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Abstract

In this thesis Dirichlet,Neumann and Mixed boundary value problems for poisson’s equations
for the steady state heat transfer in 2D are considered, by the method of Greens theorem
and Green’s identities. Green’s theorem is an equation on 0f) reducing the dimension by
one to solve boundary value problems using boundary integral equation method. Using those
concepts Dirichlet,Neumann and Mixed boundary value problems of Poisson’s equations are
transformed to boundary integral equations and we have also show the equivalence of boundary

value problem with boundary integral equation.
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Chapter 1

Introduction and Background of the
study

1.1 Background of the study

The boundary integral equation (BIE) method has been intensively developed over recent
decades both in theory and in engineering applications. Its popularity is due to the possi-
bility of reducing boundary value problem (BVP) for partial differential equation in a domain
to an integral equation on the boundary of the domain. The main ingredient necessary for
reduction of BVP to a boundary integral equation is a fundamental solution to the original
partial differential equation which is available in an analytic form. After the fundamental solu-
tion is used in the Green formula, one can reduce the boundary value problem to a boundary
integral equation.

Boundary Integral Equation expresses the solution to the boundary value problem in terms of
an integral equation. This method was first used to solve the Laplace partial differential equa-
tions, which govern steady-state heat transfer problems.In these cases, solution is expressed in
terms of boundary integrals only, [9, 4, 2]. The application of Greens function is that it can be
used to find the solution of Poissons equation.The significance of a boundary integral formula-
tion is to drop the dimensionality of the problem by one, i.e.to transform the boundary value
problem in to boundary integrals. The simplest approach is to use Greens second identity. In
this theorem we assume the existence of two continuous functions v and v that have continuous
first and second derivatives, [1].

The Boundary Integral Equation method becomes an appealing area of research twenty-five
years ago. The method has been applied to a variety of heat transfer problems in the last
thirty years, initial applications of the method were for steady state heat transfer problems.
Boundary integral equation method has evolved as a powerful alternative for finite elements.
The most severe restriction of the boundary integral equation approach is that it is applicable
only to such problems where the fundamental solution is available, [7, 2]

The main advantage of the boundary integral equation method is that the ability to provide a
complete solution in terms of boundary integrals, with substantial savings in modeling effort.
As a method for solving problems of mathematical physics its origin in the work of G. Green.
The method was employed as a mathematical tool to determine the necessary boundary condi-
tions of mathematical physics, and not as a method to solve the problem. Because it was still



not possible to find the analytic solution of the derived singular integral equations. In the fore
mentioned methods, the unknown boundary quantities have a direct physical or geometrical
meaning and for this reason they are referred to as direct boundary integral equation method.
The advantage of boundary integral equation method over finite element and Finite Difference
method that requires discretization of the whole domain is the reduction in the degrees by
one of freedom needed to model a given physical system. Such reduction is allowed by the
underlying boundary integral formulation which requires, for its existence of solution, only the
discretization of the boundary of the solution domain. This results not only in a reduction in
size of the system matrix, but also in faster data preparation. The benefit of this approach
is that it takes a 2D or3D partial differential equation and reduces it to an algorithm that
involves 1D or 2D computation only, respectively is the great advantage of the method rather
than other methods to solve boundary value problems. We also reformulate the partial differ-
ential equation as boundary integral equations;[6, 7, 13].

The Boundary integral equation has its own advantage and disadvantages, the advantage of
boundary integral equation method are: discretization is only over the boundary of the body
and reducing the numbers of unknown by one order. This method is particularly effective in
computing the derivatives of the field function. It can easily handle concentrated forces and
moments either inside the domain or on the boundary, it also allows evaluation of the solution
and its derivatives at any point of the domain of the problem and at any instant in time. It
uses an integral representation of the solution as a continuous mathematical expression. The
method requires less data to run a program efficiently and less time is required for the solution
of a problem due to a small system of equation. In such technique, unwanted information is
much less than other techniques. This method is not costly, since the discretization is only on
the surface in boundary integral equation method, thus the amount of data is small. It is also
more accurate-due to the semi-analytical nature and use of integrals, more efficient in model-
ing due to the reduction of dimension and good for stress concentration and infinite domain
problems. [7, 1, 8].

1.2 Statement of the problem

The study of boundary integral equation method for solving boundary value problem was dis-
cussed in many literatures. Boundary integral equation method for steady state heat transfer
problem in a plane is aimed to find the solution of boundary value problem using Greens for-
mula. The solution of boundary value problem can be found by applying Greens formula and
Greens identities. In this thesis,we will try to develop, how to find the solution of boundary
value problem for steady state heat transfer problem in a plane. Therefore, this research work
address the following basic problems.

