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Abstract

In this thesis we consider two-dimensional interface problem in electromagnet-
ics. Using fundamental solution we reduce the problem to boundary integral
equation. We treat the boundary integral equation with less regularity assump-
tion in appropriate Sobolev spaces. Finally, we show the unique solvability of
the integral equation.
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Notation and Abbreviations

Q A simply connected bounded region in R>.

Q The closure of the set Q

r The boundary of Q.

Q exterior of I"(or air)

I') A set of all continuous functions on I"(or boundary).

I') A setof all continuous functions and differentiable on I".

Q) The set of all continuous functions and twice differentiable on 2.

C(Q) The space of continuous functions in Q.

V xF  curl of the function F

V.F Divergence of the function F

Ck(Q) The set of k-th continuously differentiable functions defined on Q
C”(Q2) The set of all infinitely differentiable function on Q .

C2(Q7%) The set of twice continuously differentiable functions on Q*

CZ(£2) The space of continuous functions with compact support, having con-

tinuous derivatives of every order on Q2

H(gl) The Hankel function of first kind and of order zero.
R" The n-dimensional Euclidean space.

A Laplace’s operator.

\% The gradient operator.

2,4/  The spaces of test functions.

Dirac’s delata function.

Fourier transform operator.
Inverse Fourier transform operator.
Hilbert transform operator

The set of real numbers.

The set of complex numbers.

The adjoint operator of T

() Sobolev spaces order k.
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X Notation and Abbreviations

H*(Q) =wk2(Q) Hilbert-Sobolev space.

.1 The Absolute value

-] The Euclidean Norm

«5977, The partial derivative of the function u with respect to the unit outward
normal at the point ¢ on the boundary.

D% (aixl)o‘l ce (8%')0‘", a partial differential operator of order |ot| = ot +--- +
O

(@) Order of

pv Principal Value

™ Transverse Magnetic

TE Transverse Electric

PDE  Partial Differential Equation .
BVP  Boundary Value Problem .

BIE Boundary Integral Equation .
Supp Support of Function

Re Real parts

esssup Essential Supremum

MFS  Method of Fundamental Solutions



Chapter 1
Introduction and Background

Boundary integral equations (BIEs) are reformulations of Boundary value prob-
lems (BVPs) for partial differential equations(PDEs). They have been present in
the mathematics literature for almost two centuries, and engineers have made
much use of them for solving a wide variety of real world problems. The bound-
ary integral equation method is very well developed as a tool for the analysis
and numerical solution of strongly elliptic boundary value problems in both
bounded and unbounded domains, provided the boundary itself is bounded.
The BIE has found application in such diverse topics as stress analysis, poten-
tial flow, fracture mechanics, acoustics and electromagnetics(the subject of this
thesis). Electromagnetism is an important branch of physical science. The prob-
lem of electromagnetic scattering by various objects has always been a subject
of interest for researchers in various disciplines. Many analytical and numerical
methods have been proposed in order to handle the numerous electromagnetic
scattering situations. For example, numerical techniques are available to solve
the integral equation which arises in the formulation of the induced or polar-
ized current on or inside objects of various shapes. As it is indicated in [N.OO01],
electromagnetic problems can be categorized in the case of: the solution region
of the problem (interior or exterior), the nature of the equation describing the
problem (differential or integral or both) or the associated boundary conditions
(Drichlet or Neumann types). It has been known for a long time that bound-
ary value problems for elliptic partial differential equations can be reformu-
lated in terms of boundary integral equations. Elliptic PDEs are associated with
steady state phenomena. An elliptic PDE usually models an interior problems
and hence the solution region is usually closed or bounded.

As it is indicated in [C.A84]], the first application of a boundary integral for-
mulation for the solution of the Helmholtz equation

Viy+kPy =0
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was derived by Banaugh and Goldsmith. Other applications include that of
Shaw also for acoustic waves, Hwang and Tuck and Lee for harbor resonance,
Isaacson, Harms, and Au and Brebbia[C.A84] for diffraction of water waves.
Hence, the method of solving the potential equation by transforming it into
boundary integral equation is not recent. In 1900, Fredholm employed it in the
potential theory to determine the unknown boundary quantities from the pre-
scribed ones. In 1963, Jaswon and Symm presented a numerical technique to
solve Fredholm boundary integral equations. Later, Katsikadelis [J.T02] formu-
lated the boundary integral equations for the torsion problem of composite bars
consisting of two or more materials. In 1983 S.I. Hariharan and E.Stephan [S.I83]]
solved a two-dimensional interface problem in electromagnetics using bound-
ary integral equations with less regularity assumptions in appropriate Sobolev
spaces. The essential reformulation of the PDE consists of an integral equation
that is defined on the boundary of the domain and an integral that relates the
boundary solution to the solution at points in the domain.

The theory of integral equations has been an active research field for many
years and is based on analysis, function theory, and functional analysis. On the
other hand, integral equations are of practical interest because of the boundary
integral equation method, which transforms partial differential equations on a
domain into integral equations over its boundary. The integral equation method
is restricted to the case of a homogeneous differential equation of the form

Lu=0

As it is indicated in [Wol95], the BIE methods are well suited for homoge-
neous body scattering problems for two primary reasons. First, the discretiza-
tion needs to be performed only on the bounding surface of the scatterer in
contrast to volume discretization. Second, because of the nature of the kernel
function used in the integral equations, the calculated scattered waves automat-
ically satisfy the Sommerfield radiation condition without the need for further
constraints.

This thesis revolves around an aim that is two fold: first, to acquire more
knowledge about a boundary integral equation method for a two-dimensional
interface problem and the reformulation of the problem in to integral equation
in electromagnetics. Secondly, to better understand the unique solvability of
the integral equation in appropriate Sobolev spaces. To do this, we discussed on
some preliminary definitions and formulas that is used to transform the BVPs in
to the corresponding equivalent BIE problem. Here, the use of Green’s theorems
and the fundamental solution of the Helmholtz equation (Green’s function) are
the useful and basic tools for this purpose.
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The thesis is organized as follows: In chapter 2, we review some important
results in electromagnetics. In chapter 3, we consider on definitions of some im-
portant terms and formulas. In chapter 4, we formulate the boundary integral
equation of the interface problem from its fundamental solution and emphasis
is given on the unique solvability of the boundary integral equation in appro-
priate Sobolev spaces and this is the main body of the thesis.Finally, in chapter
5, general conclusions and suggestions for possible further work are given.

