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ABSTRACT

Despite the availability of numerous treatments and preventive measures for Coronavirus

Disease 2019 (COVID-19), Human Immunodeficiency Virus (HIV) and tuberculosis (TB), these

diseases continue to pose significant public health concerns with far-reaching socioeconomic

implications. This dissertation aims to identify effective and efficient control strategies to mit-

igate coinfections of COVID-19 and HIV, as well as the concurrent infections of COVID-19,

HIV, and TB, using mathematical models. It provides models that govern the transmission dy-

namics of COVID-19, HIV/AIDS and TB. For the formulated models, we establish the invari-

ant region, positivity, and boundedness of the solutions; determine the reproduction numbers of

the sub-models and the co-infection model; and examine the existence and stability of the equi-

libria. Parametric estimation and curve fitting were performed using data from Ethiopia, and

numerical simulations were employed to support and clarify the analytical findings, demonstrat-

ing the effects of various parameters on COVID-19, HIV and TB co-infection and illustrating

how preventive efforts impact the co-infected population. The first model examines the trans-

mission of COVID-19 and HIV, taking into account individuals with advanced HIV/AIDS and

those at risk of death from both diseases. Numerical simulations highlight that factors such as

increased infectiousness among HIV patients and low vaccination rates lead to higher co- infec-

tion rates, while increased COVID-19 vaccination and treatment reduce mortality. The second

model evaluates four intervention strategies—HIV prevention, HIV treatment, COVID-19 vac-

cination, and COVID-19 treatment— with simulations showing reductions in co-infections. A

cost-effectiveness analysis identifies the combined approach of vaccination and treatment as the

most viable strategy. The third model addresses the broader co-infection scenario involving

TB. The model emphasizes the importance of vaccination, though challenges like vaccine ineffi-

cacy, waning immunity, and low information coverage persist. Numerical simulations show that

waning immunity and high reinfection rates can exacerbate co-infection peaks, but information-

driven vaccination strategies significantly mitigate these effects. Collectively, these three models

underscore the need for coordinated efforts in vaccination, treatment, and public health commu-

nication to address the challenges posed by COVID-19, HIV and TB co-infection. The models

provide essential guidance for developing targeted interventions and public health strategies

aimed at reducing co-infection cases and associated mortality while accounting for complex

behavioral and epidemiological factors such as waning immunity and the role of information

dissemination.

KEYWORDS: HIV, COVID-19, TB, Stability analysis, Reproduction number, Optimal control,

Bifurcation, Co-infection, Cost-effectiveness Analysis, Mathematical model, Simulation
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CHAPTER 1

INTRODUCTION

This chapter offers crucial background information on coronavirus disease (COVID-19),
Tuberculosis (TB), acquired immune deficiency syndrome (AIDS), and the co-infection of these
diseases. It emphasizes the vital role of mathematical modeling in understanding and addressing
these health challenges. The chapter then clearly defines the research problem, outlines the
specific objectives of the study, and underscores its significance. Finally, it provides a brief
overview of the dissertation’s structure, guiding through the subsequent chapters.

1.1 Background of the Study

Humanity has been compelled to confront mortality and morbidity because of non commu-
nicable and communicable diseases. A noncommunicable disease is a term used to describe a
group of chronic medical disorders and diseases that cannot be transmitted from one person to
another. Genetics, malnutrition, lifestyle, and the environment are all factors that contribute to
the development of these disorders. They generally progress slowly and gradually, and symp-
toms tend to accumulate steadily over time. Although they are non-communicable, at a global
level, 7 of the 10 leading causes of death in 2019 were noncommunicable diseases (WHO,
2021d). As of 13th April 2021, these seven causes accounted for 44% of all deaths or 80%
of the top 10. However, all noncommunicable diseases together accounted for 74% of deaths
globally in 2019.

Communicable diseases are caused by various microbes or pathogens, with the most com-
mon being different types of viruses and bacteria. Fungi and protozoa are also known pathogens
responsible for various diseases. Diseases caused by these pathogens are termed ‘communi-
cable’ as these pathogens can be easily transmitted from one infected person to another non-
infected person. Two of the most prevalent infectious diseases globally are tuberculosis (TB)
and AIDS. Tuberculosis, caused by Mycobacterium tuberculosis, primarily affects the lungs but
can also affect other parts of the body. AIDS, caused by the human immunodeficiency virus
(HIV), weakens the immune system and leads to a range of opportunistic infections and dis-
eases. In December 2019, a newly discovered infectious disease called COVID-19 emerged in
Wuhan, China. It is caused by the Severe Acute Respiratory Syndrome Coronavirus-2 (SARS-
CoV-2) virus. Low income people are far more likely to die of communicable diseases than
non-communicable disease. Despite the global decline, 8 of the top 10 causes of death in
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2021 in low-income countries were communicable diseases, with COVID-19, tuberculosis, and
HIV/AIDS ranking among the top 10 (WHO, 2021d).

1.1.1 Coronavirus Disease (COVID-19)

Coronaviruses have been known since the 1930s and received a wide notice when they were
confirmed to be the cause of the SARS pandemic in China (Al-Ahdal, Mohammed et al., 2012).
Originating from Southern China in the autumn of 2002, the virus spread to 29 countries or
regions with a total of 8096 cases and 774 deaths before it was brought under control within 7
months with an incredible global public health effort (Executive Board, 113, 2004; WHO, 2003).
Ten years later, another pathogenic coronavirus known as Middle East respiratory syndrome
coronavirus (MERS-CoV) emerged in Saudi Arabia. Infection occurs through direct contact
with an infected animal (camel) or person (Chathappady House et al., 2021). Although MERS
did not spread easily from person to person, the virus spread to 27 countries in the Middle East,
Europe, Asia, and North America, including the United States. As of May 31, 2019, MERS-CoV
had infected 2,442 individuals and killed 842 worldwide (Donnelly, Christl A et al., 2019).

SARS-CoV-2 belongs to the family Coronaviridae and order Nidovirales. The family con-
sists of two subfamilies, Coronavirinae and Torovirinae, and members of the subfamily Coron-
avirinae are subdivided into four genera: alpha, beta, gamma, and delta coronavirus (Shereen,
Muhammad et al., 2020). SARS-CoV-2, MERS-CoV, and SARS-CoV belong to the beta coro-
navirus subfamily and are major pathogens that primarily target the human respiratory system.
SARS-CoV-2 is more transmissible and spreads faster than SARS and MERS. (Du, Wenjun et
al., 2020).

The COVID-19 pandemic is the latest phenomenon to have profoundly impacted the world’s
social, Economic and political activities. Although we are now in the endemic phase, the effects
of the disease are ongoing. As of 12 May 2024, there have been approximately 7 million deaths
out of 775,431,269 million infected people, and there are still millions of active COVID-19
cases (WHO, 2024b). Fever, cough, tiredness, and loss of taste or smell are the most common
symptoms . Other common symptoms include sore throat, headache, diarrhea, a rash on the
skin, discoloration of fingers and toes, and red or irritated eyes. Most patients with these symp-
toms recover without requiring special treatment. However, individuals experiencing symptoms
such as difficulty breathing, shortness of breath, loss of speech or mobility, confusion, or chest
pain may be at risk of potentially life-threatening complications and require immediate medical
attention (Rajendran, Dinesh et al., 2020).

In their work, Karia, Rutu et al. (2020) and Mediawati, Ati Surya et al. (2020) argue the
existence of two modes of coronavirus transmission, direct and indirect. The disease is transmit-
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ted directly through contact with respiratory droplets in the infected person (generated through
coughing and sneezing). These droplets can settle in the mouth or nasal mucosa and lungs of
people with inhaled air. Indirect transmission occurs when individuals touch surfaces contami-
nated with the virus and touch their faces (e.g., eyes, nose, mouth) (Jin, Yuefei et al., 2020).

To prevent COVID-19, governments have started to apply bans under many social restric-
tions. Lock-downs were at the forefront of these restrictions. By spring 2020, more than half
of global population experienced strict containment, the first such large-scale effort in history
(OECD, 2020). Although lock-downs helped suppress the virus, as early evidence suggested,
they severely impacted social and economic life, disproportionately affecting vulnerable groups
like those in poverty, migrants, and refugees (Atalan, 2020; WHO, 2020). In addition to lock-
downs, preventive measures such as mask-wearing, hand hygiene, quarantine, social distancing,
and travel restrictions were enforced to reduce transmission (Bahrami, A. and Ferns, G., 2020).
Quarantine, while effective, raised concerns about risks of household transmission (Hou, Lulu et
al., 2021). The pandemic also accelerated unprecedented vaccine development and distribution
efforts globally.

As of April 8, 2022, the WHO has provided a list of 10 COVID-19 vaccines that met the
necessary criteria for safety and efficacy (WHO, 2024a). Despite single-dose vaccines, majority
of these vaccines require at least 2 doses, and taking COVID-19 full-dose vaccination provides
strong protection against serious illness, hospitalization, and death due to the COVID-19 dis-
ease. As of April 29, 2023, a total of 5,105,854,153 individuals were fully vaccinated with the
last dose of the primary series globally (WHO, 2024b). However, apart from administration, the
WHO states that even fully vaccinated individuals can still be infected with COVID-19 (WHO,
2024d). Several studies have shown that immunity from vaccination or natural infection de-
creases over time, increasing susceptibility to reinfection. There have been documented cases
of reinfection (Flacco, Maria Elena et al., 2022; Klompas, 2021; Ren, Xiangying et al., 2022;
Wang, Jingzhou et al., 2021; Weike Zhou et al., 2022), indicating that COVID-19 vaccines do
not provide permanent immunity, and individuals can contract COVID-19 multiple times. In this
case, COVID-19 vaccination behavior is crucial for public health strategies aimed at increasing
vaccine uptake and achieving herd immunity. The dynamics of vaccine acceptance can be influ-
enced by various factors, including individual beliefs and the broader context of misinformation
(Joachim O. Osur et al., 2022).

Understanding how the number of COVID-19 cases influences vaccination behavior is cru-
cial for public health strategies. High infection rates can increase individuals’ perceived risk,
prompting greater vaccine uptake, whereas lower case numbers may lead to complacency and
hesitancy (Joachim O. Osur et al., 2022; Priya, Singh et al., 2024). In addition, misinforma-
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tion surrounding infection data can intensify vaccine skepticism (Joachim O. Osur et al., 2022).
Therefore, public health campaigns should leverage real-time infection data to craft targeted
messages that emphasize vaccination’s importance during surges, continuously monitor infec-
tion trends to develop adaptive strategies, and combat misinformation to enhance vaccine ac-
ceptance. Overall, recognizing these dynamics is essential for effectively promoting vaccination
and managing community health.

1.1.2 Acquired Immune Deficiency Syndrome (AIDS)

AIDS is an infectious disease caused by infection with the human immunodeficiency virus
(HIV), which was originally identified in 1981. HIV weakens the immune system by attack-
ing cells(CD4+ T-cells) which play an important role in protecting the host from pathogens
(Maartens, Gary et al., 2014). Once HIV destroys these cells, it becomes even more difficult for
the body to fight off other infections. In other words, affected individuals become increasingly
vulnerable to many normally harmless microorganisms, eventually leading to severe morbidity
and mortality. Not only does HIV attack CD4+ T-cells, but it also uses these cells to multiply the
virus (Pan, Xiaoyu et al., 2013). With the advancement of HIV, the infection is usually called
AIDS.

HIV is transmitted primarily via unprotected sexual intercourse, contaminated blood transfu-
sions, hypodermic needles, and from mother to child during pregnancy, delivery, or breastfeed-
ing (Morison, 2001). Heterosexual transmission remains the dominant mode of transmission and
accounts for about 85% of all HIV infections (Simon, Viviana et al., 2006). HIV transmission
depends on the infectiousness of the infected partner; higher viral loads during later stages of
the disease associated with an increased probability of transmission (Centers for Disease Control
and Prevention and others, 2018).

Over the past four decades, HIV/AIDS has emerged as one of the greatest single causes of
death and suffering worldwide. A systematic analysis of the global burden of diseases study
conducted in Vos, Theo et al. (2020) showed that HIV/AIDS was the eleventh leading cause of
the global burden of diseases in 2019. HIV/AIDS is the ninth and second leading cause for the
global burden of diseases in the age groups 10–24 and 25–49, respectively. This result shows
HIV/AIDS remains a challenge to be confronted for people around the world. WHO global
HIV program recognizes HIV as a major global public health issue, having claimed almost 36.3
million(27.2–47.8 million) lives so far (WHO, 2021c). According to this program estimates, in
2020, 37.7 million (30.2–45.1 million) people were living with HIV, 1.5 million(1–2 million)
had become newly infected over the previous year, and 800000(480000–1 million) people died
from HIV-related causes globally. Moreover, based on the number of PLHIV, the WHO global
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HIV program estimate placed Africa region at the forefront with contributing more than two-
thirds, 25.4 million(20.7 - 30.3 million) people, which also accounted for almost 60% (880000)
of the global new HIV infections and 460000(320000 - 680000) deaths from HIV-related causes.

Even if HIV/AIDS is not permanently curable, the main methods used to fight are preventive
mechanisms (which include: abstinence, faithfulness and protection) which mainly rely on the
level of behavioral change in the population, and providing Antiretroviral Therapy (ART) for
those infected (Maartens, Gary et al., 2014). ART treatment improves health, prolongs life, and
substantially reduces the risk of HIV transmission (Centers for Disease Control and Prevention
and others, 2018). Although ART treatment significantly improves health outcomes for PLHIV,
the co-infection of tuberculosis (TB) can pose a significant threat to their survival. TB, a leading
cause of death among PLHIV (Sharma, 2024), can accelerate disease progression and increase
the risk of mortality, even in those receiving effective ART. The COVID-19 pandemic has further
complicated this issue because it can intensify the symptoms of TB and HIV (Daniel Eike et al.,
2022; Gupta Parakriti et al., 2024), making it more difficult to manage these infections.

1.1.3 Tuberculosis (TB)

Tuberculosis (TB) is caused by Mycobacterium tuberculosis, which spreads through airborne
droplets when an infected person coughs, sneezes, or speaks. TB primarily affects the lungs but
can also target other body parts, such as the kidneys, spine, and brain. Factors that increase
susceptibility to TB include weakened immune systems, with HIV co-infection being the most
prominent. People living with HIV are at a significantly higher risk of developing active TB due
to their compromised immune defenses. Other risk factors include malnutrition, which weakens
the body’s immune response, and chronic conditions like diabetes, which increase vulnerability
to TB infections WHO (2024c).

TB remains one of the deadliest infectious diseases worldwide. According to the World
Health Organization (WHO), approximately 10.6 million people fell ill with tuberculosis (TB)
worldwide and 1.3 million people died from TB in 2022, including 167,000 PLHIV WHO
(2024c). Early detection and treatment, infection control, and vaccination are key to TB pre-
vention. Screening high-risk individuals, providing quality healthcare, and promoting hygiene
in healthcare settings and communities are also crucial.

1.1.4 Co-infections Involving COVID-19, HIV and TB

In addition to its various effects, the emergence of COVID-19 presents additional challenges
for patients with underlying medical disorders. This occurs because individuals with underlying
medical issues are more susceptible to COVID-19. There is evidence in several publications that
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people with underlying medical conditions may be infected with COVID-19 (Ejaz, Hasan et al.,
2020; Elezkurtaj, Sefer et al., 2021; Gatechompol, Sivaporn et al., 2021; González-Domenech
et al., 2021a; Kanwugu, Osman N. and Adadi, Parise, 2021; Mirzaei, Hossein et al., 2021;
Ssentongo, Paddy et al., 2021; Tolossa, Tadesse et al., 2021). In particular, individuals with
comorbidities such as hypertension, diabetes, obesity, chronic obstructive pulmonary disease
(COPD), asthma, cardiovascular diseases (CVD), liver diseases, malignancy, HIV, tuberculosis
(TB), and renal diseases are at higher risk of developing SARS-CoV-2 infection (Ejaz, Hasan et
al., 2020).

COVID-19 among people living with HIV

A new WHO report confirmed that HIV infection is was a significant independent risk factor
for both severe/critical COVID-19 presentation at hospital admission and in-hospital mortality
(WHO, 2021a). Recently, 5th August 2021, the WHO press release warned that HIV infection
increases the risk of severe and critical COVID-19 (WHO, 2021b). They advertise as they are
becoming more aware, and following the data it has been confirmed that PLHIV has an increased
risk for severe COVID as well as hospitalizations. That is, once hospitalized, patients have a
30% increased risk of death. As of April 29, 2021, 24 countries had contributed clinical data
on people PLHIV to the WHO Global COVID-19 Clinical Data Platform (WHO, 2021a). This
global sample showed that 9.2% (15522 / 168649) of cases hospitalized with expected or proven
COVID-19 were HIV positive, and 96.1% (14914/15522) of the PLHIV included in the analysis
were from the WHO African region, with 94.6% (14682/15522) of cases reported from South
Africa alone. From the global sample, the prevalence of HIV was identified to be a significant
independent risk factor for severe or critical COVID-19 at hospitalization and in-hospital death.

Suwanwongse, Kulachanya and Shabarek, Nehad (2020) found that HIV/AIDS and COVID-
19 co-infected individuals with a significantly lower CD4+ T cell count had a much greater
mortality rate (7 out of 9 patients) than COVID-19 patients without HIV. T lymphocytes were
responsible primarily for the functions of antibody production (LeBien, T. W. and Tedder, T.
F., 2008). Recent evidence reported in González-Domenech et al. (2021a); Yang, Rongrong et
al. (2021) and Squillace, Nicola et al. (2021) shows that the lymphocyte counts of patients with
COVID-19 and HIV co-infection were lower than those of the COVID-19 patients without HIV
infection. This information raises speculation that the low level of CD4+ T lymphocyte counts in
the HIV co-infection group might be one of the reasons for the relatively weak ability to produce
antibodies (Yang, Rongrong et al., 2021), which have consistently emerged as a risk factor for
severe COVID-19 and HIV/AIDS co-infection.
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Limited information is available regarding the treatment and outcome of SARS-CoV-2 infec-
tion among PLHIV (Gatechompol, Sivaporn et al., 2021). The WHO recommends that PLHIV
should be a recognized priority category in the national COVID-19 vaccination policy, regard-
less of their CD4 count, because they appear to be at a higher risk of severe outcomes and death
from COVID-19 compared to other people (WHO, 2021b). However, making these vaccines
available to people around the world remains a challenge for the globe. Limited access to vac-
cines in low- and middle-income nations, particularly in Africa, where HIV is most prevalent,
can be regarded as an indicator of challenges in vaccine distribution.

COVID-19 among peoples co-infected with HIV and TB

COVID-19 co-infection with HIV and TB is widespread, and patients with these infections
have a greater risk of fatality than those without co-infection cases (Mishra, Ajay et al., 2020;
Song, Wan-mei et al., 2021). The TB/COVID-19 Global Study Group’s research details the
impact of COVID-19 and TB co-infection (Group, 2022). Based on data from 34 countries, the
study concluded that TB and COVID-19 are a “cursed duet” and require immediate attention.
Furthermore, this suggests TB should be considered a risk factor for severe COVID-19 disease.
In relation to individuals living with HIV/AIDS, viremia was significantly associated with the
severity of COVID-19, and a CD4 T cell count of < 200 cells/mm3 was a significant risk factor
for severe COVID-19 (WHO, 2021a).

People infected with three different diseases, including the recently identified COVID-19,
are expected to occur as co-infection cases are apparent. A number of studies have demon-
strated that triple infections with COVID-19 are becoming more common (González-Domenech
et al., 2021b; Guido, Giacomo et al., 2023; Kuate, Marius et al., 2022; Mishina et al., 2021;
Rivas, Neyla et al., 2020; Tolossa, Tadesse et al., 2021; Zein, Abdulrahman R. et al., 2022).
In particular, the authors in González-Domenech et al. (2021b); Guido, Giacomo et al. (2023);
Kuate, Marius et al. (2022); Rivas, Neyla et al. (2020); Tolossa, Tadesse et al. (2021); Zein,
Abdulrahman R. et al. (2022) present the triple infection cases of three diseases: HIV, TB, and
COVID-19. This implies, when studying the intersection of HIV and COVID-19, it is crucial
to also consider TB for several key reasons: high rates of HIV/TB co-infection, especially in
Sub-Saharan African countries; increased susceptibility to COVID-19; increased risk of severe
COVID-19 and mortality (Aniefiok John et al., 2023; Jacques Tamuzi et al., 2020).

By 2019, over one-third of individuals with HIV had also been diagnosed with TB, high-
lighting the significant overlap between these two diseases (Gelaw, Yalemzewod Assefa et al.,
2019; World Health Organization, 2024d; Zeru, 2021). A patient diagnosed with three infec-
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tions at the same time can create a complicated situation for clinical management and treatment.
Individually, the risks of these infections are high; when they come together, the consequences
can be even more dire (Jacques Tamuzi et al., 2020). This highlights the need to investigate the
triple infection dynamics of COVID-19, TB, and HIV and devise diverse interventions.

1.1.5 The Role of Mathematical Modeling

COVID-19 disease propagation rules and predictions necessitate theoretical, quantitative,
and simulation investigation. The investigation is intrinsically linked to a mathematical model
developed for infectious diseases. Mathematical models have been a useful tool for providing
various reasons for disease dynamics and designing practical control strategies. They often in-
corporate two types of control strategies: constant in time and variable in time. Control strategies
that are constant in time are modeled using a constant parameter, and the goal is to determine
the best parameter value for a given performance measure. Control strategies that vary in time,
on the other hand, are modeled by including intervention strategies as a function of time to
determine the optimum function for a given performance measure.

The mathematical theory used to derive optimal control strategies that vary in time is referred
to as optimal control theory (Martcheva, 2015). Pontryagin and his collaborators have been
well known in developing optimal control theory for ordinary differential equations (Pontryagin,
1987). The work of Pontryagin is characterized by introducing the adjoint function to attach
the differential equation to the objective functional, which is an integral expression developed
with terms of the state and control variables (Lenhart, S. and Workman, J. T., 2007). Now a
days, optimal control theory has become an important tool because it allows the integration
of more realistic control strategies in modeling the dynamics of infectious disease. Omame,
Andrew et al. (2020); Tilahun (2019) and Omame, A. and Okuonghae, D. (2021), among others,
incorporate both time-dependent and time-independent controls to describe the co-dynamics of
diseases and suggest various techniques to mitigate the impact of co-infection on the host’s
health and the spread of diseases in society.

A cost-effectiveness analysis of the intervention strategy is another benefit of modeling stud-
ies that are usually conducted in studies that incorporate time-dependent control strategies. The
results of a cost-effectiveness analysis can be particularly useful for identifying efficient strate-
gies when resources are limited. In addition to other important findings, this dissertation presents
concrete results for mitigating COVID-19 and HIV/AIDS co-infection through a mathematical
modeling study that incorporates time-dependent control strategies and assesses their efficiency.
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1.2 Statement of the Problem

The emergence of HIV in the late 20th century marked a pivotal moment in the realm of
infectious diseases. The early years of the epidemic were characterized by a lack of under-
standing regarding transmission, prevention, and treatment, which exacerbated the crisis. By
the late 1990s, antiretroviral therapy (ART) had transformed HIV from a terminal illness into a
manageable chronic condition, significantly improving life expectancy and reducing new infec-
tions in some regions (Tseng, Alice et al., 2015). Despite advancements in HIV treatment, 15
million people still lack access to ART , posing risks to their immune systems and maintaining
HIV’s status as a global health concern. According to the World Health Organization, approx-
imately 39.9 million people were living with HIV in 2019, and 630000 million people died of
HIV (WHO, 2023). TB is a leading cause of mortality among PLHIV, contributing significantly
to AIDS-related deaths. In addition, it is estimated that 1. 3 million new HIV infections were
reported in the same year. Africa continues to bear the brunt of the epidemic, accounting for
nearly two-thirds of all people living with HIV (WHO, 2023). In the Sub-Saharan region, the
average prevalence of HIV among adults is estimated at 10%, highlighting the urgent need for
targeted interventions.

The COVID-19 pandemic, which emerged in late 2019, had a profound global impact, lead-
ing the World Health Organization (WHO) to declare it a Public Health Emergency of Interna-
tional Concern in early 2020 (WHO, 2024b). The virus spread swiftly, overwhelming health-
care systems and resulting in millions of deaths worldwide. In response, countries implemented
lockdowns and various measures to curb transmission, while global collaboration fostered the
development of vaccines that substantially decreased both cases and mortality rates. By 2023,
the WHO announced the end of the global health emergency, marking a significant milestone
in the battle against COVID-19 (WHO, 2024b). However, the virus continues to pose a pub-
lic health challenge, with millions of new infections and thousands of deaths still reported in
2024 (WHO, 2024b). The ongoing presence of COVID-19 cases highlights the necessity for
continued vigilance and effective public health strategies.

COVID-19 presents a heightened risk for PLHIV, particularly those with low CD4 counts
or untreated HIV (Suwanwongse, Kulachanya and Shabarek, Nehad, 2020). Recent studies
have examined various aspects of COVID-19 within this population, including its incidence and
severity. One study found that among 4,134 PLHIV, 342 tested positive for COVID-19 (Yuni-
hastuti, Evy et al., 2022). Global data from the WHO, encompassing nearly 350,000 patients
across 38 countries, revealed that PLHIV are at increased risk of experiencing severe illness and
death from COVID-19 (Bertagnolio, Silvia et al., 2022). The findings indicate that PLHIV face
a 38% higher risk of severe or fatal outcomes compared with individuals without HIV. Further-
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more, comorbidities and co-infections — such as tuberculosis (TB), which are prevalent among
PLHIV— intensify the severity of COVID-19. The overlapping challenges posed by HIV, TB,
and COVID-19 highlight the need for a comprehensive public health strategy that integrates
treatment and prevention efforts, including combining HIV care with COVID-19 vaccination
initiatives (UNAIDS, 2024).

Significant challenges exist in COVID-19 vaccination among PLHIV, especially in regions
with high HIV prevalence like Sub-Saharan Africa, primarily due to vaccine hesitancy and so-
cioeconomic barriers. Govere-Hwenje, Sabina et al. (2022) emphasize the importance of thor-
oughly understanding vaccine acceptance within vulnerable populations, noting that hesitancy
can compromise the success of vaccination campaigns. These findings highlight the urgent need
for comprehensive strategies to overcome barriers to COVID-19 vaccine uptake among PLHIV.

Mathematical models of disease transmission can be valuable tools for predicting future out-
breaks and informing precautionary measures, helping to protect vulnerable populations and
maximize the number of lives saved. Several works have been published on the dynamics of
COVID-19 and HIV co-infection that include different control strategies. The problem ad-
dressed by this dissertation revolves around the complex dynamics of co-infections involving
COVID-19 and HIV, focusing on populations with advanced stages of HIV and those undergo-
ing antiretroviral therapy (ART). Moreover, it examines the impact of vaccination behaviors and
the prevalence of tuberculosis (TB) in PLHIV.

The existing models on co-infection dynamics, (Belela Samuel Kotola et al., 2023; Naing-
golan, Jonner et al., 2023; Notice, Ringa et al., 2022; Otoo, Dominic et al., 2024; Teklu, S.
W. and Kotola, B. S., 2023), often neglect critical factors such as reinfection, vaccination be-
havior including waning immunity, the role of HIV treatment(ART) in co-infection, and the
cost-effectiveness of intervention strategies. Additionally, to our knowledge, no research has
addressed the dynamics of triple infections involving COVID-19, HIV, and TB. The disserta-
tion fills these gaps by developing new compartmental models that capture reinfection dynam-
ics, vaccination behavior, and the cost-effectiveness of interventions. These models determine
optimal strategies for reducing the burden of co-infections in resource-limited settings and to
mitigate the heightened risk of mortality among co-infected individuals.

1.3 Objectives of the Study

1.3.1 General Objective

To develop and analyze a mathematical model that captures the co-dynamics of COVID-19,
HIV, and TB, focusing on optimal control strategies, cost-effectiveness, and the influence of
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vaccination behavior on disease transmission and outcomes.

1.3.2 Specific Objectives

The specific objectives of this study are to:

1. formulate a mathematical model for the co-dynamics of COVID-19 and HIV/AIDS.

2. investigate the epidemiological impact of COVID-19 and HIV/AIDS co-infection.

3. develop optimal control model for COVID-19 and HIV/AIDS co-infection.

4. evaluate the cost-effectiveness of control strategies for COVID-19 and HIV/AIDS co-
infection.

5. develop a model for the co-dynamics of COVID-19, HIV, and TB with vaccination behav-
ior.

6. assess the impact of vaccination behavior on the transmission dynamics of COVID-19,
HIV and TB.

1.4 Significance of the Study

Analyzing the co-infection dynamics of COVID-19, HIV and TB diseases is essential for
creating targeted interventions and improving public health strategies. By understanding how
these diseases interact, we can identify risk factors and effective prevention measures, ultimately
guiding resource allocation in combating all three diseases simultaneously. As a result, the
dissertation makes a significant contribution to:

a) all those who want to know about the co-dynamics of COVID-19 HIV/AIDS and TB and
their control strategies.

b) all who want to use analysis techniques in the field of epidemiology and control infectious
diseases in medical field.

c) researchers who want the experience of using modern qualitative and quantitative ap-
proaches to investigate the dynamics of infectious disease.

d) mathematicians who want to conduct further studies on biological backgrounds and apply
them to constructing construction of new-mathematical modeling.

e) policymakers and disease control agencies who want to set appropriate goals to evaluate
the performance of infection-control plans.
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1.5 Delimitation of the Study

Despite numerous global challenges, the dual threat of COVID-19, HIV/ AIDS and TB re-
mains among the most critical. Therefore, our research focused on the co-dynamics of COVID-
19, HIV/AIDS and TB diseases. This dissertation primarily considers deterministic models
that use differential equations to model the distribution of infectious diseases in a populations.
Moreover, Ethiopia is a country with a high prevalence of HIV/AIDS and TB cases; this, it is
considered a valuable data source for calibrating the model, understanding disease dynamics,
and evaluating intervention strategies.

1.6 The Organization of the Dissertation

Chapter 1 describes the biological background of COVID-19, HIV, and TB, and describes
the role of mathematical models in epidemiology. The statement of the problem, objectives,
significance of the study, delimitation and limitations of the dissertation are laid out and the
introductory chapter is concluded with a description of the structure of the dissertation.

Chapter 2 comprises a literature review on the mathematical modeling of COVID-19, COVID-
19 and HIV, and COVID-19 and TB co-infections.

Chapter 3 provides methodologies implemented in the research. Some mathematical tools
that are used throughout the rest of this dissertation are highlighted. Methods of data collection
and mathematical procedures are also presented.

Chapter 4 presents an in-depth analysis of the co-infection dynamics between COVID-19
and HIV/AIDS. It includes a stability analysis of the model, alongside a bifurcation analysis.
Additionally, simulations are provided to validate the analytical findings and illustrate the influ-
ence of various model parameters.

Chapter 5 presents Optimal Control Strategies for HIV and COVID-19 Co-infection with a
cost-effectiveness analysis. We solve the control problem analytically and run some numerical
simulations to illustrate the behavior of the solution and identify the most economical prevention
strategy.

In Chapter 6, a model is developed to explore the co-dynamics of COVID-19, HIV, and
TB, taking into account information-dependent vaccination behavior and waning immunity. The
qualitative behaviors of the model are thoroughly examined, shedding light on the role of various
parameters, including key behavioral factors.

In the final chapter, Chapter 7, we summarize the dissertation work, present our conclusions,
provide recommendations based on the main results, and outline future work.
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CHAPTER 2

LITERATURE REVIEW

The earliest attempts to understand disease spread date back to the 18th century, with pio-
neers like Daniel Bernoulli (1760), who used mathematical principles to model the spread of
smallpox and demonstrated the benefits of variolation or inoculation. In 1766, he published
what is now considered the first epidemiological model (Martcheva, 2015). His work laid the
groundwork for the mathematical analysis of disease transmission, although the field remained
largely dormant until the early 20th century.

The modern era of epidemic modeling began in 1927 with the development of the SIR
(Susceptible-Infectious-Recovered) model by William Kermack and Anderson McKendrick.
Their compartmental model introduced the concept of dividing the population into groups based
on disease status and using differential equations to describe transitions between these groups
(William Ogilvie Kermack and À. G. Mckendrick, 1927). This model provided key insights
into how infectious diseases spread and established the mathematical foundations of epidemic
modeling. They have found a threshold for the invasion and persistence of disease in the popu-
lation, which is now almost universally denoted by R0. Throughout the 20th century, the field
expanded to include more complex models that accounted for factors like birth and death rates,
latent periods, and heterogeneous populations. The advent of computers in the mid-20th century
allowed researchers to simulate more complex models, such as malaria and HIV.

In the 21st century, epidemic modeling has become a critical tool for public health planning,
especially during outbreaks of diseases like SARS, Swine Flu(H1N1), Ebola, and most recently,
COVID-19. With advances in data availability, computational power, and understanding of
disease biology, models now incorporate detailed population dynamics, vaccination strategies,
and interventions. Epidemic modeling continues to evolve, with a growing emphasis on co-
infection models, real-time prediction, and data-driven approaches to better inform public health
responses.

2.1 Mathematical Models of HIV

Over the past three decades, there has been persistent research into controlling the transmis-
sion of HIV through numerous mathematical studies. Recent mathematical models of HIV have
delved into different aspects of infection dynamics and treatment strategies. In a recent work,
Abiodun, Oluwakemi et al. (2023) proposed a mathematical model to study the effects of coun-
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seling and screening of unaware infective on the transmission dynamics of HIV/AIDS in the
presence of highly active antiretroviral therapy (HAART). They extend the model to an optimal
control problem to include various intervention techniques. The optimal control problem is nu-
merically analyzed using an iterative method – forward-backwards sweep Runge-Kutta fourth-
order numerical approximation methodology. The numerical simulation findings reveal that the
most efficient strategy to limit HIV infection is to use the optimal combination of condoms on
susceptible and on infection transmission rate, counseling and testing on unaware infective, and
treatment on aware HIV/AIDS infective.

