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Abstract

Cholera is an epidemic infectious disease caused by the food or water contaminated with

the bacterium vibrio cholera. In this thesis we extended and analyzed mathematical model

for transmission dynamic of cholera with education, vaccination and treatment as control

strategies. We qualitatively analyzed the extended model. In particular,we proved that

positivity of solution and its boundedness. The basic reproduction number without control

and with control in single and combined control strategies are computed and compared

with each other to assess the possible community benefits. Then we studied the stability of

disease free and endemic equilibrium points and also we investigated the sensitivity index

of the reproduction number with respect to model parameters. Numerical simulation shows

that in a unique control strategy, treatment yields the best results followed by vaccination

campaign and education being the last. In combination of two controls combination of

education with treatment is best followed by combination of treatment and vaccination

then combination of education and vaccination is leas from combination of two control but

it is best than single control strategy. We noted that the control of cholera is very much

better when we incorporated more than one strategies.
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Chapter 1

Introduction

1.1 Cholera

Cholera is a critical epidemic infectious disease caused by the ingestion of food or water

contaminated with the bacterium vibrio cholera. It is characterized by watery diarrhea,

extreme loss of fluid and electrolytes and severe dehydration, vomiting, leg cramps and if

untreated, it leads to rapid dehydration, acidosis, circulatory collapse and death within

12–24 hr[28, 35]. The V.cholera colonize the intestinal gut, then produce inter toxin,

painless and watery diarrhea that can quickly lead to severe dehydration and death if

treatment is not given. Vomiting also occurs in most patients.

As reported in [9] those who recover usually have long-term immunity against re-

infection. Cholera can either be transmitted through interaction between humans or

through interaction between humans and their environment (i.e., ingestion of contami-

nated water and food from the environment). Vaccination has been a commonly used

method for diseases control and works by reducing the number of susceptible individuals

in a population [10].

Cholera is a bacterial disease whose primary mode of transmission is indirect other than

human-to-human contact; which is caused when individuals ingest fecal-contaminated wa-

ter containing the bacteria V. cholera [34]. Transmission between humans and reservoirs

of pathogens implies that disease transmission includes an indirect route. The dynamics of

1
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cholera involve multiple interactions between the human host, the pathogen, and the envi-

ronment [10], which contribute to both direct human-to-human and indirect environment-

to-human transmission pathways.

Due to its huge impact on public health, and social and economic development, cholera

has been the subject of extensive studies in clinical, experimental and theoretical fields. It

remains an important global cause of mortality and causing periodic epidemic disease [17].

Cholera affects 3 –5 million people and causes 100,000 –130,000 deaths in the world

annually and it remains a global threat to public health and a key indicator of lack of so-

cial development [36, 25]. Modern sewage and water treatment have virtually eliminated

cholera in industrialized countries.The last major outbreak in the United States occurred

in 1911 [36]. But cholera is still present in Africa, Southeast Asia and Haiti [43].

The risk of cholera epidemic is highest when poverty, war, migration (immigration)

and natural disasters such as earth quack force people to live in crowded conditions with-

out adequate sanitation. Recently, the reemergence of cholera has been noted in parallel

with the ever-increasing size of susceptible populations living in unsanitary conditions

[36]. Education, which is a key tool in disease control, is often overlooked [8]. It requires

investment in people rather than in bio-medical interventions. Conversely, a lack of infor-

mation can have a severe impact on the spread of the disease. Cholera-specific education

includes advising people with symptoms to seek medical care and improving sanitation

and hygienic practices [7]. Failures to provide health education can be traced to barriers

at one of six sites: to be effective,(1) messages have to reach the intended audience, (2)

gain attention, (3) be correctly understood, (4) be accepted, (5) result in changed behav-

ior and (6) result in improvement in health. Radio and word-of-mouth communication

were effective educational tools [7].

Water that has been treated with chlorine is effective in preventing the spread of

cholera [26]. Understanding the fundamental mechanism in the disease transmission is

crucial for effective prevention strategies against a cholera outbreak. For prevention of

cholera, if we’re traveling to cholera-endemic areas, risk of contracting the disease can

minimized by wash hands with soap and water frequently, drink only safe water, eat
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food that’s completely cooked and hot. To this effect, mathematical modeling provides

a unique approach to gain basic insights into the dynamics of infectious diseases. There-

fore, we exploring the potential effects of disease control strategies such as vaccination,

education and treatment in our work within mathematical modeling that can show briefly

the dynamics of cholera outbreaks.

Mathematical model and simulations are quick and easy to produce, simplify a more

complex situation, help us improve our understanding of the real world [13]. It can helps

to determine the characteristics and magnitude of epidemic disease transmission, to pre-

dict its outbreak and to see which parameters are more influential in the dynamics of the

disease etc. The sum of all the above findings are very important for policy makers to

implement effective control strategies for cholera outbreak and for researchers to under-

stand the dynamical behaviors of cholera.

Mathematical models are powerful tools for the development of epidemiological theo-

ries. Modeling of the dynamic of cholera is process of describing the dynamics of human

population and biomass level of vibrio cholerae mathematically with differential equation

[1]. The last few years estimated that many cholera outbreaks happened in developing

countries namely Ethiopia, Angola, Congo, Haiti,Uganda and Zimbabwe [37, 39, 41].

In an effort to gain deeper understanding of the complex dynamics of cholera, several

mathematical models have been published. For example Codeo in 2001 proposed a model

[3] that explicitly accounted for the environmental component, i.e., the V. cholera concen-

tration in the water supply, into a regular SIR epidemiological model. The incidence (or,

the infection force) was modeled by a logistic function to represent the saturation effect.

The authors in [9] extended Codeos work by dividing bacteria concentration into a hyper

infectious and less infectious state of the pathogen, representing the explosive noneffective

of freshly shed V. cholerae, based on the laboratory observations [16] and rigorously ana-

lyzed in [38]. Modified Codecos model by a threshold pathogen density for infection with

a careful discussion on human-environment contact and in-reservoir pathogen dynamics.

In this study we extend the mathematical model proposed in [15] by adding education

as control measure of cholera. The modified model is analytically studied. For numerical
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simulation, we employed matlab ode45 which is preferable for our highly non-linear sys-

tem of equation.

The importance of adding education E to this study is to reduce the number of pop-

ulation tends to infection from susceptible and to minimize bacteria concentration in

environment that caused for cholera outbreak (cholera disease spread).

The influences of control strategies are to:

1) control the susceptible and Infected population increases due to the incoming of

immigrants.

2) reduce the concentration of vibrio cholerae by creating awareness for community

about water sanitation and hygiene.

3) increases the recovery rate of infected population

4) promote awareness among the communities of causes cholera pandemic.

5) instruct, advise and assist a communities, officer, health organization for fast deci-

sion making on time to use control measure for minimization of cholera pandemic

1.2 Statement of the problem

Infectious diseases are caused by pathogenic microorganisms, such as bacteria,

viruses, parasites or fungi; the diseases can be spread, directly or indirectly, from

one person to another. Cholera is an acute diarrhoeal disease that can kill within

hours if left untreated.

Cholera pandemic reached the African continent in 1970 in Guinea, sierra Leone,Liberia,Nigeria,

then spread into interior of the sub-saharan states. Entering Africa from the east-

ern countries of Djibouti ,Ethiopia frequently affected by cholera 850 cases reported

in Ethiopia at 1970,16 in 2004, 54,070 in 2006 as reported in [22] . In 2019 after

some years of absence, cholera re-emerged in Ethiopia as reported in [19] Ethiopia

has a low sanitation coverage and has been frequently affected by Acute Watery

Diarrhoea and Cholera outbreaks. As of 3rd July 2019 report of ministry of health,
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there were at least 871 people affected by the infectious disease with 17 deaths:1

from Afar, 2 from Oromia and 14 from Amhara region.

More of previous work has been done in the last 2 decades on dynamic of cholera.

Most of them so far focus on epidemic dynamic of cholera such as the role of aquatic

reservoir of vibrio cholerae [3], transmission way to cause epidemics [9], stability

analysis and application of a mathematical model of cholera [38] and few researcher

review an epidemic model for cholera with optimal control treatment [14] and math-

ematical analysis of a cholera model with vaccination and treatment [4] all of them

contributed remarkable effort to minimize number of pathogen and infected individ-

ual to control the cholera out break, but we are still facing great challenges in the

development of effective control and policies to stop the transmission and to avoid

global outbreaks.Most of researcher focus on treatment after happen of cholera out

break more than prevention. In our study we introduce education and vaccination

for cholera as prevention strategies to minimize infected number of susceptible in-

dividuals to cholera disease, but after cholera outbreak append treatment is unique

control strategy.

Many mathematical models of dynamic of cholera have been developed, but those

models have some gaps especially no more model developed for cholera in the liter-

ature by including vaccination, education and treatment in well organized way. For

example as reported in [18] show that educated individual who may have exposure

to be quarantined. Use of quarantine for educated individual can expose them for

infection. Quarantine was adopted as a mean of separating persons that may have

been infected to a contagious disease and it raises political, ethical and socioeco-

nomic issues and requires a careful balance between public interest and individual

rights [33]. We do this work attentively to fill such gap. If vaccination and educa-

tion had existed from the beginning of cholera outbreaks then the epidemic would

have been take out. We believe that the absence of this type of prevention measures

was one of the responsible for causing of the cholera outbreak in epidemic areas or

countries.

Thus this thesis is intended to answer the following basic questions
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1. How modify the model and which parameter more influence the dynamic of

cholera?

2. Are the impact of control strategies significant?

3 Are the equilibrium points of the modified model stable?

4. what is the biological interpretation of the solution of the modified mathemat-

ical model?

1.3 General objective

The general objective of this study is to investigate the transmission dynamic of

cholera with control strategies.

1.4 Specific objective

The specific objective of this study are to:

– modifying mathematical model of cholera disease that describe the impact of

education,vaccination and treatment control strategies on cholera outbreak.

– preform local stability of the equilibrium points.

– study the sensitivity of parameters

– Interpret the solution of the extended mathematical model

1.5 Significances of the study

The findings of this study are:

– help health authorities to understand the effect of vaccination and education

from beginning of cholera outbreak and treatment for infected group.

– create awareness about the hygiene and water sanitation to minimize spread

of cholera epidemic.
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– provide useful information for the control strategies which help us to controlling

and minimizing of cholera outbreaks.

– give a better insight for mathematicians, researchers, health workers and policy

makers about the dynamics of cholera.



Chapter 2

Literature Review

Cholera is one of the main health issue around the world, especially in Africa, where

every year thousands of people die due to this enteric disease. International agen-

cies, such as the World Health Organization and the United Nation are making big

efforts to help people in need and to stop this infection [37].

Claudia T.C [3] formulated a mathematical model of cholera epidemiology that

incorporates an environmental reservoir of V. cholerae. Codeco [3] consider only

environment to human transmission pathway and for first time they consider ex-

plicitly the pathogen concentration in cholera model. The objective of the study

was to explore the role of the aquatic reservoir on the persistence of endemic cholera

as well as to define conditions for the development of epidemic and endemic cholera.