1. Transform boundary value problem (BVP) to boundary integral equation (BIE)
2. Investigating equivalence of boundary value problem and boundary integral equation.

3. Solve steady state heat transfer problem.



1.3 Objective of the Study

1.3.1 General Objective

The general objective of the study is to solve steady state heat transfer problem in a plane
using boundary integral equation method.

Specific Objective

The specific objectives of this study are: -

1. To transform boundary value problem for steady state heat transfer problem in to bound-
ary integral equation.

2. To show equivalence of boundary integral equation with the original boundary value
problems.

3. To solve steady state heat transfer problem using boundary integral equation method.

1.4 Significance of the study

The study will contribute to improve our understanding of solving steady state heat transfer
problem and related problems. It also devlops how to apply Green’s theorem to solve steady
state problems. Furthermore, the study serves as a base for the researchers who have an interest
to conduct further research on the topic.



Chapter 2

Review Literature

In this chapter some related literatures from different sources such as published journals and
reference book which are cited are reviewed.The review of related literature presented in this
chapter focus on Boundary integral equation method for solving boundary value problems.
Boundary Integral Equation Method is a method for solving problems of mathematical physics.It
has its orgion in the work of G.Green. He formulated in 1828 the integral representation of
the solution for the Dirichlet and Neumann problem of Laplace equation and Poisson’s equa-
tion by introducing the so called Green’s function for those problems. In 1872 Betti presented
a general method for integrating the equation of elasticity and deriving their solution in in-
tegral form.Basically,this may be regarded as a direct extension of Green’s approach to the
Navier equations of elasticity. In 1885,Somigliana used Betti’s[7] reciprocal theorem to derive
the integral representation of the solution for the elasticity problems. Sherman,Mikhlin and
Muskhelishvili used complex functions to develop boundary integral equation methods for the
solution of the plane elasticity problems.

Boundary integral equation method is now firmly established as an important technique to
solve boundary-value problem and consists the transformation of the partial differential equa-
tion describing the behavior of the unknown inside and on the boundary of the domain in to
an integral equation relating only boundary domain in[7] . The integral equation has been
extensively employed to formulate boundary-value problems of potential theory of analytical
solution to such equations are limited to very simple geometries and are obtained using the
Greens function. The Greens function method of solving boundary-value problems is applicable
to find the solution of partial differential equations. The Gauss-Green theorem is a fundamen-
tal identity which relates the integral of the derivatives of a function over a domain 2 to the
integral of that function on its the boundary I' [7, 12].

The most important work related to the boundary integral equation for solving boundary value
problems comes from George Green. Green in (1828) presented the three Greens identities.
Greens identities are a set of three vector derivative and integral identities which can be de-
rived with the vector derivatives identities on its domain.

Boundary integral equation method was neglected until the end of fifties,then,with the advent
of computers,the method come back to the spotlight as an appealing numerical method for
solving engineering problems. Numerical methods were developed for the solution of bound-
ary integral equations and difficult physical problems of complex boundary geometry,which
could not be tackled by other methods, were solved for the first time by the boundary integral
equation method. The first works that laid the function of boundary integral equation as a



computational technique appeared in the early sixties. Jaswon and Symm used Fredholm’s
equations to solve some two dimensional problems of potential theory.

All the fore-mentioned problems are governed by second order partial differential equations.
Another group of problems are those described by the harmonic equation. In this case,the
integral representation of the solution was derived from the Rayleigh-Green identity and the
approach was applied to plate bending and plane elasticity,with the letter being formulated in
terms of Airy’s stress function.[7]

The formulation consists of two boundary integral equations,one for each of the unknown bound-
ary quantities. The first one arises from the boundary character of the integral representation
of the field function,while the second is obtained from the integral representation either of the
Laplacian of the field function or its derivative along the normal to the boundary.

The essential re-formulation of the partial differential equation that underlies the BIEM con-
sists of an integral equation that is defined on the boundary of the domain and an integral
that relates the boundary solution to the solution of a point in the domain. The formulation
of boundary integral equation method is based on an integral statement of elasticity, and this
can be cast in to a relation involving unknowns only over the boundary of the domain under
study. This originally lead to the boundary integral equation and are early work in the field
was reported by Rizzo(1967)and Cruse(1969), [7].

