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ABSTRACT 

This thesis presents about adaptive Linear Quadratic Gaussian (LQG) stabilizing controller 

design and an energy-based Genetic Algorithm (GA) tuned Proportional Derivative (PD) 

swing-up controller for Rotary Inverted Pendulum. Rotary Inverted Pendulum (RIP) is 

highly nonlinear dynamic and unstable under actuated system, which is composed of the 

rotating arm and the pendulum with two degrees of freedom. The arm is mounted on the DC 

motor shaft and rotated to the horizontal plane by the DC motor and the pendulum is 

swinging on the arm with a revolute joint by receiving the signal from the DC motor. 

Mathematical modeling, controller design methods, and linearization techniques are 

applied to this system for the selection of different controllers. The main objective is to 

balance this pendulum in the upright position on the arm pivot. Adaptive inverse 

control technique will be applied to each Linear Quadratic Gaussian control signals. An 

adaptive inverse control method is used for compensation of unknown parameters of 

a rotary inverted pendulum, while the LQG method is used to cancel non-linearity in the 

system by linearizing the parameters of the system. LQG controller stabilizes an adaptive 

signal by avoiding the robustness of the system's nonlinearity. The energy-based GA tuned 

PD swing-up controller is needed to control RIP from swinging up in some degree. In 

addition, GA is used for optimizing the parameters of the PD controller. The hybrid of 

adaptive and LQG with energy based GA tuned PD swing-up controller gives a better 

performance for the stability of 1RIP . The output results are analyzed using the controller 

response and the output of the EBPDSUC and PDSUC controllers are compared. All the 

processes are done using MATLAB / SIMULINK.  

 

Keywords: -Adaptive control, Linear Quadratic Controller, GA, PID controller, and Rotary 

Inverted Pendulum 
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CHAPTER 1 

INTRODUCTION 

1.1. Background of the Study 

A Rotary inverted pendulum is a modern control issue as a thesis and projects in control 

courses due to its simplicity of mathematical model and the complexity of controller design. 

RIP is composed of the rotating arm controlled by the DC or servo Motor and the pendulum. 

It is an additional great stage for verification and applies diverse control strategies in control 

theory [1]. Rotational Inverted Pendulum has significant real-life applications, in the area of 

aerospace, vehicle control [2], and robotics [3]–[5]. Considering this application, RIP is 

chosen as the controlled system and parts of control issues are concerned by analysts, such 

as stabilizing the pendulum around the unstable vertical position[6], [7]swinging the 

pendulum from its hanging position to its upright vertical position and making movement 

around its unsteady(unstable) vertical position[8]–[10]. 

The control goals of RIP in this thesis is to control the pendulum from a downward 

steady(stable) position to an upward unsteady(unstable) position, i.e., swing-up control, and 

to keep the motor at a specific precise position while controlling the pendulum [11]. 

RIP has two degrees of freedom, which are the arm rotational angle and pendulum angle, 

and has one input state, which is the torque. Since the system has one input torque and two 

outputs then the system is SIMO underactuated system. Underactuation is a specialized term 

utilized in mechanical autonomy or robotics and control theory to describe the mechanical 

system that cannot be commanded to follow arbitrary trajectories in configuration space. 

 

Figure 1. 1.Schematic diagram for RIP 

 



2 
 

Control of the rotary inverted pendulum is difficult due to certain properties it possesses. A 

Rotary inverted pendulum is an under-actuated mechanical system due to the lack of direct 

control over some direction it needs to be controlled. The arm rotates with the DC motor and 

the pendulum swings or makes an equilibrium position to the downward position[10]. Both 

the arm and pendulum angle are measured with the potentiometer (angular position sensor) 

which is attached to the motor. 

The mathematical dynamics of the system are described by the state of the system, which 

consists of the arm rotational angle, the angular velocity of the arm, angular position of a 

pendulum, and angular velocity of a pendulum. The physical system has state and control 

constraints [12]. 

In this study, an adaptive LQG- based stabilizing controller is proposed for the stabilization 

of a pendulum when it is near to the upright position in its state by accepting a parametrized 

signal from the adaptive controller added to the LQG signal. To drive the pendulum from a 

downward stable position to an inverted position a feedforward controller is required. This 

feedforward controller is called a swing-up controller. The swing-up controller is mainly 

designed based on the energy of the system. During the design of this controller, energy of 

the pendulum or overall system is taken into consideration. The approaches to designing 

swing-up controllers are derived from this energy method and the nature of the dynamic 

system. To apply this controller first construct a mathematical model for the system using 

the Lagrange system. The next step will be finding the state-space representation for the 

purpose of stabilizing controller design [13]. 

Adaptive Linear Quadratic Gaussian optimal control theory is one of the major 

accomplishments of the present-day control area. This controller design methodology 

enables a controller to be synthesized which is optimal to a specified quadratic performance 

index in which parameters are adapted for the different conditions of the parameters of RIP 

[14]. An adaptive controller is based on the signals coming with time-varying parameters 

from the rotational actuator through the arm for control adaptation to handle system 

uncertainty. In this system, adaptive control action is started when the system parameters 

start to vary. LQG controller controls the system using the state feedback gain combined 

with adaptive control signal[15]. An Energy-based GA tuned PD controller is needed for 

this system to control the swinging condition of the pendulum. This energy-based PD 

controller has better control performance than a linear PD controller does.GA is used for 
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optimizing gain parameters of PD controller Kp and Kd. In this thesis, GA is selected for 

optimizing PD since it is simple for programming and implementation. 

Generally, two different controllers are used for controlling RIP. Adaptive LQG-based 

stabilizing controller, which is the combination of Adaptive and LQG controllers, is used to 

create a new hybrid controller of the two to stabilize RIP. An energy-based GA tuned PD 

swing up controller is also used for controlling the swinging up of the inverted pendulum. 

The two controller’s i.e adaptive LQG and energy based GA tuned PD linear controllers are 

important for controlling RIP for this study. 

1.2. Statement of the Problem 

The problem in this thesis is to balance the pendulum on a rotating arm rotating about the 

pivot to its upright position by swinging up the pendulum from its downward position under 

model imperfection and unknown RIP parameters. The effect of non-linearity is handled by 

linearization technique called Jacobian linearization. While the effect of unknown system 

parameters is solved by using an adaptive control mechanism. This thesis investigates that 

an adaptive LQG-based stabilizing controller is a solution for the stability problem of a 

rotary inverted pendulum about its upright position. While swing-up of the pendulum from 

its downward to its pendant position is solved by an energy-based GA tuned PD controller. 

1.3. Objectives of the Study 

   1.3.1. Main Objective 

Modeling, designing, and analyzing an adaptive LQG-based stabilizing controller and 

energy-based GA tuned PD swing-up controller for the rotary inverted pendulum are the 

main objective of this thesis.  

   1.3.2. Specific Objectives  

The specific objective of the studies is - 

 Studying the mathematical model of the system and design linearizing input. 

 Designing an adaptive LQG-based stabilizing controller. 

 Designing energy-based GA tuned PD swing-up controller. 

 Analyzing the performance of each controller using MATHLAB/SIMULINK. 
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1.4. Scope of the Study 

The Thesis focuses on studying the mathematical model of a rotary inverted pendulum and 

its electrical actuator in which the arm is rotating. Then design and test for an adaptive LQG- 

based stabilizing controller and energy-based GA tuned PD swing-up controller for the 

rotary inverted pendulum. 

1.5. Significance of the Study 

At the present day, robots and robotic applications replace different manual systems and 

work. Since RIP is, the part of a different robot body and underactuated mechanical system 

that rotates faster for delivery and another purpose. This rotation helps the robot to work 

through its specific objectives. In this way, this study has great significance in the area of 

robotics and other mechanical system for flexibility of the different body parts in the present 

day and of the future. For this system, a mass of up to 3kg on the arm and up to 2.3kg on 

pendulum can be supported for robotic application. 

1.6. Organization of the Thesis 

This thesis is organized into eight chapters excluding an appendix. Introduction about the 

system is described in chapter 1.The next part of this thesis discusses, reviewing related and 

relevant previous research works in chapter 2. Modeling of the dynamical system of the 

Rotary inverted pendulum with its electrical actuator in Chapter 3. Linearization and 

controller design methods in chapter 4, energy-based swing-up controller design in chapter 

5, and adaptive LQG controller design in chapter 6. Model verification, validation, and 

performance test of the controllers using simulation in chapter 7. Conclusion and 

recommendations will be presented in chapter 8. Finally, codes and models used in the 

simulation are stated in the appendix.  
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CHAPTER 2 

LITERATURE REVIEW 

The objective of control is to control, coordinate and command different systems to the 

specified system. Control is everywhere; it exists naturally or is created by human beings 

[16]. Almost all naturally, existing systems surrounding us do not respond proportionally or 

in the desired way to the stimulus applied to them. Long time ago control engineers try to 

solve this problem through different approaches. The first approaches were the design of 

linear controllers based on linear models developed for systems under various assumptions. 

Later on, advancements in the field of control system lead to the formulation of nonlinear 

control theories like feedback linearization, sliding mode control, back-stepping, adaptive 

control, passivity-based control, high gain observers, intelligent controllers based on genetic 

algorithm, fuzzy logic, neural network, particle swarm optimization and recently contracting 

system theory[17]  

A Rotary inverted pendulum explained in chapter 1 is one of the best systems for checking 

the performance of different controllers due to the following characteristics. 

 Its dynamic nonlinearity 

 Instability during rotation and swinging 

 It’s under actuation  

 Its parameter selection for control action 

 It is highly sensitive to external disturbance, etc. 

RIP was proposed in 1992 [18], and since then it has been investigated by many 

researchers[19], [20]. The control objectives of the RIP can be categorized into four[21]: 

1)controlling the pendulum from downward steady position to upward unsteady position, 

i.e., swing-up control[22]; 2) Regulating the pendulum to stay at the unstable position, i.e., 

stabilization control[23]; 3) Exchanging between swing-up control and stabilization control, 

i.e., switching control; and 4) Controlling the RIP in such a way that the arm tracks the 

desired time-varying trajectory while the pendulum remains at the unstable position, i.e., 

trajectory tracking control. In these setting, distinctive sorts of control, algorithms have been 

applied for these control destinations. 
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Despite the importance of RIP and the increasing number of researches that uses it as a 

benchmark, the different review has been conducted on RIP. Acosta [24] studied RIP as a 

conventional nonlinear system for the theory and practice of control strategies. He 

considered two control objectives of RIP namely, swing up and stabilization controls. The 

autonomous oscillations are also studied. The model of RIP described in Ref[24] is based 

on Newton-Euler Lagrange. From this publication, even if there is testing of hardware 

experimentation for controller validation but there is no good homoclinic orbit in the swing 

up of the pendulum. These different problems are solved by genetic algorithm and energy 

optimization in this thesis.      

The publications are considered in [8] Were up to the year 2009. However, from 2009 to 

date, many control investigations are used RIP for testing the controllers. In ref [8] feedback, 

linearization and energy method is applied on the system trajectory tracking of the 

pendulum. However, this paper do not use any optimization theqniques for exact energy 

compensation and for getting the linearizing inputs. This is solved in this paper by using 

genetic algorithm with energy optimization and adaptive inverse technique for driving 

different inputs. 

There is also a need to include trajectory tracking and 1L adaptive control[25], [26].L1 

adaptive controller by itself have its own limitation on avoiding measurement errors. 

However, in this paper this controller have good performance by forming a hybrid with 

linear quadratic Gaussian controller. This makes the adaptive LQG controller to have good 

performance for controlling RIP.   

Other research community has considered and proposed different changes to the classical 

PID approach in RIP system: linear PID with direct control of each system variable[27], 

Fuzzy Logic focused on a fuzzy controller [28], Optimum state regulator [20], and genetic 

algorithm-based controller (GA)[29]. 

Swing up controller can be designed based on the energy of the whole system or only the 

energy of the pendulum[30]. Additionally this method can be approximated by fuzzy logic 

[31]or neural network[32]. There are many approaches used in designing energy-based 

swing up controller. An impulse momentum approach is one of those approaches used in 

designing energy based method swing up controller[33]. Any energy-based methods can be 

heuristic to swing up the pendulum in short period of time[34].  
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Stabilizing controllers for Rotary inverted pendulum can be linear model-based classical 

direct controllers or nonlinear controllers. LQR controller, PID controller [35], and pole 

placement controller design methods are categorized under a linear model-based controller 

design. Nonlinear controller design methods take non-linearity in the dynamic systems into 

consideration during designing controllers for the dynamic system. There are many 

controllers designed using this method for the stabilization of inverted pendulum on a cart. 

The authors of [36] design adaptive sliding mode controller for rotary inverted pendulum 

using fuzzy logic-based reference model. 

