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Abstract
The Black-Scholes stochastic differential equation is a well-known useful model in fi-

nance. In this thesis, we present the derivations, assumptions, existence, and uniqueness of

its solutions and practical applications of the Black-Scholes model. We obtained the equa-

tion through derivation and then we discussed its well-posedness. Analytical solutions of the

Black-Scholes equation were obtained using the Feynman-Kac formula. From the analytical

solution, we have derived put and call formula for European options. For American options,

we used finite difference approximation. As an application, we used historical data of dif-

ferent stocks from Yahoo Finance and tested the efficiency of the Black-Scholes equation. In

addition, geometric Brownian motion is applied to historical data of different periods having

different market behavior using the Montecarlo simulation to predict stock prices. The result

shows the effectiveness of the Black-Scholes model in stable situations despite its assumption

of constant market volatility. Since Montecarlo’s simulation relies on past prices, it provides

a satisfactory approximation when market price behavior is stable, but its approximation

diminishes in extremely volatile markets.Results show that the Black-Scholes equation can

compute option prices until expiration in low-volatility markets with an efficient prediction.

Future studies should give attention to develop an adjusted version of the model that is un-

derstandable while guaranteeing efficiency in high-volatility markets.

Keywords: Black-Scholes equation, Montecarlo simulation,Feynman-Kac formula,Yahoo Fi-

nance.
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Chapter One

Introduction

1.1 Background of the Study
The Black-Scholes equation is a partial differential equation used to model dynamic of

option price over time. It was first developed by Fischer Black, Robert Merton and Myron

Scholes in 1970’s. The Black-Scholes equation used in option pricing is expressed mathe-

matically as(Hull, 2003)

∂V
∂ t

+
1
2

σ
2S2 ∂ 2V

∂S2 + rS
∂V
∂S

− rV = 0

In this equation

• V is the price of the option as a function of time t and the underlying asset price S.

• σ stands for the volatility of the underlying asset.

• r is the risk-free interest rate.

• S denotes the price of the underlying asset.

Black-Scholes model gained global recognition when Myron Scholes and Robert Merton

were awarded the Nobel Prize for Economics in 1997. The well-known Black-Scholes model

provides a closed-form solution for the valuation of certain options, particularly European-

style options. However, when dealing with more intricate models, closed-form solutions

may be nonexistent, or computationally intensive approximate techniques become necessary

(Gulen et al., 2019).

The Black-Scholes model determines the theoretical price at which an option should be

traded, making it appealing to both individual and institutional investors(Jiang & Li, 2005).

Today, a wide array of derivative instruments, known as contingent claims, are traded on

exchanges worldwide. Initially applied to European options, the Black-Scholes equation’s
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solution was later extended to encompass more complex and exotic derivatives (Choi & Choi,

2018).

The Black-Scholes formula continues to be the basis for determining option prices based

on the length of time to expiration and the current price of the underlying asset, even though

several other pricing models mostly modifications of the original Black-Scholes are currently

in use.

From an innovation theory perspective, the Black-Scholes option pricing formula holds sig-

nificance as it represents a paradigm shift. Before its publication, finance predominantly

relied on risk-based pricing models rooted in equilibrium (neoclassical) thinking, with the

Capital Asset Pricing Model (CAPM) serving as a prominent example (Heimer & Arend,

2008). The deduction of the Black-Scholes equation introduced a new paradigm, revolu-

tionizing the field of finance. By demonstrating that investment in an asset can be hedged

through the appropriate purchase or sale of options on that asset, the formula provided a

valuable concept. For instance, if we anticipate a substantial short-term decrease in the value

of certain stocks, we can sell a call option on the stock and await the price decline. However,

if the stock price does not immediately decrease and instead moves upward, we face the

risk of loss. In such a scenario, we can hedge our investment by purchasing the appropriate

quantity of shares to create a risk-free portfolio for a specific period (Janková, 2018).

The Black-Scholes model is a beautiful framework for pricing options, but it commonly

relies on assumptions that may not be associated with practical problems and complexities,

which causes inefficiencies. Researchers attempted hard to improve the model’s accuracy

by continually modifying these assumptions and adding new parameters. However, these

modifications may result in difficulties that make the model challenging to interpret and

use.This complication is causing traders to continue with the classical model even though

there are more efficient version available(Janková, n.d.).For this situation, besides devel-

oping the model which is understandable and insures efficiency, one should know in what

condition they could use the classical Black-Scholes model.

2



1.2 Option
An option is an individually negotiated or exchange-traded contract between two parties

that gives the buyer the right but not the duty to purchase or sell a certain quantity of a

specified asset on or before a given date at a specified price (Petters & Xiaoying, 2016).

In option contracts, the buyer will pay the agreement premium. The premium of an option

contract is the amount that the buyer has to pay and the seller (or writer) receives at the

time when both parties enter into the contract. The specified asset is called the underlying

asset of the option. The specified date is called the expiration or maturity date of the option.

The specified price is called the strike price or exercise price of the option. From the above

definition of option, the contract is structured for one to pay money to have a choice in the

future.

1.2.1 Option Styles
Depending on the time they can be exercised there are different types of options. There

are two well-known styles of options. The first one is American option. American options

can be exercised at any time before or on the expiration day. the second one is European

options, which can only be exercised on the expiration day.

1.2.2 Types of Option
Depending on buying and selling rights options can be divided into two broad types.

Call Option
A call option is an option contract that grants the buyer the right to buy a specified

quantity of an underlying asset on or by an expiration date T at a strike price K (Petters &

Xiaoying, 2016).At expiration:

• If the value of the underlying asset (S) is greater than the Strike Price(K) Buyer makes

the difference:S−K

• If the value of the underlying asset (S) is less than the Strike Price (K) The buyer does

not exercise

Therefore the payoff for a call option is:

payo f f = max{S(T )−K,0} (1.1)
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More generally, the value of a call increases as the value of the underlying asset increases.

The value of a call decreases as the value of the underlying asset decreases.

Put Option
A put option is an option contract that grants the buyer the right to sell a specified quantity

of an underlying asset on or by an expiration date T at a strike price K (Petters & Xiaoying,

2016). At expiration:

• If the value of the underlying asset (S) is less than the Strike Price (K) Owner makes

the difference:K −S

• If the value of the underlying asset (S)is greater than the Strike Price (K) owner does

not exercise.

Therefore the payoff for the put option is:

payo f f = max{K −S(T ),0} (1.2)

1.3 Statement of the Problem
Many mathematical problems have traditionally been approached using deterministic

models, disregarding uncertainties. However, this approach may lead to inaccuracies and

fail to accurately represent real-world scenarios(Mandelbrot & Hudson, 2007). An illustra-

tive example is the prediction of market stock prices.

This research aims to explore the application of the renowned Black-Scholes stochastic dif-

ferential equation in finance. The investigation will involve studying the derivations, assump-

tions, and practical applications of the Black-Scholes model. Additionally, the effectiveness

of the Black-Scholes equation will be assessed by comparing its predictions with actual mar-

ket option prices through computation and simulations.

The study is intended to answer the following basic questions:

• How effective the standard Black-Scholes model is in pricing options within real-world

situations?

• Which market behavior makes sense for traders to use the standard Black-Scholes

equation?
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• Does Geometric Brownian Motion reliably predict stock prices for all market situa-

tions?

1.4 Objectives of the study

1.4.1 General Objectives
The general objective of the study is to apply the Black-Scholes stochastic differential

equation in financial market and analyze its efficiency in predicting option prices.

1.4.2 Specific Objectives
The specific objectives of this study are to:

• review and comprehend the theoretical foundations and assumptions underlying the

Black-Scholes stochastic differential equation.

• consider three different periods of trading, possibly one period with highly fluctuated

price to examine the predicting efficiency of geometric Brownian motion.

• gather option data of stock and relevant financial variables, and utilize the Black-

Scholes model to generate predicted option prices and compare the actual option price.

1.5 Significance of the Study
This study holds significant importance for various reasons:

1. Advancement in Financial Modeling: the study highlights the important role of math-

ematical models in the field of finance. Exploring the application of the Black-Scholes

stochastic differential equation contributes to the advancement of financial modeling

techniques, enabling more accurate predictions and informed decision-making.

2. Practical Benefits for Options Traders: the findings of this study provide valuable

insights for options traders by facilitating the calculation of option values in different

situations. Traders can utilize the Black-Scholes model to assess the worth of different

options at any given time, aiding in effective trading strategies and risk management.

3. Contribution to Financial Mathematics Research: the study’s outcomes and analysis

add to the existing financial mathematics knowledge. It establishes a foundation for

further research and exploration in stochastic differential equations, encouraging fu-

ture advancements and breakthroughs in the field.
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4. Resource for Researchers: this research study serves as a resource for researchers

interested in conducting further studies on stochastic differential equations or related

topics. Its comprehensive derivations, assumptions, and practical applications provide

a valuable reference and inspire researchers to delve deeper into stochastic modeling

and its implications in finance.

5. Alert for Option traders: the research may guide traders in making smart decisions,

acknowledging situations where assumptions on the model might be inaccurate.

6. Increasing the knowledge of option trading in the country: the research enhance the

country’s understanding of option trading, potentially enabling local investors to gain

knowledge and engage in trading activities.

By shedding light on the significance and potential of the Black-Scholes model, this study

aims to inspire and encourage researchers to pursue studies in stochastic modeling and re-

lated areas.
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Chapter Two

Literature Review
In this section, we review different studies about the Black-Scholes equation and the re-

lated methods that are directly related to the objectives of this study.

