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ABSTRACT

In this thesis, We obtained c-number Langevin equations using the pertinent master equa-
tion. Making use of the solutions of the resulting c-number Langevin equations, we calcu-
lated the anti-normally ordered characteristic function defined in schrodinger picture. With
the help of this characteristic function, we determined the Q-function for a two-mode para-
metric oscillator as well as for two-mode V-type three-level laser light. Then the Q-function
were used to calculate the photon statistics for cavity modes. Our result showed that the
mean photon number of mode a and mode b for the two-mode parametric oscillator light
are the same and as well as the mean photon number differences vanishes, the mean photon

number for the two-mode V-type three-level laser light are different except n = 0.

On other hand, using the aforementioned Q-functions, we determined the Q-function for
the superposition of the signal-signal and idler-idler modes of parametric oscillator and V-
type three-level laser light beams. Finally, using the resulting signal-signal mode Q-function
and idler-idler mode Q-function, we obtained the mean photon number sum and difference
and the variance of photon number. The results showed that the mean and variance of the
photon number for the superposed light was the sum of the mean and variance of the photon

number for the constituent lights.
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INTRODUCTION

1.1 Back Ground of the Study

Quantum optics deals mainly with the quantum properties of the light generated by vari-
ous quantum optical systems such as lasers and with the effect of light on the dynamics of
atoms. Quantum optics is the branch of optics dealing with light as a stream of photons, each
possessing a quantum of energy proportional to the frequency of light. It is also a field of

quantum physics that deals specifically with the interaction of photon with matter.

A light has played a special role in our attempts to understand nature both classically and
quantum mechanically. Classically, light field consists of waves with well defined amplitude
and phase when we treat the field quantum mechanically. Recent development technology
greatly improved our ability to control individual quantum system. This brings quantum
technology beyond academic research to control the level of concrete industrial programs.
Lasers and masers are the most obvious application of quantum optics. It was developed
due to the developments of maser(emitted coherent microwaves) in 1935 and laser( emitted
coherent light) in 1960. Laser is an acronym for Light Amplification by Stimulated Emission
of Radiation. It is the powerful source of light having extraordinary properties which are not
found in the normal light sources like tungsten lumps, mercury lamps, etc. The unique prop-
erty of laser is that its light waves travel very long distances with a very little divergence. Maser
is an acronym for Microwaves Amplifications by Stimulated Emission of Radiation. It emitted

coherent microwaves.

The quantum properties of light are largely determined by the quantum state of the light
mode and the well known state are: the coherent state, the chaotic state, the number state

and the squeezed state. Squeezing is one of the non-classical feature of light that has been
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attracting attention and studied by many authors [1-29]. Itis generated as a result of quantum
optical process such as subharmonic generation, second harmonic generation and three-

level lasing under certain conditions.

Alight mode is said to be in a squeezed state if the noise in one quadrature is below the coher-
ent level at the expense of enhanced fluctuation in the conjugate quadrature with the product
of the uncertainties in the two quadrature satisfying the uncertainty relation. Squeezing has
potential application in area of spectroscopy, interferometer, precision, low noise communi-
cation and weak-signal detection. Squeezing like photon ant-bunching and subpoissonial.
Photons are nonclassical feature of light which are not well described in classical electro-
dynamics. The squeezing state of light has been observed by quantum optical system such
as parametric oscillator. In a parametric oscillator, nonlinear crystal is pumped by laser-light
through a single port-mirror. The dynamics of the system can be analyzed quantum mechan-
ically by master equation, the Stochastic differential equation, the Fokker-plank equation or

quantum Langevin equation.

The photon statistics and quantum noise of a two-level laser have been investigated by sev-
eral authors[10-13]. It has been found that a two-level laser generates chaotic light when
operating below threshold and coherent light when operating well above threshold. A coher-
ently prepared two-mode V laser has also been studied by some authors[13-15]. This type of
laser is defined as a quantum optical system in which three-level atoms in V configuration
and initially prepared in a coherent superposition of the two upper levels are injected at a

certain rate in to a cavity coupled to vacuum reservoir via a single port-mirror.

The optical parametric oscillator converts an in put laser wave called pump with frequency
wp in to out put of lower frequencies w, and w; in which w, = ws + w; in non degenerate
parametric oscillator. In the case of degenerate parametric oscillator, the out put frequency
is one half of the pump frequency, therefore(w, = 2w, = 2w;) . The down conversion process
occurs in the single photon each pump photon. That is, annihilation inside the cavity gives
rise to a pair of photons in signal and idler intra cavity modes. This leads correlation between
the intensities of modes and therefore there is squeezing in the substraction of intensities

which motivates the same twin beam.
1.2 Statement of the Problem

In previous works, different authors have studied about the quantum dynamics of the V-Laser

and parametric oscillator alone using different methods. In this thesis, we study the statistical
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properties of the parametric oscillator, the V-type three-level laser and the superposed light

produced by V-laser and parametric oscillator coupled to vacuum reservoir.
1.3 Objectives of the Study
1.3.1  General Objectives of the Study

The general objective of this research work is to study the photon statistics of the superposed

light produced by V laser and parametric oscillator coupled to vacuum reservoir.
1.3.2 Specific Objectives of the Study

The specific objective of this studies are;
» to determine the c-number langevin equation and their solution.
» to determine the Q function.
» to calculate the mean and variance of photon number.

» to calculate the mean and variance of photon number sum and differences.



REVIEW OF LITERATURE

The failure of classical mechanics to account for many experimental results such as the sta-
bility of atoms and matter, blackbody radiation, etc. led physicists to the realization of new
tool to deal with these problems and thus quantum mechanics came to the vicinity of life
at the beginning of the last century. Indeed, quantum mechanics is one of the crowning
achievements of modern physics where the quantized electromagnetic field is supported by
the experimental observations of nonclassical states of the radiation field, such as; squeezed
states, sub-Poissonian photon statistics and photon antibunching. Nowadays, quantum op-
tics, the union of quantum field theory and physical optics, is undergoing a time of revolu-
tionary change. The subject has evolved from early studies on the coherence properties of
radiation to the laser in the modern areas of study involving, such as, the role of squeezed
states of the radiation field and atomic coherence in quenching quantum noise in interfer-
ometry and optical amplifiers. Furthermore, quantum optics provides a powerful new probe
for addressing fundamental issues of quantum mechanics such as complementarity, hidden

variables, and other aspects central to the foundations of quantum physics.

For the description of a quantum system, the concept of state is used, which is the same, a
wave function, a state vector or a density matrix containing the information about the possi-
ble results of measurement on the system. Quantum optics has statistical origin and therefore
the state of a quantum system contains all information necessary to completely determine its
statistics (the probabilistic nature of a quantum system). Among the wide variety of possible
radiation-field states, there are some fundamental types that play a special role in quantum
optics. Strictly speaking, there are four types of these states which are widely used, namely,
chaotic, coherent, number and squeezed states. Following the development of the quantum

theory of radiation and with the advent of the laser, the coherent states of the field, that mostly



describe a classical electromagnetic field, were widely studied. Indeed, these states are more
appropriate basis for many optical fields. However, number states are purely nonclassical
states and they are a useful representation of high-energy photons. However, there are exper-
imental difficulties which have prevented the generation of photon number states with more
than a small number of photons. Despite this the number states of the electromagnetic field
have been used as a basis for several problems in quantum optics including some laser theo-
ries. The squeezed states (i.e. the states of light with reduced fluctuations in one quadrature
below the level associated with the vacuum state) are very important owing to their potential
applications,such as: in the optical communication systems, interferometric techniques, and

in an optical waveguide tap.
Properties of Light

What is light? This question has been debated for many centuries. The sun radiates light,
electric lights brighten our darkness, and many other uses of light impact our lives daily. The
answer, in short, is light is a special kind of electromagnetic energy. The speed of light, al-
though quite fast, is not infinite. The speed of light in a vacuum is expressed as ¢ = 2.99 x
108m/s. Light travels in a vacuum at a constant speed, and this speed is considered a universal
constant. It is important to note that speed changes for light traveling through nonvacuum
media such as air (0.03 percent slower) or glass (30.0 percent slower). For most purposes, we
may represent light in terms of its magnitude and direction. In a vacuum, light will travel in a
straight line at fixed speed, carrying energy from one place to another. Two key properties of

light interacting with a medium are:
1. It can be deflected upon passing from one medium to another (refraction).
2. It can be bounced off a surface (reflection).
Concept of a photon

The particle-like nature of light is modeled with photons. A photon has no mass and no
charge. It is a carrier of electromagnetic energy and interacts with other discrete particles
(e.g., electrons, atoms, and molecules). A beam of light is modeled as a stream of photons,
each carrying a well-defined energy that is dependent upon the wavelength of the light. The

energy of a given photon can be calculated by:
Photon energy (E) = ¢

where E is in joules



h = Planckfs constant = 6.625 x 10734].s
c = Speed of light = 2.998 x 10%m /s

A= Wavelength of the light in meters
Superposition

For many kinds of waves, including electromagnetic, two or more waves can traverse the
same space at the same time independently of one another. This means that the electric
field at any point in space is simply the vector sum of the electric fields that the individual
waves alone produce at the point. This is the superposition principle. Both the electric and
magnetic fields of an electromagnetic wave satisfy the superposition principle. Thus, given
multiple waves, the field at any given point can be calculated by summing each of the indi-
vidual wave vectors.When two or more waves are superimposed, the resulting physical effect

is called interference.

Quantum optics deals mainly with quantum properties of the light generated by various
quantum optical system, such as; Laser and maser with their effect on the dynamics of atoms.
Laser is an acronym for Light Amplification by Stimulated Emission of Radiation. Maser is
an acronym for Microwaves Amplifications by Stimulated Emission of Radiation. It emitted
coherent microwaves. The unique property of laser is that its light waves travel very long

distances with a very little divergence.

The three-level atomic systems are: V-type, A-type and cascade-type. A three-level cas-
cade laser is a quantum optical system in which three level atoms in a cascade configuration.
In this system the top, intermediate and bottom levels of a three level cascade atom can be
denoted by | a), | b) and | ¢), respectively. In A-type there are also three-states:| a) , | b) and
| c).However, in this type, | a) is at the highest energy level, while | b), | ¢) are at lower energy

levels, respectively.

Avlaser consists of a cavity into which three-level atoms in v configuration are injected at
a constant rate r, and removed from the cavity after a certain time 7 . The V-type atoms have
three states:| a), | b) and | ¢). The atoms are initially prepared in a coherent supper position
of the upper levels | a) and | b). The laser cavity is arranged such that it would be at resonance
with the transitions between | a) < | ¢) and | b) < | ¢), with direct transitions between
levels | a) and | b) to be dipole forbidden. The transitions from the upper levels | a) and | b) to

the lower level | ¢) produce two photons of different frequencies. The energy levels of | a) and



| b) higher than that of | ¢).

The optical parametric oscillator converts an in put laser wave called pump photon with
frequency in to out put of lower frequencies in non degenerate parametric oscillator. If the
two photons have the same frequency, the parametric oscillator is called degenerate other-

wise non-degenerate.

T.Yirgashewa|[8] has studied squeezing and statistical properties of the light produced by non
degenerate parametric oscillator with the cavity modes driven by coherent and coupled to a
two-mode squeezed vacuum reservoir.He has found that the two-mode squeezed vacuum is
increase the degree of squeezing of the radiation and the two-mode coherent light and the
two-mode squeezed vacuum reservoir increase the mean and variance of the photon num-

ber.

S.Girmal9] has studied that the two-mode V laser dynamics with coherent superposition of
atomic states. He has found that both quadrature operators have the same variances and the
light generated by two-mode V laser is not in squeezed state. For the atom initially prepared
in a coherent superposition of the upper states such that e = 0 and 6 = 7, the superposition of

the two-modes turns and out to be in a coherent state.

Y.Siyum[16] has studied that the two-mode coherent and subharmonic light beams coupled
to vacuum reservoir. He has found that the mean of the photon number for the superposi-
tion of two-mode coherent and subharmonic light beams is the sum of the individual mean
photon number and the variance of photon number for modes a is the same as that of mode

b. He have seen that the mean of the photon number differences vanishes.