In this study, an adaptive LQG-based stabilizing-based controller is proposed for the 

stabilization of the rotary inverted pendulum to its upright position with system varying 

uncertainty, and energy-based GA tuned PD swing-up the controller is proposed for 

controlling the swing up of the pendulum from its downward position to its stabilization 

point. 
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CHAPTER 3 

MATHEMATICAL MODELING OF RIP AND 

ELECTRICAL SYSTEM 

 3.1. Parameters and Their Symbols Needed for Modeling 

A Rotary inverted pendulum is an underactuated mechanical system. It consists of a rigid 

rod called a pendulum, which is rotating, freely in a vertical plane with the objectives of 

swinging up and balancing the pendulum in the inverted position. At that point, the 

pendulum is joined to a rotating arm that is mounted on the shaft of the servomotor. 

Therefore, the pivot arm rotated in the horizontal plane by the servomotor while the 

pendulum hangs downwards.  Rotary inverted pendulum contains both mechanical and 

electrical subsystems modeling. Parameters needed for modeling RIP are shown below in 

Table 3.1. 

Table 3. 1. System parameters 

Parameter symbols Description Unit 

pl  Length of pendulum m  

al  Length of arm M 

pm  Mass of pendulum Kg  

am  Mass of arm Kg  

g  Acceleration due to gravity 2m s  

aV  Armature voltage V  

mi  Motor Armature current A  

mR  Motor Armature resistance   

aL  Armature inductance H  

me  Motor back emf V  

mK  Motor torque constant Nm A  
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tK  Motor back-emf constant Vs rad  

  Rated motor speed rad s  

m  Motor efficiency -- 

g  Gear efficiency -- 

  Servo Feedback amplifier gain -- 

  Servo Amplifier gain -- 

  An angular position of the arm rad  

  An angular position of the pendulum rad  

1l  Length of the pendulum from the center 

of mass 

m  

2l  Length of arm from the center of mass m 

pJ  Moment of inertia of the pendulum  2.Kg m  

aJ  Moment of inertia of the arm 2.Kg m  

U  The Potential energy of RIP J  

K  The Kinetic energy of RIP J  

 

3.2. Requirements Needed for Modeling 

There are two types of criteria or requirements for modeling a rotary inverted pendulum. 

These are functional and additional requirements [9]. 

   3.2.1. Functional Requirement 

Functional requirements are necessary condition, which must be fulfilled for making the 

system operational. These are 

1. Capable of stabilizing RIP from its downward position to its upward position. 

2. Capable of keeping the rotating arm freely without any disturbance. 

  3.3.2. Other Requirement 

These requirements are desirable requirements but they are not necessary requirements. 

1. The system starts in the state of equilibrium that means the initial conditions are 

assumed zero (0) 0x  . 
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2. The pendulum deflection is restricted within few degrees in the up-right position to 

satisfy the linearity property may be in range of 15.66 .  

3. The Pendulum can be subjected to small disturbance input.   

4. Stabilize the pendulum with less than 4 degrees (0.0697radian). 

5. Swing up the pendulum in less than 2 seconds. 

6. Rotating the arm by keeping the pendulum stable by displacing the arm at an angle 

 and the pendulum at an angle  . 

3.3. Mathematical Modeling and State Space Representation of RIP 

Lagrange’s equation of motion was used to determine the non-linear system model. Then, 

the non-linear mathematical model should be linearized to determine the linearized system 

model in which the model represented the pendulum in equilibrium point or upright position. 

Therefore, the linear approximation method was used in the linearization of a nonlinear 

mathematical model. After that, the linearized mathematical model was converted into a 

state-space model to determine the dynamic model of the arm and pendulum as well. 

However, the system is incapable of stabilizing in the upright position without a controller. 

Hence, the upright dynamic model is required to convert in the downward dynamic model 

for validation purposes [37]. 

RIP is the second class of underactuated systems with two degrees of freedom which can be 

transformed into non-triangular quadratic norm with actuated variables [38]. 

Linearization of the dynamics of the underactuated configuration variable is done using 

change of control. This is applied under the condition that the number of unactuated 

variables is less than or equal to the number of actuated variables. This procedure is called 

non- collocated partial feedback linearization. It is used to obtain a non-triangular normal 

form for an underactuated system with kinetic symmetry’s linearization of such 

underactuated system depends on the change of coordinate. 

Consider the energy of the underactuated mechanical system with the following equation. 

1 11 12 1

2 21 22 2

( ) ( )1
[ , ] ( )                             (3.1)

( ) ( )2

T
q m q m q q

E q q U q
q m q m q q

     
      

     
 

where 1q and 2q are actuated and un-actuated configuration vector (q) is an inertial matrix. 
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From Equation (3.1) the generalized momentum is  

1 11 1 12 2

1

( ) ( )                                           (3.2)
E

p m q q m q q
q


  


       

2 21 1 22 2

2

( ) ( )                                          (3.3)
E

p m q q m q q
q


  


                                                                                                                                                                        

The normalized momentum conjugate 1q and 2q with respect to 1q  can be  

1 11 1 1 11 12 2( ) ( ) ( )                                        (3.4)c m q P q m q m q q    

2 21 2 1 21 22 2( ) ( ) ( )                                      (3.5)c m q P q m q m q q    

where 1c and 2c are defined wherever 21m is invertible i. e 21 12m m . 

From the normalized momentum, conjugate ( . )c c q q  becomes normalized momentum if 

the generalized momentum configuration function ( )h q  such that ( )h q c . With this 

expression rotary, inverted pendulum dynamics can be expressed as non-triangular quadratic 

form.  

 

Figure 3. 1.Schematic diagram of RIP with coordinate transformation 

Using the generalized coordinate,    1 2, ,q q   the dynamics of RIP from Figure 3.1 

above can be derived as follows. The position of the rotating arm and pendulum from the 

generalized coordinate respectively becomes: 

2 1

2 1

cos ( )

sin ( )                                                    (3.6)

0

a

a

a

x l q

y l q

z

   
   


   
      
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1 1 1 2

1 1 1 2

1 2

cos ( ) sin ( )sin ( )

sin ( ) cos ( )sin ( )                                      (3.7)

cos ( )

   
   

    
     

p a

p a

p

x l q l q q

y l q l q q

z l q

                                                                                                                                                                                         

From Equation (3.6) and (3.7) the linear velocity of a rotating arm and pendulum 

respectively become  

2 1 1

2 1 1

sin ( )

cos ( )                                                  (3.8)

0

a

a

a

x l q q

y l q q

z

   
   


   
      

   

1 1 1 1 2 1 1 2 1 2

1 1 1 1 2 1 1 1 2 2

1 2 2

sin ( ) cos ( )sin ( ) cos ( )sin ( )

cos ( ) sin ( )sin ( ) cos ( )cos ( )                  (3.9)

sin ( )

p a

p a

p

x l q q l q q q l q q q

y l q q l q q q l q q q

z l q q

     
   

     
     

                                                                                                                                           

After calculating the velocity, kinetic energy of the system with respect to the generalized 

coordinate q.      

( ) ( ) ( )                                       (3.10)translational rotationalK q K q K q         

2 2

2 2

2 1

1 1 1 1
( )                          (3.11)

2 2 2 2

p a

p p a a p a

p a

x x

K q m y m y J q J q

z z

   
   

      
     

     

 

   

   

2

1 1 1 1 2 1 1 2 1 2

2 2

1 1 1 1 2 1 1 2 2 1 2 2

2 2 2 2

1 1 1 1 2 1

sin( ) cos( )sin( ) cos( )sin( )1

2 cos( ) sin( )sin( ) 1cos( )cos( ) sin( )

1 1 1
   sin( ) cos( )       

2 2 2

a

p

a

a a a p a

l q q l q q q l q q q
m

l q q l q q q l q q q l q q

m l q q l q q J q J q

    
  
     

    
 

                                   

                                                                                                                          

After simplification the final equation of kinetic energy as 

   2 2 2 2 2 2

2 1 2 1 1 2 1 2 1 2

1 1
( ) sin ( ) cos ( ) (3.12)

2 2
a a p a p p p pK q m l J m l m l q q m l q q q m l J q        

Similarly, the potential energy of RIP with respect to the generalized coordinate become  

2 1 2( ) ( ) cos( )                                           (3.13)pU q U q m gl q                                                                          
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From the kinetic and potential energy, understand that rotational inverted pendulum only 

depends on coordinate 2q .from this it is possible to say that 1q is an external variable and 

2q is a shape variable. The required kinetic and potential energy are calculated then apply 

Euler Lagrange for the dynamic system as expressed in Equation (3.1). 

1 2( , ) ( ) ( )                                            (3.14)E q q K q U q   

From Equation (3.12) the inertial matrix become 

2 2 2

11 1 2

12 21 1 2

2

22 1

( s i n ( ))

cos ( )                                           (3.15)

a a a p a

p a

p p

m m l J m l l q

m m m l l q

m m l J

   

 

 

 

The Euler equation of Equation (3.1) become 

2 2 2

1 2 1 21 1

2

1 2 12 2

1 2

( sin ( )) cos ( )1

co s ( )2

                                                          cos ( )                             

T

a a a p a p p a

p a p p

p

m l J m l m l q m l l qq q
E

m l l q m l Jq q

m gl q

      
     

     

      (3.16)

 

Finally, apply the Euler Lagrange equation of the dynamic system as 

                                                (3.17)
0

Td E E

d t q q

  
   

   
                                                                                                   

After applying the Lagrange equation, the motion of rotation of the pendulum becomes 

2 2

11 2 1 12 2 2 1 2 1 2 1 2 2( ) ( ) si n (2 ) si n ( )              (3.18)p p am q q m q q m l q q q m l l q q T     

2 2

21 2 1 22 2 2 1 2 1 1 2

1
( ) ( ) s in (2 ) s in ( ) 0                 (3.19)

2
p pm q q m q q m l q q m gl q                                                       

where,T is the torque applied to the motor 

From the output of Euler Lagrange, the state space representation of a rotary inverted 

pendulum can be determined as follows. 

Equation (3.18) and (3.19) can be rewritten as: 

2 2

11 2 1 12 2 2 1 2 2 1 2 1 2( ) ( ) sin ( ) sin (2 )              (3.20)p a pm q q m q q T m l l q q m l q q q     
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2 2

21 2 1 22 2 2 1 2 1 1 2

1
( ) ( ) s in (2 ) s in ( )                      (3.21)

2
p pm q q m q q m l q q m gl q    

1q  and 2q  become  

2 2
1

1 2 2 1 2 1 2
1 11 12

2 2
2 21 22 1 2 1 1 2

sin( ) sin(2 )
( ) ( )

            (3.22)1
( ) ( ) sin(2 ) sin( )

2

   
             

  

p a p

p p

T m l l q q m l q q q
q m q m q

q m q m q m l q q m gl q
                             

1

11 12 22 21

21 22 12 1111 22 21 12

( ) ( ) ( ) ( )1
          (3.23)

( ) ( ) ( ) ( )( ) ( ) ( ) ( )


   

   
   

m q m q m q m q

m q m q m q m qm q m q m q m q
 

Then from Equation (3.22)  

2 2 2
1 2 2 1 2 1

22 212

1 2 1 2
1 2

1

11 22 12 21

1
sin ( ) sin (2 )

( ) ( ) 2
sin (2 ) sin ( )

              (3.24)
( ) ( ) ( ) ( )

p a p

p
p

T m l l q q m l q q
m q m q

m l q q q m gl q
q

m q m q m q m q

       
       


   

2 2 2
1 2 2 1 2 1

12 112

1 2 1 2
1 2

2

11 22 12 21

1
sin ( ) s in (2 )

( ) ( ) 2
s in (2 ) s in ( )

           (3.25)
( ) ( ) ( ) ( )

p a p

p
p

T m l l q q m l q q
m q m q

m l q q q m gl q
q

m q m q m q m q

       
       


                                           

Substitute the value of inertial matrix from Equation (3.15) to Equation (3.21) and (3.22) 

then the state space representation of the system becomes: 

   

 

1 2

2 2 2
1 3 4 1 3 22

1 1 32

1 3 2 4
1 3

2

1

2
2

1
sin ( ) sin ( )

cos ( ) 2
sin (2 ) sin ( )

                                                                   

p a p

p p p

p
p

p p

a a a p

x x

m l l x x m l x x
m l J m l x

m l x x x m gl x

m l J T
x

m l J m



      
       

 


     
2

2 2 2

1 3 1 1 3

     (3.26)
( sin ( )) cos ( )a p p pl l x m l J m l x  

             

3 4                                                                                                                            x x       
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 
2 2 2 2 2

1 3 4 2 1 3 2

1 3 2 2

1 3 2 4 1 3
1 3

4

1
sin ( ) sin (2 )

cos ( ) 2
sin (2 ) sin ( ) sin ( )

                                                                 

p a a a p a p

p

p p
p

m l l x x m l J m l m l x x
m l x

m l x x x m l x m gl x

x

      
     
          



    

1

3

2
2 2 2 2

1 3 1 1 3

*
          

cos ( )

( sin ( )) cos ( )

p

a a a p a p p p

m l

x

m l J m l l x m l J m l x

 
  
 

    
 

The above long equation expressed in Equation (3.23) in condensed form 

   

 

2 2 2
1 3 4 1 3 12

1 1 32

1 3 2 4
1 3

2 2 2

1 3 4 2

1 3 2 2

1 3 2 4 1 3

1
sin ( ) sin (2 )

cos ( ) 2
sin (2 ) sin ( )

1
sin ( )

cos ( ) 2
sin (2 ) sin ( )

p a p

p p p

p
p

p a a a p a

p

p p

m l l x x m l x x
a m l J m l x

m l x x x m gl x

m l l x x m l J m l m
r m l x

m l x x x m l x

       
       

     
     
      

    

2 2

1 3 2

1 3

2
2 2 2 2

1 3 1 1 3

2

1

1 3

sin (2 )

sin ( )

( sin ( )) cos ( )

cos ( )                                                                                         

p

p

a a a p a p p p

p p

p

l x x

m gl x

z m l J m l l x m l J m l x

m l J

m l x

 
 

 
 
 

     

 





                 (3.27)

 

Then the state space equation become 

2

1

2

3 4

4

0

                                            3.28)
0

x

x a

x z z
T

x x

x r v

z z

   
    
    
      
    
    
    
      



 

   3.3.1. Mathematical Modeling for Electrical System 

DC motor in this thesis is used to drive the rotating arm by receiving signals from the control 

input. The arm is rotated by controlling the output torque of the motor. There are two 

methods to control the torque applied to the motor, which is armature voltage control and 

armature current control. The Armature current needs a controllable current source 
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proportional to the control signal. Similarly, armature voltage needs a controllable voltage 

source proportional to the control signal [39]. 

