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ABSTRACT 
 

Spectrum Underutilization, along with the growing issue of spectrum scarcity, has promoted a 

reassessment of how the radio frequency spectrum is used. Cognitive Radio technology comes as 

a solution which enhance the utilization of spectrum with systematic use of the scarce resource by 

Opportunistic Spectrum Access. One of the important functions of cognitive radio is Spectrum 

Sensing which enable cognitive radio to detect spectral opportunity also called White Space or 

Spectrum Whole. Among many spectrum sensing algorithms available, Energy Detector(ED) is 

preferred since it doesn’t need the prior information about primary user’s signals and having low 

computational complexity. However, the performance of ED is directly proportional to signal to 

noise ratio(SNR) which leads to poor performance at the low SNR regime. In order to alleviate 

the detection problem at low SNR, Discrete Wavelet Transform(DWT) based denoising of the 

primary user signal is applied in the front end of ED. The effect of denoising prior to ED is 

analysed by employing six different wavelets as Haar, Daubechies, Bi Orthogonal Splines, Reverse 

Bi Orthogonal, Coiflet, Fejer-Korovkin and the performance metrics of ED is analysed using 

single stage wavelet denoising based ED. Based on the best performing wavelet, Two Stage 

Spectrum Sensing is developed which composed of CED as a first stage and Denoising based ED 

as a second stage which consist of wavelet denoising prior to ED that will perform signal to noise 

ratio enhancement. The detection performance of proposed Two Stage Spectrum Sensing approach 

is compared against ED alone and Single Stage wavelet based ED in terms of different 

performance metrics given as probability of detection, probability of miss detection, Receiver 

operating Characteristic and Complementary Receiver Operating Characteristics in the case of 

single node and cooperative cognitive radio. Simulation results show that the proposed Two Stage 

Spectrum Sensing using Reverse Biorthogonal wavelet approach improves the performance of 

CED and Single Stage Reverses Bi Orthogonal by 97.6% and 42.18% respectively. Also the 

proposed approach improves the performance of Cooperative CED by 54.32% in the case of 3 

users. 

Key Words: Cognitive radio, Denoising, Discrete Wavelet Transform, Energy Detector, 

Performance Matrices, Spectrum Sensing, White Space
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CHAPTER ONE 

1 INTRODUCTION 

1.1 Background 

The enormous increase in the number of wireless devices due to emergence of new wireless 

services and applications, combined with the static assignment of the radio spectrum, has resulted 

in a radio spectrum shortage [1]. One of the most serious challenges at the forefront of future 

network research is the scarcity of radio frequency spectrum, which has yet to be overcome 

Traditionally, radio spectrum is allotted to licensees for long periods of time and it is meant to be 

utilized exclusively by licensees [2]. The type of scheme which uses such static assignment 

technique is called Fixed Spectrum Allocation (FSA) and within this technique the spectrum is 

divided into bands and assigned to different technology-based applications. This scheme ensures 

that the spectrum is fully licensed to a single authorized user with no interference. The allocation 

of spectrum bands to operators is the responsibility of a governmental agency. The Ministry of 

Innovation and Technology (MInT) in Ethiopia is in charge of this exercise, whereas Federal 

Communications Commission (FCC) in the United States. This static spectrum allocation policy 

adopted by governments in many countries has resulted in underutilization of spectrum because a 

large segment of licensed radio spectrum is not efficiently used [3]. The problem of 

underutilization of allocated spectrum or the underutilized area is technically defined as a Spectrum 

Hole or White Space. A spectrum hole is band of frequencies assigned to the licenced user but at 

a particular instant of time these frequency bands are not being utilized [4]. This is mostly due to 

the fact that license owners are not transmitting always in all geographic areas where their license 

covers. Supporting this, according to FCC statistics, spectrum allotted in bands below 3GHz has a 

15 percent usage range [5]. The measurements obtained by the Shared Spectrum Company (SSC) 

to assess spectrum occupancy from several sites are shown in figure 1.1. This measurement 

indicates that the average spectrum occupancy across the seven sites is approximately 5.2 percent 

[6]. These findings revealed that a large proportion of the radio frequency spectrum is 

underutilized, leading to massive “spectrum holes”. 
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Figure 1.1:  Spectrum occupancy measurement over seven locations [6] 

This problem of spectrum underutilization, along with the growing issue of spectrum scarcity, has 

promoted a reassessment of how the radio frequency spectrum is used. As a result, FCC 

recommend that the utilization of the spectrum can be enhanced by sharing vacant channels with 

unlicensed users dynamically, allowing unlicensed users to use the specified spectrum range 

alongside licensed users called Primary Users [6]. This kind spectrum allocation scheme is called, 

Opportunistic Spectrum Access (OSA), also known as Dynamic Spectrum Access (DSA). DSA 

lets unlicensed user to access licensed user’s spectrum band according to the activity of primary 

user. These users should have the ability to utilize the available resources while causing the least 

amount of interference to the Primary users [7]. This lead to the development Software Defined 

Radio (SDR) that can consistently sense the spectral opportunity over the bandwidth, recognize 

the presence or absence of licensed users, and use the spectrum only if communication does not 

interfere with any licensed user. Cognitive Radio is a smart system that senses and understands its 

operating environment and can be educated to dynamically and independently modify its radio 

operating settings accordingly [8]. The main target of Cognitive Radio (CR) is to improve 

spectrum utilization and efficiency by opportunistically accessing the licensed spectrum ensuring 

non-interfering coexistence with the licensed uses [9]. In order to avoid interference with Primary 

User, CR has to determine the existence of primary user (PU) by sensing the wireless spectrum. 

This scanning of spectrum opportunity called Spectrum Sensing. The concept of CR and Dynamic 

Spectrum Access is illustrated in figure 1.2. The spectrum hole or white space is dynamically and 

opportunistically accessed by the CR user while avoiding access to the spectrum that is currently 
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in use by the PU’s. Cognitive radio users should relocate to a different spectrum hole or stay in the 

same band by altering transmission power to avoid interference when licensed users use this      

band [3]. 

  

Figure 1.2: Spectrum holes [10] 

Conventionally, Spectrum Opportunity defined as “a band of frequencies that are not being used 

by the PU at a particular time in a particular geographic area”, and it exploits three dimensions of 

the spectrum space: Frequency, Time, and Space [11]. Table 1.1 shows these dimensions of 

spectral opportunity with some description. We may have spectral opportunity in Frequency, 

where some of licensed band might be currently unused. These bands can be accessed by SU’s. 

Also, our opportunity could be in time, where a particular frequency band is free for a moment. 

There might be some geographical regions where some frequency bands are unused by PU. 
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Table 1.1: Three-dimensional spectral opportunities [12] 

Dimension Opportunity In Remark 

Frequency 

  

Frequency 

 

All bands are not used simultaneously at the 

same time. 

  Time 
  

Time  

There will be a time where the band will be 

available for opportunistic usage. 

Geographical 

Space 

 

Primary users location (latitude, 

longitude, and elevation) and 

distance of primary users  

At any particular time, the spectrum may be 

accessible in certain areas of the 

geographical region while it is occupied in 

others. 

 

 

1.2 Motivation 

CR technology comes as a solution which enhance the utilization of spectrum with systematic use 

of the scarce resource by DSA. In order to obtain knowledge of possible transmission possibilities, 

a cognition capability or spectrum sensing unit must be implemented in the CR System. The first 

step of this cognitive capability is to assess the activity of a PU at a given time interval in a 

specified bandwidth. In order to enhance the utilization of spectrum and avoid interference with 

existing PU, effective detection of PU is a major issue of CR. The effectiveness of PU detection 

algorithm determines ultimate protection of PU and level of spectrum utilization. Reliable 

spectrum sensing algorithm will increase the detection of PU in the frequency band, decrease 

missing opportunity of white space, decrease harmful interference caused to PU and eventually 

enhance spectrum utilization. As a result, this thesis focus on enhancing one of spectrum sensing 

algorithm called Energy Detection (ED), having less computational complexity, to detect the 

presence of PU in a given frequency band. 

1.3 Statement of the Problem 

One of the spectrum sensing techniques which does not require prior knowledge of PU signal and 

having less amount of computational complexity is ED. Despite this, the performance indicator 

matrices reveal that the ED performs poorly when the received signal to noise ratio (SNR) is low. 

This is due to the fact that at low SNR, the signal is distorted and the received energy is below the 
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ED threshold value, making it impossible for the system to differentiate between noise and signal. 

The goal of this thesis is to denoise the signal by using Discrete Wavelet Transform(DWT) prior 

to ED in order to reduce to effect of noise, achieve SNR gain enhance the performance of ED. 

1.4 Objectives 

1.4.1 General Objectives 

The general objective of this thesis is to enhance the performance of CED at low SNR by using 

Two Stage Spectrum Sensing.  

1.4.2 Specific Objectives 

• To study the fundamental characteristics and behaviors of ED algorithm. 

• To study and analyze the effect of DWT denoising on the front end of ED for AWGN 

channel and compare the result with ED.  

• To evaluate the performance of different detection techniques (ED, Single Stage DWT 

based ED, and proposed Two Stage ED) with different performance metrics. 

• To evaluate Receiver Operating Characteristics (ROC) of the detection techniques. 

• To evaluate Complementary Receiver Operating Characteristics (CROC) of the detection 

techniques. 

• To compare the performance of ED, Single Stage DWT based ED and Two Stage ED 

method in single node and cooperative scenario. 

1.5 Thesis Contributions  

Spectrum sensing is a critical component of cognitive radio. However, there are a number of 

variables that make spectrum sensing difficult in practice. First, the primary user SNR may be 

quite low. This thesis is dedicated to solve low SNR problem that decrease the performance of ED. 

Therefore, the major contributions of this thesis are: 

• We analyze the effect of denoising by different wavelets and compare the result in terms 

of Probability of Detection (𝑃𝑑), Probability of False Alarm (𝑃𝑓), Probability of Miss 

detection (𝑃𝑚), Receiver Operating Characteristics (ROC) and Complementary Receiver 

Operating Characteristics (CROC) by using single node and Cooperative detection. 

• Based on the result found from the comparison, we develop Two Stage ED approach and 

the performance comparison is done with different performance metrics. 
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1.6  Limitation of the Study 

The thesis works is: 

• Is limited to simulation-based investigation which relies on theoretical analysis. 

1.7 Thesis Outline  

The outline of this thesis is summarized as follows: 

Chapter Two presents regarding different definitions and concepts of Cognitive Radio, Cognitive 

Radio Network, Cognitive Radio Cycle and technology which have been given by different 

researchers, benefits and limitation of Cognitive Radio. 

Chapter Three describes the research methods used in this thesis including the derivation of 

performance metrics for ED, single stage Wavelet Denoising based ED and proposed Two Stage 

spectrum sensing for CR. 

Chapter Four is devoted to discuss the proposed results and discussions.  

Chapter Five presents the conclusions and recommendations.
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CHAPTER TWO 

2 REVIEW OF LITERATURE 

2.1 Introduction to Cognitive Radio 

A Cognitive Radio (CR) is a smart radio that can sense its surroundings to enhance spectral 

efficiency by using spectrum wholes with modify their transmission parameter according to the 

environment [13]. The CR technology is designed to enable identification, use and management of 

vacant spectrum, known as Spectrum Hole [5]. 

2.1.1 Definitions of Cognitive Radio 

CR has been defined in a variety of ways by various groups. It is necessary to provide the 

definitions of the various groups for better understanding.   

Simon Haykin, defines cognitive radio as [13].  

“An intelligent wireless communication system that is aware of its surrounding 

environment (i.e., outside world), and uses the methodology of understanding-by-building 

to learn from the environment and adapt its internal states to statistical variations in the 

incoming Radio frequency (RF) stimuli by making corresponding changes in certain 

operating parameters (e.g., transmit-power, carrier frequency, and modulation strategy) 

in real-time, with two primary objectives in mind: 

• highly reliable communications whenever and wherever needed; 

• efficient utilization of the radio spectrum.” 

Dr. Joe Mitola coined the term "Cognitive Radio" for the first time in the late 1990’s. He defines 

cognitive radio as follows [14]. 

“The term cognitive radio identifies the point at which wireless personal digital assistants 

and the related networks are sufficiently computationally intelligent about radio resources 

and related computer-to-computer communications to: detect user communications needs 

as a function of use context, and to provide radio resources and wireless services most 

appropriate to those needs.” 

The Institute of Electrical & Electronic Engineers (IEEE) group define cognitive radio which has 

the following working definition [15]. 
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“A cognitive radio is a radio frequency transmitter/receiver that is designed to intelligently 

detect whether a particular segment of the radio spectrum is currently in use, and to jump 

into (and out of, as necessary) the temporarily-unused spectrum very rapidly, without 

interfering with the transmissions of other authorized users.” 

2.1.2 Cognitive Radio Network Architectures 

Cognitive Radio Network (CRN) architectures can be defined as a network that of smart cognitive 

radios integrating wireless users, and dynamic spectrum access capabilities. CRN was originally 

proposed to address the problem of spectrum scarcity and network congestion faced when 

employing the unlicensed spectrum band. Using the smart cognitive radio communication devices 

and the fact of spectrum scarcity in unlicensed spectrum band, a CRN was introduced, in order to 

give the cognitive radio users; named secondary users (SU’s); the permission to access and share 

the licensed spectrum band with its original users; named PU, but with the guarantee that the 

original users performance won't be affected  [5]. CRN architecture can be categorized into two 

groups. 

1. Primary Network  

2. Cognitive Radio Network  

Primary Network: is pre-existing network which has a sole right over a certain spectrum band. 

The most famous examples for this network are the TV broadcast networks and the cellular 

networks. This network is composed of two components [16]. 

i. Primary User (PU): they are the genuine users of the licensed network; they can also be 

called the licensed users. They have authorization to operate and access the section of the 

frequency band allotted to the primary network, as long as the primary network base 

station, which controls all users' communications processes, gives them permission. 

ii. Primary Base-Station (licensed base-station): it is the licensed spectrum band base 

station which concerned on the activities of a primary user. A cellular system's base-station 

transceiver system (BTS) is an example. 

Cognitive Radio Network, also called Secondary User Network, which does not have license to 

operate in a predefined licensed band and its spectrum access is granted opportunistically. 

Cognitive radio networks are made up of the following components [16]. 
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i. Secondary User (SU): Unlicensed user who is obliged to use the spectrum only 

opportunistically. The SU’s are also known as cognitive users. 

ii. Cognitive Radio Base-Station (unlicensed base-station): A fixed infrastructure 

component with CR capabilities providing a single-hop connection to CR users. In 

cooperative spectrum sensing, the CR Base-Station is Fusion Center that gather the 

information from cooperative users and make the final spectrum sensing decision. 

iii. Spectrum Broker: A central network entity that controls spectrum resource sharing among 

the CR users. 

2.1.3 Cognitive Radio Cycle 

A CR device can sense the spectrum, identify unoccupied channels and decide to use which of 

those free channels. The process of spectrum sensing and spectrum allocation methods are divided 

into four main categories described as Cognitive Cycle. The actions performed by a CR device are 

spectrum sensing, spectrum management, spectrum sharing and spectrum mobility  [17].  

i. Spectrum Sensing – Spectrum sensing is continually scanning the spectrum and detect the 

presence or the absence of primary user. CR monitors the surroundings in real time and 

determines the spectrum that isn't being used. Spectrum sensing can be done by single 

cognitive radio, by multiple cognitive radio terminals using cooperating techniques. 

ii. Spectrum Management – The spectrum management function enables secondary users in 

the selection and decision of the best available channel that satisfies specific targeted 

objectives. Before using the spectrum hole, CR examines data rates, transmission modes, 

and user requirements to find the best accessible spectrum. It entails making a choice based 

on spectrum sensing data to allow cognitive radio to choose when to begin operation, the 

operating frequency, and the technical aspects that go with it. 

iii. Spectrum Sharing – Because a lot of SU’s might be there and using available spectrum 

gaps, offering a fair scheduling mechanism among coexisting users, defines fair spectrum 

scheduling approaches is needed.  

iv. Spectrum Mobility – When the primary user start transmission, CR must cease its 

operation or leave currently used radio spectrum immediately in order to avoid the collision 

with primary licensed user. CR should provide a smooth handoff and maintain 

communication through the shift to a superior spectrum hole, ensuring that the application 
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presently executing at the secondary user is unaffected by the handoff and suffers minimal 

performance deterioration. Radio must constantly seek for alternatives spectrum gaps in 

order to maintain faultless transmission.  

