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Abstract

In this thesis, we modified a mathematical model that describes the dynamics of HIV-TB
co-infection with optimal control. The model was described using nonlinear ordinary dif-
ferential equations. The HIV and T'B only sub-models were analyzed separately. The basic
reproduction numbers for all models are computed using the next-generation matrix and
the stability analysis for the equilibrium points are analyzed. The disease free equilibrium
points of the HIV and TB sub-models were both locally and globally stable if the respective
reproduction numbers are less than one. The finding shows that the endemic equilibrium,
points of the HIV and TB sub-models were both locally and globally stable if the respective
reproduction numbers are greater than one. Likewise, the disease free equilibrium point of
the HIV-TB co-infection model is both locally and globally stable provided that the repro-
duction number is less than one and unstable otherwise. On the other hand, sensitivity
analysis is studied and showed that reducing the value of most sensitive parameters could
help to lower the basic reproduction number and thereby reducing the rate of infection.
Moreover, the study extends co-infection model by incorporating time dependent controls
as intervention, using Pontryagin’s minimum principle to derive necessary conditions for
the optimal control and optimality system. Finally, numerical simulations of the model
equations were carried out using Runge-Kutta 4™ order in MATLAB. The simulations
result illustrated that applying control strategies can successfully reduce the transmission
dynamaucs of HIV and TB co-infection.

Keywords: HIV, TB, co-infection, basic reproduction number, stability, optimal control.



CHAPTER 1

INTRODUCTION

1.1 Background of the study

The advent of AIDS made the relationship between HIV and Tuberculosis (TB) a public
health concern and the co-infection of TB and HIV exist when individuals are HIV positive
and are either exposed or active to TB. Getting infected with TB bacteria is not automatic
for HIV infected individuals unless in contact with infectious TB individuals. Similarly,
individuals infectious to TB do not automatically get infected with HIV unless in contact

with HIV positive individuals.

1.1.1 Human immunodeficiency virus

The Human Immunodeficiency Virus (HIV) is the agent responsible for the acquired im-
munodeficiency syndrome (AIDS) [I]. It is a retrovirus that destroys the human immune
system by infecting the C'D4"T cells. This means that the virus attacks the normal func-
tioning of the immune system to produce more HIV viruses [3]. As the result population
of viruses increase due to decrease in the CD4+T cells count in the body. However, in-
dividuals infected with HIV can stay with this infection for years but may not be ill or

show symptoms of HIV infection [2].

Apart from its severe effect, HIV is not known to be transmitted casually but through
sexual intercourse [I]. It is secreted in the body fluid and therefore can be transmitted in
a larger amount from semen, per-seminal fluid, vaginal secretion, and breast feeding [2].
Rarely, HIV can be transmitted through blood transfusions(injection needles for drug use,
direct blood contact). In the unlikely event that a person who is HIV positive donates
blood products that are not tested, the person who receives the blood product is likely to

develop an HIV infection too. For a pregnant woman living with HIV, there are a number
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of ways that HIV might be passed on to her baby. This is most likely happen in the last
few weeks of pregnancy, during labour, or delivery. Additionally, breastfeeding can also
transmit HIV, because HIV survives in body fluid including breast milk. There is a 15 to
45% chance of passing HIV on to baby if neither of them take HIV treatment. However,
taking the correct treatment during pregnancy and while breastfeed can virtually eliminate
this risk [15]. Either pregnant women or other person, HIV is capable of suppressing the
immune system when not treated, it makes individuals to be more susceptible to other
infections and will at the end be diagnosed of AIDS [3].

1.1.1.1 Stages of human immunodeficiency virus infection

Research shows that HIV transmission rate is not consistent and therefore the transmission
rate differs from different stages of infection. Progression of individuals from one stage of
infection to another changes the degree of infectiousness, and therefore the transmission
rate of viruses is grouped according to the stages of progression of the infection in an
infected individuals [2]. HIV infection is classified into four different stages: primary

infection, clinically asymptomatic stage, symptomatic HIV infection and AIDS.

e Primary HIV infection: This stage carries on for a few weeks and it often occur
with a short flu-like illness. The immune system in the primary stage begins to
react to the virus and therefore produce HIV antibodies and cytotoxic lymphocytes
as a result of a large volume of HIV in the peripheral blood. This process of
developing detectable antibodies due to HIV infection is called seroconversion and

an incomplete seroconversion may lead to a negative HIV antibody test [2].

e Clinically asymptomatic stage: The stage carries on typically for up to ten
years, when infected individual shows no symptoms. HIV level in the peripheral
blood reduces to very low levels and HIV antibody test becomes positive since
people remain infectious. Research had shown that when a viral load test (normally
use to measure HIV RNA) is carried out, HIV is found to be active, but very active

in the lymph nodes [2].

e Symptomatic HIV infection stage: At this stage, HIV mutates and becomes
more stronger which leads to the destruction of the CD4™T cells. Immune system
becomes damaged and the body fails to keep replacing the lost CD4%T cells. We
can also refer to this stage as the per-AIDS stage where individuals begin to show
symptoms of the infection. HIV-infected individuals on treatment may remain clin-

ically asymptomatic as a result of treatment, untreated individuals may continue to
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experience a deteriorating immune system with HIV symptoms getting worse [2].

e AIDS stage: At this stage, individuals develop other opportunistic infections (for
example; Tuberculosis) and they are eventually diagnosed of AIDS as a result of
the critical damage caused to the immune system [2]. Individuals with AIDS or
other infections will have a reduced C'D4™T cell usually from around 1000/mm? to
200/mm? or below [4]. Symptoms of full-blown AIDS appears due to an increased
viral load and this stage can be classified as the progression from HIV to AIDS stage.
The movement from HIV stage to AIDS stage usually lasts for 8-10 years during
which some individuals may progress much more rapidly while others progress slowly
[2, 4.

1.1.2 Tuberculosis

Tuberculosis (TB), one of the leading cause of death from a single infectious agent, is
an airborne transmitted disease caused by the releasing of Mycobacterium tuberculosis
(MTB) droplets in the air when an infectious individual coughs, sneezes [5] or talks [6].
TB as known to be one of the most wide spread infectious diseases caused by MTB is one
of the world’s leading causes of loss of life [2]. This agent of transmission MTB, can be

suspended in the air for several hours depending on the environment [7].

Individuals exposed to infectious people at all time for long period of time stand a
chance of being infected [7]. According to World Health Organization (WHO), it is es-
timated that quarter of the world’s population is infected with TB and as a result leads

to 1.1 - 1.3 millions death each year, with about 9 - 11.1 millions developing active TB [§].

TB disease is a disease with slow dynamics and therefore the epidemics must be stud-
ied over a long window in time [5, 0]. Understanding the difference between TB infection
and the disease itself will be very important because an infected individual may not be
infectious [9]. Infected individuals may remain in the asymptomatic stage throughout
their entire lives (Exposed or Latent TB) [2] since exposed periods range from months to
decades depending on individuals infected and their immune system [5]. Exposed stage
is a stage where individuals show no symptoms of the infection and are not infectious.
Individuals progress from exposed stage to infectious or active stage and TB disease is
as a result of this progression. Individuals in this active stage show symptoms of the

infection and are infectious [3].




1.1. BACKGROUND OF THE STUDY @

Furthermore, we can group active TB (TB disease) as pulmonary and extra-pulmonary
kinds. Pulmonary TB is often seen in adults and transmitted by MTB, while extra-
pulmonary is more frequent among women, children and in HIV infected individuals [6].
More specifically, we can classify tuberculosis within the period of five years after infec-
tion as primary TB, while tuberculosis after the period of five years from initial infection
as secondary TB. Only about 5% of infected individuals develop primary TB within the
period of five years if there are no other conditions to accelerate the infection. Exogenous
reinfection (exogenous reactivation) which is classified under secondary TB is the aggra-

vation of an old infection [2].

Some of the factors that can affect the transmission of MTB are the number, vitality,
and exacerbation of organisms within sputum droplet nuclei, and most significantly, time
spent near an infectious individual. Transmission is also affected by socioeconomic status,

family size, crowding, malnutrition, and bad health care [2].

1.1.3 Human immunodeficiency virus and tuberculosis

HIV and TB accentuate the progression of each other [10]. Immunity deteriorates due to
HIV infection progresses makes infected individuals more susceptible to any opportunistic
infection. Neverthless, treatments of both HIV and TB in many societies have altered
the co-infection of HIV and TB [2]. Evidences show that the risk of developing TB in
the 37 million people living with HIV was 19 (range, 15 - 22) times higher than the risk
in the rest of the world population [8]. This tells us that there is always increase in the
recurrence rate of TB in HIV infected individuals due to endogenous reactivation and

exogenous re-infection [10].

1.1.3.1 Impact of human immunodeficiency virus on tuberculosis

The HIV epidemic has significantly impacted TB dynamic. Over the last years, one third
of the detected increases in active TB cases can be related to the HIV epidemic [3]. It

aggravates the degree of infectiousness of TB and re-activates latent MTB [2].

1.1.3.2 Impact of tuberculosis on human immunodeficiency virus

Immunocompromised HIV infected individuals are at higher risk of opportunistic infec-
tions like TB, because TB tends to increase the HIV replication rate. Replication of HIV
may lead to fast progression to AIDS [I].
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1.1.3.3 Treatment of human immunodeficiency virus and tuberculosis

Although HIV-related TB can both be treated and prevented, co-infection is increasing in
developing nations where resources are limited [2]. The combined used of highly active an-
tiretroviral therapy (HAART) and antituberculosis treatment is the present drug regimen
to treat HIV-TB co-infection [3]. Interaction between both drug regimens can sometimes
cause complications, especially between protease inhibitors (antituberculosis drug) and
non-nucleotide reverse transcriptase inhibitors (antiretroviral drug). Due to these com-
plications, some protocols have been made to treat HIV-TB co-infection: Treatment of
TB comes before HIV infection treatment, HAART if already in use must be adjusted
to implement the use of TB drug treatment, and treatment timing is important if an
infected individual has not started HAART treatment. Drug treatment for adverse drug
reactions need to be tracked. Carrying out TB test on HIV infected individuals to know
a good time to start prophylactic treatment is also a preventive measure [3]. Starting
prophylactic treatment can reduce the risk of progression to active TB in HIV infected
and TB exposed individuals [2].

1.2 Statement of the problem

The double burden of TB and HIV is one of the major global health challenges of the 215
century. According to WHO report, in 2016, global TB and HIV co-infection statistics
revealed that deaths from HIV and TB co-infection, TB alone and HIV alone is 374,000,
1.3 million and 826,000, respectively [I1]. Similarly 1.2 million TB deaths among HIV-
negative people, 251,000 deaths among HIV positive people and an additional 770,00
HIV deaths in 2018 [§]. Generally, mortality related to TB is greater than HIV infec-
tions. Moreover, HIV and TB work together to suppress the immunity of the patients
and, thereby, shorten the lifespan if there is no early treatment. The incidence of TB and
HIV is high in Africa [12]. In developing countries, the complex factors revolving around
HIV/TB infection include stigma, culture, social barriers to testing and treatment, poor
health care settings, health-related illiteracy, lack of training, a shortage of medical equip-

ment, lack of manpower, and unqualified laboratory facilities [13].

An estimated 862,000 people living with HIV worldwide fell ill with TB in 2018. TB
is the leading cause of death among people with HIV, accounting for some 251,000 people
who died from HIV-associated TB in 2018 and about a third of AIDS deaths. Africa
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accounted for 84% of all TB/HIV deaths. Globally people living with HIV were 19 times
(15 - 22) more likely to fall ill with TB than those without HIV in 2018. People living
with HIV face the threat of drug-resistant TB. If diagnosis is delayed there is increased

risk of mortality from multidrug-resistant and extensively drug-resistant TB [14].

Scholars in different fields, studied the interrelation of these diseases. One of these
fields of study is mathematical models. Mathematical models of infectious diseases are
a tool to identify and study the factors that influence the spread of the disease and
to predict the future dynamics of a particular disease or combination of diseases under
consideration. Furthermore, mathematical models are significantly used in formulating
and evaluating strategies to control and prevent their spread in the susceptible population
[17]. Mathematical model of HIV and TB co-infection is developed using a system of
nonlinear ordinary differential equations, in which the human population is sub-divided
into six mutually- exclusive compartments [I8]. They only studied TB treatment without
considering HIV. They formulated by assuming TB infected individuals in the active stage
of disease. In reality most TB infected individuals are in latent phase. Drug-resistance
TB is a serious problem due to the failure of treatment. The authors didn’t consider
treatment failure in the case of TB and vertical transmission in the case of HIV. Hence,
in this thesis, we have tried to incorporate all the above mentioned gaps by using more
reliable assumptions in the dynamics of HIV-TB co-infection for best output. For this, we
extend the model in [I8] by adding optimal control strategies for the inters of contributing
to the existing knowledge and for better understanding real situation of the co-epidemic
of HIV-TB.

1.3 Objective of the study

1.3.1 General objective

The general objective of this study is to investigate the HIV and TB co-infection dynamics

with optimal control.

1.3.2 Specific objectives

The specific objectives of the study are to:

e modify a mathematical model which describe the dynamics of HIV and TB co-

infection.
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e perform the model analysis (investigate the behavior of the over all patterns of the

epidemics).
e study sensitivity analysis of the model and determine the most sensitive parameters.

e propose an optimal control strategies that are used to minimize the dynamics of

HIV-TB co-infection dynamics.

e interpret the solution of mathematical model.

1.4 Significance of the study

The significance of the study will include the following;:

e our designed model will help health authorities to understand the co-dynamics of
HIV-TB and set strategies on how to reduce the transmission dynamics of the co-

infection.

e the study can be used as a basis to create awareness and inform people about HIV-

TB co-infection.

e the evaluation of the outcomes and impact will provide useful information that will

help to minimize or eradicate the disease.

e this study can also act as a base for further research on the transmission dynamics
of HIV-TB co-infection and other related diseases.

1.5 Thesis organization

The thesis is organized as follows: Some previous work is reviewed in Chapter 2 and in
Chapter 3, we discussed about mathematical procedures. Similarly, in Chapter 4, we
presented model formulation and analysis including sensitivity analysis. Formulations
of optimal controls, existence of optimal solutions as well as the derivation of Hamilto-
nian equation to proof the necessary conditions have been discussed in Chapter 5. In
Chapter 6, detailed simulation result and discussion. Finally, we draw conclusion and

recommendation in chapter 7.




CHAPTER 2

LITERATURE REVIEW

Mathematical modeling has been increasingly recognized in the public health community
as an important research tool for infectious diseases control. Mathematical models are
widely used for evaluating the effectiveness of control strategies for TB, HIV, Influenza,
COVID-19, West Nile virus, and the emerging Zika virus, for cost-effect analysis of vac-
cination programs, and for controlling hospital-acquired infections [16]. Mathematical
model of disease transmission within the human population have been acknowledged in
helping policymakers and epidemiologists interpret epidemiological trends and understand
the dynamics of the disease spread with efficiency of disease prevention and control [7].
The earliest account of mathematical modeling of spread of disease was carried out in
1766 by Daniel Bernoulli [37].

Silva, C. J., and Torres, D. F.[19] formulated a model for TB and HIV transmission
dynamics. The model considers both TB and AIDS treatment for individuals with only
one of the two infectious diseases or both. The basic reproduction number and equi-
librium points are determined and stability is analyzed. The author showed that TB
treatment for individuals with only TB infection reduces the number of individuals that
become co-infected with TB and HIV/AIDS and reduces the diseases (TB and AIDS)
induced deaths. Analogously, the treatment of individuals with only AIDS also reduces
the number of coinfected individuals. Further, TB treatment for coinfected individuals in
the active and latent stage of TB disease implies a decrease of the number of individuals
that passes from HIV-positive to AIDS.

Kaur, N. et al.[17] studied a deterministic non-linear mathematical model for the
transmission dynamics of HIV and TB co-infection and analyzed it in the presence of

screening and treatment. The equilibria of the model were computed and stability of
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these equilibria was discussed. The basic reproduction numbers corresponding to both
HIV and TB were found and they showed that the disease-free equilibrium was stable only
when the basic reproduction numbers for both the diseases are less than one. When both
the reproduction numbers are greater than one, the co-infection equilibrium point may
exist. The co-infection equilibrium was found to be locally stable whenever it exists. The
TB-only and HIV-only equilibria were locally asymptotically stable under some restriction
on parameters and present numerical simulation results to support the analytical findings.
The author observed that screening with proper counseling of HIV infectives resulted in
a significant reduction of the number of individuals progressing to HIV. Additionally, the
screening of TB reduces the infection prevalence of TB disease. The results reported in
their paper clearly indicate that proper screening and counseling can reduce the spread of
HIV and TB diseases and effective control strategies can be formulated around screening

with proper counseling.

Silva, C. J., & Torres, D. F.[20] were proposed a population model for TB-HIV/AIDS
co-infection transmission dynamics, which considers antiretroviral therapy for HIV in-
fection and treatments for latent and active tuberculosis. The HIV-only and TB-only
sub-models analyzed separately, as well as the TB-HIV/AIDS full model. The respective
basic reproduction numbers computed, equilibria and there stability studied. Also they
applied the optimal control theory to the TB-HIV/AIDS model and optimal treatment
strategies for co-infected individuals with HIV and TB derived. Numerical simulations to
the optimal control problem show that non intuitive measures can lead to the reduction
of the number of individuals with active TB and AIDS.