In the late eighties, one could find numerous publications in the literature,where the boundary
integral equation method was applied to a wide variety of engineering problems,among them
are static and dynamic linear or non-linear problems of electricity/ problems of elastic dynam-
ics,fluid dynamics,electricity and electromagnetism heat conduction etc.It could be said that
today the boundary integral equation method has matured and become a power full methods
for the analysis of engineering problems,and alternative to the domain methods.[7, 13]

This study will contribute to improve our understanding how to transform boundary value
problem to boundary integral equation and showing equivalence of boundary value problem
with boundary integral equation.



Chapter 3

Preliminary Concepts

Some preliminary mathematical concepts that are necessary for developing the boundary inte-
gral equation methods are the divergence theorem of Gauss, Greens reciprocal identity (Greens
second theorem) and the fundamental solution. These concepts are used particularly for trans-
formation of the differential equations which govern the response of physical systems within a
domain in to integral equations on the boundary for two-dimensional domain.

Definition 3.1. A partial differential equation(PDE) is a relation that involves partial deriva-
tives of an unknown function. Let the unknown function be w,and x,y, z, ... be independent
variables, i.e., u = u(x,y, z, ...).Often,one of these variables represents the time. Thus,a par-
tial(DE) is an equation of the form

F(‘T7y7 Z? uau:c:uyauzvuxm>ua:ya -'~7uxxm> ) = O (*)

In (*) we have used the subscript notation for the partial differentiation, i.e.,

@ A
B’ T Oxdy

Uy = ,and so on.

We will always assume that the unknown function u is sufficiently formulated. So that all
necessary partial derivatives exist and corresponding mixed partial derivatives are equal, e.g.,

Upy = Uyg, Ugpzg = Ugaz, aNd S0 oN.

As in the case of ordinary differential equations,we define the order of partial differential equa-
tion (*) to be the highest order partial derivatives appearing in the equation.

Furthermore,we say that the partial differential equation (*) is linear, if F is linear as a function
of the variables u, uy, Uy, U, Ugg, ..., i.€., F is linear combination of the unknown function and its
derivatives,Equation(*)is said to be quasilinear if F is linear as a function of the highest-order
derivatives. The following are examples of partial differential equations:

Uy + uy = 3u, — 22° — 5z , (first — order linear)

Ugy +u = 4% (second — order linear)

dTYUyy — 32Uy + 2u = 0, (second — order linear)



Uy, + 2uuy, — 42 =0 (second — order quasilinear)

The key defining property of a partial differential equation is that there are more than, one
independent variables and there is a dependent variable that is an unknown function of these
variables u(z, y),we will often denotes its derivatives by subscripts, thus g—: = u, and so on. A
partial differential equation is an identity that relates the independent variables, the dependent
variable u, and the partial derivative of u . The most important partial differential equations
are Laplace equation and Poisson equation,because both are elliptic partial equation.For this
thesis work we tray to consider the non homogeneous Poisson equation,because for homoge-
neous Laplace equation there is no heat transfer in a plane.The solution of boundary value
problem can be found by applying Green’s identities.

For homogeneous Poisson equation

Au=0 1in £, (3.1)

and g—z is on the boundary I', when () is a bounded domain with boundary I', there is no
heat transfer in a plane. We will consider the steady state heat flow problem described by the
Poissons equation in two independent variables has the form

Pu  *u
AU*@‘Fa—yQ*f@%y),%yEQ- (3:2)

The solution w of the equation (3.2) represents the amount of heat at a point (z,y) in the
domain  due to the source f(x,y) distributed over 2. Poissons equation when f is a given
function is an interesting and relevant equation to study many application [11].

3.1 The Gauss’ theorem(divergence theorem)

Theorem 3.1. [7] Let 2 be domain in space bounded by a closed boundary I'; w and v be vector
field acting on this domain. The divergence theorem establishes that the total flux of the vector
field w and v across the closed boundary I' must be equal to the domain integral of the divergence

of this vector.
/V.udQ—/u.nds
Q r

Proof: let u and v be a vector field for which the integration is carried out first with respect
to x and then with respect to y; we can write

Y2 T2 Y2
Gt = ([ Sty = [ (i) - )iy (33)
At
where
r1=2z1(y) and xo = x5(y) (3.4)
From the detail of figure 3.1, we have

d
d—y = cosa,ng = dy = n,ds (3.5)
S



Figure 3.1: Integral over a plane domain 2 bounded by curve I'

dx
= sino, n, = dr = —nyds (3.6)
Where n, and n, are the components of the unit vector n, which is normal to the boundary I'.
The negative sign in equation(3.6) is due to the fact that the dx and sina have opposite signs
when the angle « is measured in the counter-clock wise sense with respect to the positive x
-direction. Consequently equation (3.3) becomes

