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ABSTRACT

This dissertation presents a numerical treatment of a class of singularly perturbed problems

with nonlocal boundary conditions. The study of these singular perturbation problems has a

prominent role in many areas of science and engineering. Such problems are often described

by differential equations. These differential equations become singularly perturbed when the

highest order derivative is multiplied by a small perturbation parameter (ε). This leads to

the presence of boundary layers which are essentially small regions in the neighborhood of

the boundary of the domain and/or interior layer, where the solution changes rapidly. Due to

the existence of the singular perturbation parameter ε, classical numerical methods for solv-

ing singularly perturbed problems are not well-posed and fail to give an accurate solution.

To overcomes this limitations, it is essential to formulate numerical methods that are uni-

formly convergent independent of the values of perturbation parameter. The main aim of this

dissertation is to develop, analyze and improve the ε-uniform numerical methods for solving

a class of singularly perturbed differential equations with nonlocal boundary conditions. In

this study, exponentially fitted finite difference method, fitted mesh finite difference method,

nonstandard finite difference method and hybrid numerical method were formulated to solve

a class of SPDEs with nonlocal boundary conditions. As a result, the developed numerical

methods were shown to be stable, efficient, and uniformly convergent independent of the val-

ues of perturbation parameter. The nonlocal boundary conditions given at the right end of

the spatial domain was treated using Simpson’s rule of integration. The uniform stability

and convergence analysis of the developed numerical methods were analyzed. In order to

validate the applicabilty of the developed methods, numerical examples were considered and

solved for different perturbation parameters and mesh sizes. The numerical algorithm was

written using Matlab Software. The maximum pointwise error of the developed numerical

methods was computed using double mesh principle. The rate of convergence of the devel-

oped numerical methods was also computed. The developed numerical methods are efficient

and it achieves higher accuracy comparing with other methods. The numerical results are in

agreement with the theoretical estimates. The dissertation concludes with a brief discussion

of potential directions for future research.

Keywords: Singularly perturbed problems; Nonlocal boundary conditions; Fitted finite dif-

ference method; Shishkin Mesh; Stability analysis; Uniform convergence analysis; Error

estimate; Boundary layer.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the study
The study of singular perturbation problems (SPPs) is important in many fields of sciences

and engineering, such as fluid mechanics, chemical engineering, and electronics. High

Reynold’s number flow in fluid dynamics, heat transport problems with large Péclet num-

bers, modeling the problems in mathematical biology, and semi-conductor devices where

the edge effects are an important typical examples. These problems are often described by

differential equations which are parameter-dependent problems and are known as singular

perturbation problems. One of the earliest applications of singularly perturbed problems was

in fluid mechanics, where the Navier-Stokes equations govern the behavior of fluids. The

Naiver Stokes equation for fluid dynamics

∂(u2 + p)

∂x
+
∂(uv)

∂y
=

1

Re

(
∂2v

∂x2
+
∂2u

∂y2

)
,

with suitable initial and boundary conditions is a good example of singular perturbation

problems for large Reynold’s number “Re”, where u, v are velocity component along x, y

directions and p is the pressure. These equations are notoriously difficult to solve, especially

in the presence of small-scale features such as boundary layers. The existence of boundary

layers in fluid and gas dynamics was not known before the early years of the twentieth

century when Ludwig Prandtl gave his seminar paper to the Third International Congress of

Mathematicians in Heidelberg in 1904, which revolutionized the theoretical understanding

of many flow phenomena (O’Malley, 2014).

Prandtl’s seven page report published in the proceedings Prandtl (1904) innovated the

subject called the boundary layer theory and gave an explanation that how a quantity as

small as the viscosity of common fluids such as water and air could play a crucial role in

determining their flow. Prandtl proved that the flow about a body can be treated by dividing

it into two regions: a very small layer in proximity to the body (which he called the boundary

layer) where the frictional effects are prominent, and the remaining as the outside region. The

boundary layer theory became the foundation stone for modern fluid dynamics. However,

the word “singular perturbation” was first used in the work of Friedrichs & Wasow (1946), a

paper on nonlinear vibrations presented at New York University. Though Prandtl introduced

the terminology boundary layer, it got much greater generality in the substantial work of

Wasow (1942).

1
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A differential equation becomes singularly perturbed when the magnitude of the highest

derivative is dominated by the lower order terms and is often attributable to a small parameter

(ε) multiplying the highest derivative (Turuna et al., 2020; Daba & Duressa, 2021). When-

ever a mathematical model is related to a phenomenon, the researchers generally try and

capture what’s essential, retaining the important quantities and omitting the negligible ones

which involve small parameters. The small parameter is called the singular perturbation pa-

rameter. So, it is necessary to constitute a question about the role of ε, where 0 < ε � 1.

Hence, the model that might be obtained by maintaining the small parameters is called the

perturbed model, whereas the simplified model (the one that doesn’t include the small pa-

rameters) is called the unperturbed (or reduced) model (Sharma et al., 2013). For example,

consider the boundary value problem of the formεu′′(x) + a(x)u′(x) + b(x)u(x) = f(x)

u(0) = u0, u(1) = u1

(1.1)

where 0 < ε� 1 is a perturbation parameter. The problem (1.1) is singularly perturbed and

a layer may appear depending on the given value of a(x). When a(x) > 0, left boundary

layer forms, when a(x) < 0, right boundary layer forms, and when a(x) = 0, the interior

or parabolic boundary layer forms. The problem (1.1) is considered to be a reduced prob-

lem if ε = 0. Singular perturbation problems are manifested in the solution of differential

equation as steep, small layers at the boundaries and interior of the domain across which

the dependent variable undergoes very rapid changes. These SPPs commonly occur in many

fields of mathematics, as boundary layers in mechanics, edge layers in solid mechanics, skin

layers in electrical applications, shock layers in fluid and solid mechanics, transition points

in quantum mechanics, and Stokes lines and surfaces in mathematics (Kadalbajoo & Patidar,

2003).

The solution of SPPs is well-known for having a multiscale character, as it differs rapidly

within the boundary layer while acting smoothly outside of these layers. Perturbations work

over a very small region in these problems, where the variable quantity undergoes very rapid

change. Since the small parameter multiplies the highest derivative, these small regions

sometimes adjoin the boundaries or interior stage. As a consequence, these problems have

boundary and/or interior layers, which ensures that there are small areas where the solution

changes rapidly. The analytical solution of the SPPs is difficult due to the presence of small

boundary layer. Therefore, it is necessary to develop numerical methods, more precisely

ε-uniform that solve the singularly perturbed differential equations (SPDEs) effectively. Nu-

merical analysis and asymptotic analysis are the two main approaches to solve SPPs. The

numerical analysis seeks to provide quantitative information on a particular problem, while
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the asymptotic analysis seeks to gain insight into the qualitative behavior of the problem

domain and only semi-quantitative information about any particular domain. Numerical

methods are designed to address a wide range of problems and minimize the demands of the

problem solver. Asymptotic methods treat relatively restricted problem class and require the

problem solver to have some understanding of the behavior of the solution (Kadalbajoo &

Reddy, 1989).

Most modern numerical methods such as standard finite difference, finite element meth-

ods, and finite volume methods are not robust and layer-resolving when used to solve SPPs

on a uniform mesh. Due to the presence of steep gradients ( boundary layers) in the analyt-

ical solution, inaccurate numerical solutions are obtained whenever the classical numerical

methods are used to solve SPPs with boundary or interior layers on uniform meshes. In

this context, for careful numerical experiments, Farrell et al. (2000) and Miller et al. (1995)

show that the classical methods fail to decrease the maximum point-wise error as the mesh

is refined, until the mesh parameter and the perturbation parameter have the same order of

magnitude. This contradicts the natural expectation that the error of a numerical method

decreases while the mesh is refined. Furthermore, this assumption is unacceptable from a

practical standpoint because when ε is incredibly small, an unacceptably large (ε-dependent)

number of mesh points is required to attain an accurate numerical solution, leading to a large

computational cost (Woldaregay et al., 2021). This limitation inspires to the construction of

uniform numerical methods. Therefore, within the study of SPPs, the foremost challenging

job is to develop such uniformly convergent numerical methods.

Singularly perturbed problems are mathematical problems that involve small parameters

that causes the solution to change rapidly in certain regions of the domain. Fitted numer-

ical methods are a class of numerical methods that are designed to handle such problems

(Selvakumar & Lazarus, 2018). The significance of fitted numerical methods for solving

singularly perturbed problems lies in their ability to accurately capture the behavior of the

solution in the boundary layer regions, where the solution changes rapidly. These methods

use a combination of mesh refinement and numerical approximation techniques to ensure that

the solution is computed accurately in the boundary layer regions, while still maintaining ef-

ficiency and stability. Fitted numerical methods are particularly useful for solving singularly

perturbed problems because traditional numerical methods, such as finite difference or fi-

nite element methods, can struggle to accurately resolve the solution in the boundary layer

regions. This is because these methods typically use a uniform mesh, which may not have

enough resolution in the boundary layer regions to accurately capture the behavior of the

solution. In the construction of uniform numerical methods, two approaches generally have

been taken into account (Bullo et al., 2021). A finite difference method has two major in-

gredients: the finite difference operator LN that is employed to approximate the differential
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operator L and the mesh ΩN that replaces the continual domain Ω.

The second successful approach to the development of ε-uniform numerical methods

involves the utilization of ordinary finite difference operators on a special mesh condensed

within the boundary or interior layers. The first of those ε-uniform methods involve replacing

the classical finite difference operator with an operator that reflects the singularly perturbed

nature of the differential operator. Such finite difference operators are noted as fitted operator

finite difference and will be constructed by choosing their coefficient in such a way that

some or all of the exponential functions are within the space of the differential operator.

Such exponentially fitted operator finite difference and standard mesh ( a regular mesh) are

observed as fitted operator methods (Duressa & Woldaregay, 2022). In some cases, fitted

operator finite difference is required only in a neighborhood of the layers, while the standard

finite difference operator can be used on the mesh points in the rest part of the domain (Farrell

et al., 1998).

The fitted mesh method uses special non-uniform mesh condensed around the layer re-

gion and, therefore, a recognized technique for solving SPPs that overcome the limitation of

classical methods. These fitted mesh methods have an additional advantage over the fitted

operator methods due to their easy implementation and extension to solve higher dimen-

sional and nonlinear problems. Since the precision of fitted mesh methods depends only on

the number of nodes and is independent of the value of the small parameter, this principle is

commonly used to solve a wide range of problems.

The underlying idea is to construct a piecewise-uniform mesh, that is, a mesh that com-

bines a finite number of uniform meshes with different mesh sizes inside and outside the

layer. If the location and the width of the boundary layer are known, then a highly accu-

rate piecewise-uniform mesh known as the Shishkin mesh can be easily constructed. These

uniform fitted meshes were first introduced by Shishkin et al. (1983) and the correspond-

ing numerical methods are further developed and shown as ε-uniform (Roos et al., 1996).

The above two approaches are based on a priori knowledge of the solution before solving

the original problem which is not always available. Singularly perturbed delay differential

equations (SPDDEs) are a type of differential equation that involve a time or spatial delay

and a small parameter that multiplies the highest derivative term (Govindarao & Mohapatra,

2019; Woldaregay & Duressa, 2020). These equations are challenging to solve because they

exhibit both fast and slow dynamics, and a delay term can cause instability or oscillations in

the solution. SPDDEs have many applications in a diverse area of science and engineering

such as studying heat conduction in materials or mass transfer (Kaushik, 2014; Wu, 1996),

biosciences (such as population dynamics) (Kuang, 1993) and fluid flow (Roos et al., 2008).
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A common example from numerical control (Ansari et al., 2007) is the equation

∂u

∂t
= ε

∂2u

∂x2
+ v (g (u(x, t− τ)))

∂u

∂x
+ c [f(u(x, t− τ)− u(x, t)] ,

which models a furnace used to process metal sheets. Here, u is the temperature distribution

in a metal sheet, moving at a velocity v and heated by a source specified by the function f ;

both v and f are dynamically adapted by controlling device monitoring the current temper-

ature distribution. The finite speed of the controller, however, introduces a fixed delay of

length τ . SPDDEs arise when the rate of change of a time dependent process in its mathe-

matical modeling is not only determined by its present state but also by a certain past state.

If the delay parameter is smaller than the perturbation parameter, it is referred to as small

delay; otherwise, it is referred to as large delay or large negative shift (Rao & Chakravarthy,

2014; Woldaregay et al., 2021; Woldaregay & Duressa, 2022; Govindarao & Mohapatra,

2019; Duressa & Woldaregay, 2022).

Boundary layers occur in the solution of SPDDEs when the singular perturbation param-

eter ε, tends to zero. These boundary layers are located in neighborhoods of the boundary

of the domain, where the solution has a very steep gradient. Away from any corner of the

domain a boundary layer of either regular or parabolic type (Miller et al., 1996; Roos et al.,

2008; Govindarao et al., 2020), and/or interior layer (Devendra & Parvin, 2020; Elango et

al., 2021) may occur. A boundary layer is said to be parabolic if the characteristics of the

reduced problem (for ε = 0) are parallel to the boundary, and regular if these characteristics

are not parallel to the boundary. Due to the presence of the singular perturbation parameter

ε, the standard methods for solving such problems are not useful and fail to give accurate re-

sults. The necessity to resolve the boundary layers has inspired the development of uniform

convergent numerical methods. Nonlocal singularly perturbed problems are mathematical

models that involve a combination of nonlocal and singularly perturbed phenomena. These

problems arise in many areas of science and engineering, including biology, physics, and

materials science. Such types of problems are described by differential equations with or

without delay involving large or small parameters. Often these mathematical problems are

extremely difficult (or even impossible) to solve exactly and in these circumstances, approxi-

mate solutions are necessary. In modeling of various processes in science and engineering an

integral term over the spatial domain appears interior or whole of the boundary conditions.

Over the last few years, many physical phenomena were formulated to non-local math-

ematical models. Problems in thermodynamics (Day, 1982), plasma physics (Bouziani,

1996), heat conduction (Cannon, 1963; Dehghan & Tatari, 2008), underground water flow

and population dynamics (Kudu & Amiraliyev, 2015) can be reduced to the nonlocal prob-

lems having integral conditions. For example, consider a second order parabolic delay dif-
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ferential equations with nonlocal boundary condition which arise in population dynamics

(Bahuguna & Dabas, 2008) with time delay of the form

−kuxx(x, t) + ut(x, t) = −d(x, t)u(x, t) + b(x, t)u(x, t− τ), (x, t) ∈ (0, π)× [0, T ],

u(x, t) = φ(x, t), t ∈ [−τ, 0], x ∈ (0, π),

ux(0, t) = 0, t ∈ [0, T ],∫ π
0
u(x, t)dx = ψ(t), t ∈ [0, T ].

(1.2)

In this problem, there is no flux condition considered in the left, and the average population

size is being controlled by the function ψ(t) in the right. SPDDEs with integral condition

play an important role in the mathematical modeling of various practical phenomena and also

widely applied within fields like bio-sciences, control theory, economics, medicine, robotics,

HIV infection models, oceanography, cellular systems, meteorology, the blood flow models,

etc (Sekar & Tamilselvan, 2018).

In nonlocal SPPs, the behavior of a system at a given point depends not only on its

local conditions but also on the conditions at other points in the system. This can lead to

long-range interactions and complex behavior that cannot be captured by local models. The

nonlocal behavior can affect the formation of the boundary layer, and the boundary layer

can in turn affect the non-local behavior. SPPs with nonlocal boundary conditions contains

a small parameter that causes the solution to exhibit rapid changes or transitions in a small

region of the domain. This can lead to numerical difficulties and requires special techniques

to accurately capture the behavior of the solution. Therefore, it is necessary to develop

numerical methods that are convergent independent of perturbation parameter.

1.2 Statement of the problem
The presence of an integral term in a boundary condition can greatly complicate the ap-

plication of standard numerical techniques such as finite difference method, finite element

methods, spectral techniques, boundary integral methods, etc. Therefore, it is important to

convert nonlocal boundary value problems to a more desirable form, to make them more

applicable to problems of practical interest. In many cases this is a hard task. Because of the

importance of these types of equations in science and technology, in last twenty years there

has been growing interest in developing computational techniques for the numerical solution

of differential equations with boundary integral conditions.

Over the past few years, various numerical techniques have been developed in order to

study singularly perturbed differential equations with nonlocal boundary conditions (Kudu &

Amiraliyev, 2015; Kudu et al., 2018; Raja & Tamilselvan, 2019b, 2020; Debela & Duressa,
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2020c). Unfortunately, a class of singularly perturbed time-dependent differential equations

with nonlocal boundary conditions has yet to be researched. The study of singularly per-

turbed delay differential equations with integral boundary conditions led to the development

of several numerical techniques. Several researchers have explored and developed multi-

ple numerical methods for singularly perturbed delay differential equations of convection

diffusion type with integral boundary conditions (Sekar & Tamilselvan, 2018, 2019b; De-

bela & Duressa, 2019). However, singularly perturbed differential equations of the reaction-

diffusion type with integral boundary conditions have been not investigated yet.

Elango et al. (2021) was the first, to investigate singularly perturbed partial delay differ-

ential equations of reaction-diffusion types with integral boundary condition. They devel-

oped a finite difference scheme on piecewise uniform Shishkin mesh in spatial direction and

backward difference method in temporal direction. They proved that the order of conver-

gence is almost two in space variable and one in time variable.

Several researchers (Gobena & Duressa, 2022a,b; Hailu & Duressa, 2022) have attempted

to design different parameter uniform convergent numerical method for solving singularly

perturbed partial delay differential equations with integral boundary conditions. Even still,

the more accurate uniformly convergent layer resolving numerical methods are necessary to

solve the problems. Finally, in all the cases, the well-known standard numerical methods

used for solving a class of singularly perturbed differential equations are not well-posed and

fail to give an analytical solution when the perturbation parameter ε is small. This is why

the numerical methods for solving a class of singularly perturbed problems are of practical

interest. It is necessary to develop suitable numerical methods that are uniformly convergent

independent of the values of perturbation parameter.

1.3 Objectives of the study

1.3.1 General objective

The main objective of this study is to develop uniformly convergent numerical methods for

a class of singularly perturbed differential equations with nonlocal boundary conditions.

1.3.2 Specific objectives

The specific objectives of the study are to:

1. formulate numerical methods that are convergent independent of the values of the per-

turbation parameter.

2. establish the stability of the developed numerical methods.

3. investigate the convergence of the developed numerical methods.
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1.4 Significance of the study
The results of this study will contribute to researchers benefit, considering that singularly

perturbed problems play an important role in sciences and engineering. The result that will

be obtained in this research project can enhance the knowledge of numerical method for a

class of singularly perturbed differential equation with nonlocal boundary conditions. The

analysis in this research project can serve as reference for researchers. The results that will

be obtained in this research project can serve as bases to extend the idea.

1.5 Delimitation of the study
Singular perturbation problems have many applications in science and engineering prob-

lems. These singularly perturbed problems are modeled by ordinary differential equations,

partial differential equations or delay differential equations with an appropriate boundary

conditions. Because of its wide range of applications, this study is limited to the following

singularly perturbed problems.

Governing problem - I
A class of singularly perturbed delay ordinary differential equations of reaction-diffusion

types with integral boundary condition is considered as

Lu(x) = −εd
2u(x)

dx2
+ a(x)u(x) + b(x)u(x− 1) = f(x), x ∈ (0, 2),

u(x) = φ(x), x ∈ [−1, 0],

Ku(2) = u(2)− ε
∫ 2

0

g(x)u(x)dx = φr,

(1.3)

where ε is a small positive number (0 < ε� 1). Assume that a(x) ≥ α > 0, b(x) ≤ β < 0,

α + β > 0, f(x), φ(x), φr are sufficiently smooth functions and g(x) is monotonically non

negative function and satisfy
∫ 2

0
g(x)dx < 1. Under this assumptions, equation (1.3) has a

unique solution which exhibits a boundary layer at x = 0 and x = 2 and interior layer at

x = 1.
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Governing problem - II
A class of singularly perturbed parabolic partial differential equations with integral boundary

condition is considered as

Lu(x, t) = −ε∂
2u(x, t)

∂x2
+
∂u(x, t)

∂t
+ a(x, t)u(x, t) = f(x, t), (x, t) ∈ Ω,

u(x, 0) = φb(x), ∀(x, t) ∈ Γb = {(x, 0); 0 ≤ x ≤ 1} ,

u(0, t) = φl(t), ∀(x, t) ∈ Γl = {(0, t); 0 ≤ t ≤ T} ,

Ku(x, t) = u(1, t)− ε
∫ 1

0

g(x)u(x, t)dx = φr(x, t), ∀(x, t) ∈ Γr = {(1, t); 0 ≤ t ≤ T} ,

(1.4)

where (x, t) ∈ Ω = (0, 1) × (0, T ], Ω̄ = [0, 1] × [0, T ], and ε is a small positive parameter

(0 < ε � 1). Assume that a(x, t) ≥ α > 0, f(x, t), φl, φr, φb are sufficiently smooth

and g(x) is monotonically non negative function and satisfy
∫ 1

0
g(x)dx < 1. Under this

assumptions, equation (1.4) has a unique solution which exhibits a parabolic boundary layer

(at x = 0 and x = 1).

Governing problem - III
A class of singularly perturbed partial delay differential equations of reaction-diffusion type

with integral boundary condition is considered as

Lu(x, t) = −ε∂
2u(x, t)

∂x2
+
∂u(x, t)

∂t
+ a(x, t)u(x, t) + b(x, t)u(x− 1, t) = f(x, t), (x, t) ∈ Ω,

u(x, t) = φl(x, t), ∀(x, t) ∈ Γl = {(x, t);−1 ≤ x ≤ 0 and 0 ≤ t ≤ T} ,

Ku(x, t) = u(2, t)− ε
∫ 2

0

g(x)u(x, t)dx = φr(x, t), ∀(x, t) ∈ Γr = {(2, t); 0 ≤ t ≤ T} ,

u(x, t) = φb(x, t), ∀(x, t) ∈ Γb = {(x, 0); 0 ≤ x ≤ 2} ,
(1.5)

where (x, t) ∈ Ω = (0, 2) × (0, T ], Ω̄ = [0, 2] × [0, T ], Ω1 = (0, 1) × [0, T ], Ω2 =

(1, 2) × [0, T ], Ω∗ = Ω1 ∪ Ω2 and ε is a small positive parameter (0 < ε � 1). Assume

that a(x, t) ≥ α, b(x, t) ≤ β < 0, α + β > 0, f(x, t), φl, φr, φb are sufficiently smooth

and g(x) is monotonically non negative function and satisfy
∫ 2

0
g(x)dx < 1. Under this

assumptions, equation (1.5) has a unique solution which exhibits a boundary layer at x = 0

and x = 2 and interior layer at x = 1.

The numerical methods presented in this dissertation are limited to the finite difference

method and the cubic spline method.
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1.6 Mathematical preliminaries
This section introduces some basic definitions, notations and conventions which will be used

throughout the study. The following definitions and notations are taken from the books

(Farrell et al., 2000; Miller et al., 1998; Roos et al., 1996). First of all, Ω denotes a bounded

open domain in R2 and is given by Ω = (0, L)×(0, T ). For any nonnegative integer k, Ck(Ω)

denotes the space of all functions whose derivatives are continuous up to order k on Ω. In

the analysis, if the standard supremum norm ||.|| or ||.||Ω is used, which is defined by

||u|| = sup
ξ∈Ω
|u(ξ)| ,

for a function u on some domain Ω. It is a convention that when the domain is obvious, or

of no particular significance, Ω is omitted. Now, the standard finite difference operators are

defined which will be used for describing the difference schemes in the subsequent studies.

Consider an arbitrary nonuniform mesh Ω̄N = {x}Ni given by

Ω̄N = {0 = x0 < x1 < x2 < x3 < · · · < xN−1 < xN = L} .

Let us denote hj = xj−xj−1, j = 1, · · · , N . For a mesh function Vj , the forward, backward

and central difference operators D+, D− and D0 are respectively given as

D+Vj =
Vj+1 − Vj
hj+1

, D−Vj =
Vj − Vj−1

hj
, D0Vj =

Vj+1 − Vj−1

hj+1 + hj
,

and the second-order finite difference operator D+D− is defined as

D+D−Vj =
2

hj+1 + hj

(
D+ −D−

)
Vj =

2

hj+1 + hj

(
Vj+1 − Vj
hj+1

− Vj − Vj−1

hj

)
.

Throughout the study C denotes a generic positive constant independent of the mesh points

xj and the parameter ε and the number of mesh intervalsN which can take different values at

different places, even in the same argument. But a subscriptedC (i.e., C1) is a fixed constant.

Definition 1. Shishkin meshes: A Shishkin mesh is a piecewise uniform mesh. What distin-

guish a Shishkin mesh from any other piecewise uniform mesh is the choice of the so called

transition parameter(s) which are the points at which the mesh size changes rapidly.

Definition 2. Boundary layer is defined as the region of the independent variables where the

dependent variables change rapidly.

Definition 3. ε-uniform numerical method: Consider a family of mathematical problems

parameterized by a parameter ε, where ε lies in the semi-open interval 0 < ε � 1. Assume
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that each problem in the family has a unique solution denoted by uε and that of each uε is

approximated by a sequence of numerical solution Uε, Ω̄N where Uε is defined on the discrete

space Ω̄N and N is the discretization parameter. Now the numerical solution Uε is said to

converge ε-uniformly to the exact solution uε , if there exist a positive integerN0 and positive

numbers C and p, where N0, C, p all are independent of ε such that for all N ≥ N0,

sup
0<ε�1

∣∣∣∣uNε − Uε∣∣∣∣ ≤ CN−p

Remark 1. Nonlocal boundary conditions are boundary conditions that depend on the be-

havior of the solution at points other than the boundary itself. In other words, the boundary

conditions are specified in terms of integrals or derivatives of the solution over a region that

includes the boundary. Nonlocal boundary conditions are often used in mathematical mod-

els of physical phenomena where the behavior of the solution at the boundary is influenced

by the behavior of the solution in the interior. Examples of such phenomena include wave

propagation, heat transfer, and fluid flow.

Remark 2. An integral boundary condition is a type of boundary condition in a differen-

tial equation that involves an integral over the boundary of the domain. It is often used to

model physical systems where the behavior at the boundary is influenced by the behavior

throughout the entire domain.

1.7 Organization of the dissertation
In this dissertation, suitable numerical methods to solve a class of singularly perturbed dif-

ferential equations with nonlocal boundary conditions are investigated, designed, and ana-

lyzed. Apart from this introductory chapter, this dissertation consists of nine chapters and

conclusion. The first chapter is devoted to a general introduction as well as the historical

background of related work in the subject of singularly perturbed problems. It provides the

motivation and objectives for solving singularly perturbed problems, as well as the prelimi-

naries to be employed in the dissertation. In the second Chapter, the literature review of the

dissertation is given. In the third Chapter, a research methodology of the study is given.

In Chapter 4 and 5, numerical methods for solving a class of singularly perturbed ordi-

nary differential equation with nonlocal boundary conditions are developed. In Chapter 6 and

7, numerical methods for solving singularly perturbed parabolic partial differential equations

with nonlocal boundary conditions are presented. In Chapter 8 and 9, numerical methods for

solving singularly perturbed partial delay differential equations of reaction-diffusion types

with nonlocal boundary conditions are formulated.
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CHAPTER TWO

LITERATURE REVIEW

This chapter describes some of the studies on numerical treatment of a class of singularly per-

turbed differential equations with nonlocal boundary conditions that have been documented

in the literature. These class of problems play a crucial role in various problems in engineer-

ing and applied sciences. A number of recent papers have been presented to the investigation

of various numerical methods to solve such types of problems.

2.1 Singularly perturbed differential equations with integral boundary
conditions

Singularly perturbed problems with integral boundary conditions are a type of differential

equation that involve a small parameter multiplying the highest derivative term and an inte-

gral boundary condition. These problems arise in neural network. In the literature, various

methods have been proposed to solve singularly perturbed problems with integral boundary

conditions. For instance, Cakir & Amiraliyev (2005) presented a finite difference method for

solving singularly perturbed nonlocal boundary value problem of the form

Lu(x) = ε2u′′(x) + εa(x)u′(x)− b(x)u(x) = f(x), 0 < x < l,

u(0) = µ0,

l1u(l) = u(l)−
∫ l1

l0

g(x)u(x)dx = µl, 0 ≤ l0 < l1 ≤ l.

(2.1)

Here ε is a small positive parameter, µ0 and µl are given constants, a(x) ≥ α, b(x) ≥ β,

g(x) and f(x) are sufficiently smooth functions in the [0, l]. The solution u(x) of problem

(2.1) has in general a boundary layers at x = 0 and x = l for ε near 0. They demonstrated

that a presented method is ε-uniformly first order accurate in the discrete maximum norm.

Amiraliyev et al. (2007) considered a uniform finite difference method on Shishkin mesh for

a quasilinear first order singularly perturbed boundary value problem (BVP) with integral

boundary condition of the form

εu′ + f(t, u) = 0, t ∈ I = (0, T ), T > 0,

u(0) = µu(T ) +

∫ T

0

b(s)u(s)ds+ d,
(2.2)

where 0 < ε� 1 is the perturbation parameter, µ and d are given constants. b(t) and f(t, u)

are assumed to be sufficiently continuously differentiable functions in Ī = I ∪ {t = 0} and
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I × R respectively and moreover ∂f
∂u
≥ α > 0. They proved that the method is first order

convergent except for a logarithmic factor, in the discrete maximum norm, independently of

the perturbation parameter.

Cen & Cai (2007) developed a hybrid upwind difference scheme on a Shishkin mesh

for solving singularly perturbed problem given in (2.2). Applying the discrete maximum

principle and barrier function techniques, they showed that the scheme is almost second

order convergent, in the discrete maximum norm, independently of singular perturbation

parameter. Zhang & Xie (2009) developed the uniformly valid asymptotic solution of a

singularly perturbed problem considered in (2.2), with the method of boundary layer function

and the Banach fixed-point theorem. Kudu & Amiraliyev (2015) considered the singularly

perturbed second order ordinary differential equation with integral boundary condition of the

form

Lu(x) := ε2u′′(x) + εa(x)u′(x) + b(x)u(x) = f(x), 0 < x < l,

u′(0) =
µ0

ε
,∫ l

0

d(x)u(x)dx = µ1.

(2.3)

where 0 < ε � 1 is a perturbation parameter, 0 < α ≤ a(x), f(x), d(x) are sufficiently

smooth functions in [0, l], µi, (i = 0, 1) are given constants. The function u(x) has in general

a boundary layer of thickness O(ε) near x = 0. The uniform convergence of the approxima-

tion solution on a uniform mesh is demonstrated. Kudu et al. (2018) constructed numerical

algorithm based on upwind finite difference operator and an appropriate piecewise uniform

mesh to solve problem (2.2). They established parameter-uniform error estimate for the

numerical solution.

Raja & Tamilselvan (2019a) considered a class of third order singularly perturbed con-

vection diffusion type equations with integral boundary condition of the form

εu′′′(x) + a(x)u′′(x) + b(x)u′(x) + c(x)u(x) = f(x), x ∈ (0, 1) = Ω,

u(0) = l1, u
′(0) = l2, u(1) = ε

∫ l

0

g(x)u(x)dx+ l3,
(2.4)

where 0 < ε � 1, a(x) ≥ α > 0, b(x) ≥ β ≥ 0, θ ≤ c(x) ≤ θ0 ≤ 0, 4α +

β + 16θ > 0, l1, l2, l3 are real numbers, g(x) is nonnegative with
∫ 1

0
g(x)dx < 1 and

a(x), b(x), c(x), f(x), g(x) are sufficiently smooth on Ω̄ = [0, 1]. They presented numerical

method based on a finite difference scheme on a Shishkin mesh and the method suggested is

of almost first order convergent.
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Raja & Tamilselvan (2019b) considered a class of system of singularly perturbed reaction

diffusion equations with integral boundary condition of the form

L̄ū(x) =

L1ū(x) = −εu′′1(x) + a11(x)u1(x) + a12(x)u2(x) = f1(x),

L2ū(x) = −εu′′2(x) + a21(x)u1(x) + a22(x)u2(x) = f2(x),
(2.5)

where ū = (u1(x), u2(x)) , x ∈ Ω = (0, 1), with the boundary conditions

u1(0) = l1, B1u1(1) = u1(1)− ε
∫ 1

0

g(x)u1(x)dx = l2,

u2(0) = l3, B2u2(1) = u2(1)− ε
∫ 1

0

g(x)u2(x)dx = l4,

where 0 < ε� 1 is a small positive parameter and the functions a11(x), a12(x), a21(x), a22(x),

f1(x), f2(x) are sufficiently smooth on Ω = [0, 1] and gi is nonnegative and
∫ 1

0
gi(x)dx < 1,

for i = 1, 2, x ∈ Ω̄. Here, they described a numerical method based on a finite difference

scheme on a Shishkin mesh. The recommended approach is almost second order convergent.

Raja & Tamilselvan (2020) developed a finite difference scheme on uniform Shishkin

mesh for solving singularly perturbed convection-diffusion problem with integral boundary

condition of the form

Ly = −εy′′(x) + a(x)y′(x) = f(x), x ∈ Ω,

y(0) = A,L1y(1) = y(1)− ε
∫ 1

0

g(x)y(x)dx = B,
(2.6)

where 0 < ε � 1, A and B are constants, a(x) ≥ α > 0, x ∈ Ω̄ = [0, 1], g(x) is

nonnegative with
∫ 1

0
g(x)dx < 1 and f(x), a(x) are continuously differentiable functions on

Ω̄. They proved that the developed numerical method is of almost first order convergent.

Debela & Duressa (2020a) developed an accelerated numerical method for singularly

perturbed problem given in (2.1). They used exponentially fitted operator method using

Richardson extrapolation techniques. They treated an integral boundary condition using nu-

merical integration techniques. They showed that the method is ε-uniformly convergent.

Debela & Duressa (2020c) developed a uniformly convergent numerical method via non-

standard finite difference and numerical integration methods for a governing equation given

in (2.3). They showed that the method is ε-uniformly convergent. Debela (2021) presented

numerical method to solve SPDEs given in (2.6). The proposed method is a combination

of the classical finite difference method for the boundary conditions and exponential fitted

operator method for the differential equations at the interior points. They showed that the

method is to be first-order accuracy independent of the perturbation parameter.