In MacBeth and Merville (1979), the relationship between Black–Scholes and other mod-

els in option pricing, as well as the relationship between the market and Black–Scholes were

studied. They showed that on any given day different market prices of options written on the

same underlying stock yield different values of implied variance rates, for the same option,

which change through time. Their results show that the differences between the implied vari-

ance rates are systematically related to the difference between the stock price, the exercise

price(strike price), and the time left to expire.

Davis (2010) studied the derivation of Black–Scholes equation using the principle "If options

are correctly priced in the market, it should not be possible to make sure profits by creating

portfolios of long and short positions in options and their underlying stocks".Sellamuthu

(2014), used the Brownian motion approach to construct the Black–Scholes model. As with

many other approaches his study is constrained to some assumptions such as the stock price

is supposed to be log-normally distributed.

In Lee et al. (2016) log-normal distribution approach and stochastic calculus approach for

deriving the Black-Scholes equation were studied. Here also the stock price is assumed to

follow the log-normal distribution. In this approach using properties of normal distribution,

log-normal distribution, and their mutual relations, the Black–Scholes model can be derived

without using stochastic differential. Recently, Washburn and Mehmet (2021) used Ito’s

Lemma to derive the Black-Scholes model from stock prices. Their derivation was quite

simple and understandable.

In the last four decades, the study of the Black-Scholes model continued and it is being

modified using different methods, parametrization, initial and boundary conditions, and
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so on. This is guaranteed by citation on the earliest and original article published on the

Black–Scholes model which has now become over forty-five thousand (45000). Janková

(2018) studied the drawbacks and limitations of Black–Scholes Studies. From his study, The

Black-Scholes model is limited to assumptions such as constant volatility and payment with-

out dividends. However, since some of these assumptions are insignificant, he concluded

that the original Black-Scholes formula can be regarded as a general pricing model that pro-

vides approximately accurate theoretical option contract prices. Isakov et al. (2019), studied

algorithm for determining the volatility function in the Black–Scholes model.

Many researchers have worked on the solution of the Black-Scholes equation. To obtain nu-

merical solutions and approximative analytical simulations, many scholars implemented var-

ious sorts of schemes.Uddin et al. (2013), studied the numerical solution of the Black–Scholes

equation using finite difference approximation. They used the weighted average method us-

ing different weights for numerical approximations.

Jeong et al. (2018) used the finite difference method without boundary conditions for the

Black–Scholes equation. the proposed explicit finite difference scheme does not use a far-

field boundary condition. The basic idea of the method was that they reduced one or two

computational grid points and only computed the updated numerical solution on that new

grid point at each time step. They concluded that the method they proposed is very efficient

and appropriate to find the solution to the Black-Scholes equation because option pricing

and computation of the Greeks use the values at a couple of grid points. Similarly, Awasthi

and Riyasudheen (2020) used a computationally convenient time integration scheme for the

generalized Black-Scholes equation.

Edeki et al. (2015) finds the analytical solution of the Black-Scholes model for the European

option using the projected differential transformation method. Fadugba et al. (2015) finds

the solution of the homogeneous Black-Scholes equation for a European call option with

dividend using the modified Mellin transform method. The method they proposed doesn’t

need a transformation and it is very fast and accurate for pricing the European option.

8



Manafian and Paknezhad (2017) solved the Black-Scholes equation using, the Cauchy-

Euler method and the method of separation of variables. In this method, the linear partial

differential equation (PDE) is transformed into the linear ordinary differential equation.

Gunawan et al. (2017), studied the accuracy of the Black-Scholes model and the dilution-

adjusted Black-Scholes (DABS) model in pricing options traded in the Malaysian market.

Their result implies that the dilution adjustment to the Black-Scholes model improves the

accuracy in estimating the prices for options. Morales-Bañuelos et al. (2022) developed

the modified version of Black-Scholes-Merton model and applied its efficiency on empirical

data.

Another study on applications of the Black-Scholes option pricing (Chowdhury et al., 2020).

In this study, they considered the price of the call option and put option as the buying price

and selling price of stocks of frontier markets and then they used these prices to predict the

close price.(Meng & Wang, 2023) compared the Black-Scholes model with Exotic option

price model using empirical data. They concluded that,the theoretical price calculated ac-

cording to the Black–Scholes pricing model are higher than the exotic option price with the

proactive investment strategy,

Lin et al. (2021) studied the Black-Scholes equation and add modification term to improve

efficiency. Their modification mainly on the volatility term in which they have added per-

turbation on volatility. They concluded the modified model is better than the classical one.

Arraut and Lei (2023) explored the Black–Scholes equation’s symmetry, stochastic volatility

in the Merton–Garman equation, and how volatility affects investment decisions. The study

includes fundamental properties of the Black–Scholes equation, delving into symmetries and

suggesting links to quantum finance.

Kumar et al. (2023) examined the impact of interest rate fluctuations on option pricing and

proposes modifications to the Black-Scholes model that consider this situations.The pro-

posed model accommodates realistic assumptions about asset behavior and interest rate

changes, yielding improved market data prediction and high modeling flexibility. How-
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ever,this modifications introduced complexity and relatively need high computational level,

that is potentially challenging for understanding and practical application. Klibanov et al.

(2022) examines option pricing using the Black-Scholes equation, modifying it to the model

that consider risk-free interest rates for Call and Put options. Although the modified model

was better than the classical Black-Scholes equation in calculating option prices, the ob-

served differences between the Black-Scholes model’s and its modification’s values were

not significant.

From the above literature,the theory governing the Black-Scholes model has been better

understood, moreover it is being modified to insure efficiency. But more research is still

needed to determine how to use the model in finance in a way that ensures accuracy and

understandability. This thesis tried to overview the background, definition, derivation, and

solution of standard Black–Scholes model, additionally application of this model in finance

and its efficiency.
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Chapter Three

Research Methodology and Mathematical

Preliminaries

3.1 Study Design
In this project, computational and investigation are applied.

Computation
Computation is the process of carrying out different calculations, and simulations using

computers and algorithms. It entails the large-scale processing and analysis of data in order

to extract valuable insights or resolve challenging issues. In this project, we have performed

a computational simulation to asses data from Yahoo Finance using Python modules and

libraries for the purpose of our investigation

Investigation
An investigation is a systematic and exhaustive process of looking into a problem or issue

in order to get data, facts, and proof. The term is frequently linked to research and study,

which aims to identify and understand the fundamental factors, concepts, or facts around a

specific subject. In our case, we have made an investigation to examine the efficiency geo-

metric Brownian motion of the in different time periods for different stocks and the efficiency

of Black-Scholes model comparing with actual (last price ) of option data.

3.2 Mathematical Procedures
Procedures and steps we have proceeded are given below.

• We have presented formulas, definitions and facts associated with option pricing, stock

prices and random situations.

• We downloaded historical data from Yahoo Finance for selected stocks.

• We have used the geometric Brownian motion through Montecarlo simulations to pre-

dict stock prices and we have compared it with their actual prices.
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• Calculated call and put prices compared to last prices for selected stocks, discussing

Black-Scholes formula efficiency based on the result.

3.3 Mathematical Preliminaries
In this section, we pick out some mathematical concepts, definitions, notations, and use-

ful formulas that are required for the development and understanding of the Black-Scholes

equation. Since we are dealing with the stochastic model, relevant concepts from probability

and stochastic differential equations, definitions, theorems, and examples are contained in

this chapter.

3.3.1 Probability Space
Definition. (Oksendal, 2013) If Ω is a given set, then a σ -algebra on Ω is a family F subsets

of Ω with the following properties

i. /0 ∈ F ,

ii. If F ∈ F , then FC ∈ F , where FC=Ω/F is the complement of F in Ω and

iii. A1,A2,A3, · · · ∈ F Then A := ∪∞
i=1Ai ∈ F

The pair (Ω,F ) is called a measurable space.

Definition. (Oksendal, 2013) A probability measure on measurable space (Ω,F ) is a func-

tion P : F → [0,1] such that

i . P( /0) = 0,P(Ω) = 1 and

ii . If A1,A2,A3, · · · ∈ F and {Ai} are disjoint. Then P(∪∞
i=1Ai) = ∑

∞
i=1 P(Ai).

The triple (Ω,F ,P) is called a probability space.
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3.3.2 Expectation and variance of random variable
In finance, the terms expectation and variance stand for return and risk. A predicted

average value for investment at some point in the future is known as the expected value

(M. J. Evans & Rosenthal, 2004). Using expected value, investors can determine if an in-

vestment is profitable and, typically, how risky it is. Standard deviation is a statistic used

in finance that reveals the historical volatility of an investment by comparing it to its rate of

return.

Definition. For a random variable X, the expected value of X is defined as

E[X ] =
∫

Ω

X(ω)dP(ω).

3.3.3 The Normal Distribution
The most popular and often used distribution is the normal distribution. The normal

distribution accurately approximates a wide variety of natural occurrences, making it the

standard of reference for many probability problems(D’Agostino, 2017). It is the proba-

bility distribution that is symmetric about the mean, sometimes referred to as the Gaussian

distribution(Lyon, 2014). It demonstrates that data that are close to the mean occur more

frequently than data that are far from the mean.