1.1 Statement of the Problem

The development of integral methods has been advanced mainly by researchers
in the electromagnetic scattering area. This is due to the fact that scattering
and radiation problems involve unbounded regions,where integral methods are
ideal techniques.The method for solving problems of mathematical physics has
its origin in the work of G. Green. He formulated, in 1828, the integral represen-
tation of the solution for the Dirichlet and Neumann problems of the Laplace
equation by introducing the so-called Green’s function for these problems. In
1872, Betti presented a general method for integrating the equations of elastic-
ity and deriving their solution in integral form. Basically, this may be regarded
as a direct extension of Green’s approach to the Navier equations of elasticity. In
1885, Somigliana used Betti’s reciprocal theorem to derive the integral represen-
tation of the solution for the elasticity problem, including in its expression the
body forces, the boundary displacements and the tractions. As the researcher
read and googled various of researches on BIE, the necessary procedures for the
unique solvability of the BIE in the appropriate Sobolev space are not included
in some of the previous studies. In order to react on the unique solvability of
the BIE in the appropriate Sobolev space arrangement of procedures are very
important to understand the theory about the method for those who want to
know or study on this area. Therefore, the researcher conducted the study to
answer the following research questions:

1. How can the problem be transformed to Fredholm integral equation of sec-
ond type?

2. Does the unique solution of the integral equation exist in appropriate
Sobolev space?
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1.2 Objectives of the study

1.2.1 General objectives

The general objective of this study is to solve two-dimensional interface electro-
magnetic problems using Boundary integral equation method.

1.2.2 Specific objectives

The specific objectives of the study are to:

e to formulate a boundary integral equation.
e to obtain the unique solvability of the integral equation in appropriate
Sobolev spaces.

1.3 Significance of the study

The significance(or purpose) of the study are:

e toacquire more knowledge about a BIE method for a two-dimensional in-
terface problem and the reformulation of the problem in to integral equa-
tion in electromagnetics.

e to better understand the unique solvability of the integral equation in ap-
propriate Sobolev spaces.

1.4 Scope of the study

The study was carried out on the solution of the two-dimensional interface
problem in electromagnetics in a less regularity assumption in appropriate
Sobolev spaces.



Chapter 2
Review literature

Electromagnetic theory can be regarded as the study of Fields produced by elec-
tric charges at rest and in motion as it is indicated in [A.S07].

In [S.I83] for the problem of scattering of time harmonic electromagnetic
tields by metallic obstacles, the eddy current problem, obtained two dimen-
sional results using boundary integral equations in the context of classical func-
tion spaces. They suppose that if there is a wire parallel to the z-axis through
xp € QT (or air) carrying a periodic current I(t) = Re{lpe "'} , Iy € C, then the
incident field E°, H due to the wire will have the form:

Eo(xayazvt) Re {Ioiﬁ(xa)/)l%e_iw[}
do . 90 .\ _;
0 _ YYpr YY iot
H"(x,y,z,t) = Re {Io (ayﬁl I ]) e }

with the Hankel function of first kind and of order zero

—1 1
B (X) = 7 Hy (Bl —xo]). X = (x.y)
The two dimensional eddy current problem for a conducting cylinder is re-

duced to the interface problem:
AP +icp =0inQ2
Ap+B%0=0inQ" 2.1)

where ¢ , g—ﬁ in C°(I') and ¢ — ¢ € C*(Q 1) UC(I') satisfying Sommerfield’s
radiation condition.

They studied the interface problem [2.1{for the potential @ of the electric field
induced by a thin wire carrying a periodic current. They obtained a system of
boundary integral equations whose solutions determine the solution of the in-
terface problem In [S.I83], an integral equation procedure for eddy current
problems since 8 being sufficiently small, instead of 2.T|above he considered
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AP +ia®W =0 inQ
Ay =0inQ" (2.2)
Where v, %—lfl’ € C%(I') and y — yp € C2(Q1)UCY(I'), y being bounded at infinity.
The problem 2.2 can be transformed in to a coupled system of integral equa-
tions on the boundary I" by the use of simple layer potentials only[S.I83]. Thus,

they observed that the solution ¢ of the reduced interface problem 2.2l was con-
structed by continuous densities f and g on I" by:

y(x) = _Tifrf()’)Hél)(\/;de—yl)diy, whenx € Q, 23)
ﬁ Jrg(y)log|x —y|dsy+ wo(x) +c, whenxe Q*

Where yp(x) = %r log |x — x| and ¢ € C,arbitrary.

The regularity assumptions that v, %—:’: € CO(I") and y/(0) being bounded yield
a coupled system of integral equations on I"[S.I83]:

Vo (f) —wo=Volg) +c

—lz/gds
r

—1 1 d
S+ Nalf) = 58+ Nog) + 520 4

As it is indicated in [S.I83], the more general system:

Va(f) —Vo(g) —c =M

/gds:a
r
—1

1
(5 +Na)f = (5 +No)g = h2 (2.5)
is uniquely solvable for given (hi,hy,a) € C'(I') x C°(I") x R with solution
(f,g,c) € COU) x C%(I") x C yielding the existence and uniqueness of the so-
lution of



Chapter 3
Preliminaries

Definition 3.1 (PDE, [Ioa04]). let u = u(x; - --x,) be a function of n independent
variables x;---x,. A PDE is an equation that contains the independent vari-
ables x; - - - x,, the dependent variables or the unknown function u and its partial
derivatives up to some order. It has the form:

F<xla"’ s Xy Uy Uy s oo s Uxy s Uxyxy st >ux,-xj-7"'):0

: : : __ du _ %u ..
where, F is a given function and u,; = ;o tx; = Feges b = 1,---,n are the par-
tial derivatives of u.

Definition 3.2 (Linear first order PDE,[Ioa04]). A Linear first order PDE in two
independent variables x, y and the dependent variable u has the form:

a(x,y)ux +b(x,y)uy +c(x,y)u = d(x,y) (3.1)

where, a,b,c,d € ¢! (Q),2 C R? and a® + b*> # 0. If we consider the differential

operator

Li=ad 452 4
~ox dy ¢

then equation 3.1) can be written as LU = d; while the homogeneous equation
corresponding to [3.1|is LU=0.

