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Abstract

The thesis deals with analysis of cubic spline and cubic B-spline interpolation and finite
difference for boundary value problems. Investigation on the major problem specially on
the behavior of the solutions and how to solve the ordinary differential equations using
cubic spline method, cubic B- spline interpolation and finite difference methods. Cubic
B-spline functions play important roles in both mathematics and engineering. To describe
a numerical method for solving the boundary value problem with second-order using cubic
B-spline, first, the cubic B-spline basis functions are introduced, then we use the linear
combination of cubic B-spline basis to approrimate the solution. Finally, we obtain the
numerical solution by solving tri-diagonal equations. The finite difference method needs
discretization with equal mesh sizes and replacing the BVP by difference equations,which
also involves tri-diagonal systems for the solution. Convergence and stability of the meth-
ods will be discussed.The absolute errors in test examples are estimated , the comparison
of approzimate values and exact values and absolute error at the nodal point are shown
tabularly and graphically . Further, shown that cubic B-spline method produces accurate

result comparing with cubic spline and finite difference methods.
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Chapter 1

Introduction

1.1 Background of the study

Numerical data is usually difficult to analyze. To this end, the idea of the interpolation
was developed. In the mathematical field of numerical analysis, interpolation is a method
of constructing new data points within the range of a discrete set of known data points.
Interpolation provides a means of estimating the value at the new data points within the
range of parameters. Splines and particularly cubic splines are very popular models for

interpolation by Kia Wang.(2013).

Historically, a spline was a common drafting tool, a flexible rod that was used to help
draw smooth curves connecting widely spaced points. The break points of a spline are also
referred to as its knots. The world of splines extends far beyond the basic one-dimensional,
cubic, interpolatory spline we are describing here. There are multidimensional, high-order,
variable knot, and approximating splines. The cubic spline curve accomplishes the same
result for an interpolation problem. The spline technology has applications in computer
aided design (CAD), computer aided manufacturing (CAM), and computer graphics sys-
tems. The cubic spline interpolation is a piece-wise continuous curve, passing through
each of the values in the table. There is a separate cubic polynomial for each interval,

each with its own coefficients Shang (2011).

The goal of cubic spline interpolation is to get an interpolation formula that is con-

tinuous in both the first and second derivatives, both within the intervals and at the



interpolating nodes. This will give us a smoother interpolating function. The first deriva-
tive and the second derivative of a cubic spline are continuous.The continuity of first
derivative means that the graph y=s(x) will not have sharp corners. And also the conti-
nuity of second derivative means that the radius of curvature is defined at each point.

The fundamental idea behind cubic spline interpolation is based on the engineers tool
used to draw smooth curves through a number of points. This spline consists of weights
attached to a flat surface at the points to be connected. A flexible strip is then bent across
each of these weights, resulting in a pleasingly smooth curve. The mathematical spline
is similar in principle. The points, in this case, are numerical data. The weights are the
coefficients on the cubic polynomials used to interpolate the data. These coefficients bend
the line so that it passes through each of the data points without any erratic behaviour

or breaks in continuity by Wolberg(2002).

It is well-known that many real life phenomena in physics and engineering can be
modelled by systems of linear and non-linear differential equations. One class of these

systems is of second order boundary value problems.

Ordinary Differential Equations (ODE) has a long history and widely applied in many
fields. The numerical solution of ODE has made great development in the 20th century.
There have been emerged many new ideas as well as many complex methods for solving
ODE, so that the numerical methods for solving ODE has been deepened. Systems of or-
dinary differential equation have been applied to many problems in physics, engineering,
biology and so on. The theory of spline functions is a very active field of approxima-
tion theory for boundary value problems (BVPs) when numerical aspects are considered
Nazan and Hikmet(2006).There are many studies on the solutions of linear and non-linear
systems of second order boundary value problems by Wolberg (2002). The main purpose
of our present study is to apply a cubic spline and B-spline methods and finite difference

method in solving Eq. (1.1.1).

There is a large body of work in the field of cubic spline interpolation. The earliest
work in this area can be traced back to that of Chebyshev, his work was motivated by

the Wolberg, Alfy (2002) need to design a stable governor for a steam engine.Currently,



work in this area is motivated by diverse applications in many industrial problems, in-
cluding CAD,CAM, VLSI and signal processing. Recent work in this area dates back to
Schweikerts work on splines in tension, where exponential splines were used as approxi-
mates. Tension parameters were used to control shape. All of these methods were global,

interpolatory, and twice continuous.

In mathematics, finite-difference methods are numerical methods for solving differen-
tial equations by approximating them with difference equations, in which finite differences
approximate the derivatives. Finite difference methods are thus discretization methods.
In this thesis, we will discuss a direct method based on cubic spline method, B-spline and
finite difference methods for two-point boundary value problems of second-order ordinary
differential equation. There are many publications dealing with this problem with some
methods. In the research, a cubic B-spline is used to solve two-point boundary value
problems as the following systems which are assumed to have a unique solution in the
interval [a, b].

y'(z) + p(2)y (z) + q(z)y(z) = f(z), a<z<b
yla) = a, y(b) =5

This type of boundary value problem is assumed to have a unique solution, y(x) if p(x),

(1.1.1)

q(z) and f(x) are continuous on [a, b] .

An Ordinary differential equation(ODE): is an equation that relates a function y(x) to

. N _dn
some of its derivatives y™(z) = £L.
In general we write as F(x,y,y™M,y® ... y™) =0

Boundary value problem (BVP): A problem, typically an ODE or a PDE, which has
values assigned on the physical boundary of the domain in which the problem is specified,

is called a boundary value problem(BVP).

Example 1.1.1. ¢"(z) + p(2)y + q(z)y = f(2),0 <2 < 1,y(0) = 0 and y(1) = 0 where

p,q and f are smooth functions



1.2 Statement of the Problem

The proposed study intended to focus analysis of cubic spline method,cubic B-spline
method and finite difference method for boundary value problems. A number of re-
searchers have addressed solution of boundary value problems by using cubic spline,
B-spline and finite difference methods. But in each of the reviews, there is no clear
comparison on the stability, consistency and convergence of cubic spline method, B-spline
method and finite difference method.

Hence the proposed study aims to answer the following research problems.
e Which method is better convergent?
e Which method is more stable?

e How can we apply the MATLAB programs for cubic B-spline method, finite differ-

ence method and cubic spline method?

e How to Compare cubic B-spline method,finite difference method and cubic spline

method?



1.3

Objective of the Study

1.3.1 General objective

The main objective of this thesis is to analysis cubic spline method, B-spline method

and finite difference methods for solving boundary value problems of ordinary differential

equations(ODEs).

1.3.2 specific objective

The specific objectives of the thesis are:

To Determine the convergence of cubic spline method, B-spline method and finite

difference method.

To Determine the stability of cubic spline method, B-spline method and finite dif-

ference method.

To Apply the MATLAB programs for cubic spline method, B-spline method and

finite difference method.

To Comparing results of cubic spline method, B-spline method and finite difference

methods and exact value.



1.4 Significance of the study

This study may help to develop skills and knowledge in cubic spline method, B-spline
method and finite difference methods for boundary values problems, further may provide
useful result and information for the advancement of numerical algorithm, the advance-
ment of research and further for students will be doing on such types of topics. Moreover,

it may serve as references material for those needs to conduct research on this area.

1.5 Limitation of the study

There are problems or shortages under study this thesis work. some of them are:
e Lack of important reference books.
e Shortage of time

e Network access is limited.

1.6 Delimitation of the study

Cubic spline method, B-spline method and finite difference methods are perhaps the
most important methods in applied mathematics. It arises in varieties of mathematical
and physical systems. B-spline,Finite difference and cubic spline methods have many
applications in the real world. The thesis under study is mainly delimited to compari-
son of cubic spline method, B-spline method and finite difference methods for boundary
value problems by explaining some behaviors and solving problems on it.So this study is
delimited to a class of boundary value problems. The equations of the problem is given
by:

y'(2) + p(a)y (@) + a(@)y() = f(z), a<z<b

yla) = a, y(b) =



Chapter 2

Review of the related literature

2.1 Interpolation

We sometimes know the value of a function f(z) at a set of points 1, x9,- -+, x, (say,
with ; < 29 < -+ < x,), but we don’t have an analytic expression for f(x) that lets
us to calculate its value at an arbitrary point. For example, f(z;)’s might result from
some physical measurement or from long numerical calculation that cannot be cast into a
simple functional form. Often the z;’s are equally spaced, but not necessarily. The task
is now estimating f(x) for arbitrary z by, in some sense, drawing a smooth curve through
(and perhaps beyond) the x;. If the desired x is in between the largest and smallest of

the z; ’s , the problem is called interpolation .

2.1.1 Types of interpolation

There are several different interpolation methods based on the accuracy, how expensive
is the algorithm of implementation, smoothness of interpolation function, etc.
Piece-wise constant interpolation

This is the simplest interpolation, which allows allocating the nearest value and assigning
it to the estimating point. This method may be used in the higher dimensional multivari-

ate interpolation, because of its calculation speed and simplicity.



Linear interpolation:

Linear interpolation takes two data points, say (x4, y,) and (xy, y), and the interpolation

function at the point (z,y) is given by the following formula:

T—Tq

Y="Ya+ (Y — Ya) gt

Linear interpolation is quick and easy, but not very precise.

Polynomial interpolation:

Polynomial interpolation is a generalization of linear interpolation. It replaces the inter-
polating function with a polynomial of higher degree. If we have n data points, there is

exactly one polynomial of degree at most n — 1 going through all the data points:
P(.CE) = aApTp + Ap_1Tp—1 + -+ + Q222 + 1T + Qg

With higher degree polynomial (n > 1), the interpolation error can be very small. So,
we see that polynomial interpolation overcomes most of the problems of linear interpo-
lation. However, polynomial interpolation also has some disadvantages. For example,
calculating the interpolating polynomial is computationally expensive compared to linear
interpolation. More generally, the shape of the resulting curve, especially for very high
or low values of the independent variable, may be contrary to common sense. These

disadvantages can be reduced by using spline interpolation Wang(2013).

Spline interpolation:

Spline interpolation is an alternative approach to data interpolation. Compared to poly-
nomial interpolation using on single formula to correlate all the data points, spline inter-
polation uses several formulas; each formula is a low degree polynomial to pass through
all the data points. These resulting functions are called splines . Spline interpolation
is preferred over polynomial interpolation because the interpolation error can be made
small even when using low degree polynomials for the spline. The mathematical model
for spline interpolation can be described as following: For ¢ = 1,--- ,n data points, inter-
polate between all the pairs of knots (x;_1, ;1) and (z;,y;) with polynomials y = ¢;(x),

i=1,2,--,n.