Definition. (Sahoo, 2013) A random variable X is said to follow a normal distribution with

mean µ ∈ R and variance σ2 if its probability density function (p.d.f.) is given by

fX(x) =
1√

2πσ2
e−

(x−µ)2

2σ2 (3.1)

for all x ∈ R, or equivalently if its cumulative distribution function (c.d.f.) is given by

P(X ≤ x) =
∫ x

− inf

1√
2πσ2

e−
(y−µ)2

2σ2 dy (3.2)

for all x ∈ R. In both cases, this is denoted by

X ∼ N (µ,σ2).
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Definition. (Walck et al., 1996)

A random variable X is said to be log-normally distributed if Y = ln(X) follows a normal

distribution. In other words, if Y follows a normal distribution then X = eY is said to follow a

log-normal distribution. This means that a log-normal random variable is a positive random

variable.we say that X follows a log-normal distribution with parameters µ and σ2 ,which

we will denote by

X ∼ L N (µ,σ2).

If Y = ln(X)∼ L N (µ,σ2) Then, its p.d.f. is given by:

fX(x) =


1

x
√

2πσ2
e

−(ln(x)−µ)2

2σ2


, if x > 0,

0, if x ≤ 0.

(3.3)

Mean and Variance of Log-normal distribution

If we consider the random variable X ∼ L N (µ,σ2), then Y = ln(X) ∼ N (µ,σ2) and its

mean and variance is calculated as follows.

E[X ] = E[eY ]

= eµ+σ2
2 .

and

E[X2] = E[e2Y ]

= e2µ+2σ2
.

Finally, its variance is given by

Var(X) = E[X2]− (E[X ])2

= e2µ+2σ2
− e2µ+σ2

= e2µ+σ2
(eσ2−1).
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Truncated expectations of log-normal distribution

When the domain of a certain probability distribution is constrained, a resulting conditional

distribution is known as a truncated distribution. Here we introduce the way of calculating

the expectation of such distribution, which we will later use to find the solution of the Black-

Scholes option pricing model.

Let us consider the truncated expectation

E [x1x≤a] ,

where,X ∼ L N (µ,σ2) and a > 0.

Let

Z =
ln(x)−µ

σ
∼ N (0,1).

Then we can write X = eµ+σZ and the truncated expectation of X will take the form of

E [x1x≤a] = eµE
[

eσZ
1

Z≤
(

ln(a)−µ

σ

)] (3.4)

Using the substitution

c =
(ln(a)−µ)

a
,

and write as

E
[
eaZ

1x≤c
]
=
∫ c

−∞

eaZ e
−z2

2
√

2x
dz.

To complete the square in integral above and make evaluation easier we use the fact that we

can write

σz− z2

2
=

z2

2
− (z−σ)2

2
.

Then we have

E
[
eaZI{x≤c}

]
= e

σ2
2

∫ c

−∞

e
−(z−σ)2

2
√

2x
dz

= e
σ2
2 N(c−σ).
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Substituting back and comparing with (3.4) we have the following result.

E [x∞x≤a] = eµ+σ2
2 N
(

ln(a)−µ

σ
−σ

)
(3.5)

Next for the other side truncated part: ∞x>a we use the fact that: ∞x>a = 1−∞x≤a Therefore,

we can write its truncated expectation as

E [X∞x>a] = E [X (1−∞x≤a)]

= E [X ]−E [∞x≤a]

= eµ+σ2
2 − eµ+σ2

2 N
(

ln(a)−µ

σ
−σ

)
= eµ+σ2

2

(
1−N

(
ln(a)−µ

σ
−σ

))
= eµ+σ2

2 N
(
−
(

ln(a)−µ

σ
+σ

))
.

3.3.4 Stop-loss formula
Definition. (Boudreault & Renaud, 2019) The function is defined by

(x)+ = max{x,0}=

0 if x ≦ 0

x if x > 0
(3.6)

is known as the positive part function.

Definition. (Boudreault & Renaud, 2019) For a fixed real number a, we consider the maxi-

mum function x 7→ max{x,a}, defined by

max{x,a}=

a if x ≦ a

x if x > a
(3.7)

with this notation, a is a parameter of the function while x is the variable. Here if a = 0 we

get the positive part function hence maximum function is the generalization of the positive

part function.
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Definition. For a fixed real number a, we will call the function x 7→ (x− a)+, the stop-loss

function at a. It can be written using the positive part function

(x−a)+ = max{x−a,0}=

0 if x ≦ 0

x−a if x > 0
(3.8)

For the stop-loss function (3.8) Its stop-loss transform is given by

E[(X −a)+] = E[X∞{x>a}]−aE[1{x>a}] (3.9)

= E[X∞{x>a}]−aP(X > a) (3.10)

If we use equation (3.5) in equation (3.9) we get the following useful results

E
[
(X −a)+

]
= eµ+σ2

2 N
(
− ln(a)−µ

σ
+σ

)
−aN

(
− ln(a)−µ

σ

)
(3.11)

Definition. (Williams, 1991) A filtered space is, (Ω,F ,(F )∞

n=0), where (Ω,F ,P) is a prob-

ability space and F0 ⊆ F1 ⊆ F2 ⊆ ·· · ⊆ F are σ − algebras, jointly called filtration. It

can also be defined as F∞ := (∪nFn)⊆ F .

Definition. (Williams, 1991) A process (sequence of random variables) Xn is said to be

adapted to the filtration (Fn)n ≥ 0, if for every n, the variable Xn is Fn −measurable .

Definition. (Williams, 1991) A process (Mn)n≥0 in a probability space (Ω,F ,P) is a mar-

tingale with respect to a filtration (Fn)n≥0, if

• It is adapted to (Fn)n≥0,

• E |Mn|< ∞ ∀n ≥ 0 and

• E(Mn+1|< ∞) = Mn a.s ∀n ≥ 0.

If instead, in the last equality, we have ≤, then we call M a super martingale, while if it is ≥

then it is a sub martingale.
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Definition. A function f : [0,∞)−→ R is of strictly sub linear growth if

lim
x→∞

f (x)
x

= 0.

u : [0,∞)× [0,T ]−→ R is of strictly sub linear growth if

|u(x, t)| ≤ f (x).

Consider a function g:I −→R, where I is an interval in R. We say that g is a convex function

if, for any two points x and y in I and any α ∈ [0,1] , we have

g(αx+(1−α)y)≤ αg(x)+(1−α)g(y).

We say that g is concave if

g(αx+(1−α)y)≥ αg(x)+(1−α)g(y).

Theorem 3.1 (Monotone Convergence Theorem(Bartle & Sherbert, 2000)). A monotone

sequence of real numbers is convergent if and only if it is bounded. Furthermore

(a) If a = (an) is a bounded increasing sequence, then

lim
n→∞

an = sup{an : n ∈ N}.

This implies that for a sequence a = (an) that is both monotone increasing and bounded, its

limit exists and is equal to the supremum of the set of its terms.

(b) If b = (bn) is a bounded decreasing sequence, then

lim
n→∞

bn = inf{bn : n ∈ N}.

This indicates that for a sequence b = (bn) that is monotone decreasing and bounded, its

limit exists and is equal to the infimum of the set of its terms.
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Theorem 3.2 (Jensen’s Inequality (Björk, 2009)). If g(x) is a convex function on RX and

E[g(X)] and g(E[X ]) are finite, then for any distribution P on M we have the following.

Em∼p[g(X)]≥ g(Em∼p[X ]). (3.12)

Proof. Let M = {m1,m2, . . . ,mk} assuming that M is finite, Xi = X(mi) and p1 = P(mi). We

use proof by mathematical induction.

First, we check the theorem for M = 2. From inequality we have

Em∼p[g(X)] = p1g(x1)+ p2g(x2)

≥ g(p1x1 + p2x2)

= g(Em∼p[X ]).

Hence it worked for the initial steps of induction. Next, we assume for M = k−1

Em∼p[g(X)]≥ g(Em∼p[X ]).

= g(p1x1 + p2x2 + p3x3 + · · ·+ pk−1xk−1)

Finally, we will check if it works for M = k

Em∼p[g(X)] = p1g(x1)+ p2g(x2)+ p3(x3)+ · · ·+ pkg(xk)

= (p1 + p2)

((
p1

p1 + p2

)
g(x1)+(

(
p2

p1 + p2

)
g(x2)

)
+ p3g(x3)+ · · ·+ pkg(xk)

≤ (p1 + p2)g
((

p1

p1 + p2

)
x1 +

(
p2

p1 + p2

)
x2

)
+ p2g(x3)+ · · ·+ pkg(xk)

Now from induction assumptions inequality hold for m = k−1, Hence:

≤ g
(
(p1 + p2)

(
p1x1

p1 + p2
+

p2x2

p1 + p2

)
+ p3x3 + . . . pkxk

)
= g(p1x1 + p2x2 + p3x3 + · · ·+ pkxk)

= g(Em∼M[X ])

Therefore, it is proved by mathematical induction.
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3.3.5 Stochastic Process
Definition. (L. C. Evans, 2012) The Borel subsets of Rn, denoted B comprise the smallest

σ -algebra of subsets of Rn containing all open sets.

Definition. (L. C. Evans, 2012) Let (Ω,F ,P) be a probability space. A mapping

X : Ω 7→ Rn

is called an n-dimensional random variable if for each B ∈ B we have

X1(B) ∈ F

We equivalently say that X is F -measurable.

Example 1. If A1,A2, . . . ,Am ∈F , with Ω =∪∞
i=1Ai and and a1,a2, . . . ,am are real numbers,

then

X =
m

∑
i=1

ai1A

Where, 1A is indicator function of A defined as:

1A(ω) =

1 if ω ∈ A,

0 if ω /∈ A

is a random variable, called a simple function.

A stochastic process is defined as a collection of random variables X = (Xt)t∈T defined

on the same probability space (Ω,F,P) and indexed by time. Where T is associated with the

set of days or years for some fixed T ∈ N and the triple (Ω,F,P) is probability space.