The mathematical model of their study was formulated as follows

ds
dt

= λ(H − S)− aλ(B)S

dI
dt

= aλ(B)S − γI
dB
dt

= B(nb−mb) + eI

where number of susceptible, infected and concentration of toxigenic V.cholera in

water represented by S, I and B respectively. The first equation describes the dy-

namics of susceptible in a community of total population H. Susceptible individuals

are renewed at a rate n . Renewal may occur as result of birth, immigration and/or

8
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loss of acquired immunity. Susceptible people becomes infected at a rate aλ(B),

where a is the rate of contact with untreated water and λ(B) is the probability of

such person to catch cholera.

λ(B) =
B

K +B

where K is the concentration of V. cholerae in water that yields half percent chance

of catching cholera. Second equation describes the dynamics of infected people in

the community. Third equation describes the dynamics of pathogenic V. cholerae

in the aquatic reservoir. As reported by authors, if the number of susceptible in

this population is greater than a critical number SC , stability analysis of the model

indicates an outbreak will occur. Otherwise, the number of cases will decrease and

return to zero, where

SC =
rK(mb− nb)

e

a critical number SC threshold increases proportionally with concentration of V.

cholerae in water that yields 50 percent( K ) and recovery (r) as well as the net

mortality rate of V. cholerae in the water. It decreases as contamination of water

supplies as well as contact with these waters (e) increase. In other words, the better

water quality and sewage treatment are the greater pool of susceptible in order to

trigger a cholera outbreak. Where nb growth rate of V. cholerae in the aquatic en-

vironment (day-1), mb loss rate of V. cholerae in the aquatic environment (day-1) e

contribution of each infected person to the population of V. cholerae in the aquatic

environment (cell/ml day-1 person-1).

The result of the study [3] show that the reproduction rate of cholera in a com-

munity is defined by the product of social and environmental factors. Variations

of contact rates force a cyclical pattern of cholera outbreaks, as observed in some

cholera-endemic communities. As the conclusion of authors study further develop-

ment on cholera modeling requires a better understanding of V. cholerae’s ecology

and epidemiology.

This work is an effort towards the formulation of a cholera theory mathematically

that incorporates a V. cholerae environmental reservoir and serve as initial for some
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researcher. The model proposed is very simple, but does not include any interven-

tion and many features of this complex system

Jing’an Cui et al.[4], Modify the Codeco’s [3] model by adding vaccination and

consider SV R − B type of cholera model. Also [4] consider both environment to

human and human to human transmission pathway and develop a cholera model

with an additional equation for the vaccinated of susceptible individuals in their

mathematical model as follows.

dS(t)
dt

= µ1 − β1S(t)B(t)
1+α1B(t)

− β2S(t)I(t)
1+α2I(t)

− φS(t)− µ1S(t) + θV (t)
dV (t)
dt

= φS(t)− θV (t)− µ1V (t)
dI(t)
dt

= β1S(t)B(t)
1+α1B(t)

+ β2S(t)I(t)
1+α2I(t)

− (δ + α + µ1)I(t)
dB(t)
dt

= ηI(t)− µ2B(t)

Here,S, V, I and B refer to the susceptible individuals, vaccinated individuals, in-

fected individuals and pathogen population at time t respectively. In their study

they analysis and determine local and global stability of a disease-free-equilibrium

and endemic equilibrium based on the value of reproductive number.

The result of the study of Jing’an Cui et al in [4] show that the vaccine reduce

the reproduction number of the disease, and in the absence of the vaccination, the

disease transmission will be high. The vaccinated rate φ and the wanning rate θ play

equal important roles in reducing the control reproduction number. The disease can

be controlled if and only if the reproduction number is reduced to values less than

unity if the vaccinated rate φ exceed the threshold and the wanning rate θ less than

the threshold simultaneously and they conclude that vaccination is a good way to

control cholera.

David M. H [9], also extended the Codeo model by incorporate hyper-infectious BH

and lower-infectious BL of bacteria concentration. Higher and lower infectious quan-

tity of vibrio cholera probably varies from place to place, depending on sanitation,

population density, and hygiene standards. In this modified model, infections, I, are

caused by ingesting water contaminated with BH of vibrios per ml or BL of vibrios

per ml. Ingestion of hyper and less infectious of vibrio’s occur at the rate βH and
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βL respectively. Hyper and less infectious of vibrio cholerae added into aquatic en-

vironment at rate of ξ and δL respectively. The relationship between infection rates

and the density of cholera is described by function βB
K+B

where K is the probability

of V. cholerae infectious concentration and β is rate of drinking contaminated water.

All idea of the work in [9] are expressed by the following mathematical model:

dS
dt

= bN − βLS BL
KL+BL

−BHS
BH

KH+BH
− bS

dI
dt

= βLS
BL

KL+BL
+ βHS

BH
KH+BH

− (γ + b)I

dR
dt

= γI − bR
dBH
dt

= ξI − χBH

dBL
dt

= χBH − δLBL

Representation of all parameter in the model are given in the study [9]

The expression for basic reproductive number for this model is associated with the

number of new infections caused by hyper-infectious (HI) and less-infectious of vib-

rio. In this model analysis the disease die out or more spread estimated based on

basic reproductive number of model.

Neilan, R. L. M [20] in 2010 modified the cholera model proposed by Hartley, et al.

[9] by divided infected individual into symptomatic and asymptomatic in their model

and consequently analyzed the optimal control and conducted numerical simulation

of their model, but no human-to-human transmission route is considered in their

work. This model consider that hyper-infectious BH and less-infectious BL of bac-

teria concentration, additionally they consider symptomatic (IS) and asymptomatic

IA infectious of infected individual which is not considered in [9]. Bacteria concen-

tration transmitted from high to less infectious by rate of χ and δ is mortality rate of

less-infectious bacteria. Susceptible individuals become infected asymptomatically

IA and symptomatically IS with cholera by rate of p and 1− p respectively through

hyper or less ingestion of contaminated water by rate of βH and βL respectively. As

their assumption the asymptomatic class will have smaller rates of cholera-related
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death (e1) see the remain parameters in [20]

dS
dt

= −(1−m(t))[βL
BL(t)

KL+BL(t)
+ βH

BH(t)
KH+BH(t)

]S(t) + ωR(t)− ν(t)S(t)
dIA
dt

= p(1−m(t))[βL
BL(t)

KL+BL(t)
+ βH

BH(t)
KH+BH(t)

]S(t)− (e1 + γ1)IA(t)
dIS
dt

= (p− 1)(1−m(t))[βL
BL(t)

KL+BL(t)
+ βH

BH(t)
KH+BH(t)

]S(t)− (1− u(t))(e2 + γ2)IS(t)− u(t)(e3 + γ3)IS(t)

dR
dt

= ν(t)S(t) + γ1IA(t) + γ2(1− u(t))IS(t)− ωR(t)
dBH
dt

= η1IA(t) + η2IS(t)− χBH(t)
dBL
dt

= χBH − δBL

To determine the role of their model parameters in dynamics of cholera outbreak the

authors conduct a sensitivity analysis. According to their model the basic reproduc-

tive number is calculated. [20] use optimal control to reduce cholera related deaths

with minimal cost. The result of Neilan, R. L. M in [20] show that rehydration and

antibiotic treatment of severe infections greatly reduces death due to disease. In

combination with other controls, high levels of sanitation are most beneficial at the

beginning of an outbreak to decrease the explosiveness of infection, providing more

time to effectively implement the other treatments

Jing Wang [38] considered three types of control strategies such as vaccination,

therapeutic treatment (including hydration therapy, antibiotics, etc.), and water

sanitation, but the author did not incorporate the role of education control strategy

in their model and they have no equation for vaccination, treatment and sanitation.

Simply used only vaccination rate, treatment rate and water sanitation rate in the

model as parameter. As their result shows the infection level has been significantly

reduced due to the incorporation of the three types of controls vaccination,sanitation

and treatment.

Torres, D.F. et al. [14] proposed a mathematical model for cholera with treatment

through quarantine. The model is shown to be both epidemiologically and mathe-

matically well posed. In their study they proved positivity of solutions of the model

and boundedness; and that every solution with initial conditions in a certain mean-

ingful set remains in that domain for all time. The existence of unique disease-free

and endemic equilibrium points is proved and the basic reproduction number is

computed. Then study the local asymptotic stability of DFE and endemic equilib-

rium points. An optimal control problem is proposed and analyzed, whose goal is to
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obtain a successful treatment through quarantine by minimizing infected individual

and bacteria concentration, as well as the costs associated with the quarantine in

their study. Finally, a numerical simulation of the cholera outbreak in the Depart-

ment of Artibonite (Haiti), in 2010, is carried out. All these concepts are concluded

by the following mathematical model:

S ′(t) = Λ− βB(t)
k+B(t)

S(t) + ωR(t)− µS(t)

I ′(t) = βB(t)
K+B(t)

S(t)− (δ + α1 + µ)I(t)

Q′(t) = δI(t)− (ε+ α2 + µ)Q(t)

R′(t) = εQ(t)− (ω + µ)R(t)

B′(t) = ηI(t)− dB(t)

This is a SIQRB model type for cholera transmission dynamics. The model of this

study is differs from the other mathematical models for cholera dynamics trans-

mission in the literature, because it assumes that infectious individuals subject to

treatment stay in quarantine during that period. The numerical simulations show

that after approximately three months (87 days) the optimal strategy implies a grad-

ual reduction of the fraction of infectious individuals that stay in quarantine. The

result of the study show that introducing treatment through quarantine reduces the

number of infected individuals reported by WHO [40],but their work have some gap

such as absence of vaccination and education even if use of quarantine for control-

ling epidemic diseases has always been controversial, because such strategy raises

political, ethical and socioeconomic issues and requires a careful balance between

public interest and individual rights [33]which is considered in [15]

Torres, D.F. et al. [15] modify the model studied in [14] which is consider treatment

in quarantine. In the study of [15] a mathematical model proposed and analyzed for

cholera by considering vaccination and treatment out of quarantine. It is epidemi-

ologically and mathematically well posed and prove the existence and uniqueness

of disease-free and endemic equilibrium points. This paper is done based on the

biggest cholera outbreak of happened in Yemen between 27th April 2017 and 15th

April 2018 [32]. A vaccination campaign began on 6th May 2018 and ended on 15th

May 2018 that means the vaccination is given after long period of cholera outbreak.

The basic reproduction number is determined and the local asymptotic stability of
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equilibrium is studied.

As reported in [15] a SITRV(Susceptible–Infectious –Treated –Recovered –Vacci-

nated) type model is developed, which includes a class of bacterial concentration.

The sensitivity of the basic reproduction number with respect to all parameters of

the model is analyzed. The total human population N(t) is divided into five classes:

susceptible S (t), infectious with symptoms I(t), in treatment T(t), recovered R(t)

and vaccinated V(t) at time t, for t ≥ 0 and consider a class B(t) that reflects the

bacterial concentration at time t.

Λ assumed as positive recruitment rate and µ is a natural death rate for time t.

