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ABSTRACT 

Flexible link robot manipulators have potential advantages over traditional heavy and 

bulky robots like rigid link manipulators (RLM), including lower cost, a greater work 

volume, higher operational speed, a higher payload-to manipulator weight ratio, smaller 

actuators, lower energy consumption, better manoeuvrability, improved transportability, 

and safer operation due to less inertia. These FLM benefits are more significant in areas 

where energy efficiency is important, particularly in the space industry. On the other hand, 

because of their innate structural flexibility, they experience vibrations and take some time 

to reach the proper position after the actuating force has been released. The oscillating 

reaction at the tip significantly restricts the performance of these manipulators as a result. 

Furthermore, from a mathematical perspective, we can state that the dynamics of the rigid 

link robot can be determined on the assumption that the body's centre of gravity holds the 

majority of the mass, in which case the robot's dynamics would be expressed in terms of 

differential equations. On the other hand flexible robot position is not constant and hence 

partial differential equation is used to represent the distributed nature of position, which 

results in large number of equations increasing the computational effort. In this work a 

two-link flexible manipulator modelled using Finite Element Method to generate a 

mathematical model of the manipulator. Then the models subsequently controlled by two 

types of controllers a normal PID controller tuned with particle swarm optimization and a 

linear quadratic gaussian controller (LQG) tuned with PSO. The TLFM system 

performance improvement with each of the controller against disturbance and payload 

variations is evaluated discussed and compared. The simulation results show that the 

developed strategies perform satisfactorily in terms of precise and reliable vibration 

suppression without steady state error and that LQG controller has a significant overshoot 

reduction compared to PID controllers and a good transient response with a rise time and 

settling time has been achieved for linear quadratic gaussian controller. Then particle 

swarm optimization tuned linear quadratic gaussian controller methods are better when 

compared with PID conventional methods. 

Keywords: Dynamic model, rigid link manipulators, Flexible manipulators, Finite Element 

method, PSO, PID controller, LQG controller 
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CHAPTER ONE 

INTRODUCTION 

1.1 Background 

With the demands of industrial automation, the use of robotic manipulators in numerous 

applications has expanded in recent years. Robotic manipulators are frequently employed 

to assist with hazardous, boring, and tiresome tasks. Robotic manipulators are employed to 

carry out precise activities including welding, sorting, packaging, and palletizing. 

Additionally, they are employed to do risky tasks in risky environments including space, 

the ocean, and around radiation. 

The majority of robotic manipulators currently in use are designed and constructed with a 

focus on stiffness in an effort to reduce vibration of the end-effectors. The use of heavy 

materials and a bulky design helped attain this high stiffness. Therefore, it is demonstrated 

that current heavy rigid manipulators are ineffective in terms of speed or power 

consumption relative to the operating payload. Additionally, the dynamic deflection of 

high precision robots, which lasts for some time after a move is finished, severely restricts 

their ability to operate. Figure 1.1 illustrates an example rigid link manipulator. A. The 

need for improved productivity is in contradiction with the settling time needed for this 

residual vibration, which slows following operations. The robotic assembly task has 

become a difficult research topic due to the competing demands of high speed and high 

precision. Additionally, arm vibrations that occur during high-speed motion are an issue 

for many industrial manipulators. It is necessary to lighten the weight of the arms and/or 

speed up their movement in order to maximize industrial output. It is highly desirable to 

create flexible robotic manipulators for these uses. 

Flexible link manipulators could be more advantageous than traditional heavy and bulky 

robots in terms of cost, work volume, operating speed, payload-to-manipulator weight 

ratio, actuator size, energy consumption, manoeuvrability, transportability, and safety of 

operation due to decreased inertia. However, the vibration issue caused by these 

manipulators' low rigidity is their biggest drawback. Figures 1.2 and 1.3 provide an 

example of flexible link manipulators. Researchers from all over the world are currently 

focusing on the study of dynamics and control of flexible materials because of the 

significance and utility of this topic(Mishra & Singh, 2019; Subedi et al., 2020c) 
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Figure 1.1: An example for rigid link manipulator (Moberg, 2010) 

 

 

Figure 1.2: An example for two link flexible manipulators (Karagülle et al., 2017) 

 

Figure 1.3: Space shuttle remote manipulator system (NASA., 1996) 
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According to physics, a rigid manipulator can move at any desired speed without 

experiencing significant tip deflection or body deformation, which results in a large link 

mass and a correspondingly low energy efficiency. The rigid manipulator has only one 

fundamental frequency of vibration with an infinite value. Conversely, a flexible 

manipulator might undergo large tip deflection during normal operation because it has 

numerous basic vibrational frequencies with finite values. The flexible manipulators have 

many advantages; here are some of them listed below: 

 Lower energy consumption. 

 Smaller actuators. 

 Safer operation. 

 Lower mounting strength. 

 Simplification of drive mechanism. 

 Faster operation. 

 Significant cost reduction in development of space robots Significantly lower 

development costs for space robots are required since orbital propulsion is required 

for robots like the space shuttle arm and those envisioned for building and 

maintaining the international space station (Lochan et al., 2016; Sayahkarajy et al., 

2016; Subedi et al., 2020c). 

1.2  Statement of Problem 

Flexible manipulators experience vibration issues, especially if they are utilized in accurate 

positioning applications where high precision locations are required. The flexible 

manipulators' weight is the cause of the vibration. Although their light weight makes them 

movable, they can cause undesired vibration, which is an issue. The structure's vibration 

will have a substantial impact on performance, causing tracking mistakes, delays between 

activities, and decreased efficiency and accuracy. Additionally, significant and ongoing 

vibrations will cause the system's degeneration and possibly even deform it. Ongoing 

research focuses on improving the control methods in order to suppress these vibrations. In 

order to keep the advantages associated with the lightness and flexibility of the 

manipulators, accurate modelling of the system and efficient reliable controller have to be 

developed. Suppressing the vibration on flexible structures of is very important. 
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1.3  Objective of the Project 

1.3.1 General Objective 

The main objectives of this thesis is to derive a dynamic model of a TLFM by using FEM 

and to design an LQG controller for vibrations suppress of TLFM. 

1.3.2 Specific Objectives:  

 To model TLF manipulator using the Finite Elements Method. 

 To design PID and LQG controllers for TLF Manipulator. 

 To simulate the controller and tune using PSO. 

 To evaluate the performance of the LQG controller to suppress the vibration 

of TLF manipulator. 

1.4 Expected Outcome of the Study  

In the construction business, the medical area, and many other fields, robotics and flexible 

manipulators in general are widely used. With the help of this research, it is intended to 

gain a deeper understanding of the dynamic modelling of flexible manipulators and their 

control mechanisms. 

The analysis and comparison of the various controller types utilized to manage flexible 

manipulators' general behaviour is the study's most noteworthy finding. When picking a 

robotic arm's control system in any engineering field, it is possible to decide which 

controller type is most suited for a particular application, saving time and effort. 

1.5  Scope of Study 

A two-link flexible manipulator with payload or dampening that only travels in the 

horizontal plane and disregards the effects of gravity is what this research aims to mimic. 

The finite element method is used to describe the dynamic model of the system. Lagrange's 

equation is utilized to express the dynamic model in state space form, which enables 

control and system approaches to be applied to solve it. In this thesis, the effectiveness and 

efficiency of the PSO-based TLFM-tuned LQG controller will be theoretically and 

mathematically illustrated and compared to the performance of a typical PID controller. A 

computer simulation will be used to test the theoretical explanation, and MATLAB/ 

SIMULINK will be used to create the simulation. 
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1.6  Motivation 

The main reason for choosing this thesis over others is that enjoying on robots. Many of 

today’s robots are required to perform tasks, which demand high level of accuracy in end-

effector positioning. The links of the robot connecting the joints are large, rigid and heavy. 

This prevents oscillations in the links, which is one of the main causes of errors in end-

effector positioning. Since the links are heavy, much of the joint motor’s power is 

expended moving the link and holding them against gravity. Also, payloads must be kept 

quite small compared to the mass of the robot itself, since large payloads will cause 

sagging and vibrations in the links, which will create uncertainty in the end-effector 

position. This results in a situation where these rigid robots are very inefficient and slow. 

An attempt to solve these problems led to the development of flexible robots. 

1.7  Methodology 

The following methods will be used to complete the research:  

 Literature Survey: Start by studying the literature, which includes reading books, 

journal articles, and thesis works to gather important information, concepts, and 

ideas that will help you focus on the thesis.  

 System modelling: Formulating mathematical model based on the dynamics of the 

TLFM. 

 Controller design: Design the proposed controllers based on the formulated 

mathematical model. 

 Analysis and interpretation: Simulation result analysis and Discussion 

MATLAB/Simulink Simulation has been utilized for comparison Compare PSO-

LQG with PID. 

1.8  Thesis organization 

The thesis is organized into six chapters including this introduction. The rest of the thesis is 

organized as follows 

Chapter II familiarizes the readers with the literature review about this project. It 

discusses the brief review of all about previous researches in modelling flexible 

manipulator. 
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Chapter III discusses the research methodology in order to complete this project. Every 

stages of research methodology are briefly depicted in flow chart. It also explained the 

mathematical and simulation tools that used to realize this project. 

Chapter IV in this chapter the concept behind the proposed LQG controller, PID 

controller, LQR and LQE controller are tried to be covered. 

Chapter V shows and explains the simulation results of each link, the analysis of the 

simulation results, the validation of derived model and the discussion related to simulation 

results. This chapter is very important to show that this project is succeeded.  

This paper work ends with Chapter VI to conclude the whole project and this thesis. In 

this chapter, it will propose some recommendations and enhancements that can be made on 

this project in the future. 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1  Techniques Used in Modelling the Flexible Manipulators 

The dynamic model of a TLFM can be developed through mathematical methods or by 

system identification. The available types of mathematical or theoretical modelling 

methods of a two-link flexible manipulator is: - 

1) Assumed Modes Method (AMM),  

2) Finite Element Method (FEM) and  

3) Lumped Parameter Method (LPM)  

The work done by many writers on the dynamics modelling and control of vibrations of 

flexible manipulators is briefly described in the current literature survey. An overview of 

various methods for modelling and controlling flexible multi-body systems was provided 

by (Lochan et al., 2016; Subedi et al., 2020c). 

2.1.1 Assumed Modes Method 

The first attempts at developing flexible robots were manipulators with a single flexible 

link that was modelled as Euler-Bernoulli (EB) beam. To solve for the elastic deformation 

of the connection, the assumed modes approach was employed. The most recommended 

method for creating the mathematical model of the flexible manipulator system is the 

Lagrangian technique(Theodore & Ghosal, 1995). 

AMM uses separable mode shapes and time-varying generalized coordinates to represent 

the connection flexibility. The dynamics of the system are dominated by only the first few 

(low frequency) modes, and the modal series was trimmed to a finite dimension as a result. 

Higher modes contribute very little to the overall movement. This approach is typically 

used when links with simple geometries are involved and the global shape functions must 

be calculated analytically. When employing AMM, the appropriate selection of relevant 

boundary conditions must be established. 

 Advantages  

(a) The concept of natural frequencies is explicit.  

(b) A model derived with AMM is of low order that is advantageous for a control design  

 Disadvantages  

(a) In the AMM, it is difficult to calculate modes of the link with varying cross-sections 
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(b) The selection of an accurate set of boundary conditions (assumed modes) is challenging 

(error-prone) based on manipulator structure, payload, hub inertia, and natural modes of 

vibration.  

(c) The complexity of the model increases with the increase in the number of assumed 

modes (Sayahkarajy et al., 2016; Subedi et al., 2020b). 

2.1.2 Finite Element Method 

The finite element method has been used for years by structural engineers to model and 

analyse challenging issues. FEM has a fundamental advantage over other approximation 

methods for modelling flexible links since connections are anticipated to be clamped free 

with a minimum of two modes shapes per link. 

The ease with which nonlinear circumstances can be handled by FEM, particularly when 

compared to analytical solution approaches, is another significant (Sayahkarajy et al., 

2016; Theodore & Ghosal, 1995). 

The FEM can also handle irregularities in the structure and mixed boundary conditions, 

i.e., it is suitable in handling applications involving irregular structures. 

 Advantages  

(a) In FEM, the connection is supposed to be clamp-free with a minimum of two mode 

shapes per link 

(c) Applicable for complex cross-sectional geometries. 

(d) FEM can handle nonlinear and mixed boundary conditions(Theodore & Ghosal, 2016).  

(e) Fewer mathematical operations are required for inertia matrix computation in the FEM 

model. 

 Disadvantages 

(a) The FEM is computationally very expensive because of a large number of state-

space equations. 