As a result, the problems presented above can be easily extended to time-dependent sin-
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gularly perturbed parabolic partial differential equations with nonlocal boundary conditions.

2.2 Singularly perturbed delay differential equations with integral bound-
ary conditions

Singularly perturbed delay differential equations with nonlocal boundary condition consti-

tute a very interesting and important class of problems (Amiraliyev et al., 2007). Because of

this, several scholars studied singularly perturbed delay differential equations with nonlocal

boundary conditions. For example, Sekar & Tamilselvan (2018) considered a class of sin-

gularly perturbed system of delay differential equations of convection diffusion type with an

integral boundary conditions of the form:

− εu′′1(x) + a1(x)u′1(x) + b11(x)u1(x) + b12(x)u2(x) + c11(x)u1(x− 1)

+ c12(x)u2(x1) = f1(x), x ∈ Ω1 ∪ Ω2,

− εu′′2(x) + a2(x)u′2(x) + b21(x)u1(x) + b22(x)u2(x) + c21(x)u(x− 1)

+ c22u2(x− 1) = f2(x), x ∈ Ω1 ∪ Ω2,

u1(x) = φ(x), x ∈ [−1, 0],K1u1(2) = u1(2)− ε
∫ 2

0

g1(x)u1(x)dx = l1,

u2(x) = φ2(x), x ∈ [−1, 0], Ku2(2) = u2(2)− ε
∫ 2

0

g2(x)u2(x)dx = l2,

(2.7)

where 0 < ε� 1 is a small positive parameter, the functions a1(x), a2(x), b11(x), b12(x), b21(x),

b22(x), c11(x), c12(x), c21(x), c22(x), f1(x), f2(x) are sufficiently smooth on Ω = [0, 2]. They

developed a finite difference scheme on an appropriate piecewise Shishkin type mesh is sug-

gested to solve the problem. They proved that the method is almost first-order convergent.

An error estimated is derived in the discrete maximum norm.

Sekar & Tamilselvan (2019a) considered a class of third order singularly perturbed delay

differential equations of convection diffusion type with an integral boundary conditions:

− εu′′′(x) + a(x)u′′(x) + b(x)u′(x) + c(x)u(x) + d(x)u′(x− 1) = f(x), x ∈ Ω∗,

u(x) = ϕ(x), x ∈ [−1, 0], ϕ ∈ C1([−1, 0]),

u′(2) = ε

∫ 2

0

g(x)u′(x)dx+ l,

(2.8)

γ ≤ d(x) ≤ γ0, α + θ + γ > 0, g(x) is non negative and monotone with
∫ 2

0
g(x)dx < 1

and a(x), b(x), c(x), d(x), f(x), g(x) are sufficiently smooth on Ω = [0, 2]. They presented

a numerical method based on a finite difference scheme on a Shishkin mesh. The suggested

method is almost first-order convergent. An error estimate is derived in the discrete norm

and they validate the theoretical estimates by presenting numerical examples.
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Sekar & Tamilselvan (2019b) looked at a class of singularly perturbed delay differential

equations of convection diffusion type with an integral boundary conditions of the form:

Lu(x) = −εu′′(x) + a(x)u′(x) + b(x)u(x) + c(x)u(x− 1) = f(x), x ∈ Ω,

u(x) = ϕ(x), x ∈ [−1, 0],

Lu(2) = u(2)− ε
∫ 2

0

g(x)u(x)dx = l,

(2.9)

where ϕ(x) is sufficiently smooth on [−1, 0]. For all x ∈ Ω, it is assumed that the sufficient

smooth functions a(x), b(x) and c(x) satisfy a(x) > α1 > α > 0, b(x) ≥ β ≥ 0, c(x) ≤
γ ≤ 0, α+β+ γ > 0 and β+ γ ≥ 0. Furthermore, g(x) is non negative and monotonic with∫ 2

0
g(x)dx < 1. They developed a finite difference scheme with an appropriate piecewise

Shishkin type mesh to solve the problem. They proved that the method is almost first-order

convergent. An error estimated is derived in the discrete norm.

Sekar & Tamilselvan (2019c) considered a class of third order singularly perturbed delay

differential equations of reaction diffusion type with an integral boundary condition of the

form:

− εu′′′(x) + b(x)u′(x) + c(x)u(x) + d(x)u′(x− 1) = f(x), x ∈ (0, 2),

u(x) = φ(x), x ∈ [−1, 0], φ ∈ C1[−1, 0], u′(2) = −ε
∫ 2

0

g(x)u′(x)dx+ l,
(2.10)

where 0 < ε << 1, b(x) ≥ α ≥ 0, θ ≤ c(x) ≤ θ0, γ ≤ d(x) ≤ γ0 ≤ 0, α + θ +

γ > 0,
∫ 2

0
g(x)dx < 1 and b(x), c(x), d(x), f(x), g(x) is non negative monotone and are

sufficiently smooth on Ω = [0, 2] and l be a real number. They developed a numerical

method based on a finite difference scheme on a Shishkin mesh. The method suggested is

almost first-order convergent. An estimated error is derived in the discrete norm.

Debela & Duressa (2019) considered the following singularly perturbed problem

Ly = −εy′′(x) + a(x)y′(x) + b(x)y(x) + c(x)y(x− 1) = f(x), x ∈ Ω = (0, 2),

y(x) = φ(x), x ∈ [−1, 0],

Ky(2) = y(2)− ε
∫ 2

0

g(x)y(x)dx = l,

(2.11)

where φ(x) is sufficiently smooth on [−1, 0]. For all x ∈ Ω it is assumed that the sufficient

smooth functions a(x), b(x) and c(x) satisfy a(x) > α1 > α > 0, b(x) ≥ β ≥ 0, c(x) ≤ γ ≤
0 and α + β + γ > 0, and g(x) is non-negative and monotonic with

∫ 2

0
g(x)dx < 1. They

developed exponentially fitted finite difference method for solving the problem. To treat
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the integral boundary condition, Simpson’s rule is applied. They proved that the proposed

method is stable and parameter uniform convergent. To validate the applicability of the

scheme, they considered two model problems for numerical experimentation and solved for

different values of the perturbation parameter, ε and mesh size, h. They computed maximum

absolute errors and rate of convergence and it is observed that the presented method is more

accurate and ε-uniformly convergent for h ≥ ε.

Debela & Duressa (2020b) also developed accelerated fitted finite difference method for

solving singularly perturbed delay differential equation with non-local boundary condition

given in (2.11). To treat the non local boundary condition, Simpson’s rule is applied and

the stability and parameter uniform convergence for the proposed method was proved. To

validate the applicability of the scheme, they considered two model problems for numerical

experimentation and solved for different values of the perturbation parameter ε and mesh

size h. They tabulated the numerical results in terms of maximum absolute errors and rate of

convergence, and it is observed that the presented method is more accurate and ε-uniformly

convergent for h ≥ ε.

Devendra & Parvin (2020) considered the following problem

Lu ≡ −εu′′(x) + p(x)u′(x) + q(x)u(x) + r(x)u(x− 1) = φ(x), x ∈ Ω = (0, 2),

u(x) = φ(x), x ∈ [−1, 0],

u(2) = k + ε

∫ 2

0

s(x)u(x)dx = E,

(2.12)

where ε ∈ (0, 1] and E is a constant. All the associated functions are assumed sufficiently

smooth, bounded, and independent of ε. Also, p(x), q(x) and r(x) are such that

p(x) ≥ p∗ > 0, q(x) ≥ q∗ > 0, r(x) ≤ r∗ < 0, q(x) + r(x) ≥ δ > 0, where p∗ + q∗ +

r∗ > 0. They developed the method based on the basis of B-spline functions and efficient

numerical scheme on a piecewise-uniform mesh is suggested to approximate the solution

of singularly perturbed problems with an integral boundary condition and having a delay of

unit magnitude. For the small diffusion parameter ε, an interior layer and a boundary layer

occurred in the solution. Unlike most numerical schemes their scheme does not require the

differentiation of the problem data (integral boundary condition). The parameter-uniform

convergence (the second-order convergence except for a logarithmic factor) is confirmed by

numerical computations of two test problems. They used double mesh principle to measure

the accuracy of the method in terms of the maximum absolute error.

Based on the information provided above, it is clear that a numerical method for solving

a class of singularly perturbed delay differential equations of the reaction-diffusion type has

not yet been investigated.
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2.3 Singularly perturbed parabolic partial delay differential equations
with integral boundary condition

A numerical method for solving a class of singularly perturbed parabolic partial delay dif-

ferential equations with integral boundary condition was first investigated by Elango et al.

(2021). They took a below governing equations with integral boundary condition of the form

Luε(r, t) =

(
−ε ∂

2

∂r2
+
∂

∂t
+ a(r, t)

)
uε(r, t) + b(r, t)uε(r − 1, t) = f(r, t), (r, t) ∈ D

uε(r, t) = φl(r, t), ∀(r, t) ∈ Γl = {(r, t);−1 ≤ r ≤ 0 and 0 ≤ t ≤ T}

Kuε(r, t) = uε(2, t)− ε
∫ 2

0

g(r)uε(r, t)dr = φr̄(r, t), ∀(r, t) ∈ Γr̄ = {(2, t); 0 ≤ t ≤ T} ,

uε(r, t) = φb(r, t), ∀(r, t) ∈ Γb = {(r, 0)} .
(2.13)

where (r, t) ∈ D = (0, 2) ∈ (0, T ], D̄ = [0, 2] × [0, T ], D1 = (0, 1) × [0, T ], D2 =

(1, 2) × [0, T ], D∗ = D1 ∪D2 and ε is a small positive parameter (0 < ε << 1). Assume

that a(r, t) ≥ α > 0, b(r, t) ≤ β < 0, α + β > 0, f(r, t), φl, φr, φb are sufficiently

smooth and g(r) is monotonically non negative function and satisfy
∫ 2

0
g(r)dr < 1. They

proposed finite difference method on a Shishkin mesh of Nr × Nt elements, suggested to

solve the given problem and proved to be parameter uniform. Also, they proved that the or-

der of convergence is almost two in space variable and one in time variable, and the error of

the proposed method is bounded by C(N−2
r ln2Nr +N−1

t ). Gobena & Duressa (2021) con-

structed a parameter-uniform numerical method via the nonstandard finite difference method

for the spatial direction, and the backward Euler method for the resulting system of initial

value problems in temporal direction to solve the problem considered in (2.13).

Gobena & Duressa (2022a) presented a fitted operator average finite difference scheme

for singularly perturbed delay parabolic reaction diffusion problems with non-local boundary

conditions given in (2.13). They proved that the developed method is shown to be second or-

der uniformly convergent in both space and temporal directions. Gobena & Duressa (2022b)

developed a numerical method for solving singularly perturbed parabolic partial differential

equations with large negative shift on the spatial variable and integral boundary condition

given in (2.13). They used a numerical methods combining the Crank–Nicolson difference

scheme for the temporal direction on the uniform mesh and exponentially fitted operator fi-

nite difference method in spatial discretization. They proved that the developed method was

shown to be second order uniformly convergent in both directions.

Hailu & Duressa (2022) developed a numerical method for solving singularly perturbed

parabolic differential equations with integral boundary conditions and a large negative shift
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in the space variable given in (2.13). The implicit Euler method was used for the temporal

direction and the cubic spline method was proposed for the spatial direction on a piecewise

uniform mesh (Shishkin mesh) to formulate a parameter-uniform numerical method. The

proposed scheme has been shown to be uniformly convergent with order of convergence

almost two in space direction and one in time direction.

Sharma & Kaushik (2023) considered a class of singularly perturbed parabolic partial

differential equations of convection diffusion types with a large delay and an integral bound-

ary condition of the form

− εyss(s, t) + p(s)ys(s, t) + q(s)y(s, t) + r(s)y(s− 1, t) + yt(s, t) = g(s, t) ∈ D

y(s, t) = ψ1(s, t) in Γ1 := {(s, t), s ∈ [−1, 0], t ∈ [0, T ]} ,

y(s, t) = ψ2(s, t) on Γ2 := {(s, 0), s ∈ [0, 2]} ,

ky(s, t) = y(2, t)− ε
∫ 2

0

f(s)y(s, t)ds = ψ3(s, t) on Γ3 = {(2, t), t ∈ [0, T ]} ,

(2.14)

where 0 < ε � 1 is a small positive parameter, g(s, t), p(s), q(s), and r(s) are sufficiently

smooth functions. Also, assume that the initial-boundary data ψ1, ψ2 and ψ3 are smooth and

bounded functions such that p(s) ≤ p0 > p∗0 > 0, q(s) ≥ q0 > 0, r(s) ≤ r0 < 0, p∗0 + q0 +

r0 > 0, q(s) + r(s) ≥ 2η > 0, y(1−, t) = y(1+, t), ys(1−, t) = ys(1+, t). Here, f(s) is

non-negative, monotonic function such that
∫ 2

0
f(s)ds < 1. The problem has a weak interior

layer besides a boundary layer. They employed a Crank-Nicholson difference scheme in the

temporal variable, whereas an upwind difference scheme in space. The proposed method is

unconditionally stable and converges uniformly independent of the perturbation parameter.

Hailu & Duressa (2023) formulated a parameter uniform numerical method to solve sin-

gularly perturbed parabolic convection–diffusion equations with integral boundary condi-

tions and a large negative shift given in (2.14). They used the implicit Euler method for the

temporal direction and the exponentially fitted finite difference scheme for the spatial direc-

tion. The Simpson’s integration rule was used to handle the integral boundary condition.

They showed that the method is uniformly convergent with a convergence order of two in

both temporal and spatial directions after Richardson extrapolation.

As a result, a numerical methods for solving singularly perturbed parabolic delay partial

differential equations with nonlocal boundary conditions has been investigated. Unfortu-

nately, there has been minimal focus on developing higher order numerical methods based

on layer adaptive meshes. In this dissertation, a more accurate numerical methods that are

convergent independent of the values of perturbation parameter to solve such types of sin-

gularly perturbed problems with integral boundary conditions are formulated. The stability

analysis of the formulated numerical methods are established. The convergence analysis of

the developed numerical methods are investigated.
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CHAPTER THREE

RESEARCH METHODOLOGY

This chapter presents the methods and materials that are used to attain the objectives of

the study. For this, source of data, method of data analysis, the approach of study and

mathematical procedures are briefly discussed.

3.1 Study design
Both theoretical and experimental designs were used in this investigation. The numerical

experimentation was examined using the MATLAB software, and the results are given as

tabulations and figures.

3.2 Source of information
In this study, the relevant sources of information from both published and unpublished doc-

uments such as books, journals, and related studies found on the internet were used to obtain

the desired knowledge.

3.3 Mathematical procedures
The following mathematical procedures are used to achieve the stated objective of the study.

1. Describing the governing problem.

2. Presenting the properties of continuous solution.

3. Formulating numerical methods for the given problem.

4. Establishing the stability analysis for the developed numerical methods.

5. Investigating the convergence analysis of the developed numerical methods.

6. Writing an algorithm for the developed numerical methods.

7. Validating the theoretical results with numerical experimentation.

8. Presenting the results using tables and figures.

9. Comparing the obtained results with the findings of previous studies.

20



CHAPTER FOUR

EXPONENTIALLY FITTED FINITE DIFFERENCE

METHOD FOR SINGULARLY PERTURBED DELAY

DIFFERENTIAL EQUATIONS WITH NONLOCAL

BOUNDARY CONDITION

This chapter deals with numerical treatment of SPDDEs of reaction-diffusion types with

nonlocal boundary condition. The exponential fitting factor is introduced to treat the solu-

tions inside the boundary layer which occur due to perturbation parameter. Exponentially

fitted finite difference method is proposed to solve the considered problem. The nonlocal

boundary condition is treated using Composite Simpson’s 1
3

rule. The stability and uniform

convergence analysis of the proposed method are established. The error estimation of the

developed method is shown to be second-order uniform convergent.

4.1 The governing problem
Consider the following SPDDEs with nonlocal boundary condition

Lu(x) = −εu′′(x) + a(x)u(x) + b(x)u(x− 1) = f(x), x ∈ (0, 2),

u(x) = φ(x), x ∈ [−1, 0],

Ku(2) = u(2)− ε
∫ 2

0

g(x)u(x)dx = φr,

(4.1)

where, ε is a small positive number (0 < ε � 1). Assume that a(x) ≥ α > 0, b(x) ≤
β < 0, α + β > η > 0, f(x), φ(x), φr are sufficiently smooth functions and g(x) is non

negative monotone function and satisfy
∫ 2

0
g(x)dx < 1. The above assumptions ensures that

u ∈ X = C0(Ω) ∩ C1(Ω) ∩ C2(Ω1 ∪ Ω2). As the perturbation parameter tends to zero, the

solution manifest strong boundary layers at x = 0 and x = 2, and interior layer at x = 1.

The problem (4.1) is equivalently written as

Lu(x) = F (x), (4.2)
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with boundary conditions
u(x) = φ(x), x ∈ (−1, 0),

u(1−) = u(1+), u′(1−) = u′(1+),

Ku(2) = u(2)− ε
∫ 2

0
g(x)u(x)dx = φr.

(4.3)

where

Lu(x) =

L1u(x) = −εu′′(x) + a(x)u(x), x ∈ Ω1 = (0, 1),

L2u(x) = −εu′′(x) + a(x)u(x) + b(x)u(x− 1), x ∈ Ω2 = (1, 2).

F (x) =

f(x)− b(x)φ(x− 1), x ∈ Ω1,

f(x), x ∈ Ω2.

4.2 Properties of continuous solution
The problem (4.1) fulfills the following continuous maximum principle.

Lemma 4.1. (Continuous Maximum Principle): Assume θ(x) be any function such that

θ(0) ≥ 0, Kθ(2) ≥ 0, L1θ(x) ≥ 0, ∀x ∈ Ω1, L2θ(x) ≥ 0, ∀x ∈ Ω2, and [θ′](1) ≤ 0,

then θ(x) ≥ 0, ∀x ∈ Ω̄ = [0, 2].

Proof. We use proof by contradiction. Let us construct a test function

r(x) =

1
8

+ x
2
, x ∈ [0, 1],

3
8

+ x
4
, x ∈ [1, 2].

(4.4)

Note that r(x) > 0,∀x ∈ Ω̄, Lr(x) > 0, ∀x ∈ Ω1 ∪ Ω2, r(0) > 0,Kr(2) > 0 and

[r′](1) < 0. Let λ = max
{
−θ(x)
r(x)

}
. Then, there exists x0 ∈ Ω̄ such that θ(x0) + λr(x0) = 0

and θ(x) + λr(x) ≥ 0,∀x ∈ Ω̄. Therefore, the function (θ + λr)(x) attains its minimum at

x = x0. Suppose that, the lemma doesn’t hold true, then λ > 0.

Case - I : For x0 = 0; 0 < (θ + λr)(0) = θ(0) + λr(0) = 0.

Case - II : For x0 ∈ Ω1,

0 < L1(θ + λr)(x0) = −ε(θ + λr)′′(x0) + a(x0)(θ + λr)(x0) ≤ 0.

Case - III : For x0 = 1, 0 ≤ [θ + λr]′(1) = [θ′](1) + λr′(1) < 0.

Case - IV : For x0 ∈ Ω2, 0 < L2(θ + λr)(x0)

= −ε(θ + λr)′′(x0) + a(x0)(θ + λr)(x0) + b(x0)(θ + λr)(x0 − 1) ≤ 0.
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Case - V : For x0 = 2, 0 ≤ K(θ + λr)(2) = (θ + λr)− ε
∫ 2

0
g(x)(θ + λr)(x)dx ≤ 0.

It contradicts the assumption in all cases. Hence λ > 0 is impossible. Therefore θ(x) ≥ 0,

∀x ∈ Ω̄. �

Lemma 4.2. (Stability Result): The solution u(x) for the problem (4.1) satisfies the bound

‖u(x)‖ ≤ max {|u(0)|, |Ku(2)|, ||Lu(x)||} .

Proof. Let us construct a barrier functions as

ψ±(x) = Mr(x)± u(x), x ∈ Ω̄, where r(x) is a test functions in (4.4) and

M = max {|u(0)|, |Ku(2)|, sup |Lu(x)|}.
For x = 0, we have, ψ±(0) = ‖u(0)‖r(0)± u(0) ≥ 0.

For 0 < x ≤ 1, we have

L1ψ
±(x) = −εψ±xx(x) + a(x)ψ±(x)

= −ε (Mr(x)± u(x))xx + a(x) (Mr(x)± u(x))

= a(x)Mr(x)± L1u(x)

≤ α‖L1u(x)‖r(x)± L1u(x)

≥ 0, since α‖L1u(x)‖r(x) ≥ L1u(x).

For 1 < x < 2, we have

L2ψ
±(x) = −εψ±xx(x) + a(x)ψ±(x) + b(x)ψ±(x− 1)

= −ε (Mr(x)± u(x))xx + a(x) (Mr(x)± u(x)) + b(x) (Mr(x− 1)± u(x))

≤M (a(x) + b(x)) r(x)± L2u(x)

≥M (α + β) r(x)± L2u(x)

≥Mηr(x)± L2u(x), since α + β > η

≤ C‖L2u(x)‖r(x)± L2u(x)

≥ 0, since C‖L2u(x)‖r(x) ≥ L2u(x).
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For x = 2, we have

Kψ±(2) = ψ±(2)− ε
∫ 2

0

g(x)ψ±(x)dx

= Mr(2)± u(2)− ε
∫ 2

0

g(x) (Mr(x)± u(x)) dx

= Mr(2)

[
1− ε

∫ 2

0

g(x)dx

]
︸ ︷︷ ︸

≥0

±
[
u(2)− ε

∫ 2

0

g(x)u(x)dx

]

≤ CM ±
[
u(2)− ε

∫ 2

0

g(x)u(x, t)dx

]
= C ||Ku|| ± Ku(2)

≥ 0, since ||Ku|| ≥ Ku(2, t).

Hence, the problem satisfies the given bound. The proof of the lemma is completed. �

4.3 Bounds on the solution and its derivatives
The bounds on the solution and its derivatives which are required in the convergence analysis

of the numerical methods are studied in this section.

Lemma 4.3. Let u ∈ C2(Ω) be the solution of (4.1). Then, for 1 ≤ k ≤ 4 the following

bounds hold,

∣∣∣∣u(k)(x)
∣∣∣∣ ≤ C

(
1 + ε−k/2

)
. (4.5)

Proof. For the case k = 0, the result follows from Lemma 4.2. To handle for the case

k = 1, an associated neighborhood is constructed asNx = (δ, δ+
√
ε), such thatNx ⊂ [0, 1],

where x ∈ (0, 1). Then, it follows from the mean value theorem, for some c ∈ Nx,

|u′(c)| =
∣∣∣∣u(δ +

√
ε)− u(δ)

δ +
√
ε− δ

∣∣∣∣ ≤ 2 ||u|| ε−1/2 ≤ Cε−1/2.

Now, for any x ∈ Nx, we have

|u′(x)| = |u′(c) + u′(x)− u′(c)| =
∣∣∣∣u′(c) + ε−1

∫ x

c

u′′(s)ds

∣∣∣∣
=

∣∣∣∣u′(c) + ε−1

∫ x

c

(f(s)− a(s)u(s)− b(s)φ(s− 1)) ds

∣∣∣∣
≤ |u′(c)|+ ε−1 (||f ||+ ||au||+ ||bφ||) ε−1/2

≤ Cε−1/2.
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By similar argument we bound u′(x) for x ∈ (1, 2) as ||u′(x)|| ≤ Cε−1/2. For the case k = 2,

from (4.1), we have u′′(x) = ε−1 (f(x)− a(x)u(x)− b(x)u(x− 1)) . By using Lemma 4.1

and 4.2, we obtained ||u′′(x)|| ≤ Cε−1. The bounds on the higher derivatives is obtained

using the differential equations and the bounds on u(x) and u′(x) as

∣∣∣∣u(k)
∣∣∣∣ ≤ Cε

−k
2 , k = 3, 4. (4.6)

Hence, by combining the obtained results with the solution, the overall bound becomes∣∣∣∣u(k)
∣∣∣∣ ≤ C

(
1 + ε1− k

2

)
, for 0 ≤ k ≤ 4. Hence the proof is completed. �

4.4 The numerical method
The problem (4.1) manifest strong boundary layers at x = 0 and x = 2 and have a weak

interior layer at x = 1. Due to a dependence of a(x) and b(x) on spatial variable x, we

cannot solve the problem analytically. We divide the interval [0, 2] into 2N equal parts with

constant mesh length h. Let 0 = x0, x1, x2, · · · , xN = 1, xN+1, · · · , x2N = 2 be the mesh

points. Then we have xi = ih, i = 0, 1, 2, · · · , 2N . If we consider the interval x ∈ (0, 1)

and the coefficients of (4.1) are evaluated at the midpoint of each interval, then we obtain the

differential equation

− εu′′(x) + a(x)u(x) = f(x)− b(x)φ(x− 1), x ∈ Ω1 = (0, 1),

u(0) = φ(0),

u(1) = γ,

(4.7)

where γ is any arbitrary constant. Now, an exponentially fitted operator finite difference

method (FOFDM) is presented on the discretized domain Ω1 = [0, 1]. From (4.7) we have

−εu′′(x) + a(x)u(x) = F (x), x ∈ Ω1 = (0, 1), (4.8)

where F (x) = f(x)− b(x)φ(x− 1).

To find the numerical solution of (4.8), we use the theory applied in asymptotic method for

solving singularly perturbed BVPs. In this scenario, the domain is separated into three sub-

domains, two boundary-layer subdomains near x = 0 and x = 1 and one regular subdomain,

and the boundary layer problem is changed to a regular problem by proper transformations

using stretching variables. The asymptotic expansion solution to the problem in (4.8) based

on the theory of singular perturbations presented in (O’Malley, 1991)p.131.

u(x, ε) =
N∑
i=0

[ui(x) + vi(τ) + wi(η)] εi, (4.9)
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where τ = x√
ε
, η = 1−x√

ε
. Then, the zeroth order asymptotic expansion of (4.9) is given as

u(x) = u0(x) + v0(τ) + w0(η),

where u0(x) = F (x)
a(x)

is a solution of a reduced problem (4.1), which does not satisfy the

boundary conditions, v0 = Ae−
√
a(0)
ε
x is the left boundary layer correction and u0 = Be−

√
a(1)
ε

(1−x)

is the right boundary layer correction. Therefore, the asymptotic solution of the zeroth order

of (4.7) become

u(x) = u0(x) + Ae−
√
a(0)
ε
x +Be−

√
a(1)
ε

(1−x) +O(ε), (4.10)

where A and B are determined using the given boundary conditions. Now, we separate the

range [0, 1] into N equal parts with uniform mesh length h. Let 0 = x0, x1, · · · , xN = 1 be

the mesh points. Then, we have xi = ih; i = 0, 1, · · · , N . We choose N1 and N2 such that

xN1 =
√
ε and xN2 = 1 −

√
ε. Then, in the range [0,

√
ε ] the boundary layer at x = 0 and

in the range [1−
√
ε, 1], the boundary layer will be at x = 1.

At x = xi, the above differential equations (4.7) can be written as
−εu′′(xi) + a(xi)u(xi) = F (xi),

u(0) = φ(0)

u(N) = γ.

(4.11)

For convenience, we take a(xi) = ai, u(xi) = ui, F (xi) = Fi. Now, consider finite differ-

ence for u′′i =
ui−1 − 2ui + ui+1

h2
, i = 1, 2, 3, · · · , N − 1 and by substituting in (4.11), we

obtain

−ε
(
ui−1 − 2ui + ui+1

h2

)
+ aiui = Fi. (4.12)

Case I: Left boundary layer: The problem of the form in (4.7) has left boundary layer at

interval [0,
√
ε]. Then, the zeroth order approximation of asymptotic solution is given as

u(x) = u0(x) + Ae

√
a(0)
ε
x +O(ε), (4.13)

where u0(x) is the solution of the reduced problem and we choose A as a suitable constant.

Using Taylor series approximation for u0(i+ 1)h and u0(i− 1)h up to first order, we obtain

u(xi+1) = u0(ih) + Ae−
√
a(0)(i+1)ρ, (4.14)

u(xi−1) = u0(ih) + Ae−
√
a(0)(i−1)ρ, (4.15)
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where ρ = h/
√
ε and h = 1/N . To handle the oscillation of the perturbation parameter, we

multiply exponentially fitting factor σ1 for the term with a perturbation parameter as,

−εσ1u
′′(x) + a(x)u(x) = F (x), (4.16)

with boundary conditions u(0) = φ(0) and u(1) = γ.

If Ui is a discrete solution for u(x) at the mesh point xi, the numerical method for (4.16)

is written in operator form as

LhUi = Fi, i = 1, 2, 3, · · · , N − 1.

with boundary conditions U(0) = φ(0), U(N) = γ, where

LhUi = −εσ1

(
Ui−1 − 2Ui + Ui+1

h2

)
+ aiUi = Fi. (4.17)

From (4.17), we have

−σ1

ρ2
(Ui−1 − 2Ui + Ui+1) = Fi − aiUi.

Now, by taking the limit as h→ 0 , it becomes

− lim
h→

σ1

ρ2
(Ui−1 − 2Ui + Ui+1) = lim

h→
(Fi − aiUi) .

Using (4.13)-(4.15), we obtain

σ1 =
ρ2a(0)

e
√
a(0)ρ − 2 + e

√
a(0)ρ

=
(ρ

2
)2a(0)(

e
√
a(0) ρ

2 − e
√
a(0) ρ

2

2

) =
(ρ

2
)2a(0)[

sinh
(√

a(0)ρ
2

)]2 .

Hence, after simplification, the exponential fitting factor is obtained as

σ1 =
ρ2a(0)

4

(
csch

(ρ
2

√
a(0)

))2

. (4.18)

This is a fitting factor in the left boundary layer.

Case II: Right boundary layer: In the interval [1−
√
ε, 1], the right boundary layer will be

on the right side near to x = 1. Now we introduce the exponential fitting factor as

−εσ2

(
Ui−1 − 2Ui + Ui+1

h2

)
+ aiUi = Fi, i = 1, 2, 3, · · · , N − 1. (4.19)
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with boundary condition U(0) = φ(0) and U(N) = γ.

Now, we introduce the fitting factor σ2 for discrete problem (4.19) on the right hand side

using the right boundary layer asymptotic solution with outer layer

ui = u0(xi) +Be−
√
a(1)
ε

(1−xi), (4.20)

where u0(xi) is the solution of the reduced problem and B is arbitrary constant determined

by using boundary condition. Using the same fashion as the left boundary layer case, the

exponentially fitting factor is obtained as

σ2 =
ρ2a(0)

4

(
csch

(ρ
2

√
a(1)

))2

. (4.21)

The required discrete problem become given as

LhUi = −εσ2

(
Ui−1 − 2Ui + Ui+1

h2

)
+ aiUi = Fi, i = 1, 2, 3, · · · , N − 1

with boundary conditions U(0) = φ(0) and U(N) = γ.

An exponential fitting factor over Ω2 = (1, 2) is analogously calculated as a fitting factor

given in Ω1 = (0, 1). In general, one can take an artificial viscosity (fitting factor) for the

given problem on Ω̄2N
i as

σ(ρ) =
ρ2a(0)

4

(
csch

(ρ
2

√
α
))2

. (4.22)

Suppose that Ω̄2N denote a separation of [0, 2] into 2N sub-intervals such that 0 = x0 <

x1 < x2 < x3 < · · · < xN = 1, and 1 < xN+1 < xN+2 < · · · < x2N = 2 with,

h = 2/2N = 1/N, i = 1, 2, · · · , 2N .

Case I: Consider equation (4.1) on the domain Ω1 = (0, 1) which is given by

−εσ(ρ)u′′(x) + a(x)u(x) = f(x)− φ(x− 1),

where σ(ρ) is a fitting factor given in (4.22).

Hence, the required difference equation becomes

−εσ
h2
Ui−1 +

(
2εσ

h2
+ ai

)
Ui −

εσ

h2
Ui+1 = fi − biφ(xi−N), (4.23)

for i = 1, 2, 3, · · · , N . Equation (4.23) can be rewritten as

AiUi−1 +BiUi + CiUi+1 = Hi,
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where Ai = − εσ
h2
, Bi = 2εσ

h2
+ ai, Ci = − εσ

h2
, Hi = fi − biφ(xi−N).

Case II: Consider equation (4.1) on the domain Ω2. Then, equation (4.1) also has left bound-

ary layer near x = 1 and right boundary layer at x = 2. Then, by applying exponentially

fitted finite difference scheme, we obtain

−εσ(ρ)

(
ui−1 − 2ui + ui+1

h2

)
+ aiui + biui−N + τ = fi, (4.24)

which is rewritten as

EiUi−1 + FiUi +GiUi+1 + biUi−N = fi,

where Ei = − εσ
h2
, Fi = 2εσ

h2
+ ai, Gi = − εσ

h2
.

Case III: For i = 2N , we approximate
∫ 2

0
g(x)u(x)dx using the composite Simpson’s 1

3

rule.

∫ 2

0

g(x)u(x)dx =

h

3

(
g(0)u(0) + g(2)u(2) + 2

2N−1∑
i=1

g(x2i)u(x2i) + 4
2N∑
i=1

g(x2i−1)u(x2i−1)

)
= φr. (4.25)

Since, u(0) = φ(0), from (4.3), equation (4.25) can be rewritten as

−4εh

3

2N∑
i=1

g(x2i−1)U(x2i−1)− 2εh

3

2N−1∑
i=1

g(x2i)U(x2i) +

(
1− εhg(2)

3

)
U(x2N) = φr.

Hence, the developed numerical method for solving (4.1) on the entire domain Ω̄ = [0, 2] is

given by (4.23)-(4.24) and (4.25), together with the local truncation error of τ .