Eyob has considered a non degenerate three-level laser in which the atoms in cascade con-
figuration prepared initially in the coherent superposition of the top and the bottom levels
are injected in to cavity and the cavity mode coupled to squeezed vacuum reservoir via sin-
gle port-mirror. Applying the pertinent the master equation, he analyzed the effect of the
injected squeezed light on the quadrature squeezing,entanglement and the normalized in-
tensity difference fluctuations.He has shown that the injected squeezed light increases the
degree of squeezing and entanglement for certain initial condition as well as the mean pho-

ton numbers of the cavity modes|[3]

Lu and Zhu have considered a non degenerate three-level laser with the atom initially pre-
pared in coherent superposition of the top and the the bottom levels. They have estimated

the maximum of 50% interactivity two-mode squeezing [4].



Tewodros and Fesseha have studied the squeezing and statistical properties of light produced
by a coherently driven degenerate three-level laser with a parametric amplifier. They have
considered the case in which the atoms injected in to the cavity are prepared in a coherent
superposition of the top and the bottom levels coupled by the pump mode emerging from
the parametric amplifier. Their results shows that the presence of the parametric amplifier
increases the squeezing and the mean photon number significantly. Moreover, they have
found that the maximum interactivity squeezing is 93 percent in the presence of the coupling
and when the superposition has no contribution (n = 0). Next to this, they have shown that
the effect of coupling the top and the bottom level is to decrease the mean and variance of

the photon number|5]

S.tesfa[6] has studied the squeezing properties of the cavity modes produced by non degen-
erate three-level laser applying the solution of stochastic differential equations. He has found
that the two-mode cavity radiation exhibits squeezing if the atoms are initially prepared with
more atoms in the bottom level than in the upper level, and the degree of squeezing increases

with the linear gain coefficient.

Friew[7], He has studied that squeezing and statistical properties of the light generated by a
non degenerate three-level laser whose cavity mode contains two parametric amplifier cou-
pld to ordinary vacuum reservoir. He has found that parametric amplifier increase the degree

of squeezing.



MATERIALS AND METHODOLOGY

3.1 MATERIALS

The materials that we used in this thesis were:
¢ Different articles,
4 Difference reference books on quantum optics and M.sc thesis,
4 PhD.dissertations.
In addition to these, we used software such as:
» WinEdit for writing the thesis

» MATHLAB for plotting different graphs.
3.2 METHODOLOGY

In this thesis, we seek to study the statistical properties of a two-mode light by non degenerate
parametric oscillator, V-type three-level laser and the superposition of the two systems whose

cavity modes are coupled to ordinary vacuum reservoir. This thesis contains three parts.

In the first part, we wish to investigate the statistical properties of two-mode light produced
by a non-degenerate parametric oscillator whose cavity is couple to a two-mode ordinary
vacuum reservoir. In order to carry out analysis, we find the c-number Langevin equations
for the cavity light produced by a parametric oscillator systems using the pertinent master
equation. Applying the solutions of the resulting c-number Langevin equation along with
the properties of noise forces, we obtain the anti-normally ordered characteristics function,

with the aid of which we determine the Q-function. The resulting Q-function is then used
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to calculate the mean and variances of the photon number. In addition to that, we have

determine the mean and variance of the photon number sum and differences

In the second part, we wish to investigate the statistical properties of two-mode light pro-
duced by a non-degenerate V-type three-level laser light whose cavity is coupled to a two-
mode ordinary vacuum reservoir. In order to carry out analysis, we find the c-number Langevin
equations for the cavity light produced by a V-type three-level laser systems using the perti-
nent master equation. Applying the solutions of the resulting c-number Langevin equation
along with the properties of noise forces, we obtain the anti-normally ordered characteris-
tics function, with the aid of which we determine the Q-function. The resulting Q-function is
then used to calculate the mean and variances of the photon number. In addition to that, we

see to determine the mean and variance of the photon number sum and differences.

In the third part, we investigate the statistical properties of a pair of superposed two-mode
parametric amplifier and V-type three-level laser light beams. In order to perform our analy-
sis, we first drive Q-functions for a pair of superposed parametric oscillator and V-type three-
level laser light beams. The resulting of Q-function is then used to calculate the mean and
variances of photon number. In addition, we have determined the mean photon number
sum and differences and variances of a photon number for the superposed two-mode cavity

light.
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3.2.1 Master Equation for Parametric Oscillator

In this section we wish to drive the equation of the reduced density operator for the cavity

modes coupled to a two-mode vacuum reservoir.

Signal—moge

Nonlinear crystal

Pump mode vacuum reservoir

Idler-mode
—

Fig.3.1 Schematic representation of a non degenerate parametric oscillator system in a cavity

The interaction of the system with the reservoir can be described by the Hamiltonian
_H:HS+.E[SR, (3.1)

where Hg is the hamiltonian for the interaction in the cavity and Hgp, is the hamiltonian
for the interaction between the cavity modes and reservoir,suppose psr(t) is the total density

operator for the cavity modes coupled to vacuum reservoir. The time evolution of this density

operator is

%ﬁSR(t) = —i[Hg(t) + Hsp(t), psr(t)]. 3.2)

We note that

p(t) =TrR(psr(t)). (3.3)
is the density operator for the cavity mode only. In which TrR indicates trace over the reservoir
variables only. Hence taking in to account (3.2), we see that the time evolution of the reduced
density operator takes the form

%ﬁ(t) = —i[Hs, p(t)] — iTrR[Hsr(t), psr(t)]. (3.4)
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Furthermore, a formal solution of Eq.(3.2)can be written as
t
psr(t) = psr(0) — 2/ [Hs(t') + Hsr(t'), psr(t')]dt’. (3.5)
0

To proceed further, we need to introduce a certain approximation scheme. To this end assum-
ing here is a week interaction between the system and reservoir, we can write approximately
valid relation jsr(t') = p(t)R , where R is the density operator for the reservoir assumed to

be constant in time. Using this approximation Eq.(3.5)

A~

%mw:mmR—a[mgw+ﬁgwmmwmﬁh 3.6)
Inserting this result in to Eq.(3.4), we get
9(t) = s, 5(0)] ~ il{Hsr) R, p0)]
- [ Wsno) . 1150, 100
~ [ TR, a0 Rl .7

It should be noted that 5(0) represents the radiation initially in the cavity and the density
that describes the chaotic light in the cavity. Further more ,the interaction of the two mode
cavity radiation with a two mode reservoir can be described in the interaction picture by the

Hamiltonian
Hsp=i» A(atare’@ ) —aafe " @am0f) 153 " Xo(bThye’rmw2)l — phfe~i(r—2)t) (3.8)

where wy = 223 with w, and w, stands for the frequencies and (a, b) are the annihila-
tion operators for the cavity modes. In addition (a;, b) are the annihilation operators for the
reservoir modes having frequencies w; and w; respectively. A; and A, are coupling constants
between the cavity modes and reservoir modes. Two mode vacuum reservoir operators sat-

isfy the following properties;

(a1)R = ()R = 0. (3.9)
(afaz)R = (bf ba)R = 0. (3.10)
(@165 )R = (01b)R = b13. (3.11)

a162)R = (aTal )R = 0. (3.12)
12



3.2 METHODOLOGY 13

(b1bo)R = (TR = 0. (3.13)
(aTbo)R = (a b)) R = 0. (3.14)
(a1b3)R = (af b)) R = 0. (3.15)

In view of Eq.(3.9), one easily shows that
(Hsp)R =0 (3.16)

Taking in to account Eq.(3.16), along with Hgr(t)Hsr(t') = Hsr(t')Hsr(t), Eq.(3.7), reduces

to

9oty = — i[Hs (1), p(t)] - /0 (Hsn(t) Hsr(t') mp(t')F
- /0 t p(t' ) (Hsr(t')Hsr(t)) rOt' + 2 /0 t<HSR(t’)ﬁ(t’)HSR(t)>Rﬁ<t’)6t’- (3.17)

Applying the Hamiltonian , Eq.(3.8) and Eqgs.(3.9)-(3.15), we readily obtain

—TrR(Hsr(t)Hsr(t'))R = [qraa™ + q2bb™], (3.18)
where
= — > Memilame)t=t), (3.19)
1
G = — Z )\%e*i(wb*wz)(t*t’)' (3.20)
2

Assuming the frequencies of the reservoir modes to be closely spaced, the summation can
be changed to the integral over frequency. Then applying Markov’s approximation to the

resulting integral we find the following result;
_ Z Mg iwa—wn)(t=t) — kot —t), (3.21)
1

in which k; = 2mg(w;)A\?(w;)(j = a,b) is defined to be the damping constant for cavity mode
j with g(w;) being the density operator for the reservoir modes which assumed to be at reso-
nance with the cavity mode j. In our analysis,we assume that k, = k;, = k for convenience.

Therefore, on account of these results, Eq.(3.19) and Eq.(3.20) take the form

Q1 =q=—ki(t—t). (3.22)
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Substituting Eq.(3.22) in to Eq.(3.18) yields
—iTrR(Hsp(t)Hsr(t'))R = —ké(aa™ + bbH)(t — /). (3.23)

It follows that
t
_ / TrR(Hsn(t) Hsn(t) Rp(1)ot —g(aeﬁf) +Bhtp). (3.24)
0

In similar way, one can easily verify that
- /0 t PO TrR(RHsr(t)Hgr (1))t = —g(ﬁdéﬁ + pbbT). (3.25)
Furthermore, applying Eq.(3.9), we can get
TrR(Hsgr(t)p(t' ) RHsr(t)) = —[qa™ pa + q2b™ pb). (3.26)
With the aid of Eq.(3.22), we find
TrR(Hsp(tp(t')RHsg(t)) = g(dﬁfﬁ + bpb™). (3.27)
In similar way, one can get
TrR(Hsr(tRp(t')Hsr(t)) = g(afm + bpb™). (3.28)

Up on substituting Eqgs.(3.24)-(3.28) into (3.17), we can obtain the master equation for the

cavity modes coupled to a two-mode vacuum reservoir to be

d . k e
72b = —ilHs(), p(0)] + 5 (2apa* —a*ap— pata) + 5(2bpb* — b bp— pbth). (3.29)

N

Eq.(3.29) represents the equation of evolution of the reduced density operator for cavity modes

coupled to ordinary vacuum reservoir.
3.2.2 The Down Conversion Process

We seek to derive the master equation for the non-degenerate parametric oscillator coupled

to vacuum reservoir via a single port-mirror.

