A)? + (N~ In N)?).

0<e<1

Proof. Combining Lemma 5.3.3 and Theorem 5.3.1, the uniform error estimate is implied. W
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5.4 Numerical results and discussions

In this section the numerical scheme presented in this chapter and its uniform convergence anal-
yses are validated by solving numerical examples. The examples are taken, which satisfy all
the basic assumption considered for the continuous solution, and treated by computing the max-
imum absolute errors and corresponding convergence rate using the double mesh principles
given in (4.44)-(4.47).

Example 5.4.1 Consider the problem with variable coefficients as u; — £y, + (v + 6)u(z, t) —
(@2 + Du(z — 6,t) =3, up(r) =0, z € T, u(x,t) =0, (x,t) € 7, u(l,t) =0, (1,t) € Q.

Example 5.4.2 Consider the problem with constant variable coefficient as uy—eu, +5u(z,t)—
2u(z — 6,t) = 2, ug(r) = sin(nz), x € T, u(z,t) =0, (x,t) € Q, u(1,t) =0, (1,¢) € QF.

Example 5.4.3 Consider the problem with negative source function as u; — ey, + 3u(x,t) —
u(z —6,t) = =1, up(z) =0,z € T, u(z,t) = 0, (z,t) € Q, u(1,t) =0, (1,t) € Q.

The examples are treated applying the developed numerical scheme in this chapter. Since the
exact solutions are not given, the double mesh principle is used to compute the maximum ab-
solute error and corresponding convergence rate. The uniform convergence result is shown by
computing the maximum absolute error and rate of convergence as given in Tables 5.1-5.3 for
each example, respectively. From the tables, one can visualize that for a given ¢, increasing
both time and space mesh numbers, decreases the absolute point-wise error. On the other hand,
for the mesh numbers, minimizing the perturbation parameter yields stable and uniform point-
wise error after certain decrements of . This shows the e-uniform convergence of the proposed

numerical schemes.

The numerical solution of the examples are simulated graphically for various values of the per-
turbation parameter and the shift argument. In Figure 5.1, the effect of the negative shift (¢) is
shown for Examples 5.4.1 and 5.4.3. Figure 5.2 shows the effect of ¢ in layer formation. Surface
plots are simulated in Figures 5.3-5.6 to show the physical behaviors of the solutions. In Figures
5.1, 5.3 and 5.5, the effect of the delay on the solution is simulated. That is, by increasing the
value of the negative shift parameter, weak interior layers are observed. In Figures 5.2, 5.4 and
5.6, the effect of the perturbation parameter is simulated. This means that if the values of ¢ is
decreasing, then the width of the boundary layers are become narrow. The uniform convergence
of the proposed method is shown by plotting log-log figures as given in Figure 5.7. From the
log-log plots, it is visualized that increasing the mesh number decreases the maximum absolute

errors, and decreasing the value of ¢ yields stable and uniform convergence.
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Table 5.1: Maximum absolute errors and convergence rates of Example 5.4.1 for 6 = 0.1.

e|N — 40 80 160 320 640
1| M — 20 80 320 1280 5120
272 8.0154e-03 1.9720e-03 4.9155e-04 1.2279e-04 3.0692e-05
2.0231 2.0043 2.0012 2.0003
24 8.5644e-03 2.0781e-03 5.1586e-04 1.2874e-04 3.0712e-05
2.0431 2.0102 2.0025 2.0676
276 3.4637e-03 7.0284e-04 1.6624e-04 4.0983e-05 9.8612e-06
2.3011 2.0799 2.0202 2.0552
278 6.8511e-03 1.6291e-03 3.6702e-04 9.2345e-05 2.3452e-05
2.0723 2.1501 1.9908 1.9773
210 1.4758e-02 6.7123e-03  1.6299-03  4.1544e-04 9.9845e-05
1.1366 2.0420 1.9721 2.0569
2712 1.4976e-02 7.9105e-03 2.7148e-03 8.6331e-04 2.2316e-04
0.9208 1.5429 1.6529 1.9518
214 1.5082e-02  7.9698e-03 2.7344e-03 8.6390e-04 2.4532¢-04
0.9202 1.5433 1.6623 1.8162
2716 1.5133e-02  7.9992e-03 2.7439e-03 8.6421e-04 2.4162e-04
0.9198 1.5436 1.6668 1.8386
218 1.5159¢e-02 8.0138e-03 2.7486e-03 8.6438e-04 2.4181e-04
0.9196 1.5438 1.6690 1.8378
2720 1.5172e-02 8.0211e-03 2.7510e-03 8.6446e-04 2.4192e-04
0.9195 1.5438 1.6701 1.8371
2722 1.5178e-02 8.0248e-03 2.7522e-03 8.6450e-04 2.5174e-04
0.9194 1.5439 2.0502 1.7799
272 1.5181e-02 8.0266e-03 2.7528e-03 8.6452¢-04 2.6210e-04
0.9194 1.5439 2.0505 1.7218
226 1.5183e-02 8.0275e-03 2.7530e-03 8.6453e-04 2.6828e-04
0.9194 1.5439 2.0506 1.1.6882
2728 1.5184e-02 8.0280e-03 2.7532e-03 8.6453e-04 2.7320e-04
0.9194 1.5439 2.0507 1.6620
eNM 1.5263e-02 7.8572e-03 2.7820e-03 8.6877e-04 2.7195e-04
rV-M 0.9580 1.4979 1.6791 1.6756
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Table 5.2: Maximum absolute errors and convergence rates of Example 5.4.2 for 6 = 0.1.

e [N — 40 80 160 320 640
1 |M— 20 80 320 1280 5120
272 6.9631e-03 1.7230e-03 4.2913e-04 1.0717e-04 2.6785e-05
2.0148 2.0054 2.0015 2.0004
24 7.3952e-03 1.8107e-03 4.5003e-04 1.1234e-04 2.7568e-05
2.0300 2.0085 2.0022 2.0268
276 2.7981e-03  6.0170e-04 1.4438e-04 3.5722e-05 8.5887e-06
22173 2.0592 2.0150 2.0563
278 5.6017e-03 1.2552e-03 3.2086e-04 8.0622e-05 2.1102e-05
2.1580 1.9679 1.9927 1.9338
210 1.4354e-02  5.5957e-03 1.4293e-03 3.6312e-04 8.9654e-05
1.3591 1.9690 1.9768 2.0180
2712 1.4232e-02  6.6265e-03 2.1128e-03 6.0819e-04 1.6578e-04
1.1028 1.6491 1.7966 1.8753
21 1.4165e-02 6.6060e-03 2.0686e-03 6.4561e-04 1.6578e-04
1.1005 1.6751 1.6799 1.9273
2-16 1.4130e-02 6.5952e-03 2.0656e-03 6.1392e-04 1.7023e-04
1.0993 1.6749 1.7504 1.8504
2718 1.4113e-02 6.5897e-03 2.0640e-03 5.9802e-04 1.7240e-04
1.0987 1.6748 1.7872 1.7944
2720 1.4104-02  6.5869¢-03 2.0632e-03 5.9007e-04 1.7530e-04
1.0984 1.6747 1.8059 1.7511
2722 1.4100e-02 6.5855e-03 2.0628e-03 5.8610e-04 1.7820e-04
1.0983 1.6748 1.8154 1.7176
2724 1.4097e-02 6.5848e-03 2.0625e-03 5.8411e-04 1.8115e-04
1.0981 1.6747 1.8202 1.6891
226 1.4096e-02 6.5845e-03 2.0626e-03 5.8312e-04 1.8295e-04
1.0981 1.6747 1.8225 1.6723
2728 1.4096e-02 6.5843e-03 2.0625e-03 5.8263e-04 1.8299e-04
1.0981 1.6747 1.8137 1.6700
eNM 1.4354e-02 6.5897e-03 2.1128e-03 6.4561e-04 1.8302e-04
rNM 1.1232 1.6411 1.7104 1.8187
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Figure 5.1: Effect of the negative shift on the solution for (a) Example 5.4.1 and (b) Example
5.4.3 fore = 2710,

0.3

Numerical solution
Numerical solution

: -0.12 :
. 0 0.1 02 03 04 05 06 07 08 09 1
X X

(a) (b)

Figure 5.2: Effect of the perturbation parameter in resolving the boundary layers for (a) Example
5.4.1 and (b) Example 5.4.3 for 6 = 0.1.
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Table 5.3: Maximum absolute error and convergence rates of Example 5.4.3 for 6 = 0.1.

e [N — 40 80 160 320 640
1 |M— 20 80 320 1280 5120
272 2.6321e-03 6.5541e-04 1.6373e-04 4.0924e-04 1.0230e-05
2.0057 2.0011 2.0003 2.0001
24 2.7754e-03 6.8827e-04 1.7168e-04 4.2897e-05 1.1523e-05
2.0116 2.0033 2.0008 1.8964
276 9.6754e-04 2.2359e-04 5.4764e-05 1.3621-05 3.4215e-06
2.1135 2.0296 2.0074 1.9931
278 2.3428e-03 4.9001e-04 1.2319e-04 3.0834e-05 8.1623e-06
2.2573 1.9919 1.9983 1.9175
210 7.3242e-03  2.3684e-03 5.5378e-04 1.3918e-04 3.4213e-05
1.6288 2.0965 1.9924 2.0243
2712 7.3242e-03  2.8810e-03  8.9276e-04 2.9058e-04 9.1453e-04
1.3461 1.6902 1.6183 1.6678
21 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1427e-04
1.3461 1.6902 1.6183 1.6682
2-16 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1423e-04
1.3461 1.6902 1.6183 1.6683
2718 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1419e-04
1.3461 1.6902 1.6183 1.6684
2720 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1419e-04
1.3461 1.6902 1.6183 1.6684
2722 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1419e-04
1.3461 1.6902 1.6183 1.6684
2724 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1419e-04
1.3461 1.6902 1.6183 1.6684
226 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1419e-04
1.3461 1.6902 1.6183 1.6684
2728 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1419e-04
1.3461 1.6902 1.6183 1.6684
eNM 7.3242e-03  2.8810e-03 8.9276e-04 2.9058e-04 9.1453e-04
rNM 1.3461 1.6902 1.6193 1.6678
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Figure 5.3: Effect of d on the surface plots of the solution for Example 5.4.1 taking ¢ = 2719,
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Figure 5.4: Effect of £ on the surface plots of the solution for Example 5.4.1 taking 6 = 0.1.
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5.5 Summary

This chapter focuses on formulating and analyzing a convergent numerical method for a singu-
larly perturbed differential equation involving negative shift in the reaction term. To solve the
problem, a fitted mesh numerical scheme is formulated on uniform temporal meshes and piece-
wise uniform spatial meshes. The influence of the negative shift is handled by choosing a special
mesh, so that the terms containing the shift lie on the mesh points. The stability estimate is es-
tablished and its convergence analysis is investigated, which proves that the method is uniformly
convergent. Three numerical experiments are solved to test the validity and applicability of the
proposed scheme. The solutions of the examples are simulated graphically and the maximum
absolute error and order of convergence are computed and given in tabular forms. The effects of
the shift and perturbation parameters are also simulated graphically. The convergence analysis
of the proposed numerical scheme is shown that the method is uniformly convergent of order
two in time and almost of order two in space. Thus, the main results achieved in this chapter can

be summarized as follow.

1. A parameter independent fitted mesh numerical scheme is formulated, which is convergent

of order two in time and nearly order two in space.

2. Due to € boundary layers are exhibited in the solution and the negative shift caused extra

weak interior layer.
3. Decreasing the value of ¢ yields stable and uniform maximum absolute error.

4. Increasing the mesh numbers decreases the maximum absolute error.
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CHAPTER SIX

A UNIFORMLY CONVERGENT FITTED MESH
METHOD FOR SINGULARLY PERTURBED PARTIAL
DIFFERENTIAL EQUATIONS WITH LARGE NEGATIVE
SHIFT

In this chapter, a time-dependent singularly perturbed partial differential equations involving
large delay in the spatial variable is treated. Such types of equations are observed in the modeling
of various phenomena, widely in the mathematical modeling of neuronal variability. The effect
of the perturbation parameter and the shift term makes it difficult to find the exact solution of
the problem. Here, the problem is solved by formulating a fitted mesh finite difference scheme,

which yields accurate and uniformly convergent results.

6.1 The governing problem

Consider a time dependent singularly perturbed problem on 2 = I' x A = (0,2) x (0,77 and
0Q = {(z,0)U(0,t)U(2,t) :x € T =10,2],t € A = [0,T]} for a finite time T as

Lou(z,t) = up(z,t) — cuge(x,t) + a(x)u(x, t) + b(x)u(x — 1, t) = f(z,1), (6.1)
subjected to the initial condition and boundary conditions

u(z,0) = up(z), v €T,

x,t) = ¢(x,t), (z,t) € Q7
2,t) = a(t), (2,t) € QF,

~—

u(
u(
where Q™ = {(z,t) ;2 € [-1,0], t € A}, Qt = {(2,t) :t € A} and 0 < e < 1.

It is assumed that the functions involved in the continuous problem are all smooth enough and

moreover, for arbitrary positive number A, the functions a(z) and b(z) satisfy the conditions

a(z) +b(x) >2X>0, b(z) <0, zel. (6.2)
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Considering the interval boundary conditions, (6.1) can be written as

u(z,t) — etge(x,t) + a(z)u(x,t) = f(x,t) — b(x)o(xz — 1, t), (x,t) € (0,1] x T,
u(z,t) — etz (x,t) + a(z)u(z, t) + b(x)u(z — 1, t) = f(z,t), (z,t) € (1,2) x T
(6.3)
with u(z,0) = ug(z) for z € T, u(z,t) = ¢(z,t) for (z,t) € Q7, u(2,t) = a(t) fort € A,
w17, t) =u(1t, t)and u, (17, t) = u, (17, t) .

Letting ¢ = 0, the reduced form of equation (6.3) is given as

Lou(z,t) =

(o) + a(z)ug(z,t) = f(x) — b(x)p(x — 1, t), (x,t) € (0,1] x T,
(wo)t + a(z)uo(x,t) + b(x)ug(x — 1, t) = f(x), (z,t) € (1,2) x T.

Lou(x,t) =

From the reduced problem, it can be observed that u(z, t) does not necessarily satisfy u,(0,t) =

#(0,t) and ug(2,t) = «a(t). Hence, the solution involves boundary layers at the end of the do-

F(18)=b(1)$(0~ t)—(uo)e(L,t) _ f(L8)=b(1)uo(0F,t)—(uo)e(1,t)
am o andu(1Y, 1) = COREE—

it is not necessary that ug(17,¢) is equal to ug(17, ¢). Hence, at x = 1 the solution involves inte-

main. Atz = 1, since ug(1™,t) =

rior layer. For more information, refer (Manikandan et al., 2014; Kumari & Kumar, 2020). For
the guarantee of existence and uniqueness of the solution, compatibility condition is imposed at

the corner points as

07 ) + b<0)¢<_170) = f<070>7
2,0) + b(2)uo(1,0) = £(2,0).

With the aforementioned conditions and assumptions, the solution of the continuous problem
(6.1) can be determined in the given domain. Thus, for (z,t) € €, there exist C' independent of
e, such that |u(z,t) — up(x)| < Ct (Roos et al., 2008).

6.2 Properties of the continuous solution

In this section, the stability and bound of the continuous solution and its derivatives are dis-

cussed, which are important in the analysis of the discrete scheme (Majumdar & Natesan, 2019).

Lemma 6.2.1 Let 1) be a given sufficiently smooth function on Q0. If (z,t) > 0, (z,t) € 9N
and L)(z,t) >0, (z,t) € Q, then (x,t) >0, (z,t) € L.

Proof. Let (2,%) € Q be given and assume that (&, £) = mingt(z,t) < 0. From the hypothe-
sis, (,1) ¢ 0 and from the derivative tests, 1, (2, %) = 0 and 1., (%,t) > 0.
Case 1: On (0,1] by (6.3), L.p(2,1) = u; — gy + a(2)0(2,1) < O,
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Case 2: On (1,2) by (6.3), L.)(2,1) = uy—eupta(2)Y(2, 1) +b(2)(3—1,1) < —etpu (@, 1)+

26 (2, 1) < 0.
The two cases show that L.(z, A) < 0, which contradicts the given hypothesis, so that the
assumption fails. As a result, (2, %) > 0, which gives ¢ (z,t) > 0, (x,t) € Q. [ |

Lemma 6.2.2 (Swaminathan et al., 2016). Let u(x,t) be the solution of (6.1). Then, it is esti-

mated as

1
< JRN—
lu(z,t)] < maX{HUHB&% 2)\”55’“”} )

where ||ulloq = {|u(z, 0)|, [u(0, )|, [u(2,2)}.
Proof. Define barrier functions as w®(z,¢) = max {||ullaq, 5 || L-u|| } = u(z,t), which gives

= max {Hu“ag, | Le uH} + u(z,0) >0,

= max {HUH@Q, | L. uH} +u(0,t) >0,

= max {HuHaQ, | Le uH} +u(2,t) > 0.
For z € (0, 1],

£ (o,t) = = s+l (0,0) > afo) max { il 55 171 % 1) 2 .
For z € (1,2),
Low*(z,t) =w — ew? + a(z)w® (2, 1) + b(z)wF(z — 1,1)

>2ma{ ullon, 271} £ 702 0.

Applying Lemma 6.3.1 gives w*(z,t) > 0, (x,t) € €, which gives the stability estimate. W

Lemma 6.2.3 (Swaminathan et al., 2016) For (x,t) € €, the derivatives of the solution of

equation (6.1) can be estimated as

J"u(x,t

PALD] < & (ullo-+ 111+ 1l + 1l . m=0.1.2, 64
O"mu(x,t —m

PO < G (lullon + I+ L), m= 1.2, ©5
O"mu(x,t 1-m

TUEDN < 05" (lullon + 171+ 1l + [ful). m=23.0.  (66)
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Proof. In (6.4) form =0, |u(x,t)| < C, which implies Lemma 6.3.2. For m = 1, rearranging
(6.1) gives
ur(z,t) = g (x,t) — a(x)u(z, t) — b(x)u(x — 1,t) + f(x). (6.7)

As described by Kadalbajoo & Awasthi (2011), assume that all of the data considered in (6.1)
are zero, which implies that u(x,0) = up = 0, u(z,t) = ¢(x,t) = 0, u(2,t) = a(t) = 0. Thus,
(6.7) becomes

ur(z,t) = etge(x,t) — a(z)u(x,0) — b(x)u(x — 1,0) + f(z). (6.8)

For (z,t) € Q7, u(x — 1,0) = ¢(x — 1,0) = 0 and for (z,t) € QF, u(z — 1,0) = «(0) = 0.
Hence, (6.7) can be reduced to u;(x,0) = f(x), so that the smooth function f yields |u(x,0)| <
C, x € dT', which gives

[ue(z, )] < C ([ulloa + IFIl + [I£ll)  on Q. (6.9)

Similarly, for m = 2, assuming that the initial and boundary values considered in (6.1) are
identically zero and differentiating with respect to ¢ gives wuy — ety + a(x)uy(x, t) +b(x)u(z —

1,t) = fi(x) and along t = 0, it becomes
gt (2, 0) — etgar(2,0) + a(z)u(z,0) + b(z)us(z — 1,0) = fi(x). (6.10)

Since uyyt(x,0) = fro(z) and uy(x—1,0) = 0, (6.10) becomes uy(x, 0) = & frr(x)—a(z) f(x)+
fi(z), which implies that |u;(z,0)] < Con df2as f is smooth function. Hence,

[uee(z, 1)) < C ([ullog + LFIl + [Lfell + [ feell) on €.

Analogously, the bound of the derivatives of the solution in the spatial variable is obtained easily.
That is, for m = 0, we obtain the stability estimate as in Lemma 6.3.2. Form = 1,letx € '
and consider a neighborhood I = (¢, ¢ + /¢), Vx € I. Then, applying the mean value theorem
for some y € I and fixed t € (0, T gives

[ua(y, 1) = VElulg + VE. 1) — u(q, t)VE < Ce? ||ul. (6.11)
Now, for any z in I,
lug (z,8)| =|uq(y, ) + & /m(ut(s, t) + a(s)u(s,t) +b(s)u(s — 1,t) — f(s))ds|

<lus(y, )| + Ce™* ([ulloa + I £l + 1 £:ll) -
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Using (6.11), we can get |u,(z,t)| < Ce2 (|lullon + | f]| + || f,]]). Rearranging the terms in
(6.1), we ge Uz, (7, t) = e (uy + a(x)u(z,t) + b(x)u(x — 1,t) — f(z)). From this result and
(6.9), it is possible to write the bound of u,,(x,t) as

(oo (@, )] < Ce™ (fullon + IF1l + 1) -

Similar procedure gives the estimation in (6.6). |

6.3 The numerical method

In this section, a numerical scheme for the model problem (6.1) is formulated in two stages of
discretization, first for the time variable, and then for the spatial variable to obtain a discrete

finite difference scheme.

6.3.1 Temporal discretization

For M denoting the number of meshes on [0, T, define a uniform mesh Q' as QM = {t; =
JAt, j4+1=1,2,... M, At = %} Applying the #-method yields a #-dependent semidiscrete
scheme. Forf) = 0, the method yields an explicit scheme, which may not stable. For § = 1/2, the
method become the Crank-Nicolson difference scheme and for # = 1, it yields an implicit finite
difference scheme. In general, the f-method is numerically stable for 6 € [1/2, 1] (Woldaregay
& Duressa, 2021). Thus, on Qi” , (6.1) is semi-discretized using the 6-method as

Uj“(x) _ Uj“(;v)

A7 —eUIH (2) — (1 — O)U? (2) + Oa(z) U7 (z) + (1 — 0)a(z)U? (z)

+0b(2) U (2 — 1) 4+ (1 — 0)b(2) U (z — 1) = 0 4+ (1 — ) f7 ().
On rearrangement and simplification, it becomes
(1+ ALY U (2) = ¢ (), (6.12)
where
—eAtUI T (z) + [1 + 0Ata(2)|U T (x), z € (0,1],
(L+ ALY ) U (2) =  —eAtOUIF () + [1 + 0Ata(2)| U7 (2)
+OALY(2) U (2 — 1), x € (1,2)

and

g (@) =
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subject to U%(z) = ug(z), x € T, Ut (x) = é(z,t;11), v € [-1,0], j = 0,1,2,... M — 1
and Uj+1(2, tj+1) = Oé(t]qu), j = O, 1, 2, ceey M —1.