David, J. F.[2] presented the analysis of a general dynamical model for the spread of
HIV/AIDS and tuberculosis co-infection. The author capture in the model the dynamics
of HIV/AIDS infected individuals and their impacts in the progression of TB with and
without treatment. It is shown that TB-only model and HIV-only model have locally
asymptotically stable disease-free when the basic reproduction number is less than unity
and a unique endemic equilibrium exists when the basic reproduction number is greater
than unity. Also they analyzed the full HIV/AIDS-TB co-infection model and incorporate
treatment strategy for the exposed and active forms of TB. Sensitivity analysis shows that
reducing the most sensitive parameters could help to lower the basic reproduction number
and thereby reducing the rate of infection. From the study, they concluded that treating
latent and active forms of TB reduce the rate of infection, reduce the rate of progression

of individuals to AIDS stage and lowers co-infection.
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Bolarin G., and Omatola, I. U.[I8] developed and analyzed a mathematical model of
HIV-TB co-infection, which the human population is divided into six mutually- exclusive
compartments. The equilibrium states were obtained and their stabilities were analyzed
by using Bellman and Cookes theorem. The result shows that the endemic equilibrium

and the disease free equilibrium state are stable.

Furthermore, Kumar, S., and Jain, S. [2I] proposed a population model for HIV-
TB co-infection dynamics by considering treatments for HIV infection, active TB and
co-infection. The HIV-only and TB-only models are analyzed separately, as well as full
model. The basic reproduction numbers for TB (R} ) and HIV (RY) and overall re-
production number for the system Ry = max {ROT, RE } are computed. The equilibria
and their stability were studied. The main model undergoes supercritical trans-critical
bifurcation at R = 1 and RY = 1. Numerical simulation claims the existence of interior
equilibrium when both the reproduction numbers are greater than unity. The author
explored the effect of early and late HIV treatment on disease-induced deaths during the
TB treatment course. Mathematical analysis of their model shows that successful disease
eradication requires treatment of single disease, that is, treatment for HIV only and TB
only infected individuals with addition to co-infection treatment. When both the diseases
are epidemic, the treatment for TB only infected individuals is very effective in reducing
the total infected population and disease-induced deaths in comparison to the treatment
for HIV infected individuals while these are minimum when both the single disease treat-

ments are given with co-infection treatment.

Recently Ali, S. et al.[22] developed a nonlinear compartment for the awareness of
media coverage on controlling and prevention of infectious diseases, namely HIV/AIDS
and TB within a population of varying size. Using the stability analysis, the model has
been studied quantitatively by taking small perturbation about equilibrium points. The
developed mathematical model shows four equilibrium points. It has been shown that the
co-infection equilibrium point is always locally stable. The concept of the basic reproduc-
tion number has also been introduced in the model. It is predicted that the disease dies
out if a reproduction number is less than unity and it becomes endemic if it is greater

than unity.

In all the above reviewed litterateur mathematical model of HIV-TB co-infection trans-

mission dynamics developed by observing different perspectives, which sub-divided the

10
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total population into different compartments and they recommend treatment to eradicate
the spread of HIV and TB. Since most TB-infected individual are in the latent phase, de-
pending on the individuals immune system they develop active TB. Therefore in present
thesis we intended to modify mathematical model developed in [I8] by introducing ex-
posed class for TB, vertical transmission of HIV and treatment class for HIV as well as
failure of TB treatment. However, this study will add to the existing knowledge by ex-
ploring the impact of optimal control strategies on the transmission dynamics of HIV-TB

co-infection.

11



CHAPTER 3

RESEARCH METHODOLOGY

We modify a mathematical model which describes the transmission dynamics of HIV-TB
co-infection that include vertical transmission of HIV with optimal control using a system
of nonlinear ordinary differential equations. For the qualitative analysis of the model we
will use linearization and Lyapunov function. To determine the sensitivity of the system
parameters we will perform sensitivity analysis using normalized forward sensitivity index.
The optimal control will be derived by using the Pontryagin’s minimum principle (PMP).
To supplement the analytical solution of the model equations we will perform a numerical
simulation of the model using the Runge-Kutta 4t order in MATLAB.

12



CHAPTER 4

LMODEL FORMULATION AND ANALYSIS

4.1 Model formulation

To develop the mathematical model which describes the co-infection of TB and HIV,
the human population is divided into eight epidemiological sub compartments which are
mutually exclusive. The sub compartments are Susceptible individuals S(t), TB-exposed
individuals E(t), TB-infected individuals who have active TB diseases and infectious I(t),
TB-treated individuals 7'(t), HIV-infected individuals H(t), co-infected individuals C(t),
HIV-infected individual under ART-treatment J(t) and full blown AIDS A(t). The flow

between eight compartments is shown in the schematic diagram presented in Figure 4.1

(1 =m)o(H () + C(1))

Figure 4.1: Schematic diagram for the dynamics of the co-infection of TB and HIV.

13
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4.2 Model assumption

Here, a mathematical model of HIV/ADIS - TB co-infection is constructed based on the
following assumptions. The total population at time ¢, N(¢) is subdivide into susceptible
S(t), TB exposed E(t), TB infectious I(t), TB treated T'(t), HIV infected H(t), Co-
infected C'(t), under ART-treatment J(¢) and AIDS A(¢), such that

N(t)=8S{t)+E@t)+1(t)+Tt)+ H(t)+C(t)+ J(t) + A1)
e The susceptible population is increased by the constant recruitment rate A.

e Susceptible individuals acquire HIV infection due to effective contact with HIV-
infected individuals at a rate f5 and acquire TB infection following effective contact
with TB-infected individuals at a rate (.

e The susceptible can’t get HIV and TB infection simultaneously that means there
is no direct transmission from the class of susceptible to the class of individuals
co-infected with both HIV and TB.

e All individuals in different compartments suffer from natural death rate p while TB
infected, HIV-TB co-infected and AIDS suffer from disease induced death at a rate

a1, o and ag respectively.

e [t is assumed that TB patients may recover after successful treatment at a rate p

and will enter the susceptible class.

e TB treated individuals enter to either exposed class E(t) due to the remainder of
Mycobacterium tuberculosis or active TB class I(t) due to the failure of treatment
at the rate 0.

e TB treated individuals can be infected with HIV after having contact with HIV

infected individuals.

e The model assumes that a fraction of new born children are infected during birth
and hence are directly recruited into the HIV class at a rate (1 — )0 and others die
effectively at birth (0 <n <1).

e To simplify the model, it is reasonable to assume that the AIDS patient women are

isolated and sexually inactive and hence they are not capable of producing children.

14



4.2.

MODEL ASSUMPTION @

Individuals who take ART treatment properly and aware of their health status, in
the class J(t) do not have risky behaviors for HIV transmission and do not transmit
HIV.

We assumed that individuals in the AIDS class do not transmit the disease due to

their ill health obvious symptoms of the disease and sexually inactive.

HIV-infected individuals H () progress to the class of individuals under ART-treatment
J(t) at a rate ¢, and individuals in the class J(t) leave to the class H(t) at a rate

¢ because of ART-treatment interruption.

Dually infected with HIV and TB individuals C(t), are treated for TB and HIV

move to the J(t) class, at a rate w.

HIV and co-infected individuals will not develop AIDS, if they take ART-treatment
properly.

We assume that individuals in the class A(t) can either remain in this class or die.

Table 4.1: State variables of the model.

State variable Description

S(t) Number of susceptible individuals at a time ¢

E(t) Number of exposed individuals at a time ¢

I(t) Number of person with active TB at a time ¢

T(t) Number of person treated from TB at a time ¢

H(t) Number of person with HIV infection at a time ¢
C(t) Number of person with co-infection at a time ¢

J(t) Number of person under ART-treatment at a time ¢
A(t) Number of person with AIDS at a time ¢

15
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Table 4.2: Parameters of the model.

Parameter Description
A Recruitment rate of susceptible individuals
Natural death rate
b1 Effective contact rate for TB transmission
Ba Effective contact rate for HIV transmission
) Rate of newborns infected with HIV
Fraction of newborns HIV infected who dies immediately after birth
Progression rate of E(t) to I(t)
Treatment rate of infectious TB individuals
Rate at which treated individuals leave the T'(t)
Treatment failure rate
Rate at which TB treated individuals become susceptible
Rate at which individuals leave J(t) class
Treatment rate of HIV for H(t) individuals
Treatment rate of infectious TB in HIV individuals
Progression rate of H(t) to A(t)
Progression rate of C(t) to A(?)
Death rate due to TB
o Death rate due to both HIV and TB infection
o3 Death rate due to HIV AIDS

O EECMDT O QDI

2

To represent this mathematically, we have the following system of nonlinear differential

equations based on the assumption and the schematic diagram:
(S(t) = A+ pT(t) — (\r + A + p) S(),

E(t) = ArS(t) + (1 = )0T(t) — (v + p) (1),

I(t) =~vE(t) +e0T(t) — A+ 0 4+ p+ ay) I(t),

T(t) =olI(t)— (Ag +p+0+p)T(t),

H(t) = (1=m)3(H(t) + C(t)) + Au(S(t) + T(t) + &I (1) = (A + & + ¢ + ) H(t),
Ct)=ArH(t) + AgI(t) — (w+ T+ p+ az) C(t),

J(t) = vH(t) +wO(t) — (€ +p) J (1),

(A(t) = ¢H(t) + 7C(t) — (1 + as) A(t),

with non negative initial conditions:
S(0)=S0>0,E(0)=FEy>0,I(0)=1,>0,7(0) =Ty >0,H(0) = Hy > 0,
C(0) = Cy>0,J(0) = Jo > 0,A(0) = Ag > 0 (4.2.2)




4.3. POSITIVITY OF THE SOLUTIONS @

where the force of infection Ar, associated with TB infection is Ay = (t) (I(t) +C(1)),
the force of infection Ay, associated with HIV infection is Ay = NB(Q) H(t) + C(t)).

4.3 Positivity of the solutions

Since the model deals with human population, we have to show that all the solution of
the system of equation (4.2.1) should be non negative. For this we state the following

theorem and prove it.

Theorem 4.3.1. Let

Q={(S(t), E(t),I(t),T(t),H(t),C(t),J(t),A(t)) € RS : S(t) > 0,I(t) > 0,T(t) >0, H(t)
< (A+(1— 77)(5M)}
< p :

then the solution S(t),E(t), I(t), T(t), H(t), C(t), J(t) and A(t) of the system of equation
/.2.1) are non negative.

>0,C(t) >0,J(t) >0, A(t) > 0, N(t)

Proof. We shall prove this theorem using a contradiction according to [23] by assuming
that the total population N(t) # 0 for all ¢ > 0.

We assume that there exists a first time ¢; such that:
S(t1) =0,5(t;) <0,I(t) >0,T(t) >0,H(t) >0,C(t) >0, for 0 <t <t (4.3.1)
there exists a first time ¢9 such that:

E(ty) = 0,E (ty) < 0,5(t) > 0,1(t) > 0,T(t) > 0, H(t) > 0,C(t) > 0, for 0 <t < t,,
(4.3.2)

there exists a first time ¢3 such that:

I(t3) = O,I/(tg) <0,E(t) >0,T(t)>0,H(t) >0,C(t) >0, for 0 <t <t3, (4.3.3)
there exists a first time ¢, such that:

T(ty) = 0,T (t)) < 0,I(t) >0, H(t) > 0,C(t) >0, for 0 < t < 1y, (4.3.4)
there exists a first time ¢5 such that:

H(ts) = O,H'(t5) <0,5(t) >0,1(t) >0, T(t) > 0,C(t) >0, for 0 <t < t;, (4.3.5)

there exists a first time tg such that:

Cltg) = 0,C (tg) < 0,E(t) > 0,I(t) > 0,H(t) >0, for 0 <t < tg, (4.3.6)
there exists a first time t; such that:

J(t7) =0,J (t;) < 0,H(t) > 0,C(t) >0, for 0 < t < tr, (4.3.7)
there exists a first time tg such that:

A(tg) =0, A (ts) < 0, H(t) > 0,C(t) >0, for 0 <t < ts. (4.3.8)

17
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From (4.3.1)) S'(t,) = A + pT'(t;) > 0, which is a contradiction, meaning that S(t) > 0,
t>0.

From (4.3.2)), we get:

E'(ty) = A\pS(ty) + (1 —€)0T (t5) > 0, which is again a contradiction, meaning that mean-
ing that E(t) > 0,t > 0.

Again from (4.3.3), we get:
I'(t3) = vE(t3) + 0T (t5) > 0, which is a contradiction, implying I(t) > 0, t > 0.

Similarly, using the assumptions in equations (4.3.4]) - (4.3.8]), we get the following con-
tradictions respectively:

T'(ty) = ol(ts) >0,

H (1) = (1= n)3C(ts) + C(ts) + O (51t + 700 2 0,
C'(ts) = MrH(ts) + ﬁjffgf) (E(ts) + I(ts)) > 0,

J'(t7) = YH(t7) + wC(t7) > 0,
A'(ts) = ¢H(ts) + 7C(ts) >

Hence we conclude that T'(t) > 0, H(t) > 0,C(¢t) > 0, J(t) > 0, A( ) > 0 for t > 0. Thus
the solutions S(t), E(t), I(t), T(t), H(t),C(t), J(t), A(t) of system (4 remain none neg-

ative for all ¢ > 0. W

4.4 Invariant region

The total population size is

() = 50)+ B(0) 110 70) 4 70 + 00 + 00+ 40) (1.4.)
P _ Dsy+ Loy + Lawy+ Loy + L+ Low + L+ L aw

A N+ (L () 4 C10) — ] - asCle) — et (4.4.2)

The positive invariant region can be obtained by using the following theorem.

Theorem 4.4.1. The solutions of the system of equations (4.2.1)) are feasible fort > 0 if
they enter the invariant region
O ={(S(t), B(t), 1(£), T(), H(t), C(t), J(1), A(t)) € RS : S(t) > 0,1(t) > 0,T(t) > 0, H(!
A+ (1 —77)5M)}

i

>0,0(t) > 0,J(t) > 0, A(t) > 0, N(t) <
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Proof. Let (S(t), E(t),I(t),T(t), H(t),C(t), J(t), A(t)) € R} be any solution of the sys-
tem of equations (4.2.1)) with positive initial conditions.
Then equation (4.4.2) becomes

f“jl' t<f> < A+ (1—n)d(H(t) + C(t) — pN(2) (4.4.3)
%t“) +uN(t) <A+ (1—n)d(H(t) + C(t)) (44.4)

The integrating factor for (4.4.4)) is (IF) = e* and multiply both sides of (4.4.4) by e

gives

e“td]zlf—;ﬂ + uN(t)e! < (A+ (1 —n)d(H(t) + CO(t)))eH (4.4.5)
dN(t)e" < (A+ (1 —n)d6(H(t) + C(t)))etdt (4.4.6)

Integrating both sides we have

A+ A —n)é(H()+C[)) e (1—n)d
m o
Let H(t) < My, C(t) < My and then (H(t) + C(t)) < My + My := M. Then

N(t) <

/ (H(t) + Ct)edt (44.7)

(A+ (1 —n)dM) e *(1—n)
1t [t

N(t) < / (H(t) + C(t))etdt (4.4.8)

(A+ (1 —n)dM)
14
) and K is called the carrying capacity. Hence all

Therefore, as t — oo in the human population N (t) approaches K =

(e. N(t) — K = (A+ (1 —n)sM)

. . M . .
feasible solution set of model equations (4.2.1)) enter the region €.

Therefore, the region € is positively-invariant, that is the solution is none negative for all
times, (t) and equations are epidemiological meaningful and mathematically well-
posed in the domain §2. Hence in this model it is sufficient to consider the dynamics of flow
generated by the model . In addition, the existence, uniqueness, and continuation
of results hold for the system. ]
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4.5 Model analysis

Notice that the first seven equations are independent of A(t), and we start by considering

the first seven equations:
(S(t) = A+ pT(t) — (Ar + Ay + p) S(2),

E(t) = ArS(t) + (1 — )T (t) — (v + n) E(t),

I(t) = yE(t) + e0T(t) — Ay + 0 + 4+ on) I(t),

T(t) = ol(t) = (Au+p+0+p)T(b),

H(t) = (1=m)3(H(t) + C(t) + Aua(S(t) + T(t) + &I (1) = (A + & + ¢ + ) H(t),
Ct) = MpH(t) + Al (t) — (w4 T+ p+ ay) C(t),

J(t) = pH(t) + wC(t) = (& + p) J(t).

\

(4.5.1)

4.5.1 TB-only model

The TB-only model is obtained by setting H = C' = J =0 in (4.5.1]) and is given by:

() = A+ pT(t) — (%m) + u) S().

Bt) = 35 0S(0) + (1= 07(0) = (v + ) B, 152
I(t) =yE(t) + e0T(t) — (0 + pn+ o) I(t),

(T(t) = oL(t) = (p+ 0+ ) T(t),

where now we have N(t) = S(t) + E(t) + I(t) + T(¢).
The region of attraction for this sub-model is given by:

O = {(S(t), E(t),I(t), T(t)) € RY : S(t) > 0, E(t) > 0,1(t) > 0,T(t) > 0, N(t) <

==
H/_/
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4.5.1.1 Equilibrium points

The equilibrium point of the system are the solution of the system of equations

(A + pT(t) — (Nﬁ(lt)l(t) + u) S(t) =0,
%J(m(t) + (1= )0T(t) — (7 + ) E(t) = 0, .

YE(t) 4+ el (t) — (o +p+aq)I(t) =0,

al(t)—(p+60+p)T(t)=0.