The cognition cycle by which a cognitive radio interact with the environment is shown in figure 

2.1 below. 

 

Figure 2.1: Cognitive Radio Cycle [17] 

2.1.4 Spectrum Access Techniques 

Spectrum exploitation process (i.e., DSA) can be achieved by either allowing a SU to coexist with 

the PU in its spectrum band or allowing the SU to opportunistically access PU’s spectrum band. 

Accordingly, there are three distinct models used to implement DSA practically. Two of those 

models allows CR to concurrently transmit its data along with the PU over its spectrum band. They 

are called underlay and overlay models, while the third model allows CR to transmit only if the 

PU’s band is vacant. This model is called interweave model. Each model has its own working 

principle and requirement [5]. 

2.1.4.1 Underlay Model 

In underlay model, CR’s are allowed to operate if the interference caused to PU’s is below a 

particular transmission power threshold. Therefore, a CR should always monitor its transmission 

power and maintain it below a level that might degrade the PU communication. In other words, 

the communication between CR transmitter and receiver has always to consider the level of 

interference that might cause to the PU [5]. 
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2.1.4.2 Overlay Model 

Contrary to underlay model, an overlay model allows CR’s to simultaneously share PU’s spectrum 

bands without imposing any constraint on CR’s transmission power. To achieve this, it is assumed 

that a CR transmitter has a full knowledge of PU’s signal characteristics. Therefore, CR can 

employ this knowledge to significantly reduce or cancel any simultaneous interference that might 

occur between CR’s transmitter and PU’s receiver. In other words, CR should be able to decode 

the PU message and encode its message so that interference is avoided [5].  

2.1.4.3 Interweave Model 

By using the previous two models, avoidance of interference is not guaranteed. The attempt to 

avoid interference completely results in another model and interweave model was proposed. In 

this model it’s not allowed for a CR to exploit PU’s spectrum band unless PU is being absent. 

Opposing to the previous two methods, CR cannot transmit simultaneously and share PU’s band. 

Therefore, CR should periodically detect the existence of the PU over the band and then utilize the 

band if it is idle. An accurate detection process of PU existence is a key functional component for 

an interweave model. Many research works have been focused on designing accurate and efficient 

detection techniques [5]. 

2.1.5 Cognitive Radio Networks Applications 

Cognitive radio networks are used in a variety of applications. Some of its uses are described as 

follows. 

i. Military Networks: This is the most essential application, because military networks carry 

sensitive information, it is difficult to protect them against jamming or hacking. Because 

of their flexibility in functioning on multiple frequency bands, the military employs 

cognitive radio networks. For instance, a system that uses cognitive radio technique like 

SPEAKeas radio has been developed by the department of defense in the United States 

[16]. 

ii. Disaster Relief and Emergency Networks: Natural disasters such as earthquakes, 

hurricanes, and wildfires, as well as significant calamities such as mining accidents, can 

partially or totally impair networks. Because assigning a network(s) to communicate vital 

and meaningful information is a big challenge in such emergency situations, cognitive 

radio networks can be used to create such emergency networks. As a result, emergency 
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networks can opportunistically access licensed spectrum bands, allowing them to have a 

substantial amount of spectrum capacity to send important, accurate information [16]. 

iii. TV White Spaces: TV white space is the spectrum in the VHF/UHF bands, which is 

already granted to licensed users e.g. TV broadcasters, however TV white space are not 

heavily used as before, so cognitive radio networks can benefit from it [16]. 

2.1.6 Advantage of Cognitive Radio 

• It can dynamically reconfigure itself according to the current transmission conditions. 

• Minimize the unused spectral portion, and increases the spectral efficiency. 

• Allow the licensed user to reinvest in the licensed portion of the spectrum it has paid for it 

by leasing apart of it to the unlicensed users. 

2.1.7 Limitations of Cognitive Radio 

• While ideal Cognitive Radio assumes no influence on other radio listeners, in practice, 

some influence is predicted on licensed users. 

• The secondary user may not achieve the required quality of service even when sharing the 

licensed spectrum band.  

• Hidden node problems. 

2.2 Spectrum Sensing for Cognitive Radio 

Spectrum sensing defines the task of reliably finding spectrum opportunities (also called spectrum 

holes), i.e., bands that are temporarily unused by the licensed primary user and put them to use.  

The Institution of Electrical and Electronics Engineers (IEEE) has created a working group (IEEE 

802.22) to make an air interface standard for Wireless Regional Area Network (WRAN) 

opportunistic secondary access using cognitive radio technology in the TV bands between 54 and 

862 MHz [18]. The underlying idea of cognitive radio is to allow for universal spectrum 

maximizing as long as unlicensed users do not cause service deterioration to the original license 

holders. In practice, unlicensed users, also known as cognitive users, must constantly monitor 

primary user activity to locate an appropriate spectrum band for opportunistic usage while 

avoiding potential interference with licensed users, also known as primary users. Since the primary 

users have the priority of service, the above spectrum sensing by cognitive users incorporate 

detection of possible collision relocation when a primary user becomes active again in the 

spectrum band.  
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2.2.1 System Model 

One of the most essential functions of cognitive radio systems is spectrum sensing. Spectrum 

sensing relies on the well-known signal detection method. Signal detection can be simplified to a 

simple identification problem [13],[19] , which may be formulated as a hypothesis test. That can 

be may be described as. 

 
𝑠(𝑛) =  {

𝑤(𝑛)                     𝐻0: 𝑃𝑟𝑖𝑚𝑎𝑟𝑦 𝑈𝑠𝑒𝑟 𝑖𝑠 𝐴𝑏𝑠𝑒𝑛𝑡

𝑥(𝑛) + 𝑤(𝑛)        𝐻1: 𝑃𝑟𝑖𝑚𝑎𝑟𝑦 𝑈𝑠𝑒𝑟 𝑖𝑠 𝑃𝑟𝑒𝑠𝑒𝑛𝑡
 

(2.1) 

   

Where 𝑛 = 1,…𝑁 , 𝑁 is the number of samples, 𝑠(𝑛) is the SU received signal, 𝑥(𝑛) is the PU 

signal, ( )w n  is the additive white Gaussian noise (𝐴𝑊𝐺𝑁) with zero mean and variance
2 . Where 

𝐻0 denote the absence of primary user and  𝐻1 express the presence of the primary user. The 

determination of available primary user in the given spectrum band reduced to an identification 

problem. This is formalized as hypothesis test as: 

         

Figure 2.2: Hypothesis test with possible outcomes and their corresponding probabilities [20] 

From figure 2.2, four possible cases can be stated for the detected signal; 

• Case 1: Declaring  𝐻0 when  𝐻0 is true  𝑃( 𝐻0| 𝐻0) 

• Case 2: Declaring  𝐻1 when  𝐻1 is true  𝑃( 𝐻1| 𝐻1) 

• Case 3: Declaring  𝐻0 when  𝐻1 is true  𝑃( 𝐻0| 𝐻1) 

• Case 4: Declaring  𝐻1 when  𝐻0 is true 𝑃( 𝐻1| 𝐻0) 

The performance of spectrum sensing can be evaluated by probability of detection 

( )1 1( | )dP P H H= ,the Probability of False Alarm ( )1 0( | )fP P H H=  and probability of miss 
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detection ( 1m dP P= − ). The Probability of false alarm is defined as the probability that a secondary 

user falsely decides the presence of PU when the PU is actually not present. It represents the extent 

to which the SU has missed spectral opportunity. Probability of detection also called correct 

detection is defined as the probability that a SU decides truly that the PU is active when the PU is 

actually active. The probability of miss detection shows the level of interference on the PU due to 

the failure in exactly detecting the activity of PU. In order to protect PU, mP  should be restricted 

below an acceptable level. 

Case 2 is referred to as a proper detection, whereas instances 3 and 4 are referred to as a missed 

detection and a false alarm, respectively. Clearly, the signal detector's goal is to achieve perfect 

detection every time; but, due mainly to the statistical nature of the problem, this will never be 

achievable practically. As a result, signal detectors are built to function within certain error limits. 

Missed detections are the most serious problem in spectrum sensing, as they might cause collision 

with the primary user. 

In spectrum sensing, one of the primary user signal detection techniques detection is performed to 

decide between the two hypotheses 𝐻0 and 𝐻1. The output of the detector, also called the test 

statistic 𝑇, is then compared against some threshold 𝜆 in order to make a decision upon the 

existence or presence of PU. The sensing decision is performed as 

 
Decision = {

𝑇 ≥ 𝜆               , 𝐻1
𝑇 < 𝜆              , 𝐻0

 } 
(2.2) 

Generally, spectrum sensing process can be depicted with the figure 2.3 below. Test statistics for 

a given spectrum sensing algorithm is calculated and compared against the threshold in order to 

decide whether the spectrum is free or occupied. 
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Figure 2.3: General model of spectrum sensing [21] 

2.2.2 Spectrum Sensing Techniques 

In cognitive radio, spectrum sensing techniques can be categorized in to: Transmitter Detection, 

Interference Based Detection and Cooperative Detection [22]. Figure 2.4 shows the classification 

of spectrum sensing. 

 

Figure 2.4: Classification of spectrum sensing techniques [22] 

2.2.3 Transmitter Detection 

This is the most widely used mechanism for detecting the presence of a licensed user over the 

frequency range in which it is operating. In transmitter detection, a PU transmitting at a given time 

must be identified. On the basis of the received signal at the secondary user end, a main user i.e., 

PU is recognized. The goal of transmitter detection in general is to decide the existence or absence 

of PU on the basis of local measurement and observation at a given time [22].  

2.2.3.1 Energy Detection 

Energy Detection (ED) is the most widely used method spectrum sensing algorithm due to the fact 

that it does not require prior information of PU signal and having low computational complexity. 

The need of prior information is defined as the requirement of primary user signal characteristics 

Spectrum 
Sensing 

Transmitter 
Detection 

Energy Detection

Cyclostationary

Matched Filter

Interference 
Based Detection

Cooperative 
Detection

Centralilzed

Distributed

Relay Assisted

Received 

Signal 

Spectrum 

Sensing 

Method 

Threshold 

Comparison 

Sensing 

Decision 



16 
  

such us modulation type, cyclic prefixes, in order to calculate the test statistics. This algorithm 

needs only to take the sample of the received signal in order to calculate the test statistics. In ED 

algorithm, the occupancy of the spectrum is decided based on the threshold obtained depending 

on the noise floor. It works based on the idea that the energy of the PU signal to be detected is 

always greater than the noise energy.  

Assuming that the received signal at the SU, i.e., 𝑠(𝑛) has the following form. 

 𝑠(𝑛) = 𝑥(𝑛) + 𝑤(𝑛) (2.3) 

where 𝑥(𝑛) is the PU signal, 𝑤(𝑛) is the Additive White Gaussian Noise (𝐴𝑊𝐺𝑁), and 𝑛 is the 

sample index. When there is no PU transmission i.e., 𝑥(𝑛) = 0 and equation 2.3 becomes 

 𝑠(𝑛) = 𝑤(𝑛) (2.4) 

The Test statistics of ED is given as 

 

𝑇 = ∑|𝑠(𝑛)|2
𝑁−1

𝑛=0

 (2.5) 

Where 𝑁 defines the size of observation. In order to determine the occupancy of a band, the test 

statistics 𝑇 is compared against a threshold 𝜆. If the received signal’s energy at the SU is greater 

than 𝜆, hypothesis 𝐻1 is validated and the licensed user is declared to be present. If the energy is 

lower than the given threshold, the alternate null hypothesis 𝐻0 is validated thus indicating the 

presence of a White Space. The threshold is determined based on noise energy and its accuracy 

significant to the performance of the ED. In order to detect decision threshold 𝜆 accurately, both 

the signal and noise strength should be known. Since the information about PU signal strength is 

difficult to obtain, a Constant False Alarm Rate (𝐶𝐹𝐴𝑅) is assumed to select 𝜆. 

System model of Energy Detection  

Figure 2.5 shows ED system model which is intended to classify the presence or absence of PU. 

According to the given block diagram, the received signal pass through BPF initially to eliminate 

noise outside the band of interest having bandwidth 𝑊 and center frequency 𝑓0, the output of 𝐵𝑃𝐹 

is squared and integrated over the observation interval 𝑇. Eventually, the output of the integrator, 

𝑌, is compared against a threshold, 𝜆, to determine whether a PU is present or not [16]. 
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Figure 2.5: Block diagram of Energy Detection [23] 

2.2.3.2 Cyclostationary Feature Detection 

Cyclostationary Feature Detection (CFD) uses the periodicity characteristics of primary signal to 

identify its presence or absent. Despite the fact that the data represents a stationary random process, 

these modulated signals are classified as Cyclostationary because their mean and autocorrelation 

statistics are periodic [24]. A spectral correlation function is used to detect these characteristics.  

Periodicity is often seen in sinusoidal signal carriers, pulse trains, spread code hopping sequences, 

and primary user cyclic prefixes. If the mean and autocorrelation of a signal is a periodic function, 

it is said to be Cyclostationary. Feature detection refers to the process of extracting features from 

a received signal and performing detection based on those characteristics. Using the information 

inherent in the PU signal that is not present in the noise, CFD identify PU signal from noise at 

extremely low SNR detection. The primary disadvantage of this approach is the computational 

complexity which results in long sensing period. Since it requires large calculation dealing will all 

of the frequency. Spreading, hopping sequences, and cyclic prefixes are all examples of built-in 

periodicity. If we assume a signal a signal 𝑦(𝑘) to be a discrete zero mean signal with 

autocorrelation function 𝑅𝑥(𝑛, 𝑘) having cyclic period 𝑇 as in [25] eqn. (2.6). 

 𝑅𝑥(𝑛, 𝑘) = 𝑅𝑥(𝑛 + 𝑇, 𝑘 + 𝑇) (2.6) 

The Cyclic Autocorrelation Function (CAF) is important parameter used to in feature detection. 

The Spectral Correlation Function (SCF) which is frequency domain of eq. (2.6) is also given by 

eq. (2.7). It shows the degree of correlation between frequency shifts of the signal as given by [25] 

eq. (2.7) and  (2.8).  

 
𝑆𝑥
𝛼 = ∑ 𝑅𝑥

 𝛼(𝑘)𝑒𝑖2𝜋𝑘
∞

𝑘=−∞

 (2.7) 

 

𝑅𝑥
 𝛼(𝑘) = lim

𝑁→∞

1

2𝑁 + 1
∑ 𝑥(𝑛)𝑥∗(𝑛 − 𝑘)𝑒−𝑗2𝜋𝛼𝑛𝑒𝑗𝜋𝛼𝑘
𝑁

𝑛=−𝑁

 (2.8) 

( )y t  BPF ADC 
1

0

[ ]
N

n

y n
−

=

  ( )
2

.  