As the spline will take a function (shape) more smoothly (minimizing the bending),
both 1 and 3" should be continuous everywhere and at the knots. Therefore:
qi(2;) = ¢ 1 (wi41) and ¢} (z;) = ¢/ (@i41),where 1 < i < n—1 This can only be achieved
if polynomials of degree 3 or higher are used. The classical approach uses polynomials of
degree 3, which is the case of cubic splines Rainer Kress(1998).
Cubic Spline Interpolation
Numerical methods have been introduced to generate approximation solution of the prob-
lem as equation (1.1.1) is difficult to be solved analytically. Shooting method and finite
difference method used to solve linear and non linear boundary value problems and com-
monly used in explaining numerical methods in solving ordinary differential equations.
In 1968, Fyfe introduced cubic spline interpolation method on approximating two-point
boundary value problem, which then had successfully leads to many further investigation
on application of spline in boundary value problems . Part of them are that focused
on the application of cubic spline interpolation on boundary value problems. Fang et
al(2003). had proposed a comparison on finite difference, finite element and finite volume
methods applied to two-point boundary value problem. The details and the results can
be found in and the references therein. Five years later, Caglar et al(2006). had proposed
to compare the performance of the techniques studied by Fang et al(2003). with the new
approach that Caglar et al(2006). developed as improved version of cubic spline inter-
polation in solving two-point boundary value problem. The method is known as cubic

B-spline interpolation by Nazan and Hikmet (2009).

2.2 Finite difference method

The finite difference theory for general initial value problems and parabolic problems then
had an intense period of development during 1950s and 1960s, when the concept of sta-
bility was explored. Independently of the engineering applications, a number of papers
appeared in the mathematical literature in the mid-1960s which were concerned with the
construction and analysis of finite difference method by the Rayleigh-Ritz procedure with
piecewise linear approximating functions. Finite difference method is one of the most
widely used numerical method to solve differential equations. The general concept of
finite difference methods in details such as stability, convergence conditions, have been

presented in literature for solving differential equations. The challenge in analysing finite
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difference method for new classes of problems is often to find an approximate definition of
stability that allow one to prove convergence and to estimate the error in approximation
LeVeque (1998).

The basic steps for a finite difference method are as follows: first, choose a knot on the
interval of interest, that is, for [a, b]

a = Ty, 1" Tn_1,T, = bsuch that the approximate solution will be sought at these knot
points; second, form the algebraic equations required to satisfy the differential equation
and the boundary conditions by replacing derivatives with difference quotients involving
only the knot points; and last, solve the algebraic system of equations.Methods involving
finite differences for solving boundary-value problems replace each of the derivatives in
the differential equation with an appropriate difference-quotient. The particular differ-
ence quotient is chosen to maintain a specified order of error. The finite-difference method
for the second-order boundary-value problem,(1.1.1) requires that difference-quotient ap-
proximations be used for approximating both 3" and y”. First, we select an integer N > 0

and divide the interval [a,b] into (N + 1) equal subintervals whose end points are the

(b—a)
(N+1)°

points,z;, for : = 1,2,--- , N, the differential equation to be approximated is

y"(z;) = p(z;)y (x;) + q(z;)y(z;) + f(z;) by Burden and Faires (2002).

knot points z; = a + ih, for i = 0,1,--- | N + 1, where h = At the interior mesh
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In general the idea of the finite difference method is to replace each derivative involved
in boundary value problem in term of central difference approximations, which then leads
to system of equations. The solution of the system of equations which later turned to a

problem of solving a system of tridiagonal matrix, yields approximations to the solution

of the original differential equations at discrete points.

V4 °
J"i+1T
& Yi !
o g T
o i
L AL

L A

Interior points
Endpoint Endpoint

Figure 2.1: Discritization of the domain



Chapter 3

Research methodology

3.1 Study design

The study involves numerical implementation with MATLAB. For the study, the domain
is discretized by cubic spline, B-spline and finite difference. Then the domain is discretized
into a system of linear equations and obtain a function value at each node or the numerical
approximation to the solution of our cubic B spline and finite difference method. Finally,

the resulting linear system is solved using matrix for the unknown values on the node.

3.2 Study procedure
In order to achieve the stated objectives,the study will follow the following procedures:
e Define the methods.

Discretize the given domain (or interval).

Replacing the differential equations by cubic spline, cubic B-spline and finite differ-

ence approximations.

Obtaining the tri-diagonal system which can be solved by any numerical methods.

Writing a code for the problem by using MATLAB language

Validating the methods using numerical examples.

12



Chapter 4

Results and Discussion

4.1 Cubic Spline Interpolation

Definition 4.1.1 (Cubic spline Interpolation). Given the n data points (x1,y1), ..., (Tn,Yn),
where x; are distinct and in increasing order. A cubic spline S(z) through the data
points (x1,v1),, (Tn, yn) s a set of cubic polynomials:

(

si(x) =y +bi(z — 1) + er(x — 21)* + di (@ — 21)°, on [z1, xo]

$2(T) = Yo + ba(x — T2) + ca(@ — 22)* + do(x — 12)?, on [z, 3]

Sn1(Z) = Yn1 +bp1(x —xp 1)+ na(®— 20 1)+ do1(x—201)3, on [z, 1,1,
with the following properties:

a, Sz(xz) =y, and Sz‘($i+1) = Yi+1

b, Si_i(x;) = Si(x;), fori=2,...,n—1

¢, SI(x;) =8!(x;), fori=2,,n—1

4.2 Construction of cubic spline

How to determine the unknown coefficients b;,¢; and d; of the cubic spline S(z)? So

that we can construct it. Given S(x) is cubic spline that has all the properties as in the

13
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definition,
Si(x) = y; 4+ bi(x — ;) + ¢;(x — x3)* + di(x — ;)°, onlzi, Tia (4.2.1)

fori=1,2,....n—1

The first and second derivatives are:

Si(z) = 3di(x — z;)* + 2ci(x — x;) + by (4.2.2)
S (x) = 6d;(x — x;) + 2¢ (4.2.3)

fori=1,2,--- . n—1

From the first property of cubic spline, S(x) will interpolate all the data points, and we
can have S;(x;) = y;. Since the curve S(x) must be continuous across its entire interval,
it can be concluded that each sub-function must join at the data points that is

Si(x;) = S;_1(x;) Therefore,

Yi = Si—1($z‘)

Sic1(zi) = yic1 + bima (v — x421) + cima (2 — iUz'—l)2 +di_q(z; — xi—l)g (4.2.4)

Yi = Yi—1 +bi—1($i—iUz'—l)+Ci—1($i—ﬂfi—l)‘i‘di—l(ﬂ?i—%—l)?’, fori=2.3,...,n—1. (4.2.5)

Letting h = z; — x;_1 in (4.2.3), we have:

Yi = Yio1 + bith+ ciih? +diih®, fori =2,3,-++ ;n—1 (4.2.6)

Also, with properties (b) of cubic spline, the derivatives must be equal at the data points,

that is:

Si—1(zi) = Si(zi) (4.2.7)
By using (4.2.2)
Si(x;) = b; and
S () = 3di_1(zi — 25-1)* + 2¢i1 (25 — 25-1) + biy (4.2.8)

Therefore,

bl' = 3di71(xi — $¢71)2 + 201',1(%7; — xi,l) + bifl (429)



Again, letting h = x; — x;_1, we find:

bi = 3d2‘_1h2 + QCZ‘_lh + bz‘_th’f’ 1= 2,37 o, — 1

From (4.2.3)
S!(x) = 6d;(x — ;) + 2¢; we have S} (z;) = 6d;(z; — x;) + 2¢;

SZ”(I'Z) = 261'
Since S¥(x) should be continuous across the interval, therefore
Sita(i) = 57 (1)

S! o (x) = 6di1 (2 — 24-1) + 2¢i1

QCZ' = 6di_1((lfi - Iz’—l) + 202'_1
Letting h = x; — x;_4

202' = 6dz‘,1(.§(fi — x1'71> + 202',1

QCZ‘ = Gdiflh + 201',1

Simplified these equation above by substituting M; for S!(x;) ,
from (4.6.59)
S;/(IZ) = QCi, Mz = 207;

M;
Ci = —/—
2
From (4.6.61), we have
dz—l _ 20;‘—6?101'71
substitute, ¢; we get
L M= Mo
i—1 6h

From (4.2.6):

h

15

(4.2.10)

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)
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Substitute ¢; and d;, we get

bi — (Yit1 — Ui) _ h(2M; + M, 1)
h 6

(4.2.16)

In (4.2.10) substitute b;, ¢;,d; we get , Put these systems into matrix form as follow:

2(M;i—M;—1) | 2hMi—1 | yi—yi-1 3 CMi—1+M;) _ (yit1—yi) 3 (2Mi+Miy1)
3h 6h + 2 + h h 6 - h h 6

B(Mioy +AM; + Miyy) = Wim1=2itva)

i-1— 2y + Y .
Moy + AM, + My, — 691 hy2+y“>,z:2,3,...,n—1 (4.2.17)

My + AMy + My = 6lu—2tu)

My +AMs + M, = 6@2=3+0)

M, o +4M, 1 + M, = 6(%—2*2}3—;—1%

Transform in to the matrix equation:

14 1 00 0\ [ M,
01 4 10 ol | v 242+ Us
00 1 41 of | sy 6 Y2~ 25+ s
=5 : (4.2.18)
14 1 0 M, Yn—3 — 2Yn—2 + Yn—1
00 01 4 1)\ M, Yn=2 = -1 + Ui

This system has n-2 rows and n columns, it is under-determined. In order to construct a

unique cubic spline, two other conditions must be imposed upon the system.