\

Disease-free equilibrium

The disease-free equilibrium point &7 is obtained by setting £ = 0,1 = 0,7 = 0 in the

system of equation (4.5.3). Therefore the disease-free equilibrium of TB-only model is

A
Er = (—,0,0,0).
I

The basic reproduction number (Ry)

We discuss the basic reproduction number of the system (4.5.2)) by using the next gener-
ation matrix approach. From the equations (4.5.2)), we have the following:

b
W05

F= 0 , (4.5.4)

0

(v +p) E(t) — (1 —)0T(1)
V=V —Vt=|(c+pu+a)lt)—vyE()—edT(t)|. (4.5.5)
(p+0+p)T(t) —ol(t)

A

The Jacobian matrix of F evaluated at the disease free equilibrium point, &y = (—, 0,0, O)
i

is given by

,where x; = E; I, T for j=1,2,3.

oo™
o oo
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A

The Jacobian matrix of V evaluated at the disease free equilibrium point, &7 = (—, 0,0, 0)
1

is

V — a = —’}/ k2 —89
i 0 —o ks

The next generation matrix F'V ! is given by

Brvks Bik1ks Bri((1 —¢€)0y + ebky)
k’lkgkg - kléfe’}/ - (1 - 6)0"}/0' klkgkg - ]{7159’)/ - (1 - 5)‘9”70' klkgkg - klsé’y - (1 - 5)‘9’70’
0 0 0
0 0 0

The dominant eigenvalue of the matrix FV =1 is

Brvks

R p—
T T kikoks — 00 (ke + (1 — €)7)

, for kikaoks > 0o (ke + (1 —€)y),

where ky = (v + p), ko = (0 + 4+ aq) and ks = (p+ 60 + p).

Endemic equilibrium

The endemic equilibrium point of the system is the solution of the system of equation
(4.5.3). We denote the endemic equilibrium point by & = (S*, E*, I*,T*). The equilib-

rium state of the model is;

_ A0 (a1 +p) + (1 —€)o) + 7 (ks +0) + kap + p))

Cplks(aa+ k) o ((1=2)0 + ki + p) + (Re — 1) (kaks (o0 + ) + po (1= 2)0 + ki + p))’
_ABivks (Re — 1) (0 ((ay + p) + (1 = €)a) + ka(p + p))

B pLly Lo Ry + BivksLs(Ry — 1) ’

 ABPR(Rp—1)

~ uLiLoRyr + BivksLs(Ry — 1)

. Ap1y2ks (Rp — 1)

~ uLiLoRy + BivksLs(Rr — 1)

S*

E*

*

where
Li=0((on+p)+ (1 —e)o)+7(ks+0)+ ka(p+p),
Ly = kiks (a1 + p) + o (1 —€)0u+ ki (p + p))

L3 = ,LL(T((l — 5)9 + P) + k’l (al (’7 + ]’Cg) + k?g,u) .
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4.5.1.2 Stability analysis

Local stability of disease-free equilibrium

A
Theorem 4.5.1. The TB-only disease-free equilibrium Er = (—,0,0,0) of the system
1

(4.5.2) is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix of the system of equations (4.5.2)) evaluated at the disease
free equilibrium &7 point is given as

- 0 —p p
0 —k'l 61 (1 - 6)0
0 v =k el
0 0 o —k?g

J(&r) =

To determine the stability of disease-free equilibrium point, we use the characteristics
equation of the Jacobin matrix J(Er). The characteristics equation is given by

A+ )N+ a A +a)+a3) =0 (4.5.6)
where

a1 =ki + ko + ks,
ag =kiks + kiks + koks — o — v3;

=k1koks(1 — Rr) + (kigbo + (1 — €)0ovy) Ry

+ k3(kiks + (1 —€)fo +o(p+ p) + (1 + o) ks),

a3 =kikoks — kie0o — Pr1yks — (1 — e)0yo

=(1 = Rr)(k1(o(p + wks(p + ou)) + (1 — e)pbo).

From (4.5.6) it is clear that;

A= —p

or

>\3 + al)\2 + CLQ)\ + as = 0 (457)

By Routh-Hurtwiz criteria, all the roots of equation (4.5.7) have negative real part if
a; >0 fori=1,2,3 and a;as — a3z > 0.

Thus aq, as,as > 0 and also

arag — a3 =(1 — e)Y00 + kaki + kski + k3ki + k3ky + 2koksky + kok3 + K3k
—elo (kg + k3) — iy (k1 + ko)
=(k1 + ko + k3)v00 + (ky + k3)kiks + 2k kok3 + (kiko + k3 )efo
+ (koks + k2) (1 — )00 + a(p + p) + (u + ay)ks) > 0.
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Therefore, by Routh-Hurwitz criteria all the roots have negative real parts and the disease-
free equilibrium state & is locally asymptotically stable if Ry < 1. ]

Global stability of disease-free equilibrium

A
Theorem 4.5.2. The TB-only disease-free equilibrium Er = (—,0,0,0) of the system
1

(4.5.2) is globally asymptotically stable if Ry < 1.
Proof. Define the Lyapunov function L : {(S, E,I,T) € Qr : S > 0} — R by:

L(S,E,I,T) = vE + kI + <7<1 - 63{0 + klee) -
3

The time derivative of L computed along solutions of (4.5.2)) is:

W bmis (V“ —e)f+ ’“159> T
_ <w + (1= )0T(t) — k E(t)) + ki (YE(t) + e0T(t) — koI (2))
ARG 1 Y 2

+ (RS otto) - k()

<y (BuI(#) + (1 — )OT() — b E(t)) + kr (YE() + e0T(t) — kol (£)
+ (7(1 - gll‘j + ’“89) (o1(t) — ksT (1))

1
=7 [(VBiks — (kikoks — kiefo — (1 — €)0yo)] 1
3

. (k’lk’gk‘g — k’1500' — (1 — 8)070’)) _
—51/7 ( 517]{73 (RT 1) I
by _

Since all the model parameters are positive and variables are non-negative, it follows that

dL

— < 0 for Ry < 1. Hence the largest invariant set contained in €27 is the singleton &r.

Thus the global asymptotic stability of &y for Ry < 1 follows from LaSalle’s invariance
Principle [25]. O
Local stability of endemic equilibrium

Theorem 4.5.3. The TB-only endemic equilibrium £ = (S*, E*, I*,T*) of the system
(4.5.2) is locally asymptotically stable if Ry > 1.

Proof. The Jacobian matrix of the system of equations (4.5.2)) evaluated at the TB-only
endemic equilibrium &7 point is given as

24



4.5. MODEL ANALYSIS @

J(Ep) = N —k o (L-e)f

The characteristic equation associated to J(&7) is

M+ a X +a N +as +a, =0 (4.5.8)
where the coefficients are

a1 :m+u+k1+k2+k3>0,

515
N*

=(m + p)(ky + ko + k3) + kiks + ka(p+p) + (1 —e)o + (u+ a1)0) + Z—U(/ﬁe +(1—¢)) >0,

a9 :(m + M)(/{Zl + /{32 + kg) + kle + klkg + ]{?2/{33 —¢elo — Y

bS5

N*

1
=(m+ p)(kiks + (1 —e)0o +o(p+ p) + ks(p + o)) + mkika + k—(u@a(@u +7)) >0,
3

as =(m + p)(kiko + k1ks + koks — efo) — Qo (e(ky + ) + (1 — )y +7v) — v

(ks + )

*

p1S

N*

=m(kika(p + 1) +o((p+ pkr + p(l —€)0) — ypo) > 0 if
kika(p+ cn) + o ((p 4+ p)ks + p(1 — €)0) > ypo,

Ll Bivks(Ry — 1)

N« ((o+ks)y+ ((n+ar) + (1 —€)o)0 + (p+ pu)ke) Ry

Then the eigenvalues of the characteristic polynomial (4.5.8)) will be negative if it fulfill
the Routh-Hurwitz conditions that are a; > 0 for i = 1,2,3,4 and ajasaz > a% + a%a4.

Hence the endemic equilibrium of the TB-only model (4.5.2)) will be locally asymptotically
stable if Ry > 1. O

ay =(m ~+ p)(kikoks — k1efo — (1 — e)foy) — mypo — ~ ks

where m =

Global stability of endemic equilibrium

Theorem 4.5.4. The TB-only endemic equilibrium £ = (S*, E*, I*,T*) of the system
(4.5.2) is globally asymptotically stable if Ry > 1.

Proof. To establish the global stability of the TB-only endemic equilibrium &7, we con-
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struct the following Lyapunov function:

L(S,E,1,T) = {S—S*—S*lng} + [E—E*—E*lng] + {[—I*—I*lné]

T
T—T —TIn—|.

The time derivative of L computed along solutions of is:

Cflf (1—%>S+<1—%)E+(1—?)f+(1—%)T
(1 - —> A+ pT(t) — (&Ié)) + u) S(t))
(- %) (W S0 - o1 - (0 w EC))
“(1-7) o

" (1

= [A+ (ﬁlm) +u> S*+(7+M)E*—|—(0+u+oz1)[*+(p+t9+u)T*}
N—— N——’ N———’

t)+e0T(t) — (o4 p+oaq) (1))

~|’**

) (o404 p)T())

ﬂ|%

N (1)
_ BuI(1) E*
_ (5+E:1+T)+a11+(/\+ T)S+(N<t) +(1—5)9T) -

[ I~ T
- (7E+59T) —i—alT}

I(t

N(t)
B1l(t) B I T*
A I+ (A T)— 1—¢)0T E T)— —
[4-041 +(A+p )S+(N(t)+< €)0 E+(v +56)I+0—1T :
SinceNSé
1
—{( N () +u | ST+ kBT + kol + k3T
prl(t) E* I* T*
_ T+ (A _ = l il
{al + ( +pT)S +(N(t) + (1 —¢)0T 7 +(’7E+69T)[ -l—crIT
d—L:X Y,
where X = [( u) S*+k1E*+k21*+k3T*:| and
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S (Bt E* T
Y = I+ (A T)— 1—e)0T | — E 0T)— 11—
ol + ( +p)S+(N(t)+( €) E+(7 +e )]+0T
, dL dL . .
Thus if X <Y then, T < 0. Also T 0,ifandonlyif S =S*" F=F* I =1"and T =
dL
T*. Therefore, the largest compact invariant set in {(S*, E* I*T*) € Qr : - = 0} is

the singleton &7, where &£ is endemic equilibrium of the system (4.5.2)). By LaSalle’s
invariant principle [25], it then implies that &£ is globally asymptotically stable in Q7 if
X<Y. O

4.5.2 HIV-only model

The HIV-only model is obtained by setting £ =1 =T = C = 0 in (4.5.1) and is given
by:

(S(t) =A— (Nﬁé)H(t) + u) S(t),
4 H(t) =(1—n)0H(t) + %H(t)S(t) FEJ() — (¢ + 0+ p) H(D), (4.5.9)

LJ(0) = wH () = (€ + ) (1),
where now we have N(t) = S(t) + H(t) + J(t).

The region of attraction for this sub-model is given by:

Qp = {(S(t%H(t), J(t) €R% :S(t) > 0,H(t) >0,J(t) > 0,N(t) < A+ (1 —n)oM, } _

1

4.5.2.1 Equilibrium points

The equilibrium point of the system are the solution of the system of equations

(A — ( A’%t)H(t) + u) S(t) =0,
B

N(t)
(WH(t) = (§+p) J(t) = 0.

(1—n)dH(t) + H()S(t) + EJ(t) — (¢ + 0+ p) H(t) =0, (4.5.10)

Disease-free equilibrium

The disease-free equilibrium point £y is obtained by setting H = 0,J = 0 in the sys-
tem of equation (4.5.10). Therefore the disease-free equilibrium of HIV-only model is

A
eu=(2.00).
1
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The basic reproduction number Ry

We discuss the basic reproduction number of the system (4.5.9) by using the next gener-
ation matrix approach. From the equations (4.5.9)), we have the following:

5o
F_ | OO (45.11)

0

V=Y -V = (4.5.12)

<<¢ ) H(t) — (1 —n)H(t) — wu))
(€ + p)J(t) — pH(t) ’

A

The Jacobian matrix of F evaluated at the disease free equilibrium point, £ = <—, 0, O)
1

is given by

_O0F(€u) (B2 O e .
F= oz, =10 o ,where x; = H; J for j=1,2.

A
The Jacobian matrix of V' evaluated at the disease free equilibrium point, £ = (—, 0, O)
1

18

]

The next generation matrix F'V ! is given by

Baks B2€
ka(ky — (1 —=n)0) =& ka(ky — (1 —n)6) — ¢
0 0

The dominant eigenvalues of the matrix FV ! is

Baka
ka(k1 — (1 —n)d) — €

where k1 = (¢ + 1 + ), ka = (§ + p).

Ry =

, for ky(ky — (1 —n)d) > 9,

Endemic equilibrium

The endemic equilibrium point of the system is the solution of the system of equation
(4.5.10). We denote the endemic equilibrium point by £, = (S*, H*, J*). The equilibrium
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state of the model is;

_ ARpg (k2 + )

 Poka (Ry — 1) + pRy (b + 1)
- Aks (Ri — 1) Ry

 Boka (Ry — 1) + pRy (ky + 1)
B A (Ry — 1) Ry

~ Boky (Rg — 1) + pRp (ko +¢)

S*

H*

J*

4.5.2.2 Stability analysis

Local stability of disease-free equilibrium

A

Theorem 4.5.5. The HIV-only disease-free equilibrium Eg = (—,0,0) of the system
i

(4.5.9) is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix of the system of equations (4.5.9)) evaluated at the disease
free equilibrium £y point is given as

—H — B2 0
J(En) = 0 Bo+(1—n)0—k ¢
0 WY —Fks

To determine the stability of disease-free equilibrium point, we use the characteristics
equation of the Jacobin matrix J(€y). The characteristics equation is given by

A+ ) (N +aA +ag) =0 (4.5.13)
where
1
ay = ky + k1 — (B2 + (1 =)o) = ﬂ((kg + V&) Ry + Paka(1 — Ry)),
2
ko(1 — R
= ol — (1= )3) — € — ko = 220 T0),
H
From (4.5.13) it is clear that;
At =—p
or
M4 aA+a;=0 (4.5.14)

—ap a% — 4aq
2

The roots of quadratic equation (4.5.14) are Ay 3 =
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—ay + /a2 — 4day and \; = —a; — /a2 — 4ay
5 .

:>)\2: 9

Here A3 has negative real part. So we only need to see the condition for Ay from

N, o Tt Va? — day
2 pu—
2

and will be negative if and only if

k(1 — R
—a; +4/a? —4ay <0 = a] —4day < a3 :>—4(w><0 = Ry < 1.
H

Therefore, all the roots have negative real part and the disease-free equilibrium state Eg
is locally asymptotically stable if Ry < 1. ]

Global stability of disease-free equilibrium

A
Theorem 4.5.6. The HIV-only disease-free equilibrium Eg = (—,0,0) of the system
L

(4.5.9) is globally asymptotically stable if Ry < 1.
Proof. Define the Lyapunov function L : {(S, H,J) € Qy : S > 0} — R by:

L(S, H,J) = ko H + £J.

The time derivative of L computed along solutions of is:

dL
—ko H J
o e +&

B B2 H(t)S(t)
=ky ((1 —n)0H(t) + Tt)
<ks (L =n)0H(t) + B2 (1) + £J () — ki H(t)) + & (VH(E) — k2 J (1))

) +
= [Baky — (k2((1 = )6 — k1) — &) H

+£ﬂﬂ—kdﬂﬂ)+€wﬂﬁ%—bﬂﬂ)

¢
- Bk B kxa—nw—kn—¢ﬂ
'_hﬂ(—nﬁ—kﬁ—¢§ @[ Boks bukn
ﬁzk’z

T (R =1 H

Since all the model parameters are positive and variables are non-negative, it follows that

dL
— < 0 for Ry < 1. Hence the largest invariant set contained in €2y is the singleton £y.

Thus the global asymptotic stability of £y for Ry < 1 follows from LaSalle’s invariance
Principle [25].
O

30



4.5. MODEL ANALYSIS @

Local stability of endemic equilibrium

Theorem 4.5.7. The HIV-only endemic equilibrium Ef; = (S*,H*,J*) of the system
(4.5.9) is locally asymptotically stable if Ry > 1.

Proof. The Jacobian matrix of the system of equations (4.5.9) evaluated at the HIV-only
endemic equilibrium &j; point is given as

_BHT _ BS” 0
J(Ef) = PoH* B BaiS™
N* (1—=n)0+ N ko &
0 P —ko
The characteristic equation associated to J(&};) is
N+ ai A+ ag\ +az =0 (4.5.15)
where the coefficients are
_ PaS™ _
aq —m+u+k1+k2—(1—n)5— N —kg(m+ﬂ+k2)+§¢ >O,
S*
a2 =(m ) (ks + by — (1= )3) + kahs — (1= 0)8) — €0 — 22k, 4 o)
—(m+ 1) (8 + €0) + mby e >0,
Ry
S*
as :(m -+ M)(kg(kl — (1 — 7])(5) — fi/)) — 62 " ,U]i]g = mkgﬁ > 0.
N Ry
(Ry —1)
h = Bokg———F—.
where m = QRH(¢+I€2)

Then the eigenvalues of the characteristic polynomial (4.5.15)) will be negative if it fulfill
the Routh-Hurwitz conditions that are a; > 0 for i = 1,2,3 and ajas > a3. Hence the
endemic equilibrium of the HIV-only model (4.5.9) will be locally asymptotically stable
if Ry > 1. [

Global stability of endemic equilibrium

Theorem 4.5.8. The HIV-only endemic equilibrium EF; = (S*, H*, J*) of the system
(4.5.9) is globally asymptotically stable if Ry > 1.