 

H1 

H0 



18 
  

Where, 𝑅𝑥
 𝛼(𝑘) is the CAF of the discrete signal and 𝛼 cyclic frequency. 𝑆𝑥

  𝛼(𝑓) is the power 

spectrum of the signal for 𝛼 = 0.  

System Model of Cyclostationary Feature Detection 

The block diagram representation of Cyclostationary detection system is shown in figure 2.6 

below. 

 

 

 

Figure 2.6: Cyclostationary feature detection [24] 

2.2.3.3 Matched Filter Detector 

This is a coherent sensing technique that requires prior knowledge of the PU’s transmitted signal. 

Such knowledge includes the operating frequency, bandwidth and modulation. this information is 

used for demodulating the received signal [26]. The PU signal is first and handled as input to the 

Matched Filter Detector (MFD) and all the information needed to make the matching process is 

extracted by MFD. Figure 2.7 depicts the implementation of a matched filter using a Finite Impulse 

Response (FIR) of the known signal 𝑆(𝑘) to generate filter coefficients. The received signal 𝑥(𝑘) 

 
𝑦[𝑛] = ∑ℎ[𝑛 − 𝑘]𝑥[𝑘]

𝑛

𝑘=0

 (2.9) 

Where, 𝑦[𝑛] is the output of the FIR filter for the received signal and the response  

[ ] [ 1 ]h n S N n= − −  for 0,......., 1n N= − . The major advantage of the MFD is that it takes less time 

to acquire high processing gain due to typical coherent detection. However, If the information is 

not accurate, the MFD performs poorly. Also, a CR would need a dedicated receiver for every type 

of PU signal. The block diagram of matched filter is as shown in figure 2.7. 
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Figure 2.7: Matched Filter Spectrum Sensing [10] 

2.2.4   Interference Based Detection 

This model relies on the fact that received signal power at a main receiver decreases exponentially 

with distance, until till it reaches to noise level. Despite the fact that a primary transmitter is still 

operational at this moment, the receiver treats this as noise rather than communication. This allows 

a SU to access the channel because there is no interference introduced with the PU’s [10]. 

 

Figure 2.8: Interference Temperature Model [10] 

2.2.5 Cooperative Detection 

Multiple SU’s work together in a centralized or decentralized sort of way to identify spectrum gaps 

for opportunistic access in cooperative detection. With this scenario, each participating node uses 

any of the previously specified spectrum sensing methods while exchanging the local decision 

information with other nodes depending on the cooperation strategy chosen. Because shadowing, 

multipath fading, and receiver uncertainty create serious problems to single user transmitter 

identification in spectrum sensing, this notion of cooperation is considered [27]. 
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Figure 2.9: Multipath, Shadowing and Receiver Uncertainty [27] 

From the figure 2.9 above, Cognitive Radio User 1 (CR1) and cognitive Radio user 2 (CR2) are in 

the communication range of PU transmitter on the other hand Cognitive Radio User 3 (CR3) is 

not. CR2 suffer shadowing and multipath as a result of obstruction from the house due to multiple 

copies of the PU signal has arrived and eventually this may lead CR2 incorrect decision. Also, 

CR3 is unaware of the PU transmission and existence of PU as well. Eventually the transmission 

from CR3 may interfere PU communication, this effect is called Receiver Uncertainty. However, 

by applying the advantage of spatial diversity, it’s unlikely that all SU within the network 

experience fading or receiver uncertainty. Since SU that receive strong PU signal, like CR1, can 

sense and share the result with other SU’s. By applying cooperation among CR users, the detection 

of PU is enhanced [28].Three types of cooperative sensing are illustrated in figure 2.10. 

 

Figure 2.10:  Cooperative Sensing Techniques: (a) Centralized, (b) Distributed (decentralized), 

and (c) Relay Assisted [10] 
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2.2.5.1 Centralized Cooperative Detection 

In a centralized structure a central entity called the Fusion Center (FC) determines the presence of 

white space after combining local SS decision made cooperating CR’s. This opportunity is either 

shared to all CR’s or the FC manages traffic by efficiently handling discovered spectrum. 

Cooperating SU’s could communicate gathered data to the FC, which would allow it to do data 

fusion to determine the presence of a PU, or they could transmit individual decisions to the FC. 

Soft Combining refers to the fusion process in which the SU delivers all of the local sensing data. 

While in the case of hard combining fusion, a one-bit decision made by SU is send the FC [28].  

2.2.5.2 Distributed Cooperative Detection 

SU’s are not anticipated to rely on FC to make the ultimate choice in a distributed cooperative 

system; rather, SU’s are expected to communicate among nodes to reach a global conclusion on 

the existence or lack of PU. This is done in three phases, each of which is specified by a distributed 

algorithm. To begin, each participating user communicates their local sensing data to other users 

in their immediate vicinity (defined by the transmission range of the users). Then, depending on 

the local criteria, cooperating users combine data with incoming sensing information from other 

users to determine the existence or absence of a PU. In this scheme each SU plays a role of FC in 

a distributed manner [19]. 

2.2.5.3 Relay Assisted Cooperative Detection 

The above-mentioned systems' sensing and reporting channels may not function well in real-world 

circumstances. For example, one SU's reporting channel may be weak while its sensing channel is 

robust due to shadowing or multipath effects, whereas another SU's reporting channel may be 

powerful but its sensing channel is poor [19]. The relay-assisted detection paradigm suggests using 

an SU as a relay to transmit sensed data. The centralized and decentralized schema is referred to 

as one-hop cooperation in [28], whereas the relay-assisted method is referred to as multi-hop 

cooperation. 
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2.3 Summary of Spectrum Sensing Algorithm 
 

Table 2.1: Summary of Spectrum Sensing Algorithms 

Spectrum Sensing 

Algorithm 

Advantage Disadvantage 

Transmitter Based Energy Detection 

Energy Detection • Do not require prior information • Poor performance in low 

SNR 

Cyclostationary 

Features 
• Valid in low SNR region • Require the prior 

information of PU signal 

• High Sensing time 

Matched filter • Low computational cost • Require the prior 

knowledge of the primary 

user signal 

Cooperative Detection 

Centralized based 

detector 
• Improve sensing performance in 

the fading, shadowing and noise 

uncertainty 

• Require back bone 

infrastructure 

• Complexity in decision 

fusion 

Distributed based 

detector 
• Does not require any back bone 

Infrastructure 

• Less complexity with reduced 

overhead protocol 

• User interference might 

happen 

Relay Assisted • higher accuracy in PU detection • Traffic overhead 

 

Interference Based Detection 

Interference 

temperature based 

detection 

• The radiated power in the 

interference of the system is 

regulated at the transmitter 

• Difficulty in determining 

specific receiver 

interference temperature 

levels for the various 

communication 
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2.4 Related Researches 

Many contributions are advocated in order to solve CED performance in low SNR case.  

Adaptive two-stage spectrum sensing model using energy detection and wavelet denoising for 

cognitive radio systems. is given in [29].in this two methods are cascaded in parallel structure with 

the help of SNR estimation. During high SNR conditioned is only implemented in order to identify 

the existence of primary user. In the case of low SNR problem, since ED has low performance a 

Wavelet Denoising is prior activated to reduce the effect of noise. In this paper wavelet denoising 

and ED are cascaded in parallel structure, either of the method is initiated by SNR estimator. This 

proposed method achieved a better probability of detection when compared to ED only. 

Energy Detection with Adaptive Threshold for Cognitive Radio. is suggested in [30].this paper 

solve the classical problem of ED at low SNR by considering the noise uncertainty factor for 

calculating adaptive threshold. This method is based on the fact that increasing/decreasing the 

threshold will decrease/increase the performance of ED respectively.  By considering this idea, a 

sliding window is proposed to re-sampling received signal to after estimate the noise uncertainty 

factor and the number of sample giving good result is considered for calculation adaptive 

threshold. Simulation results shows that ED having adaptive threshold has a significant 

improvement in case of low SNR, compared to ED. 

Energy Detection Performance Enhancement Using RLS and Wavelet De-Noising Filters. Was 

suggested in [31],to solve the problem of Energy detector at low SNR. A single stage energy 

detection algorithm is designed by using denoising filters such us recursive least square, and 

wavelet denoising filters. The major aim of denoising is to achieve SNR gain so that the detection 

performance of ED is improved. The performance of proposed method shows that there is it 

exhibits noticeable increase in the throughput compared to Energy Detector.  

A Two-Step Spectrum Sensing Scheme for Cognitive Radio Networks.is given [32].The problem 

of ED at low SNR is solved by using two stage approach. Low computational complex algorithm 

used for initial sensing followed by a complex algorithm which has good detection performance 

at low SNR is selected. In this paper Maximum Eigen value (ME) detection is used as Second 

stage detection. The goal of using two stage is, whenever the absences of primary user is decided 

in first stage, ME is executed for verification. The result of comparisons against ED and ME shows 
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that the proposed method requires less sensing time while obtaining almost the same sensing 

performance with maximum eigenvalue detection. 

Two-stage spectrum sensing for cognitive radios.in [33], is proposed to solve the problem of ED 

in low SNR case by combining two spectrum sensing mechanism in two stages. In this wok ED is 

used as first stage while, Cyclostationary detection in implemented in the second stage due to its 

computational complexity and long sensing time. The main target is to take the advantage of 

Cyclostationary detector in low SNR cases. 

In [34], The improvement in ED during low SNR condition is based on the reduction of noise 

power by using Hybrid Slantlet Transform(HST). This approach is based on filter bank, which 

decompose the signal a set of coefficients. These coefficients composing high frequency 

components are considered as noise part of the signal and threshold is applied to eliminating these 

high frequency components. The rest of the coefficients are used to reconstruct the denoised signal. 

This paper is also limited to single stage prior denoising. The result is compared against ED and it 

shows the obvious superiority. 

In [35], The problem of Energy detector in low SNR value is solved by using SNR enhancement. 

The effect of noise is reduced by inserting Adaptive Wiener Filter that enhance the response of the 

system by filtering the noise component. In this work, prior denoising is tested in single stage, not 

only that the effect has been analyzed in cooperative scheme also. It has been shown that the 

performance of conventional energy detector is enhanced with the insertion of adaptive wiener 

filter on the front end of conventional energy detector. 

Two-stage Spectrum Sensing for Cognitive Radio under Noise Uncertainty.is proposed in [36].In 

this work two novel spectrum sensing techniques were proposed by using  ED with maximum 

eigenvalue detection(MED) and ED along Covariance Absolute Value detection(CAV). In both 

cases ED is used as the first stage of the proposed algorithms because it performs spectrum sensing 

within short sensing time and gives reliable detection at high SNR environment. On the other hand, 

MED and CAV is employed only during low SNR condition. The performance of the proposed 

algorithm offers reliable detection Even though the proposed method requires long sensing time  

In [37], Simulation Study of Double Threshold Energy Detection Method for Cognitive Radios is 

suggested to improve the performance of ED at low SNR by Double threshold based cooperative 
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spectrum sensing(CSS). Considering uncertainty parameter, the single threshold value is ED’s is 

translated to double threshold classified as upper threshold value and lower threshold value. In this 

method each secondary user Energy level is sent to Fusion Center in order to make the final 

decision. This will alleviate the problem of low SNR condition at some CR users. The analysis 

and simulation results show that of the proposed algorithm outperforms the conventional ED in 

low SNR region. 

Efficient Multi Stage Spectrum Sensing Technique for Cognitive Radio Networks Under Noisy 

Condition. is given in[38]. In this work two spectrum sensing methods are combined named ED 

and combination of maximum- minimum eigenvalue detection (CMME). The first stage is 

employed with ED in order to detect primary user with less computation. CMME is employed 

whenever the first stage fails to detect the presence of primary user, i.e., at low SNR. Simulation 

result shows that the proposed method provides better detection in low SNR condition compared 

to those individual methods on the other the computational complexity led it to higher spectral 

sensing time. 
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CHAPTER THREE 

3 METHODOLOGY 
 

3.1 Introduction 

In this thesis, previous researcher’s studies about ED algorithm with its performance issue at low 

SNR region were revised. Also, in order to alleviate the problem of ED many researchers put 

forward their proposed method such as prior denoising the PU signal in order to improve SNR, not 

only that but also Two Stage method was also proposed to enhance the performance of ED. Having 

a basis on the previous works and keeping in mind the problem of ED at low SNR, the 

methodology of this thesis is depicted as follows. 

3.2 Materials 

For all computation and simulations works in this thesis, MATLAB/R2020a, was used. MATLAB 

is the computing platform which is used to analyze data, develop algorithm. 

3.3 Methods 

3.3.1 System Design 

• Analyzing mathematical model of ED in terms of Probability of Detection, Probability of 

False Alarm, Probability of Miss detection. 

• Analyzing the mathematical model of single stage wavelet based ED and two stage ED. 

3.3.2 Simulation Methods 

• Perform denoising performance comparisons for different wavelets.  

• Perform Probability of Detection Versus SNR simulation.  

• Perform Probability of False alarm versus Probability of Detection (ROC graph) 

simulation. 

• Perform Probability of False alarm versus Probability of Miss Detection (CROC graph) 

simulation. 

• Perform Cooperative Detection simulation with AND-Fusion and OR-Fusion with 

different number of users. 

• Simulate and evaluate the performance of the proposed Two stage SS method against ED 

and single stage ED having denoising in single node and cooperative scenario. 
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3.3.3 Statistical Distributions and Random Variables 

A Random Variable (RV) is a variable whose value depends on the randomness and it is 

statistically modeled by the distribution or the Probability Distribution Function (PDF) it follows. 

In this section, commonly used statistical distributions in wireless communication are presented 

with its PDF and Cumulative Density Function (CDF). 