Lemma 6.3.1 (Semi-discrete maximum principle). Let the mesh function '™ (z), j = 0,1,2, ..., M —
1 satisfies o' (x) > 0, x € 9T and (1 + ALY )™ (x) > 0, z € T. Then ¢! (x) > 0,
r el

Proof. For some 7 € T, assume that ¢/ ™! (Z) = min,cr¢’ ™ (z) < 0. Then, by the extreme
value properties, /1 (#) = 0 and @/F!(Z) > 0, and from the given hypothesis, & ¢ {0,2}.
Case 1: For 7 € (0, 1],

(1+ ALY ) () = ¢ TH(E) — efALRLIN (&) + Atba(x)’ (2) < 0.
Case 2: For 7 € (1,2),

(1+ AOL) " (@) <@’ H(2) + Atf—epl ! (2) + a(@)’ T (&) + b(2)¢" ' (2)]
< @ (R) — eAthPTH(2) + 2BAH0 T (2) < 0.

The two cases show that (1+ At0LM) 1 (7) < 0, for some & € T', which contradicts the given
condition. This implies that ¢/*1(z) > 0, for all z € T'. The maximum principle is satisfied by

the operator 1 + At0LM | and as a result

£,x>
1

1+ ALY < —n

(6.13)

Lemma 6.3.2 (Woldaregay & Duressa, 2021). Let the solution of the semi-discrete problem
(6.12) be U (z), j = 0,1,2,.... M — 1. Then, it can be estimated as

U7+ ()| <

At , .
| < T pgag ol + max {[T7HH )], [T (2)]} (6.14)

Proof. Define two functions as

. At : ; j
VL (@) = Tgngar ol + max {[U7 ), U7 @)1} £ U7 @),
AtZL‘ = 0 ¢]+1( ) Z 1+2>\9At||g|| > 0
Atz = 2, WH( ) > 1+2,\6AtHgH > 0.

For z € (0, 1], from (6.12),

(1+ AL )WL () = — A (14,) 5 (@) + [1 + 0Ata(2) i ()
>[1+ 6Ata(x)] 1fnax{|Uj+1<0)|7 |Uj+1 (2)|} > 0.
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For z € (1,2), from (6.12),

(1 ALV (@) = = 0 (a4 (&) + 1+ O a(@)]u" (2)
+ OALD(2) (Vou) i (z — 1)
>[1 + 0At(a(x) + b(x))] max {|U7T(0)], [U71(2)[} > 0.

As aresult, using Lemma 6.3.1, fl (x) > 0, which implies the required stability estimate. W

OMu(x,t)

Lemma 6.3.3 (Woldaregay & Duressa, 2021). Let |55

0,1, 2. Then, the local error is estimated as

< C for (z,t) € Qand m =

C(At)?, if $ <6 <1,

le™ |} <
C(At), if 0 =1.

Proof. The local truncation error can be determined by selecting an appropriate base point,
where the Taylor series is expanded. The convenient base point for a fully implicit method is the

point (z;,t;,1). However, the center point, (7,1, 1 ) is a convenient base point for any value of
6 € [3,1) and using this base point, the Taylor series expansion yield

(14 ALY /™ (z) = ¢/ (2) + (1

5~ 0)O((At)?) + O((At)?). (6.15)

Taking the different between (6.12) and (6.15), yields the local error satisfying
(1 + At@ﬁé\fg) eIt = (% — «9) O((At)?) + O((At)?),
eT(0) =0, ¢T(2) = 0.
Thus, applying Lemma 6.3.1 gives required estimate. |

Lemma 6.3.4 Assuming that Lemma 6.3.3 holds true, the global truncation errors E’*! can be

estimated as

C(A), if £ <6 <1,

R

Proof. By the local error estimate up to the (j + 1) time level for % <6<,
j+1
2 ¢
k=1
<lle*l + lle*ll + - + [le™ |
<Ci((j + 1)At)At < C(At).

|E7H| = L JAt<T
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By a similar procedures for § = 1,

j+1

¢
k=1

<[l + [|€*]] + ... + [l < Cu((5 + 1)At)(A)?* < C(AL)%

| B = , At T

Thus, the constructed semi-discrete scheme is convergent in the temporal direction. |

Remark 6.3.1 To obtain an improved error estimate, th solution U7*!(z) is decomposed as

Uit (x) = Vit (x)+ Wit (x), where VIt (z) is the smooth component satisfying the problem

(L4 A0LY) VIt (z) = — e AtV () + [1 + OAta(z)] VI (2)
—eAt(1 — )V (2) + [1 — (1 — 0)Ata(z)]VI(x) + OALfTT (2)
— 0At(z)¢" " (x = 1) — (1 = O)At[b(2)¢! (z — 1) — fI(2)], = € (0,1],
VI (0) = U7 7(0),
VITHL) = [1 + 0Ata(1)]7H([1 — (1 — 6)Ata(1)]VI(1) + AL (1)
— 0At(x)¢ T (0) — (1 — 0)At[b(1)¢’ (0) — f7(1)]),

(14 ALY VI (@) = — e AtV () + [1 + 0ALa(2)]V7I () + OALD(x) VI (2 — 1)
=eAt(1 = )V, (x) + [1 = (1 = O)Ata(x)]V7 (z) + OALF+ ()
— (1= 0)Atb(z)VIi(x — 1) — fi(z)], = € (1,2],
Vit (2) = UFH(2),
VItL(1) = [1+ 0Ata(1)] " ([1 — (1 — §) Atb(1)]V7 (1) + OAL (1)
— (1 =0)At[b(1)V?(0) — f7 (1)),

and W71 (z) is the singular component satisfying the problem

(L4 AOLY) W () = — e AtOWIH (2) + [1 + 0Ata(x)]W T (z) = 0, = € (0, 1]
(14 AOLY) W () = — eAtOWIH (2) + [1 + 0Ata(z)]W T (2)
+ OAth(2)W T (z — 1), x € (1,2),
WIHH0) = U7HH(0)-V7HH(0), WIHH(2) = U7H(2) — VITH(2).

The singular component W77 (z) is further decomposed as

Wt () = Wi () + W ()
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where the left singular component is
Wit (@) = W)W (2) + W2 (2)
satisfying (1 4+ At0LY) Wit (x) = 0, 2 € (0,1) with the conditions
W 0) = WitH0), Wit (1) =0, Wii'(z) =0, z € (1,2)
and (1 + At9LY) Wit (x) = 0,z € (0,1) with the conditions
WL 0) =0, WL (1) = Wigh1), Witi(z) =0, z € (1,2).
And the right singular component is
Wi (@) = WY (2) + WEG (2)WhY (2)
satisfying (1 + At0LL) Wf;ll(x) =0,z € (1,2) with
W) = WD), WL (2) =0, Wit (z) =0, 2 € (0,1).
and satisfying (1 + At9LL) W};gl(x) =0,z € (1,2) with
W5 (1) =0, W§H(2) = Wil (2), Wit (z) =0, z € (0,1).

In the above singular component conditions, the constants 7; and 7o are arbitrarily chosen, so

that the jump conditions at x = 1 are satisfied.

Lemma 6.3.5 (Bansal & Sharma, 2018). The derivatives of U™ (x), j+1=1,2,.... M and

its components can be estimated as

U (z) | _ JOA+e 3m(z ), 0sw <L,
dz™ 1T o1+ e Fmp(a,N), 1< o <2,
Vi )| e @), 0<e <L,

dz™ leca+ e na(z,A), 1<z<2,
dejJrl(Zlf) 05%771(%)\), 0 S z S 17
dx™ - Ce2my(x, M), 1 <2<2,

where m(z, \) = eV g 67\/5(1793), ne(z, A) = e V2 4 oVEC) g = 0,1,2,3.
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Proof. The proof is done by induction. For m = 0, it became Lemma 6.3.2. For m = 1,
consider x € (0, 1] and construct an associated neighborhood of R, = (¢, q + /¢), such that
zr € R, and R, € (0, 1]. Then, by the mean value theorem, for some y € R,,

U3+ (y)| = e~ 3 |[UIH (g + v/E) — UTHL(q)] < 267 || U7+,
Now, for any z in R,,

. 4 AN .
U2 @) U2 )+ e [ R0 08U — gty s
Yy
<|UZ )+ €= (107 e + 1)

A
€

Thus, |Ui+(z)| < Ce=, and Since 1 (z, \) = e=V2e 4 ¢~ V2= i bounded,

A
€

Ut (@) < O(L 47 [e V27 4 V2O

Using the differential equation and the bounds on U’*! and UJ"!, the bounds on the higher
derivatives can be easily obtained. For the sharper bound of the solution and its derivatives, we
considered the decomposition U7+!(z) = Vi+1(z) + W7+ (z), so that Vitl(z) = VI () +

6V1j i (x), where VOjJrl is the solution of the reduced problem and Vlj +1(x) satisfies

(1+ ALV () = (VT aw(2)
VjJrl(O) —0= V1j+1

Since V{ ™' (z) = e 1 (VIt (z) — Vi (2)) = e H (U7 (2) — VI (z) — WIt1(x)), we have

ViH0) = e 1 (U7HH(0) — VFTH(0) — W7TH(0))
and

VI (1) = e (U (1) = VETH0) = W (D).

Thus, since (Vj ™), () is bounded, V7" (z) is the solution of the problem similar to (6.12).

This implies that for m = 0, 1,2, 3,

Vi (x)

<C(l+e2).
dxm SCter)

Noting that V71 (z) = v)!(z) + eV7*!(2), so that the smooth component satisfies

d™VIiT(z)
dz™

<C(1l+ 57(77;72)).
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A
€

Therefore, since 1 (z, \) = e_\/g"” + e_\/_(l‘x) is bounded, we have

—(m—-2)

dmy/i+l
"V {z) <C(l+e 7 mz,N\), m=0,1,2,30n0,1].

dz™

Next, we construct the bound of the singular component W7+ () of the semi-discrete problem.

It is well known that W71 (z) can be further decomposed into left layer and right layer as
Wit (z) = Wi (@) + WE (2),

where the boundary layer functions, W7 " (x) and W} (x) are defined as the solution of the

problems

(1+ At9LYWI T (2) = 0, WITH(0) = W7TH0), Wit (1) =0
and

(1+ AtL)YWE () = 0, WET (1) = 0, Wi (2) = witL(2).

Define barrier functions 9% (z) = Cny(z, \) - W7 (x), where C' is chosen sufficiently large
that ¥*(0) > 0 and ¥=(0) > 0 hold true. Then,
(14 AOLY) 0*(2) = — eAthY;, (z) + (1 + Atba(z)) 9 (z)
=C (1+ AtO(a(z) — X)) pi(x, A) & (—eAOWLE (2) + (1 + Atba(x)) Wi

=C[1+ Atb(a(z) — N)]m(xz,\) >0, as a(z) > A.
Applying the semi-discrete maximum principle, 9= (z) > 0, which implies that
|W£+1(ZE)| < 0771(%)\)» LS [07 1]7

which implies that the left boundary layer’s solution is bounded. To bound the first derivative
W7t (z), the same technique is used as in the proof of the bound of U7*!(z) shown above. For
each x € [0, 1], there existy € R, = (¢, q + /), such that

(W e(@)] < 267 [[W g,
Then, it is easily understood that

W) =V ) + [ V(o)

; 1 [T 1+ Atba(z) .
=(Wih.(y) +e 1/ T()Wiﬂ(z)dz-

Y
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From this, one can obtain

; ; 1+ Atba|| [*
W) g+ et | e
At6 y
- ; -1 || 1+ Ath
<2 Wi e [ as e -y < VE
Atd
<Ce Wi
But, |[WIt!|| = sup,. rIWiTH ()] < Cev 2, which is because of monotonic decrement of

Wiﬂ(l’)- Thus,
HW£+1H S Ceiy\/g :Ce(xfy)\/gefx\/g
<ceVEeVE < 0V,

(With(z)] < Ce2 ni(z, \). Using the derivatives on Wit!(z), the bounds for

m = 2 and m = 3 can be easily obtained by similar procedures. The required bounds for

Therefore,

x € (1,2) can be obtained following the above procedures. |

Remark 6.3.2 Constructing the bound of the solution and its derivatives in Lemma 6.3.5 in-
volved the functions 6—\/§x’ e_\/g(l_x), e_\/g(‘”_l) and 6_@(2_‘”). For these functions, it can
be observed that on (0, 1], e_\/gx > e_\/g(l_x), for all x near 0~ and e_\/gm < e_\/g(l_’”),
for all x near 1=. On the interval (1,2), e V2D > e’\/g(Q’”), for all = near x© and
eV 21 < e’\/g@"”), for all x near 27. In the left boundary layer in the neighborhood
of x = 0, we have e_\/gx > e_\/g(l_w), while in the interior layer in the neighborhood of
r=1", eV < e~VE0-0), Similarly, in the interior layer in the neighborhood of x = 1%,
e VEED s 6’\/5(2’““"), while in the right boundary layer in the neighborhood of z = 2,
eV « e~V22=2) Based on these results, it may be enough to prove the Lemma that
on the part of the mesh corresponding to the left boundary layer with the function e_\/gf‘ and
the left side interior layer with the function e~VE0-a), Similarly, for the left side interior layer,
it may be enough to use the bounding function e’\/g(f”’l) and the right boundary layer, it is

enough to use the function Vi),

6.3.2 Spatial discretization

Divide the spatial domain [0, 2] into two sub-intervals [0, 1] and (1, 2]. For N mesh numbers,
consider 2 as a piece-wise uniform spatial meshes. Then, each sub-intervals can be further
divided as [0, 1] = [0, 7]U (7, 1 —7]U(1—=7,1] and (1,2] = (L, 1+7]U(1+T7,2—T]U(2—T,2],

where 7 is a transition parameter, which separates the non-uniform into uniform meshes and
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given as 7 = min {}1, 2\/§ In N } Consider % mesh numbers on each of the fine mesh regions

[0,7], (1 =7,1), (1,1 + 7) and (2 — 7,2), and & mesh numbers on each of the coarse mesh

regions (7,1 — 7] and (1 + 7,2 — 7. The nodal mesh points are z; = z; 1 + h;, i = 1,2,..., N

, where the mesh interval h;’s are given by
8T . N 3N N N 5N TN
h. o NT, 1 = 1,2, - R + 1, 9y Ty + 1,...,— — 4+ 1,...,N,
;=

4(1-27) i=N +1, 3N 5N 11, 7N

N o7 SR

Now, define the standard finite difference operators as

J+1 J+1 J+1 J+1
Ui+1 -U; Ui U

DU () — i Dt () —
U (xl) hi+1 ) U (xz) hZ 9

4 2 , .
D+D7U]+1<£L'i) = m [D+U]+1(l‘i) — D7U3+1($i)] .

Substituting the differential operator in equation (6.12) by the standard finite difference operators

gives a discrete scheme as

LYMUIT =g j=0,1,2,..., M — 1,

where
—eAt)DY DU + (1 + Atfa,) U™, i =1,2,..., %,
LEMUTT = ¢ —eAODT DU + (1 + Atba,) U + AtObUY, .
i=8+1,5+2,.,N—1,
and

At(1 —0)[eD* DU} — a,U! — b/ (z; — 1) + f(;)]
—OAth T (v — 1) + OALf () + U7, i=1,2,.., 5
At(1 = 0)[eD* DU} — ;U7 = 003, + f(21)]

+U) + AtOf (), i=5+1, Y +2, . N1

J+l _
=

\
The scheme in (6.16) can be reduced to a system of equations given by

. . ) N
Ti_Uij—_'_ll + T?Ui]—i_l + T;_Ug—:_ll = Gi7 1= ]-7 27 seey 57
where
_ —2¢e0
r; =———,
hi(hi 4+ hit1)
0 2e0 n 2¢e0 n 1 + a
" higa(hi +hig)  hi(hi 4+ hip) At b
n —2¢e0
T. =

" hia(h 4+ hi—i—l),

(6.16)

G =(1 = 0)[eD} DU/ — a;U! — b (x; — 1) + f7(2;)] — Ob? ™ (2 — 1) 4+ 074 () + iUg.

At
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Similarly, one can obtain

. . . N
ry U 4 U7 U = G i = S +tL3
where 75, 0 and ;" are given as above and G = (1 — 0)[eDTD~ U/ — a,U/ — biU&A +
2

Fi(@)] + ZUL + 07 ().

+2,...,N,

Lemma 6.3.6 (Discrete Maximum Principle). Let gog bea given mesh function, which satisfies
O > 0and PP > 0,5 = 0,1,2,. M — 1 IFLYMG >0 = 1,2, N — 1, then
@ >0i=0,1,..N.

Proof. Assume that /7! = min Ngo{“ < 0, forsome ¢ € {0,1,..., N}.
1=0,1,...,

Case1: Fori=1,2,.., %,

Eé\fl(pfﬂ = —cAtODTD ' (x,) + (E + Ha(xL)> 't (z,) < 0.

Case2: Fori =35 +1,5+2, ., N—1,

L5l = — 9D DM () + (é + ea(@)) P (@) + 0b(z,) " (2, — 1)

< — DDt (z,) + {E + fa(z,) + Qb(xb)] @ (x,) < 0.

These two cases contradict the given hypothesis, which implies that @™ > 0 forall i =

0,1,...N,7=0,1,2,.... M — 1. [
Lemma 6.3.7 (Bansal & Sharma, 2018). Let Uijﬂ, 1 = 0,1,..., N be a solution of the fully-
discrete problem (6.16). Then, it is estimated as

|Uij+1| < : At”ﬂ”

j+1 j+1
Tongag T a1 IUR

Proof. To confirm this estimate, define two barrier functions as

7ty = 20 U, ) £ 0

The estimation holds true for i € {0, N}, and for other values of i, examine the two cases below.

Casel: For:=1,2, ..., %

At

1 Atllgll : '
> (A_t +9a¢) (m +max {|U3, |UL} ) £ g(zi i)

>(1/At + 0a;) max {|U™], [UL} > 0.

LMY == DD (g 4 o) ()
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Case2:Fori=J+1,58 42 N1,

LM (gIYE — gDt D () 4 (i ; eam)) (FFH) 1 Bb(a ) (07 )*

At
1 Atllg]] : :
2 (Kt—keaz—i—@bl) (m+max{|(]é+1], ’U]]V+1‘} Zl:g(l’i,tj+1)

At
So, applying Lemma 6.3.6, the required stability estimate can be obtained. |

1 . .
> (_ +9ai —|—0bi> maX{’U(g+1‘> ‘UJ]V+1|} > 0.

Remark 6.3.3 For the Shishkin’s error estimate of the discrete scheme, the solution U,L-j 1 can
be decomposed into its smooth component Vij 1 and singular component Wij 1 as Uij o=

VIt 4 Wf 1. The smooth component satisfies the problem
LNMYITE — il 5 —0,1,2,.., M — 1,
where
DDV 4 (& 4+ 0a,) VI i = 1,2,
LEMVIT = ¢ DD VI 4 (L 4 0a,) VI 4 eb(xi)véj,

vz

)

i:%+1,%+2,...,N—1
VAt yit(), Vétll = VItL(17), VI = vty Vit = vit(2).

T+
And the singular component, W{ 1 satisfies the problem
—eDTD Wit 4+ (& +0a) W/ =0, i=1,2,..., 5,
LIMWIT = & —c0D* D= W/ + (& + ba;) W + 0,04 =0,
i=3+1,5+2,.,N—1,
Wg+1 _ Wj+1(0>, WJ{[+1 _ W]+1(2>
Theorem 6.3.1 Suppose that U (x;) is the solution of (6.12) and UZ-]'Jr1 is the solution of

(6.16). Then, the truncation error in the spatial direction is estimated as

U7 () = U < (NI N)?, i =0,1,2,..., N.

Proof. The error at each mesh point (;, ;) is given as €7 = U7+ (z;) — U/, So, the
error estimates in the regular and singular components can be analyzed separately. Using the

classical argument for: = 1,2, ..., % — 1, the local error of the regular component is

2

LI = Vi) = =2 (D7D = ) V),
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Using the results in chapters 4 and 6 of (Miller et al., 2012), it becomes

LM (VI it ()] < Cef(wipr — zimn) VI (@) 5, @i € (1,1 —17), 6.17)
Cel(x; — x;_1)?|VIT(x;)|s, otherwise.

And for m = 0,1, 2, 3, 4, the regular component satisfies
V) (25, 8500)] < C (1 + 87—@—%) ze[01], 6.18)

V" (i, tjaa)|< C(L+e712),

V(2 ty0)| < O+ 7).
Since ;41 — ;1 < =, (6.17) and (6.18) yield

which implies that

-1 _1
‘EN’M<Vj+1 —VjJrl(iL'i))’ < CN €<1+6 2)7 T; € (7—71 _T)a
CN72¢(1 + &™), otherwise.

Taking the smaller order of € gives

112 . B
Ly < O ST mE D,
CN~2, otherwise.

Introduce barrier functions as

() = CN2+CN2% 1, r<z<1-7,

1-z;
TIa 1_T§$1§17

which provide ¢(z;) = CN™?+CN~2 (1), forz; € (7,1—7). Since 7 = 2,/5 In N, it leads

to ¢(z;) < CN~2In N. Consequently,

. . CN_lgl/Q, z; € (1, 1— 7 7
LM ((z;) £ (VT = VIt (2;))) >0 and LYM(z;) > ( )
CN~2, otherwise.