In a non-degenerate parametric oscillator a pump photon of frequency w is down con-
verted in a highly correlated signal and idler photons of frequencies w, and w; such that

w = w, + wp. The process of the parametric interaction can be described by the Hamiltonian

H = ixabet —athte). (3.30)
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Where a(b) is the annihilation operator for the signal(idler) modes, ¢ is the annihilation opera-
tor for the pump mode and ) is the coupling constant with the pump mode treated classically,

the Hamiltonian can be written as

H =ie(ab—athh). (3.31)
Where ¢, considered to be real and constant, is proportional to the amplitude of the pump

mode. The time evolution of the density operator corresponding to this Hamiltonian is

%,ﬁ(t) = e(abp — a'dtp — pab + pafdh). (3.32)

Finally , with the aid of Egs.(3.29) and Egs.(3.32) , one can write
o h(t) =e(abp — a'vtp — pab + pa'vh)
(2bpbt — bt bp — pbTh). (3.33)

Therefore, Eq.(3.33) represents the master equation of a non-degenerate parametric oscilla-
tor coupled to vacuum reservoir. In which the cavity damping constant « is assumed to be

the same for both the signal and idler modes.
3.2.3 The C-Number Langevin Equation

The dynamics of a cavity mode coupled to the reservoir can be also described using the c-
number Langevin equation. In this section, we seek to obtain the c-number Langevin of
equation. The time evolution of the expectation value of an operator A in the schrodinger
picture can be expressed as [1]

d d

Now taking in to of Eq.(3.33) along with Eq.(3.34) , one can write

d

o) =eTr(abpa — a'bl pa — paba + pa'ha)

+ —Tr(2apata — atapa — pa'aa) + =Tr(2bpbta — btbpa — pbiba). (3.35)

[a,a"] = 1. (3.36)

[a,b] = [af,bT] = [a,bT] = [af,b] =0 (3.37)



3.2 METHODOLOGY 16
and
[af,a%] = —2a. (3.38)
Then, we readily find
& alt) =~ (a(t)) — =) 3.39)
It can also be shown in similar fashion that
4 0(0)) = £ 0(0)) ~ =lal (1) (340
%<a(t)b(t)> = —e(al(t)a(t)) — (T ()b(t)) — k(a(t)b(t)) — e (3.41)
%(a(t)a(t» = —2e(a(t)b' (1)) — k(a®(t)) (3.42)
%W(t)a(tb = —k(a¥(t)a(t)) — e({a()b(t)) + (a ()T (£))). (3.43)
The c-number equations corresponding to Egs.(3.39)-(3.43) become
& fa(t)) =~ ta() —<(5"(1). (344
LB0) = ~516(0) — <o (1) (3.45)
L a(8(0) = —la*(Hat)) — {5 (D) ~ Kal)5(H) — ¢ (3.46)
L altyalt) = —2={a(t)5* (1)) — Kla(1) (3.47)
90" (1)) = ~k(a*(Ha(0)) ~ =({alB(D) + (0" (5" (1)). (3.48)
On the account of Egs.(3.44) and (3.45), one can write
L la(t) = S {alt) — (5 (1) + Jal) 3.49)
d k *
SHBW) = = Z(B() — e(a* (1) + f5(1) (3.50)



3.2 METHODOLOGY

17

where f, and f3 are noise forces. We observe that Eq.(3.44) and the expectation value of

Eq.(3.45) as well as Eq.(3.45) and the expectation value of Eq.(3.50) will have the same form if

(falt)) = (f5(t)) = 0.

Using Egs.(3.49) and (3.50) together with the relation

d d d

SHalt)B() = (al)5() + (alt) 3 (A(D).

We find

4
dt

Comparison of Egs.(3.46) and (3.53) indicates that
(a(t) fs(t)) + (B(t) fal(t)) = —e.

The formal solution of Egs.(3.49) and (3.50) can be as

a(t) = a(0)e~ 3t + / e 3o () — e8* ()] dY.

0

56 = )3+ [ e HNfy(e) - e @))at.

0
On the basis of Egs.(3.55) and (3.56), one can write

(@(t) (1)) = (al0) f5(1))e™ 5" + / e f(t) fult))) — (87 () fo(t))]dt.

0

(B(E) falt)) = (B(0) falt))e™ 5" + / e 3O (8) f5(t) — el (¢)) falt))]dE'.

0

(a(t)B(t)) = —k{a(t)B(t)) — ela” (O)a(t)) — e(B"()B(1)) + {(t) f3()) + (B() fa(t))-

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

Assuming a noise forces f,(t) and f3(t) at time t should not affect the system variables at

earlier times, we note that

(@(0)f5(1)) = (B(0) falt)) = 0.
(0" () fa(t)) = (" () {fa(t)) = 0.

(B7(t) f5(t)) = (B* (")) {fa(t)) = 0.

Thus on account of Egs.(3.51),(3.59),(3.60) and (3.61),Egs.(3.57), reduces to

(a(t) f5(t)) = /0 e~ 2O fa(t) fult)))OF.

(3.59)

(3.60)

(3.61)

(3.62)
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It can also be verified in a similar fashion that,Eq.(3.58) reduces to
t k ’ / /
(B0} = [ UL L. (3.63)
Therefore, in view of Egs.(3.54),(3.62) and (3.63) assuming that
(fa(t)f5(t) = (fs(t) fu(t))- (3.64)
we have
t k / t k /
| et somenar = [ = -5 e6)
0 0
Therefore, on account of [1]
t
/ e s (F()g(¢))dt = D. (3.66)
0
we assert that
(f(t)g(t')) =2Ds(t —t'), (3.67)
where k is a constant and D is some function of the time.We note that
(fa@) fa(t) = (fa(t) falt) = —ed(t —1'). (3.68)
Furthermore, using Eq.(3.49) along with the relation
2 (aalt) = (La®a(®) + () Sa) (3.69)
dt « « = dt « « « dt « . .
We easily see that
d
g lat)alt)) = —r{a®(t)) = 2e(a(t) B* (1)) + 2(a(t) fa(t)) (3.70)
Comparison of Eqgs.(3.47) and (3.70),shows that
(a(t) fa(t)) = 0. (3.71)
Applying Eq.(3.55) together with (3.71), one can write
t
/ e 2O fo (1) fult')]d = 0. (3.72)
0
From which follows that
(fa(t) fa(t')) = 0. 3.73)
It can be shown in similar way that
(fa) falt')) = (fa(t) fs(t')) = 0. (3.74)
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Moreover employing Eq.(3.49) and its complex conjugate along with

d, _d N
'@ a(t) = {(Za’(ta(t)) + (o (1) 5ra), (3.75)

we find
%(a*(t)a(t» = —k{a*(t)a(t)) —(B(t)a(t)) —e{a” ()87 (1)) + (a(t) f5 (1)) + (" (£) fa (1)) (3.76)
Comparison of Egs.(3.48) and (3.76), gives as

(a(t) fa () + (o™ () fa(t)) = O. 3.77)

With the aid of Eq.(3.55) and its complex conjugate, one can get

t
@OF0) = [ HN LD 0. (3.78)
0
t k ’
(0" (t) falt)) = /0 5O (1) f2(0)) (3.79)
In view of Eqs.(3.77),(3.78),(3.79) and the assumption that
(fa@®) falt)) = (fa() fa ) (3.80)
we obtain
t k ’ t k /
[ et oo = [ e o o, (3.8D)
0 0
From which one can get
(fa@) o)) = (falt) f3(t)) = 0. (3.82)

It can also be established in a similar procedure that

(Fa)f3(8) = (fs(t) f5(t)) = 0. (3.83)

Now Egs.(3.51),(3.68),(3.73),(3.74),(3.82),and (3.83) describe the correlation properties of the

noise forces f, and f3 associated with the normal ordering.

We next proceed to obtain the solutions of coupled differential equations Egs.(3.49) and

(3.50). Introducing new variable defined by
zy = at) £ 8%(t) (3.84)

and applying Egs.(3.49) as well as (3.50) along with their complex conjugate, we obtain

d 1 «
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where

Ar =k £ 2. (3.86)

According to Eq.(3.85) together with Eq.(3.86), the equation of evolution for z_(¢) has no so-
lution for k < 2e. We then identity k = 2¢ as the threshold condition. Thus, for 2¢ < &, the

solution of Eq.(3.85) can be written as
t
2y = 2 (0)e 2 4 / e~ F () + f5(8)] 0t (3.87)
0

Now with the aid of Eqs.(3.84) and (3.87), we obtain

a(t) = Aya(0) + A_B"(0) + F (t) + F_(1). (3.88)
B(t) = AiB(0) + A_a*(0) + F2 (1) + F* (¢). (3.89)
where
A A
Bi(t) = %(6*7” 4 6*7’5). (3.90)
t At /
Fi(t) = % / O () = £3()de (3.91)
0

Employing the resulting solution of the c-number Langevin equation along with the corre-
lation relations of the noise forces,we will study the Q-function, the mean and the variances

the photon number.
3.2.4 The Q-function for a Non-Degenerate Parametric oscillator

We next seek to obtain the Q-function for the the signal-idler modes,assumed to be initially

in a vacuum state. The Q-function for a two-mode light is expressible as

1
Q(aa B’ t) = ﬁ /d2Zd2X¢a(Za X t)eﬁp(Z*a - ZOé* + X*ﬁ - Xﬁ*)a (392)

where the anti-normally ordered characteristics function is defined in the Heisenberg picture
by

Sa(z,x,1) = Tr(p(0)eap(zal (t) — za(t) + xb' (1) — x*b(1))). (3.93)
This can be put employing the identity [1]

eAeB = eBedeldBl (3.94)

in the form

ba(z, X, 1) = exp[—2*z — X*X|Tr[p(0)exp(zal (t) — 2*a(t) + xb' (t) — x*b(t))]. (3.95)
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The characteristic function can be expressed in terms of c-number variables associated with

the normal ordering in the form
Pa(2, X, t) == exp[—2"2 — x"x|{exp(24" — 2"a + xB" — X" B)). (3.96)
Egs.(3.88) and (3.89) can be written as

a(t) = B;a(0) + E_B*(0) + 7a(t). (3.97)

B(t) = E;5(0) + E_a™(0) +5(t). (3.98)

Where A is defined by Eq.(3.90).

t

1 t 1 / 1 /
alt) = 5[ PO Gae) 4 fi(ENa + [ PO e) - fiE N .99
0 0
and
t t
) = 51| PO+ fanar — [P0 - pener. @100

Now in view of Egs.(3.97) and (3.98), one can get

¢alz, X, t) =exp[—2"z — x*x|(exp(zA+a”(0) + zA_B(0) + 270 — 2" A+ a(0)
L ALF(0) — 2+ AL 5(0) + xA_a(0)

+x75 — X" A+8(0) = x"A-a*(0) — x™p)) (3.101)

ba(z, X, t) = exp[—2"2 — x"x]{exp[(xA- — 2" A1 )(0) + (244 — X" A-)a™(0)
+ (zA- = x"A1)B8(0) + (xA4 — 2" A-)B*(0)])

x (explz7, — 2" Ya + X5 — X V8))- (3.102)
Considering the cavity radiation to be initially in the two-mode vacuum state, we obtain
(eap[(xA- — 2" A )a(0) + (2Ay —x"A_)a"(0) + (2A- —x"A1)B(0) + (xAy — 2" A)5*(0)]) = 1
(3.103)
On account of Egs.(3.102) and (3.103), we have
ba(2, X, t) = exp[—2"2 — X*X] X (explz7y — 2" Va + X735 — X V8))- (3.104)

We recall that Gaussian variables with vanishing mean satisfy the relation

(exp(za® — 2" ) = exp[%((za* — z*a)?)]. (3.105)
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We next seek to show that v, (¢) and y3(t) are Gaussian variables. One can rewrite Eq.(3.99) as

o = a7 (3.106)
in which

vy [ A + S5 3.107)
and

vy [ POl — sy (5.108)

Using Egs.(3.107) and (3.108), the time evolution for the expectation values v, and v_ can be

expressed as
d A

@(%ﬁ = —f<’Y+> (3.109)
and

d A

£<7—> = —I<’Y—>- (3.110)

In view of Egs.(3.109) and (3.110), indicates that ~, and ~_ are Gaussian variables. Thus in

view of Eq.(3.106), we see that -, is also Gaussian variables. Similarly we rewrite Eq.(3.100) as

Vg =04 =0, (3.111)
where
1t
b= / e A (= ) (2l + St (3.112)
0
and
t
5—=§/€””t%ﬁwwﬁmwwﬂ (3.113)
0
Now the time evolution for the expectation values of 6, and §_ can be expressed as
d A
@<5+> = _T<5+> (3.114)
and
d A
—{6_V = ==(6_). d1

In view of Egs.(3.111),(3.114), and (3.115) ,we see that vz is Gaussian variables. In addition,
using Egs.(3.99) and (3.110), one can easily get

(Ya(t)) = (15(1)) = 0. (3.116)

Therefore, we have that v, and v3 are Gaussian variables with vanishing mean. Then the

characteristics function can be put in the form

* * 1 * * * *
da(2,x,1) = exp[—2"2 — X"Neap[5{(27% — 270 + X75 — X 18)°)] (3.117)
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which is equivalent to

* * 22 *2 2*2 2 X2 *2 X*Q 2 * *
Pa(z, X, t) =expl—2"2 — x X]ewp[gm )+ 5 (Vo) + 7% ) + 5 (v8) — 22" (Vava)

+2x (s — 2 X () — X (ae) + 2 X (ravs) — xxHsp). (3.118)

On account of Egs.(3.109) and (3.110), one can obtains
(12 =(v2) = (g = (95 = 0. (3.119)
(vav8) = (Vavp) = 0. (3.120)
(VaYa) = (1873) = —g(F — H). 3.121)
(Yav8) = (Va3 = —g(F + H), (3.122)

where
F= i(1 — e M), (3.123)
At

1 —A_t

H:)\—(l—e ). (3.124)

Thus in view of Egs.(3.119),(3.120),(3.121),and (3.122)expression of Eq.(3.118), goes over in to

balzX:1) = eap[—(1 = 5)(F = H)(="z + X"X) = 5 (F + H) (xz +x"7")] (3.125)

_ £
2

Finally, we can also put the characteristics function in the form

ba(z,x,t) = exp[—a(z*z + x"x) — b(xz + x"2")] (3.126)
where
1 & 1 & st 2R W
a=1-S(F—H)=1- g (1 e 4 g (1 -, (3.127)
— E - A4t i At
b—2(F+H) 2)\+(1 e )+2>\7(1 e ). (3.128)

Now up on introducing Egs.(3.116) in to Egs.(3.92), we readily obtain

Qa,f.t) = — 5 eap[=a(2"z +X7x) —b(xz +X727) + a2’ — Tz + OxT — 67X
0

(3.129)
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Furthermore, using the relation [1]

abe + Ac® + Bb?