3.3.3.1 Gaussian Distribution 

If a RV follows a Gaussian or Normal distribution, its PDF is defined by [39] , eq. (3.1) 

 
𝑓(𝑦) =

1

√2𝜋𝛿2
𝑒
−(𝑦−𝜇)

2𝛿2
 
        − ∞ < 𝑦 < ∞ (3.1) 

Where, 𝜇 and 𝛿2 are the mean and variance respectively [39]. The notation 𝑦~𝑁(𝜇, 𝛿2) means 

that a random variable 𝑦 is Gaussian-distributed, with mean 𝜇  and variance 𝛿2. Its CDF is defined 

as [39], eq. (3.2) 

 𝐹(𝑦) = 𝑃(𝑌 ≤ 𝑦)  

 

              = ∫ 𝑓(𝑦)𝑑𝑦

𝑦

−∞

 

 

 
                              =

1

2
[1 + 𝑒𝑟𝑓 (

𝑥 − 𝜇

√2𝛿2
)] (3.2) 

 

3.3.4 Chi-squared Distribution 

A Chi-Squared or a central Chi-Squared distribution is defined as a summation of squares of 

independent standard normal 𝑅𝑉’s, 𝑌 with zero mean and unit variance. A 𝑅𝑉 𝑍 is  given by [39], 

eq. (3.3) 

 

𝑍 =∑𝑌𝑖
 2

𝐾

𝑖=1

 (3.3) 

And It is distributed according to the Chi-Squared distribution with 𝐾 degrees of freedom. It is 

also denoted as  𝑍~𝑋  𝐾
2 .The PDF for the Chi-Squared distribution is given by [39], eq. (3.4) 
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𝑓(𝑦) = {

1

2
𝑘
2Γ (

𝑘
2)
𝑦
𝑘
2
−1𝑒

−𝑦
2                , 0 ≤ 𝑦 < ∞

0                                             , Otherwise

} 

 

(3.4) 

 

Its CDF is defined as [39], eq. (3.5) 

 𝐹(𝑦) = 𝑃(𝑌 ≤ 𝑦)  

              = ∫ 𝑓(𝑦)𝑑𝑦
𝑦

0
 

 

                                                =
1

𝛤
𝑘
2

𝛾 (
𝑘

2
,
𝑦

2
)          ,0 ≤ 𝑦 < ∞ 

(3.5) 

 

and its CCDF is defined as [39], eq. (3.6) 

 𝐶𝐶𝐷𝐹(𝑦) = 𝑃(𝑌 > 𝑦)  

                     = 1 − 𝐹(𝑦)  

 
                                                        =

1

Γ
k
2

Γ (
k

2
,
y

2
)  ,         0 ≤ 𝑦 < ∞ (3.6) 

3.3.5 Non-central Chi-squared Distribution 

A Non-Central Chi-Squared Distribution is defined as a summation of squares of independent 

Normal 𝑅𝑉’s, 𝑌 with mean   and variance 
2  . A 𝑅𝑉 𝑍 is given by [39], eq. (3.7) 

 

𝑍 =∑(
𝑦𝑖
𝛿𝑖
)
2

𝑘

𝑖=1

 (3.7) 

and it is distributed according to the Non-central Chi-Squared distribution with 𝑘 degrees of 

freedom and the non-centrality parameter 𝜓 , which is defined as [39], eq. (3.8) 

 

𝜓𝑛𝑐 =∑(
𝜇𝑖
𝛿𝑖
)
2

𝑘

𝑖=1

 (3.8) 

The PDF for Non-Central Chi-Squared distribution is [39], eq. (3.9) 
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𝑓(𝑥) = {
1

2
𝑒
−(𝑦+𝜓𝑛𝑐)

2
(
𝑦
𝜓𝑛𝑐

)

𝑘
4
−
1
2

𝐼𝑘
2
−1
(√𝜓𝑛𝑐𝑦)       ,0 ≤ 𝑦 < ∞

0                                                                    , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 
(3.9) 

 

and it’s CDF is defined as [39], eq. (3.10) 

 𝐹(𝑦) = 1 − ℚ𝑘
2
(√𝜓𝑛𝑐  , √𝑦), 0 ≤ 𝑦 < ∞ (3.10) 

Where, ℚ𝑚(𝑎, 𝑏) is Marcum-ℚ functioin 

3.3.6 Summation of Two Random Variables 

Let 𝑋 and 𝑌 be independent RV’s with the PDF of 𝑓𝑋(𝑥) and 𝑓𝑌(𝑦). The summation of these two 

independent RV’s is given by, 𝑍 = 𝑋 + 𝑌 . The 𝑃𝐷𝐹 of 𝑍 is given by  [40], eq. (3.11) 

 𝑓𝑍(𝑧) = 𝑓𝑋(𝑥) ∗ 𝑓𝑌(𝑦)  

 

                            = ∫ 𝑓𝑋(𝑥). 𝑓𝑌(𝑧 − 𝑥)𝑑𝑥

∞

−∞

 (3.11) 

 

In other words, 𝑓𝑍(𝑧) is the convolution of 𝑓𝑋(𝑥) and 𝑓𝑌(𝑦)[40]. For instance, let 𝑍 be the 

summation of two independent Gaussian distributed 𝑋 and 𝑌 with  𝜇𝑥 , 𝛿𝑥
2 , 𝜇𝑦 and 𝛿𝑦

2. The 𝑃𝐷𝐹 

of 𝑋 can be written according to (3.1) as [40], eq. (3.12) 

          

              𝑓𝑋(𝑥) =
1

√2𝜋𝛿𝑥2
𝑒
−(𝑥−𝜇𝑥)

2

2𝛿𝑥
 2

 

 

(3.12) 

 

and similarly the 𝑃𝐷𝐹 of 𝑌 is [40], eq. (3.13) 

 

              𝑓𝑌(𝑦) =
1

√2𝜋𝛿𝑦2
𝑒

−(𝑦−𝜇𝑦)
2

2𝛿𝑦
 2

 
(3.13) 

 

The PDF of 𝑍, which is 𝑍 = 𝑋 + 𝑌, becomes [40], eq. (3.14) 

𝑓𝑍(𝑧) = 𝑓𝑋(𝑥) ∗ 𝑓𝑌(𝑦) 

                              = ∫ 𝑓𝑋(𝑥) ∗ 𝑓𝑌(𝑧 − 𝑥)𝑑𝑥

∞

−∞
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              𝑓
𝑧
(𝑧) = ∫

1

√2𝜋𝛿𝑥 2
𝑒
−(𝑥−𝜇𝑥)

2

2𝛿𝑥
 2

.

∞

−∞

1

√2𝜋𝛿𝑦2
𝑒

−(𝑧−𝑥−𝜇𝑦)
2

2𝛿𝑦
 2

𝑑𝑥 
(3.14) 

 

 

𝑓𝑧(𝑧) =
1

√2𝜋(𝛿𝑥 + 𝛿𝑦)

𝑒𝑥𝑝 [
−(𝑧 − (𝜇𝑥 + 𝜇𝑦))

2

2(𝛿𝑥
 2 + 𝛿𝑦

 2)
] (3.15) 

 

This derivation shows that if 𝑋 and 𝑌 are independent Gaussian distributed 𝑅𝑉’s such that [40], 

eq. (3.16) and (3.17). 

 𝑋~ 𝑁(𝜇𝑥, 𝛿𝑥
 2) (3.16) 

 𝑌~ 𝑁(𝜇𝑦, 𝛿𝑦
 2) (3.17) 

then Z  which is a summation of X  and Y  , Z X Y= +  is distributed as[40], eq. (3.18) 

 𝑍 ~ 𝑁(𝜇𝑥 + 𝜇𝑦, 𝛿𝑥
 2 + 𝛿𝑦

  2) (3.18) 

3.3.7 Central Limit Theorem 

The Central Limit Theorem is defined that a sum of 𝑛 independent, identically distributed 

𝐼𝐼𝐷 𝑅𝑉′s can be approximated as a normal distribution when there is a large number of 𝑅𝑉′s and 

the contribution for each of them is small compared to the total [40]. 

3.4 Performance Metrics Derivation for Energy Detection  

The spectral availability information accuracy is determined by sensing quality factors. These 

factors are made up the performance metrics. The performance of the energy detector is described 

by the following general metrics: 

• The probability of detection, (𝑃𝑑)  

• The probability of false alarm, (𝑃𝑓) 

• The probability of missed detection, (𝑃𝑚) 

In opportunistic spectrum sensing the 𝑃𝑑  specifies that a detector makes a true decision that a given 

channel is occupied by the PU (𝐻1). Hence, a large 𝑃𝑑  denotes exact sensing; which translate to 

small chance of collision with the licensed user. A false alarm event occurs when the detector 

assumes the presence of PU (𝐻1) however, the fact is the absence of the PU (𝐻0). Technically this 
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event is event is specified as a 𝑃𝑓. This event prevents SU from utilizing the available free 

spectrum, i.e., Missing opportunity.in order to prevent underutilization 𝑃𝑓 should be kept minimum 

as much as possible. The decision of ED can be modeled as: 

 
𝑅(𝑡) =  {

𝑤(𝑡)                     ∶ PU Absent(H0)

𝑠(𝑡) + 𝑤(𝑡)         ∶ PU present(H1)
} (3.19) 

where R(t) is the signal received by the CR user, 𝑠(𝑡) is the signal transmitted by the PU, 𝑤(𝑡) is 

the noise introduced by AWGN. 𝐻0 describe the null hypothesis when no PU is there and 

𝐻1 indicates the presence of PU. When the received signal at CR is zero mean Gaussian distributed 

noise only, the decision statistics 𝑌 follows central chi square distribution with 2𝑇𝑊 (twice of 

time-bandwidth product) degrees of freedom. On the other hand, when the received signal is 

composed of PU’s signal and noise, 𝑌 follows a non-central chi-squared distribution with 2𝑇𝑊 

degrees of freedom and non-centrality parameters 2𝛾.Where 𝛾 is the signal to noise ratio (SNR) in 

the linear scale. And the Test statistics 𝑌 is given by [41]  

 
𝑌~{

𝑥2𝑇𝑊
2                               , 𝐻0
𝑥2𝑇𝑊
2 (2𝛾)                     , 𝐻1

 (3.20) 

The PDF of test statistic 𝑌 of equation 3.20 can then be written as shown in equation 3.21 [41]: 

 

𝑓𝑦(𝑦) =

{
 
 

 
 

1

2𝑇𝑊Γ(𝑇𝑊)
𝑦𝑇𝑊−1𝑒

−𝑦
2                                     , 𝐻0

1

2
(
𝑦

2𝛾
)

𝑇𝑊−1
2

𝑒
−(2𝛾+𝛾)

2 𝐼𝑇𝑊−1(√2𝛾𝑦)           , 𝐻1

 

 

(3.21) 

 

Where Γ(. ) is gamma function and 𝐼𝑣(. ) is the 𝑥𝑡ℎ − 𝑜𝑟𝑑𝑒𝑟 modified Bessel functions of the 

first kind. The probability of detection 𝑃𝑑 and false alarm 𝑃𝑓 are then given as follows [41]. 

                𝑃𝑑 = 𝑃(𝑌 > 𝜆|𝐻1) = ℚ𝑁=𝑇𝑊(√2𝛾, √𝜆) (3.22) 

 

   𝑃𝑓 = 𝑃(𝑌 > 𝜆|𝐻0) =
Γ (𝑇𝑊,

𝜆
2)

Γ(𝑇𝑊)
 

(3.23) 

 

By Central limit theorem, the distribution of Test Statistics 𝑇 can be approximated to normal 

distribution when we consider sufficiently large sample size 𝑁. Hence the statistic is given by [41]. 
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𝑌~ {

𝑁(𝜇0, 𝛿0
2)               , 𝐻0

𝑁(𝜇1, 𝛿1
2)               , 𝐻1

} (3.24) 

where,𝑁(𝜇, 𝛿2) is Gaussian distribution with mean 𝜇 and variance 𝛿2 and for the system model 

given above the mean and variance for both hypotheses 𝐻0 and 𝐻1 are given by: 

 𝜇0 = 𝑁𝛿𝑛
 2          ,         𝛿0 = 2𝑁𝛿𝑛

 4 (3.25) 

            𝜇1 = 𝑁(𝛿𝑠
 2 + 𝛿𝑛

 2)       ,     𝛿1
2 = 2𝑁(𝛿𝑠

 2 + 𝛿𝑛
 2)2   (3.26) 

Then the probability of detection and false alarm for large value of 𝑁 could be calculated by 

substituting equation 3.25 and 3.26 into equation 3.24 and given as: 

 
𝑃𝑑 = ℚ(

𝜆 − 𝑁(𝛿𝑠
 2 + 𝛿𝑛

 2)

√2𝑁(𝛿𝑠 2 + 𝛿𝑛 2)
) = ℚ(

𝜆 − 𝑁(1 + 𝛾)𝛿𝑛
 2

√2𝑁(1 + 2𝛾)𝛿𝑛 4
) (3.27) 

 
𝑃𝑓 = ℚ(

𝜆 − 𝑁𝛿𝑛
 2

√2𝑁𝛿𝑛 4
) 

 

(3.28) 

 𝜆 = ℚ−1(𝑃𝑓)√2𝑁𝛿𝑛
2 + 𝑁𝛿𝑛

2 (3.29) 

Where ℚ(𝑡) =
1

√2𝜋 
∫ 𝑒

−𝑢2

2 𝑑𝑢
∞

𝑡
. 

By considering large number of samples, we can achieve the desired probability of detection and 

probability of false alarm at the same time. The minimum number of samples required, which is a 

function of the signal to noise ratio 𝛾 =
𝛿𝑠
2

𝛿𝑛
2 is evaluated by [41]. 

 
𝑁 = 2 [(ℚ−1(𝑃𝑓) − ℚ

−1(𝑃𝑑)) 𝛾
−1 −ℚ−1(𝑃𝑑)]

2

 
(3.30) 

 

3.4.1 Cooperative Spectrum Sensing for AND-Fusion and OR-Fusion 

3.4.1.1 AND-Fusion 

In this rule, having 𝑁 SU’s, the FC only decided the availability of the PU when all of the local 

decisions made by SU’s sent to the decision maker are one, the final decision made by the decision 

maker is one. The fusion center’s decision is calculated by logic AND of the received hard decision 

statistics [42].  

 𝑃𝑑,𝐴𝑁𝐷 = 𝑃𝑑,𝑖
  𝑁 (3.31) 
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3.4.1.2 OR-Fusion 

In this rule, having 𝑁 SU’s, the FC only decides the availability of the PU, if any one of the CR 

make a decision of logical one, then final decision made by the FC maker is one [42].  

 𝑃𝑑,𝑂𝑅 = 1 − (1 − 𝑃𝑑,𝑖
 𝑁) (3.32) 

3.4.2 Two Stage Spectrum Sensing 

The major goal of implementing Two Stage Spectrum Sensing is to improve the probability of 

detecting PU by combining Two Algorithms. This is implemented by composing of first stage and 

second stage. The improvement on the detection is found when the first stage fails to detect, 

another stage is executed to verify the result of first stage. Two stage spectrum sensing is 

implemented as shown below. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1: Two Stage Spectrum Sensing [43] 

Probability of detection for Two Stage Spectrum Sensing is given by eqn. (3.33). 

 𝑃𝑑
𝑇𝑤𝑜 𝑆𝑡𝑎𝑔𝑒

= 𝑃𝑑
𝐶𝑜𝑎𝑟𝑠𝑒 𝑆𝑡𝑎𝑔𝑒

+ (1 − 𝑃𝑑
𝐶𝑜𝑎𝑟𝑠𝑒 𝑠𝑡𝑎𝑔𝑒

)𝑃𝑑
𝐹𝑖𝑛𝑒 𝑆𝑡𝑎𝑔𝑒

 (3.33) 

3.4.3 DWT Based Denoising 

Mathematically, Wavelets are nothing but functions that decompose the original signal into 

components of high and low frequency. There are different small waves (also known as mother 

wavelets) that can be used for the implementation of Wavelet Transform (WT) such as Haar, 
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Symlet. A family of wavelet basist 𝜓𝑢,𝑠(𝑛) is generated by translating and scaling the mother 

wavelets [44]: 

 
𝜓𝑢,𝑠(𝑛) =

1

√𝑠
𝜓 (

𝑛 − 𝑢

𝑠
) 

(3.34) 

The wavelet coefficients are calculated to measure the frequency content resemblance between a 

signal and a selected wavelet function. These coefficients are calculated as a signal convolution in 

the scaled wavelet function. DWT of input signal 𝑥(𝑛) is expressed by 

 
𝐷𝑊𝑇(𝑢, 𝑠) =

1

√𝑠
∑𝑥(𝑛)𝜓 (

𝑛 − 𝑢

𝑠
)

𝑛

 (3.35) 

Where 𝑛 represent the discrete number, s and 𝑢 are scaling and translation parameter respectively 

while 𝜓 denote the mother wavelet. Thus, detecting the corruption within the signal and 

eliminating it becomes a relatively easy process. Discrete wavelet transform (DWT) denoising 

contains three procedures: forward transformation of the signal to the wavelet domain, reduction 

of the wavelet coefficients, and inverse transformation to the native domain.  

 

 

 

 

Figure 3.2: DWT Based Denoising Steps [29] 

3.4.4 Wavelet threshold 

After a Wavelet Decomposition with a specified mother wavelet, the given signal is decomposed 

into low frequency (approximation coefficients) and high frequency component (detail 

coefficients). A denoising process is implemented by applying a wavelet threshold to separate 

approximation coefficient from detail coefficient. A wavelet coefficient having a value greater 

than the wavelet threshold considered as signal part, a wavelet coefficient which is lower than the 

threshold is assumed as noise part. The universal threshold is given by [44]. 