Definition 3.3 (Linear second order PDE, [Toa04]). A linear second order PDE
in two independent variables x, y is given by:

a(x,y)ixx +2b(x,y) ey + (X, y)utyy +d (X, y)ux + e(x,y)uy + f(x,y)u = g(x,y)  (3.2)
where, a,b,c,d,e,f,g € *(2),2 C R? and a® + b* # 0in Q. If we consider the

partial differential operator

TR SN
ox’dy’ oz 8x8y & ox  Coy T

L(
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then [3.2|is written as LU = g; while the homogeneous equation corresponding
to3.21is LU = 0.

Definition 3.4 (Electromagnetism,[A.S07]). As its name implies, is the branch
of science of electricity and magnetism. Electromagnetism is described by the
electric field intensity E and magnetic field intensity H which are determined
by the Maxwell’s equations. It also describes the effect of charged particles on
each other. Charged particles create an electric field E, whereas moving ones
also create a magnetic field H. These fields are vector fields, that is vector func-
tion of space and time: F(x,7) and H(x,t) where X = (x,y). The whole subject of
electromagnetic unfolds as a logical deduction from four postulated equations,
namely, Maxwell’s four field equations:

JE

EZSVXH

oH

v

dt HV >k

V-E=0

V.H=0 (3.3)

where, E and H are the electric and magnetic field vectors and € and u are
the electric permitivity and magnetic permeability in the medium respectively.
In the case of vacuum we have: o(conductivity)=0, u = yy = 47 x 10~ "Hm ™!

and € = gy = 8.8542 x 107 2Fm~! ¢ = (uoeo)%l, where c is the speed of light in
vacuum and ¢ ~ 3 x 10%m/s.

Definition 3.5 (Curl,[A.S07]). It is a vector operator that describes the infinites-
imal ( or very small ) rotation of a three dimensional vector field i.e V x F is for
F composed of (Fy,F;, F;)

=S
Yo~
m el

where 7, j, k are unit vectors in the direction of x, y, z axes respectively. This
expands as:
JF, O0F, ., 0F, OJF. . ,dFy OJF .
(G~ 5= (5 =00+ (57 = 50k
dy 0z dx Jz dx dy

which is the same as,

dF, 0F, . ,0F. OF. ., 0Fy OJF .
Gy~ 3 o m e it e gk
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Definition 3.6 (Divergence,[A.S07]). The divergence of a function F (x,y) is given
by:
JF OF
iVF=V.F = =— + —
div dx + dy

We call the divergence of F because it is a measure of the degree to which the
vector field F diverges or flows outward from any position.

Definition 3.7 (Sommerfields radiation condition,[C.A84]). The Sommerfields
radaition condition defines the condition of radiation for a scalar field satisfy-
ing the Helmholtz equation; "the sources must be sources not sinks of energy,
the energy which is radiated from the sources must scatter to infinity, no energy
may be radiated from infinity in to the field. It states that the scattered field con-
sists of outgoing waves only. It is the condition at infinity for exterior problems
that is given by:

: ao(p) . _
lim /r(=5 = —ikg(p)) = 0 (3.4)
in two dimensions and
. do(p) . _

in three dimensions. Where r is the distance from a fixed origin to a general
tfixed point and k is the wave number where k = 21_7: = % = 0/W& [radians
m~!]. Solutions of the Helmholtz equation which satisfy the radiation condition

are called radiating conditions or functions.

Definition 3.8 (Integral equation, [Wol95]). An integral equation in which an
unknown function appears under an integral sign.
Fredholm integral equation of first type is given by

7= [ Kt (35)

where v is unknown function, f is known function, K is another known func-
tion of two variables often called the kernel function.
Fredholm integral equation of second type is given by

b
W) = ()12 [ Kxn)ylo)d (3.6)
where, the parameter A is unknown factor. Equation 3.6 can be shortened as
v=f+AKy.

Definition 3.9 (Linear functional, [Alb13]). suppose that B is a Banach space
over R equipped with a norm ||.||. A linear functional is a linear mapping / from
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B to R, thatis, / : B — R, which satisfies

llaf+Pg)=al(f)+Pl(g) 3.7)
foralla,f e Rand f,g € B

Definition 3.10 (support of the function,[Alb13]). The support of a function ¢
is the closure of the set where ¢ does not vanish; or the support of a function
¢ : R" — C is the closure of the set of points in R" at which ¢ is nonzero and it is
denoted by supp¢ i.e.,

supp(9) = {x€ Q2 : ¢(x) #0}

Definition 3.11 (Distribution, [Alb13]). A distribution on the open set 2 C R”
is a linear functional A1 CZ(82) — R such that the following boundedness
property holds: For every compact K C Q there exists an integer N > 0 and a
constant C such that

[N (9)] < Cll@llev, V¢ € C* with supp(¢) C k

where, N is the order of the distribution if it is finite distribution and ¢ is any
test function .

Definition 3.12 (Locally integrable function, [Alb13]). A function f: Q2 C R" —
C is said to be locally integrable if

17

exists. Any continuous function is locally integrable.

Definition 3.13 (Sobolev space, [Ruz14]). Let 2 be an open set in R". Let k €
NU{0} and let 1 < p < +oo. The Sobolev space W5?(Q) (or L (Q)) is defined
to be the set of all functions u defined on £ such that for every multi-index
o= (a--- o) with |a| <k, where || = a1 +- - - + o, the mixed partial derivative

olaly
=5 [7"
axll "'ax””

is both locally integrable and belongs to LF(Q) i.e., |[D%u||;» < . In short, the
Sobolev space on (2 is defined as

D%u

WhP(Q) = {u e LP(Q): Du® € LF(Q),V|a| < k}. (3.8)

k € N is called order of Sobolev space If p =2, one often uses the notation
HY(Q) or LF(Q).If p=2and k=0, we get H(Q) = *(Q).
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For u € L7 (£2), we define
1 1
leell gy = (Y 0%ullf,)? = ( ) / |0%u|Pdx)rforl < p <o
o] <k o<k’ €

For p = =, we define

lull i)=Y esssupg|o®ul
|a|<k

ie.,

1
ey = { (Carer ID“ul) . for 1< p <o

Max g <i||D%ul|o, for p = oo

These expressions are norms. Indeed,
|Aullyp = Allullp. VA € €

Hence, L () is a Banach space; i.e., it is a complete normed space.

Definition 3.14 (Expansion of the kernel, [YGSO00]). is simultaneously reduc-
ing the dimensionality of the data and find the non-linear mapping using an
algorithm of complexity O(zn?).