Susceptible individuals can be vaccinated at rate ϕ ≥ 0 and become infected with

cholera at rate βB(t)
k+B(t)

≥ 0 which is dependent on time t. β > 0 is the ingestion

rate of the bacterium through contaminated sources. k > 0 is the half saturation

constant of the bacterial population, and B(t)
k+B(t)

measures the possibility of an in-

fected individual to have the disease. In most of the study recovered and vaccinated

individual can lose the immunity at rate ω1 > 0 and ω2 > 0 respectively and can

be susceptible again. The infected individuals can get a proper treatment, at rate

δ ≥ 0 and the individuals in treatment can recover at rate ε ≥ 0. Disease-related

death rates associated with the individuals that are infected and in treatment are

α1, α2 respectively. Each infected individual contributes to the increase of the bac-

terial concentration at rate η > 0 the mathematical model depicting the interactions

between all those assumption are translated into the following mathematical model

S ′(t) = Λ− βB(t)
k+B(t)

S(t) + ω1R(t) + ω2V (t)− (ϕ+ µ)S(t)

I ′(t) = βB(t)
K+B(t)

S(t)− (δ + α1 + µ)I(t)

T ′(t) = δI(t)− (ε+ α2 + µ)T (t)

R′(t) = εT (t)− (ω1 + µ)R(t)

V ′(t) = ϕS(t)− (ω2 + µ)V (t)

B′(t) = ηI(t)− dB(t)

(2.0.1)

Simulations of their mathematical model, with and without vaccination are shown,

but in their study contributions of education are not considered and our work is

to fill this gap, we now modify this model by adding education and in addition we
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have the equation for education E :

E ′(t) = ψS(t)−(µ+γ+ε)E(t) and all parameters are positive, where ψ, µ, γ, ε are

educated rate of susceptible, natural death rate of human, infected rate of educated,

susceptible rate of educated respectively. Education include creating awareness

about water sanitation, hygiene and symptoms of cholera. Education is used for

prevention of community from infection of cholera.



Chapter 3

Methodology of the study

This section consists of methods used to undertake the study. These are study

design, source of information and procedure of the study.

3.1 Study Design

The aim of this study is to modify a mathematical model for prevention and treat-

ment of cholera with control strategies. The first task is understanding the control

strategies used in reviewed literature then we find their gap and the effect of con-

trol strategies we used to fill that gap has been studied in detail in order to show

its effect. We modify mathematical model and we solve the modified model then

we show numerical simulation of the modified model and understand the biological

interpretation of the result.

3.2 Source of information

Our study depends on various sources of information, Such as mathematical model-

ing, differential and numerical reference books, journals and different related studies

published/unpublished and downloaded documents from Internet.

16
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3.3 Procedures of the study

To attain the objective of the study, the following procedures are undertaken:

– defining the problem

– modifying the model

– analysis of the model and solving the model using numerical methods

– check the models by comparing the solution with previously developed model

simulation result.



Chapter 4

Model formulation

In this thesis we modify a mathematical model introduced in [15] by incorporating

education. Where contribution of education is not considered in model of Torres,

D.F. et al [15], but education is decisive control strategy for prevention of cholera

disease that will shown in next section of our work significantly. By considering the

contribution of education in reducing number of infectious individual and bacteria

concentration by creating awareness about water sanitation and hygiene, so that

we add education in our work as control strategy. Then in our study total human

population divided into six compartments depending on the epidemiological status

of individuals. These compartments include: susceptible S, educated E, vaccinated

V , infected I, treated T and recovered R individuals . The susceptible S are those

who are at risk of contracting cholera. At initial all compartments are susceptible.

4.1 Model Assumption

Our model mainly based on the following assumption

(a) The total human population of community are not constant

(b) Education and Vaccination is introduced for newly embedded and all susceptible

human population in community assumed as epidemic.

18
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Figure 4.1: Compartmental diagram of cholera’s dynamics with Education, Vaccination
and Treatment.

(c) Therapeutic treatment is applied to the infected individuals then come into treated

compartment T

(d) Education is giving awareness about sanitation and hygiene but unsaved individual

become infected.

(e) Water sanitation leads to the death of vibrios

(f) The time delay between consumption of vibrio infected food or water and the com-

mencement of infectiousness is negligible

The above assumption and disease progression in community leads the compartmental

diagram in Figure ( 4.1 ).
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There are two routes of transmission. By consumption of Vibrio infected water from

aquatic sources and by consumption of food that may be contaminated with vibrios from

fecal matter that referred to as person-to-person transmission. We assume that at any

moment in time, there are inflow of immigrants into epidemic community come into sus-

ceptible compartment S

Table 4.1: Parameters and their description
Symbol Description
Λ inflow of newly embedded including new born into sus-

ceptible class
µ natural Mortality rate of human
ω2 immunity loss of vaccinated individual
φ vaccinated rate of susceptible
β contact (ingestion) rate of bacteria
βB(t)
K+B(t)

probability of susceptible catching cholera at time de-
pend.

ε Precaution of education
ψ effectively educated rate of susceptible
γ infected rate of educated individuals
p inefficacy of the vaccine or vaccine failure
γβB(t)
K+B(t)

probability of educated individual catching cholera at
time depend.

pβB(t)
K+B(t)

probability of vaccinated individual catching cholera at
time depend .

α1 disease related death rate of infected individual
α2 disease related death rate of individual in treatment
η contribution rate of infected individual to bacteria con-

centration
δ treatment rate of infected individual
θ recovery rate of treated individual
ω1 immunity lose rate of recovered individual

4.2 The Model Equation

The susceptible population increases due to recovered individuals come back to susceptible

by losing their immunity at rate of ω1 and due to the immigrants (renewed) individuals

Λ , due to precaution of education ε and due to failure of immunity of vaccinated in-

dividuals those can bee susceptible at rate of ω2 and decreases due to natural death,
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vaccinated,educated and infected which is time dependent of individual at rate of µ, φ, ψ

and βB(t)
K+B(t)

respectively. where K is concentration of Vibrio Cholerae in food and water

that yields 50 percent chance of catching cholera disease. Infected individuals move into

compartment I and their numbers increases as vaccinated, educated and susceptible indi-

vidual become infected at rate of pβB(t)
K+B(t)

, γB(t)
K+B(t)

and βB(t)
K+B(t)

which is dependent on time

respectively. Infected individual become treated at rate of δ. Recovered individuals come

from treated at rate of θ and it may come back to susceptible by losing immunity at rate

of ω1.

There are short period of time between consumption of vibrio infected food or con-

taminated water and the beginning of infectiousness, so there are no exposed period.

From the assumptions, descriptions and the compartmental diagram in Figure (4.1), we

formulate the following system of differential equations. The model system of our study

with control strategies is as follows

S ′(t) = Λ− (µ+ φ+ Ψ + βB(t)
K+B(t)

)S(t) + ω2V (t) + εE(t) + ω1R(t)

E ′(t) = ψS(t)− (µ+ ε+ γβB(t)
K+B(t)

)E(t)

V ′(t) = φS(t)− (µ+ ω2 + pβB(t)
K+B(t)

)V (t)

I ′(t) = βB(t)
K+B(t)

S(t) + pβB(t)
K+B(t)

V (t) + γβB(t)
K+B(t)

E(t)− (µ+ α1 + δ)I(t)

T ′(t) = δI(t)− (µ+ α2 + θ)T (t)

R′(t) = θT (t)− (µ+ ω1)R(t)

B′(t) = ηI(t)− dB(t)

(4.2.1)

With initial condition

S(0) = Λa1a2

a0a1a2−(ω2φa1+εψa2)
, E(0) = Λψa2

a0a1a2−(ω2φa1+εψa2)
, V (0) = Λφa1

a0a1a2−(ω2φa1+εψa2)
, I(0) = 0, T (0) = 0,

R(0) = 0, B(0) = 0

(4.2.2)

We obtain this initial condition by making right hand side of model (4.2.1) equal to zero

and express E0 and V0 in terms of S0 then substitute E0 and V0 in first equation of model

(4.2.1) by making right hand side equal to zero and initially no bacteria concentration,

infection, treatment and recovered.

Let us assume the following throughout our work.
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a0 = (µ+ φ+ ψ), a1 = (µ+ ε), a2 = (µ+ ω2), a3 = (µ+ α1 + δ), a4 = (µ+ α2 + θ),

a5 = (µ+ ω1)

(4.2.3)

Then

a0a1a2 − (ω2φa1 + εψa2) = (µ+ φ+ ψ)(µ+ ε)(µ+ ω2)− (ω2φ(µ+ ε) + εψ(µ+ ω2))

= µ3 + µ2ω2 + µ2 + µεω2 + φµ2 + φµω2 + φεµ+ φεω2 + µ2ψ + ψµω2 + ψεµ+ µεω2 − ω2φµ

−ω2φε− εψµ− εψω2

= µ3 + µ2ω2 + µ2ε+ µεω2 + φµ2 + φεµ+ µ2ψ + ψµω2 > 0

(4.2.4)

Because of the model system (4.2.1) describes the dynamics of human population and

biomass level of Vibrio cholerae, so all the model variables and parameters are non-

negative.

The first equation of (4.2.1) describes the dynamics of susceptible in the total human

population N = S + E + V + I + T + R. The death rate of human population is repre-

sented by µ in every compartment. Note that β > 0 is the ingestion rate of the bacterium

through contaminated sources. K > 0 is the half saturation constant of the bacterial

population. All the other parameters used in our model described in table (4.1). Second

equation of (4.2.1) describes the dynamics of educated people in the community, their

number increases as susceptible become educated and decreases as the educated become

susceptible by failure rate of education ε and by infected rate of educated individual γ.

Third equation of (4.2.1) describe about dynamic of vaccinated individual. Their number

decreases at susceptible rate of vaccinated ω2 and at infected rate of vaccinated individ-

ual pβB(t)
K+B(t)

by losing immunity, their number increases at vaccinated rate of susceptible

φ. Forth equation of (4.2.1) describes the dynamics of infected people in the community,

their number increases as susceptible, educated and vaccinated become infected and de-

creases as the infected come to treated or with disease related death or by natural death.

Fifth equation of (4.2.1) describe the dynamic of treated individuals where increased by

treated rate of infected individual δ and decreased by recovered rate of treated individuals

θ. The sixth equation of (4.2.1) describe dynamic of recover individual those increased

by recovered rate of treated individuals and decreased by immunity lose rate ω1 of recov-

ered individual and all human population compartment decreases by natural death rate
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µ the last equation show the dynamic of pathogen that increased by contribution rate

of infected individual to bacteria concentration η and decreased by its death rate d. All

of the above concept describe the dynamic of human and pathogen population are given

briefly in mathematical model which we modify (4.2.1)

4.3 Basic Property of the Model

4.3.1 Positivity of Solution

Since model (4.2.1) describes the dynamics of human population and biomass level of

V. cholerae (bacteria population), so throughout this thesis we assume that the initial

condition of system ( 4.2.1 ) are non-negative.

S(0) = S0 > 0, E(0) = E0 ≥ 0, V (0) = V0 ≥ 0, I(0) = I0 ≥ 0, T (0) = T0 ≥ 0, R(0) = R0 ≥ 0,

B(0) = B0 ≥ 0

(4.3.1)

Lemma 4.3.1. The solution (S(t),E(t),V(t),I(t),T(t),R(t),B(t)) of system (4.2.1) are

non-negative for all t ≥ 0 with non-negative initial conditions given in equations (4.3.1).