4.3 Cubic spline method for solving Boundary value

problems

By using cubic spline approximation equations for solving problem (1.1.1) a finite set of

grid points z;,i = 0,1,2,--- ,n — 1,n are established by partitioning the interval |[a, b]
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into n + 1 uniformly subinterval:

— ; _ _ _ b—a
r; =a+1ih,xo =a,r, =bh = =%

We consider the boundary value problem defined by (1.1.1).Let S(z) be the cubic spline
approximating the function y(x) and let S”(x;) = M;.To derive the governing equation of
S(z), we observe that second derivative of a third-order polynomial is a linear equation.
This means that within each spline the second derivative is a linear function of x. For the

[z;_1, ;] interval, this linear function can be written in the Lagrange form:

" T — T 1" T — Tj— 1"

==

where the values of the second derivative of the third-ordered polynomial at the endpoints
(knots) of the ith interval are S¥(x;_1) and S¥(x;). The third order polynomial in interval
i can be determined by integrating Eq. (4.3.19) twice. The resulting expression contains
two constants of integration. These two constants can be determined from the condition
that the values of the polynomial at the knots are known: S¥(x;_1) = y;—1 andS! (x;) = v;
Once the constants of integration are determined, the equation of the third-order polyno-

mial in interval i is given by:

Lo g O 0 (M) o) (i M) )

6 6 6 6
(4.3.20)
In (4.3.20), the spline second derivativesM;, are still not known. To determine them , we

use the condition of first derivative continuity. From (4.3.20) , we obtain by differentiation:

) 1 —3(x; —x)?
Si(z) = E[—<x6 2) My +

3(x — 1) h? h?
(TﬁMi — (yifl - EMi—l) + (yz - EMz)] (4-3-21)

Setting = x; in (4.3.21), we obtain the left hand derivative:

h 1 h? 1 h? 1 h h
! i) = _Mz'_— i— ——Mi_ - z__Mz = —\Y;i—Yi— —Mi_ _Mz' 4.3.22
Si(wi=) = 5 Mi= 7 (yim1 = Mi1)+ 3 (vi— Wiy ) Moyt g My (4.3.22)
1 =1,2--- ,n and the right-hand derivative becomes:
, 1 h h
Sipilzit) = E(yi-&-l — i)+ EMZ + gMi+1 (4.3.23)

i=0,1,2---.n
Equality of(4.3.22)and(4.3.23)produces the recurrence relation:

6 .
My +4M; + My = ﬁ(?/iﬂ —2yi +yi1),i=1,2,--- ,n—1 (4.3.24)
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Then, at = z; the differential equation(1.1.1)gives
M; + piSi(z:) + qiyi = fi (4.3.25)

But from (4.3.22)and (4.3.23),we have

, h 1
S'(z;—) = 6(2Mi + M; 1) + E(yi — Y1) (4.3.26)
and
] h 1
S (xz+) = —8(2Mi + Mi+1) + E(yiﬂ - yz) (4.3.27)

Substituting (4.3.26)and (4.3.27) successively in (4.3.25),we obtain the equations

h 1
M; +pi[6 (2M; + M; 1) + E(yz — i)+ @y = fi (4.3.28)
and
h 1
M; + pi[_g(QMi + M) + E(yiﬂ —y)l + qyi = fi (4.3.29)

Simplifying (4.3.28)and (4.3.29) we get

a;M;_y +b;M; + ciyi1 +diyi = fi, 1 =1,2,--- ,n. (4.3.30)
and

eiM; + giMi1 + hiyi + kiyizr = fi, i=0,1,--- ,n— 1 (4.3.31)

Where
h h Di Di h h Di Di
l:_labzzl _i7i:__7di:i _7i:1__i7i:__i7hi:i__ dkz:_
“ 6p —i—3p ¢ h q+h ¢ 3p g 6p ¢ han h
(4.3.32)

Since from the boundary condition yo and y, are known, equations (4.3.30)and (4.3.31)
constitute a system of 2n equations in 2n unknowns,these unknowns are My, My, -+, My, y1, Y2, » Yn—

we obtain the system of equation
AM = F

Where
M = [M07M17"' 7Mn7y17"' 7yn—1]t
F= [f1 —01,f2>“' 7fn_dn7f0_h0>f17"' 7fn71 —knq]t
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and A is an (2n) x (2n) dimensional tri-diagonal matrix given by

aq b1 0 0 tee dl 0 0 tee 0
0 (05} bQ 0 cee Cy d2 0 tee 0
0 0 0 Apn—1 bnfl 0 Tt Cp—1 dnfl
0 O 0 0 n b, o .- n
A= a &
e g 0 0 -+ k 0O 0O - 0
0 €1 g1 0 ]’L1 kl 0 s 0
0 O --- 0 €n—2 Gn—2 0 e hn—2 kn—2
0 0O --- 0 0 €n—1 YGn-1 0 e hnfl

4.3.1 Error analysis

Theorem 4.3.1. Ify € *a,b],a =29 < 11 < T3 < -+ < 1, = b, and if s(x) is the cubic
spline for which

S(xz) :yi7i2071727"' y I

then
1
maxxoga:gxn | y(‘r) - S<x> ’S §Mh2

where h = x4 — x;,1=0,1,2,--- ,n and M = maz | y"(z) |,z0 < x < z.
The errors in the spline deriwatives can be obtained by using the operator notation. To
find the errors in the first derivatives , we start with the recurrence relation

mi—1 +4m; +my = E(yiﬂ — Yi1)-

That s

3
§'(zio1) + 48" () + 8" (i) = E(yi—&-l — Yi-1)-

Using the operator notation ,the above equation can be written as

(B +4+ E)s'(z;) = %(E — E Yy (4.3.33)

Since E = e"?, where D = L equation (4.3.33) becomes

(e—hD +4+ GhD)S,(iL‘Z‘) — (ehD

3
(e = e ")y, (4.3.34)



Now,

h?D? R3D3  h*D* RODP
hD _
V=14 D+ o e
and

h:D? R3D3®  KiD*  RKODP
~hD _ 1 _ _ B
¢ =1-hD 2! TR 5!
Hence

h:D? h*D* pSDS
hD —hD
=2(1
e e (1+ 2 + 24 + 720 +ee)
and

3D3 5D5
P — ehP = 2(hD + f h

6 T T
Using the above expression in (4.3.34), we obtain
h?’D? h*D* 3 h*D? hPD?® h?’D?® hi*D>
21 V] () = S x2(hD Yy = 6(D
[2(1+ 5t )+4]s" () hx( t 0t )y (D+ e t1ogt
The above equation simplifies to

8,(3})_6(D+h2D3/6+h4ps/120+...) D+ hD/6+ hDP120 4 -
T T e D D 12+ T 1 D6+ D72+

WD hADS h:D?  pAD*

D 1 BN
DT g T ey e
WD hADS h2D?  pipt
D SO —

Dt =ttt )

K2D?  pADA
+( - + = +"‘)2_“‘]yi
WD hADS m2D?  hADA KA DA
D S T e .
(Dt ==+ ) 6 72 e T
WD hADS K2D?  hADA
D _ e
(D+ ==+ 15 ) 6 T iz
(D WD WD RDY WD h4D5) |
6 72 6 36 120 'Y

1
D— —mD>+ -y,
(D= gt D+ )y
Hence

/ / 1
(i) = y; — mf#yl@ + O(h6).

(4.3.35)
In a similar manner , we can derive the relations:

" " 1 i 1 v
s"(w;) = y"(z:) — Ehzy (i) + %fﬁly (z;) + O(R®) (4.3.36)
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4.4 Cubic B-spline

The B-splines are 'non global’. These are basis functions.This basis allow the degree of
the resulting curve to be changed without any change in the data.The B-spline can be of
any degree but, in computer graphics and other applications , B-splines of degree 2 or 3
are generally found to be sufficient.We therefore restrict our study to a discussion of cubic
B-splines only. The cubic B-spline resembles the ordinary cubic spline. In cubic spline a
separate cubic is derived for each interval. Specifically,a cubic B-spline(or a B-spline of
order four),denoted by B;3(x), is a cubic spline with knots x;, 11, Ti10, Ti1s and x4,
which is zero everywhere except in the range z; < x < x;14. In such a case, Bs;(z)
said to have a support [z;, z;14]. It may be noted that a B-spline need not necessarily
pass through any or all of the data points. Similarly ,a B-spline of order n+1 (degree
n), denoted by B, ,(z),is non-zero only in the range z; < x < x;41.The B-spline may be
defined in several ways. A useful representation is that based on divided difference.

Let the set of data points be (x;,y;), i = 1,2,-+- ;m, and a < x < b. Let s(z) be the

cubic spline with knots x;, xg, - x,, where a < 21 <2y <--- <, <D.

Definition 4.4.1 (B-spline function). Let X be a set of n+ 1 non decreasing numbers
such that X = {xg, 1, ,x,} be a set of partition of [a,b], z;’s are called knots, the set
X the knot vector, and the half-open interval [x;, x;+1) the i-th knot span. the zero degree
B-spline is defined as follows:

1, <o <oiy
Bio =

)

0, otherwise
The degree of these basis functions is p. The i-th B-spline basis function of degree p,
written as B, ,(x), is defined recursively as follows:

xr — JIZ‘ xi 1 — €T
Bip(z) = Tir __I‘Bi,p—l@) + ﬁBHqu(l’). (4.4.37)
TP ? i+p %

Equation(4.4.37) is referred to as the Cox-de Boor recursion formula.

Therefore, by using definition (4.4.37) and rearranging the equation will produce a
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cubic B-spline basis function which represented by (4.4.38).

(
(ZE - xi>37 S [ZL’Z',.TH_ﬂ

(@ — )" (Tir2 — ) + (& — ) (Tiys — 2)(z — Ti11)

Biy(z) = # (@ = 2i41)* (Tigs — ), T € [Tiy1, Tiyo)
(@ — ) (Tis — 2)° + (& — 2ip1) (Tigs — 2)(Tia — 7)
(7 = Tiga) (@iga — 3)°, T € [Tiya, Tirs)
\ (@ira — )", T € [Tivs, Tiya]
(4.4.38)

The properties of B-spline functions
(1) Translation Invariance:
Bi_1,(x) = Bop(x — (i —1)h),i = —3,—2,---

(2)Non-negativity :

Bip(x) > 0,2 € [Ti, Tivp1)

(3) Compact Supported:

Biy(x) = 0,2 ¢ [xi, Titpi1)

(4) Derivation formula:

k
|
Bz‘(n) 1) = i Bitjp—
7p< ) (p—k;)! jZO 2 21tg,p

Where
(
04070 =1
o _ Qak—1,0
< k.0 Titp—k+1—T4
a . Ok _1,k—1
k. Titp+1—Titk
PP el Y
kd T migpriki1—Tity

\
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4.5 Cubic B-spline method for boundary value prob-
lems (BVPs)

Let
n+1

y(z) = Z ¢;Bis(z) (4.5.39)

i=—1
be an approximate solution of Eq.(1.1.1),where ¢;’s are unknown real coefficients and

B; 3(z) are cubic B-spline functions. Let zg, 21, - ,x, are n+1 grid points in the interval

[a,b] ;s0 that x; =a+ih ,i=0,1,--- n,To=a,r, =bh="LY

From (4.5.39), we have
y(wi) = cio1Bio1(xi) + ¢iBi(w;) + civ1Biv1 (%) + ciyaBiya (i),

y'(2:) = cic1 By () + ¢ Bi(2:) + con Biyy (20) + cipa Biya(Ti), (4.5.40)
y' (i) = cioa B (32) + ;B (2:) + e Bl () + cia Bl o (i),
and these yield

cio1[Bi_y (i) + p(xi) Bi_y (%) + q(@:) Bioa (2:)] + [ B (2:) + p(xi) Bi(2:) + q(x:) Bi(:)]