Application of the discrete maximum principle yields [V —Vi+1(z,)| < (x;) < CN~2In N.
Following similar procedure fori = §+1, 5 +2,..., N —1, one can obtain VT —Vitl(g,)] <

¥(x;) < CN7!, and as a result

VT — vt (z)| < CN2In N. (6.19)

Ph.D Dissertation 84



Fitted numerical schemes for a class of SPDDEs 2023

For the singular component, the error is estimated considering the transition parameter 7 =
and 7 = 2\/§ In N separately. That is, for the case 7 = %, the mesh is uniform and 2\/§ InN >
}1, so that e~/2 < C'In N. By the classical argument

=

[LEMWTT = W (@) < COs — 1) e[ W ().
Since [Wi ()]s < Ce ?and z; — ;1 < N1,
[LEMWIT = W (z,))] < (N~ InN)?.
Consequently, applying the maximum principle gives
(W — Wit (z;))] < C(N"'InN)?, Va; € [0, 7). (6.20)

By a similar argument on (1 — 7, 1), the same estimate can obtained as in (6.20). For the case

. . . . . 4(1-2
T < }1, a piece-wise uniform meshes exist with %

mesh sizes in [7, 1 — 7| and 5 mesh sizes
in each of [0, 7] and [1 — 7, 1]. Thus, to estimate |W/ "' — W7+ (z;)|, different arguments can be
considered depending on the mesh spacing. For z; in the sub-intervals [0, 7] and [1 — 7, 1] the

classical argument gives
(LMW = Wt (2))] < Cebwi — i)W ().

Since z; — ;_1 = 5 and [Wit!(z;], < Ce™?,
. , 87\ 2
|LNM(WIT - Wit (2,))] < Cef (ﬁ) Ce2 < CN 2%

But 7 = 2,/ZIn N and hence |LNM (W™ — Witl(z,))| < CN7?7%~! < C(N~'InN)2
The maximum principle gives |(W/ ™" — Wi+!(z;))] < C(N~'In N)?, x; € [0,7] U [l —7,1].
On the sub-interval [, 1 — 7], the local truncation error of the singular component is
. . d? .
|CNM (W Wit (2,))] < 6 (D+D‘ - —> Wt (a,)].

dx?

However, | DT D~Witt(z;)| < [ max ]|W”(xi, tj+1)|, and as a result,
TE[Ti—1, Ti+1
A ‘ B2 ‘
L2 = ) <eol (DD — ) W)
T

d*Wit (x;)
dx?

<2e0  max  |W(x;,ti)| < 2e0|WIt ()]s,

T€[Ti—1, Tit1]

<ef) <|D+D—Wﬂ'+1(x,»)| +
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The estimate of W"(z;,t;41) leads to

[LYMWIT — W (1)) < 260|WTH (2)]; < 2600 e VE ) > 7
< C’e_\/gT

<CN7?% 7= 2\/§IDN,

which implies that [LYM (W7 — Wit (z;))] < CN~2 < C(N'InN)?, z; € (1,1 —7).
So, the maximum principle leads to | (W7 — Wit!(z;))] < C(N~'InN)?on [r,1 — 7].

Combining the aforementioned findings for singular components on (0, 1] with analogous pro-

cedures and results on the interval (1, 2), the singular component is estimated as

W7/ — Wit (z)| < C(N~'In N)2. (6.21)
Thus, from the results in (6.19) and (6.21),

U7 — U7 ()] < O(N "' In N)?, (6.22)
which is the error estimate in the spatial direction. |

Theorem 6.3.2 Let u(x,t) be the solution of the continuous problem (6.1) and Uij 1 be the

solution of the discrete problem (6.16). Then, the uniform error estimate is

C(At+ (NI N)?), L<p<t,
sup [[u(zi, tin) — US| < i
0<e<1 CAD? + (N1 N)2), 6 =1

2
Proof. From the triangular inequality,
u(@i, i) = UF < Jules, tyn) — U7 ()| + (U7 (@) = U7

Then, combining Lemma 6.3.4 and Theorem 6.3.1 yields

C(At+ (N'InN)?), L <6<,
sup fJu(zi, tj1) = U7 7| < ’
O<e<1 C((At)2+ (N7'InN)?), 0= %,
which is the required uniform error estimate. |

Ph.D Dissertation 86



Fitted numerical schemes for a class of SPDDEs 2023

6.4 Numerical results and discussions

The numerical scheme proposed in this chapter is demonstrated by solving two examples of
singularly perturbed parabolic differential equations involving large shift, which are taken from
previous research works in the literature. Due to the presence of the perturbation parameter and
delay term, it is difficult to solve the problems analytically. However, applying the proposed nu-
merical method, the problems are treated easily. The maximum absolute error and corresponding

rate of convergence are computed applying the double mesh principle of the form (4.44)-(4.47).

Example 6.4.1 (Kumari & Kumar, 2020). Consider problem (6.1) with a(x) = 3, b(z) = —1,
flz) =1 up(z) =0, ¢(x,t) = 0 and a(t) = 0.

Example 6.4.2 (Bansal & Sharma, 2018). Consider problem (6.1) with a(x) = 5, b(z) = —2,
f(z) =2, up(x) = sin(nwz), ¢(x,t) = 0 and o(t) = 0.

The examples are solved applying the fitted mesh finite difference scheme formulated in this
chapter. Since the exact solutions are not given, the double mesh principle is applied to compute
the maximum absolute errors and rate of convergence, and the obtained results are given in tab-
ular and graphical forms. The maximum absolute errors and corresponding rate of convergences
are are computed as shown in Table 6.1 for Example 6.4.1 and in Table 6.2 for Example 6.4.2.
From these tables, one can see that for a given ¢, increasing the mesh numbers decreases the
absolute point-wise error. And by fixing the mesh numbers and decreasing the value of the per-
turbation parameter results in stable and uniform maximum point-wise errors. This shows the
e-uniform convergence of the proposed numerical schemes. Table 6.3 shows the comparisons of
the present method with other results published in the literature. As it is seen in the comparison

table, the accuracy of the present method is better than that of the other methods.

The numerical solutions of 6.4.1 and 6.4.2 are simulated graphically as shown in Figures 6.1
and 6.2, respectively, at different time levels. From these graphs, one can visualize that for
e = 29, the figure shows the solution of unperturbed differential equation and decreasing the
perturbation parameter decreases the width of the layers. Also, to depict the physical behaviors
of the solutions, surface plots are shown in Figures 6.2 and 6.4 for Examples 6.4.1 and 6.4.2,
respectively. From these figures, it is also observed that as € approaches to zero, the widths of

the boundary and the interior layers are are minimized.
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Table 6.1: Maximum absolute errors and convergence rate for Example 6.4.1 taking 5 = 1 and

0 = 0.5.
e |N — 36 72 144 288 576
1 |M— 36 72 144 288 576

20 3.4088e-03 1.6766e-03 8.4491e-04 4.2326e-04 2.1177e-04
1.0224 0.9887 0.9973 0.9990

272 3.2042e-03 1.6160e-03 8.1425e-04 4.1563e-04 2.1031e-04
0.9875 0.9889 0.9702 0.9829

274 1.4063e-03 1.1065e-03 7.5135e-04 4.0055e-04 2.0233e-04
0.3459 0.5584 0.9075 0.9853

276 2.3392e-03 7.9088e-04 4.0311e-04 2.6921e-04 1.0661e-04
1.5645 0.9723 0.5824 1.3364

278 5.9840e-03 2.7311e-03 7.9285e-04 2.0350e-04 5.1067e-05
1.1316 1.7844 1.9620 1.9946

210 9.5374e-03  6.7288e-03  2.7339e-03 7.9334e-04 2.0359e-04
0.5032 1.2994 1.7849 1.9623

212 9.5374e-03  7.2339e-03  3.6544e-03 1.5725e-03 5.0898e-04
0.3988 0.9851 1.2166 1.6274

214 9.5374e-03  7.2339e-03 3.6544e-03 1.5725e-03 5.0898e-04
0.3988 0.9851 1.2166 1.6274

eNM 9.5374e-03  7.2339e-03 3.6544e-03 1.5725e-03 5.0898e-04

rV.M 0.3988 0.9851 1.2166 1.6274 -
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Table 6.2: Maximum absolute errors and convergence rate for Example 6.4.2, taking 8 = 1.5

and 0 = 0.5
e |N — 64 128 256 912 1024
1 |M— 32 64 128 256 512

272 8.6368e-03 3.8818e-03 1.9143e-03 9.5221e-04 4.7773e-04
1.1538 1.0199 1.0075 0.9951

24 6.8183¢-03 3.6671e-03 1.8082e-03 9.4268e-04 4.7524e-04
0.8948 1.0201 0.9397 0.9881

276 4.8601e-03 2.3395¢-03 1.6507e-03 9.0401e-04 4.4682e-04
1.0548 0.5031 0.8687 1.0166

278 6.6227¢-03 2.1333e-03 5.7181e-04 5.5287e-04 4.0721e-04
1.6343 1.8995 0.0486 0.4417

2710 1.1337e-02  6.2471e-03 2.1336e-03 5.7187e-04 1.4558e-04
0.8598 1.5499 1.8995 1.9739

2712 1.1337e-02  6.2470e-03 2.5144¢-03 8.5861e-04 2.7178e-04
0.8598 1.3129 1.5501 1.6596

214 1.1336e-02 6.2469¢-03 2.5144¢-03 8.5860e-04 2.7178e-04
0.8597 1.3129 1.5502 1.6595

2716 1.1336e-02 6.2468e-03 2.5144e-03 1.0525¢-03 2.7178e-04
0.8597 1.3129 1.2564 1.9533

218 1.1336e-02 6.2468e-03 2.5144¢-03 1.1547¢-03 2.8047e-04
0.8597 1.3129 1.1227 2.0416

2720 1.1336e-02 6.2468e-03 2.5144e-03 1.2045¢-03 2.9409¢-04
0.8597 1.3129 1.0618 2.0341

eNM 1.1337¢-02  6.9304e-03 2.5144e-03 1.2045e-03 4.7875e-04

rNM 0.7100 1.4627 1.0618 1.3311 -
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Table 6.3: Comparisons of the present method with other results in literature.

Example 6.4.1 with = 0.5and T =1
N =M: 36 72 144 288

Present method
eMM 51103e-03 2.8812e-03  1.2004e-03 3.9571e-04

rN-M 0.8267 1.2632 1.6010

Kumari & Kumar (2020)
MM 7.0100e-03  2.9700e-03  1.1400e-03  4.0600e-04
rN-M 1.2390 1.3814 1.4895

Example 6.4.2 with § = 0.5 and e?V4M
N/M:  64/32  128/128  256/512 5122048

Present method

r e 17710 1.8278 1.7093 1.6930
Bansal & Sharma (2018)
r e 17908 1.8354 1.5091 1.6257
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Figure 6.1: Simulations of the numerical solution of Example 6.4.1, taking #=0.5, =1 and
N=T72 and M =72 at four different time levels (line plots).
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Figure 6.2: Simulations of the numerical solution of Example 6.4.1, taking #=0.5, =1 and
N=72 and M=T72 at four different time levels (Surface plots).

6.5 Summary

In this chapter, a singularly perturbed differential equation with large negative shift is consid-
ered. Due to the influences of the perturbation parameter and the shifted term, the solution of
the problem changes rapidly in the layers, which is a challenging factor to solve the problem
analytically. Here the problem is solved by formulating a fitted mesh finite difference scheme.
The scheme is derived using the -method on a uniform temporal mesh and using the central

difference operator on a piece-wise uniform meshes. The stability estimate is established and
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Figure 6.3: Simulations of the numerical solution of Example 6.4.2, taking #=0.5, =1 and
N=64 and M =32 at four different time levels (line plots).
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Figure 6.4: Simulations of the numerical solution of Example 6.4.2, taking #=0.5, =1 and
N=64 and M =32 at four different time levels (Surface plots).

uniform convergence analysis is investigated for the developed numerical method. The method
is demonstrated by solving two model examples. From the theoretical and numerical results of
the obtained scheme, it is observed that the obtained numerical scheme is uniformly convergent

in time and space variables.
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CHAPTER SEVEN

A NONSTANDARD FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARTIAL DIFFERENTIAL
EQUATIONS WITH LARGE NEGATIVE SHIFT

The chapter deals with the formulation and analysis of a nonstandard finite difference method for
a singularly perturbed partial differential equations with large negative shift. Nonstandard finite
difference methods are important to capture the instability of standard numerical methods and
handle the abruptly varying behavior of the solution in the layers. To formulate the numerical
scheme, the spatial and temporal domains are discretized uniformly. Then, a nonstandard finite
difference method is proposed by deriving denominator functions for both the temporal and

spatial discretization.

7.1 The governing problem
Consider a singularly perturbed partial differential equationon Q2 =T x A = (0,2) x (0,7 as
Lou(z,t) =u(x,t) — cuge(z,t) + a(x)u(z, t) + b(z)u(x — 1,t) = f(x,1), (7.1)

subjected to the initial and interval-boundary conditions

u(z,0) = up(z), x €T, (7.2a)
u(z,t) = o(z,t), (z,t) € Q7, (7.2b)
w(2,t) = a(t), (2,1) € QF, (7.2¢)

where 0 < e < 1,07 = {(z,t) : x € [-1,0];¢ € (0,T]}, QT = {(2,t) : t € (0,7} for a finite
time 7" and the differential operator L. independent of £.The functions involved in the governing
equation are assumed to be sufficiently smooth. Moreover, for arbitrary positive constant A, the

coefficient functions are considered to satisfy
a(x) +b(x) > 2\ >0and b(z) <0, x € T (7.3)
Depending on the interval condition, (7.1) can be equivalently written as
u(z,t) — etge(x,t) + a(z)u(z,t) = f(x,t) — b(x)d(x — 1.t), (z,t) € (0,1] x A,

u(z,t) — etge(x,t) + a(z)u(z, t) + b(x)u(z — 1,t) = f(z,t), (x,t) € (1,2) x A.
(7.4)

Lou(x,t) =
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with the conditions given as in (7.2a)-(7.2c). Setting € = 0, (7.4) is reduced to

(UO)t + CL(.T)U()(ZL’, t) = f('ra t) - b($)¢(I - 1t)7 (l’, t) S (07 ]-] X A7
(o) + a(x)ug(z, t) + b(x)uo(z — 1,t) = f(x,t), (x,t) € (1,2) x A.
(7.5)
In the reduced problem (7.5), since ug(x, t) need not necessarily satisfy the conditions u((0,t) =
#(0,1), up(2,t) = a(t), up(1,t) = ug(17,t) and (ug).(1",¢) = (ug).(17,¢), in general the

solution u(z, t) exhibits two strong boundary layers at the two ends of the domain and strong

Loug(z,t) =

interior layer at x = 1 (Lange & Miura, 1982). Also, compatibility conditions are imposed as

(7.6)

and
¢t(0> 0) - 5(“0)xm(0) + G(O)u()(()) = f(07 0) - b(0)¢(_10>7
a¢(2,0) — e(u)zz(2) + a(2)up(2) + b(2)ue(1,0) = £(2,0),

which show that the considered data hold at the two corner points (0,0) and (2,0). From the

(7.7)

imposed compatibility conditions in (7.6) - (7.7), the existence of C' independent ¢ is guaranteed
and the problem has unique solution (Eloe et al., 2005). Thus, (z,t) € €,

lu(z,t) —u(z,0)] < Ct. (7.8)

If ¢ small enough, the solution u(z,t) of (7.1)-(7.2) closes to ug(z,t). Also, with out lose of
generality assuming that all the data given in (7.2a)-(7.2c) are identically zero (Kadalbajoo &
Awasthi, 2011), so that the following properties of u(z, t) are true.

7.2 Properties of the continuous solution

Lemma 7.2.1 (Roos et al., 2008). The solution u(x,t) of (7.1)-(7.2) can be bounded as

u(z,t)] < O, (z,1) € Q.

Proof. From (7.8), it follows that |u(x,t)| — |uo(z)| < |u(x,t) — ue(z)| < Ct, which gives
lu(z,t)] < Ct + |ug(z)], V(x,t) € Q. Thus, as uy(x) is bounded and t € (0, T, |u(x,t)| < C
for all (z,t) € Q. |

Lemma 7.2.2 (Continuous maximum principle). Let w(x,t) is any continuous function in ). If
w(z,t) >0, (z,t) € 0 and L.w(x,t) >0, (z,t) € Q, then w(x,t) >0, (z,t) € .
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Proof. Let (¢,:) € Qsuchthatw(é, 1) = ming w(x,t) and letw(&, 1) < 0. By the given hypoth-
esis, (£,¢) ¢ 02 and by the extreme value theorem, w,(§,t) = 0, wi(&, 1) = 0, wea(€,¢) > 0.
Case 1: On (0, 1], £ 1w(&, 1) = 22(¢,0) —e 2% (1, 1) +a(E)w(€, 0) = (—e 25 +a(€))w(E, 1) < 0.
Case 2: On (1,2), Loow(§,0) = 22(6,0) — eZ5(50) + a(§w(&, 1) + b(Ew(§ — 1,1) <
Be(€,0) — e22(€,0) + a(E)w(€, 1) + bEw(&,0) < 0.

From the two cases, a contradiction to the hypothesis is occurred. Thus, the assumption fails
and w(&, 1) > 0, which implies that w(z,t) > 0, (z,t) € Q. |

Lemma 7.2.3 (Swaminathan et al., 2016). Let u(x,t) be the solution of (7.1). Then, it can be

bounded as

1
|u(2, )] < max {HuHam X||£EUH} )

where ||ullaq = {u(x, 0)], [u(0,1)], [u(2,)[}.
Proof. Define barrier functions as w* (z, t) = max {||u|sq, +||L.ul|} & u(z,t). Then,
. 1 1
For t = 0, w™(z,0) = max < ||ul aq, XHEEUH + u(z,0) > XHEEUH + u(z,0) > 0.
1 1
For z = 0, w*(0,1) = max{HuHaQ, XH,CEUH} + u(0,t) > XH'CEUH +u(0,t) > 0.
1 1
For z = 2, w*(2,1) = max{||u||ag, XHL',EUH} +u(2,t) > XHEEUH +u(2,t) > 0.
For v € (0,1], L.w™(7,t) =wf — ewE, + a(x)w™(z,t) + b(x)¢p* (v — 1,1)
1
> afie)max { fulon. $111} £ 2.0) = 0
For x € (1,2), L.w™(x,t) =wf — ew, + a(x)w®(z,t) + b(z)u™(z — 1,1)

1
> 2)\max{|]uHaQ,XHfH} + f(z,t) > 0.

Hence, applying Lemma 7.2.2 implies w®(z,¢) > 0 for all (z,t) € €2, which yields the required
stability estimate. |

Lemma 7.2.4 (Bound on the derivatives of the solution). The derivatives of the solution u(z, t)
of (7.1) can be bounded as

@Z‘WW\ e 147 <exp(—\/§x) + exp(—\@u —a))], @ e 01 %A,
0r'ot’ |~ | ¢ [1 tev (exp(—\/g(x —-1))+ eXp(—\/§(2 - x)))} ,(z,t) € (1,2) x A

for all non-negative integer ¢, j such that ¢ + 2j € [0, 4].
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Proof. To determine the bound of the derivatives of the solution of the continuous problem, we
follow the procedures in Clavero & Gracia (2010) and Kellogg & Tsan (1978). For (x,t) € €,
consider the case when i = 0, which implies differentiating u(x,¢) with respect to time. For

j =0, itimplies Lemma 7.2.1. For j = 1, rearranging (7.1) gives

With out lose of generality assuming that u(z,0) = ug = 0, u(z,t) = ¢(x,t) = 0, u(2,t) =
~(t) = 0, (7.9) becomes

ur(z,0) = gy (z,0) — a(z)u(z,0) — b(x)u(x — 1,0) + f(z,0). (7.10)

Thus, along © = 0 and = = 2, u(x,t) = 0 which gives u, = 0 and along t = 0, u(z,0) = 0, so
that u,, = 0, ¢t = 0. On the interval [0, 1], u(z — 1,0) = ¢(x — 1,0) = 0 and on the interval
[1,2], u(x — 1,0) = up(z — 1,0) = 0. Combining these results give u(z — 1,0) = 0, so that
(7.10) becomes u:(z,0) = f(x,0) and since f is smooth function, |u(x,0)| < C on 052, which
implies that

lug(x, 1) < C on Q. (7.11)
In a similar way for j = 2, assuming that all the data given in (7.2a)-(7.2c) are identically zero
and differentiating with respect to ¢ gives wuy (1, t) — gy (x, t)+a(x)us(z, t)+b(x)us(x—1,¢) =

fi(x,t) and along t = 0, it becomes
utt($a O) - gux:ct(xv O) + a(:v)ut(:zj, 0) + b(I’)Ut(ZE - 17 O) = ft(Iv 0) (712)

But, from u;(z,0) = f(x,0), it follows that u,,(x,0) = f,.(z,0) and u,(z — 1,0) = 0, so that
(7.12) becomes uy(x,0) = € for(2,0) — a(z) f(2,0) + fi(x,0). Therefore, |uy(z,0)] < C on
u(x,t)| < C. Thus, for large value of C, |uy(x,t)| < C,

0f) and since f is smooth function,
(z,t) € Q.

On the other hand, to obtain the bound of derivatives of the solution with respect to the spatial
variable, consider for ¢ = 0, 1,2, 3,4. For ¢« = 0, it is an immediate result of Lemma 7.2.1. For
i = 1, let z € T and consider a neighborhood I = (i,¢ + +/€), V& € I. Then, for some d in [
and fixed t € (0,77, by the mean value theorem,

u(t+ /e, t) —u(L,t)‘ _ i|u
Ve Ve

|up(d, )] = (L+ Ve t) —u(,t)| < Cez|ul.  (7.13)

For x € I, it is true that

Ug(7,1) = ug(d,t) + 7! /: (ue(s,t) + a(s)u(s,t) + b(s)u(s — 1,t) — f(s,1)) ds,
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which implies that
_ * _ 1
juz(2, )] < [ua(d, )] + Ce l/d (lull +11£1) ds = |us(d, )] + Ce™ (Jull + [ 1] €=

Using (7.13) in the above result yields |u,(z,t)| < Ce?, V(z,t) € ). Rearranging the terms
in (7.1) gives

Uge (7, 1) = £ (uy(z, 1) + a()u(z, t) + b(z)u(z — 1,t) — f(z,1)). (7.14)

For a fixed ¢ in [0, 7] and for = € [0, 2], since |u| < C, |u] < C and f is smooth function, it
implies that |u,, (7, t)] < Ce~!. Differentiating both sides of (7.14) with respect to ¢ gives

Uggr (7, 1) = 71 (ug (2, 1) + a(@)uy + b(x)u(z — 1,t) — fi(w,1)).