Xue, Ling et al. (2023) establishes a compartmental model to analyze HIV transmission
dynamics and control strategies in China with the goal of meeting the United Nations’ 90-90-
90 goals by 2030. The study demonstrates the existence and stability of both disease-free and
endemic equilibria, indicating the potential for controlling HIV spread. The research also in-
cludes the development of an optimal control model to show that the proposed strategies can
effectively eradicate AIDS by 2030. These strategies encompass measures such as screening for
latent individuals and enhancing education for those unaware of their infection status. The anal-
ysis reveals that the combination of screening and education is the most cost-effective control
strategy. These findings offer guidance for implementing effective mitigation strategies, which
are crucial for achieving the goals set by the Joint United Nations Preprogram on HIV/AIDS.
The results highlight the importance of strategic planning and resource allocation in combating
HIV in China.

In their work, Ajao, Saheed et al. (2023) presents a mathematical model to analyze the trans-
mission dynamics and control of HIV infection, addressing challenges such as access to ART
due to various societal issues. The study demonstrates that the disease-free equilibrium is glob-
ally asymptotically stable when the reproduction number is less than one. Conversely, a unique
endemic equilibrium exists when this number exceeds one, indicating the potential for sustained
HIV transmission. The model exhibits forward bifurcation, which is crucial for understanding
how small changes in parameters can lead to significant shifts in disease dynamics. The model
is calibrated using data on HIV/AIDS prevalence in Nigeria from 1990 to 2019, showing that
it accurately represents real-world scenarios. Their numerical simulation results show that the
fraction of detected individuals remaining in treatment significantly influences the population
dynamics of latently infected individuals and those progressing to AIDS, highlighting the im-
portance of effective treatment strategies.

In Zviiteyi Chazuka et al. (2024), a novel mathematical model was introduced to analyze
HIV transmission dynamics, incorporating control strategies such as preexposure prophylaxis
(PrEP), condom use, and antiretroviral treatment. The study established the model’s basic prop-
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erties and computed the reproduction number, indicating the potential for HIV transmission
without control measures. Sensitivity analysis highlighted the importance of optimal control
strategies, leading to the formulation of an optimal control model that effectively captures the
dynamics of HIV transmission. The researchers utilized demographic and epidemiological data
from South Africa to conduct numerical simulations and demonstrate significant community-
level benefits from implementing a combination of control measures. Their findings suggest that
implementing a combination of preexposure prophylaxis (PrEP), condom use, and antiretroviral
treatment strategies can lead to significant community-level benefits, indicating that a multi-
faceted approach may be more cost-effective than relying on a single strategy alone.

2.2 Mathematical Models of TB

Recent mathematical models on tuberculosis (TB) have provided insights into both its trans-
mission dynamics and intervention strategies. For instance, Kitaro, Damtew et al (2023) pro-
posed a mathematical model to investigate how chemoprophylaxis treatment affects the trans-
mission of tuberculosis, particularly with a focus on drug-resistant strains. This model includes
chemoprophylaxis for latent TB infections, emphasizing that early treatment is vital for pre-
venting the progression to active TB. The study highlights the importance of optimizing both
preventive and therapeutic strategies to reduce TB incidence, especially in areas with a high
prevalence of latent TB.

Olayiwola, M. O. and Adedokun, K. A. (2023) utilized a novel SEITR mathematical model
to investigate the impact of treatment on physical limitations in tuberculosis. The model un-
derwent qualitative analysis to validate key aspects. The findings underscore the importance
of fractional-order analysis in understanding the effectiveness of treatment strategies aimed at
reducing tuberculosis prevalence. The study indicates that the time fractional dynamics of TB
treatment are closely linked to its efficacy. The conceptual results reveal that non-local interac-
tions between the disease and the treatment could provide more effective methods for eradicating
tuberculosis in real-world situations.

Eka D.A.Ginting et al. (2024) explores the influence of treatment failure on tuberculosis
control strategies, incorporating vaccination interventions through a deterministic compartmen-
tal epi- demiological model. The findings emphasize that the efficacy of vaccination is crucial,
with higher quality and longer-lasting vaccines producing more significant effects. Moreover,
while reinfection may not directly influence the reproduction number, it plays a pivotal role in
determining whether tuberculosis persists or is eradicated. This study highlights the intricate
interplay of factors in tuberculosis control strategies, offering vital insights for effective inter-
ventions and policy development.
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These models play a vital role in understanding both the biological processes and epidemio-
logical dynamics of TB, providing insights for more effective interventions.

2.3 Mathematical Models of COVID-19

Many researchers have proposed and analyze SEIR (Susceptible - Exposed - Infected - Re-
covered) type models with little variations to describe the dynamics of the COVID-19 outbreak
as time progresses and investigate the effect of applying different strategies to control the dis-
ease (Getachew B. B. and Eshetu D. G., 2021; Mwalili, Samuel et al., 2020; Ndairou, Faical et
al., 2020; Pal, D. et al., 2020; Prem, Kiesha et al., 2020; Yang, C. and Wang, J., 2020; Yavuz,
Mehmet et al., 2021). These models used different compartmental structures to model the var-
ious aspects of COVID-19 dynamics. They were created with the intent of simulating the dy-
namics of infection in certain nations or regions based on the severity of the epidemic in such
countries.

For instance, Pal, D. et al. (2020) constructed a mathematical model of COVID-19 trans-
mission based on the SEIR model with a hospital-quarantined group. The SEIR model results
by Prem, Kiesha et al. (2020) showed that the rapidity transmission of COVID-19 has been re-
duced due to the complete lock-down of the city for about two months until late April 2020.
Ndairou, Faical et al. (2020) formulated a compartmental mathematical model for the spread
of the COVID-19 disease with special focus on the admissibility of a super-spreader individ-
ual. Getachew B. B. and Eshetu D. G. (2021) proposed a model that takes into account the
impact of quarantine and the presence of an asymptomatic population, while also integrating a
time-independent control strategy. The authors argued that optimal control measures can effec-
tively decrease the number of exposed, asymptomatic infective, and quarantined individuals by
focusing on preventing the spread within the susceptible population.

The paper by Mumbu, A. J. and Hugo, A. K. (2020) proposed a mathematical model for
studying its transmission dynamics in the presence of face mask-wearing and hospitalization
services of the human population in Tanzania. They formulated and analyzed a mathematical
model for COVID-19 transmission between humans with the Susceptible-Masked-Unmasked-
Exposed-Infected-Hospitalized-Recovered (SMUEIHR) compartments for analyzing the signif-
icance of wearing masks and hospitalizing the detected infectious as preventive and supportive
measures in reducing transmission rate to the susceptible group. They obtain R0 = 0.698 in the
presence of face masks wearing and medication services or hospitalization as a preventive mea-
sure for its transmission, whereas R0 = 3.8 in their absence. That is, they proved the necessity
of face masks wearing and hospitalization services to COVID-19 patients to contain the disease
spread to the population.
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Further, Ali, Mohsin et al. (2020) formulated a mathematical model that incorporates the
role of asymptomatic individuals as well as the effects of quarantine and isolation of different
population groups. They analyzed the model to suggest strategies for effective control of the
epidemic. Their analysis showed that a high rate of quarantine along with isolation of infected
individuals is needed to control the disease, which lends support to the lock-down measures
adopted across the globe to help combat the outbreak.

Aldila, Dipo et al. (2020) showed how the estimated parameter from the incidence data in
Jakarta might exhibit a backward bifurcation when the quality and size of the patients handled
in the hospital getting worse. Oluyori, D. A. and Adebayo, H. O. (2020) proposed a model
that take saturation effect both in the incidence and treatment rate in to account and shows that
the effectiveness of the treatment response applied determines whether an endemic situation
is imminent within the population. Moreover, the results for model show that the limitation
of medical resources alone can be a cause for bi-stability behavior and backward bifurcation,
similarly to what was studied in Mohd, M. H. and Sulayman, F. (2020).

A mathematical model proposed by Kassa, Semu M et al. (2020) takes the human learning
behavior and the involvement in self-protective measures against an infectious disease into ac-
count. The proposed model works on adding new compartment Se, representing the cohort of
individuals who are involved in a self-protective action against the infection into the usual SEIR
model and behavior change function(e) which is described as a function of the prevalence λ(t)

of the disease. The model analysis has showed that the asymptomatic infectious group of indi-
viduals may play a major role in the re-emergence of the disease in the future. Therefore, it is
recommended that in the absence of vaccination, countries need to develop capacities to detect
and isolate at least 30% of the asymptomatic infectious group of individuals while treating in
isolation at least 50% of symptomatic patients to control the disease.

In Bo Yang et al. (2022), a mathematical model is developed to assess the impact of vaccina-
tion on COVID-19 transmission, emphasizing the critical role of the reproduction number, R0,
in understanding disease dynamics. The study identifies conditions for the existence of endemic
equilibria, demonstrating that two equilibria can occur even when R0 is less than one, leading
to backward bifurcation, where COVID-19 can persist. Stability analysis and simulations show
that increasing vaccine efficacy and vaccination rates can reduce infection peaks and delay their
timing. However, the study emphasizes that vaccination alone is insufficient for rapid control,
highlighting the need for a combined strategy of vaccination and non-pharmaceutical interven-
tions, such as reducing contact rates and isolating infected individuals, for effective COVID-19
management.

Waheed, Ahmad et al. (2021) introduce a nonlinear model that incorporates vaccinated in-
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dividuals to analyze COVID-19 transmission dynamics. They establish the existence, unique-
ness, boundedness, and positivity of the model’s solutions and derive a threshold parameter that
governs the pandemic’s progression. The application of LaSalle’s invariance principle confirm
the global stability of the model’s equilibria. Numerical simulations using the Runge-Kutta
and Non-Standard Finite Difference methods validate these theoretical findings. Their results
highlight that widespread vaccination, particularly through mandatory measures, is crucial for
achieving faster eradication of COVID-19 and underscore the role of public awareness.

2.4 Co-infection Models Involving HIV and TB

Numerous mathematical modeling studies have been carried out to understand the transmis-
sion dynamics of co-infections in HIV/AIDS. For instance, Awoke, Temesgen D. and Kassa,
Semu M. (2018), Mayanja, Edison et al. (2020) and Melese, Z. T. and Alemneh, H. T. (2021)
are some of the recent works that have been used to investigate the dynamics of co-infections in
HIV/AIDS.

A TB-HIV/AIDS co-infection model that incorporates prevalence-dependent behavior change
in the population and treatment for the infected (and infectious) class is formulated and analyzed
by Awoke, Temesgen D. and Kassa, Semu M. (2018). The model has been mathematically an-
alyzed both for the subsystem corresponding to the cases that each disease type is isolated and
in the case when there is co-infection. An optimal control model that minimizes the aggregate
cost of the infections is also included. The model considers both intervention categories, preven-
tive as well as treatment, and numerical simulations are presented. In the analysis, it has been
indicated that the effect of prevention as well as treating the infected ones with the available
pharmaceutical means affects significantly the optimal control strategy and its outcome.

Mayanja, Edison et al. (2020) formulated and analyzed a mathematical model for the HIV-
Hepatitis C Virus (HCV) co-infection dynamics in the absence of therapy. They carried out a
sensitivity analysis to determine the relative importance of the different parameters influenc-
ing the HIV-HCV co-infection dynamics. Their findings reveal that, in the long run, there is a
substantial number of individuals co-infected with HIV and latent HCV. Therefore, they recom-
mend that HIV and latently HCV-infected individuals need to seek early treatment to slow down
the progression of HIV to AIDS and latent HCV to advanced HCV.

The study by Melese, Z. T. and Alemneh, H. T. (2021) presented a transmission dynamics
model for visceral leishmaniasis(VL)-HIV co-infection, using numerical experiments to assess
the impact of key parameters on the spread and control of the diseases. Their findings high-
light that increasing the VL recovery rate(φ1) and the recovery rate for VL-HIV co-infection(φ2)
are crucial in reducing the number of infectious individuals. Additionally, reducing the reservoir
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population(c1) and the contact rate(βh) significantly decreases the number of infected reservoirs,
sand flies, and co-infected populations. They recommend that stakeholders prioritize these pa-
rameters with targeted prevention strategies to curb the spread of VL, HIV, and co-infection
within the community.

2.5 COVID-19 and TB Co-infection Models

The occurrence of coinfections between COVID-19 and TB necessitates modeling studies
aimed at identifying effective mitigation strategies for these diseases. For instance, Kassahun,
G. M. and Legesse, L. O. (2022) developed a co-infection model for TB and COVID-19 that
categorizes the population into seven compartments. An in-depth analysis was conducted to en-
sure the mathematical and biological soundness of the model. To facilitate further analysis, the
co-infection model is divided into submodels for COVID-19 and TB. The reproduction num-
bers for each sub-model, denoted as RC

0 and RT
0 , were computed to investigate the stability of

the model’s equilibria. The stability analysis of the submodels indicates that both the disease-
free and endemic equilibria are locally and globally stable when RC

0 < 1 and RT
0 < 1, and when

RC
0 > 1 and RT

0 > 1, respectively. However, after calculating the reproduction number R0 for
the full model, the stability analysis reveals that the TB-COVID-19 free equilibrium is not glob-
ally asymptotically stable when R0 < 1, suggesting the possibility of backward bifurcation. In
addition to verifying analytical results, numerical simulations were performed to examine the
influence of different parameters on the transmission dynamics of these diseases. The findings
from the numerical simulations demonstrate that a significant reduction in contact rates, coupled
with an increase in treatment, can effectively minimize the spread of the TB and COVID-19 co-
infection.

Bandekar & Ghosh (2022) developed a TB-COVID-19 model that considers waning immu-
nity for both diseases. The study includes stability and bifurcation analyses for the TB-only,
COVID-19-only, and combined models, examining the effects of infection rates, waning immu-
nity, and mask effectiveness on disease prevalence. A sensitivity analysis using a normalized
forward sensitivity index and LHS-PRCC method highlights key parameters influencing disease
spread. The research presents optimal control strategies for timely TB treatment and enhanced
COVID-19 testing and isolation. The findings stress the importance of various control measures
for effective disease management and emphasize that continued treatment for other conditions
during a pandemic is crucial to prevent co-infection-related mortality and ensure timely care.

Kifle, Z. S. and Obsu, L. L. (2023) developed a mathematical model that effectively captures
the dynamics of COVID-19 and TB co-infection, including exogenous reinfection. Their analy-
sis revealed that the TB sub-model can experience backward bifurcation, indicating that simply
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reducing R0 may not be sufficient to eliminate TB from the community. They demonstrated
that the equilibria of the full TB-COVID-19 model are locally asymptotically stable, but not
globally stable due to the potential for backward bifurcation. The incorporation of exogenous
reinfection into the model was shown to significantly impact the dynamics, allowing for the
possibility of disease persistence even when R0 is below one. They employed numerical sim-
ulations to demonstrate the effectiveness of optimal control strategies in reducing the disease
burden, highlighting the importance of vaccination and treatment in managing co-infections.
Their results emphasized the necessity for integrated health interventions to effectively control
both COVID-19 and TB, as the dynamics of these diseases are interconnected and complex.

2.6 COVID-19 and HIV Co-infection Models

Recent mathematical modeling studies have explored the co-dynamics of COVID-19 and
HIV, revealing important insights for public health strategies. Notice, Ringa et al. (2022) pro-
posed a new mathematical model to assess the impact of COVID-19 on HIV/AIDS and vice
versa. The model highlights the complexities of their interactions and the impact of various pre-
vention and treatment strategies. They computed the reproduction number and used it to prove
the local and global asymptotic stability of the sub-models’ disease-free and endemic equilibria.
Additionally, the model was fitted to a real COVID-19 dataset from South Africa. The work
also incorporated time-dependent controls representing intervention measures such as COVID-
19 and HIV prevention interventions, as well as COVID-19 treatment. The results suggest that
HIV prevention measures can significantly reduce the burden of co-infections with COVID-
19. Furthermore, the study highlighted that effective COVID-19 treatment could enhance the
immune response in co-infected individuals, thereby reducing the incidence of opportunistic
infections such as HIV/AIDS.

The authors in Ahmed. M. Elaiw et al. (2022) proposed a within-host SARS-CoV-2/HIV
co-infection model consisting of eight ordinary differential equations. They demonstrated that
when SARS-CoV-2/HIV co-infected patients have weak CD4+ T-cell immunity, there is in-
creased production of productively infected epithelial cells and SARS-CoV-2 particles. This
heightened production may lead to severe SARS-CoV-2 infection in HIV patients. Additionally,
their findings suggest that reducing the severity of SARS-CoV-2 infection in HIV patients could
be achieved by increasing the death rate of infected epithelial cells during the latency period.

In a study conducted by Teklu, S. W. and Kotola, B. S. (2023), ordinary differential equa-
tions were utilized to model the transmission dynamics of both COVID-19 and HIV. The model
consisted of eight compartments that involved individuals protected from COVID-19 as well as
HIV infections. Standard methods were employed to establish the model’s existence, unique-
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ness, and to calculate the reproduction numbers. The study’s sensitivity analysis revealed that
transmission rates were the most influential parameters in increasing the reproduction number.
Conversely, protection and treatment rates were found to have a reverse impact when increased.
Additionally, numerical simulations were carried out to demonstrate the impact of certain pa-
rameters on the transmission of single infections and co-infections. Based on the analytical and
numerical findings, the authors concluded that implementing effective protection and treatment
rates could significantly reduce and potentially eliminate the spread of HIV/AIDS-COVID-19
co-infections in the community.

In addition, Belela Samuel Kotola et al. (2023) proposed an expanded model compared to
their previous work (Teklu, S. W. and Kotola, B. S., 2023) by dividing the HIV-infected and the
COVID-19-HIV co-infected population into two compartments each: aware and unaware, and
by introducing a vaccinated compartment. Furthermore, they extended their proposed model to
an optimal control problem with four control strategies: HIV prevention, COVID-19 preven-
tion through quarantine, COVID-19 treatment, and HIV treatment. Their analysis, using Center
Manifold theory, revealed the existence of a backward bifurcation phenomenon whenever the ef-
fective reproduction number is less than one. They conducted numerical simulations to confirm
the global stability of the endemic equilibrium when the reproduction number is greater than
one. Furthermore, their findings showed that combining all available preventive and treatment
measures is the most effective strategy for significantly minimizing the spread of HIV/AIDS and
COVID-19 co-infection.

Furthermore, Nainggolan, Jonner et al. (2023) proposed a co-infection model that takes into
account a subpopulation protected against HIV, comprising individuals who have received cellu-
lar immune antibody vaccines against the HIV virus. In their study, they conducted a sensitivity
analysis of the reproduction number to identify the parameters that influence co-infection of
COVID-19 and HIV/AIDS. Through elasticity index analysis, they determined that the most
sensitive parameters are β1 (the transmission rate of COVID-19), β2 (the transmission rate of
HIV/AIDS), and τ (the treatment rate in the HIV/AIDS subpopulation). They suggest that re-
ducing contact rates through measures such as social distancing for COVID-19 and condom use
for HIV/AIDS could help decrease the incidences of both COVID-19 and HIV/AIDS. Addition-
ally, maximizing efforts to treat HIV/AIDS could yield significant results in reducing the burden
of co-infections.

A study conducted by Otoo, Dominic et al. (2024) proposed a compartmental modeling ap-
proach to address the control measures for both COVID-19 and HIV. The study utilized a non-
linear differential equation with ten compartments to formulate the model. The equilibria of the
co-dynamics model were demonstrated to be both locally and globally stable. The numerical
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simulations presented in the study indicated that public education for susceptible populations
and the treatment of COVID-19-infected individuals are the most effective strategies for con-
trolling the spread of both diseases. These interventions resulted in a significant reduction in
COVID-19 infections, an increase in the recovery rate, and a notable decrease in the overall
infected population. These findings mark a crucial advancement in combating both diseases
and underscore the significance of prioritizing public health education and COVID-19 treatment
efforts.

2.7 Models of the Dynamics of Triple Infection: COVID-19, HIV and TB

Although there are several reports showing the triple infection cases with COVID-19 (Guido,
Giacomo et al., 2023; Tanne, 2022; Tolossa, Tadesse et al., 2021), the mathematical modeling
studies this condition remain almost none. A detailed mathematical model was created to study
the simultaneous dynamics of COVID-19, dengue, and HIV by Omame, Andrew et al. (2023).
This marks, in our view, the first study to tackle the intricate scenario of triple infection involv-
ing COVID-19, with a dedicated compartment for individuals infected with all three diseases.
The study employs rigorous analytical methods to examine the model’s dynamical properties,
demonstrating the stability of equilibria through Lyapunov function candidates under certain
conditions. Optimal intervention strategies were identified to mitigate the co-circulation of these
diseases, and a control system was analyzed to determine the most effective approaches for min-
imizing infections. Simulation results revealed that strategies targeting COVID-19 and dengue
significantly reduced both single and dual infection cases, while those focusing on COVID-19
and HIV prevention yielded substantial decreases in new infections. A third approach aimed at
preventing COVID-19 and co-infections also led to a notable reduction in overall infection rates.
Among the strategies, the combined COVID-19/HIV approach was found to be the most effec-
tive, preventing the highest number of new infections. The authors emphasize the importance of
integrated, multi-disease prevention strategies, highlighting the potential of a COVID-19/HIV
control approach to manage pandemics and associated co-infections efficiently.

2.8 Gaps in the Literature on Co-Dynamics of COVID-19, HIV and TB

Existing literature on COVID-19 co-infection models, as highlighted by (Ahmed. M. Elaiw
et al., 2022; Belela Samuel Kotola et al., 2023; Nainggolan, Jonner et al., 2023; Notice, Ringa et
al., 2022; Otoo, Dominic et al., 2024; Teklu, S. W. and Kotola, B. S., 2023) predominantly fo-
cused on dual infections, such as COVID-19-HIV, while neglecting the inclusion of tuberculosis
(TB) as a critical co-factor. These studies have provided valuable insights into the interactions
between COVID-19 and HIV, exploring optimal control strategies and the effects of antiretro-
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viral therapy (ART). However, the exclusion of TB from these models limits their applicability,
particularly in high-burden regions where HIV/TB co-infection is prevalent. The role of be-
havioral factors, such as information-dependent vaccination, has been insufficiently explored,
particularly regard- ing their impact on the transmission dynamics and control measures for dis-
eases with waning immunity, such as COVID-19. Additionally, cost-effectiveness analyses of
interventions in a co-infection context are often neglected, which reduces the applicability of
these models for policymaking. These gaps indicate the need for more comprehensive models
that incorporate the dynamics of COVID-19, HIV, and TB infections, consider the interplay of
behavioral factors, and evaluate the cost-effectiveness of integrated intervention strategies.
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CHAPTER 3

RESEARCH METHODOLOGY

This section provides a complete summary of the research design. It outlines the theoreti-
cal models, data collection methods, analysis techniques, and mathematical procedures used. It
serves as a foundation for understanding the research methodology and the derivation of find-
ings.

3.1 Models Formulation

The model formulation was carefully crafted to align with the research objectives and lever-
age the most current biological understanding of the infection’s pathogenesis and the disease’s
epidemiology. To establish a solid foundation, an extension of the SIR compartmental mod-
els was formulated, incorporating several key assumptions. The basic analysis of the models,
including the existence and uniqueness of solutions, was conducted using established mathemat-
ical theories. Local and global stability analyses were performed by linearization and applying
global stability results. Optimal control strategies were implemented and analyzed using Pon-
tryagin’s maximum principle (a first-order necessary optimality condition). Additionally, nu-
merical simulations were employed as a valuable tool to validate the mathematical descriptions
of the situation and generate predictions that could be compared with the recorded observations.

3.2 Source and Method of Data Collection

To support the dissertation’s research objectives, a comprehensive review of secondary data
sources was conducted. These sources included reputable institutions such as EPHI, interna-
tional bodies like the WHO and World Bank, and peer-reviewed publications. The collected
data were meticulously analyzed to ensure the calibration of the model. Python, a versatile pro-
gramming language, was employed to fit the model to real-world data, ensuring its accuracy and
relevance to the specific context of this dissertation.

The dissertation work involves the data of people infected with COVID-19, HIV/AIDS and
TB diseases. It contains only general research work that does not involve any risk for devel-
opment. Moreover, we were committed to following all ethical principles during this study in
accordance with the rules and regulations of Adama Science and Technology University.
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3.3 Method of Data Analysis

Data analysis plays a crucial role in accurately estimating model parameters, validating the
model, and understanding the dynamics of the epidemic. By fitting the model to real-world data,
such as time-series infection count data, data analysis ensures that the model predictions’ align
with observed trends, thereby improving its reliability for forecasting and intervention planning.
Parametric estimation in this context was performed SciPy optimization tools from Python. The
parameter estimation follows a structured procedure, starting by formulating a system of ordi-
nary differential equations to represent the dynamics of the co-infection model. The parameters
to be estimated are then identified. An optimization problem was set up using SciPy’s optimize
module, where minimize() was used for the model in Chapter 4 and leastsquares() for the model
in Chapter 6. The selected function minimizes the error between the model output and data. The
model is repeatedly solved using a numerical ODE solver (odeint) for different parameter values
until the optimal set of parameters is found that best fits the observed data. The procedure was
validated through residual analysis to ensure the robustness of the parameter estimates.

3.4 Mathematical Procedure

In this dissertation, we develop a compartmental model based on nonlinear systems of dif-
ferential equations to describe the dynamics of the COVID-19 outbreak as time progresses.
There are four substantial processes. First, we propose and analyze a mathematical model for
COVID-19 and HIV/AIDS co-infection. Second, based on actual data, we estimate parame-
ters to make reliable quantitative predictions. Third, we propose an optimal control model to
determine the optimal strategy for the control of the diseases. Version 3 of Python and/or MAT-
LAB is used to verify the theoretical analysis and examine the responsiveness of the optimum
control inputs. The forward-backward sweep method, which combines the forward application
of a fourth-order Runge-Kutta method for the original system with the backward application
of a fourth-order Runge-Kutta method for the adjoint system, was employed to solve the opti-
mal control problem numerically. Finally, a model that describes the transmission dynamics of
COVID-19, HIV, and TB was introduced to further reduce the complex burden of these diseases.
Parametric estimations are performed based on the Python optimization package, and are used
for numerical simulation purposes.
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CHAPTER 4

CO-INFECTION DYNAMICS OF COVID-19 AND HIV/AIDS

This chapter presents a comprehensive analysis of the co-infection dynamics between COVID-
19 and HIV/AIDS through the development of a mathematical model. It begins with a detailed
model formulation that captures the transmission dynamics of both diseases, followed by a qual-
itative analysis to ensure the model’s mathematical soundness. The chapter then dives into the
analysis of sub-models for COVID-19 and HIV/AIDS individually, providing insights into their
respective transmission patterns and impacts on the population. The co-infection model anal-
ysis explores how control parameters, such as vaccination and treatment rates, influence the
reproduction numbers and overall transmission. Parametric estimation is conducted based on
real-world data, and numerical simulations are performed to identify the effects of various inter-
ventions on reducing co-infection rates and mortality among PLHIV.

4.1 Model Formulation

In formulating co-infection model, the total population at time t, denoted by N(t), is catego-
rized into different compartments based on their epidemiological state: susceptible(S), COVID-
19 fully vaccinated (V ), COVID-19 infected individuals (IC), individuals recovered from COVID-
19 (R), HIV infectious but asymptomatic (IH), individuals with advanced HIV disease (IA), HIV
and COVID-19 infected (IHC), HIV and COVID-19 co-infected with clinical signs of AIDS (IAC)
and people at high risk of death due to co-infection (DHC).

The model is formulated based on the following assumptions:

• All individuals in the population are equally likely to come into contact with one another.

• The vaccination rate is constant over time.

• Immunity gained from vaccination lasts for life and does not decrease over time.

• Individuals can not be infected with COVID-19 and HIV at the same time.

• Vaccination against one COVID-19 provides no protection against the HIV in a co-infection
scenario.

• The rate at which an HIV progresses (that is, from HIV infection to AIDS) is constant.

26



• The transmission rate remains constant and is not affected by time, behavioral changes, or
public health interventions.

The flow through the compartmental subpopulations is described as follows. A fraction of
(1− ρ)Λ human population is recruited in the susceptible class, where ρ is the proportion of
vaccinated population and Λ is a recruitment rate of susceptible population. The remaining hu-
man population, ρΛ, joins the vaccinated class. Loss of immunity after 1

ψ
period of time in

recovered class raises susceptible class. Following effective contact with COVID-19 and HIV
infected individual, a susceptible may acquire COVID-19 and HIV diseases at rate of λC and
λH , respectively. The rate at which susceptible become COVID-19 infected from individuals
with active COVID-19( λC), is λC = γc

IC+IHC+IAC
N−DHC

, where γc stands for the rate of transmission
of the COVID-19 disease. Due to severe health conditions, it was assumed that individuals at
high risk of death (DHC) are under follow-up and do not involve in the transmission of both
diseases. The rate at which susceptible individuals acquire HIV infection from individuals with
active HIV(λH), is λH = γh

IH+IHC+ε(IA+IAC)
N−DHC

, where γh stands for the rate of transmission of the
HIV disease. Higher viral loads in the later stages of the disease increase the HIV transmission
probability. So, it was assumed that individuals in (IAC) class has transmission rate βε, where
ε ≥ 1 is a modification parameter for the assumption that a individuals with advanced HIV are
more likely to transmit the disease. Natural death decreases susceptible and other subpopula-
tions at a rate of µ. It is assumed that vaccination is applied only to healthy individuals, so
only susceptible individuals get vaccinated at a rate of ξ. There are findings which argue that
COVID-19 vaccinated individuals can become infected even though they have been vaccinated.
For this purpose the infection of vaccinated individuals happens at a reduced transmission rate
σγc, where 0 ≤ σ ≤ 1 is the reduction coefficient. Here, if σ = 0, vaccinated individuals can-
not get infected, and the vaccine is perfect. If σ = 1, vaccinated individuals get infected like
susceptible individuals, and immunization plays no protective role. The rate of change of the
COVID-19 infected population is increased due to transfer from the susceptible and vaccinated
classes at the rate of λC and σλC respectively. This population decreases as infectious individ-
uals are recovered at the rate θ or die due to the disease at the rate of δc. The rate of change
of the HIV infected population is generated at a rate of λH from the susceptible and vaccinated
population. Interacting with a COVID-19 infected person at rate of λC reduces the number of
population in IH class. Members of IA transferred from IH class at a rate of ω become infected
with COVID-19 at a rate κλC. Modification parameter κ ≥ 1 accounts for the fact that there
is an increased risk of getting COVID-19 for someone already infected with HIV, due to the
vulnerability of the immune system. Moreover, they may lost their life due to HIV at the rate of
δh. The number of populations in IHC and IAC classes, following the burden of the co-infection,
transferred to DHC family at a rate η1 and η2, and recovered from COVID-19 at a rate α and
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ϕ, respectively. Co-infected individuals risked to death may lost their life at a rate δhc. The
description of the remaining parameters can be seen from Table 4.3. Bringing the aforemen-
tioned assumptions together leads to the set of nonlinear ordinary differential equations given
in (4.1). The schematic representation of model (4.1) is illustrated in Figure 4.1. It schemati-
cally represents the epidemiology of COVID-19 and HIV/AIDS co-infection. Circles are used to
depict different diseases stages, and arrows show how people advance from one stage to the next.

Figure 4.1: Model flow diagram for the co-infection model

The following system of differential equations describe the co-infection dynamics of COVID-
19 and HIV/AIDS.

S′ = (1−ρ)Λ+ψR− (D1 +λC +λH)S,

V ′ = ρΛ+ξS− (µ+σλC +λH)V,

I′C = λCS+σλCV − (D2 +λH)IC,

R′ = θIC−D3R,

I′H = (S+V )λH +αIHC− (D4 +λC)IH ,

I′A = ωIH +ϕIAC− (D5 +κλC)IA,

I′HC = λCIH +λHIC−D6IHC,

I′AC = φIHC +κλCIA−D7IAC,

D′HC = η1IHC +η2IAC−D8DHC,

(4.1)

where D1 = µ+ξ, D2 = θ+µ+δc, D3 = µ+ψ, D4 = ω+µ, D5 = µ+δh, D6 = α+φ+µ+η1,
D7 = ϕ+µ+η2 and D8 = δhc +µ.
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4.2 Model Analysis

4.2.1 Invariant set, Positivity and Boundedness of Solutions

Since model system (4.1) involves a human population, all solutions must be positive and
bounded and these solutions are realized in a positively invariant region. The positivity of the
solutions and the positively invariant region were investigated through Theorem 4.2.1 under the
presumption that all parameters are positive.

Theorem 4.2.1. The solutions of system (4.1) with positive initial data remain positive for all

t > 0. Furthermore, the biologically feasible region

Θ = {(S,V, IC,R, IH , IA, IHC, IAC,DHC) ∈R9 : 0≤ N ≤ Λ/µ}

is positively invariant and attracting for system (4.1).

Proof. Equations in (4.1) point inward on the boundary R9
+ \{0}. For instance if S = 0, then

dS
dt

= (1−ρ)Λ+ψR > 0.

From the second equation of (4.1), if V = 0, we have

dV
dt

= (1−ρ)Λ+ψR > 0.

Applying the same procedure, we can show that the remaining state variables are also positive
∀t > 0.

Furthermore, adding all the equations of the model system (4.1), total human populations
satisfy the following equation,

dN
dt
≤ Λ−µN.

Integrating both sides from 0 to t, we have

N(t)−N(0)≤−µ
∫ t

0

(
N(s)− Λ

µ

)
ds.

If 0≤ N(0)≤ Λ

µ , from Gronwall inequality, we can deduce that

0≤ N ≤ Λ/µ.

Therefore, all solutions in R9
+ are drawn to the region Θ.
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The implication of Theorem 4.2.1 is that the model equations (4.1) is epidemiologically
meaningful, as it proved that all the state variables are non-negative and bounded. That is, no
solution path can leave through any boundary of Θ and it is sufficient to consider the dynamics
of the model (4.1) in Θ. In this region, the model is considered to be mathematically and
epidemiologically well posed.

4.2.2 HIV/AIDS Sub-model Analysis

The HIV/AIDS sub-model, obtained when IC, R, IHC, IAC and DHC are all zero, is given by:

S′ = (1−ρ)Λ− (D1 +λH)S,

V ′ = ρΛ+ξS− (µ+λH)V,

I′H = (S+V )λH−D4IH ,

I′A = ωIH−D5IA,

(4.2)

where λH = γh
IH+εIA

N .