Y2
/ u(xg,y)dy:/ u(:pg,y)nxds—/ u(zy, y)n.ds (3.7)
1 S2 S1

In the previous expression the integration on s; is performed in the negative direction (clock-
wise) when y varies from y; to y,. Using uniform direction for the integration over s, both
terms in equation (3.7) can be combined in a single expression

ou /
—dQ) = [ un,ds 3.8
N A (3.8)

Interchanging = and y in equation (3.7) we obtain

ou /
—dQ) = [ un,ds 3.9
O ay r ) ( )



If v is another function of z and y then equation (3.8) and (3.9) result in

/3( )dQ /uvnde— v%quL u@dﬁ
q Ox ox

:/U—dQ— /u——i—/uvnxds (3.10)

/8( )dQ /uvnyds— v—dQ—l— u@dQ
Q

dy
:>/v—dQ— / /uvnyds (3.11)

Equation (3.10) and equation (3.11) state the integration by parts in two dimensions and are
known as the Gauss-Green theorem. Using vector notation equation (3.10) and equation (3.11)

can also written as
/ V.udQ) = /u.nds (3.12)
Q r

Therefore, equation (3.12) is Gauss-Greens theorem(divergence theorem)

3.2 Green’s identites

In solving Dirichlet,Neumann and Mixed boundary value problems we use Green’s theorem.
Green’s theorem gives information about values of the function inside domain and values on
the boundary. The main objective of this section is using Greens theorem and show how we
can solve those boundary value problems using boundary integral equation method. To find
the solution of boundary value problems we use Greens first and Greens second identities.
Green’s first identity

This identity is derived from the divergence theorem applied to vector field

Theorem 3.2. [10] Let Q be a bounded region in the plane whose boundary I is closed and
piecewise smooth carve. If u,v € C1(Q) (N C*(Q) then

/u@dS—/uAvd:E—l—/Vu.Vvdx (3.13)
on Q Q

Proof:-Using divergence theorem we verify this as follows

/F.nds:/V.Fd:U (3.14)
r Q

Consider u and v be functions of two variables and let F' = uVv in equation(3.14)then from
the product rule we have

(VUg )y = Vplly + Vligy (3.15)
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(vuy)y = vy, + vy, (3.16)

and similarly for the other partial derivatives,adding up equation(3.15)and equation(3.16)which
gives

V.(vVu) = Vu.Vou + vAu (3.17)

Integrating both side of equation (3.17)over the region 2, and using equation(3.14)for the in-
tegral on the left hand side, we get

/qu.nds:/V.(qu)dx
r Q

= /(uV.Vv + Vu.Vov)dx
Q

:/uAvdx+/Vu.Vvdx
Q Q

Since Vu.n = g—z is the directional derivative in the out ward normal direction and V is gradient
of scalar quantity, then the Greens first identity will be written in the form of

u—dS—/Vu Vvdx+/uAvdx (3.18)
0

We can think of this identity as the generalization of integration by parts, in the sense that the
one derivative is transformed from the function u to the function v under the integral, which
results in the switched sign and a boundary term, much integration by part for the functions
of single variable.

Green’s second identity

Theorem 3.3. [7] Let u,v € C*(Q)(C*(Q) be function which are twice continuously differ-
entiable in  and once continuously differentiable on I' . Then

/Q(UAU —vAu)dx = /F(u% - v%).ds

where 2 50 1s the directional derivative of u in the direction of the outward pointing normaln to

the surface elements ds 7% = Vu.n = Vnu.

Proof:Applying Gauss theorem to the function F' = uVuv gives
/ V.(uVv)dx = /(qu).ds (3.19)
Q r
The left hand side expanded as

/V.(qu)dx = /(VU.VU + uAv)dx (3.20)
Q Q
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Therefore
/Q(VU.VU + ulAv)dr = /F(uVU).ds. (3.21)
Exchanging u and v
/Q(VU.VU + vAu)dr = /F(UVU).ds. (3.22)
Subtracting Equation (3.22) from Equation (3.21) yields
/Q (uv — vAW)dz = /F (ug—z - v%).ds. (3.23)

Therefore equation (3.23) is Greens second identity.it is valid for the pair of function v and v .