Since |ug(z,t)| < C, Jug(z,t)| < Cand | fi(z,t)| < C, it follows that |u,.(z,t)] < Ce™!. By

a similar procedure for the remaining values of ¢ and j satisfying 0 < ¢+ 27 < 4, the derivatives

of the solution can be bounded. [ |

7.3 The numerical method

In this section, the temporal domain is discretized into M/ uniform meshes, and a semi-discrete
scheme is constructed. Then, the spatial domain [0, 2] is discretized into N uniform meshes, on

which a fully discrete scheme is to be formulated.

7.3.1 Temporal discretization

Let (0, 7] be a given time domain for some finite time 7", which can be sub-divided into M equal
intervals forming uniform temporal mesh as QM = {t; = jAt, j=01)M — 1, T = MAt}.
From the rules upon which nonstandard schemes are based Ehrhardt & Mickens (2013), the time
derivative in (7.1) takes the form u; — W
satisfying p(At) = At + O((At)?). Thus, for the sub-equation u(x,t) = —u(x,t), where

a(x) > X\ > 0, the standard forward difference approximation is W = —\U’, which

, where p(At) is the denominator function

can be written as
Ut (z) = (1 — AA) U/ (). (7.15)

However, it is well known that (7.15) leads to instability if AA¢ > 1 Mickens (1994). Instead,
from the fact that 1 — AAt = exp(—AAt) + O((AA?)?) for sufficiently small AA¢ (ie., 0 <
AAt < 1), it is possible to make the replacement 1 — AAt ~ exp(—AAt), so that At =

M. Adapting this for the variable coefficient yields a denominator function as

1 — exp(—a(z)At)
a(x) '

Ph.D Dissertation 97

H(AL) = (7.16)




Fitted numerical schemes for a class of SPDDEs 2023

Now, applying the Crank-Nicolson method in the temporal direction incorporating the denomi-
nator function (7.16), a semi-discrete scheme is obtained as
Ut (z) — U (x)

LMY (z) = D _ % (U (&) + Ud, (2)) + a(;) (U7 () + U ()
S e - - 0) = L (PP @)

and rearranging terms and simplifying on [0, 2] become

(<UL () + (g +ale)) U7 (2) = <UL() + (g — ale)) D7)
—2b(z) 72 (z — 1) 4+ 2f7+2(x), for x € (0, 1],
—eUps(x) + (M(it) + a(x)) U (z) + 2b(2) U7 (z — 1)

=eUl, (x) + (H(Zt) — a(x)) Ul(z) + 2f112(z), for x € (1,2),

LYUH (z) =

\

(7.18)

subjected to U7 (x,0) = Ul (z), = € T, Uit (z) = ¢(x,t;41) and UI+1(2) = a(2,1;4,1) for
j = 0(1)M — 1, where U7*!(z) is the approximate of U(x,t;,) at (j + 1) level. Equation

(7.18) can rewritten as

2 J — 97
(m + »Cy) U +1($) = +1($), rel, (7.19)
where
££\4Uj+1($) _ —5U£;—1([1}) + a(‘r)Uj—H(x)? LS (07 1}7
—eUl(x) + a(2) U7 (z) + b(x) U7 (2 — 1), z € (1,2)
and
gy = U@+ (55 — al2) U3(@) = 2b(@)712(w = 1) + 2712(x), x € (0,1],

UL (@) + (7 — al@)) U(2) = b(z)U7 (z = 1) + 2f7412(), @ € (1,2),

where 741/2(z = 1) = }(¢7*1 (v = 1) + ¢9(z — 1)) and f741/2(z) = H(f*)(2) + f(z).

Lemma 7.3.1 (Semi-discrete maximum principle). For a sufficiently smooth function w’*' in ),
if WIH0) > 0, w(2) > 0 and L.wY(x) > 0 forall x € T, then w'*'(x) > 0, x € T.

Proof. Letr € I such that w/*!(r) = minp w/!(x) and suppose w1 (r) < 0. From the given
conditions, ¢ OI" and by the extreme value theorem, wi™!(r) = 0, Wit (r) > 0.
Case 1: Forr € (0,1],

E%w”l(r) = —ewltt(r) + (@ + a(r)) Wwt(r) <.
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Case 2: Forr € (1,2),

/Ji_\éwjﬂ(r) = —ewlt(r) + (ﬁ + a(r)) W (r) + b(r)w T (r — 1)

41 2 41
< —ewlt(r) + (m + a(r) —|—b(7“)) W t(r) <.

From the two cases, one can observe that the given hypothesis is contradicted and hence the
assumption fails, so that w/*!(x) > 0, V2 € T. Thus, the maximum principle is satisfied by the

operator £, and hence

_ 1
LM 1‘ < 7.20
|27 = s (7.20)
which is used to estimate the truncation error in the semi-discrete scheme. |

Lemma 7.3.2 (Bansal & Sharma, 2017). Let the solution of (7.19) be U’ (z). Then. it can be

estimated as

4 P9It . , _
Ui () < L U o), U7 (2)}, Vo e T
U @)] < 1o+ max (U )] [0} Ve
Proof. Can be easily shown following similar procedure as Lemma 7.2.3. [

Definition 7.3.1 At the (j+ 1) time level, local truncation error is defined as the difference be-
tween the solution U (z,t;41) and the numerical solution U7 (z) of the semi-discrete problem
(7.19) and given /! (z) = U(x,t;41) — U/ (x) and the global error E7*! as the contribution
of local truncation error up to the (j + 1) time level.

O*U (x,t)
otk

<

Lemma 7.3.3 (Estimate of the local truncation error). Suppose it is given that ‘
forall (x,t) € Qand k = 0,1,2. Then, at (j + 1) time level, ||e’*!|| < C(At)3.

Proof. Let us choose the center point (x,t;,1/2) of the temporal mesh as a convenient base

point where the Taylor series is expanded. Then U (x, ;1) and U(z, ;) can be expanded as

ALOUIT2(z) (A1) QU (a)

JHL  pritl/2 3
U (x)=U (x) + 5 5 + 3 BYe + O((At))”, (7.21a)
; ; At OUTTV2(z)  (AL)? OUTTY2(x)
J(oy — itz 2 3
Ulx)=U (x) 5 T + 3 BT + O((At))°. (7.21b)
Now, subtracting (7.21b) from (7.21a) gives
Jj+1 _IJJ J+1/2
U w) — ) _ 00 @) | o apyye, (7.22)

w(At) ot
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Using (7.1) into (7.22) at (x,t,41/2) gives
Uiti(z) — U (x) _882Uj+1/2(x)
p(At) B Ox?
+ f(x, tj51p2) + O((AL))*. (7.23)

— a(z) U2 (2) — b(2)UI Y2 (2 — 1)

Putting (7.23) into the time semi-discrete problem (7.19) gives

2775+1/2 } ,
U a1 ) — b0 1) 4 S ) + O
e (O*UITY 92U a(x) ,. ;
_§< g o ) oy @)
=) ity _ iz — 1)) = (i j
+ =5 (U Nz —-1)+ U/ (= 1))—2(f (z) + f(z)),
which can be written equivalently as
££’4x (U(z,tj41) — Uj“(:v)) = O((At))®. (7.24)

Using (7.20) into (7.24), a boundary value problem of the type LM e/ (z) = O(At)? with
e/t1(0,t;41) = 0 and e/t1(2) = 0. Applying Lemma 7.3.1, the local truncation error is esti-
mated as ||/t < C(A?)3. |

Lemma 7.3.4 (Estimation of the global error). Assuming that Lemma 7.3.3 holds, the global
error in the time direction can be estimated as ||E7 || < C'(At)?, V7§ such that jAt < T.

Proof. Using Lemma 7.3.3 up to the (j + 1) level,

J

B =D e, jat<T
k=1
<lle'll + .-+ lI€]
<C(at)
Thus, ||E7T| < C(At)?, where C'is independent of ¢ and the mesh numbers. |

Lemma 7.3.5 (Bansal & Sharma, 2018). Let the solution of (7.19) be U+ (x). Then its deriva-

tives can be bounded as

C [1 + g7n/? (exp(—\/>x) + exp(—\/g(l — x)))} ,x€l, n=0(1)4,

C [1 + g7n/? (exp(—\/>(:c —-1))+ exp(—\/g(Q - x)))} , xe€l,n=0(1)4.

o >

d"U T (x)
- VW«
dz™

o>

Proof. See Lemma 6.3.5 of Chapter 6. |
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7.3.2 Spatial discretization

Suppose [0, 2] be sub-divided into N equal steps of length h and form a mesh QY = {0 =
To, 21, T2 = L, Tnj2q1, -, N = 2, @; = ih,i = 0(1)N, h = 2/N}. Applying the tech-
niques and rules of Mickens (2005), construct a nonstandard finite difference method for (7.19).
Let 3, and 5 be denominator functions for the discrete difference schemes corresponding to the

constant coefficient sub-equations

—eUl () + AU (2) = 0, (7.25a)
and
eU? (x) — \UY (z) = 0, (7.25b)

respectively, where a(z) > A > 0. Each of the characteristic equations of (7.25) has two distinct
roots 1 = exp(\/jx) and 7y = exp(— \/gx) Using the theory of finite differences methods
for (7.25a) and (7.25b) respectively,

j+1 j+1 +1

— = 622 + AU =0, (7.26a)
1
Ul —oul + 7 )
g—=L Pt i o, (7.26b)
33 '

Denoting Uz-j 1 to be the approximation of (7.25a) at the grid point x;, then it is given as Uz-j =
cle\/gx'i + 026_\/;“”. Following the approaches of Mickens (1994),

Ul.jj_ll 6\/§x¢,1 37\/512'*1
det | U7t eVini oV | =0
J+1 \/_l"z+1 e—\/§$i+1

z+1

Simplifying this equation gives

A
Ut — 2cosh <\/: h) Uttt + Ul =o. (7.27)

By the hyperbolic identity sinh(d/2) = £+/(cosh(d) — 1)/2, it implies that

A \h
cosh (\/jh> — 2ginh? ( ——) +1. (7.28)
€ €2

Putting (7.28) into (7.27) gives

—4sinh? (\/Zﬁ> -2
€2
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Comparing the coefficients of (7.26a) and (7.29) yields the denominator function as 37 =
4 sinh? <\/§ ’%) By a similar procedure, 33 = % sinh® <\/§ %) Adapting these for the vari-

able coefficient problem gives the denominator functions 7 = — ff( 5 sinh? ( % ) and

B = = (w ] sinh? (\/ o/ (f") ;‘) Incorporating these denominator functions, the required finite

difference scheme is obtained as

2 . .
(755+£NM)Uf1:0fHijJﬂ,wﬂﬁ—L (7.30)
where
J+1 j+1 j+1 .
N Mrritl _€U 2U52 +U aiUiJ“? i=1,2, ...,%,
E ’ Uj = UJ+1 2U]+1+UJ+1 11 1 ‘
—& =+ al + Uy, i=%+1,48+2 ., N-1
2
and
J J J . . .
'l9j+1 mt QﬁUZ = + (N(Zt) N ai) UZJ - 2bl¢fjlﬂ/2 + 2fi3+1/27 L= 17 2a ) %7
= 2
i - J J J . . .
Ui 2;2 Ui <M(2At) — ai) U/ — biUl?f% + 2f¢]+1/2, i = % +1, % +2,.,N—1

with the discrete initial and boundary conditions U = Uy (x;),i =0, 1,..., N, U/T! = ¢{+1,z’ =
— N N+ 1,..,0,=0,1,..M —Lland Uy = 4,5 = 0,1,.... M — 1. From (7.30), a

system of equation is derived as

AU+ BU + AU = DU+ B U + DU + G (7.31)
where
A — i B — i +a + %
1 ) Y 1 . 2 ﬂﬁ 7 1 . - ,LAt 9
4 sinh? ( %g) Zsinh (\/jz) exp(—a;At)
a; 5 —ay; L 2a;
= ) i N — a4 ;
4sinh? (|/%%) 2sinh® (\/%%) 1 — exp(—a;At)
. 2 fi 1 legbﬁ_l/? i=1,2,., 8 j=0,1,., M —1,
G/ =

2 fi 1 _ 2biU?+11V/2, i=Y 41, N—-1,=01,..,M—1.
Ly

Lemma 7.3.6 (Discrete maximum principle). Suppose w ! be any mesh function. If W}, >,
Wit > 0and ( ENM> Wt >0i=1,2,..,N—1, thenw!™ >0,i=0,1,2,..., N.

Proof.  Assume that there exist © € {0,1,..., N} such that w/*! = min;p n St <0,

From the hypothesis, one can see that + ¢ {0, N}. Assuming that /] — w/*' > 0 and
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i 1
Wf+1 J+ < 0

Casel: For.=1,2,.., 7,
9 2wj+1 (,L)Zjl 2wj+1 + w]+1 '
<— + EN M) wj—i—l _ L £ ( 1 J+1 + abwf-‘rl < 0.

Case2: Fore =5 +1,5+2 . N-1,

2 , 2Tt Wl — 2wt + Wl ; 1
—— + ﬁNM) A L) 4 awitt + bw’ "
( (At) u( Bt Nz
2wt . (wf — 2wt + Wil

Bt

) + awltt 4+ bWt < 0.

By the above cases for. = 1,2,..., N — 1, (ﬁ + ££}’,M> w’tt < 0, which is a contradiction
to the hypothesis. Thus, the assumption w/™! < 0 is wrong, which implies that w/*" > 0,7 =
0,1.2,.... N. m

Lemma 7.3.7 (Bansal & Sharma, 2017). The numerical solution U;H of (7.30),1=0,1,2,..., N,
J+1=1,2,..., M is bounded as

J+1|| , ,
Uj+1 H 4 ma U]+1 Uj+1 )
‘ }_—1+2/\At max{|Us ™|, [Ux""[}
i+1 . . .

Proof. Define barrier functions ww+1 1”_%/\& + maX{|U]H| !UJH\} + Uij+1~

i 1 +1 +1 97
For i = 0,5 = 15y +max{|U3 "], U3} & 03 > i >0

95 1 1 1S 93
Fori = N, WN]+1 TTONA + max{| U, | UL} £ UL > > oAt = 0
Fori=1,2,..., 2,Wehave

2 LM __EWiLjH + 2605~ EWi g 4 n
AR A 7 i

>a; max{|U3 |, |UL™ |} > 0.

Fori=5+15+2 .. N1,

+ + +

2 LNM Y | TEWy g T 26w — EWiy s b a4 bt

M(At) i,7+1 52 7,541 [ L
i

>(a; + b;) maX{IUgHL |U]{,+1|} > 0.

Applying the discrete maximum principle gives w;, > 0, i = 0,2, ..., N, which implies the

discrete stability estimate. ]

2,7+1
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Theorem 7.3.1 Let Uit'(z;) be the solution of (7.19) and U? ™ be the solution of (7.30). Then,

the truncation error is bounded as

1+ sup dl(l'z) ,

5 z;€(0,1]

(g + ) ey - 027 < e

1+ sup dg(x,-) ,
i€(1,2)

\

exp(—y/ g pexp(—/ 2 (1-ay)) —exp(—y/ 2 (2 1)) rexp(—/ 222 (2-a,))

where dl(x,-) = e ) ) d2($z = k2
and k =1,2,3, ...

Proof. From the theory of finite differences, define the finite difference operators as D*Uij =
UJ+1_UJ+1 Uj+1 j+1

| er
Un U ppitt = YU and prp-U7tt = L2 U Then, using the differential

and difference operators,

‘(ﬁ + LY M) (U7 (@) — U | = |-

dr? 32

L

) <d2Uj+1(xi) - h2D+D—U5+1>|

U7 () —rri+l h? —77i+1
d4Uj+1(x-) h2 .
2 2 _ +1

Here, claim that ¢ 52 o

from the nonstandard finite difference, let us define £ € (0, o), such that £ = a(“) . Then,
4h? h?
B = ?sinh2 (§> = ? <€\/Z — 2—|—€7\/E) .

Using this, one can obtain

1’ < Ch2. For the denominator function 32 = 45) sinh? ( “(Ii)%)

h2 3 S|EF2—eVE—eVE
AT — 1| =a(z;)h
52 e\/E—Q—I—e_\/E £(eVE — 2 + e VE)
Let Z(&) = M Then, using L’Hospital’s rule repeatedly gives
5( VE_ 24e— ) g p p y g

. 1 .
%1_1)1(1] Z(&) = D) and Eli)rgo Z(&) =0.

This implies that |Z(£)| < C, so that e

1‘ < Ca(z;)h* < Ch?, which is the claim. Thus,

d4U]+1 (%Z)

dQUJ—H (CIZ',L)
dzt '

Ch?
+ dx?

‘(L + £NM) (Uj—H(I'i) . Uij+1) < O€h2

(At)
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Using Lemma 7.3.5 yields

2
‘(—+£NM) (U7 () = UMY | < C {1+ sup dy(w)
(At) #:€(0,1]
By similar procedure, the required estimate can be obtained on (1, 2). |

Lemma 7.3.8 (Tiruneh et al., 2023). For a given mesh N, assuming € — 0 gives

exp(—y/ “Eaten(—y/*E 1) _

max
lim { *i€(0:1] ek/2
e—0 exp(— a(z (zi—1))+exp(—1y/ a(z )(2 z))
max w73 =0,
x;€(1,2) €

foralli=1,2,.... N —land k=1,2,3, ...

Proof. For the interval (0, 1], consider z; = ih, where i = 0, 1, ..., % and h = % Since x; = h

and 1 — ITN/2—1 = h,

e e e e ety
1§r£a§(—1 ck/2 — ck/2 - ck/2
and
exp(—y/ME (1 =) _ exp(—y/ B —anpr))  exp(—y/ 1)
15?%}(—1 gk/2 - ck/2 - k2
But, for e — 0,
~exp(— @h) _ 2 ‘ el
lim W = lim P = lim - =0.
e—0 g pP—00 (1 /a(x’L)h)) exp(\/ﬁ) pP—00 ( /a(l'z)h) exp(\/ﬁ)
By a similar procedure, the required argument holds true on the interval (1, 2). |

Theorem 7.3.2 If u(x;,t; 1) is the solution of (7.1) and Ut is the solution of (7.30) , then the

uniform error is given by

sup [lu(ws, tj1) — U < O ((At)? + N72)

0<e<l1

Proof. Using Lemma 7.3.8 into Theorem 7.3.1 yields ‘ (
Ch?. Then, Lemma 7.3.6 gives

) (%) - U7 <

2
n(At

U7 (z;) — US| < R, (7.32)

Since |u( :Ei,tjﬂ) U]H‘ = |u(wi, tjs1) — U () + UF T (a) — Ug“! < Ju(wi, tjer) — U () |+
| U7+ () — ]
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7.4 Numerical results and discussions

To demonstrate the validity and applicability of the formulated numerical method, three exam-
ples are solved. Since it is difficult to find the analytical solution, a variant of the double mesh
principle (4.44)-(4.47) is applied to determine the maximum absolute errors and corresponding

rate of convergences.

Example 7.4.1 (Bansal & Sharma, 2018). Consider —u;(z,t) + euy, (x, t) — du(x, t) + 2u(z —
1,t) = =2, u(x,0) = sin(nz) for x € [0,2], u(z,t) = 0 for (z,t) € {(x,t) : x € [-1,0], 0<
t <2} andu(2,t) =0for (2,t) € {(2,t): 0 <t <2}

Example 7.4.2 (Kumari & Kumar, 2020). Consider —u;(x,t) + ez, (z,t) — (v + 6)u(z,t) +
(2?2 + Du(z — 1,t) = =3, u(z,0) = 0 for z € [0,2], u(z,t) = 0 for (z,t) € {(z,t) : x €
[—1,0], 0<t<2}andy(2,t)=0for(2,t) € {(2,t):0 <1t <2}

Example 7.4.3 (Kumari & Kumar, 2020; Bansal & Sharma, 2018). Consider —u;(x,t) +
Elgy (2, t) — 3u(z,t) + u(z — 1,t) = =1, u(z,0) = 0 for x € [0,2], u(z,t) = 0 for (x,t) €
{(z,t) :x € [-1,0], 0<t<2}andu(2,t) =0 for (2,t) € {(2,t): 0 <t <2}

For each example, the maximum point-wise errors, rate of convergences and the numerical so-
lutions are computed applying the numerical scheme formulated in this chapter. The maximum
point-wise error and convergence rate at a point are obtained as shown in Tables 7.1-7.3. From
these tables, one can see that increasing the mesh numbers decreases the truncation error and de-
creasing ¢ yields a uniform point-wise errors. This shows that the formulated numerical scheme
is e-uniformly convergent. In Table 7.4, the accuracy of the present method is compared with

some other published results in the literature.