Proof. To establish the global stability of the TB-only endemic equilibrium &};, we con-
struct the following Lyapunov function:

b2,
L(S,E,I,T) = S—S*—S*ln%} + [H—H*—H*lnﬁ} + {J—J*—J*ln% .
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The time derivative of L computed along solutions of (4.5.9) is:

%:(1_%>S+<1—€)H+(1—§)J
(- 5)(- ()0
(

+ (1 - Z) <(1 —n)cSH(t)jLBz}fV;()g(ﬂJr&J(t) — (¢ +1v+p) H(t))

N (1 - 5) (WH(t) — (€ + 1) J (1)

J
— [A+(1n)5H+ (Bjﬁs)w +u) S*+(¢+w+u)H*+(€+u)J*]
k1 ko

S* BSWH)N .. H* J*

|

— [A+ (1 —n)oM; + (&Ni(t()t) +u) S*+ ki H* + kQJ*}
— {A+(1—n)5M1+A%+ ((1—n)5+ﬂjﬁg>) H*+€J€ +wH§} ;
since N < 2F (1;7’)‘5% and H < M,
= Kﬁj\fgg) +u) S* + kH” +k2J*] - {A% + ((1 — )8 + 5]2\;55;)) H* +§J}§ +wH§
%:X—Y,

where X = [(%VIZ(;) + u) S*+ ki H* + /{:QJ*] and

s B2S(t)N . H* J*
Y = {A§+ ((1—n)5+ N )H +§JH +¢H7]

dL
Thus if X < Y then, Cfl—f < 0. Also i 0, if and only if S = S*. H = H*, and J =

dL
J*. Therefore, the largest compact invariant set in < (S*, H*, J*) € Qg : s 0} is the
singleton &};, where £}, is endemic equilibrium of the system (4.5.9)). By LaSalle’s invariant

principle [25], it then implies that £}; is globally asymptotically stable in Qg if X <Y. O
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4.5.3 HIV-TB co-infection model
4.5.3.1 Equilibrium points
The equilibrium point of the system are the solution of the system of equations
(A +pT(t) — (A + g + ) S(t) =0,
ArS(t) + (1 — )0T(t) — (v + p) E(t) = 0,
YE@)+e0T(t) —(Ag+o+p+oq)I(t) =0,
al(t) —(Ag+p+0+p)T(t) =0,
(1= m)3(H (1) + C(1)) + Au(S(t) + T()) + EJ(t) = (\r + 6+ & + ) H(t) = 0,

ArH(t) + Apl(t) — (w+ T4+ p+a2) C(t) =0,

(VH (1) +wC(t) — (§+ p) J(t) = 0.
(4.5.16)

Disease-free equilibrium

The disease-free equilibrium point &, is obtained by setting £ = 0,1 = 0,7 = 0,H =
0,C' =0, J = 0 in the system of equation (4.5.16[). Therefore the disease-free equilibrium

A
of the model is & = <—, 0,0,0,0,0, O>.
1

The basic reproduction number (R))

We discuss the basic reproduction number of the system (4.5.1)) by using the next gener-
ation matrix approach. From the equations (4.5.1]), we have the following:

ArS(t)
0
0
F= , (4.5.17)
A (S(t) +T(t))
ArH(t) + A I(t)

0
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(v +p) E(t) — (1 —)0T (1)
Ag+o+p+ay)l(t)—vE(t) —e0T(t)
o Az +p+0+p)T(t) —ol(t)
V=V -V = . (4.5.18)
Ar+ ¢+ +p) H(t) — (1 —n)d(H(t) + C(t) — £J(t)

(WH7T+p+a)C(t)

(€ + ) J(t) = Y H(t) — wC(1)

A
The Jacobian matrix of F evaluated at the disease free equilibrium point, & = (—, 0,0,0,0,0, O)
1

is given by
0 61 O 0 51 0
0000 00
OF(&) 0o 0 0 0 0 0 -
= dr; |0 0 0 B B O ,where z; = E; I T; H; C; J for j=1,2,3,....6.
0000 00
0000 00

A
The Jacobian matrix of V evaluated at the disease free equilibrium point, & = <—, 0,0,0,0,0, 0)
i

1S

ki 0 —(1—¢)f 0 0 0
—v ko —ef 0 0 0
v V&) | 0 —o k3 0 0 0
oz, 0 0 0 ki—(1=n)d —(1-n)d —¢§
0 0 0 0 ks 0
0 0 0 ) —w ke
The next generation matrix F'V =1 is given by
Bivks  Bikiks  Bi((1 — )0y + cOky) B
0 — 0
ll l1 l1 k5
0 0 0 0 0 0
0 0 0 0 0 0
Baks B2 Balko(1—m)d +wE) B |
0 0 0 — — —
lo ks Iy lo
0 0 0 0 0 0
0 0 0 0 0 0

34



4.5. MODEL ANALYSIS @

where

Iy = kikoks — kiely — (1 —e)0yo , ly = ke(ks — (1 = n)d) — €.

The eigenvalues of the matrix FV ™! are

— Pivks
B = o o (e + (1= a)y) % Faheks > fo (ke 4 (1 = €)y) and
k
Ry = Baks for ke(ky — (1 —1)d) > ¢

ko(ka — (1 —n)d) — ¢’
The reproduction number of the system (4.5.1)) denoted by Ry is

Ro = Imax {RT, RH}

where
k= +p)ke=(0+ptan) ks =(p+0+pu) k= (0+¢+p) ks = (W+T+p+a)
and ks = (£ + p).

Endemic equilibrium

The endemic equilibrium point of the system is the solution of the system of equation
(4.5.16). We denote the endemic equilibrium point by & = (S*, E*, I*,T*, H*,C*, J*).

The equilibrium state of the model is;

. AB1vks(Rr N ky (N + ko + ks) + 1)

(b + A7+ Af) (R Ay k(N + ke + K3) + Biyks)
 RpAN (N (N + ko +k3) +o(p+p) + ks(p+ 1) + (1 —e)fo)
= P Y

o
Iz ;

_RTA"YU)\}
==,
AN (R Ny (N + k) (§w + (1 —n)0ke) + kske(Rr(Nipky (N + ko + k3) + o \}) + Bivks))

PQ ’
_ AN ALk (R Ry (Afpki (N + k2 + k3) + Yy AL (N + 0 + ks)) + BivksRu + BoyRe (N + k3))
B Ry PQ ’

ANy (R (NVpw + ¥ks) Ak (Vg + ko + k3) + 70 M%) + (N + ka)y AL (v (1 —1)d + wZ))
+ Bivks(\rw + ¥ks))

J' = PO .

]*

T*

H*

C*
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where
B+
T N * )
- B+ )
T N* ’

P = Re((pn+ A + ) Auks Ny + k2 + k) — yopAz) + Pivks(p+ A + Ay)
P> 0if (u+ Np+ X)) Nkt Njy + ko + k3) > yopAy,

Q = ks(&(¢ + 1) + pka) + Ap(E(T + 1+ an) + pka) — (1 — 1)0ke(Ap + ks)

Q > 0if k5(&(Q + 1) + pka) + Ap(E(T + p + cn) + pka) > (1 = 0)0ke(AT + ks),
Z=ky+ XN —(1—mn)o

Z > 0if ky + N > (1— )6,

Using the expressions for A} and Aj;, the following two equations give the system of two

non-linear equations in A} and Aj;, which can be solved for A} and Aj;:
Br(I* + C*) =M(S*+E*+[*+T"+H" +C*+ J"),
Bidu(I* + C*) = ApBo(H* + C¥).
Once we know Ay and Aj;, our co-existence equilibrium &* = (S*, E*, I*, T*, H*, C*, J*)
is completely known.
4.5.3.2 Stability analysis
Local stability of disease-free equilibrium
A
Theorem 4.5.9. The disease-free equilibrium & = (—,0,0,0,0,0,0) of the system (4.5.1))
1
is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix of the system of equations (4.5.1)) evaluated at the disease
free equilibrium &, point is given as

- 0 =5 p — 2 —B1 — B 0
0 —kl 51 (1 - 8)6 0 61 0
0 v —ky cb 0 0 0
JE) =10 0o o —k 0 0 0
0O 0 0 0 Bot(1—=n)d—ks Bot(L—m)d ¢
0 0 0 0 0 —ks 0
0 0 0 0 » w kg

To determine the stability of disease-free equilibrium point, we use the characteristics
equation of the Jacobin matrix J(&y). The characteristics equation is given by
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A+ )N+ k)N 4+ N + aph + az) (A + 1A +12) =0 (4.5.19)

where

ay =k1 + ko + ks,
as =k1ky + k1ks + koks — efo — v,
=kikoks(1 — Ry) + (kiebo + (1 — €)0ovy) Ry
+ k3(kiks + (1 —€)fo +o(p + p) + (1 + on)ks),
a3 =kikoks — k1e0o — P1yks — (1 — e)0yo
=(1 = Rr)(k1(o(p + pks(p+ on)) + (1 — e)ubo),

r1 =kg 4+ ka — (8o + (1 —)5) = ﬁ((%xé ) Rur + fako(1 — Rur)),
1o =kl = (1= 1)) = — oty = R0 T

From (4.5.19) it is clear that;

AL = —f, Ag = —ks

or

N a A2+ agh a3 =0 (4.5.20)

or

N 4rd+ry=0 (4.5.21)

By Routh-Hurtwiz criteria, all the roots of equation (4.5.20) have negative real part if
a; >0 fori=1,2,3 and a;as — a3z > 0.

Thus ay, as, a3 > 0 and also

aray — az =(1 — e)y00 + kok? 4 ksk? + kiky + k3ky + 2koksky + kok3 + kiks
—ebo (kg + k3) — B1y (k1 + ko)
=(k1 + ko + k3)v00 + (ky + k3)kiks + 2k kok3 + (kiko + k7 )efo
+ (koks + k3) (1 — &)0o +o(p+ 1) + (1 + ar)ks) > 0

—ry £ /17— 4ry
2

Again the roots of quadratic equation (4.5.21)) are A4 =

_T1+\/T%—4T2 and )\4: —7"1—\/’/‘%—47"2
2 .

2

= A3 =
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Here )4 has negative real part. So we only need to see the condition for A3 from

) —r1 + /1 — 4ry
3:
2

and will be negative if and only if
ke(1 — R
—ry )T —Ary <0 =T —dry <1} :>—4(w> <0 =Ry<L
H
Therefore, all the roots have negative real parts and the disease-free equilibrium state &

is locally asymptotically stable if Ry < 1 and Ry < 1 which means that Ry < 1. ]

Global stability of disease-free equilibrium

To investigate the global stability of disease-free equilibrium, we use the method used by
[24], and we rewrite model system (4.5.1]) as follows:

X(t) = F(X,Y),
Y(t) = G(X,Y),G(X,0) =0 (4.5.22)

where X (t) = S(t) and Y (t) = (E(t),I(t),T(t), H(t),C(t), J(t)) with X € IR, denoting
the number of uninfected individuals and Y € ]Ri denoting the number of infected and

co-infected individuals. The disease-free equilibrium is denoted here by & = (X,0) =
A

(—,0,0,0,0,0,0). The conditions (H;) and (Hs) below must be met to guarantee global
1

asymptotic stability.

H, :For X(t) = F(Xy,0), Xy is globally asymptotically stable (g.a.s),
Hy:G(X,Y) =AY — G(X,Y),G(X,Y) >0 for (X,Y) € RS
where A = DyG(Xy,0) is a Metzler matrix (the off diagonal elements of A are non-

negative) and IRi is the region where the model makes biological sense.

Theorem 4.5.10. The disease free equilibrium point & = (Xo,0) of the system (4.5.1))
is globally asymptotically stable if Ry < 1 and the conditions (Hy) and (Hz) holds.

Proof. We have proved that for (Ry < 1), & is locally asymptotically stable. Consider

F(X,0)=A—puS(t), G(X,Y)=AY —G(X,Y),

where
—k B (1—¢)f 0 Io 0
v —ks et 0 0 0
A 0 o —k3 0 0 0
1 0 0 0 Bo+ (=m0 —ks Po+(1—n) &
0 0 0 0 —ks 0
0 0 0 P w —ke
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Then
Gy (1= 3 o+ cto)
Go(X,Y) Arl(t)
C:?4(X7 Y) (1 _ %) Bo(H () + C (1)) + MrH(?)
?5()(’ ") “ApH(t) = Al (t)
Go(X,Y)

0

Notice that the matrix A is an M-Matrix since all its of-diagonal elements are non-negative,
where as to establish the result of global stability of &, we need to prove G’(X YY) >0
but here CA¥5(X ,Y) < 0. And therefore we can conclude that & may not be globally
asymptotically stable for Ry < 1. This complete the proof. O]

4.6 Sensitivity analysis of model parameters

We carry out sensitivity analysis to investigate the model robustness to parameter values.
This will help us to know the parameters that have high impact on the disease’s trans-
mission, that is, on the reproductive number Ry. To carry out this analysis, we use the
normalized forward sensitivity index of a variable to a parameter approach, described in
[38]. This is known as the ratio of the relative change in the variable to the relative change
in the parameter. Another way to derive sensitivity index is by using partial derivatives
when the variable is a differentiable function of the parameter.

Definition 4.6.1. The normalized forward sensitivity index of the basic reproduction
number Ry on the parameters ¢ is defined as:

¢ _ ORg
S — = — 2
© TRy " 99
Since Ry = maz{Rr, Ry}, we obtain the sensitivity analysis of Ry and Ry separately in

the following way:

51 aRT
Shr — =1
! (951 ’

v OB _ plar(f+p+p) +0(—eo+p+o)+ (p+p)(p+o))
T Re Oy a(y+ )@+ ptp) +0u+ (v +p) (et p)(p+ o) +0u((1—e)o + )
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ORy —0po (v + ep)

RTzix —
S TR oy T @At (R (@ ) + (at )t )+ 10r T Oa((L =)o + 1)

grr — 0 O _ Oo(p+p)(v +ep)

Rr 90 (0+p+p)((v+mp) (ar(0+p+p)+ (u+p)(p+0) +v0u+0pu((1 —e)o + p))’

plar(0+p+p)*+v(0*+02u+2p+0)+ (u+ p)?) — 6?0 — bpo
+20% 1 + 0?0 + 40p% + 40pp + 200 + 20p0 + 243 + 4pPp + pPo

grr _ M ORr + 2up% + 2upo + p*o)

" Ry Ou (04 1+ p)(ar(y + )0+ p+p) +v0u + (e + p)(p + o) ’
+0u(—eo+p+o)+plp+p)(p+o))

Grr _ O ORT _ o(y(u+p) +p(—eb+0+p+p)

° Ry 0o (v + p) (v (e =+ p)(p + ) (0 + p+ p) + 0uly + (1 — e)o + p))’

grr _ Q1 ORr ar(y +p) 0+ p+p)

U Ry Oy (Y+p)(ar+p+0)(0+p+p) —ebo(y+p) +v(—1)00’

SRT_ixaRT_ ebuo
S Rr 0e (vtp(atpto)(@+pt+p) —ebo(y+p)+y(e—1)00’

R Ba  ORpy
H — = =1
553 Ry 8 002 ’
SRH _ i > 8Fil‘[ _ ,ufw

¢ Ry 0 (pF (=01 —n)(p++p+ul+v+o)+£Eo)

gy _ P ORu (12 4208 + E(§ +1))

“ Ry Ou (+ &) (=01 =) (u+&) +p? + ul+v+¢) +£p)
SRH:ixaRH:— P(p+€)

® Ry = 0¢ =01 =n)(p+&) + p?>+ E+ 9+ o) +&¢
SRH:iXaRH:— p

Y Ry O =01 =n)(p+ &) + p?> + €+ +¢) +&¢

ory _ N OBu _ on(p +¢)

Ry~ On (n+ (=61 =n) +p+¢+¢) =&’
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6 ORy _ 6(1—n)(pu+¢)
Ry 96  o(n—1)(p+& +p2+ul+v+o)+Ep

Using the parameter values in Table[6.1] the sensitivity indexes are computed in table

as

Table 4.3: Sensitivity indices of the reproduction number Ry.

Input parameter | Sensitivity value | Input parameter | Sensitivity value
Rr TB-only Ry HIV-only

B 1 B2 1

0 +0.288548 ) +0.77103

¥ +0.0395999 13 +0.3798

€ +0.00326333 n -0.192757

1 -0.117213 Y -0.440086

p -0.281837 L -0.42568

o -0.43278 ) -1.28505

o -0.496318

In Table parameters that have positive sensitivity indices, i, 52,9,0,7v,¢& and e
have great influence in expanding the disease if their values are increased, while the other
parameters are unchanged. Due to the reason that, they increase the average number
of secondary case infection. Examining the sensitivity analysis, it is not biologically
reasonable to suggest that the human mortality rate u, a; and 7 be increased in order to
control the disease. The other possible sensitive parameters (negative sensitivity indices)
that are important for effective control of the disease are ¢, p and o. Therefore, in Chapter

5, we shall incorporate control measures to determine the optimal strategy for controlling
HIV-TB co-infection.
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CHAPTER b

HIV-TB CO-INFECTION MODEL WITH
OPTIMAL CONTROL

In chapter-4 we presented a mathematical model for HIV-TB co-infection transmission
dynamics without optimal control. Detail intervention strategies are done in this chapter
where we introduced a control that minimize transmission dynamics. After we present
the optimal control formulation, we study the transmission dynamics through numerical

simulation the expansion of HIV-TB co-infection in the society.

5.1 Extension of the model into an optimal control

We extend HIV-TB co-infection model (4.5.1)) by incorporating six control interventions.
This helped us to identify the best intervention strategies that helps to eradicate the

disease in the specified time. The control intervention are defined as:

i. The control u; represents prevention effort of TB disease, that protect TB suscep-

tible from contacting the disease.

ii. The control uy represents prevention effort of HIV disease, that protect HIV sus-

ceptible from contacting the disease.

iii. The control uz represents the effort that prevents the failure of treatment, e.g.,
supervising the patients, follow up them to take the TB medications regularly and

to complete the TB treatment.
iv. The control uy represents treatment effort of TB infected individuals.
v. The control us represents prevention effort of vertical transmission of HIV. Vertical

transmission prevention measures include the following:
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— Maternal testing
— Effective control of maternal infection

— Prenatal antiviral therapy and treatment of mother and infant during labor,

delivery, and the neonatal period
— Cesarean delivery

— Avoidance of breastfeeding

vi. The control ug represents treatment effort of HIV infected individuals.