> Jheap(
a2 —4AB P a? — 4AB

—Zexp[—azx z+ bz + czx +A2% + Bzx?] = | ),a >0,
™

(3.130)

and performing the integration employing Eq.(3.130),the Q-function for the signal-idler modes

turns out to be

Qo ,1) = —5(? — PJeapl—ula’a + 5'5) — v(af +a"B")], (3.131)

where
u= ﬁ (3.132)
v 0 (3.133)

a2 b2
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Eq.(3.131) represent the Q-function for the signal-idler mode of the parametric oscillator

system under consideration.
The Q-function for a signal mode and idler mode

Next, we integrate Eq.(3.131) over 3, we can get the Q-function for the signal-mode
Q(a,t) = iQ(u2 — 1)2)[/ D% Bexp(—uf* B — vaf — va* )] x exp(—uata) (3.134)
0

which is equivalent to

(u? —v?) ut— vt

Qa,t) = exp[—( )a*al. (3.135)

Using the same procedure the Q-function for the idler mode can be written as

w2 — 2 w2 — 2
( )ewp[—(

Q(B,t) = )8 6] (3.136)

v

3.2.5 Master Equation for V-Type Three-Level Laser Light

A two-mode v laser consists of a cavity into which three-level atoms in v configuration are
injected at a constant rate r, and removed from the cavity after a certain time 7. We denote
the two upper closely lying levels of the atom are by | a) and | b) and a single lower level by
| ¢). The atoms are initially prepared in a coherent supper position of the upper levels | a)
and | b). The laser cavity is arranged such that it would be at resonance with the transitions
between | a) < | ¢) and | b) «—— | ¢), with direct transitions between levels | a) and | b) to
be dipole forbidden. The transitions from the upper levels | a) and | b) to the lower level | ¢)

produce two photons of different frequencies.
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o | a> | b>

lc>

<——— Vacuum reservoir

Fig.3.2 Schematic representation of a two-mode three-level atom in V configuration

The interaction of a single three-level atom with a two-mode radiation can be described

in the interaction picture by the Hamiltonian is

Hy=igla’ | e)a| —a|a)(c|+bT | )b | —b]|b)c]], (3.137)

~

where g is the atom-radiation coupling constant ,a(b) are the annihilation operators for the

cavity modes. We take the initial state of a three-level atom to be
| Wa(0)) = Ca(0) | a) + Cp(0) | b) (3.138)

The density operator corresponding to this state for a single atom

pa(0) =[14(0))(10a(0) | . (3.139)
can be written as
pa(0) =50 | a)la | +%) [ ah(b | +4p | b){a|
+ o5 | BB |, (3.140)
where
PO =] ca(0), 5 =] (0 12,2 = ca(0)¢5(0), andpY = ¢4(0)c(0). (3.141)

in which ;Sfl?l) and ﬁég) are the probability for the atom to be initially in the upper levels | a) and

| b) respectively and ﬁg%) and ﬁl()g) represent the atomic coherence at initial time.
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Suppose par(t, t;) is the density operator for a single atom plus the cavity modes at time
t,with the atom injected at time ¢; such that extend from ¢t — 7 < t; < t. Then the density

operator for all atoms in the cavity modes at time t can be written as [1]
par(t) =74 ¥ par(t tj)At, (3.142)
J

where r, is the rate of atoms injecting in to the cavity and r,At represents the number of
atoms injected in to the cavity at time ¢; . Then converting the summation in to integration
in the limit A¢ — 0, we have
t
par(t) =g /H par(t, t)dt. (3.143)
Upon differentiating with respect to t with the help of the Leibnitz rule

d (19 d d d (19
iz | e =g~ ien g+ o [

there follows

d X X td,
apAR(t) =r4(par(t,t) — par(t,t — 7)) —H"a/ apAR(t,t’)cht’. (3.144)
t—7

We observe that p 4z (¢, t) is density operator for the cavity modes with an atom being injected
in to the cavity at time t and p4r(t,t — 7)) represents the density operator for an atom and
the cavity mode at time t with the atom being removed from the cavity at this time. Since the
cavity modes and the atom at time t are independents; the cavity operator p45(¢,t) can be
written as

par(t,t) = palt,)p(d), (3.145)

in which p(¢) is the density operator for the cavity modes alone. The density operator p (¢, t—

7) can also be expressed as
par(t,t = 7)) = pa(t,t —7))p(t) (3.146)
Then by inserting Eq.(3.145) and Eq.(3.146) into Eq.(3.144), we obtain
d X A PO
ﬁpAR(t) =714[pa(0) — pa(t — 1) + 74 t apAR(t,t )dt', (3.147)

where par(t,t) = pa(0). In the absence of damping of the cavity modes by the vacuum reser-

voir, the density operator par(t,t') evolves in time is

d . A A
%pAR@?t/) = _Z[Hv pAR(tat/)]' (3148)



3.2 METHODOLOGY 28

Now , on substituting Eq.(3.148) into Eq.(3.147) and using Eq.(3.143), we write as

gtﬁAR(t) =1a[pa(0) = pa(t — 7)p(t) — i[H, par(t)]. (3.149)

Since we are mainly interested in the density operator for the cavity modes alone,we trace
Eq.(3.149) over the atomic variables. And taking in to account of Eq.(3.29), the damping of the
cavity modes by a vacuum reservoir, we can obtain the equation of evolution of the reduced
density operator for cavity modes coupled to a two-mode vacuum reservoir to be

k

d i k, con ais s
%ﬁ = —iTr[H, par(t)] + 5(2@5# —atap— pata) + 5(2bf>b+ —bthp— pbTh),  (3.150)

where « is the cavity damping constant assumed to be x, = x; = « for convenience (the same

for both modes).
On substituting Eq.(3.137) into Eq.(3.150) and applying the cyclic property of trace opera-
tion, we can write in form

d . o . o o .o P
@ﬂ :g[anac - pacaJr + Pcal — QPcq + prbc - Pbch + pcbb - chb]

k .~ A A I
(2apa™ —atap — pata) + 5(2bﬁb+ —bThp — pbTb), (3.151)
in which the matrix element j,z are defined by

pag = (alpar(b)]8) (3.152)

with

a, 0 =a,b,c.

On the other way, taking Eq.(3.149), multiplying on the left side by («| and on right hand side
by |3) , we obtain

& s = 1l pAOB) — {ar | palt = 1) | 8D — ilar | [H, pan(t)] | B) ~vpos,  B.153)

where the last term is included to account the damping (decay) of the atoms due to sponta-
neous emission. Here « considered to be the same for all three-levels, the atomic decay rate.
We assume that the atoms are removed from the cavity after they have decayed to the level

other than the bottom level |¢) . so that
{alpat —7) | B) =0 (3.154)

Hence Eq.(3.153) reduces to

%ﬁaﬁ = ra(a | p0) | BYp(t) —ile | Hpar(t) | B) +ile | par(t)H | B) — vhas (3.155)
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so that applying Eqs.(3.137) and (3.137) in to Eq.(3.155), one can write as

d
%paﬁ =Tq [pz(z(c)z) 5aa5aﬁ + pz(z(l)z)

5aa5bﬂ + pég)éabéaﬁ + p((;g) 5ab6bﬁ]ﬁ(t)
+ g[dTﬁaﬁgac - dﬁcﬁaaa + I;Tﬁbﬁ(sac - Bﬁcﬂéab - ﬁachéaﬁ
+ Paa@des — Pach Oy + Papbdes] — Viap- (3.156)

with the aid of Eq.(3.156), we obtain

d . o .. .
%Pua = Taﬂg%)p - g(apca + PacaT) — YPaa (3.157)
d. O~ A a3 R
P = Talpy P 9(bpeb + prcb") — vpwo, (3.158)
d AT P A P 57 A
%pcc = g(a Pac + Pcal + b Poe + pcbb) — YPcc> (3.159)
d O 5 _ nx s 3 ;
Z7Pab = TaPay P = 9(apey, + Pach’) — Vpab, (3.160)
0 . e .7 R
apac = g(paaa + apee + pabb) — VPcc» (3161)
d T . .
2 Pve = 9(Pral + bpee + ponb) — Vpee. (3.162)

Now we confine our selves to linear analysis of the system under consideration and this can
be achieved by dropping the g terms in Egs.(3.157)-(3.162). Dropping the g terms Egs.(3.157),
(3.158), (3.159), (3.160) and applying the adiabatic approximation scheme, we get

0) ~
Tapt(w) P

ﬁaa — 5 (3163)
gl
Tap(O)pA
oy =~ (3.164)
pec =0, (3.165)
Tap(O)pA
Pab = T“b (3.166)

Substituting the above results in Eq.(3.160) and (3.161), we get

0 gTa

N N 0) ~7 N
5¢M=—7m$m+#ﬁm—ww (3.167)

a
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a N gra A7 ~T ~
¢ Pbe = —7(p§2)pb + pfl? Pb) — 7 Pbe- (3.168)

Applying once more the large time approximation scheme, we find

~ r A ~7
Pac = %(pgg)pa + p((l?))pb)7 (3.169)
A~ T An A7
B = %<pgg> pa + p\) pb). (3.170)

Finally on account the result in Egs.(3.169) and (3.170) and their complex conjugate in to

Eq.(3.151), the equation evolution of the density operator for the cavity modes takes the form

1 1 .
gt 5 :§Apg%)(2dTﬁ& — paat — aalp) + 5Ap§?(2&*ﬁb — pbat — batp)
1 ) ) o1 PR .
+ §Apgg><2w pa — ablp — pably + 5Apg?(%T pb — bt p — pbb)
1 . A
+ §k(2aﬁaf — pata —alap+ 2bpbT — pbth — bTbp), (3.171)
in which we have
20°1,
A= »‘ZYQT , (3.172)

Eq.(3.172) is the linear gain coefficient. The quantum properties of the light generated by the

two-mode V laser are determined by the master equation (3.171)
3.2.6  C-number Langevin Equation

We here proceed, first to derive the equation of evolution for the expectation value of cavity
mode operators in the normal ordering. We obtain c-number Langevin equations, associated

with the normal ordering, for the dynamical variable of the cavity modes.