Equilibria and reproduction number

Qualitative analysis of the steady-state solutions (equilibria) of (4.2) is performed to inves-
tigate the long-term behavior of the disease. This behavior depends largely on the equilibrium
points, that is, time-independent solutions of the system. Since these solutions do not depend on
time, we set S′(t) =V ′(t) = I′H(t) = I′A(t) = 0. That is,

(1−ρ)Λ− (D1 +λH)S = 0

ρΛ+ξS− (µ+λH)V = 0

(S+V )λH−D4IH = 0

ωIH−D5IA = 0

(4.3)

The disease free equilibrium (DFE), the state where the population is completely free from HIV
infection, is obtained by setting IH and IA equals to zero and solving for S and V from (4.3).
Thus, from the first and second equation of (4.3), we have

(1−ρ)Λ−D1S = 0

ρΛ+ξS−µV = 0
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Which imply, S = Λ(1−ρ)
D1

and V = Λ(ρµ+ξ)
µD1

. Hence, the HIV/AIDS-free equilibrium, denoted by
E0

h , is given by,

E0
h =

(
Λ(1−ρ)

D1
,
Λ(ρµ+ξ)

µD1
, 0, 0

)
.

The reproduction number for the HIV/AIDS sub-model was established by applying the next-
generation matrix method outlined in Appendix A.2 on system (4.2). The disease (infected)
compartments of (4.2) are IH and IA and the non-disease (noninfected) compartments are S and
V. Taking the infected compartments with their dynamics we have,

F =

(
(S+V )λH

0

)
and V =

(
D4IH

D5IA−ωIH

)
.

The Jacobian matrix of F and V , denoted by F and V , at E0
h is given by

F =

(
γh εγh

0 0

)
and V =

(
D4 0
−ω D5

)
.

Hence, we have

FV−1 =

(
γh
D4

(
1+ ωε

D5

)
εγh
D5

0 0

)
.

The corresponding eigenvalues are γh
D4

(
1+ ωε

D5

)
and 0. The basic reproduction number of

HIV/AIDS sub-model, denoted by R0h, is given by

R0h =
γh

D4

(
1+

ωε

D5

)
.

Theorem 4.2.2. The HIV/AIDS-free equilibrium E0
h is locally asymptotically stable whenever

R0h < 1 and unstable if R0h > 1.

Proof. The Jacobian of system (4.2) at the HIV/AIDS-free equilibrium E0
h is

−D1 0 µ(ρ−1)γh
D1

µ(ρ−1)εγh
D1

ξ −µ − γh(µρ+ξ)
D1

− εγh(µρ+ξ)
D1

0 0 γh−D4 εγh

0 0 ω −D5

 .

It is easy to see that −µ and −D1 are negative eigenvalues. The remaining two eigenvalues are
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the eigenvalues of the 2×2 matrix (
γh−D4 εγh

ω −D5

)
.

The characteristic equation takes the form

ℓ2 +a1ℓ+a2 = 0 , (4.4)

where a1 =
(

D5 +D4

(
1− γh

D4

))
and a2 = D4D5(1−R0h).

The stability of E0
h relies on the sign of the roots of equation (4.4). By Routh-Hurwitz

condition (see Theorem A.1.4 from Appendix A.1), equation (4.4) has negative real part if a1 > 0
and a2 > 0. For R0h < 1, it is easy to see that the condition a1,a2 > 0 are satisfied. Therefore,
E0

h is locally asymptotically stable whenever R0h < 1. If R0h > 1, a2 > 0 and Descartes rule
of sign (Wang, 2004) implies (4.4) has a real positive solution. Which implies the disease-free
equilibrium E0

h is unstable for R0h > 1.

The biological implication of T heorem 4.2.2 is that a sufficiently small flow of HIV/AIDS
infected individuals will not generate an outbreak of the disease unless R0h > 1.

Theorem 4.2.3. E0
h is globally asymptotically stable for R0h < 1.

Proof. Consider the Lyapunov function given by,

L =
1

D4

(
1+

ωε

D5

)
IH +

ε

D5
A.

L = 0 for IH , IA = 0 and L > 0 for IH , IA ̸= 0. Furthermore,

L′ =
1

D4

(
1+

ωε

D5

)
I′H +

ε

D5
A′

=
1

D4

(
1+

ωε

D5

)(
(S+V )

N
γh(IH + εIA)−D4IH

)
+

ε

D5
(ωIH−D5IA)

≤(R0h−1)(IH + εIA)

Thus, L′ < 0 for R0h < 1 and L′ = 0 for R0h = 1 or IH = 0. It follows that, if IH = 0, then
S → Λ(1−ρ)

D1
and V → Λ(ρµ+ξ)

µD1
as t → ∞. That is, {E0

h} is the largest invariant set such that
L′ = 0. Following Theorem A.1.6 (see Appendix A.1), we can conclude that {E0

h} is globally
asymptotically stable. That is, when R0h < 1, all solutions of (4.2) converge to the disease-free
equilibrium E0

h .
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The epidemiological implication of this T heorem 4.2.3 is that independent of the initially
available sub-populations in model (4.2), HIV/AIDS infected individuals will not lead to the
large outbreaks and disease will die out in the long run. That is, the HIV/AIDS infected popula-
tion vanishes in time.

Theorem 4.2.4. The HIV/AIDS sub-model (4.2) has a unique endemic equilibrium if and only

if R0h > 1.

Proof. The endemic equilibrium of HIV/AIDS sub-model, E∗H = (S∗,V ∗, I∗H , I
∗
A), is given by

S∗ =
(1−ρ)Λ

D1 +λ∗H
, V ∗ =

ρΛ+ξS∗

µ+λ∗H
, I∗A =

ω

D5
I∗H , I∗H =

(S∗+V ∗)λ∗H
D4

(4.5)

Substituting (4.5) into λ∗H , we obtain

λ
∗
H

(
λ
∗
H−

D4D5(R0h−1)
ω+D5

)
= 0. (4.6)

From (4.6), λ∗H = D4D5(R0h−1)
ω+D5

is used to establish the endemic equilibrium E∗H . It is clear that
λ∗H > 0 if and only if R0h > 1. Thus, HIV/AIDS sub-model (4.2) has a unique positive solution
whenever R0h > 1. Furthermore, R0h < 1 implies that the force of infection λ∗H is negative
(which is biologically meaningless). In this instance, the model does not have a positive equi-
librium. Epidemiologically, this result implies that once the disease invades the population, the
epidemic persists, and the number of population in S, V , IH and IA eventually approach the
numbers S* , V * , I*

H and I*
A , respectively.

4.2.3 COVID-19 Sub-model Analysis

Setting IH = 0, IA = 0, IHC = 0, IAC = 0, DHC = 0 for (4.1), we obtain the COVID-19 sub-
model which is given by:

S′ = (1−ρ)Λ+ψR− (D1 +λC)S,

V ′ = ρΛ+ξS− (µ+σλC)V,

I′C = λCS+σλCV −D2IC,

R′ = θIC−D3R,

(4.7)

where the force of infection of the COVID-19 sub model (4.1) is λC = γc
IC
N .
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Equilibria and reproduction number

Setting I′C = 0 in (4.7) and using the same method as in Section 4.2.2, we obtain the COVID-
19 free equilibrium which is denoted by E0

c . It follows that,

E0
c =

(
Λ(1−ρ)

D1
,
Λ(ρµ+ξ)

µD1
, 0, 0

)
.

By implementing the next-generation matrix method outlined in Appendix A.2 and considering
IC as the infected compartment, while treating S, V, and R as non-infected compartments, the
reproduction number for the COVID-19 sub-model(R0c) is calculated to be

R0c =
(1−ρ)µγc

D1D2
+

σ(ρµ+ξ)γc

D1D2
.

The reproduction number tells us how many secondary cases will one infected individual pro-
duce in an entirely susceptible population of hosts. In other words, it tells the number of infected
people that are generated by the introduction of a single infected person into a susceptible pop-
ulation. The epidemiological interpretations of each term in R0c are presented in the following
way:

• The first term in R0c, given by (1−ρ)µγc
D1D2

, gives the number of secondary infections of sus-
ceptible individuals that an infected individual with COVID-19 can produce in a disease-
free population.

• The second term in R0c, given by σ(ρµ+ξ)γc
D1D2

, gives the number of secondary infections of
vaccinated individuals that a COVID-19 infected individual can produce in a disease-free
population.

In the absence of vaccination, when σ = 0 and ξ = 0, R0c is given by

R∗0c = R0c =
γc

D2
.

Biologically, R∗0c represents the number of secondary infections caused by one infected individ-
ual during the mean course of infection (1/D2) in a completely susceptible population.

The controlled reproduction R0c can be written as

R0c =

(
(1−ρ)µ+(ρµ+ξ)σ

D1

)
R∗0c.
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Which implies,

∂R0c

∂ξ
=−(1−ρ)(1−σ)µ

D1
R∗0c < 0, lim

ξ→∞

R0c = σR∗0c and R0c < R∗0c.

That is,
σR∗0c < R0c < R∗0c.

If R∗0c < 1, then R0c < 1. This shows that vaccination coverage plays an important role in
controlling the COVID-19 disease. However, for R∗0c > 1

σR∗0c < 1 if and only if σ >
1

R∗0c
.

Thus, when R∗0c > 1 elimination of COVID-19 from the population relies on the vaccine effi-
cacy, not on the vaccine coverage. For R0c = 1, that is, for σR∗0c < 1, there exists a critical
proportion of vaccination that will achieve eradication. Thus, the critical vaccination proportion
for eradication of the disease, ξC, is given by

ξ
C =

µ(1−R∗0c)

σR∗0c−1
.

Theorem 4.2.5. The COVID-19-free equilibrium E0
c is locally asymptotically stable whenever

R0c < 1 and unstable if R0c > 1.

Proof. Jacobian of (4.7) at E0
c , denoted by J , is

J =


−D1 0 −µ(1−ρ)γc

D1
ψ

ξ −µ −σγc(µρ+ξ)
D1

0

0 0 −D2(1−R0c) 0
0 0 θ −D3

 .

The eigenvalues of J are: −µ, −D1 and −D2(1−R0c). We can see that all eigenvalues are
negative provided that R0c < 1. Therefore, we can conclude that E0

c is locally asymptotically
stable whenever R0c < 1.

The epidemiological implication of Theorem 4.2.5 is that COVID-19 transmission control
can be achieved by setting parameter values so that R0c < 1 if the initial size of the sub-
populations involved in (4.7) is in the basin of attraction of E0

c . Thus, a sufficiently small flow
of infectious individuals will not generate an outbreak and the disease can be eliminated from
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the community. On the other hand, if R0c > 1, the entire population will get infected quickly
because a single infected person can spread COVID-19 to several people.

The endemic equilibrium point is represented by E∗c = (S∗,V ∗, I∗C,R
∗) and it is obtained by

equating system (4.7) to zero and solving for state variables. Indeed, we come up with the
following equilibrium points,

S∗ =
(1−ρ)Λ+ψR∗

D1 +λ∗C
, V ∗ =

ρΛ+ξS∗

µ+σλ∗C
, I∗C =

(S∗+σV ∗)λ∗C
D2

and R∗ =
θI∗C
D3

. (4.8)

Substituting (4.8) into λ∗C implies that the endemic equilibrium of the model (4.7) meets the
following equation.

λ
∗
C(Kλ

∗2

C +Lλ
∗
C +M) = 0,

where

K =σ(θ+D3),

L =
D1D2R0c(θ+D3)

γc
+ρ(1−σ)(D2D3−θψ)+σD2D3−σγcD3 and

M =D1D2D3(1−R0c).

The COVID-19-free equilibrium E0
c is obtained for λ∗C = 0. The endemic equilibrium corre-

sponds to the solution of
Kλ
∗2

C +Lλ
∗
C +M = 0. (4.9)

The endemic equilibrium is obtained by substituting the solution of (4.9) in S∗, V ∗, I∗ and R∗. If
R0c > 1(or M < 0), then (4.9) has a unique positive root λ∗C = −L+

√
∆

2K , where ∆= L2−4KM > 0.
If R0 = 1(or M = 0), then (4.9) has a unique positive solution λ∗C = −L

2K , provided that L < 0.
Here, if L = 0, then λ∗C = 0, which in turn gives E0

c , and if L > 0, then λ∗C < 0 and this does not
make sense in epidemiology. For R0c < 1(or M > 0) and ∆ > 0, we consider two cases:

case1: If L > 0, then λ∗C < 0, that is (4.9) had no positive solution.

case2: If L < 0, that is if L <−2
√

KM < 0, then (4.9) had two endemic equilibria.

Considering these different cases for the solution of (4.9), a theorem is established as follows.

Theorem 4.2.6. The sub-model (4.7) has

1. a unique endemic equilibrium if

(a) M < 0 if and only if R0c > 1;
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(b) L < 0 and M = 0 or L2−4KM = 0;

2. two endemic equilibria if M > 0, L < 0 and L2−4KM > 0;

3. no endemic equilibrium otherwise.

When the R0c < 1, the second case of Theorem 4.2.6 suggests the probability of backward
bifurcation where a stable COVID-19-free and a stable endemic equilibrium coexist.

Backward bifurcation analysis

Backward bifurcation analysis of COVID-19 sub-model (4.7) was carried out by employing
the center manifold theory (see Appendix A.3). We modify variables in the following manner to
implement the center manifold theory.

x1 = S, x2 =V, x3 = IC, x4 = R, so that , N = x1 + x2 + x3 + x4 and λC =
γcx3

N
.

Moreover, with x = (x1, x2, x3, x4)
T , system (4.7) can be expressed as x′ = ( f1, f2, f3, f4)

T .

That is also,

dx1
dt = f1 = (1−ρ)Λ+ψx4− (D1 +λC)x1,

dx2
dt = f2 = ρΛ+ξx1− (µ+σλC)x2,

dx3
dt = f3 = λCx1 +σλCx2−D2x3,

dx4
dt = f4 = θx3−D3x4.

(4.10)

The Jacobian of the system (4.10) at E0
c is given by,

−D1 0 − γcµ(1−ρ)
D1

ψ

ξ −µ − γcσ(µρ+ξ)
D1

0

0 0 γc((1−ρ)µ+σ(ρµ+ξ))
D1

−D2 0

0 0 θ −D3

 . (4.11)

Choosing γc as the bifurcation parameter and setting R0c = 1 gives

γ
∗
c = γc =

D1D2

((1−ρ)µ+σ(ρµ+ξ))
.

For γc = γ∗c , equation (4.11) has eigenvalues −µ− ξ, −µ, −D3 and 0. We, therefore, apply the
Center Manifold Theorem to analyze the dynamics of (4.10) about γc = γ∗c .
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The right-eigenvector w = (w1, w2, w3, w4)
T related to zero eigenvalue of (4.11) is

w4 =
θw3

D3
, w1 =

1
D1

(
w4ψ− γcµ(1−ρ)w3

D1

)
w2 =

1
µ

(
ξw1−

γcσw3(µρ+ξ)

D1

)
, w3 > 0.

Similarly, the left-eigenvector u=(u1, u2, u3, u4)
T associated with the zero eigenvalue becomes

u1 = 0, u2 = 0, u3 > 0, u4 = 0.

There is no need to calculate the derivatives of f1, f2 and f4. They are zero since u1, u2 and
u3 are all zero. From the derivatives of f3, coefficients a and b defined in Appendix A.3 are
computed as follows:

a =
4

∑
k,i, j=1

vkwiw j
∂2 fk

∂xi∂x j
(E0

c ,γ
∗
c)

=
4

∑
i, j=1

[
v3wiw j

∂2 f3

∂xi∂x j
(E0

c ,γ
∗
c)

]
=

2γ∗cµv3w2
3

D1D3Λ

[
σγ
∗
cD3−

(
ρ(1−σ)(D2D3−θψ)+σD2D3 +

D1D2(θ+D3)

γ∗c

)]
and

b =
4

∑
k, j=1

vkw j
∂2 fk

∂x j∂β
(E0

c ,γ
∗
c) =

4

∑
i=1

v3wi
∂2 f3

∂xi∂β
(E0

c ,γ
∗
c) =

D2v3w3

γ∗c

From this result, we can observe that the COVID-19 sub-model exhibits backward bifurcation
whenever a > 0. If the vaccine is perfect and there is no reinfection possibility for vaccinated
individuals, that is, if σ = 0, the value of a becomes negative, which implies system (4.7) has a
trans-critical bifurcation. The epidemiological significance of backward bifurcation is that, be-
sides making Roc < 1, it needs more action to reduce COVID-19 disease transmission through
the population. Figure 4.2 show the phenomenon of backward bifurcation as evidence of the
COVID-19 sub-model analysis. A stable equilibrium is represented by a solid line and an unsta-
ble one by a dashed line. It confirms the analytical result, which show that endemic equilibrium
exists when Roc < 1.
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Figure 4.2: Backward bifurcation diagram for COVID-19 sub-model

4.2.4 Co-infection Model Analysis

Following the same procedure as in Section 4.2.2, the co-infection free equilibrium of model
(4.1), denoted by E0, can be obtained as

E0 =

(
Λ(1−ρ)

D1
,
Λ(ρµ+ξ)

µD1
, 0, 0, 0, 0, 0, 0, 0

)
.

The next generation matrix approach, established in Van den Driessche, P. and Watmough, J.
(2002) (see Appendix A.2), is used to determine the reproduction number as follows. The rate
of appearance of new infection and rate of transfer from one compartment to another in the
infectious classes gives the following:

F =



(S+σV )λC

(S+V )λH

0
λCIH +λHIC

κλC

0


and V =



(D2 +λH)IC
(D4 +λC) IH−αIHC

(κλC +D5) IA +ωIH +ϕIHC

D6IHCA

D7IAC−φIHC

D8DHC−η1IHC−η2IAC


.
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The Jacobian of F and V at disease-free equilibrium E0 are given as follows,

F =



γc((1−ρ)µ+σ(µρ+ξ))
D1

0 0 γc((1−ρ)µ+σ(µρ+ξ)+)
D1

γc((1−ρ)µ+σ(µρ+ξ))
D1

0

0 γh εγh γh εγh 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


and

V =



D2 0 0 0 0 0
0 D4 0 −α 0 0
0 −ω D5 0 −ϕ 0
0 0 0 D6 0 0
0 0 0 −φ D7 0
0 0 0 −η1 −η2 D8


.

Which implies,

FV−1 =



R0c 0 0 D2R0c(D7+φ)
D6D7

D2R0c
D7

0

0 R0h
εγh
D5

γh(αD7(D5+ωε)+D4(D5(D7+εφ)+ϕεφ))
D4D5D6D7

ε(D5+ϕ)γh
D5D7

0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


The reproduction number, R0, for the COVID-19-HIV/AIDS co-infection model is the maxi-
mum of eigenvalues of the next generation matrix, FV−1. That is, R0 = max{0, R0c, R0h} .
Thus,

R0 = max{R0c, R0h}.

This implies that the dynamics of COVID-19 and HIV/AIDS co-infection will be dominated by
the disease with the bigger reproduction number. From Theorem 2 of Van den Driessche, P. and
Watmough, J. (2002), the following theorem is deduced.

Theorem 4.2.7. The disease-free equilibrium E0 is locally asymptotically stable if R0 < 1 and

unstable if R0 > 1.

To investigate the global stability of E0 we apply the approach in Chavez, C Castillo et al.
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(2002). First, we write system (4.1) in the form

dX
dt

=F(X,I)

dI
dt

=G(X,I), G(X,0) = 0

where X= (S,V,R) and I= (IC, IH , IA, IHC, IAC,DHC) denotes uninfected and infected population
respectively. U0 = (X∗,0) denotes the disease-free equilibrium of system (4.1). Furthermore,
suppose

H1 : For dX
dt = F(X,0) , X∗ is globally asymptotically stable,

H2 : G(X,I) = AI− Ĝ(X,I), Ĝ(X,I)≥ 0 for (X,I)∈Θ, where A = DIG(X∗,0) is an M-matrix
(the off-diagonal elements of A are nonnegative).

Theorem 4.2.8. The disease-free equilibrium U0 = (X∗,0) is a globally asymptotic stable equi-

librium of (4.1) provided that R0 < 1 and that assumptions (H1) and (H2) are satisfied.

Proof. Writing system (4.1) for investigating H1 and H2, we have

F(X,0) =

(1−ρ)Λ+ψR−D1S

ρΛ+ξS−µV

−D3R

 ,

A =



−D2(1−R0) 0 0 D2R0 D2R0 0
0 γh−D4 εγh α+ γh εγh 0
0 ω −D5 0 ϕ 0
0 0 0 −D6 0 0
0 0 0 φ −D7 0
0 0 0 η1 η2 −D8


and

Ĝ(X,I) =



(
D2Roc− (S+σV )γc

N

)
(IC + IHC + IAC)+λHIC

γh
(
1− S+V

N

)
(IH + IHC + IAC)+λCIH

κλCIA

−λCIH−λHIC
−κλCIA

0


.
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The matrix A is M-matrix, but all rows of Ĝ(X,I) are not non negative for all (X,I) ∈ Θ. So
assumption H2 is not satisfied. Hence, the disease-free equilibrium E0 may not be globally
stable, and backward bifurcation may occur in the system (4.1). That is, the co-infection may
persist even if the dominant reproduction number (R0) is less than unity. However, if maximum
protection is provided against the COVID-19 and HIV/AIDS co-infection, that is, if the third
and fourth rows of Ĝ(X,I) are positive, then global stability of disease free equilibrium may be
achieved. That is to say, if incidences of co-infection are kept to an absolute minimum, efforts
made to fight COVID-19 and HIV/AIDS may become successful.

4.2.5 Effects of Control Parameters and Transmission Rate on R0c and R0h

In this section, the impact of some parameters on reproduction numbers is analyzed quali-
tatively. Effects of the control parameter, ξ and θ, and transmission rates, γc, analysis are per-
formed by evaluating the partial derivatives of the reproduction numbers with respect to these
parameters. We can see that

∂R0c

∂ξ
=−µ(1−ρ)(1−σ)γc

D2
1D2

< 0,
∂R0c

∂θ
=−γc((1−ρ)µ+σ(µρ+ξ))

D1D2
2

< 0,

∂R0c

∂γc
=

((1−ρ)µ+σ(ρµ+ξ))

D1D2
> 0,

∂R0h

∂γh
=

1
D4

(
1+

ωε

D5

)
> 0.

The reproduction number R0c is a decreasing function with respect to the control parameters,
ξ and θ. That means, for every value of ξ and θ, the vaccination of susceptible individuals and
treating COVID-19-infected individuals step-down R0c (see Figure 4.3) and therefore reduce
the COVID-19 and HIV/AIDS co-infection cases. On the other hand, R0c(γc) and R0h(γh) are
increasing functions for any γc and γh, respectively.

4.3 Parametric Estimation

Ethiopia is considered in estimating some model parameters. The scarcity of data on HIV
and COVID-19 co-infection makes the fitting on real COVID-19 data only. The total number
of people who have contracted COVID-19 each month since March 2020, when the disease first
appeared in Ethiopia, was compiled from EPHI (2022a). Table 4.1 displays this data.

To fit the model to the actual data, the Python library’s scipy function scipy.optimize.curve fit(),
an algorithm based on a Levenburg-Marquardt method to fit functions to data, is employed. In-
deed, the required Python libraries were imported and the function that is to be fitted to the
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Figure 4.3: R0c for different values of vaccination and treatment rates.

existing data was defined. That is, system (4.1) with initial values was written as

x′ = g(t,x,p), x(t0) = x0, (4.12)

where p is a vector of parameters for the model that need to be found and x is the vector of state
variables.

The aim of the parametric estimation was to determine the parameter vector p so that the
sum of the square of residuals

n

∑
i=1

(xi− x̃i)
2 (4.13)

is as small as possible, where x̃i is the real data and xi = x(ti,p) is a solution to (4.12) at time
ti for a given p. In this regard, the curve fit function returns the tuple of optimal parameters, in
the sense that minimizing equation (4.13) subject to (4.12). The details of procedures for using
scipy in fitting data are given in scipy.org (2021).

Data for the total population and the life expectancy of Ethiopia for the year 2021 were
obtained from World Bank (2022). The total population and life expectancy are estimated to
be 120,283,026 and 65 years, respectively. It follows that µ = 1

(65×12) per month and Λ =

µ×N = 154209 people per month. On March 31, 2020, 25 people were found to be COVID-19
infected and 2 people were recovered from COVID-19. Since no vaccine was available and no
co-infection was reported in the first month of the outbreak, we set the values of V , IHC, IAC, and
DHC to 0. For simulation purposes, the initial values for IH and IA are assumed as in Table 4.2.
Furthermore, S(0) is obtained by subtracting these initial values from the total population. These
values were used to perform the relevant simulations and obtain the values of the parameters in
Table 4.3 that were fitted to the real data. The solution curve in comparison to COVID-19 data
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Table 4.1: COVID-19 cases in Ethiopia from March, 2020, to April 2023.

Months
Cases

2020 2021 2022 2023

January - - 137650 465158 499531
February - - 159072 468727 499981
March 25 206589 469758 500564
April 130 257442 470568 500834
May 950 271514 472743 - -
June 5846 276174 488724 - -
July 17530 280365 492237 - -
August 52131 308134 493190 - -
September 75368 345674 493579 - -
October 96169 365167 493960 - -
November 110074 371536 494578 - -
December 124264 420342 498001 - -

Table 4.2: Initial values for state variables

Variables S V IC R IH IA IHC IAC DHC

Values 119663000 0 25 2 413333 206666 0 0 0

is shown in Figure 4.4.

4.4 Numerical Simulations and Results

Numerical simulations confirm the results of the qualitative analysis of the sub-models and
the co-infection model. The impact of parameters on the expansion and control of COVID-19,
HIV/AIDS and their co-infection were assessed. With some exceptions, initial conditions in
Table 4.2 and values of parameters in Table 4.3 are employed to attain simulations.

The numerical simulation of the stability analysis of disease-free equilibria established in
Theorem 4.2.3, and Theorem 4.2.7 are depicted in Figures 4.5 and 4.6, respectively. These fig-
ures are used to show how the models, the HIV/AIDS sub-model and co-infection, behave about
the disease-free equilibria. The parameter values γh = 0.00502 and ω = 0.15, so that R0h =

0.459473, with different initial conditions, are used to show the global stability of HIV/AIDS-
free equilibrium (see Figure 4.5). On the other hand, γc = 1.2 and γh = 0.008, so R0 = 0.791337,
are used to show the local stability of disease-free equilibrium of the full model. The Python
script detailed in Appendix B.2 is utilized for generating these figures.

44



0 3 6 9 12 15 18 21 24 27 30 33 36 39
Time(months)

0

1

2

3

4

5

C
om

ul
at

iv
e 

C
O

V
ID

-1
9 

ca
se

s

×105

Fitted
Monthly cases

Figure 4.4: Model fit to real data
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Figure 4.5: Global stability of HIV-free equilibrium for HIV sub-model.

4.4.1 Transmission Rates Versus Co-infection Cases

Figure 4.7 show the contribution of HIV and COVID-19 to the population in DHC. From
Figure 4.7a, we can see that it is essential to bring down COVID-19 transmission rates to reduce
the potential for death from the burden of both diseases, HIV and COVID-19.

In Figure 4.8, various transmission rates are used to illustrate how they affect the number of
co-infected populations. These sub-figures show that as transmission rates decrease, the value
of the graphs decreases. That is, a decrease in γc from 0.8 to 0.7 and γh from 0.095 to 0.075,
decreases the co-infection cases significantly.

4.4.2 HIV Transmissibility and Immunosuppression

An increase in viral load in HIV/AIDS patients increases their ability to transmit the disease
to uninfected people and makes them vulnerable to other diseases (Centers for Disease Control
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Table 4.3: Values of parameters in Equation 4.1.

Parameters Description Values Source

γc Transmission rate of COVID-19 1.93768 Fitted
η1 Risk of death rate for IHC 0.02486 Fitted
γh Effective transmission rate of HIV 0.011 Assumed
α Recovery rate from COVID-19 for IHC 0.1 Fitted
ρ Ratio of vaccinated population 0.25 Assumed
δh HIV induced death rate 0.016 (EPHI, 2022b)
ψ COVID-19 reinfection rate 0.0048 Fitted
η2 Risk of death rate for IAC 0.0274 Fitted
ξ COVID-19 vaccination rate 0.1935 Assumed
ω HIV progression rate for IH population 0.07 (Hussaini, N. et al., 2016)
σ COVID-19 vaccine inefficacy 0.01 Assumed
ϕ Recovery rate from COVID-19 for IAC 0.0003 Fitted
θ Recovery rate from COVID-19 for IC 0.0121 Fitted
κ Modification parameter 1.22 Assumed
ε Modification parameter 1.385 Assumed
δhc Co-infection induced death rate 0.03851 Fitted
δc COVID-19 induced death rate 0.01511 Fitted
φ HIV progression rate for IHC population 0.00067 Assumed

and Prevention and others, 2018). Increased HIV transmissibility and exposure to COVID-19
may also increase the number of co-infections. Figures 4.9 and 4.10 confirm this phenomenon.
From these figures, it can be seen that COVID-19 and HIV/AIDS co-infection increase with
increased HIV transmissibility.

Moreover, in Figures 4.10a to 4.10c it is shown that HIV/AIDS immunosuppression in-
creases the number of co-infection cases. That is, as the value of κ increases, the population
in IHC, IAC and DHC also increases. One way or another, it can be understood that HIV/AIDS
viral load is directly related to the likelihood of contracting COVID-19, which may contribute
to the risk of co-infection-related deaths (see Figure 4.10c). This implies that slowing the pro-
gression of the HIV/AIDS virus is important and critical to reducing the impact of COVID-19
and HIV/AIDS.

4.4.3 COVID-19 Treatment and Vaccine to Minimize Co-infection Cases and Risk of
Death Among PLHIV

The impact of COVID-19 vaccine on the number of co-infected populations is illustrated
in Figures 4.11 and 4.12. The sub-figures show that, as the value of the vaccination rate (ξ)
of COVID-19 is increases, the number of co-infected populations decreases, which means the
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Figure 4.6: Local stability of disease-free equilibrium E0
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Figure 4.7: Simulation of DHC for different values of transmissions rates γc and γh.

expansion of COVID-19 and HIV/AIDS co-infection will decrease.

For PLHIV, efforts such as vaccination minimize the chance of contracting COVID-19 dis-
ease, which might be one of the reasons for the relatively weak ability to produce antibodies
and lower lymphocyte counts (Squillace, Nicola et al., 2021). Treating co-infected individuals
plays a vital role in reducing the number of deaths among HIV/AIDS patients. Simulations in
Figure 4.13 reveals that treating co-infected individuals have a reverse impact on increasing the
death risk among PLHIV infected with COVID-19. This indicates COVID-19 diagnosis and
treatment for HIV/AIDS infected people should be strengthened since it can lower fatalities
from co-infection, especially when these people are vulnerable to the disease.
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Figure 4.8: Simulation of IHC and IAC for different values of transmission rates γc and γh.
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Figure 4.9: Effects of ε on the number co-infection.
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Figure 4.10: Effects of κ on the number co-infection.

0 10 20 30 40 50
Time (in Months)

0

1

2

3

4

5

6

Po
pu

la
ti

on
 (
I H

C
)

×104
ξ=0.28
ξ=0.31
ξ=0.34

(a) Effect of vaccine on IHC

0 10 20 30 40 50
Time (in Months)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Po
pu

la
ti

on
 (
I A
C
)

×105
ξ=0.28
ξ=0.31
ξ=0.34

(b) Effect of vaccine on IAC

Figure 4.11: Effects of COVID-19 vaccination IHC and IAC population.
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Figure 4.12: Effect of COVID-19 vaccination and treatment on DHC population.
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Figure 4.13: Effect of COVID-19 treatment, for individuals in IAC class, on DHC.
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CHAPTER 5

OPTIMAL CONTROL STRATEGIES FOR HIV AND COVID-19
CO-INFECTION: A COST-EFFECTIVENESS ANALYSIS

This chapter focuses on modeling the dynamics of co-infections involving COVID-19 and
HIV. It begins with the formulation of a mathematical model that captures the transmission and
progression of these diseases within a population. The analysis includes examining sub-models,
the COVID-19 only and HIV only models, as well as their co-infection. The chapter further
explores the impact of HIV on the endemic characteristics of COVID-19. Numerical simulations
are used to illustrate the model’s dynamics and the effectiveness of control measures. Lastly,
the chapter discusses the cost-effectiveness of various control strategies, ranging from single to
combined interventions, evaluating their impact on managing the co-infections.