After incorporating, wui,us,us,uy, us and ug in HIV-TB co-infection model (4.5.1]), we

obtain the following optimal control model:

S(t) = A+ (p+us())T(E) = (1= wr())Ar + (1= ua(t)) Ay + ) S(1),
E(t) =1 —w()MSE)+ (1 —e) (1 —ug(t)0T(t) — (v + p) E(2),
It)  =~BE(t)+e(l —us()0T(t) — (1 — ua(t)) Ay + 0 + ug(t) + 4 ay) I(t),
= (0 +ua(®))I(t) = (1 = ua(t))Ar + p+ us(t) + (1 —us(£))0 + ) T'(2),
H(t) = (1=n)(1—us(t)I(H() + C(1) + (1 = ua(t)Au(S(t) + T(t)) + £ ()
— (L= w(@)Ar + 9 +us(t) + ¢ + ) H(),

= (

L=y ()ArH(E) + (1 = ua(0)Au I (t) = (W + 7+ p + a2) C(1),

J(t) =+ ug()H(t) + wC(t) = (& + p) I (t),
(5.1.1)

with non negative initial conditions (4.2.2)).

The optimal control problem is to minimize the objective functional J considering the
costs of disease prevention, treatment and treatment failure privation. The goal of the
adopted strategy is to reduce the TB-infected (I), HIV-infected (H) and HIV-TB co-
infected (C') individuals with optimal cost. Mathematically, the optimal control problem

consists of minimizing the objective functional

T 1 6
j(ul,u2,u3,u4,u5,u6) = / <A1]+A2H+A30+ 5231'&? dt — min (512)
0 i=1
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subjected to

g(x,u,t) = (5.1.1) with initial condition (4.2.2)),
U = {(uy, ug, ug, ug, us, ug) : 0 < w; < e < 1, €[0,T),i=1,2,...,6}.

The integral portion of the objective functional represents the goal of minimizing total
infected individuals, the amount of treatment used and the effort of treatment failure
prevention over the entire treatment period of time 7. A;, Ay and A3 are the weight con-
stants or balance factors of the TB-infected (1), HIV-infected (H) and HIV-TB co-infected
(C) individuals respectively, whereas By, By, Bs, By, Bs and Bg are constant relative cost
weight parameters for controls u; for ¢ = 1,...,6 which regulate the optimal control. We
further assume that, due to technical reasons, the cost of controls u; for ¢ = 1,...,6 is non
linear and quadratic as seen in the cost function and Byu? for i = 1, ..., 6 represents

the cost of controls u; for i =1, ...,6.

If no control measure is taken and the model equation (5.1.1)) is equivalent to (4.5.1)).
On the other hand, u; = 1 ,i= 1, 2,...,6 implies a 100 % success for any of the inter-
vention type. In reality this case is not possible. Our goal is to find optimal controls

* * * * * *
uy, usy, uy, uy, up and ug such that
* * * * * * :
T (uy, ud, us, wy, us, ug) = min T (u1, ug, us, ug, us, g), (5.1.3)
where

U = {(uy, ug, ug, ug, us, ug)|u; is measureable on [0,77],0 < u; < Upge < 1,7 =1,...,6}.

5.2 Existence and characterization of the optimal so-
lutions

In this subsection, we examine conditions that can assure the existence of a solution to

the optimal control problem ([5.1.1]).

5.2.1 Existence of optimal solution

Theorem 5.2.1. There exists an optimal control u* = (uf, us, ul, u}, ui, ug,) and a corre-
sponding solution (S*, E*, I*,T* H*, C*, J*) to the state initial value problem (5.1.1]) that
minimizes the cost functional J(uy, ug, ug, ug, us, ug) of (5.1.2) over U.

Proof. The non trivial requirement on the set of admissible controls and the set of end
conditions are followed by Fleming and Rishel’s theorem [26].
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i. The set of all solution to system ({5.1.1)) with corresponding control functions in U
is non empty.

ii. The control set is convex and closed.

iii. The right hand side of the state system is bounded by a linearized function in the
state and control variables.

iv. The integrand of the objective functional is convex on U and is bounded below by
n || (wr, ug, ug, ug, us, ug)||” - n2, where ng; > 0V,;, i=1, 2, and r>1.

In order to established condition (i), we refer to Picard-Lindeldf existence theorem [27].
If g(x,u,t) is bounded, continuous, and Lipschitz in the state variables, then there exists
a unique solution corresponding to every admissible control U. Hence, for any u € U and
the state variables, we have

A+ (1—n)oM
v

0< N(t) < (5.2.1)

and non empty by model assumption. Furthermore, with the bounded established ([5.2.1]),
it implies that the state system is continuous and bounded. It is possible to show the
boundedness of the partial derivative w.r.t the state variable,

0
ie. a—g,where vy =8B, 1;T;H;C;J for j =1,2,3,...,7
x

exist and finite, which established the system is Lipschitz w.r.t the state variables [10].
This established the proof of condition (7).

To proof (i), consider
U={ueR®: [ju]| <1}.

Assume that uj,us € U such that ||ui|| < 1 and ||ug|| < 1. Then for any 6 € [0,1],
10ur + (1 = Q)us|| < Ollur]] + (1 — 0)||ug|| < 1. This implies that U is convex and closed
by definition.

The optimal system is bounded which determines the compactness needed for the exis-
tence of optimal control. In order to verify this argument we use the approach adopted
by [28] and [29], whereby system ([5.1.1]) is put in the following form:

X' = BX + F(X) (5.2.2)

where X = [S(t), E(t), 1(t), T(t), H(¢t), C(t), J ()],
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00 p+ us 0 0 0

0 —bh 0 (I —e)(1 —u3)d 0 0 0

0 v —by e(1 — u3)f 0 0 0

B=|0 0 o+tw by 0 0 0 |,

0 0 0 0 (1=n)1—us)d —by (1—n)(1—wus)d &

0 0 0 0 0 —bs 0

0 0 0 0 b+ ug w b
where

=7+M%

o4 us+p+ o),
p+us+ (1 —uz)f + p),

U +us + (1 —us)o + p),
w+ug + (1 —ug)T + p + ),
—5+M-

A= (1 = w()Ar + (1 —uz(t)) Am) S(2)
(1 = wa (D) ArS(t)
—(1 —ua(8)Am 1 (1)
F(X) = —(1 = ua(t) A T()
(1 = ua(0)Au(S(t) +T(t) = (1 = wi(t)ArH(t)
(1 —wy(8)ArH(t) + (1 — uo(t)AuI()
0

(
(
(
(
(
(

and X’ denotes the derivative of X with respect to time t. The system (5.2.2) is a
non-linear system with a bounded coefficient. We set,

D(X) = X' = BX + F(X). (5.2.3)
The second term on the right hand side of ([5.2.3)) satisfies

[F(X1) — F(X2)| SMi[Sa(t) — Si(t)| + Ma|Ea(t) — Ex(t)] + Ms|12(t) — Li(2)[+
My|Ty(t) — Ti(t)| + Ms|Ha(t) — Hi(t)| + Mg|Co(t) — C1(t)|+
Mz|Ja(t) — Ji(2)],
<M (|Sa(t) — S1(t)| + |Ea(t) — Eq(t)| + |12(t) — L ()| + |T2(t) — Ty (t) |+
|Ha(t) — Hi(2)| +[Ca(t) — CL(D)] + | J2(2) — S (B)]),

where, the positive constant M = max{ My, My, M3, My, M5, Mg, M7} is independent of
the state variables. Also we have

|D(X1) — D(Xy)| < LIX; — Xof,
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where L = max{M, ||B||}<occ. So, it follows that the function D is uniformly Lipchitz
continuous. From the definition of control variables and non-negative initial conditions

we can see that a solution of the system ([5.2.3)) exists.

To establish condition (iv), we observe that the integrand f(z,w,t) in our objective func-
tional is convex since it is quadratic in the controls [30]. Then, we only need to prove the
bound on f(x,u,t). This is shown as follows:

1S

fla,ut) = AT+ AH + AsC + o ; B2,

> %(Blu% + Bou3 + Bsu2 + Byuj + Bsu? + Bgul),

> %( U3 + Bouj + Bsuj + Byuj + Bsui + Bgug) — %ul,
> min(%Bl, 132, 133, 134, 135, 1BG)(U% U g+ ud U+ ug) — 1“1,

2 2 2 2 2 2

1 1 1 1 1 1 1
> BH(ulquv U3, Ug, Us, UG)HQ - Eula where B = min(EBl’ §B2’ §B3’ §B4’ §B5’ §B6)

The above then establishes a bound on f(x,u,t). ]

5.2.2 Characterization of the optimal solutions

According to the Pontrygin’s minimum principle, if v*(-) € U is optimal for problem
(5.1.3)) with fixed final time T, then there exists a non-trivial absolutely continuous map-
pll’lg A [O, T] — R7, A= (/\1 (t), )\2(75)7 /\3(t>, )\4(75), A5<t>, )\G(t), )\7(t>> called the adjoint

vector, such that:

1. the Hamiltonian function is defined as
1S 7
_ 2
H = A+ Al + AsC + 5 Zl Biu? + 21 X ()i ((8), u(t), 1), (5.2.4)

where g; stands for the constraints ((5.1.1)) for i =1,..., 7.

2. the control system

OH o _OM L, _OH, OH L OH ., OH A

g ==t — — T e
oA’ ONg’ ONs’ oM ON5’ O’ oA’

3. the adjoint system

, _OM ., OH ,  OH , oM ., OH , OH
MET9s T Tap NT T MTTar ST Tam T oo
N
YA
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4. and the minimality condition

H(x*(t),u (), \"(t)) = min H(x(t), u(t), A\(t))

uelU

holds for almost all t € [0, T7.

5. Moreover, the transversality condition

also holds true.

Theorem 5.2.2. The optimal control problem with fixed final time T admits a
unique optimal solution z*() = (S*(-), E*(:),I*(-), T*(-), H*(-),C*(:), J*()) associated
with an optimal control u* = (uf,ud, ul, uj, ui,us) for all t € [0,T]. Moreover, there
exist adjoint function Ni(-),i = 1,...,7 such that

(v Bl(#)+C(1))
AL = N (1 —ui(t) (M — A2) +

Ay = Ay — A3) + Aapt,

S(t)
N ()

/\/3 = —A+ 511 —u(t)) gg;
Ba(H(t) + C(1))
N(t)

(M1 — X)) +

(As — Ae)

+ (1 —u2(t)(As = Ag) + (0 + ua(t)) (A3 — Aa) + Az(p + an),

Vo= (o us®)n — Ay + 2H W+ )

(1 —up(8)) (M = As)

N(t)
+(1 = us(1))0 [(As — A2) +e(A2 — A3)] + Aaps,

BiI(t) + C(1))
N (1 — w1 (1) (As — Ae) + (1 +ug(t)) (A5 — A7)

+A5[(¢ + ) — (1 =) (1 — us(t))d],

M= —du Bu(1 = () [ 30020 + 00— 20

+B2(1 — ux(t)) [f[((?) (A= A5) + ]{/'(( )) (A3 — X¢) + N((t) (As — )\5)}

+W(/\6 — )\7) -+ )\6<T -+ 1% + 062) — )\5(1 — 77)(1 — U5(t))5,
Ar = &7 — Xs) + Arpa,

(5.2.5)
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with transiwersality conditions
XN(T)=0, i=1,..,T. (5.2.6)
Moreover, the optimal control u*(t) = (uj(t), us(t), wi(t), ui(t), ui(t), us(t)) is given by
ui(t) = max {0, min (1,®,)}, uj(t) =max{0, min(1,Ps)}, wui(t)=max{0, min(1,P3)},
6

uy(t) = max {0, min (1, ®4)}, wi(t) =max{0,min(1,P5)}, wu;(t)=max{0, min(1,P¢)}.
(5.2.7)

where,

B, _ BT+ O)(S(A2— A1) + H(Xg — X))

N By ’

o, B2 O)Ss = ) + T = ) + T(As — M)

2 — 9

N B,

P _(()\4 — )\1) + 0()\2 — )\4) + 59(>\3 — AQ))T P, — ()\3 — )\4)[

3 — 3 4 — )

B3 B4

o (L=mMIHLON o s MH

5 B5 ’ 6 B6 .

Proof. By using Pontryagin’s maximum principle [31] we obtain the following system of
adjoint variables:

dd_); - _?)_7; 251(1(2(;0(0) (- w®) = A) + BQ(H(]LL\;(; = (1 —ua(t)) (A1 — As) + Aip,
% - _g_g =7(X2 — A3) + Aap,
% - _88_7; =—A1 4+ 61(1 —uy(t)) ]i(é)) (A1 — ) + ig; (A5 — X¢)

Pa(H(t) + C(1))
N (1= u2(t))(As = Ag) + (0 + ua(t))(As = Aa) + As(pe + ),

d\ _ O (o + () (s — )+ Pa(H (L) + C(1))

(1 = ua(t)) (A = As)

dt 9T N(t)
+ (1= us(1)0 [(As — A2) + (X2 = A3)] + Aaps,
dd—)f = —g—g = — Ay + Bo(1 — uso(t)) [;((?) (A1 —As) + j{[((tt)) (A3 — Ag) + %(/\4 - >\5)]
+ SR 0)0 = M) + (0 + w00 = X
+ As[(@+ 1) = (L =) (1 — us(t))d],
O = e =~ Aa-+ Bu(1 = w(t) | {1 O = 2+ 1 (s = )
T Bl — us(t)) [ ff((?) (=) + ]{[((tt)) (s — o) + ]:C((’?) (i — A5)]

+ (JJ()\(; — )\7) + )\6(7' +u+ CYQ) — )\5(1 — 77)(1 — U5(t>)(5,
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dA\7 OH
o E(A7 = As) + Arpe.

Similarly by following the approach of [31], to get the controls, we solved the equation,

=0at u;, fori=1,...,6 and obtained:

aui
o AT+ C) Sz = M) + H(As — X))
1 NBl 9
o :ﬂQ(H + OV S5 — A1) +1( N6 — A3) + T (A5 — \g))
2 NBQ ’
« _(()\4 — )\1) + ‘9()\2 — )\4) + 59(/\3 — /\2))T * ()\3 — >\4)I
Uz = 33 y Uy = Ta
QeI HON Qs
5 B5 ’ 6 Bﬁ .

When we write by using standard control arguments involving the bounds on the controls,
we conclude:

( OH ( oH ( oH

0’18u1>0 0’18uQ>0 0’18u3>0
9] 9)
UT: q)l, lngH:O ,U;Z CDQ, lfaTH:O ,U;Z @3, lfaTHZO ,
1 2 3
.. OH .. OH .. OH
\1’1fa_ul<0 \1’1f8_u2<0 kl’lfa_ug<0
( oH ( OH ( oH
if — 0, if — >0 0, if — >0
0’18u4>0 ’1(9u5> 713U6>
9] 9 %)
UZ: @4, lngH:O ,U;: @5, lfaTH:O ,Ug: q)ﬁ, lfaTH:O
4 5 6
OH OH OH
1, if — 1, if — <0 1, if — <0
\718U4<0 \’18u5< \’18u6<

In compact notation

N B,

Bo(H +C)(S(As — A1) +1(A¢ — A3) + T (A5 — )\4)))}
N B, ’

W () = max {O,min (17 Bi(I+C)(S(Aa— A1)+ H(Xs — A5))> } ’

u3(t) = max {O, min (1,

50



5.2. EXISTENCE AND CHARACTERIZATION OF THE OPTIMAL SOLUTIONS @

uj(t) = max {0, min (1, (o = A0) + 602 _324) B AQDT) } :

wi(t) = max {0, min (1, (A“?’;—A‘*)I) } ,
ui(t) = max {0, min EL (i migj T C)A‘:’) } ,

i (£) = max {0, min (1, %) } |

This complete the proof. [
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CHAPTER 6

NUMERICAL SIMULATION

In this section, we present numerically the behavior of the solutions of the system (4.5.1])
and for different values of parameters given in the model. The assumed total
population and recruitment rate are related by A = uN — (1 — n)dM. We start by
defining the value of each parameters used in the model as depicted in Table

Table 6.1: Parameters value of the model.

Parameter Value References
A 142.8 Assumed
i % Assumed
R 0.6 [20]

5o 0.45 Assumed
5 0.3 [32]

o 0.2 [32]

0% 0.65 Assumed
o 0.2873 Assumed
0 1.5 133]

£ 0.15 [33]

p 0.6 [34]

£ 0.6 Assumed
W 1 [20]

w 0.4 Assumed
) 0.4 Assumed
T 0.2 Assumed
ap,ag, a3 0.1,0.2,0.3 Assumed

It is important to emphasize here that the set of parameter values above yields Ry =
max {2.91368,2.278} = 2.91368 which implies that HIV-TB co-infection is endemic.
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6.1 Numerical method

The numerical solutions are illustrated using MATLAB program. The optimality system,
which consists of the state system and the adjoint system, is solved to obtain the opti-
mal control solution. An iterative scheme, fourth order Runge-Kutta, is used to solve the
optimality system. The adjoint equations are solved by the backward fourth order Runge-
Kutta scheme using the current iterations solutions of the state equations because of the
transversality conditions . Then the controls are updated by using a convex com-
bination of the previous controls and the value from the characterizations . This
process is repeated and the iterations are stopped if the values of the unknowns at the pre-

vious iterations are very close to the ones at the present iteration (for more detail see [35]).