Definition 3.15 (smoothing operators, [Ruz14]). Let x be an n-dimensional man-
ifold equipped with a smooth non-vanishing measure, dx. Given R € C*(X x X),
one can define an operator Ty : C*(x) — C*(x) by setting

Tof(x) = [ Ry f(3)dy 39
operators of this type are called smoothing operators.

Definition 3.16 (Fourier transform, [Miel2]). Let f € Cj(R"), s =0,1,---. Then,
we define the Fourier transform of f by

78)=Z1E) = ) [ e ), (310)

n

where, § € R", & = (&1,-- &), (x=x1,---x,) and §.x = Epxy 4+ Euxn = Xy Ejx;

Definition 3.17 (Inverse Fourier transform, [Mie12]). knowing the Fourier trans-
form g(&) = (&), the function f can be reconstructed with the aid of the inverse
Fourier transformation.

1

TV gr 1= o / vEg(E)dE (3.11)
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Indeed, it holds that .Z ~'[Z[f]] = # ~![f] = f (Inversion formula), provided the
integrals on the right hand side exist.

Definition 3.18 (pseudodifferential operator [Fol95, Hell1, Miel2]). any linear
differential operators with C* coefficients on an open set 2 C R" can be written

in the form
L = Z Cla(X)Da
|| <k

The function

p(x,&)= ) aa(x)&”

la[<K

is called the symbol of p and

(o)) i= 2m) T [ Epl, )a(E)de, (312

is said to be pseudodifferential operators; where, u € C°(£2), i is a Fourier trans-
form and p(x,&) is a polynomial in & with coefficients that are C* functions of
x € Q2. We denote the set of pseudodifferential operators of order m on 2 by

") =px,D):peS(Q) (3.13)

Definition 3.19 (principal symbol, [Fol95]). If @ C R" and p € y"(Q)3.13| P is
said to have a principal symbol if there is a p™ € C*(T°Q) such that

p"(x,18) =1"p" (x,8) (3.14)

fort > 0 and o, — p™ agrees for large & with an element of S~ !(Q). The restric-
tion to large & is necessary since p” is usually not C* at & = 0. For example,
the principal symbol of differential operator is up to factors of 27i. Also, if p is
ellliptic with principal symbol p™, any parametrix for p has a principal symbol

e
Definition 3.20 (Convolution, [Fol95]). The classical definition of the convolu-
tion of two functions defined on R" is:

frel)= [ 1x=3)g0)dy (3.15)

Definition 3.21 (Singular integral equations, [Wol95]). In the general Fred-
holm integral equations, there arise two singular situations: In[3.6)

type l:ifa — —cand b — o

type 2: if the kernel K (x,) = £oo at some points in the integration limit.

Definition 3.22 (Cauchy integral, [Bk14]). Assume that y is a rectifiable ori-
ented and closed Jordan curve (i.e., a closed curve that does not intersect



3 Preliminaries 13

itself) in the complex plane C dividing the plane in two domains Q. and
Q_:=C\ (24 Uvy). Given a complex value continuous function f defined on
v, the Cauchy integral is defined in C\ y by

f(z
1
/() " 2mi / —Z (3-16)
and the principal value singular integral associated with C, f; is
.1 f(7)
Spf)i=tim— [ oarre 3.17
W/ (1):= lim 2 Artj<e T—1 Y 3-17)

Definition 3.23 ( Hilbert transform, [Zwi97, Ksc06]]). The Hilbert transform of
a function v(x) is defined by:

Hv(x) = -1 xv(x) = __1/00 V) dy = %/m V) dy (3.18)

It is the convolution of v(x) with the signal --. We observe that the integral in
3.18| is improper; the integrand has a smgularlty and the limits of integration
are infinite. Hence, the Cauchy principal value is defined for the first integral in

B.18 as: 1
t—& t+<
Fv(x) = 1 lim ( @dx—f—/ ) mdx) (3.19)

Te—0t Jr-1 t—x He —X

We see that the Cauchy pv is obtained by considering a finite range of integra-
tion that is symmetric about the point of singularity.

Definition 3.24 ( Boundary potentials, [V.I06]). The two main boundary poten-
tials mostly used are:
Single layer boundary potential S(x,y) is defined by

St = [ ollog(), (3.20)

Double layer boundary potential D(x,y) is given by

D(x,y) / w(s log r)d (3.21)

where, o(s) is the charge density of single layer boundary potential, u(s) is
charge density of double layer boundary potential, dQ is the smooth bound-
ary of the region £, n is the outward unit normal vector along 0.

Definition 3.25 (Adjoint operator, [Wol95]). Let T € £ (V,W), where V and W
are inner product spaces. An adjoint operator 7* € .Z(W,V) is one such that
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(Tv,w) = WT'w),YwveVweW (3.22)

An operator T € £ (V) is self adjoint if T =T* .

3.1 Fundamental solution of the Helmholtz
equation

The fundamental solution for the scalar wave in the N-dimensional space satis-
fies the following Helmholtz equation,[Gra98]

N az
2 — — _
(; axa ) Uy k) =—0b=y) (3.29)

where k is the wave number and &(x —y) is the Dirac delta function which in
two dimension is defined by (see, [J.T02])

0, when x #y,
oo, whenx =y

3x-y) = {

and
/5(x—y)d.(2y:/ §(x—)dQ, =1
Q Q*

where, Q* C Q.

Applying the Fourier transform of definition to equation yields
the solution Uy (&,y, k) in the transformed domain:

O E3) = e

where, € is a small positive number to avoid the singularity appeared in the
calculation of the inverse Fourier transform of Upy;. Using the inverse Fourier

transform Uy may be written as:

U[N] (X7y7k) = gl_r{(l) (2;)1\7 / |§ ’2 — (1k—|- l-g)zexp<i§ .(X _Y>)dé (3.24)

Using equation for a one dimensional problem (N = 1), the fundamental
solution is
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1 .
_ i& (x—y)
u[l](xvyvk) o /_oo 62—(](—{—1'8)26 dé

1 i§(x— —ig(x—
= H/_mm(eé( V) om0 g
_ ieik\m\ (3.25)

For a three dimensional problem N = 3, we have:

) 27 l|§\rcose
Usi(x,3K) = 73 / H d|§|/ s1n9d6/ e e
B 1 oo S(elsr_e—lsr)
_ 8n2r/_w il (3.26)

where r = |x —y|. Comparing equation with equation we find the re-
lation between Uj3) and Uy as follows:

—1 dupy
81 = 5y dy l=r

This relation leads to the explicit expression for a fundamental solution in a
three dimensional Helmholtz problem in the following form:

ikr

U[3] (X,y, k) = ATr

The fundamental solution for a two- dimensional problem can be obtained as a
superposition of the three dimensional fundamental solution.