3.3.6 Brownian Motion
In 1827, when botanist Robert Brown examined particles found in pollen grains under a

microscope, he saw that the particles moved through the water, but he was unable to identify

the mechanisms causing this mobility(Nelson, 2020). The direction of the force of atomic

bombardment is constantly changing. At different times particle is hit more on one side than

another, leading to the seemingly random nature of the motion. Brownian motion describes

the random movement of particles floating in a fluid resulting from the fluid’s fast-moving

atoms or molecules bombarding them (Mörters & Peres, 2010).
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Definition. (Mörters & Peres, 2010) Brownian motion is a stochastic process B(t) charac-

terized by the following three properties

1. B(0) = 0; It starts at time t = 0.

2. Normal Increments: B(t)−B(s) has a normal distribution with mean 0 and variance

t − s.

3. Independence of Increments: B(t)−B(s) is independent of the past.

4. Continuity of Paths: B(t), t > 0are continuous functions of t.

These three properties alone define Brownian motion, but they also show why Brow-

nian motion is used to model stock prices. Property 2 shows stock price changes will be

independent of past price movements.

Linear Brownian motion

Linear Brownian motion, also known as arithmetic Brownian motion is obtained by trans-

forming a standard Brownian motion using an affine function(Boudreault & Renaud, 2019).

For two constants µ ∈ R and σ > 0, we define the corresponding linear Brownian motion,

formed from X0 ∈ R by X = {Xt , t ≥ 0} where,

Xt = X0 +µt +σWt

Here,µ is called the drift coefficient and σ is the volatility coefficient or diffusion coefficient

of X

Geometric Brownian motion

A geometric Brownian motion is obtained by modifying a linear Brownian motion with an

exponential function(Boudreault & Renaud, 2019). For two constants µ ∈ R and σ > 0, we

define the corresponding geometric Brownian motion, formed from S0 ∈R by X = {St , t ≥ 0}

where,

St = S0exp(µt +σWt) = eXt (3.13)

where X is a linear Brownian motion obtained from X0 = ln(S0), with drift coefficient µ

and volatility coefficient σ . Therefore, a geometric Brownian motion is a continuous-time
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stochastic process taking only positive values.

3.3.7 Stochastic Differential Equation
Differential equations describe the evolution of systems. Stochastic Differential Equa-

tions (SDEs) come into play when random noise is introduced into these equations. Let

(Ω,F ,P) be a probability space, and consider Xt , t ≥ 0 as a stochastic process X : Ω ×

[0,∞)→ R.

Assume that a(Xt , t) : Ω×R×R+ →R and b(Xt , t) : Ω×R×R+ →R are stochastically

integrable functions of t ∈ R+. Then, the equation:

dXt = a(Xt , t)dt +b(Xt , t)dWt (3.14)

where Wt is the geometric Brownian motion, is known as a stochastic differential equation.

Equation (SDE) symbolically represents the stochastic integral equation:

Xt = X0 +
∫ t

0
a(Xs,s)ds+

∫ t

0
b(Xs,s)dWs (3.15)

The functions a(Xt , t) and b(Xt , t) are referred to as the drift term and diffusion term,

respectively.

Well posed problem
Definition. (Strauss, 2007) A partial differential equation in a domain with initial and

boundary conditions is said to well posed if it satisfies the following conditions

• Existence: There exists at least one solution u(x, t) satisfying all these conditions.

• Uniqueness: There is at most one solution.

3.3.8 Ito’s Formula
Ito’s formula (Commonly called Ito’s chain rule) is very useful for evaluating stochastic

integrals.

Definition. (Mikosch, 1998) An Ito process or stochastic integral is a stochastic process on

(Ω, F , P) adopted to Ft which can be written in the form:

Xt = X0 +
∫ t

0
Usds+

∫ t

0
VsdBs (3.16)
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Equation(3.16) can be written in a stochastic differential equation as follows.

dXt =Utdt +VtdBt (3.17)

Example 2. B2
t is an Ito’s process.

Theorem 3.3 (Ito’s Formula). :

Let Xt be an Ito process given by dXt = µ(t,Xt)dt +σ(t,Xt)dWt , where Wt is a Wiener

process. Consider a function f (t,Xt) that is continuously differentiable in t and twice con-

tinuously differentiable in Xt . Then, Yt = f (t,Xt) satisfies:

dYt =

(
∂ f
∂ t

+µ
∂ f
∂x

+
1
2

σ
2 ∂ 2 f

∂x2

)
dt +σ

∂ f
∂x

dWt

Proof. Let Yt = f (t,Xt). We want to find dYt using Taylor’s expansion.

Consider the function f (t +∆t,Xt+∆t) expanded about (t,Xt) using Taylor’s theorem

f (t +∆t,Xt+∆t) = f (t,Xt)+
∂ f
∂ t

∆t +
∂ f
∂x

∆Xt +
1
2

∂ 2 f
∂ t2 (∆t)2 +

1
2

∂ 2 f
∂x2 (∆Xt)

2 +R(∆t,∆Xt)

where R(∆t,∆Xt) is the remainder term. Dividing both sides by ∆t and taking the limit

as ∆t → 0 gives

f (t +∆t,Xt+∆t)− f (t,Xt)

∆t
≈ ∂ f

∂ t
+

∂ f
∂x

dXt

dt
+

1
2

∂ 2 f
∂ t2 ∆t +

1
2

∂ 2 f
∂x2

(
dXt

dt

)2

Rewriting dXt using the Ito process dXt = µdt +σdWt

dXt

dt
= µ(t,Xt)+σ(t,Xt)

dWt

dt
= µ +σ

dWt

dt
= µ +σ ·0 = µ

Hence,

f (t +∆t,Xt+∆t)− f (t,Xt)

∆t
≈ ∂ f

∂ t
+

∂ f
∂x

µ +
1
2

∂ 2 f
∂ t2 ∆t +

1
2

∂ 2 f
∂x2 µ

2

Multiply both sides by ∆t and rearrange terms

f (t +∆t,Xt+∆t)− f (t,Xt)≈
∂ f
∂ t

∆t +
∂ f
∂x

µ∆t +
1
2

∂ 2 f
∂ t2 (∆t)2 +

1
2

∂ 2 f
∂x2 µ

2
∆t
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Divide both sides by ∆t and take the limit as ∆t → 0

d f =
∂ f
∂ t

dt +
∂ f
∂x

dXt +
1
2

∂ 2 f
∂ t2 dt +

1
2

∂ 2 f
∂x2 dX2

t

Using the property dX2
t = σ2dt in the Ito process

d f =
(

∂ f
∂ t

+µ
∂ f
∂x

+
1
2

σ
2 ∂ 2 f

∂x2

)
dt +σ

∂ f
∂x

dWt

This proves Ito’s Lemma,where Wt is Wiener process

3.3.9 Feynman-Kač formula
The Feynman-Kač formula provides a solution to partial differential equations as the

family of parabolic PDEs. This solution is expressed as the conditional expectation of a

diffusion process sampled at a fixed time. In this section, we introduce the suitable version

of the formula for our case (option pricing).

Given the partial differential equation of the form

∂F
∂ t

(t,x)+a(x)
∂F
∂x

+
1
2

b2(x)
∂ 2F
∂x2 (t,x)− rF(t,x) = 0 (3.18)

Given a parameter r > 0 and given functions a(.), b(.), h(.).For T > 0 is fixed and all (t,x) ∈

(0,T )×R with final condition F(T,x) = h(x), for all x ∈ R. Then the solution to the PDE

(3.18 )is given by:

F(t,x) = e−r(T−t)E[h(XT )|Xt = x] (3.19)

where {Xs,s ≥ 0} is the diffusion process determined by the following SDE

dXs = a(Xs)ds+b(Xs)dWs (3.20)

3.3.10 Portfolio
Investors naturally try to reduce their risk in investment. There may be different ways of

reducing and avoiding risk. One of these is using a portfolio in investment. Portfolio invest-

ing capital on different assets that are not correlated. Hence, a Portfolio is any collection of

financial assets such as stocks, bonds, and cash equivalents held by an investment institution

or company.
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Arbitrage Portfolio

A portfolio is said to be an arbitrage portfolio if today it has zero value, and in the future,

it has a positive value. There is no doubt that arbitrage occurs in reality. One illustration is

the simple difference in prices for various assets in various marketplaces. A person could

be able to purchase something in one market, sell it for more money in another market,

and make a profit. But situations like these are typically resolved swiftly. When arbitrage

possibilities arise, others catch wind of them and seize them, driving up prices and making

the opportunities disappear.

3.3.11 Self Financing strategy
A trading strategy (Θ, ∆) is said to be self-financing if, when it is rebalanced, no money is

injected or withdrawn: This means the portfolio value, before re-balancing and the portfolio

value after re-balancing is equal (Boudreault & Renaud, 2019). A self-financing portfolio

is a trading strategy where the value of the portfolio at any time after a transaction is equal

to its value before that transaction. Therefore for such a trading strategy, since the portfolio

does not require any additional investments, any change in its value is caused by a change in

the value of the stocks.(Ayana & Al-Swej, 2021).

It is mathematically given as

ΘkBk +∆kSk = Θk+1Bk +∆k+1Sk (3.21)

Definition (Self-Financing Portfolio). A portfolio process {θ(t); t = 1,2, . . . ,T} is said to

be self-financing if

V (t) =
n

∑
i=0

θi(t +1)∆Si(t), t = 0,1, . . . ,T −1. (3.22)

In Equation (3.22), the left-hand side is the portfolio value at time t that represents the

value of the portfolio before any transactions are made, while the right-hand side is the time-t

value of the portfolio just after any transactions take place at that time.