The numerical solutions for the model examples are simulated in Figures 7.1-7.4. Figures 7.1
and 7.3 show the line plots of the solutions at different time level, and to show the physical
behaviors of the solutions, surface plots are simulated in Figures 7.2 and 7.4. From these figures,
the effect of ¢ can be easily observed. That is, decreasing the value of € decreases the width of
the two boundary layers and the interior layer. This indicates that the errors in the layers have
been handled. To visualize the solution behaviors, contour lines are also drawn with the surface
plots. Figure 7.5 is log-log plots of the maximum point-wise errors versus N, which confirms
the e-uniform convergence of the developed scheme. From the log-log plots, one can observe
that increasing the mesh number decreases the maximum absolute errors, and decreasing the

value of the perturbation parameter yields stable and uniform point-wise errors.
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Table 7.1: Maximum absolute error and rate of convergence for Example 7.4.1.

e |IN— 32 64 128 256 512
1 |M— 8 32 128 512 2048
24 5.9335e-02 1.0399e-02 1.4848e-03 1.9482e-04 4.1549e-05
2.5124 2.8081 2.9301 2.2293
276 7.9072e-02  1.4990e-02 2.3170e-03 3.1664e-04 4.1042e-05
2.3992 2.6936 2.8713 2.9477
278 8.1385e-02 2.0199e-02 4.1768e-03 6.9064e-04 1.2562e-04
2.0105 2.2738 2.5965 2.4589
2~10 8.1361e-02 2.0405e-02 6.2087e-03 1.8411e-03 4.6589e-04
1.9954 1.7166 1.7536 1.9825
212 8.1240e-02 2.0054e-02 5.2325e-03 1.9563e-03 4.3560e-04
2.0183 1.9383 1.4194 2.1671
21 8.1230e-02 2.0042e-02 4.7207e-03 1.7769e-03 5.1954e-04
2.0190 2.0860 1.4096 1.7741
216 8.1229e-02 2.0041e-02 4.7136e-03 1.1282e-03  3.0203e-04
2.0190 2.0881 2.0628 1.9013
218 8.1229¢-02 2.0041e-02 4.7134e-03 1.1209e-03 2.7989e-04
2.0190 2.0881 2.07221 2.0017
220 8.1228e-02 2.0041e-02 4.7134e-03 1.1209e-03 2.7197e-04
2.0190 2.0881 2.0721 2.0431
272 8.1229e-02 2.0041e-02 4.7134e-03 1.1209e-03 2.7196e-04
2.0190 2.0881 2.0721 2.0432
2724 8.1229e-02 2.0041e-02 4.7134e-03 1.1209e-03  2.7196e-04
2.0190 2.0881 2.0721 2.0432
eNM 8.1385e-02 2.0405e-02 6.2087e-03 1.9563e-03 5.1954e-04
rNM 1.9958 1.7166 1.6662 1.9128 -
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Table 7.2: Maximum absolute error and rate of convergence for Example 7.4.2.

e |N— 18 36 72 144 288
LM 18 72 288 1152 4608
9—4 2.8392¢-02 6.7928e-03 1.1932¢-03 1.8358¢-04 3.2692e-05
2.0634 2.5092 2.7004 2.4894
26 3.0557e-02  9.9272e-03 2.7617¢-03 6.2088¢-04 1.4208e-04
1.6220 1.8458 2.1532 2.0734
28 3.0410e-02 9.3899e-03 3.0633¢-03 8.6458e-04 2.0542e-04
1.6954 1.6160 1.8250 2.0734
910 3.0405¢-02 9.1485e-03 2.8443¢-03 7.2955¢-04 1.8578e-04
1.7327 1.6855 1.9630 1.9734
9-12 3.0404e-02  9.1460e-03 2.5253¢-03 6.0965¢-04 1.8431e-04
1.7330 1.8567 2.0504 1.7258
914 3.0404e-02  9.1460e-03 2.5229¢-03 6.9753e-04 1.9546e-04
1.7330 1.8581 1.8548 1.8354
916 3.0404e-02  9.1460e-03 2.5229¢-03 6.9489¢-04 2.0669e-04
1.7330 1.8581 1.8602 1.7493
918 3.0404e-02  9.1460e-03 2.5229¢-03 6.9489¢-04 2.0335e-04
1.7330 1.8581 1.8602 1.7728
9—20 3.0404e-02  9.1460e-03 2.5229¢-03 6.9489¢-04 2.0335e-04
1.7330 1.8581 1.8602 1.7728
922 3.0404e-02  9.1460e-03 2.5229¢-03 6.9489¢-04 2.0335e-04
1.7330 1.8581 1.8602 1.7728
eN:M 3.0557e-02 9.9272e-03 3.0633¢-03 8.6458¢-04 2.0669¢-04
M 1.6220 1.6963 1.8250 2.0645 -
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Table 7.3: Maximum absolute error and rate of convergence for Example 7.4.3.

e |N— 32 64 128 256 012
1 |M— 8 32 128 012 2048
24 1.2490e-02 2.1437e-03 3.8863e-04 7.9803e-05 2.1163e-05
2.5426 2.4636 2.2839 1.9149
276 2.1674e-02  4.0560e-03 6.0966e-04 8.2225e-05  1.2670e-05
24178 2.7340 2.8904 2.6982
278 2.7470e-02  7.3034e-03 1.4872e-03 2.7381e-04  5.9638e-05
1.9112 2.2960 24414 2.1989
2-10 2.7310e-02 8.3566e-03 1.9371e-03 4.8577e-04 1.1996e-04
1.7084 2.1090 1.9956 2.0177
2712 2.7287e-02  7.6132e-03 1.9513e-03 4.8654 e-04 1.1612e-04
1.8416 1.9641 2.0038 2.0669
2 2.7287e-02  7.5769e-03 2.0051e-03 4.5717e-04 1.1799e-04
1.8485 1.9179 2.1329 1.9541
2716 2.7287e-02  7.5768e-03 1.9603e-03 5.4465e-04 1.2315e-04
1.8486 1.9505 1.8477 2.1449
2718 2.7287e-02  7.5768e-03 1.9602e-03 4.9447e-04 1.2319e-04
1.8486 1.9505 1.9870 2.0050
2720 2.7287e-02  7.5768e-03 1.9602e-03 4.9442e-04 1.2393 e-04
1.8486 1.9505 1.9870 1.9962
2722 2.7287e-02  7.5768e-03 1.9602e-03 4.9442e-04 1.2389e-04
1.8486 1.9505 1.9870 1.9967
22 2.7287e-02  7.5768e-03 1.9602e-03 4.9442e-04 1.2389%¢-04
1.8486 1.9505 1.9870 1.9967
eN:M 2.7470e-02 8.3566e-03 2.0051e-03 5.4465e-04 1.2393e-04
rNM 1.7169 2.0592 1.8803 2.1358 -
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Table 7.4: Comparison of the proposed method with other published results in the literature.

Rates of convergence for Example 7.4.1

N : 64 128 256 512
M : 32 128 512 2048
Present scheme
g=2716 2.0881 2.0628 1.9013 1.8972
g=2"18 2.0881 2.0721 2.0017 2.0036
e=2"% 2.0881 2.0721 2.0431 2.0032
Bansal & Sharma (2018)
g=2716 1.7908 1.8314 1.5121 1.6261
e=2"18 1.7908 1.8341 1.5101 1.6258
e=2"% 1.7908 1.8354 1.5091 1.6257

Maximum error and rate of convergence for Example 7.4.3

Present scheme

g =216 1.9505 1.8477 2.1449 1.8972

g=2"2% 1.9505 1.9870 2.0050 1.8970
Bansal & Sharma (2018)

g =216 1.3369 1.5402 1.6333 1.6722

g=2"% 1.3369 1.5402 1.6333 1.6722
Maximum error and rate of convergence for Example 7.4.2

N=M: 18 36 72 144

Present scheme
eN 1.3081e-03 7.8288e-04 4.7719e-04 2.3539e-04

rv 0.7406 0.7130 1.0207 0.9999
Kumari & Kumar (2020)
eNM 1.3600e-02  1.0900e-02 5.5600e-03 2.2800e-03
rN-M 0.3193 0.9712 1.2861 0.8787

Maximum error and rate of convergence for Example 7.4.3

Present scheme
eN 9.7731e-03  4.5542e-03 1.9746e-03 6.7654e-04

rv 1.1016 1.2056 1.5453 1.3814
Kumari & Kumar (2020)
e M 1.1200e-02  7.0100e-03 2.9700e-03 1.1400e-03
rN-M 0.6760 1.2390 1.3814 1.4895
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Figure 7.1: Line plots for the numerical solution of Example 7.4.2 for N = 72 and M = 72 at

different time levels.
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Figure 7.2: Surface plots for the numerical solution of Example 7.4.2 for N = 72 and M = 72.
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Figure 7.3: Line plots for the numerical solution of Example 7.4.3 for N = 128 and M = 64.
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Figure 7.4: Surface plots for the numerical solution of Example 7.4.3 for N = 128 and M = 64.
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7.5 Summary

In this chapter, a nonstandard finite difference scheme is formulated and analyzed for a singu-
larly perturbed partial differential equations with large negative shift. Due to the presence of
e, the solution involves two boundary layers and the large negative shift causes interior layer
at z = 1. The original differential equation is transformed into a nonstandard finite difference
scheme by using the Crank-Nicolson method and the central difference method in temporal and
spatial direction, respectively. Stability and uniform convergence analysis are investigated and
proved. To validate the theoretical findings, model numerical examples are considered. For each
example, the numerical solution is computed and given in graphical form. Maximum point-wise
errors and corresponding rate of convergences of the proposed method are displayed in tabular

forms for each example. The main findings can be summarized as follow.
1. e-uniformly convergent nonstandard finite difference scheme is formulated.

2. The stability estimate and uniform convergence of the developed numerical scheme are

investigated and proved.

3. The validity and applicability of the developed scheme is validated using numerical ex-

periments and obtained that it is an efficient method to treat the problem.

4. It is more accurate as compared to other results in the literature.
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CHAPTER EIGHT

A TENSION SPLINE FITTED METHOD FOR
SINGULARLY PERTURBED PARTIAL DIFFERENTIAL
EQUATIONS WITH LARGE NEGATIVE SHIFT

In the present chapter, a numerical scheme is formulated and analyzed for a SPDDE. The nu-
merical scheme is constructed by discretizing the temporal variable using the implicit Euler
method, and then fitting a tension spline method on a uniform spatial meshes. In this technique
the tension parameter controls the smoothness of the fitting curve and enhances the accuracy of
the results. To handle the influence of the perturbation parameter, a fitting factor is introduced in
the discrete scheme, and by this the formulated scheme is shown to be accurate and uniformly

convergent.

8.1 The governing problem
A singularly perturbed delay differential equation is considered on Q@ =T' x A = (0,2) x (0,7

as

Lou(z,t) = up(z,t) — cuge(z,t) + a(x)u(x, t) + b(x)u(x — 1,t) = f(x,t), (8.1)

u(z,0) = ug(z), x €T,

u(z,t) = ¢(x,t), (x,t) € Q7

u(2,t) = at), (2,t) € QF,
where 0 < e < 1,Q” ={(x,t): 2 €[-1,0; 0<t<T}and Qt = {(2,¢) : 0 <t < T}
for finite time 7. The functions a(x), b(z), f(z,t), uo(z), ¢(z) and «(t) are assumed to be
sufficiently smooth, bounded and independent of €. Moreover, for arbitrary positive constant A,

it is assumed that
a(x)+b(x) > 2\ > 0and b(x) <0, x € [0,2]. (8.2)

Equation (8.1) can be equivalently written as
u(z,t) — etge(x,t) + a(z)u(z, t) = f(x,t) — b(x)p(x — 1.t), (z,t) € (0,1] x A,

u(z,t) — etge(x,t) + a(z)u(z, t) + b(x)u(z — 1,t) = f(z,t), (z,t) € (1,2) x A,
(8.3)

Lou(z,t) =
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subjected to

u(z,0) = up(x), Vo € [0, 2],
u(z,t) = ¢(x,t), (z,t) € Q7 (3.4)
u(2,t) = alt), (2,t) € Q.

setting € = 0, the governing problem is reduced to

(wo)s + a(z)ug(x,t) = f(x,t) — b(x)d(x — 1.t), (z,t) € (0,1] x A,

Loug(x,t) =
(wo)s + a(z)ug(x,t) + b(x)ug(x — 1,t) = f(x,t), (x,t) € (1,2) X A
(8.5)
with the conditions
up(x,0) = up(x), z € [0,2],
up(z,t) = ¢(z,t), (x,t) € Q™ (8.6)
up(2,t) = a(t), (2,t) € Q.

From the reduced problem (8.5), it can be seen that ug(z, ) needs not necessarily satisfy the con-
ditions uo(0,t) = ¢(0,1), up(2,t) = a(t), up(17,t) = up(1~,t) and (ug).(11,¢) = (uo).(17,1)
and hence, the solution u(x, t) involves two boundary layers at the two ends of [0, 2] and inter-
facing layers at x = 1 (Roos et al., 2008). Moreover, the initial and boundary data are assumed

to satisfy Holder continuity and impose the compatibility conditions as

(8.7)

:(0,0) — (o) + a(0)ug(0) = £(0,0) — b(0)p(—1.0),
@t(2,0) = £(uo)a2(2) + a(2)uo(2) + b(2)uo(1,0) = f(2,0).

(8.8)

From the above assumptions and conditions, the existence and uniqueness of the solution are
guaranteed (Kumari & Kumar, 2020). And by the approaches of Kadalbajoo & Awasthi (2011),
it follows that

u(z, t) — uo(2)] < Ct, (2,t) € Q. (8.9)

The solution of (8.1) approaches to uy(x,t) for small values of €. As it is described by Clavero
& Gracia (2010), it is assumed that all the considered data values in (8.1) are identically zero,

so that the following properties hold.
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8.2 Properties of the continuous solution

Lemma 8.2.1 (Roos et al., 2008). The solution u(z,t) of the continuous problem (8.1) is

bounded as

lu(z,t)] < C, (z,t) € Q.

Proof. From (8.9), it follows that |u(z,t)| — |ug(z)| < Ct, which implies |u(z,t)| < Ct +
lug(x)|, (x,t) € Q. Since ug(x) is bounded, fixing ¢ in (0, T], gives |u(z,t)] < C, (z,t) € Q. W

Lemma 8.2.2 (Maximum principle). Let z(x,t) be a continuous function in ). If z(z,t) > 0,
(z,t) € 00 and L.z(x,t) > 0, (x,t) € Q, then 2(z,t) >0, (z,t) € Q.

Proof. Let (2,7) € Qand 2(#,1) = ming z(z,t). Assume that z(Z,#) < 0. By the considered
hypothesis, (#,%) ¢ 9 and by the extreme value theorem, z, (i, 1) = 0, 2, (2, ) > 0.
Casel: ForO < z <1,

A A A A

L.o12(2,t) = z(2, 1) — e242(Z, t) +a(2)z(@,1) = —2p0(,1) + a(2)2(2,1) <0

Case2: For1l <z < 2,

The two cases contradict the hypothesis, so that the assumption fails and z(Z,#) > 0, which
implies z(z,t) > 0, (z,t) € Q. [

Lemma 8.2.3 (Sathya & Rao, 2020). The solution of the continuous problem (8.1) is estimated

as
u(z, )] < A7 fI| + max {Juo ()], [6(0, 1), (2, 1)]} .
Proof. Let’s define barrier functions as
7 (2, t) = A7 f]| + max {Juo ()|, [6(0, )], [e(2, )]} £ u(=, ).
Then,

7 (2,0) = A7 f]| + max {Juo(2)], (0, )], (2, )} & uo(x) >0,
75(0,8) = AH| £l + max {[uo(x)], [6(0, )], [a(2, 1)[} £ 6(0, ) > 0,
m5(2,t) = A £l + max {[uo(2)], [6(0, )], [a(2, )]} £ a(t) = 0.
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For (z,t) € (0, 1] x [0, 77, it follows that

LoimE(x,t) = 7 (x,t)—ent, (2, t)+a(z) 7™ (2, ) > a(z) max {|uo(z)],|0(0,1)], |(2, )|} > 0.

For (z,t) € (1,2) x [0, 7], it follows that

L.om®(x,t) = 1 (x,t)—ent (2, t)+a(x)7n™ (v, ) +b(z) 7 (z—1,1) > 2A max {|ug(2)], |¢(0, )], |a(2, )|} >
Therefore, by Lemma 8.2.2, the stability estimate holds true. [ |

Lemma 8.2.4 The derivatives of the solution u(x,t) of the continuous problem (8.1) is bounded

as

O tiu(z,t) Cl4+ezd(z), 0<z<1,0<t<T]
oxkoti

Cl+ezdy(z), 1<z<2 0<t<T]

for the non-negative integers k and j such that 0 < k + 2j < 4, where 6,(x) = exp(—y/22) +

exp(—\/g(l —x)) and §5(x) = exp(—\/g(x — 1))+ eXp(—\/§(2 —x)).
Proof. Refer Lemma 7.2.4 of Chapter 7. |

8.3 The numerical method

A temporal semi-discrete scheme is obtained on M uniformly discretized temporal mesh, and
using a tension spline fitted method a finite difference scheme is constructed on N uniformly

discretized mesh.

8.3.1 Temporal semi-discretization

Let’s divide (0, T] into equally spaced intervals and form a uniform temporal mesh as QM =
{t; = jAt, j =0,1,.... M, T = MAt}. Then, using the implicit Euler method for the time
derivative, the semi-discrete scheme is given by

Uitl(z) — Ui (x)
At

— eUZHN (x) 4+ a(z) U7 (z) + b(z) U7 (2 — 1) = fz,t;1).
On rearrangement and simplification, it becomes

LM (z) =9 (2), j+1=1,2,..,. M (8.10)
where

—e AU (z) + p(x) U (z), = € (0,1],

LMyt (z) = ‘ ' ‘
AT () 4 p(e) U () 4 (@)U (@ — 1), x € (1,2)
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and

Atf(x7tj+1> + UJ(':C) - q(l’)&(l’ - 17tj+1)7 S (07 1]7

Atf(z, )+ U/ (x), z € (1,2)

subject to U7t (z) = Up(z), z € T, U () = ¢(z,t;11), x € (0,1], UIH(2) = (2, tj41),
€ (1,2), and for p(z) = 1 4+ Ata(z) and ¢(x) = Atb(z).

WH(z) =

Lemma 8.3.1 Let 1//*!(x) be a continuous function on T. If 7*1(0) > 0, ¢71(2) > 0 and
LT x) >0, 2 €T, then?*(z) >0,z € I.

Proof. For some v € [0, 2], let /™! (v) = ming ¢! (z) and assume that ¢/*!(v) < 0. From
the given conditions, v ¢ OT' and from the extreme value theorem /™1 (v) = 0, YT (v) >
And

Case 1: For v € (0, 1], one can obtain

LW (v) = —evil (v) + p(x)y’ (v) <0

Case 2: For v € (1,2), one can obtain

LI (v ) — el (v) + p(@) (v) + gt (v - 1)
< -l (V) + (p(v) + q@))¥ T (v) <0

By these two cases, the given condition is contradicted, which implies that our assumption does

not holds and hence ¢/ (x) > 0, x € €2,. Thus, the maximum principle is satisfied by £,

which is used in estimating the truncation error of the semi-discrete scheme. ]

and

(1+MAH)™ (8.11)

Lemma 8.3.2 (Bansal & Sharma, 2018). The solution U™ (z) of the semi-discrete problem
(8.10) can be estimated as

W v {07 ) |0 @), & € T

j+1
U @) < 14+ AAL

Proof. Define barrier functions as

j+1 _ 9] j+1 j+1 j+1
~l @) = 1+ max (U O)L [0 ()]} & U (@),

Atz =0, 77 (0) = T8 + max {|UTH(0)], [U71(2)[} £ U7+ (0) > {18 > 0
Atz =2,707(2) = L2+ max {JUI(0)], U7 (2)} £ U7F1(2) > 2L > 0
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For z € (0, 1],
LU @) = = e(re)i (@) + pla)ri™ (@)
j:ﬁj+1(x)+p(x)% +p(z) max {[U7H(0)], [U7+(2)]}
> (max {| U7 0)], [U7 (2)[}) = 0.
For z € (1,2),
LM77 () = — e(ra )i (@) + pla)ri (@) + q(a)rl (@ — 1)
=) 4 [ple) + @) DA 4 p(a)
+ g(z)) max {|U71(0)], U7 (2)]}
>X (max {|U7TH(0)], U7 (2)]}) = 0.

Thus, it is obtained that LY 7/ (z) > 0 forall z € [0, 2]. Hence, by the semi-discrete maximum

principle, the required estimation of U711 () is attained. [ |

At the (j+1)™ time level, the local truncation error ¢/ ! is defined as the difference between the
exact solution U (z,t;41) and the approximate solution U7*!(x) of (8.10), and the global error

estimate £/ as the contribution of local truncation error up to the (j + 1) time level.

Lemma 8.3.3 (Local truncation error estimate). Suppose that [U®) (z,t)| < C, (z,t) € Q,
<

k = 0,1,2. Then at the (j + 1) time level, the local truncation error is given as ||’ |

C(At)2
Proof. See Lemma 6.3.3 of Chapter 6. |

Lemma 8.3.4 (Estimation of the global error). Suppose that Lemma 8.3.3 holds. Then the
global truncation error is estimated as | E'T'|| < C(At), 7 =0,1,2,...,M — 1.

Proof. Considering the local truncation error in Lemma 8.3.3 up to the (j + 1) time level,

J
>
=1

=lle' +e*+ ...+ €|

17| = , J<T/At

<lle* |+ fle?[ 4+ 1]
<C(At), j=0,1,2,...M — 1.