Proof. Consider the second equation of the system (4.2.1)

E ′(t) = ψS(t)− (µ+ ε+ γβB(t)
K+B(t)

)E(t)

E ′(t) ≥ −(µ+ ε γβB(t)
K+B(t)

+)E(t) if S(t) is positive.

Now we can solve this by separation of variables method.
dE(t)
E(t)
≥ −(µ+ ε+ γβB(t)

K+B(t)
)dt

Then integrate both side to obtain

lnE(t) ≥ −(µ+ ε+ γβB(t)
K+B(t)

)t+ c

⇒ E(t) ≥ e−(µ+ε+
γβB(t)
K+B(t)

)t+c = Ce−(µ+ε+
γβB(t)
K+B(t)

)t where C is any arbitrary constant.

Using initial condition

E(0) = E0 = C ⇒ E(t) = E0e
(µ+ε+

γβB(t)
K+B(t)

)t ≥ 0

By the same procedure we can show that

V (t) = V (0)e−(µ+ω2+
pββB(t)
K+B(t)

)t ≥ 0, I(t) = I0e
−(µ+α1+δ)t ≥ 0,

T (t) = T0e
−(µ+α2+θ)t ≥ 0,R(t) = R0e

−(µ+ω1)t ≥ 0 and B(t) = B0e
−dt ≥ 0

S ′(t) = Λ− (µ+ φ+ ψ + βB(t)
K+B(t)

)S(t) + ω2V (t) + εE(t) + ω1R(t)
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S ′(t) ≥ −(µ+ φ+ βB(t)
K+B(t)

)S(t)

By separation of variable method
dS(t)
S(t)
≥ −(µ+ φ+ βB(t)

K+B(t)
)dt

Then integrate both side and obtain

lnS(t) ≥ −(µ+ φ+ βB(t)
K+B(t)

)t+ c

S(t) ≥ e−(µ+φ+
βB(t)
K+B(t)

)t+c = Ce−(µ+φ+λ∗)

Using initial condition

S(0) = S0 = C ⇒ S(t) = S0e
−(µ+φ+

βB(t)
K+B(t)

)t > 0

Therefore any solution of system (4.2.1) is such that {S(t), E(t), V (t), I(t), T (t), R(t), B(t)} ∈
(R+

0 )7 for all t ≥ 0

The next Lemma (4.3.2) shows that it is sufficient to consider the dynamics of the

flow generated by equation (4.2.1) and(4.3.1) in a certain region Ω.

Lemma 4.3.2. Let

ΩH =

{
(S,E, V, I, T,R) ∈ (R+

0 )6| 0 ≤ S(t) + E(t) + V (t) + I(t) + T (t) +R(t) = N(t) ≤ Λ

µ

}
(4.3.2)

and

ΩB =

{
B ∈ R+

0 |0 ≤ B ≤ Λη

µd

}
(4.3.3)

Define

Ω = ΩH × ΩB (4.3.4)

If N(0) ≤ Λ
µ

and B(0) ≤ Λη
µd

, then the region Ω is positively invariant for model (4.2.1)

with non-negative initial conditions (4.3.1) in (R+
0 )7

Proof. Let us split system (4.2.1) into two parts: the human population,i.e., S(t), E(t), V (t), I(t),

T (t), R(t) and the pathogen population, i.e.,B(t). Adding the first six equations of system

(4.2.1) gives

N ′(t) = S ′(t)+E ′(t)+V ′(t)+I ′(t)+T ′(t)+R′(t) = Λ−µN(t)−α1I(t)−α2T (t) ≤ Λ−µN(t)

⇒ dN
dt
≤ Λ− µN(t)

dN
Λ−µN ≤ dt, then integrate both side to obtain
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−1
µ

ln(Λ− µN) ≤ t+ c then multiply both side by −µ
ln(Λ− µN) ≥ −µ(t+ c)

Λ− µN ≥ e−µ(t+c)

Λ − µN ≥ Ce−µ(t), then by applying initial condition we find C, where C is arbitrary

constant.

Λ− µN(0) ≥ C

⇒ Λ− µN ≥ (Λ− µN0)e−µt, then multiply both side by -1

−Λ + µN ≤ −(Λ− µN0)e−µt

⇒ µN ≤ Λ− (Λ− µN0)e−µt

N ≤ Λ
µ
− (Λ−µN0)e−µt

µ

As t −→∞ the total population size N −→ Λ
µ

⇒ 0 < N ≤ Λ
µ

then we conclude that N(t) ≤ Λ
µ

within the given initial value problem,

the right hand side is Lipschitz and hence the solution exist and unique. Hence (4.3.2)

is mathematically well-posed and biologically (epidemiologically) in the closed set ΩH for

the human population. For the pathogen population we have

B′(t) = ηI(t)− dB(t) ≤ ηΛ
µ
− dB(t)

⇒ dB
dt
≤ ηΛ

µ
− dB(t)

dB
ηΛ
µ
−dB(t)

≤ dt then integrating both side

⇒ −1
d

ln(ηΛ
µ
− dB) ≤ t+ c then multiply both side by −d

⇒ ln(ηΛ
µ
− dB) ≥ −d(t+ c)

⇒ ηΛ
µ
− dB ≥ e−d(t+c) by multiply both side by -1

−ηΛ
µ

+ dB ≤ −e−d(t+c) by rearranging

dB(t) ≤ ηΛ
µ
− e−d(t+c) divided both side by d

B(t) ≤ ηΛ
µd
− e−d(t+c)

Then as t −→ ∞ B(t) −→ ηΛ
µd

, and B(t) ≤ Λη
µd

so that (4.3.3) defines the biologically

feasible region for the pathogen population. From (4.3.2) and (4.3.3) we know that N(t)

and B(t) are bounded for all t ≥ 0. Therefore, every solution of system (4.2.1) with initial

condition in Ω remains in Ω. In region Ω defined by (4.3.4), our model is epidemiologically

and mathematically well posed in Ω for all t ≥ 0.
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4.4 Model Analysis

The model of system (4.2.1) is analyzed qualitatively to get better understanding of the

impact of control strategies on the transmission of vibrio cholera virus.

4.4.1 Disease Free Equilibrium Point(DFE)

The most important equilibrium dynamic of disease is the disease-free equilibrium (DFE)

and its linear stability is governed by the basic reproduction number (R0) [11], which is

mathematically defined as the spectral radius ( largest eigen value ) of the next generation

matrix (F0V
−1

0 ).

The disease free equilibrium of model system (4.2.1) is obtained by setting S ′(t) =

E ′(t) = V ′(t) = I ′(t) = T ′(t) = R′(t) = B′(t) = 0 and in the absence of disease

I = B = T = R = 0 so that

S0 =
Λa1a2

a0a1a2 − (ω2φa1 + εψa2)

E0 =
ψΛa2

a0a1a2 − (ω2φa1 + εψa2)

V0 =
φΛa1

a0a1a2 − (ω2φa1 + εψa2)

Hence DFE is

Ē = (S0, E0, V0, I0, T0, R0, B0) = ( Λa1a2

a0a1a2−(ω2φa1+εψa2)
, ψΛa2

a0a1a2−(ω2φa1+εψa2)
, φΛa1

a0a1a2−(ω2φa1+εψa2)
,

0, 0, 0, 0)

(4.4.1)

Note that a0a1a2 − (ω2φa1 + εψa2) > 0 as shown in (4.2.4)

4.4.2 Basic reproduction number, R0

The basic reproduction number denoted by R0 is the average number of secondary infec-

tions caused by an infectious individual [5]. For model (4.2.1) basic reproduction number

with control is:
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Rc
0 =

βηΛa1(a2 + pφ)

Kda3(a0a1a2 − (a1ω2φ+ a2ψε))
(4.4.2)

When there is no any control strategy model (4.2.1) reduce to:

S ′(t) = Λ− (µ+ βB(t)
K+B(t)

)S(t)

I ′(t) = βB(t)
K+B(t)

S(t)− (µ+ α1)I(t)

B′(t) = ηI(t)− dB(t)

Where ψ = ε = φ = ω1 = ω2 = p = α2 = γ = δ = θ = 0 then we obtain the basic

reproduction number with out control is:

R0 =
Λβη

Kdµ(µ+ α1)

To find Rc
0 Consider that Fi(t) is the rate of appearance of new infections in the com-

partment associated with index i, ν+
i (t) is the rate of transfer of individuals into the

compartment associated with index i and ν−i (t) is the rate of transfer of individuals out

of compartment associated with index i. By this manner from the matrices F (t), ν+(t)

and ν−(t) associated with model (4.2.1) are given by

F (t) =



0

0

0
βB(t)S(t)

K +B(t)
+
pβB(t)V (t)

K +B(t)
+ γβB(t)

K+B(t)
E(t)

0

0

0


, V +(t) =



Λ + ω2V (t) + εE(t) + ω1R(t)

ψS(t)

φS(t)

0

δI(t)

θT (t)

ηI(t)


and

V −(t) =



(a0 + βB(t)
K+B(t)

)S(t)

(a1 + γβB(t)
K+B(t)

)E(t)

(a2 + pβB(t)
K+B(t)

)V (t)

a3I(t)

a4T (t)

a5R(t)

dB(t)


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Therefore by considering that V (t) = V −(t)− V +(t), we have that

V (t) =



(a0 + βB(t)
K+B(t)

)S(t)− (Λ + ω2V (t) + εE(t) + ω1R(t))

a1E(t)− ψS(t)

(a2 + pβB(t)
K+B(t)

)V (t)− φS(t)

a3I(t)

a4T (t)− δI(t)

a5R(t)− θT (t)

dB(t)− ηI(t)


[
S ′(t) E ′(t) V ′(t) I ′(t) T ′(t) R′(t) B′(t)

]T
= F (t)− V (t)

The Jacobian matrices of F (t) and V (t) are respectively given by

J(F (t)) =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0
βB(t)
K+B(t)

γβB(t)
K+B(t)

pβB(t)
K+B(t)

0 0 0 βKS(t)+pKβV (t)
(K+B(t))2

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0


and

J(V (t)) =



a0 + βB(t)
K+B(t)

−ε −ω2 0 0 −ω1
βK

(K+B(t))2

−ψ (a1 + γβB(t)
K+B(t)

) 0 0 0 0 0

−φ 0 a2 + pβB(t)
K+B(t)

0 0 0 0

0 0 0 a3 0 0 0

0 0 0 −δ a4 0 0

0 0 0 0 −θ a5 0

0 0 0 −η 0 0 d


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By using disease free equilibrium (DFE) Ē defined by (4.4.2), we obtain the Jacobian

matrices of F0 and V0 as follows

J(F0) =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 βΛa1(a2+pφ)
K(a0a1a2−(ω2φa1+εψa2))

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0


and J(V0) =



a0 −ε −ω2 0 0 −ω1
β
K

−ψ a1 0 0 0 0 0

−φ 0 a2 0 0 0 0

0 0 0 a3 0 0 0

0 0 0 −δ a4 0 0

0 0 0 0 −θ a5 0

0 0 0 −η 0 0 d


The basic reproduction number of model (4.2.1) is then given by Rc

0 = ρ(F0V
−1

0 ). The

matrix FV −1 is known as the next-generation matrix. Inverse of V0 is:

V −1
0 =



a1a2

χ
a2

χ
a1

χ
−βηa1a2

Kda3χ
0 ω1a1a2

a5χ
−βa1a2

Kdχ

a2ψ
χ

ψa1+χ
a1χ

ψ
χ

−βηa2ψ
Kda3χ

0 ψω1a2

a5χ
−βa2

Kdχ

a1φ
χ

φ
χ

a1φ+χ
a2χ

−βηa1φ
Kda3χ

0 ω1a1φ
a5χ

−βa1φ
Kdχ

0 0 0 1
a3

0 0 0

0 0 0 δ
a3a4

1
a4

0 0

0 0 0 θδ
a3a4a5

θ
a4a5

1
a5

0

0 0 0 η
a3d

0 0 1
d


assume that χ = a0a1a2 − (a1ω2φ+ a2ψε) > 0, see (4.2.4) then

F0V
−1

0 =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 βηΛa1(a2+pφ)
kda3χ

0 0 βΛa1(a2+pφ)
kdχ

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0


By calculating eigen-value for matrix F0V

−1
0 the maximum eigen value is basic reproduc-

tion number of model (4.2.1) given as:

Rc
0 = ρ(F0V

−1
0 ) =

βηΛa1(a2 + pφ)

Kda3(a0a1a2 − (a1ω2φ+ a2ψε))
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The basic reproduction number is non-dimensional quantity. It is important in the

study of epidemic disease for evaluation of effective control strategies. We can assure

whether a disease become persistent or dies out in a community depends on th value of

the reproduction number Rc
0. A large number of Rc

0 may indicate the possibility of a

major epidemic. Further more stability of DFE point and endemic equilibrium point can

be analyzed using Rc
0.