We conducted numerical simulation in order to investigate the effects of the con-
trol strategies on the transmission dynamics of HIV-TB co-infection. We used fixed
final time 7" = 30 years and the initial conditions are estimated as follows. We assume
that more than half of population (55%) belongs to the sub-population of susceptible
(S(0) = 5,500) and that a big percentage (25%) is infected with TB but is in the latent
stage (F/(0) = 2,250). This is justified from the fact that "about a quarter of the world’s
population has latent TB”, as one can find in the World Health Organization (WHO)
report [8]. The value for the fraction of people infected with HIV is assumed to be about
4.17%(H(0) = 417) [36]. We also assumed that among all TB cases 8.6%) where people
living with HIV (C'(0) = 320). Other initial values of the sub-populations are assumed
for numerical purpose to be as below. Sy = 5,500, Ey = 2,500, [y = 625,15 = 300, Hy =
417, Cy = 320, Jy = 225, Ay = 130.

The constants in the cost functional are taken as follows: coefficients for cost of infec-
tion (weight constants) are A; = 1, Ay = 1, A3 = 1, and coefficients for cost of the control
efforts (cost weight) are B; = 100, By = 100, By = 10, By = 20, Bs; = 25, and Bg = 30.
These constants can also serve as values that balance the different measure of quantities
in the sum and may also indicate the level of importance of one of the control type over
the other[36]. For the adjoint system we set terminal conditions \;(7") = 0,7 = 1,...,7 and
we considered the numerical value of the controls u;,7 = 1,2 between zero and one as they
are not 100% effective. We used the parameter values from Table for the numerical

simulation of the co-infection model.
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6.2 Numerical results and discussion

We discuss the numerical results as listed below to show the effect of various optimal
control strategies on the spread of HIV-TB co-infection in a population. We proposed the

following five strategies for numerical simulation of the co-infection model:

e Strategy 1: Using HIV and TB privation controls (u;,us # 0) only while setting

(us = uy = us = ug = 0).

e Strategy 2: Using HIV and TB treatment controls (u4, ug # 0) only while setting
(up = ug = ug = us =0) .

e Strategy 3: Using TB prevention, treatment and treatment failure prevention con-
trols (uy,us,us # 0) only while setting (us = us = ug = 0).

e Strategy 4: Using HIV prevention, treatment and vertical transmission prevention
controls (ug, us, ug # 0) only while setting (u; = uz = uy = 0).

e Strategy 5: Using all the controls (uq, ug, us, w4, us, ug # 0).

Strategy 1

Under strategy 1, the controls (uy, us) are used to optimize the objective functional J (u)
while we set the other controls (us, uy, us, ug) to zero. We observed in Figure (c) that
the numbers of HIV-TB co-infected C decreases in the control case more faster than in the
case without control. Similarly, the result in Figure|6.1|(a) and (b) show that the number
of TB infected I and HIV-infected H a reduction in the number infected compared with
the case without control. Hence, the HIV and TB prevention controls gives a significant
influence in controlling TB infected, HIV infected and HIV-TB co-infected.
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Figure 6.1: Simulations of the HIV-TB co-infection model showing the effect of (uy, us).

Strategy 2

Under strategy 2, the controls (uy,ug) are used to optimize the objective functional
J (u) while we set the other controls (uy,us,us, us) to zero. We observed in Figure
(a) and (c) that the numbers of TB infected I is slightly increase in the control case and
HIV-TB co-infected C slightly decreases at the initial but start slightly increase again at
the end in the control case than in the case without control. The result in Figure (b)
show that the number of HIV infected H is decrease in the number infected compared
with the case without control. Hence, this strategy is not effective to control TB and

HIV-TB co-infected people but it is effective in HIV individuals.
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Figure 6.2: Simulations of the HIV-TB co-infection model showing the effect of (uy, ug).

Strategy 3

Under strategy 3, the controls (u,us,uy) are used to optimize the objective functional
J(u) while we set the other controls (usg,us,ug) to zero. We observed in Figure
(a) and (c) that the numbers of TB infected I and HIV-TB co-infected C' are significantly
decreases in the control case than in the case without control. While Figure (b)
show that the number of HIV infected H is a continuous rise in the number of HIV
infected individuals compared with the case without control. This is may connected to
the absence of interventions against HIV. Therefore, this strategy is not effective to make

HIV individuals under control.
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Figure 6.3: Simulations of the HIV-TB co-infection model showing the effect of (u1, ug, uy).

Strategy 4

Under strategy 4, the controls (usg, us, ug) are used to optimize the objective functional
J (u) while we set the other controls (uq,us, us) to zero. We observed in Figure (a)
that the numbers of TB infected I is increase in the control case when compared to the
case without control. The result in the depicted Figure (b), and (¢) shows that the
control strategies resulted in a decrease in the number of HIV infected (H) and HIV-TB

co-infected compared to the number without control. Hence, this strategy is effective in
the control of HIV infected (H) and HIV-TB co-infected but it is not positive for TB

infected individuals because there was no intervention of TB infected individuals in place.
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Figure 6.4: Simulations of the HIV-TB co-infection model showing the effect of (ua, us, ug).

Strategy 5

Under strategy 5, all the controls (uq, ug, us, ug, us and ug) are used to optimize the ob-
jective functional J(u). We observed in Figure (a) and (c) that the numbers of TB
infected [ and HIV-TB co-infected C' significantly decreases in the control case more
faster than in the case without control. Similarly, the result in Figure (b) show that
the number of HIV-infected H a reduction in the number of infected compared with the

case without control. Notice that the result in this strategy is more effective than other

strategies.
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6.2. NUMERICAL RESULTS AND DISCUSSION
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CHAPTER 7

L CONCLUSION AND RECOMMENDATION

7.1 Conclusion

In this thesis, we studied a deterministic model for the transmission of HIV-TB co-
infection with optimal control that includes vertical transmission of HIV. The repro-
duction numbers corresponding to TB and HIV sub-models and the overall reproduction
number of the system were computed. These reproduction numbers determine the exis-
tence and stability of the equilibria of the model. The existence and stability of various
equilibria were also discussed. As the result we found that the system always tends to
the disease-free equilibrium points if the basic reproduction numbers are less than one.
Likewise the system tends to the endemic equilibrium points if the basic reproduction
numbers are greater than one. The study showed, the local and global stability of the
equilibrium points. In this study sensitivity analysis of the reproductive number has been
carried out. Results from the sensitivity analysis of the reproductive number suggest that
an increase in A1, P, 0, 8, v, £ and € has the greatest influence on increasing the magni-

tude of the associated reproductive numbers which results in the expansion of disease.

In Chapter 3], the model was extended to the optimal control problem so that it capture
the dynamical nature of HIV-TB co-infection transmission. We then proved the existence
of optimal control problem and determined the necessary optimality conditions using
Pontryagin’s maximum principle which converts constrained optimization problem into
unconstrained Hamiltonian function. Then we derived optimality condition and adjoint
equations analytically. Lastly, the numerical simulations were carried out to simulate the

optimality system by considering different strategies as follows:

e By applying HIV and TB privation controls only while setting other controls to

Zero.
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By applying HIV and TB treatment controls only while setting other controls to

Zero.

By applying TB prevention, treatment and treatment failure prevention controls

only while setting other controls to zero.

By applying HIV prevention, treatment and vertical transmission prevention con-

trols only while setting other controls to zero.

By applying all the controls.

Finally, from the numerical results it was concluded that, when all the control in-
terventions are applied simultaneously the gain in reducing the spread of the disease is
significant in both diseases with very less total cost as compared to other strategies. Sec-
ondly, HIV and TB privation controls strategy is more effective as compared to the other

strategies.

7.2 Recommendation

The mathematical models on epidemic diseases are rather simple, but nevertheless they
give insight into some of the consequences of public health policies. Controlling the
spread of an epidemic disease is now a challenging and important issue to study. So,
to predict and identify the cost-effective strategies to control the spread of HIV-TB co-
infection and minimize the cost of the control interventions are the primary goals of health
administrators, policy-makers and researchers. Since eradication of HIV-TB co-infection
is challenge especially in developing countries. Based on the findings of this study, we
recommend to government and concerned stake holders to implement a combination of
all prevention target program’s such as education campaign to increase awareness on how
to protect them selves from getting both HIV and TB disease, providing treatment for
those who are infected and supervising the patients, follow up them to take the treatment
regularly and implement prevention measure of vertical transmission of HIV from mother

to child for HIV infected pregnant women to impact the epidemic of HIV-TB co-infection.
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APPENDIX A

MATLAB CODES

A.1 HIV-TB co-infection model without control

function y = odeRungeKutta_order4_Without_Control

% Parameters of the Runge-Kutta (4th order) method
test = -1; T=30; deltaError = 0.001; M = 1000; t = linspace(0,T,M+1); h = T/M;
h2 = h/2;

% Parameters of the model
N=10000;mu = 1/70; Lambda = 142.8; betal = 0.6;beta2 = 0.45; sigma=0.2873; tau=0.2;
gamma=0.65; epsilon=0.15; psi=1;eta = 0.2; theta= 1.5; phi = 0.4; rho = 0.6; xi=0.6;alphal
= 0.1; alpha2=0.2; alpha3=0.33; omega = 0.4; delta = 0.3;

%Vectors for system restrictions and control
x1=zeros(1,M+1); x2=zeros(1,M+1); x3=zeros(1,M+1); xd=zeros(1,M+1); x5=zeros(1,M+1);
x6=zeros(1,M+1); x7=zeros(1,M+1);

% Initial conditions of the model
x1(1) = 5500; x2(1) = 2500; x3(1) = 625; x4(1) = 300; x5(1) = 417; x6(1) = 320;
x7(1) = 225;

% Tterations of the method
while(test < 0)

oldx1l = x1; oldx2 = x2; oldx3 = x3; oldx4 = x4; oldx5 = x5; oldx6 = x6; oldx7 = xT;
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A.1. HIV-TB CO-INFECTION MODEL WITHOUT CONTROL @

Y%Forward Runge-Kutta iterations
fori =1:M

% Differential equations of the model
% First Runge-Kutta parameter
m1l = Lambda+(rho)*x4(i)-((betal /N)*(x3(i)+x6(i) )+ (beta2/N)*(x5(1)+x6(i) ) +mu)*x1(i);
m12 = (betal /N)*(x3(i)+x6(i))*x1(i)+(1-epsilon)*theta*x4(i)-(gamma+mu)*x2(i);
m13 = gamma*x2(i)+epsilon*theta*x4(i)-((beta2/N)*(x5(i)+x6(i) ) +sigma+mu-+alphal ) *x3(i);
ml4 = sigma*x3(i)-((beta2/N)*(x5(i)+x6(i) ) +rho+thetat+mu)*x4(i);
ml5 = (beta2/N)*(x5(1)+x6(1))*(x1(i)+x4(i))+xi*x7(1)+(1-eta)*delta™(x5(1)+x6(i))...
-((betal /N)*(x3(i)4+x6(i))+phi+psi+mu)*x5(i);
m16 =(betal /N)*(x3(i)+x6(i))*x5(i)+(beta2/N)*(x5(i)+x6(i)) *x3(i)- (omega+tau+...
mu+alpha2)*x6(i);
m17 =(psi)*x5(i)+(omega)*x6(i)-(xi+mu)*x7(i);

% Second Runge-Kutta parameter
m21 = Lambda+(rho)*(x4(i)+h2*m14)-((betal /N)*(x3(i)+h2*m134x6(i)+h2*m16)+(beta2 /N)...
*(x5(1)+h2*m154+x6(i)+h2*m16)+mu)*(x1(i)+h2*m11);
m22 = (betal /N)*(x3(1)+h2*m13+x6(i)+h2*m16)*(x1(i)+h2*m11)+(1-epsilon)*theta™(x4(i)...
+h2*m14)-(gamma+mu)*(x2(i)+h2*m12);
m23 = gamma*(x2(i)+h2*m12)+-epsilon*theta®(x4(i)+h2*m14)-((beta2 /N)*(x5(i)+h2*m15...
+x6(1)+h2*m16)+sigma++mu-+alphal)*(x3(i)+h2*m13);
m24 = (sigma)*(x3(i)+h2*m13)-((beta2/N)*(x5(i)+h2*m154+x6(i)+h2*m16)+rho+theta...
+mu)*(x4(1)+h2*m14);
m25 = (beta2/N)*(x5(i)+h2*m154+x6(i)+h2*m16)*(x1(i)+h2*m11+x4(i)+h2*m14)...
+xi*(x7(1)+h2*m17)+(1-eta) *delta™(x5(i)+h2*m154+x6(i)+h2*m16)-((betal /N)*(x3(i)...
+h2*m134x6(i) +h2*m16)+phitpsi +mu)*(x5(1)+h2*m15);
m26 = (betal /N)*(x3(i)+h2*m13+x6(1)+h2*m16)* (x5(i)+h2*m15)+(beta2/N)*(x5(i)...
+h2*m15 4+x6(1)+h2*m16)*(x3(i)+h2*m13)-(omega+tau+mu+alpha2)*(x6(i)+h2*m16);
m27 =(psi)*(x5(1)+h2*m15)+(omega)*(x6(i)+h2*m16)- (xi+mu)*(x7(1)+h2*m17);

% Third Runge-Kutta parameter

m31 = Lambda+(rho)*(x4(i)+h2*m24)-((betal /N)*(x3(i)+h2*m23+x6(i)+h2*m26 )+ (beta2 /N)*...

(x5(1)+h2*m25+x6(i)+h2*m26 ) +mu)*(x1(i)+h2*m21);
m32 = (betal /N)*(x3(i)+h2*m23+x6(i)+h2*m26)*(x1(i)+h2*m21)+(1-epsilon) *theta™(x4(i)...
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+h2*m24)-(gamma+mu)*(x2(i)+h2*m22);

m33 = gamma™(x2(i)+h2*m22)+-epsilon*theta™(x4(i)+h2*m24)-((beta2 /N)*(x5(i)+h2*m25...
+x6(1)+h2*m26)+sigma++mu-+alphal)*(x3(i)+h2*m23);

m34 = (sigma)*(x3(i)+h2*m23)-((beta2/N)*(x5(1)+h2*m25+x6(i)+h2*m26) +rho+theta...
+mu)*(x4(i)+h2*m24);

m35 = (beta2/N)*(x5(i) +h2*m25+x6(1)+h2*m26)* (x1 (i) +h2*m21+x4(i)+ h2*m24) +xi* (x7(i)...
+h2*m27)+(1-eta)*delta™(x5(i)+h2*m254x6 (1) +h2*m26)-((betal /N)*(x3(i)+h2*m23...
+x6(1)+h2*m26)+phi+psi+ +mu)*(x5(1)+h2*m25);

m36 = (betal /N)*(x3(1)+h2*m23+x6(i)+h2*m26)*(x5(1)+h2*m25)+(beta2 /N)*(x5(i)...
+h2*m25+x6(i)+h2*m26)*(x3(i)+h2*m23)- (omega+tau+mu+alpha2)*(x6(i) +h2*m26);
m37 =(psi)*(x5(1)+h2*m25)+(omega)*(x6 (1) +h2*m26)- (xi+mu)*(x7 (1) +h2*m27);

% Fourth Runge-Kutta parameter
m41 = Lambda+(rho)*(x4(i)+h*m34)-((betal /N)*(x3(i)+h*m33+4x6(i) +h*m36)+(beta2 /N)*...
(x5(1)+h*m35+x6(i)+h*m36 ) +mu)* (x1(i)+h*m31);
m42 = (betal /N)*(x3(i)+h*m33+x6(i)+h*m36)*(x1(i)+h*m31)+(1-epsilon)*theta™(x4(i)...
+h*m34)-(gamma+mu)*(x2(i)+h*m32);
m43 = gamma™(x2(i)+h*m32)+epsilon*theta™(x4(i)+h*m34)-((beta2 /N)*(x5(i) +h*m35+x6(i)...
+h*m36)+sigma++mu+alphal)*(x3(i)+h*m33);
m44 = (sigma)*(x3(i)+h*m33)-((beta2/N)*(x5(1)+h*m35+x6(i)+h*m36)+rho+theta...
+mu)*(x4(i)+h*m34);
m45 = (beta2/N)*(x5(1)+h*m35+x6(i)+h*m36)*(x1(i)+h*m31+x4(i)+h*m34)+xi* (x7(i)...
+h*m37)+(1-eta)*delta®(x5(1) +h*m35+x6(i)+h*m36)-((betal /N)*(x3(i)+h*m33+x6(i)...
+h*m36)+phi+psi+ +mu)*(x5(i)+h*m35);
m46 = (betal /N)*(x3(i)+h*m33+x6(i)+h*m36)*(x5(i)+h*m35)+(beta2 /N)*(x5(i) +h*m35+x6(i)...
+h*m36)*(x3(i)+h*m33)-(omega+tau+mu+alpha2)*(x6(i)+h*m36);
m47 =(psi)*(x5(1)+h*m35)+(omega)*(x6 (1) +h*m36)- (xi+mu)*(x7 (i) +h*m37);

% Runge-Kutta new approximation
x1(i4+1) = x1(i) + (h/6)*(m1l + 2*m21 + 2*m31 + m4l);

( )
x2(41) = x2(1) + (h/6)*(m12 + 2¥m22 + 2¥m32 + m42);
x3(i41) = x3(1) + (1/6)*(m13 + 2¥m23 + 2*m33 + m43);
x4(i+1) = x4(1) + (h/6)*(m14 + 2*m24 + 2*m34 + m44);
x5(i+1) = x5(1) + (h/6)*(m15 + 2*m25 + 2*m35 + m45);
x6(41) = x6(i) + (h/6)*(m16 + 2¥m26 + 2*m36 + m46);