The master equation (3.171) allows us to derive the equations of evolution for the expec-
tation values of cavity mode operators. Generally, the equations of evolutions for the expec-

tation value of an operator A in the schrédinger picture is expressible as

d, . dp »
%(A> = TT(EA)' (3.173)

On account of Eq.(3.173) and (3.171), the expectation values of the operator a can be written
as
d

1 1, L
2 a() = T, ple) (247 paa — paa'a - aa' pa) + 5pgb)(mT pba — phata)]

1 ) ) 1 VSR i
105 o\ (201 pac — ab' pa — paba) + 3 9 (261 pba, — b pa — pbbla)]
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+T,[=k(2apata — pa'aa — atapa + 2bpbta — pbiba — bibpa)).
Applying the cyclic property of the trace operation and the commutation relations, [a;, a}] =

al] = 2a;6;5, [a? al?] = (24 4a;rai)(5ij and [a,a'] = 1, with a; being a and b,

5ij7[ai7aj] =0, [ iy

Z ? _]
we get

—a(t)) = — plalt)) + Ap<0><6<t>>, (3.174)

where

p="k— Apl. (3.175)

aa

Following the same procedure, it can be verified that

(1)) = g {b(0) + A0l (a(1), 3.176)

where

v="k—Ap®. (3.177)

Furthermore, in view of (3.173) and (3.171), there follows

d

@ (0) = —p(a® (D) + Ay (@()b(t)). (3.178)

It can also be established in a similar way that

d

ZB(0) = —v(B2(0) + Apjg) (b(B)a(t)). (3.179)
Moreover, taking in to account (3.173) and (3.171), we find

d
dt

1

CA0B) = — 1+ EOB) + 5 A (1) + 5 Api2a%(1). (3.180)

We can verify in a similar procedure that

S (0) = —5(u+ @B D) + 5 A5 6 0a0) + B OBOI + 465, B18D

d

Sl a() = —uta'a) + 5 SAR (bal) + 2 Ap2) B (1)) + A, (3.182)
d 24 iy L @ty Ly ()55 (0)
2 (07B) = —w(b1h) + S Ap)(a'h) + S Apy) (@b") + Apyy). (3.183)

We note that the c-number Langevin equations corresponding to Eqs.(3.174), (3.176),
(3.178), (3.179), (3.180), (3.181), (3.182) and (3.183) which are in normal order are

d 1 o
Zlalt) = =3 ula(t) + 5405, (3.184)
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3800 = —2B(0) + 5A4ple) ), 3.185)

%WW = —p(a? (1)) + Ap(y) (), (3.186)

L1 (1)) = ) + AplHa), (5.187

%(a@ ;(uw)(am + 240987 + A pi9(a?), (3.188)
S0 (1)) =~ (e + )0 + Al (" a) + (575) + ApL, (3.189)
%W@ —plate) + Ap )(Ba*) + A,o(")w ) + Aple), (3.190)
%W*@ = —v{0°8) +%AP§Z)< By + Ap J(aB*) + Apjy). (3.191)

On the basis of Egs.(3.184) and (3.185), we can write as

d . __1 1,
20() = —gna(t) + 5 Apay B() + fal?), (3.192)
d 1 (0)
SB(0) = —58(0) + 5 Apalt) + fo(0), (3.193)

where f,(t) and f3(t) are noise forces whose properties remain to be determined. Moreover,
we see that Eqgs. (3.192) and the expectation value of Eq.(3.192) as well as Eq.(3.193) and the

expectation value of Eq.(3.193) will have the same forces if

{fa(t)) = (f5(t)) = 0. (3.194)

We note that %(oﬁ(t» = 2(04(15)% {(a(t)). so that on substituting (3.192) in to this equation, we
obtain

L (02(1) = —plo(1)) + ApSaB) + 2afa(n). (3.195)

In a similar fashion, we can verify that

<ﬂ2( t)) = —v(B2(2)) + Api2{(aB) + 2(Bf5(t)). (3.196)



3.2 METHODOLOGY 33

We also note that

d (0), d d

“a%a) = —plata) + Al (T ot (Dalt) + (a*() 5

a(t))

. So that on account of Eq.(3.192) and its complex conjugate, we get

L () = —plata) + %APEL? (o) + %AmE? (%) + (F8) + (fac" (). (3.197)

In similar way, we can get

%W*@ —v{5"B) + Aﬂ (0" 8) + Apba (B a) + (F368(8)) + (fa8°(1)). (3.198)

In addition, we also note that

It then follows from Eq.(3.192) and (3.193), we see that

La)80) =~ -+ v){0B) + 3 A0 () + LA (02) + (aBB) + (fpa(0).  (3.199)

We can verify in similar fashion that

%w*(t» = —%w +)(af) + Apl[(ara) + (B°B)) + (faB) + (f3a(t)).  (3.200)

Comparison of Egs.(3.186) and (3.195) as well as Eqgs.(3.187) and (3.193) will have the same

forms provided that

() fa(t)) =0 (3.201)
and

(B@)f(t)) = 0. (3.202)

Moreover, Egs.(3.182) and (3.197), (3.183) and (3.198), (3.180) and (3.199), (3.181) and (3.200)

will have the same forms if

(faa(t)) + (fa(t)a*(t)) = Ap2, (3.203)
(FEBE) + (F3()B* (1)) = Apy), (3.204)

(fa()B(1)) + (fo(t)(t)) = O, (3.205)
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(fa(®)F" (1)) + (F5()alt)) = Apyy. (3.206)
The formal solutions of Eqgs.(3.184) and (3.185) can be written as
at) = a(o)e—%ut + /Ot e~ 2H(E=t) = Apab)ﬁ( ) + fa(t)]dt'. (3.207)
and
B(t) = aft)e 2" + /O t e‘%”“‘t‘)[%Apé?a(t’) + fa(t))dt. (3.208)

Then in view of Eq.(3.207), we see that

(@(t) fa(t)) = (alt) falt))e 2" + /0 e B ful)) + (fal) fult)]dE.  (3.209)

Assuming that the noise force f at time t does not affect the cavity mode variables at earlier

time t’ and taking in to account (3.160), we have
/ot e 2 (o (') falt))dt! = 0.
It then follows from this result that
(fa) fa(t)) = 0. (3.210)

In similar procedure, we can get
(fa(t)fa(t)) = 0. (3.211)

Moreover employing (3.207) along with (3.203), we can find

(@O £ 8 + (o)) [0 4 Zaply) [tz )

L Ap<0> 0 =) (£ (5 (t')) + /0 e~ IO E(E) falt)) + (falt) 2 (E))dt = AplY).

So that on recalling the noise force f at time t does not affect the cavity mode variables at

earlier times, the above expression reduces to
t
/ T2 () ful) + (falt) £2(E)]dt = Ap(Q). (3.212)
0
We can write on the basis of this result

(f(t) fa(t))) = langlefo (t) f2(E'N)dt' = ApQ)s(t —t)). (3.213)

Following a similar fashion, we can easily verify that

(F5(0)fa(t) = langlef5(t') fa(t)) = Apgy 3(t 1), (3.214)
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(falt) fa(t") =0, (3.215)

(fs(t) falth) = 0. (3.216)

Generally, application of Egs.(3.205), (3.206) and (3.207) yields
14 1 ! —sn(t—t * ! —sv(t—t *
(fa(t)B(0))e 2 t+2A,o§f;)/0 e 3 (£, (Ha (t’)>dt’+/0 e (o (1) Fa (1) dt!

1 t 1 ¢ t 1
+<f§(t)a(0)>e’§“t+%,4pg? /O e (FA B )dt + /0 e () falt))dt = AplY).
(3.217)

In view of the fact that the noise force at time t does not affect the cavity mode variables at

earlier times, there follows
[ A O @n + [ B = .
and on the basis of this result, one can write
(JalOF5ENAE = (f50)falt) = Apl)5(t — 1), (3.218)

We note that equations (3.210)-(3.216) and (3.218) describes the correlation properties of

the noise forces f(t) associated with normal ordering.

We next proceed to obtain the solutions of coupled differential equations Egs.(3.192) and

(3.193) simultaneously.

To solve such coupled differential equations, we can write a single matrix equation

d
ay(t) = My(t)x(t), (3.219)
where
o
Qt) = : (3.220)
B(t)
_u Ap(o)
M(t) = L (3.221)
A (o)
2pba 2

S(t) = ( fa(®) ) . (3.222)
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In order to solve (3.92), we need the eigen vectors and the eigen values of M such that

MV, = \V; (i=1,2). (3.223)

T
Vi= . (3.224)

a4y = 1. (3.225)

Let the egein vectors be

with the normalization condition

It can be shown using(3.94) and (3.96) that

=0. (3.226)

Then one readily obtains the eigen values to be

_ +v) + —1/2—|—4A2 (0)2
N Vi : ) ok P 297

—(pu+v) — — V)2 +4A2 (0) 12
\, ) ¢m4> o P 228)

So that in view of (3.52) and (3.54) along with the fact that

| o) P= Pl ol (3.229)
and
Pl 4+ pl = 1. (3.230)
Egs. (100) and (101) reduce to
A = —%. (3.231)

(3.232)
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with the aid of (3.96),(3.97) and (3.98), the corresponding eigen vectors are found to be

(0
Vi= ! p‘(lj) (3.233)
P> ok \ Pay
)
Vs = 1 Pab (3.234)
@2\ pl)

p((lz)z + Paa

We now construct a matrix V consisting of the eigen vectors of the matrix M as column

matrices
V=MW Va)
That is
Pl —p)
(0)2, (0)2 (02, (0)2
_ Pop “ TPy Pap Tt
V= v (o) v (,,) : (3.235)
Prp Paa

\/pfl(;)2+pl(,(g)2 \/pi‘;h—f—pgflh

The inverse of V turns out to be

0. [ @2 @ O [0, ©
V= o pa?jﬂblzj o p?b>2+pl<)b>2 ' (3:236)
Pab \ ~Pay \/Pay >+ Paa® Py \/ Py + Paa”

Since VV~! = V-1V = I, we can rewrite Eq.(3.92) as

%Q@y:VVJMVV*Q@%+ﬂﬂ

or
—1
d(thQ(t)) — DVIQ(t) + VIS(8), (3.237)
where
A O
(3.238)

D=V1MV =
0 o
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The formal solution of Eq.(3.110) is

t )
VQt) = ePVQ(0) + / P15 dt (3.239)

Now multiplying EQ.(3.85) on the left by V it follows that

t !
Q(t) = VeP'V1Q(0) + / VePt=Ov =15 )dt . (3.240)

In view of the fact that D is diagonal, e is simply equal to

At

e 0

eDt< A ) (3.241)
0 et

) Mt—t 0
D) _ ( . (3.242)
0 6)\2t7t

Now we see that once V and V~! are known, o(t) and 3(t) can be derived from Eq.(3.240) by

and

straight forward matrix multiplication. Thus from Egs.(3.235),(3.236),(3.241) and (3.242), one

can find

PNt +p ﬁWWMHé%“W%@) (3.243)

VePtvly (0) =
Py [ = 211 (0) + [pleN" + pif)e15(0)
and
¢ Dty / , fo o) )\1 t—t') + Pz(yg) )\Q(t—t’)]f (t/)dt/ + p((;) fg e)xlt o e)xgt]fﬁ(t/)dt/
V@ V X(t )8t = , / :
0 p((;;) fo [e 1(t=t) _ oo (t—t)]f (t') dt’—i—f Al(t t)—i—pl()z)e’\Q(t_t)]fg(t’)dt’

(3.244)
Using Egs.(3.240),(3.243) and (3.244), we can get
a(t) = A1(t)a(0) + B15(0) + Fi(t) (3.245)
and
a(t) = As(t)a(0) + BaS(0) + Fa(t). (3.246)
where

Ay(t) = pl9eMt 4 plo)erat, (3.247)
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By(t) = pl (Mt — &2, (3.248)
Aa(t) = pio) (Mt = M), (3.249)
By(t) = p\d Mt 4 ploeret, (3.250)
t t
Fi(t) = /0 PN 1 pi) XN o ()t + ) /0 Mt = M fy(t)dt', (3.25D)

t t
Fy(t) = p((;))/ [e)q(t—t’) _ e)xg(t—t’)]fa(tl)dt/ +/ [p((;;)eAl(t_t,) + sz)e)q(t_t,)}fﬁ(t,)dt/- (3.252)
0 0