5.1 Model Formulation

The HIV-COVID-19 co-infection model is structured by categorizing the total population
into nine mutually exclusive compartments: susceptible (S), HIV-positive (H), HIV-positive in-
dividuals undergoing treatment (Ht), COVID-19-vaccinated (Vc), COVID-19-infected (C), indi-
viduals with both COVID-19 and HIV infections (Hc), individuals receiving HIV treatment who
contract COVID-19 (Ht

c), recovered from COVID-19 (Cr) and individuals at risk of death due
to co-infection (Dhc). Recruitment, denoted by the rate ψ, and immunity loss to the COVID-
19 virus, with a rate of ηc, contribute to an increase in the susceptible population. Individ-
uals susceptible to both COVID-19 and HIV can contract these diseases at rates represented
by χC = πc

C+Hc+Ht
c

N−Dhc
, and χH = πh

H+Ht+Hc+Ht
c

N−Dhc
, respectively, from those actively infected with

COVID-19 and HIV. Here, standard incidence functions are used to produce a more precise
representation of frequency-dependent transmissions, such as HIV/AIDS, because the average
number of sexual contacts per individual is relatively constant (Li, Michael Y, 2018; Martcheva,
2015; Samares, Pal et al., 2006). Furthermore, it is understood that the spread of COVID-19
might reach a threshold where adding more susceptible individuals does not significantly in-
crease the rate of new infections due to variables such as self-protective measures (Manfredi,
P. and D’Onofrio, A., 2013) and immunization (Ben Ashby and Alex Best, 2021; Ogidi, Odan-
gowei Inetiminebiet al., 2021). This approach acknowledges that the number of contacts an
individual has does not increase proportionally with population size, preventing overestimation
of transmission in large populations (Samares, Pal et al., 2006). Presumably, individuals at risk

51



Figure 5.1: The HIV and COVID-19 co-infection model flow diagram.

of co-infection-related death (Dhc) receive specialized care and are excluded from the transmis-
sion of both diseases. The parameters πh and πc denote transmission probabilities for HIV and
COVID-19 infections, respectively. Individuals who receive the COVID-19 vaccine transferred
to the vaccinated class at a rate of ϕc. It is assumed that COVID-19 infection occurs at a re-
duced rate τvχC among those who are vaccinated, where τv signifies vaccine inefficacy: τv = 0
implies a perfect vaccine, rendering vaccinated individuals immune, while τv = 1 indicates that
vaccinated individuals face the same risk as the unvaccinated. On the other hand, individuals
in the H and Ht classes, due to compromised immunity, experience increased rates of ε1χC and
ε2χC , for contracting COVID-19 (Danwang, Celestin et al., 2022; Höft, Maxine A. et al., 2024),
where ε1 and ε2 are modification parameters. The Ht class expands at a rate of ωh as individuals
in the H class undergo treatment. Both H and Ht classes may experience HIV-related mortality
at a rate of dh. The rate of recovery from COVID-19 differ for individuals in the C, Hc and Ht

c

classes, denoted by θc, ξhc and φtc, respectively. Individuals in the C class face mortality at a
rate of dc, while those in the Hc and Ht

c classes, becoming susceptible to death (Höft, Maxine
A. et al., 2024), are added to Dhc at rates of δhc and δtc, respectively, before succumbing to the
burden of co-infection at a rate of dhc. Figure 5.1 illustrates the dynamic changes within these
compartments.
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Given the aforementioned assumptions and descriptions, we hereby formulate the following
systems of nonlinear differential equations:

S′ = ψ− (β1 +χC +χH )S+ηcCr,

V ′c = ϕcS− (τvχC +χH +d)Vc,

C′ = χCS+ τvχCVc− (β2 +χH )C,

Cr′ = θcC−β3Cr,

H ′ = (S+Vc)χH +ξhcHc− (β4 + ε1χC)H,

Ht ′ = ωhH +φtcHt
c− (β5 + ε2χC)H

t ,

H ′c = ε1χCH +χHC−β6Hc,

Ht
c
′ = ε2χCHt +αhcHc−β7Ht

c,

D′hc = δhcHc +δtcHt
c−β8Dhc,

(5.1)

where β1 = ϕc+d, β2 = dc+d+θc, β3 = d+ηc, β4 = ωh+d+dh, β5 = dh+d, β6 = d+αhc+

ξhc +δhc, β7 = d +φtc +δtc, and β8 = dhc +d.

The initial conditions of the equations of the model (5.1) are as follows:S(0) = S0, Vc(0) =Vc0, C(0) =C0, Cr(0) =Cr
0, H(0) = H0, Ht(0) = Ht

0, Hc(0) = Hc0,

Ht
c(0) = Ht

c0, Dhc(0) = Dhc0.

(5.2)

5.2 Model Analysis

This section outlines the qualitative properties of (5.1). This includes the existence and
uniqueness of positive and bounded solutions and the stability of equilibria.

5.2.1 Invariant Set, Positivity and Boundedness of Solutions

The positivity and boundedness of solutions are established in the following theorem.

Theorem 5.2.1. Assuming that all initial conditions in (5.2) are positive, the solutions of the

system (5.1) remain positive for all t > 0. Furthermore, the set

ϒ = {(S,Vc,C,Cr,H,Ht ,Hc,Ht
c,Dhc) ∈ R9 : 0≤ N ≤ ψ/d}

is a positively invariant region and serves as an attracting set for system (5.1).
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Table 5.1: A description of the parameters in Equation (5.1).

Parameters Description Values Source

ψ Rate of recruitment 5070 Assumed
φtc Recovery rate for Ht

c from COVID-19 0.0578 Assumed
τv COVID-19 vaccine inefficacy 0.01 Assumed
πh Transmission rate for HIV 0.01 (Ayele, Tigabu et al., 2021)
ε2 Modification parameter 1.2 Assumed
αhc Recovery rate of Hc from COVID-19 0.08068 Assumed
ϕc Rate of vaccination 0.01041 Assumed
θc The recovery rate of the C class 0.18219 (Deressa & Duressa, 2021)
ε1 Modification parameter 1.25 Assumed
ηc Rate of immunity loss for COVID-19 0.033 Assumed
dh HIV-related mortality rate 0.00133 (UNAIDS, 2023)
πc Transmission rate for COVID-19 1 (Deressa & Duressa, 2021)
dc COVID-19 induced death rate 0.00011 (Deressa & Duressa, 2021)
δhc Transfer rate from Hc to Dhc class 0.00983 Assumed
δtc Transfer rate from Ht

c to Dhc class 0.000161 Assumed
ξhc Recovery rate for Hc from COVID-19 0.004 Assumed
dhc Co-infection-related mortality rate 0.004392 Assumed
d Natural death rate 4×10−5 (Kassahun et al., 2022)
ωh Transfer rate from H to T class 0.006561 Assumed

Proof. It follows from the first equation of system (5.1) that, dS
dt S=0 = ψ+ηcCr > 0. We can

see that S(t) remains positive ∀t > 0. Which implies, the solution cannot exit ϒ by crossing
the boundary S = 0. Similarly, it is easy to show that Vc,C,Cr,H,Ht ,Hc,Ht

c,Dhc > 0, for all
t > 0. Furthermore, N(t) satisfy dN

dt ≤ ψ−dN. Thus, we can deduce that 0≤ N ≤ ψ/d. Hence,
all solutions in R9

+ are attracted to the region ϒ. By Lemma 1 from Williams, Chukwu et al.
(2020), we can deduce that ϒ is an invariant and positively defined set.

Theorem 5.2.1 confirm the epidemiological soundness of model (5.1), establishing the posi-
tivity and boundedness of all state variables. In other words, no solution path can extend beyond
the boundaries of ϒ, rendering it adequate to focus on the dynamics of system (5.1) within the
confines of ϒ. As the right-hand side of (5.1) is locally Lipschitz, the existence of solutions fol-
lows from the Picard-Lindelöf Theorem (see Theorem A.1.2 from Appendix A.1). Therefore,
we establish the following theorem.

Theorem 5.2.2. Solutions to system (5.1) exist and are unique for all t ≥ 0.

From Theorem 5.2.1 and Theorem 5.2.2 we can deduce that model (5.1) is epidemiologically
meaningful and mathematically well-posed.
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5.2.2 COVID-19 Sub-model Analysis

Setting H = Ht = Hc = Ht
c = Dhc = 0 yields the following sub-model of COVID-19:

S′ = ψ− (β1 +χC)S+ηcCr,

V ′c = ϕcS− (τvχC +d)Vc,

C′ = χCS+ τvχCVc−β2C,

Cr′ = θcC−β3Cr,

(5.3)

where χC = πc
C
N .

Following the same procedure as in Section 4.2.2, the COVID-19 free equilibrium (E0
c ) is

determined as E0
c =

(
ψ

β1
, ϕcψ

dβ1
, 0, 0

)
and the COVID-19 sub-model’s reproduction number(R c

0 )

is determined as R c
0 = (d+ϕcτv)πc

β1β2
. In simpler terms, the epidemiological interpretation of the first

and second terms of R c
0 is that they represent the number of secondary infections that can be

produced by one COVID-19 infected individual in susceptible and vaccinated class, respectively.
Without vaccination, when ϕc,τv = 0 , R c

0 is given by R c
0 = R̂ c

0 = πc
β2
. and R c

0 can be expressed as

R c
0 =

(d+ϕcτv)R c
0
∗

β1
. This implies that the critical vaccination proportion that will lead to COVID-

19 eradication is d(1−R c
0
∗)

1−τvR c
0
∗ , which can be obtained by letting R c

0 = 1 and solving for ϕc.

Theorem 5.2.3. E0
c is locally asymptotically stable, whenever R c

0 < 1.

Proof. The Jacobian of system (5.3) at Ec
0 is

−β1 0 − πcd
ϕc+d ηc

ϕc −d −πcϕcτv
ϕc+d 0

0 0 πc(ϕcτv+d)
ϕc+d −β2 0

0 0 θc −β3

 . (5.4)

We can see that, whenever R c
0 < 1, the eigenvalues of matrix (5.4) are all negative. This means

that when R c
0 < 1, an outbreak cannot be caused by COVID-19-infected individuals and the

disease can be eliminated.
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The endemic equilibrium point Ec = (S∗,V ∗c ,C
∗,Cr∗), is computed as:

S∗ =
β2β3ψ(τvχC +d)

τv [β2β3−ηcθc]χ2
C
+[(τvϕc +d)(β2β3−ηcθc)+ τvβ2β3d]χC +β1β2β3d

V ∗c =
ϕcβ2β3ψ

τv [β2β3−ηcθc]χ2
C
+[(τvϕc +d)(β2β3−ηcθc)+ τvβ2β3d]χC +β1β2β3d

C∗ =
β3ψχC(τvχC +ϕcτv +d)

τv [β2β3−ηcθc]χ2
C
+[(τvϕc +d)(β2β3−ηcθc)+ τvβ2β3d]χC +β1β2β3d

Cr∗ =
ψθcχC(τvχC +ϕcτv +d)

τv [β2β3−ηcθc]χ2
C
+[(τvϕc +d)(β2β3−ηcθc)+ τvβ2β3d]χC +β1β2β3d

(5.5)

Substituting S∗, V ∗c , C∗ and Cr∗ of (5.5) into χ∗
C
= πcC∗

S∗+V ∗c +C∗+Cr∗ yields χ∗
C
(q2χ∗

2

C
+q1χ∗

C
+q0) =

0, where q0 = β1β2β3(1−R c
0 ), q1 = τvβ2β3+(d+τvϕc)(β3+θc)−πcτvβ3 and q2 = τv(β3+θc).

For χ∗
C
= 0, we obtain the disease free equilibrium Ec

0 . Thus, the endemic equilibrium satisfies
the following equation:

q2χ
∗2

C
+q1χ

∗
C
+q0 = 0. (5.6)

The solution of χ∗
C

is given by χ∗
C
=
−q1±
√

q2
1−4q0q2

2q2
. To assess the potential for an endemic

equilibrium in (5.3), we explore two distinct scenarios, emphasizing positive real solutions while
excluding the possibility of negative and complex solutions in (5.6). Consequently, we observe
that Equation (5.6):

1. possesses a unique positive solution if R c
0 > 1 and

2. exhibits two positive solutions if R c
0 < 1 and q1 < 0.

The second condition indicates the backward bifurcation phenomenon, the co-existence of a
stable endemic and COVID-19-free equilibria, even if R c

0 < 1. For τv = 0 and/or ϕc = 0, we
obtain q1 > 0, implying that the imperfect vaccine can cause the backward bifurcation.

5.2.3 HIV Sub-model Analysis

Setting the state variables related to COVID-19 and co-infection equal to zero, C = Cr =

Hc = Ht
c = Dhc = 0, gives the following HIV-only sub-model:

S′ = ψ− (β1 +χH )S,

V ′c = ϕcS− (χH +d)Vc,

H ′ = (S+Vc)χH −β4H,

Ht ′ = ωhH−β5Ht ,

(5.7)
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where χH = πh
H+Ht

N .

To identify equilibrium points, HIV-free and endemic, we set the right hand side of (5.7)
equal to 0. Thus, HIV-free equilibrium(E0

h ), obtained when H = Ht = 0, is given by E0
h =(

ψ

β1
, ϕcψ

dβ1
,0,0

)
.

The next generation matrix result in Appendix A.2 is employed to find the reproduction
numbers of the sub- and co-infection models. Thus, the reproduction number(R h

0 ) of the HIV-
only sub-model (5.7) is determined as

R h
0 =

πh

β5
(5.8)

Theorem 5.2.4. E0
h , whenever R h

0 < 1, is locally asymptotically stable.

Proof. The Jacobian of (5.7) becomes,
−β1 0 −dπh

β1
−dπh

β1

ϕc −d −ϕcπh
β1

−ϕcπh
β1

0 0 πh−β4 πh

0 0 ωh −β5


It is evident that −d,−β1 and −β6 are all negative. Two other eigenvalues are found in the
matrix (

πh−β4 πh

ωh −β5

)
Accordingly, the characteristic polynomial becomes P(λ) = λ2 +(β4 + β5− πh)λ+ β4β5(1−
R h

0 ). The local stability of E0
h is determined by the sign of the roots of P(λ) = 0. When R h

0 < 1,
the Routh-Hurwitz criterion leads us to the conclusion that all roots of P(λ) = 0 are negative,
establishing the local asymptotic stability of E0

h . Conversely, if R h
0 > 1, the disease-free equi-

librium becomes unstable due to the presence of a positive eigenvalue.

The epidemiological interpretation of the local stability of a disease-free equilibrium sug-
gests that an epidemic is unlikely to occur, and there exists a potential for eliminating the dis-
ease from the population, especially when the flow of infectious individuals is relatively small.
Specifically, Theorem 5.2.4 implies the feasibility of controlling HIV transmission by reducing
R h

0 below one.
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If R h
0 > 1, we obtain the endemic equilibrium point Eh = (S∗,V ∗c ,H

∗,Ht∗), where

S∗ =
ψ

β1 +β5(R H
0 −1)

, V ∗ =
ϕcψ[

β1 +β5(R h
0 −1)

][
d +β5(R h

0 −1)
] ,

Ht∗ =
ωhψ(R h

0 −1)
β4
[
d +β5(R h

0 −1)
] and H∗ =

β5ψ(R h
0 −1)

β4
[
d +β5(R h

0 −1)
] .

Consequently, we can say that HIV persists in the population for R h
0 > 1. However, for R H

0 <

1, we can see that H∗,Ht∗ < 0, which is biologically meaningless. Therefore, the theorem
presented below has been established.

Theorem 5.2.5. Model (5.7), whenever R h
0 > 1, has a unique endemic equilibrium.

5.2.4 Co-infection Model Analysis

The disease-free equilibrium, E0, is given by E0 =
(

ψ

β1
, ϕcψ

β1d , 0, 0, 0, 0, 0, 0, 0, 0, 0
)
.

The reproduction number(R0) for the COVID-19 and HIV co-infection model is obtained as
R0 = max{R c

0 , R h
0 }. Furthermore, the subsequent theorem is established by employing Theo-

rem 2 introduced in Van den Driessche, P. and Watmough, J. (2002).

Theorem 5.2.6. E0 is unstable if R0 > 1 and locally asymptotically stable if R0 < 1.

To assess the global stability of E0, we employ the method described in Chavez, C Castillo
et al. (2002). By adopting the notation from Chavez, C Castillo et al. (2002) as in Section 4.2.4
and rephrasing system (5.1) as Equation (3.1) of Chavez, C Castillo et al. (2002), we obtain

Ĝ(X,I) =



πc(C+Hc +Ht
c)
(

S(0)
N(0) −

S
N + τv

(
Vc(0)
N(0) −

Vc
N

))
+χHC

πh(H +Ht +Hc +Ht
c)
(

1− S+Vc+Cr

N

)
+χCH

χCHt

−χCH−χHC

−χCHt

0


where I = (C,H,Ht ,Hc,Ht

c,Dhc) and X = (S,Vc,Cr) denotes infected and uninfected population
respectively.

The fourth and fifth rows of Ĝ(X,I) are less than zero. So, the assumption H2 in Chavez, C
Castillo et al. (2002) is not satisfied. This suggests that E0 might not be globally asymptotically
stable. That is, system (5.1) exhibits backward bifurcation, as proved by the following theorem.
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Theorem 5.2.7. System (5.1) undergoes a backward bifurcation at R0 = 1 when

τv(1− τv)ϕcβ2− (τvϕc +d)2
(

1+
θc

β3

)
> 0.

Proof. The central manifold approach outlined in Castillo-Chavez, C. and Song, Baojun (2004)
(see Appendix A.3) is used to show existence of backward bifurcation in system (5.1). Thus,
the following change of variables is introduced: z̃1 = S, z̃2 =Vc, z̃3 =C, z̃4 =Cr, z̃5 = H, z̃6 =

Ht , z̃7 = Hc, z̃8 = Ht
c, and z̃9 = Dhc. So that, N = ∑

9
j=1 z̃ j, χC = πh

z̃3+z̃7+z̃8
N−z̃9

and χH =

πh
z̃5+z̃6+z̃7+z̃8

N−z̃9
.

Moreover,
z̃′ = p = (p1, p2, p3, p4, p5, p6, p7, p8, p9)

T (5.9)

is used to express system (5.1) with z̃ = (z̃1, z̃2, z̃3, z̃4, z̃5, z̃6, z̃7, z̃8, z̃9)
T .

Suppose R0 = max{R c
0 , R h

0 } = R c
0 . After selecting πc as the bifurcation parameter and

setting R c
0 = 1, we get πc = π∗c =

β1β2
τvϕc+d . At E0, the Jacobian of the system (5.9) for πc = π∗c has

a simple zero eigenvalue, but the real part of all other eigenvalues are negative. Consequently,
we used the notion in Castillo-Chavez, C. and Song, Baojun (2004) and performed the following
calculations.

For zero eigenvalue, we have the right-eigenvector (w1,w2,w3,w4,w5,w6,w7,w8,w9)
T and

left-eigenvector (v1,v2,v3,v4,v5,v6,v7,v8,v9), where

w1 =
w3

β1

(
θcηc

β3
− π∗cd

β1

)
,w2 =

ϕc

d

(
w1−

τvπ∗cw3

β1

)
,w3 > 0,w4 =

w3θc

β3
,v3 > 0,

v7 =
β2(αhc +β7)v3

β6β7
, v8 =

β2v3

β7
and w5,w6,w7,w8,w9,v1,v2,v4,v5,v6,v9 = 0.

The values of a and b are calculated as follows:

a =
9

∑
k,i, j=1

vkwiw j
∂2 p̃k

∂z̃i∂z̃ j
(E0,π∗c)

=
9

∑
i, j=1

[
v3wiw j

∂2 p̃3

∂z̃i∂z̃ j
(E0,π∗c)+ v7wiw j

∂2 p̃7

∂z̃i∂z̃ j
(E0,π∗c)+ v8wiw j

∂2 p̃8

∂z̃i∂z̃ j
(E0,π∗c)

]
=

2dβ2v3w2
3

ψ(τvϕc +d)2

(
τv(1− τv)ϕcβ2− (τvϕc +d)2

(
1+

θc

β3

))
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and

b =
9

∑
k, j=1

vkw j
∂2 p̃k

∂z̃ j∂πc
(E0,π∗c)

=
9

∑
i, j=1

[
v3wiw j

∂2 p̃3

∂z̃i∂πc
(E0,π∗c)+ v7wiw j

∂2 p̃7

∂z̃i∂πc
(E0,π∗c)+ v8wiw j

∂2 p̃8

∂z̃i∂πc
(E0,π∗c)

]
=

v3w3(τvϕc +d)
β1

> 0.

The coefficient b remains positive. Therefore, at R0 = 1, backward bifurcation is exhibited,
when a > 0. It is obvious that a < 0 when the vaccination is perfect(τv = 0). Hence, as per
Theorem 4.1 in Castillo-Chavez, C. and Song, Baojun (2004), system (5.1) will experience a
trans-critical bifurcation at R0. This indicates that the backward bifurcation characteristic of
the co-infection model (5.1) emerges from an imperfect vaccine, a common cause for backward
bifurcation (Gumel, 2012).

5.2.5 The Influence of HIV on the Endemic Chapter of COVID-19

Even though the World Health Organization has classified COVID-19 as a persistent health
challenge, no longer deeming it a public health emergency of international concern (WHO,
2024b), it continues to pose a significant threat to global health. This section will focus on
investigating the contribution of HIV to the transmission of COVID-19. Hence, we write d in
(5.8) in terms of R h

0 to express R c
0 in terms of R h

0 . That is, d =
πh−R h

0 dh

R h
0

. Upon replacing this d

value in R c
0 , we obtain R c

0 =
R h

0 πc(πh+R h
0 (ϕcτv−dh))

(πh+R h
0 (ϕc−dh))(R h

0 (dc−dh+θc)+πh)
. Which implies,

∂R c
0

∂R h
0
=

(πh−R h
0 (dh +ϕcτv))

2 +(1− τv)ϕcR h
0

2
(ϕcτv−θc−dc)(

πh +R h
0 (ϕc−dh)

)
2
(
R h

0 (dc−dh +θc)+πh
)

2
.

In the community, when ∂R c
0

∂R h
0
> 0 (that is when (πh−R h

0 (dh+ϕcτv))
2+(1−τv)τvϕc

2R h
0

2

ϕc(1−τv)(θc+dc)R h
0

2 > 1), there is a

corresponding rise in COVID cases as the number of HIV cases increases. The positive correla-
tion between the two implies that targeted interventions and health campaigns within communi-
ties where both HIV and COVID-19 are prevalent are necessary to combat the transmission of
these infections.

5.2.6 Uncertainty and Sensitivity Analysis

Sensitivity analysis determines the contribution of each parameter value to the reproduction
number. It is well known that there are uncertainties related to the estimation of some param-
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eter values. An uncertainty analysis, using Latin Hypercube Sampling(LHS), is carried out to
account for the effect of such uncertainties. We perform a Latin Hypercube Sampling (LHS) on
the parameters that appear in the expression for reproduction numbers. It is worth mentioning
that the LHS, which is a stratified sampling technique without replacement, enables the assess-
ment of parameter variations across simultaneous uncertainty ranges for each parameter of the
model. For the sensitivity analysis, a Partial Rank Correlation Coefficient (PRCC) was com-
puted between the values of the parameters in the response function and those derived from the
sensitivity analysis. We carried out a total of 1000 simulations per LHS run. Figure 5.2 shows
the different parameters and their PRCC’s.

Figure 5.2a shows the Partial Rank Correlation Coefficients (PRCC) of parameters with
respect to the basic reproduction number R c

0 . The parameter πc has the highest positive PRCC,
indicating that it significantly increases R c

0 , making it the most influential factor for infection
spread. Parameters τv has moderate positive effects on R c

0 . Parameters ϕc and θc show negative
correlations, suggesting they have relevant impact in reducing R c

0 . Figure 5.2b shows the Partial
Rank Correlation Coefficients (PRCC) between the basic reproduction number R h

0 and four key
parameters: πh, d, dh, and ωh. The positive PRCC value for πh indicates a strong positive
correlation, meaning that as πh increases, R h

0 tends to increase significantly. On the other hand
ωh have negative correlations with R h

0 , suggesting that increasing these parameters leads to a
decrease in the reproduction number. Therefore, control strategies should prioritize reducing πc

and πh, while also increasing θc, ϕc and ωh for effective disease management.

πc d ϕc τv dc θc
−1.0

−0.5

0.0

0.5

1.0

PR
C

C
 (
ℛ

c 0
)

(a) PRCC values when R c
0 is the responce function

πh d dh ωh
−1.0

−0.5

0.0

0.5

1.0

PR
C

C
 (
ℛ

h 0
)

(b) PRCC values when R h
0 is the responce function

Figure 5.2: Sensitivity and uncertainty analysis results.
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5.3 Model Extension to Include Optimal Control

This section introduces four Lebesgue measurable control functions of time to model (5.1).
The following is a description of these control functions:

u1(t): steps made to promote and supply the COVID-19 vaccination,

u2(t): initiatives aimed at preventing the spread of HIV,

u3(t): measures taken to reduce the COVID-19 burden through treatment and

u4(t): the use of antiretroviral therapy (ART) for HIV patients.

To make things simple, we will define x = (S,Vc,C,Cr,H,Ht ,Hc,Ht
c) and u = (u1,u2,u3,u4).

Upon including u1,u2,u3, and u4 into (5.1), we derive the optimal control model as follows:

S′ = ψ− (β1 +u1 +χC +(1−u2)χH )S+ηcCr,

V ′c = (ϕc +u1)S− (τvχC +(1−u2)χH +d)Vc,

C′ = χCS+ τvχCVc− (β2 +u3 +(1−u2)χH )C,

Cr′ = (u3 +θc)C−β3Cr,

H ′ = (1−u2)(S+Vc)χH +(u3 +ξhc)Hc− (β4 +u4 + ε1χC)H,

Ht ′ = (u4 +ωh)H +(u3 +φtc)Ht
c− (β5 + ε2χC)H

t ,

H ′c = ε1χCH +(1−u2)χHC− (β6 +u3 +u4)Hc,

Ht
c
′ = ε2χCHt +(u4 +αhc)Hc− (β7 +u3)Ht

c,

D′hc = δhcHc +δtcHt
c−β8Dhc,

(5.10)

subject to (5.2).

The controls u1 and u3 in (5.10) were added to the existing parameters to increase the vac-
cination rates as well as the rate of recovery of COVID-19, respectively. Moreover, adding
u4 represents an increase in HIV treatment efforts. Furthermore, using u2 as a multiplicative
effect represents a proportional reduction in HIV transmission rates. The aim of introducing
u1, u2, u3 and u4 in (5.1) is to identify the most cost-effective intervention strategy to reduce
HIV and COVID-19 co-infection cases. To accomplish this, the following objective function is
established.

J(u) =
∫ t f

0
F(t,x,u)dt, (5.11)
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where F(t,x,u) = a1C + a2H + a3Ht + a4Hc + a5Ht
c + a6Dhc +

1
2 ∑

4
j=1 B ju2

j and t f is the final
time.

The state variables, along with the balancing weight parameters a1,a2,a3,a4,a5 and a6 in F ,
are employed to minimize the number of co-infected individuals over a specific duration. The
non-linear expression Biu2

i , consistent with previous works (Deressa & Duressa, 2021; Meko-
nen, Kassahun et al., 2022), represents the expenses associated with treatment and prevention,
reflecting the inherently non-linear nature of costs. Thus, our goal is to determine the optimal
control u∗ = (u∗1,u

∗
2,u
∗
3,u
∗
4) so that, given system (5.10) with initial conditions (5.2),

J(u∗1,u
∗
2,u
∗
3,u
∗
4) = min

u∈U
J(u), (5.12)

where U = {u| 0 ≤ u j(t) ≤ 1, j = 1,2,3,4, for 0 ≤ t ≤ t f } is the set of admissible control
functions.

To achieve this, we first verify that (5.10) has solutions, and then we use Pontryagin’s Max-
imum Principle (see Theorem A.4.1 from Appendix A.4) to characterize the optimal controls.

5.3.1 Existence of Control Problem

Theorem 5.3.1. There exists an optimal control to problem to (5.12).

Proof. The existence of solutions to an optimal control problem (5.12) is established using The-
orem 4.1 and Corollary 4.1 from Fleming, Wendell H and Rishel, Raymond W (2012). Thus,
we must meet the conditions mentioned further down:

A1: The set of state variables and controls are non-empty.

A2: The set U is convex and closed.

A3: F(t,x,u) is convex on U.

A4: System (5.1) can be expressed as h(t,x,u) = r(t,x)+ s(t,x)uT

A5: h is continuous and there exist K > 0 such that

(i) |h(t,x,u)| ≤ K(1+ |x|+ |u|),

(ii) |h(t,x,u)−h(t,x,u)| ≤ K|x1− x|(1+ |u|), for all u ∈U, 0≤ t ≤ Tf .

A6: F(t,x,u)≥ c1 |u|c2− c3, c1 > 0, c2 > 1.

Let’s examine each of these conditions one by one now.
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A1: For the set of control variables, without at least one effective control, we cannot have
optimal controls. Furthermore, we can figure out that there is a unique solution that passes
through the initial condition (5.2) because the right-hand side of system (4.1) is locally
lipshizian (see Theorem A.1.2 from Appendix B.2).

A2: Let u, v ∈U. Then σu+(1−σ)v≥ 0, (1−σ)v≤ (1−σ) and σu≤ σ, where 0 < σ < 1.
Which implies 0≤ σu+(1−σ)v≤ 1. Hence U is Convex and closed.

A3: To show the convexity of t F , we need to prove that:

LHS=σF(t,x,u)+(1−σ)F(t,x,v)−F(t,x,σu+(1−σ)v)≥ 0, for u, v∈U and 0<σ< 1.

Thus,

LHS =
σ

2

5

∑
i=1

Biu2
i +

(1−σ)

2

4

∑
i=1

Biv2
i −

1
2

4

∑
i=1

Bi(σui +(1−σ)vi)
2

=
σ(1−σ)

2

4

∑
i=1

Bi(u2
i −2uivi + v2

i )

=
σ(1−σ)

2

4

∑
i=1

Bi(ui− vi)
2 ≥ 0

A4: System (4.1) can be written as,

h(t,x,u) = r(t,x)+ s(t,x) uT ,

where,

r =



Sψ− (β1 +χC +χH )S+ηcCr

ϕcS− (τvχC +χH +d)Vc

χCS+ τvχCVc− (β2 +χH )C

θcC− (β3 +χH )Cr

χH (S+Vc)+ξhcHc− (β4 + ε1χC)H

ωhH +φtcHt
c− (β5 + ε2χC)H

t

χCH +χHC−β6Hc

χCHt +αhcHc−β7Ht
c

δhcHc +δtcHt
c−β8Dhc



, s =



−S χHS 0 0
S χHVc 0 0
0 χHC −C 0
0 0 C 0
0 −χH (Vc +S) Hc −H

0 0 Ht
c H

0 −χHC −Hc −Hc

0 0 −Ht
c Hc

0 0 0 0


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A5: Since S,Vc,C,Cr,H,Ht ,Hc and Ht
c are bounded, there exists a constant K such that

|h(t,0,0)| ≤ K, |hx(t,x,u)| ≤ K(1+ |u|), |hu(t,x,u)| ≤ K. (5.13)

Applying mean vale theorem and using (5.13) we have∣∣∣∣h(t,x1,u)−h(t,x,u)
x1− x

∣∣∣∣= |hx(t,x,u)| ,
∣∣∣∣h(t,x,0)−h(t,0,0)

x

∣∣∣∣= |hx(t,x,0)| and∣∣∣∣g(t,x,u)−g(t,x,0)
u

∣∣∣∣= |gu(t,x,u)| .

Which implies, |h(t,x1,u)−h(t,x,u)| ≤ K |x1− x|(1+ |u|), |h(t,x,0)| ≤ K (1+ |x|) and
|h(t,x,u)| ≤ K (1+ |x|+ |u|), respectively. Thus, condition A5 has met.

A6:
F(t,x,u)≥B1

2
u2

1 +
B2

2
u2

2 +
B3

2
u2

3 +
B4

2
u2

4

≥B1

2
u2

1 +
B2

2
u2

2 +
B3

2
u2

3 +
B4

2
u2

4−
B4

2

≥max
(

B1

2
,
B2

2
,
B3

2
,
B4

2

)(
u2

1 +u2
2 +u2

3 +u2
4
)
− B4

2

=max
(

B1

2
,
B2

2
,
B3

2
,
B4

2

)
|(u1,u2,u3,u4)|2−

B4

2

Therefore, F(t,x,u)≥ c1 |u|c2− c3, where c1 = max
(

B1
2 , B2

2 , B3
2 , B4

2

)
> 0, c2 = 2 > 1 and

c3 =
B4
2 .

Hence, since all of the aforementioned conditions are met, there are optimal control variables
u1
∗,u∗2,u

∗
3, and u∗4 that satisfy (5.12) .

5.3.2 Necessary Conditions

To use Pontryagin’s Minimum Principle, first, we transform the optimal control problem
(5.12) into a point-wise Hamiltonian, G, minimization problem:

G = F(t,x,u)+
9

∑
j=1

l j f̃ j(t,x,u),

where l j, also known as the adjoint variables, are piecewise differentiable functions that need to
be found, and f̃ j represents the right-hand side of the ith equation of system (5.10).
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Theorem 5.3.2. Suppose x̂1 = S, x̂2 = Vc, x̂3 = C, x̂4 = Cr, x̂5 = H, x̂6 = Ht , x̂7 = Hc, x̂8 = Ht
c

and x̂9 = Dhc be optimal state solutions and u∗ be the corresponding control set for the optimal

control problem (5.10) and (5.11). Then the adjoint variables satisfy

dl j

dt
=− ∂G

∂x̂ j
(5.14)

with transversality conditions l j(t f ) = 0, for j = 1,2,3, ...,9. Furthermore, the control set u∗ is

characterized by

u∗1 = max
{

0,min
{

1,
(l1− l2)S

B1

}}
,

u∗2 = max
{

0,min
{

1,
χH ((l5− l1)S+(l5− l2)Vc)+C (l7− l3)

B2

}}
,

u∗3 = max
{

0,min
{

1,
(l7− l5)Hc +C (l3− l4)+(l8− l6)Ht

c
B3

}}
,

u∗4 = min
{

0,min
{

1,
(l7− l8)Hc +H (l5− l6)

B4

}}
.