+ci1[Biy 1 (2)4p(ws) By 1 (2:)4q(2:) By (23) | Fciqa BY o (w0) +p(2:) Bl 1o (25) +q(2s) Biya(:)] = f(23),

(4.5.41)
also by the properties of cubic B-spline functions, we obtain the following
1
Béil(xz) = ﬁaB:/(xl) _ﬁsz{/JA(xZ) h27Bl//+2( l) 07
1 1
Bi_y(z;) = —ﬁyBé(ifi) =0, Biy(z:) = TR Bio(2;) =0, (4.5.42)
1 2 1
Bi(zi) = g, Bilwi) = 3, Bini (1) = &, Biya(2:) = 0.
If we combine (4.5.41) and (4.5.42), we obtain
6 3 —12 6 3
Ci_l[m — Ep(x,) + Q($z)] + CZ[F + 4(](1’1)] + Ci+1[§ + Ep(xz) + q(xz)] (4543)

Now we apply the boundary conditions:

y(xo) = C_1B_1(130) -+ C(]Bo(l’()) -+ ClBl(l’o) -+ CgBQ(JIQ) = Q,

y(x,) = cno1Bn_1(xn) + cuBp(xn) + ¢ns1 Bnyi1(T0) + cnaoBnio(z,) = . (4.5.44)
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where the value of B;(z) at * = zg and x = z,, are given below

1 4

Bfl(fl'o) = 6 = Bnﬂ(o’l?n),Bo(fCo) = 6 = Bn<$n)7
1
Bl(IO) = 6 = Bn+1<xn)7 BQ<x0) =0= Bn+2(‘rn> (4545)
Therefore,
c_1+4co + ¢ = 6ba, (4.5.46)
Cno1+4c, + 1 = 60. (4.5.47)

Now that we have found all the constant coefficients in (4.5.43), (4.5.46), and (4.5.47), we
can write a system of n+1 linear equations in n+ 1 unknowns. This system is represented

in (4.5.43) where the coefficient matrix is an (n + 1) x (n + 1) matrix.

1 4 1 0 0 --- 0 0 0 c_3 «
ao(zo) bo(zo) colag) O 0 - 0 0 0 s f(zo)
0 aj(xz1) bi(x1) ci(zy) 0 --- 0 0 0 : 6 :

0 0 0 0 0 an(xn) bp(xn) cn(zyn) Cn_1 f(zn)
0 0 0 0 0 1 4 1 Cn 15}
(4.5.48)

Equation(4.5.48) written as:
AB=F

Where B = [c_5,¢_9,¢_1,- ,Cpnq]"
F = [a, f(x0), f(x1),- -, f(2,), 8] and A is an (n +3) x (n+ 3) dimensional tri-diagonal

matrix given by

1 4 1 0 o --- 0 0 0
CLQ(ZL’()) bo([[‘o) Co(l‘o) 0 o --- 0 0 0
0 ar(x bi(x c(x o --- 0 0 0
A= 1<. ! 1(. Y 1<. Y o . . . (4.5.49)
0 0 0 0 0 an(xn) bp(xn) cn(zy)
0 0 0 0 0 1 4 1
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also the coefficients in the matrix A have the following form

ai(z;) = 3z — pp(x:) +q(z:), 1=0,1,---,n
bi(w;) = 58 + 4q(x;), i=0,1,---,n

ci(xy) = % + %p(ml) +q(x;), 1=0,1,---,n

4.5.1 Error analysis
Truncation error

Suppose S(x) is the cubic B-spline interpolating y(z;) , then

n+1

S(z) =Y ¢;Bis(x). (4.5.50)

i=—1

Thus, the approximation at the point, x; can be simplified to:

S(xi) = cio1Bio1(w3) + ciBi(w3) + cip1 Big1(w:) = y(w;) (4.5.51)

and we can easily get

S/<$Z) = Ci—lB;;1(xi) + CzBZ/(IJ + CZ'_HB;JFI (IZ) ~ y/(]?z) (4552)
S"(z;) = cio1Bl 1 (z;) + ¢;Bj (z;) + cipa Biy (x) = y"(24),1=0,1,2--- ,n (4.5.53)

By substituting the blending function (4.4.38) into Eqs. (4.5.51)-(4.5.53), we have
S(@i) = (§)eimt + (3)ei + (§)ein

S'(xi) = (=55)ci1 + (55)cin

S"(x:) = (zz)cim1 + (=) + (52)cim

Then, the following relationships can be obtained:

WISt (i2) + (IS + () Sha ()] = sly(ean) —yer)]  (45.54)
W25 (1) = 6[S (1) — S(a2)] = 2h[25" (@) + ' (wi12)]. (4.5.55)

By using the operator notation E(S(x;)) = S(x;11), Eq. (4.5.54) can be written as

AIE™ + () + (B8 ) = 5(F — B )y(r) (4.5.56)
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Since £ = e"P where D = d/dx, notation E can be written in the expansion form of
powers hD,

thn h3D3 h4D4 h5D5
+ + + +

hD __
T 31 Al 51

and

WD BADP WADY RSDP
—hD __ _ _ .
e =1=hD+— TR st

and we can get

h2D2 N h4D4 h6D6

hD —hD
—2(1
¢ te 1+ = 22 T 70

and

h3D3 RBSD> R'D?
6 " 120 soa0 )
Therefore, the above Eq. (4.5.56) can be expressed as

e"P — e = 9(hD +

2 1, RD? W'D' KSDS WD?  hSDS  KWTDT
hZz(1 )]s (z;) = (hD Oyl
Gt g gy b i) = (R e e g )
Or
1, WD? K'D'  RSDP W2D? WD RSDT
g b o gy @) = (D == g+ g ()
And, it can be simplified into
W:D?  RADP h2D? WD hSDS
) = (D4 == g M (g g o
W2D?  RAD? W2D?  R'DY hSDS
Dty Tl et T )
h2D? WD ,
+( 5 + = + ) _“']yi
W2D?  RAD? W2D? WD hD*
=Dty P e sy g
W:D?  RD? h2D? WD hSDS
=Dy T s e T T e
D WD WD WD DY
6 72 6 36 120
1 1
=(D——h'D° + ——h°D" — - )y,
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Hence,

1
s'(x) =yl — @f#ygf’) +O(hY). (4.5.57)

By using the same approach for Eq. (4.5.55), we can derive:

" ! 1 X 1 v
s"(x;) =y () — Eh2y (z;) + %h‘ly (z;) + O(R®) (4.5.58)

4.6 Finite Difference method for boundary value prob-

lems (BVPs)

The idea of the finite difference method is to replace each derivative involved in boundary
value problem in term of central difference approximations, which then leads to system
of equations. The solution of the system of equations which later turned to a problem of
solving a system of tridiagonal matrix, yields approximations to the solution of the original
differential equations at discrete points. By considering Taylor polynomial expansion

about z; which evaluated at x;,1 and x;_; , we have

h h? h3
y(@in) = ylas +h) = ylai) + 339/ (@) + 5py" (@) + 5797 () + - (4.6.59)

h h? h3
y(@ia) = ylzi —h) = y(a;) — ﬂy/(mi) + Ey”@i) - ﬁym(%) +o (4.6.60)
By adding and subtracting (4.6.59) and (4.6.60) respectively and rearrange them in terms
of ¢ and 1", resulting to central difference approximations for derivatives ' and y"”.

That is:
y(xi—i-l) - ?/(351—1)

y'(z;) = o +0(h?) (4.6.61)
y//(l'z’) _ y<l’i+1) - 23/}521'1‘) + @/(l’z’—l) i O(hQ) (4662)

Then, we get a differential equation which truncation error is (h?) .

putting (4.6.61) and (4.6.62) into (1.1.1), then, we have get

%[%—1 — 2y + yiya] = p@i)[yg;_ Yt —q(z)y; + f(z)) (4.6.63)

Also, combined with the boundary conditions

y(a) = a,y(b) = B
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Then we get the system of equations
(=2 + h2q(x0)lys + [T+ Sp(en)]ya = B2 f (1) + [-1 4 Sp(a)]e,  i=1

(1= Sp(aa)]yir + [=2+ hPq(:)]y + [1+ §p(a:)]yivs = B2 f(2:), 1=2,3---,n—2

[1— %p(xn)]yan +[-2+ hQQ(xn)]ynfl = h2f<xn) —[1+ %p(l“n)]ﬁ, t=n—1

(4.6.64)
Transform into matrix form
AY = F
=2+ hPq(z1) 1+ §p(x1) 0 e 0 (7
1- %p(ﬂb) 1+ %p(l’z) e 5 Yo
0 -tpw) 0 =
: ’ 1 + %p(xn_g) Yn—2
0 e 0 11— %p(xn—l) -2+ hZQ(xn—l) Yn—-1
h2f(x1) + [—1 4 2p(a1)]a
h? f(22)
: (4.6.65)
th(xn—2)

hZf(xn) —[1+ %p(xn—l)]ﬁ

4.6.1 Consistency, Stability and Convergence analysis

n+1

To study the accuracy and the computability of the difference approximation {y;}i",

we introduce the concepts of consistency, stability and convergence of finite difference

methods. We can write (1.1.1)as

Ly(x) = —y" + p(x)y +q(z)y = f(x),2 € I = [a,b],y(a) = go,y(b) = ¢

We assume that the functions p, q and f are smooth on I, q is positive, and p* and ¢* are

positive constants such that
| p(z) |< p*,0 < gx < q(x),x € I. (4.6.66)

Let I1 = {;}"") denote a uniform partition of the interval I.
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Definition 4.6.1. (Consistency). Let
Ti,H[w] = Lhw(xwL) — Lw(.’ﬁz)’@ = 17 27 RN )

where w is a smooth function on I. Then the difference problem (4.6.63) is consistent with

the differential problem (1.1.1) if
|| — 0 as h — 0.

The quantities T, 1jw], i = 1,2,--- ,n, are called the local truncation (or local discretiza-

tion) errors.

Definition 4.6.2. The difference problem (4.6.63) is locally p'" order accurate if, for

sufficiently smooth data, there exists a positive constant Cindependent of h, such that

maxlgignhjn[wﬂ S ChP.

The following lemma demonstrates that the difference problem (4.6.63) is consistent

with (1.1.1) and is locally secondorder accurate.
Lemma 4.6.1. If w € C*(I), then

rinlu] = 2 [w() — 2p(a) 09 @)

where v; and 0; lie in (x;_1,T;i11).