In this system, a servo motor amplifier is used to control the torque of the DC motor by 

generating a control signal proportional to the input signal. 

 

Figure 3. 2. Armature control DC motor 

From Figure 3.2 above the dynamics of input voltage and output, torque can be derived using 

Kirchhoff’s voltage law: 

                                           (3.29)a m m m m

d i
V L R i e

d t
                 

                                                       (3.30)g m t mT K K i  

Assuming that there is no effect of armature inductance then Equation (3.29) become 

                                                        (3.31)a m m mV R i e                                                                                                                    

Then the velocity tangent to the motor shaft can be derived with similarity   gK  and 

  m m m ge K K K  by substituting Equation (3.31) to (3.30) 

                                                (3.32)a m m m gV R i K K                                                                                                             

From this, the relation between the input voltage and output torque can be derived from 

Equation (3.32) 

                                                   (3.33)



a m g

m

m

V K K
i

R
 

 From Equation (3.30)  
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The torque 
g m t mT K K i then the output torque become  

                                       (3.34)



 

   
 

a m g

g m t

m

V K K
T K K

R
                                                                                             

However, this is not the actual torque since there is mechanical loss and efficiency of the 

gear system, therefore the actual torque of the rotating pendulum becomes. 

                                   (3.35)


 
 

   
 

a m g

g m g t

m

V K K
T K K

R
                                                                                         

The armature voltage control is shown in Figure 3.3 

 

                                          
aV mi                T                               

 

 

                                                                                     

 

Figure 3. 3. Overall system block diagram 

From the above Figure 3.3 the reference voltage can be variable i.e. zero or periodic. The 

armature voltage at the end of the DC motor is the difference between the reference voltage 

and the signal coming from the controller as a voltage source. Moreover, the servo feedback 

gain is used to increase the intensity of the error signal. 

                                                     (3.36)a refV A V                                                                                                             

Then drive the torque to drive the motor as voltage control. From Equation (3.33) there is 

                                  (3.37)a m m m g m m m gV R i K K R i K K      

Substitute Equation (3.36) into (3.37) and become  

                                          (3.38)m m m g refR i K K A V     

From Equation (3.33)  
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There is m

g m t

T
i

K K
 then substitute into Equation (3.37) 

                                  (3.39)m m g ref

g m t

T
R K K A V

K K
 



 
    

 
 

ref m g

g m t m

AV A K KT

K K R

 



   
  

 
 

Finally, the required torque for rotating the arm by considering loss become 

  
                             (3.40)

ref m g g m g t

m

AV A K K K K
T

R

    
                                                                    

Similarly, it is possible to find current control. From Equation (3.31) with     Substitute 

Equation (3.37) into Equation (3.36) 

 
                                        (3.41)

ref m g

m

m

A V K K
i

R

 


  
                                                                                          

At the minimum requirement of the reference voltage, the armature current is depending 

on the angular velocity of the rotating arm and Equation (3.40) become. 

                                                (3.42)
m g

m

m

A K K
i

R

 


  
                                                                                                      

Since at minimum requirement 
refV is zero. Then from Equation (3.33) 

g m t mT K K i 

m

g m t

T
i

K K



and substitute into Equation (3.42) the output torque by considering loss 

become  

          (3.43)
m g m g

g m g t

g m t m m

A K K A K KT
T K K

K K R R

    
    

 

    
 


                                   

N.B. when applying the current control method, the voltage-controlled source is used, and 

similarly, when applying the voltage control method, use the current-controlled source. 
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CHAPTER 4 

LINEARIZATION AND CONTROLLER DESIGN 

METHODS 

4.1. Jacobean Linearization  

Consider a nonlinear dynamic time-invariant system  

    

 

,                                                (4.1)

( ), ( )                                                    

x f x t u t

y h x t u t




 

where, f  is a function mapping n m nR XR R , A point x  is an equilibrium point if there is 

a specific input nu R  which is an equilibrium input such that  

  , 0                                                       (4.2) nf x u                                                                                                                       

Assume x is an equilibrium point (with an equilibrium input u ) and consider starting the 

system in Equation (4.1) from the initial condition 0( ) ,x t x and applying the input 

( )u t u  for all 0t t , then 

0( ) ,                                                (4.3)  F or al lx t x t t    

And the time at any stability region.                                                                                                

4.1.1. Approximation Variables:  

Suppose  ,x u is an equilibrium point and input respectively. It is known that if the system 

started at 
0( ) ,x t x and applies the constant input ( )u t u  then the state of the system will 

remain fixed at the point ( ) ,x t x for all t .but when starting away from the equilibrium 

point in small difference, then some deviation exist. So the deviation variables needed are 

represented below[40]. 

( ) ( )

( ) ( )                                                       (4.4)





 

 

x

u

t x t x

t u t u
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To relate the variable ( )x t  and ( )u t substitute Equation (4.4) into Equation (4.1) will give  

 

 ( ) ( ), ( )                                        (4.5)x x ut f x t u t                                                                                                

This is the exact value of variables with time. Then to remove the higher-order value of 

deviation use Taylor expansion in the right side of Equation (4.5) to neglect the higher-order. 

 ( ) , ( ) ( )                                (4.6)x x x x x x u
u u u u

f f
t f x u t t

x u
   

 

 
  

 
                                                                        

However,  , 0f x u   since it is an equilibrium point and Equation (4.6) becomes.  

( ) ( ) ( )                                       (4.7)x x x x x x u
u u u u

f f
t t t

x u
   

 

 
 
 

 

The above equations approximately governs the deviation variables  ( )x t  and ( )u t  by 

neglecting second order and higher as long as they remain small. It became a linear time-

invariant differential equation since the derivative x  is a linear combination of the x  

variables and the deviation input u . Then the matrix can be derived as 

  a n d                                (4.8)n n n m

x x x x
u u u u

f f
A R B R

x u

 

 
 

 
   
 

                                                                           

This matrix is constant.it can be defined as a linear system combination  

( ) ( ) ( )                                                (4.9)x x ut A t B t                                                                                                          

Equation (4.9) is the Jacobian linearization of the original nonlinear system described in 

Equation (4.1). 

N.B. all the above procedures can also work for the output y for the system with non-

linearity. 

For a small value of x  and u , the linear equation approximately governs the relationship 

between the deviation variable u  and x .For small u  (i.e., while remains close to u ), and 
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while x  remains small (i.e. while ( )x t remains close to x ), the variables x   and u  are 

related by the differential Equation (4.9). 

In some rigid bodies problems considered in different underactuated system, problems are 

treated by making a small-angle estimation, taking   and its derivatives   and  very small 

so that certain terms were ignored  2 , sin   and other terms are simplified

 sin ,cos 1    . In the context of this discussion, the linear model obtained was, the 

Jacobian linearization around the equilibrium point 0, 0   .but this all approximation 

depends on the controlled body in which the model is applied. 

4.2. Linear Quadratic Gaussian Control 

Linear Quadratic Gaussian (LQG) control could be a present-day state-space method for 

designing optimal dynamic controllers. It enables the regulation performance, control effort; 

take into account processes and mismeasurement noise. Like pole placement, LQG design 

requires a state-space demonstration of the plant[41]. 

As explained above this system is a nonlinear system but LQG control is mostly applied 

with the linearized dynamical system, so any component used by LQG is linearized by the 

above linearization method. 

                                                                  y 

                                                     u 

                                                                                             u           

                                                            x̂                                        +      vy        

 LQG regulator 

Figure 4. 1.Block diagram of LQG control 

LQG is state space control and it can be derived as the regulator state-space equation as 

 ˆ ˆ                                   (4.10)vx A LC B LD K x Ly        

ˆ                                                          (4.11)u K x   

Plant 

Kalman 

filter 
-K 

+ 
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where, , , ,A B C D  are state matrices, L is Kalman gain, u is control input, K  feedback 

gain, y  measured output, and x̂  is Kalman filter. 

The point is to regulate the output  y  around zero. The plant is subject to disturbances and  

is driven by controls. The controller depends on the noisy estimations vy y v   to produce 

these controls. The plant state and estimation conditions are of the form 

                                     (4.12)v

x A x B u G w

y C x Du H w v

  

   
 

where v and w are white noises 

The LQG regulator consists of an optimal state-feedback gain and a Kalman state estimator 

LQE. It can design these two components independently as shown next. 

   4.2.1. Optimal State-Feedback Gain 

In LQG control, the regulation performance is measured by a quadratic performance 

criterion of the form 

 
0

( ) 2                                    (4.13)



  
T T TJ u x Q x x N x u Ru                                                                                     

where Q , N and R  are weighting matrix which is user-specified and defines the trade-off 

between regulation performance (how fast the output goes to zero) and control effort. The 

first design step seeks a state feedback law that minimizes the cost function. This gain is 

called the LQ-optimal gain. 

   4.2.2. Kalman State Estimator 

As for pole placement, the LQ-optimal state feedback u Kx   is not implementable 

without full state measurement. However, this can derive a state estimator x̂  , such that 

ˆu Kx   remains optimal for the output-feedback problem. The Kalman filter generates this 

state estimate. 

ˆ ˆ ˆ( )                                       (4.14)vx A x Bu L y C x Du                                                                                              

In addition, the noise variance data are ( ) , ( ) , ( )  T T T

n n nE ww Q E vv R E wv N . 
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This Determines the Kalman gain L  through an algebraic Riccati equation. The Kalman 

filter is an optimal estimator when dealing with Gaussian white noise. Specifically, it 

minimizes the asymptotic covariance of the estimation error ˆx x . 

ˆ ˆlim (( ) ( ) )   T

t E x x x x  

The goal is to regulate the plant output y around zero.  

4.3. Adaptive Inverse Control 

Consider the plant with non-linearity (.)N  at the input of the linear part of the plant ( )G D  

( ) ( ) ( )                                                   (4.15)y t G D u t                                                                                                                                   

where the system input is expressed as  

( ) ( ( ))                                                    (4.16)u t N t                                                                                                                   

where ( )G D a rational transfer is function, and D , represents Laplace transform in s-domain 

for continuous-time system and z-domain for discrete-time systems. 

The main control objective is to avoid the effect of non-linearity and use the easiest scheme 

of linear control methods to ensure the desired performance of the system [15]. 

To achieve these objectives two processes should be required, 

 Avoidance of such nonlinearities for which such compensator can be used is 

required. 

 Adaptive law that can exactly update the compensator parameter is required. 

4.3.1. Nonlinearity Clarification  

Parameterized model for all non-linearity’s can be defined as, 

*( ) ( ( )) ( ; ( ))                                         (4.17)u t N t N t         

* * ( ) * ( )                                           (4.18)T

st t                                                         

where * nR   unknown parameter vector of non-linearity. While *( )t  and * ( )s t  are 

unknown signals, whose components are determined by their flow in the non-linearity (.)N

The importance of adaptive inverse control method is to remove the effect of non-linearity, 
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where the inverse characteristics (.)NI are parametrized by ( )t which is an estimation of 

* .the system is derived by ( )du t  which is the desired control signal from feedback law. 

There are criteria’s which are applied to inverse control law, these are 

 Parameters in the system should be adapted. 

 This parameter should stay in a pre-specified region to implement the inverse 

control law. 