69



A.1. HIV-TB CO-INFECTION MODEL WITHOUT CONTROL @

x7(i+1) = x7(i) + (h/6)*(m17 + 2¥m27 + 2*m37 + mA7);

end
% Absolute error for convergence

temp2 = deltaError*sum(abs(x2)) - sum(abs(oldx2 - x2

w

) - sum

)
temp3 = deltaError*sum(abs(x3)
)) - sum(abs(oldx4 - x4
)
)

i\

tempb = deltaError*sum(abs(x5)) - sum(abs(oldx5 - x5

(abs(

(abs(
temp4 = deltaError*sum(abs(x

(abs(
temp6 = deltaError*sum(abs(x6)) - sum(abs
temp7 = deltaError*sum(abs(x7)) - sum(abs(oldx? x7));

test = min(templ, min(temp2, min(temp3, min(temp4, min(temp5s, min(temp6,temp7))))));

Y(L:) =t Y<2’:> = x1; Y<3’:) = X2; Y<4’:) = x3; Y(5’:> = x4; Y(67:) = X9; Y(77:) = X0;

% Ploting section

figure;
plot(y(1,:),y(4,:),-b’,’LineWidth’,2)
xlabel("Time(in years)’, fontsize’,12)
ylabel("TB-infected’, fontsize’,12)
legend ("TB-infected with out control’)
figure;
plot(y(1,:),y(6,:),-b’,’LineWidth’,2)
xlabel("Time(in years)’, fontsize’,12)
ylabel("HIV-infected’, fontsize’,12)
legend ("HIV-infected with out control’)
figure;
plot(y(1,:),y(7,:),”-b’,’LineWidth’,2)
xlabel("Time(in years)’, fontsize’,12)
ylabel"HIV-TB co-infected’, fontsize’,12)
legend("HIV-TB co-infected with out control’)
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A.2 HIV-TB co-infection model with control

function y = odeRungeKutta_order4_With_Control

% Parameters of the Runge-Kutta (4th order) method
test = -1; T=30; deltaError = 0.001; M = 1000; t = linspace(0,T,M+1); h = T/M;
h2 = h/2;

% Parameters of the model

N=10000;mu = 1/70; Lambda = 142.8; betal = 0.6;beta2 = 0.45; sigma=0.2873;
tau=0.2; gamma=0.65; epsilon=0.15; psi=1;eta = 0.2; theta= 1.5; phi = 0.4; rho = 0.6;
xi=0.6;alphal = 0.1; alpha2=0.2; alpha3=0.33; omega = 0.4; delta = 0.3;

Al=1; A2=1; A3=1; B1=100; B2=100; B3=10; B4=20; B5=25; B6=30;

Y%Vectors for system restrictions and control
x1=zeros(1,M+1); x2=zeros(1,M+1); x3=zeros(1,M+1); xd=zeros(1,M+1); x5=zeros(1,M+1);
x6=zeros(1,M+1); x7=zeros(1,M+1);
ul=zeros(1,M+1); u2=zeros(1,M+1); ud=zeros(1,M+1); ud=zeros(1,M+1); ub=zeros(1,M+1);
ub=zeros(1,M+1);
lam1 = zeros(1,M+1); lam2 = zeros(1,M+1); lam3 = zeros(1,M+1);lam4 = zeros(1,M+1);
lamb = zeros(1,M+1); lam6 = zeros(1,M+1); lam7 = zeros(1,M+1);

% Initial conditions of the model
x1(1) = 5500; x2(1) = 2500; x3(1) = 625; x4(1) = 300; x5(1) = 417; x6(1) = 320;
x7(1) = 225;

% Tterations of the method
while(test < 0)

oldul = ul; oldu2 = u2; oldu3 = u3; oldu4 = u4; oldub = ub; oldu6 = ub;
oldx1l = x1; oldx2 = x2; oldx3 = x3; oldx4 = x4; oldx5 = x5; oldx6 = x6; oldx7 = xT;
oldlam1l = lam1; oldlam2 = lam2; oldlam3 = lam3; oldlam4 = lam4; oldlam5 = lam?;

oldlam6 = lam6; oldlam7 = lam?7;
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Y%Forward Runge-Kutta iterations
fori =1:M

% Differential equations of the model
% First Runge-Kutta parameter

mll = Lambda+(rho+u3(i))*x4(i)-((1-ul(i))*(betal /N)*(x3(i)4+x6(i))+(1-u2(i))*...
(beta2/N)*(x5(i)+x6(i))+mu)*x1(i);

m12 = (I-ul(i))*(betal /N)*(x3(i)+x6(i))*x1(i)+(1-epsilon)*(1-u3(i)) *theta*x4(i)...
-(gamma+mu)*x2(i);

ml3 = gamma*x2(i)+epsilon*(1-u3(i))*theta*x4(i)-((1-u2(i))*(beta2 /N)*(x5(1)+x6(i))...
+sigma-+u4(i)+mu-+alphal)*x3(i);

ml4 = (sigma+u4(i))*x3(i)-((1-u2(i))*(beta2/N)*(x5(i)+x6(i))+rho+u3(i)+(1-ud(i))*...
theta+mu)*x4(i);

m15 = (1-u2(i))*(beta2/N)*(x5(i)+x6(1))* (x1(1)+x4(i))+xi*x7(1)+(1-eta) *delta*...
(1-ub(i))*(x5(1)+x6(i))-((1-ul(i))*(betal /N)*(x3(i)+x6(i))+phi+psi+ub(i)+mu)*x5(i);
m16 =(1-ul(i))*(betal /N)*(x3(i)+x6(i))*x5(i)+(1-u2(i))*(beta2/N)*(x5(i) +x6(i) ) *x3(i)...
-(omega+tau+mu+alpha2)*x6(i);

m17 =(psi+ub(i))*x5(i)+omega*x6(i)-(xi+mu)*x7(i);

% Second Runge-Kutta parameter
m21 = Lambda+(tho+0.5%(u3(1) + u3(i+1)))*(x4(1)-+h2*m14)-((1-0.5* (ul (i) + ul(i-+1)))*...
(betal /N)*(x3(i)+h2*m134x6(i)+h2*m16)+(1-0.5%(u2(i) + u2(i+1)))*(beta2/N)*(x5(i)...
+h2*m15+x6(1)+h2*m16)+mu)*(x1(i)+h2*m11);
m22 = (1-0.5%(ul(i) + ul(i+1)))*(betal /N)*(x3(i)+h2*m13+x6(i)+h2*m16)*(x1(i)+h2*m11)...
+(1-epsilon)*(1-0.5*(u3(i) + ud(i+1)))*theta™(x4(i)+h2*m14)-(gamma+mu)*(x2(i)+h2*m12);
m23 = gamma*(x2(i)+h2*m12)+-epsilon*(1-0.5*(u3(i) + u3d(i+1)))*theta*(x4(i)+h2*m14)...
L((1-0.5%(u2(i) + u2(i+1)))*(beta2/N)*(x5(1) +h2*m15+x6(i)+h2*m16)+sigmat+0.5% ...
(ud(i)+ ud(i+1))+mu+alphal)*(x3(i)+h2*m13);
m24 = (sigma-+0.5% (ud(i) + ud(i+1)))* (x3(i) +h2*m13)-((1-0.5%(u2(i) + u2(i+1)))* (beta2/N)*...
(x5(1)+h2*m15+x6(i)+h2*m16)-+tho+0.5%(u3(i) + ud(i+1))+(1-0.5%(u3(i) + ud(i+1)))*...
theta+mu)*(x4(i)+h2*m14);
m25 = (1-0.5%(u2(i) + u2(i+1)))*(beta2/N)*(x5(1)+h2*m15+x6(1)+h2*m16)*(x1(i)...
+h2*m11+x4(i)+h2*m14)+xi*(x7(i)+h2*m17)+(1-eta)*delta*(1-0.5* (ub(i) + ub(i+1)))*...
(x5(1)-+h2*m15+x6(i) +h2*m16)-((1-0.5%(ul(i) + ul(i+1)))*(betal /N)*(x3(1)+h2*m13...
+x6(1)+h2*m16)+phi+psi+0.5%(u6(i) + ub(i+1))+mu)*(x5(i)+h2*m15);
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m26 =(1-0.5*(ul(i) + ul(i+1)))*(betal /N)*(x3(i)+h2*m13+x6(i)+h2*m16)* (x5(i) +h2*m15)...
+(1-0.5* (u2(i) + u2(i+1)))*(beta2/N)*(x5(i)+h2*m154+x6 (i) +h2*m16)*(x3(i) +h2*m13)...
-(omega+tau+mu +alpha2)*(x6(i)+h2*m16);

m27 =(psi+0.5%(u6(i) + u6(i+1)))*(x5(i)+h2*m15)+omega™(x6(i)+h2*m16)-(xi+mu)*...
(x7(i)+h2*m17);

% Third Runge-Kutta parameter
m31 = Lambda+(rho+0.5*(u3(i) + u3(i+1)))*(x4(i)+h2*m24)-((1-0.5*(ul(i) + ul(i+1)))...
*(betal /N)*(x3(1)+h2*m23+x6(i)+h2*m26) -+ (1-0.5%(u2(i) + u2(i+1)))*(beta2/N)...
(x5 (1)-+h2*m25+x6(1) + h2*m26) -+ mu)*(x1 (1) +h2*m21 );
m32 = (1-0.5*(ul(i) + ul(i+1)))*(betal /N)*(x3(i)+h2*m23+x6(i)+h2*m26 ) *(x1(i)+h2*m21)...
+(1-epsilon)*(1-0.5*(u3(i) + u3(i+1)))*theta™(x4(i)+h2*m24)- (gamma-+mu)*(x2(i)+h2*m22);
m33 = gamma™(x2(i)+h2*m22)+epsilon™(1-0.5%(u3(i) + u3(i+1)))*theta™(x4(i)+h2*m24)...
-((1-0.5%(u2(i) + u2(i+1)))*(beta2/N)*(x5(i)+h2*m25+x6(i)+h2*m26)+sigma...
+0.5%(ud(i) + ud(i+1))+mu+alphal)*(x3(i)+h2*m23);
m34 = (sigma+0.5%(ud(i) + ud(i+1)))*(x3(1)+h2*m23)-((1-0.5*(u2(i) + u2(i+1)))...
*(beta2/N)*(x5 (i) +h2*m254x6(i)+h2*m26)+rho+0.5%(u3(i) + u3(i+1))...
+(1-0.5%(u3(i) + u3d(i+1)))*theta+mu)*(x4(i)+h2*m24);
m35 = (1-0.5%(u2(i) + u2(i+1)))*(beta2/N)*(x5(1) +h2*m25+h2*m26)*(x1 (i) -+h2*m21...
+x4(1)+h2*m24)4+xi* (x7(1)+h2*m27)+(1-eta) *delta* (1-0.5*(u5(i) + ub(i+1)))...
*(x5(1)+h2*m254x6(i)+h2*m26)-((1-0.5*(ul(i) + ul(i+1)))*(betal /N)*(x3(i)...
+h2*m23+x6(i)+h2*m26) +phi+psit+0.5*(u6(i) + u6(it1))+mu)*(x5(i)+h2*m25);
m36 =(1-0.5%(ul(i) + ul(i+1)))*(betal/N)*(x3(i)+h2*m23+x6(i)+h2*m26)* (x5(i)...
Fh2*m25) -+ (1-0.5%(u2(i) + u2(i+1)))*(beta2/N)* (x5(i)+h2*m25-+x6(i) +h2*m26)...
*(x3(i)+h2*m23)-(omega+0.5*(ub(i) + u6(i+1))+(1-0.5*(u6(i) + ub(i+1)))...
*tau+mu-+alpha2)*(x6(i)+h2*m26);
m37 =(psi+0.5%(u6(i) + ub(i+1)))*(x5(i)+h2*m25)+omega™*(x6(i)+h2*m26)-(xi+mu)...
*(x7(1)+h2*m27);

% Fourth Runge-Kutta parameter
m41 = Lambda+(rho+u3(i4+1))*(x4(i)+h*m34)-((1-ul(i+1))*(betal /N)*(x3(i)+h*m33...
+x6(i)+h*m36) 4 (1- u2(i+1))*(beta2/N)*(x5(1) +h*m35+x6(i)+h*m36)+mu)*(x1(i)+h*m31);
m42 = (1-ul(i+1))*(betal /N)*(x3(i)+h*m33+x6(i) +h*m36)*(x1(i)+h*m31)+(1-epsilon)...
*(1- u3(i+1))*theta™(x4(i)+h*m34)-(gamma+mu)*(x2(i)+h*m32);
m43 = gamma™(x2(i)+h*m32)+epsilon™(1- ud(i+1))*theta™(x4(i)+h*m34)-((1- u2(i+1))...
*(beta2/N)*(x5(1)+h*m35+x6(i)+h*m36)+sigma+ud (i+1)+mu+alphal ) *(x3(i) +h*m33);
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md4 = (sigma+ud(i+1))*(x3(1)+h*m33)-((1- u2(i+1))*(beta2 /N)*(x5(1)+h*m35+x6(i)+h*m36)...
+rho+u3(i+1)+(1-u3(i+1))*thetat+mu)*(x4(i)+h*m34);

m45 = (1-u2(i+1))*(beta2/N)*(x5(i) +h*m354x6(i)+h*m36)*(x1(i) +h*m314+x4(i)+h*m34)...
+xi*(x7(1)+h*m37)+(1-eta) *delta™(1-ub(i+1))*(x5(1) +h*m35+x6 (i) +h*m36) -((1-ul(i+1))...
(betal /N)*(x3(i)+h*m33+4x6(i)+h*m36)+phi+psi+ub(i+1)+mu)*(x5(i)+h*m35);

m46 =(1-ul(i+1))*(betal /N)*(x3(i)+h*m33+x6(i)+h*m36 ) * (x5(i)+h*m35)+(1-u2(i+1))...
(beta2/N)*(x5(i)+h*m35+x6(1)+h*m36)*(x3(i) +h*m33)- (omega+tau+mu+alpha2)...
(x6(i)+h*m36);

m47 =(psi+ub(i+1))*(x5(i)+h*m35)+omega™(x6(i)+h*m36)-(xi+mu)*(x7(i)+h*m37);

% Runge-Kutta new approximation

x1(i+1) = x1(1) + (h/6)*(m11 + 2*m21 + 2*m31 + m4l);
x2(i4+1) = x2(i) + (h/6)*(m12 + 2*m22 + 2*m32 + m42);
x3(i4+1) = x3(i) + (1/6)*(m13 + 2*m23 + 2*m33 + m43);
x4(i+1) = x4(1) + (h/6)*(m14 + 2*m24 + 2*m34 + m44);
x5(i+1) = x5(1) + (h/6)*(m15 + 2*m25 + 2*m35 + m45);
x6(i4+1) = x6(i) + (h/6)*(m16 + 2*m26 + 2*m36 + m46);
x7(i41) = x7(i) + (b/6)*(m17 + 2¥m27 + 2*m37 + mA7);
end

%Backward Runge-Kutta iterations

fori=1:M
j=M+2-1i;
% Differential equations of the model
% First Runge-Kutta parameter
nll = (1-ul(j))*(betal /N)*(x3(j)+x6(j))*(lam1(j)-lam2(j))+(1-u2(j))*(beta2 /N)*..
(x5(j)+x6(j))*(lam1(j)-lamb(j))+mu*lam1(j);
n12 = gamma*(lam2(j)-lam3(j))+mu*lam?2(j);
nl3 = -Al+(betal /N)*(1-ul(j))*(x1(j)*(lam1(j)-lam2(j))+x5(j) *(lam5(j)-lam6(j)) )...
+(1-u2(j))*(beta2/N)*(x5(j)+x6(j) ) *(lam3(j)-lam6(j) )+ (sigma+ud(j) ) *(lam3(j)-lam4(j))...
+(mu+alphal)*lam3(j);
nl4 = (rho+u3(j))*(lam4(j)-lam1(j))+(1-u3(j)) *theta™((lam4(j)-lam2(j))+ epsilon*...
(latn2(j)-Lam3 )+ (1-u2 () (beta2/N)* (x5 7)-+x6 (7)) *(lam()-Jams (7)) -+mulamd )
nl5 = -A24+(1-ul(j))*(betal /N)*(x3(j)+x6(j))* (lam5(j)-lam6(j) )+ (beta2/N)*(1-u2(j))...