 𝑡 = 𝛿√2𝑙𝑛𝑁  (3.36) 

Noisy 

Signal 
DWT Threshold IDWT Denoised 

Signal 
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Where 𝑁 is the sample data length, 𝛿 is the standard deviation of the noise. Practically 𝛿 is 

unknown, for this case it can be estimated by using the first detail part of the wavelet coefficient 

as, 𝑠   

 
𝑠 ≈

𝑚𝑒𝑑𝑖𝑎𝑛(|𝜒𝑖|)

0.6745
 

(3.37) 

Where 𝜒𝑖 is the first detail part of wavelet coefficient. 

3.4.5 Threshold function selection 

In wavelet transform we have two kinds of threshold selection that will affect the value of wavelet 

coefficient when it is below or above the threshold value [44]. 

3.4.5.1 Hard threshold 

In the case of hard threshold, wavelet coefficient having value less than the threshold are zeroed 

out and remain unchanged if its greater than the threshold [44]. 

 
𝑥𝑖
∗ = {

0                         , 𝑖𝑓|𝑥𝑖| ≤ 𝑡
𝑥𝑖                         , 𝑖𝑓|𝑥𝑖| > 𝑡

 
(3.38) 

3.4.5.2 Soft threshold 

The soft threshold function is defined as in [44]. 

 
𝑥𝑖
∗ = {

0                                               , 𝑖𝑓|𝑥𝑖| ≤ 𝑡

𝑠𝑖𝑔𝑛(𝑥𝑖)(|𝑥𝑖| − 𝑡)               , 𝑖𝑓|𝑥𝑖| > 𝑡
 

 

(3.39) 

3.4.6 Denoising Performance Metrics 

The selection of the best wavelet in DWT cannot be identified visually. For such purposes the 

comparison is conducted based on SNR value after denoising and Mean Square Error (MSE).  

3.4.6.1 Mean Squared Error (MSE) 

MSE is used as a performance metrics to show the accuracy of the denoising. The lower the value, 

the denoised signal is closer or very similar to the original signal. Let 𝑥(𝑛) be the original signal 

and 𝑥(𝑛)′ represent the denoised signal, MSE is given as: 

 𝑀𝑆𝐸 = 
1

𝑁
∑ (𝑥(𝑛) − 𝑥(𝑛)′)2𝑁
𝑛=1  (3.40) 

3.4.6.2 Signal to Noise Ratio (SNR) 

Higher SNR values shows as the best performance of denoising result. eqn.(3.41) was used to 

compute SNR after denoising process [44]. 
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𝑆𝑁𝑅𝑑𝐵 = 10𝑙𝑜𝑔10

∑ 𝑥(𝑛)2𝑁
𝑛=1

∑ (𝑥(𝑛) − 𝑥(𝑛)′)2𝑁
𝑛=1

 
(3.41) 

Where 𝑛 represent the sample number, 𝑛 =1,2,3…., 𝑁. 

3.4.7 System Design 

3.4.7.1 Single Stage Wavelet Denoising Based ED 

The performance of conventional ED is analyzed by adding prior denoising before ED. The 

performance of different wavelet is compared in terms of 𝑃𝑑, 𝑃𝑓 and 𝑃𝑚.where 𝛾∗ is the new SNR 

of PU signal after denoising calculated by using eq. (3.41). 

 
𝑃𝑑 = ℚ(

𝜆 − 𝑁(1 + 𝛾∗)𝛿𝑛
 2

√2𝑁(1 + 2𝛾∗)𝛿𝑛
 4
) (3.42) 

 𝜆 = ℚ−1(𝑃𝑓)√2𝑁𝛿𝑛
2 +𝑁𝛿𝑛

2 (3.43) 

 𝑃𝑚 = 1 − 𝑃𝑑  (3.44) 

3.4.7.2 Flow chart for Single Stage Wavelet Denoising (WD) Based ED  

The flow chart for single stage ED having different wavelet for denoising algorithm is depicted 

below. For single stage wavelet denoising based ED, a prior denoising method using wavelet is 

implemented by using different mother wavelet prior to ED. 

 

 

 

 

 

 

 

 

 



37 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.3: Single Stage Wavelet Denoising based ED 

3.4.7.3 Proposed Two Stage Spectrum Sensing Approach 

 

 𝑃𝑑
𝑇𝑤𝑜 𝑆𝑡𝑎𝑔𝑒

= 𝑃𝑑
𝑓𝑖𝑟𝑠𝑡 𝑠𝑡𝑎𝑔𝑒

+ (1 − 𝑃𝑑
𝑓𝑖𝑟𝑠𝑡 𝑠𝑡𝑎𝑔𝑒

)𝑃𝑑
𝑠𝑒𝑐𝑜𝑛𝑑 𝑠𝑡𝑎𝑔𝑒

 (3.45) 

 𝑃𝑑
𝑇𝑤𝑜 𝑆𝑡𝑎𝑔𝑒

= 𝑃𝑑
𝐶𝐸𝐷 + (1 − 𝑃𝑑

𝐶𝐸𝐷)𝑃𝑑
𝐷𝑒𝑛𝑜𝑖𝑠𝑒𝑑_𝐸𝐷 (3.46) 

 
𝑃𝑑
𝑇𝑤𝑜 𝑆𝑡𝑎𝑔𝑒

=  ℚ(
𝜆 − 𝑁(1 + 𝛾)𝛿𝑛

 2

√2𝑁(1 + 2𝛾)𝛿𝑛 4
) + ℚ(

𝜆 − 𝑁(1 + 𝛾∗)𝛿𝑛
 2

√2𝑁(1 + 2𝛾∗)𝛿𝑛 4
) 

(3.47) 

 𝜆 = ℚ−1(𝑃𝑑)√2𝑁𝛿𝑛
2 +𝑁𝛿𝑛

2 (3.48) 

3.4.7.4 Flow chart for Two Stage Wavelet Denoising Based ED  

In order to improve the performance of single stage ED, a Two stage wavelet denoising based ED 

is developed by using the best wavelet which gives good result in single stage wavelet denoising 

based ED. The flow chart for Two stage energy detection having best denoising wavelet depicted 

below. 
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Figure 3.4: Two Stage Wavelet Denoising Based ED 
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CHAPTER FOUR 

4 RESULTS AND DISCUSSION 
 

In this chapter the simulation results of this thesis work are presented. Simulation results and 

discussions on the performances of CED, DWT based ED including, the performance comparison 

between wavelet families and cooperative detectors under AWGN channel are provided. Finally, 

simulation results and discussions for Two Stage Energy Detector are presented. All the simulation 

works are carried out with the consideration of required detection probability of 90%, probability 

of false alarm of 10% and probability of miss detection of 10%. Some of the simulation parameters 

for spectrum detector performance evaluation is listed in the table below. 

Table 4.1: Simulation Parameters 

No Simulation Parameter Type and Value Remark 

1 Primary User Signal  QPSK  

2 Noise  AWGN  

3 Channel AWGN  

4 Probability of Detection 0.9  Pd ≥ 0.9 (based on 

IEEE 802.22) 

5 Probability of false alarm 0.1 and below Pf ≤ 0.1(based on 

IEEE 802.22) 

6 SNR range -20dB to 5dB  

7 Cooperative Network Center fusion - AND Rule, OR 

Rule 

 

8 Number of users for CSS 1,2,3,4  

9 Noise Variance(𝛿𝑛
2) 1 Assumption 

10 Wavelet Types Haar, BiorSplines, Coiflets 

ReverseBior, Fejer-Korovkin, 

Daubechies 

haar, bior2.4, coif2 , 

rbio1.2, fk4, db2 

11 Threshold and level of 

decomposition 

Hard Threshold,3  
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4.1 Simulation Results and Discussion for Conventional Energy Detector 

In order to evaluate the performance of Conventional Energy Detector (CED) algorithm, different 

performance metrics such as Probability of Detection, Probability of False Alarm, Probability of 

Miss detection, Receiver Operating Characteristics (ROC) and Complementary Receiver 

Operating Characteristics (CROC) are taken into account. 

4.1.1 Detection Performance Comparison over Varying SNR 

The simulation result shown in Figure 4.1 present the Probability of Detection for varying Signal 

to Noise Ratio of a single user for the threshold values that is defined based on probability of false 

alarm using Constant False Alarm Rate (CFAR) and noise variance. The results are taken for SNR 

vary form -20dB to 5 dB with 1dB increment to imitate low SNR condition and by setting 

probability of false alarm to 0.1 which is the maximum allowed according to the IEEE 802.22 

standard and 200 sampled signals are taken into account. 

 

Figure 4.1: Probability of Detection of ED over varying SNR for 𝑃𝑓 =0.1 and N=200 

As shown in the above figure, CED has very poor detection performance at a very low SNR. For 

instance, for SNR values below -12dB, the probability of detection goes below 0.4. Despite the 

fact that detection values at lower SNR are very low, particularly for SNR values below -12dB, it 
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is observed that when the SNR increases and exceed -6dB, the detection probability is getting 

improved and CED achieves the required Probability of Detection which is 0.9. As one can see 

from the simulations, Probability of Detection is directly proportional to the Signal to Noise Ratio. 

Since the result shows the transition from -10dB to -5dB leads to the performance improvement 

of the detector from 0.534 to 0.9567. 

4.1.2 ROC of CED for different SNR  

Another approach to see how the SNR affect the performance of CED is by plotting Probability of 

False Alarm versus Probability of Detection, which is called ROC graph which provide a precise, 

quantitative means of evaluating system’s accuracy. Figure 4.2 shows the accuracy of CED                        

at -17dB, -14dB and -6dB for the range of probability of false alarm between 0.01 to 1 with 

increment of 0.01 and 200 sample size. The Area Under the Curve (AUC) decreases as SNR reduce 

from -6 dB to -17 dB, as expected from literature. The result shows that at a given probability of 

false alarm, increasing SNR will increase the detection probability. For instance, the probability 

of detection for -17dB at probability of false alarm 0.1 is 0.4587, while it is 0.9003 for -6dB. This 

shows that only SNR of -6dB achieves the required values for probability of detection and 

probability of false alarm values according to the IEEE 802.22 WRAN standard. 

 

Figure 4.2: ROC of CED for SNR = -6dB, -14dB, -17dB  and N=200 
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4.1.3 CROC of CED for different SNR  

Figure 4.3 shows the relationship between Probability of false alarm and probably of miss 

detection described by CROC, for different SNR values. The probably of miss detection should be 

minimized and ultimate protection for primary user should be granted in order to avoid collision. 

The result shows that increasing SNR will reduce the failure of detecting the PU. For instance, for 

a given probability of false alarm 0.1, the probability of miss detection for -17dB is 0.6021 while 

it is 0.0996 for -6dB. 

 

Figure 4.3: CROC of CED for SNR = -6dB, -14dB, -17dB and N=200 

4.1.4 Detection Performance Comparison over Varying Number of Samples 

The Performance of CED also greatly depend on Number of samples. Figure 4.4 shows the plot of 

signal strength (SNR = -25 dB to 5 dB) versus the probability of detection with varying sample 

size (N = 200, 400 and 600) having probability of false alarm set to 0.1. The plot shows that the 

performance of CED can be further enhanced with increasing number of samples in addition to 

the increasing SNR. For instance, the probability of detection at -20dB is 0.2124,0.2245,0.234 for 

200,400 and 600 sample sizes respectively. This also shows that, even at low SNR increasing the 

number of samples will enhance the probability of detection. However, increasing number of 

samples will not always increase probability of detection due to SNR wall effect. 
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Figure 4.4: Probability of Detection versus SNR of CED for 𝑃𝑓 = 0.1 and N=200,400 and 600 

4.1.5 ROC of CED for different Sample Sizes  

Figure 4.5 show, the results for the performance metrics of ROC of CED for different number of 

samples at -9dB. At a given probability of false alarm, the accuracy of CED can be enhanced by 

increasing the number of sample size. For instance, the probability of detection is enhanced from 

0.623 to 0.7813 and 0.901 with increasing number of samples from 200 to 400 and 600 respectively 

at a given probability of false alarm, i.e., 0.1.  One can note that, only a sample size of 600 achieve 

the standard of IEEE 802.22 at a given SNR and probability of false alarm. 

 

Figure 4.5: ROC graph of CED for SNR = -9dB, N=200,400 and 600 
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4.1.6 CROC of CED for different Sample Sizes  

Figure 4.6 shows CROC of CED for different number of sample size. At a given probability of 

false alarm and SNR, the probability of miss detection is decreased with increasing number of 

sensing samples. For example, the probability of miss detection is decreased from 0.377 to 0.2187 

and 0.0990, when the number of samples increased from 200,400 and 600 respectively. This can 

also be explained as, increasing the number of samples from 200 to 600, decreased the probability 

of miss detection by 97.37%. 

 

Figure 4.6:  CROC graph of CED for SNR= -9dB, N=200,400 and 600 

4.1.7 Effect of Probability of False Alarm on Probability of Detection  

Figure 4.7 shows a plot of probability of detection versus SNR with various probability of false 

alarms given at 0.01,0.1and 0.2. Increasing the probability of false alarm will increase the 

probability of detection but it degrades the efficiency of the CR, since it generates so many false 

report when actually the PU is not present. The result form the plot shows that increasing the 

probability of false alarm increases the probability of detection. For instance, a given SNR                 

of -20dB and probability of false alarm,0.1 has a probability of detection of 0.212, while it is 0.265 

for the probability of false alarm of 0.15. Doubling the probability of false alarm to 0.2, further 

increases the probability of detection to 0.312.  
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Figure 4.7: Probability of Detection versus SNR of CED for 𝑃𝑓 = 0.1 ,0.15 and 0.2, and N=200  

4.2 Cooperative Detection with CED 

In this section, simulation results for cooperative based CED is presented. Figure 4.8 shows the 

plot of SNR versus probability of detection of single node CED and cooperative detection for 

“OR” and “AND” fusion scheme. The plot is generated with 6 number of cooperative users under 

both schemes. From this figure, the OR-Fusion rule shows a better performance compared to the 

CED and AND-Fusion rule. This is due to the fact that the OR-Fusion rule requires at least one 

user out of K CR nodes to announce the existence or absence of a PU. However, the AND-Fusion 

rule require that all users must agree on the existence of PU’s in order to make a decision. Table 

4.2 shows the comparison of cooperative detection and single node detection at -10dB. 

Table 4.2: Performance Comparisons of Cooperative CED under AND/OR Fusion for              

SNR = -10dB, 𝑃𝑓 = 0.1, N=200 and NU=6 

Performance Metrics CED OR-FUSION AND-FUSION 

𝑃𝑑 0.534 0.9898 0.0231 

Gain over Conventional ED - +85.3% -95.6% 
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Figure 4.8: Probability of Detection versus SNR of cooperative CED under AND/OR fusion for 

𝑃𝑓 = 0.1, N=200 and NU=6 

4.2.1 Effect of Number of User (NU) on Cooperative Conventional Energy Detection 

Figure 4.9 demonstrate the effect number of user on the probability of detection for cooperative 

spectrum sensing in the case of OR-Fusion and AND-Fusion. The probability of detection greatly 

depends on the number of cooperating user besides the rule employed at the FC. When the 

cooperative number of user is 1, both cooperative scheme converges to single node detection which 

is CED. The plot shows when different number of user are cooperating at a given probability of 

false alarm, 0.1, and sample size of 200 with AND-Fusion and OR-Fusion. Different detection 

performance is observed when the number of user is varied from 1,2,3 and 4.  