(5.15)

Proof: By differentiating the Hamiltonian with respect to the state variables, we derive the
following differential equation governing the adjoint variables.

dl1
dt

=((χC +Q1)L1 +β1 +u1) l1−
(
(τvχC +Q1)Vc

N
+ϕc +u1

)
l2−

(
Q1C

N
+

(
1− Q3

N

)
χC

)
l3

−
(

ε1χCH
N

+Q1

(
1− Q2

N

))
l5−

ε2χCHt l6
N

+
(Q1C+ ε1χCH) l7

N
+

l8ε2χCHt

N
dl2
dt

=− l1 (χC +Q1)S
N

+ l2 (L2 (τvχC +Q1)+d)− l3

(
χC

(
τv−

Q3

N

)
+

Q1C
N

)
−l5

(
ε1χCH

N
+Q1

(
1− Q2

N

))
− l6ε2χCHt

N
+ l7

(
Q1C

N
+

ε1χCH
N

)
+

l8ε2χCHt

N
dl3
dt

=l1S
(

Q4−
Q1

N

)
+ l2Vc

(
τvQ4−

Q1

N

)
+ l3 (Q1L3−Q3Q4 +β2 +u3)− (u3 +θc) l4

+l5

(
Q1Q2

N
+ ε1Q4H

)
+ ε2Q4l6Ht− l7 (Q1L3 + ε1Q4H)− ε2Q4l8Ht−a1

dl4
dt

=− l1

(
(χC +Q1)S

N
+ηc

)
− l2Vc (Q1 + τvχC)

N
− l3

(
Q1C

N
− χCQ3

N

)
+β3l4

−l5

(
ε1χCH

N
− Q1Q2

N

)
− l6ε2χCHt

N
+ l7

(
Q1C

N
+

ε1χCH
N

)
+

l8ε2χCHt

N
dl5
dt

=l1S
(

Q5−
χC

N

)
+ l2Vc

(
Q5−

τvχC

N

)
+ l3

(
χCQ3

N
+Q5C

)
+ l5 (ε1χCL4−Q2Q5 +β4 +u4)
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−l6

(
ε2χCHt

N
+ωh +u4

)
− l7 (ε1χCL4 +Q5C)+

ε2χC l8Ht

N
−a2

dl6
dt

=l1S
(

Q5−
χC

N

)
+ l2Vc

(
Q5−

τvχC

N

)
+ l3

(
χCQ3

N
+Q5C

)
− l5

(
ε1χCH

N
+Q2Q5

)
+l6 (ε2χCL5 +β5)− l7

(
Q5C− χCH

N

)
− l8ε2χCL5−a3

dl7
dt

=(Q4 +Q5) l1S+ l2Vc (τvQ4 +Q5)− l3 (Q3Q4−Q5C)− l5 (−ε1Q4H +Q2Q5 +u3 +ξhc)

+ε2Q4l6Ht− l7 (Q5C+ ε1Q4H−β6−u3−u4)− l8
(
ε2Q4Ht +u4 +αhc

)
− l9δhc−a4

dl8
dt

=(Q4 +Q5) l1S+ l2Vc (τvQ4 +Q5)− l3 (Q3Q4−CQ5)+ l5 (ε1Q4H−Q2Q5)

−l6
(
−ε2Q4Ht +u3 +φtc

)
− l7 (Q5C+ ε1Q4H)− l8

(
ε2Q4Ht−β7−u3

)
− l9δtc−a5

dl9
dt

=β8l9−a6

where

Q1 =(1−u2)χH ,Q2 = S+Vc,Q3 = S+ τvVc,Q4 =
πc−Q1

N
,Q5 =

(1−u2)πh−Q2

N
,

L1 =

(
1− S

N

)
, L2 =

(
1− Vc

N

)
, L3 =

(
1− C

N

)
, L4 =

(
1− H

N

)
and L5 =

(
1− Ht

N

)
.

The characterization in (5.15) is obtained by solving u∗j from ∂G
∂u j

= 0, where j = 1,2,3, ...,9,
and applying standard control arguments involving bounds on the controls.

5.4 Numerical Simulations and Results

This section presents numerical simulations to validate the qualitative analysis results of
system (5.1) and to illustrate the contribution of optimal control strategies on cases of COVID-
19 and HIV co-infection. For this study, the total population and life expectancy of Ethiopia in
2021 have been taken into account. The estimated total population were N = 120,283,026 with
a life expectancy of 65 years (World Bank, 2022). Consequently, d = 1

(65×365) per day and ψ =

d×N = 5070 people per day. We employed parameter values from existing research, and where
data were unavailable, we estimated certain parameters within acceptable ranges. Table 5.1
presents the parameter values used in the numerical simulations. For the numerical simulations,
the following initial conditions were applied: S(0) = 120269406, Vc(0) = 8000, C(0) = 800,
Cr(0) = 1200, H(0) = 1500, Ht(0) = 1800, Hc(0) = 150, Ht

c(0) = 120, and Dhc(0) = 50.
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5.4.1 Simulations of the Co-infection Model

Figure 5.3b illustrates that even when R c
0 is less than 1, the state variables tend to converge

toward positive values. This suggests that the COVID-19 sub-model exhibits a backward bifur-
cation phenomenon. Figure 5.3a indicates that the backward bifurcation occurs at R c

0 = 1. For
R c

0 < 1, two endemic equilibria (stable and unstable) coexist with a stable disease-free equilib-
rium in the vicinity of R c

0 = 1. The occurrence of a backward bifurcation is epidemiologically
significant as it demonstrates that the condition of R c

0 < 1 is necessary but not sufficient for
disease control. This implies that eradicating COVID-19 can be challenging when a backward
bifurcation phenomenon is present in the dynamics of disease transmission.
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Figure 5.3: Backward bifurcation diagram and endemic equilibrium when Rc
0 = 0.35.

5.4.2 Simulations of the Optimal Control Model

The optimal control problem (5.10) is analyzed iteratively using the Runge-Kutta forward-
backward sweep numerical approximation method described in Appendix A.4. In line with
this approach, first, a fourth-order Runge-Kutta method is employed to solve the state variable
solutions forward in time with an initial guess for the control variables. Then, the solutions of
the state variables are used to solve (5.14) backward in time. Once the state and adjoint solutions
are solved, the control is updated with these new values. These procedures are repeated until
the solutions converge. In performing numerical simulation associated with the optimal control
problem, the following set of values of costs are considered: B1 = 30, B2 = 20, B3 = 50 and
B4 = 150. The weighted coefficients are further assumed to be a1 = 100, a2 = 100, a3 = 50,
a4 = 120 , a5 = 80 and a6 = 150. The intention of setting a high weight coefficient value for Dhc

is to minimize the loss of lives from HIV and COVID-19 infections. To examine the outcome of
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control strategies, we consider four different scenarios:

Scenario 1: use of single control strategy,

Scenario 2: implementing a combination of two control strategies,

Scenario 3: implementing a combination of three control strategies and

Scenario 4: implementing a combination of all control strategies.

Numerical results for all four scenarios are presented for the final time period of t f = 120. In
the following section, we will take a closer look at each scenario.

Scenario 1: Use of single control strategy

Here, the following strategies are taken into account:

Strategy A: Vaccination only (u1 ̸= 0)

Strategy B: Prevention for HIV only (u2 ̸= 0)

Strategy C: Treatment for COVID-19 only (u3 ̸= 0)

Strategy D: Treatment for HIV only (u4 ̸= 0)

The effectiveness of the control strategies and their impact profiles are depicted in Figure 5.4.
In Figure 5.4a, it is evident that COVID-19 and HIV treatment options significantly reduce the
population in the Hc compartment compared to other strategies. The highest peak value in Fig-
ure 5.4b is attributed to an increase in HIV treatment efforts. However, this figure reveals the
inverse outcome of COVID-19 treatment on the population in Ht

c. Figures 5.4c and 5.4h demon-
strate that the treatment of COVID-19 is more crucial than other options in reducing the risk of
mortality from co-infection. The calculations leading to Figures 5.4h and 5.4i are provided in
Section 5.5.1. Overall, these figures illustrate that, in terms of consistently reducing the num-
ber of deaths, COVID-19 appears to contribute more effectively. In summary, the COVID-19
treatment approach seems to play a more significant role in consistently lowering the number of
deaths.
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(d) Control profile(u1).
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(e) Control profile(u2).
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(f) Control profile(u3).
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Figure 5.4: A simulation showing how Scenario 1’s strategies affect the outcome.

Scenario 2: Use of combinations of two controls

This section examines the following combinations of two strategies.

Strategy E: COVID-19 vaccination and HIV prevention (u1,u2 ̸= 0)

Strategy F: Vaccination and treatment for COVID-19 (u1,u3 ̸= 0)

Strategy G: COVID-19 vaccination and treatment for HIV (u1,u4 ̸= 0)

Strategy H: Treatment for COVID-19 and prevention for HIV (u2,u3 ̸= 0)

Strategy I: Prevention and treatment for HIV (u2,u4 ̸= 0)
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Strategy J: Treatment for COVID-19 and HIV (u3,u4 ̸= 0)

Figure 5.5 presents the simulation results for a combination of two control strategies. The figure
indicates that the combinations of u1 and u3, u2 and u3, and u3 and u4 have resulted in the lowest
number of co-infection cases and the lowest risk of mortality. This observation is reinforced by
Figure 5.5j, which provides a detailed illustration of the effectiveness of each of the six mea-
sures, as discussed further in Section 5.5.2. Moreover, if these measures are to be implemented,
u2 and u4 should remain at their maximum level until the intervention is over, as depicted in
Figures 5.5d to 5.5i. In contrast, the control efforts u1 and u3 can gradually decrease from their
maximum after a certain number of days.

Scenario 3: Use of combinations of three controls

To investigate the impact of three control strategies, the following combinations are taken
into account:

Strategy K: Combination of u1, u2 and u3 (u4 = 0)

Strategy L: Combination of u1, u2 and u4 (u3 = 0)

Strategy M: Combination of u1, u3 and u4 (u2 = 0)

Strategy N: Combination of u2, u3 and u4 (u1 = 0)

Figure 5.6 shows that a combination of three interventions is more successful in reducing
the number of HIV and COVID-19 cases than using simply one or a hybrid of two strategies.
Moreover, from this figure, we can see that Hc and Dhc populations appear to be reduced in
almost the same manner in all four triple control strategies. The effectiveness of each of these
strategies is demonstrated in Figure 5.6h, which was constructed using the information from
Section 5.5.3. The corresponding control profiles are depicted in Figures Figures 5.6d to 5.6g.

Scenario 4: Use of a combination of four control

This section refers to:

Strategy O: Combination of u1, u2, u3 and u4.

Figure 5.7 reveals what happens when all control strategies are put into practice. This figure
clearly indicates that applying all control measures is the most effective way to reduce the co-
infection cases among all the intervention techniques included in this work.

71



0 20 40 60 80 100 120

0

50

100

150

(a) Hc population.

0 20 40 60 80 100 120

0

100

200

300

400

500

600

700

800

900

(b) Ht
c population.

0 20 40 60 80 100 120

25

30

35

40

45

50

55

60

(c) Dhc population.

0 20 40 60 80 100 120

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(d) Control profiles: u1 and u2.
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(e) Control profiles: u1 and u3.
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(f) Control profiles: u1 and u4.

0 20 40 60 80 100 120

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(g) Control profiles: u2 and u3.
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(h) Control profiles: u2 and u4.
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Figure 5.5: Simulation showing the effect strategies in Scenario 2.

5.5 Cost-Effectiveness Analysis

In managing infectious diseases it is important to identify an effective strategy that empha-
sizes favorable results while efficiently allocating resources. Effectiveness refers to the capacity
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(d) Control profiles: u1, u2 and u3.
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(e) Control profiles: u1, u2 and u4.
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(f) Control profiles: u1, u3 and u4.
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(g) Control profiles: u2, u3 and u4.
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Figure 5.6: Simulation showing the effect strategies in Scenario 3

to effectively control and mitigate the impact of diseases. For a variety of reasons, including
financial constraints, it may not be feasible to rank the most effective options first, whereas the
least expensive alternative may not have the desired effect. To create sustainable prevention
strategies that maximize resources and promote the best possible health outcomes, it is impera-
tive to strike a balance between effectiveness and costs. Cost-effectiveness aids in locating the
optimal balance. Cost-effectiveness refers to resource allocation that maximizes the return on
investment for the interventions made. Cost-effectiveness analysis, particularly in low-resource
settings like Ethiopia, can guide the efficient allocation of limited healthcare resources. It sup-
ports decision-makers in prioritizing interventions that provide the greatest health benefits for
the lowest cost. This approach strengthens the practical relevance by ensuring sustainable, im-
pactful disease control strategies. Identifying effective and cost-effective strategies among the
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(d) Control profiles: u1, u2, u3 and u4.

Figure 5.7: Simulation showing the effect strategy O.

options provided in this study is the main objective of this section. Determining the most effi-
cient and economical control strategy requires more analysis than simply comparing Figures 5.4
to 5.6, which shows the number of infected people at the end of the implementation of each
strategy. The definitions and methodologies outlined in Darmawati, Darmawati et al. (2022)
and Rodrigues, Paula et al. (2014) were used to conduct an efficacy and cost-effective analysis.
Consequently, effectiveness (Ẽ) is defined as the proportion of averted co-infection cases to the
total number of possible co-infection cases without intervention. That is,

Ẽ =
Total averted co-infection cases (Tav)

The aggregate of co-infected in the course of T period
(5.16)

The difference between the total number of individuals before and after the control techniques
were implemented was used to calculate the overall number of co-infections avoided. In terms
of effectiveness, the highest Ẽ value is said to be the most effective, whereas the lowest Ẽ value
is said to be the least effective.
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The infection-averted ratio (IAR), average cost-effectiveness ratio (ACER), and incremental
cost-effectiveness ratio (ICER) are the three methods most frequently used in cost-effectiveness
analyses. For this study, we considered the ACER and ICER methods. The following is the
definition of ACER:

ACER =
Total cost invested in a particular strategy (Tcost)

The aggregate of co-infections averted by the strategy (Tav)
.

The total cost was calculated using the cost function
∫ T

0 ∑
4
i=1 Qiui(t)dt. The ACER method

evaluates the cost-effectiveness of a single intervention strategy by comparing it with the option
of taking no action. This cost-effectiveness analysis method indicates that the best option is the
one with the minimum ACER value.

The Incremental Cost-Effectiveness Ratio (ICER) is a method that enables the comparison
of the health and cost benefits of two different interventions, which are vying for the same lim-
ited resources. When applying the ICER approach, it is important to compare two competing
intervention strategies incrementally, with one intervention being compared to the next-less ef-
fective intervention. As a result, the control strategies are ranked according to the number of
co-infections averted to examine the ICER of the strategies provided in scenarios 1, 2, 3, and
4, as shown in Table 5.2. Taking into account strategies m and n as two competing control
measures, ICER is described as,

ICER =
Change in total costs invested in strategies m and n

Change in the total number of co-infections averted in strategies m and n
.

5.5.1 Cost-effectiveness Analysis of Scenario 1: Single Control Strategy

We employ (5.16) to calculate the effectiveness of the interventions. From Table 5.3, we can
observe that Strategy C is the most effective among the strategies implemented in Scenario 2.
Using ACER and ICER, we now look into the most economical approach. Following the defi-
nition and analysis of ACER, strategy D has the maximum ACER value, followed by strategies
B, A, and C (see Table 5.3, fifth column). Consequently, this method suggests that Strategy C
is the most economical in Scenario 1. Using the averted co-infection rank from Table 5.2, the
ICER results, which is shown in Table 5.3, are calculated as follows:

ICER(D) =
8111.4−0
30069−0

= 0.2698

ICER(B) =
1082.7−8111.4
44101−30069

=−0.50091
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Table 5.2: Prevented co-infections and total cost of control strategies.

Strategy Tav Tcost

Scenario 1: Single control strategies

Strategy D (u4 ̸= 0) 30069 8111.4
Strategy B (u2 ̸= 0) 44101 1082.7
Strategy A (u1 ̸= 0) 90713 661.3473
Strategy C (u3 ̸= 0) 97478 422.4568

Scenario 2: Double control strategies

Strategy I (u2 ̸= 0,u4 ̸= 0) 55886 9141.1
Strategy E (u1 ̸= 0,u2 ̸= 0) 90741 1743.4
Strategy G (u1 ̸= 0,u4 ̸= 0) 92990 8753.2
Strategy F (u1 ̸= 0,u3 ̸= 0) 97478 309.0571
Strategy H (u2 ̸= 0,u3 ̸= 0) 97478 1504.9
Strategy J (u3 ̸= 0,u4 ̸= 0) 97542 8540.9

Scenario 3: Triple control strategies

Strategy L (u1 ̸= 0,u2 ̸= 0,u4 ̸= 0) 93005 9794.5
Strategy K (u1 ̸= 0,u2 ̸= 0,u3 ̸= 0) 97478 1392.7
Strategy M (u1 ̸= 0,u3 ̸= 0,u4 ̸= 0) 97542 8429.2
Strategy N (u2 ̸= 0,u3 ̸= 0,u4 ̸= 0) 97542 9579.2

Scenario 4: Four control strategies

Strategy O (u1,u2,u4 ̸= 0) 97542 9467.6

ICER(A) =
661.3473−1082.7

90713−44101
=−0.00904

ICER(C) =
422.4568−661.3473
97478−9071390713

=−0.03531

When we compare ICER(D) and ICER(A), we find that approach A saves 0.2788 dollars in
comparison to strategy D. Thus strategy D is more costly than strategy A. Thus, in the next
ICER computations, approach D is omitted. We will now carry on comparing the remaining
three strategies.

ICER(B) =
1082.7−0
44101−0

= 0.02455

ICER(A) =
661.3473−1082.7

90713−44101
=−0.00904

ICER(C) =
422.4568−661.3473
97478−9071390713

=−0.03531
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Table 5.3: The Tav, Tcost , Ẽ, ACER and ICER for the intervention strategies in Scenario 1.

Strategy Tav Tcost Ẽ ACER ICER

Strategy D (u4 ̸= 0) 30069 8111.4 0.2933 0.2698 0.2698
Strategy B (u2 ̸= 0) 44101 1082.7 0.4301 0.0246 -0.50091
Strategy A (u1 ̸= 0) 90713 661.3473 0.8847 0.0073 -0.00904
Strategy C (u3 ̸= 0) 97478 422.4568 0.9507 0.0043 -0.03531

Upon examining the results, we can see that Strategy B is more expensive than Strategy A.
Therefore Strategy is ruled out since it is less cost-effective than Strategy A. The incremental
cost-effectiveness ratio of strategies A and C are recalculated in the following manner:

ICER(A) =
661.3473−0

90713−0
= 0.00729

ICER(C) =
422.4568−661.3473
97478−9071390713

=−0.03531

Using strategy C results in a 0.0426 savings compared to strategy A. Therefore, of the four
solutions in Scenario 1, strategy C is the most economical. This supports the outcome derived
from the ACER analysis.

5.5.2 Cost-effectiveness Analysis of Scenario 2: Combination of Two Control Strategies

Although Strategy J is successful in preventing co-infections, based on the ACER value, the
most economical approach among the options in scenario 2 is Strategy F, as shown in the fifth
and sixth columns of Table 5.4. The ICER of the strategies in scenario 2 is determined using the

Table 5.4: The Tav, Tcost , Ẽ, ACER and ICER for the intervention strategies in Scenario 2.

Strategy Tav Tcost Ẽ ACER ICER

Strategy I (u2 ̸= 0,u4 ̸= 0) 55886 9141.1 0.545 0.1636 0.163567
Strategy E (u1 ̸= 0,u2 ̸= 0) 90741 1743.4 0.885 0.0192 -0.21224
Strategy G (u1 ̸= 0,u4 ̸= 0) 92990 8753.2 0.9069 0.0941 3.11685
Strategy F (u1 ̸= 0,u3 ̸= 0) 97478 309.06 0.9507 0.0032 -1.88149
Strategy H (u2 ̸= 0,u3 ̸= 0) 97478 1504.9 0.9507 0.0154 —
Strategy J (u3 ̸= 0,u4 ̸= 0) 97542 8540.9 0.9513 0.0876 109.9375

rank of avoided co-infections shown in Table 5.4.

ICER(I) =
9141.1−0
55886−0

= 0.163567

ICER(E) =
1743.4−9141
90741−55886

=−0.21224
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ICER(G) =
8753.2−1743.4
92990−90741

= 3.11685

ICER(F) =
309.06−8753.2
97478−92990

=−1.88149

ICER(J) =
8540.9−1509
97542−97478

= 109.9375

It should be noted that ICER(H) is not determined in this case because Strategies F and H
prevent the same number of co-infections. The remaining results, displayed in Table 5.4, indicate
that ICER(G) is less than ICER(J). This implies that, because Strategy J is more expensive
than Strategy G, it should be disregarded from the Scenario 2 options, even though it is more
successful in preventing co-infections. Comparing the remaining strategies(E, F, G, H and I),
we can infer that Strategy G is pricier than Strategy I. Hence, it is also ruled out from further
analysis. The ICER for each of the strategies I, E, and F is then computed as follows.

ICER(I) =
9141.1−0
55886−0

= 0.163567

ICER(E) =
1743.4−9141
90741−55886

=−0.21224

ICER(F) =
309.06−1743.4
97478−90741

=−0.21291

Comparing strategies E and I, it is evident that Strategy I dominates Strategy E. Consequently,
Strategy I is omitted from the competitors in scenario 2. Next, as iterated below, the ICER is
recalculated for Strategies E, and F.

ICER(E) =
1743.4
90741

= 0.0192

ICER(F) =
309.06−1743.4
97478−90741

=−0.21291

The incremental cost-effectiveness ratio (ICER) values obtained for Strategy F indicate that
Strategy E is overpriced and ineffective as compared to Strategy F. Afterwards, Strategy E cannot
be considered cost-effective in scenario 2. Consequently, we will continue to find a more cost-
effective strategy from strategies F and H. It can be seen that although strategies F and H are
the same in Tav, strategy F has a cost advantage over strategy H of 1,054.9−309.06 = 1195.84.
This affirms the cost-effectiveness of Strategy F. Based on this, we can conclude that Strategy
F(promoting and delivering COVID-19 vaccines and treatments) is an economical approach
offered in Scenario 2.
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5.5.3 Cost-effectiveness Analysis of Scenario 3: Combination of Three Control Strategies

In Scenario 3, the effectiveness analysis shows that Strategies M and N are the most effective
interventions (see Table 5.5). We performed an average cost-effectiveness ratio (ACER) analysis
to determine the cost of applying the interventions and their effectiveness. From Table 5.5, we
observe that Strategy K has the lowest ACER value. This value implies that Strategy K is an
economical approach that can be implemented. To support this conclusion, we conducted an
ICER analysis. The incremental cost-effectiveness ratio shown in Table 5.5 is calculated in the
following manner:

ICER(L) =
9794.5−0
93005−0

= 0.10531

ICER(K) =
1392.7−9794.5
97478−93005

=−1.87834

ICER(M) =
8429.2−1392.7
97542−97478

= 109.94531

Note that because both Strategies M and N have the same Tav values, they prevent the same
number of co-infections, ICER(N) is not computed here. A comparison of Strategies L and M
shows that Strategy M strongly prevails over Strategy L. As a result, strategy M is excluded from
further ICER analyses. We now compare Strategies L, K, and N.

ICER(L) =
9794.5−0
93005−0

= 0.10531

ICER(K) =
1392.7−9794.5
97478−93005

=−1.87834

ICER(N) =
9579.2−1392.7
97542−97478

= 127.9141

Looking at the ICER values, we observe that Strategy N is overpriced than Strategy L. Therefore,
Strategy N is ruled out. Further evidence that Strategy K is more affordable than Strategy L
comes from comparing ICER(L) with ICER(K), which indicates a cost advantage of 1.9836 for
Strategy K over L. Therefore, Strategy K(administering vaccines and treatments for COVID-19
and taking steps to prevent the spread of HIV) is the most economical among the four alternatives
presented in Scenario 3.

5.5.4 Cost-effectiveness Analysis of All Scenarios

The effectiveness, ACER, and ICER analyses of the implementation of all control strategies
(u1,u2,u3,u4 ̸= 0) are presented in Table 5.6. By comparing the effectiveness and costs of
various strategies, we successfully identified the most efficient and cost-effective solutions for
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Table 5.5: The Tav, Tcost , Ẽ, ACER and ICER for the interventions in Scenario 3.

Strategy Tav Tcost Ẽ ACER ICER

Strategy L (u1 ̸= 0,u2 ̸= 0,u4 ̸= 0) 93005 9794.5 0.907 0.1053 0.10531
Strategy K (u1 ̸= 0,u2 ̸= 0,u3 ̸= 0) 97478 1392.7 0.9507 0.0143 -1.87834
Strategy M (u1 ̸= 0,u3 ̸= 0,u4 ̸= 0) 97542 8429.2 0.9513 0.0864 109.94531
Strategy N (u2 ̸= 0,u3 ̸= 0,u4 ̸= 0) 97542 9579.2 0.9513 0.0982 —

Table 5.6: The Tav, Tcost , Ẽ, ACER and ICER for the intervention strategies in Scenario 4.

Strategy Tav Tcost Ẽ ACER ICER

Strategy O (ui ̸= 0, i = 1,2,3,4) 97542 9467.6 0.9513 0.0971 0.0971

scenarios 1, 2, 3, and 4. Now, to identify the optimal approaches across all situations, we
evaluate the most efficient strategies from each scenario and compare them. Table 5.7 displays
the most cost-effective strategies for each scenario, which are ranked on the basis of the number
of co-infections they have prevented. This table clarifies that Strategy O is the most effective
in preventing co-infection cases, as it successfully averted the highest number of co-infections
compared to other strategies. Furthermore, according to the values indicated in the fifth column,
Strategy F is the most economical approach among the given strategies across all scenarios. The
ICER analyses further validate this conclusion and they are conducted in the following manner:

ICER(C) =
422.4568−0

97478−0
= 0.0043

ICER(O) =
946.6−422.4568

97542−97478
= 141.33

It is important to note that ICER(F) and ICER(K) cannot be calculated as both strategies have
prevented the same number of cases, as indicated in Table 5.7. Accordingly, it is easy to see
that Strategy O carries weight over Strategy C. As a result of this, strategy O is deemed unsuit-
able and therefore eliminated as an option. Comparing Strategies C, F, and K is still necessary.
Despite preventing the same number of occurrences, Strategy F is the most economical, saving
422.4568−30906 = 113.4 compared to Strategy C and 1392.7−309.2 = 1083.642 in contrast
with Strategy K. That is, Strategy F( promoting and delivering COVID-19 vaccines and treat-
ments) is the most cost-effective among all the strategies provided in this work to tackle the
challenges posed by HIV and COVID-19 co-infection, as shown in Figure 5.8. The letters at the
top of the bars in Figure 5.8 represent strategies in the scenario. Therefore, it is recommended
to prioritize these strategies for mitigating the impact of these diseases.
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Table 5.7: Incremental cost-effectiveness ratio for scenarios 1 to 4.

Strategy Tav Tcost Ẽ ACER ICER

Strategy C (u3 ̸= 0) 97478 422.4568 0.9507 0.0043 0.0043
Strategy F (u1 ̸= 0,u3 ̸= 0) 97478 309.06 0.9507 0.0032 —
Strategy K (u1 ̸= 0,u2 ̸= 0,u3 ̸= 0) 97478 1392.7 0.9507 0.0143 —
Strategy O (ui ̸= 0, i = 1,2,3,4) 97542 9467.6 0.9513 0.0971 141.33
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(a) Efficacy of the four scenarios.
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(b) Cost-effectiveness of the four scenarios.

Figure 5.8: An overview of all scenarios and their comparative analysis.

81



CHAPTER 6

CO-DYNAMICS OF COVID-19, HIV and TB WITH
INFORMATION-DEPENDENT VACCINATION BEHAVIOR AND

WANING IMMUNITY

This chapter delves deeper into the dynamics of triple infections, specifically focusing on
COVID-19, TB, and HIV. It begins with the introduction of the co-dynamics model, which
integrates the interaction between these diseases. The information-dependent model is also dis-
cussed, considering how information and awareness influence disease transmission. A thorough
model analysis is conducted, covering the positivity and boundedness of solutions, and extend-
ing to the examination of individual diseases and co-infection models. Special emphasis is given
to the combined dynamics of the three diseases. The chapter also covers parametric estimation
for model fitting and numerical simulations, which highlight key aspects such as the influence of
HIV and TB on the persistence of COVID-19. Additionally, it explores the effects of reinfection
and the role of behavioral parameters on disease outcomes.

6.1 The Co-dynamics Model

The model divides the total population N(t) into nine disjoint compartments: susceptible
(S), COVID-19 vaccinated (Vc), COVID-19 infected (Ic), TB infected(It), HIV infected(Ih),
COVID-19 and TB co-infected(Cct), COVID-19 and/or TB recovered(Rct), COVID-19 and HIV
co-infected(Cch), TB and HIV co-infected(Cth) and COVID-19-HIV and TB co-infected(A). It
incorporates disease-specific transmission, recovery, and mortality rates to effectively represent
the interactions between COVID-19, TB, and HIV. It also captures the differences in how each
disease spreads, progresses, and responds to vaccination, as well as the potential for reinfec-
tion. The recovery and re-susceptibility rates are tailored to the characteristics of each disease:
COVID-19 features short-term immunity with partial protection after recovery, whereas TB and
HIV have chronic courses, with HIV being considered incurable. Additionally, the model in-
cludes a transmission reduction factor for COVID-19-vaccinated individuals and recognizes the
waning immunity associated with the disease.

In the model formulation, it is assumed that there is a homogeneous mixing of individuals
in the population where all individuals are equally likely to catch the infection if exposed to the
disease. However, contracting two or three infections simultaneously is not considered. Accord-
ingly, susceptible individuals that increase at the recruitment rate χ may contract COVID-19, TB,
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and HIV diseases at the rates of ζc =
πc(Ic+Cct+Cch+A)

N , ζt =
πt(It+Cct+A)

N , and ζh =
πh(Ih+Cch+A)

N ,
respectively. The parameters πc, πt , and πh represent the effective contact rates for COVID-
19, TB, and HIV, respectively. Here, standard incidence functions are used to produce a more
precise representation of frequency-dependent transmissions, such as HIV/AIDS, because the
average number of sexual contacts per individual is relatively constant (Samares, Pal et al.,
2006). Furthermore, it is understood that the spread of COVID-19 and TB might reach a thresh-
old where adding more susceptible individuals does not significantly increase the rate of new
infections due to variables such as self-protective measures (Manfredi, P. and D’Onofrio, A.,
2013) and immunization (Ben Ashby and Alex Best, 2021; Ogidi, Odangowei Inetiminebiet al.,
2021). This approach acknowledges that the number of contacts an individual has does not in-
crease proportionally with population size, preventing overestimation of transmission in large
populations (Samares, Pal et al., 2006). It is assumed that vaccination, which has a waning rate
ϕc, is applied only to healthy individuals, so only susceptible individuals get vaccinated at a rate
of ν. While COVID-19 vaccines are safe, effective, and life-saving, they do not offer complete
protection to every vaccinated individual (WHO, 2024d). Furthermore, there is still a possibility
of contracting COVID-19 even after being vaccinated (Flacco, Maria Elena et al., 2022; Klom-
pas, 2021). The infection of vaccinated individuals happens at a reduced transmission rate σcζc,
where 0≤ σc ≤ 1 is the reduction coefficient. Here, if σc = 0, vaccinated individuals cannot get
infected, and the vaccine is perfect. If σc = 1, vaccinated individuals get infected like suscep-
tible individuals, and immunization plays no protective role. The recovered class Rct receives
inflows from Ic, It and Cct at rates θc, θt , and θct , respectively. However, a proportion of γc

from Rct become susceptible again for COVID-19 only. This assumption is taken into account
because COVID-19 has a short period of recovery and loss of immunity when compared to TB.
Individuals in Cth and A recover from TB at rates of ηt and αt , respectively. Individuals in Cch

and A recover from COVID-19 at rates of ϕc and ωc , respectively. Individuals in Cch recover
from COVID-19 at the rate of φc. Because HIV cannot be cured, individuals in an HIV-infected
compartment are assumed to be uncured. The natural death rate µd reduces the number of people
in each compartment. Furthermore, the disease-induced mortality rates δc, δt , δh, δct , δch, δth,
and δa reduce the number of population in Ic, It , Ih, Cct , Cch, Cth, and A, respectively. Figure 6.1
illustrates the flow diagram depicting the co-dynamics of COVID-19, HIV and TB.

Bringing the aforementioned assumptions together leads to the set of nonlinear ordinary
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Figure 6.1: Flow diagram for model Equation (6.1).

differential equations given in equation(6.1).

S′ = χ− (ν+ζc +ζt +ζh +µd)S+ϕcVc + γcRct

V ′c = νS− (σcζc +ζt +ζh +ϕc +µd)Vc

I′c = ζcS+σcζcVc− (δc +θc +ζt +ζh +µd) Ic

I′t = ζtS+ζtVc− (δt +θt +ζc +ζh +µd) It

C′ct = ζcIt +ζtIc− (δct +ζh +θct +µd)Cct

R′ct = θcIc +θtIt +θctCct− (γc +µd)Rct

I′h = ζhS+ζhVc +ηtCth +φcCch− (δh +ζc +ζt +µd) Ih

C′ch = ζcIh +ζhIc +αtA− (δch +ζt +µd +φc)Cch

C′th = ζtIh +ζhIt +ωcA− (δth +ηt +ζc +µd)Cth

A′ = ζcCth +ζtCch +ζhCct− (δa +αt +µd +ωc)A

(6.1)

6.2 The Information-dependent Model

In this section, we leverage the concept of information-dependent epidemic models to trans-
form the parameter ν in equation (6.1) into a function that takes into account the level of infor-
mation accessible within the community. These information may be availed currently or on the
past information they have on the spread of the disease. Following the approach of information-
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dependent models (Manfredi, P. and D’Onofrio, A., 2013), the information on the status of the
disease in the community is described using the information index M(t). The information index
function M, which summarizes the information about the current and past values of the disease
, is described by the distributed delay:

M(t) =
∫ t

−∞

g(Ic(τ), Ict(τ), Ich(τ),A(τ))ae−a(t−τ)dτ, (6.2)

where the function g describes the role played by the COVID-19 infectious size in the informa-
tion dynamics and is assumed to be dependent on the prevalence, specifically on the compart-
ments Ic, Ict , Ich, and A. Thus, we assume that g = κI, where I = Ic+ Ict + Ich+A. The parameter
κ ∈ (0,1) represents the level of information coverage. It acts as a combination of two contrast-
ing factors: disease under-reporting and the extent of media coverage about the disease, which
tends to heighten public concern (Buonomo, 2020). The delay kernel, ae−a(t−τ), in (6.2) repre-
sents the weight given to past history of the disease. The parameter a takes the meaning of the
inverse of the average time delay of the collected information on the disease.