Thus, the semi-discrete scheme is convergent of order one in time. ]
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Lemma 8.3.5 The derivatives of the solution U’ (x), j = 0,1,2,..., M — 1 of (8.10) can be

bounded as
.
C [1 + g7k/2 <exp(—\/gx) + exp(—\/g(l — x)))] :
A"V (@) | _ z e (0,1], k=0.1,2,3,4,
dz* I K [1 + g7k/2 <exp(—\/g(x -1)+ exp(—\/g(Z — x)))] :
€(1,2),k=0,1,2,3,4.
\
Proof. See the proof of Lemma 6.3.5 of Chapter 6. |

8.3.2 Spatial discretization

Suppose that the domain [0, 2] be subdivided into N equal intervals of step size h and form a
uniform mesh as TY = {0 = 2, 7, oy =1 ay g, oy =2, 2y =1ih,i=0,1,.,N, h=
o b

On a uniform mesh, a function S(x, ) of class C?[0, 2] that interpolates U’ *!(z) at z; depends
on the compression parameter  and reduced to a cubic spline on the interval [0, 2] for ~ ap-
proaching to zero is known as parametric cubic spline function Chakravarthy et al. (2017b). In
any interval [z;, z;11] C [0, 2], the spline function S(z,7) = S(x), which satisfies the linear
second order differential equation

Z; — X
Sl ) = 1500 t500) =[Suali ) = 78ty (25

+ [Sea(@it1, tjpr — ¥S(iz1, tj41)] (x ;%) ; (8.12)

where S(z;,tj41) = Ul-j 1 for ~ > 0 1is called cubic spline in compression. Solving the homoge-

neous part (8.12) and setting /7y = £ gives
- It It
Si(w,tj41) = Aexp(%(x —x;)) + BeXp(%(l’z’H — 1)), (8.13)

where A and B are arbitrary constants. And let

Tig1 — X

h

Xr — T
So(w,tj1) =k {[Sm(%,tjﬂ) —yS(@i, )] + [See(Tiv1, tir1) — v (Tig1, 1)) }

h

be the solution of the non-homogeneous part of (8.12). From this k£ = —1/~, so that

Sa(x, tj1) = — (g)z [M; — (%)2 Uit (%) - (Z)Q [Migr — <%>2Uﬁf] (x ;L:CZ) :

(8.14)
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where Ml = Sxx(ZB“ tj_;,_]) and Mi+1 = Smc<xi+1> tj+1). From (813) and (814),

S(x,t41) =A exp(%(m — 7)) + Bexp(%(fvm —x)) - (2)2 [M; — (%)2 Ul (%)

h\> 2 i -
- () r - (&) 0 (252)). .15)

The values of the constants A and B can be determined by the interpolation conditions. That is,

in [z;, z;41] equation (8.15) gives

B\ 2 2
S(zi,ti1) = A+ Bexp(p) — (-) (M; — (ﬂ) Uith (8.16)
b h
and
n\? P2 7t
S(@is1,tj41) = Aexp(p) + B — 0 (Mig1 — <ﬁ) U1 (8.17)
From (8.16) and (8.17), one can find obtain that A = #ﬁh(u){MiH — etM;] and B =
#ﬁh(p)[Ml — e"M;,4]. Thus, (8.15) becomes
h? ol — ) o M — )
S(.ZU, tj+1) :m |:Mi+1 sinh <T + MZ sinh +T
h I h 1 oo

which is the cubic spline in compression on [z;, ; 1], where M; = S, (x;, t;+1). The derivative
of (8.18) at (z;,t;41) is

i+1 i+1
Su(at ity — D T MM ()
AR Al sinh(p)

hM;
: 2 ) T (weoth(p) —1).  (8.19)

On the other hand, for = € [x;_1, z;], a linear second order differential equation is defined as

2 2 Ppr—
Sxm(xythrl) - (%) S(:U7tj+1) = |:SZ£L‘('T’Ll7tJ+1> — (%) S<x7j17t]’+1>‘| (xz h .ZU)
2 —_— .
[ Setowtion) = () Stetien] (S5,
(8.20)

where S/t (2;_1) = U/}, Spul(i_1,t,41) = M;_,. Solving (8.20) gives

- h -
S(@,tj) =E exp(%(f —xi-1)) + Fexp(w) - |:EMi—1 - EUZ?+11:| (z — 21)

h 1.
- [EMi — EUg“} (z; — ), (8.21)
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where the constants £ and F' are given by

h2
- (M, — — M
and
h2
- (M., — —uM)).
2uzsinh(u)( -1~ exp(—pMs))

So, (8.21) becomes

S(2.t520) =g s (A28 g (=2

242 sinh
h 1 h 1.,
_ [EMZ- _ EUf“](x —Tq) — [EMZ»_1 - EUZ‘-’ff](xi — ). (8.22)

Differentiating (8.22) and evaluating for x approaching to z;” gives

Ut — U WM (weoth(p) — 1) AM;_, 7
Sz tip) = — il : - — . (8.23
S h " 2 T ( Sinh(u)) (829
At the mesh point z;, equations (8.19) and (8.23) give
W2 (i My + 2ua M + iy Myyy) = UPH — 2074 + U7 (8.24)

where 1, = # (1 - ﬁ) and jp = %(,u coth(p) — 1). The consistency condition in (8.24)
guarantees the continuity of the first derivative of the spline function at the interior points. The
developed scheme is used to solve the considered problem if it is consistent, which holds for
p1 + po = 1/2 (Chakravarthy et al., 2017b). Now, from the time semi-discrete problem (8.16),

eAtM; = p Uit + qUTTy — ALfI U7, (8.25a)
2

eAtMyy = piilUZ'Ji_ll + Qiilugi_ll_% - Atff“ - Uz‘j:ﬂa (8.25b)

where p; = 1 + Ata(x;) and ¢; = Atb(z;). Inserting (8.25) into (8.24) gives

eAH UL =207 + ULED) =W pulpia U + iUy = AT = UL+ 202 iU
+qu?j& — At = Ul + WP [ U+ q@+1UJ++11 y
— At UL ) i =12, N~ 1,j=0,1,2,...,M — 1.
(8.26)
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On rearrangement of terms, (8.26) can be rewritten as

(-é?At + u1h2pi_1)Ugj11 + <2€At + 2M2h2pi>Uij+1 + (—éAt + u1h2pi+1)Ufjll
= N1h2Uij—1 -+ QMQhQUzJ + /LthUZ»j_H — ,ulhzqi,lUjH(xi,l — 1) — 2H2h2quj+1(.Ti — 1)
— PG U7 iy — 1)+ i PN+ 2l At + AL

i=0,1,.,N, j=01,2,...M—1. (8.27)

Exponential fitting factor

To control the influence of ¢ in the layers, an exponential fitting factor is introduced. Using

analogous procedures of Chakravarthy et al. (2017a), the analytical solution of (8.10) is written

as
U (@) =y exp(y |2 (2 — 1)) + 1o exp —(y| 2= (2 — 1)) — (U7 (1 — 1)
eAt eAt D
— Atf(2i, tj) — UV (20)), @ € (@im1, Tigr), (8.28)

where the arbitrary constants 7; and 1), are determined using the conditions U’/ (z,.,) = U{Ill

and U7t (z;) = U/t as

j+1 j+1 j+1 +1 41
_ Uifl - 2U’L + Ui+1 U'fl - U’L'+1

_ i , 8.29
n $sinh?(2./Z) 2 cosh(py/Z) (8.29)
1= , : - =3 .
8sinh?(2,/Z%) 2cosh(py/ L)

Then, introducing a fitting factor o on (0, 1] yields

AN TS R T L T N pbi (P
2 (UL =207 + UZ)) — pilm exp( gAij(96 ;) + 12 exp —( 6At(l‘ ;)
1

— — (quj+1<$Z’ — 1) — AtfjJrl(Ii) — U](IZ))] — qujJrl(.Ii — ].) = AtfjJrl(Ii) — UZJ

(8.31)

On simplification of (8.31) forz = 1,2, ..., %, the fitting factor is

m;( p/2/p(0) />t )i ©32)

sinh(p/21/p(0)/At)

. . . . . N N
where p(0) = 1 + Ata(0) and p = h/+/c. By a similar procedure i = 5 + 1,5 +2,..., N, the

fitting factor is given as

sinh(p/2y/p(2)/A0)
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Thus, with the fitting factor o; and o5 in (8.27), the fully-discrete numerical scheme is
LMt — It 5 =0,1,2,..., M — 1, (8.34)

where

(

(—80‘1At + [L1h2pi_1)Ui]j_11 (250’1At + 2,u2h2pl)Uj+1 + (—80'1At + H1h2pi+1)Uijj_11,
i=12,..,%
,Cév’MUij—H = (—80’2At + u1h2pi_1)U?j_1 + (QEO'QAt + 2,ugh2pi)U.j+1(—sagAt + u1h2pi+1)Uijj_ll

‘i‘,u1h26]i—1Uij_Jr i + 2M2h2quj+N +M1h2%+1U+1 s

N
225—'—1,5—’—27,]\[

and
( A . .
pa kUL + 200U + i hPUY — pah?qiiof +1 N — 2u0h%g;cx Hl
§j+1 — _MthQZ-‘rlaj_tl N + Mlthtfjjl + 2M2h2Atf‘j+1 + MthAtf]r117 ) = 17 2a s %a

U7+ 2pah®U7 4 iy h2U7 4 b2 AL 4 22 ALF + 2 At
i=3+1,5+2,.., N

\

From (8.34), a system of equation is derived as
VWU + WU U =Gy, §=0,1,2, M — 1 (8.35)

with UJ™" = U7+1(0) and U™ = U7 (xy), where

71_ = - 50LAt + ,U1h2p¢_1,

7Y =2e0, At + 2u5h%p;,

N = — o, At + 1 hPpiyy,
( . . . . .

M1h2Uz‘]—1 + 2M2h2Ug + M1h2Ui]+1 - M1h2q1'71¢j-+11 N~ 2M2h2%¢?+}v

—,uthqZHo/Jr v P £ 2o AT A i =12, 8

i,j —
mh2U7 | + 2u2h2U5 + mh2UY = ph?q U7 N 2u2h2qu?+}v

\_M1h2Qi+1U;:_ N + H1 thtfj+1 + 2“ hQAtfj+1 + 451 hZAtfj:117 ) = % + 17 ceey N7

where o, = oy fort = 1,2, ..., % and o, = oy fori = %—’— 1, % +2, ..., N. The systems in (8.35)

is solved easily using suitable solver of system of equations.

Lemma 8.3.6 For a mesh function )" if ™' > 0, @31 > 0.and LYMpitt > 0, ¢ =
1,2,..,N —1, then )™ >0,i=0,1, ..., N.
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Proof. For¢ = 0,1,.., N, let /*' = ming~ ¢/™" and suppose that ¢//*! < 0. From the
given condition, it is clear that ¢ #{0,N}.

Casel:For¢=1,2,..., 2 , it becomes
ﬁN MWH (—eo1 At+p hp._ 1)1/1 1+(2501At+2u2h2p<)1/ﬂ+1 +(— 501At+u1h2p<+1)¢gﬂ < 0.
Case2: When¢ =5 + 1,5 +2 . N —1, it becomes

LEMpIt =(—eoy At + pahpe_1 )i + (2&72&, + 2uah®p )i (—eap AL + p e )l
+ i h?qe 1% 1-nj2 T 2pah’qoul o N/2 + b Q<+1¢<+1 NJ2
<(—eo At + ,Ltthpg_l)w 14 (2202 A + 2uahPp )it (—eoa At + ,u1h2p<+1)wzill
+ h g+ 2k gl + kg < 0.

From the two cases, Civ M @Dg“ < 0, which contradicts the given hypothesis. Thus, the assump-
tion is not hold, and hence ¢y ™" > 0,7 =0, 1, ..., N. [ |

Lemma 8.3.7 (Bansal & Sharma, 2018). The solution Uij + of the difference scheme (8.34) is

estimated as

U7 < (1 + AA) 9|+ max {| U, UL}, i =0,1, ..., N.

Proof. Let Wfll be the barrier functions defined by
Wfll = (1 + AA) I + max {|UF |, (UL} £ U
Then, by these functions when ¢ = 0,
E = (L4 280 0] + max {[UF Y, [UT | £ US> (1+ A 9] > 0.
Wheni = N,
T = (14 AN+ max {JUF P [UR Y £ U3 = (1 AAn 9] = 0.
Now , letw = (1 + AA)7[d| + max {|U7 |, |UL|}. Then, wheni = 1,2, ..., &,

ﬁéleﬂfil —(—e01 At + pyh*pi_1)(w + U + (2601 At + 205h%p;) (w + U7
+ (—eo1 At + i h*pia)(w + U
=h(pu1(pie1 + pi1) + 2p2pi) [(1+ A8 ~H[9]] + max{|U7 7] [U Y] £ 9(ws 1))
> (pnh*picy 4 2u2hps + pnhPpigs) [max{\UgHL ’U1j§+1|}} > 0.
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Andfori=5+1,5+2, .., N—1,

EgéMWﬂl =(—e0y At + p1h?pi_1)(w £ U + (200 At + 2p5h%p;) (w £+ U
+ (—60'2At + ,u1h2pz-+1)(w :l: Ug:ll) + ,u1h2qi_1(w —I— Uijj_ll_ﬂ)
2

+ 2u9h*q;(w + UZ,J

+§) + ,u1h2qi+1 (w + U.j+1 )

i+1-5
=h*(papi—1 + 200p; + pPis1 + i1 + 200G + 11 Git)
[(1+AA) 9] + max{|UF ], [UF[}] £ 0(as 1)
>R (Pic1 + Piv1 + Qi1 + Giv1) + 202(pi + @) [max{|Ug+1|, |U]]§+l|}} > 0.

Therefore, £ 7TZ{11 > 0,7 =0,1,2,..., N, and applying Lemma 8.3.6 yields the required
stability estimate. |

Theorem 8.3.1 Ler Ut (x;) and U™ be the solutions of the schemes (8.10) and (8.34), re-

spectively. Then, the error estimate in the spatial discretization is given by

U7 () = U < CN72 i =0,1,2,.., N

Proof. For:—1,2, ..., % the truncation error is

LM () — LYMUIY =] = eAUZE + plae) U9 (2,) + e0y A0

- /~L1pi+1Uz‘j_:r11 - 2/%2101'[]5+1 - mpz;lU{fH
60'1At

12
+1|

- Mle‘+1Ui]fll - 2M2pz‘Uij+1 - Hlpz‘—lUij—l

:| — e’fAtUi;rl +p<$1)UJ+1(l’l) +

(U5 =207 + U

: : : j+1
Using Taylor’s series expansion for U/, leads to

. . . . . 2
| LYV (2;) — LEMUTT =] — eAtUI () + p(a:) U () + eoy At (UL () + EUiﬁx(f)
X . . B2
+%Uajc;xlxam(£) +O(h%)) = ppiya (U] + hUT () + EUQl(%)
oo s Bur e+ Lot o+ 0) - 2upui
. , R B3 X
—pupioa (U — WU () + EUﬂl(fEi) - gUiﬂ(f) + 2_U£;:i_xlz(§)
h® .
— 155 Uttas(€) + O], € € (ina, iga). (8.36)

For a p1y and po satisfying 29 = 1 — 2y, using the Taylor’s series expansion on p;1+; and on
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the fitting factor o4, (8.36) became

eAt Atp;
LU w) — L30T =) SR O — iapUL O + oV n(€) — T2 (6
“;fjl UL (E)h" +O0(h°)]
5At , AtpZ
“”” ERULL(O)|h + O(h°) < O,
Now, invoking Lemma 8.3.6 yields
N
U (z) = U/ < OR?, i =0,1,2,. 5 (8.37)
Fori=%+1,2+2 .. N,
|LMUHY () — LYMUIT =| — e AtUIFY + p(a)UP L () + q(xz-)Uj“(xi_%) + eaa AtS2UIT!

- /~L1pi+1Ufill - 2M2Pz’U¢jH - Mlpz‘AUUgjf - Mlqz‘qull,%

= 2qU]"y = maa U] x| (8.38)

. , . . i1 . . .
Using Taylor’s series expansion on U{L  Dikls iy N and o5, in equation (8.38) gives

‘ﬁMU]Jrl( ) — ENMUJ+1| _|( Uitl (&) — ,U1<pin+ () + QzUJJrl(%i,%) + 2qZU£+1($ 7%))

IIICL‘

A Atp; .
" ]+1 h2 j+1 _ trri+l
_HPi i :ulqz I MG B 16
At ,
|€12 U2 () = ma(p UJ%» UL (o, y) + 2qZUg“< )
Atp; .
— Mt h2 J+1 _ trritl
“;ffz UL8) - ”;ql Ul ) = Btz (o)t + O()
< Ch*.
Invoking Lemma 8.3.6 gives
N N
U (z) = UV < Ch?, i = 5 Lo +2..N. (8.39)

For h = %, combining (8.37) and (8.39) gives the required error estimate. Hence, the proposed

scheme is uniformly convergent of order two in space. ]
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Theorem 8.3.2 Let u(x,t) be the solution of (8.1) and Ug“ be the solution of (8.34). Then, the

uniform error is estimated as

sup [[ules, ty41) — UFH]| < C(AE+ N72)
0<e<l1
Proof. Combining the proofs of Lemma 8.3.4 and Theorem 8.3.1, yields the required uniform

error estimate. |

8.4 Numerical results and discussions

In this section, to illustrate the applicability of the proposed numerical scheme, two numerical
examples are solved. Since the exact solutions of the problems are not known, the double mesh
principles of the form (4.44)—(4.47) are used to determine the maximum absolute errors and

corresponding rate of convergences.

Example 8.4.1 (Bansal & Sharma, 2018). Consider —%g’ﬂ + saniﬁ’t) — bu(z,t) + 2u(r —
1,t) = =2, u(x,0) = sin(wx) for (z,0) € [0,2], u(z,t) = 0 for (x,t) € {(z,t) : x €

[—1,0] and ¢ € [0,2]} and u(2,t) = 0 for (2,t) € {(2,t) : 0 <t < 2}.

Example 8.4.2 (Kumari & Kumar, 2020). Consider — auflf’t) —|—582g$’t) —3u(x, t)+u(z—1,t) =

-1, u(z,0) =0, (z,0) € [0,2], u(z,t) =0, (z,t) € {(x,t) : x € [-1,0]; t € [0,2]} and
w(2,t) =0 for (2,t) € {(2,t) : t € [0,2]}.

The numerical solutions and error analysis of both examples are computed applying the scheme
formulated in this chapter taking \; = 1/24 and A\; = 11/24. The maximum nodal error and
corresponding convergence rate of both examples are computed as shown in Table 8.1 and Table
8.2. From these tables, one can observe that by increasing the number of meshes, the maximum
absolute error decreases, and for a given mesh numbers, decreasing ¢ gives stable and uniform
maximum errors. This confirms the uniform convergence of the formulated numerical scheme
for all values of €. Table 8.3 shows the accuracy of the scheme as compared to other results in
literature. That is, for the same mesh sizes,value of perturbation parameter and data values, the
maximum absolute error committed in the present method is less than the errors committed in

the other schemes.

The numerical solutions of the examples are simulated graphically as shown in Figures 8.1-
8.4. From the line plots given in Figure 8.1 and Figure 8.3, one can observe the behaviors of
the solutions at different time levels. Also, physical behavior of the solutions and changes in the

layers’ width for different values of the perturbation parameter can be observed from Figures 8.2
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and 8.4. Figure 8.5 shows log-log plots of the maximum error versus the number of meshes for
the examples, which indicate that the formulated numerical method is convergent independent

of the perturbation parameter.

y
08
06
0.4

= =

k<] i<l

3 5 02

o [s}

[%] @

© ® 0

k] ©

g . g 02t

=) =3

P4 =

- 0.4 F
0.6
-0.8
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
Space Space
_ 90 __9—16
(a)e =2 b)e=2

Figure 8.1: Line plots for the solution of Example 8.4.1 for N = 128 at different time levels.
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Figure 8.2: Surface plots for the solution of Example 8.4.1 for N = 128 and M = 64.

Table 8.4 shows the comparisons of the fitted mesh method, nonstandard finite difference method
and a tension spline fitted method proposed in this dissertation. From the table it is shown that
for the same mesh size, a tension spline fitted method has more convergence order than the

nonstandard finite difference method, and the nonstandard finite difference method has more
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Table 8.1: Maximum errors and corresponding convergence rate of Example 8.4.1.

e |N— 16 32 64 128 256

LIM— 32 64 128 256 512

20 5.2038¢-02 1.7483e-02 4.9785¢-03 1.3260e-03 3.4229¢-04
1.5736 1.8122 1.9086 1.9538

22 47981e-02 1.5766e-02 4.3204e-03 1.1229¢-03 2.8612e-04
1.6056 1.8676 1.9439 1.9725

9—4 45798¢-02 1.8492e-02 5.3904e-03 1.4174e-03 3.6547e-04
1.3084 1.7784 1.9271 1.9554

26 3.5906e-02 1.8311e-02 6.1997¢-03 1.3990e-03 4.5341e-04
0.9715 1.5624 2.1478 1.6255

28 3.3221e-02 1.2981e-02 6.1191e-03 2.7049e-03 1.0428e-03
1.3557 1.0850 1.1777 1.3751

910 33117e-02 1.2380e-02 4.8776e-03 2.0203e-03 1.0245¢-03
1.4196 1.3438 1.2716 0.9796

912 33117e-02 1.2376e-02 4.7903¢-03 2.0772¢-03 1.0013e-03
1.4200 1.3694 1.2055 1.0528

-1 33117e-02 1.2376e-02 4.7902¢-03 2.0709¢-03 1.0076e-03
1.4200 1.3694 1.2098 1.0393

916 33117e-02 1.2376e-02 4.7902¢-03 2.0709¢-03 1.0075¢-03
1.4200 1.3694 1.2098 1.0395

9-18 33117e-02 1.2376e-02 4.7902¢-03 2.0709¢-03 1.0075¢-03
1.4200 1.3694 1.2098 1.0395

eN:M 5.2038¢-02 1.8492e-02 6.1997¢-03 2.7049e-03  1.0428e-03

M 1.4927 1.5766 1.1966 1.3751
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Table 8.2: Maximum errors and corresponding convergence rates of Example 8.4.2.

e |N— 18 36 72 144 288

LIM— 18 36 72 144 288

20 49315e-03 1.6091e-03 5.5532e-04 1.9610e-03 3.9612e-05
1.6158 1.5349 1.5017 1.4942

22 8.3785¢-03 2.7112e-03 9.6535¢-04 3.6187e-04 1.3305e-04
1.6278 1.4898 1.4156 1.4435

9—4 1.2009¢-02 4.7851e-03 1.5672e-03 5.6198¢-04 2.2895¢-04
1.3275 1.6104 1.4796 1.2955

26 1.2133¢-02  6.2859¢-03 1.9900e-03 7.4889¢-04 3.2170e-04
0.9487 1.6594 1.4099 1.2190

28 9.5475¢-03 6.7757e-03 2.8381e-03 1.5221e-03 7.7066e-04
0.4948 1.2554 0.8989 0.9809

910 9.3401e-03 5.0933e-03 3.4973¢-03 1.6184e-03 7.2280e-04
0.8748 0.5424 1.1117 1.1629

912 9.3397¢-03  5.0529e-03 2.6405¢-03 1.5946e-03 7.2447e-04
0.8863 0.9363 0.7276 1.1382

914 9.3397¢-03  5.0529e-03 2.6371e-03 1.3578e-03 7.1757e-04
0.8863 0.9382 0.9577 0.9201

916 9.3397¢-03  5.0529e-03 2.6371e-03 1.3577e-03 6.9879-04
0.8863 0.9382 0.9578 0.9582

918 9.3397¢-03 5.0529e-03 2.6371e-03 1.3577e-03 6.9879-04
0.8863 0.9382 0.9578 0.9582

eN:M 1.2133e-02  6.7757e-03 3.4973e-03 1.5946¢-03 7.7066e-04

M 0.8405 0.9541 1.1330 1.0490
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Table 8.3: Comparison of the proposed scheme and other results in literature.

r2NAM of Example 8.4.1

N : 64 128 256 512
M : 32 128 512 2048
Present method
g=2716 1.8871 2.1168 2.0830 1.9190
g=2"18 1.8871 2.1168 2.0830 1.9190
£ =272 1.8871 2.1168 2.0830 1.9190
Bansal & Sharma (2018)
g=2716 1.7908 1.8314 1.5121 1.6261
g =218 1.7908 1.8354 1.5091 1.6257
g=2"% 1.7908 1.8354 1.5091 1.6257
MM and rVM of Example 8.4.2 for T = 1
N=M: 18 36 72 144 288

Present method
eN 6.7757e-03 3.4973e-03 1.5994e-03 7.1757e-04 3.6436e-04

rv 0.9541 1.1287 1.1563 0.9778
Kumari & Kumar (2020)
eN-M 1.1200e-02  7.0100-03  2.9700e-03 1.1400e-03 4.0600e-04
rN-M 0.6760 1.2390 1.3814 1.4895
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Table 8.4: Comparison of the proposed fitted mesh, nonstandard finite difference and

tension spline fitted methods .