All this can be fulfilled by  

 The parameter error model  

 Parameter projection function needed for commanding the parameter to keep 

in range of defined boundary. 

   x  

   

 

 

 

 

                                                                 

Figure 4. 2. State feedback inverse control 

As shown from Figure 4.2 the control law can be derived as; 

( ) * ( ) ( )                                           (4.19)du t K x t r t    

Lemma: Inverse model: -A desirable inverse ( ) ( ( ))dt NI u t   should be parametrized by

( ) ( ) ( )   T

st t t , where 
s( )  a nd ( )  nt R t R known signals. These components 

are determined by their flow through the non-linearity inverse model. If ( )du t  is bounded 

then, s( ), ( ) a n d ( )  t t t  is bounded. Therefore 

( ) ( ( ))                                                      (4.20)dt NI u t   

 

    
+ 
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( ) ( ) ( * * ( ) * ( ) ( ( ) ( ) ( ))                 (4.21)           T T
d s su t u t t t t t t       

From Equation (4.18)  there is 

( ) * ( ) *( ) * ( )                                     (4.22)T

su t t t t      

The feedback gain *K  on the block diagram of Figure 4.2 can be selected using any method 

like linear quadratic regulator so that ( *)A BK  is stabilizable. 

Using Equation (4.19) the closed-loop response of the system of Figure 4.2 is derived as  

           
1( ) [ *] ([ ]( ) [( *) ] ( ) ( )                    (4.23)        Ny t C DI A Bk B r t d t t  

Equation (4.23) can be reduced by letting 
1( ) [ *]dW t C D I A Bk B    and if ( ) 0Nd t   and 

the inverse cancels the non-linearity ( *)  . The total response of Equation (4.23) become    

( ) ( )[ ]( ) ( )                                            (4.24) dy t W t r t t                                         

Then the reference model of the system can be derived by neglecting the effect of ( )t and 

Equation (4.24) become  

( ) ( )[ ]( )                                               (4.25)m my t W t r t  

To express quantitatively the disturbance signal ( )Nd t , subtract Equation (4.21) from 

Equation (4.18). 

( ) ( ) ( * *( ) * ( ) ( ( ) ( ) ( )) 

       = ( ) + * *( ) ( ( ) * ) ( ) * ( ) ( )              (4.26)

       = ( ) + * *( ) ( ( ) *( )) *  * ( ) ( )             

T T

d s s

T T T

d s s

T T

d s s

u t u t t t t t t

u t t t t t t

u t t t t t t

     

      

      

      

   

   

 

From Equation (4.26) ( ( ) *( )) *  * ( ) ( )T

s st t t t        is the disturbance signal ( )Nd t

and the final equation becomes. 

( ) = ( ) + * *( ) ( )                                      (4.27)T

d Nu t u t t d t    
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As seen from ( ( ) *( )) *  * ( ) ( )T

s st t t t       , ( )Nd t =0, if ( ) *( ) t t  and

 * ( ) ( )s st t  . 

To drive the reference model with disturbance, consider again Figure 4.2. 

( ) ( )[ ]( ) ( ) [( ( ) *) ]( ) ( )[ ]( ) ( )

        = ( )[ ]( ) ( )[ ]( ) ( )[ ]( ) ( )                           (4.28)

T

m m m N

T

m m m N

y t W D r r W D t t W D d t t

W D r r W D t W D d t t

    

  





   

  
 

Consider ( ) ( )mW D W D and Using Equation (4.25) the output error is derived as 

( ) ( ) ( ( )[ ]( ) ( )[ ]( ) ( )[ ]( ) ( ))

                        ( ( )[ ]( ) ( ))                                                                (4.29)





  



    

 

T

m m m m N

d

y t y t W D r r W D t W D d t t

W t r t t
 

Canceling like terms and Equation (4.29) become  

( ) ( ) ( )[ ( ) *) ]( ) ( )[ ]( )                     (4.30) T

m m m Ny t y t W D t t W D d t       

( ) ( ) ( )[ ]( ) * ( )[ ]( ) ( )[ ]( )                (4.31)T T

m m m m Ny t y t W D t W D t W D d t        

Then calculate the estimated error as 

( ) ( ) ( ) ( )                                            (4.32)   mt y t y t t   

where,  

( ) ( ) ( ) ( )[ ]( ) a nd (t)= ( )[ ]( )                      (4.33)T T

m mt t t W D t W D t         

Substitute Equation (4.33) into Equation (4.32) and become: 

( ) ( ) ( ) ( ) ( )[ ]( ) ( )[ ]( )                      (4.34)T T

m m mt y t y t t W D t W D t         

 By considering, Equation (4.31) and Equation (4.34) can be reduced as: 

( ) ( ) * * ( ) ( )[ ]( ) ( )[ ]( )                  

       =( ( ) *) ( ) ( )[ ]( ) ( )[ ]( )                               (4.35)

T T T

m m N

T T

m m N

t t t W D t W D d t

t t W D t W D d t

   

 

    

  
 

If ( )Nd t =0, then estimation error becomes: 
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( )=( ( ) *) ( ) ( )[ ]( )                                                  

      = ( )[ ] ( )                                                           (4.36)

T T

m

T

m

t t t W D t

W D t

   

 
 

In the time domain the error is: 

( )= ( ) ( )                                                  (4.37)T

Nt t d t     

This is linear ( )t with bounded error due to the uncertainty of non-linearity (.)N . 

Lyapunov Adaptive Law Design Method with Continuous Time: The closed-loop state- 

Space representation of the general system shown in Figure 4.2 is 

( ) ( ) ( ) ( ( ) ( ))                                 (4.38)Nx t A x t B r t B t d t      

( ) ( )                                                      (4.39)y t C x t  

If  ( ) 0Nd t   that means ( )t   with the control signal of Equation (4.19) then the system 

becomes, 

( ) ( *) ( ) ( )                                        (4.40)x t A B k x t B r t    

( ) ( )                                                     (4.41)y t C x t  

From this, the reference model can be derived as, 

( ) ( *) ( ) ( )                                    (4.42)m mx t A B k x t B r t    

( ) ( )                                                  (4.43)m my t C x t  

With this method, the error can also be calculated as follows, 

Let ( ) ( ) ( ) a n d ( ) ( ) ( )m mx t x t x t e t y t y t     then the above equation become 

( ) ( *) ( ) ( ( ) ( ))                               (4.44)T

Nx t A B k x t B t d t      

( ) ( )                                                       (4.45)e t C x t  

To develop adaptive law for the given system, consider the following Lyapunov function as 
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11
( , ) ( )                                          (4.46)

2
    T Tv x x P x  

where, 1 2[ , ,.... ]nd i a g     , and 'i s are any positive real numbers for continuous-time 

systems and 0 2i   to the discrete-time systems. While p is any positive definite matrix, 

0TP P   satisfy Lyapunov equation stated on Equation (4.47). 

( *) ( *) 2                                    (4.47)P A B k A B k T P Q      

where Q is any positive definite matrix, 0TQ Q  . 

Let us take the derivative of Equation (4.46) of Lyapunov function as 

1

1

1
[ ( )]

2

   =                                                           (4.48)

T T

T T

d
v x P x

d t

x P x





  

 

 

 

 

Then substitute ( ) with ( *) ( ) ( ( )) ( )T

Nx t A Bk x t B t d t    and Equation (4.48) gives 

1

1

(( *) ( )

   = ( *) ( )                           (4.49)

T T T

N

T T T T

N

v x P A B k x B d

x P A B k x x PB d





     

    

   

   
 

Since ( *)Q P A Bk   Equation (4.49) becomes 

1( )                                   (4.50)T T T T

Nv x Q x x P B d          

After this step, select an adaptive law for the system as 

 ( ) ( ) ( )                                       (4.51)Tt x t P B f t     

If   ( ) 0Nd t   ,                    

1 0                                            (4.52)T T Tx P B        

Equation (4.49) can be reduced as  

0                                                          (4.53)  Tv x Q x  
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This shows that v  is bounded and 
2  i.e y and my y y L     are bounded, similarly 

 and y   are also bounded. But if ( ) 0Nd t  , use the parameter projection law ( )f t

expressed as 

i

i

i

0         [ , ]   

              ( ) 0  
( )                            (4.54)

               ( ) 0 

( )               



  

 

 

 


 
 

 


a b

i i

a

i i

b

i i

i

if or

if a n d g t or
f t

if a n d g t

g t ot he r wi s e

 

where ( )ig t stands for; 

( ) ( )                                                  (4.55)  T

ig t t x PB  

And [ , ] a b

i i  is an appropriate span of parameters, with a

i  is minimum boundary value and 

b

i  is maximum boundary value. Similarly, adaptive law on Equation (4.51) and the 

derivative of Lyapunov function becomes considered in [15]. 

1

1

1

(( *) ( ) ( )

   = ( *) ( ) ( )              (4.56)

   = ( ) ( )

   =

T T T T

N

T T T T T

N

T T T T T

N

T T T T T

N

v x P A B k x B d x PB f

x P A B k x x PB d x PB f

x PQ x x PB d x PB f

x PQ x x PB x PB d







   

   

   

  







       

      

     

   1 1                 T Tx PB f     

 

The condensed or final simplified form of Equation (4.56) becomes 

1=                                        (4.57)T T T

Nv x Q x x PB d f     

There is an additional condition that must fulfill which is 
1 (t) 0T f   .from Equation 

(4.52), for each ( ( ) *) ( ) 0 i i it f t  i , for 1,2,3,......., .i n i.e.,
1 (t) 0T f    , ( )Nd t , 

and ( )x t are bounded. Equation (4.43) shows that ( )mx t bounded and Equation (4.27) 

indicates ( )du t  also bounded. At the end of the inverse control theorem,

( ), ( ), ( )t t t    are all bound. Since all closed-loop signals are bounded the output error 
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( ) ( ) ( )me t y t y t   and ( ) t  are bounded. That means square error:

2 2

2 2

1 1

( ) ( )

t t

N

t t

e t dt k d t     for some constant , 0k    

4.4. Application to Linear Quadratic Gaussian Control 

The linear quadratic Gaussian (LQG) is the standard technique for the control design of 

output or partial state information. Consider a state observer which is constructed using the 

Kalman optimal estimation method as [42]: 

ˆ ˆ ˆ( )

ˆ ˆ                                                                  (4.58)

   



x Ax L y y Bu

y C x
 

where, x̂  is the estimated state vector, L is Kalman filter gain, and ŷ is estimated output. 

In an adaptive linear quadratic Gaussian (LQG), control the main objective is designing a 

closed-loop observer model that tracks a reference model expressed as:  

                                                  (4.59)m m mx A x B r   

Consider an ideal controller for a closed-loop system  

(y- y)+ r                                            (4.60)* * * *

x y r
ˆ ˆu K x K K   

N.B. variables expressed in adaptive and Lyapunov design are changed with their 

appropriate symbol used in LQG unless it follows similar steps. 

Substitute Equation (4.60) into Equation (4.56) and become 

* * *

* * *

ˆ ˆ ˆ ˆ ˆ( ) ( )+ r

ˆ ˆ ˆ ˆ   = ( ) ( ( )+ r)                                (4.61)

x y r

x y r

x A x L y y B K x B K y y B K

A x L y y K x K y y K B

     

    
 

where, 

* * *A+B ,  and                                  (4.62)x m r m yK A B K B B K L     

Then chose a continuous-time adaptive controller as 

ˆ ˆ( ) (t)( )+ (t) r                                               (4.63)x y ru K t x K y y K    
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where 
* * *, ,x x x y y y r r rK K K K K K K K K      an estimation error of is ( ), ( ) x yK t K t and 

( )rK t .substituting Equation (4.62) and the above estimation error into Equation (4.61) it 

become: 

ˆ ˆ ˆ ˆ( )+ r                                      (4.64)m x y rx A x B r B K x B K y y B K      

Assume ˆ
me x x   be the tracking error, which is the subtraction of Equation (4.64) from 

Equation (4.59), and with error derivative, it becomes 

ˆ ˆ ˆ ˆ( ) ( ( )+ r)               

ˆ ˆ ˆ                = ( ) ( )- r)

ˆ ˆ                = ( )- r)                                 

m m m m m x y r

m m x y r

m x y r

e x x A x B r Ax B r B K x B K y y B K

A x x B K x B K y y B K

A e B K x B K y y B K

        

   

                     (4.65)

 

The choose an adaptive law for ( ), ( ) x yK t K t and ( )rK t  using optimal control modification 

given by 

1

1

1

ˆ ˆ( )                                            (4.66)

ˆ ˆ( )[ ( ) ]                          (4.67)

( )                      

T T T T T

x x x x m

T T T T T

y y y y m

T T T T T

r r r r m

K x e P v x K B PA B

K y y e P v y y K B PA B

K r e P v r K B PA B







  

    

                          (4.68)

 

With initial conditions (0) , (0) , (0) ,x x y y r rK K K K K K   0, 0       T T

x x y y and 

0   T

r r
are positive gains, 0, 0,  a nd 0,x y rv v v   are modification parameters. In 

addition, 0TP P  is the solution of the Lyapunov equation. 

                                                    (4.69)T

m mPA A P Q    

where 0TQ Q  . 