In (Zebin & Alam, 2012) for example, the dynamic modelling and characterization of a 

TLFM was done by using FEM and validated through simulation in MATLAB/ Simulink 

but In (Karagülle et al., 2017; Usoro et al., 1986b) demonstrated by an experimental 

validation. 

2.1.3 Lumped Parameter Method 

Lumped Parameter Method (LPM) is the easiest mathematical approach to model a TLFM, 

but it was reported in (Lochan et al., 2016) that it gives inaccurate results. This method was 

used in(Subedi et al., 2020a) to model the dynamics of a TLFM. The disadvantages of 

LPM include: 
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 LPM is less accurate than the other methods, and 

 The generated model is incapable of handling the system non-linearity and 

complexity. 

Evidently in (Altıner et al., 2019), the superiority of AMM over LPM method in terms of 

accuracy and exactness was demonstrated by an experimental validation. 

2.2  Related Works 

Most of the time, extensive research and development has been done on the behaviour and 

modelling of flexible manipulators without taking the flexibility of the link and the joint 

into account. The system will become less complex if the effects of flexibility is 

disregarded, which has the unfortunate side effect of disregarding the activities of the 

elastic manipulators. In such cases, the bending, torsion, and damping that take place in the 

links won't be taken into account, which may reduce the predictability of the model. It was 

recommended that more research be done in this emerging sector while keeping in mind 

how important it is to support the concept of flexible manipulators. 

In (Dubay et al., 2014) , Model predictive control (MPC) was used by the authors to 

present an active vibration controller. A 1-DOF manipulator's FEM model is created first, 

and a finite element-based MPC is then obtained and solved using the Newmark approach. 

A linear piezoelectric actuator and a joint's motor are used to control the manipulator.  

In (Boscariol et al., 2009), The Model Predictive controller (MPC) scheme was given by 

the authors to manage the position and vibration of a single flexible link. The MPC control 

was motivated by this benefit since the MPC control's prediction ability is particularly 

useful for reducing vibration in fast dynamic systems. The effectiveness of the MPC 

control over a conventional PID control was demonstrated by the authors. 

The authors in (Shawky et al., 2013) developed a nonlinear State Dependent Riccati 

Equation (SDRE) to control the tip position of one link flexible manipulator with a payload 

at the end-effector. The results of this model showed it is better than PD is near to optimal 

and robustly. 

In (Khairudin et al., 2011), authors using linear quadratic regulator (LQR), they developed 

a robust control of a single flexible link manipulator to solve flexible link robustness and 
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input tracking capability of hub angular position. A satisfied performance is achieved 

compared with PID controller. 

In (Saini et al., 2012), The effectiveness of the linear quadratic regulator (LQR) 

methodology and the pole placement method in reducing vibration and boosting system 

stability of a flexible single link manipulator were compared by the authors. The linear 

quadratic regulator demonstrated greater stability than the state feedback control scheme, 

according to the data and the plotted graphs. 

In (Gurses et al., 2009), To actively suppress the vibration of the flexible link manipulator, 

authors developed a combination approach using PD-based hub motion control and a 

number of PZTs linked to the surface of the manipulator. For the objective of delivering 

linear and angular velocity feedback that aids in vibration management, the authors used a 

special fiber optic curvature sensor array called "Shape Tape"; the results of the 

experiments have demonstrated its efficiency.  

In (L Zhang & J Liu, 2012), To achieve a specified tip position and stop the vibrations, 

authors created an observer and controller based on the partial differential equation (PDE). 

To increase the efficacy of the suggested strategy, this work has to be studied more 

thoroughly. Later on, (Linjun Zhang & Jinkun Liu, 2012) the authors designed optimal 

boundary control based on the partial differential equation (PDE) in two steps due to the 

difficulty of the PDE systems. First, apply the differential evolution algorithm to produce 

the optimal trajectory that reduces the total energy consumption. Then, proposed a 

boundary control scheme to regulate the joints along the optimal trajectory and suppress 

the vibrations. The validity of the effectiveness of the proposed control scheme is appeared 

by the simulated results. Continuing for well achieving the same objectives with same 

authors (Zhang & Liu, 2013), they designed an adaptive boundary control scheme based on 

PDE model for the two flexible link manipulators with changeable payload at the end-

position. The numerical simulations verified the effectiveness of the control technique.  

A hybrid control scheme consists of neural network based model predictive controller 

(NNMPC) and PID controller is illustrated by (Pedro & Tshabalala, 2015)which employed 

for motion tracking and vibration suppression respectively with taking into account 

payload variations. The neural network started with the size of 10 hidden layers and 

increased by 10 for five times. The proposed hybrid control scheme has performed much 

better than hybrid PD/PID controller as reported in (Mahamood & Pedro, 2011). However, 
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the network takes too long to be trained with the increment of the hidden layers and there 

was no signification improvement in its performance.  

A lightweight flexible manipulator mathematical model was developed using a Finite 

Element Model and Lagrange's method in (Karagülle et al., 2017; Usoro et al., 1986b; 

Zebin & Alam, 2012). The potential and kinetic energy of the manipulator's connections 

were determined by applying the Lagrange's method to an assembly of several finite 

elements. The elemental potential and kinetic energies were then combined to create the 

manipulator's dynamic model. It was discovered that effective modelling and analysis of 

the manipulator's dynamic model would lead to the use of improved control systems to 

address various issues related to the lightweight nature of the manipulator's arms and their 

tendency to flutter.  

A self-tuning fuzzy logic PID controller, which combines a fuzzy logic controller and a 

PID controller to control a single-link flexible joint robot, is another type of controller that 

was discussed in (Dehghani, 2016). Standard PID controllers may be used to control 

flexible manipulators with flexible joints; in this case, the Kp, Ki, and Kd gains must be 

calculated using a number of methods, such as the Ziegler-Nichols approach (taking into 

account that they must remain constant). However, this will cause severe overshoot and 

rapid link movement, which makes this approach unsuitable for trajectory tracking. The 

fuzzy self-tuning logic Throughout the tuning process, the PID controller generates fuzzy 

Kp, Ki, and Kd gains values, which leads to a flexible link that reacts quickly and has a 

minimal overshoot value that is close to zero. A comparison of the STFL-PID controller 

and the standard PID controller shows that the STFL PID controller performs better. 

A controller type known as soft computing based PID was employed in (Singh & Ohri, 

2018), for vibration suppression and position control/tracking of the flexible link 

manipulator. contrasting the suggested soft computing method's efficiency and power with 

the traditional approach. The full model was then simulated using MATLAB Simulink 

after that. The simulation results demonstrate that when employing soft computing-based 

PID controller parameter tuning, the system performs better in terms of set-point tracking, 

vibration suppression, time domain needs, and provides the best stability for regulatory 

changes. 

(Alandoli et al., 2018) offer a PD/H integrated controller technique for. Results from 

simulations performed with the MATLAB/Simulink software demonstrated the robustness 
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of the PD/H-integrated controller for position tracking and vibration suppression for a 

range of FLM system lengths. The PD controller parameters can be manually adjusted to 

increase or decrease the system transient responsiveness thanks to the durability and 

practicality of the proposed controller's architecture. 

(Subedi et al., 2020c) Review of dynamic modeling methods and various control strategies 

for flexible link manipulators (FLMs) that have been investigated recently in the literature. 

One-link and two-link flexible manipulators are the focus of more research in the FLM 

field than FLMs with more than two links. Although numerous formulations have been put 

forth for the general dynamic modeling of flexible multi-link manipulators, there hasn't 

been much research done in the literature on explicit models of manipulators with more 

than two links. For an arm with multiple links, the issue regarding the variance in mode 

shapes and Eigen frequencies with robot design becomes more obvious.  

(Ma et al., 2022) Using the three-stage motion time structure of the flexible manipulator, 

this research suggests a useful, efficient, and simple vibration suppression technique. The 

system is limited to a single link flexible manipulator and does not take any control 

algorithms into account, but it is possible to eliminate the vibration of the flexible 

manipulator through reasonable configuration of motion parameters. 

Table 2.1: Summery of literature review 

Authors Title Methodology Achieve Gap 

(Duong, 2018) Dynamic 

Modelling and  

Control of a  

Flexible Link  

Manipulators 

with  

Translational  

and Rotational  

Joints 

 

PID controller  

optimized using  

Particle Swarm  

Optimization  

algorithm  

(PSO) 

 

Actively 

suppressed 

vibration of 

FLM 

 

did not have  

consider 

disturbance 

uncertainty and  

coulomb 

friction. 

(Alandoli et al., 

2017) 

A comparison  

between PID  

PID and LQR  

controller 

LQR is better  

than PID  

Limited to  

single link  
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and LQR  

controller for  

position  

tracking and  

vibration  

suppression of  

FLM 

 controller  

interims of  

performance  

and vibration  

suppression 

 

flexible  

manipulator 

did not have  

consider 

disturbance 

uncertainty and  

coulomb 

friction. 

(Jayaswal et al., 

2021) 

Analysis of 

robust control  

method for the  

flexible 

manipulator 

in reliable  

operation of  

medical robots  

during COVID- 

19 pandemics 

PID, Pole  

placement and  

LQR controller 

LQR is better  

than PID and  

Pole placement   

controller  

interims of  

performance  

and vibration  

suppression 

Limited to  

single link  

flexible  

manipulator &  

Did not have   

Consider both  

Friction and  

Disturbance  

(uncertainty)  

 

 

(Mishra &  

Singh, 2019) 

Hybrid vibration 

control 

of a Two-Link 

Flexible 

manipulator  

implementation 

of 

unconstrained 

viscoelastic 

damping with 

active damping 

control of  

torsional and  

flexural  

vibrations  

through the  

application of  

passive and  

active damping  

methods 

Did not have   

Consider both  

Friction and  

Parametric 

variation. 

(Singla &  

Singh, 2019) 

Dynamic 

Modelling of  

Flexible Robotic  

Manipulators 

Modelling of  

TLFM based on  

FEM and  

Lagrange  

approach. 

Validation of  

the dynamic  

model is  

performed. 

Model only  

validated & 

Do not utilize  

any controller 
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CHAPTER THREE 

METHODOLOGY 

3.1 Method/Procedure 

More study has been done on one-link and two-link flexible manipulators than on FLMs 

with more linkages. There has been little research in the literature on explicit models of 

manipulators with more than two links, despite the fact that various formulations for 

generic dynamic modelling of flexible multi-link manipulators have been published 

(Subedi et al., 2020c).  

When the flexibility effect is not taken into consideration, two sorts of mistakes can occur 

in mathematical modelling: erroneous end-effector position and faults in the motor torque 

requirements. For precise end-effector alignment, the ideal vibration should be as minimal 

as feasible. Therefore, in order to achieve flawless precision, the system's mathematical 

modelling needs to be exceedingly exact (Lochan et al., 2016). 

To achieve the project's goals, it is first necessary to obtain the dynamic modelling of a 

single-link flexible manipulator. The modelling of a two-link flexible manipulator is then 

done using the same technique. In this chapter, a single-link flexible manipulator is 

mathematically modelled using the finite element method and a Lagrangian approach. For 

each of the finite number of components that make up the link, kinetic and potential energy 

are determined. The system's dynamic model is then created by properly combining these 

fundamental kinetic and potential energy. 
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Figure 3.1: Flow chart for finite element method of modelling (Usoro et al., 1986a) 

Compute Tij for a generic element ij  

Compute Vij for a generic element ij 

Divide link i into ni finite elements of length 

Combine Tij, j = 1,2…, ni to form    

Combine Vij, j = 1,2,…, ni to form   

Compute Li =Ti - Vi 

Is i > number of 

links m? 

End 

Start 

Let L = 0, i = 1 

Let L = L + Li 

Apply boundary condition 

i = i + 1 

Apply Lagrange’s Equation

to obtain the 

dynamic equations for the system 
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3.2 Dynamic Model of A Single-Link Flexible Manipulator 

The theory of the FE analysis is given in many text books (Logan, 2022). The following 

assumptions are made for the development of a dynamic model of the flexible manipulator  

i. Each link is assumed to be long and slender. Therefore, transverse shear and the 

rotary inertia effects are negligible,  

ii. The motion of each link is assumed to be in the horizontal plane,  

 

Figure 3.1: Schematic diagram of a single link flexible manipulator 

A description of the single-link flexible manipulator system considered in this project is 

shown in Figure 3.1 where XY axis and X1Y1 axis represent the stationary and moving 

coordinates respectively. Both axes lie in a horizontal plane and all rotation occurs about a 

vertical axis.  1 t  represents the applied torque at the hub, by a drive motor. E1, I1, ȡ1 and 

A1 represent the young modulus, second moment of area, mass density per unit volume and 

cross-sectional area of the manipulator (link 1) respectively.  