Consider a(x) = 3, b(z) = =1, f(x) =1, up(z) =0, ¢(x,t) =0, a(t) =0.

N/M : 64/32 128/128 256/512 512/2048
Fitted mesh finite difference method

e M 7.8529e-03 4.1975e-03 1.8672e-03 6.2063e-04

rN-M 0.9037 1.1687 1.5891 1.6912
Nonstandard finite difference method

e M 7.5768e-03 1.9602¢e-03 4.9447e-04 1.3119e-04

rNM 1.9506 1.9870 1.9142 1.9312
Tension spline fitted method

eN-M 5.6299¢-03 1.5204¢-03 4.3406e-04 1.2224e-04

rN-M 1.8887 1.9037 1.8282 1.8957

Consider a(x) =5, b(x) = =2, f(x) =2, uy(z) = sin(rz), ¢(x,t) =0, a(t) = 0.

Fitted mesh finite difference method

e M 1.2881e-02 8.4743e-03 3.7744e-03 1.3445e-03

rN-M 0.6041 1.1668 1.4892 1.6107
Nonstandard finite difference method

e M 2.0044e-02 4.7134e-03 1.1209¢-03 2.7989¢-04

rNM 2.0881 2.0721 2.0017 2.0011
Tension spline fitted method

e-M 1.6679¢-02 3.8454e-03 9.0761e-04 2.4000e-04

rN-M 2.1168 2.0830 1.9190 1.9502

Consider a(z) = z + 6, b(z) = —(22 + 1), f(z) =3, up(z) =0, ¢(x,t) =0, at) = 0.

Fitted mesh finite difference method

e M 1.0936e-02 8.4424e-03 4.0736e-03 1.6157¢-03

rV-M 0.3734 1.0513 1.3341 1.5788
Nonstandard finite difference method

e M 1.9394e-02 5.3597e-03 1.4084¢e-03 3.6982¢-04

rN-M 1.8554 1.9281 1.9302 1.9753
Tension spline fitted method

e M 1.4386e-02 4.3089e-03 1.1765e-03 3.3406e-04

rN-M 1.7393 1.8728 1.8163 1.8824
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Figure 8.3: Line plots for the solution of Example 8.4.2 taking N = 288 at different time levels.
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Figure 8.4: Surface plots for the solution of Example 8.4.2 taking N = 72 and M = 72.
convergence order than the fitted mesh method. The fitted operator methods ( the nonstandard

finite difference method and a tension spline fitted method) have more convergence rate than the
fitted mesh method.
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Figure 8.5: The log-log graphs of the maximum absolute errors versus mesh numbers for Ex-

ample 8.4.1 in (a) and for Example 8.4.2 in (b).
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8.5 Summary

In this chapter, singularly perturbed reaction-diffusion problem involving large negative shift
is considered. The problem is treated by formulating a numerical scheme applying the implicit
Euler method in the temporal variable and a tension spline fitted method in the spatial variable on
a uniform meshes. The stability estimate of the discrete solution is established, and its uniform
convergence is investigated and proved. To validate the theoretical findings, two numerical
examples are solved. From the theoretical and numerical findings, it is shown that the formulated
numerical scheme is uniformly convergent of order one in time and order two in space. The main

results of this chapter can be summarized as follow.
1. The developed numerical scheme is stable and convergent independent of ¢.
2. In the solution, decreasing the mesh sizes decreases the maximum absolute error.

3. In the solution, decreasing the value of ¢ yields stable and uniform maximum absolute

€ITors.

4. The accuracy of the present method is better than that of other previous results in the

literature.

5. The accuracy of the method is enhanced by taking the values of p; and g9 satisfying

1+ p2 = %, so that p; 1s approaching to zero and p» 1s approaching to %
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CHAPTER NINE

A NONSTANDARD FINITE DIFFERENCE SCHEME FOR
SINGULARLY PERTURBED PARTIAL DIFFERENTIAL
EQUATIONS WITH SPATIO-TEMPORAL DELAYS

The chapter focuses on treating a singularly perturbed differential equations involving spatial
and temporal delays. The effects of the perturbation parameter, spatial delay, and temporal
delay make the problem more difficult to solve analytically. So, to solve such problem, it needs
constructing a parameter independent numerical method. In this chapter, a fitted numerical
scheme is developed using the implicit Euler method in the temporal direction and the non-
standard finite difference approach in the spatial direction on a uniform meshes. The temporal
delay is handled by using the Taylor’s series approximation and the spatial delay is handled by
choosing special meshes, in such a way that the term with the spatial delay coincides with the
mesh point x; = 1. Stability estimate of the proposed method is established, and its convergence

result is investigated and proved.

9.1 The governing problem

Considered a singularly perturbed delay parabolic differential equation of the form

(Lou(z,t) = (uy(z, 1) — e (@, 1) + al@)u(z, 1) = f(z,) — b@)ulz — 1,6 — 1), (z,t) € Q,
u(z,t) = up(x,t), (z,t) € Q= {(z,t): 2z €10,2],t € [-7,0]},

u(u,t) = o(u,t), (z,t) € Q™ ={(z,t): xz € [-1,0], t € [0,T]},

(u(2,t) = a(t), (2,t) € QT ={(2,1), t € [0, T},

(9.1)
where = [0,2] x [0,T], 0 < ¢ < 1, T is a temporal shift of o(¢) and T is a finite time. It is
assumed that the functions a(z), b(x), f(x,t), ue(x,t), ¢(x,t) and a(2,t) are smooth enough
and bounded on the considered domain. Moreover, to avoid oscillation in the solution, the

coefficient functions a(z) and b(z) satisfy the conditions
a(x)+b(xr) > 2\ > 0and b(x) <0, x € [0,2], (9.2)
for arbitrary positive constant A (Bansal & Sharma, 2018).
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Setting € = 0, the associated reduced problem is given by

(% + a(az)) up(u,t) = f(x,t) =

Lou(x,t) = ’
(2 +a(x)) ug(z,t) = f(z,t) = b(z)up(z — 1,¢t — 1), = € (1,2).

Since ug need not satisfy the conditions u (0, t—T) = ¢(0,t—7T), uo(0,t—1) = ¢(0,0), ug(2,t—
T) = a(2,t), ug(17,t) = ug(17,t) and (ug).(17,¢) = (uo).(17,¢), the solution exhibits two
boundary layers and an interior layer at z = 1 (Kadalbajoo & Gupta, 2010). The functions
involved in the continuous problem (9.1) should satisfy Holder continuity and compatibility

conditions are imposed at the corner points as

(9.3)
up(2,0) = a(2,0)
and
a¢é(i’0) _ g2 zg)x(é),o) + a(0)up(0,0) + b(0)up(—1, —t) = £(0,0), .
0020 _ 2000 4 a(2)ug(2,0) + b(2)uo(1, —T) = f(2,0).

From the above assumptions and conditions, one can observe that the solution involves layers
and there exists a constant C' independent of ¢ (Roos et al., 2008). So for (x,t) € Q, |u(z,t) —
up(z,0)| = |u(z,t) — uo(x)| < Ct. Applying Taylor’s series expansion,

u(z —1,t — 1) = u(x — 1,t) — Tu(x — 1,t) + O(7?) 9.5)

Inserting (9.5) into (9.1) gives

Lou(z,t) =9 (x,t), (z,t) € (9.6)
subject to
u(z,t) = uo(z), z € [0,2]
u(z,t) = o(x,t), (x,t) € Q- ={(z,t) : x € [-1,0], t € [0,T]} 9.7)
u(2,t) = a(2,t), (2,t) € QT ={(2,¢), t € [0,T]},
where

Lou(z,t) = uy(x, t) — euge(z,t) + alx)u(z, t)

flz,t) = b(x)p(x — 1,t) + tb(x)pe(x — 1, t), (z,t) € (0,1] x (0,7
flz,t) = b(x)u(z — 1,t) + th(x)us(x — 1, 1), (x,t) € (1,2) x (0, 7.

Uz, t) =
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9.2 Properties of the continuous solution

Lemma 9.2.1 Suppose z(x,t) be a smooth function in Q. If z(z,t) > 0, (z,t) € IQ and
L.z(z,t) >0, (z,t) € Q, then L.2(z,t) >0, (z,t) € Q.

Proof. For (#,%) € €, suppose that z(#, 1) = mingz(x,t) < 0. From the considered hypothesis
(2,1) ¢ 09). By extreme value theorem, z,(#,1) = 0, 2,(2,f) = 0 and 2., (&, %) > 0. Then,
Case 1: For z € (0,1],

A A A

Lo2(3,1) = 2(2,1) — e240(,1) +a(@,1) < 0.
Case 2: For z € (1,2),

L.2(2,t) =2(3,1) — e2,0(8, 1) + a(2) + b(2)2(2 — 1,1) — Th(2)2(2 — 1, 1)
<z(2,1) — £200(2, 1) + [a(®) + b(2)]2(2, 1) — T(2)2(2, ) < 0.

Thus, L£.z(z, f) < 0, which contradicts the given condition. Therefore, the supposition fails, so
that z(#,1) > 0, which implies that z(z,t) > 0, (z,t) € Q. |

Lemma 9.2.2 (Swaminathan et al., 2016). The solution of the continuous problem (9.6)-(9.7)

is estimated as p
e ) < 4 masc(jo0).

where |09 = {|u(z,0)], [u(0, )], [u(2,)[}

Proof. Let’s define »*(z,¢) = 1 + max{|0Q|} £ u(,t). Then, z*(z,0) > 0, 2*(0,t) > 0
and 2%(2,t) > 0.
For z € (0,1], t € [0, 77, it becomes

L% (x,t) = <— - 5% + a(x)) (2, t) = al) (@ + max{yam}) + 9(z,1) > 0.

0z%(x — 1,t)

L.2F(2,t) = (2 - 6% + a(x)) 2 (2, t) + b(x) 25 (x — 1,) — Th(z) 5

>la(z) + b(z)] max{|0Q|} > 0.

Thus, £.2%(x,t) > 0 and by Lemma 9.2.1, we have 2=(x,t) > 0, (z,t) € €, which yields the
stability estimate. ]
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Lemma 9.2.3 (Kumari & Kumar, 2020). The derivatives of the solution u(z,t) of (9.6)-(9.7)
are bounded as
O+ (x t)‘ C (1 + e H/2 [e*‘”\/gjL 67(171)\/§D , (x,t) € (0,1] x (0,77,
S 7

O ot C (142 [ VE L e CoVE]) (@0 € (1,2) x (0,7]

for all non-negative integer k,l such that 0 < k + 2] < 4.

Proof. For k = 0 and [ = 0, it is to show the bound of the solution u(x,t), which is Lemma
9.2.2. For k = 0,1 # 0, it is to show the bound of derivatives of u(z,t) with respect to t.
For k # 0,1 = 0, it is to show the bound of derivatives of the solution u(z,t) with respect
to = and for the cases when (k,1) # 0, it is to determine the bound of its derivatives of the
solution u(x,t) with respect to = and ¢. Let ¢.1(z) = eV 4 e_(l_’”)\/g, x € (0,1] and
Geo(r) = e~ @ DVE | emaVE 4 e (1,2). For a fixed value of A, following the approaches
of Kellogg & Tsan (1978), it is possible to get |¢.,(x)| < ¢, for constant ¢ and ¢ = 1, 2. For the

case k = 0, equation (9.6) becomes

ou(z,t) _ gﬁzu(x, t) —a(w)ulz, )+ f(z,t) = b(x)g(x — 1,1) + Tb(x)&b(xa;l’ 4, 2 € (0,1]
ot Ox? ’ Flat) = b(@)ule — 1,t) + th(z) 2010 0 e (1,2).
9.8)

Along the sides t = 0, u = 0, which implies that 2 ( = 0. Then, (9.8) becomes,

. . dp(z—1, 0)
8U(8Qf, 0) _ 882?;(.%2, O) —a(x‘)u(l‘, 0)+ f(xv O) b($)¢($ 17 0) + Tb<x)8 ot y & € (07 1]
t z F(2,0) = b(@)u(z — 1,0) + th(z) 2410y e (1,2).
9.9)

With out loss of generality, assuming that all the values considered in (9.7) are zero, it follows
that u(z — 1,0) = ¢(x — 1,0) =0, z € [0,1] and u(x — 1,0) = uo(z — 1,0) = 0, = € (1,2].

Then, (9.9) becomes 8“(9”’0) = f(z,0). Since f is smooth function, it implies )%‘ < C,

for sufficiently chosen C on 0f2. Applying the the operator L. given in (9.6) on 8“ (@ t) gives

|Louy(x,t)| = |9 (z,t)] < C on . Thus, applying Lemma 9.2.1 gives a“(“ < C on €. For
[ = 2, differentiating (9.8) with respect to ¢t gives

Pu(w,t)  Pu(x,t)

z x— 2o (x—
oulz, t)+ ofzt) _ b(fb)M + Tb(x)w’ z € (0,1]

o2 c 0x20t —a(x) ot 8f?;t) b(g) 2ulz=10) 92 uafl t)
S — (x)— +Tb(x)T, x € (1,2).
(9.10)
Along z = 0 and x = 2, 8275%’” = 0 and along t=0, v = 0 and o “(x 9u@0) — (). From % =
f(z,0), 81;(2 at) = 82£§c§’0). Assuming that the initial and boundary condltions are identically
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zero, uy(x —1,0) = ¢4 (x—1,0) = 0,z € (0,1] and us(x — 1,0) = upe(x —1,0) = 0, z € (1, 2].

Then, equation (9.10) becomes

0*u(s,0) __0/(s.0) 0f(z,0) J¥5% €(0.1]

2 7 —alx) ’ » 9.11)

ot Ou ot UE@O) | p(gr) Lule L0y e (1,2),
From (9.11), along ¢t = 0 ’82§§§’°)‘ < 0 on 9 and the operator £, implies |£. 2 gtg’t | =
|822§§’t)| < C on Q and applying Lemma 9.2.1 yields )BQSS’O < C on ). The bound of

derivatives of the solution u(x,t) for the cases k # 0 can be determined by similar procedures
as above. For the case k = 1, let x € €2 and consider a neighborhood R = (e, e + /), Y € R.

For some £ € Rand t € (0,77, the mean value theorem gives

W' = % Jule + V&, 1) — ule,t)] < Ce 7 |lul. 9.12)
Forz € R,
aué? 1) :augi, H auéi, o auéi, f _ auéi, H /E % "
_ %i”f) L /£ ' <3“éi’ D 4 a(syuls ) + b(s)uls — 1,1) - f(s,t)) ds.
2t < |t e [ w(IIUH #lrds = | 2588 4 oot gl + 11y e

( (1+¢e2q.,), (z,t) € Q for sufficiently

Putting (9.12) into the above result gives

large chosen C'. For k = 2, by rearranging (9. 1) leads to

Pur) _ 4 [2ue)

2 ETRR a(x)u(z,t) + b(z)u(z — 1,t) — f(x,t)} : (9.13)

For a fixed time ¢ € [0,7] and for 2 € [0, 2], since |u| < C, 8“—?

< (' and f is smooth

function, ‘a Urd)| < O(14 e Yq.,). The derivative of (9.13) with respect to ¢ gives

Pu(x,t)  _ (0Pu(z,t) Ou(x,t) ou(z —1,t)  Of(x,t)
FYCr TR ( R T T )

. u\x 2u x 3u x —
Since % <C, ‘aa_gz,t) < Cand |ft(z,t)] < C, we get |68x§a’f)| <C(l+e'q,). Ina
similar procedure, the bounds on the derivatives of the solution can be easily determined for the
remaining values of £ and [ with 0 < k£ + 2] < 4. [ |

9.3 The numerical method

In this section, first the temporal domain is discretized into M uniform meshes, and the problem
is semi-discretized using implicit Euler method. Then, nonstandard finite difference method is

constructed on a uniform spatial mesh, which yields a fully discrete scheme.
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9.3.1 Temporal discretization
Let M be a uniform mesh number on [0, 7] with step size At. Then, the uniform temporal
discretization is given as AM = {t; = jAt, At = T/M, j = 0,1,..., M}. Using the implicit

Euler method, a semi-discrete scheme is obtained as

LMY (g) =9 (2), j=0,1,2,..., M — 1, (9.14)
where
LM () = —eUI (z) + (35 + a(x)) U (z), 0 <z < 1,
—eUI (z) + (15 + a(2)) Ut () + (1 — H)b(2) U7 (2 —1), 1 <z <2
and
g L7 TSR = (0= @) @ = 1) — R e 1), € (0.1),

Fitt(z) + B8 @i 1),z € (1,2)
with the initial and boundary conditions

U%z) = up(z), x €0,2],
Ut (z) = ¢+ (), (

ze (0,1 9.15)
Uit (2) = o/ T(2), z € (1,2).
>

Y

)
Lemma 9.3.1 For a smooth function 2 (x), if 277 (x) > 0, x € O and LM 271 (x) > 0,

x €T, then 22t (z) > 0, v € T.

Proof. Let z* € I and suppose that 2/*!(2*) = minp 2/*!(2) < 0. By the considered
hypothesis, z* ¢ T and by the extreme value theorem, 27 (z*) = 0 and 271! (2*) > 0.
Case 1: For z* € (0, 1], it become
LM () = —e2d T (2*) + (Kt +a(z*))z" 1 (2*) < 0.
Case 2: For z* € (1,2), it becomes
LM (@) = — e @) + (5 +a@) = @) + (1 o )ba")2 (@ — 1)
At At
T

< — et (a*) + (é +a(z*) + (1 — E)b(m*))zjﬂ(x*) < 0.

The two cases contradict the given hypothesis. So, the given assumption is wrong, which implies

that z/*1(x) > 0, x € ). Moreover, the operator £ satisfies
[(£2)7Y < @+ 2407 9.16)

which is used in estimating the truncation error. ]
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Lemma 9.3.2 (Semi-discrete stability estimate). The solution U (x), 7 = 0,1,2,.... M — 1 of
(9.14)-(9.15) can be estimated as

10y,
1T AL

where {|0QM [} = {|U71(0)], [U7F1(2)]}.

U7 ()] < ax{|0QY[}, = € [0,2],

Proof. Define two barrier functions as Z5™ (z) = ”ﬁr/\gt‘l + max{|0QM|} + U/ (z), which
give Z*1(0) > 0 and Z'(2) > 0.
Case 1: For 0 < z < 1, one can obtain

£r 2L a) == 2L + 5 +al)) 287 0)

. 1 | LMU||
_ j+1 € M
=+ (x) + <_At + a(:v)) {—1 AL + max{|0Q"|}

> (g +ato)) fmax(io ] > 0.

Case 2: For 1 < x < 2, one can obtain

LU 2L ) = - 2 )+ g+ ale)) 250 + (1= S 2 - )

-2+ (g7 ) 220 + (- S 2 )

=+ 9 () + <$ +a(x)+ (1 - &)b@:)) [ﬂiﬁfgi + max{|0QM|}]

> (g + o)+ (1= 5)0(0) ) bmax(092]}] 2 0,

Thus, applying Lemma 9.3.1 yields Zfl(x) > 0, z € [0, 2], which implies the required estima-
tion. |

Lemma 9.3.3 Suppose that ]8 Ule, t)| <C, (z,t) €Q, k=0,1,2. The local error is estimated
as |lej1]] < C(At)?, and with thzs condition, the global error is estimated as | Ej 1] < C(At),
j=0,1,2,.., M —1.