4.5 Uniform stability analysis
The discrete solution corresponding to equation (4.1) are given as follows:

L1Ui = −εD+D−Ui + aiUi = fi − biφi−N , i = 1, 2, 3, · · ·N − 1, (4.26)

L2Ui = −εD+D−Ui + aiUi + biUi−N = fi, i = N + 1, N + 2, N + 3, · · · 2N − 1,

(4.27)
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subject to the boundary conditions:

Ui = φi, i = −N,−N + 1, · · · , 0

KNU2N = U2N −
2N∑
i=1

gi−1Ui−1 + giUi + gi+1Ui+1

3
hi and

D−UN = D+UN ,

(4.28)

where hi = xi − xi−1.

Lemma 4.4. (Discrete Maximum principle): Assume

2N∑
i=1

gi−1 + gi + gi+1

3
hi = λ < 1

and θ(xi) be any function such that θ(x0) ≥ 0, Kθ(x2N) ≥ 0, L1θ(xi) ≥ 0, ∀xi ∈ Ω2N
1 ,

L2θ(xi) ≥ 0, ∀xi ∈ Ω2N
2 , and D+(θ(xN))−D−(θ(xN)) ≤ 0, then θ(xi) ≥ 0, ∀xi ∈ Ω̄2N .

Proof. Define a test function

r(xi) =

1
8

+ xi
2
, xi ∈ [0, 1] ∩ Ω2N ,

3
8

+ xi
4
, xi ∈ [1, 2] ∩ Ω2N ,

(4.29)

Note that r(xi) > 0,∀xi ∈ Ω̄2N , Lr(xi) > 0, ∀xi ∈ Ω2N
1 ∪ Ω2N

2 , r(x0) > 0, Kr(x2N) > 0

and [r′](N) < 0. Let λ = max
{
−θ(xi)
r(xi)

;xi ∈ Ω̄2N
}

. Then, there exists x0 ∈ Ω̄ such that

θ(x0) + λr(x0) = 0 and θ(xi) + λr(xi) ≥ 0,∀xi ∈ Ω̄. Therefore, the function (θ + λr)(xi)

attains its minimum at x = xk.

Suppose the lemma doesn’t hold true, then λ > 0.

Case (i): If xk = 0, then 0 < (θ + λr)(0) = θ(0) + λr(0) = 0.

Case (ii): If xk ∈ Ω2N
1 , then 0 < L1(θ+λr)(xk) = −ε(θ+λr)′′(xk)+a(xk)(θ+λr)(xk) ≤ 0.

Case (iii): If xk = xN , then 0 ≤ D[θ + λr]′(xN) = [θ′](xN) + λr′(xN) < 0.

Case (iv): If xk ∈ Ω2, then 0 < L2(θ + λr)(xk) =

−ε(θ + λr)′′(xk) + a(xk)(θ + λr)(xk) + b(xk)(θ + λr)(xk −N) ≤ 0.

Case (v): If xk = x2N , then 0 ≤ K(θ + λr)(x2N) = (θ + λr)x2N

−
2N∑
i=1

gi−1(θ + λr)xi−1 + gi(θ + λr)xi + gi+1(θ + λr)xi+1

3
hi ≤ 0.

In all the cases, it contradicts with assumption. Therefore λ > 0 is impossible. Hence,

θ(xi) ≥ 0, ∀xi ∈ Ω̄2N . �
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Since the operators L1 and L2 satisfy the above maximum principle, the discrete solution Ui
of the (4.26)-(4.27) is unique if it exists.

Lemma 4.5. Let ψ(xi) be any mesh function. Then for 0 ≤ i ≤ 2N we have the following

estimate.

|ψ(xi)| ≤ max

{
|ψ(x0)| , |Kψ(x2N)| , max

i∈Ω1∪Ω2

∣∣L2Nψ(xi)
∣∣} (4.30)

Proof. The proof is follows from Lemma 4.4 and by constructing a barrier functions

θ±(xi) = max

{
|ψ(x0)| , |Kψ(x2N)| , max

i∈Ω1∪Ω2

∣∣L2Nψ(xi)
∣∣} ri ± ψ(xi), ∀xi ∈ Ω̄2N .

ri is a test function given in (4.29). �

4.6 Uniform convergence analysis
In this section the uniform convergence analysis for the developed numerical method is in-

vestigated.

Theorem 4.1. Let u(xi) and U(xi) be the continuous solution of (4.1) and discrete solutions

of (4.23)-(4.25) respectively. Then, for sufficiently large N , the following truncation error

estimate holds:

sup
1≤i≤2N

|U(xi)− u(xi)| ≤ CN−2 (4.31)

Proof. Let us define a local truncation error as

∣∣L2N (U(xi)− u(xi))
∣∣ =

∣∣L2NU(xi)− L2Nu(xi)
∣∣

=

∣∣∣∣ε d2

dx2
u(xi)− εσD+D−U(xi)

∣∣∣∣∣∣L2N (U(xi)− u(xi))
∣∣ ≤ .C

(
|εσ − ε| |u′′(ξi)|+ εh2

∣∣u(4)(ξi)
∣∣) , ξi ∈ (0, xi)

where σ(ρ) = ρ2a(0)
4

csch2
(
ρ
2

√
α
)

and ρ = N−1/
√
ε.

According to the result given in (Doolan et al., 1980) using 0 < σ ≤ 1, we obtain |εσ− ε| ≤
Ch2. Here, the target is to show the scheme is convergent independent of the perturbation

parameter. By using the bounds for the derivatives of the solution in Lemma 4.3, we obtain

∣∣L2N (U(xi)− u(xi))
∣∣ ≤ CN−2

∣∣∣∣∣∣∣∣d2(u(ξi))

dx2

∣∣∣∣∣∣∣∣+ CN−2ε

∣∣∣∣∣∣∣∣d4(u(ξi))

dx4

∣∣∣∣∣∣∣∣
≤ CN−2.
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Hence by discrete maximum principle, we obtain

|U(xi)− u(xi)| ≤ CN−2. (4.32)

At the point xi = x2N , we have

K2N (U(xi)− u(xi)) = K2NU(x2N)−K2Nu(xi) = φr −K2NU(x2N) = Ku(xi)−K2NU(x2N),

= u(x2N)− ε
∫ 2

0

g(x)u(x)dx−
(
u(x2N)− ε

∫ x2N

x0

g(x)u(x)dx

)
,

= ε

∫ x2N

x0

g(x)u(x)dx− ε
2N∑
i=1

gi−1ui−1 + 4giui + gi+1ui+1

3
h

≤ Cεh4
(
u(4)(ξ1) + u(4)(ξ2) + · · ·+ u(4)(ξ2N)

)
≤ Cεh4

∣∣∣∣∣∣∣∣d4u(ξi)

dx4

∣∣∣∣∣∣∣∣ ≤ Cεh4(1 + ε−2) ≤ Cεh4 + Ch4ε−1 ≤ Ch2 = CN−2.

By using the bounds for derivative of the solution in Lemma 4.3 and applying discrete max-

imum principle, we obtain

||U(xi)− u(xi)|| ≤ CN−2. (4.33)

Thus, the results of (4.32) and (4.33) shows (4.31). Hence the proof is complete. �

4.7 Numerical results and discussions
In this section, the suggested numerical scheme is used to test problems with constant and

variable coefficients, left and right boundary layers, and interior layers in order to validate

the theoretical results.

Example 4.1. Consider the singularly perturbed delay differential equations with integral

boundary condition:−ε
d2u(x)
dx2

+ 5u(x)− u(x− 1) = e−x, x ∈ (0, 2)

u(x) = 1, x ∈ [−1, 0], Ku(2) = u(2)− ε
∫ 2

0
x
3
u(x)dx = 0.

Example 4.2. Consider the singularly perturbed delay differential equations with integral

boundary condition:−ε
d2u(x)
dx2

+ 5u(x)− xu(x− 1) = 1, x ∈ (0, 2)

u(x) = 1, x ∈ [−1, 0], Ku(2) = u(2)− ε
∫ 2

0
1
6
u(x)dx = 0.
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As the exact solution for Examples 4.1 and 4.2 is not available, therefore, the accuracy of

its numerical solution will be computed using the double mesh principle. This principle is

defined as follows: For any values of N , the maximum pointwise absolute error EN
ε of a

numerical solution U(xi) will be calculated by

EN
ε = max

i

∣∣UN
i − U2N

i

∣∣ , (4.34)

where UN
i is the numerical solution at xi with N number of intervals and U2N

i numerical

solution at xi, on a mesh obtained by bisecting the original mesh with 2N number of mesh

intervals. The ε-uniform error estimate is computed using the formula

EN = max
ε

(
EN
)
. (4.35)

The rate of convergence of the method is computed using the formula

RN
ε = log2

(
EN
ε

E2N
ε

)
. (4.36)

In the same manner, the ε-uniform rate of convergence is computed using the formula

RN = log2

(
EN

E2N

)
. (4.37)
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Figure 4.1: Graph of numerical solution profile: (a) for Example 4.1, for Example 4.2.

The solutions of the given examples manifest strong boundary layer of thickness O(
√
ε)

close to x = 0 and x = 2 and interior layer at x = 1. Tables 4.1 and 4.2 indicates the

maximum absolute error and rate of convergence of the developed method for Example 4.1

and 4.2 respectively. The given tables clearly shows that the developed method is ε uniform

convergence of order two. Figures 4.1(a) and 4.1(b) show a graph of a numerical solution
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Table 4.1: Maximum absolute errors and rate of convergence for Example 4.1

ε ↓ N 7→ 28 29 210 211 212

20 1.5590e-07 3.8974e-08 9.7458e-09 2.4338e-09 5.7258e-10
2.0000 1.9997 2.0016 2.0877

2−02 5.8936e-07 1.4735e-07 3.6837e-08 9.2184e-09 2.2931e-09
1.9999 2.0000 1.9986 2.0072

2−04 2.0742e-06 5.1865e-07 1.2967e-07 3.2418e-08 8.1199e-09
1.9997 1.9999 2.0000 1.9973

2−06 8.2661e-06 2.0681e-06 5.1714e-07 1.2929e-07 3.2323e-08
1.9989 1.9997 1.9999 2.0000

2−08 3.4244e-05 8.5876e-06 2.1486e-06 5.3725e-07 1.3432e-07
1.9955 1.9989 1.9997 1.9999

2−10 1.3923e-04 3.5237e-05 8.8363e-06 2.2108e-06 5.5280e-07
1.9823 1.9956 1.9989 1.9997

2−12 5.3954e-04 1.4155e-04 3.5824e-05 8.9834e-06 2.2476e-06
1.9304 1.9823 1.9956 1.9989

2−14 1.8128e-03 5.4440e-04 1.4281e-04 3.6140e-05 9.0627e-06
1.7355 1.9306 1.9824 1.9956

2−16 3.9145e-03 1.8217e-03 5.4691e-04 1.4346e-04 3.6304e-05
1.1035 1.7359 1.9307 1.9824

EN 3.9145e-03 1.8217e-03 5.4691e-04 1.4346e-04 3.6304e-05
RN 1.1035 1.7359 1.9307 1.9824

Table 4.2: Maximum absolute errors and rate of convergence for Example 4.2

ε ↓ N 7→ 28 29 210 211 212

20 1.0861e-07 2.7323e-08 6.8515e-09 1.7155e-09 4.2928e-10
1.9910 1.9956 1.9978 1.9986

2−02 6.6233e-07 1.6559e-07 4.1397e-08 1.0372e-08 2.5643e-09
1.9999 2.0000 1.9968 2.0161

2−04 2.5661e-06 6.4162e-07 1.6041e-07 4.0103e-08 1.0065e-08
1.9998 2.0000 2.0000 1.9944

2−06 9.6604e-06 2.4168e-06 6.0430e-07 1.5108e-07 3.7770e-08
1.9990 1.9998 2.0000 2.0000

2−08 3.7499e-05 9.4020e-06 2.3522e-06 5.8816e-07 1.4705e-07
1.9958 1.9990 1.9997 1.9999

2−10 1.4619e-04 3.6986e-05 9.2740e-06 2.3202e-06 5.8017e-07
1.9828 1.9957 1.9989 1.9997

2−12 5.5373e-04 1.4516e-04 3.6729e-05 9.2100e-06 2.3042e-06
1.9315 1.9827 1.9956 1.9989

2−14 1.8396e-03 5.5161e-04 1.4464e-04 3.6601e-05 9.1780e-06
1.7377 1.9312 1.9825 1.9956

2−16 3.9534e-03 1.8351e-03 5.5055e-04 1.4439e-04 3.6537e-05
1.1072 1.7369 1.9309 1.9825

EN 3.9534e-03 1.8351e-03 5.5055e-04 1.4439e-04 3.6537e-05
RN 1.1072 1.7369 1.9309 1.9825
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Figure 4.2: Log-Log plot for maximum pointwise error versus N for different values of ε:
(a) for Example 4.1, (b) for Example 4.2.

which displays the formation of boundary layer and interior layer as ε goes to zero for Exam-

ple 4.1 and 4.2 respectively. Figures 4.2(a) and 4.2(b) indicate a Log-Log plot for maximum

pointwise error versus mesh number N for different values of perturbation parameter ε for

Example 4.1 and 4.2 respectively. These Log-Log plot figures show that the computed er-

rors are decreasing approximately with the rate of O(N−2) as the number of intervals N

increases.

4.8 Summary
In this chapter, an exponentially fitted numerical method for singularly perturbed delay dif-

ferential equations of reaction-diffusion types with nonlocal boundary conditions is pre-

sented. Due to the presence of a perturbation parameter on the higher order derivative the

solution of the problem exhibit a strong boundary layers at x = 0 and x = 2 and weak

interior layer at x = 1. The nonlocal boundary condition is approximated using Simpson’s
1
3

rule. The stability and uniform convergence of the presented method are also investigated.

Two test examples are considered for numerical experimentation to validate the applicability

of the method. The developed numerical method is proved to be second-order uniformly con-

vergent independent of perturbation parameter. Numerical experiments corroborate the the-

oretical findings. The developed numerical method is not layer resolving numerical method

because of insufficient number of mesh points in the layer. To overcome this drawback, fi-

nite difference method on suitable piecewise uniform Shishkin mesh is presented in the next

chapter.

Ph.D Dissertation 35



CHAPTER FIVE

FITTED MESH FINITE DIFFERENCE METHOD FOR

SINGULARLY PERTURBED DELAY DIFFERENTIAL

EQUATIONS WITH NONLOCAL BOUNDARY

CONDITION

This chapter presents a numerical method for solving SPDDEs of reaction-diffusion type

with nonlocal boundary condition. In the previous Chapter, fitted operator finite difference

method is proposed to solve the considered SPPs. Here, a finite difference method on a

suitable piecewise uniform Shishkin mesh is developed. The nonlocal boundary condition

is approximated using Simpson’s 1
3

rule. Stability and uniform convergence analysis of the

numerical scheme are established. The numerical method’s error estimate is shown to be

nearly second-order uniform convergent.

5.1 The governing problem
Consider the following SPDDEs with nonlocal boundary condition

Lu(x) = −εu′′(x) + a(x)u(x) + b(x)u(x− 1) = f(x), x ∈ (0, 2),

u(x) = φ(x), x ∈ [−1, 0],

Ku(2) = u(2)− ε
∫ 2

0

g(x)u(x)dx = φr.

(5.1)

where, ε is a small positive number (0 < ε � 1). Assume that a(x) ≥ α > 0, b(x) ≤
β < 0, α + β > η > 0, f(x), φ(x), φr are sufficiently smooth functions and g(x) is non

negative monotone function and satisfy
∫ 2

0
g(x)dx < 1. The above assumptions ensures that

u ∈ X = C0(Ω) ∩ C1(Ω) ∩ C2(Ω1 ∪ Ω2). As the perturbation parameter tends to zero, the

solution manifest strong boundary layers at x = 0 and x = 2, and interior layer at x = 1.

The problem (5.1) is equivalent to

Lu(x) = F (x), (5.2)
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with boundary conditions

u(x) = φ(x), x ∈ (−1, 0),

u(1−) = u(1+), u′(1−) = u′(1+),

Ku(2) = u(2)− ε
∫ 2

0

g(x)u(x)dx = φr.

(5.3)

where

Lu(x) =

L1u(x) = −εu′′(x) + a(x)u(x), x ∈ Ω1 = (0, 1),

L2u(x) = −εu′′(x) + a(x)u(x) + b(x)u(x− 1), x ∈ Ω2 = (1, 2).

F (x) =

f(x)− b(x)φ(x− 1), x ∈ Ω1,

f(x), x ∈ Ω2.

5.2 Properties of continuous solution
The problem (5.1) fulfills the following continuous maximum principle.

Lemma 5.1. (Continuous Maximum Principle): Assume θ(x) be any function such that

θ(0) ≥ 0, Kθ(2) ≥ 0, L1θ(x) ≥ 0, ∀x ∈ Ω1, L2θ(x) ≥ 0, ∀x ∈ Ω2, and [θ′](1) ≤ 0,

then θ(x) ≥ 0, ∀x ∈ Ω̄ = [0, 2].

Proof. The proof is given in Lemma 4.1. �

Lemma 5.2. (Stability Result): The solution u(x) for the problem in (5.1) satisfies the bound

‖u(x)‖ ≤ max {|u(0)|, |Ku(2)|, ||Lu(x)||} .

Proof. For the proof, one can refer Lemma 4.2. �

5.3 Bounds on the solution and its derivatives
In this section, we study the bounds on the solution and its derivatives which are required in

the convergence analysis of the numerical methods.

Lemma 5.3. Let u ∈ C2(Ω) be the solution of (4.1). Then, for 1 ≤ k ≤ 4 the following

bounds hold,

∣∣∣∣u(k)(x)
∣∣∣∣ ≤ C

(
1 + ε−k/2

)
. (5.4)

Proof. The proof is given in Lemma 4.3. �
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5.4 Decomposition of the solution
A sharpen bounds on the derivatives and its solution is used to obtain ε-uniform error es-

timate. The Shishkin decomposition of the form u(x) = v(x) + w(x), where v and w are

regular and singular components of the solution respectively, are required to get the sharpen

bounds. Here, v = v0 + εv1, where v0 is the solution of a reduced problem, which is a trivial

zero order of differential equation, a(x)u0(x) + b(x)u0(x − 1) = f(x), for all x ∈ Ω, and

v1 satisfies

Lv1(x) = v′′0(x), x ∈ Ω,

v1(x) = 0, x ∈ [−1, 0],

Kv1(x) = 0, x = 2.

Then, the regular component v satisfies the condition

Lv(x) = f(x), x ∈ Ω,

v(x) = v0(x), x ∈ [−1, 0],

Kv(x) = Kv0(x), x = 2.

(5.5)

Hence, by using the bounds on v′′0 , for 0 ≤ k ≤ 4, we have
∣∣∣∣∣∣v(k)

1

∣∣∣∣∣∣ ≤ C
(

1 + ε
−k
2

)
. The

singular component w is devised from

L1w(x) = 0, x ∈ Ω1,

w(x) = φ(x)− v0(x), x ∈ [−1, 0],

w(1+)− w(1−) = −[v(1+)− v(1−)],

w(x) = 0, x = 2,

(5.6)

and

L2w(x) = 0, x ∈ Ω2,

w(x) = −v(x), x ∈ [−1, 0],

w(1+)− w(1−) = −[v(1+)− v(1−)],

Kw(x) = Kw(x)−Kv0(x), x = 2.

(5.7)
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To bound the singular components, we decompose w as w(x) = wl(x) + wr(x), where the

boundary layer functions are defined as

L1wl(x) = 0, x ∈ Ω1,

wl(x) = φ(x)− v0(x), x ∈ [−1, 0],

wl(x) = 0, x = 1,

(5.8)

L2wl(x) = 0, x ∈ Ω2,

wl(x) = A, x ∈ [−1, 0],

wl(x) = 0, x = 2,

(5.9)

and

L1wr(x) = 0, x ∈ Ω1,

wr(x) = 0, x ∈ [−1, 0],

wr(x) = A, x = 1,

(5.10)

L2wr(x) = 0, x ∈ Ω2,

wr(x) = 0, x ∈ [−1, 0],

Kwr(x) = Ku(x), x = 2.

(5.11)

Here, the solution is continuous at x = 1 and we choose A as an arbitrary constant.

Lemma 5.4. The regular component v(x) and the singular component w(x) of the solution

u(x) of (4.1) satisfy the following bounds

∣∣∣∣v(k)(x)
∣∣∣∣

Ω
≤ C

(
1 + ε

−k
2

)
, (5.12)

∣∣∣∣∣∣w(k)
l (x)

∣∣∣∣∣∣ ≤
Cε

−k
2 e

−x√
ε , x ∈ Ω1,

Cε
−k
2 e

−(x−1)√
ε , x ∈ Ω2,

(5.13)

∣∣∣∣w(k)
r (x)

∣∣∣∣ ≤
Cε

−k
2 e

−(1−x)√
ε , x ∈ Ω1,

Cε
−k
2 e

−(2−x)√
ε , x ∈ Ω2,

(5.14)

where C is a generic positive constant independent of the perturbation parameter ε, x ∈ Ω,

0 ≤ k ≤ 4.
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Proof. The bounds of the derivative of regular component solution are derived as follows.

First, we estimate that the solution of the reduced problem and its derivatives is bounded as∣∣∣∣∣∣v(k)
0 (x)

∣∣∣∣∣∣ ≤ C. (5.15)

By using Lemma 5.2, we estimate that the derivative of the solution v1 becomes∣∣∣∣∣∣v(k)
1 (x)

∣∣∣∣∣∣ ≤ Cε−k, (5.16)

since v(x) = v0(x) + εv1(x). Hence, by using (5.15) and (5.16), we obtained the bounds

of regular component given in (5.12). To prove inequality (5.13) and (5.14), we use the

procedure which is adopted in (Miller et al., 1996) and we obtained that |wl(x)| ≤ Ce
−x√
ε on

Ω1.

To find the bound on wl on Ω2, from described equations of wl, we have

L2wl(x) = −εw′′l (x) + a(x)wl(x) + b(x)wl(x− 1) = 0

= −εw′′l (x) + a(x)wl(x) = b(x)wl(x− 1)

= L1wl(x) = b(x)wl(x− 1)

|L2wl(x)| ≤ Ce
−(x−1)

ε ,

where C is suitable constant.

Hence, by using stability result Lemma 5.2, we have |wl| ≤ Ce
−(x−1)

ε on Ω2.

Therefore,

∣∣∣∣∣∣w(k)
l (x)

∣∣∣∣∣∣ ≤
Ce

−x√
ε , x ∈ Ω1,

Ce
−(x−1)√

ε , x ∈ Ω2.

To prove inequality (5.14), we construct a barrier functions ψ±(x) as follows.

ψ±(x) = C

e
−(1−x)

√
α
ε , x ∈ Ω1

e−(2−x)
√

α
ε , x ∈ Ω2

± wl(x),

where, α = max {0, 1−minx∈Ω̄ a(x)} , ζ = max {0, 1−minx∈Ω̄ (a(x) + b(x))} .
Note that ψ±(0) ≥ 0,

L1ψ
±(x) = −εψ±(x) + a(x)ψ±(x) = 0

= C (−α + a(x)) e−(1−x)
√

α
ε

≥ 0,
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L2ψ
±(x) = −εψ±(x) + a(x)ψ±(x) + b(x)ψ±(x− 1) = 0

= C
(
−ζ + a(x) + b(x)e

−1√
ε

)
e−(2−x)

√
α
ε

≥ (−ζ + a(x) + b(x)) e−(2−x)
√

α
ε

≥ 0,

and

Kψ±(2) = ψ±(2)− ε
∫ 2

0

g(x)ψ±(x)dx

= C

(
1− ε

∫ 2

0

g(x)dx

)
±Kwr(2)

= C

(
1− ε

∫ 2

0

g(x)dx

)
± φr

≥ 0, for a choice of suitable C >0.

Using the continuous maximum principle in Lemma 5.1, we obtain the bound

∣∣w(k)
r (x)

∣∣ ≤
Cε

−k
2 e

−(1−x)√
ε , x ∈ Ω1,

Cε
−k
2 e

−(2−x)√
ε , x ∈ Ω2.

Hence, the proof is completed. �

5.5 The numerical method
The problems in (5.1) exhibits strong boundary layers at x = 0 and x = 2 and have interior

layer at x = 1. A finite difference method to the continuous problem (5.1) on piecewise

uniform Shishkin mesh is proposed to solve the considered problem. The second order

derivative is replaced by central difference D+
xD

−
x U . The interval Ω̄ = [0, 2] is divided into

Ω̄1 = [0, 1] and Ω̄2 = [1, 2] with N
2

equal parts. The interval Ω̄1 = [0, 1] is partitioned into

[0, µ], [µ, 1−µ] and [1−µ, 1]. Similarly Ω̄2 = [1, 2] is partitioned into [1, 1+µ], [1+µ, 2−µ]

and [2− µ, 2], where µ is a transition parameter which satisfies,

σ = min
{
q, 2
√
ε/α ln(N)

}
,

where N is the number of mesh points, and q ∈ (0, 1) is roughly the portion of mesh points

used to resolve the layer. The discrete method corresponding to the continuous problem (5.1)
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is given as

LN1 Ui = −εD+
xD

−
x U(xi) + a(xi)U(xi) = fi − biφi−N/2, for i = 1, 2, · · · , N

2
− 1,

LN2 Ui = −εD+
xD

−
x U(xi) + a(xi)U(xi) + b(xi)U(xi −

N

2
) = fi, for i =

N

2
+ 1, · · · , N − 1,

(5.17)

subject to the boundary conditions

Ui = φi, i = −N
2
,−N

2
+ 1,−N

2
+ 2, · · · , 0.

D−UN
2

= D+UN
2
,

KNUN = UN − ε
N∑
i=1

(
gi−1Ui−1 + 4giUi + gi+1Ui+1

3

)
hi,

(5.18)

For i = N , the integral boundary condition is solved using composite Simpson’s 1
3

rule,

which is given as
∫ N

0
g(x)u(x)dx ≈

∑N
i=1

(
gi−1Ui−1 + 4giUi + gi+1Ui+1

3

)
hi.

5.6 Uniform stability analysis
This section presents the uniform stability estimate of the developed method.

Lemma 5.5. (Discrete Maximum Principle): Assume
∑N

i=1

(
gi−1 + 4gi + gi+1

3

)
hi = ρ <

1 and θ(xi) be any function such that θ(x0) ≥ 0, Kθ(xN) ≥ 0, L1θ(xi) ≥ 0, ∀xi ∈ ΩN
1 ,

L2θ(xi) ≥ 0, ∀xi ∈ ΩN
2 , and D+(θ(xN

2
))−D−(θ(xN

2
)) ≤ 0, then θ(xi) ≥ 0, ∀xi ∈ Ω̄N .

Proof. The proof of this lemma is similar with the proof of Lemma 4.4. �

Lemma 5.6. Assume ψ(xi) be any mesh function. Then for 0 ≤ i ≤ N we have the following

estimate

|ψ(xi)| ≤ max
{
|ψ(x0)| , |Kψ(xN)| ,

∣∣∣∣LNψ(xi)
∣∣∣∣} . (5.19)

Proof. Consider a barrier function ν±(xi) = Mri ± ψ(xi), ∀xi ∈ Ω̄N ,

where M = max
{
|ψ(x0)| , |Kψ(xN)| ,maxxi∈Ω1∪Ω2

∣∣LNψ(xi)
∣∣} and r(xi) is a test function

given in (4.29). From Lemma 5.5, we have ν±(x0) ≥ 0 and ν±(xN) ≥ 0. And then one can

show

LN1 ν±(xi) ≥ 0,∀xi ∈ ΩN
1 ,

LN2 ν±(xi) ≥ 0,∀xi ∈ ΩN
2 ,

D+ν±(xN)−D−ν±(xN) ≤ 0.
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Using Lemma 5.6, ν±(xi) ≥ 0, for all xi ∈ ΩN . Thus, we concluded that (5.19) holds. �

5.7 Uniform convergence analysis
To compute the ε-uniform convergence analysis for the numerical scheme, the discrete solu-

tion U(xi) is decomposed into V (xi) and W (xi) as U(xi) = V (xi) + W (xi), where V (xi)

satisfy the solution of

LNV (xi) = −εδ2V (xi) + a(xi)V (xi) + b(xi)V (xi −
N

2
) = f(xi), xi ∈ ΩN\{0, N

2
, N}

V (x0) = v0, [D]V (xN
2

) = [v′](1),KV (xN) = Kv(2)

(5.20)

and W (xi) satisfy the solution of

LNW (xi) = −εδ2W (xi) + a(xi)W (xi) + b(xi)W (xi −
N

2
) = f(xi), xi ∈ ΩN\{0, N

2
, N}

W (x0) = w(0), [D]W (xN
2

) = −[D]V (xN
2

),KW (xN) = Kw(2)

(5.21)

Theorem 5.1. Let V (xi) be an approximate solution of (5.5) defined by (5.20). Then

|(V − v) (xi)| ≤ CN−2 lnN, ∀xi ∈ Ω̄N .

Proof. The error estimates of smooth and singular components are derived separately.

The error estimates for the smooth component are computed as follows

At the point x = xN , we have

KN (V − v) (xN) = KNV (xN)−KNv(xN)

= Kv(xN)−KNV (xN)

= ε

∫ xN

x0

g(x)v(x)dx− ε
N∑
i=1

gi−1Vi−1 + 4giVi + gi+1Vi+1

3
hi

∣∣KN (V − v) (xi)
∣∣ =

∣∣∣∣C3ε

(
h4

1

d4g

dx4
(ξ1)

d4v

dx4
(ξ1) + · · ·h4

N

d4g

dx4
(ξN)

d4v

dx4
(ξN)

)∣∣∣∣
≤ C2ε

(
h4

1

d4x

dx4
(ξ1) + · · ·+ h4

N

d4x

dx4
(ξN)

)
≤ C1ε

−1
(
e−ξ1
√

α
ε h4

1 + · · ·+ e−ξN
√

α
ε h4

N

)
≤ CN−2,

where xi−1 ≤ ξ ≤ xi, 1 ≤ i ≤ N , for a proper choice of C.
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From the difference and differential equations, the local truncation error becomes

LN (V − v) = LNV − Lv

= Lv − LNv.

By following classical argument given in (Miller et al., 2012), we have

|(V − v) (xi)| ≤ CN−2 lnN.

�

Theorem 5.2. Let W (xi) be an approximate solution of (5.7)-(5.8) defined by (5.21). Then

|(W − w)(xi)| ≤ CN−2 ln2N, ∀xi ∈ ΩN .

Proof. The error estimate of the singular component is equivalent to

(W − w) (xi) = (Wl − wl) (xi) + (Wr − wr) (xi)

LN (W − w) (xi) ≤ −ε
(
d2

dx2
−D+D−

)
W (xi).

The bound Wl(xi) − wl(xi) and Wr(xi) − wr(xi) are established separately. By using a

classical estimate at each point xi, i = 1, 2, · · · , N, it follows that

∣∣LN (W − w) (xi)
∣∣ ≤

C(N−1 lnN)2, if xi ∈ ΩN
1

C(N−1 lnN)2, if xi ∈ ΩN
2

The error estimate for Wl − wl is given as follows. The explanation depends on whether

µ = 1
4

or µ = 2
√
ε lnN .

Case-I: µ = 1
4
. In this case, the mesh is uniform and 2

√
ε lnN ≥ 1

4
. It is known that

xi − xi−1 = N−1 and ε−
1
2 ≤ C lnN . From (Miller et al., 2012), we have

∣∣KN (Wl − wl) (xi)
∣∣ ≤ C(N−1 lnN)2, ∀ xi ∈ ΩN .
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Further

∣∣KN (Wl − wl) (xN)
∣∣ = KNWl(xN)−KNwl(xN)

= φr −KNwl(xN)

= Kwl(xN)−KNwl(xN)

≤ Cε

(
h4

1

d4

dx4
wl(ξi) + · · ·+ h4

N

d4

dx4
wl(ξN)

)
≤ Cε−1

(
h4

1 + · · ·+ h4
N

)
≤ CN−2 ln2N

where xi−1 ≤ ξi ≤ xi. By applying semi-discrete uniform stability Lemma 5.5, we obtain

|(Wl − wl) (xi)| ≤ CN−2 ln2N.

Case-II: When µ < 1
4
. Since the mesh is piecewise uniform in the subinterval [µ, 1− µ], the

mesh elements are 2(1− 2µ)/N and the rest of the intervals [0, µ] and [1− µ, 1] with 4µ/N

mesh elements. By Miller et al. (2012), we have

∣∣KN (Wl − wl) (xi)
∣∣ ≤ C(N−1 lnN)2, ∀ xi ∈ ΩN

Now

|KN (Wl − wl) (xN)| ≤ Cε

(
h4

1

d4

dx4
wl(ξi) + · · ·+ h4

N

d4

dx4
wl(ξN)

)
≤ Cε−1

(
e−ξ1
√

α
ε h4

1 + · · ·+ e−ξN
√

α
ε h4

N

)
≤ CN−2 ln2N

where xi−1 ≤ ξi ≤ xi. By applying the bound given in Theorem 5.4 and semi-discrete

uniform stability Lemma 5.5, we obtain

|(Wl − wl) (xi)| ≤ CN−2 ln2N. (5.22)

The error estimates for (Wr − wr) (xi) is analogous to that of (Wl − wl) (xi). This completes

the proof. �

Theorem 5.3. Let U(xi) be an approximate solution of (5.1) defined by (5.17)-(5.18).Then

||U − u||Ω̄N ≤ CN−2 ln2N. (5.23)

Proof. The proof follows by combining Theorem 5.1 and 5.2. �
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5.8 Numerical results and discussions
In this section, the presented numerical method is demonstrated by using two model exam-

ples given below.

Example 5.1. Consider SPDDEs with integral boundary condition:

− εd
2u(x)

dx2
+ 5u(x)− u(x− 1) = e−x, x ∈ (0, 2)

u(x) = 1, x ∈ [−1, 0], Ku(2) = u(2)− ε
∫ 2

0

x

3
u(x)dx = 0.

Example 5.2. Consider SPDDEs with integral boundary condition:

− εd
2u(x)

dx2
+ 5u(x)− xu(x− 1) = 1, x ∈ (0, 2)

u(x) = 1, x ∈ [−1, 0], Ku(2) = u(2)− ε
∫ 2

0

1

6
u(x)dx = 0.

Since the exact solution of the given examples are not known, double mesh techniques is

used to compute the maximum pointwise error using (4.34), uniform error estimate using

(4.35), rate of convergence using (4.36), and uniform rate of convergence using the formula

given in (4.37).