3.2.1 Total Displacement of Link 1 

  For a small angular displacement  1

a t and a small elastic deflection  1 1 ,a x t the total 

displacement  1 1 ,ay x t  of a point along the manipulator at a distance x1 from the hub can 

be described as a function of both the rigid body  motion  1

a t  and elastic deflection 

 1 1 ,a x t measured from the line OX1 as ;- 

 1 1 1 1 1, ( ) ( , )a a a

ly x t x t w x t          (3.1) 
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And velocity  1 1,v x t  of any point can be obtained as: 

  1 1 1 1

1 1 1

( , ) ( , )( )
,

a a

a y x t w x tt
v x t x

t t t

 
  

  
       (3.2) 

Using the standard finite element method to solve dynamic problems, leads to the well-

known Equation: 

 1 1 1, ( ) ( )a a aw x t N x Q t          (3.3) 

Where Na(x1) and Qa(t) represent the shape function and nodal displacement of link 1 

respectively. 

The shape function can be obtained as: 

 1 1 1 2 1 3 1 4 1( ) ( ) ( ) ( )a a a a a

j j j jN x x x x x    
 

     (3.4) 

2 3

1 1

1 1 2 3

1 1

3 2
( ) 1a

j

x x
x

l l
       

2 3

1 1

2 1 2 3

1 1

3 2
( )a

j

x x
x

l l
    

2 3

1 1

3 1 1 2

1 1

2
( )a

j

x x
x x

l l
       

3 3

1 1

4 1 2

11

( )a

j

x x
x

ll
    

 

Figure 3.2: Nodal displacement for single element Schematic diagram 

For element n1 the nodal displacement vector is given as: 

1 1( ) ( ) ( ) ( ) ( )a a a a a

j j j jQ t u t t u t t  
 
 

      (3.5) 
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Where 1 ( )a

ju t  and ( )a

ju t  are elastic deflections of the element, 1 ( )a

j t  and ( )a

j t are the 

corresponding angular displacement. Substituting for  1 1,a x t  from Equation (3.3) into 

Equation (3.1) and simplifying yields: 

 1 1 1, ( ) ( )a a ay x t N x Q t         (3.6) 

Where, 1 1 1 1( ) [ ( )]a a

jN x x N x  

And  

1 ( ) ( ) ( )
T

a a

j oQ t t Q t 
  

 

The shape function Na(x) and nodal displacement vector Qa(t) in Equation (3.6) incorporate 

local and global variables. Among these, the angle θa
o (t) and the distance x1 are global 

variables while Na 1j(x) and Qa 1j(t) a are local variables.  

Defining 
1

1 1

1

n

i

i

s x l


   as a local variable of the nth element, where li is the length of 

the ith element and utilising Maksym, the shape function can be expressed in symbolic 

form as: - 

2 2 2 2 2 3 2 3

1 1 2 3 2 2 3

3 3 2 3 3 2
( ) ( 1) 1a

j

x x x x x x x x
N x x l n x

l l l l l l l l

 
          
 

 (3.7) 

3.2.2 Total Kinetic Energy and Total Potential Energy of Link 1 

By defining 
1

1 1

1

n

i

i

s x l


  , where il is the length of the ith element, The kinetic energy of 

an element ‘1j’ can be expressed as: 

1 1

1

2

1 1

1 1 1 1 1 1 1 1 1

0 0

1 1 1 1 1 11

0

( , )1 1

2 2

1
( )

2

l l

a T

j

l

T T T

j j jj

y s t
T A ds AY Y ds

t

Q A N N ds Q

 



 
   

 
  

  

 



          (3.8) 

and potential energy of the element can be obtained as: 
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1 1

1

2

1 1

1 1 1 1 1 1 1 1 1 1

0 0

1 1 1 1 1 1

0

( , )1 1
( ) ( )

2 2

1
( )

2

l l

a T

j j j

l

T T

j j j j

y s t
U E I ds E I B Q B Q ds

t

Q E I B B ds Q

 
   

 
  

  

 



       (3.9) 

Where 

2

1

1 2

1

j

j

d N
B

ds
  

From equation (3.4) and Equation (3.5), the element mass matrix can be obtained as 

followed: 

1

1 1 1 1 11

0

( )

l

a T

j jj
M A N N ds          (3.10) 

and the element stiffness matrix can be obtained as: 

1

1 1 1 1 1 1

0

( )

l

a T

j j jK E I B B ds          (3.11) 

By solving Equation (3.10) and (3.11) for the n elements, yields the element mass matrices, 

M1
1j and stiffness matrices, K1

1j as followed: 

11 12 13 14 15

21 1 1

2 21 1 1

1 31 1 1 1 1

41 1 1

2 2

51 1 1 1 1

156 22 54 13

22 4 13 3
420

54 13 156 22

13 3 22 4

a

j

m m m m m

m l l
A I

M m l l l l

m l l

m l l l l



 
 


 
   
 

  
    

 

1

1 1

1 2 2

1 1 1 1 13

1

1 1

2 2

1 1 1 1

0 0 0 0 0

0 12 6 12 6

0 6 4 6 2

0 12 6 12 6

0 6 2 6 4

Ia

j

l l
E

K l l l l
l

l l

l l l l

 
 


 
  
 

   
  
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Where, 

2 2

11 2 1 2

12 21 2 2

2

13 31 2 2

14 41 2 2

2

15 51 2 2

140 (3 3 1)

21 (10 7)

7 (5 3)

21 (10 3)

7 (5 2)

a

a

a

a

a

m l n n

m m l n

m m l n

m m l n

m m l n

  

  

  

  

   

 

Assembling the element mass and stiffness matrices, the total kinetic and potential energies 

from Equation (3.8) and (3.9) can be written as: - 

1 1

1 1

1 1 1 1 1 1 1 1

1 1

1 1 1 1 1 1 1 1

1 1

1

2

1 1

2 2

n n
a a T a T a

j j j

j j

n n
a a T a T a

j j j j

j j

T T Q M Q Q M Q

U U Q K Q Q K Q

 

 

  

  

 

 

     (3.12) 

Where 
1

1 1

1

n
a a

j

j

M M


 is a global mass matrix and 
1

1 1

1

n
a a

j

j

K K


  

3.2.3 Dynamic Equation of Link 1 

The Lagrangian of link 1 can be derived as followed: 

1 1 1 1 1 1 1 1 1

1

2

a a a T a T a

j j jL T U Q M Q Q K Q          (3.13) 

By using Lagrange Equation, the dynamic equations of the motion of the flexible 

manipulator can be derived utilising as followed: 

1 1 1 1 1 1 1( ) ( ) ( ) ( )a a aM Q t D Q t K Q t F t         (3.14) 

Where 1

aM , 1

aD and 1

aK  are global mass, damping and stiffness matrix of the manipulator 

respectively. The damping matrix is obtained by assuming that the manipulator exhibits the 

characteristic of Rayleigh damping. 1 ( )F t Is the vector of applied forces and torque.  

The 1

aM , 1

aD and 1

aK matrices in Equation (3.14) are of size 1 1m m  and 1 ( )F t  is of size 

1 1m  , where 1 12 1m n  .For the manipulator, considered as a pinned-free arm with the 

applied torque s at the hub, the flexural and angular deflections, velocity and acceleration 

are all zero at the hub at 1  and the external force is 1 1( ) 0 ... 0
T

F t  
 

.  
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3.3 Dynamic Modelling of a Two-link Flexible Manipulator 

Based on same approach to model a single-link flexible manipulator, the dynamic model of 

a two-link flexible manipulator is derived. Figure 3.3 shows the schematic diagram of a 

two-link flexible manipulator (Zebin & Alam, 2012). 

 

Figure 3.3: Schematic diagram of a two link flexible manipulator (Zebin & Alam, 2012). 

3.3.1 Total Displacement of Link 2 

For a small angular displacement  b t and a small elastic deflection  2 2 ,b x t the total 

displacement  2 2 ,by x t  of a point along the link 2 at a distance x2 from the tip of link 1 

can be described as a function of both the rigid body  motion  b t  and elastic deflection 

 2 2 ,b x t measured from the line O2X2 as: 

 2 2 1 1 2 1 2 2, ( ) ( ) ( ( ) ( )) ( , )b a b b

n ny x t L t u t x t t w x t            (3.15) 

Using the standard finite element method to solve dynamic problems, leads to the well-

known Equation: 
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 2 2 2 2, ( ) ( )b b

j bw x t N x Q t          (3.16) 

Where N2
b(x1) and Qb(t) represent the shape function and nodal displacement of link 2 

respectively. 

The shape function can be obtained as: 

 2 2 1 2 2 2 3 2 4 2( ) ( ) ( ) ( )b b b b b

j k k k kN x x x x x    
 

    (3.17) 
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l l
       
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l l
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( )b

k

x x
x

ll
    

For element n=1 the nodal displacement vector is given as: 

2 1 1( ) ( ) ( ) ( ) ( )b b b b b

j k k k kQ t u t t u t t  
 
 

      (3.18) 

Where 1( )b

ku t  and ( )b

ku t  are elastic deflections of the element and 1( )b

k t  and ( )b

k t are 

the corresponding angular displacement. Substituting for  1 1,b x t  from Equation (3.16) 

into Equation (3.15) and simplifying yields: 

 2 2 2 2 2, ( ) ( )b b b

j jy x t N x Q t         (3.19) 

Where 
2 2 2 2( ) ( )b b

jN x x N x            (3.20) 

And 
2( ) ( ) ( )

T
b b b

jQ t t Q t            (3.21) 

3.3.2 Total Kinetic Energy and Total Potential Energy of link 2 

By defining 
2 1

2 2

1

n

i

i

s x l




  , where il is the length of the ith element, The kinetic energy of 

an element ‘2j’ can be expressed as: 
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1 1

2

2

2 2

2 2 2 2 2 2 2 2 2

0 0

2 2 2 2 2 2 2

0

( , )1 1

2 2

1
( )

2

l

l l

b T

j

T T T

j j j j

y s t
T A ds A Y Y ds

t

Q A N N ds Q

 



 
   

 
  

  

 



         (3.22) 

and potential energy of the element can be obtained as: 

1 1

1

2

2 2

2 2 2 2 2 2 2 2 2 2

0 0

2 2 2 2 2 2

0

( , )1 1
( ) ( )

2 2

1
( )

2

l l

b T

j j j

l

T T

j j j j

y s t
U E I ds E I B Q B Q ds

t

Q E I B B ds Q

 
   

 
  

  

 



      (3.23) 

Where 

2

2

2 2

2

j

j

d N
B

ds
  

From Equation (3.22) and (3.23), the element mass matrix and the element stiffness matrix 

can be obtained as: 

1

2 2 2 2 2 2

0

( )

l

b T

j j jM A N N ds              (3.24) 

1

2 2 2 2 2 2

0

( )

l

b T

j j jK E I B B ds             (3.25) 

By solving Equation (3.24) and (3.25) for the n elements, yields the element mass matrices, 

M1j and stiffness matrices, K1j as followed: 

11 12 13 14 15

21 2 2

2 22 2 2

2 31 2 2 2 2

41 2 2

2 2

51 2 2 2 2

156 22 54 13

22 4 13 3
420

54 13 156 22

13 3 22 4

b

j

m m m m m

m l l
A I

M m l l l l

m l l

m l l l l



 
 


 
   
 

  
    

 

2 2

2 22 2

2 2 2 2 23

2

2 2

2 2

2 2 2 2

0 0 0 0 0

0 12 6 12 6

0 6 4 6 2

0 12 6 12 6

0 6 2 6 4

b

j

l l
E I

K l l l l
l

l l

l l l l

 
 


 
  
 

   
  
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Where: - 

2 2

11 2 1 2

12 21 2 2

2

13 31 2 2

14 41 2 2

2

15 51 2 2

140 (3 3 1)

21 (10 7)

7 (5 3)

21 (10 3)

7 (5 2)

b

b

b

b

b

m l n n

m m l n

m m l n

m m l n

m m l n

  

  

  

  

   

           

Assembling the element mass and stiffness matrices, the total kinetic and potential energies 

from Equation (3.22) and (3.23) can be written as: 

1 1

1 1

2 2 2 2 2 2 2 2

1 1

2 2 2 2 2 2 2 2

1 1

1

2

1 1

2 2

n n
b b T b T b

j j j j

j j

n n
b b b T b

j j j j

j j

T T Q M Q Q M Q

U P Q K Q Q K Q

 

 

  

  

 

 

       (3.26) 

Where 
1

2 2

1

n
b b

j

j

M M


 is a global mass matrix and 
1

2 2

1

n
b b

j

j

K K


  is a global stiffness 

matrix of the manipulator. 