Proof. From the Taylor series expansion, we have U7 (z) = U’ (z) + AtU/ (z) + O((At)?)
and this leads to

Ut () = U’ ()

A7 = U/ (x) + O(Ab). (9.17)
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Using (9.17) into (9.6) gives
LYUI(z) + O((A1)?) = ¥ (z) (9.18)
From (9.14) and (9.18), one can find the boundary value problem of the form
LM () = O((At)?), 2TH0) = 0= /T1(2) (9.19)

Using ((9.16)) into (9.19) yields ||’ || < C(At)?.

Assuming the estimation of e/*1 holds true, one can have

J
1B+ =HZ€5 :
£=1

=|le! + e + ... + €|

JAY) <T

<l + [l + .. + [l
<C'T(At) < C(At), j=0,1,2,..., M — 1.

Thus, the semi-discrete scheme is convergent of order one in time. [ |

Lemma 9.3.4 (Kumari & Kumar, 2020). Let the solution of (9.14) be U’ (z). Then its deriva-

tives can be bounded as

C [1 ez (exp(—\/gx) + exp(—\/g(l — x)))} , z €[0,1],

d*UIT ()
¢ 147 (exp(—\/g(x — 1)) +exp(—/2(2 - )] = e,2)

dxk

where k =0, 1,2, 3.

Proof. Similar procedures of Lemma 6.3.5 of Chapter 6. |

9.3.2 Spatial discretization

Let’s sub-divide the domain [0, 2] into N uniform meshes of size h, such that TY = {0 =
0,21,y Ty = LTy g, ¥y = 2, @ = 29 +ihi = 0,1, N, h = 21}, Following the
procedures of Ehrhardt & Mickens (2013), consider a constant coefficient sub-equation from
(9.14) as

—eUZH (z) + AUt (2) = 0, (9.20)

where 3;+a(x) > X > 0. The characteristic equation of (9.20) has two distinct roots r, = eV

and o = Vi, Denoting U7 ™" as the approximation of U7+ () at the grid point x;, it is given
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by Uij = cle\/gmi + 626_\/;%. Using the theory of difference equations in (Mickens, 1994),

; X X
UiJ_Jrl1 e\/;:‘”i*1 ef\/;“ifl

; A A
vl Vi Vi | =0,
Uijrf eVinin o=V

After certain manipulation, it is simplified to

. Y . .
U/ —2cosh (\/;h> Uit + Uil =o. (9.21)

The finite difference approximation of (9.20) is given as

U'-j+1 _ 2Uj+1 U-j+1 )
—g—=1 612 % AU/ =0, (9.22)

where [3; is a denominator function. From (9.21) and (9.22), the denominator function for the

variable coefficients is given as

2 (,UZ']'L 1+ Ataz
= — g] h i — . *
B; o sin < 5 > , where w; = 4/ AL (9.23)

Incorporating the denominator function (9.23), a fully discrete scheme obtained as

LYMUItt — It 5 =0,1,2,..., M — 1, (9.24)
where
i —562Uij+1+(§+a,-)Uij+l, i=12..,%,
o —e2UI (L +a) U 4 (1= U =N 1 N N1
2
and

i+1 , Ul j+1 j - N
745 = Q= mpbid sy — mbid]_y, =12, 5,

W =
: 1, Uf i =N N
Fotm sl y, i=5+L5+2,,N-1,

) j+1 i+1 | pri+1
with §207+1 = YU
) B

K3

U()(Ii>, T; € [0,2], Uj+1(IZ') = ¢j+1($i), T; € Q_, Uj+1<2) = Oé(2,tj+1>, (2,t]’+1) S Q+.

and the discrete initial and boundary conditions U°(z;) =

Lemma 9.3.5 Let ZZ-jJr1 be a given mesh function satisfying Zg“ > 0 and ZfVH > 0. If
LNM 7T > 0 fori=1,2,...,N — 1, then Z™' > 0fori=0,1,...,N.
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Proof. Forsome k € {1,..., N — 1}, suppose that Z/ ™" = min 1z?+1 <0.

Casel: Fork=1,2,..., %, one can obtain

1 .
LY ZI = —e5? 2 + + (5 +a)Z < 0

Case 2: For k = % + 1, % + 2,..., N — 1, one can obtain

1 .
LYMZI — o7 (— a2+ (1—l)b,€z;:1ﬂ

At At
; 1
< —ed*ZIM 4+ (— ZIM+ (1= —)bZy, < 0.
LT (G T zu)kk<
From the two cases, it can be seen that the given hypothesis is contradicted, and hence the
assumption fails. Thus, Z/"' >0,k =0,1,..., N. [

Lemma 9.3.6 The solution Uij 1 of the fully discrete scheme (9.24) is estimated as

Atf[d]]
14+ A\At

where {00 M} = {JUg ™|, [UR™ 13-

|U7H| < ax{|0QY M} i =0,1,..., N,

Proof. Let’s define 7% = 2450 4 max{|0QNM|} £ U/™". Then,

1+AAL
At[[d : At[[d
P (L | VMY U3t > — >
T 1+>\At+max{\(9 YU > 1—|—)\At_0
At At
+ ' _ QNM + J+1 >
WN,]«H 1 i )\At +max{\8 H} U -1 + )\At — 0

~ 1
Wheni=1,2,..., %,

1
ENM fll = 5527rf11 + <Kt + az) ﬂjitl

1 At ”L H N,M Jj+1 1 N,M
f— _ . - ) J > - . s >
( ; + az> (1 A7 + max{|0Q™" |} | £ 0] ; + a; | (max{[0Q™"|}) >0

When i = & +1 7 T2,.,N—1,

£ = el (— b ) wlt 4 (- ot
At i—gudtl
1 Atf|d]] N M +1
=l —+a bl o™ + 9"
(At” ><1+/\At+max{| }) £
(1 + Ata; 4+ (1— = bz> (max{|0QN 1) > 0
Thus, applying Lemma 9.3.5, we have 7% + > 0,7 = 0,1,..., N, which yields the stability

estimate. [ ]
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Lemma 9.3.7 (Tiruneh et al., 2023). For a given fixed mesh number N, the following holds
true.

a(z

exp(— L) +exp(— (1-=))
max 72 =0,
lim ¢ “:€©4
e—0 exp(—y/ “E1 (2, 1)) pexp(—y/ & (2-2,))
max %7 =0
Z‘iE(l,Q)
foralli=1,2,.... N —1land k =1,2,3, ...
Proof. See the proof of Lemma 7.3.8 of Chapter 7. |

Theorem 9.3.1 Let the solution of (9.14) be U (x, t;1+1) and the solution of (9.24) be Ug“. Then,

U7 = U, ty40)| < ON72

Proof. From the differential and difference equations, the truncation error for ¢ = 0, 1, 2 %

g eeey

is

LU () .
N,M j+1 7 +1
|£ (U]Jrl( ) UJ )‘ :’—€T+852Uij
EUIH (1)

=|—¢
‘ dx?

+ % (U —2u7t US| (9.25)

%
By the Taylor series expansion of Uffll, U/* and Ui truncated up to order five,

dUtt R PUITYRP AU R AU (G)
T A dr A A a0 &Sl
_ . AUt R2PUITY R BUITY R dAUIY(C)
+1 _ prj+l !
U =0 e Y e s aw a8 € @),

1 w? w?( 4 1 (wih)Q)
 — — + )

U = U 4 h

o2 4sinh®(wh/2) 4

(wh)2 37 60

Putting these expansions in (9.25) yields

U Ui e dUIYG) ew? U
ENM U]+1 U]-i-l | _ i i - v i i h2
e G R L R ™ B sl T R 12 da?
ewf U e} dUUITH(G) W ew; d4Uj+1<Ci)h6‘
240  dax? 144  da* 2880  duat '
Applying the bound of derivatives in Lemma 9.3.4 and then using Lemma 9.3.7 yields
| LM (U (2) — UITY) | < C1R2 + Coh* + C3h® < O, (9.26)
Invoking Lemma 9.3.5 gives |U/ ™" — U(x;,tj41)] < ON~2,as h = 2N, |
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Theorem 9.3.2 For the solutions u(x,t) of (9.6) and Uij 1 of (9.24), the uniform error is esti-
mated as
sup [lu(zi, tjp1) — UITH| < O (At + N72).

0<e<1

Proof. By the triangular inequality, we can obtain that

}u(xiytj*Fl) - Ul,j—i_l’ — |U(IL’¢,2€]‘+1) o U]+1($Z) + U]+l<xl> B Uij'f‘l‘
< |U($iatj+1) — U‘jﬂ(xi)‘ + }Ujﬂ(a:i) B Ui’jﬂ‘ .

Then, combination of Lemma 9.3.3 and Theorem 9.3.1 yields the uniform error estimate. W

9.4 Numerical results and discussions

In this section, three numerical examples are considered to demonstrate the validity and applica-
bility of the proposed numerical scheme. Since it is tedious to find the exact solution, a variant
of the double mesh principle in (4.44)—(4.47) is used to determine the maximum absolute errors
and corresponding convergence rates. As it is surveyed in literature, the model problem consid-
ered in this chapter is not solved by other researchers. And hence, there is no numerical results
to be compared with the present method. The examples solved below are taken considering the
basic assumptions and properties of the functions involved in the problem, and the continuous

solution.

Example 9.4.1 Consider u,(z,t) — cug,(x,t) + 6u(z,t) — 2u(x — 1,t — 7) = 1, subjected to
up(z) =0, u(z,t) = 0 and u(2,t) = 0.

Example 9.4.2 Consider ui(z,t) — eug,(z,t) + (x + Du(z,t) — (@* + Du(z — 1,t —7) =2,
subjected to ug(x) =0, u(x,t) = 0 and u(2,t) = 0.

Example 9.4.3 Consider u;(z,t) — ez, (x,t) + bu(x,t) — 2u(z — 1,t — 7) = 2, subjected to
up(z) = sin(mzx), u(z,t) = 0 and u(2,t) = 0.

The three model examples are treated applying the proposed numerical method. Since the ex-
act solutions of the examples are not given or difficult to find, the absolute errors and rate of
convergence are computed using a variant of the double mesh principle. The obtained results
are displayed in tables and graphs. For each examples, the maximum point-wise error and the
convergence rates are computed as shown in Tables 9.1-9.3, respectively. From these tables, one
can observe that for a fixed value of ¢, increasing the mesh numbers, minimizes the maximum

absolute error. On the other hand, for fixed number of meshes, decreasing ¢ yields stable and

Ph.D Dissertation 149



Fitted numerical schemes for a class of SPDDEs 2023

Table 9.1: Maximum absolute errors and convergence rates for Example 9.4.1, taking 7 = §.

e | N— 40 80 160 320 640
1| M= 20 80 320 1280 5120
24 9.0018e-03 2.1164e-03 4.7823e-04 1.1625e-04 5.4060e-05
2.0886 2.1458 2.0405 1.1046
276 1.1641e-02 3.2085e-03 1.0967e-03 2.1814e-04 6.0927e-05
1.8592 1.5487 2.3298 1.8401
278 1.1803e-02 3.9262e-03 1.0893e-03 2.4892e-04 6.6173e-05
1.5879 1.8497 2.1296 1.9114
210 1.1806e-02 4.2510e-03 1.1623e-03 2.6394e-04 6.7668e-05
1.4736 1.8708 2.1387 1.9637
212 1.1811e-02 4.2735e-03 1.1605e-03 2.8472e-04 7.6245e-05
1.4667 1.8807 2.0271 1.9008
214 1.1812e-02 4.2737e-03 1.1797e-03  3.0293e-04 7.6249e-05
1.4667 1.8571 1.9614 1.9902
216 1.1812e-02  4.2737e-03 1.1798e-03  3.0293e-04 7.6250e-05
1.4667 1.8569 1.9615 1.9902
210 1.1812e-02 4.2737e-03 1.1798e-03  3.0293e-04 7.6250e-05
1.4667 1.8569 1.9615 1.9902
eNM 1.1812e-02 4.2737e-03 1.1798e-03 3.0293e-04 7.6250e-05
M 1.4667 1.8569 1.9615 1.9902 -

uniform maximum point-wise errors after certain changes of the values of €. This shows that the

developed numerical scheme is e-uniformly convergent.

The numerical solution profiles of the considered examples are simulated by figures. In Figure
9.1, the effect of the perturbation parameter in layer resolving is shown for Examples 9.4.2
and 9.4.3. To show the physical behaviors of the solutions, surface plots and contour lines are
simulated in Figures 9.2 and9.3 for Examples 9.4.2 and 9.4.3, respectively. From each figure,
one can observe the effect of €. That is, if the value of ¢ approaches to zero, the width of the
layers decreases. The uniform convergence of the developed scheme is illustrated by plotting

log-log figures as shown in Figure 9.4.
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Table 9.2: Maximum absolute errors and convergence rates for Example 9.4.2 taking 7 =

e | N— 40 80 160 320 640
1| M= 20 80 320 1280 0120
24 1.7988e-02  4.2929e-03  9.5899e-04 2.9234e-04 1.0276e-04
2.0670 2.1623 1.7139 1.5084
276 2.3252e-02  6.5120e-03 2.0897e-03 4.3974e-04 1.5494e-04
1.8362 1.6398 2.2486 1.5049
278 2.3609e-02  7.9555e-03 2.3536e-03 6.2910e-04 1.6514e-04
1.5693 1.7571 1.9035 1.9296
210 2.3343e-02 8.7007e-03 2.3793e-03 6.2889e-04 1.6533e-04
1.4238 1.8706 1.9197 1.9275
212 2.3344e-02  8.6447e-03 2.4462e-03 6.1828e-04 1.6385e-04
1.4332 1.8213 1.9842 1.9159
21 2.3345e-02  8.6449e-03 2.4443e-03 6.5550e-04 1.6880e-04
1.4332 1.8224 1.8988 1.9573
2-16 2.3346e-02  8.6450e-03 2.4446e-03 6.5050e-04 1.7486e-04
1.4332 1.8223 1.9100 1.8953
2718 2.3346e-02 8.6450e-03 2.4446e-03 6.5551e-04 1.7898e-04
1.4332 1.8223 1.8989 1.8728
220 2.3346e-02 8.6451e-03 2.4446e-03 6.5551e-04 1.7900e-04
1.4332 1.8223 1.8989 1.8727
240 2.3346e-02 8.6451e-03 2.4446e-03 6.5551e-04 1.7900e-04
1.4332 1.8223 1.8989 1.8727
eNM 2.3609e-02 8.7007e-03 2.4462e-03 6.5551e-04 1.7900e-04
M 1.4401 1.8306 1.8999 1.8727 -
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Table 9.3: Maximum absolute errors and convergence rates for Example 9.4.3 taking 7 = £.

e |N— 40 80 160 320 640

LM 20 80 320 1280 5120

94 3.3141e-02 8.4683e-03 2.1599¢-03 4.3730e-04 1.2568¢-04
1.9685 1.9711 2.3043 1.7989

96 4.7466e-02 1.1454e-02 2.6426e-03 5.6940e-04 1.5517e-04
2.0510 2.1158 2.2144 1.8756

28 4.7176e-02 1.2003e-02 2.2515e-03 5.7746e-04 1.5432¢-04
1.9747 2.4144 1.9631 1.9038

2-10 4.6634e-02 1.2830e-02 2.3415¢-03 5.8625¢-04 1.5541e-04
1.8619 2.4540 1.9978 1.9154

912 4.6595e-02 1.2728¢-02 2.9457e-03 6.6726e-04 1.5984¢-04
1.8722 2.1113 2.1423 2.0616

9-14 4.6594e-02 1.2727e-02 2.9430e-03 6.8613¢-04 1.6442¢-04
1.8723 2.1125 2.1007 2.0611

916 4.6594e-02 1.2727e-02 2.9431e-03 6.8614e-04 1.6442¢-04
1.8723 2.1125 2.1007 2.0630

940 4.6594e-02 1.2727¢-02 2.9431e-03 6.8614e-04 1.6442¢-04
1.8723 2.1125 2.1007 2.0630

eN:M 4.7466e-02 1.2830e-02 2.9457e-03 6.8614e-04 1.6442¢-04

M 1.8874 2.1228 2.1020 2.0611 ;
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Figure 9.1: Effect of the perturbation parameter in boundary layers resolving for (a) Example

9.4.2 and (b) Example 9.4.3 when 7 = £.
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Figure 9.4: The log-log plots of maximum absolute errors versus N for (a) Example 9.4.2 and

(b) Example 9.4.3.
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9.5 Summary

In this chapter, singularly perturbed differential equation involving the spatial and temporal de-
lays in the reaction term is treated. The presence of the perturbation parameter exhibits boundary
layers in the solution, and the large negative shift causes interior layer. As a result, the solution
varies abruptly in the layer regions. The rapidly changing behavior of the layers makes it diffi-
cult to find an exact solution. To solve the problem, a numerical scheme is developed by using
the implicit Euler method in the temporal variable and using the nonstandard finite difference
method in the spatial variable on a uniform discretizations. The effect of the temporal delay
is handled applying Taylor’s series approximation and the negative shift is handled by choos-
ing a special mesh, so that the shifted term lies on the mesh point z; = 1. The stability of
the method is established and proved. Its uniform convergence is also investigated and proved.
Three numerical examples are considered and solved applying the developed method to test its
validity and applicability. The solutions and error analysis of the examples are shown in graphi-
cal and tabular forms. From the theoretical and numerical findings discussed in this chapter, the
proposed numerical scheme is obtained to be uniformly convergent. The main findings of this

chapter are summarized as follows.

1. A robust and uniformly convergent nonstandard finite difference scheme is developed for

singularly perturbed differential equations with spatio-temporal delays.

2. Inapplying the developed numerical scheme, decreasing the grid sizes decreases the max-
imum absolute errors. and decreasing the value of the ¢ yields stable and uniform maxi-

mum absolute errors.

3. The convergence rate of the obtained method is shown to be of order one in the temporal

direction and order two in the spatial direction.
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Conclusion

This dissertation focuses on formulating and analyzing fitted numerical schemes for a class of
singularly perturbed differential-difference equations. Due to the presence of the perturbation
parameter and negative shift argument, the solutions of these problems involve layers, which
make it difficult to solve the problems analytically. To treat these problems, there is a need of
formulating parameter independent numerical methods. This dissertation has contributed six

uniformly convergent numerical schemes, wich are summarized as follows.

For singularly perturbed ordinary differential equations with large negative shift, an exponen-
tially fitted finite difference scheme is formulated by decomposing the domain into its inner and
outer regions. The stability estimate and convergence analysis of the formulated scheme are

investigated and shown that the scheme is accurate and uniformly convergent of order two.

For singularly perturbed partial differential equations involving a shift argument 6 € (0,1), a
fitted mesh finite difference method is formulated on a piece-wise uniform Shishkin’s meshes.
The stability estimate is established and its uniform convergence is investigated and shown that
the method is uniformly convergent of order two in the time variable and almost of second order

in the spatial variable.

For singularly perturbed partial differential equation with large negative shift, three fitted numer-
ical schemes are formulated. One of these schemes is a fitted mesh finite difference method on a
piece-wise uniform Shishkin-type meshes. The stability estimate and convergence analysis are
investigated for this method and shown that it is uniformly convergent of almost order two in the
spatial direction and order one or two in the temporal direction depending on the ¢ value used for
the time discretization. The second scheme formulated is a nonstandard finite difference method
on a uniform meshes. It is proved that this method is stable and uniformly convergent of order
two in the temporal and spatial directions. The third scheme formulated for such problem is a
tension spline fitted method. The stability estimate and the uniform convergence investigation
of this method is shown that the method is uniformly convergent of order one in time and order

two in the spatial variable.

For a singularly perturbed partial differential equation with large negative shift and small delay,

a nonstandard finite difference scheme is formulated on a uniform meshes. It is proved that
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the scheme is stable and its uniform convergence is investigated that the method is uniformly

convergent of order one in the temporal direction and second order in the spatial direction.

Recommendations

The numerical schemes formulated in this dissertation are accurate and uniformly convergent for
solving a class of singularly perturbed differential-difference equations. Based on the schemes
formulated, several recommendations can be made to enhance the applicability of the developed
numerical schemes and provide a direction for future research works. These recommendations

include the following.

1) One can extend these methods to solve two and three dimensional singularly perturbed

differential-difference equations.
2) The methods can be extended to singularly perturbed integro-differential equations.

3) The methods can be extended to singularly perturbed system of differential-difference

equations.

4) One can extend the methods to solve singularly perturbed non-linear differential equations

and fractional-order derivative problems.

5) One can further modify the methods on a non-uniform (graded) meshes like Bakhvalov’s

meshes, and on a Harmonic meshes.
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APPENDIX B

MATLAB PROGRAMS

The matlab programs used for solving the examples are obtained on the google drive as shared

below.

1y

2)

3)

4)

5)

6)

Matlab program for Examples 4.4.1-4.4.3 of Chapter 4.
https://drive.google.com/file/d/1bqtEqfEyUmGh1Qh7W XEvK8vorvCuV2ZZ/viewTusp

=sharing.

Matlab program for Examples 5.4.1-5.4.3 of Chapter 5.
https://drive.google.com/file/d/11S0sjMObAEwY 3auhgtoj9-s6PFnXBMNc/view ?usp

=sharing.

Matlab program for Examples 6.4.1-6.4.2 of Chapter 6.
https://drive.google.com/file/d/TuSgxH_uTTXPuZN4v40x4FDKruvfTqX8D/view ?usp

=sharing.

Matlab program for Examples 7.4.1-7.4.3 of Chapter 7.
https://drive.google.com/file/d/1qWeh4kwAVPz_R8zOfglk cNkvIR3xJrO/view Tusp

=sharing.

Matlab program for Examples 8.4.1-8.4.2 of Chapter 8.
https://drive.google.com/file/d/1WpJzr2RO4b4pEMFUis5_ZbMIZICQdOze/view Tusp

=sharing.

Matlab program for Examples 9.4.1-9.4.3 of Chapter 9.
https://drive.google.com/file/d/1e_S5ZA_kRx4447tniCVt4xZr2wq-Yp2GR/view Tusp

=sharing.
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