Theorem 4.4.1. (Stability of the DFE Ē)

The disease-free equilibrium Ē of model (4.2.1) is locally asymptotic stable, if Rc
0 < 1 and

unstable if Rc
0 > 1

Proof. The Jacobian matrix of model (4.2.1) at DFE (Ē) is:



−a0 ε ω2 0 0 ω1
βa1a2

K(a0a1a2−(ω2φa1+εψa2))

ψ −a1 0 0 0 0 γβ(ψΛa2)
K(a0a1a2−(ω2φa1+εψa2))

φ 0 −a2 0 0 0 pβφΛa1

K(a0a1a2−(ω2φa1+εψa2))

0 0 0 −a3 0 0 βa1a2+γβψΛa2+pβφΛa1

K(a0a1a2−(ω2φa1+εψa2))

0 0 0 δ −a4 0 0

0 0 0 0 θ −a5 0

0 0 0 η 0 0 −d


By transferring this matrix to triangular matrix by elementary row and column transfor-

mation we obtain

−a0 ε ω2 0 0 ω1
βa1a2

Kχ

0 −a1a0 ω2ψ − εψ −εψ −εψ ω1ψ − εψ ψβa1a2+γβψΛa2a0

Kχ
− εψ

0 0 −a2 0 0 0 pφβΛa1

Kχ

0 0 0 −a3 0 0 βΛ(a1a2+γψa2+pφa1)
Kχ

0 0 0 0 −(a3a4 0 δ(βa1a2+γβψΛa2+pβφΛa1)
Kχ

0 0 0 0 0 −a5a4 0

0 0 0 0 0 0 ηβΛ(a1a2+γψa2+pφa1)−da3Kχ
Kχ


where χ = a0a1a2 − (a1ω2φ+ a2ψε) > 0,

The characteristic equation of Jacobian matrix of model (4.2.1) at DFE (Ē) is given

by P (λ) = det(F0−V0−λI7). We obtain root of P (λ) from diagonal of triangular matrix
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of Jacobian of the model (4.2.1), that we have

−a0 − λ ε ω2 0 0 ω1
βa1a2

Kχ

0 −a1a0 − λ ω2ψ − εψ −εψ −εψ ω1ψ − εψ ψβa1a2+γβψΛa2a0

Kχ − εψ
0 0 −a2 − λ 0 0 0 pφβΛa1

Kχ

0 0 0 −a3 − λ 0 0 βa1(a2+γβψΛa2+pβφλa1

Kχ

0 0 0 0 −a3a4 − λ 0 δ(βa1a2+γβψΛa2+pβφΛa1)
Kχ

0 0 0 0 0 −a5a4 − λ 0

0 0 0 0 0 0 ηβ(Λ(a1a2+γψa2+pφa1))−da3Kχ
Kχ − λ


roots of P (λ) are: λ1 = −a0, λ2 = −a1a0, λ3 = −a2, λ4 = −a3, λ5 = −a3a4, λ6 =

−a5a4 and

λ7 =
ηβΛa1a2 + γηβψΛa2 + pβηφΛa1 −Kda3(a0a1a2 − (a1ω2φ+ a2ψε))

K(a0a1a2 − (a1ω2φ+ a2ψε)

λ7 can be express in terms of Rc
0. where

Rc
0 =

βηΛa1(a2 + pφ)

Kda3(a0a1a2 − (a1ω2φ+ a2ψε))

Rc
0(Kda3(a0a1a2 − (a1ω2φ+ a2ψε))) = βηΛa1a2 + βηΛa1pφ

Subtract Kda3(a0a1a2 − (a1ω2φ+ a2ψε)) from both side

⇒ (Rc
0 − 1)Kda3(a0a1a2 − (a1ω2φ+ a2ψε)) = βηΛa1a2 + βηΛa1pφ−Kda3(a0a1a2

−(a1ω2φ+ a2ψε))

Therefore

λ7 =
(Rc

0 − 1)Kda3(a0a1a2 − (a1ω2φ+ a2ψε)) + γηβΛa2

K(a0a1a2 − (a1ω2φ+ a2ψε)

now we can conclude that all roots of the characteristic equation P (λ) are negative if and

only if (Rc
0 − 1) < 0

⇒ Rc
0 < 1 this show that DFE point (Ē) of model (4.2.1) is locally asymptotically stable

if Rc
0 < 1 , other wise if at list one of the root of P (λ) positive or if Rc

0 > 1 disease free

equilibrium (Ē) is unstable.

Theorem 4.4.2. ( Global stability of disease free equilibrium (DFE) point If Rc
0 < 1,

then the disease free equilibrium Ē of model (4.2.1) is globally asymptotically stable in Ω.
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Proof. The variable S does not appear in the first term of susceptible compartment.

Dropping this term ([29]) then equation (4.2.1) reduces to

S ′(t) = −(µ+ φ+ Ψ + βB(t)
K+B(t)

)S(t) + ω2V (t) + εE(t) + ω1R(t)

E ′(t) = ψS(t)− (µ+ γ + ε)E(t)

V ′(t) = φS(t)− (µ+ ω2 + pβB(t)
K+B(t)

)V (t)

I ′(t) = βB(t)
K+B(t)

S(t) + pβB(t)
K+B(t)

V (t) + γE(t)− (µ+ α1 + δ)I(t)

T ′(t) = δI(t)− (µ+ α2 + θ)T (t)

R′(t) = θT (t)− (µ+ ω1)R(t)

B′(t) = ηI(t)− dB(t)

(4.4.3)

At disease free equation (4.4.4) reduced to

S ′(t) = −(µ+ φ+ ψ)S + ω2V + εE

E ′(t) = ψS − (µ+ ε)E

V ′(t) = φS − (µ+ ω2)V

(4.4.4)

Define a Lyapunov function L as

L(S, E, V, ) = b1S + b2E + b3V (4.4.5)

Where b1 > 0, b2 > 0, b3 > 0,

Then the derivative of L in (4.4.6) with respect to t is

dL

dt
= b1S

′ + b2E
′ + b3V

′ (4.4.6)

Have to obtain dL
dt
< 0 in Ω to establish that Rc

0 < 1

Substitute equation (4.4.4) into equation (4.4.6) and use (4.2.3) then collecting terms in

terms of each variable then.

dL
dt

= b1S
′ + b2E

′ + b3V
′

= b1(−a0S + ω2V + εE) + b2(ψS − (µ+ ε)E) + b3(φS − a2V )

= [−b1a0 + b2ψ + b3φ]S + [b1ε− b2(µ+ ε)]E + [b1ω2 − b3a2]V

(4.4.7)

Then express ψ, φ, ε, ω2 in terms of Rc
0 (4.4.3) and put the result in (4.4.8) then

dL
dt

= [−b1a0 + b2ψ + b3φ]S + [b1ε− b2(µ+ ε)]E + [b1ω2 − b3a2]V

= [−b1a0 + b2(
kda3(Rc0(a0a1a2−(a1ω2φ+a2ψε)))+βη(Λa1(a2+pφ))

kda3a2ε(Rc0−1)
)

+b3(
kda3(Rc0(a0a1a2−a2ψε)−a1ω2φ)+βη(Λa1(a2+pφ))

kda3a1ω2(Rc0−1)
)]S

+[b1(
kda3(Rc0(a0a1a2−a1ω2φ)−a2ψε)+βηΛa1(a2+pφ)

kda3a2ψ(Rc0−1)
))− b2(µ+ ε)]E

+[b1(
kda3(Rc0(a0a1a2−a2ψε)−a1ω2φ)+βηΛa1(a2+pφ)

kda3a1φ(Rc0−1)
)− b3a2]V

(4.4.8)
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Since model ( 4.2.1 ) monitors human and bacteria population then all the parameters as

well as variables are non- negative and the coefficient of each state variable in (4.4.8) is

negative that is

[−b1a0 + b2(
kda3(Rc0(a0a1a2−(a1ω2φ+a2ψε)))+βη(Λa1(a2+pφ))

kda3a2ε(Rc0−1)
)

+b3(
kda3(Rc0(a0a1a2−a2ψε)−a1ω2φ)+βη(Λa1(a2+pφ))

kda3a1ω2(Rc0−1)
)] < 0

(4.4.9)

[b1(
kda3(Rc0(a0a1a2−a1ω2φ)−a2ψε)+βηΛa1(a2+pφ)

kda3a2ψ(Rc0−1)
)− b2(µ+ ε)] < 0 (4.4.10)

[b1(
kda3(Rc0(a0a1a2−a2ψε)−a1ω2φ)+βηΛa1(a2+pφ)

kda3a1φ(Rc0−1)
)− b3a2] < 0 (4.4.11)

Equation (4.4.9 - 4.4.11) establish dL
dt
< 0 in Ω if Rc

0 < 1. This show that Ē is globally

asymptotically stable in invariant region Ω if Rc
0 < 1 where Ē is disease free equilibrium

of the model (4.2.1)

Proposition 4.4.3. (Endemic equilibrium). If the basic reproduction number Rc
0 > 1

(4.4.3) then the model (4.2.1) has an endemic equilibrium given by

ε∗ = (S∗, E∗, V ∗, I∗, T ∗, R∗, B∗) (4.4.12)