3.3.12 Replicating portfolio
A replicating portfolio is a collection of securities designed to resemble (replicate) the

market values or cash flows of a collection of liabilities over a wide range of stochastic

situations(Boekel & Verheugen, 2009).
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A contingent claim is a random variable X representing a payoff at some future time T

. Contingent claim can be considered as part of a contract that a buyer and a seller make at

the current time t = 0. The seller promises to pay the buyer the amount X(ω) at time T if

the state ω ∈ Ω occurs in the economy. Hence, when viewed at time t = 0, the payoff X is a

random variable.

Definition. (Kijima, 2016) A contingent claim X is said to be attainable if there exists some

self-financing trading strategy {θ(t) : t = 1,2, . . . ,T} called a replicating portfolio, such that

V (T ) = X. That is,

X =V (0)+
n

∑
i=0

T−1

∑
t=0

θi(t +1)∆Gi(t) (3.23)

for some self-financing portfolio process {θ(t)}. In this case, the portfolio process is said to

generate the contingent claim, X.
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Chapter Four

Analysis of Black–Scholes Equation and Its

Application in Finance
In this chapter, we discuss the Black-Scholes equation. Some mathematical and financial

preliminaries will be used to derive the equation.

4.1 Stock Price Model
Stock prices move randomly because of the efficient market hypothesis. There are differ-

ent forms of this hypothesis, but the following two things are commonly considered(Del Giu-

dice et al., 2015).

(i). The history of the stock is fully reflected in the present price.

(ii). Markets respond immediately to new information about the stock.

With these two assumptions, changes in a stock price follow a Markov process. A Markov

process is a stochastic process where only the present value of the variable is relevant for

predicting the future(Ross, 2014). The stock model states that predictions for the future

price of the stock should be unaffected by the price one week, one month, or one year ago.

Now consider the price of a stock S at time t. Consider a small time interval dt during

which the price of the underlying asset S changes by an amount dS. The most common model

separates the return on the asset,dS/S into two parts. This first part is typically risk-free and

completely deterministic. This part yields a contribution of:

µdt

to dS/S. Here µ is a measure of the average rate of growth of the stock, also known as the

drift. In this model, µ is assumed to be the risk-free interest rate on a bond, but it can also be

represented as a function of S and t. The second part of the model takes into consideration

the stochastic fluctuations in the stock price that arise from external variables, including

unexpected news. It contributes in the following ways and is best represented by a random
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sample taken from a normal distribution with a mean zero:

σdBt

to dS/S. In this formula, σ is defined as the volatility of the stock, which measures the

standard deviation of the returns. Like the term µ , σ can be represented as a function of S

and t. The B in dB denotes Brownian motion. Putting this information together, we obtain

the stochastic differential equation

dS/S = µdt +σdBt (4.1)

4.2 Deriving Black–Scholes Equation
The basic assumptions of the Black–Scholes model are the following:

1. Markets are always open.

2. There is no cost arbitrage.

3. The risk-free interest rate is constant over time.

4. The volatility of the price of the underlying asset is constant.

5. The underlying asset’s price movements follow a log-normal distribution, which im-

plies a normal distribution of capitalized returns.

6. The underlying asset does not pay dividends.

The Black-Scholes model is a continuous-time financial market model composed of two

assets(Boudreault & Renaud, 2019): risk-free asset {Bt , t ≥ 0} and a risky asset {St , t ≥ 0}.

The following ODE can determine the dynamics of the price of the risk-free asset

dBt = rBtdt (4.2)

Its solution is Bt = B0ert .

The following SDE can determine the dynamics of the price of the risky asset

dSt = µStdt +σStdWt (4.3)
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The solution for (4.3) is given by geometric Brownian motion

St = S0e(µ−
σ2
2 )t+σWt

We can now, consider a simple option with payoff VT = h(ST ). We want to compute the

no-arbitrage price of this derivative and find its replicating portfolio. And let us assume the

value Vt of this option at any time t will be,F(t,St), where F(t,x) is a sufficiently smooth

function.We assume also that there exists a replicating portfolio {(Θt ,∆t),0 ≤ t ≤ T} for this

payoff VT = ΠT , where

ΠT = ∆T ST +ΘT BT ,

By the no-arbitrage principle, we have Vt = Πt , for all 0 ≤ t ≤ T , where the value of repli-

cating portfolio at time t is given by

Πt = ∆tSt +ΘtBt ,

Therefore by these assumptions, we have F(t,St) = Πt for all 0 ≤ t ≤T. We now assume

the functions F(t,St) and replicating portfolio {(Θt , ∆t ), 0 ≤ t ≤ T} exist.We then find a

trading strategy that is both replicating and self-financing.

In a continuous-time model, the self-financing condition is given by the following stochastic

equation

dΠt = ΘtdBt +∆tdSt (4.4)

Since F(t,St) = Πt , for all 0 ≤ t ≤ T we have:

dΠt = dF(t,St)

This means, that at each instant, the variation in the portfolio value must match the variation

in the derivative’s price. It is known as the replicating condition. dF(t,St) can be written

using Ito’s formula as

dF(t,St) =
∂F
∂ t

(t.St)dt +
∂F
∂x

(t,St)dSt +
1
2

σ
2S2

t
∂ 2F
∂x2 (t,St)dt
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Substituting for dSt , as given by equation (4.3) We have:

dF(t,St) =
∂F
∂ t

(t,St)dt +
∂F
∂x

(t,St)(µStdt +σStdWt)+
1
2

σ
2S2

t
∂ 2F
∂x2 (t,St)dt (4.5)

Equation (4.5) can be re-arranged as

dF(t,St) =

(
∂F
∂ t

(t,St)+
∂F
∂x

(t,St)µSt +
1
2

σ
2S2

t
∂ 2F
∂x2 (t,St)

)
dt +

(
∂F
∂x

(t,St)σSt

)
dWt

(4.6)

On the other hand since Πt = F(t,St), the self financing condition (4.4) is given by:

dF(t,St) = ΘtrBtdt +∆t(µStdt +σStdWt) (4.7)

In equation (4.7) We have substituted equation (4.2) and (4.3) for the terms dBt and dSt

respectively.

Next, equation (4.7) can be written as

dF(t,St) = rF(t,St)dt +(µ − r)∆tdStdt +σ∆tdStdWt (4.8)

We have used in equation (4.8) the fact that ΘtBt = F(t,St)−∆dSt from the definition of

the portfolio’s value. In comparing equations (4.6) and (4.8) We have the following pair of

equation


rF(t,St)+(µ − r)∆tSt =

∂F
∂ t (t,St)+µSt

∂F
∂x (t,St)+

1
2σ2S2

t
∂ 2F
∂x2 (t,St)

σSt∆t = σSt
∂F
∂x (t,St)

(4.9)

Now, from the second equation of (4.9), we get

∆t =
∂F
∂x

(t,St) (4.10)

Then using the relation (4.10) in the first equation of (4.9) We will arrive at the desired

Black-Scholes partial differential equation. The equation is given as:

∂F
∂ t

(t,x)+ rx
∂F
∂x

(t,x)+
1
2

σ
2x2 ∂ 2F

∂x2 (t,x)− rF(t,x) = 0 (4.11)
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With boundary (final) condition F(T,x) = h(x), where h is the payoff function.

4.3 Well Posedness of the Black–Scholes PDE
In this section, we will prove the well-posedness of the Black-Scholes equation. The the-

ory of well-posedness which is associated with the existence and uniqueness of the solution

has a vital role in the study of differential equations.

4.3.1 Existence and Uniqueness of the solution

Existence
Here we will show that there is at least one solution to the Black–Scholes equation (4.11).

To do so we state the following theorem and prove it.

Theorem 4.1. Assume that the payoff function defined as g : [0,∞] −→ [0,∞] is continuous

and of at most linear growth. Then the option price u defined as:

u(x, t) = Ex,tg(X(T )) (4.12)

is the classical solution to the Black-Scholes equation. Moreover, it is of at most linear

growth.

Proof of theorem 4.1 guarantees the existence of at least one classical solution to the

Black–Scholes equation.

Proof:

Since g is at most linear function without the loss of generality we can assume

g(x)≤C(1+ x)

Then we have

u(x, t) = Ex,tg(X(T ))

≤CEx,t(1+(X(T )))

=C(1+ x)

Because X is a super martingale. Here we have shown that u is at most linear growth.

Next, we show that u is the classical solution to the Black-Scholes equation.
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First, let’s check u satisfies the initial conditions.

Let Xx,t(s) be the solution to

dX(t) = α(X(t), t)dW

and also Let,

XM
x,t(S) = Xx,t(S∧ γM)

where,

γMin f{s ≥: Xx,t(s)≥ M}

Then XM is a bounded local martingale and hence it is a martingale. The path of XM
x,t and XM

y,t

are independent,hence we have the following result

E
∣∣XM

x,t(T )−XM
y,t (T )

∣∣= |x− y| (4.13)

For continuity in the initial time variable , Let t1 ≤ t2 with t2 − t1=δ and

E |xt1(t2)− x|2 = E
∫ t2

t1
α

2(Xx,t1(S),S)1s≤τM dS ≤Cδ (4.14)

where,

C = max
{

α
2(x, t);(x, t) ∈ [0,M]× [0,T ]

}
Let ε > and η > 0. conditioning on XM

x,t1(t2), it follows from (4.13)that

P
(∣∣XM

x,t2(T )−Xx,t1(T )
∣∣> ε; |Xx,t1(t2)−X | ≤ δ0

)
≤ η

2

for some δ0 > 0, Let δ =
ηδ 2

0
2C .