3.3.3 Dynamic Equation of Link 2 

The Lagrangian of link 2 can be derived as followed: 

2 2 2 2 2 2 2 2 2

1

2

b b b T b T bL T U Q M Q Q K Q          (3.27) 

By using Lagrange equation, the dynamic equations of a two-link flexible manipulator can 

be derived utilising as followed: 

2 2 2 2( ) ( ) ( ) ( )b b bM Q t D Q t K Q t F t         (3.28) 

Where 2

bM , 2

bD and 
2b

bK  are global mass, damping and stiffness matrix of the 

manipulator respectively. The damping matrix is obtained by assuming that the 

manipulator exhibits the characteristic of Rayleigh damping. 2 ( )F t Is the vector of applied 

forces and torque. 
bQ  is a nodal displacement vector given as: 

( ) ...b b b b b b

o o n nQ t u u       
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The 
2

bM ,
2

bD and
2

bK matrices in Equation (3.28) are of size 1 1m m  and 2 ( )F t  is of size 

1 1m  , where 1 12 1m n  .For the manipulator, considered as a pinned-free arm with the 

applied torque s at the hub, the flexural and angular deflections, velocity and acceleration 

are all zero at the hub at 1 .  

3.3.4 Boundary Condition 

The joint of link 1 is constrained to have zero displacement (translational) and angular 

displacement of 0, with respect to the inertial axis OX This constrains variables uj-1(t) and 

Ɵj-1(t) to be zero, i.e.,  

ua
j-1(t) = 0  and   Ɵa

j-1(t) =0.      (3.29) 

Also, the second link is constrained to have an angular displacement of relative to the first. 

This constrains variables: 

ub
k-1(t) and Ɵb

k-1(t) to be zero. 

 ub
k-1(t)=0   and  Ɵb

k-1(t)=0.     (3.30) 

By enforcing these boundary conditions, the kinetic and potential energies for the links and 

overall system dynamics model of the system is evaluated. 

3.3.5 Damping Coefficient 

The damping coefficient plays a vital role in dynamic analysis of the system; however, the 

most effective way to treat the damping on the dynamic system is to treat damping values 

as viscous damping and frictions of the hubs, but we considered in this section the 

structural damping only called a Rayleigh Damping that have a form shown in Equation; - 

1 2dampD M K            (3.31) 

Where 𝐷𝑑𝑎𝑚𝑝𝑖𝑛𝑔 is the damping matrix of the physical system, 𝑀 is mass matrix of the 

dynamic system, 𝐾 is the stiffness matrix of the system. The Rayleigh damping coefficient 

given by Equations 

1 2 1 2 2 1

1 2 2

2 1

2 ( )f f f f

f f

 






       (3.32) 
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2 2 1 1

2 2 2

2 1

2( )f f

f f

 






         (3.33) 

Where 𝜁1, 𝜁2, 𝑓1 𝑎𝑛𝑑 𝑓2 represent the damping ratios and natural frequencies of first two 

modes, respectively. The main advantage of using the Rayleigh damping is to reduce the 

vibration of the system. 

By considering the values of   and   from damping model 0.15 and 0.12 respectively. by 

inserting these values in to mathematical model of system, the overall system dynamics 

model of the system is evaluated. 

0.3528 0.0019dampD M K         (3.34) 

3.3.6 Considered Friction 

In certain large industrial manipulators, friction can account for more than 50% of the 

error, and attempts to enhance system performance by altering control parameters typically 

fail. A steady-state friction model can help to some part solve the issue. Using a dynamic 

model of the friction force is the final solution to this issue. Numerous control applications 

can benefit from friction compensation. This covers both high-precision, quick motion 

applications as well as those that use bulky, sluggish servomechanisms with slow tracking 

velocities. To enhance transient performance and lower steady-state tracking errors, the 

friction force must be correctly detected and corrected for in each scenario. Friction 

compensation also ensures a smooth control signal without resorting to high feedback 

gains.  

Because friction force can take on many different forms, some of which are not fully 

understood, friction compensation is complex. These dynamic kinds of friction force, 

which rely on time, position, and velocity, include stribeck, stiction, and sliding forces. 

Therefore, it is difficult to find a model that can encompass all of these friction force 

features. Model of friction phenomena is provided in Equation (3.35)(Kuo & Huang, 2005)  

( ) ( ) ( ) ( ) ( )dampM Q t D Q t FQ t K Q t F t         (3.35) 

( ) (c vFQ t F F Q t            (3.36) 
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Where (FQ t  is friction force, (Q t  is joint angular position vector of the robot; Fv is the 

viscous damping coefficient and Fc is the direction dependent coulomb friction coefficient. 

By considering the values of Fv and Fs from friction model 0.15 and 0.12 respectively 

(Kermani et al., 2007). by inserting these values in to mathematical model of system, the 

overall system dynamics model of the system is evaluated. 

3.3.7 Considered Disturbance 

When the robot manipulator is subjected to load uncertainty and vibration of torque The 

above Equation (3.35) is modified to (3.37) which include both friction model and external 

disturbance dynamics uncertainty. Therefore, in this thesis the general overall dynamics 

model of the system including disturbance uncertainty is expressed in Equation (3.37). 

In Figure 3.4, 3.5 and 3.6 the disturbance torque due to payload variation, vibration and the 

combined of two disturbance uncertainty are illustrated below. 

( ) ( ) ( ) ( )damp dM Q t D Q t Fq t K Q t             (3.37) 

Where d is the torque disturbance due to payload variation and vibration. 

 

Figure 3.4: Disturbance torque due to payload variation. 

Flexible manipulators are worked with hazardous environment and when it worked, 

vibration torque noise and external payload torque disturbance happened on the system 

Therefore, in this thesis payload and vibration torque noise are considered. For vibration 

torque of uncertain disturbance, the consideration of white noise power for band limit, 

sampling time and seed are 0.000002, 0.001 and 100 respectively. 
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The input payload torque disturbance to the system is considered here for time between 8 

secs to 8.1 secs. Considered amplitude of 3 Nm. between the selected seconds for payload 

variation is considered. Evaluation and analysed of the performance of the proposed 

controller considering sum up of these two-torque input disturbance to the system. 

 

Figure 3.5: Disturbance torque due to vibration torque. 

Vibration torque disturbance is happened in the system when there is movement of link. in 

this thesis white noise band limit for vibration is used. In Figure 3.6 the combination of 

torque due to payload variation and vibration torque is presented below to see the 

performance of the controller to reject the disturbance factors. In Simulink model the 

proposed controller is tested in terms of rejecting external torque disturbance due to pay 

load variation and vibration torque.  

Therefore, the payload variation disturbance is designed below signal: This can be 

represented using the Heaviside step function, u(t), as follows: 

u(t) =1-3[u(t-8)]-3[u(t-8.1)]     (3.38) 

where [u(t)] is the Heaviside step function, which is defined as: 

[u(t)] = 0 for t<0        

[u(t)] = 1 for t>=0        (3.39) 

This representation uses the fact that the Heaviside step function can be used to “turn on” 

or “turn off” parts of a function based on a threshold value. In this case the threshold value 

is 8 and 8.1. 



 29 

 

Figure 3.6: Disturbance torque combination due to payload variation and vibration. 

3.3.8 Final Derived Model 

TLFM is modelled using decoupled approach. A decoupled approach is used neglecting 

the link coupling of the serial mechanism. In this approach, both the links along with their 

hubs are treated as two independent single flexible links and both the drives are controlled 

independently.  

Stage 1 consists of the shoulder motor and the first link and is represented in state space 

form as: - 

The state space representation is implemented with the equation of motion under applied 

force 𝑓𝑡 as shown in Equation (3.40). 

( ) ( ) ( ) ( ) ( )damp c v tMQ t D Q t F Q t F Q t KQ t f                (3.40) 

Where     Q(t)  is joint angular position vector of the robot; 

tf      applied joint torques; 

M   inertia matrix; 

Ddamp  Damping coefficient; 

K   Stiffness matrix; 

Fv  viscous and/or dynamic friction coefficients; 

Fc  vector of unstructured friction effects. 
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Define; 

1

2 1

3 2

x Q

x Q x

x Q x



 

 

                 (3.41) 

Substituting Equation (3.41) into Equation (3.40) to obtain Equation (3.42) as presented 

below: 

2 2 2 1 1

2 1 2

1 1 1

2 1 2

[ ] [ ] [ ] [ ] [ ]

[ ][ ]

[ ] [ ] [ ]

[ ] [ ] [ ] [ ]

damp v c t

damp vc t

c damp t

M x D x F x K x F x f

D FK F f
x x x

M M M

x M K F x M D F x M f  

    


   

     

     (3.42)  

The linear state space model is presented in Equations (3.43). The matrix differential 

equation can be represented in a state-space form as: 

1 1

1

sh sh

sh sh

v A v B u

y C v

 


         (3.43) 

Where; 

1 1

1 11

0

[ ] [ ]

m m

c damp v

I
A

M K F M D F 

 
  

    
  1 1

1 1

0m
B

M





 
  
 

 

 1 1 10m mC I       1 2 10 mlD   

1 10m  is an 1 1m m null matrix, 1mI is an 1 1m m identity matrix 1 10m  is an 1 1m   null vector, 

1 2 3 4 5 6 1 1 1 1[ ] [ ]T T

sh sh sh sh sh sh shv v v v v v v w w    
 

System 2 consists of elbow motor and the second link with payload. It is written in state 

space form as: - 

2 2

2

el el

el el

v A v B u

y C v

 


 

1 2 3 4 5 6 2 2 2 2[ ] [ ]T T

el el el el el el elv v v v v v v w w    
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Solving the state-space matrices gives the vector of states v, that is, the angular, nodal 

flexural and angular displacements and velocities. State space matrices for link 1 and link 

2. Completed code in M file “Link_1.m” and “Link _2.m” (See Appendix B). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 32 

CHAPTER FOUR 

CONTROLLER DESIGN 

4.1 PID Controller Design  

Proportional-integral-derivative (PID) controllers have been broadly used in industrial 

process loops for over 70 years. PID controllers' widespread use might be attributed in part 

to its straightforward design and straightforward implementation. To achieve the design 

requirements, the total feedback system must balance three gains using a PID controller. If 

it is not properly tuned, the control performance will suffer, and the entire system could be 

harmed (G.-G. Jin, 2019). 

 

Figure 4.1: Block diagram of PID controller 

The proportional, integral, and derivative values are three distinct parameters used in the 

PID controller computation. The reaction to the current error is determined by the 

proportional value, the reaction is determined by the sum of recent errors by the integral 

value, and the reaction is determined by the rate of change of the error by the derivative 

value. A control element, such as the location of a control valve or the source of power for 

a heating element, is utilized to modify the process using the weighted sum of these three 

actions.  

4.1.1 Tuning 

If the PID controller parameters are chosen in correctly, the controlled process input can be 

unstable, i.e., its output diverges, with or without oscillation and is limited only by 
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saturation or mechanical breakage. Tuning a control loop is adjustment of its control 

parameters to the optimum values for the desired control response. 

There are several methods for tuning a PID loop. The most effective methods are generally 

involving the development of some form of process model, then choosing P, I and D based 

on the dynamic model parameters. Manual tuning methods can be relatively less efficient. 

The choice of the method will depend largely on whether or not the loop can be taken 

offline for tuning, and the response time of the system. If the system can be taken offline, 

the best tuning method often involve subjecting the system to a step change in input, 

measuring the output as a function of time, and using this response to determine the control 

parameters (Duong, 2018).  

 

Figure 4.2: Particle swarm optimization based PID controller. 

The control signal Um(s) can be obtained as: 

( ) ( )i

m p d

K
U s K K s e s

s

 
   
 

    (4.1) 

Error function of the system e(s) defined as:  

( ) ( ) ( )de s s s  
       (4.2) 

Objective Function  

Integrated absolute error (IAE), integrated time weight square error (ITSE), and integrated 

squared error (ISE) are the most commonly used performance criteria in PSO tune LQG 

controller design approaches, and they may all be evaluated analytically. This performance 
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criterion has both advantages and disadvantages. Because the ISE performance criterion 

weights all mistakes equally regardless of time, it can result in a response with a small 

overshoot but a long settling time. The derivation processes of the analytical formula are 

complex and time-consuming. The IAE, ISE, ITAE, and ITSE performance criterion 

formulas are as follows: 

2
( )

0

2
( )

0

0

0

*

( )

* ( )

t dt

t dt

dt

dt

ISE e

ITSE t e

IAE e t

ITAE t e t

























         (4.3) 

ISE index is used to penalizes large errors heavily and small errors lightly. A system 

designed by this criterion tends to show a rapid decrease in a large initial error to get fast 

and oscillatory response of the system. ITSE emphasis on initial errors and heavily 

penalizes errors occurring late in the transient response of the system, whereas IAE 

Penalizes control errors. Systems designed using ITAE has small overshoots and minimum 

damped oscillations; any large initial error is penalized lightly whilst errors occurring later 

in the response are penalized heavily during ITAE, leads to Penalizes long settling time 

and control errors. The ITAE performance index used in this study (Amare,2022). 