Table 4.3: Detection performance comparison of cooperative CED for SNR = -15dB, 𝑃𝑓 = 0.1, 

N=200, NU=1,2,3 and 4  

Number of User (NU) 1 2 3 4 

𝑃d OR-Fusion 0.2837 0.4869 0.6325 0.7367 

𝑃d AND –Fusion 0.2837 0.0804 0.0228 0.0064 

Gain by OR-Fusion (%) - +71.62% +122.9% +159.6% 

Loss by AND –Fusion (%) - -71.66% -91.63% -97.74% 
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Table 4.3 shows comparison of cooperative detection at -15dB. The result shows that increasing 

number of cooperative user greatly enhance the detection performance of OR-Fusion, on the other 

hand the performance of AND-Fusion greatly deteriorates. For instance, for a given probability of 

false alarm and SNR ,0.1, and -15dB respectively when 3 user cooperative with OR-Fusion, the 

probability of detection is 0.632 and when they are combine with AND fusion the probability of 

detection decrease to 0.022. This shows that the detection performance of AND-Fusion is 

decreased by 91.63% when compared with CED. On the other hand, the detection performance of 

OR-Fusion is better than CED by 122.9%.  

 

Figure 4.9: Probability of Detection versus SNR of Cooperative CED under AND/OR Fusion for 

𝑃𝑓 = 0.1, N=100 and NU=1,2,3 and 4 

From the above figure one can note that increasing number participating user in the case of OR-

Fusion increases the probability of detection even at low SNR. However, in the case of AND-

Fusion, increasing number of cooperative user will decrease the performance of detection because 

all of the cooperative user must agree up on the presence of the PU, this might be difficult to 

achieve since some of cooperative users fail to detect due to low SNR. 
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4.2.2 ROC of Cooperative CED 

Figure 4.10 shows the ROC curve for cooperative sensing when the number of users are 4 and 

assuming that all users receive -10dB signal on average. One can note that increasing number of 

cooperating users for OR fusion greatly enhance the detection probability. However, the 

performance of AND-Fusion decrease with increasing number of coopering users. 

Table 4.4: ROC comparisons of cooperative CED for SNR = -10dB, 𝑃𝑓=0.1, N=200 and 

NU=1,2,3 and 4 

Number of users (NU) 1 2 3 4 

𝑃𝑑  OR-Fusion 0.326 0.5457 0.6938 0.7936 

𝑃𝑑  AND-Fusion 0.326 0.1063 0.0346 0.0112 

Gain by OR-Fusion (%) - +67.39% +112.8% +143.43% 

Loss by AND-Fusion (%) - -67.39% -89.38% -96.56% 

Table 4.4 shows that the performance comparison OR-Fusion with AND-Fusion at a given 

probability of false alarm and SNR of 0.1 and -10dB respectively.  

 

Figure 4.10: ROC graph of cooperative CED for SNR= -10dB , N=200 and NU=4 
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4.2.3 CROC of Cooperative CED 

Figure 4.11 shows the CROC of cooperative CED under OR-Fusion and AND-Fusion rule. The 

result shows that probability of missing the primary user is decrease by using OR-Fusion instead 

of AND-Fusion. In addition, the number of users in cooperative network has also a great impact 

for the performance. In the case of OR-Fusion, increasing the number of user will greatly decrease 

the probability of miss detection, On the other hand the increasing cooperative users will 

deteriorate the performance of sensing in AND-Fusion. 

Table 4.5 shows the effect of increasing number of user in the probability of miss detection. As 

the result shows, the performance of missing licensed user is increased from 0.446 to 0.9187 for 

cooperative AND-Fusion. However, the probability of missing is decreased from 0.466 to 0.0471 

for OR-Fusion scheme. More Specifically, for 3 cooperating users, AND-Fusion increase the 

probability of missing the licensed user by 81.90% while OR-Fusion reduce the probability of 

missing by 78.28% when compared with CED. 

Table 4.5: CROC comparison of cooperative CED for SNR = -10dB, 𝑃𝑓 = 0.1, N=200,              

NU=1,2,3 and 4 

Number of User (NU) 1 2 3 4 

𝑃𝑚  OR-Fusion 0.466 0.2172 0.1012 0.0471 

𝑃𝑚  AND-Fusion 0.466 0.7194 0.8477 0.9187 

Gain by OR-Fusion (%) - -53.39% -78.28% -89.89% 

Loss by AND-Fusion (%) - +54.37% +81.90% +97.14% 
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Figure 4.11: CROC graph of cooperative CED under AND/OR Fusion for                                   

SNR = -10dB, N=200, NU=4 

4.3 Denoising of Performance Comparison of Wavelet Families 

Figure 4.12 shows the relationship between input SNR and output SNR of the received signal. The 

received signal SNR prior to denoising is called input SNR, on the other hand the output signal 

after denoising having enhancement in SNR called output SNR.A good denoising capability can 

be expressed, for a given input SNR, that gives high output SNR, minimum MSE. The plot shows 

input output SNR relationship for different wavelet families for in the range of -20dB to -10dB. 

One can note that at -17dB of input signal, Reverse Bi Orthogonal (ReverseBior) outperform other 

wavelet families with having comparable result with Daubechies. For instance, we have output 

SNR of -14.0193dB with ReverseBior and -14.03291dB with Daubechies wavelet for the input 

SNR of -17dB. One can see that by using ReverseBior wavelet, SNR gain of 2.9807dB is achieved 

when compared to the input SNR. On the other hand, by using Daubechies wavelet SNR gain of 

2.9671dB is found which is slightly small compared to ReverseBior wavelet. Comparing the two 

wavelets, it is found that ReverseBior wavelet outperform Daubechies wavelet by 0.0136 dB 

enhancement. 
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 . 

Figure 4.12: Input SNR and Output SNR Relationship 
Table 4.6 shows comparison of different wavelet families denoising capabilities in terms of MSE, 

output SNR and SNR gain of each denoising starting for -20dB. A detail comparison of Input 

Output SNR form -20dB to -15dB with increment of 1dB is given in the Appendix Table-1. The 

difference between input SNR and output SNR is depicted as SNR gain. The result shows 

ReverseBior wavelet denoising performance is great compared to others. For instance, at a given 

input SNR of -20dB, denoising the signal by ReverseBior improve the input signal SNR by 

14.8737% and the new SNR become -17.0254dB, where as if we use Daubechies wavelet, 

enhancement of 14.8705% is found giving a new SNR value of -17.0259dB. Also one can note 

that the performance of Reverse Bi Orthogonal (ReverseBior), Daubechies and Fejer-Korovkin 

are comparable. On the other hand, despite the fact that they have low SNR gain compared to 

others Haar, Coiflets and Bi Orthogonal Splines (BiorSplines) wavelet have comparable SNR gain. 

In order to enhance the probability of detection of CED in low SNR region, wavelet having high 

SNR gain is a candidate. since the probability of detection of CED is directly related to SNR. 

 



52 
  

Table 4.6: SNR Input Output relationship of different wavelets applied for denoising                 

for SNR = -20dB 

Input 

SNR(dB) 

Wavelet 

family 

MSE Output 

SNR(dB) 

SNR 

gain(dB) 

%Enhancement 

-20 Haar 

 

0.01974 -17.4845 2.5155 

 

12.5775 

 

Daubechies 

 

0.01783 -17.0259 2.9741 

 

14.8705 

 

BiorSplines 

 

0.02184 -17.5451 2.4549 

 

12.2745 

 

ReverseBior 

 

0.01591 -17.0254 2.9746 

 

14.8737 

 

Coiflets 

 

0.02115 

 

-17.5154 2.4846 

 

12.4239 

 

Fejer-

Korovkin 

 

0.01880 -17.0263 2.9737 

 

14.8685 

 

 

4.4 Performance Evaluation Single Stage Wavelet Based Energy Detector 

The simulation result shown in Figure 4.13 demonstrate the probability of detection versus SNR 

for wavelet based ED by using various wavelets. The results are taken for SNR vary form -20dB 

to 5 dB with 1dB increment to imitate low SNR condition and by setting probability of false alarm 

to 0.1, which is the maximum allowed according to the IEEE 802.22 standards and 200 sampled 

signals are taken into account. We can see that prior denoising in the front end of ED improved 

the performance of the system. Also, it is noted that all each wavelet has resulted better detection 

performance over the CED. Since the probability of detection is directly related to SNR, a 

denoising method which has high SNR gain outperform others. For that case, ReverseBior wavelet 

has achieved the best detection performance compared to others. For example, at given probability 

of false alarm 0.1, and SNR of -15dB, the probability of detection achieved by ReverseBior is 

0.3957 while the probability of detection achieved by Daubechies is 0.3911 which is nearly 

comparable. Comparing this result with CED, the probability of detection by CED is 0.2837. This 

shows that the performance of CED is improved by 39.47% and 37.8% by using ReverseBior and 

Daubechies wavelet respectively.  
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Figure 4.13: Probability of Detection versus SNR for Single Stage Wavelet based ED by using 

different wavelets for 𝑃𝑓 = 0.1,N=200 

Table 4.7 shows the performance comparison of wavelet families in terms of probability of 

detection. The result shows that ReverseBior wavelet improve the probability of detection 

compared to all other wavelet compared in this thesis. A detail comparison for each mother wavelet 

in terms of probability of detection at different SNR value is given in Appendix Table-2. 

Table 4.7: Probability of detection comparison of Single Stage Wavelet based ED by different 

wavelets for SNR = -20dB , 𝑃𝑓 = 0.1, N=200 

SNR(dB) Detection Pd Gain(%) 

-20 Conventional ED 0.2124 - 

Haar 0.2330 9.6986 

Daubechies 

 

0.2430 14.4067 

BiorSplines 

 

0.2278 7.25047 

 

ReverseBior 

 

0.2446 15.1600 

 

Coiflets 

 

0.2286 7.62711 

 

Fejer-Korovkin 

 

0.2422 14.0301 
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4.4.1 ROC of Single Stage Wavelet Based ED 

Figure 4.14 shows the ROC curve for wavelet based ED. The result shows the performance of 

CED is greatly improved after denoising and different wavelet families have different ROC curve 

based on their SNR gain. One can note that all wavelet based detectors outperform CED at a given 

probability of false alarm and SNR and the area under the curve (AUC) is increased for wavelet 

based ED. Also, the detection performance of ReverseBior wavelet is the best one among other 

wavelets used for denoising of a given probability of false alarm. For instance, at a given 

probability of false alarm 0.01 and SNR of -10dB the probability of detection by ReverseBior is 

0.2731 when compared to the CED which have the probability of detection 0.1335, we can see 

that the performance of detection is almost doubled. In other words, for a given probability of false 

alarm at 0.11 and SNR of -10dB, the detection performance of CED is improved by 104.56%. On 

the other hand, the detection performance of ReverseBior outperform the performance of 

Daubechies by 1.14%. 

Table 4.8 shows the ROC comparison of different wavelet at different probability of false alarm. 

The result from the table shows that the best wavelet that gives high probability of detection for a 

given probability of false alarm is ReverseBior having highest gain at every stage. It is also noted 

that for a given high probability of false alarm, almost all detection methods can achieve a 

detection probability of 0.9 as required. For instance, when the probability of false alarm is 0.91, 

including CED, all detection methods achieve a probability of detection greater than 0.9. A detail 

comparison of single stage ROC wavelet based ED is given in the Appendix Table-3. 
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Figure 4.14: ROC of Single Stage Wavelet based ED for SNR = -10dB, N=200 

Table 4.8: ROC graph of Single Stage wavelet based ED for SNR = -10dB, 
𝑃𝑓 = 0.1,N=200 

𝑃𝑓 Detection   𝑃𝑑 Gain(%) 

0.01 Conventional ED 0.1335 - 

Haar 0.2275 70.4119 
Daubechies 

 

0.2700 102.2471 

BiorSplines 

 

0.2108 57.9026 

 

ReverseBior 

 

0.2731 104.5692 

 

Coiflets 

 

0.2134 59.8501 

 

Fejer-Korovkin 

 

0.2697 102.0224 

 

 

 

 



56 
  

4.4.2 CROC of Single Stage Wavelet Based ED 

Figure 4.15 shows the CROC curve for Single Stage wavelet based ED. A comparison is made 

between different wavelets at -10dB. A better performing detector should have least probability of 

missing the primary user at a given probability of false alarm and SNR. Which means that the 

AUC should be minimum for a given detector. From the simulation result, Reverse Bi Orthogonal 

wavelet based detector gives the minimum probability of missing detection. For instance, at a 

given probability of false alarm, 0.11 and SNR of -10dB, ReverseBior detector has the probability 

of miss detection 0.3595 while the probability of miss detection for CED is 0.5905 which shows 

39.11% reduction in probability of false alarm. A detail CROC comparison different wavelet is 

given in Appendix Table-4. 

 

Figure 4.15: CROC of Single Stage Wavelet based ED for SNR = -10dB,N=200 

Table 4.9 shows CROC of single stage wavelet based ED. The relation between probability of 

miss detection and probability of false alarm is depicted with the increment of 0.1. The comparison 

is done with referencing the CED and the improvement resulted by each wavelet denoising is 
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presented in the table. ReverseBior based ED shows least probability of missing the PU, which is 

strictly required in order to avoid collision between the PU. 

Table 4.9: CROC of Single Stage Wavelet based ED  for SNR= -10dB, 𝑃𝑓 = 0.01 

𝑃𝑓 Detection   𝑃𝑚 Gain (%) 

0.01 Conventional ED 0.8356 - 

Haar 0.7047 15.6653 

Daubechies 0.6469 22.5825 

BiorSplines 0.728 12.8769 

ReverseBior 0.6442 22.9056 

Coiflets 0.7239 13.3676 

Fejer-Korovkin 0.6474 22.5227 

Generally, from the previous analysis and results, among different wavelet families compared for 

spectrum sensing ReverseBior wavelet is a best candidate for wavelet based ED in terms of 

performance metrics such as SNR versus Probability of Detection, ROC and CROC. 

4.5 Cooperative Sensing with Single Stage Wavelet based ED 

In this section, simulation results for cooperative Single Stage ReverseBior based ED is given. 

From the previous sections, we saw that one way of improving probability of detection is by 

cooperating participating users in OR-Fusion. Figure 4.16 is generated for 4 cooperative users in 

the case of cooperative single stage ReverseBior and cooperative CED. The probability of 

detection for the two algorithms is compared for the SNR range between -20dB to 5dB having 

probability of false alarm 0.1 and sample size of 200. The result form the plot demonstrates that, 

at a given SNR, probability of false alarm and number of cooperative users, cooperative single 

stage ReverseBior based ED outperform cooperative CED. For example, at a given probability of 

false alarm 0.1, SNR of -15dB and having 2 cooperative users, cooperative CED has a probability 
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of detection 0.4869 whereas ReverseBior based has detection probability of 0.643 which is 

enhanced by 32.05%. 

 

Figure 4.16: Comparison of cooperative Single Stage ReverseBior based ED and cooperative 

CED for 𝑃𝑓 = 0.1,N=200, NU=4 

Table 4.10 shows the comparison of cooperative CED with cooperative single stage ReverseBior 

based ED with different number of cooperative user at a given probability of false alarm 0.1, SNR 

of -12dB and 200 sample size. The result shows that for cooperative single stage ReverseBior 

based ED has better detection performance when compared with cooperative CED. For instance, 

at a given probability of false alarm 0.1, SNR of -10dB, sample size of 200 and 3 cooperative 

users, the probability of detecting the licensed user by cooperative CED is enhanced by 11.22% 

by employing cooperative single stage ReverseBior based ED.  