*(x1(j)*(lam1(j)-lamb(j))+x3(j) *(lam3(j)-lam6(j) ) +x4(j) *(lam4(j)-lamb(j) ) )...
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+(phi++mu)*lam5(j)+(psi+u6(j))*(lam5(j)-lam7(j) )- (1-eta) *delta™(1-ub(j) ) *lamb(j);
nl6 = -A3+(betal /N)*(1-ul(j))*(x1(j)*(lam1(j)-lam2(j))+x5(j) *(lam5(j)-lam6(j)) ) +...
+(beta2/N)*(1-u2(j))*(x1(j)*(lam1(j)-lam5(j))+x3(j) *(lam3(j)-lam6(j) ) +x4(j)...
*(lam4(j)-lam5(j)))++omega™(lam6(j)-lam7(j) )+ (tau+mu+alpha2) *lam6(j)-(1-eta)...
*delta™(1-ub(j))*lamb(j);

n17 = xi*(lam7(j)-lam5(j) ) +mu*lam?7(j);

% Second Runge-Kutta parameter
n21 = (1-(0.5*(ul(j)+ul(j))))*(betal /N)*((0.5*(x3(j)+x3(j-1)))+(0.5%(x6(j)+x6(j-1))))...
*(lam1(j)- h2*n11-lam2(j)- h2*n12)+(1-(0.5*(u2(j)4+u2(j))))*(beta2/N)*((0.5*(x5(j)...
+x5(3-1)))+(0.5%(x6(j)+x6(j-1)))) *(lam1(j)- h2*n11-lam5(j)- h2*n15)+mu*(lam1(j)- h2*nll);
n22 = gamma*(lam2(j)- h2*n12-lam3(j)- h2*n13)4+mu*(lam2(j)- h2*n12);
n23 =-Al+(betal /N)*(1-(0.5*(ul(j)+ul(j))))*((0.5*(x1(j)+x1(j-1)))*(lam1(j)- h2*nll1...
-lam2(j)- h2*n12)+(0.5%(x5(j)+x5(j-1)))*(lam5(j)- h2*n15-lam6(j)- h2*n16))+-...
+(1-(0.5%(u2(j)+u2(j))))*(beta2/N)*((0.5*(x5(j)+x5(j-1) ) )+(0.5%(x6(j)+x6(j-1))))...
*(lam3(j)- h2*n13-lam6(j)- h2*n16)+(sigma+(0.5%(ud(j)+u4(j))))*(lam3(j)- h2*n13...
-lam4(j)- h2*n14)+(mu+alphal)*(lam3(j)- h2*n13);
n24 = (rho+(0.5*(u3(j)+u3(j))))*(lam4(j)- h2*n14-lam1(j)- h2*n11)+(1-(0.5*(u3(j)+u3(j))))...
*theta*((lam4(j)- h2*n14-lam2(j)- h2*n12)+epsilon*(lam2(j)- h2*n12-lam3(j)- h2*n13))...
+(1-(0.5%(u2(j)+u2(j))))*(beta2/N)*((0.5*(x5(j)+x5(j-1)) )+ (0.5%(x6(j)+x6(j-1)) ) ) *...
(lam4(j)- h2*nl4-lam5(j)- h2*n15)4+mu*(lam4(j)- h2*n14);
n25 = -A2+(1-(0.5%(ul(j)+ul(j))))*(betal /N)*((0.5*(x3(j)+x3(j-1)))+(0.5*(x6(j)...
+x6(j-1)))) *(lam5(j)- h2*n15-lam6(j)- h2*n16)+(beta2 /N)*(1-(0.5*(u2(j)+u2(j))))*((0.5*(x1(j)...
+x1(j-1)))*(lam1(j)- h2*n1l-lam5(j)- h2*n15)+(0.5*(x3(j)+x3(j-1)))*(lam3(j)- h2*n13...
-lam6(j)- h2*n16)+(0.5%(x4(j)+x4(j-1))) *(lam4(j)- h2*n14-lam5(j)- h2*n15))+(phi+mu)*...
(lam5(j)- h2*n15)+(psi+(0.5%(u6(j)+u6(j))))*(lam5(j)- h2*n15-lam7(j)- h2*nl7)-(1-eta)*...
delta®(1-(0.5*(ub(j)+ub(j))))*(lamb(j)- h2*n15);
n26 = -A34(betal /N)*(1-(0.5*(ul(j)+ul(j))))*((0.5%(x1(j)+x1(j-1)))*(lam1(j)...
- h2*n11-lam2(j) - h2*n12)+(0.5%(x5(j)+x5(j-1)))*(lam5(j)- h2*n15-lam6(j)- h2*n16))...
+(beta2/N)* (1-(0.5%(u2(j)4+u2(j))))*((0.5%(x1(j)+x1(j-1)))*(lam1(j)- h2*n11-lam5(j)- h2*n15)...
+(0.5*%(x3(j)+x3(j-1)))*(lam3(j)- h2*n13-lam6(j)- h2*n16)+(0.5%(x4(j)+x4(j-1)))*...
(lam4(j)- h2*n14-lam5(j)- h2*n15))+omega*(lam6(j)- h2*n16-lam7(j)- h2*nl7)...
+(tau+mu-+alpha2)*(lam6(j)- h2*n16)-(1-eta)*delta™(1-(0.5*(u5(j)4+ub(j))))*(lamb(j)- h2*n15);
n27 = xi*(lam7(j)- h2*n17-lam5(j)- h2*n15)+mu*(lam7(j)- h2*n17);

% Third Runge-Kutta parameter
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n31 = (1-(0.5%(ul(j)+ul(j))))*(betal /N)*((0.5%(x3(j)+x3(j-1)))+(0.5*(x6(j) +x6(j-1))))...
*(lam1(j)- h2*n21-lam2(j)- h2*n22)+(1-(0.5%(u2(j)4+u2(j))))*(beta2/N)*((0.5*(x5(j)...
+x5(3-1)))+(0.5%(x6(j)+x6(j-1)))) *(lam1(j)- h2*n21-lam5(j)- h2*n25)+mu*(lam1(j)- h2*n21);
n32 = gamma*(lam2(j)- h2*n22-lam3(j)- h2*n23)+mu*(lam2(j)- h2*n22);
n33 =-Al+(betal /N)*(1-(0.5%(ul(j)+ul(j))))*((0.5*(x1(j)+x1(j-1)))*(lam1(j)- h2*n21...
-lam2(j)- h2*n22)+(0.5*(x5(j)+x5(j-1)))*(lam5(j)- h2*n25-lam6(j)- h2*n26))+...
+(1-(0.5%(u2(j)+u2(j))))* (beta2/N)*((0.5* (x5(j) +x5(j-1))) +(0.5% (x6(j) +x6(j-1))) ) *..
(lam3(j)- h2*n23-lam6(j)- h2*n26)+(sigma+(0.5*(ud(j)+ud(j))))*(lam3(j)- h2*n23...
-lam4(j)- h2*n24)+(mu+alphal)*(lam3(j)- h2*n23);
n34 = (rho+(0.5*(u3(j)+u3(j))))*(lam4(j)- h2*n24-lam1(j)- h2*n21)+(1-(0.5*(u3(j)...
+u3(j))))*theta®((lam4(j)- h2*n24-lam2(j)- h2*n22)+epsilon*(lam2(j)- h2*n22...
-lam3(j)- h2*n23))+(1-(0.5%(u2(j)+u2(j))))* (beta2/N)*((0.5*(x5(j)+x5(j-1)))...
+(0.5%(x6(j)+x6(j-1))))*(lam4(j)- h2*n24-lam5(j)- h2*n25)+mu*(lam4(j)- h2*n24);
n35 = -A2+4(1-(0.5%(ul(j)+ul(j))))*(betal /N)*((0.5*(x3(j)+x3(j-1)))+(0.5*(x6(j)...
+x6(j-1))))*(lamb(j)- h2*n25-lam6(j)- h2*n26)+(beta2/N)*(1-(0.5*(u2(j)+u2(j))))*...
((0.5*%(x1(j)+x1(j-1)))*(lam1(j)- h2*n21-lam5(j)- h2*n25)4(0.5%(x3(j)+x3(j-1)))*...
(lam3(j)- h2*n23-lam6(j)- h2*n26)+(0.5*(x4(j)+x4(j-1)))*(lam4(j)- h2*n24-lam5(j)...
- h2*n25) )4 (phi+mu)*(lam5(j)- h2*n25)+(psi+(0.5*(u6(j)+u6(j))))* (lam5(j)- h2*n25...
-lam7(j)- h2*n27)-(1-eta)*delta™(1-(0.5*(ub(j)+ub(j))))*(lam5(j)- h2*n25);
n36 = -A3+(betal /N)*(1-(0.5%(ul(j)+ul(j))))*((0.5*(x1(j)+x1(j-1)))*(lam1(j)- h2*n21...
-lam2(j)- h2*n22)+(0.5%(x5(j)+x5(j-1)))*(lam5(j)- h2*n25-lam6(j)- h2*n26))...
+(beta2/N)*(1-(0.5*(u2(j)+u2(j))))*((0.5*(x1(j)+x1(j-1)))*(lam1(j)- h2*n21...
-lamb(j)- h2*n25)+(0.5%(x3(j)+x3(j-1))) *(lam3(j)- h2*n23-lam6(j)- h2*n26)...
+(0.5%(x4(j)+x4(j-1)))*(lam4(j)- h2*n24-lamb(j)- h2*n25))+omega™(lam6(j)-...
h2*n26-lam7(j)- h2*n27)+(tau+mu+alpha2)*(lam6(j)- h2*n26)-(1-eta)*delta*...
(1-(0.5%(ub(j)+ub(j))))*(lam5(j)- h2*n25);
n37 = xi*(lam7(j)- h2*n27-lam5(j)- h2*n25)+mu*(lam7(j)- h2*n27);

% Fourth Runge-Kutta parameter
n4l = (1-ul(j-1))*(betal /N)*(x3(j-1)+x6(j-1))*(lam1(j)- h*n31-lam2(j)- h*n32) ..
+(1-u2(j-1))*(beta2/N)*(x5(j-1)+x6(j-1))*(lam1(j)- h*n31-lam5(j)- h*n35)+.
mu*(lam1(j)- h*n31);
n42 = gamma*(lam2(j)- h*n32-lam3(j)- h*n33)+mu*(lam2(j)- h*n32);
n43 = -Al+(betal /N)*(1-ul(j-1))*(x1(j-1)*(lam1(j)- h*n31-lam2(j)- h*n32)+x5(j-1)*...
(lam5(j)- h*n35-lam6(j)- h*n36))+(1-u2(j-1))*(beta2/N)*(x5(j-1)+x6(j-1))*...
(lam3(j)- h*n33-lam6(j)- h*n36)+(sigma+ud(j-1))*(lam3(j)- h*n33-lam4(j)...
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- h*n34)+(mu+alphal)*(lam3(j)- h*n33);

n44 = (rho+u3(j-1))*(lam4(j)- h*n34-lam1(j)- h*n31)4(1-u3(j-1))*theta*((lam4(j)...

- h*n34-lam2(j)- h*n32)+epsilon* (lam2(j)- h*n32-lam3(j)- h*n33))+(1-u2(j-1))*...

(beta2/N)*(x5(j-1)4+x6(j-1))*(lam4(j)- h*n34-lam5(j)- h*n35)+mu*(lam4(j)- h*n34);

n45 = -A2+4(1-ul(j-1))*(betal /N)*(x3(j-1)+x6(j-1))*(lam5(j)- h*n35-lam6(j)- h*n36)...
+(beta2/N)*(1-u2(j-1))*(x1(j-1)*(lam1(j)- h*n31-lam5(j)- h*n35)+x3(j-1)*...

(lam3(j)- h*n33-lam6(j)- h*n36)+x4(j-1)*(lam4(j)- h*n34-lam5(j)- h*n35))...

+(phi+mu)*(lam5(j)- h*n35)+(psi+u6(j-1))*(lam5(j)- h*n35-lam7(j)- h*n37)...

-(1-eta)*delta*(1-u5(j-1))*(lamb(j)- h*n35);

n46 = -A34(betal /N)*(1-ul(j-1))*(x1(j-1)*(lam1(j)- h*n31-lam2(j)- h*n32)+x5(j-1)...

*(lam5(j)- h*n35-lam6(j)- h*n36))+(beta2/N)*(1-u2(j-1))*(x1(j-1)*(lam1(j)-...

h*n31-lam5(j)- h*n35)+x3(j-1)*(lam3(j)- h*n33-lam6(j)- h*n36)+x4(j-1)*(lam4(j)...

- h*n34-lam5(j)- h*n35))+omega™(lam6(j)- h*n36-lam7(j)- h*n37)+(tau+mu+alpha2)...

*(lam6(j)- h*n36)-(1-eta)*delta™(1-ub(j-1))*(lam5(j)- h*n35);

n47 = xi*(lam7(j)- h*n37-lam5(j)- h*n35)+mu*(lam7(j)- h*n37);

% Runge-Kutta new approximation

lam1(j-1) = lam1(j) - h/6*(nll + 2*n21 + 2*n31 + n4l);
lam2(j-1) = lam2(j) - h/6*(n12 + 2*n22 + 2*n32 + n42);
lam3(j-1) = lam3(j) - h/6*(n13 4+ 2*n23 + 2*n33 + n43);
lam4(j-1) = lam4(j) - h/6*(nl4 + 2*n24 + 2*n34 + nd4);
lam5(j-1) = lam5(j) - h/6*(nl5 + 2*n25 + 2*n35 + n45);
lam6(j-1) = lam6(j) - h/6*(n16 + 2*n26 + 2*n36 + n46);
lam7(j-1) = lam7(j) - h/6*(nl7 + 2*n27 4+ 2*n37 + n4d7);
end

% New vector control
vl = min(0.9,max(0, betal®(x3+x6).*(x1.*(lam2-lam1)+x5.*(lam6-lam5)) /(N*B1)));
ul = 0.5%(v1l + oldul);
v2 = min(0.9,max(0, beta2*(x5+x6).*(x1.*(lamb5-lam1)+x3.*(lam6-lam3)...
+x4.*(lamb-lam4)) /(N*B2)));
u2 = 0.5*(v2 + oldu2);
v3 = min(0.9,max (0, x4.*(epsilon*theta*(lam3-lam2)+theta*(lam2-lam4)+(lam4-lam1)) /(B3)));
u3 = 0.5%(v3 + oldu3);
v4 = min(0.9,max(0, x3.*(lam3-lam4)/(B4)));
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ud = 0.5%(v4 + oldu4);
vH = min(0.9,max(0, ((1-eta)*delta*lam5.*(x5+x6))./(B5)));
ub = 0.5%(v5 + oldub);

v6 = min(0.9,max(0, (x5.*(lam5-lam7))./(B6)));

u6 = 0.5%(v6 + oldub);

J=sum((A1*x3+A2*x5+A3*x6+B1*ul.” 2+B2*u2."2+B3*u3."2+B4*u4."2 +...
1B u5. 24 B6*u6."2)* (t(i+1)-t(i)));

% Absolute error for convergence

templ = deltaError*sum(abs

( (abs( )
temp2 = deltaError*sum(abs(u2)) - sum(abs(oldu2 - u2));
temp3 = deltaError*sum(abs(u3)) - sum(abs(oldu3 - u3));
temp4 = deltaError*sum(abs(u4)) - sum(abs(oldu4 - ud));
tempb = deltaError*sum(abs(ub)) - sum(abs(oldub - ub));
temp6 = deltaError*sum(abs(u6)) - sum(abs(oldu6 - u6));
temp7 = deltaError*sum(abs(x1)) - sum(abs(oldx1 - x1));
temp8 = deltaError*sum(abs(x2)) - sum(abs(oldx2 - x2));
temp9 = deltaError*sum(abs(x3)) - um(abs(oldXS - X3));

- sum(abs(oldlam1 - lam1));

um(abs(oldlam2 - lam2));
sum (abs(oldlam3 - lam3));
(oldlam4 - lam4));
(oldlamb - lam5))
( )
( )

=
w

templ6 = deltaError*sum(abs(la

=
Ot

templ8 = deltaError*sum(abs(la

sum(abs(oldlam6 - lam6));

I

(abs(
(abs(
(abs(
(abs(
(abs(
templ5 = deltaError*sum(abs(lam2
(abs(
(abs(
(abs(
templ9 = deltaError*sum(abs(lam6
(abs(

) (

)) - sum(

)) - sum(
templ7 = deltaError*sum(abs(lam4)) - sum(abs

)) - sum(

)) - sum(

)) - sum(

sum(abs(oldlam?7 - lam7));

I

temp20 = deltaError*sum(abs(lam?7

test = min(templ, min(temp2, min(temp3, min(temp4, min(temp5, min(temp6,...
min(temp7, min(temp8, min(temp9, min(templ0, min(templl, min(templ2,...
min(templ3, min(templ4, min(templ5, min(templ6, min(templ7, min(templs,...

min(templ9, temp20)))))))))))))))))));

end
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y(L:) =t y(2,) = x1; y(3;:) =x2; y(4;:) =x3; y(5:) = x4; y(6,:) = x5; y(7:) = x6;
y(8,) = xT;
y(9,:) = laml; y(10,:) = lam2; y(11,:) = lam3; y(12,:) = lam4; y(13,:) = lamb5;
y(14,:) = lam6; y(15,:) = lam7;
y(16,:) = ul; y(17,:) = u2; y(18,:) = u3; y(19,:) = u4; y(20,:) = ub; y(21,:) = ub;
y(22,) =

% Plotlng section
figure;

plot(y(1,:),y(4,:),’—r’,’LineWidth’,2)
xlabel("Time(in years)’, fontsize’,12)
ylabel("TB-infected’, fontsize’,12)
legend ("TB-infected with control’)

figure;
plot(y(1,:),y(6,:),’—r’,’LineWidth’,2)
xlabel("Time(in years)’, fontsize’,12)
ylabel("HIV-infected’, fontsize’,12)
legend ("HIV-infected with control’)
figure;
plot(y(1,:),y(7,:),—r’,’LineWidth’,2)
xlabel("Time(in years)’, fontsize’,12)
ylabelCHIV-TB co-infected’, fontsize’,12)
legend("HIV-TB co-infected with control’)

79



	Introduction
	Background of the study
	Human immunodeficiency virus
	Stages of human immunodeficiency virus infection

	Tuberculosis
	Human immunodeficiency virus and tuberculosis
	Impact of human immunodeficiency virus on tuberculosis
	Impact of tuberculosis on human immunodeficiency virus
	Treatment of human immunodeficiency virus and tuberculosis


	Statement of the problem 
	Objective of the study
	General objective
	Specific objectives

	Significance of the study
	Thesis organization

	 Literature Review
	Research Methodology
	Model Formulation and Analysis
	Model formulation
	Model assumption
	Positivity of the solutions
	Invariant region
	Model analysis
	TB-only model
	Equilibrium points
	Stability analysis

	HIV-only model
	Equilibrium points
	Stability analysis

	HIV-TB co-infection model 
	Equilibrium points
	Stability analysis 


	 Sensitivity analysis of model parameters

	HIV-TB Co-infection Model with Optimal Control
	Extension of the model into an optimal control
	Existence and characterization of the optimal solutions
	Existence of optimal solution
	Characterization of the optimal solutions


	Numerical Simulation
	Numerical method
	Numerical results and discussion

	Conclusion and Recommendation
	Conclusion
	Recommendation

	Appendices
	Matlab codes
	HIV-TB co-infection model without control 
	HIV-TB co-infection model with control 