U[Z] (X7Y7k) = / U3 (X7Y7k)|X3=0dy3
—/ exp (ik\/ R2 +y3)dy3
47/ R? +y

= E/ exp(ikRcosht)dt(y3 = Rsinht)

1
= EH(SI)(’CR)

_ Tl
= 4H (kR)

=7H (klx =) (3.27)
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where X = (x1,x2),Y = (y1,)2),R=|x—y|, i=+—1 and A is the Hankel func-
tion of the first kind of the n'" order. Explicitly the function G is defined in the
2D case by (see,[CWL07]).

G(x,xp) := ZH (k|x x0|),x,x0 € R? (3.28)
In physical terms the 2D solution of the Helmholtz equation given by with
G given by is the field at x due to a coherent line source of electromagnetic
wave which is perpendicular to the 2D plane and passes through it at the point

xo. The solution involves H (1), which denotes the Hankel function of the first
kind of order zero. We term the function G(x,xp) that we have just written down
a fundamental solution of the Helmholtz equation, which means that it is a
solution of the Helmholtz equation appropriate to a point source excitation. We
also call G(x,xp) the free-field Green’s function, meaning that it is the (unique)
solution to the problem of a point source in free space.

3.2 Green’s identities

let u,v € ¢?(2),Q be a domain with smooth boundary 9,7 be the outward unit
normal vector to d€2. Recall the following notations of field theory

gradu = Vu = (uy, uy,u;)
divF =V.F = fi+ g+,

Curlﬁzvxﬁ:(hy_gz,fz_hx,gx_fy)
Au=div(Vu) = A%u = tyy + tyy +

where F (f,g,h) is a vector field, dv = dyd,d;, dS, is a surface element, ds, is an arc
length element at P on dQ2. Now the three Green’s theorems are given below.

Theorem 3.1 (Green'’s first identity, [YGS00]). Let Q € R? be a domain bounded by
the closed smooth contour I' and let ny denote the unit normal vector to the boundary
I' directed into the exterior of I and corresponding to a point y € I'. Then, for every
function u which is once continuously differentiable in the closed domain Q = QUT,
/RS Cl( ) and every function v which is twice continuously differentiable in Qv €
C%(Q), then

/Q(uAv—FVu Vv) a’x-/uﬁdsy (3.29)
y

Proof. By applying Gauss-Ostrogradiski theorem,

/ divFdx = / ny - Eds, (3.30)
Q r
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to the vector function (vector field) F = (F,F) € C'(Q) (with the compo-
nents) Fy, F» .bging once continuously differentiable in the closed domain Q=
QUI'F, € C(2),i=1,2) defined by

S, dv  dv
F=uVyv= [ua,ua—y]
the components are,
- dv
1= Ma
- dv
2= u8_y

We have,

divF = div(uVv)
d, dv, d  Jv
= a(“a) +a—y(“a—y)
oudv | v oudv | o
dxdx dx* dydy  0dy?
Lo w0 0
dxdx dyady dx*  dy?
=Vu-Vv4+uAv

On the other hand, according to the definition of the normal derivative, (see,[A.S07]),

ny.F = ny- (uVv) = u(ny - Vv) = uﬂ (3.31)
any
so that finally,
/ divFdx = / (uAv+Vu-Vv)dx, (3.32)
Q Q

and from equation and using equation we have,

o v
Fds, = —d
which proves ie.,

d
u—vdsy:/ (uAv+Vu-Vv)dx
r any Q

_ / wAvdx+ / Vi Vdx (3.33)
ko) 0
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Theorem 3.2 (Green'’s second identity,[YGSO00]). For u,v € C*(Q), the Green's sec-
ond identity is given by,

/Q (uAv —vAu)dx = /r(u8_ny — va—ny)dsy (3.34)

Proof. By interchanging the role of  and v in the Green’s first identity, and
subtracting the result, we get the result.

The process by which was derived from is an example of symmetriza-
tion . This is Green’s second identity and is a basic tool in the study of A.

Theorem 3.3 (Green’s third identity, [YGSO00]). Let D C R™ be a bounded domain
of class C' and let u € C*(D) be harmonic in D. Then,

= [ Sty -un) D as, wep @39

where,

1 —
4_7[‘XTY|’ whenm =3

1 1
s=In——, when m =2,
D(x,y) := { Sl

and n is the unit normal vector.

Proof. For x € D choose a sphere Q(x;r) := {y € R" : |y — x| = r} of radius r such
that Q(x;r) C D and direct the unit normal vector n to Q(x;r) in to the interior
of Q(x;r). By applying Green’s second identity to the harmonic functions u
and @(x,.) in the domain {y € D : [y —x| > r} to obtain

8<I>(x,y) au B
/az)ug(x;r)(u(y) on(y) _%(Y)CD(W))dS(y) =0

Now we have,

9Pry) ou _ [ o IP(x,)
fo W07 S )t astr) = [ (G0l a2 ((y;;c;(y)

In for the second term since u € C?(D), % is bounded, say by M. Then,
du
— )P <M P
oy anOI2Lo0)asO) <M [ [p( s,
= Mcr™ ' (r)

Where c is the surface area of the unit sphere (27 and 47) respectively and ®(r)
is the respective function such that ®(x,y) = €(|x—y|). This product goes to zero
as r — 0, since rlnr — 0. For the first term we have,
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GBI (1) = ~a'(n

1
S

where the minus sign arises because the unit normal is directed in to the interior.
Thus,

: I9P(x,y) v u(y)
8 Jaten ™ 7am0) ) T P gy o T
.1
= }g%; Q(x;r)u(y)d.Q
= u(x) (3.37)

This proves where d€2 denotes integration over the solid angle, and u is
continuous.