Proof. : By definition

w(xip1) — 2w(x;) + w(wi—1)

mnlw] = —| % —w”(xi)]—i—pz'[w(xiﬂ)Q_hw(xi_l) —w'(z;)],1=1,2,---
(4.6.67)
using Taylor’s theorem we obtain
Y ol B2
w($z+1) w(sz 1) . w'(xz) _ _w(3)(92)7‘91 c (xi—laxi—%l)‘ (4668)
2h 6
Also,
w(wir1) — 2w(z;) + w(x_q) h?
1 12 1 _ w”(xi) = Ew(4) (Vz'>7 v; € (Ii_l, ]3,‘4_1). (4669)

Now substituting (4.6.68) and (4.6.69)in (4.6.67) we obtain the desired result. O
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Definition 4.6.3. (Stability). The linear difference operator Ly, is stable if, for sufficiently

small h, there exists a constant K, independent of h, such that
lv;i| < K{max(|vo|, |vns1]) + mazi<j<n|Lpv;|},i =0,1--- ,n+1,
for any mesh function {v;}!} .

Theorem 4.6.2. If the functions p and q satisfy (4.6.66), then the difference operator Ly,
of (4.6.63) is stable for h < 2/p*, with K = max{1,1/qx*}.

Proof. If
v; | = mazo<icnii|vil, 1 << i <,
then, from (4.6.64), we obtain
divi = —efvf +1—cvf — 1+ h?Lyv; * .
Thus
d; |v;| < (lef| + ;D) Ivf| 4+ h*mazi<i<n| Lpvs].
If h < 2/p*, then
d; = e;| +|¢;| + h’g,
and it follows that
h?qi.vf] < B*mazi<icn| Lyvil,

or

1
|,Uz<| < q_maxlgign|[/h’l]i’.

*

Thus, if mazo<i<ni1|vi| occurs for 1 <i < n then
1
mazo<i<n+1|vi| < q—*maxlgign!thi!

and clearly

mazo<i<p+1|vi| < K{maz(|vo|, |vnt1]) + mazi<i<a|Lpvil}, (4.6.70)

withK = max{1,1/gx}. If mazo<i<nii1|vi] = {max(|vo|, |vns1])}, then (4.6.70) follows
immediately. ]
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Definition 4.6.4. (Convergence:)Let u be the solution of the boundary value problem
(1.1.1) and {uj}*) the difference approvimation defined by (4.6.63). The difference

approzrimation converges to u if
maxi<i<n|u; — u(z;)] = 0, as h — 0.

The difference u; — u(x;) is the global truncation (or discretization) error at the point

r,,t=1,2,---,n.

Theorem 4.6.3. Suppose u € C*(I) and h < 2/p*. Then the difference solution {u;}}
of (4.6.63) is convergent to the solution u of (1.1.1). Moreover,

mam1§i§n|ui - U(l‘l)| S Oh2

Proof.  Under the given conditions, the difference problem (4.6.63) is consistent with the
boundary value problem (1.1.1) and the operator L, is stable.
Since

Lip[ui — u(w;)] = f(z:) — Lau(;) = Lu(w;) — Lypu(z;) = —7inlul,

and ug — u(zg) = Upy1 — u(x,e1) = 0, the stability of L; implies that

1
lu; — u(x;)| < —maxi<i<n|min(ull.

*

The desired result follows from Lemma (4.6.1). O

4.7 Numerical Examples and Results

In this study work two second order boundary value problems with 7 = 0.1 and h = 0.2
respectively, have been solved,whose exact solutions are known.the exact solution, the
approximate solution and absolute errors are tabulated in tables (4.7.1)-(4.8) and com-
parison are shown in figures (4.7.1)-(4.6). The results of this study are compared with
exact solution of the two problems and finite difference method, cubic spline method and
B-spline method of the two problems.The methods are tested on second order two-point
boundary value problems, for subintervals of n = 10. For each problem, Max-norm is
calculated. Let Y(x) and S(z), as the analytical and approximated solutions of equation
(1.1.1), respectively. The Max-norm of the approximations then, calculated based on

equation (4.7.71). Matlab software is applied as the programming language in analyzing
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the methods on the tested linear two-point boundary value problems.

Max — norm = {maz}’_, | S(x;) — Y (x;) | (4.7.71)
Example 4.7.1. Solve the following boundary value problem

y'(z) —y(x) = -1 -1, 0<a<1

The analytical solution is

Solution

Method 1(cubic spline method): by comparing the given equation with (1.1.1) we

have

pi=plz) = -1, ¢ =q(z;) =0 and f; = f(z;) = ="V —1 (4.7.72)

and take h = 0.1 then x; = 0,0.1,0.2,0.3,--- ,0.9,1 where i =0,1,2,--- ,10
fi=f(z;),1=0,1,--- ,10. then

= f(0) = —1.367879441171442, f; = —1.406569659740599 f, = f(0.2) = —1.449328964117222,
f£(0.3) = —1.496585303791409, f, = f(0.4) = —1.548811636094027,

f(0.5) = —1.606530659712633, fe = f(0.6) = —1.670320046035639,

f(0.7) = —1.740818220681718, fs = f(0.8) = —1.818730753077982,

fo = £(0.9) = —1.90483741803596 and fio = f(1) = —2

By using (4.3.32) we get

a; = —0.016666666666667, b; = 0.966666666666667, c; = 10,d; = —10,

e; = 1.033333333333333, g; = 0.016666666666667, h; = 10, k; = —0.1

substitute the above values into (4.3.30) and (4.3.31) then we get
—0.016666666666667M;_;1 4+ 0.966666666666667M; + 10y;_1 — 10y; = f;, i =1,2,--- , 10.
and

1.033333333333333M; + 0.016666666666667 M, 11 + 10y; — 0.1y;11 = f;, ¢ =0,1,---,9.

These two equations gives 20 x 20 system of equations

fo
fs
fs
f7

Therefore,by solving the tri-diagonal system we get
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S1 = 0.059418338557575, Sy = 0.110278103903226, S3 = 0.180725204495857,

Sy = 0.197014964250349, S5 = 0.198097936749207, Sg = 0.181700820275073,

S; = 0.181700820275073, Sg = 0.145240281572363, Sy = 0.085782881513176

The analytical solutions are given by

y(x1) = 0.059343034025940, y(z5) = 0.110134207176556, y(x3) = 0.151024408862577,
y(x4) = 0.180475345562389, y(x5) = 0.196734670143683, y(xg) = 0.197807972378616,
y(x7) = 0.181427245522798, y(xs) = 0.145015397537615, y(x9) = 0.085646323767636.

The error for cubic spline method are calculated as

ly(z1) — Si| = 0.000075304531634908, |y(z5) — S| = 0.000143896726670298,

(6)
— y7| = 0.000273574752275463, |y(zs)
— y| = 0.00013655774553962,

) — S5 = 0.000203136001628829, |y(z4) — ya| = 0.000249858933467573,
5) — ys| = 0.000280294106665718, |y(26) — ys| = 0.000289964370590590,

) _

)

ys| = 0.000224884034748490,

Table 4.1: Cubic spline results and absolute errors for Example (4.7.1)

X

Cubic spline

Exact

Absolute Error

0.1

0.059418338557575

0.059343034025940

0.000075304531634908

0.2

0.110278103903226

0.110134207176556

0.000143896726670298

0.3

0.180725204495857

0.151024408862577

0.000203136001628829

0.4

0.197014964250349

0.180475345562389

0.000249858933467573

0.5

0.198097936749207

0.196734670143683

0.000280294106665718

0.6

0.181700820275073

0.197807972378616

0.000289964370590590

0.7

0.181700820275073

0.181427245522798

0.000273574752275463

0.8

0.145240281572563

0.145015397537615

0.000224884034 748490

0.9

0.085782881513176

0.085646323767636

0.00013655774553962
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Figure 4.1: Cubic spline approximation of example (4.7.1)

Method 2(cubic B-spline method): By using (4.7.72)and (4.5.49) we get
a;(x;) = 012—01( 1)+ 0=1630
bi(w:) = — % +4(0) = —1200
() = 012+01( 1) + 0 = 570

we can get the coefficient matriz A for n = 10.

o

—1200 570 0 0 0 0 0 0 0
630 —1200 570 0 0 0 0 0 0
0 630 —1200 570 0 0 0 0 0
0 0 630 —1200 570 0 0 0 0
A= 0 0 0 630 —1200 570 0 0 0
0 0 0 0 630 —1200 570 0 0
0 0 0 0 0 630 —1200 570 0
0 0 0 0 0 0 630 —1200 570
0 0 0 0 0 0 0 630  —1200
And

F =0,—8.20728, —8.43942, —8.69598, —8.97954, —9.29286, —9.63918, —10.02192, —10.44492,
—10.912379999999999, —11.42904, —12, 0]"

B = [-0.065740019188057,0.001224965186413, 0.060840158442406, 0.111924635199029,
0.153130320035298, 0.182919866433278, 0.199541891399468, 0.201002761098940,
0.185035090766777,0.149062191978598, 0.090158145949558, 0.005002726654303, —0.110169052566769)

And we can get the function



y(z) =

>l ¢iBys()

From thz‘(s we obtain

yo(x) = —0.223 — 0.3652% + 0.6325x — 0.0000166667,
= —0.233z% — 0.3552% + 0.6315z + 0.000016,
= —0.252% — 0.34492% + 0.6294x + 0.00015,

<
w
8
I
|
=
w
8
w
|
=
w
8
[\
+
<
=}
—_
=)
8
+
=
S
=}
—_
ot

= —0.4672% — 0.0222 + 0.4547 + 0.033733,
= —0.62° + 0.322 + 0.198z + 0.102,

yo(x) = —0.62° + 0.3z + 0.1979z + 0.102,

then from this we get

y1 = 0.0593827, yo = 0.110234, y3 = 0.1512,

ys = 0.1806167, y5 = 0.1969833, ys = 0.198083334,
y7 = 0.18165523, yg = 0.1452, yg = 0.08571

the analytical solutions are given by

y(x1) = 0.0593, y(x9) = 0.1101, y(z3) = 0.1510,
y(xq) = 0.1805, y(z5) = 0.1967, y(x¢) = 0.1978,
y(x7) = 0.1814, y(xs) = 0.1450, y(x9) = 0.0856.