Definition 3.2. [12] A continuous function satisfying Laplace’s equation in an open region €2,
with continuous first and second order derivatives, is called an harmonic function.

0?u  0%u
ox?  Oy?
Laplace equation arises as a steady state problem for heat equation which does not vary with

time.This equation has no dependence on time, just on the special variable x and y,this means
that the Laplace equation described steady state siuatation on the temperature distribution.

Au

3.3 Fundamental Solution

Distributions are objects that generalize the classical notation of functions in mathematical
analysis.Distribution make it possible to differentiate functions whose derivatives do not exist
in the classical sense.

[15]A fundamental solution K (x) for the Laplace equation is a distribution satisfying

AK(z) = d(x), (3.24)

where ¢ is the delta distribution supported at x = 0.In order to solve (3.24) we should first
observe that A is symmetric in the variables x1, ..., x, and §(x) is also radially symmetric (i.e,
its value only depends on r = |z|). Thus we try to solve (3.24) with a radially symmetric
function K(z).
Since §(x) = 0 for x # 0, we see that (3.24) requires K to be harmonic for » > 0. For the
radially symmetric function K, Laplace equation becomes (K = K(r)) :

PK n—10K

st =0 (3.25)

The general solution to (3.25) is

1 fn=2
K(r) =@ Telsr ifn=2 (3.26)
c1 + cor 1fn>3
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After we determine c,, we find the fundamental solution for the Laplace operator:

1 i —
K@) - {Ml@gf el
W an Z 3

We can derive, (3.26) for any given n.
The fundamental solution of the Laplace operator for n = 2 derived as:
Starting with the Laplcian in R? for a radially symmetric function K,

2
K"+ 2K =0,
r

and letting K = %w(r), we obtained the equation: w = ¢;7 + ¢, which is implied K = ¢; + 2
We now find the constant ¢y that ensures that for v € C§°(R?)we have

K(|z])Av(z)dz = v(0)
R2
Suppose v(z) = 0 for |z|] > R and let Q = Bg(0); for small e>0 , let Q. = Q — B.(0)
K(|z]) is harmonic (AK(|z|) = 0) in §..
Consider Green’s identity (02, = 02| 0B.(0))

- nov 0K (), v K)o
[ s = [ (e = o5 B s [l g -0

e—0

1im[/ﬂ€ K (o) Avda] = /ﬂK(|x|)Avdm

Since
K(z)=c + o integrable at x = 0.0n 0Be(0), K(|x|) = K(¢). Thus
r
ov ov C2., o
| K(|z|)=—ds| = | K (e) | —lds < |c1 + —=|4mwe” max |Vou| = 0 as e = 0 (3.27)
OBe(x) on dBe(0) on r
0K
/ v(x) (|x|)dS:/ C—zv(x)dS
8Be(0) on 0Be(0) €
- / 2 (0)ds +/ 2 [v(x) - v(0))dS
9Be(0) € dBe(0) €
_ @ 2 _
= 621}(0)471'6 + 4d7mey xerggio) lv(x) — v(0)]
since
4dmcs max |v(z) —v(0)| — 0,v is continuous
x€0Be(0)
= 4mcv(0) — —v(0).
Thus, taking 4mcy = —1, 1.e, ¢ = —ﬁ we obtain

/ K(|z|)Avdx = lir% K(|z])Avdx = v(0),
Q 7P JQe
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that is

K(r) = - (3.28)

A7y

There fore equation(3.28) is the fundamental solution of Laplace operator.[15].
Theorem 3.4. [15/Representation formula

Let Q be bounded domain in R? and let n be the unit exterior normal to T, Let u € C%(Q) then
the value of u at any point x € Q) is given by the formula

1 1 0 ou
ule) = 5 [ du(w)ogle — vldy + 5 [ )5~ gl — ]~ log o - 4/ 252

- - Jds  (3.29)

Proof:Consider the Green’s identity.