Chapter 4

Boundary Integral Equation for Interface
Problem in Electromagnetics

4.1 Interface problem in electromagnetics

The problem under consideration is that of determining a function which is a
solution of the Helmholtz equation in a connected bounded region and exterior
to a simple closed curve. As it is explained in [C.M80], a physical prototype
(or typical example) of interface problems is that of electromagnetic fields in
the presence of metallic or dielectric obstacles. A case of great practical interest
is that of the production of eddy currents in conductors. We shall begin with a
brief description of the physical problem. Let  be a simply connected bounded
region in R? and QF =R?/Q. Here Q1 is to represent air and Q cross section of
a metallic cylinder in the x — y plane (see, Figure (#.1)).

n r
-Xg
(7]
ﬂ+
|
Fig. 4.1

21
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We consider only monochromatic fields (i.e., waves of some given frequency
o) because, the Helmholtz equation stands for monochromatic waves; which
means that if the time dependence is a harmonic function of circular frequency
®, we can write:
¢(r.t) = Re(Ee” " y(r)),

where y(r) is some complex valued scalar function and the real part is taken,
since ¢(r,¢) is real and i*> = —1. For polychromatic waves, or sums of waves
of different frequencies, we can sum up solutions with different w. We study a
special geometry in which there is a single cylindrical obstacle in the z-direction
with uniform cross section Q in the x-y plane. The outside region is air and, as
usual, we assume electric conductivity of air( o = 0) there. There are two cases
to consider called Transverse Magnetic(TM) and Transverse Electric(TE):

(TM) : E = E(x,y)k;H = H'(x,y)i+ H*(x,y) jand
(TE):H = H(x,y)kE = E' (x,y)i + E*(x,y)]

But in this thesis we consider only transverse magnetic. Suppose there are inci-
dent electric and magnetic fields E°, H? and that all fields E, H are TM and time
harmonic with a single angular frequency ®. This means that with a proper
choice of x, y, z axes:

E =Ek
H=H'1+H?]

where E, H' H? are functions of x and y only and i, J, k are unit vectors in the
direction of x, y, z axes respectively, see, [S.I83]. Thus with appropriate scaling
we have the following problem:

VXE=H,VxH=i0’E inQ
VXE=HVxH=B’E inQ" (4.1)

where n denotes the exterior normal to 2 and «,f are non dimensional con-
stants. n < E, n x H are continuous across I'. E and H satisfy maxwell’s equations
in Q% and Q and are subject to the interface condition that the tangential
components of E and H are continuous across I" (the boundary of Q). As it is
shown in [S.I83], if there is a wire parallel to the z-axis through xo € Q% carrying
a periodic current

1(t) = Re {Ipe "'}

Iy € C, then the incident field E?, H° due to the wire will have the form:
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EO()C,y,Z,l‘) = Re {I()q)ﬁ (x7y)l%eiiwt}
agp .. J0 .\ _;
HOxyan) = Re {1 (Sopi- 5285) | 42)

4.1.1 Time-harmonic fields

In many practical situations, especially at low frequencies, it is sufficient to deal
with only the steady state (or equilibrium) solution of electromagnetic fields
when produced by sinusoidal time-varying or time-harmonic, i.e., they vary at
a sinusoidal frequency ®. Consider now, the appearance of the scalar Helmholtz
equation in the context of Maxwell’s equations 3.3|describing propagation elec-
tromagnetic waves: taking the curl of the first equation and using the second
equation we have,

J
VXVXE=—-u=—VxH
XV x Hy VX
e 2E
— M
—19%E
= ——= 4.
¢ or? (4:3)
Due to the following well-known identity for the V operator and the third equa-
tion in equation[3.3]

V2ZE =V(V.E)-VxVXE

=0-VxVxE
=-VXVXE (4.4)
using 4.3]and [4.4] we obtain:
1 9’E
——— =V’E 4.5
c? 0t? (4.5)
Similarly,
1 9’H
———=V?H 4.6
c? ot? (4.6)

Thus, both the electric and magnetic field vectors satisfy the vector wave equa-
tion; which is generally given by see [N.O01), H.511]

1 %y

Vg —2Y
v c2 o0t?

=0 (4.7)
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Replacing the time derivative in equation[4.7/by (iw)?, i.e.,

1 9%y

vy -2V
v 2 J1?

=0,

putting (i®)? = g—;, we have

1.
Viy - C—z(lw)zllf =0
This implies,
)2
V2 — (la;) —0,
c
putting,
(i) _ >
C2 =k

which implies, V2y — k*y = 0, which yields the scalar wave equation

Viy+ikly=0 (4.8)

where k is the propagation constant (in rad/ m) given by k = £ = @C = 27”, cis
speed in vacuum. Equation 4.8)is called the Helmholtz equation and it satisfies

The general Helmholtz equation is given by
Viy+Py=g (4.9)

We notice that[4.9 reduces to
e Poisson’s equation: V2y =gwhenk=0
e Laplace’s equation V2y =0 whenk=0=g¢

Thus Poisson’s and Laplace’s equation are special cases of the Helmholtz equa-
tion. Note that function vy is said to be harmonic if it satisfies Laplace’s equation.

The two dimensional eddy-current problems for a conducting cylinder |4.2]is
reduced to the interface problem for ¢ € ¢?(Q)Uc?*(Q% /{xo}) Uc®(I") such that

Ap+ic’9g =0 inQ
Ap+B%0 =0 inQ" (4.10)

where ¢, g—ﬁ in C°(T") and ¢ — ¢ € C2(Q1) UCY(I') satisfying Here if we
seek the total fields E, H in the same form with ¢g replaced by the solution
¢ of then E, H also satisfy the remaining Max-well’s equations [4.1] and
are automatically divergence free and E — E°, H — HY satisfy In [S.I83], the
parameters in the o, B are real numbers, B being sufficiently small i.e.,
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a? = 0(10) and B2 = 0(1072!); where ‘O’ represents order. Therefore, instead of
above we consider

AY+ia*¥ =0 inQ,
Ay=0 inQ", (4.11)

where v, aa—lfl’ € C%(I') and vy — yy € C2(QT)UCYI"), y being bounded at infinity.
Equation represents equation 4.8 and satisfies
In [Kir07] with

1
Yo(x) = 5 —loglx —xo| (4.12)

i.e., equation is called a fundamental solution of yy(x) for the operator V>
in two dimension; or it is also known as the free-space Green’s function. see also
[J.TO2]. The solution ¢ of converges point wise to the solution y of as
B — 0 at any fixed x € R?/{x(}. As indicated in [S.I83], the problem can be
transformed in to a coupled system of integral equations on the boundary I" by
the use of simple layer potentials only.