These solutions are used to determine the Q-function, the mean and variances of photon

number.
3.2.7 The Q-function for two-mode V-Type Three-Level Laser Light

Here we wish to obtain the Q function for the cavity modes produced by the system under

consideration. The Q function of a two-mode light can be expressed as
Qo B 1) = / 2P (i, t)eleralt)—sax(O)-nBx(O)-n5(0)] (3.253)

From Eq.(3.253), with a(t) and 3(t) replaced by « and 3, we have

Q(a, B, 1) = i4 / d*z0°n(z,n, t)elromzertndemn<f], (3.254)
s

where

é(z,n,t) = Tr[pe 241" () g=nbenal] (3.255)

is the anti-normally ordered characteristic function defined in the Heisenberg picture. Em-

ploying the Baker-Hausdorff identity, we can rewrite Eq.(3.256) in normal ordering as

d(z,m,t) = e*Z*Z*n*n<ezd*(t)72*&(t)enfz*(t)*n*&(t)> (3.256)
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so that the corresponding c-number equation is

Now taking in to account Egs.(3.246) and (3.247) along with their complex conjugate,Eq.(3.257)

can be put in the form

B(z,m,t) = == FT (e (= endT (0= H), (3.258)
where
aft) = A1 (t)a(0) 4+ B1(t)8(0) + Fi(t) (3.259)
and
B(t) = Aa(t)a(0) + Ba(t)3(0) + Fa(t). (3.260)

With the aid of Eqs.(3.232),(3.233),(3.234),(3.248),(3.250),(3.249),(3.2451),(3.252) and (3.253),

we have
L a(t) = 0k — A ) a0) + 3 Apls(5(1) (3.261)
and
d 1 0 1,
a@(t» = —§(k — Apy)(B(1)) + §Apba<a<t)>' (3.262)

We see that Eqs.(3.262) and (3.263) are linear differential equations for «(¢) and 5(¢). On the
other hand, taking in Eqs.(3.252),(3.253),(3.214) and the assumption that the cavity modes

are initially in vacuum state, we have

(a(t)) = (B(1)) (3.263)

Thus we observe a(t) and ((t) are Gaussian variable with vanishing mean.On account of

Eq.(3.259) can be expressed as

¢(z,m,1) = 6(_2*2_"*”)6»”617[%((204*(75) — 2" a(t)nB*(t) — n*B(t))*)] (3.264)

which is equivalent to

22 22 22 " 22 X "
SR + P + SR EY) + S dEY) - R
+an(F{Fy) — 2 n(Fy Fo) — 20 (Fy Fu) + 2% (FLFy) — "0 (Fy F)] (3.265)

¢(z,n,t) =exp(—2z"z — n'n)exp|

Now in view of Eq.(3.260), we have

(@?(1)) = ((A1()a(0) + B1(1)5(0))%) + 2((A1()e(0)F1)?) + 2((B1(1)B(0) F1)?) + (FT) (3.266)
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With the aid of Egs.(3.252),(3.211) and (3.212), along with the assumption that the cavity
modes are initially in a vacuum state and the fact that a noise force at a given instant time

does not affect the cavity mode variables at earlier time, we obtain

(a®(t)) = 0. (3.267)
Using a similar procedure, we can get
(FL(t) = (F2(1) = (F3(1) = (F3*(1)) = 0, (3.268)
(FLF(t)) = (FF3 (1)) = 0, (3.269)
(fafs(t) = (FI Fy), (3.270)
(fafa(t))) = (FT F1), (3.271)
(f5fs()) = (F5 Fy). (3.272)

Now on account of Egs.(3.268),(3.269),(3.270),(3.271) and (3.272), then the characteristic func-
tion of Eq(3.266), can be put in the form

d(z,m,t) = exp|—-Uz*z — Tz*n — T'zn* — V). (3.273)

From Eq.(3.273) with T’ replaced by 7%, we have

d(z,n,t) = exp[-Uz*2 —Tz"n—T"2n" — Vn*n), (3.274)
where
U=1+ (F/(t)F1(t)), (3.275)
T = (Fy(t)Fa(t)), (3.276)
T = (F1(t)F5 (b)), (3.277)

V =14 (F5(t)Fa(t)). (3.278)
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Furthermore, from Eq.(3.252) and its complex conjugate, then making use of Egs.(3.214),(3.215),(3.219)

and carrying out the integration, one easily find

* A
<F1 (t)Fl(t)> :7[&(1?1)3 + p2b|p2b‘2 + 2p2a|p2b|2}(62)\1t o 1)

2\
Ao 02 0 (012 2
2 Paals — Ponlpap [7](€7 = 1)
A
o Aol — ety P — 1), (3.279)

This equation after employing Egs.(3.230) and (3.231), takes the form

A0
(FL(OF(1) = Z5 (@~ 1), (3.280)
1

Now for the sake of convenience, we introduce a new parameter defined by

Poa — Py =1, (3.281)
1

Poa = 7—5 1 (3.282)

1 _
o0, = T" (3.283)

and
1

[l = 51— e (3.284)

Applying Eq.(3.283) along with Egs.(3.232) and (3.233), we rewrite Eq.(3.281) as

(FrOF (@) = il — e (3.285)

It can be established in a similar fashion that

A(l - 172)%6in

(FHOR(0) = =575 [1—e =, (3.286)
(Fy(t)Fy(t)) = ;Hu — e~ (=), (3.287)

where we have used Egs.(3.284) and (3.285) and setting
P = lpale” (3.288)

with the aid of Egs.(3.252),(3.253),(3.214),(3.216),(3.217) and (3.219), we can write Egs.(3.275),(3.276)
and (3.277) as
Al
U=1+ M[l — e~ (k=) (3.289)
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T == = [1— e~ (k=08 (3.290)
V14t 124((]{:1_—12; 1 (k=) (3.291)

Now using Eqgs.(3.274) and (3.254), we have

1
Qe f,t) = / d*zd*nexp[~Uz"z—a 2 +az"]x / d*nexp[—Vin+ (6" =2 T)n—(B+T"2)n"].
(3.292)
so that carrying out the integration with the help of Eq.(3.130), the Q function for the signal-

idler modes turns out to be

GM — H*H
Q(a, B,t) = —————exp[-Ga*a — Ha"B — H aff" — M3*f3], (3.293)
T
where

U
M=— 294
VU —T*T’ (3.294)

T
"=y 77 (3.295)

Vv
“=vr-rT (3.299)

Eq.(3.293) represent the Q-function for the signal-idler modes of the v-type three-level laser
light.

The Q-function for a signal mode and idler mode

Next, we integrate Eq.(3.293) over 3, we can get the Q-function for the signal-mode.

Qa,t) = GM_#[ / d?Bexp(—MB* 6 — Ha* — H*a3*) — Ga*al. (3.297)

™

Eq.(3.294) can be rewritten as

GM - H*H GM - H*H . ,
Qa,t) = Texp[(—T)a af (3.298)
one can show that
. 1
GM - H'H = o (3.299)

and

M _ l (3.300)
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Therefore, substituting Eq.(3.297)in to Eq.(3.293), one readily get

1 oo
Qe t) = —eap[(——)I. (3.301)
Using the same procedure the Q-function for the idler-mode can be written as
_ 1 pp
Q(B,t) = —reapl(==)]- (3.302)

3.2.8 The Q function for superposed two-mode Parametric oscillator and V-type laser light.

In this section, we are interested to obtain the Q-function for the superposed two-mode para-

metric oscillator and V-type laser light beams.

|
S Q) 2 |b>
|
r,l - |c>
|
I I 1
i Y I
i |
Pump mode | L |
ﬂ l
1 |
:C K :
e §
! 1
| :

Fig.3.3, Schematic representation of superposed light produced by v-laser and parametric

oscillator.

The Q-function for the superposed signal-signal and idler-idler mode light beams.

The Q-function for the superposed signal-signal modes are expressed as [1]
Qa*, a,t) L /dQBdQAQp()\*, a—B) x Qu(B*,a—N)
7T
exp[—a*a — B — NA+ "+ af* + oA+ aX — 5N — B (3.303)

With the aid of Eqgs.(3.135) and (3.298), one can write

Uz—i}z ’U,Z—U2 ’U,Z—U2

JaA® + (

)BA*] (3.304)
u
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and

GM — H*H GM — H*H GM — H*H

QuB' =) = (T Jempl— (Tl + (TN (3309

where Q,(\*, o — ) and Q, (8", — \) represents the Q-function for the parametric os-
cillator and V-type three-level laser light respectively. With the aid of Eqgs.(3.304) and (3.305),
one can put Eq.(3.303) in the form

2,2 oI 2,2 2 _
Q(a*, a,t) :(u v )(?)GM H™H) /dzﬂdQ/\exp[—a*a — BB =N+ (w"—v )ﬂ)\* - (u Y
mouM U
GM — H*H GM — H*H
+ (T)B*)\ — (T)aﬁ* +a" B+ af" + a" A+ a\" — A — BN
(3.306)
In order to have a mathematically manageable analysis, we take
2 _ 2
A=W Y (3.307)
u
GM — H*H
B— 3.308
i ( )
With the aid of Eqgs.(3.307) and (3.308), one can put Eq.(3.306) in the form
* AB 2 2 * * * * * *
Qa*,a,t) =—5 [ d°Bd dexp[—a’a — B3 — XA+ ABN" — AaX™ + BB*A
T
— Baf" + o+ af" + A+ aX* — 5N — fX7] (3.309)

Eq.(3.309) can be rewritten as

Qa", a,1) =‘f§[ / d*Bexp(—a*a — 3+ a* B + aff* — Bag")

2
y / %exp(—A*/\Jr(Bﬁ*Jra*—6*)/\+(AB—A04+0‘—5)A*)]' (3.310)

Integrating with respect to the variable A using the relation given in Eq.(3.130), we get

Qa*, a,t) = A7Be—Aa*a X /djfexp[—(A +B— AB)B*3 + Aa* + (Aa — ABa)S*] (3.311)

Finally, integrating over the variable 3, we have

AB

o~ (arEtas)ata, (3.312)
m(A+ B — AB)

Q(a*’ a? t) =
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Eq.(3.312) represent the Q-function for the superposed parametric oscillator and V-type three-

level laser of signal-signal modes.

Using the same procedure, the Q-function for the superposed parametric oscillator and

V-type three-level laser of idler-idler modes can be found

. _ ¢D e
QB 8,t) = CciD_cp)’ T (3.313)
where
2,2
c="1 - v (3.314)
p- GM-H'H (3.315)



RESULT AND DISCUSSION

4.1 Photon Statistics for Parametric Oscillator

Here we seek to study, employing the Q-function, the photon statistics of the signal and idler
modes.It would be help full to classify the photon statistics of light modes based on the rela-
tion between the variance and the mean of the photon number. Hence the photon statistics
of a light mode for which (An)? = 7 is referred to as poissonian and the photon statistics of a
light mode for which (An)? > 7 is called super-poissonian. Other wise the photon statistics

is said to be sub-poissonian.[1]
4.1.1 The Mean of the Photon Number Sum and Difference

Now we proceed to determine the mean and the variance of the photon number sum and dif-
ference for the signal-idler modes by applying the Q-function. The photon number operators

for the two-modes are defined

1 = ala, (4.1)

iy = bTb. (4.2)
The photon annihilation and creation operators obey the commutation rule

[a',a] =1 (4.3)

On account of Eq.(3.135), the mean photon number of the signal mode in terms of the Q-

function is expressible as

Ng = /d2aQ(a*,a,t)ﬁa(oc) (4.4)
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where

ne(a) = a*a — 1. (4.5)

is the c-number variable corresponding to 72,(a'é, ) in the anti normal order. In view Egs.(4.4)

and (4.5), the mean photon number of the signal-mode is given by

w2 — 02 w2 — 02
Mg = d? — *ala*a — 1. 4.6
Mg = ( — )/ aexp[—( ” Jatalaa (4.6)
This equation can be rewritten as
B w2 — 0?2 dd d?a u? —v? N "
g = ( " )d:z;dy[ Texp(—( Jato+ zat + ya)] — 1. 4.7)

Up on carrying out the integration with the help of Eq.(3.130), we obtain

dd uxy
Ng = r=y=0 — 1 4,
" dwdyexp[u2—v2“ v=0 (4.8)
_ U

Hence, with the aid of Eqgs.(3.132) and (3.133), one readily obtains
Ng =a — 1. (4.10)

so that on account of Eq.(3.127), there follows

— € . 7)\_1‘/) .