For an adaptive augmentation regulator design where the reference model is zero, the 

adaptive controller is given by 

ˆ ˆ ˆ( )                                           (4.70)x x yu K x K x K y y     
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where xK  is derived from the LQR design of the full state equation and the adaptive laws 

for  and ( )x yK K t  are given by 

1

1

ˆ ˆ ( )                                         (4.71)

ˆ ˆ( )[ ( ) ]                         (4.72)

T T T T

x x x x m

T T T T T

y y y y m

K x x P v K B PA B

K y y x P v y y K B PA B





    

    
 

To check the stability of adaptive law, use the cost function of the Lyapunov equation. 

Chose a Lyapunov cost function as it is known that 

( , ; ) ( , ; )J A B K t r a c e P A B K  refer to [43] then it becomes 

1 1ˆ ˆ ( ) ( )                             (4.73)T T T

x x x y y yv x P x tr ace K K trace K K         

The derivative of the Lyapunov equation is 

1 1ˆ ˆ ˆ ˆ ˆ ˆ2 2 ( ) ( )        (4.74)T T T T T T T

x x m x y y m yv xQx v x K B PA B K x v y y K B PA BK y y          

Let
1

mPA M N   . where, 

1 11 1
( )                                     (4.75)

2 2

T T

m m m mM PA A P A QA        

11
( )                                                  (4.76)

2

T

m mN PA A P    

From this TN N   which implies 0.Tz Nz  and substitute Equation (4.75) and (4.76) 

into Equation (4.74) 

1 1

* 1 * 1

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) 

ˆ ˆ ˆ ˆ   =+2 2 ( ) ( )              (4.77)

T T T T T T T

x x m x y y m y

T T T T T T

x x m x y y m y

v xQ x v x K B A B K x v y y K B A BK y y

v x K B PA B K x v y y K B PA BK y y

 

 

       

    
 

Check the boundedness of the Lyapunov equation 

   
2 22 2 2* *

1 2 3 2 3

2 22 22 * 2 *

2 3 2 3

ˆ ˆ ˆ

ˆ ˆ   +                                                       (4.78)

x x x y y y

x x y y

v a x a v x K a K v a y y K a K

v a a x K v a a y y K

        

  
 

where 
1

1 min
1 min 2 min 3

2

( )
( ), ( ),

T
T m

m

B PA B
a Q a B QA B a

a


 


    from these values  
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0 ifv   

2*

3 2
*

1 2 3

ˆ ˆ                                   (4.79)
y

y

x x

v a
x a y y K

a v a a K
  

 
  

222 *
2 3* 2 *

3 3 2

ˆ
                     (4.80)

ˆ

y y

x x x

x

v a y y K
K a K a K k

v x


        

222 *
2 3* 2 *

3 3 2

ˆ
                               (4.81)

ˆ

y x

y y y

y

v a x K
K a K a K

v y y


   


  

From Equation (4.76), 
2

*

1 2 3 0x xa v a a K    this implies that, 

1

2
*

2 3

x

x

a
v

a a K



.so all signals are uniformly bounded with an ultimate bound  

2 1 2 1 2

ma x ma x ma x

min

( )
ˆlim                            (4.82)

( )

x y

t

P k
x

P

 



   


    


 

From the above proof, we see that adaptive optimal control modification regulator does not 

exactly result in ˆ( ) 0 as x t t  . This is because the optimal control modification 

provides robustness by seeking an optimal solution of ˆ( )x t bounded away from the origin. 

The proximity ˆ( )x t is controlled by the modification parameters  a nd x yv v . By =0xv  and 

0,yv recover the standard model reference adaptive control which results in

ˆ( ) 0 as x t t  . The optimal control modification has a linear limiting property under 

fast adaptation with large adaptive gains.[44] In the theoretical limit as , then    

1

1

1
( )                                         (4.83)

1
ˆ( )                                       (4.84)

T T T

x m

x

T T T

y m

y

B K B B A PB B P
v

BK y B B A PB B P x
v

 

 

 


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Using this limiting property, the estimated stability margin closed-loop system become 

1

1

1 1
ˆ ˆ( )                               (4.85)

1 1
ˆ ˆ                             (4.86)

T T T

x m

x y

T

x m

x y

x Ax BK x B B A PB B P x
v v

x Ax BK P A P LC x LCx
v v

 



 
     

 

  
        
   
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CHAPTER 5 

SWING-UP CONTROLLER DESIGN 

The swing-up control strategy is based on the mechanical energy of the system. This 

mechanical energy contains, the potential energy reference, and total energy is at the place 

where the pendulum is at rest, as depicted in Figure 5.1. This reference potential energy is  

                                                              (5.1)r p pE m g l  

                                                                         pE     

 

 

 

                                                                                              

                                                                                                          rE  

Figure 5. 1.Potential energy reference 

The energy-based approach attempts to swing the pendulum upright by using the total energy 

of the system as a feedback quantity. The pendulum is controlled in such a way that its 

energy is driven towards a value equal to the steady-state upright position[45]. Ignoring 

friction and accepting the pendulum as an unbending body, the equation of motion of the 

pendulum is  

sin( ) cos( ) 0                                       (5.2)p p p pJ m g l mul      

where g is the acceleration of gravity and u (=ng) is the maximum acceleration of the pivot. 

The parameter n is dimension-free. Normalized variables are useful to characterize the 

properties of a system. Introduce 
p

mgL

J
  which is the frequency of small oscillations 

around the downward position. The equation of motion is then characterized by two 

parameters only. As indicated in the figure the potential energy of the pendulum at upright 

position corresponds to the energy reference  
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2                                                        (5.3)r p pE m g l  

Choose the energy of the system as zero in the upright position, and normalize it by p pm gl , 

which is the energy required to raise the pendulum from the hanging down position to the 

horizontal position. The normalized energy can be then written as  

21
2 (1-cos ( ))                                        (5.4)

2
p p p pE J m g l    

Swinging up the pendulum will particularly concern controlling the energy such that the 

pendulum comes to its heteroclinic orbits. These orbits are found by investigating 

the case where the energy of the pendulum is equal to *E  , i.e.  

21
2 2 (1-cos ( ))                                (5.5)

2

r p

p p p p p

E E

m g l J m g l 



 
 

Solving yields the expression for the heteroclinic orbits.  

(1-cos ( ))                                                   (5.6)
p

g

l
   

Heteroclinic orbits are trajectories that connect two stable equilibrium points of a system 

(i.e., there exists an equilibrium point on either side of heteroclinic orbits). The blue line in 

Figure 5.2 represents the heteroclinic orbit of a pendulum. In addition, the two smaller circle 

in the right and left side are the equilibrium points. Inside heteroclinic orbits, the trajectory 

moves away from the unstable equilibrium point on one side and moves toward it on the 

other side. Outside Heteroclinic orbits, the energy of the system is greater than reference 

energy; this shows that if there is no friction the system will continue on the path. However, 

if there is friction it loses the energy and ends up on the next stable equilibrium point. For 

an Inverted pendulum on a cart for zero friction if the system energy is greater than reference 

energy the pendulum continues rotating or swings back and forth continuously and never 

stops. However, if there is friction it will end up at one of its stable equilibrium points (nπ; 

0).  

The process of driving a pendulum from its pedant position, where the energy of the system 

is minimum to an inverted position where the energy of the system is maximum is known 
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as Swing-up. The main objective of this process is to add energy to the system so that the 

system reaches its unstable equilibrium point, for control purposes.  

 

 

Figure 5. 2. Hetero clinic orbit in pendulum natural dynamics 

To derive the control strategy, take the derivative of Equation (5.4) gives 

1
( s i n ( ))                                           (5.7)

2
p p pE J m g l     

To introduce the pivot acceleration u and eventually, our control variable, solve in 

Equation (5.2) and obtain as 

 
1

si n ( )= 2  cos ( )                               (5.8)
 

p p p

p p

J m g l
m g l

     

Then substitute Equation (5.8) into Equation (5.7) gives 

1
s i n ( ))                                                 (5.9)

2
p pE m l u    

The pendulum will swing up to the desired reference energy rE  and acceleration u   

becomes                
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( cos ( ))                                                 (5.10)ru E E     

By setting the reference energy to the pendulum potential energy, i.e., *E E  the control 

will swing the link to its upright position. For energy to change quickly the magnitude of the 

control signal must be large. as a result, the following swing-up controller is designed as 

 ( ) ( cos )                                  (5.11)
maxu ru s at E E sig n     

where   is tunable control gain and 
maxus a t function saturates the control signal at a 

maximum acceleration of the pendulum pivot m a xu . 

5.2. Energy Based PD based Swing-up Controller Design (EBPDSC) 

A Swing-up controller will derive the position of the arm to drive from the stable downward 

position of the pendulum.it makes sense that by applying the DC motor and by moving the 

arm back and forth strongly enough, the energy is gradually added to the RIP system, so the 

pendulum it can be swing up to an unstable position 

Many different control algorithms (trajectory tracking, energy-based method, and 

rectangular reference input swing-up type, adaptive or intelligent strategy) can be used to 

perform the swing-up control. Here a positive feedback GA tuned PD controller with an 

energy-based approach is used because of its simple structure, effectiveness, and easy tuning 

[46].  

 

 

     V     

                                                

                                                                                                    

 

Figure 5. 3. Block diagram of PD swing-up control of RIP 

The block control diagram consists of two loops as shown in Figure 5.3. The inner loop 

performs the position control of the arm, while the outer loop specifies the desired trajectory 

PD swing-up    
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for the arm along to swing the pendulum to the balancing position. 

For the servo arm to track the desired position, a positive feedback PD control law is 

designed as 

( ) * *                                               (5.12)m p du t k k    

The position PD controller offers the voltage applied to the motor so that angle of the arm   

tracks the desired position d .the tuning parameters of conventional PD parameter pk and 

dk have randomly selected and tuned with GA to achieve the desired performance for the 

inner loop and outer loop. 

Within the external loop, for swing-up, the pendulum a positive feedback PD control loop 

was chosen. This positive feedback loop increases the energy provided to the pendulum and 

has a role in destabilizing the system because the downward position of the pendulum is 

stable. The value of the tuning PD parameters  pk  and dk plays a key role in bringing up 

the pendulum smoothly. These parameters (the proportional and derivative constants) can 

be tuned to alter the positive damping within the system. Moreover, the command provided 

by the swung-up controller (desired angle of pivot arm) must be limited in the range 180

to ensure that the arm does not reach a position that will cause a collision. 

( ) * *                                              (5.13)d p dt k k     

The energy of the system is given to the outer loop PD controller to get a perfect stabilizing 

point.  

5.3. Swinging (Switching) Condition 

As the pendulum goes to the upright position of equilibrium point, the stabilizing controller 

must take over the swing-up controller. Therefore, there must be a switching mechanism for 

swinging up the pendulum. The requirements of the switching up of the controller for its 

stabilization are 

 The change in the range of the pendulum must be in the range of * *1

2
E E E  . 

 The angle of the pendulum must be in range
6


  . 
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According to the above criteria, it is possible to select the controller for applying to the 

system. i.e. If one or both of the criteria is fulfilled the output of the swing up controller to 

the system unless the output of stabilizing controller is applied to the system. However, 

anyone should remind that both controllers do not apply to the system at the same time. That 

means if one of the controllers is applied, the other should be passive or eliminated from the 

system.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



41 
 

CHAPTER 6 

STABILIZING CONTROLLER DESIGN 

6.1. Approximate Linearization, Stability, and Controllability Checking 

6.1.1. Linearization about an Equilibrium Point of Nonlinear System 

Given the nonlinear system of an underactuated mechanical system  

( , )                                                         (6.1)f x u  

From topic (4.1) the approximate linearization of a nonlinear underactuated model which is 

the Furuta pendulum is based on Tayler series expansion of the model around the 

equilibrium point   ,x u  and rotating only the first-order terms.[43] 

For the system containing n-states n -states 1 2, ..... nx x x and n - inputs 1 2, ..... nu u u  the Tayler 

series can be expressed as 

1 1 2 2

1 2

1 1 2 2

1 2

( ) ( ) .... ( )  

           + ( ) ( ) .... ( )              (6.2)

n n

nx x x x x x

n n

nu u u u u u

f f f
y y x x x x x x

x x x

f f f
u u u u u u

u u u

  

  

  
       

  

  
     

  

 

Depending on the topic described in Equation (4.1) eliminate the higher-order term and write 

as general case as 

2

( , )                                       (6.3)
 
 

 
   

 x x x x
u u u u

f f
y y f x u

x x
 

Then from the nonlinear model expressed in Equation (3.18) and (3.19) 

2 2

11 2 1 12 2 2 1 2 1 2 1 2 2( ) ( ) si n (2 ) si n ( )               (6.4)p p am q q m q q m l q q q m l l q q T     

2 2

21 2 1 22 2 2 1 2 1 1 2

1
( ) ( ) s i n (2 ) s i n ( ) 0                  (6.5)

2
p pm q q m q q m l q q m gl q     
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Equation (6.4) and (6.5) consists of pendulum rotation angle   and arm rotational angle   

and from the above Equation (6.4) and (6.5) the coordinate transform is represented as                        

1 2( , ) ( , )q q    Expressed in Chapter 3. 