Where 

S∗ = Λa5a4a3a1(a2+pλ∗)
M

E∗ = Λa5a4a3ψ(a2+pλ∗)
M

V ∗ = Λa5a4a3a1φ
M

I∗ = Λa5a4[(a1λ∗+γψ)(a2+pλ∗)+a1pλ∗φ]
M

T ∗ = Λa5δ[(a1λ∗+γψ)(a2+pλ∗)+a1pλ∗φ]
M

R∗ = Λδθ[(a1λ∗+γψ)(a2+pλ∗)+a1pλ∗φ]
M

B∗ = Λa5a4η[(a1λ∗+γψ)(a2+pλ∗)+a1pλ∗φ]
dM

by using assumption in (4.2.3), Let M = (a2 + pλ∗)[a5a4a3a1(a0 + λ∗) − a5a4a3εψ −
ω2θδa1λ

∗−ω2θδγψ]−φω2a1(θδpλ∗+a5a4a3) and λ∗ = βB∗

K+B∗ = βΛa5a4η[(a1λ∗+γψ)(a2+pλ∗)+a1pλ∗φ]
K+βΛa5a4η[(a1λ∗+γψ)(a2+pλ∗)+a1pλ∗φ]

Proof. In existence of disease, infection rate λ∗ = βB∗

K+B∗ > 0, by making the left hand side

of 4.2.1 equal to zero we get the endemic equilibrium point 4.4.12 then we can note that

by using 4.2.3 and 4.4.12
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1 . a0 = µ+ φ+ ψ > 0

2 . a1 = µ+ ε > 0

3 . a2 = µ+ ω2 > 0

4 . a3 = µ+ α1 + δ > 0

5 . a4 = µ+ α2 + θ > 0

6 . a5 = µ+ ω1 > 0

7 . β,K, d, p, η > 0

8 . a2 + pλ∗ > 0

9 . a0a1a2 − (a1ω2φ+ a2ψε) > 0 ,as shown in (4.2.4)

10 . Λa5a4η > 0, because Λ, a5, a4, η > 0

with the above inequalities we can conclude that M > 0 and consequently S∗ > 0, E∗ ≥
0, V ∗ ≥ 0. The basic reproduction number given by Rc

0 = βη(Λa1(a2+pφ))
Kda3(a0a1a2−(a1ω2φ+a2ψε))

. Thus

it follows that

βη(Λa1(a2 + pφ)) = Rc
0Kda3(a0a1a2 − (a1ω2φ+ a2ψε))

βη(Λa1(a2+pφ))−Kda3(a0a1a2−(a1ω2φ+a2ψε)) = (Rc
0−1)Kda3(a0a1a2−(a1ω2φ+a2ψε))

Therefore we have that

I∗ = Λa5a4[(a1λ
∗+γψ)(a2+pλ∗)+a1pλ

∗φ]Kda3(a0a1a2−(a1ω2φ+a2ψε))(R
c
0−1)

M(βη(Λa1(a2+pφ))−Kda3(a0a1a2−(a1ω2φ+a2ψε)))

T ∗ = Λa5δ[(a1λ
∗+γψ)(a2+pλ∗)+a1pλ

∗φ]Kda3(a0a1a2−(a1ω2φ+a2ψε))(R
c
0−1)

M(βη(Λa1(a2+pφ))−Kda3(a0a1a2−(a1ω2φ+a2ψε)))

R∗ = Λδθ[(a1λ
∗+γψ)(a2+pλ∗)+a1pλ

∗φ]Kda3(a0a1a2−(a1ω2φ+a2ψε))(R
c
0−1)

M(βη(Λa1(a2+pφ))−Kda3(a0a1a2−(a1ω2φ+a2ψε)))

B∗ = Λa5a4η[(a1λ
∗+γψ)(a2+pλ∗)+a1pλ

∗φ]Kda3(a0a1a2−(a1ω2φ+a2ψε))(R
c
0−1)

dM(βη(Λa1(a2+pφ))−Kda3(a0a1a2−(a1ω2φ+a2ψε)))

We obtain an endemic equilibrium I∗, B∗ > 0 if Rc − 1 > 0 then Rc > 1 this show that

βη(Λa1(a2 + pφ)) > Kda3(a0a1a2 − (a1ω2φ+ a2ψε))

Theorem 4.4.4. (Local asymptotic stability of endemic equilibrium (4.4.12) ). The en-

demic equilibrium ε∗ of our model (4.2.1 ) is locally asymptotically stable.
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Proof. by using λ∗ = βB
K+B

and (??)

let

L1 =
−βSK

(K +B)2
, L2 =

−pβV K
(K +B)2

and L3 =
−(βSK + pβV K)

(K +B)2
(4.4.13)

The Jacobian of the system (4.2.1) evaluated at ε∗(S∗, E∗, V ∗, I∗, T ∗, R∗, B∗) is

J(ε∗) =



−(a0 + λ∗) ε ω2 0 0 ω1 −L1

ψ −a1 0 0 0 0 0

φ 0 −(a2 + pλ∗) 0 0 0 −L2

λ∗ γ pλ∗ −a3 0 0 −L3

0 0 0 δ −a4 0 0

0 0 0 0 θ −a5 0

0 0 0 η 0 0 −d


By using matlab characteristic equation of the matrix J(ε∗) is given by

det(λI7−J(ε∗)) = P (λ) = c6λ
6 + c5λ

5 + c4λ
4 + c3λ

3 + c2λ
2 + c1λ+ c0 where c6 > 0, c5 > 0,

c4 > 0, c3 > 0, c2 > 0, c1 > 0, c0 > 0, c5c4 − c6c3 > 0, (c3c5c4 − c6c
2
3)− (c2

5c2 − c1c5c6) >

0, c5c2 − c6c1 > 0 and using tabular routh’s criterion.

By Routh’s stability criterion [23, 44] If the degree of the resulting polynomial is at

list two and all coefficient of the polynomial p(λ) have the same sign then all roots of p(λ)

have negative real part then the endemic equilibrium (EE) ε∗ is locally asymptotically

stable. But if a coefficient is negative or zero and the other coefficients is positive, then

a root exists which is in the right half-plane or imaginary then the system is known as

unstable. so according to Routh’s criterion characteristic equation of P (λ) show that EE

(ε∗) is locally asymptotically stable.

4.4.3 Sensitivity Analysis

Sensitivity analysis is used to determine which parameters have a high impact on Rc.

If the calculation of a parameter result is negative, then the relationship between that

parameters and Rc is inversely proportional. If the result of sensitivity of a parameter is

positive, the relation between that parameter and disease spread is directly proportional.

The expression of Rc that is given in (4.4.3) depend on fourteen parameters. To carry

out sensitivity analysis, we followed the technique outlined in [2]. We derive an analytical
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expression for its sensitivity to each parameters as follows

ΥRc
p = (

∂Rc

∂p
)(
p

Rc

)

for p substituted by each basic parameters in expression of Rc. From an explicit formula

for equation (4.4.3), we derive an analytical expression for the sensitivity of parameters

involved in Rc For example, the sensitivity index of Rc with respect to Λ, β, k is

ΥRc
Λ =

∂Rc

∂Λ
∗ Λ

Rc

= +1.0002

ΥRc
ψ =

∂Rc

∂β
∗ β

Rc

= +1

ΥRc
k =

∂Rc

∂k
∗ k

Rc

= −1

respectively. And remaining parameters,are obtained and evaluated with respect to η =

10. µ = 0.000016, φ = 0.005, ψ = 0.008, ε = 0.003, γ = 0.005, p = 0.15, d = 0.33, ω2 =

0.00068, α1 = 0.000006, α2 = 0.000003 Their sensitivity indices were written in table in

the following.

Table 4.2: Sensitivity indices table
Symbol of parameters sensitivity indices
η +ve
µ -ve
φ +ve
ψ -ve
ε -ve
γ +ve
p +ve
d -ve
ω2 -ve
α1 -ve

Interpretation of sensitivity analysis

The sensitivity indices of the basic reproductive number with respect to main parameters

are given in table (4.2). Those parameters that have positive indices show that they have

great impact on expanding the disease in the community if their values are increasing.
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Due to the reason that the basic reproduction number increases as their values increase, it

means that the average number of secondary cases of infection increases in the community.

And also those parameters in which their sensitivity indices are negative have an influence

of minimizing the burden of the disease in the community as their values increase while the

others are left constant. And also as their values increase, the basic reproduction number

decreases, which leads to minimizing the endemicity of the disease in the community.

4.5 Numerical Simulation

In this section, we present the numerical simulation of our models. In model (4.2.1) we

used S(0) = 28249670, E(0) = 0, V (0) = 0, I(0) = 750, T (0) = 0, R(0) = 0, B(0) =

275000, as initial values and parameter values in Table (4.3) [15]

Note that the numerical simulation for the models that focus on recruitment rate of human

Λ and contact rate β for model (4.2.1). Because those parameters have great impact on

the basic reproduction number as their values increases the endemicity of the disease also

increases. Numerical simulations were conducted using Matlab.

Analysis of Rc
0 with single control strategy

In this subsection we analyze reproduction number of each control strategies.

If education is the only control strategy, ψ 6= 0, ε 6= 0, γ 6= 0, α1 6= 0, φ = ω1 = ω2 =

p = α2 = θ = 0 then our model (4.2.1) reduced to

S ′(t) = Λ− (µ+ Ψ + βB(t)
K+B(t)

)S(t) + εE(t)

E ′(t) = ψS(t)− (µ+ γ + ε)E(t)

I ′(t) = βB(t)
K+B(t)

S(t) + γE(t)− (µ+ α1)I(t)

B′(t) = ηI(t)− dB(t)

(4.5.1)

then from this reduced model we obtain the basic reproduction number with education

only denoted by ( RE) which is given by:

RE =
βη[Λ(µ+ ε)µ]

kd(µ+ α1)[(µ+ ψ)(µ+ ε)µ− µψε]
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Table 4.3: Sensitivity indices table
Symbol of
parameters

description indices Value Source

k Half saturation constant 107 Assumed
Λ Recruitment rate 28.4N(0)/365000 (day1) [15]
φ Vaccination rate 5/1 000 (day1) Assumed
η Shedding rate (infected) 10 (cell/ml day1 person1) [15]
ω2 Efficacy vaccination waning rate 1/1 460 (day1) [15]
θ Recovery rate 0.2 (day1) [15]
δ Treatment rate 1.15 (day1) Assumed
α1 Death rate (infected) 6106 (day1) [15]
µ Natural death rate 1.6105 (day1) [15]
ω1 Immunity waning rate 0.4/365 (day1) [15]
α2 Death rate (in treatment) 3106 (day1) Assumed
β Contact (ingestion) rate of vibrio 0.2143/day [9]
p Inefficacy of the vaccine or vaccine fail-

ure
0.2143/day [18]

γ Infected rate of educated 0.005/day Assumed
ψ Educated rate of susceptible 0.008/day [18]
ε Inefficacy of the education 0.003/day Assumed
S(0) Susceptible individual at t = 0 28249670(Person) [15]
E(0) Educated individual at t = 0 0(Person) [15]
V (0) Vaccinated individual at t = 0 0(Person) [15]
I(0) Infected individual at t = 0 750(Person) [15]
T (0) Treated individual at t = 0 0(Person) [15]
R(0) Recovered individual at t = 0 0(Person) [15]

The numerical result for only education is introduced as control strategy shown in Figure

(4.2)(a)

If vaccination is the only control strategy φ 6= 0, ω2 6= 0, p 6= 0, α1 6= 0, ψ = ε = ψ =