 

4.2 Particle Swarm Optimization Algorithm 

One of the random algorithms based on the population is the particle swarm optimization 

method. The optimization method is proposed by Eberhart and Kennedy (1995) (Kennedy, 

1995) proposed. The PSO algorithm mimics social animal behaviour, including that of 

insects, livestock, birds, and fish. This group of fish or birds developed cooperation 

through their intelligence and was also influenced by group behaviour in the hunt for food. 

Each flock member continues to modify their search strategy in accordance with their 

individual learning curve. Therefore, despite the great distances between groups, if a 

particle or a bird discovers the ideal route or the shortest trip to the food source, others can 

immediately follow the way. The population-based stochastic optimization technique 
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known as particle swarm optimization was inspired by the social behaviour of flocks of 

birds or schools of fish. PSO assists in solving optimization issues. Each answer is referred 

to by PSO as a "bird" in the "particle" search area. All particles have velocities that govern 

their flight as well as fitness values that the fitness function analyses to optimize them. The 

particles go with the present optimum particles through the problem space (Fessi, 2019., 

Duong, 2018). 

PSO starts with a set of random particles and then looks for optimization by updating 

generations. Every particle is updated in each iteration by comparing these two” best” 

values. The first is the best solution (fitness) thus far. Personal best is the name given to 

this value. The best value obtained so far by any particle in the population is another” best” 

value recorded by the particle swarm optimizer. This best value is referred to as gbest, 

which stands for” global best”. In d-dimensional space the ith particle is represented as Xi= 

(Xi1, Xi2, ..., Xid) and velocity Vi is the N-dimensional search space. Where i represents the 

ith particle and N denotes the dimensions of the search space or the number of unknown 

variables. The particles are moving through the problem space attempting to reach the 

population of the actual optimum value. Each particle will make a point of remembering 

their best position to present, which is referred to as personal best (Pbest). There are many 

Pbest for each particle in the swarm at the same time. But the particle with the best value 

obtained thus far, as well as the greatest fitness is referred to as the swarm’s global best 

(Gbest). The particles will update their velocity and position to the current best value after 

obtaining the two best values.  

The following is a summary of the main steps in the particle swarm optimization and 

selection process: 

 1. Initialize a population of particles in d-dimensions with random positions and 

velocities.  

2. Each particle in the swarm is examined for its fitness.  

3. The fitness of each particle is compared to its previous best fitness (Pbest) in iteration. If 

the current value is better than Pbest. Then Pbest is set equal to the current value and the Pbest 

location equal to the current location in the d-dimensional space.  

4. Pbest of each particle is compared and the swarm global best location is updated.  

5. The particle of velocity and position is updated according to equations 4.4 and 4.5 

respectively. 
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1 1 1 1 2 2( ) ( 1) ( ( 1)) ( ( 1))best i best iV t WV t C r P X t C r G X t       
    (4.4) 

( ) ( 1) ( )i i iX t X t V t  
        (4.5) 

Where, C1 and C2 are learning factors. Symbol r1 and r2 is the random number between 0 

and 1. Symbol W is the inertia serves as memory of the previous direction, preventing the 

particle from drastically changing direction. The iteration mechanism of any particle in 

each generation is shown in Figure 4.3. When looking at the velocity update formula from 

a sociological standpoint we can see that the first part is the effect of the particle’s past 

velocity. It indicates that the particle has faith in its current moving condition and moves 

inertially according to its velocity. Hence, the name inertia weight. The second element is 

referred to as the” cognitive” item. It is determined by the distance between the particle’s 

current position and its optimal position. 

 

Figure 4.3: The movement of a single particle (Duong, 2018) 

It refers to a particle movement as a result of its own experience. As a result, C1 is known 

as the cognitive learning factor (also known as the cognitive acceleration factor). The other 

is known as the social factor. it is based on the distance between the particle’s current 

position and the global (or local) ideal position in the swarm. It refers to the sharing of 

knowledge and cooperation among particles specifically particle movement based on the 

experiences of other particles in the swarm. Because the value C2 simulates the movement 

of a good particle through cognition. It is known as the social learning factor (also known 

as the social acceleration factor). The parameters of the PSO search and minimization 

algorithm are as follows: W is the inertia weight factor that controls the exploration and 

exploitation of the search space by dynamically adjusting velocity. The resolution and 

fitness of search depend on Vi. If V is too high the particles will move beyond a good 
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solution. If V is too low the particles will be trapped in local minimal. The constants C1 

and C2) are termed known as cognition and social components respectively. These are the 

acceleration constants that influence a particle of velocity. 

By tuning the gain parameters of the PID controller, states of the controlled system will be 

tracking the desired references. The tuning of PID gains has been done using particle 

swarm optimization algorithm. 

Table 4.1: PSO parameter used tuned PID controller 

Parameter  Value 

Acceleration coefficient(c1), 1.8 

Acceleration coefficient(c2) 1.8 

population size(N) 50 

Iteration 100 

number of variables 6 

lower bound 0 

upper bound 10 

inertia weight 0.9 

 

 

Figure 4.4: Fitness value using PID-PSO 

Table 4.2: PID tuning results using PSO 

PID Tuning Results 

Kp1           |         Kp2         |           Ki1            |    Ki2            |       Kd1          |        Kd2 

0.19         |              0.28      |            0.20          |       0.25       |            0.01     |              0.67 
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Figure 4.5: Flowchart of PSO 
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4.3 Linear Quadratic Gaussian Controller 

One of the most fundamental optimal control issues in control theory is the linear quadratic 

Gaussian (LQG)controller problem. It involves an additive Gaussian noise-driven linear 

system. Finding the output feedback law that minimizes the quadratic cost criterion 

parameter estimations is the objective. There is Gaussian noise that affects the output 

measurement. According to optimal control theory, dynamic systems should be operated as 

cheaply as possible. The situation known as the LQ problem is one in which a set of linear 

differential equations characterize the system dynamics and a quadratic function describes 

the cost. One of the key results of this theory is that the answer is provided by a feedback 

controller called a linear quadratic regulator (LQR). LQR is necessary to resolve LQG 

issues. Similar to the LQR problem, the LQG problem is one of the most fundamental 

issues in control theory (Mohammed., 2021; Umar., 2019).  

Linear Quadratic Gaussian control is an optimal control. It is a combination of LQR (linear 

quadratic regulator) and Kalman filter. This is very useful because not all states of the 

system can be measured. Replacing the sensor with an observer also reduces the cost of the 

system. However, it cannot guarantee the robustness of the system under uncertainty in 

operating conditions. The Kalman filter is used to estimate the state of the system based on 

the output of the system. The estimated state is sent to the LQR control as state feedback. 

The Kalman filter needs a system model to estimate the state of the system. Therefore, a 

system model is needed. The system model is constructed based on mathematical 

equations or based on input and output modelling system data. The design of the LQG 

control system is carried out in two steps. First, to design a linear quadratic regulator and a 

linear quadratic estimator (LQE or Kalman filter). Finally, to integrate the two systems into 

a single control structure usually called the LQG controller. Then LQG control block 

diagram is shown in Figure 4.5(Abdulla., 2023; Amare., 2022). 



 40 

 

Figure 4.6: LQG control block diagram (Amare, 2022) 

From above Figure 4.5 is represent the control in/put y is the measured control output x is 

the state vector of state variables A is the state matrix B is the input matrix, C is the output 

matrix V is the disturbance input W is the measurement noise L is the feedback Kalman 

filter gain in form of state space and K is the state feedback gain. A state observer is 

obtained by producing a state estimate xˆ. 

4.3.1 Linear Quadratic Regulator Controller 

The first stage's goal is to determine the state feedback gain in a closed-loop system using 

a linear quadratic regulator, which is a common technique. In order to achieve a stable 

system with optimal control and the lowest cost for the specified cost function weighting 

matrices, it is the best regulator for moving open-loop poles. Because there are some 

positions where the poles cannot be allocated to generate a positive definite Riccati-

equation solution, this is the point at which using the optimal regulator technique freedom 
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of choice is lost for both discrete-time and continuous-time systems. The benefit of LQR is 

that it may manage motor speed and position to increase system performance while 

minimizing the energy consumed by the control action itself. The magnitude of the control 

action is typically taken into account when calculating this amount. The LQR technique is 

really just an automated way to find a state feedback controller that is suitable and to get a 

matrix K that defines the controller in a way that minimizes a cost function. As a result, 

choosing K is an optimization challenge. Finding a matrix K that defines the controller in a 

manner that minimizes the cost function is the goal of the LQR design optimization 

problem. A state feedback system is a proper selection feedback system structure 

underlying the TLFM design control system. The TLFM system’s stability is a major 

concern. If the state variables are known, then they can be used to design a feedback 

controller such that the input becomes (Brunton, 2017): 

U=-Kcx       (4.6) 

The state variable must be changed in the state-space form then the state space 

representation of LQR as shown in Figure 4.6. 

 

Figure 4.7: State space control of LQR controller (Amare, 2022) 

For a continuous time, system, the state-feedback law 𝑢 = −𝐾c𝑥 minimizes the quadratic 

cost function: The objective function can then be written as: 

0
[ ( ) ( ) ( ) ( )]T T

c cJ x t Q x t u t R u t dt


       (4.7) 

Subject to system dynamics: 
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x Ax Bu             (4.8) 

In addition to the state-feedback gain Kc, lqr returns the solution” S” of the associated 

Riccati Equation: 

SA + ATS − SBRc
−1BTS + Qc = 0       (4.9) 

Then Kc can be found as: 

Kc = Rc
−1BTS          (4.10) 

From the above, the LQR design procedure may be summarized in the following steps:  

1. Checking the controllability of the system and control matrices A and B.  

2. Selecting the design parameter matrices Qc and Rc.  

3. Solving the algebraic Riccati equation for S.  

4. Finding the state variable feedback gain using Kc = Rc 
−1B TS.  

5. Tuning the design parameter matrices Qc and Rc to achieve the required performance.  

4.3.2 Linear Quadratic Estimator Design  

The Kalman filter is also known as linear quadratic estimation (LQE). It is optimal that 

uses a series of measured values observed over time including noise and other 

inaccuracies. It produces estimates of unknown variables that seem to be better than those 

based on a single those measured Kalman filter. Has several applications in technology 

some applications are navigation, vehicle control, and guidance. The Kalman filter is a 

widely used concept in time analysis and is used in fields such as signal processing. The 

state equations for the state estimator can be derived in a variety of methods. The estimator 

state equations can be modelled as a model of the actual system plus a correction term 

based on the measured output and an estimate of what that output should be and the state 

estimator is modelled based on the state space equation (Brunton, 2017) 

To calculate the Kalman filter, we need to follow these steps: 

Let's go through each step: 

1.Initialization: 

 The initial state estimate x_hat (0) is assumed to be zero. 

 The initial error covariance matrix P(0) is also assumed to be zero. 

2.Prediction: 
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 To predict the state estimate and error covariance matrix at the next time step, we 

use the following equations: 

ˆ ˆx(k+1|k) = A * x(k|k)

P(k+1|k) = A * P(k|k )* A' + Qe

                (4.11) 

where: 

x_hat(k|k) is the current state estimate. 

P(k|k) is the current error covariance matrix. 

X_hat(k+1|k) is the predicted state estimate at the next time step. 

P(k+1|k )is the predicted error covariance matrix at the next time step. 

A is the system matrix. 

Qe is the process noise covariance matrix. 

3.Update: 

 To update the state estimate and error covariance matrix using the measurement, 

we use the following equations: 

K(k+1) = P(k+1|k) * C' * inv(C * P(k+1|k) * C' + R )

ˆ ˆ ˆx(k+1|k+1) = x(k+1|k) + K(k+1) * (y(k+1) - C * x(k+1|k)

P(k+1|k+1) = (I - K(k+1) * C) * P(k+1|k)

e

   (4.12) 

where: 

K(k+1) is the Kalman gain matrix. 

Y(k+1) is the measurement at the next time step. 

where: 

K(k+1) is the Kalman gain matrix. 