- = At
Mg 2)\_(1 e e ). (4.11)

—(1
204 (
We observe that at steady state the mean photon number reduces to

3 9

- oS 4.12
"o T 2a, 4.12)

and in view of Eq.(3.86), we see that

2¢2
fLa — m (413)

It can also be establish in a similar fashion that the mean photon number of the idler-mode
is
_ € “A_t € —Ayt
=—(1- - —(1 - ). 4.14
iy = gy (L) = 51— (4.14)
Thus at steady state, introducing the value for A1, we see that

2e?
= . 4.15
T2 42 (4.15)
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The mean Photon Number versus Time
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Fig. 4.1: Plots of the mean photon number[Eq.(4.11) or (4.14)] versus time for ¢ = 0.2, and different
values of damping constant ,for x = 0.8(Dotted curve), « = 0.6(dash- curve) and « = 0.7(Solid

curve).

The plots in the Fig.4.1. indicates that the mean photon number for the cavity signal and idler

modes are equal and increases with the time and decrease with the damping constant (x)

We define the operators representing the photon number sum and differences of mode a and
mode b by
Nt = Mg £ Np. (4.16)

Up on taking the expectation value of Eq.(4.16), and applying Eqgs.(4.13) and (4.15), the mean

of photon number sum and differences can be written in the form

2¢2 22
= 4 . 4.17
MET R T2 T2 42 (4.17)

Then the mean of the photon number sum can be put at steady state in the form

2¢2 2¢2
T . 4.18
Mt k2 —4e2 + k2 — 4g2 ( )

In view of Eq.(4.18), we have

_ 4e2

On the other hand, the mean of the photon number difference is given by

N_ =MNg — Np. (4.20)
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Ng = Np (4.21)

Then the mean of the photon number difference turns out to be

n_ = 0. (4.22)

4.1.2 The Variances of the Photon Number Sum and Differences

Next,we seek to obtain the variances of the photon number sum and difference. The variance

of the photon number can be expressed as
(Ang)? = (n) — (ns)? (4.23)

In view of Eqgs.(4.16) and (4.23), the variances of the photon number sum and difference can

be put in the form
(Ant)® = (n3) = (7a)” + () — (1)* + 2[(Aaitp) — (ia) ()] (4.24)

This can also be rewritten in the form

(Ang)? = (Ang)? + (Amp)? £ 2[(Ralip) — Ralip), (4.25)
where
(Ang)* = (RZ) — (7ia)?, (4.26)
and
(Any)? = (Rg) — (). 4.27)

are the photon number variance for the separate mode. On the basis of Eq.(4.3), the photon

number operator for mode a in the anti normal-order is obtained as
he =ala =aal —1, (4.28)

which implies

(ha) = (a*al?) — 3(a'a) + 1. (4.29)
On account of Eq.(4.3), the above expression can be rewritten as
(ha) = (a%a™?) — 3(a'a) — 2 (4.30)

Or
(h2) = (a%a'®) — 3m, — 2. (4.31)
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Substituting of Eq.(4.26)in to Eq.(4.31),we can get
(Ang)? = (a%a'?) — n2 — 3a, — 2 (4.32)

Using the Q-function of Eq.(3.135), we readily find

2 _ 02 [ 2 2 _ .2
(a%a’?) = L-v —aexp[—(u)a*a]a*QQQ (4.33)
u T u
which can be rewritten as
o u? —v? dd d*o u? —v? N
(a%a?) = —— [| —exp(—( Ja*a 4+ za*? + ya?)]|y=z=o, (4.34)

u  dxdy s
so that performing the integration using Eq.(3.130), one readily obtains
u? —v? ) dd [ 1

u drdy” (=) _ 4gy

u

(@) = (

Jlz=y=0- (4.35)
Thus carrying out the differentiation and applying the condition y = x = 0, one can get
(a2a'?) = 242 (4.36)
On account of Eq.(4.36) along with Eq.(4.10), we put into Eq.(4.32), we have
(A7g)? = a® — a, (4.37)

which can be rewritten as

(Afig)? = 72 + fig. (4.38)

Following the same procedure, one can readily establish that the variance of the photon num-

ber of the idler-mode is exactly the same as those of the signal-mode. From which follows
(A7)? = 7l + 7y, (4.39)

Eqgs.(4.38) and (4.39), indicates that the signal-idler modes are in a chaotic state. Now on

account of Eq.(3.126), we can find

(A7 )2 _ i(l— 7)\+t)2_|_i(1_ f/\_t)2_i(1_ 7)\+t)+i(1_ 7)\_t)_ 62 (1_ f)\_,_t)(l_ 7)\_t)
Tl T2 Ve pzh e P W 2 - A ©
(4.40)
Thus at steady state, it reduces to
(A72)* = (i )+ () (4.41)
Similarly, at steady state, we also have
(Am)* = ( oz )+ () (4.42)
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Furthermore,on account of Eq.(3.131), one finds

2. 72
(nany) = (u? — v?) / d (;j ﬁexp[—u(a*a + 5*8) —v(af + " %) |ng(a)ny(5) (4.43)
where
ne(a) =a*a—1, (4.44)
m(B) = 5°6 — 1. (4.45)

are the c-number variables corresponding to the operator 7, and 7, in the anti normal order.

Therefore, Eq.(4.43) can be rewritten as

) 1 dd /d%d%’

_ AN Sl
(nanp) =(u” —v )[u2 dxdy 2

1 d dzOédQB * * * Q%
oo [ enp(-aua’a — yuss — vaf + ")

1 272
+ 1d [d ag ﬁe:ﬂp(—mua*a —yufB B —v(af + a*B%))]|a=y=1 + 1, (4.46)

exp(—zua’a — yuf* B —v(af + o«*3"))

u dy s
so that performing the integration using Eq.(3.130), we obtain

idd( 1 )+1d( 1 )+1d( 1
u? dxdy 2 v2

_ 2 2
(namp = (w07 ey — 02w dn g = o) dy g — g2 e L 447)

Thus carrying out the differentiation and applying the condition a=b=1, one readily obtains

u? — 2 2u

(ngnp) = 202 +1 (4.48)

u? — v? '

Introducing Egs.(3.131) and (3.132) in to (4.48), we readily obtains
(ngmp) = a* +v* — 2a 4+ 1 =02 + b°. (4.49)

Hence, the result of the mean and variance of the photon number for the signal-mode are the
the same as those of the idler-mode. Therefore, the variance of the photon number sum and

difference defined by Eq.(4.25), can be rewritten in the form
(Ans)? = 2(Ang)? £ ((ngny) — 7). (4.50)
In view of Eq.(4.37) and (4.49), we readily obtain
(Ans)? =2[a® — a £ b?). (4.51)
Finally, applying Egs.(4.49) and (4.50), the variance of the photon number sum is obtained as

2 52 9
(1 _ e)\+t)2 + 7(1 o eA_t)2 + 7(1 o 6)\_75) o

Ang)? = =
(An+) A2 A2 A Ay

(1 —eMh). (4.52)
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The Mean Photon Number Sum and Variance of Photon Number Sum versus Time

3 T I I T I \ I I
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Fig. 4.2: Plots of the variance of photon number[Eq.(4.53) and (4.19)] versus time for k = 0.2,¢ = 0.5,
and the mean photon number sum and variance of photon number sum ,for 7, (dash curve)

and (An, )? (Solid curve).

The sum of the photon number variance takes at steady state take the form

2e2(3k? — 4£?)

GErEE (4.53)

(Any)? =

From Fig.4.2 we observe that the variance of the photon number sum is greater than the mean
of the photon number sum. Furthermore, we have also observed that the photon number

statistics is super-Poissonian.

The variances of the photon number difference can be found

g2 g2 2¢2

_ AT(l o eA,t)Q N )\72(1 - 6)\+t)2 - H(l o e)\+t)(1 - eA,t)' (4.54)
- T _

(An_)?

Thus the variance of the photon number difference at steady state takes the form

2¢?
2

The plots in the Fig.4.3, indicates that the variance of photon number difference for the cavity

mode increases with time and pump mode ().
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The Variance of the Photon Number Difference versus Time
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Fig. 4.3: Plots of the variance of photon number[Eq.(4.54)] versus time for x = 0.8, and different values

of amplitude of pump mode ,for € = 0.8(Dotted curve), ¢ = 0.6(dash curve) and ¢ = 0.7(Solid

curve).

4.2 Photon Statistics For V-Type Laser Light

Here, we seek to study, employing the Q-function, the statistical properties of the signal-mode

and

4.2.1 The Mean of the Photon Number Sum and Difference.

idler-modes.

Now we proceed to determine the mean and the variance of the photon number sum and

difference for signal-idler modes by applying the Q-function.The photon annihilation and

creation operators obey the commutation relation

The photon number operators for the two-modes are defined by

and

6,07 =1

Ta

n

b

ata

,

(4.56)

(4.57)

(4.58)
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where 7, and 7, are the photon number operator for mode a and mode b . The mean photon

number for a can be written in terms of the Q-function as
g = / dad’*BQ(a, B,t)(a*a — 1). (4.59)

On account of Eq.(3.288), we see that

d2ad?B
7'('2

Fia = (FG — H*H) / expl-Ga*a+ H*a* B + Haf* — MB*f)(a*a —1).  (4.60)

This equation can be rewritten as

(FG — H*H) dd

Ty = / d?ad?Bexp|—Ga*a+ra+ya* + H*o* 4+ HaB* — M3* ] |p=y=0—1.

2 dxdy
(4.61)
Up on carrying out the integration with the help of Eq.(3.130), we obtain
_ N dd Gxy
ng = (FG—H H)da:dyemp[(MG—H*H)”x:yzo71' (4.62)
Performing the differentiation and putting the condition a=b=0, readily obtains
_ M
Introducing Eq.(3.289),(3.290) and (3.291) in to Eq.(4.62), we obtain
fa=U — 1, (4.64)
so that on account of Eq.(3.284), there follows
. AQl+n) —(h—A)t
Mg = Q(k—A)[l—e | (4.65)
The mean photon number at steady state reduces to
_ A(l+n)

It can also establish in a similar fashion that the mean photon number of the idler-mode is

found to be
_ Al -n) "
ny = 06— A) [1—e . (4.67)
Thus at steady state, the mean photon number of the idler-mode reduces to
e i)
np = k=AY (4.68)
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The Mean Photon Number versus Time

The Mean Photon Number Mode a
== The Mean Photon Number Mode b s
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Fig. 4.4: Plots of the mean photon number[Eq.(4.66) and (4.63)] versus Time for x = 0.2, = 0.5, the

value of linear gain coefficient for A=3 and mode a (dash curve) and mode b(solid curve) .

The plots in the fig.4.4, indicates that the mean photon number for the cavity mode a in-

C

reases with initial preparation of three-level atom (7) and time,the mode b increases with

time and decreases with initial preparation of three-level atom (7). This implies that 7, in-

C

reases, the mean photon number of mode a increases and the mean photon number of

mode b decreases.

From Eq.(4.66) and Eq.(4.68),It is possible to see that for n = 0, 7, = 71, . Moreover as 7,

increases, the mean photon number of mode a increases and the mean photon number of

mode b decreases.

a

We define the operators representing the photon number sum and difference of mode a
nd mode b by
Mg = Ng £ 7. (4.69)

Up on taking the expectation value of Eq.(4.69) applying Eqgs.(4.66) and (4.68), the mean of

the photon number sum and difference can be written in the form

_Al+n) Al -mn)

MET = A) T 2(k—A)

(4.70)

Then the mean of the photon number sum can be put at steady state in the form

- AQl+n) A -n)
"= oth—A) ok A) (4.71)




Mean Photon Number Difference

4.2 Photon Statistics For V-Type Laser Light 57

In view of Eq.(4.70), we have

A
n = —\ 4. 2

On the other hand, the mean the photon number of difference is given by
N_ = Ng — Np (4.73)

Then the mean of the photon number difference can be put at steady state in the form

n_ = ’ — (4.74)

In view of Eq.(4.74), we have

n_ =-—— (4.75)

The Mean Photon Number Difference versus Time
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""""" n=0.2,

711—n=0.3,
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Fig. 4.5: Plots of the mean photon number[Eq.(4.75)] versus Time for x = 0.2,the value of linear

gain coefficient for, A=5 and different values of initial preparation of three-level atom,for

n = 0.4(dash curve), n = 0.2(dot curve) and n = 0.3(solid line) .