The error for cubic b-spline method are calculated as
ly(x1) — y1| = 0.0000827, |y(z2) — yo| = 0.000134, |y(x3) — y3| = 0.0002,
ly(x4) — ya| = 0.000117, |y(z5) — y5| = 0.0002833, |y(x¢) — ys| = 0.00023334,
ly(x7) — y7| = 0.00025523, |y(zs) — ys| = 0.0002, |y(x9) — yo| = 0.00011,

x €[0,0.1)

x €1[0.1,0.2
z€[0.2,0.3
z €[0.3,0.4
z €[0.4,0.5
z €[0.5,0.6
z € [0.6,0.7
z €[0.7,0.8

N N N~ N~~~

€ [0.8,0.9
x €[0.9,1)
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Table 4.2: Cubic B-spline results and absolute errors for Example (4.7.1)

x; | Cubic B-spline | Exact | Absolute Error
0 |0 0 0
0.1 0.0593827 0.0593 | 0.0000827
0.2/ 0.110234 0.1101 | 0.0001534
0.3 01512 0.1510 | 0.0002
0.4 | 0.1806167 0.1805 | 0.000117
0.5 0.1969833 0.1967 | 0.0002853
0.6 | 0.198083334 0.1978 | 0.00023334
0.7 0.198083334 0.1814 | 0.00025523
0.8 0.1452 0.1450 | 0.0002
0.9 0.08571 0.0856 | 0.00011
1 0 0 0
- co‘mpariswln bin E‘xact and Cuﬂif-splin:a Soluho‘n
oo} -
014 -
012 rF
= 01
0.08 -
0.04 -
0.02
DD DI‘\ EI‘Z EII3 El‘li EIIE EI‘E EII7 EI‘B EIIB

X

Figure 4.2: Cubic B-spline approzimation of example (4.7.1)

Method 3(Finite difference method of example (4.7.1)):To solve this BVP
by FDM first discretize the domain , divide [0, 1] into 10 equal parts then h = 0.1.Also by
using (4.7.72)and (4.6.64) we obtain
1—2p(z;)=1-2%(-1)=1.05
— 2+ h*q(z;) = =24 0.01(0) = =2
1+ 2p(z;) =14 %(-1) = 0.95
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Hence, we get the coefficient matriz

-2 095 0 0 0 0 0 0 0
1.05 -2 095 O 0 0 0 0 0
0 105 -2 095 O 0 0 0 0
0 0 105 -2 095 O 0 0 0
A= 0 0 0 1.05 -2 095 O 0 0
0 0 0 0 105 -2 095 O 0
0 0 0 0 0 1.05 -2 095 O
0 0 0 0 0 0 1.05 -2 095
0 0 0 0 0 0 0 1.06 -2
and
fi=f(x;),i=0,1,--- 10. then
fo = f(0) = —136788, fi = —1.40657 f» = f(0.2) = —144933,
fs = f(0.3) = —1.49659, fi = f(0.4) = —1.54881,
fs = f(0.5) = —1.60653, fs = f(0.6) = —1.67032,
fr=f(0.7) = —=174082, fs = f(0.8) = —1.81873,

fo = f(0.9) = —1.90484 and fio = f(1) = —2
Then we get F = [—0.0140657, —0.0144933, —0.0149659, —0.0154881, —0.0160653—0.0167032,
— 0.0174082, —0.0181873, —0.0190484]¢

The system of equation become

-2 09 0 0 0 0 0 0 0 Y1 —0.0140657
1.05 -2 095 O 0 0 0 0 0 Y2 —0.0144933
0 1.05 -2 09 0 0 0 0 0 Y3 —0.0149659
0 0 105 -2 09 0 0 0 0 Y4 —0.0154881
0 0 0 105 -2 095 0 0 0 ys | = | —0.0160653
0 0 0 0 1.05 -2 09 0 0 Ys —0.0167032
0 0 0 0 0 105 -2 095 O Y7 —0.0174082,
0 0 0 0 0 0 1.05 -2 095 Us —0.0181873
0 0 0 0 0 0 0 1.05 -2 Yo —0.0190484

We solve this system of equation by using any numerical method

Therefore,by solving the above tri-diagonal system by inverse method and we get



y1 = 0.059384070199395, yo = 0.110213095156621, y3 = 0.151136438530397,
ys = 0.180613923311939, y5 = 0.196891038070486, ys = 0.197970691224669,
yr = 0.181581676289818, ys = 0.145143080835510, yg = 0.085724317438643,

Table 4.3: Finite Difference results and absolute errors for Example (4.7.1)

X

Finite Difference

Exact

Absolute Error

0.1

0.059584070199595

0.0593

0.00041036175454904

0.2

0.110213095156621

0.1101

0.000078887980065306

0.3

0.151156438530397

0.1510

0.000112029667819813

0.4

0.180613923311939

0.1805

0.00013857774954959

0.5

0.196891058070486

0.1967

0.000156367926802709

0.6

0.197970691224669

0.1978

0.000162718846052595

0.7

0.181581676289818

0.181}

0.000154430767020458

0.8

0.145143080835510

0.1450

0.000127683297895503

0.9

0.085724317438643

0.0856

0.000077993671006658

Figure 4.3: Finite difference approximation of example(4.7.1)
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Table (4.4) shows the maz-absolute errors of example (4.7.1) for the three methods with

respect to the exact solution.



39

Table 4.4: max-absolute errors for Example (4.7.1)

Methods h Mazx-absolute errors
Cubic spline method 0.1 0.000289964370590590
Cubic B-spline method | 0.1 | 0.00025523

Finite difference method | 0.1 | 0.00041056173454904

Example 4.7.2. Solve the following boundary value problem

y'(@) — 152y (7) — timy(2) =0, 0<a<2

(4.7.73)
y(0) =1, y(2) = 0.2
The exact solution is given by:
1
Solution
Method 1(cubic spline method):From (4.7.73) we have
4o
p(z) = —m,q(x) =12 and f(z) =0 (4.7.74)

Taking h = 0.2 then we have x; = 0,0.2,0.4,---,1.6,1.8,2. wheret=10,1,2,---,10 using
(4.7.74 )we get

P(%) = —fﬁ;‘g

po = 0,p1 = —0.769230769230769, py = —1.379310344827586,
p3 = —1.764705882352941, p, = —1.951219512195122, p5 = —2,
pe = —1.967213114754098, p; = —1.891891891891892,

ps = —1.797752808988764, py = —1.698113207547170, p1p = —1.6

q(z;) = —ﬁ

G = —2,q1 = —1.923076923076923, go — —1.724137931034483,

gs = —1.470588235294118, ¢, = —1.219512195121951, g5 = —1,

g = —0.819672131147541, g; = —0.675675675675676,

gs = —0.561797752808989, q9 = —0.471698113207547, g1 = —0.4

substitute p; and q; in equation (4.3.32)and using (4.3.31) then we obtain 20 x 20 system

of equation and we solve it by using MATLab then which gives.



S; = 0.848610272653757, Sy = 0.743621572116475, S5 = 0.6668450688558806,
Sy = 0.606242929998805, S5 = 0.553879516416257, Sg = 0.503580225141704,
S7 = 0.449577605205405, Sg = 0.385656753726227, Sy = 0.304549519348779.

We get the result below in the table with absolute error.

Table 4.5: Cubic spline results and absolute errors for Example(4.7.2)

x; | Cubic spline Exact Absolute Error

0.2/ 0.848610272653757 | 0.9615584615384613 | 0.112928188884704
0.4 | 0.743621572116475 | 0.862068965517241 | 0.118447393400766
0.6 | 0.666845068855886 | 0.735294117647059 | 0.068449048791173
0.8 | 0.606242929998805 | 0.609756097560976 | 0.003513167562171
1 0.553879516416257 | 0.5 0.053879516416257
1.2 | 0.503580225141704 | 0.409836065573771 | 0.093744159567933
1.4 | 0.449577605205405 | 0.337837837837838 | 0.111739767367567
1.6 | 0.385656753726227 | 0.280898876404494 | 0.104757877321733
1.8 0.304549519348779 | 0.235849056603774 | 0.068700462745005

cormparison bin Exact and cubic spline approximation
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Figure 4.4: Cubic spline approximation of example (4.7.2)

Method 2(cubic B-spline method): By using (4.7.72)and (4.7.74) we get

.10

ap = 148, a; = 159.6153846153846, ax = 168.9655172413793, a3 = 175,
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as = 178.0487804878049, a5 = 179, ag = 178.6885245901639,

a; = 177.7027027027027, ag = 176.4044943820225, ag = 175, a19 = 173.6

bi(x;) = 58 +4q(2;),1=0,1,---,10

by = —308,b; = —307.6923076923076, by = —306.8965517241379, b3 = —305.8823529411764,
by = —304.8780487804878, bs; = —304, bg = —303.2786885245901, b; = —302.7027027027026,
bs = —302.2471910112359, by = —3.018867924528302, b1g = —301.6.

¢i(x;) = % + 2p(x;) + q(x;),i=0,1,---,10

co = 148, 1 = 136.5384615384615, co = 127.5862068965517, c3 = 122.0588235294117,

cy = 119.5121951219512, c5 = 119, ¢ = 119.6721311475410,

c7 = 120.9459459459459, cg = 122.4719101123595, cg = 124.0566037735849, c19 = 125.6

we can get the coefficient matriz A for n = 10.
And
F =16,0,0,0,0,0,0,0,0,0,0,0,1.2]*
from these we have get:
B = [1.232374715969299, 0.986666666666667, 0.820958617364036, 0.696620358379046,
0.588438909321551, 0.475873138455134, 0.337308202579968, 0.145885729418837,
0.147918715323922, 0.155863897362921, 0.171597707199726, 0.197707325802969, 0.237572989588399]*
The approzimation of analytical solution of the cubic B-spline at subinterval, n = 10, y(z)

which represented as piecewise polynomial functions.

yo(z) = 1+ 0.0012115z + 22 + 0.351872%, z €[0.0,0.2)
y1(x) = 0.99689 + 0.047877x — 1.233322 + 0.740752%, = € [0.2,0.4)
yo(z) = 1.0048 — 0.011192z — 1.085722 + 0.617692%,  z € [0.4,0.6)
y3(z) = 1.072 — 0.47192 — 0.5256522 + 0.3065823, x € [0.6,0.8)
ya(z) = 1.1909 — 0.79313x + 0.0317752% + 0.07431523, x € [0.8,1)
o= ys(x) = 1.3009 — 1.1231z + 0.36179z% + 0.0356923, r € [l,1.2)
yo(x) = 1.3587 — 1.26762 + 0.4821422 — 0.069127%, =z € [1.2,1.4)
yo(x) = 1.3578 — 1.26572 + 0.4807822 — 0.0687972%,  x € [1.4,1.6)
ys(2) = 1.3119 — 11797z + 0.4270522 — 0.0576022°,  x € [1.6, 1.8)
| o) = 1.2386 — 1.05752 +0.359152% — 0.0450282°, & € [1.8,2.0)




Then from this piece-wise function we get
y1(x1) = 0.9630594, yo(z2) = 0.86614336, y3(x3) = 0.66584728,
ya(z4) = 0.61478128, ys(5) = 0.57528, yg(xs) = 0.41242224,
y7(z7) = 0.339369832, ys(xg) = 0.2816902, yo(x9) = 0.236142704