Y(k+1) is the measurement at the next time step. 

C is the measurement matrix. 

Re is the measurement noise covariance matrix. 

 Using the given values, we can calculate the Kalman gain matrix and update the 

state estimate and error covariance matrix as follows: 

K(1) = P(1|0) * C' * inv(C * P_1|0 * C' + R )

ˆ ˆ ˆx(1|1) = x(1|0) + K(1) * (y(1) - C * x)

e
     (4.13) 

Since the weighting matrices Qc and Rc of Equation (4.7) are the effective control 

parameters of the LQG approach, the dynamics and performance of the feedback controller 

depend on these matrices. In the LQG framework, appropriate values of Qc and Rc 
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weightings are generally obtained by trials-errors based procedure. This non-systematic 

and hard procedure becomes more difficult and time-consuming especially for the complex 

and large-scale systems. So, the idea of formulating the Qc and Rc weighting matrices 

tuning as an optimisation problem is a promising solution. 

The decision variables of the formulated LQG tuning problem are the coefficients of the Qc 

and Rc weighting matrices chosen with a diagonal form and given as follows: 

1

2

3

4

5

6

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c

k

k

k
Q

k

k

k

 
 
 
 

  
 
 
 
  

 and  

Rc=1          (4.14) 

To find the LQG controller gain parameter the depends upon the lower bound and upper 

bound to initiate the parameter value of PSO to increase and the number of iterations. It is 

getting a minimum error value and the best optimal gain parameter. In the appendices 

section, C show that the PSO algorithm for the optimization techniques from this result to 

get the best gain parameter of LQG controller. 

The value of k1, k2, k3, k4, k5 and k6 corresponding to the best solution obtained is used in 

the Simulink block diagram shown in the Figure A.2. The following table 4 is PSO 

parameters are used to verify the performance of the PSO-LQG controller parameters. The 

performance criterion based on the absolute error the gain parameter become value 

k1=1.99, k2= 0.1, k3= 0.1, k4= 0.05, k5 = 0.1 and k6 = 0.1. 

Table 4.3: PSO parameter used tuned LQG controller 

Parameter  Value 

Acceleration coefficient(c1), 1.8 

Acceleration coefficient(c2) 1.8 

Population size(N) 50 

Iteration 100 

Number of variables 6 

Lower bound 0 

Upper bound 10 

Inertia weight 0.9 
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Figure 4.8: Fitness value using LQG-PSO 

If  

1.99 0 0 0 0 0

0 0.1 0 0 0 0

0 0 0.1 0 0 0

0 0 0 0.05 0 0

0 0 0 0 0.1 0

0 0 0 0 0 0.1

cQ

 
 
 
 

  
 
 
 
 

 and  

Rc=1 then: -  

the MATLAB command: - [K, S, e] =lqr (SYS, Qc, Rc, N) was used to represent the 

function of the LQR controller to spare the time of going through the mathematical 

derivation of the LQR Equations 4.7,4.8,4.9 & 4.10. 

1 1 1

2 2 2

u K x

u K x

 

 
       (4.15) 

 1 0.889 3.615 2.090 0.22 0.07 0.02K     

 2 0.882 16.204 12.783 0.289 0.098 0.049K     
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For the optimal observer (Kalman filter), the process noise covariance Qe was chosen to be 

0.001 for all states, and the covariance Re of the measurement noise was 0.01. 

And also, the MATLAB command [Kf, P, E] =lqe (A, Vd, C, Vd, Vn): was used to 

represent the function of the LQE to spare the time of going through the mathematical 

derivation of the LQE Equations 4.11,4.12 & 4.13.  
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CHAPTER FIVE 

SIMULATION RESULTS AND DISCUSSION 

5.1 Simulation Result without Controller 

The first step involved applying an input torque signal at the hub of connection 1 that was 

a bang-bang signal of amplitude 0.3 N.m. However, a bang-bang signal with an amplitude 

of 0.2 N.m was applied at the hub of link 2 as an input torque signal; these bang-bang 

signals are represented in Figures 5.1 and 5.2, respectively. The state space models of links 

1 and 2 are receiving the torque signal from the Signal Builder as an input. These applied 

input signals produce the corresponding values for the manipulator's parameters. As it can 

be seen from Figure 5.1 the torque input signal applied to link 1 will first rise until it 

reaches a value of 0.3 N.m, then it drops again to -0.3 N.m in a time of 0.75 seconds. The 

applied signal has a square type of signal, with a constant duration and peak values. 

Table 5.1: Parameters of dynamic model 

Property of link 1 Value Property of link 2 Value 

Length, L1 0.9 m Length, L2 1.1 m 

Mass density per 

unit volume, ρ1 

2710 kg/m3 Mass density per 

unit volume, ρ2 

2710 kg/m3 

Cross sectional area,  

A1 

6.0833 x10-

5 m2 

Cross sectional area, 

A2 

6.0833 x10-5 m2 

Young’s modulus,  

E1 

7.11 x10-4 

N/m2 

Young’s modulus,  

E2 

7.11 x10-4 N/m2 

Mass (second)  

moment of inertia, I1 

52.530 x10-

4 m4 

Second moment of  

inertia, I2 

52.530 x10-4 m4 
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Figure 5.1: The input signal for hub 1 

The input signal of the torque applied to link 2 is also depicted in Figure 5.2. The two input 

signals are clearly demonstrated to be of the same square type, but with distinct peak 

values, with the input torque at link 1 having a maximum value of 0.3 N.m and the applied 

torque at link 2 having a maximum value of 0.2 N.m. 

 

Figure 5.2: The input signal torque of hub 2 

Figure 5.3 shows the Simulink diagram for the research model that was created. It is a 

State Space model that was used in the MATLAB/Simulink environment to be 

implemented and simulated. A bang-bang torque allows the manipulator to initially 

accelerate, decelerate, and finally halt at a desired point since it has a positive 

(acceleration) and negative (deceleration) duration. The MATLAB Simulink Model 

monitored and elaborated on system reactions and sampling time. All the simulation 

parameters were built and implemented in the Simulink model, where the initial values 

were substituted in the matrices generated by the mathematical model. 
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Figure 5.3: Simulink diagram without any controller 

There are two types of flexible manipulator used to observe the dynamic behaviour for 

vibration in terms of end point displacement and end point residual motion. Aluminium 

fabricated flexible manipulator and structural steel manipulator. The output response of the 

manipulator is simulated using bang-bang torque as input. The output response of both 

aluminium based manipulator and structural steel manipulators are compared. 

Table 5.2: Material properties for FEM modeling 

Material Density (kg/m3) Young's Modulus (Pa) 

Aluminum Alloy 2770  7.1e10 

Structural steel  7850 2e11 

 

The simulation's output for link 1's rotational angle is displayed in Figure 5.4 and 5.5 

While Figure 5.6 and 5.7 displays the simulation's (residual motion) result for the 

deflection of the nodes in link 1.  
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Figure 5.4: Angular Displacement (Hub angle) (θ) of Link 1 Without a Controller 

(Aluminium Based Flexible Manipulator) 

 

Figure 5.5: Angular displacement (Hub angle) (θ) of link 1 without a controller (structural 

steel manipulator) 

It is clearly observed that Hub Angle response for Aluminium based flexible Manipulator 

is 0.65-degree rotation of hub and settling of vibration takes place at 0.85 sec. Hub Angle 

Response for Structural steel Manipulator gives 0.23 degree of rotation of hub whereas 

settling time is 0.83 sec.  
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Figure 5.6: End-point residual motion of link 1, w1 (Aluminium based flexible 

manipulator) 

 

 

Figure 5.7: End-point residual motion of link 1, w1 (Structural steel manipulator) 

The link 2's rotational angle is shown in Figure 5.8 and 5.9. From the graph, it can be seen 

that theta's value increases suddenly, reaches a particular point, and then remains unstable. 

 

Figure 5.8: Angular Displacement (alfa) link 2 without a controller (Aluminium based 

flexible manipulator) 
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Figure 5.9: Angular displacement (alfa) link 2 without a controller  

(Structural steel manipulator) 

Here for link 2 also observed that Hub Angle response for Aluminium based flexible 

Manipulator is 0.25-degree rotation of hub and settling of vibration takes place at 0.85 sec. 

Hub Angle Response for Structural steel Manipulator gives 0.09 degree of rotation of hub 

whereas settling time is 0.81 sec 

Figure 5.10 and 5.11 shows how the Nodes in Link 2 are deflected. The graph shows that 

the deflection values are unstable and oscillating continually.  

 

Figure 5.10: Deflection of nodes of link 2 without a controller (Aluminium based flexible 

manipulator) 
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Figure 5.11: Deflection of nodes of link 2 without a controller (Structural steel 

manipulator) 

From the above results from plotted graph using Matlab code, it is observed that 

performance of structural steel manipulator is better as compared to aluminium based 

flexible manipulator in terms of vibration reduction. In terms of end point displacement 

aluminium based flexible manipulator gives more output for the given same input of bang-

bang torque than in structural steel manipulator. Implying need of less power for 

Aluminium based flexible manipulator than Structural steel Manipulator based, 

consecutively smaller actuator is needed. 

the response of the aluminium based flexible manipulator is highly undesirable and in 

order to get the dynamics of the system to be acceptable for most practical purposes, very 

effective controls are needed to control the vibration modes. 

However, it is demonstrated that the transient response settles over time and develops into 

harmonic behaviour, which emphasizes the significance of using and implementing a 

controlling system to control the movement of the manipulator. It is evident that the 

behaviour of the manipulator without the use of a controller system was completely 

sporadic and unreliable. 

 The use of a controlling system will be covered in more detail in the next sections of this 

study. The manipulator model will be controlled by two different types of controllers: PID 

and LQG controllers. Then, each system's behaviour is examined and tested and observed, 

and a comparison between these controllers will be conducted to decide the best behaviour 

achieved by each controller. 
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5.2 Simulation Results Using PID Controller 

Based on the techniques of Finite Element and Lagrange, a mathematical model of a two-

link flexible manipulator has been created. In the modelling process, each link is broken 

down into a number of components, the Lagrange functions for the entire system are 

identified, and variational concepts are used to obtain the governing dynamic equations. 

Because of the model's flexibility, multiple levels of model accuracy can be achieved by 

choosing the right number of parts to divide each connection into. Additionally, 

simulations in MATLAB and SIMULINK have been run to examine the system's dynamic 

behaviour in the time and frequency domains. 

States of the controlled system will track the intended references by adjusting the PID 

controller's gain parameters. To obtain greater accuracy and better system behaviour, PID 

parameters and gains were precisely chosen and turned by using PSO. In a Simulink 

diagram, the gain values were inserted into the PID block. Table 4.2 contains the values of 

the P, I, and D gains that were utilized to model this diagram.  

To simulate the behaviour of the two-link flexible manipulator initially the state space 

matrix was loaded in the MATLAB workspace. A dynamic desired reference has been 

considered to better estimate the performance of the implemented manipulator model. 

Dynamical response of the angular position of joint 1 and joint 2 has been presented in the 

Figure 5.12 and Figure 5.13. 

 

Figure 5.12: Angular displacement 𝜃1 of link 1 with PID controller 
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Figure 5.13: Angular displacement 𝜃2 of link 2 with PID controller 

 

Figure 5.14: End-point residual motion of link 1 with PID controller 

 

Figure 5.15: End-point residual motion of link 2 with PID controller 

The system performs better by using a PID feedback controller to monitor the intended 

reference for both joints' angular displacement rather than a bang-bang actuation signal to 

reach a target point on the planned ground. The steady state error of the PID controller is 
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steadily declining thanks to its architecture for error minimization. Integral gain attempts to 

first reduce the error by a big actuation signal at the joint due to a significant error value at 

1 sec, however this only results in modest overshoots during that stage of the dynamic 

response. When the steady state error is less than 10%, the system gradually enters its 

settling condition. The link 1 angular displacement was reduced to zero after 0.91 seconds. 

A similar pattern of behaviour has also been seen in link 2's angular displacement. Figures 

5.14 and 5.15 show the angular deflection of joints 1 and 2, respectively. When the 

intended reference changes, the joint uses the actuation signal produced at the PID output, 

which has been given to the manipulator state space model, to attempt to track the 

reference position. Both joints' angular deviation from the intended reference is measured, 

with some overshoot and chattering reduced to zero.  

5.2.1 Disturbance Rejection Capability of PID Controller 

Here, the suggested controller's ability to reject disturbance is examined. Disturbance is 

introduced at eight seconds into the step response, and the reaction of a two-link flexible 

manipulator controlled by PID is also monitored. The step response for the theta 

displacement and the alpha displacement for the PID-controlled two-link flexible 

manipulator under external disturbances is shown in Figures 5.16 and 5.17. 