The solutions of the above two examples exhibit strong boundary layers at the left and

right sides of the domain and a weak interior layer at x = 1. The indicated boundary layers

are formed because of the perturbation parameter multiplies the highest order derivative of

the problems under consideration. The interior layer is also occurred because of a unit delay.

Tables 5.1 and 5.2, shows the maximum pointwise error estimates of a proposed scheme

for Examples 5.1 and 5.2, respectively, for different values of the perturbation parameter.

In the given tables, the corresponding ε-uniform error estimate and ε-uniform rate of con-

vergence are also computed. In these tables, in each column as the perturbation parameter

goes small, the maximum absolute error becomes stable and uniform. Figures 5.1(a) and

5.1(b), indicates a graph of numerical solution that display the formation of boundary layers

and interior layer for Examples 5.1 and 5.2 respectively for different values of perturbation

parameter. The Log-Log scale plots of Examples 5.1 and 5.2 are given in figures 5.2(a) and

5.2(b). Figures 5.3(a) and 5.3(b) shows a plot graphs of maximum pointwise error of Ex-

amples 5.1 and 5.2 for different values of perturbation parameter. The developed numerical

method is convergent independent of the perturbation parameter ε, with almost second-order

of convergence.
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Table 5.1: The maximum pointwise error and rate of convergence for Example 5.1.

ε ↓ N 7−→ 64 128 256 512 1024 2048
2−04 3.7419e-04 9.5745e-05 2.4077e-05 6.0282e-06 1.5076e-06 3.7694e-07

1.9665 1.9915 1.9979 1.9995 1.9998
2−06 4.4111e-04 1.2151e-04 3.1158e-05 7.8396e-06 1.9631e-06 4.9096e-07

1.8601 1.9634 1.9908 1.9976 1.9995
2−08 6.8427e-04 1.7516e-04 4.4404e-05 1.1118e-05 2.7806e-06 6.9522e-07

1.9659 1.9799 1.9978 1.9994 1.9999
2−10 2.2187e-03 6.9018e-04 1.7697e-04 4.4804e-05 1.1220e-05 2.8066e-06

1.6847 1.9635 1.9818 1.9976 1.9992
2−12 2.2184e-03 7.9748e-04 2.7227e-04 8.6977e-05 2.6926e-05 8.1548e-06

1.4760 1.5504 1.6463 1.6916 1.7233
2−14 2.2183e-03 7.9745e-04 2.7226e-04 8.6974e-05 2.6925e-05 8.1545e-06

1.4760 1.5504 1.6463 1.6916 1.7233
2−16 2.2183e-03 7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06

1.4760 1.5504 1.6463 1.6916 1.7233
2−18 2.2183e-03 7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06

1.4760 1.5504 1.6463 1.6916 1.7233
2−20 2.2183e-03 7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06

1.4760 1.5504 1.6463 1.6916 1.7233
EN 2.2183e-03 7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06
RN 1.4760 1.5504 1.6463 1.6916 1.7233

Table 5.2: The maximum pointwise error and rate of convergence for Example 5.2.

ε ↓ N 7−→ 64 128 256 512 1024 2048
2−04 5.2311e-04 1.3391e-04 3.3679e-05 8.4324e-06 2.1089e-06 6.8000e-07

1.9659 1.9913 1.9978 1.9995 1.6329
2−06 6.0930e-04 1.6818e-04 4.3147e-05 1.0858e-05 2.7189e-06 1.0246e-06

1.8571 1.9627 1.9905 1.9977 1.4080
2−08 1.0046e-03 2.5783e-04 6.5427e-05 1.6385e-05 4.0979e-06 1.0246e-06

1.9621 1.9785 1.9975 1.9994 1.9998
2−10 3.2426e-03 1.0158e-03 2.6117e-04 6.6227e-05 1.6588e-05 4.1489e-06

1.6745 1.9596 1.9795 1.9973 1.9993e
2−12 3.2440e-03 1.1731e-03 4.0213e-04 1.2865e-04 3.9842e-05 1.2067e-05

1.4674 1.5446 1.6442 1.6911 1.7232
2−14 3.2443e-03 1.1732e-03 4.0219e-04 1.2867e-04 3.9848e-05 1.2067e-05

1.4675 1.5445 1.6442 1.6911 1.7234
2−16 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05

1.4675 1.5445 1.6441 1.6912 1.7235
2−18 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05

1.4675 1.5445 1.6441 1.6912 1.7235
2−20 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05

1.4675 1.5445 1.6441 1.6912 1.7235
EN 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05
RN 1.4675 1.5445 1.6441 1.6912 1.7235
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Figure 5.1: Graph of numerical solution profile: (a) for Example 5.1, for Example 5.2.
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Figure 5.2: Log-Log plot of EN vs N for different ε: (a) for Example 5.1, (b) for Example
5.2.
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Figure 5.3: Graph of pointwise absolute error: (a) for Example 5.1, (b) for Example 5.2.
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Table 5.3: Comparison of uniform error estimate and uniform rate of convergence for Exam-
ple 5.1.

N 7−→ 256 512 1024 2048 4096
Present Method

EN 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06 2.4269e-06
RN 1.6463 1.6916 1.7233 1.7485 -

Method in Chapter 4
EN 3.9145e-03 1.8217e-03 5.4691e-04 1.4346e-04 3.6304e-05
RN 1.1035 1.7359 1.9307 1.9824 -

Table 5.4: Comparison of uniform error estimate and uniform rate of convergence for Exam-
ple 5.2.

N 7−→ 256 512 1024 2048 4096
Present Method

EN 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05 3.5916e-06
RN 1.6441 1.6912 1.7235 1.7484 -

Method in Chapter 4
EN 3.9534e-03 1.8351e-03 5.5055e-04 1.4439e-04 3.6537e-05
RN 1.1072 1.7369 1.9309 1.9825 -

Tables 5.3 and 5.4 indicates the comparison of uniform error estimate and rate of conver-

gence of Examples 5.1 and 5.2 respectively, for exponentially fitted finite difference method

and fitted mesh finite difference method. One can understand that exponentially fitted finite

difference method is not a layer resolving numerical method. The fitted mesh method uses

a special non-uniform mesh condensed around the layer region, and it is a recognized tech-

nique for solving SPDEs that overcomes the limitations of exponentially fitted numerical

method. Fitted mesh numerical method would basically require a logarithmic factor, which

affects the rate of convergence and has limitations over the rate of convergence.

5.9 Summary
A numerical solution for solving singularly perturbed delay reaction-diffusion problem with

integral boundary condition is presented. The properties of the continuous solution are stud-

ied. A finite difference method on an appropriate piecewise uniform Shishkin mesh is pro-

posed. The integral boundary condition is approximated by Simpson’s 1
3

rule. The uniform

stability and uniform convergence analysis of the developed method are established. The de-

veloped method is uniformly convergent independent of perturbation parameter with almost

second-order uniform rate of convergence. To validate the applicability of the developed

numerical method, two experimental numerical examples are considered. The numerical

results reflect the theoretical estimations.
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CHAPTER SIX

NONSTANDARD FINITE DIFFERENCE METHOD FOR

SINGULARLY PERTURBED PARABOLIC PARTIAL

DIFFERENTIAL EQUATIONS WITH NONLOCAL

BOUNDARY CONDITION

This chapter presents a numerical treatment of singularly perturbed parabolic partial differ-

ential equations with nonlocal boundary conditions. The problem has boundary layers at

x = 0 and x = 1. The nonstandard finite difference method is developed to solve the con-

sidered problem in the spatial direction, and the implicit Euler method is proposed to solve

the resulting system of IVPs in the temporal direction. The nonlocal boundary condition is

approximated using Simpson’s 1
3

rule. The stability and uniform convergence analysis of

the scheme are studied. The developed scheme is second-order uniformly convergent in the

spatial direction and first-order in the temporal direction. Two test examples are carried out

to validate the applicability of the developed numerical scheme. The obtained numerical

results agreed with the theoretical estimate.

6.1 The governing problem
Consider a class of singularly perturbed parabolic partial differential equations of the reaction-

diffusion types with nonlocal boundary condition

Lu(x, t) = −ε∂
2u(x, t)

∂x2
+
∂u(x, t)

∂t
+ a(x, t)u(x, t) = f(x, t), (x, t) ∈ Ω,

u(x, 0) = φb(x), ∀(x, t) ∈ Γb = {(x, 0); 0 ≤ x ≤ 1} ,

u(0, t) = φl(t), ∀(x, t) ∈ Γl = {(0, t); 0 ≤ t ≤ T} ,

Ku(x, t) = u(1, t)− ε
∫ 1

0

g(x)u(x, t)dx = φr(x, t), ∀(x, t) ∈ Γr = {(1, t); 0 ≤ t ≤ T} .

(6.1)

where (x, t) ∈ Ω = Ωx×Ωt = (0, 1)× (0, T ], Ω̄ = [0, 1]× [0, T ], and ε is a small parameter

(0 < ε � 1). Suppose that a(x, t) ≥ α > 0, f(x, t), φl, φr, φb are sufficiently smooth

functions and g(x) is nonnegative monotone function and satisfies
∫ 1

0
g(x)dx < 1. For the

problem (6.1) to have existence and uniqueness of solution, we assume that the coefficients of

the given problem are Hölder continuous and also impose a proper compatibility conditions

at the corners (Ladyzhenskaya et al., 1968). Note that φl and φr are only functions of t,
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while φb is a function of x only. The problems necessarily satisfies the following sufficient

compatibility conditions φb(0, 0) = φl(0, 0), φb(1, 0) = φr(1, 0), and

−ε∂
2φb(0, 0)

∂x2
+ a(0, 0)φb(0, 0) +

∂φl(0, 0)

∂t
= f(0, 0),

−ε∂
2φb(1, 0)

∂x2
+ a(1, 0)φb(1, 0) +

∂φr(1, 0)

∂t
= f(1, 0).

Note that φl, φr, and φb are assumed to be sufficiently smooth for (6.1) to make sense, namely

φl, φr ∈ C1([0, T ]) and φb ∈ C(2,1)(Γb).

6.2 Properties of continuous solution
Here, some properties of the continuous solution (6.1) which guarantee the existence and

uniqueness of the analytical solution is analyzed. A replication of this belonging in semi-

discrete form can be used to present the approximate solution, which we provide in the

following section.

Lemma 6.1. (Continuous Maximum Principle) Let Ψ(x, t) ∈ C(0,0)(Ω̄)∩C(1,0)(Ω)∩C(2,1)(Ω)

be a sufficiently smooth function such that Ψ(0, t) ≥ 0,Ψ(x, 0) ≥ 0,KΨ(1, t) ≥ 0,LΨ(x, t) ≥
0,∀(x, t) ∈ Ω. Then Ψ(x, t) ≥ 0, ∀(x, t) ∈ Ω̄, where LΨ(x, t) = Ψt(x, t) − εΨxx(x, t) +

aΨ(x, t).

Proof. Assume (x∗, t∗) be defined as Ψ(x∗, t∗) = min(x,t)∈Ω̄ Ψ(x, t) and suppose that

Ψ(x∗, t∗) ≤ 0. It is clear that (x∗, t∗) /∈ ∂Ω. Thus,

LΨ(x∗, t∗) = Ψt(x
∗, t∗)−εΨxx(x

∗, t∗)+a(x, t)Ψ(x∗, t∗). Since Ψ(x∗, t∗) = min(x,t)∈Ω̄ Ψ(x, t),

which indicates that Ψ(x∗, t∗) = 0, Ψt(x
∗, t∗) = 0, Ψxx(x

∗, t∗) ≥ 0 and implies that

LΨ(x∗, t∗) < 0, which is contradicts with the above assumption. LΨ(x∗, t∗) > 0,∀x ∈ Ω.

So that, Ψ(x, t) ≥ 0, ∀(x, t) ∈ Ω. �

Lemma 6.2. (Stability Result) Assume u(x, t) be the solution of the continuous problem in

(6.1). Then we have the bound

u(x, t) ≤ α−1 ||f ||+ max {φb(x),max {φl(x, t), φr(x, t)}} ,

where ||f || = max {f(x, t)}.

Proof. We prove by using maximum principle Lemma (6.1) and by constructing the

barrier functions θ±(x, t) = CM ± u(x, t), (x, t) ∈ Ω̄.

Where M = α−1 ||f ||+ max {φb(x),max {φl(x, t), φr(x, t)}}.
At initial, we have

θ±(x, 0) = α−1 ||f ||+ max {φb(x),max {φl(x, 0), φr(x, 0)}} ± u(x, 0)

= α−1 ||f ||+ max {φb(x)} ± φb(x) ≥ 0.
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For x = 0, we have

θ±(0, t) = α−1 ||f ||+ max {φb(0),max {φl(0, t), φr(0, t)}} ± u(0, t)

= α−1 ||f ||+ max {φl(t)} ± φl(t) ≥ 0.

For x = 1, we have

Kθ±(1, t) = α−1 ||f ||+ max {φb(1),max {φl(1, t),Kφr(1, t)}} ± Ku(1, t)

= α−1 ||f ||+ max {φr(1, t)} ± φr(1, t) ≥ 0.

For 0 < x < 1, we have

Lθ±(x, t) = θ±t (x, t)− εθ±xx(x, t) + a(x, t)θ±(x, t),

=
[
α−1 ||f ||+ max {φb(x),max {φl(x, t), φr(x, t)}} ± u(x, t)

]
t

−ε
[
α−1 ||f ||+ max {φb(x),max {φl(x, t), φr(x, t)}} ± u(x, t)

]
xx

+a(x, t)
(
α−1 ||f ||+ max {φb(x),max {φl(x, t), φr(x, t)}} ± u(x, t)

)
= max {φlt(x, t), φrt(x, t)} ± ut(x, t)− εmax {φbxx(x), φlxx(x, t), φrxx(x, t)}

± −εuxx(x, t) + αα−1 ||f ||+ αmax {φb(x),max {φl(x, t), φr(x, t)}} ± αu(x, t)

≥ 0,

where ε > 0, a(x, t) ≥ α > 0. This implies that Lθ±(x, t) ≥ 0. Hence, by Lemma 6.1 we

have, θ±(x, t) ≥ 0,∀(x, t) ∈ Ω̄, which indicates

u(x, t) ≤ α−1 ||f ||+ max {φb(x),max {φl(x, t), φr(x, t)}} . �

6.3 Bounds on the solution and its derivatives
This section studies the bounds on the solution and its derivatives which are required in the

convergence analysis of the numerical methods.

Lemma 6.3. Suppose a(x, t), f(x, t) ∈ C(2,1)(Ω̄) and φl ∈ C2([0, T ]), φb ∈ C(4,2)(Γb), φr ∈
C2([0, T ]). Then the problem (6.1) has a unique solution u which satisfies u ∈ C(4,2)(Ω̄).

And also the derivatives of solution u are bounded, ∀i, j ∈ Z ≥ 0 such that 0 ≤ i+ 2j ≤ 4,∣∣∣∣∣∣∣∣ ∂i+ju∂xi∂tj

∣∣∣∣∣∣∣∣ ≤ Cε
−i
2 .
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Proof. The boundedness of the solution and its derivative is given as follows. Under the

stretched transformation x̃ = x√
ε

problem (6.1) can be rewritten as

Lũ(x̃, t) =

(
− ∂2

∂x̃2
+
∂

∂t
+ ã(x̃, t)

)
ũ(x̃, t) = f(x̃, t), (x̃, t) ∈ Ω̃ε

ũ(x̃, t) = φb(x̃, t), (x̃, t) ∈ Γ̃b

ũ(x̃, t) = φl(x̃, t), (x̃, t) ∈ Γ̃l

Kũ(x̃, t) = ũ(1, t)− ε
∫ 1/

√
ε

0

g(x)z̃(x̃, t)dx = φr(x̃, t), (x̃, t) ∈ Γ̃r

(6.2)

where Ω̃ε = (0, 1√
ε
)× (0, T ), and the boundary condition Γ̃ to Γ, where equation (6.2) is in-

dependent of ε. Then, by taking the idea of estimation (10.6) on (p.352) of (Ladyzhenskaya

et al., 1968), we obtained

‖ ∂
i+jũ

∂x̃i∂tj
‖Ñδ ≤ C

(
1 + ‖ũ‖Ñ2δ

)
,

∀ Ñδ in Ω̃ε. Here Ñδ , δ > 0 is a neighbourhood with diameter δ in Ω̃ε. Returning to the

original variable given as

‖ ∂
i+ju

∂x̃i∂tj
‖Ω̄ ≤ Cε

−i
2 (1 + ‖u‖Ω̄) .

Hence, the proof is complete by using the bound on u of Lemma 6.2. �

The bounds of the derivatives of the solution given in Lemma 6.3 were derived from clas-

sical results. They are not adequate for the proof of the ε-uniform error estimate. Stronger

bounds on these derivatives are now obtained by a method originally devised in (Miller et al.,

1998). The main idea is to decompose the solution u into smooth and singular components.

Lemma 6.4. Suppose a(x, t), f(x, t) ∈ C(4+α1,2+α1/2)(Ω̄), and φl ∈ C(3+α1/2)([0, T ]), φb ∈
C(6+α1,3+α1/2)(Γb), φr ∈ C(3+α1/2)([0, T ]), where α1 ∈ (0, 1). Then we obtain

‖ ∂
i+jv

∂xi∂tj
‖Ω̄ ≤ C

(
1 + ε1−i/2) , (x, t) ∈ Ω, (6.3)

|∂
i+jwl
∂xi∂tj

| ≤ Cε
−i
2 e

x√
ε , (x, t) ∈ Ω, (6.4)

|∂
i+jwr
∂xi∂tj

| ≤ Cε
−i
2 e
−(1−x)√

ε , (x, t) ∈ Ω, (6.5)

where C is a constant independent of a parameter ε, 0 ≤ i+ 2j ≤ 4.

Proof. The existence and smooth component results follows from Ladyzhenskaya et al.

(1968) (Chap IV, p.320). The derivative of smooth component functions are bounded, it

derived as follows. First, we estimate to reduced problem solution v0 is bounded and its
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derivative are bounded ∣∣∣∣∣∣∣∣∂i+jv0

∂xi∂tj

∣∣∣∣∣∣∣∣
Ω̄

≤ C. (6.6)

Next, to estimate the derivative of the solution v1 bounded form Lemma 6.2 can be applied.

Then ∣∣∣∣∣∣∣∣∂i+jv1

∂xi∂tj

∣∣∣∣∣∣∣∣
Ω̄

≤ Cε
−i
2 . (6.7)

Since
∂i+jv

∂xi∂tj
=
∂i+jv0

∂xi∂tj
+ ε

∂i+jv1

∂xi∂tj
,

to establish a smooth component v estimates from (6.6) and (6.7). To prove the inequality

(6.4) using the procedure adapted in Miller et al. (1998), it is easy to find that

|wl(x, t)| ≤ Ce
−x√
ε , (x, t) ∈ Ω.

To prove (6.5), we consider two comparison functions

Θ±(x, t) = Ceα
∗te
−(1−x)√

ε ± wr(x, t),

where α∗ = max
{

0, 1−min(x,t)∈Ω̄ a(x, t)
}

. Note that Θ±(x, t) ≥ 0,

LΘ±(x, t) = −εΘ±xx(x, t) + Θ±t (x, t) + a(x, t)Θ±(x, t)

= C (α∗ − 1 + a(x, t)) eα
∗te
−(1−x)√

ε

≥ 0.

KΘ±(1, t) = Θ±(1, t)− ε
∫ 1

0

Θ±(x, t)dx

= C − Cε
∫ 1

0

g(x)e
−(1−x)√

ε dx

≥ C(1− ε
∫ 1

0

g(x)dx)

≥ 0.

choice suitable C > 0. Using maximum principle Lemma 6.1, we have∣∣∣∣∂i+jwr∂xi∂tj

∣∣∣∣ ≤ Ce
−(1−x)√

ε , (x, t) ∈ Ω.

Let x̃ = x√
ε
, Clearly, under the transformation, stretched variable x̃ domain is (0, 1√

ε
), note

that (x, t) ⇒ (x̃, t) and the parameter ε is independent of problem (6.2), then a suitable
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estimates in Ladyzhenskaya et al. (1968) (Section 4.10) solution of w̃r. The position of x̃

argument partition into two cases. First case, neighborhood of Ñδ in (0, 1√
ε
) × (0, T ], by

applying an estimate in Ladyzhenskaya et al. (1968) (Section 4.10), we have∣∣∣∣∣∣∣∣∂i+jw̃r∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
||ũ||Ñδ

)
,

and the required bound follows by transforming back to the variable x and using the bound

just obtained on wr. Likewise, for each neighborhood Ñδ in (0, 1]× (0, T ], from (Ladyzhen-

skaya et al., 1968) (Section 4.10) we have∣∣∣∣∣∣∣∣∂i+jw̃r∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
1 + ||w̃r||Ñδ

)
,

and the required bound follows by transforming back to the variable x, using the bound on

wl and noting that e
−x
ε ≥ e−1 = C for x̃ ≤ 1. Hence the proof is complete. �

6.4 The numerical method
This section presents a numerical method using a method of lines. Nonstandard finite differ-

ence method is used to discretize the spatial direction and implicit Euler method is used for

temporal direction.

6.4.1 Spatial semi-discretization

The fundamental idea of non-standard discrete modeling techniques is the development of

the exact finite difference technique. Micken presented methods and rules for developing

nonstandard FDMs for various types of problems (Mickens, 2005). To develop a discrete

scheme in keeping with Mickens’ guidelines, the denominator characteristic for the discrete

derivatives should be described in terms of more complicated functions with larger step sizes

than those used in classical methods. These complicated functions are a general property of

the method that may be useful when constructing a dependable methods for such problems.

To construct a genuine finite difference scheme for the problem of the form in (6.1), we

use the procedures described in (Woldaregay & Duressa, 2022). The constant coefficient

given in equation (6.8) without the time variable is considered as follows.

−εd
2u(x)

dx2
+ au(x) = 0. (6.8)

By solving (6.8), we obtain two independent solutions eµ1x and eµ2x, where

µ1,2 = ±
√
a/ε.
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The spatial domain [0, 1] is discretized on uniform mesh length ∆x = h as follows. ΩN =

{xi = x0 + ih, i = 1(1)N, x0 = 0, xN = 1, h = 1/N},N is taken as number of mesh points

in the spatial discretization. The approximate solution of u(xi) will be denoted by Ui. Here,

the main aim is to compute difference equations which have similar results with the prob-

lem (6.1) at the mesh point xi which is given by Ui = B1e
µ1xi + B2e

µ2xi . Applying the

procedures given in (Mickens, 2005), we obtain

det


Ui−1 exp (µ1xi−1) exp (µ2xi−1)

Ui exp (µ1xi) exp (µ2xi)

Ui+1 exp (µ1xi+1) exp (µ2xi+1)

 = 0. (6.9)

After simplification, equation (6.9) becomes

Ui−1 − 2 cosh

(√
α

ε
h

)
Ui + Ui+1 = 0, (6.10)

which is an exact difference scheme for (6.8). By performing some arithmetic manipulation

and making rearrangement on (6.10) for the variable coefficient problem, we obtain

−εUi+1 − 2Ui + Ui−1

λ2
i

+ aiUi = 0. (6.11)

The denominator function λ2
i becomes

λ2
i =

4

β2
i

sinh2

(
βi
2
h

)
, (6.12)

where λ2 is a function of ε, βi, h and βi =
√

ai
ε

.

By using (6.12), and applying the nonstandard finite difference method on semi-discrete

problem, we have

dUi(t)

dt
− εUi+1(t)− 2Ui(t) + Ui−1(t)

λ2
i (ε, h, t)

+ aiUi(t) = f(xi, t). (6.13)

with boundary conditions
Ui = φli(t), i = 0,

Ui = φb, i = 1(1)N − 1,

KNUN = UN − ε
∑N

i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
h = φrN , i = N.

(6.14)

Here, for i = N , the integral boundary condition
∫ 1

0
g(x)u(x, t)dx approximated by com-
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posite Simpson’s integration rule.

∫ 1

0

g(x)u(x, t)dx =
h

3

(
g(0)u(0) + g(2)u(2) + 2

N−1∑
i=1

g(x2i)u(x2i) + 4
N∑
i=1

g(x2i−1)u(x2i−1)

)
= φr. (6.15)

Substituting (6.15) in to (6.14), we obtain

u(N, t)− εh

3

(
g(0)u(0) + g(N)u(N) + 2

N−1∑
i=1

g(x2i)u(x2i) + 4
N∑
i=1

g(x2i−1)u(x2i−1)

)
= φr.

(6.16)

Equation (6.16) can be rewritten as

−4εh

3

N∑
i=1

g(x2i−1)u(x2i−1)−2εh

3

N−1∑
i=1

g(x2i)u(x2i)+

(
1− εh

3
g(N)

)
u(N) = φr+

εh

3
g(0)u(0).

Assume that the approximation of u(xi, t) be denoted as Ui(t), by using the non-standard

finite difference approximation. At this level, equation (6.1) is reduced in the form of semi-

discrete as follows.

LhUi(t) = dUi(t)
dt
− εUi+1(t)− 2Ui(t) + Ui−1(t)

λ2
i (ε, h, t)

+ aiUi(t) = f(xi, t),

Ui(0) = φb(xi),

U0(t) = φl(0, t),

KUN(t) = φr(N, t).

(6.17)

Equation (6.17) is the system of IVPs and its compact form is written as

dUi(t)

dt
+BUi(t) = Fi(t), (6.18)

where B is (N − 1) × (N − 1) tridiagonal matrix, Ui(t) and Fi(t) are (N − 1) entries of

column vector. The entries of B and F respectively given as
bi,i = 2ε

λ2i (ε,h,t)
+ a(xi), i = 1(1)N − 1

bi,i−1 = − 2ε
λ2i (ε,h,t)

, i = 2(1)N − 1

bi,i+1 = − 2ε
λ2i (ε,h,t)

, i = 1(1)N − 1,
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and 
F1(t) = f1(t)−

(
a(x1) + 2ε

λ21(ε,h,t)

)
φl(0, t),

Fi(t) = fi(t), i = 2(1)N − 1

FN−1(t) = fN−1(t)− 2ε
λ2N−1(ε,h,t)

φrN(t)

6.4.2 Uniform stability analysis

Here, the uniform stability estimate of the semi-discrete operator Lh is presented.

Lemma 6.5. (Semi-discrete Maximum Principle): Assume that U0(t) ≥ 0, KUN(t) ≥ 0.

Then LhUi(t) ≥ 0, ∀ i = 1(1)N − 1, implies that Ui(t) ≥ 0, ∀ i = 0(1)N .

Proof. Assume there exists q ∈ {0, · · · , N} such that Uq(t) = min0≤i≤N Ui(t). Suppose

Uq(t) ≤ 0, which implies q 6= 0, N . Also, we have Uq+1−Uq > 0 and Uq−Uq−1 < 0. Here,

we have

LhUq(t) =
dUq(t)

dt
− εUq+1(t)− 2Uq(t) + Uq−1(t)

λ2
q

+ aqUq(t).

By using the above assumption, we get that LhUi(t) < 0, for i = 1(1)N − 1. Thus the

assumption Ui(t) < 0, i = 0(1)N is not correct. Thus, Ui(t) ≥ 0 ∀ i = 0(1)N . �

This Lemma 6.5 is used to obtain the bounds of the discrete solution given in Lemma 6.6.

In general, the discrete maximum principle is widely used to show the boundedness and

positivity of a discrete solution.

Lemma 6.6. The solution Ui(t) of the semidiscrete problem in (6.17) or (6.18) satisfy the

following bound.

|Ui(t)| =
1

α
max
i

∣∣LhUi(t)∣∣+ max
i

{
φb(xi),max

i
{φl(xi, t), φr(xi, t)}

}
.

Proof. Suppose q = 1
α

maxi
∣∣LhUi(t)∣∣ + maxi {φb(xi),maxi {φl(xi, t), φr(xi, t)}} and

define a comparison function θ±i (t) as

θ±i (t) = q ± Zi(t).

For the points on the boundary, we have

θ±0 (t) = q ± U0(t) = q ± φl(0, t) ≥ 0,

KNθ±N(t) = q ±KNUN(t) = q ± φr(1, t) ≥ 0.
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For 1 ≤ i ≤ N − 1, we have

Lhθ±i (t) =
d(q ± Ui(t))

dt
− ε(q ± Ui−1(t)− 2(q ± Ui(t)) + q ± Ui+1(t))

λ2
+ ai(q ± Ui(t))

= aiq ± LhUi(t)

= ai

(
α−1 max

i

∣∣LhUi(t)∣∣+ max
i

{
φb(xi),max

i
{φl(xi, t), φr(xi, t)}

})
± fi,j

≥ 0, since ai ≥ α.

From Lemma 6.5, we get, θ±i (t) ≥ 0, ∀ (xi, t) ∈ Ω̄N
x × (0, T ). �

6.4.3 Uniform convergence analysis

Here, we present the convergence analysis of the spatial discretization. Here, Ui(t) denoted

as numerical solution for the spatial semidiscretization to the exact solution u(x, t) at x = xi,

i = 0(1)N . Let us define the backward and forward finite differences in space as:

D−u(xi, t) =
u(xi, t)− u(xi−1, t)

h
, D+u(xi, t) =

u(xi+1, t)− u(xi, t)

h
,

respectively, and the second order central finite difference operator as

δ2u(xi, t) = D+D−u(xi, t) =
D+u(xi, t)−D−u(xi, t)

h
.

Lemma 6.7. Let N be a fixed mesh. Then, for ε→ 0, we have

lim
ε→0

max
1≤i≤N−1

exp(−pxi/
√
ε)

εm/2
= 0 and

lim
ε→0

max
1≤i≤N−1

exp(−p(1− xi)/
√
ε)

εm/2
= 0.

where m = 1, 2, 3, · · · .

Proof. Let us consider the partition of the interval [0, 1], with points xi = ih, h = 1/N

for i = 1, 2, 3, · · · , N . By using x1 = h, 1− xN−1 = h, we have

max
1≤i≤N−1

exp(−pxi/
√
ε)

εm/2
≤ exp(−px1/

√
ε)

εm/2
=

exp(−ph/
√
ε)

εm/2
and

max
1≤i≤N−1

exp(−p(1− xi)/
√
ε)

εm/2
≤ exp(−p(1− xN−1)/

√
ε)

εm/2
=

exp(−ph/
√
ε)

εm/2
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Then, by applying L’Hopital’s rule repeatedly, we have

lim
ε→0

exp(−ph/
√
ε)

εm/2
= lim

r=1/
√
ε→∞

rm exp(−phr)

= lim
r=1/

√
ε→∞

rm

exp(phr)

= lim
r→∞

m!

(ph)m exp(phr)
= 0.

�

Theorem 6.1. Let the coefficient function a(x) and the function f(x, t) in (6.17) be suffi-

ciently smooth and u(x, t) ∈ C4
(
Ω̄
)
. Then the semidiscrete solution Ui(t) of (6.17) satisfies

∣∣Lh (u(xi, t)− Ui(t))
∣∣ ≤ Ch2.

Proof. The truncation error in spatial direction is considered as

Lh (u(xi, t)− Ui(t)) = Lhu(xi, t)− LhUi(t)

= −ε d
2

dx2
u(xi, t) + ε

D+
xD

+
x h

2

λ2
u(xi, t)

= −ε d
2

dx2
u(xi, t) +

ε

λ2

(
h2 d

2

dx2
u(xi, t) +

h4

12

d4

dx4
u(xi, t)

)
. (6.19)

Note that we have used a Taylor expansions of ui−1(t) and ui+1(t). A truncated Taylor

expansion of 1
λ2

of order five becomes

1

λ2
=
β2

4

(
4

β2h2
− 1

3
+
β2h2

60

)
. (6.20)

Using (6.20) in (6.19), we obtain

Lh (u(xi, t)− Ui(t)) =
ε

12

(
d4

dx4
u(xi, t)− β2 d

2

dx2
u(xi, t)

)
h2

+ εβ2h4

(
β2

240

d2u(xi, t)

dx2
− 1

144

d4u(xi, t)

dx4

)
+ h6 εβ

4

2880

d4u(xi, t)

dx4
.

(6.21)

Using Lemma 6.7 and Theorem 6.3, we obtain

∣∣Lh (u(xi, t)− Ui(t))
∣∣ ≤ CN−2.
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The truncation error at x = xN , become

KN (U(xi)− u(xi)) = KNU(xN)−KNu(xi),

= φr −KNU(xN),

= Ku(xi)−KNU(xN),

= u(xN)− ε
∫ 1

0

g(x)u(x)dx−
(
U(xN)− ε

∫ xN

x0

g(x)u(x)dx

)
,

= ε

∫ xN

x0

g(x)u(x)dx− ε
N∑
i=1

gi−1ui−1 + 4giui + gi+1ui+1

3
h,

= ε

[∫ x1

x0

g(x)u(x)dx+

∫ x2

x1

g(x)u(x)dx+ · · ·+
∫ xN+1

xN

g(x)u(x)dx

]
− ε

[
g0u0 + 4g1u1 + g2u2

3
h+ · · ·+ gN−1uN−1 + 4gNuN + gN+1uN+1

3
h

]
,∣∣KN (U(xi)− u(xi))

∣∣ =
∣∣Cε (h4u(4)(ξ1) + h4u(4)(ξ2) + · · ·+ h4u(4)(ξN)

)∣∣ ,∣∣KN (U(xi)− u(xi))
∣∣ ≤ Cεh4

(
u(4)(ξ1) + u(4)(ξ2) + · · ·+ u(4)(ξN)

)
,

≤ Cεh4

∣∣∣∣∣∣∣∣d4u(ξi)

dx4

∣∣∣∣∣∣∣∣ ≤ Ch2 = CN−2.

�

Theorem 6.2. The semidiscrete solutions satisfies the uniform error bound

sup
0<ε≤1

||u(xi, t)− Ui(t)||Ω̄ ≤ CN−2. (6.22)

Proof. The proof is follows from Lemma 6.3 and Lemma 6.7 under the properties of

boundedness of semi-discrete solution and the required bound is satisfied. �

6.4.4 Temporal semi-discretization

A mesh with length ∆t = tj+1 − tj, j = 0(1)M − 1 is constructed on the time domain Ωt =

[0, T ], where M is a positive integer. The IVPs (6.18) is discretized using the implicit Euler

method on a uniform mesh. By denoting the approximation of ui(tj) as U j
i , we construct the

time discretization as follows.