ε = ω1 = α2 = γ = δ = θ = 0 then model (4.2.1) reduced to

S ′(t) = Λ− (µ+ φ+ βB(t)
K+B(t)

)S(t) + ω2V (t)

V ′(t) = φS(t)− (µ+ ω2 + pβB(t)
K+B(t)

)V (t)

I ′(t) = βB(t)
K+B(t)

S(t) + pβB(t)
K+B(t)

V (t)− (µ+ α1)I(t)

B′(t) = ηI(t)− dB(t)

then from reduced model we obtain basic reproduction number with vaccination only de-

noted by (RV ) is given by
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RV =
βηΛµ(µ+ ω2 + pφ)

kd(µ+ α1)[µ(µ+ φ)(µ+ ω2)− µω2φ]

The numerical result for only vaccination is introduced as control strategy shown in Figure

(4.2)(b)

Our result show that when we introducing both education and vaccination control strategy

separately we obtain almost similar result but, if we use only treatment as control strategy

of cholera disease the numerical result shown in figure (4.3) and we have δ 6= 0, α2 6=
0, α1 6= 0, θ 6= 0, ω1 6= 0, ψ = ε = φ = ω2 = p = γ = 0 then the model (4.2.1) reduced

to

S ′(t) = Λ− (µ+ βB(t)
K+B(t)

)S(t) + ω1R(t)

I ′(t) = βB(t)
K+B(t)

S(t)− (µ+ α1 + δ)I(t)

T ′(t) = δI(t)− (µ+ α2 + θ)T (t)

R′(t) = θT (t)− (µ+ ω1)R(t)

B′(t) = ηI(t)− dB(t)

from reduced model when treatment is introduced as control strategy we obtain basic

reproduction number with only treatment that denoted by (RT ) is given by:

RT =
βηΛ

kdµ(µ+ α1 + δ)

The numerical result for single control strategy show that treatment is effective than

education and vaccination when introduced separately. See figure (4.2-4.3) when only

treatment is introduced bacteria concentration and infected individuals are reduced and

number of recovered population are increased.

Analysis of Rc
0 with combination of two control strategies

In this subsection, we analyze further the effective control strategy in combination by

computing reproduction numbers for the combination of two control strategies. If the

combination of education and vaccination campaign is the only intervention we have that

ψ 6= 0, ε 6= 0, γ 6= 0, φ 6= 0, ω2 6= 0, p 6= 0, α1 6= 0, ω1 = α2 = δ = θ = 0 then model
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, ,

Figure 4.2: Numerical solution of model (4.2.1) when only education and vaccination
introduced as control strategy separately

Figure 4.3: Numerical solution of model (4.2.1) when only treatment introduced as
control strategy

(4.2.1) reduced to

S ′(t) = Λ− (µ+ φ+ Ψ + βB(t)
K+B(t)

)S(t) + ω2V (t) + εE(t)

E ′(t) = ψS(t)− (µ+ γ + ε)E(t)

V ′(t) = φS(t)− (µ+ ω2 + pβB(t)
K+B(t)

)V (t)

I ′(t) = βB(t)
K+B(t)

S(t) + pβB(t)
K+B(t)

V (t) + γE(t)− (µ+ α1 + δ)I(t)

B′(t) = ηI(t)− dB(t)

their numerical solution is given in Figure ( 4.4) (a) and basic reproduction number in

combination of education and vaccination are introduced as control strategies denoted by
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REV is given by:

REV =
βηΛ(µ+ ε)(µ+ ω2 + pφ)

kd(µ+ α1)[(µ+ φ+ ψ)(µ+ ε)(µ+ ω2)− ((µ+ ε)ω2φ+ (µ+ ω2)ψε)]

As shown in (4.2.4) kd(µ+α1)[(µ+φ+ψ)(µ+γ+ε)(µ+ω2)−((µ+γ+ε)ω2φ+(µ+ω2)ψε)] >

0.

If the combination of treatment and education campaign are introduced as control

strategy we have:ψ 6= 0, ε 6= 0, γ 6= 0, δ 6= 0, θ 6= 0, ω1 6= 0, α1 6= 0 6=, α2 6= 0, φ =

ω2 = p = 0 then the model (4.2.1) reduced to

S ′(t) = Λ− (µ+ Ψ + βB(t)
K+B(t)

)S(t) + εE(t) + ω1R(t)

E ′(t) = ψS(t)− (µ+ γ + ε)E(t)

I ′(t) = βB(t)
K+B(t)

S(t) + γE(t)− (µ+ α1 + δ)I(t)

T ′(t) = δI(t)− (µ+ α2 + θ)T (t)

R′(t) = θT (t)− (µ+ ω1)R(t)

B′(t) = ηI(t)− dB(t)

Their numerical solution is given in Figure (4.4 )(b) and basic reproduction number in

combination of education and treatment are introduced as control strategies is denoted

by RET computed as follows

RET =
βηΛ(µ+ ε)µ

kd(µ+ α1 + δ)[(µ+ ψ)(µ+ ε)µ− µψε]

If the combination of vaccination and treatment taken as control strategy ω2 6= 0, φ 6=
0, p 6= 0, α1 6= 0, δ 6= 0, θ 6= 0, ω1 6= 0, ψ = ε = γ = 0 then model (4.2.1) reduced to

S ′(t) = Λ− (µ+ φ+ βB(t)
K+B(t)

)S(t) + ω2V (t) + ω1R(t)

V ′(t) = φS(t)− (µ+ ω2 + pβB(t)
K+B(t)

)V (t)

I ′(t) = βB(t)
K+B(t)

S(t) + pβB(t)
K+B(t)

V (t)− (µ+ α1 + δ)I(t)

T ′(t) = δI(t)− (µ+ α2 + θ)T (t)

R′(t) = θT (t)− (µ+ ω1)R(t)

B′(t) = ηI(t)− dB(t)

Their numerical solution is given in Figure (4.5) and basic reproduction number in combi-

nation of vaccination and treatment are introduced as control strategies denoted by RV T
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is computed as follows:

RV T =
βηΛµ(µ+ ω2 + pφ)

kd(µ+ α1 + δ)[(µ+ φ)µ(µ+ ω2)− µω2φ]

, ,

Figure 4.4: Numerical result of model (4.2.1) when only education and vaccination intro-
duced in combination as control strategy in figure (a) and for combination of education
with treatment in (b)

Figure 4.5: Numerical result of model (4.2.1) when only vaccination with treatment
introduced in combination as control strategy

Generally we conclude that Rc
0 < RET < RV T < REV < RT < RV < RE When we

apply all our control strategies ( education, vaccination and treatment) all parameters

are different from zero then we obtain reproductive number with all control strategies Rc
0

that is in (4.4.3) and the numerical solution is shown in figure(4.7)
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When we compare numerical result of model (2.0.1) with modified model (4.2.1) show

that bacteria concentration within model (4.2.1) reduced in short period of time or day

and accelerate number of recovered individuals more than within model (2.0.1) as shown

by numerical result in figure (4.6 and 4.7).

Figure 4.6: Numerical solution of model (2.0.1) when vaccination and treatment intro-
duced in combination

Figure 4.7: Numerical solution of model (4.2.1) when education,vaccination and treatment
introduced in combination with parameter values given in Table 4.3



Chapter 5

Conclusion

In this thesis we modify and analyzed the cholera model introduce in [15] with control

strategies and evaluate the impact of education, vaccination and treatment to control the

spread of cholera in short period of time. We derived the basic reproduction number with

control strategies. The existence of disease free equilibrium (DFE) point and stability of

(DFE) and endemic equilibrium ( EE) point of the modified model (4.2.1) presented in

section (4.4) . We proved the locally asymptotically stability of disease free equilibrium

point depend on root of characteristic equation of Jacobian matrix of modified model and

by showing that all eigenvalue of the Jacobian matrix of model (4.2.1) are negative.

For endemic equilibrium point, we proved the locally asymptotically stability by using

routhz criteria and global stability of disease free equilibrium point is shown by using

Lyapunov function. Accordingly if R0 < 1, the disease free equilibrium point (DFE) is

globally asymptotically stable and unstable when R0 > 1

Our sensitivity analysis confirmed that the most effective parameters in this study are

contact rate, recruitment rate as well as shedding rate ( infected rate). The numerical

simulation of modified model shows the possible communities benefits when education,

vaccination and treatments are used in combination as control strategies to restrict the

epidemic spread of cholera disease.

Comparing the control strategies we observed that treatment is the best in single

case while education and vaccination is take rank in respective order. This is depend on

44
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their reproduction number that already shown RT < RE < RV ,but it is dependent of

parameters it can be changed based on the variation of parameter values. As our numerical

result shows that effective control of the cholera epidemic can easily be achieved when

education,vaccination and treatment are implemented together.

5.1 Recommendation

Therefore the researcher recommended to all stack holder to use education,vaccination

and treatment in combination to control the cholera transmission.



Appendices

Appendix 1

Matlab code for simulation of ODE system.

1). For simulation result of model ( 2.0.1 )

function dydt = tores(t,y) dydt = zeros(6,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon l beta =0.01694; k=10000000;

p = 0.15; Lambda = 0.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006;

alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.015; delta =1.15; omega2

= 0.00068; omega1 = 0.00111; epsilon=0.2; l=0.5;

dydt(1) = Lambda -(beta*y(6))/(k+y(6))*y(1) + omega1*y(4)+omega2*y(5)-(phi+mu)*y(1);

dydt(2) = (beta*y(6))/(k+y(6))*y(1)-(delta+alpha1+mu)*y(2); dydt(3) = delta*y(2)-

(epsilon+alpha2+mu)*y(3); dydt(4) = epsilon*y(3)-(omega1+mu)*y(4); dydt(5)= phi*y(2)-

(omega2+mu)*y(5); dydt(6) = eta*y(2)-d*y(6);

clear all close all clc tspan = [0 365]; y0 = [28249670 750 0 0 0 275000]; [t,y] = ode45(’tores’,tspan,y0);

plot(t,y(:,1),’b’,t, y(:,2),’r’,t, y(:,3),’y’,t,y(:,4),’g’,t,y(:,5),’m’,t,y(:,6),’c’,’Linewidth’,2) xla-

bel(’Time(Day)’) ylabel(’Number of infected individuals,I’) legend(’Susceptible’,’Infected’,’Treated’,’Recovered’,’vaccinated’,’Bacteria’)

2) Simulation result of Modified model ( 4.2.1 )

function dydt = abu1(t,y) dydt = zeros(7,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon beta =10.2143; k=10000000;

p = 0.15; Lambda = 28.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006;

alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.33; delta =1.15; omega2

= 0.00068; omega1 = 0.00111; epsilon=0.003;

46
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dydt(1) = Lambda -(mu+phi+psi+(beta*y(7))/(k+y(7)))*y(1) + omega2*y(3)+ ep-

silon*y(2)+omega1*y(6); dydt(2) = psi*y(1)-(mu+gamma+epsilon)*y(2); dydt(3) = phi*y(1)-

(mu+omega2+(p*beta*y(7))/(k+y(7)))*y(3); dydt(4) = ((beta*y(7))/(k+y(7)))*y(1)+(p*beta*y(7)/(k+y(7)))*y(2)+gamma*y(2)-