From (6.2), using linear chain trick (Norman and MacDonald, 2008), we obtain the differ-
ential equation that governs the dynamics of M as

M′ = a(kI−M) (6.3)

Furthermore, the vaccination rate is described by the following information-dependent function:

ν(M) = ν0 +ν1(M), (6.4)

where the constant 0 < ν0 < 1 represents the fraction of the population that chooses to get vac-
cinated regardless of rumors and information about the status of the disease in the population,
while ν1(M) = hDM

1+DM , where h = νmax−ν0, νmax > ν0, represents the fraction of the population
whose vaccination choice is influenced by the information. The parameter νmax represents the
maximum level of vaccine adoption in situations with a high perceived risk. The parameter D

which determines the reactivity of ν1, reflects the effectiveness of the information campaign
in promoting vaccination. Figure 6.2, simulated for parameter values ν0 = 0.012,νmax = 0.08
and D = 10, depicts the information-dependent vaccination rate function ν(M). The blue curve
shows how the vaccination rate ν varies with the information level M, initially increasing lin-
early and then saturating. The red dashed line indicates the maximum vaccination rate νmax,
while the green dashed line marks the threshold information level 1

D which results in half of
the maximum and baseline vaccinations. At low information levels (M≪ 1

D ), the rate approxi-
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mates ν≈ hDM+ν0, showing a linear increase plus the baseline ν0. At high information levels
(M≫ 1

D ), the rate approaches v ≈ νmax, indicating saturation where further information has a
diminishing effect. The baseline ν0 ensures a non-zero vaccination rate even with low informa-
tion dissemination. Using a function ν(M) to model information-dependent vaccination rates
in offers a realistic representation of how vaccination rates increase with information levels and
eventually saturate, capturing the diminishing returns of information dissemination. Incorporat-
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Figure 6.2: Information-dependent vaccination rate (ν(M)).

ing (6.3) and (6.4), model (6.1) with information-dependent vaccination is given by:

S′ = χ− (ν(M)+ζc +ζt +ζh +µd)S+ϕcVc + γcRct

V ′c = ν(M)S− (σcζc +ζt +ζh +Θ1)Vc

I′c = ζcS+σcζcVc− (ζt +ζh +Θ2) Ic

I′t = ζt(S+Vc)− (ζc +ζh +Θ3) It

C′ct = ζcIt +ζtIc− (ζh +Θ4)Cct

R′ct = θcIc +θtIt +θctCct−Θ5Rct

I′h = ζh(S+Vc)+ηtCth +φcCch− (ζc +ζt +Θ6) Ih

C′ch = ζcIh +ζhIc +αtA− (ζt +Θ7)Cch

C′th = ζtIh +ζhIt +ωcA− (ζc +Θ8)Cth

A′ = ζcCth +ζtCch +ζhCct−Θ9A

M′ = a(κI−M)

, (6.5)

where Θ1 = ϕc + µd, Θ2 = θc + δc + µd, Θ3 = θt + δt + µd, Θ4 = θct + δct + µd, Θ5 = γc +

µd, Θ6 = δh +µd, Θ7 = φc +δch +µd, Θ8 = ηt +δth +µd and Θ9 = αt +ωc +δa +µd
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6.3 Model Analysis

In this section we perform sub-models and triple infection model analysis.

6.3.1 Positivity and Boundedness of the Solutions

Theorem 6.3.1. The solutions of the model equation (6.5) with nonnegative initial data will

remain nonnegative for all time t ≥ 0 and the region

D =

{
(S, Vc, Ic, It , Cct , Rct , Ih, Cch, Cth, A, M) ∈ R11

+ | 0≤ N ≤ χ

µd
, 0≤M ≤ κχ

µd

}
is positively invariant and globally attracting for system (6.5).

Proof. Let

t̃ = sup{t > 0 : S(t)> 0, Vc(t)> 0, Ic(t)> 0, It(t)> 0, Cct(t)> 0,Rct(t)> 0,

Ih(t)> 0, Cch(t)> 0, Cth(t)> 0, A(t)> 0, M(t)> 0}.

Since the initial conditions are nonnegative, t̃ > 0. If 0 < t̃ < ∞, applying the integrating-factor
method on the first equation of the system (6.5) yields

S(t̃)=
(

S(0)+
∫ t̃

0
(χ+ϕcVc + γcRct)e

∫ t
0 f (u)duds

)
×e−

∫ t̃
0 f (u)du,where f (t)= ν(M)+ζc+ζt +ζh+µd.

(6.6)
Thus, (6.6) implies that S(t̃) > 0. Similarly, this is true for the other variables as well. This
contradicts the fact that t̃ is the supremum, because at least one of the variables should be equal
to zero at t̃. Therefore, t̃ = ∞ by definition of t̃, which implies that solutions of model (6.5) are
all positive for all t > 0.

Moreover, adding all the equations in model (6.5), the total populations, N, fulfills the fol-
lowing equations.

dN
dt

= χ−µdN−δcIc−δtIt−δhIh−δctCct−δchCch−δthCth−δaA≤ χ−µdN.

For N > χ

µd
, dN

dt < 0 and we can see that dN
dt is bounded above by χ− µdN. Following Stan-

dard Comparison Theorem (Birkhoff, Garrett and Rota, Gian-Carlo, 1978), we have 0≤ N(t)≤
χ

µd
+
(

N(0)− χ

µd

)
e−µdt . This implies 0 ≤ N(t) ≤ χ

µd
for all t ≥ 0 if N(0) ≤ χ

µd
. Similar proce-

dures can be followed to show that 0 ≤M ≤ κχ

µd
. Thus, every solution of the model (6.5) with

initial conditions in D remains there for t > 0. Thus, D is positively-invariant and attract all
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solutions in R11
+ . In this region, the model can be considered well-posed epidemiologically and

mathematically (Hethcote, 2000).

6.3.2 Analysis of Single Disease Models

When Ic ̸= 0. It = 0 and Ih = 0 the following COVID-19-only sub-model is obtained.

S′ = χ− (ν(M)+ζc +µd)S+ϕcVc + γcRct ,

V ′c = ν(M)S− (σcζc +Θ1)Vc

I′c = ζcS+σcζcVc−Θ2Ic,

R′ct = θcIc−Θ5Rct ,

M′ = a(κIc−M)

(6.7)

with total human population Nc = S+Vc + Ic +Rct and ζc =
πcIc
Nc

.

When Ic = 0. It ̸= 0 and Ih = 0 the following TB-only sub-model is obtained.

S′ = χ− (ν0 +ζt +µd)S+ϕcVc

Vc = ν0S− (ζt +Θ1)Vc

I′t = ζt(S+Vc)−Θ3It ,

R′ct = θtIc−µdRct ,

(6.8)

with total human population Nt = S+Vc + It +Rct and ζt =
πt It
Nt

.

Similarly, for Ic = 0, It = 0 and Ih ̸= 0 the following HIV-only sub-model is obtained.
S′ = χ− (ν0 +ζh +µd)S+ϕcVc,

Vc = ν0S− (ζh +Θ1)Vc

I′h = ζh(S+Vc)−Θ6Ih,

(6.9)

with Nh = S+Vc + Ih and ζh =
πhIh
Nh

.

The sub-model systems (6.7), (6.8) and (6.9) will be studied in the regions

Dc =

{
(S, Vc, Ic, Rct , M) ∈ R5

+ : S+Vc + Ic +Rct ≤
χ

µd
, 0≤M ≤ κχ

µd

}
,

Dt =

{
(S, Vc, Ic, Rct) ∈ R4

+ : S+Vc + It +Rct ≤
χ

µd

}
and
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Dh =

{
(S, Vc, Ih) ∈ R3

+ : S+Vc + Ih ≤
χ

µd

}
, respectively.

Following the same procedure as in Section 6.3.1 it can be easily shown that the solutions
of the sub-models are positive for t ≥ 0, that the regions Dc, Dt and Dh are positively invariant,
and that solutions starting in these regions remain there for t > 0.

Analysis of the COVID-19-only sub-model

In this section, qualitative analysis of the steady-state, time-independent, solution of (6.7)
will be performed to investigate the long-term behavior of the disease. Because these solutions
do not depend on time, we set S′(t) = 0, V ′c(t) = 0, Ic

′(t) = 0, and R′ct(t) = 0. That is,

χ− (ν(M)+ζc +µd)S+ϕcVc + γcRct= 0 (6.10a)

ν(M)S− (σcζc +Θ1)Vc = 0 (6.10b)

ζcS+σcζcVc−Θ2Ic = 0 (6.10c)

θcIc−Θ5Rct = 0 (6.10d)

a(κIc−M) = 0 (6.10e)

Setting Ic = 0 in system (6.10) we obtain the COVID-19-free equilibrium given by Ec =(
Θ1χ

µd(Θ1+ν0)
, ν0χ

µd(Θ1+ν0)
,0,0,0

)
. The reproduction number can be established by employing the

next-generation matrix method (Appendix A.2), on system (6.7). Indeed, Ic and Rct are con-
sidered to be the infected compartments. Taking the infected compartments and their dynamics
into account, the appearance of new infection, Fc, and the rate of transfer of individuals in these
compartments, Vc, is defined as follows:

Fc =

(
ζc(S+σcVc)

0

)
and Vc =

(
Θ2Ic

Θ5Rct−θcIc

)
,

respectively.

The Jacobian matrix of Fc and Vc , at Ec are

Fc(Ec) = Fc =

(
πc(ν0σc+Θ1)

Θ1+ν0
0

0 0

)
and Vc(Ec) =Vc =

(
Θ2 0
−θc Θ5

)
.
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Therefore, we have

FcV−1
c =

(
πc(ν0σc+Θ1)
Θ2(Θ1+ν0)

0

0 0

)
.

The corresponding eigenvalues are πc(ν0σc+Θ1)
Θ2(Θ1+ν0)

and 0. Hence, The basic reproduction number,

R c
0 , which is defined as the expected number of secondary cases produced by a single (typical)

infection in a completely susceptible population, becomes

R
c

0 =
πc (ν0σc +Θ1)

Θ2 (Θ1 +ν0)
. (6.11)

Solving (6.10) for state variables with the assumption R c
0 > 1 gives the endemic equilibrium(EE)

denoted by Ẽc = (S∗,V ∗c , I
∗
c ,R
∗
ct ,M

∗). Thus, using ζ
*
c =

πcI∗c
N∗c

, I∗c can be written as a function of

ζ
*
c . That is,

I∗c =
χζc
∗

µdπc +δcζ
*
c

. (6.12)

Moreover, using (6.10a), (6.10b), (6.10d), (6.10e) and (6.12) , we can write S∗, V ∗c , R∗ct and M∗

as

R∗ct =
θcI∗c
Θ5

= A1I∗c (6.13a)

M∗ = κI∗c (6.13b)

S∗ =
(DκI∗c +1)(A1I∗c γc +χ)

(
ζ

*
c σc +Θ1

)
DhκI∗c

(
ζ

*
c σc +µd

)
+(DκI∗c +1)

(
σc

(
ζ

*
c

2
+µd +ν0

)
+µd (Θ1 +ν0)+Θ1

) (6.13c)

V ∗c =
(A1I∗c γc +χ)(DκI∗c νmax +ν0)

DhκI∗c
(

ζ
*
c σc +µd

)
+(DκI∗c +1)

(
ζ

*
c

(
σc

(
ζ

*
c +µd +ν0

)
+Θ1

)
+µd (Θ1 +ν0)

)
(6.13d)

A simplified form of (6.10c), after substituting (6.12), (6.13c) and (6.13d), is given by

a3ζ
*
c

3
+a2ζ

*
c

2
+a1ζ

*
c +a0 = 0, (6.14)

where

a0 = πcµdΘ2 (Θ1 +ν0)(1−R
c

0 )

a1 = πcµd (ν0σc +Θ1)(−A1γc +θc +µd)+DhκχµdΘ2−πcDhκχσcµd

+πcσcµ2
d (Θ2−πc)+(1−R

c
0 )µdΘ2 (Θ1 +ν0)(δc +Dκχ)
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a2 = (θc +µd−A1γc)((δc +Dκχ)(ν0σc +Θ1)+σc (πcµd +Dhκχ))

+(Θ2−πc)(Dκχσcµd +δc)

a3 = σc (δc +Dκχσc)(θc +µd−A1γc)

We can see that a3 > 0. Following Descartes rule of signs, the possible number of positive
roots of (6.14) are illustrated in Table 6.1. Cases 1-3 in Table 6.1 suggests existence of back-

Table 6.1: Possible number of positive roots for the cases R
c
0 < 1 and R

c
0 > 1.

Cases a3 a2 a1 a0 R c
0 Number of sign changes Possible number of EE

1 + + − + < 1 2 0,2
2 + − + + < 1 2 0,2
3 + − − + < 1 2 0,2
4 + + − − > 1 1 1
5 + − + − > 1 3 1,3
6 + − − − > 1 1 1
7 + + + − > 1 1 1

ward bifurcation. We rely on centre manifold theory to determine the existence of an endemic
equilibrium when R c

0 < 1. Center manifold theory is a powerful tool for analyzing dynamical
systems’ local stability and bifurcation behavior near equilibrium points, as presented in Ap-
pendix A.3. In epidemiological models, it can be used to demonstrate backward bifurcation, a
phenomenon where a stable disease-free equilibrium coexists with a stable endemic equilibrium
for reproduction numbers less than one. To apply center manifold theory, one must identify
equilibrium points, linearize the system, calculate eigenvalues, identify the centre manifold, re-
duce the system to the centre manifold, analyze the reduced system, and calculate the bifurcation
parameter. The signs of bifurcation parameters, a and b, dictate the bifurcation type; backward
bifurcation occurs when a > 0.

Certainly, with the notion in Appendix A.3, we introduce the following change of variables.

x1 = S, x2 =V, x3 = Ic x4 = R, x5 = M
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Which implies, 

x′1 = χ− (ν(M)+ζc +µd)x1 +ϕcx2 + γcx4,

x′2 = ν(M)x1− (σcζc +Θ1)x2

x′3 = ζcx1 +σcζcx2−Θ2x3,

x′4 = θcx3−Θ5x4,

x′5 = a(κx3− x5)

Choosing πc as the bifurcation parameter, then setting R c
0 = 1 gives πc = π∗c =

Θ2(Θ1+ν0)
(ν0σc+Θ1)

. The
Jacobian of (6.5) at E0 with π∗c has a simple eigenvalue with a zero real part, and all other
eigenvalues have negative real parts. Therefore, we apply the Center Manifold Theorem to
analyze the dynamics of (6.5) near π∗c . The right and left eigenvectors, (c1,c2,c3,c4,c5) and
(e1,e2,e3,e4,e5), respectively, associated with the zero eigenvalue and π∗c are given by

c1 =−
w3
(
Θ1 (Dκχh−A1γc (Θ1 +ν0))+π∗c

(
Θ1

2 +ν0σcϕc
))

µd (Θ1 +ν0)2 ,

c2 =
w3
(
Θ1 (A1ν0γc +Dκχh)+A1ν2

0γc−π∗cν0 (σcµd +ν0σc +Θ1)
)

µd (Θ1 +ν0)2 ,

c3 =c3 > 0, c4 = A1c3, c5 = κw3 and e1 = e2 = e4 = e5 = 0, e3 = e3 > 0

The bifurcation coefficients a and b are calculated as follows.

a =
9

∑
k,i, j=1

ekcic j
∂2 fk

∂xi∂x j
(E0,π∗c)

=
2π∗cv3w2

3 (P−Q)

χ(Θ1 +ν0)2

b =
9

∑
k, j=1

ekc j
∂2 fk

∂x j∂πc
(E0,π∗c) =

v3w3 (ν0σc +Θ1)

Θ1 +ν0
> 0,

where

P =π
∗
cν0σcµd (1−σc) and

Q =DκχhΘ1 (1−σc)−µd (1+A1)
(
Θ1 (ν0 (1+σc)+Θ1)+ν

2
0σc
)
.

Hence, we can conclude that system (6.5) exhibit a backward bifurcation (respectively for-
ward) at R c

0 = 1, provided that a > 0 (respectively a < 0). Hence the following theorem is
established.

92



Theorem 6.3.2. System (6.7) exhibits a backward bifurcation at R c
0 = 1 if

π∗cν0σcµd (1−σc)

DhκχΘ1 (1−σc)+µd (1+A1)
(
Θ1 (ν0 (1+σc)+Θ1)+ν2

0σc
) > 1 (6.15)

We can see that, from the condition of bifurcations (a ≶ 0), an imperfect vaccine can deter-
mine the persistence of disease in the community. That is, as a result of the imperfect vaccine
(0 < σc ≤ 1) the disease continues to exist. If the vaccine is assumed to be perfect, which is
not possible (Samares, Pal et al., 2006), the bifurcation becomes forward. This implies that,
contrary to backward bifurcation, it is enough to make R c

0 < 1 for the disease to be eliminated.
Moreover, even if the vaccine is imperfect, from (6.15) it can be concluded that system (6.7) ex-

hibits a forward bifurcation whenever Dκ >
π∗cν0(1−σc)σcµd−µd(1+A1)(Θ1(ν0(σc+1)+Θ1)+ν2

0σc)
hχΘ1(1−σc)

. That
is, if the information coverage that promotes vaccination is greater than certain critical value, the
persistence of the disease due to imperfect vaccination can be altered. These results revealed that
an effective vaccination information campaign promoting vaccination with vaccination coverage
can eliminate the disease from the community.

Theorem 6.3.3. The disease free equilibrium Ec of the model (6.7) is locally asymptotically

stable whenever R c
0 < 1 and unstable if R c

0 > 1.

Proof. The Jacobian of system (6.7) at the disease free equilibrium Ec is



−(µd +ν0) ϕc − πcΘ1
Θ1+ν0

γc − hDχΘ1
µd(Θ1+ν0)

ν0 −Θ1 −πcν0σc
Θ1+ν0

0 hDχΘ1
µd(Θ1+ν0)

0 0 Θ2(R
c

0 −1) 0 0
0 0 θc −(γc +µd) 0
0 0 aκ 0 −a


. (6.16)

It is easy to see that eigenvalues of (6.16) are all negative whenever R c
0 < 1. This completes the

proof.

Analysis of TB only sub-model (6.8)

The TB-free equilibrium, Et , is the state where It = 0 and is given by

Et =

(
χΘ1

µd (Θ1 +ν0)
,

ν0χ

µd (Θ1 +ν0)
,0,0,0

)
.
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Taking It and Rct as infected compartment, the next generation matrix approach gives the basic
reproduction number, R t

0 , defined as
R

t
0 =

πt

Θ3
. (6.17)

For R t
0 > 1, the endemic equilibrium can be given by Ẽt = (S̃∗, Ĩ∗t , R̃

∗
ct), where Ĩ∗t =

(R t
0−1)χ

πt−δt
,

R∗ct =
θt Ĩ∗t
µd

, S̃∗ = χ(µd+θt)(ϕc(µd+θt)+µd(πt−δt))
µd(πt−δt)((ϕc+ν0)(µd+θt)+µd(πt−δt))

and Ṽ ∗c = ν0χ(µd +θt)
2S̃∗. Furthermore, by

employing the same methodology as in the analysis of the COVID-19-only sub-model section,
the local stability of TB-free steady-state solutions can be determined. For global stability anal-
ysis we employ Lyapunove stability analysis method.

Theorem 6.3.4. The disease-free equilibrium of system (6.8) is globally asymptotically stable

for R t
0 < 1.

Proof. Let L = {(S,Vc, It ,Rct) ∈ Dt : S,Vc > 0} → R be a function defined by L = It . Then, if
R t

0 < 1
L′ = ζt(S+Vc)−Θ3It ≤Θ3It(R

t
0 −1)< 0.

Note that L > 0 for (S,Vc, It ,Rct) ̸= Ec and L(Et) = 0. Hence L is a Lyapunov function on Dt .
Furthermore, L′= 0 if and only if It = 0. Therefore, the set {(S,Vc, It ,Rct)∈Dt : L′(S,Vc, It ,Rct)=

0} is the singleton {Et}. LaSalle-Liapunov theory (see Theorem A.1.6 from Appendix A.1), im-
plies that Et is globally stable in Dt for R t

0 < 1.

Analysis of HIV only sub-model (6.9)

Setting the right hand side of (6.9) equal to zero, we obtain two steady state solution, the
disease free equilibrium(Eh), occurs when Ih = 0 , and endemic equilibrium(Ẽh), for R h

0 > 1.
These two solutions are given as follows.

Eh =

(
χΘ1

µd (Θ1 +ν0)
,

ν0χ

µd (Θ1 +ν0)
,0
)

and

Ẽh =

(
χ(ϕc +πh−δh)

(πh−δh)(ϕc−δh +πh +ν0)
,

ν0χ

(πh−δh)(ϕc +πh +ν0−δh)
,
(R h

0 −1)χ
πh−δh

)

where
R

h
0 =

πh

Θ6
(6.18)

is the basic reproduction number of sub-model (6.9) obtained by applying next generation ma-
trix approach with infected compartment Ih. The local and global behaviors of the equilibrium
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points can be explored using the same approach as that used in the analysis of the TB-only
sub-model section. They can be easily analyzed by assuming that there is no recovery for indi-
viduals recruited into the It compartment, i.e., by letting θt = 0 and changing the corresponding
parameters as in system (6.9). Hence, we can conclude that Eh and Ẽh are locally and globally
asymptotically stable.

6.3.3 Analysis of the co-infection models

From (6.5) we can consider three different cases of co-infection with any of the two diseases:
COVID-19 and HIV, COVID-19 and TB, and TB and HIV. As far as we are concerned about the
burden of the emergence of COVID-19 and vaccination behaviors associated with it, we make
the analyses of only two cases, COVID-19 and HIV, COVID-19 and TB. Several co-infection
model studies on TB and HIV with detailed analysis have been made and readers can refer to
them if they want. It follows that, if we consider the case in which It = Cct = Cth = A = 0 in
(6.5), we obtain the following COVID-19-HIV co-infection model.

S′ = χ− (ν(M)+ζc +ζh +µd)S+ϕcVc + γcRct

V ′c = ν(M)S− (σcζc +ζh +Θ1)Vc

I′c = ζc(S+σcV )− (ζh +Θ2) Ic,

R′ct = θcIc−Θ5Rct ,

I′h = ζh(S+V )+φcCch− (ζc +Θ6) Ih,

C′ch = Ihζc +ζhIc−Θ7Cch,

M′ = a(k(Ic + Ich)−M)

(6.19)

with total population Nch = S+ Ic +Rct + Ih +Cch, ζc =
πc(Ic+Cch)

Nch
and ζh =

πh(Ih+Cch)
Nch

.

Similarly, substituting Ih = Cch = Cth = A = 0, in (6.5) yields COVID-19-TB co-infection
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model: 

S′ = χ− (ν(M)+ζc +ζt +µd)S+ϕcVc + γcRct

V ′c = ν(M)S− (σcζc +ζt +Θ1)Vc

I′c = ζc(S+σcV )− (ζt +Θ2) Ic,

I′t = ζt(S+V )− (ζc +Θ3) It ,

C′ct = Itζc +ζtIc−Θ4Cct ,

R′ct = θcIc +θtIt +θctCct−Θ5Rct ,

M′ = a(k(Ic + Ict)−M)

(6.20)

with total population Nct = S+ Ic + It +Cct +Rct , ζc =
πc(Ic+Cct)

Nct
and ζt =

πt(It+Cct)
Nct

.

The co-infection models (6.19) and (6.20) will be studied in the regions
Dch =

{
(S, Ic, Ih,Rct ,Cch) ∈ R5

+ : S+ Ic + Ih +Rct +Cch ≤ χ

µd

}
and

Dct =
{
(S, Ic, It ,Rct ,Cct) ∈ R5

+ : S+ Ic + It +Rct +Cct ≤ χ

µd

}
, respectively.

It can be easily shown that, as in Section 5.3, the solutions of the co-infection models are
positive for all t > 0 and that the regions Dch and Dct are positively invariant and solutions
starting in these regions stay in the regions for t > 0.

Analysis of the COVID-19-HIV co-infection sub-model (6.19)

COVID-19-HIV free equilibrium, denoted by Ech, is obtained by setting the right-hand side
of the system of equations in (6.19) equal to zero. At disease-free equilibrium, there are no
infections or recovery. That is, Ic = Ih =Cch = M = Rct = 0. Thus,

Ech =

(
χΘ1

µd (Θ1 +ν0)
,

ν0χ

µd (Θ1 +ν0)
,0,0,0,0,0

)
.

To determine the basic reproduction number, the next generation matrix method is used by
considering Ic, Ih, and Cch as infected compartments of model (6.19). Thus,

d
dt

 Ic

Ih

Cch

= Fch−Vch,
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where

Fch =

ζc(S+σcV )

ζh(S+V )

ζcIh +ζhIc

 and Vch =

(Θ2 +ζh)Ic

(Θ6 +ζc)Ih

Θ7Cch

 .

The Jacobian matrix of Fch and Vch at Ech (Fch and Vch) are

Fch =


πc(ν0σc+Θ1)

Θ1+ν0
0 πc(ν0σc+Θ1)

Θ1+ν0

0 πh πh

0 0 0

 and Vch =

Θ2 0 0
0 Θ6 −φc

0 0 Θ7

 .

Therefore, we have

FchV−1
ch =


R c

0 0 Θ2R c
0

Θ7

0 R h
0

(φc+Θ6)R
h

0
Θ7

0 0 0

 .

The corresponding eigenvalues are R c
0 ,R

h
0 and 0. Hence, the basic reproduction number (R ch

0 )

of COVID-19-HIV co-infection model is R ch
0 = max

{
R c

0 , R h
0

}
.

Theorem 6.3.5. Ech is locally asymptotically stable whenever R ch
0 < 1 and unstable if R ch

0 > 1.

Proof. The Jacobian of (6.19) at the disease free equilibrium Ech is

−µd−ν0 ϕc − πcΘ1
Θ1+ν0

γc − πhΘ1
Θ1+ν0

−Θ1(πc+πh)
Θ1+ν0

− DhχΘ1
µd(Θ1+ν0)

ν0 −ϕc−µd −πcν0σc
Θ1+ν0

0 − πhν0
Θ1+ν0

−ν0(πcσc+πh)
Θ1+ν0

DhχΘ1
µd(Θ1+ν0)

0 0 Θ2(R
c

0 −1) 0 0 πc(ν0σc+Θ1)
Θ1+ν0

0

0 0 θc −γc−µd 0 0 0

0 0 0 0 Θ6(R
h

0 −1) φc +πh 0
0 0 0 0 0 −Θ7 0
0 0 aκ 0 0 aκ −a


.

(6.21)
The eigenvalues of (6.21) are: −µd , −a, −(Θ1+ν0), −Θ5, Θ2(R

c
0 −1), Θ6(R

h
0 −1) and−Θ7.

Since R c
0 , R h

0 ≤ R ch
0 , eigenvalues of (6.21) are all negative whenever R ch

0 < 1. Hence, Ech is
locally asymptotically stable.

To investigate the global stability of Ech , we employ the method described in Chavez, C
Castillo et al. (2002). Adopting the notion in Section 4.2.4, we write system (6.19) in the form
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dX
dt

=F(X,I)

dI
dt

=G(X,I), G(X,0) = 0

where X = (S,Vc,Rct ,M) and I = (Ic, Ih,Cch) denotes uninfected and infected population re-
spectively. U0 = (X∗,0) denotes the disease-free equilibrium of system (6.19). Furthermore,
suppose

H1: For dX
dt = F(X,0) , X∗ is globally asymptotically stable,

H2: G(X,I) = AI− Ĝ(X,I), Ĝ(X,I)≥ 0 for (X,I) ∈Dch,
where A = DIG(X∗,0) is an M-matrix (the off-diagonal elements of A are nonnegative).

If the model (6.19) met H1 and H2 then the following theorem holds:

Theorem 6.3.6. U0 = (X∗,0) is a globally asymptotic stable equilibrium of (6.19) provided that

R ch
0 < 1 and that assumptions (Hl) and (H2) are satisfied.

Proof. To look into H1 and H2, we write

F(X,0) =


χ− (ν0 +µd)S+ϕcVc + γcRct

ν0S−Θ1Vc

−Θ5Rct

−aM

 ,

A =

−Θ2(1−R c
0 ) 0 Θ2R c

0

0 −Θ6(1−R h
0 ) πh +φc

0 0 −Θ7


and

Ĝ(X,I) =


(

Θ2R c
0 −

(S+σcVc)πc
Nch

)
(Ic +Cch)+ζhIc

πhCch

(
1− S+Vc

Nch

)
+ Ih(Θ6R h

0 −
(S+Vc)πh

Nch
)+ζcIh

−ζcIh−ζhIc

 .

As we can see from the above, all rows of Ĝ(X,I) are not non negative for all (X,I) ∈ Dch.
So assumption H2 is not satisfied. Hence, the disease-free equilibrium Ech may not be globally
stable, and backward bifurcation may occur in the system (6.19) like in the case of COVID-19
only sub-model (5.1). That is, the co-infection may persist even if the dominant reproduction
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number (R ch
0 ) is less than unity. The existence of backward bifurcation in system (6.19) can

be proved by the same steps as in the COVID-19-only model, so it is omitted. However, the
following theorem is proved to show the non occurrence of backward bifurcation whenever the
COVID-19 vaccine is perfect, whereby everybody who is vaccinated is completely protected.

Theorem 6.3.7. If we have a perfect COVID-19-vaccine (σc = 0), Ech is globally asymptotically

stable for R ch
0 < 1.

Proof. System (6.19) implies,

(Ic + Ih +Cch)
′ =ζcS+ζh(S+V )−Θ2Ic−Θ6Ih− (δch +µd)Cch

≤πcIc +πhIh−Θ2Ic−Θ6Ih +(πc +πh−δch−µd)Cch

=(πc−Θ2) Ic +(πh−Θ6) Ih +(πc +πh−δch−µd)Cch

=Θ2

(
πc

Θ2
−1
)

Ic +Θ6(R
h

0 −1)Ih

+(δch +µd)

(
πc +πh

δch +µd
−1
)

Cch

≤ϒ(Ic + Ih +Cch)

That is,
(Ic + Ih +Cch)

′ ≤ ϒ(Ic + Ih +Cch), (6.22)

where ϒ = max
{

Θ2

(
πc
Θ2
−1
)
, Θ6(R

h
0 −1), (δch +µd)

(
πc+πh
δch+µd

−1
)}

.

After, solving (6.22) and evaluating it as time tends to infinity, we obtain Ic+ Ih+Cch = 0 for
max

{
πc
Θ2
, R h

0 , πc+πh
δch+µd

}
< 1. Since 0 ≤ Ic, Ih,Cch, each must approach zero in the limit. There-

fore, as t→ ∞, the solutions Ic, Ih,Cch→ 0. Substituting Ic, Ih,Cch = 0 in model (6.19), implies,
as t → ∞, Rct , M→ 0, S→ χΘ1

µd(Θ1+ν0)
and Vc→ ν0χ

µd(Θ1+ν0)
. Hence, we can conclude that Ech is

globally asymptotically stable R ch
0 < 1. The global stability of the disease-free equilibrium Ech

for R ch
0 < 1 claim non existence of backward bifurcation. That is, the diseases persist only if

R ch
0 > 1.

Analysis of the co-infection of COVID-19-TB co-infection model (6.20)

Considering Ic = It =Cct = Rct =M = 0 and setting systems of equations in (6.20) in to zero,
we obtain the disease free equilibrium (Ect) given by Ect =

(
χΘ1

µd(Θ1+ν0)
, ν0χ

µd(Θ1+ν0)
,0,0,0,0,0

)
.
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The same procedure can be followed as in COVID-19-HIV co-infection model to obtain the
reproduction number (R ct

0 ) of COVID-19-TB co-infection model and to investigate the stability
of steady state solutions. Hence, R ct

0 = max
{

R c
0 , R t

0

}
. Furthermore, one can easily prove that

Ect is both locally and globally (when σc = 0) asymptotically stable whenever R ct
0 < 1.

6.3.4 Analysis of COVID-19, HIV and TB Triple Infection Model

The disease free equilibrium(E0), the state in which the population is completely free from
the three diseases, is given by

E0 =

(
χΘ1

µd (Θ1 +ν0)
,

ν0χ

µd (Θ1 +ν0)
,0,0,0,0,0,0,0,0,0

)
.

To obtain the basic reproduction number(R0) of the model (6.5), we apply the next-generation
matrix approach. Indeed, the infected compartments of the model (6.5) consist of Ic, It , Ih,Cct ,Cch,
Cth and A classes. The dynamics of these infected compartments can be written as a difference
of two matrices, F and V . That is,

F =



ζc(S+σcVc)

ζt(S+Vc)

ζcIt +ζtIc

ζh(S+Vc)

ζcIh +ζhIc

ζtIh +ζhIt
ζcCth +ζtCch +ζhCct



and V =



(ζt +ζh +Θ2) Ic

(ζc +ζh ++Θ3) It
(ζh +Θ4)Cct

(ζc +ζt +Θ6) Ih−ηtCth−Cchφc

(+ζt +Θ7)Cch−αtA

(ζc +Θ8)Cth−Aωc

Θ9A



.

The Jacobian matrix of F and V at E0, denoted by F̃ and Ṽ , respectively, are computed as

F̃Ṽ−1 =



R c
0 0 0 Θ2R c

0
Θ4

Θ2R c
0

Θ7
0 ξ3Θ2R c

0
Θ7Θ9

0 R t
0 0 πt

Θ4
0 πt

Θ8

ξ4πt
Θ7Θ9

0 0 R h
0 0 ξ1R h

0
Θ7

ξ2R h
0

Θ7

R h
0 (Θ7(ξ5Θ6+ηtξ4)+αtξ1Θ8)

Θ7Θ8Θ9

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,

where ξ1 = φc +Θ6, ξ2 = Θ6 +ηt , ξ3 = Θ7 +αt , ξ4 = Θ8 +ωc, and ξ5 = ωc +µd +δth.
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Which implies, R0 = max
{

R c
0 , R t

0 , R h
0

}
.

Theorem 6.3.8. E0 is locally asymptotically stable whenever R0 < 1.

Proof. The Jacobian of system (6.5) at E0 is

β1 ϕc β2Θ1 β3Θ1 γct β4Θ1 β6Θ1 β7Θ1 β8Θ1 β9Θ1 −β10Θ1

ν0 −Θ1 β2ν0σc β3ν0 0 β4ν0 β11ν0 β12ν0 β8ν0 β13ν0 β10Θ1

0 0 β14 0 0 0 Θ2rc Θ2rc 0 Θ2rc 0
0 0 0 β15 0 0 πt 0 πt πt 0
0 0 θc θt −Θ5 0 θct 0 0 0 0
0 0 0 0 0 β16 0 φc +πh πh +ηt πh 0
0 0 0 0 0 0 −Θ4 0 0 0 0
0 0 0 0 0 0 0 −Θ7 0 αt 0
0 0 0 0 0 0 0 0 −Θ8 ωc 0
0 0 0 0 0 0 0 0 0 −Θ9 0
0 0 aκ 0 0 0 aκ aκ 0 aκ −a



,

where β1 =−(µd +ν0), β2 =− πc
Θ1+ν0

, β3 =− πt
Θ1+ν0

, β4 =− πh
Θ1+ν0

, β5 =− σcπc
Θ1+ν0

, β6 = β2 +

β3, β7 = β2 + β4, β8 = β3 + β4,β9 = β2 + β3 + β4,β10 = − hDχ

µd(Θ1+ν0)
,β11 = −β3 + β5,β12 =

−β4+β5, β13 =−β3+β4+β5, β14 =Θ2(R
c

0 −1), β15 =Θ3

(
R t

0 −1
)

and β16 =Θ6

(
R h

0 −1
)

.