U j
i − U

j−1
i

∆t
= BU j

i + F j
i (6.23)

with the initial condition U0(t) = φl(tj), and by rearranging equation (6.23), we obtain

U j
i = [I + ∆tB]−1 [∆tF j

i + U j−1
i

]
. (6.24)

Lemma 6.8. Suppose
∣∣∣∂iu(x,tj)

∂ti

∣∣∣ ≤ C, ∀(x, t) ∈ Ω̄, i = 0, 1, 2. Then the local truncation
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error associated with the time direction satisfies |ej| ≤ C(∆t)2.

Proof. The local truncation error is defined as

ej = u(tj)− U j
i

= u(tj)− [I + ∆tB]−1 [∆tF j
i + U j−1

i

]
.

Using Taylor expansion, we obtain u(tj−1) as

u(tj−1) = u(tj)−∆tut(tj) +
(∆t)2

2
utt(tj) +

(∆t)3

3!
uttt(tj) +O((∆t)4).

However, ut(tj) = F (tj)−B(tj)u(tj). Thus,

u(tj−1) = u(tj)−∆t[F (tj)−B(tj)u(tj)] +
(∆t)2

2
utt(tj) +

(∆t)3

3!
uttt(tj) +O((∆t)4).

Now, the local truncation error ej becomes

ej = u(tj)− [I + ∆tB]−1 [∆tF j
i + U j−1

i

]
= u(tj)− [I + ∆tB]−1

[
[I + ∆tB(tj)]u(tj) +

(∆t)2

2
utt(tj) + · · ·

]
= [I + ∆tB]−1

[
(∆t)2

2
utt(tj)−

(∆t)3

3!
uttt(tj) +O((∆t)4)

]
.

Since the matrixB is invertible, using the relation (∆t)2 > (∆t)3 for small ∆t and u(tj) ≤ C

, we obtain

||ej|| ≤
∣∣∣∣[I + ∆tB]−1

∣∣∣∣ ∣∣∣∣∣∣∣∣(∆t)2

2
utt(tj)−

(∆t)3

3!
uttt(tj) +O((∆t)4)

∣∣∣∣∣∣∣∣
≤

∣∣∣∣[I + ∆tB]−1
∣∣∣∣ (∆t)2 ≤ C(∆t)2.

�

Lemma 6.9. The global error estimate in time direction is given by ||Ej+1|| ≤ C∆t, ∀j ≤
T/∆t, where Ej+1 = maxi |Ui(tj+1)− Ui,j+1|Ω.
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Proof. The global error estimate at (j+1)th time step is obtained by using the local error

estimate up to jth time step as follows.

||Ej+1|| =

∣∣∣∣∣
∣∣∣∣∣∑
i=1

ej

∣∣∣∣∣
∣∣∣∣∣ , j ≤ T/∆t

≤ ||e1||+ ||e2||+ ||e3||+ ||e4||+ · · ·+ ||ej||

≤ C1(j∆t)∆t

≤ C1T∆t, since j∆t ≤ T

≤ C∆t.

Hence,

∣∣∣∣Ej+1
∣∣∣∣ = max

i

∣∣Ui(tj+1)− uj+1
i

∣∣
Ω
≤ C∆t. (6.25)

whereC is a positive constant independent of ε and ∆t. By taking the supremum ∀ ε ∈ (0, 1],

we obtained

sup
0<ε≤1

∣∣∣∣Ui(tj+1)− U j+1
i

∣∣∣∣
Ω
≤ C∆t. (6.26)

�

We summarizes the results of this work by considering the error estimate obtained in

(6.22) and (6.26) and we conclude by the following theorem.

Theorem 6.3. The error estimate for the solution of continuous and fully discrete problem

is given by

sup
0<ε≤1

∣∣∣∣u(x, t)− U j+1
i

∣∣∣∣ ≤ C
(
N−2 + ∆t

)
,

where u(x, t) and U j+1
i are the solutions of the problem (6.1) and (6.17) respectively.

Proof. The error estimation of the fully discrete scheme is given as follows.

sup
0<ε≤1

∣∣∣∣u(xi, tj)− U j
i

∣∣∣∣ = sup
ε

max
i,j

∣∣u(xi, tj)− Ui(tj) + Ui(tj)− U j
i

∣∣
≤ sup

ε
max
i,j
|u(xi, tj)− Ui(tj)|+ sup

ε
max
i,j

∣∣Ui(tj)− U j
i

∣∣ .
≤ C

(
N−2 + ∆t

)
.

Then, by combining the bound given in Theorem 6.1 and Lemma 6.9, the theorem gets

proved. �
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6.5 Numerical results and discussions
In this section, the developed numerical method is demonstrated by using two model ex-

amples given below. Since the exact solution of the given examples are not known, double

mesh techniques is used to obtain the maximum pointwise error of the developed numerical

method. Now, let UN,∆t be a computed solution of a problem using mesh points N and time

step size ∆t. Again, U2N,∆t/2
i,j be a computed solution on double mesh points of 2N and half

of time step size ∆t/2. The maximum absolute error for the developed numerical method is

calculated as

EN,∆t
ε = max

i,j

∣∣∣UN,∆t
i,j − U2N,∆t/2

i,j

∣∣∣ . (6.27)

The parameter uniform error estimate is computed as

EN,∆t = max
ε

(
EN,∆t
ε

)
. (6.28)

The rate of convergence of the developed method is calculated using

RN,∆t
ε = log2(EN,∆t

ε )− log2(E2N,∆t/2
ε ). (6.29)

The parameter uniform rate of convergence is also calculated as

RN,∆t = log2(EN,∆t)− log2(E2N,∆t/2). (6.30)

Example 6.1. Consider SPPPDEs with nonlocal boundary conditions of the form:

∂u(x, t)

∂t
− ε∂

2u(x, t)

∂x2
+

1 + x2

2
u(x, t) = e−t − 1 + sin(π x), (x, t) ∈ (0, 1)× (0, 1]

u(x, 0) = 0, x ∈ (0, 1), u(0, t) = 0, t ∈ (0, 1],

Ku(1, t) = u(1, t)− ε
∫ 1

0

x

6
u(x, t)dx = 0, t ∈ (0, 1].

Example 6.2. Consider SPPPDEs with nonlocal boundary conditions of the form:

∂u(x, t)

∂t
− ε∂

2u(x, t)

∂x2
+

1 + x2

2
u(x, t) = t3, (x, t) ∈ (0, 1)× (0, 1]

u(x, 0) = 0, x ∈ (0, 1), u(0, t) = 0, t ∈ (0, 1],

Ku(1, t) = u(1, t)− ε
∫ 1

0

cos(x)u(x, t)dx = 0, t ∈ (0, 1].
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Table 6.1: Maximum absolute error and the corresponding rate of convergence for Example
6.1

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ ∆t = 0.1 ∆t = 0.1/4 ∆t = 0.1/42 ∆t = 0.1/43 ∆t = 0.1/44

10−6 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -

10−8 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -

10−10 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -

10−12 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -

10−14 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -

...
...

...
...

...
...

10−20 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -

EN,∆t 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
RN,∆t 1.8951 1.9645 1.9859 1.9938 -

Table 6.2: Maximum absolute error and the corresponding rate of convergence for Example
6.2

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ ∆t = 0.1 ∆t = 0.1/4 ∆t = 0.1/42 ∆t = 0.1/43 ∆t = 0.1/44

10−6 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -

10−8 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -

10−10 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -

10−12 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -

10−14 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
...

...
...

...
...

...
10−20 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05

1.5354 1.8919 1.9736 1.9935 -
EN,∆t 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
RN,∆t 1.5354 1.8919 1.9736 1.9935 -
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(a) ε = 10−2 (b) ε = 10−12

Figure 6.1: Graph of numerical solution which displays the existing layer for different values
of perturbation parameter for Example 6.1: (a) for ε = 10−2 , (b) for ε = 10−12

(a) ε = 10−2 (b) ε = 10−12

Figure 6.2: Graph of numerical solution which displays the existing layer for different values
of perturbation parameter for Example 6.2: (a) for ε = 10−2 , (b) for ε = 10−12
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Figure 6.3: Log-Log plot of maximum absolute error versus mesh numbers for different
values of ε (a) for Example 6.1, (b) for Example 6.2.
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The solutions of the above two examples exhibit a boundary layers near x = 0 and x = 1.

Figures 6.1(a) and 6.1(b) indicates graph of numerical solutions of Examples 6.1 which

displays the presence of boundary layers on the left and right side of spatial domain for

ε = 10−2 and ε = 10−12 respectively. Figures 6.2(a) and 6.2(b) indicates graph of numerical

solutions of Examples 6.2 which shows the existence of boundary layers on the left and right

side of spatial domain for ε = 10−2 and ε = 10−12 respectively. The maximum pointwise

error and rate of convergence of the proposed method for Examples 6.1 and 6.2 are given in

Tables 6.1 and 6.2 respectively for different values of perturbation parameter ε, mesh number

N and time step size ∆t. From these tables, one can observe that the developed method is

parameter uniform convergent, which supports the theoretical results. Figures 6.3(a) and

6.3(b) indicates the Log-Log plots for the maximum absolute error versus mesh number N

for the singular perturbation parameter ε for the given examples. One can observe that as ε

goes very small, the developed method converges uniformly independent of the perturbation

parameter ε.

6.6 Summary
A numerical treatment of singularly perturbed parabolic partial differential equations of the

reaction-diffusion type with nonlocal boundary conditions is investigated. A nonstandard

finite difference scheme is used to semi-discretize the spatial direction, and the implicit Eu-

ler method is used to discretize the results of initial value problems. Simpson’s 1
3

rule is

applied to treat integral boundary condition. The stability and convergence analysis of the

proposed scheme are established. The formulated method proved to be second-order uni-

formly convergent in the spatial direction and first-order in the temporal direction. Two

numerical experiments are employed to validate the applicability of the developed numeri-

cal method. The numerical results justify the theoretical estimations. Further, nonstandard

finite difference method is not layer resolving numerical method because of insufficient of

mesh number in the layer region. To overcomes this limitations, a standard finite difference

method on a suitable piecewise uniform Shishkin mesh is suggested to solve the problem in

the next Chapter.
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CHAPTER SEVEN

A FITTED MESH FINITE DIFFERENCE METHOD FOR

SINGULARLY PERTURBED PARTIAL DIFFERENTIAL

EQUATIONS WITH NONLOCAL BOUNDARY

CONDITION

This chapter presents a numerical computation of SPPPDEs with nonlocal boundary condi-

tion. The solution of the considered problem exhibits a boundary layers on the left and right

sides of the spatial domain. A finite difference method on a piecewise uniform Shishkin mesh

is proposed to discretize the problem in the spatial direction, and the implicit Euler method is

used in the temporal direction. The integral boundary condition is approximated using Simp-

son’s 1
3

rule. The proposed method gives almost second-order uniform convergence in the

space derivative discretization and first-order in the time derivative discretization. To validate

the applicability of the method, two numerical examples are considered. The computational

result accurately reflects the theoretical estimation.

7.1 The governing problem
Consider a class of SPPPDEs of the reaction-diffusion type with IBC

Lu(x, t) =
∂u(x, t)

∂t
− ε∂

2u(x, t)

∂x2
+ a(x, t)u(x, t) = f(x, t) (x, t) ∈ Ω,

u(x, 0) = φb(x), ∀(x, t) ∈ Γb = {(x, 0); 0 ≤ x ≤ 1} ,

u(0, t) = φl(t), ∀(x, t) ∈ Γl = {(0, t); 0 ≤ t ≤ T} ,

Ku(x, t) = u(1, t)− ε
∫ 1

0

g(x)u(x, t)dx = φr(x, t), ∀(x, t) ∈ Γr = {(1, t); 0 ≤ t ≤ T} .

(7.1)

Where (x, t) ∈ Ω = Ωx×Ωt = (0, 1)×(0, T ], Ω̄ = [0, 1]× [0, T ], and ε is a small parameter

(0 < ε � 1). Suppose that a(x, t) ≥ α > 0, f(x, t), φl, φr, φb are sufficiently smooth

functions and g(x) is nonnegative monotone function and satisfies
∫ 1

0
g(x)dx < 1. The

existence and uniqueness of the problem (7.1) can be established under the assumption that

the data are Hölder continuous and imposing proper compatibility conditions at the corners

(Ladyzhenskaya et al., 1968). Note that φl and φr are only functions of t, while φb is a

function of x only. The problem necessarily satisfies the following sufficient compatibility
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conditions φb(0, 0) = φl(0, 0), φb(1, 0) = φr(1, 0), and

−ε∂
2φb(0, 0)

∂x2
+ a(0, 0)φb(0, 0) +

∂φl(0, 0)

∂t
= f(0, 0),

−ε∂
2φb(1, 0)

∂x2
+ a(1, 0)φb(1, 0) +

∂φr(1, 0)

∂t
= f(1, 0).

Note that φl, φr, and φb are assumed to be sufficiently smooth for (7.1) to make sense, namely

φl, φr ∈ C1([0, T ]) and φb ∈ C(2,1)(Γb).

7.2 Properties of continuous solution
In this section, the properties of the continuous solution (6.1) which guarantee the existence

and uniqueness of the analytical solution is analyzed.

Lemma 7.1. (Maximum Principle.) Let ψ(x, t) ∈ C(0,0)(Ω̄) ∩ C(1,0)(Ω) ∩ C(2,1)(Ω) be a

sufficiently smooth function such that ψ(0, t) ≥ 0, ψ(x, 0) ≥ 0,Kψ(1, t) ≥ 0,Lψ(x, t) ≥
0,∀(x, t) ∈ Ω. Then ψ(x, t) ≥ 0, ∀(x, t) ∈ Ω̄, where Lψ(x, t) = ψt(x, t) − εψxx(x, t) +

aψ(x, t).

Proof. Define v1(x, t) = 1 + x. Note that v1(x, t) > 0, x ∈ Ω, Lv1(x, t) > 0, v1(0, t) >

0, and Kv1(2, t) > 0. Further we define

λ1 = max

{
−ψ(x, t)

v1(x, t)
: (x, t) ∈ Ω̄

}
(7.2)

Then there exists (x0, t0) ∈ Ω̄ such thatψ(x0, t0)+λ1v1(x0, t0) = 0 andψ(x, t)+λ1v1(x, t) ≥
0,∀(x, t) ∈ Ω̄. Then the functions (ψ + λ1v1) has a minimum value at (x, t) = (x0, t0).

Assume λ1 > 0, we prove by contradiction.

Case 1: When (x0, t0) = (0, t0),

0 ≤ (ψ + λ1v1)(0, t0) = ψ(0, t0) + λ1v1(0, t0) < 0.

Case 2: When (x0, t0) ∈ Ω,

0 < L(ψ + λ1v1) = −ε(ψ + λ1v1)xx(x0, t0) + (ψ + λ1v1)t(x0, t0)

+a(x0, t0)(ψ + λ1v1)(x0, t0) ≤ 0

Case 3: When (x0, t0),= (1, t0)

0 < K(ψ + λ1v1)(1, t0) = (ψ + λ1v1)(1, t0)− ε
∫ 1

0

g(x)(ψ + λ1v1)(x, t)dx ≤ 0.
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In all the cases, the proof is contradictory. Hence λ1 > 0 is impossible. Therefore ψ(x, t) ≥
0. �

Lemma 7.2. (Stability Result) Suppose u(x, t) be the solution of (7.1). Then it satisfies the

bound

u(x, t) ≤ α−1‖f‖+ max {φb(x), φl(x, t), φr(x, t)} ,

where ‖f‖ = max(x,t)∈Ω|f(x, t)|.

Proof. The required bound is obtained by constructing a comparison functions

θ±(x, t) = α−1‖f‖+ max {φb(x), φl(x, t), φr(x, t)} ± u(x, t), (x, t) ∈ Ω̄

and using the maximum principle in Lemma 7.1. �

7.3 Bounds on the solution and its derivatives
In this section, we study the bounds on the solution and its derivatives which are required in

the convergence analysis of the numerical methods.

Lemma 7.3. Suppose f(x, t), a(x, t) ∈ C(2+α1,1+α1/2)(Ω̄), and φl ∈ C2+α1/2([0, T ]), φb ∈
C(4+α1,2+α1/2)(Γb), φr ∈ C2+α1/2([0, T ]), where α1 ∈ (0, 1). Then the problem in (7.1) has

a unique solution u which satisfies u ∈ C(4+α1,2+α1/2)(Ω̄). And the derivatives of u are

bounded as

‖ ∂
i+jz

∂xi∂tj
‖ ≤ Cε

−i
2 , for 0 ≤ i+ 2j ≤ 4.

Proof. The proof of the lemma is given in Lemma 6.3. �

7.4 Decomposition of the solution
The bounds on the derivatives of the solution given in Lemma 7.3 were derived from classical

results. They are not adequate for the proof of the ε -uniform error estimate. Stronger bounds

on these derivatives are now obtained by a method originally given in (Shishkin, 1989). The

key step is to decompose the solution u into smooth and singular components.

The solution u of (7.1) was decomposed into v-smooth and w- singular components. Further,

v is separated into

v = v0 + εv1,

where v0 and v1 are solution of the following differential equations

∂v0

∂t
(x, t) + a(x, t)v0(x, t) = f(x, t), (x, t) ∈ Ω,

v0(x, t) = 0, (x, t) ∈ Γb,

(7.3)
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and

Lv1(x, t) =
∂2v0

∂x2
(x, t), (x, t) ∈ Ω

v1(x, t) = 0, (x, t) ∈ Γl,

Kv1(x, t) = 0, (x, t) ∈ Γr,

v1(x, t) = 0, (x, t) ∈ Γb

(7.4)

Then v satisfy

Lv(x, t) = f(x, t), (x, t) ∈ Ω

v(x, t) = v0(x, t), (x, t) ∈ Γl,

Kv(x, t) = Kv0(1, t), (x, t) ∈ Γr,

v(x, t) = φb(x, t), (x, t) ∈ Γb

(7.5)

The singular component w is determined from

Lw(x, t) = 0, (x, t) ∈ Ω

w(x, t) = φl(x, t)− v0(x, t), (x, t) ∈ Γl,

w(x, t) = 0, (x, t) ∈ Γb,

Kw(x, t) = Ku(x, t)−Kv0(x, t), (x, t) ∈ Γr

(7.6)

The reaction diffusion problem occurs boundary layers on both boundary points Γl and Γr ,

then we separate w as w = wl + wr, where wl and wr are satisfy the following problems

Lwl(x, t) = 0, (x, t) ∈ Ω

wl(x, t) = φl(x, t)− v0(x, t), (x, t) ∈ Γl,

wl(x, t) = 0, (x, t) ∈ Γr,

wl(x, t) = 0, (x, t) ∈ Γb

(7.7)

and

Lwr(x, t) = 0, (x, t) ∈ Ω

wr(x, t) = 0, (x, t) ∈ Γl,

wr(x, t) = 0, (x, t) ∈ Γb,

Kwr(x, t) = Kw(x, t), (x, t) ∈ Γr.

(7.8)

Lemma 7.4. Suppose a(x, t), f(x, t) ∈ C(4+α1,2+α1/2)(Ω̄), and φl ∈ C(3+α1/2)([0, T ]), φb ∈
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C(6+α1,3+α1/2)(Γb), φr ∈ C(3+α1/2)([0, T ]), where α1 ∈ (0, 1). Then we obtain

‖ ∂
i+jv

∂xi∂tj
‖Ω̄ ≤ C

(
1 + ε1−i/2) , (x, t) ∈ Ω (7.9)

|∂
i+jwl
∂xi∂tj

| ≤ Cε
−i
2 e

x√
ε , (x, t) ∈ Ω (7.10)

|∂
i+jwr
∂xi∂tj

| ≤ Cε
−i
2 e
−(1−x)√

ε , (x, t) ∈ Ω (7.11)

where C is a constant independent of ε, 0 ≤ i+ 2j ≤ 4.

Proof. The proof of the lemma is given in Lemma 6.4. �

7.5 The numerical method
In this section, the time derivative is first discretized using the implicit Euler method, and

then a layer-adapted mesh of the Shishkin type is introduced to discretize the space derivative

using the standard finite difference method.

7.5.1 Time semi-discretization

Let {tj}M0 be a uniform mesh which is used in the time semi-discretization and defined as

{tj}M0 = {tj = j∆t, j = 0, 1, · · · ,M, ∆t = T/M}, where M is a non-negative integer.

Using implicit Euler method the problem in (7.1) is semi-discretized as

L∆tU j+1(x) = g(x, tj+1), j = 0, 1, · · · ,M − 1, (7.12)

with discretized boundary condition

U j+1(x) = φj+1
l (x), φj+1

l (x) ∈ Γl,

KU j+1(x) = U j+1(1)− ε
∫ 1

0

g(x)u(x)dx = φj+1
r (x), φj+1

r (x) ∈ Γr,

U j+1(x) = φj+1
b (x), φj+1

b (x) ∈ Γb,

(7.13)

where L∆tU j+1(x) = −εU j+1
xx + r(x)U j+1(x), g(x, tj+1) = Uj(x)

∆t
+ f(x, tj+1), and r(x) =

1
∆t

+a(x). Here, U j+1(x) is denoted for the approximation of u(x, tj+1) at the (j + 1)th time

level.

The semi-discrete operator L∆t satisfies the following Lemma.

Lemma 7.5. For j = 0, 1, 2, · · · ,M − 1, suppose that Ψj+1(x) be a sufficiently smooth

function in Ω such that Ψj+1(0) ≥ 0 and KΨj+1(1) ≥ 0, then LΨj+1(x) ≥ 0,∀x ∈ (0, 1),

implies Ψj+1(x) ≥ 0.

Proof. Assume x∗ ∈ [0, 1] be such that Ψj+1(x∗) = minx∈Ω Ψj+1(x) < 0, from the

above assumption, it is known that x∗ /∈ {0, 1} implies that x∗ ∈ (0, 1). By using properties
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from calculus, we have d2

dx2
Ψj+1(x) ≥ 0. Which implies that L∆tΨj+1(x) < 0, which is

contradict with L∆tΨj+1(x) ≥ 0, ∀ x ∈ (0, 1). Therefore, we conclude that Ψj+1(x) ≥ 0, ∀
x ∈ [0, 1]. �

The local truncation error estimation for time semi-discretization which is denoted as ej :=

u(x, tj+1)− U j+1(x), for j = 0, 1, 2, · · · ,M is analyzed as follows.

Lemma 7.6. The local truncation error associated with the implicit Euler method satisfies

the bound

|ej| ≤ C(∆t)2.

Proof. Using Taylor expansion to u(x, tj+1), we get

u(x, tj+1) = u(x, tj) + ∆t
∂u(x, tj)

∂t
+O((∆t)2). (7.14)

Substituting (7.14) into (7.1), we obtain

u(x, tj+1)− u(x, tj)

∆t
=

∂u(x, t)

∂t
+O((∆t)2)

= −
(
−ε ∂

2

∂x2
u(x, t)− f(x, tj)

)
+O((∆t)2).

Since the error satisfies the given problem, then the local truncation error satisfyL∆tej+1(x) =

O((∆t)2). Using the discrete maximum principle gives

‖ej+1‖ ≤ C(∆t)2. (7.15)

�

The bound for the global truncation error of the semi-discrete scheme are given as fol-

lows.

Lemma 7.7. The global error in the temporal direction satisfies the estimate

‖TEj+1‖ ≤ C(∆t), ∀j ≤ T/∆t. (7.16)

Proof. The global error estimate at (j + 1)th time step is obtained using the local error
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estimate up to jth time step as follows.

‖Ej+1‖ = ‖
∑
i=1

ej‖, j ≤ T/∆t

≤ ‖e1‖+ ‖e2‖+ ‖e3‖+ ‖e4‖+ · · ·+ ‖ej‖

≤ C1(j∆t)∆t

≤ C1T∆t, since j∆t ≤ T

≤ C∆t.

Hence, ‖Ej+1‖ = maxi|U(x, tj+1) − U j+1(x)|Ω ≤ C∆t, where C is a positive constant

independent of ε and ∆t. �

The solution U j+1(x) of the problem (7.12) can be decomposed as

U j+1(x) = V j+1(x) +W j+1(x), (7.17)

where V j+1(x) andW j+1(x) are the regular and singular component respectively, and V j+1(x)

is the solution of

−εd
2V j+1(x)
dx2

+ r(x)V j+1(x) = gj+1
1 (x), x ∈ (0, 1),

V j+1(0) = V j+1
0 (0),

V j+1(1) = r(x)−1(1) (gj+1(1)) ,

KV j+1(1) = KV j+1
0 (1).

and W j+1(x) is the solution of
−εd

2W j+1(x)
dx2

+ r(x)W j+1(x) = 0 x ∈ (0, 1),

W j+1(x) = U j+1(x)− V j+1
0 (x),

KW j+1(1) = KU j+1(1)−KV j+1
0 (1),

where V j+1
0 (x) is the solution of the reduced problem.

Lemma 7.8. The derivatives of V j+1(x) and W j+1(x) satisfy the estimates

|d
kV j+1(x)

dxk
| ≤ C(1 + ε−

(k−2)
2 d1(x, α)), x ∈ (0, 1),

|d
kW j+1(x)

dxk
| ≤ ε−

k
2 d1(x, α), x ∈ (0, 1),

for k = 0, 1, 2, 3, where d1(x, α) = e
−x
√
α√
ε + e

−(1−x)
√
α√
ε .

Proof. The proof of the lemma follows using the estimates of Lemma 7.4 and the de-
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composition in (7.17).

�

7.5.2 Spatial discretization

The piecewise-uniform mesh having N ≥ 4 mesh elements on [0, 1] is generated by dividing

into three subintervals as Ω1 = Ωl∪Ωc∪Ωr, where Ω1 = [0, 1], Ωl = [0, µ] , Ωc = (µ, 1−µ],

and Ωr = (1 − µ, 1]. To obtain a piecewise-uniform mesh, we take N
2

mesh elements in

Ωc and N
4

mesh elements in each of the subintervals Ωl and Ωr. Hence, the piecewise-

uniform mesh is given by xi =

0, i = 0

xi−1 + hi, i = 1, 2, 3, · · · , N,
where hi’s are given by

hi =


4µ
N
, i = 1, 2, 3, · · · , N

4
,

2(1−2µ)
N

, i = N
4

+ 1, · · · , 3N
4
,

4µ
N
, i = 3N

4
+ 1, · · · , N,

where the transition parameter µ separates the

non-uniform mesh into uniform meshes and is given by µ = min
{

1
4
, 2
√
ε lnN

}
, where N

denotes the number of mesh elements in the spatial direction. Let U j+1
i be denoted for the

numerical approximation for the exact solution u(x, t) at (xi, tj+1).

Here, a standard finite difference method to the spatial semi-discrete is applied by replac-

ing the second-order derivative with a central difference scheme. From (7.12), the discrete

operator L∆t is defined as

L∆tU j+1(xi) = −εD+
xD

−
x U

j+1
i + riU

j+1
i , i = 1, 2, · · · , N − 1, (7.18)

with initial and boundary conditions
U0 = φl(0),

U0
i = φb, i = 1, 2, 3, · · · , N − 1,

KNU j+1
N = U j+1

N − ε
∑N

i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
hi = φr,

(7.19)

where Ui = U(xi), ri = r(xi), gi = g(xi).

Here, for (i = N), the integral boundary condition
∫ 1

0
g(x)u(x, t)dx is approximated using

composite Simpson’s 1
3

integration rule which is given as

∫ N

i=1

g(x)u(x, t)dx ≈
N∑
i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
hi.

=
g0U

j+1
0 + 4g1U

j+1
1 + g2U

j+1
2

3
h1 + · · ·+

gN−2U
j+1
N−2 + 4gN−1U

j+1
N−1 + gNU

j+1
N

3
hN .(7.20)
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Substituting (7.20) into (7.19), we obtain

U j+1
N − ε

[
g0U

j+1
0 + 4g1U

j+1
1 + g2U

j+1
2

3
h1 + · · ·+

gN−2U
j+1
N−2 + 4gN−1U

j+1
N−1 + gNU

j+1
N

3
hN

]
= φr

which implies that

U j+1
N

(
1− εgN

3
hN

)
− ε

[
g0U

j+1
0 + 4g1U

j+1
1 + g2U

j+1
2

3
h1 + · · ·+

gN−2U
j+1
N−2 + 4gN−1U

j+1
N−1

3
hN

]
= φr.

Thus, the integral boundary condition at the right end spatial domain is given as

U j+1
N =

ε

1− εgN
3
hN

[
g0U

j+1
0 + 4g1U

j+1
1 + g2U

j+1
2

3
h1 + · · ·+

gN−2U
j+1
N−2 + 4gN−1U

j+1
N−1

3
hN + φr

]
.

(7.21)

The proposed method satisfies the following semi-discrete maximum principle.

Lemma 7.9. (Semi-discrete Maximum Principle): Assume that∑N
i=1

gi−1 + 4gi + gi+1

3
hi = ρ < 1 and ψj+1 is any mesh function satisfying ψj+1

0 ≥ 0,

ψj+1
i ≥ 0, KNψj+1

N ≥ 0, LΨj+1
i ≥ 0,∀i ∈ ΩN , then ψj+1

i ≥ 0, for all i = 0, 1, 2, · · · , N .

Proof. Define a test function vj+1
1 (xi) = 1 + xi. Note that vj+1

1 (xi) ≥ 0 ∀xi ∈
Ω̄N , LNvj+1

1 (xi) > 0,∀xi ∈ ΩN , vj+1
1 (x0) > 0, and KNvj+1

1 (xN) > 0. Let λ1 =

max
{
−ψj+1(xi)

vj+1
1 (xi)

}
, i = 1, 2, 3, · · · , N . Then there exist x∗i such that ψj+1(x∗i )+λ1v

j+1
1 (x∗i ) =

0 and ψj+1(xi) + λ1v
j+1
1 (xi) ≥ 0, for all i = 1, 2, 3, · · · , N, j = 1, 2, 3, · · · ,M − 1. Hence

the function ψj+1(xi) + λ1v
j+1
1 (xi) attains a minimum value at x∗i . Assume that the lemma

does not hold true, then λ1 > 0.

Case 1- x∗i = x0, 0 < (ψj+1 + λ1v
j+1
1 )(x0) = 0.

Case 2- x∗i = xi, i = 1, 2, 3, · · · , N ,

0 < L(ψj+1 + λ1v
j+1
1 )(x∗i ) =

(
−ε

2
D+
xD

−
x +

ri
2

) (
ψj+1 + λ1v

j+1
1

)
(xi) ≤ 0.

Case 3- x∗i = xN ,

0 < K
(
ψj+1 + λ1v

j+1
1

)
(xN) =

(
ψj+1 + λ1v

j+1
1

)
(xN)

− ε

3

N∑
i=1

[
gi−1

(
ψj+1 + λ1v

j+1
1

)
(xi−1) + 4gi

(
ψj+1 + λ1v

j+1
1

)
(xi)

]
hi+

− ε

3

N∑
i=1

gi+1

(
ψj+1 + λ1v

j+1
1

)
(xi+1)hi ≤ 0.
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Which is contradicted to our assumption. Therefore λ1 > 0 is not possible. Hence ψj+1
i ≥ 0,

∀xi ∈ Ω̄N . �

An immediate results of the above semi-discrete maximum principle, given in Lemma 7.9 is

the following discrete stability result.

Lemma 7.10. Let ψj+1
i be any mesh function for i = 0, 1, · · · , N . Then

‖ψj+1
i ‖ ≤ max

{
‖ψj+1

0 ‖, ‖Kψj+1
N ‖, ‖Lψ

j+1
i ‖

}
.

Proof. One can prove this Lemma 7.10, by constructing a barrier function(
Θj+1
i

)±
= max

{
|ψj+1

0 |, |Kψj+1
N |, |Lψ

j+1
i |

}
±ψj+1

i . Then, the results followed by applying

semi-discrete maximum principle. �

7.6 Uniform convergence analysis
The ε-uniform error estimated by decomposing the solution U j+1

i into smooth and singular

components as U j+1
i = V j+1

i +W j+1
i , where V j+1

i is the solution of

LV j+1
i = gj+1

i , i = 1, 2, · · · , N

V j+1
0 = φl

j+1
0 ,

V j+1
i = φb

j+1
i ,

KNV j+1
N = KV j+1

0 (xN),

(7.22)

and W j+1
i must satisfy 

LNW j+1
i = 0, i = 1, 2, · · · , N

W j+1
i = U j+1

i − vj+1
i ,

KNW j+1
N = KNU j+1

N −KNV j+1
N .

(7.23)

Theorem 7.1. Suppose U j+1(x) and U j+1
i are the solutions of the problem (7.12)-(7.13) and

(7.18)-(7.19) respectively, and assume that the coefficients r(x), a(x), g(x) ∈ C4+α1(0, 1),

and the boundary conditions satisfy φj+1
l ∈ C3+α1/2(0, T ), φj+1

b ∈ C6+α1(Γb), φj+1
r ∈

(0, T ), where α1 ∈ (0, 1), then we have

sup
0<ε�1

‖U j+1(x)− uj+1
i ‖ ≤ CN−2 ln2N.

The error can be written in the form of

U j+1
i − U j+1(xi) =

(
V j+1
i − V j+1(xi)

)
+
(
W j+1
i −W j+1(xi)

)
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Proof. We prove the error estimates for smooth and singular components separately. The

following are the error estimates for the smooth component.