Next, if we apply Chebychev’s inequality to (4.14) we have:

P
(∣∣∣XM

x,t1(T )−Xx,t1(T )M

∣∣∣> ε

)
≤ η (4.15)

provided that t2 − t1 ≤ δ

From (4.13) and (4.15) we have

XM
y,s(T )−→ XM

x,t(T )
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As (y,s) −→ (x, t) Let we again assume g be non negative concave function with g(0) = 0

We claim that

uMx, t = Eg(Xx,t(T ))1{T<γ}

satisfies

uM
t +

α2

2
uM

xx = 0

For (x, t) ∈ [o,M)× [0,T ) and

lim
(y,s)→(x,T )

uM(y,S) = g(x),∀x ∈ (0,M)

To show our claim let gn : [0,M] −→ R be an increasing sequence of continuous functions

such that gn(M) = 0 and gn(x) ↑ g(x) ∀x ∈ [0,M].

Now each gn is bounded and hence the family

{
gn
(
xM

y,s(T )
)}

(y,s) ∈ v

where v is some small neighborhood of (x, t), is uniformly integrable. Consequently, the

functions

uM
n (x, t) ↑ Egn(XM

x,t(T ))

are continuous on [0,M]× [0,T ] Since α(x, t) > 0 for a positive x a continuous stochastic

solution is a classical solution, so uM
n satisfies the Black–Scholes equation in [0,M]× [0,T ].

By monotone convergence theorem

uM
n (x, t) ↑ uM(x, t) as n → ∞ (4.16)

Hence, the function uM solves the Black–Scholes equation on (0,M)× [0,T ) and (4.16) gives

liminf
(y,s)→(x,t)

uM(y,s)≥ g(x)

But since g is concave we have

uM(x, t)≤ g(x)∀(x, t)

This ends the proof of our claim.
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Again for u(x, t) = Eg(Xx,t(T ));

uM(x, t) ↑ u(x, t) as M → ∞ by monotone convergence theorem

Therefore u will be the solution of the Black–Scholes equation on (0,∞)× [0,T ), hence ex-

istence proved.

Uniqueness of solution

Here, we show that the classical solution found above is unique. To show the uniqueness of

the solution it needs to restrict the class of function. to do so we state and prove the following

theorem.

Theorem 4.2. Assume that the payoff function g is strictly sub-linear growth. Then the option

price u is the unique classical solution of strictly sub-linear growth to the Black–Scholes

equation.

Proof. From theorem 4.1 we have u as the classical solution to the Black–Scholes equation.

If g is of strictly sublinear growth, then so is its smallest concave majorant ḡ. then we have

For monotone function g

ḡ(Ex,tX(T ))≤ ḡ(x)

Jensen’s inequality

ḡ(Ex,tX(T ))≥ Ex,t ḡ(X(T ))

Therefore

u(x, t)≤ ḡ(x)

Thus u is a solution of strictly sub-linear growth.

To prove uniqueness we assume that there is another classical solution to the equation.

Suppose that v is the classical solution to
vt =

1
2α2vxx

v(x,0) = 0

v(0, t) = 0
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of strictly sub-linear growth.

If we use the standard change of variable: t → T − t the terminal condition will be replaced

by the initial condition.

Next, define h(x, t) as follows

h(x, t) = et(1+ x)

and

vε(x, t) = v(x, t)+ εh(x, t)

Then,

vε
t −

1
2

α
2vε

xx = εht − ε
1
2

α
2hxx

= εet(1+ x)

> 0

(4.17)

Again, define:

Γ = {(x, t) ∈ [0,∞) × [0,T ] : vε(x, t)< 0}

And now, we claim that Γ is not empty. Let,

t0 = inf
{

t ∈ [0, t] : ∃x ∈ [0,∞),(x, t) ∈ Γ̄
}

(4.18)

Since, vε is of linear growth the set Γ is contained in [0,M]× [0,T ] for some constant

M.Which shows that Γ̄ is compact and (4.18) is attained for some points (x0, t0) with vε(x0, t0)=

0.

On other hand since

vε(0, t) = εet > 0

And

vε(x,0) = 1+ x > 0

We have both x0 , t0 > 0 But, from definition of t0 the function: x ↣ vε(x, t0) has a minimum

value at x = x0 . Therefore we have the following result

vε
xx ≥ 0
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in similar manner we get vε
t ≤ 0.

Therefore

vε
t −

1
2

α
2v2

xx ≤ 0 (4.19)

But we can observe that equation (4.19) contradicts with (4.17). From this contradictions Γ

is empty and vε ≥ 0. But since ε is arbitrary we specify it to v ≥ 0.

Next, we will do the same thing for −v to arrive at v ≤ 0.

From these two results, it follows that v is identically zero. hence our equation has a

unique solution.

4.4 Solving Black–Scholes Equation Using Feynman-Kac

Formula
We have discussed the derivation of the Black-Scholes equation by the self-financing

approach in section 4.2. Now, in this section, we will obtain an analytical solution to the

equation (4.11) by using the Feynman-Kac formula introduced in the previous chapter.

Considering,
∂F
∂ t

(t,x)+ rx
∂F
∂x

(t,x)+
1
2

σ
2x2 ∂ 2F

∂x2 (t,x)− rF(t,x) = 0

According to (3.18), we can identify the parameters as follows:

a(x) = rx

b(x) = σx

Hence, the diffusion process (3.20) can be written as

dXs = rXsds+σXsdWs

This equation is the same as the geometric Brownian motion introduced in 3.3.6. Its solution

is given as

Xs = X0exp
(

r− σ2

2

)
s+σWs (4.20)

Using Feynman Kac formula (3.19) the solution for the differential equation is given by

F(t,x) = e−(T−t)E [h(XT )|Xt = x]
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we next form independence between XT and Xt in the following way

F(t,x) =e−(T−t)E [h(XT )|Xt = x]

=e−(T−t)E

[
h

(
XT
Xt
Xt

)
|Xt = x

]

=e−(T−t)E
[

h
(

x
XT

Xt

)]

Substituting for Xt from equation (4.20) It can be written as

F(t,x) = e−(T−t)E

[
h

(
x

X0exp(r− σ2

2 )T +σWT

X0exp(r− σ2

2 )t +σWt

)]

which can finally be simplified to

F(t,x) = e−(T−t)E
[

h
(

xexp
{(

r− σ2

2

)
(T − t)+σ(WT −Wt)

})]
(4.21)

Equation (4.21) is the pricing formula for simple derivatives with payoff VT = h(ST ) (Boudreault

& Renaud, 2019).

Again in (4.21) the function h(ST ) is the final value for the pricing formula. Hence we

can now simply calculate the value of the call option and put option by substituting their final

values.

4.4.1 Solution for European option
We will substitute the notation F(t,x) with C(t,S). In the case of the Call option, the

final condition will be the payoff given by C(T,S) = (S−K)+ as given by equation (1.1).

Therefore from equation (4.21) we have

C(t,S) = e−(T−t)E
[(

Sexp
{(

r− σ2

2

)
(T − t)+σ(WT −Wt)

}
−K
)
+

]
(4.22)

The expectation above is the stop-loss transform of a log-normally distributed random vari-

able.

Hence,

Sexp

{(
r− σ2

2

)
(T − t)+σ(WT −Wt)

}
∼ L N

(
ln(S)+

(
r− σ2

2

)
(T − t),σ2(T − t)

)
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Therefore using the stop-loss transform formula given by equation (3.11),equation(4.22) can

be written as

C(t,S) = e−(T−t)
[

eµ+σ2
2 N
(
− ln(K)− r

σ
−σ

)
−KN

(
− ln(k)− r

σ

)]
(4.23)

But the value for the stock price is log-normally distributed with mean r− σ2

2 and standard

deviation σ2

ln
(

ST

S0

)
∼ N

((
r− σ2

2

)
T,σ2T

)
(4.24)

From (4.23) and (4.24) we have the value for the call option as follows

C(t,S) = SN(d1)−Ke−r(T−t)N(d2), 0 ≤ t ≤ T, (4.25)

where,

d1 =
ln(S/K)+

(
r+ σ2

2

)
(T − t)

σ
√
(T − t)

(4.26)

d2 = d1 −σ
√

(T − t) (4.27)

Put-call parity relationship for the European option is given as

C(t,S)+ k = S+P(t,S),

Using this formula we obtain the put option as follows

P(t,S) = S [N(d1 −1)]+K[1− e−r(T−t)N(d2)] (4.28)

d1 and d2 are the same as given in equation (4.26)
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4.5 Computations and Simulations

Montecarlo Simulation
Monte Carlo simulations are a class of computational algorithms that use repeated ran-

dom sampling to solve problems with a probabilistic interpretation. The main goal of Monte

Carlo simulations is to generate many sample possible outcomes or scenarios-often over a

set amount of time. The next step is discretization, which is the division of the horizon into

a given number of time steps.

Algorithm for Monte Carlo Simulation

To compute the stock return prediction using Montecarlo simulation in Python we follow the

following algorithm.

• Importing libraries.

• Defining the parameters for downloading data. This includes the data to be down-

loaded with starting and ending date

• Downloading the data from Yahoo Finance

• Dividing the data into the training and test sets.

• Defining the function for running Montecarlo’s simulation

• Running the simulations.

Numerical
In most cases, it is very difficult to obtain the analytical solution of a partial differential

equation, even if we obtain an analytical solution but in a very complex form. Therefore

one needs to solve the PDE numerically. The finite difference method is one of the popular

methods that have been used to solve partial differential equations. In this section, a finite

difference scheme is developed in order to solve the Black-Scholes model numerically. Finite

Difference Method aims to represent the differential equation in the form of a difference

equation. We form a grid by considering equally space time values and stock price values.