Then the equation of motion as a function of , , ,     with becomes 

2 2 2

11 1 2

12 21 1 2

                                   sin ( )

                                         cos( )                                                   (6.6)

                

a a a p a p

p a

m m l J m l m l q

m m m l l q

   

 

2

22 1

2 2

                                 

 with  and 

p p

g m g t m g m g t g m g t ma
g m g t u

m m m m

m m l J

K K K K K K K KV
T K K K K

R R R R

 

   

      
 

 

Become  

2 2 2

1 1

2 2

1 1

( , , , ) ( s in ( )) cos ( )

                    s in (2 ) sin ( )                          (6.7)

a a a p a p p a

p p a u

f m l J m l m l m l l

m l m l l K u K

       

    

    

   
     

2 2 2

1 1 1

1

1
( , , , ) cos ( ) ( ) sin (2 )

2

sin ( )                           (6.8)

p a p p p

p

f m l l m l J m l

m g l

   



        


      

Linearization for the Upright Position: From Equation (6.7) the linearization about 

unstable equilibrium [0 0  0]T

eqx  then it becomes 

2 2

1 1(0 0  0) ( )                            (6.9)a a a p a p a uf m l J m l m l l K u        

Then the partial derivative to each variable at equilibrium unstable position become 

1 1 1 1
10, =b , =0, =0,                              (6.10)

x x x x x x x x

f f f f

      

   


   
 

Therefore, the linearized equation of motion for rotation is given as 

2 2

1 1( ) ( + ) =0                           (6.11)a a a p a p a um l J m l m l l K u b K        

From Equation (6.8) the linearization about unstable equilibrium [0 0  0]T

eqx  become 
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2

2 1 1(0 0  0) ( )                                  (6.12)p a p pf m l l m l J       

Then the partial derivative to each state is then 

2 2 2 2
10, =0, =- , =0,                        (6.13)p

x x x x x x x x

f f f f
m l g

   

   


      
 

So, the linearized equation of motion of rotation become 

2

1 1 2 1( )  + g  =0                              (6.14)p a p p pm l l m l J b m l        

The linearized equation of the input is 

1 2, , = 0                                        (6.15)u

u u u u

f f
K a n d

u u
 

 


 
 

The final linearized model of pendulum motion in the upright position become with 

considering viscous friction 1b  and 2b  

2 2
1 1

2

11 2

1

( )     0

( ) 0

0 0
                                                                

0 0

p aa a a p a

p pp a

u

p

m l lm l J m l b K

m l Jm l l b

K
u

m l g

 

 





       
                 

    
          

(6.16)

 

As described in the Topic 3.3 the coordinate rotation variables are substituted at equilibrium 

with   

1 1 1 2 1 2

2 3 3 4 3 4

,  

,  





    

    

q x a n d x x x x

q x a n d x x x x
 

 Therefore, the corresponding state variable state rotation coordinate become 

1 2 3 4 , , , , , ,                                          (6.17)       

TT

x x x x      

Then to get the state matrices to consider Equation (6.10) and (6.13) in terms of state variable

x   
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2 2

2 1 4 1 2( )  ( + ) =0                     (6.18)a a a p a p a um l J m l x m l l x K u b K x       

2

1 2 1 4 2 4 1 3( )  + g x  =0                         (6.19)p a p p pm l l x m l J x b x m l     

From the beginning let 1 2 3 4  and x x x x  and From Equation (6.18)  

1 3 1 2 2 4

4 2

1

g
                                         (6.20

p p a

p p

m l x m l l x b x
x

m l J

 



 

Substitute Equation (6.19) into (6.17) becomes 

1 3 1 2 2 42 2

2 1 2

1

g x
( )  =0          (6.21)

p p a

a a a p a p a u

p p

m l m l l x b x
m l J m l x m l l K u K

m l J


  
       

 

   
  

2 2 2 2

1 1 1 2 1 3 1 2 4

2 2 2 2 2 2 2

1 1

( + )
      (6.22)

u p p p p p a p a

a a a p a p p p a

K u m l J b K m l J x m l l g x m l l b x
x

m l J m l m l J m l l

    


   
 

Similarly, from Equation (6.18)  

2

1 4 2 4 1 3

2

1

( ) + g
                                (6.23)

p p p

p a

m l J x b x m l m x
x

m l l

 
  

Substitute Equation (6.22) into Equation (6.17)  

2

1 4 2 4 1 32 2

1 4

1

1 2

( ) + g
( )

                                                       ( + ) =0                                      (6.24)

p p p

a a a p a p a u

p a

m l J x b x m l m x
m l J m l m l l x K u

m l l

b K x

  
     

 

 

 

Then 2x become 

     
  

2 2 2

1 1 1 2 1 3 1 2 4

4 2 2 2 2 2 2

1 1

+ g
 (6.25)

u p a p a a a a p a p p p
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K u m l l b K m l l x m l J m l m l x m l J b x
x

m l J m l m l J m l l

     


   



 

For simplification let  

2 2 2 2 2 2 2 2

1 1 1 1 1, , , , , gp p a a a p a p a p a p a pa m l J b m l J m l c m l l d m l l g e m l l f m l          
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Then the state space representation in the upright position become 

1 1 2

2

3

1 24

0 1 0 0 0

( )
0

                  (6.26)
0 0 0 1 0

( )
0

u

u

x b K a K aebd

ab c ab c ab c ab cx
x u

x

b K K eabafx

ab c ab c ab c ab c

   
      
    

             
    
      
   

      





 

1

3

0 1 0 0

0 0 0 1

x
y

x

  
   
   

 

Linearization for the Downward Position: Linearization of the downward position is 

around the stable [0 0 0 0]T

eqx  and from Equation (6.7) and (6.8)  

2 2

1 1(0 0 0 0) ( )  +                    (6.27)a a a p a p a uf m l J m l m l l K u K         

Then the partial derivative to each state become 

1 1 1 1
10, = + , =0, =0,                       (6.28)

x x x x x x x x

f f f f
b K

   

   


   


   
 

The linearized equation becomes  

2 2

1 1( )  +( )  =0                       (6.29)a a a p a p a um l J m l m l l K u b K         

And from Equation (6.8)  

2

2 1 1(0 0 0 0) ( )                                 (6.30)p a p pf m l l m l J      

The partial derivative to each variable becomes 

2 2 2 2
1 20, = , = , = ,                     (6.31)p

x x x x x x x x

f f f f
b m g l b

   

   


      
 

The linearized equation of rotational motion is then 

2

1 1 2 1( )  + g  =0                              (6.32)p a p p pm l l m l J b m l       
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Then the final linearized model of the pendulum in the downward position become 

2 2
1 1

2

11 2

1

( )     0

( ) 0

0 0
                                                                   

0 0

p aa a a p a

p pp a

u

p

m l lm l J m l b K

m l Jm l l b

K
u

m l g

       
                 

    
     

    

 

 




        (6.33)

 

Similarly, to the above steps put the linearized model in state-space form Equation (6.31) 

can be written as  

2 2

2 1 4 1 2( )  +( )  =                    (6.34)a a a p a p a um l J m l x m l l x b K x K u      

2

1 2 1 4 2 4 1 3( )  + g =0                           (6.35)p a p p pm l l x m l J x b x m l x    

From Equation (6.33)  

2 4 1 3 1 2

4 2

1

g
                                    (6.36)

p p a

p p

b x m l x m l l x
x

m l J

  



 

Substitute Equation (6.34) into (6.32) 

2 4 1 3 1 22 2

2 1 1 22

1

g
( )     +( )  =   (6.37)

p p a

a a a p a p a u

p p

b x m l x m l l x
m l J m l x m l l b K x K u

m l J

   
      

  

From this rearrangement 2x becomes 

    
  

2 2 2 2

1 1 1 2 1 2 4 1 3

2 2 2 2 2 2 2

1 1

        (6.38)
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m l J m l m l J m l l

     


   



 

Similarly, from Equation (6.33)  

2

2 4 1 3 1 4

2

1

g ( )
                              (6.39)

p p p

p a

b x m l x m l J x
x

m l l

   
  

2

2 4 1 3 1 42 2

1 4 1 2

1
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( )  +( )  =    (6.40)
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Rearranging this 4x become 

   

  
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For simplification let  

2 2 2 2 2 2

1 1
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         , , g
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p a p a p

a m l J b m l J m l c m l l
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Then the state space representation in the downward position become 

1 1 2

2

3

1 24

0 1 0 0 0

( )
0

               (6.42)
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  where, 
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6.2. System Stability  

As presented at the beginning of Section 6.1, Equations (6.10) and (6.13) express the local  
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Stability of the internal dynamics, and the zero dynamics respectively. The matrix expressed 

in Equation (6.42) is called the Jacobian matrix. This matrix exhibits a characteristics 

polynomials equation for proving the stability of the whole system defined as 

1 2

4

1 2

              

1 0 0

( )
0

                          (6.44)
0 0 1
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        
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  

    

 



              (6.45)

 

The linearized system above is stable around the equilibrium point 0 if x A is a Hurwitz 

matrix. Based on Hurwitz’s criterion and the results of the calculations, the constraint 

condition of the controller parameters is determined as  

12
( )

                                                       (6.46)
b K aab

ab c ab c




 


 

1 12 2
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* *                        (6.47)
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    
  

     

 
 

1 1( ) ( )
* *                                   (6.48)

b K a b Kaf d

ab c ab c ab c ab c

   


   

 
 

From the above Equation (4.46), (4.47) and (4.48) it is clear that the stability of the system 

exist when the criteria’s expressed in this three equation are satisfied. 
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Figure 6. 1.Pole-Zero map for the linear plant 

From Figure 6.1, there is one zero at the imaginary axis this is due to consideration of viscous 

friction. Therefore, if Equations (46)-(48) among the control parameters are maintained, then 

the zero dynamics is stable around the equilibrium point 0x  , which leads to the local 

stability of the internal dynamics of Equation (6.7) and (6.8).and the MATLAB script to 

determine pole and zero is given in appendix A. 

6.3. System Controllability 

Assume that the mapping f  is continuously differentiable in a neighborhood of a point 

( , )x u  for which  

( , ) 0                                                       (6.49)f x u   

If the linearized system is controllable then the system x Ax Bu  is locally controllable at 

the point x and an arbitrary time 0T  . 

 An already linearized system is controllable if the pair ( , )A B where ( , )A M n n

( , )B M n m is controllable. i.e, the controllability matrix 
2 3[ , , , ]C B AB A B A B   is 

controllable when the determinant of 0 C . MATLAB script to determine the 

controllability of the system is given in appendix A. 

6.4. Adaptive Linear Quadratic Gaussian Based Stabilizing Controller 

Design (ALQGSC) 

Consider linearized the dynamic model of RIP with the system, which is controllable by 

applying the control concept of Section (4.3).For the upward position of the pendulum, the 

system as expressed in   
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     


   

  

     3 4x x  

   
  

2 2 2 2

1 1 1 2 1 3 1 2 4

2 2 2 2 2 2 2

1 1

( + )
                   (6.50)

u p p p p p a p a
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K u m l J b K m l J x m l l g x m l l b x
x

m l J m l m l J m l l

    


   



 

The new state of the system is 1 2 3 4[    ]Ty x x x x . Then apply the concept described in 

Chapter 4. The state feedback gain 1 2 3 4[    ]TK k k k k for the linearized equation, designed 

using a linear quadratic regulator. A design parameter  is a 4x4 diagonal matrix and

 and Q P is a 4x4 positive definite matrix.  is the diagonal elements of   and can be any 

positive number that satisfies the criteria stated in Section 4.The baseline LQR and Kalman 

filter controller is augmented with 1L  adaptive controller [46] and the control input is 

expressed as 

                                                    (6.51)in a d l q gu u u   

Where  ˆ
lqg lqru k x ,

1 T

lqrk R B P  and P  is determined from the MATLAB script in 

appendix C. 

Baseline Controller (LQR+KF). This section explains the design of a baseline controller, 

which compensates for the linear and known part of system dynamics. The linearized model 

of the original dynamics is considered at nominal conditions. Since the L1, adaptive 

controller contains a mechanism for integral control, an LQR+KF is considered. In this 

thesis, 1L adaptive controller is considered; this controller consists of three parts for the 

control parameter.  

State Predictor: consider the following state predictor as 

ˆˆˆ ˆ ˆ( ) ( ) ( ( ) ( ) ( ))

ˆ( ) ( )                                                                     (6.52)

T

m m

T

x t A x t B u t x t t

y t C x t

   



  
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Where ˆ( )x t is the measured state predictor vector, ( )u t is the control input, mA is Hurwitz n  x 

n  matrix, and as described in section 4 ˆ    is unknown constant with known sign ̂ is a  

vector of time-varying parameters. 

Adaptation Law: the following projection-based adaptation laws described in section 4.3 

govern the adaptive process. 