At the point xi = xN ,

KN
(
V j+1
i − V j+1(xi)

)
= KNV j+1

i −KNV j+1(xi) = φr −KNV j+1
i

= KV j+1(xi)−KNV j+1(xi)

= V j+1(xi)− ε
∫ xN

x0

g(x)V j+1(x)dx− V j+1(xi)

+ ε

N∑
i=1

gi−1V
j+1
i−1 + 4giV

j+1
i + gi+1V

j+1
i+1

3
hi

= ε
g0V

j+1
0 + 4g1V

j+1
1 + g2V

j+1
2

3
h1 + · · ·+

ε
gN−1V

j+1
N−1 + 4gNV

j+1
N + gN+1V

j+1
N+1

3
hN

− ε
∫ x1

x0

g(x)V j+1(x)dx− · · · − ε
∫ xN+1

xN

g(x)V j+1(x)dx

= −εh
4
1

90
giv(ξ1)

∂4V j+1

∂x4
(ξ1)− · · · − h4

1

90
giv(ξN)

∂4V j+1(ξN)

∂x4

|KN
(
V j+1
i − V j+1(xi)

)
| = |Cε

(
h4

1

∂4V j+1

∂x4
(ξ1) + · · ·+ h4

N

∂4V j+1

∂x4
(ξN)

)
|

≤ Cε

(
h4

1

∂4V j+1

∂x4
(ξ1) + · · ·+ h4

N

∂4V j+1

∂x4
(ξN)

)
≤ CN−2

where xi−1 ≤ ξi ≤ xi, 1 ≤ i ≤ N, and C is chosen to be an arbitrary positive constant.

From the differential and difference equations, we have

L
(
V j+1
i − V j+1(xi)

)
= gj+1 − LV j+1(xi) =

(
L − LN

)
V j+1(xi).

Then, it implies that

LN
(
V j+1
i − V j+1(xi)

)
= −ε

(
∂2

∂x2
−D+

xD
−
x

)
V j+1(xi).

By using the result obtained in (Miller et al., 2012), we have the following classical estimates
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at xi ∈ ΩN .

LN
(
V j+1
i − V j+1(xi)

)
≤

 ε
3

(xi+1 − xi−1) ‖∂
3V j+1(x)
∂x3

‖, if xi = µ or xi = 1− µ
ε
12

(xi − xi−1)2 ‖∂
4V j+1(x)
∂x4

‖, otherwise

≤ C


√
ε N−1, if xi = µ or xi = 1− µ

N−2, otherwise.

Now, let us define a barrier function as

Φj+1(xi) = C
µ√
ε
ϑ(xi)N

−2 +N−2

where ϑ is a piecewise linear polynomial

ϑ(x) =


x
µ

for 0 ≤ x ≤ µ,

1 for µ ≤ x ≤ 1− µ,
1−x
µ

for 1− µ ≤ x ≤ 1.

Then, ∀ xi, i = 1, 2, 3, · · · , N,

0 ≤ Φj+1(xi) ≤ CN−2 lnN.

And

LNΦj+1(xi) ≥

C
√
εN−1 +N−2 if xi = µ or xi = 1− µ,

CN−2 otherwise,

where the observations that µ√
ε
≤ 2 lnN and

LNϑ(xi) =

 εN
µ

+ r(xi), if xi = µ or xi = 1− µ,

r(xi)ϑ(xi), otherwise.

And for all xi ∈ ΓN , we obtain φj+1
r (xi) ≥ 0. Which implies that KNϑj+1(xi) ≥ 0.

Define a comparison function

π±(xi) = Φ(xi)±
(
V j+1
i − V j+1(xi)

)
.

For each point xi, i = 1, 2, · · · , N , we have LNπ±(xi) ≥ 0. Then, from the semi-discrete

maximum principle, π±(xi) ≥ 0,∀i = 1, 2, · · · , N.
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Then, we have V j+1
i − V j+1(xi) ≤ Φ(xi) ≤ CN−2 lnN. Hence,

|V j+1
i − V j+1(xi)| ≤ CN−2 lnN. (7.24)

To estimate the singular component error, we decomposeW j+1(x) intoW j+1
l (x) andW j+1

r (x)

as follows. 

LNW j+1
l (xi) = 0, i = 1, 2, · · · , N,

W j+1
l (xi) = φj+1

l (xi)− vj+1
0 (xi), xi ∈ ΓNl ,

W j+1
l (xi) = 0, xi ∈ ΓNr ,

W j+1
l (xi) = 0, xi ∈ ΓNb ,

and 

LNW j+1
r (xi) = 0, i = 1, 2, · · · , N,

W j+1
r (xi) = 0, xi ∈ ΓNl ,

KNW j+1
r (xi) = KNW j+1(xi), xi ∈ ΓNr ,

W j+1
r (xi) = 0, xi ∈ ΓNb .

The error of singular component is equivalent to

W j+1
i −W j+1(xi) =

(
Wl

j+1
i −Wl

j+1(xi)
)

+
(
Wr

j+1
i −Wr

j+1(xi)
)
.

LN
(
W j+1
i −W j+1(xi)

)
≤ −ε

(
∂2

∂x2
−D+D−

)
W j+1(xi).

By using a classical estimate given in (Miller et al., 2012), at each point xi, i = 1, 2, · · · , N,
it follows that

LN
(
W j+1
i −W j+1(xi)

)
≤ C(N−1 lnN)2, for i = 1, 2, · · · , N.

The error estimate for Wr
j+1
i −Wr

j+1(xi) is given as follows. The explanation depends on

whether µ = 1
4

or µ = 2
√
ε lnN .

Case-I. µ = 1
4
. The mesh in this case is uniform and µ = 2

√
ε lnN ≥ 1

4
. It is clear that
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xi − xi−1 = N−1 and ε−
1
2 ≤ C lnN . From (Miller et al., 2012) we have

KN
(
Wr

j+1
i −Wr

j+1(xi)
)

= KNWr
j+1
i −KNWr

j+1(xi)

= φr −KNWr
j+1(xi)

= KWr
j+1(xi)−KNWr

j+1(xi)

|KN
(
Wr

j+1
i −Wr

j+1(xi)
)
| ≤ Cε

(
h4

1

∂4

∂x4
Wr

j+1(ξi) + · · ·+ h4
N

∂4

∂x4
Wr

j+1(ξN)

)
≤ Cε−1

(
h4

1 + · · ·+ h4
N

)
≤ CN−2 ln2N

where xi−1 ≤ ξi ≤ xi. By applying semi-discrete uniform stability estimate of Lemma 7.10,

we obtain

|Wr
j+1
i −Wr

j+1(xi)| ≤ CN−2 ln2N.

Case-II. When µ < 1
4
. Because the mesh is piecewise uniform in the subinterval [µ, 1 − µ],

the mesh elements are 2(1− 2µ)/N , while the rest of the intervals [0, µ] and [1− µ, 1] have

mesh elements of 4µ/N . By (Miller et al., 2012), we have

KN
(
Wr

j+1
i −Wr

j+1(xi)
)
≤ CN−2 ln2N

and

|KN
(
Wr

j+1
i −Wr

j+1(xi)
)
| ≤ Cε

(
h4

1

∂4

∂x4
Wr

j+1(ξi) + · · ·+ h4
N

∂4

∂x4
Wr

j+1(ξN)

)
≤ Cε−1

(
h4

1 + · · ·+ h4
N

)
≤ CN−2 ln2N

where xi−1 ≤ ξi ≤ xi. By applying Lemma 7.8 and semi-discrete uniform stability given in

Lemma 7.10, we obtain

|Wr
j+1
i −Wr

j+1(xi)| ≤ CN−2 ln2N. (7.25)

Similar arguments are used to compute Wl’s error estimate. By combining equations (7.24)

and (7.25), we have

|U j+1
i − U j+1(xi)| ≤ C

(
N−2 lnN +N−2 ln2N

)
≤ CN−2 ln2N. (7.26)

�

The semidiscrete error estimate produced in (7.16) and (7.26) is used to summarize the re-
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sults of this work, which is concluded by the following theorem.

Theorem 7.2. The error estimate for the solution of the continuous and fully discrete prob-

lems is provided by

sup
0<ε≤1

∣∣∣∣u(x, t)− U j+1
i

∣∣∣∣ ≤ C
(
N−2 ln2N + ∆t

)
,

where u(x, t) and U j+1
i are the solutions of problem (7.1) and (7.18)-(7.19) respectively.

Proof. The proof follows from Lemma 7.7 and Theorem 7.1. �

7.7 Numerical results and discussions
In this section, the proposed numerical method is demonstrated by using two model ex-

amples given below. Since the exact solution for the presented problems is unknown, the

double mesh technique is employed to determine the maximum pointwise error of the pro-

posed method using (6.27), uniform error estimate using (6.28), rate of convergence of the

developed numerical scheme using (6.29), and uniform rate of convergence by using (6.30).

Example 7.1. Consider SPPPDEs with integral boundary conditions of the form

∂u(x, t)

∂t
− ε∂

2u(x, t)

∂x2
+

1 + x2

2
u(x, t) = e−t − 1 + sin(π x), (x, t) ∈ (0, 1)× (0, 1]

u(x, 0) = 0, x ∈ (0, 1),

u(0, t) = 0, t ∈ (0, 1],

Ku(1, t) = u(1, t)− ε
∫ 1

0

x

6
u(x, t)dx = 0, t ∈ (0, 1].

Example 7.2. Consider SPPPDEs with integral boundary conditions of the form

∂u(x, t)

∂t
− ε∂

2u(x, t)

∂x2
+

1 + x2

2
u(x, t) = t3, (x, t) ∈ (0, 1)× (0, 1]

u(x, 0) = 0, x ∈ (0, 1),

u(0, t) = 0, t ∈ (0, 1],

Ku(1, t) = u(1, t)− ε
∫ 1

0

cos(x)u(x, t)dx = 0, t ∈ (0, 1].
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Table 7.1: Maximum absolute error and uniform rate of convergence for Example 7.1

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ ∆t = 0.1 ∆t = 0.1/4 ∆t = 0.1/42 ∆t = 0.1/43 ∆t = 0.1/44

10−3 1.5452e-02 4.7360e-03 1.2406e-03 3.1235e-04 7.8226e-05
10−4 1.6278e-02 5.0844e-03 1.4961e-03 4.3023e-04 1.2322e-04
10−5 1.6535e-02 5.1259e-03 1.5084e-03 4.3288e-04 1.2391e-04
10−6 1.6616e-02 5.1390e-03 1.5123e-03 4.3372e-04 1.2412e-04

1.6930 1.7647 1.8019 1.8050
10−7 1.6642e-02 5.1431e-03 1.5135e-03 4.3398e-04 1.2419e-04

1.6941 1.7647 1.8022 1.8051
10−8 1.6650e-02 5.1444e-03 1.5139e-03 4.3406e-04 1.2421e-04

1.6944 1.7647 1.8023 1.8051
10−9 1.6653e-02 5.1448e-03 1.5140e-03 4.3409e-04 1.2422e-04

1.6946 1.7647 1.8023 1.8051
10−10 1.6654e-02 5.1450e-03 1.5141e-03 4.3410e-04 1.2422e-04

1.6946 1.7647 1.8024 1.8051
...

...
...

...
...

...
10−20 1.6654e-02 5.1450e-03 1.5141e-03 4.3410e-04 1.2422e-04

1.6946 1.7647 1.8024 1.8051 -
EN,∆t 1.6654e-02 5.1450e-03 1.5141e-03 4.3410e-04 1.2422e-04
RN,∆t 1.6946 1.7647 1.8024 1.8051 -

Table 7.2: Maximum absolute error and uniform rate of convergence for Example 7.2

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ ∆t = 0.1 ∆t = 0.1/4 ∆t = 0.1/42 ∆t = 0.1/43 ∆t = 0.1/44

10−3 1.8099e-02 7.1575e-03 2.0069e-03 5.1704e-04 1.3036e-04
10−4 1.8099e-02 7.2697e-03 2.2771e-03 6.7485e-04 1.9289e-04
10−5 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04
10−6 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
10−7 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
10−8 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
10−8 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
10−9 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
10−10 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
...

...
...

...
...

...
10−20 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04

1.3159 1.6747 1.7545 1.8068
EN.∆t 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04
RN,∆t 1.3159 1.6747 1.7545 1.8068 -
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(a) (b)

Figure 7.1: Graph of numerical solution profiles for Example 7.1: (a) for ε = 10−2, for
ε = 10−12.

(a) (b)

Figure 7.2: Graph of numerical solution profiles for Example 7.1: (a) for ε = 10−2, for
ε = 10−12.

The solutions of the above two examples exhibit strong boundary layers near x = 0 and

x = 1. Because the small perturbation parameter ε operates on the problem’s highest deriva-

tive. Figures 7.1(a) and 7.1(b) depicts the 3-D graphs for the numerical solution of Examples

7.1 which demonstrating the presence of boundary layer formation on the left and right sides

of the spatial domain for ε = 10−2 and ε = 10−12 respectively. Figures 7.2(a) and 7.2(b)

depicts the 3-D graphs for the numerical solution of Examples 7.2 which demonstrating the

presence of boundary layer formation on the left and right sides of the spatial domain for

ε = 10−2 and ε = 10−12 respectively. Figures 7.3 and 7.4 shows the numerical solution pro-

files for different time level respectively for Examples 7.1 and 7.2. The maximum pointwise

error and the parameter uniform rate of convergence for the proposed method for Examples

7.1 and 7.2 are given in Tables 7.1 and 7.2, respectively, for different values of the perturba-

tion parameter ε, the mesh number N , and the time step size ∆t. From these tables, one can
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Figure 7.3: Graph of numerical solution profiles for Example 7.1 for different time level
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Figure 7.4: Graph of numerical solution profiles for Example 7.2 for different time level
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Figure 7.5: Log-Log plot of maximum absolute error versus mesh numbers for different
values of ε (a) for Example 7.1, (b) for Example 7.2.
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Table 7.3: Comparison of uniform error estimate for nonstandard FDM and standard FDM
on Shishkin mesh for Example 7.1

N = 32 N = 64 N = 128 N = 256 N = 512
∆t = 0.1 ∆t = 0.1/4 ∆t = 0.1/42 ∆t = 0.1/43 ∆t = 0.1/44

Present Method
EN,∆t 1.6654e-02 5.1450e-03 1.5141e-03 4.3410e-04 1.2422e-04
RN,∆t 1.6946 1.7647 1.8024 1.8051 -

Method in Chapter 6
EN,∆t 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
RN,∆t 1.8951 1.9645 1.9859 1.9938 -

Table 7.4: Comparison of uniform error estimate for nonstandard FDM and standard FDM
on Shishkin mesh for Example 7.2

N = 32 N = 64 N = 128 N = 256 N = 512
∆t = 0.1 ∆t = 0.1/4 ∆t = 0.1/42 ∆t = 0.1/43 ∆t = 0.1/44

Present Method
EN.∆t 1.8099e-02 7.2697e-03 2.2771e-03 6.7486e-04 1.9289e-04
RN,∆t 1.3159 1.6747 1.7545 1.8068 -

Method in Chapter 6
EN,∆t 1.5809e-02 5.4540e-03 1.4696e-03 3.7419e-04 9.3970e-05
RN,∆t 1.5354 1.8919 1.9736 1.9935 -

understand that the proposed method is a parameter uniform convergent independent of the

perturbation parameter ε, with almost second-order uniform convergence in the spatial di-

rection. Tables 7.3 and 7.4 are indicates a comparison of uniform error estimate and uniform

rate of convergence for a nonstandard FDM on uniform mesh versus a standard FDM on

piecewise uniform Shishkin mesh. A standard FDM on Shishkin mesh has a limitations over

order of convergence due to a logarithmic factor. Further, the log-log plot for the maximum

absolute error for the two examples are plotted in figures 7.5. From these figures, one can

observe that the error decreases monotonically as N increases.

7.8 Summary
In this chapter, a uniformly convergent numerical method for singularly perturbed partial

differential equation with integral boundary condition is developed. Finite difference method

on a rectangular piecewise uniform Shishkin mesh is proposed for the spatial direction and

the implicit Euler method is used for the temporal direction. The composite Simpson’s 1
3

rule

is used to approximate the integral boundary condition. The uniform stability and uniform

convergence of the method are investigated. The developed numerical method is shown to

be almost second-order uniformly convergent in spatial direction and first-order in temporal

direction. Two test examples are carried out to validate the applicability of the proposed

method.
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CHAPTER EIGHT

A FITTED MESH FINITE DIFFERENCE METHOD FOR

SINGULARLY PERTURBED PARABOLIC PARTIAL

DELAY DIFFERENTIAL EQUATIONS WITH

NONLOCAL BOUNDARY CONDITION

This chapter presents a numerical treatment of singularly perturbed parabolic partial delay

differential equations (SPPPDDEs) of reaction diffusion type with nonlocal boundary con-

dition. In the considered problem, a small parameter ε multiplies the higher order derivative

term. The presence of this parameter causes the existence of boundary layers in the solution.

The solution also exhibits an interior layer because of the large spatial delay. A standard

finite difference scheme on piecewise uniform Shishkin mesh is proposed to discretize the

problem in the spatial direction, and the Crank-Nicolson method is used in the temporal di-

rection. Simpson’s 1
3

rule is applied to approximate the integral boundary condition given on

the right end plane. The developed numerical scheme is parameter uniform convergent, with

almost second order of convergence in space and second-order of convergence in time. Two

numerical examples are considered to validate the applicabilty of the developed numerical

method.

8.1 The governing problem
Consider the SPPPDDE of reaction diffusion type with integral boundary condition

Lu(x, t) = −ε∂
2u(x, t)

∂x2
+
∂u(x, t)

∂t
+ a(x, t)u(x, t) + b(x, t)u(x− 1, t) = f(x, t), (x, t) ∈ Ω,

u(x, t) = φl(x, t), ∀(x, t) ∈ Γl = {(x, t);−1 ≤ x ≤ 0 and 0 ≤ t ≤ T} ,

Ku(x, t) = u(2, t)− ε
∫ 2

0

g(x)u(x, t)dx = φr(x, t), ∀(x, t) ∈ Γr = {(2, t); 0 ≤ t ≤ T} ,

u(x, t) = φb(x, t), ∀(x, t) ∈ Γb = {(x, 0); 0 ≤ x ≤ 2} ,
(8.1)

where (x, t) ∈ Ω = (0, 2) × (0, T ], Ω̄ = [0, 2] × [0, T ], Ω1 = (0, 1) × [0, T ], Ω2 =

(1, 2)× [0, T ], Ω∗ = Ω1 ∪Ω2 and ε is a small positive parameter (0 < ε� 1). Assume that

a(x, t) ≥ α > 0, b(x, t) ≤ β < 0, α + β ≥ 2γ > 0, f(x, t), φl, φr, φb are sufficiently

smooth and g(x) is monotonically non negative function and satisfy
∫ 2

0
g(x)dx < 1. The
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above problem (8.1) is equivalent to

Lu(x, t) = F (x, t)

where

Lu(x, t) =

L1u(x, t) =
(
−ε ∂2

∂x2
+ ∂

∂t
+ a(x, t)

)
u(x, t), (x, t) ∈ Ω1,

L2u(x, t) =
(
−ε ∂2

∂x2
+ ∂

∂t
+ a(x, t)

)
u(x, t) + b(x, t)u(x− 1, t), (x, t) ∈ Ω2,

(8.2)

F (x, t) =

f(x, t)− b(x, t)φl(x− 1, t), (x, t) ∈ Ω1,

f(x, t), (x, t) ∈ Ω2,
(8.3)

with boundary conditions

u(x, t) = φl(x, t), φl(x, t) ∈ Γl = {(x, t);−1 ≤ x ≤ 0 and 0 ≤ t ≤ T} ,

u(1−, t) = u(1+, t),
∂u

∂x
(1−, t) =

∂u

∂x
(1+, t),

Ku(x, t) = u(2, t)− ε
∫ 2

0

g(x)u(x, t)dx = φr(x, t), φr(x, t) ∈ Γr = {(2, t); 0 ≤ t ≤ T} ,

u(x, t) = φb(x, t), φb(x, t) ∈ Γb = {(x, 0)} .
(8.4)

For the problem (8.1) - (8.4) to have a unique solution, we assume that the coefficients of

the given problem are Hölder continuous and also impose a proper compatibility conditions

at the corners (0, 0), (2, 0), (−1, 0) and (1, 0) (Ladyzhenskaya et al., 1968). The problem

necessarily satisfy the following conditions:

φb(0, 0) = φl(0, 0), φb(2, 0) = φr(2, 0)

and

−ε∂
2φb(0, 0)

∂x2
+ a(0, 0)φb(0, 0) +

∂φl(0, 0)

∂t
+ b(0, 0)φl(−1, 0) = f(0, 0)

−ε∂
2φb(2, 0)

∂x2
+ a(2, 0)φb(2, 0) +

∂φl(2, 0)

∂t
+ b(2, 0)φl(1, 0) = f(2, 0)

8.2 Properties of continuous solution
Some properties of the continuous solution (8.1) which guarantee the existence and unique-

ness of the exact solution is presented here. A replication of this property in the semi-discrete

form will be used to analyze the numerical method which presented in the next section.
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Lemma 8.1. (Continuous Maximum Principle) If ψ(x, t) ∈ C(0,0)(Ω̄)∩C(1,0)(Ω)∩C(2,1)(Ω1∪
Ω2) such thatψ(0, t) ≥ 0, ψ(x, 0) ≥ 0,Kψ(2, t) ≥ 0,L1ψ(x, t) ≥ 0,∀(x, t) ∈ Ω1,L2ψ(x, t) ≥
0,∀(x, t) ∈ Ω2 and [ψx](1, t) = ψx(1

+, t) − ψx(1
−, t) ≤ 0, then ψ(x, t) ≥ 0, for all

(x, t) ∈ Ω̄.

Proof. Define a test function as

s(x, t) =

1
8

+ x
2
, (x, t) ∈ Ω1,

3
8

+ x
4
, (x, t) ∈ Ω2.

(8.5)

Since s(x, t) ≥ 0, ∀(x, t) ∈ Ω̄, s(0, t) ≥ 0, we have

L1s(x, t) =
∂

∂t
s(x, t)− ε ∂

2

∂x2
s(x, t) + a(x, t)s(x, t) ≥ 0, ∀(x, t) ∈ Ω1

L2s(x, t) =
∂

∂t
s(x, t)− ε ∂

2

∂x2
s(x, t) + a(x, t)s(x, t) + b(x, t)s(x− 1, t) ≥ 0, ∀(x, t) ∈ Ω

Ks(x, t) = s(2, t)− ε
∫ 2

0

g(x)s(x, t)dx ≥ 0.

[sx] (1, t) = sx(1
+, t)− sx(1−, t) ≤ 0.

Now, let

λ1 = max

{
−ψ(x, t)

s(x, t)
: (x, t) ∈ Ω̄

}
. (8.6)

Then, there exists (x0, t0) ∈ Ω̄ such that ψ(x0, t0)+λ1s(x0, t0) = 0 and ψ(x, t)+λ1s(x, t) ≥
0, ∀(x, t) ∈ Ω̄. Then the functions (ψ + λ1s) has a minimum value at (x, t) = (x0, t0).

Assume λ1 > 0, we prove by contradiction.

Case-I: When (x0, t0) = (0, t0),

0 ≤ (ψ + λ1s)(0, t0) = ψ(0, t0) + λ1s(0, t0) < 0.

Case-II: When (x0, t0) ∈ Ω1,

0 < L1(ψ+λ1s) = −ε(ψ+λ1s)xx(x0, t0)+(ψ+λ1s)t(x0, t0)+a(x0, t0)(ψ+λ1s)(x0, t0) ≤ 0.

Case-III: When (x0, t0) = (1, t0),

0 ≤ [ψ + λ1s]x (1, t) = (ψ + λ1s)(1
+, t)− (ψ + λ1s)(1

−, t) ≤ 0
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Case-IV: When (x0, t0) ∈ Ω2,

0 < L2(ψ + λ1s) = −ε(ψ + λ1s)xx(x0, t0) + (ψ + λ1s)t(x0, t0)

+a(x0, t0)(ψ + λ1s)(x0, t0) + b(x0, t0)(ψ + λ1s)(x0 − 1, t0) ≤ 0.

Case-V: When (x0, t0) = (2, t0),

0 < K(ψ + λ1s)(2, t0) = (ψ + λ1s)(2, t0)− ε
∫ 2

0

g(x)(ψ + λ1s)(x, t)dx ≤ 0.

In all the cases, we arrived at contradiction. Hence λ1 > 0 is impossible. Therefore ψ(x) ≥
0, ∀x ∈ Ω̄. Hence the proof of the lemma is completed. �

Lemma 8.2. (Stability Result) The solution u(x, t) for the problems (8.1)–(8.3) satisfies the

bound

||u||Ω̄ = C max
{
||u||Γl , ||u||Γb , ||Ku||Γr , ||Lu||Ω∗

}
.

Proof. The lemma is proved using maximum principle given in Lemma 4.1 and by

constructing the barrier functions Θ±(x, t) = CMs(x, t)± u(x, t), (x, t) ∈ Ω̄,

where M = max
{
||u||Γl , ||u||Γb , ||u||Γr , ||Lu||Ω∗

}
and s(x, t) is the test function in (8.5).

For x = 0, we have

Θ±(x, t) = CMs(0, t)± u(0, t)

= C ||u||Γl s(0, t)± u(0, t)

≥ 0 Since ||u||Γl ≥ u(0, t).

For 0 < x ≤ 1, we have

L1Θ
±(x, t) = −εΘ±xx(x, t) +Θ±t (x, t) + a(x, t)Θ±(x, t)

= −ε (CMs(x, t)± u(x, t))xx + (CMs(x, t)± u(x, t))t

+ a(x, t) (CMs(x, t)± u(x, t))

= a(x, t)CMs(x, t)± L1u(x, t)

≤ αC ||L1u|| ± L1u(x, t)

≥ 0. Since αC ||L1u|| ≥ L1u(x, t)
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For 1 ≤ x < 2, we have

L2Θ
±(x, t) = −εΘ±xx(x, t) +Θ±t (x, t) + a(x, t)Θ±(x, t) + b(x, t)Θ±(x− 1, t)

= −ε (CMs(x, t)± u(x, t))xx + (CMs(x, t)± u(x, t))t

+ a(x, t) (CMs(x, t)± u(x, t)) + b(x, t) (CMs(x− 1)± u(x, t))

= CM (a(x, t)s(x, t) + b(x, t)s(x− 1))± L2u(x, t)

≤ CM (a(x, t) + b(x, t)) s(x, t)± L2u(x, t)

≤ CMs(x, t)± L2u(x, t)

≤ C ||L2u|| ± L2u(x, t)

≥ 0. Since C ||L2u|| ≥ L2u(x, t)

For x = 2, we have

KΘ±(2, t) = Θ±(2, t)− ε
∫ 2

0

g(x)Θ±(x, t)dx

= CMs(2, t)± u(2, t)− ε
∫ 2

0

g(x) (CMs(x, t)± u(x, t)) dx

= CM

[
s(x, t)− ε

∫ 2

0

g(x)s(x, t)dx

]
±
[
u(2, t)− ε

∫ 2

0

g(x)u(x, t)dx

]
≥ CM ±

[
u(2, t)− ε

∫ 2

0

g(x)u(x, t)dx

]
= C ||Ku||Γr ±Ku(2, t)

≥ 0, since ||Ku||Γr ≥ Ku(2, t).

Hence, the proof is completed. �

8.3 Bounds on the solution and its derivatives
To estimate an error for the fitted mesh finite difference method under the assumption that

the solution of (8.1) is more regular than the one guaranteed by the result in Lemma 8.3. To

obtain this greater regularity, stronger compatibility conditions are imposed at the corners as

given above.

Lemma 8.3. Suppose a(x, t), b(x, t), f(x, t) ∈ C(2+α1,1+α1/2)(Ω̄), and φl ∈ C2+α1/2([0, T ]), φb ∈
C(4+α1,2+α1/2)(Γb), φr ∈ C2+α1/2([0, T ]), where α1 ∈ (0, 1). Then, the problem (8.1) - (8.3)

has a unique solution u which satisfy u ∈ C(4+α1,2+α1/2)(Ω̄). And also the derivatives of

solution u are bounded, ∀i, j ∈ Z ≥ 0 such that 0 ≤ i+ 2j ≤ 4,∣∣∣∣∣∣∣∣ ∂i+ju∂xi∂tj

∣∣∣∣∣∣∣∣ ≤ Cε
−i
2 .
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Proof. The solution and its derivative are bounded as follows. Under the stretched trans-

formation x̃ = x√
ε

problem (8.1) can be rewritten as

Lũ(x̃, t) =

(
− ∂2

∂x̃2
+
∂

∂t
+ ã(x̃, t)

)
ũ(x̃, t) + b̃(x̃, t)ũ(x̃− 1, t) = f(x̃, t), (x̃, t) ∈ Ω̃

ũ(x̃, t) = φl(x̃, t), (x̃, t) ∈ Γ̃l

Kũ(x̃, t) = ũ(2, t)− ε
∫ 2√

ε

0

g(x)ũ(x̃, t)dx = φr(x̃, t), (x̃, t) ∈ Γ̃r

ũ(x̃, t) = φb(x̃, t), (x̃, t) ∈ Γ̃b

(8.7)

The problem is equivalently written as

L1ũ(x̃, t) =

(
∂2

∂x̃2
+
∂

∂t
+ ã(x̃, t)

)
ũ(x̃, t) = f(x̃, t)− b̃(x̃, t)φ̃l(x̃− 1, t) (x̃, t) ∈ Ω̃1ε

L2ũ(x̃, t) =

(
−ε ∂

2

∂x̃2
+
∂

∂t
+ ã(x̃, t)

)
ũ(x̃, t) + b̃(x̃, t)ũ(x̃− 1, t) = f(x̃, t) (x̃, t) ∈ Ω̃2,ε

(8.8)

ũ(x̃, t) = φl(x̃, t), (x̃, t) ∈ Γ̃l

ũ(1−, t) = ũ(1+, t),
∂ũ

∂x̃
(1−, t) =

∂ũ

∂x̃
(1+, t),

Kũ(x̃, t) = ũ(2, t)− ε
∫ 2√

ε

0

g(x̃)ũ(x̃, t)dx̃ = φr(x̃, t), (x̃, t) ∈ Γ̃r

ũ(x̃, t) = φb(x̃, t), (x̃, t) ∈ Γ̃b

(8.9)

where Ω̃ε = (0, 2√
ε
)× (0, T ) and the boundary conditions Γ̃ to Γ.

Note that (8.7) is independent of ε. Then, by using the idea of estimation (10.6) of (La-

dyzhenskaya et al., 1968) (p.352), we obtain∣∣∣∣∣∣∣∣ ∂i+jũ∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
1 + ||ũ||Ñ2δ

)
,

for all Ñδ in Ω̃ε. Here Ñδ , δ > 0 is a neighborhood with diameter δ in Ω̃ε. Returning to the

original variable ∣∣∣∣∣∣∣∣ ∂i+ju∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ω̄

≤ Cε
−i
2 (1 + ||u||Ω̄)

Hence, the proof is complete by using the bound on u of Lemma 8.2. �
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8.4 Decomposition of the solution
The bounds on the derivatives of the solution given in Lemma 8.3 were derived from classical

results. They are not adequate for the proof of the ε -uniform error estimate. Stronger bounds

on these derivatives are now obtained by a method originally given in (Shishkin, 1989). The

key step is to decompose the solution u into smooth and singular components.

The solution u of (8.1)-(8.4) is decomposed into v-smooth and w- singular components.

Further, v is separated into

v = v0 + εv1,

where v0 and v1 are solution of the following differential equations,

∂v0

∂x
(x, t) + a(x, t)v0(x, t) + b(x− 1, t) = f(x, t), (x, t) ∈ Ω,

v0(x, t) = 0, (x, t) ∈ Γb,

(8.10)

and

Lv1(x, t) =
∂2v0

∂x2
(x, t), (x, t) ∈ Ω

v1(x, t) = 0, (x, t) ∈ Γl,

Kv1(x, t) = 0, (x, t) ∈ Γr,

v1(x, t) = 0, (x, t) ∈ Γb

(8.11)

Then v satisfy

Lv(x, t) = f(x, t), (x, t) ∈ Ω

v(x, t) = v0(x, t), (x, t) ∈ Γl,

Kv(x, t) = Kv0(2, t), (x, t) ∈ Γr,

v(x, t) = φb(x, t), (x, t) ∈ Γb

(8.12)

The singular component w is determined from

L1w(x, t) = 0, (x, t) ∈ Ω1

w(x, t) = φl(x, t)− v0(x, t), (x, t) ∈ Γl,

[w]x (1, t) = − [v]x (1, t), (x, t) ∈ Γr,

w(x, t) = 0, (x, t) ∈ Γb

(8.13)
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and

L2w(x, t) = 0, (x, t) ∈ Ω2

w(x, t) = φl(x, t)− v0(x, t), (x, t) ∈ Γl,

[w]x (1, t) = − [v]x (1, t), (x, t) ∈ Γr,

Kw(x, t) = Ku(x, t)−Kv0(x, t), (x, t) ∈ Γr

w(x, t) = 0, (x, t) ∈ Γb

(8.14)

The reaction diffusion problem occurs boundary layers on both boundary points Γl and Γr,

then we separate w as w = wl + wr, where wl and wr are satisfy the following problems

L1wl(x, t) = 0, (x, t) ∈ Ω1

wl(x, t) = φl(x, t)− v0(x, t), (x, t) ∈ Γl,

wl(x, t) = 0, (x, t) ∈ Γr,

wl(x, t) = 0, (x, t) ∈ Γb

(8.15)

L2wl(x, t) = 0, (x, t) ∈ Ω2

wl(x, t) = A, (x, t) ∈ Γl,

wl(x, t) = 0, (x, t) ∈ Γr,

wl(x, t) = 0, (x, t) ∈ Γb

(8.16)

and

L1wr(x, t) = 0, (x, t) ∈ Ω1

wr(x, t) = 0, (x, t) ∈ Γl,

wr(x, t) = A, (x, t) ∈ Γr,

wr(x, t) = 0, (x, t) ∈ Γb

(8.17)

L2wr(x, t) = 0, (x, t) ∈ Ω2

wr(x, t) = 0, (x, t) ∈ Γl,

Kwr(x, t) = Kw(x, t), (x, t) ∈ Γr,

wr(x, t) = 0, (x, t) ∈ Γb

(8.18)

Here, A is a constant to be chosen in such a way that the solution is continuous at x = 1

satisfied.
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Lemma 8.4. Suppose a(x, t), b(x, t), f(x, t) ∈ C(4+α1,2+α1/2)(Ω̄), and φl ∈ C(3+α1/2)([0, T ]), φb ∈
C(6+α1,3+α1/2)(Γb), φr ∈ C(3+α1/2)([0, T ]), where α1 ∈ (0, 1). Then, we have∣∣∣∣∣∣∣∣ ∂i+jv∂xi∂tj

∣∣∣∣∣∣∣∣
Ω̄

≤ C
(
1 + ε1−i/2) , (8.19)

∣∣∣∣∂i+jwl∂xi∂tj

∣∣∣∣ ≤
Cε

−i
2 e

x√
ε , (x, t) ∈ Ω1,

Cε
−i
2 e
−(x−1)√

ε , (x, t) ∈ Ω2,
(8.20)

∣∣∣∣∂i+jwr∂xi∂tj

∣∣∣∣ ≤
Cε

−i
2 e
−(1−x)√

ε , (x, t) ∈ Ω1,

Cε
−i
2 e
−(2−x)√

ε , (x, t) ∈ Ω2,
(8.21)

where C is constant independent of perturbation parameter ε, (x, t) ∈ Ω̄ i, j ≥ 0, 0 ≤
i+ 2j ≤ 4.