4.2 Boundary integral formulation

The solution y of can be constructed by continuous densities f and g on I
using Green’s function and fundamental solution of the laplacian ie,

v(x) = jfrf(y)Hél)(\ﬁah—yl)diy, when x € Q,
5= Jrg(v)log|x — yldsy + wy(x) +c, whenx € QF

Where,

1
Yo(x) = 5 loglx —xo|

and c € C, arbitrary, s C T;

and since A¢ +io’¢p = Ap + B2¢ we have ia®> = B which gives § = Via. The
regularity assumptions that v, %—:’: € C%(I') and y(=0) being bounded yield a cou-
pled system of integral equations on I':

Va(f) =¥ =V(g)+c
—1 = [ gds

—1
5+ Na(f) = J8+No(g) + G (4.13)
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4.2.1 Operator notation

For x € I' and f € C%(I") we define linear transformations of the operators
Vo, Vo, Ng and Ny in see also [S.I83, IC.M80]

Va(pxi= 5 [ £ Vi —yl)ds,
Vo(f))“:ﬁ/f )log|x — y|dsy

0
Na(f)x = 5 Vel (x 4/f —H D (Viale—y|)ds,
0 0
No(f)x:= a—nxVOf(X)zg/l_f(y)a—nxlog]x—y\dsy (4.14)

As it is indicated in [S.I83], the more general system

Va(f) —Vo(g) —c =M

/gds =a
r

+No)g = h2 (4.15)

is uniquely solvable for given (hi,hy,a) € C'(I') x C°(I") x R with solution
(f,g,c) € CO(") x C/I") x C yielding the existence and uniqueness of the so-
lution of 413

4.3 Unique solvability of the integral equation in
Sobolev space

Consider the system for data given in 3.8 on I'. Then, the operators in-
volved have the following mapping properties:

Lemma 4.1. Let I" be C*, boundary. Then, for any s € R the operators given in
are bounded mappings as follows:
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(
No = H*(I') — H*(T") (4.16)

Proof. Assuming that s = %1, since s € R. Thus, becomes:

Vo :HZ (') — H2(I') (4.17)
Vo:H? (I') — H2(I) (4.18)
Ng:H?([)—H? (D) (4.19)
No:HZ (I') = HZ (I (4.20)

to prove we use expansion of the kernel of [S.183], i.e.,
—i

1
- H(gl)(z) = —logz+ 7+ 0(z*logz), where,y € C

27

and O(z%logz) is the error introduced by truncating the series . Thus, with the
smoothing operator R given by 3.9  of we can write as

where, Vy, = _TiHé])(z), Vo = ﬁlogz and R = O(z*logz).
By applying the Fourier transform Vo and Vj have the same principal sym-

bol|3.14j.e.,
—11

F 1
29g " <E
Hence, V, and Vj are pseudodifferential operators of order -1 yielding the
proposed properties 4.17] [4.18 For 4.20| we note that Ny is just the operator ad-
joint to the double layer potential (i.e., the last equation of .14) and therefore
it has a kernel K(s,¢) € C*(I" x I') implying the desired smoothness of operator

and the proof of follows from

Lemma 4.2. For any given (h,a) € H*(I") x R,s > 1, there exists exactly one solution
(g,¢) € HS"Y(I") x C of

oc(Vog)=0cW) = logz)

Vo(g)+c= h,/ gds=a (4.21)
r



28 4 Boundary Integral Equation

Proof. As it is shown in [SI83], for (h,a) € C'T*(I') xR, > O,has a unique
solution in C%(I") x C, provided the condition that the mapping radius of I' is
not equal to one. There exists one solution (fy, ) € C*(I") x R satisfying

Vo(fo) =, /F Jods =1 (4.22)
In addition for every h € C'*%(I") there exist exactly one solution f, € C%(I") of
Vo(fy) = h+Ti(h) (4.23)

where the functional
= %/FVo(fp)(G)dG - /Fh(c)dcr (4.24)

where L is the length of I" and ¢ is the arc length. The uniqueness and existence
of f, € C¥(I') is shown by differentiating with respect to the arc length.
Then becomes

dh fr(¥)

H R JH
o+ Rfp= ds’ foi= 2717 I Sy — Sy

ds, (4.25)

which is a singular integral equation. In definition of equation the
integral is improper since the denominator in the integrand is zero when y = x.
For functions V (x), the integral exists as a Cauchy principal value3.19( a method
for assigning values to certain improper integrals which would otherwise be
undefined ) i.e., it exists and is defined, via taking a symmetric limit:

%V(x):lp.v/oo VO 4y _llm(/“V dy +/+£y_ dy)  (4.26)

T y—x T e—0 ww Y—X

Equation is the use of the Hilbert transform as an operator. If we apply .77
twice to a function on taking a Fourier transform,

-1 -1
o — N -
FAAV)(S) = F () () *V ()
= (isgns)(isgns)V (s)
= —sgn’sV(s)
— —V(s) (4.27)
Taking the inverse Fourier transform we see that J#(7V (x) = —V(x). Hence

the Hilbert transform is invertible and its inverse is just its negative. Therefore,
applying [4.26| on [4.25 becomes a Fredholm integral equation of second kind for
f, and for every f, € I>(I'). Applying the method i m
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H(Hfp) = —fp (4.28)
Thus, we have
1+oyf, =
P ds

with a compact operator C on H*~!(I"). Now as indicated in [S.I83] using
the solution of [4.25/can be represented as
h
(y)dsy =: M(h) (4.29)

1) = po [ re))

Sx — Sy s

with a smooth kernel r(.,.) depending only on the regularity of I". Now substi-
tuting[4.29in to[4.23|and integrating over I" we get[4.24| For h € H*(I") obviously
% € H*~!(I"). The operator H is a singular integral operator of Cauchy type[see,
and therefore by a pseudodifferential operator of order zero. There-
fore, by density, the solution f, of belongs to Hs ! (I'), s > 1. Finally, with

the solutions fy, f, of respectively, the solution (g,c) of 4.2]is given by:

¢ = fot Afo (430)
A=a- /F Fods 4.31)
c=—(Iih) +An) (4.32)

Theorem 4.1. For s € R,s > 1, and for any given (hy,hy,a) € H*(I') x H~1(I"') x R
the system |4.15has a unique solution (f,g,c) € H*~'(I') x H*~1(I") x C.