Table 4.10: Probability of detection comparison for cooperative Single Stage ReverseBior and 

cooperative CED for SNR = -10dB, 𝑃𝑓 = 0.1, N=200,NU=1,2,3 and 4 

Number of User (NU) 1 2 3 4 

𝑃𝑑   cooperative CED 0.2124 0.3796 0.5114 0.6152 

𝑃𝑑   cooperative single stage ReverseBior ED 0.2449 0.4289 0.5688 0.6736 
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Gain by cooperative single stage ReverseBior 

ED 

+15.30% +12.98% +11.22% +9.49% 

 

4.5.1 CROC of Cooperative Single Stage ReverseBior Based ED 

Figure 4.17 shows the CROC graph comparison between cooperative single stage ReverseBior 

based ED and CED. The plot is generated for 4 cooperative user’s scenario. One can note that the 

probability of missing primary user is largely decreased by implementing single stage ReverseBior 

based cooperative detection when compared with cooperative CED. Generally, we can say that, 

increasing the number of cooperating user will enhance the probability of detecting the PU and at 

the same time it will decrease the probability of missing the licensed user. For instance, at a given 

probability of false alarm 0.1, SNR of -10dB and considering 4 cooperative users, results in least 

probability of miss detection which is 0.0192 when employing cooperative single stage 

ReverseBior based ED. On the other hand, the performance of cooperative CED at this point is 

0.1339. This result shows that; the probability of missing the licensed user is reduced by 37.76% 

when implementing cooperative single stage ReverseBior based ED instead of cooperative CED.  

Table 4.11 shows that the probability of miss detection of single stage ReverseBior based ED can 

be further reduced by cooperating a number of users with OR-Fusion. For a given probability of 

false alarm 0.1 and SNR of -10dB, the probably of missing the PU is further reduced by 85.66% 

by cooperating 4 SU with cooperative single stage ReverseBior based ED.   

Table 4.11: Comparison of probability of miss detection with different number of users at -20dB 

and 𝑃𝑓 =0.1 

Number of User 1 2 3 4 

𝑃𝑚 (CED) 0.6049 0.3659 0.2214 0.1339 

𝑃𝑚 (Single Stage ReverseBior 

based ED) 

0.3689 0.1388 0.0514 0.0192 

Loss by Single Stage ReverseBior 

based ED 

-39.01% -62.06% -76.78% -85.66% 
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Figure 4.17: CROC comparison of cooperative Single Stage ReverseBior based ED and 

cooperative CED for SNR = -10dB, N=200, NU=4 

4.6 Proposed Two Stage ED Based Spectrum Sensing Algorithm 

Figure 4.18 shows the comparison between conventional ED, ReverseBior based ED and the 

combination of the two algorithm in two stage. Poor detection performance of conventional ED at 

low SNR is resolved by Single Stage ReverseBior wavelet based ED. Two stage spectrum sensing 

is composed of First Stage with low computational complexity which is CED, and Second Stage 

having high computational complex method. The simulation result shows that the proposed Two 

Stage sensing method has better performance at low SNR region. For instance, the probability of 

detecting the PU by using Proposed two stage method is 0.91 at -11.5dB SNR, while this value is 

achieved by single stage ReverseBior at -9dB on the other hand by using CED this value is 

archived at -6dB.  

Table 4.12 shows the comparison between the proposed Two Stage spectrum sensing approach, 

Single Stage ReverseBior based ED and CED. The comparison result shows that the detection 
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probability of CED is improved by 40.21% by using single stage ReverseBior based ED, and 97% 

by employing the proposed Two Stage sensing approach. On the other hand, the Performance of 

Single Stage ReverseBior based ED is further improved by 42% with employing the proposed 

sensing method. 

 

Figure 4.18: Comparison of proposed Two Stage, Single Stage ReverseBior and CED                    

for 𝑃𝑓 = 0.1, N=200 

Table 4.12: Comparison of Two Stage, Single Stage ReverseBior based ED and CED at           

SNR = -15dB, 𝑃𝑓 = 0.1, N=200 

Performance metric CED Single Stage 

ReverseBior based  ED 

Two Stage 

ED 

𝑃𝑑 0.2837 0.3978 0.5686 

Gain by Single Stage ReverseBior 

over CED (%) 

40.21% 

Gain by Two Stage over CED (%) +97.6% 

Gain by Single Two Stage over 

Single Stage ReverseBior (%) 

+42.18% 

 

4.6.1 ROC of Two Stage ED 

Figure 4.19 shows the comparison between ROC curve between Two Stage spectrum sensing 

approach, Single Stage ReverseBior based ED and CED. The plot shows the behavior of 3 

algorithms at a given SNR of -15dB with various probability of false alarm. The result shows that 
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the AUC is increased by employing Two stage spectrum sensing approach. For instance, at a given 

probability of false alarm 0.1, the probability of detecting the PU is 0.6925 by using Two Stage 

approach while it is 0.5291 and 0.3469 by using Single Stage ReverseBior based ED and CED 

respectively.  

 

Figure 4.19: ROC comparison of Two Stage approach, Single Stage ReverseBior ED,CED for 

SNR = -15dB,N=200 

Table 4.13 shows the comparison for ROC for the given three spectrum sensing methods at a given 

probability of false alarm 0.1. The comparison result shows that the proposed approach 

outperforms CED by 97.8% and this approach also improve the detection probability of Single 

Stage ReverseBior based ED by 30.8%. 

Table 4.13: Comparison of ROC for Two Stage ED, Single Stage ReverseBior ED and CED for 

SNR= -15dB, 𝑃𝑓 = 0.1,N=200 

Performance Metric CED  Single Stage  

ReverseBior based ED 

Two Stage ED 

𝑃𝑑 0.3469 0.5291 0.6925 

Gain by Single Stage ReverseBior 

over CED(%) 

52.52% 

Gain by Two Stage over CED (%) +99.6% 

Gain by Two Stage over 

Single Stage ReverseBior(%) 

+30.8% 
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4.6.2 CROC of Two Stage ED 

Figure 4.20 shows the CROC graph of the proposed Two stage approach, Single stage ReverseBior 

based and CED at a given SNR of -15dB.The comparison result shows that, the probability of 

missing the PU is reduced by employing Two Stage spectrum sensing approach. For instance, at a 

given probability of false alarm 0.1, the probability of missing the PU after employing Two stage 

approach is reduced to 0.2261 while the probability of missing the licensed user is 0.3737 and 

0.6049 for Single stage ReverseBior and CED respectively. 

 

Figure 4.20: CROC comparison of Two stage ED, Single Stage ReverseBior ED,CED for          

SNR= -15dB,N=200 

Table 4.14: CROC Comparison of Two Stage ED, Single Stage ReverseBior ED,CED for          

SNR= -15dB, 𝑃𝑓= 0.1,N=200 

Performance Metric CED Single Stage  

ReverseBior based ED 

Two Stage  ED 

𝑃𝑚 0.6049 0.3737 0.2261 

Loss by Single Stage ReverseBior 

over CED (%) 

-38.22% 

Loss by Two Stage ED over CED (%) -62.61% 

Loss by Two Stage ED over 

Single Stage ReverseBior (%) 

-39.49% 
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Table 4.14 shows the comparison of missing the PU with the aforementioned three algorithms.  

Based on the comparison, the probability of missing licensed used is reduced by 62.61% over the 

CED by employing Two stage approach. On the other hand, the probability of missing the PU is 

less by 39.49% when compared to Single Stage ReverseBior based ED. 

4.6.3 Comparison of Cooperative Two Stage Approach, ReverseBior based detection and 

CED over varying SNR 

Figure 4.21 show the simulation result for cooperative Two stage approach comparing with 

cooperative Single Stage ReverseBior based ED and cooperative CED method. These three 

algorithms are compared for the SNR range between -20dB and 5dB having probability of false 

alarm 0.1 and sample size of 200 with 4 cooperating users. The result form the plot demonstrates 

that at a given SNR, probability of false alarm and number of cooperative users, Cooperative 

proposed two stage sensing method outperform cooperative CED and ReverseBior based ED. For 

example, a given probability of false alarm 0.1, SNR of -20dB and 2 cooperative users CED has 

the probability of detection 0.3796, by using Cooperative Single Stage ReverseBior, 0.429 is 

achieved and by employing the proposed two stage the performance in enhanced to 0.6457.  

Table 4.15: Comparison of Cooperative Two Stage Approach, Cooperative Single Stage 

ReverseBior ED and cooperative CED for SNR = -20dB, 𝑃𝑓 = 0.1, N=100, NU=1,2,3 and 4 

Number of User (NU) 1 2 3 4 

𝑃𝑑 (Cooperative CED) 0.2124 0.3796 0.5114 0.6152 

𝑃𝑑 (Cooperative Single Stage ReverseBior 

ED) 

 

0.2441 0.429 0.5686 0.6744 

𝑃𝑑 (Cooperative Two Stage ED) 0.4046 0.6457 0.7892 0.8747 

Gain of cooperative Two Stage ED over  

cooperative CED (%) 
+90.48% +70.1% +54.32% +42.18% 

Gain of cooperative Two Stage ED over  

Single Stage Cooperative ReverseBior ED (%) 

+65.75% +50.51% +38.79% +29.7% 

 

Table 4.15 shows the comparison of three algorithms detection probability using OR-Cooperative 

scheme at a given probability of false alarm 0.1 and SNR of -20dB. The result shows that for a 

given number of cooperating user the proposed method outperforms the previous two algorithms. 

For instance, after employing the proposed two stage using three cooperative users the probability 
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of detection is improved by 54.32% when compared with cooperative CED. Similarly, the 

detection probability is enhanced by 38.79% when compared with cooperative ReverseBior based 

ED. 

 

Figure 4.21: Comparison of cooperative Two Stage Approach, ReverseBior Based ED and CED 

for 𝑃𝑓 = 0.1, N=200, NU=4 

4.6.4 ROC of Cooperative Two Stage ED 

Figure 4.22 shows the comparison between ROC curve between Two Stage Spectrum approach, 

Single Stage ReverseBior based ED and CED in cooperative scenario. The plot shows the behavior 

of those algorithms in cooperative manner at a given SNR of -15dB with different probability of 

false alarm. The result shows that AUC is largely increased by employing cooperative Two Stage 

spectrum sensing approach. For instance, at a given probability of false alarm 0.1 and three 

cooperating users, the probability of detecting the PU is 0.9885 by using cooperative Two Stage 

approach while it is 0.9479 and 0.7784 by using cooperative Single Stage ReverseBior based ED 

and cooperative CED respectively.  

Table 4.16 shows the ROC comparison of three algorithms detection probability using OR-

Cooperative scheme at different probability of false alarm value and given SNR of -15dB. The 

result shows that for a given number of cooperating user the proposed two stage method 

outperforms the previous two algorithms in cooperative scenario by giving the highest probability 
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of detection for a given probability of false alarm. For instance, at given probability of false 

alarm,0.1, SNR of -15dB and 3 cooperative users. The performance of CED is improved by 26.9% 

by employing cooperative two stage sensing method, on the other hand the performance of 

cooperative ReverseBior based ED is also enhanced by 4.28%. 

 

Figure 4.22: ROC comparison for cooperative Two Stage Approach, Single Stage ReverseBior 

based ED , CED for SNR = -15dB, N=200, NU=4 

Table 4.16: ROC comparison for cooperative Two Stage Approach, Single Stage ReverseBior 

based ED and CED for SNR = -15dB, 𝑃𝑓 = 0.1,N=200 

Number of User (NU) 1 2 3 4 

𝑃𝑑  (Cooperative CED) 0.3951 0.6341 0.7786 0.8661 

𝑃𝑑 (Cooperative Single  

Stage ReverseBior based ED) 

 

0.6279 0.861 0.9479 0.9804 

𝑃𝑑  (Cooperative Two Stage) 0.7758 0.9491 0.9885 0.9974 

Gain of cooperative Two Stage ED over  

cooperative CED (%) 

+96.35% +49.67% +26.9% +15.15% 

Gain of cooperative Two Stage ED over  

Single Stage Cooperative ReverseBior 

based ED (%) 

+23.55% +10.23% +4.28% +1.73% 
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4.6.5 CROC of Cooperative Two Stage ED 

Figure 4.23 shows the CROC graph of Two stage approach, Single Stage ReverseBior based ED 

and CED in cooperative scenario at a given SNR of -15dB with varying probability of false alarm. 

The comparison result shows that the probability of missing the PU is further reduced by 

employing cooperative Two Stage spectrum sensing approach. For example, at a given probability 

of false alarm 0.1, SNR of -15dB and 3 cooperative users the probability of missing the PU was 

0.2214 by using cooperative CED while this result is reduced by applying cooperative ReverseBior 

based ED to 0.0505, also this result is further reduced by employing cooperative Two stage 

approach to 0.0112.  

 

Figure 4.23: CROC comparison of Cooperative Two Stage Approach, Single Stage ReverseBior 

based ED, CED for SNR= -15dB, N=200, NU=4 

Table 4.17 shows the CROC comparison of three algorithms using OR-Cooperative scheme at a 

given probability of false alarm and SNR for 4 cooperating users. The result shows that for a given 

number of cooperating user the proposed two stage method gives the lest probability of miss 
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detection and outperforms the previous two algorithms in cooperative scenario by providing small 

probability of missing the licensed user. For instance, at given probability of false alarm ,0.1, SNR 

of -15dB and 3 cooperative users. The probability of missing the PU by CED is reduced by 94.91% 

by employing the proposed two stage approach. On the other hand, the probability missing licensed 

user by cooperative ReverseBior based ED is also minimized by 77.82%.   

Table 4.17: CROC comparison of cooperative Two Stage Approach, Single Stage ReverseBior 

based ED, CED for  SNR=-15dB, 𝑃𝑓 = 0.1, N=200, NU=1,2,3 and 4 

Number of User (NU) 1 2 3 4 

𝑃𝑚(Cooperative CED) 0.4049 0.3659 0.2214 0.1339 

𝑃𝑚(Cooperative Single Stage ReverseBior 

based ED) 

 

0.3689 0.135 0.0505 0.0187 

𝑃𝑚(Cooperative Two Stage ED) 0.2242 0.0494 0.0112 0.0025 

Loss of cooperative Two Stage ED over  

cooperative CED (%) 

-77.58% -86.49% -94.91% -98.10% 

Loss of cooperative Two Stage ED over  

Single Stage Cooperative ReverseBior 

based ED (%) 

-44.62% -63.40% -77.82% -86.63% 
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5 CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

In this thesis we investigate one of the spectrum sensing algorithm called Energy detection. 

Effective detection of Primary User is crucial task for cognitive radio for two reasons. The first 

one is, CR should utilize the available white space by detecting the absence of licensed user. The 

second point is that, CR should have accurate detection in order to avoid the interference to 

Primary User. The major problem of Energy Detection algorithm is its low detection performance 

during low SNR region. In order to solve this problem, we have applied prior denoising achieve 

SNR gain for single stage. Based on the simulation results, the following conclusion can be drawn. 

• The Performance of Energy detector drops at low SNR region. In order to reduce the 

probability of interfering primary users, increasing number of sample, increasing 

probability of false alarm, increasing SNR and cooperative detection are solutions. 

• A primary user signal is prior denoised by using different mother wavelets and the 

comparison result shows that ReverseBior wavelet gives the highest SNR gain. This 

wavelet also gives the highest probability of detection and the lowest miss detection, since 

the probability of detection is directly relationship with SNR, in single node and 

cooperative detection. 

• The performance of CED is improved by 97.8% by employing Two Stage approach in 

single node. On the other hand, cooperative Two Stage approach improve the performance 

of cooperative CED by 54.32% for the case of 3 users. 

• The proposed Two Stage Spectrum Sensing Algorithm improve the performance of 

Conventional Energy Detector and Single Stage Wavelet Denoising Based Algorithm in 

single node detection and cooperative scheme in terms of the performance matrices 

considered in this thesis. 