 

Figure 5.16: Angular displacement (theta) response under external disturbance using PID 

controller 
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Figure 5.17: Angular displacement (Alfa) response under external disturbance using PID 

controller 

 

 

Figure 5.18: End-point residual motion of link 1 under external disturbance using PID 

controller 

 

 

Figure 5.19: End-point residual motion of link 2 under external disturbance using PID 

controller 
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The plot of End Point Residual Motion under External Disturbance for PID Controllers is 

shown in Figures 5.18 and 5.19. The outcomes demonstrated the proposed controller's 

rejection capacity as well as the performance angular position of each link with each joint. 

It is obvious that the PID controller does not produce a step response that is appropriate for 

the system. Such a controller's flaws include high over shoot and intense transient 

oscillation.  

5.3 Simulation Results Using LQG Controller 

The LQG controller scheme, which was created using the MATLAB Simulink Library, is 

shown in Figure C.1 (see Appendix C). The derivations from chapter 4 are used to 

implement the design parameters, which are then calculated in the M file (see Appendix 

B). In Appendix B.1, the state feedback LQG controller's implemented state space model is 

displayed.  

It is important to note that all simulations using the LQG controller were conducted with a 

noise intensity of 0.001 rad, which was employed in the observer design. 

 

Figure 5.20: Angular displacement (theta) of link 1 with LQG controller 
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Figure 5.21: Angular displacement (theta) of link 2 with LQG controller 

An observer model with an observer gain has been built in the LQG controller to take the 

estimator response into account. When the estimator output is sent to the LQR gain, a LQG 

controller is produced. With zero overshoots, the LQG controller is tracking the 

dynamically required reference.  

 

Figure 5.22: End-point residual motion of link 1 with LQG controller 

 

Figure 5.23: End-point residual motion of link 2 with LQG controller 
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Additionally, a slow dynamic reaction has been seen in the states' deflection graph. When 

the required reference for the angular displacement has been adjusted from 0 rad to 1 rad, a 

rapid increase in deflection waveform can be seen in both joints. The error between the 

required reference and the system states was gradually reduced by LQG's sluggish 

dynamical response. A sluggish dynamical reaction results from a decrease in actuation 

signal as the difference between the two states gradually shrinks. In Figure 5.24, the 

actuation signal for both joints are shown. 

 

Figure 5.24: Actuation torque for both joints of manipulator with LQG controller 

It can be observed that the slow dynamics of the LQG came as a result of the small 

actuation value, which made the dynamical response of the system free of overshoots or 

steady state error.  

The response of the desired system states no longer exhibit overshoot or chattering. In 

comparison to PID, LQG controller is the better choice when great accuracy of the system 

response is needed. 

5.3.1 Disturbance Rejection Capability of LQG Controller 

A disturbance input is applied to the system at 8 seconds to test the stability of the 

controller. After some time, the system begins to trace the input, and the oscillation's 

amplitude increases with time. The step response for the theta displacement and Alfa 

displacement for the LQG controlled is illustrated in Figures 5.25 and 5.26. Flexible two-

link manipulator when there are outside disruptions. 



 61 

 

Figure 5.25: Angular displacement (theta) response under external disturbance using LQG 

controller 

 

 

Figure 5.26: Angular displacement (alfa) response under external disturbance using LQG 

controller 

 

Figure 5.27: End-point residual motion of link 1 under external disturbance using LQG 

controller 
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Figure 5.28: End-point residual motion of link 2 under external disturbance using LQG 

controller 

The End point residual motion for LQG controllers under external disturbance is shown in 

Figures 5.27 and 5.28. The findings demonstrated the proposed controllers' rejection 

capability as well as the performance angular position of each connection with each joint. 

LQG shown strong ability to manage and control the recently introduced external 

disturbance. Additionally, LQG is resilient and functions effectively with little tracking 

error even when there are external disturbances. 

5.4 Comparison of the Performance of System 

The effectiveness of the mathematical model has been examined through comparison. PID 

and LQG controllers have been compared in the analysis. The system is considered with 

and without payload.  

5.4.1 Comparative Analysis of PID and LQG Controllers without Payload 

The results of PID and LQG controller in the above Figures are without payload. The 

reaction of the manipulator with various controllers has been observed by analysis of 

angular displacement and actuation torque. Links 1 and 2's angular displacement is shown 

in Figures 5.29 and 5.30, respectively. 
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Figure 5.29: Comparison between angular displacement of link 1 (Theta) for the two 

controllers 

Table 5.3: System performance of LQG controller with PID for First articulation 

S.NO  Description  PID LQG 

1. Rise time (secs) 0.9140 0.633 

2. Settling time (secs) 3.230 1.07 

3. Overshoot (%) 9.19 0 

 

 

Figure 5.30: Comparison between angular displacement of link 2 (alfa) for the Two 

controllers 
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Table 5.4: System performance of LQG controller with PID for Second articulation 

S.NO  Description  PID LQG 

1. Rise time (secs) 0.9542 0.7075 

2. Settling time (secs) 2.81 1.10 

3. Overshoot (%) 5.874 0.799 

 

Based on the results, the comparison is performed in terms of minimize error, rapid 

convergence and over shoot of system dynamics to assess how effective the proposed 

controller is. For the 1st and 2nd articulation, the rise time for PID and LQG controller is 

0.91 sec, 0.95 sec and 0.633 sec, 0.71 sec respectively. Therefore, in rise time LQG has 

good performance than PID controller and also in Settling time for the 1st and 2nd 

articulation for LQG controller is 1.07 and 1.10 sec. The settling time for PID for two 

respective articulations are 3.23 and 2.81. Therefore, from this LQG has better settling 

time performance than PID. The maximum overshoot happened to control the 1st and 2nd 

articulation for PID and LQG controller is 9.19 %, 5.87% and 0 %, 0.799%, respectively. 

Thus, LQG has low over shoot than PID controller. 

Figures 5.31 and 5.32, correspondingly, show the actuation torques for links 1 and 2, 

respectively. 

 

Figure 5.31: Actuation torque for both joints of manipulator with PID controller 



 65 

 

Figure 5.32: Actuation torque for both joints of manipulator with LQG controller 

It can be seen from the actuation signal that there have been significant overshoots in the 

angular displacement of links 1 and 2; in the case of the PID controller, these are caused by 

significant spikes in actuation torque. In the case of the PID controller, these significant 

spikes in the actuation torques of both actuators are detrimental to the electromechanical 

system. Huge heat dissipation brought on by the enormous actuation signals can result in a 

fire break and higher resistive losses.  

Finally, compared to PID controller, based on rise time, settling time and overshoot result 

LQG has higher convergence rate, can manage input constraints, used lower energy, and 

small overshoot. 

5.4.1 Comparative Analysis of PID and LQG Controllers with Payload 

In order to demonstrate the effect of payload on the dynamic behaviour of the plant, 

various payloads of up to 80 percent of the manipulator weight were simulated. Figures 

5.33 - 5.34 show the system response with payloads of 50 grams and 80 grams.  
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 Case – 1: when the payload mass is 50g. 

 

(a) Comparison between angular displacement of link 1 (Theta) for the two controllers 

 

(b) Comparison between angular displacement of link 2 (alfa) for the Two controllers 

Figure 5.33: Controller performance at load mass 50g 

Table 5.5: System performance of LQG and PID controllers with payload variation for first 

articulation. 

 

Controller 

Performance of controller with mass variation 

0g 50g 80g 

tr(sec) ts(sec) Mp(%) tr(sec) ts(sec) Mp(%) tr(sec) ts(sec) Mp(%) 

PID 0.91 3.23 9.19 0.91 3.18 14.69 0.919 4.67 17.95 

LQG 0.633 1.07 0 0.67 1.068 0.12 0.696 1.079 0.36 
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Based on the results, the comparison is performed in terms of minimize error, rapid 

convergence and over shoot of system dynamics to assess how effective the proposed 

controller is. From case 1, When the payload is 50g, the 1st and 2nd articulation of, the rise 

time for PID and LQG controller is 0.91 sec, 0.95 sec and 0.67 sec, 0.775 sec respectively. 

Therefore, in rise time LQG has good performance than PID controller and also in Settling 

time for the 1st and 2nd articulation for LQG controller is 1.07 and 1.17 sec. The settling 

time for PID for two respective articulations are 3.18 and 4.77. Therefore, from this LQG 

has better settling time performance than PID. The maximum overshoot happened to 

control the 1st and 2nd articulation for PID and LQG controller is 14.69 %, 12.45% and 

0.12%, 1.55%, respectively. Thus, LQG has low over shoot than PID controller. 

 Case – 2: when the payload mass is 80g. 

 

(a) Comparison between angular displacement of link 1 (Theta) for the two controllers 

 

(b) Comparison between angular displacement of link 2 (alfa) for the Two controllers 

Figure 5.34: Controller performance at load mass 80g 
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Table 5.6: System performance of LQG and PID controllers with payload variation for 

second articulation. 

 

Controller 

Performance of controller with mass variation 

0g 50g 80g 

tr(sec) ts(sec) Mp(%) tr(sec) ts(sec) Mp(%) tr(sec) ts(sec) Mp(%) 

PID 0.95 2.81 5.87 0.95 4.77 12.45 0.967 5.15 16.30 

LQG 0.71 1.10 0.799 0.775 1.178 1.55 0.814 1.228 1.92 

 

For case 2, when payload is 80g similar behaviour is observed in the above Figure, the 1st 

and 2nd articulation of, the rise time for PID and LQG controller is 0.92 sec, 0.967 sec and 

0.696 sec, 0.814 sec respectively also settling time for the 1st and 2nd articulation for LQG 

controller is 1.079 and 1.228 sec. The settling time for PID for two respective articulations 

are 4.67 and 5.15. The maximum overshoot happened to control the 1st and 2nd articulation 

for PID and LQG controller is 17.95 %, 16.30% and 0.36%, 1.92%, respectively. 

Therefore, from this LQG has better settling time performance and has low over shoot than 

PID controller. 

Generally, with increasing payload for both controller the manipulator response in terms of 

time domain specification rise time, settling time and overshoot requires longer time to 

converge to setpoint as compared with the case without payload. 
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CHAPTER SIX 

CONCLUSION AND FUTURE WORK 

6.1. Conclusion 

In this thesis, a two-link flexible manipulator's (TLFM) appropriate control has been 

examined. An appropriate model of a two-link flexible manipulator system has first been 

provided in this thesis. Based on the techniques of Finite Element and Lagrange, a 

mathematical model of a two-link flexible manipulator has been created. In the modelling 

process, each link is broken down into a number of components, the Lagrange functions 

for the entire system are identified, and variational concepts are used to obtain the 

governing dynamic equations. Because of the model's flexibility, multiple levels of model 

accuracy can be achieved by choosing the right number of parts to divide each connection 

into. Additionally, simulations in MATLAB and SIMULINK have been run to examine the 

dynamic behaviour of the system in time. 

A control approach for flexible manipulator systems has been developed for the suggested 

model. Based on joint variable errors and the value of elastic displacement at the end-

effector point, a PID control system is proposed to justify following a reference point and 

desired path in joint space. Using the PSO technique, PID control parameter settings are 

optimized. The proposed control techniques have been put to the test in a two-link flexible 

manipulator simulation environment. Theta displacement of the two-link flexible 

manipulator and input tracking capability have been used to assess the performance of the 

control systems. It is obvious that the PID controller does not produce a step response that 

is appropriate for the system. Such a controller's flaws include excessive overshoot and 

intense transient oscillation. 

According to simulation results, the two-link flexible manipulator's vibrations have 

decreased and the system's transient response has been improved after employing the LQG 

controller. In order to determine how successful, the proposed controller is, comparisons 

are made based on the outcomes in terms of minimize error, quick convergence and over 

shoot of plant dynamics. From the simulation results of without payload, show that for the 

1st and 2nd articulation, the rise time for PID and LQG controller is 0.91 sec, 0.95 sec and 

0.633 sec, 0.71 sec respectively. Therefore, in rise time LQG has good performance than 
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PID controller and also in Settling time for the 1st and 2nd articulation for LQG controller 

is 1.07 and 1.10 sec. The settling time for PID for two respective articulations are 3.23 and 

2.81. Therefore, from this LQG has better settling time performance than PID. The 

maximum overshoot happened to control the 1st and 2nd articulation for PID and LQG 

controller is 9.19 %, 5.87% and 0 %, 0.799%, respectively. Thus, LQG has low over shoot 

than PID controller. While in the case of with payload for 50 grams and 80 grams for both 

controllers the manipulator response in terms of time domain specification rise time, 

settling time and overshoot requires longer time to converge to set point as compared with 

the case without payload.  