ˆ ˆ ˆ ˆ( ) ( ( ), ( ) ( )), (0)

ˆ ˆ ˆ ˆ( ) ( ( ), ( ) ( ) ), (0)

ˆ ˆ ˆ ˆ( ) ( ( ), ( ) ), (0)                           (6.53)

T

m

T

m

T

m

t proj t x t PB u t

t proj t x t PB x t

t proj t x t PB

   

   

   







   

   

   

 

Where ˆˆ ˆ,  a nd       adaptive parameters are estimates of ( ), ( ) and ( )t t t  

respectively. ˆx x x   Is the prediction error and 0p p  is the solution of the Lyapunov 

equation: 0T

m mA P PA Q   for chosen positive definite matrix Q and the projection 

operator is defined in section 4.3. Above stated, projection-based adaptation law ensures that 

the parameters are confined to their respective bounds i.e. ˆ( )t  , ˆ( ) bt

  and

ˆ ( ) bt

   

Control Law: adaptive control law is generated as an output of the following feedback 

system. 

ˆ( )( ( ) ( ))                                              (6.54)  gk D s s k r s  

where ( )r s and ˆ( )s are Laplace transform of ( )r t and ˆˆ ˆ ˆ( ) ( ) ( ) ( )Tt u t x t t     

respectively; 1
Tg

m

k
C A B

 ; and 0 and D(s)k  are feedback gain and strictly proper 

transfer function leading to a strictly proper stable satisfying
( )

( )
1 ( )

k D s
C s

k D s







o  the choice of  and D(s)k needs to ensure the norm condition of L1 adaptive control 

inferred in[47] 

Reference Model: The choice of the reference model ( , )m mA B  plays a key part in controller 

design. mA  is chosen to be a Hurwitz matrix of appropriate dimensions, which ensures that 

the pair ( , )mA C  is observable. The choice of Am dictates the response characteristics of a 
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reference model, thus it must be ensured that the eigenvalue mA  corresponding to acceptable 

damping and natural frequencies.  

2 1 0 0

1 1 0 0

1 0 2 1

0 0 1 1
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  
 
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  , 

1

0

1

0

mB

 
 
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 
 
 

This matrix is controllable so used as a reference 

model. 

The low pass filter that gives good control action is given by 
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0 1
( 1)
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Figure 6. 2. Adaptive LQG controller architecture  
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CHAPTER 7 

RESULTS AND DISCUSSIONS 

7.1. Model Validation and Open-loop Dynamics 

Simulation is performed using MATLAB/SIMULINK with 3D animation. A rotary inverted 

pendulum is shown in Figure 7.1 is designed using VREALM software in MATLAB to 

understand the system validation in Simulink. After designing in this software then exported 

to MATLAB/SIMULINK using VR sink. Where the system validation is tested before 

applying the controllers. 

 

Figure 7. 1.MATLAB/SIMULINK 3D body imported from VREALM 

For testing, the validation of the model a signal of 15.66 degrees is applied to the pendulum 

angle as a disturbance for allowing natural movement with time. As shown from the result 

below in Figures 7.1 and 7.2 both the pendulum and the rotating arm starts to rotate from 

the initial angle of 0 degrees.  

The arm rotates continuously slowly until the running time finishes. The pendulum starts to 

fall to the downward position and run back and forth with decreasing swinging angle and 

amplitude until stops its motion to the down ward position. In this case, the pendulum is 

unstable in the upright position while moving back and forth from it. After converging, the 

pendulum is stable in the downward position. This all behavior is happened in the physical 

model due to viscous friction. In this way, the validation of the system can be investigated.  
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Figure 7. 2.Pendulum angular position in its natural dynamics (without controller) 

Figure 7.2 shows that the response of open-loop behavior of pendulum with and without the 

applied torque from the motor with 15.66 degree or 0.0873 radian initial angle as a 

disturbance. In the open-loop response at torque equal to zero, the pendulum rotates freely 

without any retardation, shown in the pink color. The response of open loop system also has 

slow motion with low velocity. The total torque generated from the motor is approximated 

as one calculated from the estimated motor parameter. As the torque is applied to the system, 

the pendulum starts to rotate with rotating angular velocity with increasing frequency. It 

seems that as time increases the rotation of the pendulum become increases as shown in the 

graph represented with blue color.  

 

Figure 7. 3.Arm angular position in its natural dynamics (without controller) 
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As shown in Figure 7.3 the motion of the rotating arm has a different path with and without 

the applied torque. Without the applied torque, the arm rotates freely in its path but when 

torque is applied, the freewheeling motion of the arm is restricted in some path followed. 

From Figure 7.3, the arm rotation is freewheeling at zero torque but when torque is applied 

arm is restricted to follow some path almost with having constant velocity.  

 

Figure 7.4. Pendulum angular position and velocity in its natural dynamics (without 

controller) 

From Figure 7.4 the velocity and angle of the pendulum are represented in the same plot for 

indicating the behavior of RIP in the 3D body. As shown in the Figure 7.4, the amplitude of 

the velocity of the pendulum increases while the amplitude of the angle of the pendulum 

become decreases with time. This indicates that the integrability of the system for control 

action. 

The velocity of the angular velocity of the arm is almost street line as shown in Figure 7.5, 

which can be the slope of the arm position response with the applied torque. This is because 

of the integration of arm angular velocity or the derivative of arm position. At the open-loop 

response, the arm velocity response and its position response differ only in smoothness of 

their response. The position response is smooth with a semi-circle with a vertical line in 

shape whereas the angular velocity has a sharp corner and the path is not smooth like position 

response. Figure 7.6 indicates that the pendulum rotates at a slow speed whereas the rotation 

of the pendulum when applying torque have fast response. 



56 
 

 

Figure 7. 5. Arm angular velocity in its natural dynamics (without controller) 

 

Figure 7. 6. Pendulum angular velocity in its natural dynamics (without controller) 

7.2. Response of the System with Adaptive ALQGSC 

The dynamics of the system response with adaptive LQG-based stabilizing controller 

depends on the design parameters described in chapter 4.the change in the design parameters 

has its effect on the whole system. For the change of some parameters, the controllability of 
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the system may change. Tuning this changing parameter is needed for designing an adaptive 

controller (using the inverse method) based on LQG control. 

The tuning of parameters is done manually by looking at the response of the system in each 

parameter. The value of the Q matrix is selected depending on the system stability from the 

response. This system is selected as below from the stable response of the system. 

N.B. The parameters of matrix P and Q are selected only when they are positive definite that 

satisfy Lyapunov Equation (4.47). 

Therefore, the first step of selecting P and Q matrix is checking its positive definiteness from 

reference [15]. 
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With the eigenvalues of Q become  
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P is determined by solving the Lyapunov equation described in 4.45 
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With eigenvalues of P    
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The design parameter, which is adaptation gain in the L1 adaptive control structure, can have 

different values in ˆˆ ˆ,  and ( )t   adaptation law but for simulation purposes, the input to three 

projections matrix element is similar and selected described in 4.3. 
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The time-varying initial condition and projection maximum and minimum values are 

determined in Table 7.1. Below. 

Table 7. 1. Time-varying parameters 

Parameters Initial condition Minimum value Maximum value 

Mass of arm  0.059 Kg 0.06Kg 3Kg 

Length of arm 0.215m 0.1m 0.4m 

Mass of pendulum  0.059Kg 0.005Kg 2.5Kg 

Length of pendulum 0.113m 0.08m 0.35m 

All the above parameters are adapted or predicted in the predictor model. Adaptation and 

control law has no significant change on the system rather than substituting the correct state. 

In addition, the projection operator bounds are ma x ma x ma x10, 40 and 0.95          

with the projection operator centered at 1.5   initial conditions are all zero.  

The feedback gain is selected as k=100. The other parameters of LQG design are determined 

in the MATLAB script described in Appendix C. 

Constraints that affect the physical system are shown in Table 7.2 below. 

Table 7. 2. Physical parameter constraints 

Parameters Value 

Arm viscous friction(b1) 0.0865(rad/sec) 

Pendulum viscous friction(b2) 0.0529(rad/sec) 

By using all the above parameters, the performance of the system can be tested using a 

different mass of the pendulum and arm.  
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Figure 7. 7. Disturbance signal 

Disturbance signal is built in the signal builder. This signal is important for starting the 

pendulum for swinging or stabilizing toward the upright position. 

 

Figure 7. 8. Pendulum position response with ALQGSC 

The response shown in Figure 7.8 above and 7.9 below indicates that the response of arm 

and pendulum position with the same mass of arm and with different mass of pendulum. 

From Figure 7.8, the response from four different masses of pendulum is almost have similar 

settling time approximately from t=0 to t=1.85. This is done by adapting these different 

masses of pendulum. Since the controller is stabilizing the control action starts immediately 
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at time zero as soon as applying the control signal. However, after this time the response 

from different masses have different path since the controller finish the time of control action 

and the pendulum goes downward with unstable signal. 

Similarly, from Figure 7.9 it is clear that the response of arm position has the same stable 

point with different mass value of pendulum and with the same mass value of arm. The only 

difference is the settling time of arm. After this time the stability of arm become, diverge. 

 

 

Figure 7. 9. Arm position response with ALQGSC 

 

Figure 7. 10. Pendulum position response with ALQGSC 
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Figure 7. 11. Arm position response with ALQGSC 

From Figures 7.10 and 7.11 different masses of the arm with a constant mass of the 

pendulum are adapted for checking the performance of stabilizing controller. From the graph 

even if there is some difference around the unstable position but at the stable region, all mass 

has almost the same response with Figure 7.8 and 7.9. Whatever the value of parameter 

changes in the system they are adjusted for proper controlled position and velocity in the 

whole system with adaptive mechanism. 

7.3. Response of the System with Energy-based GA tuned PDSC 

In an energy-based swing-up controller, the input to the PD controller is fixed with the 

energy compensation of the system. The pendulum swings depending on the potential 

energy and reference energy variation. This variable energy is then given to the PD controller 

for making swing up and good stable property of RIP. 

With similar initial parameters of RIP system used in stabilizing controller and the new 

parameters used in the energy, input design described is shown in Table 7.3 below. This 

parameter is used to convert the acceleration generated from energy to torque and the voltage 

signal. The response of ESUPDC is described in Figures 7.7, 7.8, 7.9, and 7.10 below. 

The value of PD parameters for the pendulum is  pK  =0.2, dK =0.05 and for arm  pK

=100, dK =2.5 these values are determined from the tuning of the genetic algorithm.  
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Table 7. 3.Motor parameter constraints 

Parameters Values 

Motor back-emf constant tK  0.00768Vs rad  

Motor torque constant mK  
Nm A  

Gear box constant  70 Nm rad
Vs

  

Gear efficiency 0.69 

Motor efficiency 0.9 

 

 

Figure 7. 12. Energy input response with PD controlled angle input 

The energy of the system is calculated from the motor parameter and this energy signal is 

given to the PD controller for giving exact swinging up of the pendulum at a specific 

position. Since the output of the pendulum angle is given to the energy of the system, the 

response of energy output is almost stable. 

From figure, 7.13 and 7.14 below the arm position response is different in EBPDSUC and 

PDSUC. From this result the output response from EBPDSUC have best stable response 

with some unstable point. When the total energy equal to the reference energy of the system 

the arm angle to the unstable point become reduced as indicated in the red line, but when the 

reference energy equals to zero the arm angle at the unstable point increases as indicated in 

the black line.  
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In addition, from Figure 7.14 the response of the arm position has some sinusoidal oscillation 

and have almost similar response at zero input and step input response.it takes more time to 

get exact stable region in PDSUC when compared to EBPDSUC. 

 

Figure 7. 13. Arm position response with EBPDSUC 

 

Figure 7. 14. Arm position response with only PDSUC 

From Figure 7.15 and 7.16 below the pendulum position have different response with 

EBPDSUC and PDSUC.As shown in Figure 7.15 above the pendulum position response 

with EBPDSUC have exact stable region with some settling time difference at  r pE E  and 



64 
 

0rE  .at 0rE   the position response of pendulum is slower than at r pE E as represented in 

pink color. In addition, from Figure 7.16 below the response of the pendulum position with 

PDSUC is not good and have no good stable region. Even if it may be stable but it will take 

more, time to get the stable region. The difference of the input step and zero input is in 

amplitude only. 