• The OR-Fusion Cooperating scheme delivers high performance. 
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5.2 Recommendations 

In this thesis The performance of Conventional Energy Detector is enhanced by applying a wavelet 

denoising prior to ED. The following issues are the future scope of this thesis. 

• The proposed technique was evaluated under AWGN channel only. The proposed 

technique can also be evaluated under the different channel mode like Rayleigh, Nakagami 

and Rician fading channel.   

• Filters Such as FIR having different window size can also be employed for denoising. 

• The proposed technique was evaluated in simulation level only. Its practical performance 

could also be investigated by combining spectrum sensing, management and hand-off 

(mobility) by using real-time platform using open source toolkit GNU radio. 
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Appendix 
 

Table 1:  Input Output SNR relationship of denoising with different wavelets 

Input 

SNR(dB) 

Wavelet family MSE Output 

SNR(dB) 

SNR gain(dB) %Enhancement 

-20 Haar 

 

0.01974 -17.4845 2.5155 

 

12.5775 

 

Daubechies 

 

0.01783 -17.0259 2.9741 

 

14.8705 

 

BiorSplines 

 

0.02184 -17.5451 2.4549 

 

12.2745 

 

ReverseBior 

 

0.01591 -17.0254 2.9746 

 

14.8737 

 

Coiflets 

 

0.02115 

 

-17.5154 2.4846 

 

12.4239 

 

Fejer-Korovkin 

 

0.01880 -17.0263 2.9737 

 

14.8685 

 

-19 Haar 

 

0.01901 

 

-16.4536 2.5464 

 

13.4021 

 

Daubechies 

 

0.01681 -16.0412 2.9588 

 

15.5726 

 

BiorSplines 

 

0.02129 

 

-16.5569 2.4431 

 

12.8584 

 

ReverseBior 

 

0.01567 -16.0339 2.9661 

 

15.6110 

 

Coiflets 

 

0.02019 

 

-16.5333 2.4667 

 

12.9826 

 

Fejer-Korovkin 

 

0.01763 

 

-16.0439 2.9561 

 

15.5584 

 

-18 Haar 

 

0.01879 -15.4421 2.5579 

 

14.2105 

 

Daubechies 

 

0.01652 -15.0341 2.9659 

 

16.4772 

 

BiorSplines 

 

0.02104 

 

-15.5636 2.4364 

 

13.5355 

 

ReverseBior 

 

0.01501 

 

-15.0243 2.9757 

 

16.5316 

 

Coiflets 

 

0.02003 

 

-15.5288 2.4712 

 

13.7288 

 

Fejer-Korovkin 

 

0.01719 

 

-15.0357 2.9643 

 

16.4683 

 

-17 Haar 

 

0.01803 

 

-14.4556 2.5444 

 

14.9670 

 

Daubechies 

 

0.01640 -14.0295 2.9671 

 

17.4535 
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BiorSplines 

 

0.02091 

 

-14.5503 2.4497 

 

14.41 

 

ReverseBior 

 

0.01492 

 

-14.0193 2.9807 

 

17.5335 

 

Coiflets 

 

0.01986 

 

-14.5262 2.4738 

 

14.5517 

 

Fejer-Korovkin 

 

0.01656 

 

-14.0303 2.9697 

 

17.4688 

 

-16 Haar 

 

0.01782 -13.4403 2.5597 

 

15.9981 

 

Daubechies 

 

0.01589 -13.0187 2.9813 

 

18.6331 

 

BiorSplines 

 

0.02018 -13.5439 2.4561 

 

15.3506 

 

ReverseBior 

 

0.01368 -13.0101 2.9899 

 

18.6868 

 

Coiflets 

 

0.01902 

 

-13.5129 2.4871 

 

15.544375 

 

Fejer-Korovkin 

 

0.01601 

 

-13.0217 2.9783 

 

18.614375 

 

 

 

 

        -15 

Haar 

 

0.01669 -12.4406 2.5594 

 

17.06266667 

 

Daubechies 

 

0.01502 -12.0307 2.9693 

 

19.79533333 

 

BiorSplines 

 

0.02001 -12.5436 2.4564 

 

16.376 

 

ReverseBior 

 

0.01349 -12.0274 2.9726 

 

19.81733333 

 

Coiflets 

 

0.01871 -12.5197 2.4803 

 

16.53533333 

 

Fejer-Korovkin 

 

0.01551 -12.0320 2.968 

 

19.78666667 
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Table 2: SNR versus probability of detection for wavelet based ED with different wavelets 

SNR 

(dB) 

Detection   𝑃𝐷 Gain(%) SNR 

(dB) 

Detection   𝑃𝐷 Gain(%) 

-20 Conventional ED 0.2124 - -14 Conventional ED 0.3126 - 

Haar 0.2330 9.69868 Haar  0.4084 30.6461 

Daubechies 

 

0.2430 14.4067 Daubechies 

 

0.4559 45.8413 

BiorSplines 

 

0.2278 7.25047 

 

BiorSplines 

 

0.3837 22.7447 

 

ReverseBior 

 

0.2446 15.1600 

 

ReverseBior 

 

0.4606 47.3448 

 

Coiflets 

 

0.2286 7.62711 

 

Coiflets 

 

0.3887 24.3442 

 

Fejer-Korovkin 

 

0.2422 14.0301 

 

Fejer-Korovkin 

 

0.4549 45.5214 

 

-19 Conventional ED 0.2205 - -13 Conventional ED 0.3499 - 

Haar 0.2458 11.4739 Haar 0.4655 33.0380 

Daubechies 

 

0.2595 17.6870 Daubechies 

 

0.5262 50.3858 

BiorSplines 

 

0.2393 8.52607 

 

BiorSplines 

 

0.4386 25.3501 

 

ReverseBior 

 

0.2609 18.3219 

 

ReverseBior 

 

0.5315 51.9005 

 

Coiflets 

 

0.2405 9.07029 

 

Coiflets 

 

0.4442 26.9505 

  

Fejer-Korovkin 

 

0.2589 17.4149 

 

Fejer-Korovkin 

 

0.5256 50.2143 

 

-18 Conventional ED 0.2309 - -12 Conventional ED 0.3979 - 

Haar 0.2634 14.0753 Haar 0.5425 36.3407 

Daubechies 

 

0.2816 21.9575 Daubechies 

 

0.6093 53.1289 

BiorSplines 0.2563 11.0004 BiorSplines 0.5039 26.6398 

ReverseBior 0.2831 22.6071 ReverseBior 0.6151 54.5865 

Coiflets 

 

0.2580 11.7366 

 

Coiflets 

 

0.5110 28.4242 

 

Fejer-Korovkin 

 

0.2811 21.7410 

 

Fejer-Korovkin 

 

0.6080 52.8022 

 

-17 Conventional ED 0.2442 - -11 Conventional ED 0.4587 - 

Haar 0.2862 17.1990 
 

Haar 0.6296 37.2574 

Daubechies 

 

0.3107 27.2317 
 

Daubechies 

 

0.7096 54.6980 
 

BiorSplines 

 

0.2769 13.3906 

 

BiorSplines 

 

0.5905 28.7333 

 

ReverseBior 

 

0.3120 27.7641 

 

ReverseBior 

 

0.7184 56.6165 
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Coiflets 

 

0.2789 14.2096 

 

Coiflets 

 

0.5980 30.3684 

 

Fejer-Korovkin 

 

0.3112 27.4365 

 

Fejer-Korovkin 

 

0.7075 54.2402 

-16 Conventional ED 0.2614 - -10 Conventional ED 0.5340 - 

Haar 0.3180 21.6526 Haar 0.7353 37.6966 

Daubechies 

 

0.3464 32.5172 Daubechies 

 

0.8103 51.7415 

BiorSplines 

 

0.3021 15.5700 

 

BiorSplines 

 

0.6871 28.6704 

 

ReverseBior 

 

0.3495 33.7031 

 

ReverseBior 

 

0.8149 52.6029 

 

Coiflets 

 

0.3055 16.8706 

 

Coiflets 

 

0.6987 30.8426 

 

Fejer-Korovkin 

 

0.3446 31.8286 

 

Fejer-Korovkin 

 

0.8072 51.1610 

 

-15 Conventional ED 0.2837 - -9 Conventional ED 0.6230 - 

Haar 0.3531 24.4624 Haar 0.8295 33.1460 
 

Daubechies 

 

0.3911 37.8568 Daubechies 

 

0.8965 43.9004 
 

BiorSplines 

 

0.3373 18.8931 

 

BiorSplines 

 

0.7927 27.2391 

 

ReverseBior 

 

0.3957 39.4783 ReverseBior 

 

0.9009 44.6067 

 

Coiflets 

 

0.3406 20.0563 

 

Coiflets 

 

0.7996 28.3467 

 

Fejer-Korovkin 

 

0.3894 37.2576 

 

Fejer-Korovkin 

 

0.8955 43.7399 
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Table 3: ROC comparison of wavelet based ED by using different wavelet 

 

𝑃𝑓 Detection   𝑃𝑑 Gain(%) 𝑃𝑓 Detection   𝑃𝑑 Gain(%) 

0.01 Conventional ED 0.1335 - 0.51 Conventional ED 0.6921 - 

Haar 0.2275 70.4119 Haar 0.7936 14.6655 

Daubechies 

 

0.2700 102.247 Daubechies 0.8289 19.7659 

BiorSplines 

 

0.2108 57.9026 

 

BiorSplines 

 

0.7806 12.7871 

 

ReverseBior 

 

0.2731 104.5692 

 

ReverseBior 

 

0.8302 19.9537 

 

Coiflets 

 

0.2134 59.8501 

 

Coiflets 

 

0.7835 13.2061 

 

Fejer-Korovkin 

 

0.2697 102.0224 

 

Fejer-Korovkin 

 

0.8278 19.6069 

 

0.11 Conventional ED 0.3609 - 0.61 Conventional ED 0.7505 - 

Haar 0.4945 37.0185 Haar 0.8402 11.9520 

Daubechies 

 

0.5490 52.1197 Daubechies 0.8701 15.9360 

BiorSplines 

 

0.4757 31.8093 

 

BiorSplines 

 

0.8294 10.5129 

 

ReverseBior 

 

0.5515 52.8124 

 

ReverseBior 

 

  0.8714 16.1092 

 

Coiflets 

 

0.4801 33.0285 

 

Coiflets 

 

0.8317 10.8194 

 

Fejer-Korovkin 

 

0.5477 51.7594 

 

Fejer-Korovkin 

 

0.8697 15.8827 

 

0.21 Conventional ED 0.4729 - 0.71 Conventional ED 0.8062 - 

Haar 0.6048 27.8917 Haar 0.8789   9.01761 

Daubechies 0.6556 38.6339 Daubechies 0.9043 12.1681 

BiorSplines 

 

0.5875 24.2334 

 

BiorSplines 

 

0.8714 8.0873 

 

ReverseBior 

 

0.6586 39.2683 

 

ReverseBior 

 

0.9053 12.2922 

 

Coiflets 

 

0.5913 25.0370 

 

Coiflets 

 

0.8736 8.36020 

 

Fejer-Korovkin 

 

0.6556 38.6339 

 

Fejer-Korovkin 

 

0.9041 12.1433 

 

0.31 Conventional ED 0.5576 - 0.81 Conventional ED 0.8614 - 

Haar 0.6830 22.4892 Haar 0.9196 6.7564 

Daubechies 0.7298 30.8823 Daubechies 0.9359 8.6487 

BiorSplines 

 

0.6660 19.4404 

 

BiorSplines 

 

0.9118 5.8509 

 

ReverseBior 

 

0.7314 31.1692 

 

ReverseBior 

 

0.9367 8.7415 

Coiflets 0.6697 20.1040 Coiflets 0.9134 6.0366 



79 
  

    

Fejer-Korovkin 

 

0.7289 30.7209 

 

Fejer-Korovkin 

 

0.9356 8.6138 

 

0.41 Conventional ED 0.6288 - 0.91 Conventional ED 0.9198 - 

Haar 0.7453 18.5273 Haar 0.9567 4.0117 

Daubechies 0.7851 24.8568 Daubechies 0.9665 5.0771 

BiorSplines 

 

0.7287 15.8874 BiorSplines 

 

0.9522 3.5225 

 

ReverseBior 

 

0.7867 25.1113 

 

ReverseBior 

 

0.9668 5.1098 

 

Coiflets 

 

0.7324 16.4758 

 

Coiflets 

 

0.9532 3.6312 

 

Fejer-Korovkin 

 

0.7852 24.8727 

 

Fejer-Korovkin 

 

0.9662 5.0445 
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Table 4: CROC comparison of Wavelet based ED by using different Wavelet 

𝑃𝑓 Detection   𝑃𝑚 Gain(%) 𝑃𝑓 Detection   𝑃𝑚 Gain(%) 

0.01 Conventional ED 0.8356  - 0.51 Conventional ED 0.2668  - 

Haar 0.7047 15.6653 Haar 0.152 43.0284 

Daubechies 0.6469 22.5825 Daubechies 0.1199 55.0599 

BiorSplines 0.728 12.8769 BiorSplines 0.1672 37.3313 

ReverseBior 0.6442 22.9056 ReverseBior 0.1183 55.6596 

Coiflets 0.7239 13.3676 Coiflets 0.1641 38.4932 

Fejer-Korovkin 0.6474 22.5227 Fejer-Korovkin 0.1201 54.9850 

0.11 Conventional ED 0.5905  - 0.61 Conventional ED 0.2132  - 

Haar 0.4289 27.3666 Haar 0.1172 45.0281 

Daubechies 0.3628 38.5605 Daubechies 0.0908 57.4108 

BiorSplines 0.4498 23.8272 BiorSplines 0.1295 39.2589 

ReverseBior 0.359 39.2040 ReverseBior 0.0895 58.0206 

Coiflets 0.4447 24.6909 Coiflets 0.1271 40.3846 

Fejer-Korovkin 0.3643 38.3065 Fejer-Korovkin 0.0909 57.3639 

0.21 Conventional ED 0.4773  - 0.71 Conventional ED 0.1631  - 

Haar 0.3231 32.3067 Haar 0.0873 46.4745 

Daubechies 0.2642 44.6469 Daubechies 0.0648 60.2697 

BiorSplines 0.3416 28.4307 BiorSplines 0.0953 41.5695 
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ReverseBior 0.2631 44.8774 ReverseBior 0.0642 60.6376 

Coiflets 0.338 29.1849 Coiflets 0.0938 42.4892 

Fejer-Korovkin 0.2643 44.6260 Fejer-Korovkin 0.0653 59.9632 

0.31 Conventional ED 0.3943  - 0.81 Conventional ED 0.1146  - 

Haar 0.2533 35.7595 Haar 0.0552 51.8324 

Daubechies 0.2023 48.6938 Daubechies 0.0415 63.7870 

BiorSplines 0.2696 31.6256 BiorSplines 0.0626 45.3752 

ReverseBior 0.2014 48.9221 ReverseBior 0.0407 64.4851 

Coiflets 0.2654 32.6908 Coiflets 0.0612 46.5968 

Fejer-Korovkin 0.203 48.5163 Fejer-Korovkin 0.0417 63.6125 

0.41 Conventional ED 0.3261  - 0.91 Conventional ED 0.0646  - 

Haar 0.1976 39.4050 Haar 0.0299 53.7151 

Daubechies 0.1576 51.6712 Daubechies 0.0214 66.8730 

BiorSplines 0.2133 34.5906 BiorSplines 0.0339 47.5232 

ReverseBior 0.1551 52.4379 ReverseBior 0.021 67.4922 

Coiflets 0.21 35.6025 Coiflets 0.0331 48.7616 

Fejer-Korovkin 0.1584 51.4259 Fejer-Korovkin 0.0216 66.5634 
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