/Q(UAU —vAu)dy = /F(u@_n - U%)ds

where v is harmonic function v(y) = log |x — y|, which is singular at = € {2
In order to be able to apply Green’s identity, we consider a new domain €,
Q. =Q — B(x)

Since u,v € Cy(€2), Green’s identity can be applied. Since v is harmonic (Av = 0) in 2. and
since 0Q2e = 00| 0Be(x) we have

—/Q Au(y) log |z — y|dy (3.30)

B 0 o _Ouly) / 0 o _Ouly)
= o) gy vl vl — gl —vi T P+ | fut) 50 o ol o317, s

We will show that the formula (3.29) is obtained by letting € — 0

g~ [ Au(y)log o~ ylds] = — [ Au(y)log o iy
Qe Q

e—0

Since
log |z — y| is integrable at © =y

The first integral on the right of (3.30) does not depend on e. Hence the limit as ¢ — 0 of the
second integral on the right of (3.30) exists, and in order to obtain (3.29), need

: 9 du(y)
B e [u(y) 5 - log | —y| = log|a — y|— =]ds = 2mu(z)
0 du(y) 1 Ou(y)
uy—logx—y—logx—y—ds:/ —u(y) — loge ds
L g oste i —togle —yi g s = | L) —tose )

= 1u:z: S 1u —u(x)] —lo eau(y) S
‘/a&(x)e (2)d +/836(I)[6[<y> (2)] ~ log 22 g
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= 2mu(r) + /{)B ( )[—[u(y) —u(z)] —loge

the last integral tends to 0 as e — 0

1 ou(y) 1 du(y)
1 t) —ste) <o g < 2 [ ) —uto s [ (%00

0Be(z) € n € OBe(x) on

<27 max |u(y) — u(z)| + 2me loge max |Vu(y)|
yeQ

y€OBe(x)
Since _
2r max |u(y) —u(z)| — 0, (uis continous in Q)
y€OBe(x)
and

27e loge max |Vu(y)| — 0, (|Vul isfinite)
yeN

Theorem 3.5. [11/Suppose that u is harmonic inside Q0 and continuous on the boundary I, let
(%0, Y0) be points inside 2, then

1 ov ou 1
u(o, yo) = o /F[u% - v%]ds =3 /Q(uAv — vAu)dy

where v(z,y) = 3 In[(z — 20)* + (y — yo)?.



Chapter 4

Boundary Integral Equation Method

A steady state heat transfer problem in a plane with heat sources acting inside a domain €2,
with a boundary I' of Poisson’s equation is given by

Au = f(z,y) =,y €, (4.1)

where u is temperature, f is a known function,the governing equation for f = 0 is known as
the Laplace equation, whereas for f # 0 is known as the Poissons equation. A boundary value
problem is finding function which satisfies a given partial differential equation and particular
boundary conditions, the boundary value problems for steady state heat transfer problem for
Poisson’s equation can be classified as Dirichlet, Neumann and Mixed boundary value prob-
lems,since Poisson equation is a Laplace equation.[7, 5.

4.1 Dirichlet Boundary Value Problem

Definition 4.1. Dirichlet boundary value is finding a function which solves a specified par-
tial differential equation in the interior of a given region that takes prescribed values on the
boundary of the region.

Assume Q C R? is a connected domain of the Dirichlet boundary value problem (first
boundary value problem) is to find a solution u € C%(Q) (N C(2) of

Au = fin £, (4.2)
u =g on T, (4.3

where u is specified along the whole boundary and ¢ is given and continuous on I'. f is a
prescribed (ordered) continuous function on the boundary  of the domain Q. Q is closure of
domain 2. We may interpret the solution u of the Dirichlet problem as the steady state tem-
perature distribution in a body, with the temperature prescribed at all points on the boundary.

15
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4.1.1 Transformation of Dirichlet Boundary Value Problem to Inte-
gral Equation

Using representation formula we can obtain a solution of the Dirichlet boundary value problem
for the Poissons equation
Au= f in Q,

u= gonl,

by the representation formula theorem (3.4)

oG (x,
U(fﬂ):/G(x,y)f(y)dy + /g%d& (4.4)
Q T n
If w is harmonic then
Au= 01 Q,
u= gonl,

the solution of homogeneous Dirichlet boundary value problem is given by

u(z) :/Fgwws. (4.5)

Hence (4.5) is the integral representation for the solution of the Dirichlet boundary value prob-
lem for homogeneous equation.

Theorem 4.1. Solutions of Poissons equation with zero boundary data.
Let Q be a region with boundary T as in theorem (3.5) and let f(x,y) be a function on Q and
suppose that u is a solution of Poissons equation on €2, then

Au(z,y) = f(z,y), (4.6)

when w = 0 on the boundary, then for all (xq,yo) in 2

u(wo, Yo) = %/Qf(:r,y)G(x,y,xo,yo)dx, (4.7)

where G is Green’s function for €.