 

 

Figure 7. 15. Pendulum position response with EBPDSUC 
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Figure 7. 16. Pendulum position response with only PDSUC 

 

Figure 7. 17. Arm angular velocity response with EBPDSWC 

 

Figure 7. 18. Arm angular velocity response with only PDSUC 

From Figure 7.17 and 7.18 the output angular velocity response with EBPDSUC and 

PDSUC have different stability region.in Figure 7.17 angular velocity have good stable 

response with different magnitude at  r pE E  and 0rE   as indicated in cyan and hot pink 

color respectively. In Figure 7.18, the arm angular velocity response with PDSUC have 

higher overshoot at the start of the simulation. It may take more time than EBPDSUC to be 

perfectly stable. 
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Figure 7. 19. Pendulum angular velocity response with EBPDSUC 

 

Figure 7. 20. Pendulum angular velocity response with PDSUC 

Figure 7.19 and 7.20 are the angular velocity response of pendulum. The response of Figure 

7.19 has similar response with pendulum position response except its amplitude and velocity 

and position value. However, the velocity response of pendulum in Figure 7.20 has good 

output response compared to the pendulum position response.  
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Figure 7. 21. GA Tuning output Response 

Figure 7.21 shows that the response of genetic algorithm response of tuning the parameters 

of PD controller. The dotted line represented in red color is the mean fitness value with the 

value of 1.65403 and the line represented in black color is best fitness value with the value 

of 1.49034.  
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8. CONCLUSION AND RECOMMENDATION 

8.1. Conclusion 

This thesis contains the application of Linear Quadratic Gaussian in rotary inverted 

pendulum for stabilization problem and energy compensation PD swing up controller to 

control the swing up of pendulum problem. With having the system in two parts arm and the 

pendulum subsystem integrating with adaptive inverse control to stabilize the rotary inverted 

pendulum in the upright position. While EBNSUC is used to swing up the pendulum from 

the pendant position to its inverted (upright) position, the ALQGSC is used to stabilize the 

Rotary inverted pendulum to the upright position. The simulation result shows promising 

the result under the different arm and pendulum mass shown above Figure 7.2 with the 

disturbance apply up to 15.66 for applying ALQDSC. 

The combined controller of adaptive and LQG controller adapts different mass of arm and 

pendulum for determining the performance of adaptive LQG controller. Compared to the 

controllers expressed in [4], [5], [6] and [17] for controlling the stabilizing and swing up 

control ALQGSC and EBNPDSUC are more effective and better. 

A Swing up controller contains the outer loop for controlling the pivoted arm and the inner 

loop for controlling the swing up of the pendulum. The best stability of the PD swing-up 

controller is done using energy compensation for giving input to the PD controller. The 

torque applied to the system is also calculated from the motor parameter and the input is 

given as voltage for the PD controller. Parameters of PD controller are tuned by genetic 

algorithm for giving a better response. An Energy of the system is given to the pendulum 

angle control as an input to the outer loop of the PD controller and giving an on-off signal 

for swinging up of the pendulum. 

8.2. Recommendation    

The parameters used in this Rotary Inverted Pendulum for designing ALQGSC and 

EBPDSUC are randomly selected as stated in section 6.and for the energy enhancement for 

the input to PD controller parameters and the energy gain constant are selected manually 

with particular value for this thesis. Different mass values are adapted at a different time for 

applying ALQGSC. This takes several times to get output result from the simulation of the 

whole system. The genetic algorithm tuning behavior of the Simulink model of the whole 
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system takes time may upto an hour. The author of this thesis recommends all interested 

researchers to design one’s systematic way of selecting designing parameters and tuning the 

whole system researcher may use MATLAB code with genetic algorithm for saving 

simulation period. 

This thesis is done only in software simulation to check the validation and performance of 

the controllers on the system. Therefore, researcher this thesis wants to recommend 

implementing the hardware for checking the exact validation of controllers with enough time 

and sufficient resources. 

In the swing up controller EBPDSUC, the simulation time is so slow. Even if EBPSSUC has 

the best performance at a smaller time, the simulation at a large time is very slow. As 

compared to only PDSUC, EBPDSUC have less simulation rate but has better performance. 

The researcher tries to solve this low simulation rate but did not get any attractive solution. 

The tuning of parameters takes more time, which makes the researcher so bored. Therefore, 

the researcher of the future can do this problem with enough time and knowledge 
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Appendix 

A     MATLAB Script to check stability and controllability of the system 

MATLAB script for checking the controllability of the system 

mp=5.38*10^(-2); 

ma=5.38*10^ (-2); 

Ja=1.75*10^(-2); 

Jp=1.98*10^(-2); 

la=0.215; 

l1=0.113; 

g=9.81; 

b1=0.256; 

b2=0.876; 

Kth=0.0589; 

Ku=0.00698; 

a=mp*(l1)^2+Jp; 

b=ma*(la)^2+Ja+mp*(la)^2; 

d=(mp)^2*(l1)^2*la; 

e=mp*la*l1; 

f=mp*l1*g; 

s=1;c=(mp)^2*(l1)^2*(la)^2; 

  

A=[0 1 0 0;0 -(b1+Kth)*a/(a*b-c) d/(a*b-c) e*b2/(a*b-c); 

    0 0 0 1;0 -(b1+Kth)/(a*b-c) a*f/(a*b-c) a*b2/(a*b-c)]; 

B=[0;Ku*a/(a*b-c);0;Ku*e/(a*b-c)]; 

C=[1 0 0 0;0 0 1 0]; 

D=[0]; 

n=4; 

eigenvalueA=eig(A) 

Co=[B,A*B,A^2*B,A^3*B]; 

c=rank(Co); 

if rank(Co)==n 

    disp('system is controllable'); 

else 

    disp('system is uncontrollable'); 

end 

MATLAB script for checking the stability of the system 

sys=idss(A,B,C,D,'Ts',0.1); 

pzmap(sys) 

B     MATLAB Script for designing ALQG 

MATLAB script for adaptive Linear Quadratic Gaussian controller design 

mp=0.67; 
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ma=5.38*10^(-2); 

Ja=5.38*10^(-2); 

Jp=1.98*10^(-2); 

la=0.215; 

l1=0.113; 

g=9.81; 

b1=0.256; 

b2=0.876; 

Kth=0.0589; 

Ku=0.00698; 

a=mp*(l1)^2+Jp; 

b=ma*(la)^2+Ja+mp*(la)^2; 

d=(mp)^2*(l1)^2*la; 

e=mp*la*l1; 

f=mp*l1*g; 

s=1;c=(mp)^2*(l1)^2*(la)^2; 

  

A=[0 1 0 0;0 -(b1+Kth)*a/(a*b-c) d/(a*b-c) e*b2/(a*b-c); 

    0 0 0 1;0 -(b1+Kth)/(a*b-c) a*f/(a*b-c) a*b2/(a*b-c)]; 

B=[0;Ku*a/(a*b-c);0;Ku*e/(a*b-c)]; 

C=[1 0 0 0]; 

D=zeros(size(C,1),size(B,2)); 

Q=[1 0 0 0;0 1 0 0; 

    0 0 10 0;0 0 0 100]; 

R=0.01; 

K=lqr(A,B,Q,R); 

Vd=0.1*eye(4); 

Vn=1; 

BF=[B Vd 0*B]; 

sysC=ss(A,BF,C,[0 0 0 0 0 Vn]); 

sysFullOutput=ss(A,BF,eye(4),zeros(4,size(BF,2))); 

%%kalman filter design 

[L,P,E]=lqe(A,Vd,C,Vd,Vn); 

Kf=(lqr(A',C',Vd,Vn)); 

sysKF=ss(A-L*C,[B L],eye(4),0*[B L])%kalman filter 

function [theta,sigma,omega] = AdaptiveLaw(x, x_hat,u) 

P=[245.9896   -0.2756  -65.9342    0.6771; 

   -0.2756   -0.0000    0.0126    0.0000; 

 -659.3417    0.1262   99.5960   -2.6124; 

   67.7142    0.0000  -26.1243   -0.0000]; 

Bm=[0;0.311740485235922;0;0.019889076033295]; 

theta=0;sigma=0;omega=0; 

theta_min=0;theta_max=10; 

sigma_min=0;sigma_max=40; 

omega_min=0;omega_max=0.95; 

g1=P*Bm*u; 

g2=P*Bm*x; 

  g3=P*Bm; 

if theta>theta_min&&theta<thata_max 

    theta=0; 
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elseif theta==theta_min&&g1>=0 

    theta=0; 

elseif theta==theta_max&&g1<=0 

    theta=0; 

else 

    theta=(x_hat-x)*g1; 

end 

if sigma>sigma_min&&sigma<sigma_max 

    sigma=0; 

     

elseif sigma==sigma_min&&g1>=0 

    sigma=0; 

elseif sigma==sigma_max&&g1<=0 

    sigma=0; 

else 

    theta=(x_hat-x)*g2; 

end 

if omega>omega_min&&omega<omega_max 

    sigma=0; 

     

elseif omega==omega_min&&g1>=0 

    sigma=0; 

elseif omega==omega_max&&g1<=0 

    omega=0; 

else 

    theta=(x_hat-x)*g3; 

end 

function [dx_hat,y] = predictor(u, x_hat, theta,sigma,omega) 

Am= [0 1 0 0;3.1174 -244.9716 10.6723 45.2462;0 0 0 1; 

    0.1988 -701.2194 3.34338 41.8513]; 

Bm=[0;0.3117;0;0.01988]; 

Cm= [1 0 0 0;0 0 1 0]; 

dx_hat=Am*x_hat+Bm*(omega*u+theta'*x+sigma); 

y =Cm'*x_hat; 

end 

function u= ControlLaw (u, x, theta, sigma, omega, r) 

  K=100; 

  D= [-1 1; -1000 0]; 

  Kg=-0.1; 

  u=K*D*((theta'*x+omega*u+sigma)-Kg*r); 

end 

 

 

C     MATLAB Script to Determine Design Parameters with Initial Value 

MATLAB script for determining parameters for L1 adaptation 

mp=5.38*10^(-2); 
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ma=5.38*10^(-2); 

Ja=1.75*10^(-2); 

Jp=1.98*10^(-2); 

la=0.215; 

l1=0.113; 

g=9.81; 

b1=0.256; 

b2=0.876; 

Kth=0.0589; 

Ku=0.00698; 

a=mp*(l1)^2+Jp; 

b=ma*(la)^2+Ja+mp*(la)^2; 

c=(mp)^2*(l1)^2*(la)^2; 

d=(mp)^2*(l1)^2*la; 

e=mp*la*l1; 

f=mp*l1*g; 

s=1; 

A=[0 1 0 0;0 -(b1+Kth)*a/(a*b-c) d/(a*b-c) e*b2/(a*b-c); 

    0 0 0 1;0 -(b1+Kth)/(a*b-c) a*f/(a*b-c) a*b2/(a*b-c)] 

B=[0;Ku*a/(a*b-c);0;Ku*e/(a*b-c)] 

C=[1 0 0 0] 

% D=zeros(size(C,1),size(B,2)); 

Q=[1 0 0 0;0 1 0 0; 

    0 0 10 0;0 0 0 100]; 

R=0.01; 

K=lqr(A,B,Q,R) 

Am=A-B*K; 

Kg=-1/C'*(Am)^(-1)*B 

P=-Q/(Am'+Am) 

PB=P*B 

g=2.5*eye(4) 

  

D     MATLAB Script for GA Tuning Process 

function Tune_ModelPD_RIP 

clear all 

options= optimoptions('ga','PlotFcn',@gaplotbestf); 

options.PopulationSize= 30; 

options.MaxGenerations= 20;  % Increase value if needed 

nvar= 4; 

LB= [0.0001 0.0001 0.0001 0.0001]; 

UB= [15 15 3 3]; 

  

[x,fval]= ga(@EvalObj,nvar,[],[],[],[],LB,UB,[],options) 

  

% Updates Kp, Ki and Kd in simulink model workspace for verification 

simulink_model= 'ModelPD_RIP'; 

load_system(simulink_model); 

gains= get_param(simulink_model,'modelworkspace'); 
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gains.assignin('Kpal', x(1)); 

gains.assignin('Kdal', x(2)); 

gains.assignin('Kpth', x(3)); 

gains.assignin('Kdth', x(4)); 

function obj= EvalObj(x) 

% Updates the values of Kp, Ki and Kd in Simulink model workspace 

simulink_model= 'ModelPD_RIP'; 

load_system(simulink_model); 

gains= get_param(simulink_model,'modelworkspace'); 

gains.assignin('Kpal', x(1)); 

gains.assignin('Kdal', x(2)); 

gains.assignin('Kpth', x(3)); 

gains.assignin('Kdth', x(4)); 

  

simOut= sim(simulink_model,'SaveOutput','on'); 

  

% Retrieves time t and error e  

t= simOut.find('t'); 

e= simOut.find('e'); 

  

% Calculate a performance index using the trapezoidal integration rule 

n= length(e); 

ee= abs(e); 

obj= 0; 

for i= 2:n 

    stepsize= t(i)-t(i-1); 

    obj= obj+0.5*(ee(i-1)+ee(i))*stepsize; % IAE 

end 
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E     MATLAB/SIMULINK Block Diagrams 

MATLAB/SIMULINK Block Diagrams 

 

  

Figure D. 1.Overall System Model 

 

 

Figure D. 2.3D Multibody of RIP 
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Figure D. 3.Reference Model 

 

Figure D. 4.Energy of the System

 

 

Figure D. 5.Acceleration of the system 
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Figure D. 6.Voltage Output for PD input 

 

Figure D. 7.Energy Based PD Swing up Controller 