Table 4.6: Cubic B-spline results and absolute errors for Example (4.7.2)

x; | cubic B-spline | Exact Absolute Error

0.2 | 0.965059 0.9615384615384613 | 0.001520938461539
0.4 | 0.86614336 0.862068965517241 | 0.004074394482759
0.6 | 0.66584728 0.735294117647059 | 0.069446837647059
0.8 0.61478128 0.609756097560976 | 0.005025182459024
1 0.57528 0.5 0.07528

1.2/| 0.41242224 0.409836065573771 | 0.002586174426229
1.4 | 0.339369832 | 0.337837837837838 | 0.001531994162162
1.6 | 0.2816902 0.280898876404494 | 0.000791323595506
1.8 | 0.236142704 0.235849056605774 | 0.0002953647396226
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Figure 4.5: Cubic B-spline approzimation for example (4.7.2)

Method 3(Finite difference method):To solve this BVP by FDM first discretize the
domain , divide [0,2] into 10 equal parts then h = 0.2.Also by using (4.7.74)and (4.6.64)

we get

a; = CI,(ZU@) =1- %p(ﬂjl),l = 1’2’... ’9
ay = 1.076923076923077, as = 1.137931034482759, a3 = 1.176470588235294,




ay = 1.195121951219512, a5 = 1.2, a6 = 1.19672131147541,

a7 = 1.189189189189189, ag = 1.179775280898876, ag = 1.169811320754717
by = b(x;) = =2+ h%q(x;),i =1,2,---,9
by = —2.076923076923077, by = —2.068965517241379, b3 = —2.058823529411765,
by = —2.048780487804878, bs = —2.04, bg = —2.032786885245902,

b; = —2.027027027027027, bg = —2.022471910112360, by = —2.018867924528302.
¢ =c(z;) =1+ p(z;),i=1,2,---,9
c1 = 0.923076923076923, co = 0.862068965517241, c3 = 0.823529411764706,
cy = 0.804878048780488, c5 = 0.8, ¢g = 0.80327868852459,

¢y = 0.810810810810811, cg = 0.820224719101124, cg = 0.830188679245283. Then we ob-

tain a coefficient matriz A
F =[-1.076923076923077,0,0,0,0,0,0,0, —0.1660377358490566]"
Therefore, from these we get the finite difference approximations:

y1 = 0.851122941012019, yo = 0.748359950610376, y3 = 0.672581599329037,
ys = 0.612368354593484, y5 = 0.560074042991815, ys = 0.5096362777389,
yr = 0.455295781657575, yg = 0.390772913460218, yo = 0.30867215546293.

Table 4.7: Finite difference results and absolute errors for Example (4.7.2)

r; | FDM Exact Absolute Error

0.2 0.851122941012019 | 0.9615384615384613 | 0.110415520526442
0.4 | 0.748359950610376 | 0.862068965517241 | 0.113709014906865
0.6 | 0.672581599329037 | 0.735294117647059 | 0.062712518318022
0.8 | 0.612368354593484 | 0.609756097560976 | 0.002612257032508
1 0.560074042991815 | 0.5 0.060074042991815
1.2 1 0.5096362777589 0.409836065573771 | 0.099800212165129
1.4 ] 0.455295781657575 | 0.337837837837838 | 0.119457943819737
1.6 | 0.390772913460218 | 0.280898876404494 | 0.10987403705572
1.8 0.30867215546293 | 0.235849056603774 | 0.072823098859156
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Figure 4.6: Finite difference approximation of example (4.7.2)

Table (4.8) shows the maz-absolute errors of example (4.7.2) for the three methods with

respect to the exact solution.

Table 4.8: max-absolute errors for Example (4.7.2)

Methods h Mazx-absolute errors
Cubic spline method 0.2 0.118447393400766
Cubic B-spline method | 0.2 | 0.07528

Finite difference method | 0.2 | 0.119457943819737
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4.8 Discussion

We solved problems in examples(4.7.1 and 4.7.2) using the B-spline method , cubic spline
method and finite difference method. The numerical results are displayed in the tables(4.1-
4.3, 4.5- 4.7) . The observed maximum absolute errors associated with exact solutions, are
given in tables (4.4 and 4.8 ).As it was shown above in tables and graphs, B-spline method
produces numerical solutions that are better than those computed by the other methods.
From the above discussions and examples we can conclude that B-spline method produce
more accurate results than the cubic spline method and finite difference methods.

The numerical results for our examples are shown in tables, which show that there is a
big difference for the errors between B-spline method and the other methods unless there
is no remarkable difference among the accuracy of the other method in the case where f
is sufficiently smooth.The detail of errors produced by each method at respective value
of subintervals are presented in tables 4.1-4.3 and 4.5-4.7 while figure 4.1-4.6 represented
comparison of each methods with exact solutions graphs. According to table 4.3 and 4.8,
the approximations in examples 4.7.1 and 4.7.2 by these three methods show that B-spline
method approximates better in term of max-norms and cubic spline method is also better
than finite difference method as we seen in the tables. As we see from two examples (4.7.1
and 4.7.2) with A = 0.1 and h = 0.2 respectively, for example (4.7.1)the error approach
to zero, whereas in example (4.7.2) the error does not approach to zero. This implies as

the step size h goes to zero the approximation solution approach to the exact solution.



Chapter 5

Conclusion and Recommendation

5.1 Conclusion

Based on the numerical results, the Max-norms produced by B-spline method are always
better than finite difference method and cubic spline method . One of the reasons is
due to the errors produced by B-spline method are much close to zero and the resulting
solution by B-spline method is constrained to satisfy the boundary conditions (1.1.1).
Contrary, cubic spline method directly incorporate the boundary conditions given in the
finite set of equations. The finite difference method derived based on finite difference
approximations with truncation error of O(h?), was the reason on the max-norms gener-
ated by this method less accurate than those produced by cubic B-spline method. The
cubic spline method can be made better in approximates by using higher approximation
for 4",y . Unfortunately, it will involve more computation to achieve higher accuracy
approximation and possibility of having non-tridiagonal system of equations. Although
cubic spline method is accurate, it requires a way of solving systems of equations, which
is a time consuming operation especially when the subinterval is larger.

The B-spline method produced an approximation of analytical solution of the problem
with respect to the selected number of subinterval, while cubic spline method and finite
difference method approximate the discrete solution of the problems with respect to the
selected number of subinterval. Furthermore, B-spline method required less calculations
and costs. Even though the approximations by B-spline method are better than cubic
spline method and finite difference method, it is noticeable based on the numerical re-

sults that as the subinterval are increasing (h smaller), the approximations by cubic spline
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method are comparable to B-spline method . Therefore,cubic spline method has potential
of giving good approximation solution for two-point boundary value problem.

As conclusion, these three methods are acceptable as part of approximation solutions to
two-point boundary value problem. Each method are structured and approximated dif-
ferently which caused the different level of accuracy on each problem tested. The main
criteria of B-spline method , which is the approximation to the analytical solution of

tested boundary value problems, caused this method to be the suggested method.

5.2 Recommendation

B-spline method is more stable method to approximate better than cubic spline and finite
difference methods. If the two-point boundary value problems desired for approximation
of analytical solutions,B-spline method has the prospective. Besides, higher order of
boundary value problems should be considered in future work and the approximations of
these methods should also be compared with other numerical methods in approximating
solution to boundary value problems, such as finite element method, shooting method.
Moreover, B-spline method is considered as among the new approach in approximating
solution of two-point boundary value problems and it is improvable method. Recently,
the extended B-spline interpolation method, which is simplification of B-spline method |,

has been studied as the improved version of B-spline method to boundary value problems .



APPENDIX

APPENDIX (1): Matlab code for example (1) cubic spline method
h=01l,x=0:h:1;2=0:h:1;

alpha = 0; beta = 0;n = 10;
p=-1¢=0;f=—explx —1) -1
a=h/6xpb=1+h/3xpc=—p/h;d=q+p/h;
e=1—h/3xp;g=—h/6xp;r=q—p/hk=p/h;
F = zeros(1,2 % n)

F(1,1) = f(2) — c x alpha

F(n,1) = f(n) — d xbeta

F(n+1,1) = f(1) — r x alpha

F(2xn,1)= f(n—1)— kxbeta

fori=2:n

F(i,1) = f(i)

end
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fori=1:n—-1
F(n+1i,1) = f(3)
end

A= zeros(2*mn,2*n)
A(n+21) d
(n,n) =
A(n+1n—i—1) k
A(2%n,2xn)=r

fori=1:n

:r>

A1) =a
A(i,i+1)=b
end
fori=1:n-1
Aln+i,i)=c
A(t,n+i+1) =
end

fori=1:n

A(i,n+i)=e

Ali+1,n+1)=g

end

fori=1:n-1

A2*xn—i,2%n—i)=r A2xn—142xn—(i+1)) =k

end

M= A\F

y=1x—x xexp(r—1)

z = 10,0.059418338557575,0.110278103903226, 0.151227544864206, 0.180725204495857, 0.19701496425
0.198097936749207, 0.181700820275073, 0.145240281572363, 0.085782881513176, 0]
plot(z,y, =" x, 2/ *);

legend (’Exact solution’, ’cubic spline approximation’);

title ("comparison b/n Exact and FDM solution’), xlabel(’x’),ylabel(’y’); e=abs(z-y);
APPENDIX (1): Matlab code for example (1) cubic B-spline method
h=0.1

p=-1q¢g=0;
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a=6/h?>—=3./h*xp+qb=—12./h  +4.xq,c=6/h>+3/h*p+q

A = [1410000000000; 630 — 12005700000000000; 0630 — 1200570000000000;

00630 — 120057000000000; 000630 — 12005700000000; 0000630 — 1200570000000;

00000630 — 120057000000; 000000630 — 12005700000; 0000000630 — 1200570000;
00000000630 — 120057000; 000000000630 — 12005700;

0000000000630 — 1200570; 0000000000141];

F = [0; —8.20728; —8.43942; —8.69598; —8.97954; —9.29286; —9.63918; —10.02192; —10.44492;
—10.912379999999999; —11.42904; —12; 0];

C=A\F
xr=0.1:h:0.09;
y=1/(1+z.2);
r=0:0.1:1;

y=x—x. %exp(x —1);

z =10,0.059383,0.110234,0.1512,0.180403, 0.1969833, 0.1978313, 0.181552, 0.1452, 0.08571, 0];
plot(z,y, —' x, 2/ *);

legend ("Exact solution’,cubic B-spline solution’);

title ('comparisin b/n Exact and cubic B-spline solution’), xlabel(’z’),ylabel("y’);
APPENDIX (1): Matlab code for example (1) finite difference method
% y'(z) —y(x) = —exp(z —1) - 1,0<x <1