Proof. The existence and smooth component results follows from (Ladyzhenskaya et

al., 1968) (Chap IV, p.320). The derivative of smooth component functions are bounded, its

derived as follows. First, we estimate that the reduced problem solution v0 is bounded and

its derivative is bounded ∣∣∣∣∣∣∣∣∂i+jv0

∂xi∂tj

∣∣∣∣∣∣∣∣
Ω̄

≤ C. (8.22)

Next, to estimate the derivative of the solution v1 bounded from Lemma 4.2 can be applied.

Then ∣∣∣∣∣∣∣∣∂i+jv1

∂xi∂tj

∣∣∣∣∣∣∣∣
Ω̄

≤ Cε
−i
2 , (8.23)

since
∂i+jv

∂xi∂tj
=
∂i+jv0

∂xi∂tj
+ ε

∂i+jv1

∂xi∂tj

to establish smooth component v estimates from (8.22) and (8.23). To prove the inequality

(8.20) following the procedure adapted in (Miller et al., 1998), it is easy to find that

|wl(x, t)| ≤ Ce
−x√
ε , (x, t) ∈ Ω1.
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Now, we derive the bound on wl on Ω2 . From the defining equations for wl, we have

L2wl(x, t) = −εwlxx(x, t) + wlt(x, t) + a(x, t)wl(x, t) + b(x, t)wl(x− 1, t) = 0 or

L2wl(x, t) = −εwlxx(x, t) + wlt(x, t) + a(x, t)wl(x, t) + b(x, t)wl(x− 1, t)

L2wl(x, t) = L1wl(x, t) = −b(x, t)wl(x− 1, t)

|L2wl(x, t)| ≤ Ce
−(x−1)√

ε

choice suitable C > 0. Using stability result Lemma 8.2, we have |wl(x, t)| ≤ Ce
−(x−1)√

ε

Hence, |wl(x, t)| ≤

Ce
−(x)√
ε ,

Ce
−(x−1)√

ε .

Since x̃ = x√
ε
, clearly, under the transformation, stretched variable x̃ domain is (0, 2√

ε
), note

that (x, t) ⇒ (x̃, t) and the parameter ε is independent of problem (8.15) and (8.16), then

suitable estimates in (Ladyzhenskaya et al., 1968) (Section 4.10) solution of w̃l is obtained.

The position of x̃ argument partition into two cases. First case, neighborhood of Ñδ in

(0, 2√
ε
)× (0, T ], by applying an estimate in (Ladyzhenskaya et al., 1968) (Section 4.10), we

have ∣∣∣∣∣∣∣∣∂i+jw̃l∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
||w̃l||Ñ2δ

)
,

and the required bound follows by transforming back to the variable x and using the bound

just obtained on wl. Likewise, for each neighborhood Ñδ in (0, 2]× (0, T ], from (Ladyzhen-

skaya et al., 1968) (Section 4.10), we have∣∣∣∣∣∣∣∣∂i+jw̃l∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
1 + ||w̃l||Ñ2δ

)
,

and the required bound follows by again transforming back to the variable x, using the bound

on wl and noting that e
−x
ε ≥ e−2 = C for x̃ ≤ 2. In the similar manner, to prove (8.21),

consider two comparison functions

Θ±(x, t) = C

eα
∗te
−(1−x)√

ε , (x, t) ∈ Ω1

eβ
∗te
−(2−x)√

ε , (x, t) ∈ Ω2

± wr(x, t)

where

α∗ = max

{
0, 1− min

(x,t)∈Ω̄
a(x, t)

}
and β∗ = max

{
0, 1− min

(x,t)∈Ω̄
(a(x, t) + b(x, t))

}
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Note that Θ±(x, t) ≥ 0,

L1Θ±(x, t) = −εΘ±xx(x, t) + Θ±t (x, t) + a(x, t)Θ±(x, t)

= C (α∗ − 1 + a(x, t)) eα
∗te
−(1−x)√

ε

≥ 0.

L2Θ±(x, t) = −εΘ±xx(x, t) + Θ±t (x, t) + a(x, t)Θ±(x, t) + b(x, t)Θ±(x− 1, t)

= C
(
β∗ − 1 + a(x, t) + b(x, t)e

−1
ε

)
eβ
∗te
−(2−x)√

ε

≥ C (β∗ − 1 + a(x, t) + b(x, t)) eβ
∗te
−(2−x)√

ε

KΘ±(2, t) = Θ±(2, t)− ε
∫ 2

0

Θ±(x, t)dx

= C − Cε
∫ 1

0

Θ±(x, t)dx− Cε
∫ 2

1

Θ±(x, t)dx

= C − Cε
∫ 1

0

g(x)e
−(1−x)√

ε dx− Cε
∫ 2

1

g(x)e
−(2−x)√

ε dx

≥ C(1− ε
∫ 2

0

g(x)dx)

≥ 0. (8.24)

choice suitable C > 0. Using maximum principle Lemma 8.1, we have

∣∣∣∣∂i+jwr∂xi∂tj

∣∣∣∣ ≤
Ce

−(1−x)√
ε , (x, t) ∈ Ω1

Ce
−(2−x)√

ε , (x, t) ∈ Ω2

Let x̃ = x√
ε
. Clearly, under the transformation, stretched variable x̃ domain is (0, 2√

ε
), note

that (x, t)⇒ (x̃, t) and the parameter ε is independent of problem (8.17, 8.18) then suitable

estimates in (Ladyzhenskaya et al., 1968) (Section 4.10) solution of w̃r. The position of x̃

argument partition into two cases. First case, neighborhood of Ñδ in (0, 2√
ε
) × (0, T ], by

applying an estimate in (Ladyzhenskaya et al., 1968) (Section 4.10), we have∣∣∣∣∣∣∣∣∂i+jw̃r∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
||ũ||Ñ2δ

)
,

and the required bound follows by transforming back to the variable x and using the bound

just obtained on wr . Likewise, for each neighborhood Ñδ in (0, 2]× (0, T ], from (Ladyzhen-
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skaya et al., 1968) (Section 4.10) we have∣∣∣∣∣∣∣∣∂i+jw̃r∂x̃i∂tj

∣∣∣∣∣∣∣∣
Ñδ

≤ C
(
1 + ||w̃r||Ñ2δ

)
,

and the required bound follows by again transforming back to the variable x, using the bound

on wl and noting that e
−x
ε ≥ e−2 = C for x̃ ≤ 2. Hence the proof is complete. �

8.5 The numerical method
In this section, Crank-Nicholson method is proposed for time semi-discretization and a finite

difference method on a rectangular piecewise uniform Shishkin mesh is proposed for spatial

semi-discretization to solve the problem under consideration.

8.5.1 The time semi-discretization

LetM be a positive integer. The uniform mesh ΩM which is used in the time semi-discretization

is defined as

ΩM = {tj = j∆t, j = 0, 1, · · · ,M, ∆t = T/M} . (8.25)

Using the Crank-Nicolson scheme on ΩM the discretized problem in the temporal direction

associated with the continuous problem (8.1) is given by

U j+1(x)− U j(x)

∆t
− ε

2

∂2

∂x2
U j+1(x) +

a(x, tj+1)

2
U j+1(x) +

b(x, tj+1)

2
U j+1(x− 1)

− ε

2

∂2

∂x2
U j(x) +

a(x, tj)

2
U j(x) +

b(x, tj)

2
U j(x− 1) =

1

2

(
f(x)j+1 + f(x)j

)
, (x, t) ∈ Ω,

which implies that

LU j+1(x) = g(x, tj+1), (8.26)

where the operator L and function g(x, tj+1) is defined as

LU j+1(x) = −ε
2
U j+1
xx +

p(x)

2
U j+1(x) +

b(x)

2
U j+1(x− 1),

g(x, tj+1) =
ε

2
U j
xx +

q(x)

2
U j(x)− b(x)

2
U j(x− 1) +

1

2

[
f(x)j+1 + f(x)j

]
,

and p(x) =
2

∆t
+ a(x), q(x) =

2

∆t
− a(x).

Ph.D Dissertation 98



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

Hence, the problem (8.1)-(8.4) can be written as the following.

LkU j+1(x) = gk(x, tj+1), k = 1, 2, x ∈ Ω, j = 0, 1, · · · ,M − 1, (8.27)

U j+1(x) = φj+1
l (x), φj+1

l (x) ∈ Γl, (8.28)

KU j+1(x) = U j+1(2)− ε
∫ 2

0

g(x)U j+1(x)dx = φj+1
r (x), φj+1

r (x) ∈ Γr, (8.29)

U j+1(x) = φj+1
b (x), φj+1

b (x) ∈ Γb, (8.30)

where

L1U
j+1(x) = −ε

2
U j+1
xx +

p(x)

2
U j+1(x), x ∈ Ω1,

L2U
j+1(x) = −ε

2
U j+1
xx +

p(x)

2
U j+1(x) +

b(x)

2
U j+1(x− 1), x ∈ Ω2,

g1(x, tj+1) =
ε

2
U j
xx +

q(x)

2
U j(x)− b(x)

2
U j(x− 1) +

1

2

[
f(x)j+1 + f(x)j

]
− b(x)

2
φj+1
l (x− 1),

g2(x, tj+1) =
ε

2
U j
xx +

q(x)

2
U j(x)− b(x)

2
U j(x− 1) +

1

2

[
f(x)j+1 + f(x)j

]
.

The discrete operator L satisfies the following lemma which can be proved by dividing the

domain Ω into two parts Ω1 and Ω2.

Lemma 8.5. For j = 0, 1, 2, · · ·M − 1, assume that ψj+1(x) be any function in Ω such that

ψj+1(0) ≥ 0 and Kψj+1(2) ≥ 0, then Lψj+1 ≥ 0,∀x ∈ Ω, implies ψj+1(x) ≥ 0.

Proof. Assume that the function [ψj+1 + λ1s
j+1](x) attains a minimum value at x = x0.

Where s and λ1 defined in Eqs.(8.5), and (8.6) respectively. Without loss of generality we

have [ψj+1 + λ1s
j+1](x0) = 0 and [ψj+1 + λ1s

j+1](x) ≥ 0. Suppose the lemma does not

hold true, then λ1 > 0.

Case-I: For x0 ∈ Ω1, L1[ψj+1 + λ1s
j+1](x0) = − ε

2
[ψj+1 + λ1s

j+1]xx(x0) + r(x)
2

[ψj+1 +

λ1s
j+1](x0) ≤ 0.

Case-II: For x0 ∈ Ω2,

L2[ψj+1 + λ1s
j+1](x0) =

= −ε
2

[ψj+1 + λ1s
j+1]xx(x0) +

p(x)

2
[ψj+1 + λ1s

j+1](x0) +
b(x)

2
[ψj+1 + λ1s

j+1](x0 − 1),

≤ −ε
2

[ψj+1 + λ1s
j+1]xx(x0) +

p(x)

2
[ψj+1 + λ1s

j+1](x0) +
b(x)

2
[ψj+1 + λ1s

j+1](x0),

= −ε
2

[ψj+1 + λ1s
j+1]xx(x0) +

(
a(x)

2
+

1

∆t

)
[ψj+1 + λ1s

j+1](x0) +
b(x)

2
[ψj+1 + λ1s

j+1](x0),
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= −ε
2

[ψj+1 + λ1s
j+1]xx(x0) +

a(x) + b(x)

2
[ψj+1 + λ1s

j+1](x0) +
1

∆t
[ψj+1 + λ1s

j+1](x0),

≤ −ε
2

[ψj+1 + λ1s
j+1]xx(x0) + γ [ψj+1 + λ1s

j+1](x0) +
1

∆t
[ψj+1 + λ1s

j+1](x0),

≤ 0.

Case-III: For x0 = 2, K[ψj+1 + λ1s
j+1](2) = [ψj+1 + λ1s

j+1](2) − ε
∫ 2

0
g(x)[ψj+1 +

λ1s
j+1](x)dx ≤ 0. Observed that in all the cases we arrived at a contradiction. Therefore

λ1 > 0 is not possible. This implies that ψj+1(x) ≥ 0. �

An application of the above lemma is the following uniform stability estimate.

Lemma 8.6. The solution U j+1(x) of (8.1) satisfies the bound

∣∣∣∣U j+1(x)
∣∣∣∣

Ω̄
≤ C max

{∣∣∣∣U j+1(0)
∣∣∣∣

Γl
,
∣∣∣∣KU j+1(2)

∣∣∣∣
Γr
,

∆t

γ∆t+ 1
||g||Ω̄

}
.

Proof. The proof can be done by considering Ω1 and Ω2 separately. Consider two com-

parison functions as follows

Π±(x, tj+1) = CMs(x, tj+1)± U j+1(x),

where M = sup
{
||U j+1(0)||Γl , ||KU

j+1(2)||Γr ,
∆t

γ∆+1
||g||Ω̄1

}
and s(x, tj+1) is a test func-

tion given in (8.5).

For x = 0, Π±(0, tj+1) = CMs(0, tj+1)± U j+1(0) ≥ 0.

For x ∈ Ω1,

L1Π±(x, tj+1) = −ε
2

Π±xx(x, tj+1) +
p(x)

2
Π±(x, tj+1)± U j+1(x)

=
p(x)

2
CMs(x, tj+1)± L1U

j+1(x)

=
p(x)

2
C

∆t

γ∆t+ 1
||g1||Ω1

s(x, tj+1)± L1U
j+1(x)

≥ p(x)

2
C

∆t

γ∆t+ 1
||g1||Ω1

s(x, tj+1)± L1U
j+1(x)

=
a(x)∆t+ 2

2∆t
C

∆t

γ∆t+ 1
||g1||Ω1

s(x, tj+1)± g1(x, tj+1)

≥ (a(x) + b(x))∆t+ 2

2∆t
C

∆t

γ∆t+ 1
||g1||Ω1

s(x, tj+1)± g1(x, tj+1)

=
2γ∆t+ 2

∆t
C

∆t

2γ∆t+ 2
||g1||Ω1

s(x, tj+1)± g1(x, tj+1)

= C ||g1||Ω1
s(x, tj+1)± g1(x, tj+1)

≥ ||g1||Ω1
± g1(x, tj+1)

≥ 0.

Ph.D Dissertation 100



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

For x ∈ Ω2,

L2Π±(x, tj+1) = −ε
2

Π±xx(x, tj+1) +
p(x)

2
Π±(x, tj+1) +

b(x)

2
Π±(x− 1, tj+1)± uj+1(x)

=
p(x)

2
CMs(x, tj+1) +

b(x)

2
CMs(x− 1, tj+1)± L2u

j+1(x)

≤
(
p(x)

2
+
b(x)

2

)
C

∆t

γ∆t+ 1
||g2||Ω̄ s(x, tj+1)± L2u

j+1(x)

=
p(x) + b(x)

2
C

∆t

γ∆t+ 1
||g2||Ω̄ s(x, tj+1)± g2(x, tj+1)

=
a(x)∆t+ 2 + b(x)∆t

2∆t
C

∆t

γ∆t+ 1
||g2||Ω2

s(x, tj+1)± g2(x, tj+1)

≥ 2γ∆t+ 2

∆t
C

∆t

2γ∆t+ 2
||g2||Ω2

s(x, tj+1)± g2(x, tj+1)

= C ||g2||Ω2
s(x, tj+1)± g2(x, tj+1)

≥ ||g2||Ω2
± g2(x, tj+1)

≥ 0. (8.31)

For x = 2, we have

KΠ±(2, tj+1) = Π±(2, tj+1)− ε
∫ 2

0

g(x)Π±(x, tj+1)dx

= CMs(2, tj+1)± U j+1(2)− ε
∫ 2

0

g(x)[CMs(2, tj+1)± U j+1(x)]dx

= CM [S(2, tj+1)− ε
∫ 2

0

g(x)S(2, tj+1)dx]± [U j+1(2)− ε
∫ 2

0

g(x)uj+1(x)]

= CMKs(2, tj+1)±KU j+1(x)

≥ K ||U ||Γr ±KU
j+1(2)

≥ 0.

Hence, the result follows by the maximum principle in Lemma 8.5. �

Lemma 8.7. Let
∣∣∣∂ju(x,t)

∂tj

∣∣∣ ≤ C, j = 0, 1, 2. Then the local truncation error associated with

temporal direction satisfies

‖ ej+1 ‖ ≤ C(∆t)3

where C is a constant independent of ε and j

The local error is defined as ej+1 = u(x, tj+1) − U j+1(x), where u(x, tj+1) is the exact

solution of (8.1)-(8.3)) and U j+1 is the numerical solution.
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A truncated Taylor series expansions of u(x, tj) centered at (j + 1/2) takes the form

u(x, tj+1) = u(x, tj+1/2) +
∆t

2
ut(x, tj+1/2) +

(∆t)2

8
utt(x, tj+1/2) +

(∆t)3

48
uttt(x, tj+1/2)

+O((∆t)4). (8.32)

u(tj) = u(x, tj+1/2)− (∆t)

2
ut(x, tj+1/2) +

(∆t)2

8
utt(x, tj+1/2)− (∆t)3

48
uttt(x, tj+1/2)

+O((∆t)4). (8.33)

From (8.32) and (8.33), we have

u(x, tj+1)− u(x, tj)

∆t
= ut(x, tj+1/2) +O((∆t)2). (8.34)

Now an expansion of ut(x, tj+1) also yields

ut(x, tj+1) = ut(x, tj+1/2) +
∆t

2
utt(x, tj+1/2) +

(∆t)2

8
uttt(x, tj+1/2) +O((∆t)3). (8.35)

ut(x, tj) = ut(x, tj+1/2)− ∆t

2
utt(x, tj+1/2) +

(∆t)2

8
uttt(x, tj+1/2) +O((∆t)3). (8.36)

which reduces to

ut(x, tj+1) + ut(x, tj)

2
= ut(x, tj+1/2) +O((∆t)2). (8.37)

Equation (8.37) can be written as

ut(tj+1/2) =
1

2
[u(tj+1) + u(tj)] +O((∆t)2). (8.38)

substituting (8.38) into (8.26) and further simplifying yields

LU j+1(x) = gj+1(x) +O((∆t)3)

The local error ej+1 = u(x, tj+1)−U j+1(x) is satisfies the semi-discrete differential operator

[L]ej+1(x) = O((∆t)3) (8.39)

Since the matrix [L] is invertible, we obtain

∣∣∣∣ej+1
∣∣∣∣ = ||L||−1 (∆t)3

Ph.D Dissertation 102



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

Now by using stability estimate, we obtain

∣∣∣∣ej+1
∣∣∣∣ ≤ C(∆t)3

which completes the proof.

Theorem 8.1. The global error estimateEj = u(x, tj)−U(x, tj+1) in the temporal direction

satisfies

∣∣∣∣Ej
∣∣∣∣ ≤ C(∆t)2 = CM−2, ∀j ≤ T/∆t (8.40)

Proof. Using the local error up to the (j + 1)th time step given in the above lemma, we

obtain the following global error at the (j + 1)th time step as

∣∣∣∣Ej
∣∣∣∣ ≤ ∣∣∣∣∣

∣∣∣∣∣
j+1∑
i=1

Ej

∣∣∣∣∣
∣∣∣∣∣ = ||E1||+ ||E2||+ ||E3||+ ||E4||+ · · ·+ ||Ej+1||

≤ c((j + 1)∆t)(∆t)2, since (j + 1)∆t = T

= cT (∆t)2

≤ C(∆t)2

= CM−2,

where C is a constant independent of ε and ∆t. �

The solution U j+1(x) of the problem (8.26) can be written in its decomposition form as

U j+1(x) = V j+1(x) +W j+1(x), (8.41)

where V j+1(x) and W j+1(x) are regular and singular component respectively, and V j+1(x)

is the solution of the differential equation in (0, 1)

− ε

2

d2V j+1(x)

dx2
+ p(x)V j+1(x) = gj+1

1 (x)− b(x)

2
φj+1
l (x), x ∈ (0, 1),

V j+1(0) = V j+1
0 (0),

V j+1(1) = 2p(x)−1(1)

(
gj+1

1 (1)− b(1)

2
φj+1
l (0)

)
,
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and also it is a solution of differential equation in (1, 2),

− ε

2

d2V j+1(x)

dx2
+ p(x)V j+1(x) +

b(x)

2
V j+1(x− 1) = gj+1

2 (x),

V j+1(1) = 2p(x)−1(1)

(
gj+1

2 (1)− b(1)

2
V j+1

0 (0)

)
,

KV j+1(2) = KV j+1
0 (2),

where V j+1
0 (x) is the solution of the reduced problem. In the other case W j+1(x) is the

solution of

− ε

2

d2W j+1(x)

dx2
+ p(x)W j+1(x) = 0, x ∈ (0, 1),

− ε

2

d2W j+1(x)

dx2
+ p(x)W j+1(x) +

b(x)

2
W j+1(x− 1), x ∈ (1, 2),

W j+1 = U j+1(x)− V j+1
0 (x),

KW j+1(2) = KU j+1(2)−KV j+1
0 (2).

Lemma 8.8. The derivatives of V j+1(x) and W j+1(x) satisfy the following estimates for

0 ≤ k ≤ 4.

∣∣∣∣dkV j+1(x)

dxk

∣∣∣∣ ≤ C

1 + ε−
(k−2)

2 d1(x, α), x ∈ (0, 1),

1 + ε−
(k−2)

2 d2(x, α), x ∈ (1, 2),

∣∣∣∣dkW j+1(x)

dxk

∣∣∣∣ ≤ C

ε−
k
2 d1(x, α), x ∈ (0, 1),

ε−
k
2 d2(x, α), x ∈ (1, 2),

where d1(x, α) = e
−x
√
α√
ε + e

−(1−x)
√
α√
ε and d2(x, α) = e

−(x−1)
√
α√
ε + e

−(2−x)
√
α√
ε

Proof.
The proof of the lemma follows using the estimates of Lemma 8.4 and the decomposition

in (8.41). �

8.5.2 The spatial discretization

The piecewise-uniform mesh having N(≥ 8) mesh elements on [0, 2] is generated by divid-

ing the first half interval [0, 1] into three subintervals as Ω1 = Ωl∪Ωc∪Ωr, where Ω1 = [0, 1],

Ωl = [0, µ], Ωc = (µ, 1− µ], and Ωr = (1− µ, 1]. To obtain a piecewise-uniform mesh, we

place N
4

mesh elements in Ωc and N
8

mesh elements in each of the subintervals Ωl and Ωr.

Hence, the piecewise-uniform mesh is given by
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xi =

0, i = 0

xi−1 + hi, i = 1, 2, 3, · · · , N/2,

where hi’s are given by

hi =


8µ
N
, i = 1, 2, 3, · · · , N

8
,

4(1−2µ)
N

, i = N
8

+ 1, · · · , 3N
8
,

8µ
N
, i = 3N

8
+ 1, · · · , N

2

Similarly Ω2 = [1, 2] divided into three subintervals, Ω2 = Ωl ∪ Ωc ∪ Ωr, where Ωl =

(1, 1 + µ], Ωc = (1 + µ, 2− µ], and Ωr = (2− µ, 2]. The nodal points are then given by

xi = xi−1 + hi, i =
N

2
, · · · , N

where hi’s are given by

hi =


8µ
N
, i = N

8
, · · · , 5N

8
,

4(1−2µ)
N

, i = 5N
8

+ 1, · · · , 7N
8
,

8µ
N
, i = 7N

8
+ 1, · · · , N,

where the transition parameter µ separates the non-uniform mesh into uniform meshes and

is given by

µ = min

{
1

4
, 2
√
ε lnN

}
,

where N denotes the number of mesh elements in the space-direction.

Now, a standard finite difference method is applied for semi-discrete problem (8.26) and

replacing the second order derivative by central difference scheme, we obtain

LU j+1(xi) = Gj+1(xi),

where

LU j+1(xi) =

− ε
2
U j+1
xx (xi) + p(xi)

2
U j+1(xi), xi ∈ ΩN

1

− ε
2
U j+1
xx (xi) + p(xi)

2
U j+1(xi) + b(xi)

2
U j+1(xi − N

2
), xi ∈ ΩN

2

Gj+1(xi) =

gj+1(xi)− b(xi)
2
φj+1
l (xi − N

2
), xi ∈ ΩN

1

gj+1(xi), xi ∈ ΩN
2 ,
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and the discrete operator LN is defined as

LU(xi) =

− ε
2
D+
xD

−
x Ui + pi

2
Ui, i = 0, 1, 2, · · · , N

2

− ε
2
D+
xD

−
x Ui + pi

2
Ui + bi

2
Ui−N

2
, i = N

2
+ 1, N

2
+ 2, · · · , N

(8.42)

Gj+1(xi) =

gi −
bi
2
φli−N

2
, i = 0, 1, 2, · · · , N

2

gi, i = N
2

+ 1, N
2

+ 2, · · · , N
(8.43)

with boundary conditions

Ui = φli, i = −N
2
,−N

2
, · · · 0.

D−x UN
2

= D+
x UN

2
,

KNUN = UN − ε
∑N

i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
hi = φrN

Ui = φb, i = 0, 1, 2, 3, · · · , N.

(8.44)

where Ui = U(xi), ri = r(xi), gi = g(xi), bi = b(xi).

Here, for i = N , Simpson’s 1
3

rule given in (7.21) is used to approximate the integral∫ 2

0
g(x)u(x, t)dx.

8.6 Uniform stability estimate
The uniform stability estimate for the developed numerical method is discussed as follows.

Lemma 8.9. (Semi-discrete Maximum Principle): Assume that

N∑
i=1

gi−1 + 4gi + gi+1

3
h = ρ < 1,

and Zj+1 be any mesh function satisfying Zj+1
0 ≥ 0, Zj+1

i ≥ 0, KNZj+1
N ≥ 0, L1Z

j+1
i ≥

0, ∀i ∈ ΩN
1 , L2Z

j+1
i ≥ 0,∀i ∈ ΩN

2 , and [Dx]Z
j+1
N
2

= D+
x Z

j+1
N
2

− D−x Z
j+1
N
2

≤ 0, then

Zj+1
i ≥ 0, for all i = 0, 1, 2, · · · , N .

Proof. Define a test function

sj+1(xi) =

1
8

+ xi
2

3
8

+ xi
4

Note that sj+1(xi) ≥ 0 ∀xi ∈ Ω̄N , LNsj+1(xi) > 0, ∀xi ∈ ΩN
1 ∪ ΩN

2 , sj+1(x0) >

0,KNsj+1(xN) > 0 and [Dx] s
j+1(xN

2
) < 0. Let

λ = max

{
−Zj+1(xi)

sj+1(xi)
; i = 1, 2, 3, · · · , N

}
.
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Then there exist x∗i such that Zj+1(x∗i ) + λsj+1(x∗i ) = 0 and Zj+1(xi) + λsj+1(xi) ≥ 0,

for all i = 1, 2, 3, · · · , N, j = 1, 2, 3, · · · ,M − 1. Hence the function Zj+1(xi) + λsj+1(xi)

attains a minimum value at x∗i . Assume that the lemma does not hold true, then λ > 0.

Case-I: When x∗i = x0, 0 < (Zj+1 + λsj+1)(x0) = 0.

Case-II: When x∗i = xi, i = 1, 2, 3, · · · .N
2

,

0 < L1(Zj+1 + λsj+1)(x∗i ) =
(
−ε

2
D+
xD

−
x +

pi
2

) (
Zj+1 + λsj+1

)
(xi) ≤ 0.

Case-III: When x∗i = xN
2

, 0 ≤ [Dx] (Zj+1 + λsj+1)(xN
2

) < 0.

Case-IV: When x∗i = xi, i = N
2

+ 1, N
2

+ 2, · · · , N ,

0 < L2(Zj+1 + λsj+1)(x∗i ) =
(
−ε

2
D+
xD

−
x +

pi
2

) (
Zj+1 + λsj+1

)
(xi)

+b
(
Zj+1 + λsj+1

)
(xi −

N

2
) ≤ 0.

Case-V: When x∗i = xN , 0 < K (Zj+1 + λsj+1) (xN) = (Zj+1 + λsj+1) (xN)

−ε
N∑
i=1

gi−1 (Zj+1 + λsj+1) (xi−1) + 4gi (Z
j+1 + λsj+1) (xi) + gi+1 (Zj+1 + λsj+1) (xi+1)

3
hi ≤ 0.

In all the cases we arrived at a contradiction. Therefore λ > 0 is not possible. This implies

that Zj+1(xi) ≥ 0. �

An application of the above lemma is the following uniform stability estimate.

Lemma 8.10. Let U j+1(xi), i = 1, 2, be any mesh functions. Then,

∣∣∣∣U j+1
i

∣∣∣∣ ≤ C max

{∣∣∣∣U j+1
0

∣∣∣∣ , ∣∣∣∣KU j+1
N

∣∣∣∣ , max
1≤i≤N

∣∣∣∣LNU j+1
i

∣∣∣∣} .
Proof. Consider two barrier functions Ψ±i = CMsj+1

i ±U
j+1
i . We consider four different

cases.

Case-I: For i = 0, Ψ±0 = CMsj+1
0 ± U j+1

0 = C
∣∣∣∣U j+1

0

∣∣∣∣ sj+1
0 ± U j+1

0 ≥ 0.

Case-II: For i = 1, 2, · · · , N
2

,

L1Ψ±i = −ε
2

(Ψ±i )xx +
pi
2

Ψ±i

=
pi
2
CMsj+1

i ± LN1 U
j+1
i

=
pi
2
C
∣∣∣∣LN1 U j+1

i

∣∣∣∣ sj+1
i ± LN1 U

j+1
i

≥ 0.

Ph.D Dissertation 107



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

Case-III: For i = N
2

+ 1, · · · , N − 1,

L2Ψ±i = −ε
2

(Ψ±i )xx +
pi
2

Ψ±i +
bi
2

Ψ±
i−N

2

≥ pi + bi
2

CMsj+1
i ± LN2 U

j+1
i

≤ γ C
∣∣∣∣LN2 U j+1

i

∣∣∣∣ sj+1
i ± LN2 U

j+1
i

≥ 0.

Case IV: For i = N

KΨ±i = Ψ±N − ε
N∑
i=1

gi−1Ψ±i−1 + 4giΨ
±
i + gi+1Ψ±i+1

2
hi

= C
∣∣∣∣KU j+1

i

∣∣∣∣ sj+1
i ±KU j+1

i

≥ 0. (8.45)

�

Hence, the result is obtained by applying the discrete maximum principle.

8.7 Uniform convergence analysis
The uniform convergence analysis is presented by decomposing the solution U j+1

i into the

smooth and singular components as

U j+1
i = V j+1

i +W j+1
i ,

where V j+1
i is the solution of

LV j+1
i = gj+1

i , i = 1, 2, · · · , N, j = 0, 1, · · · ,M − 1.

V j+1
0 = φl

j+1
0 ,

KNV j+1
N = KV j+1

0 (xN),

V j+1
i = φb

j+1
i ,

(8.46)

and therefore W j+1
i must satisfy

LNW j+1
i = 0, i = 1, 2, · · · , N, j = 0, 1, · · · ,M − 1,

W j+1
i = U j+1

i − vj+1
i ,

KNW j+1
N = KNU j+1

N −KNV j+1
N .

(8.47)

Theorem 8.2. Let U j+1(x) and U j+1
i are the solutions of the problem (8.27)-(8.30) and
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(8.42)-(8.43) respectively, and assume that the coefficients p(x), b(x), g(x) ∈ C4+α1(Ω̄),

and the boundary conditions satisfy φj+1
l ∈ C3+α1/2(0, T ), φj+1

b ∈ C6+α1(Γb), φ
j+1
r (0, T ),

where α1 ∈ (0, 1), then we have

sup
0<ε�1

∣∣∣∣U j+1(x)− U j+1
i

∣∣∣∣ ≤ CN−2 ln2N.

The error can be written in the form

U j+1
i − U j+1(xi) =

(
V j+1
i − V j+1(xi)

)
+
(
W j+1
i −W j+1(xi)

)
.

Proof. We prove the error estimates of the smooth and singular components separately.

First, we derive the error estimate for the smooth component using the following classical

argument.

At the point xi = xN ,

KN
(
V j+1
i − V j+1(xi)

)
= KNV j+1

i −KNV j+1(xi)

= φr −KNV j+1
i

= KV j+1(xi)−KNV j+1(xi)

≤ CN−2.

The detailed proof is given in Theorem 7.1.

From the difference and discrete equations, we have

L1

(
V j+1
i − V j+1(xi)

)
= gj+1

1 − L1V
j+1(xi) =

(
L1 − LN1

)
V j+1(xi).

Then, it implies that

LN1
(
V j+1
i − V j+1(xi)

)
= −ε

2

(
∂2

∂x2
−D+

xD
−
x

)
V j+1(xi).

It follows from classical estimates in (Miller et al., 2012), at each point xi ∈ ΩN
1 ,

LN1
(
V j+1
i − V j+1(xi)

)
≤


ε
6

(xi+1 − xi−1)
∣∣∣∣∣∣∂3V j+1(x)

∂x3

∣∣∣∣∣∣ , if xi = µ or xi = 1− µ,
ε
12

(xi − xi−1)2
∣∣∣∣∣∣∂4V j+1(x)

∂x4

∣∣∣∣∣∣ , otherwise,

≤ C


√
ε N−1, if xi = µ or xi = 1− µ,

N−2, otherwise.