It is easy to see that all eigenvalues are negative if and only if R0 < 1. Therefore, E0 is
locally asymptotically stable whenever R0 < 1.

The backward bifurcation analysis, which is exhibited due to imperfect vaccination, can be
made with the same procedure as in Section 6.3.2 by taking the bifurcation parameter as πc (that
is by letting R0 = R

c
0 ).

6.4 Parametric Estimation

This study fits the suggested model to the retrieved data and fits some of the unknown pa-
rameters using WHO reports. Ethiopia, located in East Africa, has a high burden of HIV and
TB cases (World Health Organization, 2024a), with reports indicating the emergence of triple
infections involving COVID-19, TB, and HIV (Bizuneh, Fassikaw et al., 2024), making it a
prime candidate for parametric estimation. To estimate parameters associated with COVID-
19, monthly cumulative data from March 2020, the month in which COVID-19 was introduced
in Ethiopia, to December 2023 is considered (WHO, 2024b). The parameters associated with
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TB are estimated using notified case reports from 2000 to 2022 (World Health Organization,
2024b), while parameters associated with HIV are fitted based on WHO’s new case estimations
for the country from 2000 to 2022 (World Health Organization, 2024c). In order to fit the model
to actual data, we used the lm f it Python library, which is specifically designed for nonlinear
least-squares fitting (Newville, Matt et al., 2021). The remaining parameter values were ob-
tained from the existing literature. In cases where data were unavailable, we estimated certain
parameters within acceptable ranges. To maintain consistency and prevent calculation errors,
all the estimated and fitted parameters in the model are standardized to a common dimension of
month−1. The total population was estimated to be 126, 527, 060 with a life expectancy of 66
years (World Bank, 2022). It follows that µd = 1

66∗12 and χ = µd ∗N = 159756 per month. The
maximum vaccination rate (νmax) is assumed to be 0.99 per month, with a baseline vaccination
rate of 20%(0.2 ∗ νmax). Multiple studies have indicated that the effectiveness of COVID-19
vaccines ranges from 82% to 95% (Caifang Zheng et al., 2022; Nasreen, Sharifa et al., 2022),
suggesting an ineffectiveness of 5% to 18%. Therefore, we estimated σc to be 13%. Further-
more, based on studies revealing that the minimum and maximum incidence rates of COVID-19
reinfection were 0.001% and 0.65% (Alimohamadi, Yousef et al., 2023), we estimate γc to be
0.01%. The remaining parameters are assumed to have values in Table 6.2. The solution curve in
comparison with the actual data is shown in Figure 6.3. The figure presents the fitting of model
(5.1) to real data for COVID-19, TB, and HIV. In Figure 6.3a, the model fitting to COVID-19
cases is displayed over 45 months, showing good agreement with the observed data. The model
captures the rise and plateau in infections. Figure 6.3b illustrates the fit for TB cases over 22
years, where the model successfully follows the peak and subsequent decline in cases. More-
over, Figure 6.3c shows the fit of the estimated new HIV infections over the same 22 year period.
The model captures the decline in HIV infection, suggesting a strong fit. The model output in
all three subplots aligns well with the observed data, demonstrating that the model provides a
reasonably good representation of the epidemiological dynamics of these diseases. The Python
code utilized for parameter estimation can be found in Appendix B.1.

6.5 Numerical Simulations and Results

In this section, numerical results verifying the analytical findings and showing the effect
of some parameter values are presented. Unless it is stated, the parameter values in Table 6.2
and the initial conditions S(0) = 125775247, Vc(0) = 0, Ic(0) = 16, It(0) = 112597, Cct(0) =
0, Rct(0) = 8000, Ih(0) = 630000, Cch(0) = 0, Cth(0) = 1200, A(0) = 0 and M(0) = 3.2(0.2∗
Ic(0)) are used to perform numerical simulations.
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Figure 6.3: The fit of model (6.5) to the actual data.

6.5.1 The Role of HIV and TB on the Persistence of COVID-19

In this section, we analyze the impact of HIV and TB on the transmission of COVID-19.
This will be accomplished by expressing the reproduction number of COVID-19 in terms of the
reproduction number of HIV and TB with the help of µd . From (6.17) and (6.18), we have

µd =
πt−δtR

t
0 −θtR

t
0

R t
0

(6.23)

µd =
πh−δhR h

0

R h
0

(6.24)

Substituting (6.23) in R c
0 yields R c

0 =
πcR t

0

(
πt+R t

0 (ν0σc+ϕc−δt−θt)
)

(
πt+R t

0 (δc+θc−δt−θt)
)(

πt+R t
0 (ϕc+ν0−δt−θt)

) . Similarly, sub-

stituting (6.24) in R c
0 gives R c

0 =
πcR h

0

(
πh+R h

0 (ν0σc+ϕc−δh)

)
πh+

(
R h

0 (δc+θc−δh)

)(
πh+R h

0 (ϕc+ν0−δh)

) . If ∂Rc
0

∂R
t
0

,
∂Rc

0

∂R
h
0

> 0, it

can be concluded that an increase in TB and HIV transmission would result in an increase in
COVID-19 transmission as well.The role played by both HIV and TB in the spread of COVID-
19 is explored by writing R c

0 as a function of R t
0 and R h

0 . Indeed, we add (6.23) and (6.24) and
solve for µd as follows:

µd =
πtR h

0 +πhR t
0 − (δt +δh +θt)R t

0 R h
0

2R t
0 R h

0
. (6.25)

Thus, by substituting (6.25) into (6.11) we can describe R c
0 as

R c
0 =

2πcR t
0 R h

0
(
πhR t

0 +R h
0 πt +R t

0 R h
0 (2ν0σc +2ϕc−δh−δt−θt)

)(
πhR t

0 +R h
0
(
πt +R t

0 ψ1
))(

πhR t
0 +R h

0
(
πt +R t

0 ψ2
)) ,
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Table 6.2: Description of parameters of the triple infection model Equation (6.5).

Parameters Description Values Source

χ Recruitment rate 159756 Calculated
δa COVID-19, TB and HIV induced death rate 0.62 Estimated
θt TB Recovery rate for It 0.06533 Fitted
δch COVID-19 and HIV induced death rate 0.18852 (see Table 4.3)
ϕc Covid-19 vaccine waning rate 0.01282 Estimated
γc Reinfection rate for COVID-19 0.0833 Estimated
ηt TB recovery for Cth 0.0001 Estimated
πh HIV transmission rate 0.01033 Fitted
θc Recovery rate for population in Ic 0.3474 Fitted
νmax Maximum vaccination rate 0.99 Estimated
ν0 Baseline vaccination rate 0.2∗νmax Estimated
σc Vaccine inefficacy 0.13 Estimated
φc COVID-19 recovery for Cch 0.1 Fitted
δc COVID-19 induced death rate 0.031 Fitted
πt TB transmission rate 0.07131 Fitted
δh HIV induced death rate 0.01824 Fitted
θct Recovery rate from Cct 0.2 Estimated
δct COVID-19 and TB induced death rate 0.5 Estimated
δt TB induced death rate 2∗10−5 Fitted
πc COVID-19 transmission rate 2.402 Fitted
δth TB and HIV induced death rate rate 0.39732 Estimated
ωc COVID-19 recovery rate for A 0.25 Estimated
αt TB recovery rate for A 0.02083 Estimated
µd Natural death rate 0.00126 (World Bank, 2022)
D Reactivity factor 3.9517∗10−6 Estimated
κ Information coverage 0.2 Estimated
a Inverse of the average information delay 0.2 Estimated

where ψ1 = (2δc +2θc−δh−δt−θt) and ψ2 = (2ϕc−δh +2ν0−δt−θt) .

The epidemiological consequences of HIV and TB on the transmission of COVID-19 are
illustrated in Figure 6.4. This figure indicates the relationship between the reproduction number
of diseases. It can be inferred that when the reproduction number of HIV and TB increases, that
is, when each infected person is likely to infect others, it leads to an increase in the reproduction
number of COVID-19 as well. In simple terms, the spread of the two diseases can influence the
spread of COVID-19, resulting in a potentially more widespread outbreak. This implies that it is
important to closely monitor the reproduction numbers of all diseases to ensure effective control
measures are put in place to prevent further spread and potential health risks.
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Figure 6.4: Simulation of R c
0 as a function of R t

0 and R h
0 .

6.5.2 Effects of Reinfection

Recent studies have highlighted the significant impact of waning immunity and reinfection
on COVID-19 dynamics. Both natural and vaccine-induced immunity decreases over time, lead-
ing to increased reinfection rates (Yair Goldberg et al., 2021; Zelong Li, 2023). The potential for
reinfection is particularly concerning, as it could lead to increased co-infection rates and further
strain healthcare systems (Teran, Ricardo et al., 2023). Figures 6.5 to 6.7 clearly supports these
findings. Figure 6.5 illustrates the impact of COVID-19 reinfection rates (γc) on the co-dynamics
of COVID-19, TB, and HIV. In the figure, we observe the interaction between COVID-19, HIV
and TB co-infections (Cct) for three reinfection rates: 0.01,0.03 and 0.35. As the reinfection
rate increased, the peak co-infection level rises, with the highest value of γc = 0.35 producing
the sharpest peak. The analysis clearly shows that an elevated COVID-19 reinfection rate in-
tensifies the co-infection burden across all cases, contributing to longer-lasting and more severe
outcomes.

6.5.3 Effects of Key Behavioral Parameters

In this section, the effects of key behavioral parameters are investigated based on figures that
illustrate the interplay between waning immunity, vaccine ineffectiveness, baseline vaccination
rate, level of information and information-dependent vaccination in shaping the co-dynamics of
the three diseases. Figures 6.6 and 6.7 illustrates the impact of waning immunity(ϕc), with com-
parisons to a critical waning immunity threshold, ϕ∗ = ϕc =

Θ2(µd+ν0)−πc∗(µd+ν0∗σc)
(πc−Θ2)

, which is
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Figure 6.5: Simulations showing the impact of COVID-19 reinfection rate (γc).

obtained by solving (6.11) for ϕc after setting R c
0 = 1 . Using the parameter values in Table 6.1,

we find that ϕ∗ is equal to 0.00534. The two figures compare the impact of waning immunity (ϕc)
on disease progression in the absence (D = 0) and presence (D ̸= 0) of information-dependent
vaccinations. Without information-dependent vaccination (Figure 6.7), Ic, Cct , Cch and A are
more sensitive to the variations in ϕc. As ϕc increases beyond the critical waning immunity rate
( ϕc > ϕ∗), the peak values of Ic and the other compartments increase significantly, indicating
a larger disease burden. Conversely, when ϕc < ϕ∗, disease progression is slower, and the total
number of cases is lower. In contrast, Figure 6.6 shows the effect of information-driven vacci-
nation, in which individuals adjust their behavior based on disease prevalence. Here, the peaks
for each compartment are generally lower than those in Figure 6.7, indicating that information-
dependent vaccination helps to stop the persistence of COVID-19 and its co-infections with oth-
ers. Even with higher waning immunity ( ϕc > ϕ∗), the compartments show a more controlled
progression, and the peaks are noticeably suppressed compared with the scenario without in-
formation. This indicates that when information is incorporated into vaccination behavior, it
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effectively counteracts the detrimental effects of increased waning immunity.
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Figure 6.6: The impact of waning immunity (ϕc) for D ̸= 0.

Figures 6.8 and 6.9 illustrate the relationship between vaccine ineffectiveness and baseline
vaccination rate with and without information dependent vaccination behavior, respectively. In
both figures, it is evident that even if the baseline vaccination rate is increases, a decrease in
vaccine effectiveness increases the number of infection cases. This is important in showing that
vaccine coverage alone may not suppress the COVID-19 cases and the associated co-infections.
Figure 6.8 demonstrates that incorporating information-dependent behavior significantly miti-
gates infection rates, leading to lower peaks and slower growth. Conversely, Figure 6.9 shows
higher infection rates across all four scenarios (Ic, Cct , Cch, and A). That is, the infection rates
increased more rapidly and reached higher peaks, indicating that without information-dependent
behavior, the baseline vaccination rate and vaccine ineffectiveness had a more pronounced neg-
ative impact on controlling the infections. This contrast highlights the importance of adaptive
vaccination strategies that respond to real-time information, effectively reducing the spread of
infections even when vaccine effectiveness is compromised.
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Figure 6.7: The impact of waning immunity(ϕc) for D = 0.

The effect of the level of information coverage(κ) on the number of COVID-19 transmission
and co-infection cases is illustrated in Figure 6.10. As κ increases from 0.15 to 0.3, we ob-
serve a significant reduction in the peak values of all compartments(Ic, Cct ,Cch and A) across the
subplots. Specifically, higher levels of information lead to lower peaks of infected individuals.
This demonstrates the beneficial effect of increasing information levels in curbing the spread
of infection by promoting more effective and timely vaccination. This figure underscores the
importance of a higher κ in reducing both the magnitude and duration of outbreaks, highlighting
that better information dissemination plays a crucial role in mitigating the impact of co-infection.

Figure 6.11 presents four subplots showing the cumulative deaths over time in the absence
and presence of information-dependent vaccination behavior. In Figures 6.11a to 6.11d, the
curves demonstrate that information-driven vaccination (D > 0) significantly reduces cumula-
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Figure 6.8: The impact of vaccine ineffectiveness factor (σc) and baseline vaccination rate (ν0)
in the presence of information-dependent vaccination(D ̸= 0).

tive deaths compared to the scenario where D = 0. For instance, in Figure 6.11a, the cumulative
deaths in the COVID-19 infected compartment(Ic) without information dependent vaccination
behavior grow rapidly over time, reaching around 8.7 million, while with information, deaths
are considerably lower, plateauing at about 1.8 million. A similar pattern is observed across the
other compartments: Cct ,Cch, and A, where information-dependent vaccination behavior delays
and reduces the number of deaths over time, indicating the crucial role of information in mitigat-
ing the spread of the infection. The results highlight the crucial role of information-dependent
vaccination in minimizing the deadly consequences of the infection. The results underscore the
vital role of information dependent vaccination behavior in reducing the severe outcomes of
COVID-19 infection, including COVID-19-HIV and COVID-19-TB co-infection, and COVID-
19-HIV-TB triple infection.

The contour plots displayed in Figure 6.12 showcase the behavior of Ic,Cct ,Cch and A over
specific time (t = 35,50,60) as functions of two parameters, κ (level of information) and a
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Figure 6.9: The impact of vaccine ineffectiveness factor(σc) and baseline vaccination rate (ν0)
in the absence of information-dependent vaccination (D = 0).

(inverse of the average time delay) for D = 0.0001. Each row corresponds to a different vari-
able, and within each row, the columns represent the variable’s evolution at three different time
points. The figures suggest that for COVID-19, a shorter time delay in information dissemina-
tion (higher a) can lead to increased co-infection cases, especially when information coverage is
low (smaller κ). This implies that while timely information is crucial for mitigating the spread
of COVID-19, it must be accompanied by comprehensive and accurate information to be effec-
tive. A balance between these two factors is essential to ensure individuals have the knowledge
and understanding needed to make informed decisions and take appropriate actions to protect
themselves and others. Without sufficient context or understanding, timely information can
inadvertently contribute to the spread of the disease due to factors such as misinformation or
delayed responses.
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Figure 6.10: The impact of the level of information (κ)
.
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Figure 6.11: Vaccination-dependent behaviors and cumulative deaths.
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Figure 6.12: Effect of the average time delay (a).
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CHAPTER 7

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

This chapter offers a concise overview of the research findings, presents key conclusions,
and proposes recommendations based on the study. It also discusses potential areas for future
research to build upon the existing knowledge and address identified gaps.

7.1 Summary and Conclusions

Although COVID-19 is under control with an incredible global public health effort, the im-
pact of the disease in the community continues. People who have HIV/AIDS are among those
affected by COVID-19. The mathematical models have been very beneficial in providing various
reasons for the dynamics of disease and designing practical control strategies. In this disserta-
tion, we provide co-infection models that govern the transmission dynamics of COVID-19 and
HIV/AIDS in order to assess the impacts of COVID-19 among PLHIV and identify control
strategies. Moreover, because TB is the number one risk factor of death for HIV patients and
COVID-19 imposes another burden, the triple infection dynamics of COVID-19, HIV, and TB
are investigated. Deterministic models with different numbers of compartments are used to de-
scribe the co-dynamics of COVID-19, HIV/AIDS, and TB. The basic properties of the models,
positivity and boundedness of the solutions, are examined. That is, wellposedeness of the co-
infection models is established. Equilibria and reproduction numbers are determined to examine
the qualitative behaviors of the models and analyze the epidemiological implications. Based on
sensitivity analysis, parameters are identified to extend the co-infection model into an optimal
control problem, which emphasizes identifying the most cost-effective strategy to mitigate the
spread and impact of COVID-19 and HIV co-infection. Numerical simulations support and clar-
ify the analytical results and show how different parameters affect the co-infected population.
The results revealed key parameters that determine the transmission dynamics of the diseases.

It is found that transmission rates of the disease are the most important parameters that deter-
mine the dynamics of diseases. Figures 4.7 and 4.8 shows that the number of people co-infected
with COVID-19 and HIV/AIDS cannot be reduced unless the rate of their transmission is made
as low as possible. This demonstrates that the ongoing efforts to stop the two diseases must be
stepped up. The same result has also been found in other similar studies (Teklu, S. W. and Ko-
tola, B. S., 2023). This observation is in direct agreement with mitigation approaches that aim
at minimizing the transmission rate, primarily through self-protective measures (such as taking
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the vaccine and wearing masks for COVID-19, and abstinence, faithfulness, and protection for
HIV). HIV patients’ risk of transmitting the disease or contracting another disease depends on
their viral load. Following their compromised immunity, PLHIV may have an increased risk for
severe disease from COVID-19 as well as hospitalizations (Squillace, Nicola et al., 2021). This
can be realized from Figures 4.9 and 4.10. For people with HIV, when the ability to transmit the
disease decreases, the number of co-infected people also decreases, and when it increases, the
number of co-infected people rises. The same is true for the risk of exposure to other diseases.
Along with this, if we look at Figure 4.10, we can clearly understand that immunity has a signif-
icant contribution to the number of co-infected people. This is consistent with existing research
and shows that more attention is needed for these people. Additionally, it can be understood
that the weakening of the immune system of HIV patients increases the death rate caused by
COVID-19 and HIV/AIDS co-infection. These findings underscore the necessity to intensify ef-
forts to provide HIV/AIDS patients with treatments such as antiretroviral therapy, which serves
two purposes: preventing HIV transmission and reducing HIV/AIDS patients’ vulnerability to
other diseases. The World Health Organization considers safe and effective vaccines to be a
game-changing tool in controlling the COVID-19 pandemic (WHO, 2024a). This role of the
vaccine is illustrated in Figures 4.11 and 4.12. From the figure, we observe that COVID-19 vac-
cination has a significant role in reducing the population of infected individuals, especially by
reducing the risk of death due to these diseases. This result reinforces the WHO recommenda-
tion to prioritize HIV/AIDS patients during COVID-19 vaccine administration (WHO, 2021b).
Moreover, Figure 4.12 and Figure 4.13 show that COVID-19 treatment also plays a vital role in
reducing the risk of death due to co-infection.

In addition to exploring the role of different control parameters, this study illustrates the
efficacy and cost-effectiveness of control strategies: prevention and treatment. This point is es-
pecially crucial in countries with high HIV prevalence rates (Han, Xueya et al., 2022). A com-
prehensive cost-effectiveness analysis, grounded in established theories, is conducted to identify
the most economically viable strategy for curbing HIV and COVID-19 co-infections. The anal-
ysis reveals that a synergistic approach involving COVID-19 vaccination and treatment is the
most efficient and cost-effective strategy for reducing the prevalence of co-infected individuals,
as shown in Figures 5.4h, 5.5j and 5.6h. These findings provide valuable insights for policymak-
ers, guiding them to prioritize preventive measures to reduce the incidence of co-infection cases
and associated fatalities.

Moreover, this thesis offers additional insights into the impact of COVID-19 on PLHIV
during the post-vaccination period. It delves into the effects of waning immunity, reinfection
rates, and behavioral factors such as information-driven vaccination. Furthermore, it considers
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the impact of TB, which is the most infectious disease among PLHIV. Reproduction numbers
were determined and used as a threshold value to examine stability analyses of equilibria and
investigate how one disease affects another. Their analyses show that more secondary infections
of HIV and TB disease translate into more COVID-19 disease. This result is consistent with
existing studies that have discussed how the increasing number of HIV-TB co-infection cases
can lead to a higher incidence of COVID-19 (Jacques Tamuzi et al., 2020). It is illustrated that
an increase in the reproduction numbers of HIV and TB can elevate the reproduction number
of COVID-19, highlighting the importance of monitoring multiple diseases. Results on the im-
pact of waning immunity and reinfection rates on the dynamics of COVID-19, HIV and TB
show that higher reinfection rates lead to greater peaks in co-infections as well as triple infec-
tions. The role of key parameters, such as baseline vaccination rates, vaccine ineffectiveness,
and information-dependent vaccination, is explored to demonstrate their influence on infection
control. It is revealed that without information-driven vaccination, waning immunity exacer-
bates the burden of co-infections, while incorporating information-dependent behavior reduces
disease peaks. Additionally, the study underscores the critical role of effective information dis-
semination in lowering infection rates, suggesting that better-informed populations exhibit better
disease control outcomes. Furthermore, the dynamic interplay between information levels and
response delays is examined, highlighting the necessity for timely and accurate information in
managing the spread of COVID-19 and its co-infections.

In conclusion, this dissertation provides a comprehensive mathematical investigation into
the transmission dynamics and control of COVID-19, HIV/AIDS, and TB co-infections. By
developing and analyzing various deterministic models, we have identified the crucial role of
transmission rates, immunity, and co-morbid infections in shaping disease dynamics. Our find-
ings emphasize that lowering transmission rates, strengthening immunity through treatment and
vaccination, and prioritizing preventive strategies are critical for controlling co-infections, es-
pecially among vulnerable populations like PLHIV. The study also highlights the significant
impact of TB on COVID-19 outcomes among HIV-positive individuals, the effects of waning
immunity and reinfection, and the role of information-dependent vaccination behavior in mit-
igating disease spread. Moreover, through optimal control and cost-effectiveness analyses, we
establish that a combined strategy of vaccination and treatment offers the most practical and
economically sound approach for reducing co-infection prevalence and mortality. These results
offer valuable insights for policymakers and health authorities, underscoring the need for in-
tegrated, sustained, and informed intervention efforts to effectively manage the interconnected
epidemics of COVID-19, HIV/AIDS, and TB.
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7.2 Recommendations

To effectively control the transmission of COVID-19 and HIV/AIDS, it is crucial to intensify
efforts aimed at reducing transmission rates, as these are key determinants of disease dynam-
ics. Protective measures such as vaccination and preventive behaviors must be emphasized,
especially among high-risk populations like people PLHIV. Prioritizing HIV/AIDS patients for
COVID-19 vaccination, as recommended by the World Health Organization (WHO), is essen-
tial since vaccination significantly reduces the risk of severe illness and death from co-infection.
Furthermore, providing antiretroviral therapy (ART) to HIV/AIDS patients serves a dual pur-
pose: it prevents HIV transmission and mitigates the effects of compromised immunity, which
can exacerbates the severity of COVID-19 and other infections. In terms of resource alloca-
tion, a comprehensive cost-effectiveness analysis should guide policymakers in identifying the
most economically viable strategies for combating co-infections, especially in regions with high
HIV prevalence. Evidence suggests that a synergistic approach combining COVID-19 vacci-
nation with treatment is the most efficient and cost-effective strategy to reduce the prevalence
of co-infected individuals. Additionally, in the post-vaccination period, waning immunity and
reinfection rates must be carefully monitored, as higher reinfection rates can lead to more severe
peaks in co-infection cases. The role of information-driven vaccination strategies also cannot be
overstated—without them, waning immunity and vaccine ineffectiveness exacerbate the burden
of co-infections, whereas effective dissemination of information helps reduce disease transmis-
sion. Timely and accurate information is therefore critical in managing the spread of COVID-19
and its co-infections, as better-informed populations consistently demonstrate improved control
outcomes. Ultimately, focusing on these strategies will lead to more effective disease mitigation,
particularly in vulnerable communities like PLHIV.

7.3 Future Work

There are several ways this study can be extended. Future research could explore the in-
corporation of more complex stochastic elements to account for real-time variations in infec-
tion rates and healthcare interventions. Further analysis of the triple co-infection dynamics of
COVID-19, HIV, and TB with varying environmental factors (for instance, climate influence on
TB transmission) could provide more robust predictions. The model does not consider COVID-
19 asymptotic individuals who transmit the disease while contacting susceptible populations, so
including their impact makes the model more representative. Self-protective measures are cru-
cial in preventing the spread of viruses like HIV/AIDS, as they cannot be cured. However, the
specific contribution of self-protective measures is not taken into account in this study. There-
fore, models that incorporate specific self-protective measures may be considered for advancing
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this research. Furthermore, the inflow of infected people due to the vertical transmission of
HIV/AIDS and age structures can be considered in the areas of research for the future. Drug
resistance poses a critical challenge in HIV infection. The study’s outcomes could be signifi-
cantly enhanced by incorporating drug resistance into the proposed models. Apart from these,
our study may help policymakers develop better ways to control the combined effects of these
diseases. This study offers information on the variables that increase the likelihood of COVID-
19, TB, and HIV co-and triple-infection cases and what can be done to lessen their impact.
Furthermore, this work can serve as basis for modeling studies that consider the occurrence of
these infections.
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APPENDIX A

MATHEMATICAL PRELIMINARIES

Based on the references (Cain, John W and Reynolds, Angela M, n.d.; Kelley, Walter G.
and Peterson, Allan C., 2010; Layek, 2015; Lynch, 2018; Martcheva, 2015; Wiggins, 2003), this
appendix establish the mathematical foundation for disease modeling conducted in this disser-
tation. The tools covered—well-posedness (existence, uniqueness, positivity and boundedness
of solutions), stability analysis, and optimal control—are essential for investigating the trans-
mission dynamics of diseases, studying stability, and designing optimal control strategies like
vaccination or treatment.

A.1 Basics of Dynamical Systems

Ordinary Differential Equations (ODEs) are widely used to model biological systems, in-
cluding disease transmission. Let t be a real scalar; let D be an open set in Rn+1 with an element
of D written as (t,x); let f : D→ Rn be continuous and let ẋ = dx

dt . A differential equation is a
relation of the form

ẋ(t) = f(t,x(t)), or ẋ = f(t,x(t)). (A.1)

An ODE in which the independent variable does not occur explicitly is called autonomous ODE.
If equation (A.1) is autonomous it is often written as:

x′ = f(x). (A.2)

Definition A.1.1. We say x is a solution of (A.1) in an interval I ⊆ R if x is a continuously

differentiable function defined on I, (t,x(t)) ∈D for all t ∈ I, and x satisfies (A.1) on I. We refer

to f as a vector field in D.

Definition A.1.2. (Initial Value Problem): The initial value problem for an ordinary differential

equation involves finding a function x(t) that satisfies

x′ = f(t,x(t))

x(t0) = x0 .
(A.3)

In initial value problem (IVP), we look for solutions that lie within a given interval that
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contains t0, so that the solution curves passes through the point (t0,x(t0)).

Well-posedness

Theorem A.1.1. (Peano Existence Theorem). If f is continuous in D, then for any (t0,x0) ∈ D,

there is at least one solution of (A.3) passing through (t0,x0).

Definition A.1.3. A function f (t,x) defined on a domain D is said to be locally Lipschitzian in

x if for any closed bounded set U in D there is L such that

| f (t,x)− f (t,y)| ≤ L|x− y|

for (t,x),(t,y) ∈U. If f (t,x) has continuous first partial derivatives with respect to x in D, then

f (t,x) is locally Lipschitzian in x.

Theorem A.1.2. (Picard-Lindelöf). If f (t,x) is continuous in D and locally Lipschitzian with

respect to x in D, then for any (t0,x0)∈D, there exists a unique solution x(t, t0,x0), x(t0, t0,x0) =

x0, of (A.1) passing through (t0,x0).

Definition A.1.4. (Flow). Consider System (A.3). The flow, φ(t,x0), of (A.3) represents the so-

lution of (A.3) over time given an initial condition, provided that the solutions to the differential

equation exist and are unique.

Definition A.1.5. (Invariant set). A set M ⊂ Rn is said to be an invariant set under the flow φ

if for any point x0 ∈M, φ(t,x0) ∈M for all t ∈ R: The set M is said to be positively invariant if

φ(t,x0) ∈M for t ≥ 0.

Definition A.1.6. (Well-posedness): System (A.3) is well-posed if solutions exist, are unique,

and for systems describing populations, remain bounded and nonnegative for all nonnegative

initial conditions.

In establishing well-posedness, positivity plays a crucial role in ensuring that model so-
lutions maintain physical meaning, specifically non-negative populations. On the other hand,
boundedness guarantees that the solution values do not grow infinitely over time, which is es-
sential for maintaining realistic model solutions. In epidemiology, population sizes are naturally
limited by the total population, and unbounded solutions would lead to unrealistic scenarios,
such as an infected population growing infinitely.
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Stability analysis

Definition A.1.7. (Equilibrium point): An equilibrium point (Equilibrium solution) of (A.2) is

a point x∗ such that f(x∗) = 0.

As a point x∗ satisfies (x∗)′= f(x∗) = 0, so the solution is constant when x= x∗. That is, x∗ is
time-independent solution, solution that is constant in time. Terms such as fixed point, stationary
point, singularity point, critical point and steady state are another name for equilibrium point.

An equilibrium point is stable if all solutions starting at nearby points stays near by; other-
wise it is unstable. It is asymptotically stable if all solutions starting at nearby points not only
stays near by but it tends to the equilibrium point as time approaches to infinity. The formal
definition is given as follows:

Definition A.1.8. (Stable and unstable equilibrium point): Let φ(t) be the flow of (A.2), as-

sumed to be defined for all t ∈R. An equilibrium solution x∗ of (A.2) is said to be locally stable

if for all ε > 0, there exists δ = δ(ε)> 0 such that for all x ∈ Nδ(x∗) and t ≥ 0, φt(x) ∈ Nδ(x∗).
The equilibrium point is unstable if it is not stable.

Definition A.1.9. (Asymptotically stable equilibrium point): Let φ(t) be the flow of (A.2). An

equilibrium solution x∗ is (locally) asymptotically stable if there exists δ > 0 such that for all

x ∈ Nδ(x∗) and t ≥ 0, there holds

lim
t→∞

φ(t) = x∗.

Definition A.1.10. Given a set y = f(x) of n equations in n variables x1, ...,xn, written explicitly

as 

y1 = f1(x1, ...,xn),

y2 = f2(x1, ...,xn),
...,

yn = fn(x1, ...,xn).

.

The Jacobian matrix(sometimes simply called “the Jacobian”), denoted by Df, is defined by

Df =


∂ f1
∂x1

∂ f1
∂x2

. . . ∂ f1
∂xn

∂ f2
∂x1

∂ f2
∂x2

. . . ∂ f2
∂xn

...
... . . . ...

∂ fn
∂x1

∂ fn
∂x2

. . . ∂ fn
∂xn

 .

Definition A.1.11. A function f is said to be continuously differentiable on the open set E,

denoted by C1(E), if the elements of Df are continuous on E.
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Definition A.1.12. If f ∈ C1(E), then the linearization of (A.2) at the equilibrium x∗ ∈ E is

given by

x′ = Df(x∗)x.

Definition A.1.13. An equilibrium x∗ of (A.2) is called isolated if there exists a positive number

ε such that the open ball B(x∗,ε) contains no equilibria other than x∗.
Theorem A.1.3. (Hartman-Grobman): Suppose x∗ is an isolated equilibrium of a nonlinear

system x′ = f(x). Then in the vicinity of x∗, the linearization x′ = Df(x∗)(x− x∗) about that

equilibrium has the same qualitative behavior as the original nonlinear system.

Hartman-Grobman justifies very important result in the local qualitative theory of a dynam-
ical system. It can be used to determine the stability of equilibrium in system (A.2) without
finding explicit solutions.

Definition A.1.14. Let x∗ be an equilibrium point of the autonomous system (A.2), where f∈C1

(once continuously differentiable) in a neighborhood of x∗.

1. If all the eigenvalues of Df(x∗) have negative real part, then x∗ is a locally asymptotically

stable equilibrium point.

2. If Df(x∗) has at least one eigenvalue with positive real part, then x∗ is an unstable equi-

librium point.

Theorem A.1.4. (Routh-Hurwitz criteria): Consider the nth-degree polynomial with real con-

stant coefficients

P(λ) = λ
n +a1λ

n−1 +a2λ
n−2 + · · ·+an−1λ+an.

Define n Hurwitz matrices using the coefficients ai of the characteristic polynomial:

H1 = (a1), H2 =

(
a1 1
0 a2

)
, H3 =

a1 1 0
a3 a2 a1

0 0 a3

 and, Hn =



a1 1 0 0 . . . 0
a3 a2 a1 1 . . . 0
a5 a4 a3 a2 . . . 0
...

...
...

... . . .
...

0 0 0 0 . . . an


where a j = 0 if j > n. All roots of the polynomial P(λ) are negative or have negative real part

if and only if the determinants of all Hurwitz matrices are positive:

i.e., det(H j)> 0, j = 1, ...,n
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Establishing global properties of a dynamical system is generally a nontrivial problem. The
most successful approach to the problem is the direct Lyapunov method (Martcheva, 2015).
However, the method requires an auxiliary function with specific properties, a Lyapunov func-
tion, which is not easy to find.

Theorem A.1.5. (Lyapunov Stability Theorem): Let E be an open subset of Rn containing a

critical point x∗. Suppose that f is continuously differentiable and that there exists a continuously

differentiable function, say V (x), which satisfies the conditions:

i V (x∗) = 0

ii V (x)> 0 for x ̸= x∗ where x ∈Rn.

Then

➀ if V̇ (x)≤ 0 for all x ∈ E, x∗ is globally stable.