Consider an American put option on a stock paying no dividend. The differential equation
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that the option must satisfy is

∂ f
∂ t

+ rS
∂ f
∂S

+
1
2

σ
2S2 ∂ 2 f

∂S2 = r f (4.29)

Let the life of the option is T . Divide this into N equally spaced intervals of length ∆t = T
N .

A total of N +1 times are therefore considered

0,∆t,2∆t, . . . ,T

Suppose that Smax is a stock price sufficiently high that, when it is reached, the put has

virtually no value. We define ∆S = Smax
M and consider a total of M + 1 equally spaced stock

prices:

0,∆S,2∆S, . . . ,Smax

The time points and stock price points define a grid consisting of a total of (M +1)(N +1)

points, as shown in Figure 4.1. Define fi, j as the value of f at time i∆t when the stock price

is j∆S.

Figure 4.1: Grid for finite difference approach
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Implicit Finite Difference Method

For an interior point (i, j) on the grid, ∂ f
∂S can be approximated as

∂ f
∂S

=
fi, j+1 − fi, j

∆S
(4.30)

or as
∂ f
∂S

=
fi, j − fi, j−1

∆S
(4.31)

Equation (4.30) is known as the forward- difference approximation; equation (4.31) is

known as the backward difference approximation. By averaging the two

∂ f
∂S

=
fi, j+1 − fi, j−1

2∆S
(4.32)

For ∂ f
∂ t , we will use a forward difference approximation so that the value at time i∆t is related

to the value at time (i+1)∆t
∂ f
∂ t

=
fi+1, j − fi, j

∆t
(4.33)

Consider next ∂ 2 f
∂S2 . The backward difference approximation for ∂ f

∂S at the (i, j) point is given

by equation (4.31). The backward difference at the (i, j+1) point is

fi, j+1 − fi, j

∆S

Hence a finite difference approximation for ∂ 2 f
∂S2 and the (i, j) point is

∂ 2 f
∂S2 =

(
fi, j+1 − fi, j

∆S
−

fi, j − fi, j−1

∆S

)
/∆S or

∂ 2 f
∂S2 =

fi, j+1 + fi, j−1 −2 fi, j

∆S2 (4.34)

Substituting equation (4.32), (4.33), and (4.34) into the differential equation (4.29) and not-

ing that S = j∆S gives

fi, j+1 − fi, j

∆t
+ r j∆S+

fi, j+1 − fi, j−1

2∆S
+

1
2

σ
2 j2

∆S2 fi, j+1 + fi, j−1 −2 fi, j

∆S2 = r fi, j (4.35)
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for j = 1,2, . . . ,M−1 and i = 0,1, . . . ,N −1. Rearranging terms, we obtain

a j fi, j−1 +b j fi, j + c j fi, j+1 = fi+1, j (4.36)

where,

a j =
1
2

r j∆t − 1
2

σ
2 j2

∆t

b j = 1+σ
2 j2

∆t + r∆t

c j =−1
2

r j∆t − 1
2

σ
2 j2

∆t

The value of the put at time T is max(K −ST ,0). Hence,

fN, j = max(K − j∆S,0), j = 0,1, . . . ,M (4.37)

The value of the put option when the stock price is zero is K. Hence

fi,0 = K, i = 0,1, . . . ,N (4.38)

We assume that the put option is worth zero when S = Smax, so that

fi,M = 0, i = 0,1, . . . ,N (4.39)

For the points corresponding to time T −∆t, equation (4.35) with i = N −1 gives

a j fN−1, j−1 +b j fN−1, j + c j fN−1, j+1 = fN, j (4.40)

for j = 1,2, . . . ,M − 1. The right sides of these equations are known from equation (4.37).

Furthermore, from equations (4.38) and (4.39),

fN−1,0 = K (4.41)

fN−1,M = 0 (4.42)

Equation (4.40) are therefore M−1 simultaneous equations that can be solved for the M−1

unknowns: fN−1,1, fN−1,2, . . . , fN−1,M−1. After this has been done, each value of fN−1, j is
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computed with K − j∆S. If fN−1, j < K − j∆S, early exercise at time T −∆t is optimal and

fN−1, j is equal to K− j∆S. The nodes corresponding to time T −2∆t are handled in a similar

way, and so on.

Example 3. For the demonstration of the implicit difference method, consider the following

parameters for the Black-Scholes equation

S0 = 20.0, K = 20.0, r = 0.05, T =
5

12
, σ = 0.25, Smax = 40.0, dS= 2, dt =

5
120

Using this set of parameters, the American put option is computed for each grid point using

Python code. The results are shown in the tableTable 4.1. Each grid point in the table

represents the price of corresponding asset price at a time. From the table price of American

put options for given set of parameters will be 1.02 as exercise price was 20.

Table 4.1: American put options computation using implicit difference scheme.

S⧹t 5.0 4.5 4.0 3.5 3.0 2.5 2.0 1.5 1.0 0.5 0.0
40.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0
38.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0
36.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0
34.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0
32.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0
30.0 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0
28.0 0.02 0.02 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.0
26.0 0.06 0.05 0.04 0.03 0.02 0.01 0.01 0.00 0.00 0.00 0.0
24.0 0.16 0.14 0.11 0.09 0.07 0.05 0.03 0.02 0.01 0.00 0.0
22.0 0.42 0.38 0.33 0.29 0.24 0.19 0.14 0.10 0.06 0.02 0.0
20.0 1.02 0.96 0.90 0.83 0.76 0.68 0.58 0.48 0.35 0.19 0.0
18.0 2.20 2.16 2.13 2.10 2.07 2.05 2.02 2.01 2.00 2.00 2.0
16.0 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.0
14.0 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.0
12.0 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.0
10.0 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.0
8.0 12.00 12.00 12.00 12.00 12.00 12.00 12.00 12.00 12.00 12.00 12.0
6.0 14.00 14.00 14.00 14.00 14.00 14.00 14.00 14.00 14.00 14.00 14.0
4.0 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.0
2.0 18.00 18.00 18.00 18.00 18.00 18.00 18.00 18.00 18.00 18.00 18.0
0.0 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.0
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4.6 Application in Finance

4.6.1 Stock price prediction using geometric Brownian motion
We consider two different stocks from Yahoo Finance and we asses their historical data

using Python. Alcoa corporation stocks and general electric stocks are selected for this

purpose. We made the investigation for the periods (2019-01-01) to (2021-10-30) by dividing

into three different periods. The period is selected so that we will have different market

behaviors. In this case it includes the period of COVID-19 pandemic where the market

fluctuations expected to be high. For the stock prediction, we have used the Montecarlo

simulation. For each simulation adjusted close price of stock is considered and and number

of simulation used is 1000.The historical price movement of both stocks is given for each

period so that it can easily be understood in which period the market stock price rapidly

change.

For the result the historical data downloaded from yahoo finance between the each given

period is divided into train data set and test data set for which simulation done for test data

set using train data set historical price. Hence the result given below is the prediction of stock

price for a last few days depending on their past several days historical price. The values of

calculated(predicted) and adjusted close price of both stock in each period is given by tabular

form. Finally, we have displayed using graph to compare the predicted price and adjusted

close price.

We divided the the periods into three as follows:

First period: 2019-01-01 to 2019-12-30

Second period: 2020-01-01 to 2020-12-30

Third Period:2021-01-01 to 2021-11-20
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Table 4.2: Calculated stock price and actual stock price comparison for Genera Electric
Company and Alcoa Corporation (2019-01-01 to 2019-12-30)

Date GE (Actual GE(Predictd) AA (Actual) AA(Predicted)
2019-12-10 67.779678 67.656570 - -
2019-12-11 67.533440 67.661304 20.359003 20.359003
2019-12-12 70.426842 67.682368 20.960405 20.355697
2019-12-13 69.811226 67.674591 20.398441 20.364347
2019-12-16 68.764671 67.663277 20.684355 20.360689
2019-12-17 68.333740 67.673662 20.418159 20.363553
2019-12-18 67.471870 67.674833 20.654779 20.365048
2019-12-19 67.964371 67.686181 21.167450 20.365280
2019-12-20 67.964371 67.698104 20.930834 20.367151
2019-12-23 68.765396 67.688525 21.177309 20.369242
2019-12-24 68.950264 67.693529 21.275900 20.366597
2019-12-26 69.196732 67.686291 21.147732 20.370187
2019-12-27 68.888634 67.700393 21.275900 20.361269

(a) Stock price movement for two stocks ( 2019-01-01 to
2019-12-31)

(b) Simulation result display for GE (c) Simulations result for Alcoa corporation

Figure 4.2: Montecarlo Simulation result display from (2019-01-01) to (2019-12-31)
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Table 4.3: Calculated stock price and actual stock price comparison for General Electric
Company and Alcoa Corporation (2020-01-01 to 2020-12-30)

Date GE (Predicted) GE (Actual) AA (Predicted) AA (Actual)
2020-12-10 69.938721 69.938721 19.471581 23.501537
2020-12-11 70.038963 68.950195 19.542753 22.356319
2020-12-14 70.154012 66.911339 19.578169 21.299189
2020-12-15 70.090043 68.641258 19.558537 21.70050
2020-12-16 70.001333 67.529160 19.546975 21.122999
2020-12-17 70.147839 67.220261 19.611284 21.710297
2020-12-18 70.225205 66.849228 19.692332 21.543894
2020-12-21 70.272157 66.601860 19.741115 21.641775
2020-12-22 70.320061 65.612404 19.768584 21.152365
2020-12-23 70.199149 67.158409 19.842129 21.749449
2020-12-24 70.280998 65.859779 19.892959 21.494951
2020-12-28 70.287552 65.797935 19.846724 21.769022
2020-12-29 70.316048 65.303215 19.920242 21.573261
2020-12-30 70.267754 66.230827 19.969405 22.463989