I general for TLFM system performance improvement with each of the controller against 

disturbance and payload variations is evaluated discussed and compared. The simulation 

results show that the developed strategies perform satisfactorily in terms of precise and 

reliable vibration suppression without steady state error. Finally, compared to PID 

controller, based on rise time, settling time and overshoot results LQG has higher 

convergence rate, used lower energy, and small overshoot. 

6.2 Future Works 

The following suggests the directives for the future work. 

 Because of the extreme complexity of the dynamic equations of motion link 

flexibility only considered in this thesis. 

 The TLFM can be modelled using an Autodesk model, which can then be imported 

into the MATLAB Sim Mechanics package to take into account all non-linearities 

in the connected system components and display the system's actual dynamical 

response.  

 In any practical implementation of a robot controller the actuator dynamics plays an 

important role. A complete model would definitely include not only the robot 

dynamics but the actuator dynamics as well. Finally, real-time hardware 

implementation validation should be attempted. 
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APPENDIXES 

Appendix A 

A.1 Boundary Condition 

The joint of link 1 is constrained to have zero displacement (translational) and angular 

displacement of 0, with respect to the inertial axis OX This constrains variables uj-1(t) and 

Ɵj-1(t) to be zero, i.e.,  

uj-1(t) = 0  and   Ɵj-1(t) =0.      (A.1) 

Also, the second link is constrained to have an angular displacement of relative to the first. 

This constrains variables  

Uk-1(t) and Ɵk-1(t) to be zero. 

 Uk-1(t)=0   and  Ɵk-1(t)=0.     (A.2) 

 

By enforcing these boundary conditions, the kinetic and potential energies for the links 

become: 
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A.2 Modification of the Model to Include Payoad 

By incorporating the hub inertia and payload of the flexible manipulator, the kinetic energy 

of the system can be obtained as (Usoro et al., 1986).  
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a new mass matrix equation of motion can be obtained for link 2 as;  
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Appendixes B 

MATLAB Codes 

B.1 TLFM State Space Representation 

%% 
% <TLFM_Based_On_Finite_element_Method> 
%%%% 
clear all  
 clc 
  Ee=7.11e10;      %Youngs modulus(Aluminum Alloy) of link 1 and link 2 
   % Ee=2e11;      %Youngs modulus(Structural steel) of link 1 and link 2 
   A= 6.0833e-05;  %Cross sectional area of link 1 and link 2 
    I=5.2530e-11;   %moment of area of link 1 and link 2 
     p= 2710;        %Mass density per unit volume of link 1 and link 2 
     %  p= 7850;        %Mass density per unit volume of(Structural 

steel) link 1 and link 2 
      Mp=0.000;       %payload  
       l=0.9;          %Length of link 1 
        n=1;            %No of elements 
         l2=1.1;         %Link_2_length 

  
%% 

  
 Mm=(p*A*l/420)*[((140*l^2)+(Mp*l^2)+(I)) 63*l 14*l^2 ((147*l)+(l*Mp)) -

21*l^2; 
   63*l 156 22*l 54 -13*l;  
   14*l^2 22*l 4*l^2 13*l -3*l^2;  
   ((147*l)+(l*Mp)) 54 13*l (156+Mp) -22*l;  
    -21*l^2 -13*l -3*l^2 -22*l 4*l^2];  
Kk=(Ee*I/l^3)*[0 0 0 0 0;  
 0 12 6*l -12 6*l;  
 0 6*l 4*l^2 -6*l 2*l^2; 
 0 -12 -6*l 12 -6*l; 
 0 6*l 2*l^2 -6*l 4*l^2]; 

  
         %%   % REDUCE SIZE OF (boundary conditions)  
Mm(:,2:3)=[]; 
 Mm(2:3,:)=[]; 
  Kk(:,2:3)=[]; 
   Kk(2:3,:)=[]; 
%% 
%Estimation of Natural Frequency , Mode shape  
 [modeshape fr]=eig(Kk,Mm); %Which is used to estimate the Damping 

Coefficient 
                             %here the modeshape and fr matrices used to 

calcullate  
%%                            % the damping coefficient and get Ddamp;  
Fc=0.12;         %direction dependent coulomb friction coefficient 
 Fv=[0.15 0 0;  
    0 0.15 0; 
 0 0 0.15]; %diagonal matrix of viscous and/or dynamic friction 

coefficients; 

   
Ddamp=0.35*Mm + 0.0019*Kk;  %damping coefficient and get Ddamp; 
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    e = (-inv(Mm)*(Kk+Fc)); 
    g = (-inv(Mm)*(Ddamp+Fv));  
     f=inv(Mm); 
      f(:,2:3)=[]; 
%% 
    %Model of The system 
A1 = [zeros(3) eye(3); e g]; 
 B1 = [zeros(3,1); f]; 
  C1 = eye(6); 
   C=[1 0 0 0 0 0]; 
    D = 0; 
     D1 = zeros(6,1); 
      G=ss(A1,B1,C,D); 
%% 
G.InputName ={'u'}; 
 G.StateName ={'theta','w1','theta1','thetadot','w1dot','theta1dot'}; 
  G.OutputName ='theta'; 
% impulse(G); 
% step(G); 
%% 
    %LQR and Kalman Filter Deign 
    % Estimation Parameter 
R=1; 
 Q= [0.988 0  0  0  0  0; 
    0    0.10 0  0  0  0; 
    0    0  0.10 0  0  0; 
    0    0  0  0.05  0  0; 
    0    0  0  0  0.10 0; 
    0    0  0  0  0  0.10]; 

  
sys=ss(A1,B1,C1,D1); 
[K1,S,e] =lqr(A1,B1,Q,R) ; 
%K1=lqr(A1,B1,Q,R);    
 Vd=0.001*eye(6);           %Disturbunce noise covariance 
   Vn=[0.001.*C1];           %Measurement noise covariance 
 %%%%%%%%%%%%%%%%% 
[L,P,E]=lqe(A1,Vd,C1,Vd,Vn);                 %design kalman filter  
  Kf=(lqr(A1',C1',Vd,Vn))';                    %possible to design kalman 

filter using lqr command 
   sysKF=ss(A1-Kf*C1,[B1 Kf],eye(6),0*[B1 Kf]); %kalman filter; 
%% 
%State-space representation for link 2  
l=1.1;  %Link_2_length 
M=(p*A*l/420)*[((140*l^2)+(Mp*l^2)+(I)) 63*l 14*l^2 ((147*l)+(l*Mp)) -

21*l^2; 
   63*l 156 22*l 54 -13*l;  
   14*l^2 22*l 4*l^2 13*l -3*l^2;  
   ((147*l)+(l*Mp)) 54 13*l (156+Mp) -22*l;  
    -21*l^2 -13*l -3*l^2 -22*l 4*l^2];  
K=(7.11e11*5.2530e-10/l^3)*[0 0 0 0 0; 
0 12 6*l -12 6*l; 
0 6*l 4*l^2 -6*l 2*l^2; 
0 -12 -6*l 12 -6*l; 
0 6*l 2*l^2 -6*l 4*l^2]; 
%% 
% REDUCE SIZE OF F(boundary conditions) 
M(:,2:3)=[]; 
 M(2:3,:)=[]; 
  K(:,2:3)=[]; 
   K(2:3,:)=[]; 
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%% 
 [modeshape fr]=eig(Kk,Mm); 
 %% 
 Ddamp=0.35*Mm + 0.0019*Kk; 
e = -(inv(M)*(K+Fc)); 
g = -(inv(M)*(Ddamp+Fv));  
f=inv(M); 
f(:,2:3)=[]; 
%% 
      %Model of the system  

  
A2 = [zeros(3) eye(3); e g]; 
B2 = [zeros(3,1); f]; 
C2 = eye(6); 
D2 = zeros(6,1); 
G1=ss(A2,B2,C,D); 
%% 
G1.InputName ={'u'}; 
    G1.StateName ={'alfa','w2','theta2','alfadot','w2dot','alfaa1dot'}; 
        G1.OutputName ='alfa'; 
% step(G1); 
% impulse(G,G1); 
% impulse(G1); 
% step(G,G1); 
%% 
        %LQR and Kalman Filter Deign 
sys1=ss(A2,B2,C2,D2); 
    K2=lqr(A2,B2,Q,R); 
        K2_1=[K2(1,3) K2(1,4) K2(1,5) K2(1,6)]; 
             Vd1=0.001*eye(6); 
              Vn1=[0.001.*C2]; 

        
%% 
            [L1,P1,E1]=lqe(A2,Vd1,C2,Vd1,Vn1); 
                Kf1=(lqr(A2',C1',Vd1,Vn1))'; 
                      sysKF1=ss(A2-Kf1*C2,[B2 Kf1],eye(6),0*[B2 Kf1]); 

  
 %% 

B.2 Program for Particle Swarm Optimization 
%component PSO 
%clc clear the command window 
%clear clear the work space 
nVar=6; 
lb=[0 0 0 0 0 0]; %lower bound 
ub=[10 10 10 10 10 10]; %upper bound 

  
fobj =@fosmc; 
% fobj = @pso_pid_funpso; 

  
%%algorithem parameters 
noP=50;  %population size 
maxIter=10;   %no of aiteration 
wMax=0.9; 
wMin=0.2; 

  
%w=0.8;  %ineria weight 
c1=2; %acceleration cofficent 
c2=2; %acceleration cofficent 
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vMax=(ub-lb) .*0.2; 
vMin = -vMax; 

  
 % the pso algorithim 
 %initialise the particle 

  
 for k = 1 : noP 
     swarm.particles(k).X =(ub-lb) .*rand(1,nVar)+lb; 
      swarm.particles(k).V =zeros(1, nVar); 
     swarm.particles(k).PBEST.X= zeros(1,nVar); 
      swarm.particles(k).PBEST.O =ub; 

     
      swarm.GBEST. X = zeros(1, nVar); 
      swarm.GBEST.O= ub; 
 end 

  
%main loop 
for t=1 : maxIter 

     
    %calculate the objective value 

     
        for k = 1 : noP 
            currentX=swarm.particles(k).X; 
            swarm.particles(k).O =fobj(currentX); 

             
            %update the pbest 
            if swarm.particles(k).O < swarm.particles(k).PBEST.O 
               swarm.particles(k).PBEST.X= currentX; 
               swarm.particles(k).PBEST.O =swarm.particles(k).O; 
            end 
            %update the Gbest 
            if swarm.particles(k).O < swarm.GBEST.O 
                swarm.GBEST. X =currentX; 
                swarm.GBEST. O = swarm.particles(k).O; 

                 
            end 
        end 
        %up date the x and v vector 
        w = wMax - t.*((wMax-wMin)/maxIter); 

         
        for k=1:noP 
            swarm.particles(k).V +w .* swarm.particles(k).V + c1 

.*rand(1, nVar) .*(swarm.particles(k).PBEST.X-swarm.particles(k).PBEST.O) 
                                                                                    

+c2 .*rand(1, nVar) .*(swarm.GBEST. X -swarm.GBEST. O ) 

                 

                                                                                     
          %check velocity 
          index1 =find(swarm.particles(k).V > vMax); 
           index2 =find(swarm.particles(k).V < vMin); 

            
            swarm.particles(k).V(index1) = vMax(index1); 
               swarm.particles(k).V(index2)= vMin(index2); 

                 
                 swarm.particles(k). X = swarm.particles(k). X 

+swarm.particles(k). V; 

                  
                 %check position 
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                   index1 =find(swarm.particles(k).X > ub); 
           index2 =find(swarm.particles(k).X < lb); 

                
           swarm.particles(k).X(index1) = ub(index1); 
               swarm.particles(k).V(index2)= lb(index2); 
        end 

         
            outmsg =['iteration', num2str(t) , 'swarm.GBEST.O=', 

num2str(swarm.GBEST.O)]; 
            disp(outmsg); 

             
          %  cgcurve(t) = swarm.GBEST.O; 
end 

  
%  semilogy(cgcurve); 
%  xlabel('iteration') 
%  ylabel('weight') 

                         

B.3 Program for Objective Function 

%%component PSO 
function cost=tlfmpso(k) 
assignin('base','k',k); 
sim("tlfmlqg.slx"); 
cost=ITAE(length(ITAE)) 
end 
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Appendix C 

 MATLAB/SMULINK Model of the TLFM 

 

Figure C.1: Simulink Block for LQG 
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Figure C.2: Simulink model of LQG controller based on the state space model 
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Figure C.3: Simulink block for PID-PSO 