%y(0) = o, y(l) = B

h=022=0:h:1;l=1a=0;58=0y(0)=a;y(l) = 5;

h=1/(n+1);

r=0:h:1

pli) = pla(i)) = —1):4(0) = a(x(i)) = 0 £(3) = F(a(i)) = —exp(e — 1) — 1
fori=1:n

a(i) =1—h./2.xp(i);d(i) = =2+ h®. % q(i); c(i) = 1+ h./2. % p(3);

end

% Making of the vector F

F=zeros (n,1);

F(1)=h?* f(1) —a(l) * a;b(n) = h? x f(n) — c(1) * B3;

fori=2:n-1

F(i) = 12 f(i);

end
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% Making of the matrix A

A = zeros(n,n);

A(1,1) =d(1); A(1,2) = ¢(1);
A(n,n—1) =a(n); A(n,n) = d(n);
fori=2:n-1

A, — 1) = ali);

A(i, 1) = d(i);

A(iyi+ 1) = c(i);

end

A=A;

% The solution of the system
z=A\F

% The exact solution

~—

% y=yx)

plot(z,y,) =", z, 2z, *");

legend (’Exact solution’, 'TFDM approximation’);

title ("comparison b/n Exact and Finite difference approximation’), xlabel(’x’),ylabel(’y’);
APPENDIX (2): Matlab code for example (2) cubic spline method
h=022=0:0.2:2;

h=0.2; n=10; x=0:0.2:2

p = [0, —0.769230769230769, —1.379310344827586, —1.764705882352941, —1.951219512195122, —2,
—1.967213114754098, —1.891891891891892, —1.797752808988764, —1.698113207547170, —1.6];

q = [—2,—-1.923076923076923, —1.724137931034483, —1.470588235294118, —1.219512195121951,
—1,—0.819672131147541, —0.675675675675676, —0.561797752808989, —0.471698113207547, —0.4];
[ =2;n=10y(0) = 1;y(l) = 0.2;

h=022z=0:h:1

p(i) = p(a(i)); q(i) = q(x(i)); (i) = f(x(i))

% Making of the vector F

F = zeros(1,2 * n);

F(1,1) = f(1) — (1) * as F(n, 1) = f(n) — d(n) * 5

Fn+1,1)=f(n+1)—r(1)*a; F(2xn,1) = f(2n) — k(n — 1) * f3;

for i1=2:n—-1

F(i,1) = f(i);
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end

% Making of the matrix A

A = zeros(2*n, 2*n);

for 1=2:2n—-1

A(1,1) =d(1); A(1,2) = ¢(1);
A(n,n —1) =a(n); A(n,n) = d(n);

fori=1:n

end for i =1:n—1A(n+1i,49) = c(i); Ain+i+1,7) = d(i);

end for i1=1:n—1A>Gi,n+1i)=e(i—1);A(i=1,n+1i)=g(i—1);

end for i =1:n—1A2xn—1i,2xn—1i) =h(i—1); A2*n—(i+1),2xn—1i) = k(i —1);

end

A=A;

% The solution of the system

y=A\F

% The exact solution

%y =y(x)

y=1./(1+z2);

z = [1,0.856778685619307, 0.764461881193873,0.706108913885861, 0.674687031267626, 0.66980121038!
0.696396656881756, 0.764544183148095, 0.889814622958279, 1.093985233482091, 0.2];

plot(x,y, ' x, 2, +');

legend (’Exact solution’, ’cubic spline approximation’);

title ("comparison b/n Exact and cubic spline approximation’), xlabel(’x’),ylabel(’y’);

y = [0.961538461538461, 0.862068965517241, 0.735294117647059, 0.609756097560976, 0.5,
0.409836065573771,0.337837837837838, 0.280898876404494, 0.235849056603774]

S = [0.856778685619307,0.764461881193873,0.706108913885861, 0.674687031267626, 0.6698012103882
0.696396656881756, 0.764544183148095, 0.889814622958279, 1.093985233482091 ]

E =abs(y — S);

APPENDIX (2): Matlab code for example (2) cubic B-spline method
%MATLAB simulaion for cubic B-spline method of example 2
h=0.2



53

p = [0, —0.769230769230769, —1.379310344827586,

— 1.764705882352941, —1.951219512195122, —2,

— 1.967213114754098, —1.891891891891892,

— 1.797752808988764, —1.698113207547170, —1.6];

q = [—2,-1.923076923076923, —1.724137931034483,

— 1.470588235294118, —1.219512195121951, —1, —0.819672131147541,
— 0.675675675675676, —0.561797752808989, —0.471698113207547, —0.4];
fori=1:11

a(i) = 6./h? — 3./h. % p(i) + q(i);

b(i) = —12./h* + 4. % q(i);

c(i) = 6./h* + 3./h. x p(4)
end

A = [1410000000000; 148 — 3081480000000000;

0159.6153846153846 — 307.6923076923076136.5384615384615000000000;

00168.9655172413793 — 306.8965517241379127.586206896551700000000;
000175—305.8823529411764122.05882352941170000000; 0000178.0487804878049—304.87804878048781]1
00000179—30411900000; 00000078.6885245901639—303.2786885245901119.67213114754100000;
0000000177.7027027027027—302.7027027027026120.9459459459459000; 00000000176.4044943820225—
302.2471910112359122.471910112359500;

000000000175 — 301.8867924528302124.05660377358490;

0000000000173.6 — 301.6125.6; 0000000000141];

F =[6;0;0;0;0;0;0;0;0;0;0; 0; 1.2];

+q(7);

c=A\F
r=0:0.2:2;
y=1/(1+22);

z = [1,0.9630594, 0.86614336, 0.66584728, 0.61478128, 0.57528, 0.41242224, 0.339369832, 0.2816902, 0.2:
plot(x,y, ', z, 2, *');

legend ("Exact solution’,cubic B-spline approximation’);

title (‘comparison b/n Exact and cubic B-spline approximation’), xlabel('z’),ylabel('y’);
r=02:h:18;

y=1./1+z.2);

s = [0.9630594, 0.86614336, 0.66584728, 0.61478128,0.57528, 0.41242224, 0.339369832, 0.2816902, 0.236
E =abs(y — s)



APPENDIX (2): Matlab code for example (2) finite difference method

%y (x) +p(@)y +q(e)y = f(2),0 <z <2
Yoy(0) = a,y(l) = B
h=022=0:h:2,l=2;a=1;8=02y(0) = a;y(l) = 5;
h=1/(n+1);
r=0:h:1
pli) = pla(i)) = —42/(1 + 22);4(0) = a(2())) = ~2/(1 + %); (i) = f(x()) =0
fori=1:n
a(i) =1—h./2.%p(i);d(i) = =24 h* % q(i); c(i) = 1 + h./2. % p(i);
end
% Making of the vector F
F=zeros (n,1);
F(1)=h?* f(1) —a(l) * a;b(n) = h? x f(n) — c(1) * B3;
fori=2:n-1
F(i) = 12 f(i);
end
% Making of the matrix A
A = zeros(n,n);
A(1,1) =d(1); A(1,2) = ¢(1);
A(n,n —1) =a(n); A(n,n) = d(n);
fori=2:n-1
A(i,i— 1) = a(i);
A(i, 1) = d(3);
A, i+ 1) = c(i);
end
A=A;
% The solution of the system
z=A\F
% The exact solution
% y=y(x)

plOt(.’E, y7/ _/a xz, Z>/ */)a

o4



legend (’Exact solution’, 'TFDM approximation’);
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title ("comparison b/n Exact and Finite difference approximation’), xlabel(’x’),ylabel(’y’);

APPENDIX (3): Matlab program for cubic spline method

% cubic spline Method for BVPs
% y"(z) +p(@)y +q(v)y = f(2),0 <o <1
Yoy(a) = a,y(b) =
y(0) = a;y(l) = B;

=1/(n+1);
r=0:h:1
p(i) = p(x(i)); q(i) = q(x(2)); f (i) = f(2(i))
fori=1:n
a(i) = h./6.%p(i);b(i) =1+ h./3. % p(i); c(i) = —p(i)./h;
d(i) = q(i)+p(i)./hye(i) = 1=h./3.%p(i); (i) = —h./6.xp(i); (i) = q(4)
p(i)./hs
end
% Making of the vector f
F =zeros (2n,1);
F(1) = f(1) — e(1) % 0z F(n) = f(n) — d(n) *
Fn+1)=f(n+1)—h(1l)*xa; F(2n) = f(2n) — k(n — 1) % 5;
fori=2:n-1
F(i) = ()
end
% Making of the matrix A
A = zeros(2n, 2n);
fori=2:2n—-1
A(1,1) =d(1); A(1,2) = ¢(1);
A(n,n—1) =a(n); A(n,n) = d(n);
fori=2:n-1

A(i, i) = a(i);

A(i,i+ 1) = b(i);

A(iyn +14) = c(i); A(i,n +i+) = d(i);
An+i,0)=e(i —1);A(n+i,i+1i) = g(i — 1);

—p(i)./h; k(i) =
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An+in+i)=h(i—1);An+i,n+i+1)=k(i —1);
end

A=A;

% The solution of the system

y=A\F

ym = linspace(0, B,n + 2);

ym(2:n+1)=y

% The exact solution

%y =y(x)

y =y(z);

APPENDIX (4): Matlab program for finite difference method
% Finite Difference Method for BVPs

%0y (x) +p@)y +q(@)y = flz),0 <z <1
Yoy(0) = a,y(b) = 8

M)—QMU B;
=1/(n+1);
r=0:h:1

p(i) = ple(0)); a(0) = a(x(@)); £0) = F(a(i)
fori=1:n
a(i) =1—h./2.xp(i);d(i) = =2+ h% % q(i);c(i) = 1 + h./2. % p(i);
end
% Making of the vector F
F=zeros (n,1);
F(1)=h%*x f(1) —a(1) * a;b(n) = h* x f(n) — c(1) * B;
fori=2:n-1
F(i) = 7 % (i)
end
% Making of the matrix A
A = zeros(n,n);
A(1,1) =d(1); A(1,2) = ¢(1);
A(n,n —1) =a(n); A(n,n) = d(n);
fori=2:n-1
A(iyi — 1) = a(i);
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(4);

A(i,i)=d
i+ 1) = c(i);

A(
end
A=A;

% The solution of the system

z=A\F

% The exact solution

% y=y(x)

plot(z,y, =", x, 2z, «);

legend (’Exact solution’, 'FDM approximation’);

title ("comparison b/n Exact and Finite difference approximation’), xlabel(’x’),ylabel(’y’);
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