The plots in the fig.4.5, indicates that the mean photon number difference for the cavity mode

increases with time and pump mode (7)

From Eq.(4.75), the mean photon number difference increases as » increases and zero at

n = 0.
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4.2.2 The Variance of the Photon Number Sum and Difference for a V-Type Laser Light

Hence, we seek to obtain the variances of the photon number sum and difference. The vari-

ances of the photon number sum and differences are given by
An% = (n2) — (ny)?. (4.76)

In view of Egs.(4.69) and (4.76), the variances of the photon number sum and difference can

be put in the form

(Ani)2 = (n2> — (na>2 + <n§> — <nb>2 + 2[(ngnp) — ngnp). 4.77)

a

This can be also rewritten in the form

(Ani)Q = (Ana)2 + (Anb)2 + 2[(ngnp) — nagnp| = (Ana)2 + (Anb)2 + 2n4, (4.78)

where
(Ang)? = (n) — (na)?, (4.79)
(Anp)? = (n) — (np)”, (4.80)

are the photon number variances for the separate mode. On the basis of (4.56), the photon

number for mode a in the anti normal-order is obtained as
fg = ata =aal — 1, (4.81)

which implies

(n?) = (a2a™) — 3(a'a) + 1. (4.82)

On account of Eq.(4.56), the above expression can be rewritten as

(n?) = (a%a®) — n% — 3n, — 2. (4.83)

a

The first term on the write side of Eq.(4.83), expressible in terms of Q-function as
(a2a'?) = / Pad?BQ(w, B, t)a2a?. (4.84)
On account of Eq.(3.288), we have

MG - H*H
(dsz2> = G72 /dedeﬁexp[—Ga*a + H*a*B + HaB* — MB*Bla*?a’. (4.85)
T
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This equation can be rewritten as

(a2a'?) = (FG ;QH “H) d;lj / d*ad*Bexp|—Ga*a+H*o* f+HafB*—MB* B+ra’+ya*?]|s—y—o,
! (4.86)

so that performing the integration using Eq.(3.130), one readily obtains
(@2a'?) = (MG — H*H) d;ljy (FG — H*H)? — 4AM?zy) = |. (4.87)

Thus carrying out the differentiation and applying the condition y=x=0, one readily get

(a2at?) = Q(ﬁ)? (4.88)
With the aid of Eq.(4.63), one can write as
(a2a?) = 2(fg + 1)2. (4.89)
Therefore, of Eq.(4.90) into Eq.(4.84), we have
An? = a2 + 7. (4.90)

Following the same procedure, one can readily establish that the variance of the photon num-

ber of the idler-mode is put in the form

And = nj + (4.91)
and
Tiab = Rafla + Mg + Ty + 1 — m (4.92)
With the aid of Eqs.(3.284),(3.285),(3.286),(3.289),(3.290) and (3.291), we can write
Az = A0 AQ+n) 4.93)

@ 4k — A2 2K — A

A’(1—n)*  AQ-n)
2 _
A% =3k —A) TaE Ay (.94

A%2(141)? +4An(k — A) — A%(1 — n?)
4(k — A)? '

Now substituting Eqgs.(4.94),(4.95) and (4.96) into Eq.(4.78), we get the variance of the photon

(4.95)

Nagp =

number sum and difference to be

A(L4n)?  Al+n) A(1-n)? Al-n)

A%2(1 4+ 1) +4An(k — A) — A%(1 — n?)

An?ﬁ: = 4k — A)z 2(K — A) 4(k — A)2 +2(K —A) 4(k — A)2

(4.96)

I
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which is rewritten as

A2(14 )2+ 240 +n)(k— A)  A2(1 —n)? +24(1 —n)(k — A)
4k — A)? * 1k — A)?
24(k — A2+ A%2(1 —n?) +2A(k — A)(1 +n) + 24k — A)(1 —n)
4(k — A)2 '

2 _
Ani—

+ (4.97)

% 105 The Variance of Photon Number Difference versus Initial Preparation of V-Laser Atom
25 I T I T T T \ -

Fig. 4.6: Plots of the variance of photon number[Eq.(4.97)] versus n for x = 0.8, and different values of

linear gain coefficient, for A= 10(dash curve), A = 9(dash-dot curve) and A = 8(Solid curve).

The plots in the Fig.4.6, indicates that the variance of the photon number difference for the
cavity mode increases with linear gain coefficient(A) and initial preparation of three-level

atom (n)
4.3 Photon Statistics for the Superposed Light Beams

Here we seek to study, employing the Q-function, the statistical properties of the superposed

light beams.
4.3.1 The Mean Photon Number Sum and Difference

We now proceed to calculate the mean photon number sum and differences of the super-

posed parametric oscillator and V-type three-level laser light beams. To this end, the mean
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photon number for signal modes for the superposition of the parametric oscillator and V-type

three-level laser light can be written in terms of the Q-function as [1]
Ng = /dzaQ(a*, a,t)(aa—1) (4.98)

Taking in to account Eq.(3.312), the mean photon number can be put in the form

AB AB

Ng = 2 - * * _
n“_w(AJrB—AB)/d aexpl (A+B—AB)a ola*a — 1. (4.99)

One can write the above equation in the form

AB dd AB

B d?a . .
"= (AL B = AB) dudy / — wrl-lgr g tratyallmy=o -1 (4.100)

Upon carrying out the integration with the help of Eq.(3.130), we obtain

_— dd
7 dady

A+B—AB
AB )zy

[e!

Je=y=0 — 1, (4.101)

so that performing the differentiation and applying the condition x=y=0, we find

A+B—-AB 1 1 1 M U

a5 ) B A GM —HH w212 Uta=2 (4.102)

Mg = (
With the aid of Egs.(3.127), (3.312), (3.289), (3.294),(3.307) and (3.308), we can write

A(1+mn) 2¢?

o= S T e (4.103)

It can also establish in a similar fashion that the mean photon number of the superposition
of the parametric oscillator and V-type three-level light of idler-idler modes is found to be

Al -n) 2¢?
"ok A) i

(4.104)
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< 10" The Mean Photon Number versus time
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Fig. 4.7: Plots of the superposed mean photon number[Eq.(4.103) and (4.104)] versus time for x =
0.8,m = 0.6, A = 3,e¢ = 0.6 and the superposed mean photon number, for 7, (dash curve) and

(7,) (Solid curve).

The plots in the fig.4.7, indicates that the superposed mean photon number for the cav-
ity mode increases with time and initial preparation of three-level atom and the superposed

mean photon number for mode a is greater than mode b

We are also interested in the mean of the photon number sum and difference of the two-
mode light beams. We define the operators representing the photon number sum and differ-
ence of the mode a and mode b by

Ny = Mg £ Ny (4.105)

Upon taking the expectation values of Eq.(4.105) and applying Eqgs.(4.103) and (4.104), the

mean photon number sum and difference can be written in the form

CAQew | 23 Qg 22
T ok—A) R -ad + 2k—A) T4 (4.106)
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The Superposed Mean Photon Number Difference versus Time
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Fig. 4.8: Plots the superposed mean photon number difference[Eq.(4.106)] versus time for k = 0.8, ¢ =
0.8,A=5, and different values of pump mode for n= 0.6(dash curve), n = 0.5(solid curve) and 5
=0.4(dot curve).

The plots in the fig.4.8, indicates that the superposed mean photon number difference for the

cavity mode increases with time and pump mode (e).
4.3.2  The Variance of the Photon Number

We next proceed to obtain the variance of the photon number for the superposed two-mode
parametric oscillator and V-type three-level laser light beams. The variance of the photon

number is defined by

(An)? = (1?) — (n)2. (4.107)

Furthermore, the variance of the photon number for signal-sinal mode is given by

(Ang)? = ((aTa)?) — a2 (4.108)

Using Eq.(4.56), one can check that

((aTa)?) = (a2al?) — 3(a'a) — 2, (4.109)
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so that expression (4.108) can be written as
2 ya2a12y 22 ao
a a . .
(Ang)” = (a“a'") — ns — 3n, — 2 (4.110)

Thus employing the Q-function, we have

(a2a?) = /82aQ(a*,oz,t)a*2a2. (4.111)
This can be put in the form
o AB d* d®0 _(__AB o rotua®
@) = 5B aay d A (4.112)
On carrying out the integration using Eq.(3.130), we get
o d* ABuxy
(a%at?) = 2 [(A oy g AB)] | z=y=0, (4.113)

so that carrying out the differentiation and applying the condition x=y=0, one can finds

(a%al?) = 2[%]2. (4.114)
With the aid of Egs.(3.307) and (3.308), Eq.(4.114) can be rewritten as
(@%a1?) = 2(3~ %HH + P (4.115)
On account of Egs.(3.131) and (3.294), we get
(a2a1%) = 2U% + 24* 4 2Ua + 4U + 4a + 2. (4.116)
Now with the aid of Egs.(4.102) and (4.116), Eq.(4.110) can be put in the form
(Any)? =U%+d?> +2Ua+ U + a. (4.117)

Finally, applying Eqgs.(3.131) and (3.294), the variance of the signal-signal modes photon num-

ber is expressed as

A(l+n) 4¢? 2¢> 2¢2

2 _
(Ana)” = [Q(k —n) et 1+ k2 — 4¢2 [k2 — 4e?

+1]. (4.118)

Following the same procedure, the variance of the photon number idler-idler modes is

written as

A(l—n) A(1—n) 4¢? 2¢> 2¢>
2 _
(Anp)” = 2(k —n) [ + +1+ k2 — 4e? [k‘2 — 4¢?

2(k —n) k2 —4e?
We observe that the variance of the photon number is greater than the mean photon number.

+1]. (4.119)

Thus the photon number statistics is super-poissonian



CONCLUSION

In this thesis, we have studied the statistical properties of the light produced by: a two-mode
parametric oscillator, a V-type three-level laser and the superposition of the parametric os-
cillator and the V-type three-level laser. We first obtained the master equation for the system
under consideration. We obtained c-number Langevin equations using the pertinent master
equation. Applying the c-number Langavin equations, we have calculated the anti normally
ordered characteristic function. With the help of this characteristic function, we determined
the Q functions for the two-mode parametric oscillator as well as V-type three-level laser light.
Then the Q function were used to calculate the mean, the variance and the mean and vari-
ances of photon number sum and difference. Our result showed that the mean photon num-
ber of mode a and mode b for the two-mode parametric oscillator light are the same there-
fore, the mean photon number difference was vanished. Moreover, the mean and variance
of the photon number is increases as the time increases and decreases as damping constant
r increases. The mean photon number for the two-mode V-type three-level laser light are
different except n = 0. From the result of the mean photon number difference, we have seen
that the mean photon number difference increases as both initial preparation of three-level
atom (n) and time increases and in addition to from the result of the variance of photon num-
ber difference, we have also seen that the variance of photon number difference increases as
both linear gain coefficient(A) and initial preparation of three-level atom (7) increases. Fur-

thermore, we have also observed that the photon number statistics is super-Poissonian.

Finally, using the aforementioned Q functions, we have determined the Q function for
the superposition of two-mode parametric oscillator and V-type three-level laser light signal-
signal and idler-idler modes. Using the resulting Q-function, we have calculated the mean

photon number sum and difference and the variance of the photon number. Our result
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showed that the mean and variance of the photon number for the superposed light was the

sum of the mean and variance of the photon number for the constituent lights.
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