Proof:-Since Au(z,y) = f(z,y) in Q and so

/f(:c,y)G(x,y,:)co,yo)dm:/Au(z,y)G(:ﬂ,y,xo,yO)dﬂc.
Q Q

Since Au(z,y) = f(z,y),when u = 0 on the boundary.

Let C'r be a negatively oriented circle around (zo, yo) and let 2, be 2 minus Dr. The closed disk
of radius r centered at (z¢, o), the boundary of Qr consists of I' plus the negatively oriented
circle Cr. Applying Greens second identity in (2r, when v = 0 on I'. GG is harmonic in Qr and
G =0on I and get

—/Au(x,y)G(:p,y,xo,yO)daE:/ u(x,y)%ds—/ GMds. (4.8)
Q Cr on Cr on
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Let 7 — 0 in (4.8) and establish the following three limits

lim(— / Az, )G e, y, 70, yo)d) = — / Au(z, )Gz, y, xo, yo)de (4.9)
Qr Qr

r—0

lim [ w(z, y)aGds = 2mu(zo, Yo) (4.10)
r—0 Cr on

: Ou(z,y) ,

ll_r}(l) - G(z,y, o, Yo) o ds =0 (4.11)

From equation (4.11) Green’s function written as

1
G(‘/L‘7ya UU(),?JO) = éln[(‘r - xO)Q + (y - 90)2] + h(l‘7ya =’U07?JO)

Where h is harmonic in €2 and % is continuous and bounded on Dr.
From equation (4.9)

/ Au(z,y)G(x, y,l’o,yo)dQT = _QTFU(:E07 yO) -0
Q

Hence
1

1 / Au,y)G(a, g, w0, yo)da
Q

u(xo, Yo) = o

therefore
<x07y0 /f x y .T y7x07y0>d (412)

To solve the general Poissons equation with arbitrary boundary value, we combine equation
(4.5) and equation (4.12).

Therefore the general solution of Poissons equation with the notation of theorem (3.5), of
Poissons equation (4.6) with boundary condition u(z,y) = g(x,y) for all (x,y) on I', then for
all (xg, o) in Q

QT(] yO /f x y l’ y7x07y0 dl’—i— _/ I‘ yaxﬁ)y())d (413)

Therefore equation (4.13) is the integral representation of Dirichlet boundary value problem.
Thus equation (4.2 and 4.3) implies equation (4.13).

Therefore, the two formulations Dirichlet boundary value problem and equation (4.13) are
equivalent.

Therefore Dirichlet boundary value problem is equivalent to boundary integral equation (4.13)
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4.2 Neumann Boundary Value Problem

Definition 4.2. Neumann boundary value problem is a condition that specifies normal deriva-
tives of unknown function on the boundary.

The Neumann boundary value problem (second boundary value problem) is to find the
solution u € C*(Q) N CH(Q) of

Au = f in Q (4.14)
ou

— = n T 4.1
% g i (4.15)

when % is directional derivative in the direction normal to boundary I' specified along the

whole boundary and ¢ and f are given and continuous on boundary I' and domain €2 respec-
tively. Neumann boundary value problem is to find value of normal derivative of unknown
function. The solution v may be interpreted as the steady state temperature distribution on
the whole boundary. It requires additional condition for the existence of a solution than Dirich-
let boundary value problem, that condition is known as compatibility condition.

The difference between Dirichlet boundary value problem and Neumann boundary value prob-
lem is that Dirichlet boundary value problem is to find values of unknown function given at
each point of the boundary,while Neumann boundary value problem is to find values of normal
derivatives of unknown function given at each points of the boundary.

Compatibility condition:- is a condition in which two first order partial differential equation
f and ¢ have common solution.

The Neumann boundary value problem will have no solution unless we assume that the average
value of the function g on I' is zero. This assumption is known as the compatibility condition.
For instance, the compatibility condition for the Neumann boundary value problem:

Au=0 in §.
%:g on T.

18

ou

A gds=o.
/Fan /F“"S
/AudQ:/@ds.
Q r on

Let Q be bounded domain in R? with smooth boundary I'. Recall the following Gauss divergence
theorem for u,v € C1(Q) ,

which follows is immediately from

v%dQ:/uv.ndS— u@dQ,
Q 8n r QO 8”

where n is the outward unit normal to the boundary I' and ds is the element of arc length. As
a consequence of Gauss divergence theorem, the following identity known as Greens identity
hold true.