Table 4.4: Calculated stock price and actual stock price comparison for General Electric
Company and Alcoa Corporation (2021-01-01 to 2021-10-30)

Date GE (Predicted) GE (Actual) AA (Predicted) AA (Actual)
2021-10-28 81.551529 81.551529 45.565628 45.565628
2021-10-29 81.642341 81.249374 45.736900 45.075142
2021-11-01 81.755124 82.303047 45.934958 45.840294
2021-11-02 81.908465 82.659439 46.176853 46.183632
2021-11-03 81.962357 82.101608 46.309763 46.526962
2021-11-04 82.000507 81.512787 46.426803 45.487148
2021-11-05 82.215161 84.247719 46.733783 46.948780
2021-11-08 82.348703 83.999779 46.951060 47.929737
2021-11-09 82.437685 86.223351 47.124688 46.340588
2021-11-10 82.567495 84.418159 47.346624 45.290951
2021-11-11 82.690314 82.899612 47.558962 50.234993
2021-11-12 82.787669 83.356735 47.741723 50.931480
2021-11-15 82.807921 82.643944 47.833967 49.666042
2021-11-16 82.929688 80.071732 48.046853 47.282307
2021-11-17 83.067325 79.018059 48.279015 47.007633

.
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(a) Stock price movement

(b) Simulation result display for GE (c) Simulation result display for AA

Figure 4.3: Montecarlo Simulation result display from (2020-01-01) to (2020-12-31)
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(a) Stock price movement

(b) Simulation result display for GE stock (c) Simulation result display for AA stock

Figure 4.4: Montecarlo Simulation result display from (2021-01-01) to (2021-10-30) .

48



4.6.2 Evaluating Black-Scholes equation for European options using

American Air Lines(AAL) and Lucid Group(LCID) stocks data.
We conducted an analysis utilizing historical data sourced from Yahoo Finance for a

span of one year for particular stocks. The aim was to calculate the prices of European call

and put options using the Black-Scholes equation. To do this, we derived all the necessary

parameters from this historical data.

The parameters used in the Black-Scholes equation were determined as follows:

• S0 : This represents the current stock price at the time of simulation, obtained directly

from Yahoo Finance.

• r: The risk-free rate was set at 1.932%, based on the 10-year US treasury yield.

• σ : The volatility of the stock was calculated using the annualized standard deviation

of stock returns from the historical data. It was computed as the product of the daily

returns’ standard deviation, scaled by the square root of 252 (the number of trading

days in a year).

• K: This value was derived from the strike prices available in the extracted option chain

from Yahoo Finance,corresponding to the contract.

• T: The time to maturity (expressed in years) was calculated using the length of the

option contracts available in the option chain divided by 252, assuming 252 trading

days in a year.

Using the Black-Scholes model formulae for both call and put options, given as 4.25 and

4.28 respectively, we calculated the theoretical prices of these options based on the afore-

mentioned parameters.To assess the accuracy and reliability of these calculated prices, we

compared them with the last traded prices obtained directly from the option chain available

on Yahoo Finance for the same maturity date. The result computed in Python is given below

in tabular form and displayed by figures.
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Table 4.5: Calculated Black Scholes call and put prices for American Air Lines (AAL) and
Lucid group(LCID) with their respective last price for maturity December 01,2023

(a) Call Values for AAL

T Black Scholes(Call) Last price(Call)
0 7.0069 6.45
1 5.00965 4.8
2 4.01103 3.8
3 3.01241 2.75
4 2.5131 2.67
5 2.01379 2.32
6 1.51448 1.85
7 1.01518 1.33
8 0.519956 0.88
9 0.12527 0.44

10 0.00669811 0.17
11 5.20946e-05 0.05
12 5.63802e-08 0.02
13 9.48671e-12 0.01
14 5.46205e-16 0.01
15 0 0.02
16 0 0.05
17 0 0.16

(b) Put Values for AAL

T Black Scholes(Put) Last price(Put)
0 0 0.04
2 0 0.05
3 0 0.02
4 0 0.03
5 0 0.01
6 0 0.02
7 1.21112e-15 0.01
8 5.17425e-10 0.01

10 0.00214543 0.02
11 0.069945 0.1
12 0.389645 0.32
13 0.870429 0.75
14 1.36932 1.28
15 1.86855 1.67
16 2.36778 2.17
17 2.86702 2.74
18 3.36625 4.35
19 5.36319 5.44

(c) Call Values for LCID

T Black Scholes(Call) Last price(Call)
0 3.7438 3.75
1 3.24461 3.3
2 2.74541 2.68
3 2.24622 2.2
4 1.74725 1.9
5 1.2537 1.23
6 0.795805 0.8
7 0.43235 0.3
8 0.199479 0.06
9 0.0792158 0.03

10 0.0277038 0.02
14 0.000181491 0.01
15 4.57068e-05 0.02
16 1.12224e-05 0.04
17 2.70732e-06 0.01

(d) Put Values for LCID

T Black Scholes(Put) Last price(Put)
0 2.00101e-08 0.01
1 2.43886e-05 0.01
2 0.00183175 0.01
3 0.0266324 0.02
4 0.141671 0.08
5 0.405834 0.33
6 0.799611 0.72
7 1.26312 1.2
8 1.75282 1.78
9 2.25005 2.29

10 2.74905 2.68
11 3.24839 3.31
12 3.74781 3.91
13 4.24723 4.29
14 6.24493 6.9
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(a) Call prices display for AAL (b) Put prices display for AAL

(c) Call prices display for LCID (d) Put prices display for LCID

Figure 4.5: Black-Scholes call and put prices display for American Air Lines(AAL) and
Lucid group(LCID) compared with their corresponding last price for maturity December
01,2023
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4.7 Discussion
Result for the first period shown in Figure 4.2 and third period shown by Figure 4.4 shows

the actual price of stocks followed the predicted price.During these time periods, the Monte

Carlo simulation showed reasonably accurate approximations of actual stock prices. The

simulated and actual prices significantly converged in both cases. Predictability is mostly

due to historical stability, steady market behavior, and reasonably predictable behavioral

patterns during these times.As we can see from Figure 4.2a ans Figure 4.4a historical price

history for both stock specially were uniform and stable. But,if we look at Table 4.3 and

Figure 4.3 for the second period result difference between the trajectory of actual price and

predicted price is wider and we can say that it is not a good prediction.In this phase, the

simulation’s performance differed significantly from the success observed in the first and

third periods. Stock prices fluctuated rapidly and randomly due to unprecedented market

instability brought on by the global COVID-19 outbreak. The excessive volatility that the

simulation was unable to adjust to caused a divergence between the simulated and actual

prices, which in turn affected the simulation’s forecast accuracy. we can observe from Figure

4.3a.

The efficiency of standard Black-Scholes formula has been tested using the last price

of two stocks (AAL and LCID) extracted from Yahoo Finance. Black-Scholes model pa-

rameters were derived from historical data of stocks and the contract prices.The result of

calculation for both stocks compared with their respective last traded price is given above in

tabular form and also displayed graphically. The analysis shows the Black-Scholes model’s

efficiency as a reliable tool in low-volatility environments.This aligns with its strength in ac-

curately estimating option prices when market fluctuations remain minimal and stock prices

follow a smooth trajectory as it can be observed from Figure 4.5c and Figure 4.5d above. De-

spite this good approximation and price alignments for low volatile markets, Black-Scholes

assumptions constant volatility may not efficient in rough markets. We can see Figure 4.5a

Where there is price fluctuations of a given stock while the Black-Scholes trajectory still

predicts smooth price curve.
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Conclusion and Recommendation

Conclusion
In this thesis, we have investigated the Black-Scholes equation with its application in

finance. We have proved that the option function the only solution to this equation which

ensures the existence and uniqueness of Black-Scholes equation. We have solved Black-

Scholes equation by Feyman Kac formula and we have used implicit difference method to

approximate contracts for American options. Additionally, the application of the equation

extended to stock price prediction, utilizing geometric Brownian motion and the Monte Carlo

algorithm. Through empirical analysis using stock data from Yahoo Finance, it became evi-

dent that the Monte Carlo algorithm demonstrates efficiency in stable market conditions its

accuracy diminishes in highly fluctuating market prices. We have also tested the efficiency

of Black-Scholes-formula using historical data from Yahoo Finance by comparing with its

last traded price. Result showed Black-Scholes formula is efficient for the market which are

stable and has low volatile. But we have observed that this efficiency of Black-Scholes for-

mula is limited to stable markets and diminishes in high volatile and rough market conditions

due to its assumptions.

Recommendation
In this thesis, standard Black-Scholes equation which is limited to various assumptions

was studied. Inefficiency of Black-Scholes formula observed in the result arises from these

assumptions. There are other versions of Black-Scholes equation that may overcome this

inefficiency but may lead to complexity of calculation. We recommend that for future re-

searchers to develop efficient model which is understandable and suitable for use in real life.

In addition we recommend the following:

• The calculated prices in this thesis are for research purposes only and may not be

reliable in unstable markets. Therefore,it is not recommended for practical use.

• Although other modified and efficient Black Scholes models are developed, we can

still use the standard one in stable markets.
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