➁ if V̇ (x)< 0 for all x ∈ E ∽ x∗, x∗ is globally asymptotically stable.

➂ if V̇ (x)> 0 for all x ∈ E ∽ x∗, x∗ is unstable.

Definition A.1.15. The function V (x) is called a Lyapunov function.
Theorem A.1.6. (LaSalle’s Invariance Principle): Suppose that V : E ⊂Rn→R is a Lyapunov

function for the system x′ = f(x). If the set {x ∈ E|V̇ (x) = 0} contains only one fixed point x∗,
then x∗ is globally asymptotically stable.

Stability analysis in epidemic modeling is a mathematical approach used to understand the
long-term behavior of infectious disease spread within a population. It typically involves study-
ing equilibrium points, such as disease-free and endemic equilibria, to determine whether small
deviations from these points will die out or grow. The disease free equilibrium is the state where
the population is completely free from infection; the implication is that all infected compart-
ments are zero and the total population comprises only susceptible or immune individuals. The
endemic equilibrium is the state where the infection remains in the population, so there is a
positive number of infectious individuals at equilibrium. By analyzing the basic reproduction
number (R0), which indicates the average number of secondary infections caused by an infected
individual, stability analysis helps assess whether an infection will persist, die out, or oscillate
over time. A disease-free equilibrium is stable if R0 < 1, meaning the disease will eventually
die out, while an endemic equilibrium is stable when R0 > 1, implying persistent transmission.
This analysis provides critical insights for public health interventions and understanding disease
dynamics.
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A.2 Reproduction Number(R0)

Definition A.2.1. The spectral radius of a matrix A is defined as the maximum of the absolute

values of the eigenvalues of A:

ρ(A) = sup{|λ| : λ ∈ σ(A)},

where σ(A) denotes the set of eigenvalues of A.

The basic reproduction number, R0, is defined as the expected number of disease cases (sec-
ondary infections) produced by a “typical” infected individual in a wholly susceptible population
over the full course of the disease outbreak (Brauer, Fred et al., 2019). The basic reproduction
number is a measure of the potential for disease spread within a population and it is important
to determine the stability of disease free equilibrium.

Summary for method of computing R0, which was introduced by Diekmann, Odo et al.
(1990) and Van den Driessche, P. and Watmough, J. (2002), is given in Bianchi, Arianna et al.
(2019). Following the given summary, in the general framework an epidemic model is split
into two processes: new infections, expressed through an operator F , and transition between
infected compartments, expressed by an operator V . The compartmental model can then be
written in the following form:

ẋ = F (x)−V (x).

If DF and DV denote the linearizations of these operators in the disease-free equilibrium, then
they have the general form

DF =

(
F 0
0 0

)
and DV =

(
V 0
⋆ ⋆

)
,

where F and V are matrices of dimension m×m, m is the number of infected compartments,
and ⋆ denote entries that are not important for the argument that we are interested in. The next
generation matrix is then defined as FV−1. It roughly measures the new infections that arise,
while infected individuals have not yet recovered. The basic reproduction number R0 arises as
the spectral radius of the next generation matrix:

R0 = ρ(FV−1).
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A.3 Bifurcation Analysis

Bifurcations arise in dynamical systems when a small variation of a model parameter(the
bifurcation parameters) causes qualitatively different behavior in the corresponding dynamical
system. Bifurcation analysis can be carried out by employing the center manifold theory as in
(Castillo-Chavez, C. and Song, Baojun, 2004) on the given system of differential equations.

consider a general system of ODEs with a parameter φ:

dx
dt

= f (x,φ), f :Rn×R and f ∈C2(Rn×R). (A.4)

Without loss of generality, it is assumed that 0 is an equilibrium for system (A.4) for all values
of the parameter φ.

Theorem A.3.1. (Castillo-Chavez, C. and Song, Baojun, 2004). Assume

A1: A=D f (0,0) = ∂ fi
∂xi

(0,0) is the linearization matrix of system (A.4) around the equilibrium

0 with ϕ evaluated at 0. Zero is a simple eigenvalue of A and all other eigenvalues of A

have negative real parts;

A2: Matrix A has a non-negative right eigenvector w and a left eigenvector v corresponding

to the zero eigenvalue.

Let fk be the kth component of f and

a =
6

∑
k,i, j=1

vkwiw j
∂2 fk

∂xi∂x j
(ε0,β

∗
1)

b =
6

∑
k, j=1

vkw j
∂2 fk

∂x j∂β1
(ε0,β

∗
1)

The local dynamics of (A.4) around 0 are totally determined by a and b.

i. a > 0, b > 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium; when 0 < ϕ≪ 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium;

ii. a < 0, b < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable; when 0 < ϕ≪ 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium;
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iii. a > 0, b < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable, and there exists a locally asymp-

totically stable negative equilibrium; when 0 < ϕ≪ 1, 0 is stable, and a positive unstable

equilibrium appears;

iv. a < 0, b > 0. When ϕ changes from negative to positive, 0 changes its stability from

stable to unstable. Correspondingly a negative unstable equilibrium becomes positive

and locally asymptotically stable.

In particular, When a > 0 and b > 0, the bifurcation at ϕ = 0 is sub-critical (backward).

Remark (Martcheva, 2015): In practice, the following two observations are important.

• The equilibrium 0 is actually the disease-free equilibrium.

• ϕ is one of the parameters in the reproduction number, and the critical value of ϕ is the
value of the parameter that makes the reproduction number equal to one.

• Since the disease-free equilibrium has positive entries, the right eigenvector w need not be
non-negative. Components of the right eigenvector w that correspond to positive entries
in the disease-free equilibrium could be negative. However, components that correspond
to zero entries in the disease-free equilibrium should be nonnegative.

A backward bifurcation at the critical threshold R0 = 1 may be qualitatively described as fol-
lows. In the neighborhood of 1, for R0 < 1, a stable disease-free equilibrium coexists with two
endemic equilibria: a smaller equilibrium (i.e. with a smaller number of infective individuals),
which is unstable, and a larger one (i.e. with a larger number of infective individuals) which is
stable. For R0 > 1, there are only two equilibria: the disease-free equilibrium, unstable and the
larger endemic equilibrium, which is stable. Hence, in a system with a backward bifurcation at
R0 = 1, when the bifurcation parameter R0 is increased so that R0 > 1, it is not sufficient to
continuously reduce R0 just below 1 to eradicate the disease. To this aim, the bifurcation param-
eter R0 has to be reduced below a further bifurcation value, i.e. R∗0 = 1, where a saddle-node
bifurcation occurs and causes the disappearing of the two (respectively, stable and unstable)
endemic equilibria.

A.4 Optimal Control Theory for ODE

Consider a system of ODEs
x′(t) = f(x(t)),

x(0) = x0,
(A.5)

143



where the given initial condition is x0 ∈ Rn, and f : Rn→ Rn. The unknown state variable is
x : [0,∞)→Rn.

Suppose that the right-hand side of (A.5) depends on a control function given by u(t) :
[0,∞)→D , where D ⊂Rm. Then state variable satisfies a differential equation which depends
on the control variable:

x′(t) = f(x(t),u(t)).

The basic optimal control problem consists of finding a piecewise continuous control u(t) and
the associated state variable x(t) to maximize the given objective functional, which is typically
an integral expression formulated terms of the state and control variables. That is,

min
u∈U

T∫
0

g(x(t),u(t)) dt

subject to

x′(t) = f(x(t),u(t)),

x(0) = x0 and x(T ) free,

where U is a set of Lebesgue measurable functions.

By x(T ) free, it is meant that the value of x(T ) is unrestricted. The function g :Rn×D→R
is given. The terminal time T is given as well. The function g is called the running payoff. If
a control u∗(T ) exists, it is called an optimal control. The optimal control together with the
corresponding solution gives the optimal control pair (x∗,u∗).

If an optimal pair exists, it can be found with Pontryagin’s minimum principle. Let λ(t) be
a time-varying Lagrange multiplier vector and the Hamiltonian H is defined for all t ∈ [0,T ] by

H(x(t),u(t),λ(t)) = g(x(t),u(t))+
n

∑
i=1

λi(t) fi(x(t),u(t)).

The Pontryagin first-order necessary optimality condition is given as follows.

Theorem A.4.1. (Pontryagin’s Minimum Principle) For the optimality of control x∗ and corre-

sponding trajectory x∗ with t ∈ [0,T ], it is necessary that there exist a nonzero adjoint vector
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function λ∗(t) that is a solution to the adjoint system

λ
′(t) =−∂H(x(t),u(t),λ(t))

∂x
λ(T ) = 0

so that

H(x∗(t),u∗(t),λ∗(t)) = min
u∈U

H(x∗(t),u(t),λ∗(t)).

Thus, the necessary conditions for optimizing the Hamiltonian are:

∂H
∂u

= 0 =⇒ gu +
n

∑
i=0

λi( fi)u = 0 (optimality equation),

λ
′
i(t) =−

∂H(x(t),u(t),λ(t))
∂xi

=⇒ λ
′
i(t) =−gxi +

n

∑
i=0

λi( fi)xi (adjoint equation),

λ(T ) = 0 (transversality condition).
(A.6)

For minimization problem, we must also have ∂2H
∂u2 ≥ 0 at u∗.

It is difficult to solve the optimality system, the state equations and the adjoint equations to-
gether with the characterization of the optimal control and the boundary conditions, analytically.
Instead, we use numerical methods to approximate solutions and display results. To solve the
optimality system with initial conditions for the states and final time conditions for the adjoints,
an iterative scheme was used, namely forward-backward sweep method. The forward-backward
sweep method is an indirect method to solve the optimal control problem. According to Lenhart,
S. and Workman, J. T. (2007), the steps to perform the forward-backward sweep method are as
follows. First, the model parameters must be entered to obtain the desired simulation for the dis-
ease outbreak. After that, an initial guess has to be made for the control input u(= uold), where
the initial guess uold = 0 almost always suffices. The state equations (ẋ) must now be solved
forward in time. After that, the adjoint equations (l) must be solved backwards in time. Now
that the variables x and l are solved, a new optimal control unew can be calculated based on the
optimality equation. The calculated unew and the initial guess uold must be updated with a update
policy to obtain control input uupdate. A common update policy is to calculate the average value
of the two u’s, unew+uold

2 . Ultimately, it must be examined whether convergence can be achieved.
Convergence is achieved when the variables of the current iteration compared to the previous
iteration are within a certain tolerance. That is,

∥uupdate−uold∥
∥uupdate∥

≤ δ
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where δ is the accepted tolerance. If the outcome is not within the accepted tolerance, the
updated u(uupdate) must replace the old u(uold), and the forward-backward sweep method must
be performed again. The method stops when uupdate is within the accepted tolerance. If the
latter is the case, then these are the final values, and the optimal control has been determined.
It should be noted that convergence can also occur with the variables x and l, meaning that
once these variables achieve convergence, the method stops as well. Below is the pseudocode
summarizing the iterative scheme serves as the basis for the Matlab code we have constructed.

Algorithm 1 Forward-Backward Sweep Method
Result: The optimal solution u∗ that solves the optimal control problem.
Initialization: Set M the number of subdivisions, h the step size, t = [0, t f ], tolerance δ, uold =
u0, lold = l(t f ) = 0. Set the error:

err =
∥uupdate−uold∥
∥uupdate∥

while (err < δ) do
uold← u;
xold← x;
lold← l;
for i = 1 to N do

Solve the state equation forward in time (using a 4th-order Runge-Kutta scheme):
ẋ(t) = f (x,u, t), with x(0) = x0;
Using the transversality condition l(T ) = 0 and the stored values for u,x,
solve the adjoint equation backward in time (using a 4th-order Runge-Kutta scheme):
l̇(t) =−∂H

∂x (x,u, l, t);
end
Update the control:
u← uold+u

2 ;
l← lold;
Compute error: err = ∥uupdate−uold∥

∥uupdate∥
end
Output: Optimal control u∗
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APPENDIX B

PYTHON CODES

Below are Python scripts used for performing simulations.

B.1 Parametric Estimation

1 ’’’This code serves as a representative example of the codes

utilized for parametric estimation. It is designed for the

parametric estimation of COVID -19 related parameters within

the COVID -19, HIV and TB co-dynamics model.’’’

2
3 # Importing relevant modules

4 import numpy as np

5 from scipy.integrate import odeint

6 import matplotlib.pyplot as plt

7 from lmfit import Model

8 from matplotlib.ticker import ScalarFormatter

9 import matplotlib.style

10
11 # Figure styles and figures text fonts

12 matplotlib.style.use(’seaborn -white’)

13 plt.rcParams[’axes.prop_cycle’] = plt.cycler(color=["blue", "

lime", "cyan"])

14
15 # COVID -19 monthly data from march 2020 to December 2023

16 data=np.array([16, 122, 1063, 5570, 13248, 49654, 72700, 92858,

17 108930, 122413, 137021, 158058, 198794, 250955, 271200, 275881,

18 278446, 305077, 340845, 364960, 371177, 395750, 464754, 468625,

19 469611, 470417, 472232, 487212, 492194, 493132, 493505, 493939,

20 494462, 497096, 499466, 499959, 500436, 500831, 500890, 500920,

21 500946, 500991, 501060, 501077, 501104, 501117])

22
23 # Time points

24 t=np.arange(0,len(data),1)
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25
26 # Parameters assigned to be fixed

27 chi=159756

28 mu_d =1/(66*12)

29 nu_m=0.99

30 nu_0=nu_m*0.2

31 D=500/(66*12*159756)

32 a=0.2

33 kappa=0.2

34 sigma_c=0.13

35 pi_t =0.85572872/12

36 delta_t =2.8000e-04/12

37 theta_t =0.78399616/12

38 pi_h=0.124/12

39 delta_h =0.21886958/12

40 varphi_c =1/(6.5*12)

41 gamma_ct =1/40

42 delta_th =0.39732

43 eta_t =0.0001

44 alpha_t =1/(4*12)

45 delta_ct=0.5

46 theta_ct=0.2

47 delta_ch =0.1885189

48 phi_c=0.1

49 delta_a =0.062

50 omega_c=1/4

51
52 # Triple infection model ODE system

53 def model_odes(y,t,pi_c ,theta_c ,delta_c):

54
55 # Assigning initial values

56 S,V_c,I_c,I_t,C_ct ,R_ct ,I_h,C_ch ,C_th ,A,M=y

57
58 # Force of infections

59 zeta_c=pi_c*(I_c+C_ct+C_ch+A)/N

60 zeta_t=pi_t*(I_t+C_ct+C_th+A)/N
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61 zeta_h=pi_h*(I_h+C_ch+C_th+A)/N

62
63 # Model systems

64 dS=chi -(nu_0+(nu_m -nu_0)*D*M/(1+D*M)+zeta_c+zeta_t+ zeta_h

+mu_d)*S+varphi_c*V_c+gamma_ct*R_ct

65 dV_c=(nu_0+(nu_m -nu_0)*D*M/(1+D*M))*S- (sigma_c*zeta_c+

zeta_t+zeta_h+varphi_c+mu_d)*V_c

66 dI_c=zeta_c*S+sigma_c*zeta_c*V_c -(delta_c+theta_c+zeta_t+

zeta_h+mu_d)*I_c

67 dI_t=zeta_t*(S+V_c)-(delta_t+theta_t+zeta_c+ zeta_h+mu_d)*

I_t

68 dC_ct=zeta_c*I_t+zeta_t*I_c -(delta_ct+theta_ct+ zeta_h+

mu_d)*C_ct

69 dR_ct=theta_c*I_c+theta_t*I_t+theta_ct*C_ct - (gamma_ct+

mu_d)*R_ct

70 dI_h=zeta_h*(S+V_c)+eta_t*C_th+phi_c*C_ch - (delta_h+zeta_c

+zeta_t+mu_d)*I_h

71 dC_ch=zeta_c*I_h+zeta_h*I_c+alpha_t*A- (delta_ch+zeta_t+

mu_d+phi_c)*C_ch

72 dC_th=zeta_t*I_h+zeta_h*I_t+omega_c*A- (delta_th+eta_t+

zeta_c+mu_d)*C_th

73 dA=zeta_c*C_th+zeta_t*C_ch+zeta_h*C_ct - (delta_a+alpha_t+

mu_d+omega_c)*A

74 dM=a*(kappa*(I_c+C_ct+C_ch+A)-M)

75 return[dS,dV_c ,dI_c ,dI_t ,dC_ct ,dR_ct ,dI_h ,dC_ch ,dC_th ,dA,

dM]

76
77 #Integrate the model equations over time

78 def solve_model(t,pi_c ,theta_c ,delta_c):

79
80 # Initial values

81 N=126527060

82 V_c0=0

83 I_c0=16

84 I_t0=112597

85 C_ct0=0
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86 R_ct0=8000

87 I_h0=630000

88 C_ch0=0

89 C_th0=1200

90 A0=0

91 M0=0.04*I_c0

92 S0=N-V_c0 -I_c0 -I_t0 -C_ct0 -R_ct0 -I_h0 -C_ch0 -C_th0 -A0

93
94 # Initial conditions vector

95 y0=[S0,V_c0 ,I_c0 ,I_t0 ,C_ct0 ,R_ct0 ,I_h0 ,C_ch0 ,C_th0 ,A0,M0]

96 result=odeint(model_odes ,y0,t,args=(pi_c ,theta_c ,delta_c))

97 return result[:,2] # ReturnI_c as the fitting target

98
99 #Define the lmfit model

100 co-infection_model=Model(solve_model)

101
102 #Initial parameter guesses

103 params=co-infection_model.make_params(pi_c=1.2125,theta_c=1,

delta_c =0.015)

104
105 #Setting parameter bounds

106 params[’pi_c’].set(min=0,max=3)

107 params[’theta_c’].set(min=0,max=1)

108 params[’delta_c’].set(min=0,max=0.031)

109
110 #Fitting the model to the data

111 result=co-infection_model.fit(data ,params ,t=t,nan_policy=’raise

’,method=’least_squares’)

112
113 #Printing the fit report

114 print(result.fit_report())

115 result.params.pretty_print()

116
117 #Plot format for axes

118 class ScalarFormatterClass(ScalarFormatter):

119 def _set_format(self):
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120 self.format="%1.0f"

121 ax=plt.gca()

122 yScalarFormatter=ScalarFormatterClass(useMathText=True,)

123 yScalarFormatter.set_powerlimits((0,0))

124 ax.yaxis.set_major_formatter(yScalarFormatter)

125
126 #Fitting plot

127 plt.plot(t,data ,’*’,color=’blue’,label=r’COVID -19cases’,

markersize=7)

128 plt.plot(t,result.best_fit ,’r-’,lw=4,label=r’Modeloutput($I_c$)

’)

129 plt.ylabel(r’COVID -19’,ha=’center’,family=’serif’,style=’italic

’,size=18,weight=’bold’)

130 plt.xlabel(r’Time(month)’,ha=’center’,family=’serif’,style=’

italic’,size=18,weight=’bold’)

131 labelsx=ax.get_xticklabels()

132 plt.setp(labelsx ,size=16,family=’serif’,weight=’bold’)

133 ax.set_xticks([0,5,10,15,20,25,30,35,40,45])

134 ax.set_yticks ([100000 ,200000 ,300000 ,400000 ,500000])

135 labelsy=ax.get_yticklabels()

136 plt.setp(labelsy ,size=16,family=’serif’,weight=’bold’)

137 plt.xlim(0,47)

138 plt.ylim(0,5.4e+5)

139 plt.legend(loc=’lowerright’,fancybox=True,framealpha=0.75,

frameon=True,handlelength=1.25,prop={’family’:’serif’,’

weight’:’bold’,’size’:18})

140
141 # Modifying axes font properties

142 offset_text=ax.yaxis.get_offset_text()

143 offset_text.set_fontsize (16)

144 offset_text.set_fontweight(’bold’)

145 offset_text.set_fontfamily(’serif’)

146 plt.grid(True,linestyle=’dotted’,alpha=10**(-30))

151



B.2 Python Scripts for Stability Analysis and Simulation

1 ’’’This code is an example of stability analysis. It generates

Figure 5. We modify it to demonstrate the local stability of

equilibria and to illustrate the existence of backward

bifurcation in the models.’’’

2
3 #Importing relevant modules

4 import numpy as np

5 from scipy.integrate import odeint

6 import matplotlib.pyplot as plt

7 import sympy as s

8 from matplotlib.ticker import ScalarFormatter

9
10 # parameter values

11 Lambda =32998

12 mu=1/(67*52)

13 sigmma=0.01

14 tau=1.22

15 gamma_h =0.00502

16 xi=0.19

17 omega=0.15

18 delta_h =0.016

19 rho=0.25

20 epsilon =1.38500

21
22 # An array of initial conditions

23 N=114963583

24 V0=[12000 ,61936000]

25 Ih0=[201905 ,413333]

26 Ia0=[150740 ,206666]

27 S0=[0,0]

28 y0=[0,0]

29 foriinrange(0,len(Ih0)):

30 S0[i]=N-V0[i]-Ih0[i]-Ia0[i]

31 y0[i]=S0[i],V0[i],Ih0[i],Ia0[i]

32
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33 # Time points

34 t=np.linspace(0,200,1600)

35
36 # The HIV only model

37 def HIV_only_model(y,t,N,Lambda ,gamma_h ,epsilon ,rho,mu,xi,

omega ,delta_h):

38 D_1=mu+xi;D_4=mu+omega;D_5=mu+delta_h;

39 S,V,Ih,Ia=y

40 lh=gamma_h*(Ih+epsilon*Ia)/(S+V+Ih+Ia)

41 dS=(1-rho)*Lambda -(D_1+lh)*S

42 dV=rho*Lambda+xi*S-(mu+lh)*V

43 dIh=(S+V)*lh-D_4*Ih

44 dIa=omega*Ih-D_5*Ia

45 return dS,dV,dIh,dIa

46
47 # Solving the system for different values of psi

48 ret=odeint(HIV_only_model ,y0[0],t,args=(N,Lambda ,gamma_h ,

epsilon ,rho,mu,xi,omega ,delta_h))

49 ret1=odeint(HIV_only_model ,y0[1],t,args=(N,Lambda ,gamma_h ,

epsilon ,rho,mu,xi,omega ,delta_h))

50 # Solitions of the system

51 S,V,Ih,Ia=ret.T

52 S1,V1,Ih1,Ia1=ret1.T

53
54 # Ploting the projection of state variables

55 plt.figure(figsize=(10,8))

56
57 # Format for axes

58 class ScalarFormatterClass(ScalarFormatter):

59 def _set_format(self):

60 self.format="%1.1f"

61 ax=plt.gca()

62 yScalarFormatter=ScalarFormatterClass(useMathText=True)

63 yScalarFormatter.set_powerlimits((0,0))

64 ax.yaxis.set_major_formatter(yScalarFormatter)

65
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66 # The plot of state varibles S and V (Figue 4.5a)

67 # plt.plot(t,V,label=’$V:S_0=112823418,V_0=1530000,$\n$I_{H0

}=519425,I_{A0}=90740$’,color=’y’,linestyle=’--’,linewidth

=4)

68 # plt.plot(t,V1,label=’$V:S_0=114598938,V_0=12000,$\n$I_{H0

}=201905,I_{A0}=150740$’,color=’r’,linestyle=’--’,linewidth

=4)

69 # plt.plot(t,S,label=’$S:S_0=112823418,V_0=1530000,$\n$I_{H0

}=519425,I_{A0}=90740$’,linestyle=’-’,color=’m’,linewidth=3)

70 # plt.plot(t,S1,label=’$S:S_0=114598938,V_0=12000,$\n$I_{H0

}=201905,I_{A0}=150740$’,color=’darkgreen’,linestyle=’-’,

linewidth=4)

71
72 # Legends and Labels

73 # plt.legend(loc=’centerright ’,handlelength=2,handletextpad

=0.3,borderpad=0.2,prop={’weight ’:’bold’,’size ’:20})

74 # plt.ylabel(r’Population ’,family=’Serif’,ha=’center’,style=’

italic’,fontsize=18,fontweight=’bold ’)

75
76 #The plot of state varibles I_H and I_A (Figue 4.5b)

77 plt.plot(t,Ia,label=’$I_A:S_0=114598938,V_0=12000,$\n$I_{H0

}=201905,I_{A0}=150740$’,color=’g’,linestyle=’--’,linewidth

=4)

78 plt.plot(t,Ia1,label=’$I_A:S_0=112823418,V_0=1530000,$\n$I_{H0

}=519425,I_{A0}=90740$’,color=’maroon’,linestyle=’--’,

linewidth=4)

79 plt.plot(t,Ih,label=’$I_H:S_0=114598938,V_0=12000,$\n$I_{H0

}=201905,I_{A0}=150740$’,linewidth=4)

80 plt.plot(t,Ih1,label=’$I_H:S_0=112823418,V_0=1530000,$\n$\I_{H0

}=519425,I_{A0}=90740$’,linewidth=4)

81
82 # Legends and Labels

83 plt.legend(loc=’upperright’,handlelength=1.5,handletextpad=0.1,

borderpad=0.,prop={’weight’:’bold’,’size’:18})

84 plt.ylabel(r’Population’,family=’Serif’,ha=’center’,style=’

italic’,fontsize=18,fontweight=’bold’)
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85
86 # x and y axes limits , ticks and formats

87 plt.xlim(0,200)

88 plt.ylim(0,)

89 plt.xticks(fontsize=20,fontweight=’bold’)

90 plt.yticks(fontsize=20,fontweight=’bold’)

91 plt.rc(’ytick’,labelsize=20)

92 plt.xlabel(’Time(inMonths)’,family=’Serif’,ha=’center’,style=’

italic’,fontsize=18,fontweight=’bold’)

93 plt.show()

B.3 Python Scripts Demonstrating Parameter Effects

1 ’’’ This code generates a simulation illustrating the impact of

different parameter values. It is employed to simulate

figures 7.7 and 7.8, which demonstrate the effect of nu_0

and sigma_c. It is adapted to showcase the impact of other

parameters.’’’

2
3 # Importing relevant modules

4 from scipy.integrate import odeint

5 import numpy as np

6 import matplotlib.pyplot as plt

7 from mpl_toolkits.mplot3d import Axes3D

8 from matplotlib.ticker import ScalarFormatter

9 import matplotlib.style

10
11 # Plotting style

12 matplotlib.style.use(’seaborn -white’)

13
14 # Parameters

15 chi=159756

16 mu_d =1/(66*12)

17 nu_m=0.99

18 nu_0=nu_m*0.2

19 D=500/(66*12*159756)#D=0togenerateFigure6.7
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20 a=0.2

21 kappa=0.2

22 sigma_c=0.13

23 pi_c=2.402

24 delta_c =0.031

25 theta_c =0.3474

26 pi_t =0.85572872/12

27 delta_t =2.8000e-04/12

28 theta_t =0.78399616/12

29 pi_h=0.124/12

30 delta_h =0.21886958/12

31 varphi_c =1/(6.5*12)

32 gamma_ct =1/40

33 delta_th =0.39732

34 eta_t =0.0001

35 alpha_t =1/(4*12)

36 delta_ct=0.5

37 theta_ct=0.2

38 delta_ch =0.1885189

39 phi_c=0.1

40 delta_a =0.062

41 omega_c=1/4

42
43 # The Triple infection model ODE system

44 def model_odes(y,tf,N,nu_0 ,nu_m ,sigma_c ,d,pi_c ,theta_c ,delta_c ,

pi_t ,delta_t ,theta_t ,pi_h ,delta_h ,chi,mu_d ,varphi_c ,gamma_ct

,delta_ct ,theta_ct ,delta_ch ,phi_c ,delta_th ,eta_t ,delta_a ,

alpha_t ,omega_c ,kappa ,a):

45
46 # Assigning initial values

47 S,V_c,I_c,I_t,C_ct ,R_ct ,I_h,C_ch ,C_th ,A,M=y

48
49 # Force of infections

50 zeta_c=pi_c*(I_c+C_ct+C_ch+A)/N

51 zeta_t=pi_t*(I_t+C_ct+C_th+A)/N

52 zeta_h=pi_h*(I_h+C_ch+C_th+A)/N
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53
54 # Mdel systems

55 dS=chi -(nu_0+(nu_m -nu_0)*D*M/(1+D*M)+zeta_c+zeta_t+zeta_h+

mu_d)*S+varphi_c*V_c+gamma_ct*R_ct

56 dV_c=(nu_0+(nu_m -nu_0)*D*M/(1+D*M))*S-(sigma_c*zeta_c+

zeta_t+zeta_h+varphi_c+mu_d)*V_c

57 dI_c=zeta_c*S+sigma_c*zeta_c*V_c -(delta_c+theta_c+zeta_t+

zeta_h+mu_d)*I_c

58 dI_t=zeta_t*(S+V_c)-(delta_t+theta_t+zeta_c+zeta_h+mu_d)*

I_t

59 dC_ct=zeta_c*I_t+zeta_t*I_c -(delta_ct+theta_ct+zeta_h+mu_d

)*C_ct

60 dR_ct=theta_c*I_c+theta_t*I_t+theta_ct*C_ct -(gamma_ct+mu_d

)*R_ct

61 dI_h=zeta_h*(S+V_c)+eta_t*C_th+phi_c*C_ch -(delta_h+zeta_c+

zeta_t+mu_d)*I_h

62 dC_ch=zeta_c*I_h+zeta_h*I_c+alpha_t*A-(delta_ch+zeta_t+

mu_d+phi_c)*C_ch

63 dC_th=zeta_t*I_h+zeta_h*I_t+omega_c*A-(delta_th+eta_t+

zeta_c+mu_d)*C_th

64 dA=zeta_c*C_th+zeta_t*C_ch+zeta_h*C_ct -(delta_a+alpha_t+

mu_d+omega_c)*A

65 dM=a*(kappa*(I_c+C_ct+C_ch+A)-M)

66 return [dS,dV_c ,dI_c ,dI_t ,dC_ct ,dR_ct ,dI_h ,dC_ch ,dC_th ,dA,

dM]

67
68 # Initial conditions

69 N=126527060

70 V_c0=0

71 I_c0=16

72 I_t0=112597

73 C_ct0=0

74 R_ct0=8000

75 I_h0=630000

76 C_ch0=0

77 C_th0=1200
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78 A0=0

79 M0=0.04*I_c0

80 S0=N-V_c0 -I_c0 -I_t0 -C_ct0 -R_ct0 -I_h0 -C_ch0 -C_th0 -A0

81 y0=[S0,V_c0 ,I_c0 ,I_t0 ,C_ct0 ,R_ct0 ,I_h0 ,C_ch0 ,C_th0 ,A0,M0]

82
83 # Time points

84 t=np.linspace(0,100,10000)

85
86 # Plots to show impact of sigma_c and nu_0 (Figures 6.7 and

6.8)

87 # --Colors ---

88 ccD=[’#FF2800’,’#00C100’,’#0000F7’] # Ic(D!=0)

89 # ctD=[’#0000FF’,’#FF0000 ’,’#00C500 ’] # Cct(D!=0)

90 # chD=[’#FF7D00 ’,’#000087’,’#FF00FF ’] # Cch(D!=0)

91 # caD=[’#008BEC ’,’#6B006F ’,’#FFE855 ’] # A(D!=0)

92
93 # cc=[’#7EFF00 ’,’#0080FF’,’#FF007D ’] # Ic(D=0)

94 # ct=[’#00FFFF ’,’#FF0000 ’,’#B90068 ’] # Cct(D=0)

95 # ch=[’#B900B4 ’,’#00A5FF ’,’#FF6080 ’] # Cch(D=0)

96 # ca=[’#FF0000 ’,’#00ABAE ’,’#000087’] # A(D=0)

97
98 # The three diffrent values of nu_0 and sigma_c

99 nu_0=[0.2,0.25,0.3]

100 sigma_c =[0.15,0.2,0.25]

101 for cn,nu_0 ,sigma_cinzip(ccD,nu_0 ,sigma_c):

102 ret=odeint(model_odes ,y0,t,args=(N,nu_0 ,nu_m ,sigma_c ,d,

pi_c ,theta_c ,delta_c ,pi_t ,delta_t ,theta_t ,pi_h ,delta_h ,

chi,mu_d ,varphi_c ,gamma_ct ,delta_ct ,theta_ct ,delta_ch ,

phi_c ,delta_th ,eta_t ,delta_a ,alpha_t ,omega_c ,kappa ,a))

103 S,V_c,I_c,I_t,C_ct ,R_ct ,I_h,C_ch ,C_th ,A,M=ret.T

104
105 plt.plot(t,I_c,lw=4,linestyle=’-’,color=cn,label=r’$\nu_0

={},\sigma_c={}$’.format(nu_0 ,sigma_c))

106 # plt.plot(t,C_ct ,lw=4,linestyle=’-’,color=cn,label=r’$\

nu_0={},\sigma_c={}$’.format(nu_0 ,sigma_c))
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107 # plt.plot(t,C_ch ,lw=4,color=cn,label=r’$\nu_0={},\sigma_c

={}$’.format(nu_0 ,sigma_c))

108 # plt.plot(t,A,lw=4,linestyle=’-’,color=cn,label=r’$\nu_0

={},\sigma_c={}$’.format(nu_0 ,sigma_c))

109
110 # x and y labeles (which can be changed based on the state

variables)

111 plt.ylabel(r’$A$’,ha=’center’,family=’serif’,style=’italic’,

size=16,weight=’bold’)

112 plt.xlabel(r’Time(month)’,ha=’center’,family=’serif’,style=’

italic’,size=16,weight=’bold’)

113 labelsx=ax.get_xticklabels()

114 plt.setp(labelsx ,size=16,family=’serif’,weight=’bold’)

115 labelsy=ax.get_yticklabels()

116 plt.setp(labelsy ,size=16,family=’serif’,weight=’bold’)

117
118 # legend

119 plt.legend(loc=’best’,fancybox=True,framealpha=0.75,frameon=

True,handlelength=0.7,handletextpad=0.2,borderaxespad=0.2,

prop={’family’:’serif’,’weight’:’bold’,’size’:18})

120
121 # Font properties and limits for the axes

122 offset_text=ax.yaxis.get_offset_text()

123 offset_text.set_fontsize (16)

124 offset_text.set_fontweight(’bold’)

125 offset_text.set_fontfamily(’serif’)

126 plt.xlim(0,100)

127 plt.ylim(0,)

128 plt.show()
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