/vAudQ: v@ds—/Vu.Vde.
Q Q

Fan
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Integrating the second term of the right hand side once more by parts we obtain

ou v
AudQ) = Avd) — —u—
/QU ud /Qu vd +L(van uan)ds

Here, % indicates differentiation in the direction of the exterior normal to I'.

From the identity (3.12), the special case when v = 1 yields

/ Auds = a—uds.
Q

Fan

Another special case of interest by choosing v = wu, in this case, equation (3.23) yields the

identity
/|Au!2dQ+/uAudQ:/u%ds.
Q Q r on

If Au=0 in Q then for w is continuous.

/ |Aul?dQ = 0.

Q

this implies Vv = 0 = u = constant

This observation leads to uniqueness theorem for the Neumann boundary value problem up to
constant. In other cases, the constants must be zero, hence u = v.

4.2.1 Transformation of Neumann boundary value problem to inte-
gral equation

For the interior Neumann boundary value problem of equation (4.14 and 4.15) The boundary

condition is 2% = g on I and using it, we can written equation (3.29) as

e = % [ )z hogle — ylds

™ n

u(z) = %/f(y) log | — y|ds, z € T (4.16)
I

Equation (4.16) is an integral representation of the Neumann boundary value problem. Thus
equation (4.14 and 4.15) implies equation (4.16). The two formulations equation (4.14 and 4.15)
and equation (4.16) are equivalent.

Therefore, equation (4.16) is the integral solution of Neumann boundary value problem, where
2 be a smooth domain and u be a smooth solution of equations (4.14 and 4.15).

Solving Neumann boundary value problem seems like solving integral equation, therefore the
Neumann boundary value problem equations (4.14 and 4.15) are equivalent to equation (4.16).

4.3 Mixed Boundary Value Problem

Mixed boundary value problems are practical situations that met in most potential and others
mathematical physics problems. In this case the boundaries can have values of the functions
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specified on them as a Dirichlet boundary condition, and derivatives as Neumann boundary
conditions. Mixed boundary value problem is finding value of unknown function on I'; and
value of normal derivative of unknown function on I's.

The mixed boundary value problem (third boundary value problem) is to find a solution u €

C2(Q) N CHQ) of

Au = fin Q (4.17)
u = uon Iy (4.18)
ou
% = U, ON FQ (419)

Where % and u,, are given and continuous function on I'y and I'y respectively is a prescribed
continuous function. To find value of unknown and value of normal derivative of unknown
functions. T'; |JT'e =T and I'; (T2 = 0, when I is the boundary I'; and T'y are some prates of
the boundary. The solution u may be interoperated as the steady state heat transfer in a body
from the boundary at which the heat radiates (spread out) freely in to surrounding medium of
prescribed temperature.

4.3.1 Transformation of Mixed Boundary Value Problem to integral
equation

Solving boundary value problem is the same to solving integral equation, the solution of the
boundary value problem which is governed by the Poisson equation

Au = fin Q
And has mixed boundary conditions

u = u on I'y

0

a—z = U, on I'y

The solution can be obtained in the following ways.
Application of Greens identity equation (3.23) for the function u and v that satisfy equation
(4.17) and equation (4.18) respectively

e(p)u = /QufdQ - /F(vg—z - u%)ds

The corresponding boundary integral equation for the smooth boundary is

1 ou ov
qu= /QvfdQ - /F(U@_n - ua—n)ds (4.20)

there for equation(4.20)is the integral representation of Mixed boundary value problem.

Mixed boundary value problem can be transformed to boundary integral equation, therefore,
mixed boundary value problem is equivalent to (4.20) boundary integral equation.



Chapter 5

Conclusion and Recommendation

5.1 Conclution

The result of the work presented in this thesis is how boundary value problems for Poisson’s
equation is transformed to boundary integral equations. To find the solution of boundary
value problem we transform boundary value problem to boundary integral equation by apply-
ing Green’s identities. The divergence theorem, Greens first identity, Greens second identity
and fundamental solution are the concepts used to transform boundary value problems to
boundary integral equation. Since the main objective of this thesis is transforming boundary
value problems to boundary integral equation and showing the equivalence of boundary value
problems with boundary integral equation,each boundary value problems of Poisson’s equation
transformed to equivalent boundary integral equation. Therefore boundary integral equation
is successfully applied for modeling different types of bodies.

5.2 Recommendation

In this thesis we have introduce the boundary integral equation methods used to solve boundary
value problems, it is advisable for riders and other researchers to start work sited in the reference
for further understanding and for further investigating of the concept and application of the
method in the same or related area.
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