Proof. In let’s set
hi=Va(f) —hi (4.33)

for every f € H*~!(I") and for every hy € H*(I").[SI83]
By lemma there exists exactly one solution (g,c) of which coincides
with the first two equations in Due to the form and since f, = M(h)

from[4.29) g € H*~'(I") is given explicitly by
g=(h):=M(h)+A(h)fo (4.34)
Therefore, with the equation .34 becomes
g=2(f)— () (4.35)

i.e., from|4.34
o (h) = M(h)+ A(h) fo

but, from



30 4 Boundary Integral Equation

h=Vo(f)—Mh
Thus,
g=A (Vo(f) =) =MVa(f) — M) +A(Va(f) —hi)fo

which is the same as,

8= (Va(f) =MVa(f)) +A(Valf) — M) fo,h € H (') (4.36)

Hence, ¢ & ¢ given by [4.30 and [£.32] respectively give the solution of the first
two equations of interms of f, 1, and a. Now by inserting of gin to the
third equation of we can uncouple the system ie.,

—1

1
(7 +Ng)f — (5 +No)g = h2

is the third equation of Which implies that,

—1 1
7f+Naf = Eg + Nog + hy (4.37)

then inserting

g=2(f)— (),

in@37, we have
TS Naf = 3 D() — o () +No(2f 7 (1)) + o
which becomes:
TS Naf = 5(D) = (1) +No ()~ Nols () +h (439)

Theorem 4.2. [Rellich- kondrachov compactness theorem or Rellich embedding theo-
rem] [AIb13], let 2 C R”" be a bounded open set with ! boundary. Assume 1 < p < n.
Then, for each 1 < g < p*, where p* = % one has the compact embedding

whP(Q) cc L1(Q) (4.39)

Proof. Let (uy)m>1 be abounded sequence in W' (Q). Assume that all functions
up are defined on the entire space R"” and vanish outside a compact set K:

Supp (um) C K C Q = B(Q,1)

Here the right hand side denotes the open neighbor hood of radius one around
the set Q. Since ¢ < p* and  is bounded, we have:

el 2o (R") = llutm |26 (R) < Cllutm| () < C'llutm| W ()
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for some constants C,C’. Hence, the sequence u,, is uniformly bounded in
L1(R™).

By lemma [.T|and thanks to the Rellich embedding theorem [.2/and using
the operators Ny, and NyZ are compact in H*~!(I") since 2 defined by

is bounded in H*~!(I"). According to Hilbert transform and applying 77
twice as in to[£.36 we obtain

2(f) = f+R"(f)+w(f) (4.40)

where R is a smooth operator and w(f) denotes terms corresponding to the
asymptotic expansion of

H" (le—y))

for small |x—y|, in [Sek10], the asymptotic expansion of Hankel function is given
by,

. (L —v),r 3
HE = (2l bvrin |y (G=V)m <Vl+’"'+2)+o(z—zﬂ) (4.41)
nz m—o m!T(T'v+3)(2jz)"

As it is indicated in [S.I83] the kernel K(s,t) of w behaves as:

p.v./l_@(%h(s) —x(0)])log|x(s) —x(8)l|ds (4.42)

and therefore it behaves as

K(s,t) = p.v/r log\x(;)_—t x(6)|ds (4.43)
and thus
W) = [ K(so)s(e)dr (444

which is the kernel of HV, and this composition is a pseudo differential opera-
tors of order -1; because H has the symbol o(H) = sgn{ and 6(Vp) = ﬁ Hence,

HVyf € H(I')

for f € H1(I"). Using equation equation is a Fredholm equation of
second kind for the unknown density f € H*"!(T"), i.e.,

(I+Cy)f =S81(h1,h) (4.45)
where Cj is a compact operator in H*~!(I").

Theorem 4.3. Let C : X — X be a compact operator. Then, I+ C is Fredholm.
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Proof. asitis shown in [Alb13] first we coincide the kernel of 74-C. Let B be a unit
ball in ker(I+C). Then, B = C(B) so B is image of a bounded set under a compact
operator hence is precompact (i.e., if for every € > 0, it can be covered by finitely
many balls with radius € ). But B is closed so B is compact. Hence, ker(I+C)
is finite dimensional. Thus, the operator / + C is semi-Fredholm. Applying the
same argument to the adjoint / +C* completes the proof.

In general, identity plus compact is Fredholm. Thus, for given h; € H*(I") and
hy € H-U(I') clearly S;(hy,hy) belongs to H*~(I"). More over, §1(0,0) = 0. As it
is indicated in [S.I83], by the application of potential theory I + C; is injective
due to the uniqueness of the original interface problem Thus, the inverse

(1+C1)_1

exists and is a bounded operator in H*~!(I"). Therefore, as indicated in [S.I83],
inserting the explicitly given solution f € H*~!(I") of in to the third equation
of we obtain:

(I+2No)g = S2(h1,h2) (4.46)

which again is a Fredholm equation of the second kind for g € H*~!(I") due to
and theorem .3] Again as above, is also uniquely solvable.



Chapter 5
Conclusion and Future work

The phenomenon of wave propagation is frequently encountered in a variety of
engineering disciplines. For instance, in the design of antennas, it is important
to know the interaction with electromagnetic waves:

1 9%u(x,t)
Au(x,t) = ———22 xe Q
1) 2 or?
It was realized a long time ago that this problem can be recast in to an inte-
gral equation for the unknown potential function «. For harmonic waves (i.e.,
assuming a time dependent for u in the form e~'®’) the problem is more conve-
niently described in the frequency domain where it reduces to the solution of

the wave or Helmholtz equation:
A2u(x) +ku(x) =0

The Helmholtz equation has been formulated from the scalar electromagnetic
wave equation. More over, using the application of Fourier transform and its
inverse, the Green’s function (the fundamental solution of the Helmholtz equa-
tion) has been given. We have considered two- dimensional interface problems
in electromagnetics and we have reduced these problems to their boundary
integral equation form. In addition, we have treated these boundary integral
equations with less regularity assumptions in appropriate Sobolev spaces. We
have observed that these integral equations are Fredholm integral equations
of the second type 3.6/ in form. Finally, using theorems and lemmas in [S.I83]
and the references there in, we have concluded that these integral equations are
uniquely solvable.

We hope that this paper will inspire more work in the future in this area.
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