(mu+alpha1+delta)*y(4); dydt(5) = delta*y(4)-(mu+alpha2+theta)*y(5); dydt(6) = theta*y(5)-

(mu+omega1)*y(6); dydt(7) = eta*y(4)-d*y(7);

clear all close all clc tspan = [0 365]; y0 = [28249670 0 0 750 0 0 275000]; [t,y] =

ode45(’abu1’,tspan,y0); plot(t,y(:,1),’b’,t, y(:,2),’black’,t,y(:,3),’m’,t,y(:,4),’r’,t,y(:,5),’y’,t,y(:,6),’g’,t,y(:,7),’c’,’Linewidth’,2)

xlabel(’Time(Day)’) ylabel(’population’) title(’Prevalence of the disease’) legend(’susceptible’,’Educated’,’Vaccinated’,’Infected’,’Treated’,’recovered’,’Bakteria’

)

3) For Education only function dydt = abue1(t,y) dydt = zeros(4,1); global beta k p

Lambda phi eta gamma alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon beta

=0.2143; k=10000000; p = 0.15; Lambda = 28.4853; phi=0.005; eta = 10; gamma= 0.005;

alpha1 = 0.000006; alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.33;

delta =1.15; omega2 = 0.00068; omega1 = 0.00111; epsilon=0.003;

dydt(1) = Lambda-(mu+psi+(beta*y(4))/(k+y(4)))*y(1)+epsilon*y(2); dydt(2) =

psi*y(1) - (mu+gamma+epsilon)*y(2); dydt(3) = (beta*y(4)/(k+y(4)))*y(1)+gamma*y(2)-

(mu+alpha1)*y(3); dydt(4) = eta*y(3)-d*y(4);

clear all close all clc tspan = [0 365]; y0 = [28249670 0 750 275000]; [t,y] = ode45(’abue1’,tspan,y0);

plot(t,y(:,1),’b’,t, y(:,2),’black’,t,y(:,3),’r’,t,y(:,4),’c’,’Linewidth’,2) xlabel(’Time(Day)’) yla-

bel(’Population Numbers’) title(’Prevalence of the disease’) legend(’susceptible’,’Educated’,’Infected’,’Bakteria’

)

4)for vaccination only

function dydt = abuv1(t,y) dydt = zeros(4,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon beta =0.2143; k=10000000;

p = 0.15; Lambda = 28.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006;

alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.33; delta =1.15; omega2

= 0.00068; omega1 = 0.00111; epsilon=0.003;

dydt(1) = Lambda-(mu+phi+(beta*y(4))/(k+y(4)))*y(1)+omega2*y(2); dydt(2) =

phi*y(1) - (mu+omega2+p*beta*y(4)/(k+y(4)))*y(2); dydt(3) = (beta*y(4)/(k+y(4)))*y(1)+p*beta*y(4)/(k+y(4))*y(2)-

(mu+alpha1)*y(3); dydt(4) = eta*y(3)-d*y(4);
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clear all close all clc tspan = [0 365]; y0 = [28249670 0 750 275000]; [t,y] = ode45(’abuv1’,tspan,y0);

plot(t,y(:,1),’b’,t, y(:,2),’m’,t,y(:,3),’r’,t,y(:,4),’c’,’Linewidth’,2) xlabel(’Time(Day)’) yla-

bel(’Number of Population ’) title(’Prevalence of the disease’) legend(’susceptible’,’Vaccinated’,’Infected’,’Bakteria’

)

5) for treatment only

function dydt = abut1(t,y) dydt = zeros(5,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon l beta =0.2143; k=10000000;

p = 0.15; Lambda = 0.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006; al-

pha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.015; delta =1.15; omega2 =

0.00068; omega1 = 0.00111; epsilon=0.003; l=0.5; dydt(1) = Lambda -(mu+(beta*y(5))/(k+y(5)))*y(1)

+ omega1*y(4); dydt(2) = ((beta*y(5))/(k+y(5)))*y(1)-(mu+alpha1+delta)*y(2); dydt(3)

= delta*y(2)-(mu+alpha2+theta)*y(3); dydt(4) = theta*y(3)-(mu+omega1)*y(4); dydt(5)

= eta*y(2)-d*y(5);

clear all close all clc tspan = [0 365]; y0 = [28249670 750 0 0 275000]; [t,y] =

ode45(’abut1’,tspan,y0); plot(t,y(:,1),’b’,t, y(:,2),’r’,t,y(:,3),’y’,t,y(:,4),’g’,t,y(:,5),’c’,’Linewidth’,2)

xlabel(’Time(Day)’) ylabel(’Number of Population ’) title(’Prevalence of the disease’) leg-

end(’susceptible’,’Infected’,’Treated’,’Recovered’,’Bakteria’ )

6) For Education and Vaccination

function dydt = abu1(t,y) dydt = zeros(5,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon beta =0.2143; k=10000000;

p = 0.15; Lambda = 28.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006;

alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.33; delta =1.15; omega2

= 0.00068; omega1 = 0.00111; epsilon=0.003;

dydt(1) = Lambda-(mu+phi+psi+(beta*y(5))/(k+y(5)))*y(1)+omega2*y(3)+epsilon*y(2);

dydt(2) = psi*y(1) - (mu+gamma+epsilon)*y(2); dydt(3) = phi*y(1)-(mu+omega2+(p*beta*y(5))/(k+y(5)))*y(3);

dydt(4) = (beta*y(5)/(k+y(5)))*y(1)+(p*beta*y(5))/(k+y(5))*y(3)+gamma-(mu+alpha1+delta)*y(4);

dydt(5) = eta*y(4)-d*y(5);

clear all close all clc tspan = [0 365]; y0 = [28249670 0 0 750 275000]; [t,y] =

ode45(’abuev’,tspan,y0); plot(t,y(:,1),’b’,t, y(:,2),’black’,t, y(:,3),’m’,t,y(:,4),’r’,t,y(:,5),’c’,’Linewidth’,2)

xlabel(’Time(Day)’) ylabel(’Number of Population ’) title(’Prevalence of the disease’) leg-

end(’Susceptible’,’Educated’,’Vaccinated’,’Infected’,’Bacteria’)

7) For Education and Treatment
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function dydt = abuet(t,y) dydt = zeros(6,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon l beta =0.2143; k=10000000;

p = 0.15; Lambda = 0.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006;

alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.015; delta =1.15; omega2

= 0.00068; omega1 = 0.00111; epsilon=0.003; l=0.5;

dydt(1) = Lambda -(mu+psi+(beta*y(6))/(k+y(6)))*y(1) + epsilon*y(2)+omega1*y(5);

dydt(2) = psi*y(1)-(mu+gamma+epsilon)*y(2); dydt(3) = ((beta*y(6))/(k+y(6)))*y(1)+

gamma*y(2)-(mu+alpha1+delta)*y(3); dydt(4) = delta*y(3)-(mu+alpha2+theta)*y(4);

dydt(5) = theta*y(4)-(mu+omega1)*y(5); dydt(6) = eta*y(3)-d*y(6);

clear all close all clc tspan = [0 365]; y0 = [28249670 0 750 0 0 275000]; [t,y] =

ode45(’abuet’,tspan,y0); plot(t,y(:,1),’b’,t, y(:,2),’black’,t, y(:,3),’r’,t,y(:,4),’y’,t,y(:,5),’g’,t,y(:,6),’c’,’Linewidth’,2)

xlabel(’Time(Day)’) ylabel(’Number of Population ’) title(’Prevalence of the disease’) leg-

end(’Susceptible’,’Educated’,’Infected’,’Treated’,’Recovered’,’Bacteria’)

8) For Vaccination and Treatment

function dydt = abuvt(t,y) dydt = zeros(6,1); global beta k p Lambda phi eta gamma

alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon l beta =0.2143; k=10000000;

p = 0.15; Lambda = 0.4853; phi=0.005; eta = 10; gamma= 0.005; alpha1 = 0.000006;

alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2; d=0.015; delta =1.15; omega2

= 0.00068; omega1 = 0.00111; epsilon=0.003; l=0.5;

dydt(1) = Lambda -(mu+phi+(beta*y(6))/(k+y(6)))*y(1) + omega2*y(2)+omega1*y(5);

dydt(2) = phi*y(1)-(mu+omega2+(p*beta*y(6))/(k+y(6)))*y(2); dydt(3) = ((beta*y(6))/(k+y(6)))*y(1)+(p*beta*y(6)/(k+y(6)))*y(2)-

(mu+alpha1+delta)*y(3); dydt(4) = delta*y(3)-(mu+alpha2+theta)*y(4); dydt(5) = theta*y(4)-

(mu+omega1)*y(5); dydt(6) = eta*y(3)-d*y(6);

clear all close all clc tspan = [0 365]; y0 = [28249670 0 750 0 0 275000]; [t,y] =

ode45(’abuvt’,tspan,y0); plot(t,y(:,1),’b’,t, y(:,2),’m’,t, y(:,3),’r’,t,y(:,4),’y’,t,y(:,5),’g’,t,y(:,6),’c’,’Linewidth’,2)

xlabel(’Time(Day)’) ylabel(’Number of Population ’) title(’Prevalence of the disease’) leg-

end(’Susceptible’,’Vaccinated’,’Infected’,’Treated’,’Recovered’,’Bacteria’)

Matlab code for Figure (??) is:- function dydt = abu1(t,y) dydt = zeros(7,1); global beta

k p Lambda phi eta gamma alpha1 alpha2 mu psi theta d delta omega2 omega1 epsilon

beta =0.2143; k=10000000; p = 0.15; Lambda = 28.4853; phi=0.05; eta = 10; gamma=

0.005; alpha1 = 0.000006; alpha2 = 0.000003; mu = 0.000016; psi=0.008; theta=0.2;

d=0.33; delta =1.15; omega2 = 0.00068; omega1 = 0.00111; epsilon=0.003;
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dydt(1) = Lambda -(mu+phi+psi+(beta*y(7))/(k+y(7)))*y(1) + omega2*y(3)+ ep-

silon*y(2)+omega1*y(6); dydt(2) = psi*y(1)-(mu+gamma+epsilon)*y(2); dydt(3) = phi*y(1)-

(mu+omega2+(p*beta*y(7))/(k+y(7)))*y(3); dydt(4) = ((beta*y(7))/(k+y(7)))*y(1)+(p*beta*y(7)/(k+y(7)))*y(2)+gamma*y(2)-

(mu+alpha1+delta)*y(4); dydt(5) = delta*y(4)-(mu+alpha2+theta)*y(5); dydt(6) = theta*y(5)-

(mu+omega1)*y(6); dydt(7) = eta*y(4)-d*y(7);

clear all close all clc tspan = [0 365]; y0 = [28249670 0 0 750 0 0 275000]; [t,y] =

ode45(’abu1’,tspan,y0); plot(t,y(:,1),’b’,t, y(:,2),’black’,t,y(:,3),’m’,t,y(:,4),’r’,t,y(:,5),’y’,t,y(:,6),’g’,t,y(:,7),’c’,’Linewidth’,2)

xlabel(’Time(Day)’) ylabel(’population’) title(’Prevalence of the disease’) legend(’susceptible’,’Educated’,’Vaccinated’,’Infected’,’Treated’,’recovered’,’Bakteria’

).
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