Ph.D Dissertation 109



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

Similarly,

LN2
(
V j+1
i − V j+1(xi)

)
≤


ε
6

(xi+1 − xi−1)
∣∣∣∣∣∣∂3V j+1(x)

∂x3

∣∣∣∣∣∣ , if xi = 1 + µ or xi = 2− µ,
ε
12

(xi − xi−1)2
∣∣∣∣∣∣∂4V j+1(x)

∂x4

∣∣∣∣∣∣ , otherwise.

≤ C


√
ε N−1, if xi = 1 + µ or xi = 2− µ,

N−2, otherwise.

Define

Φj+1(xi) = C


µ
ε
θ1(xi)N

−2 +N−2,

(1+µ)
ε
θ2(xi) +N−2,

where θ1 and θ2 are the piecewise linear polynomial

θ1 =


x
µ

for 0 ≤ x ≤ µ,

1 for µ ≤ x ≤ 1− µ,
1−x
µ

for 1− µ ≤ x ≤ 1.

and

θ2 =


x

1+µ
for 1 ≤ x ≤ 1 + µ,

1 for 1 + µ ≤ x ≤ 2− µ,
2−x
1+µ

for 2− µ ≤ x ≤ 2.

Then, for all xi, i = 1, 2, 3, · · · , N,

0 ≤ Φj+1(xi) ≤ CN−2 lnN,

and also

LN1 Φj+1(xi) =

C
√
εN−1 +N−2 if xi = µ or xi = 1− µ,

CN−2 otherwise.

Observe that µ√
ε
≤ 2 lnN and

LN1 θ(xi) =

 εN
µ

+ p(xi), if xi = µ or xi = 1− µ,

r(xi)θ(xi), otherwise.
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Similarly,

LN2 Φj+1(xi) =

C
√
εN−1 +N−2 if xi = 1 + µ or xi = 2− µ,

CN−2 otherwise.

Note that 1+µ√
ε
≤ 2 lnN and

LN2 θ(xi) =

 εN
1+µ

+ p(xi), if xi = 1 + µ or xi = 2− µ.

p(xi)θ(xi) + b(xi)θ(xi − N
2

), otherwise,

and for all xi ∈ ΓN , then Φj+1(xi) ≥ 0. Observe that KNθj+1(xi) ≥ 0.

Define a barrier functions

Ξ±(xi) = Φ(xi)±
(
V j+1
i − V j+1(xi)

)
,

it follows that ∀xi, i = 1, 2, · · · , N ,

LN1 Ξ±(xi) ≥ 0 and LN2 Ξ±(xi) ≥ 0.

Then, from the semi-discrete maximum principle, Ξ±(xi) ≥ 0,∀i = 1, 2, · · · , N.
Then, we have

V j+1
i − V j+1(xi) ≤ Φ(xi) ≤ CN−2 lnN∣∣V j+1
i − V j+1(xi)

∣∣ ≤ CN−2 lnN. (8.48)

To estimate the singular component of the error, we decompose W j+1(x) into W j+1
l (x)

and W j+1
r (x).

LNW j+1
l (xi) = 0, i = 1, 2, · · · , N, j = 0, 1, · · · ,M − 1,

W j+1
l (xi) = φj+1

l (xi)− vj+1
0 (xi), xi ∈ ΓNl ,

W j+1
l (xi) = 0, xi ∈ ΓNr ,

W j+1
l (xi) = 0, xi ∈ ΓNb ,

(8.49)
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LNW j+1
l (xi) = 0, i =

N

2
+ 1, · · · , N.

W j+1
l (xi) = A, xi ∈ ΓNl

KNW j+1
l (xi) = 0, xi ∈ ΓNr

W j+1
l (xi) = 0, , xi ∈ ΓNb

and

LNW j+1
r (xi) = 0, i = 1, · · · , N.

W j+1
r (xi) = 0, xi ∈ ΓNl

KNW j+1
r (xi) = A, xi ∈ ΓNr

W j+1
r (xi) = 0, , xi ∈ ΓNb

LNW j+1
r (xi) = 0, i =

N

2
+ 1, · · · , N.

W j+1
r (xi) = 0, xi ∈ ΓNl

KNW j+1
r (xi) = KNW j+1(xi), xi ∈ ΓNr

W j+1
r (xi) = 0, xi ∈ ΓNb

The singular component error is equivalent to

W j+1
i −W j+1(xi) =

(
Wl

j+1
i −Wl

j+1(xi)
)

+
(
Wr

j+1
i −Wr

j+1(xi)
)
.

LN
(
W j+1
i −W j+1(xi)

)
≤ −ε

2

(
∂2

∂x2
−D+D−

)
W j+1(xi).

It follows from classical estimates given in (Miller et al., 2012), at each point xi, i =

1, 2, · · · , N ,

LN
(
W j+1
i −W j+1(xi)

)
≤ C

(N−1 lnN)2, if i = 1, 2, · · · , N
2
,

(N−1 lnN)2, if i = N
2

+ 1, · · · , N.

First, the estimate for Wl
j+1
i −Wl

j+1(xi) is given. The argument depends on whether µ = 1
4

or µ = 2
√
ε lnN .

Case-I: µ = 1
4

In this case the mesh is uniform and µ = 2
√
ε lnN ≥ 1

4
. It is clear that xi − xi−1 = N−1
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and ε−
1
2 ≤ C lnN . By (Miller et al., 2012) we have

KN
(
Wl

j+1
i −Wl

j+1(xi)
)

= KNWl
j+1
i −KNWl

j+1(xi)

= φr −KNWl
j+1(xi)

= KWl
j+1(xi)−KNWl

j+1(xi)∣∣KN (Wl
j+1
i −Wl

j+1(xi)
)∣∣ ≤ Cε

(
h4

1

∂4

∂x4
Wl

j+1(ξi) + · · ·+ h4
N

∂4

∂x4
Wl

j+1(ξN)

)
≤ Cε−1

(
h4

1 + · · ·+ h4
N

)
≤ CN−2 ln2N,

where xi−1 ≤ ξi ≤ xi. By applying semi-discrete uniform stability, Lemma 8.10, we obtain

∣∣Wl
j+1
i −Wl

j+1(xi)
∣∣ ≤ C(N−2 ln2N).

Case-II: µ < 1
4

Since the mesh is piecewise uniform with the subinterval [µ, 1 − µ], mesh elements are

4(1− 2µ)/N and the rest of the intervals [0, µ] and [1− µ, 1] with 8µ/N mesh elements. By

(Miller et al., 2012), we have

KN
(
Wl

j+1
i −Wl

j+1(xi)
)
≤ CN−2 ln2N,

and

∣∣KN (Wl
j+1
i −Wl

j+1(xi)
)∣∣ ≤ Cε

(
h4

1

∂4

∂x4
Wl

j+1(ξi) + · · ·+ h4
N

∂4

∂x4
Wl

j+1(ξN)

)
≤ Cε−1

(
h4

1 + · · ·+ h4
N

)
≤ CN−2 ln2N,

where xi−1 ≤ ξi ≤ xi. By applying semi-discrete uniform stability, Lemma (8.10), we

obtain

∣∣Wl
j+1
i −Wl

j+1(xi)
∣∣ ≤ CN−2 ln2N, (8.50)

by combining equation (8.48) and (8.50), we have

∣∣U j+1
i − U j+1(xi)

∣∣ ≤ CN−2 ln2N. (8.51)

�

The results of this work is summarized by considering the semidiscrete error estimate ob-
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tained in (8.40) and (8.50) and we conclude by the following theorem.

Theorem 8.3. The error estimate for the solution of the continuous and fully discrete prob-

lem is given by

sup
0<ε≤1

∣∣∣∣u(x, t)− U j+1
i

∣∣∣∣ ≤ C
(
N−2 ln2N + (∆t)2

)
,

where u(x, t) and U j+1
i are the solutions of the problem (8.1)-(8.4) and (8.27)-(8.30) respec-

tively.

Proof. The proof follows from Theorems (8.1) and (8.2). �

8.8 Numerical results and discussions
Two model examples are presented to validate the results of this study. Since the exact

solution of the problem is not known, double mesh principle is used to estimate maximum

point wise error using (6.27), uniform error estimate using (6.28), rate of convergence using

(6.29), and uniform rate of convergence using (6.30). The obtained results are displayed in

tables for different values of N,∆t and ε.

Example 8.1. Consider a class of SPPDDEs with integral boundary condition of the form

Elango et al. (2021)

−ε∂2u
∂x2

+ ∂u
∂t

+ 5u(x, t)− u(x− 1, t) = e−x, (x, t) ∈ (0, 2)× (0, 2]

u(x, t) = 0, ∀(x, t) ∈ ΓL

Ku(2, t) = u(2, t)− ε
∫ 2

0
x
3
u(x, t)dx = 0, ∀ (x, t) ∈ Γr

u(x, t) = 0, ∀ (x, t) ∈ Γb.

(8.52)

Example 8.2. Consider a class of SPPDDEs with integral boundary condition of the form

Elango et al. (2021)

−ε∂2u
∂x2

+ ∂u
∂t

+ 5u(x, t)− xu(x− 1, t) = 1, (x, t) ∈ (0, 2)× (0, 2]

u(x, t) = 0, ∀(x, t) ∈ ΓL

Ku(2, t) = u(2, t)− ε
∫ 2

0
1
6
u(x, t)dx = 0, ∀ (x, t) ∈ Γr

u(x, t) = sin(πx), ∀ (x, t) ∈ Γb.

(8.53)

Figures 8.1 and 8.2 indicate the numerical solution profiles of Examples 8.1 and 8.2 respec-

tively. One can observe that for a small values of ε, the solution of the problem exhibit a
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Figure 8.1: Graph of numerical solution for Example 8.1
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Figure 8.2: Graph of numerical solution for Example 8.2
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Table 8.1: Maximum pointwise error and rate of convergence for Example 8.1.

ε N=32 64 128 256 512
↓ ∆t =0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

10−3 4.5524e-03 2.3661e-03 7.8475e-04 2.1043e-04 5.3542e-05
0.9441 1.5922 1.8989 1.9746

10−4 4.5511e-03 2.3657e-03 9.3776e-04 3.2531e-04 1.0796e-04
0.9439 1.3350 1.5274 1.5913

10−5 4.5508e-03 2.3657e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3350 1.5274 1.5913

10−6 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913

10−7 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913

10−8 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913

10−9 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913

...
...

...
...

...
...

4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913

EN,∆t 4.5524e-03 2.3661e-03 9.3776e-04 3.2531e-04 1.0796e-04
RN,∆t 0.9441 1.3334 1.5274 1.5913 -
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Figure 8.3: Log-Log plot of maximum absolute error versus mesh numbers for different
values of ε (a) for Example 8.1, (b) for Example 8.2.

boundary layer at x = 0 and x = 2 and interior layer occurred at x = 1, because of the

delay term in spatial direction. One can also observe that the width of the layers decreases as

the parameter ε decreases. Tables 8.1 and 8.2 indicates ε-uniform maximum pointwise error

EN,∆t and the rate of convergence RN,∆t for both Examples 8.1 and 8.2. Figures 8.3 show

the Log-Log plot of the maximum absolute error verses N for singular perturbation parame-

ter ranging from ε = 10−5 to 10−8 for Examples 8.1 and 8.2 respectively. In these figures the
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Table 8.2: Maximum pointwise errors and rate of convergence for Example 8.2.

ε N = 32 64 128 256 512
↓ ∆t = 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

10−3 5.0995e-03 2.3698e-03 7.8500e-04 4.4835e-04 3.1910e-04
1.1056 1.5940 0.8081 0.4906

10−4 5.1011e-03 2.3669e-03 9.3786e-04 3.2534e-04 2.6596e-04
1.1078 1.3356 1.5274 0.2907

10−5 5.1010e-03 2.3660e-03 9.3778e-04 3.2531e-04 2.6602e-04
1.1083 1.3351 1.5274 0.2903

10−6 5.1009e-03 2.3658e-03 9.3776e-04 3.2531e-04 2.6604e-04
1.1084 1.3350 1.5274 0.2902

10−7 5.1009e-03 2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902

10−8 5.1009e-03 2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902

10−9 5.1009e-03 2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902

...
...

...
...

...
...

5.1009e-03 2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902

EN,∆t 5.2949e-03 2.8424e-03 1.4907e-03 7.6522e-04 2.6604e-04
RN,∆t 0.8975 0.9311 0.9620 1.5242 -

Table 8.3: Comparison of uniform error estimate and rate of convergence for Example 8.1 at
N and ∆t.

N = 32 64 128 256 512
∆t = 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

Present Method
EN,∆t 4.5524e-03 2.3661e-03 9.3776e-04 3.2531e-04 1.0796e-04
RN,∆t 0.9441 1.3334 1.5274 1.5913 -

Hailu & Duressa (2022)
EN,∆t 1.2974e-02 8.7628e-03 4.6313e-03 2.0155e-03 7.6160e-04
RN,∆t 0.56616e 0.91997 1.2003 1.4040 -

Gobena & Duressa (2021)
EN,∆t 2.0026e-03 1.0723e-03 5.5505e-04 2.8241e-04 1.4245e-04
RN,∆t 0.90117 0.95002 0.97483 0.98734 -

Elango et al. (2021)
EN,∆t 1.2534e-02 6.9738e-03 3.6873e-03 1.8972e-03 9.6241e-04
RN,∆t 0.84584 0.91937 0.95873 0.97912

graphs are parallel and overlapped as ε goes small, this indicate that the proposed scheme

converges independent of the values of perturbation parameter. Tables 8.3 and 8.4, shows

the comparison of maximum absolute error and rate of convergence for the proposed scheme

with the methods existed in the literature. From those tables, one can see that the devel-

oped numerical method is a more accurate parameter uniform convergent than the methods
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Table 8.4: Comparison of uniform error estimate and rate of convergence for Example 8.2 at
N and ∆t.

N = 32 64 128 256 512
∆t = 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

Present Method
EN,∆t 5.2949e-03 2.8424e-03 1.4907e-03 7.6522e-04 2.6604e-04
RN,∆t 0.8975 0.9311 0.9620 1.5242 -

Gobena & Duressa (2021)
EN,∆t 1.5980e-02 8.3421e-03 4.2681e-03 2.1581e-03 1.0853e-03
RN,∆t 0.93778 0.96682 0.98383 0.99180

Hailu & Duressa (2022)
EN,∆t 3.1547e-02 1.7445e-02 9.2639e-03 4.7759e-03 2.4253e-03
RN,∆t 0.85469 0.91312 0.95585 0.97761 -

Elango et al. (2021)
1.4776e-01 9.7571e-02 5.7092e-02 3.1057e-02 1.6222e-02

RN,∆t 0.59873 0.77316 0.87837 0.93697

presented in (Elango et al., 2021), (Gobena & Duressa, 2021), and (Hailu & Duressa, 2022).

8.9 Summary
A class of singularly perturbed reaction diffusion problem of partial delay differential equa-

tions with nonlocal boundary conditions was considered. We developed a finite difference

scheme on a piecewise uniform Shishkin mesh for spatial discretization and Crank-Nicolson

method to discretize the time derivative. The properties of the continuous solution were stud-

ied and satisfies the continuous stability estimate. To show the boundedness of the solution

and its derivatives, the solution decomposed into smooth and regular components. Simp-

sons 1/3 rule is used to treat the integral boundary conditions given at the right end plane

of the domain. The stability estimate and parameter uniform convergence analysis for nu-

merical method are also studied. The developed numerical method is ε-uniform convergent

with almost second-order in spatial direction and second-order in temporal direction. The

numerical results agree with the theoretical estimates.
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CHAPTER NINE

HYBRID NUMERICAL METHOD FOR SINGULARLY

PERTURBED PARTIAL DELAY DIFFERENTIAL

EQUATIONS WITH NONLOCAL BOUNDARY

CONDITION

This chapter deals with a numerical method for SPPDDEs with nonlocal boundary condi-

tions. Since a small perturbation parameter ε multiplies the highest derivatives, solution of

the problem exhibit a boundary layers at left and right end plane of the domain and interior

layer which forms because of the presence of large delay on the space variable. A hybrid

numerical method is proposed in the spatial direction, and an implicit Euler method is used

in temporal direction. The proposed hybrid method constitutes cubic spline method in the

boundary layer region and a classical finite difference method in the outer layer region. The

nonlocal boundary condition is treated using Simpson’s 1
3

rule. The uniform stability and

convergence analysis for the proposed scheme are studied. The developed method is uni-

formly convergent with second-order in space and first-order in time. Two numerical model

examples are considered to validate the applicabilty of the proposed method. The numerical

results agreed with the theoretical estimations.

9.1 The governing problem
Consider SPPPDDEs of reaction-diffusion types with an integral boundary condition:

Lu(x, t) =
∂u(x, t)

∂t
− ε∂

2u(x, t)

∂x2
+ a(x, t)u(x, t) + b(x, t)u(x− 1, t) = f(x, t), (x, t) ∈ Ω,

u(x, t) = φl(x, t), φl(x, t) ∈ Γl = {(x, t);−1 ≤ x ≤ 0 and 0 ≤ t ≤ T} ,

Ku(x, t) = u(2, t)− ε
∫ 2

0

g(x)u(x, t)dx = φr(x, t), φr(x, t) ∈ Γr = {(2, t); 0 ≤ t ≤ T} ,

u(x, t) = φb(x, t), φb(x, t) ∈ Γb = {(x, 0)} ,
(9.1)

where (x, t) ∈ Ω = (0, 2) × (0, T ], Ω̄ = [0, 2] × [0, T ], Ω1 = (0, 1) × [0, T ], Ω2 =

(1, 2) × [0, T ], Ω∗ = Ω1 ∪ Ω2 and ε is a small positive parameter (0 < ε � 1). Assume

that a(x, t) ≥ α > 0, b(x, t) ≤ β < 0, α + β > 0, f(x, t), φl, φr, φb are sufficiently

smooth and g(x) is monotonically non negative function and satisfy
∫ 2

0
g(x)dx < 1. These

assumptions assure that the problem (9.1) has a unique solution (Bahuguna & Dabas, 2008).
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The aforementioned problem emerges in the research of population density with time lag. In

the left, no flux condition is considered, and the average population size is regulated by the

function φr(x, t) in the right. For a very small value of ε, the solution u(x, t) has a boundary

and interior layers. Because of the presence of these layers, classical numerical approaches

are ineffective for solving such types singularly perturbed problems. Special techniques, in

which the error is independent of the perturbation parameter are required to obtain a good

numerical approximations to such problems.

The problem (9.1) is equivalently written as

Lu(x, t) = F (x, t) (9.2)

where

Lu(x, t) =

L1u(x, t) = ∂u(x,t)
∂t
− ε∂

2u(x,t)
∂x2

+ a(x, t)u(x, t), (x, t) ∈ Ω1,

L2u(x, t) = ∂u(x,t)
∂t
− ε∂

2u(x,t)
∂x2

+ a(x, t)u(x, t) + b(x, t)u(x− 1, t), (x, t) ∈ Ω2,

F (x, t) =

f(x, t)− b(x, t)φl(x− 1, t), (x, t) ∈ Ω1,

f(x, t), (x, t) ∈ Ω2.

with boundary conditions

u(x, t) = φl(x, t), φl(x, t) ∈ Γl = {(x, t);−1 ≤ x ≤ 0 and 0 ≤ t ≤ T} ,

u(1−, t) = u(1+, t),
∂u

∂x
(1−, t) =

∂u

∂x
(1+, t),

Ku(x, t) = u(2, t)− ε
∫ 2

0

g(x)u(x, t)dx = φr(x, t), φr(x, t) ∈ Γr = {(2, t); 0 ≤ t ≤ T} ,

u(x, t) = φb(x, t), φb(x, t) ∈ Γb = {(x, 0)} .
(9.3)

For the problems (9.2) - (9.3) to have existence and uniqueness of a solution, we assume that

the coefficients of the problem are Hölder continuous and imposing correct compatibility

conditions at the corners (0, 0), (2, 0), (−1, 0) and (1, 0) (Ladyzhenskaya et al., 1968). The

following conditions must be satisfied.

φb(0, 0) = φl(0, 0), φb(2, 0) = φr(2, 0)
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and

− ε∂
2φb(0, 0)

∂x2
+ a(0, 0)φb(0, 0) +

∂φl(0, 0)

∂t
+ b(0, 0)φl(−1, 0) = f(0, 0),

− ε∂
2φb(2, 0)

∂x2
+ a(2, 0)φb(2, 0) +

∂φr(2, 0)

∂t
+ b(2, 0)φl(1, 0) = f(2, 0).

9.2 Properties of the continuous solution
Properties of the governing problem (9.1) which guarantee the uniqueness and existence of

the solution are presented here.

Lemma 9.1. (Continuous Maximum Principle) Ifψ(x, t) ∈ C(0,0)(Ω̄)∩C(1,0)(Ω)∩C(2,1)(Ω1∪
Ω2) such thatψ(0, t) ≥ 0, ψ(x, 0) ≥ 0,Kψ(2, t) ≥ 0,L1ψ(x, t) ≥ 0,∀(x, t) ∈ Ω1,L2ψ(x, t) ≥
0, ∀(x, t) ∈ Ω2 and [ψx](1, t) = ψx(1

+, t) − ψx(1
−, t) ≤ 0, then ψ(x, t) ≥ 0, for all

(x, t) ∈ Ω̄.

Proof. The proof is given in Lemma 8.1. �

Lemma 9.2. (Stability Result) The solution u(x, t) of the problem (1.3) satisfies the bound

‖u‖Ω̄ = C max {‖u‖Γl , ‖u‖Γb , ‖K‖Γr , ‖Lu‖Ω∗} .

Proof. We prove by using the maximum principle in Lemma 9.1 and by constructing the

barrier functions Θ±(x, t) = max {‖u‖Γl , ‖u‖Γb , ‖u‖Γr , ‖Lu‖Ω∗} s(x, t) ± u(x, t), (x, t) ∈
Ω̄, where s(x, t) is the test function in (8.5). �

Lemma 9.3. Suppose a(x, t), b(x, t), f(x, t) ∈ C(2+α1,1+α1/2)(Ω̄), and φl ∈ C2+α1/2([0, T ]), φb ∈
C(4+α1,2+α1/2)(Γb), φr ∈ C2+α1/2([0, T ]), where α1 ∈ (0, 1). Then, the problem (9.1) has a

unique solution u which satisfy u ∈ C(4+α1,2+α1/2)(Ω̄). And also the derivatives of a solution

u are bounded. ∀i, j ∈ Z ≥ 0 such that 0 ≤ i+ 2j ≤ 4,

‖ ∂
i+jz

∂xi∂tj
‖ ≤ Cε

−i
2 . (9.4)

.

Proof. The proof is given in Lemma 8.3. �

9.3 Decomposition of the solution
The bounds on the derivatives of the solution given in Lemma 9.3 were derived from classical

results. They are not adequate for the proof of the ε -uniform error estimate. Stronger bounds

on these derivatives are now obtained by a method originally given in (Shishkin, 1989). The

key step is to decompose the solution u into smooth and singular components. The solution
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u of (9.1) is decomposed as u = v + w, where v is smooth and w is singular components.

The smooth and singular component satisfy the following bound.

Lemma 9.4. Suppose a(x, t), b(x, t), f(x, t) ∈ C(4+α1,2+α1/2)(Ω̄), and φl ∈ C(3+α1/2)([0, T ]),

φb ∈ C(6+α1,3+α1/2)(Γb), φr ∈ C(3+α1/2)([0, T ]), where α1 ∈ (0, 1). Then, we have

‖ ∂
i+jv

∂xi∂tj
‖Ω̄ ≤ C

(
1 + ε1−i/2) , (9.5)

|∂
i+jwl
∂xi∂tj

| ≤

Cε
−i
2 e

x√
ε , (x, t) ∈ Ω1,

Cε
−i
2 e
−(x−1)√

ε , (x, t) ∈ Ω2,
(9.6)

|∂
i+jwr
∂xi∂tj

| ≤

Cε
−i
2 e
−(1−x)√

ε , (x, t) ∈ Ω1,

Cε
−i
2 e
−(2−x)√

ε , (x, t) ∈ Ω2,
(9.7)

where C is constant independent of parameter ε, (x, t) ∈ Ω̄ i, j ≥ 0, 0 ≤ i+ 2j ≤ 4.

Proof. The proof the lemma is given in Lemma 8.4. �

9.4 The numerical method
In this section, the time derivative is discretized first using the implicit Euler method and then

a layer-adapted mesh of Shishkin type is introduced to discretize the space domain using the

hybrid numerical scheme comprising cubic spline scheme in the boundary layer regions and

classical finite difference method in the regular layer region.

9.4.1 The time semi-discretization

Let ΩM be a uniform mesh which is used in the time semi-discretization and defined as

ΩM = {tj = j∆t, j = 0, 1, · · · ,M, ∆t = T/M}, where M is a non-negative integer. Us-

ing implicit Euler method, the problem (9.1) is semi-discretized as

L∆tU j+1(x) = g(x, tj+1), j = 0, 1, · · · ,M − 1, (9.8)

with discretized the boundary conditions as

U j+1(x) = φj+1
l (x), φj+1

l (x) ∈ Γl,

KU j+1(x) = U j+1(2)− ε
∫ 2

0

g(x)u(x, t)dx = φj+1
r (x), φj+1

r (x) ∈ Γr,

U j+1(x) = φj+1
b (x), φj+1

b (x) ∈ Γb,

(9.9)

where L∆tU j+1(x) = −εU j+1
xx + r(x)U j+1(x) + b(x)U(x − 1)j+1, g(x, tj+1) = Uj(x)

∆t
+

f(x, tj+1), and r(x) = 1
∆t

+ a(x).
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The local truncation error estimation for time semi-discretization which is denoted as ej :=

u(x, tj+1)− U j+1(x), for j = 0, 1, 2, · · · ,M is analyzed as follows.

Lemma 9.5. The local truncation error associated with the implicit Euler method satisfies

the bound

|ej| ≤ C(∆t)2.

Proof. Using Taylor series expansion to u(x, tj+1), we get

u(x, tj+1) = u(x, tj) + ∆t
∂u(x, tj)

∂t
+O((∆t)2). (9.10)

Substituting (9.8) into (9.1), we obtain

u(x, tj+1)− u(x, tj)

∆t
=

∂u(x, t)

∂t
+O((∆t)2)

= −
(
−ε ∂

2

∂x2
u(x, t)− f(x, tj)

)
+O((∆t)2).

Since the error satisfies the given problem, then the local truncation error satisfyL∆tej+1(x) =

O((∆t)2). Using the discrete maximum principle gives

‖ej+1‖ ≤ C(∆t)2. (9.11)

�

The bound for the global truncation error of the time semi-discrete scheme are satisfies the

estimate

‖TEj+1‖ ≤ C(∆t), ∀j ≤ T/∆t. (9.12)

where C is a positive constant independent of ε and ∆t.

9.4.2 The spatial discretization

The piecewise-uniform mesh having (N ≥ 8) mesh elements on [0, 2] is generated by divid-

ing the first half interval [0, 1] into three sub-intervals as [0, µ] , (µ, 1− µ], (1− µ, 1] and the

second half interval [1, 2] into three sub-intervals as (1, 1 +µ] , (1 +µ, 2−µ], and (2−µ, 2].

To obtain a piecewise-uniform mesh, N
4

mesh elements placed in regular region and N
8

mesh

elements placed in each of the boundary layer regions. Hence, the piecewise-uniform mesh
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is given by xi =

0, i = 0,

xi−1 + hi, i = 1, 2, 3, · · · , N,
where hi’s are given by

hi =


8µ
N
, 1 ≤ i ≤ N

8
, N

2
≤ i ≤ 5N

8

4(1−2µ)
N

, N
8

+ 1 ≤ i ≤ 3N
8
, 5N

8
+ 1 ≤ i ≤ 7N

8

8µ
N
, i = 3N

8
+ 1 ≤ i ≤ N

2
, 7N

8
≤ i ≤ N,

where µ is a transition parameter which satisfies the following condition:

µ = min

{
1

4
, 2
√
ε lnN

}
,

where N denotes the number of mesh elements in the spatial-direction. Further, we denote

the mesh size in the boundary layer regions h = 8µ
N

and in the regular region H = 4(1−2µ)
N

.

Here, a classical finite difference method is applied for the spatial semi-discrete on outer

layer region (µ, 1 − µ] and (1 + µ, 2 − µ], by replacing the second-order derivative with a

central difference scheme. From (9.6), the discrete operator L∆t is defined as

L∆tU j+1(xi) =

−εD
+
xD

−
x U

j+1
i + riU

j+1
i i = 1, 2, · · · , N

2
,

−εD+
xD

−
x U

j+1
i + riU

j+1
i + biU

j+1

i−N
2

, i = N
2

+ 1, · · · , N − 1,
(9.13)

with initial and boundary conditions
U0 = φl(0),

U0
i = φb, i = 1, 2, 3, · · · , N − 1,

KNU j+1
N = U j+1

N − ε
∑N

i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
hi = φrN ,

(9.14)

where U j+1
i = U(xi, tj+1), ri = r(xi), gi = g(xi).

Here, for (i = N), the integral boundary condition
∫ 2

0
g(x)u(x, t)dx is approximated using

composite Simpson’s 1
3

integration rule given in (7.21).

By rearranging (9.13), the following system of equations is obtained in the outer region.

L∆tU j+1(xi) =


R−i U

j+1
i−1 +R0

iU
j+1
i +R+

i U
j+1
i−1 = Gi, for i = 1, · · · , N

2
,

R−i U
j+1
i−1 +R0

iU
j+1
i + U+

i U
j+1
i−1 +BiU

j+1
i−N = Gi,

for i = N
2

+ 1, · · · , N − 1,

(9.15)
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where the coefficients are given as

R−i =
−2ε

hi−1(hi + hi−1)
, R0

i =
2ε

hihi−1

+ ri, R
+
i =

−2ε

hi(hi + hi−1)
, Bi = qi,

Gi =

g
j+1
i − qiηi−N , for i = N

8
+ 1, · · · , 3N

8
,

gj+1
i , for i = 5N

8
+ 1, · · · , 7N

8
,

gj+1
i =

U j
i

∆t
+ f j+1

i .

Again, the problem (9.8) is discretized in the inner regions, [0, µ], (1− µ, 1], (1, 1 + µ), and

(2− µ, 2], using cubic spline method in Shishkin mesh as follows. From (9.13), we have

L∆tU j+1(xi) = −εM j+1
k U j+1

k + rkU
j+1
k + bkU

j+1

k−N
2

= gj+1
k , k = i, i± 1. (9.16)

Where M j+1
k = U j+1

xx for k = i, i± 1. From cubic spline method for variable mesh, we have

hi−1

6
M j+1

i−1 +
(hi + hi−1)

3
M j+1

i +
hi
6
M j+1

i+1 =

(
U j+1
i+1 − U

j+1
i

hi

)
−

(
U j+1
i − U j+1

i−1

hi−1

)
,

i = 1, · · · , N − 1. (9.17)

Substituting (9.16) into (9.17) and after arranging some terms, the following difference

scheme is obtained in the boundary layer region.

L∆tU j+1(xi) =


R−i U

j+1
i−1 +R0

iU
j+1
i +R+

i U
j+1
i−1 = Gi, for i = 1, · · · , N

2
,

R−i U
j+1
i−1 +R0

iU
j+1
i +R+

i U
j+1
i−1 +BiU

j+1
i−N = Gi,

for i = N
2

+ 1, · · · , N − 1,

(9.18)

where the coefficients are given by

R−i =
−3ε

hi−1(hi + hi−1)
+

hi−1

2(hi + hi−1)
ri−1, R0

i =
3ε

hihi−1

+ ri,

R+
i =

−3ε

hi(hi + hi−1)
+

hi
2(hi + hi−1)

ri+1,

Gi =

l
−
i Fi−1 + l0iFi + l+i Fi+1, i = 1, · · · , N,

l−i gi−1 + l0i gi + l+i gi+1, i = N + 1, · · · , N − 1,

Bi = l−i qi−1 + l0i qi + li+1
i qi+1, Fi = gj+1

i − qiηi−1, g
j+1
i =

Zj
i

∆t
+ f j+1

i , l−i =
hi−1

2(hi + hi−1)
,

l0i = 1, l+i =
hi

2(hi + hi−1)
.

Now by combining the difference scheme given in (9.15) and (9.18), we obtain the following
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hybrid difference scheme.

L∆tU j+1(xi) =

R
−
i U

j+1
i−1 +R0

iU
j+1
i +R+

i U
j+1
i−1 = Gi, for i = 1, · · · , N

2
,

R−i U
j+1
i−1 +R0

iU
j+1
i +R+

i U
j+1
i−1 +BiU

j+1
i−N = Gi, for i = N

2
+ 1, · · · , N − 1,

(9.19)

for i = 1, 2, · · · , N − 1, j = 1, 2, · · · ,M − 1 with the following interval and integral

boundary conditions
U0 = φl(0),

U0
i = φb, i = 1, 2, 3, · · · , N − 1,

KNU j+1
N = U j+1

N − ε
∑N

i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
hi = φrN ,

(9.20)

where the coefficients for i = 1, 2, · · · , N
8

, i = 3N
8

+ 1, · · · N
2

, i = N
2
, · · · , 5N

8
, and for

i = 7N
8

+ 1, · · · , N − 1 are given by

R−i =
−3ε

hi−1(hi + hi−1)
+

hi−1

2(hi + hi−1)
ri−1,

R0
i =

3ε

hihi−1

+ ri,

R+
i =

−3ε

hi(hi + hi−1)
+

hi
2(hi + hi−1)

ri+1,

Gi =

l
−
i Fi−1 + l0iFi + l+i Fi+1, for i = 1, · · · , N

8
, i = 3N

8
+ 1, · · · , N

2
,

l−i gi−1 + l0i gi + l+i gi+1, for i = N
2

+ 1, · · · , 5N
8
, for i = 7N

8
+ 1, · · · , N − 1,

Bi = l−i qi−1 + l0i qi + li+1
i qi+1,

Fi = gj+1
i − biφi−1, g

j+1
i =

Zj
i

∆t
+ f j+1

i ,

l−i =
hi−1

2(hi + hi−1)
, l0i = 1, l+i =

hi
2(hi + hi−1)

.

Again, for i = N
8

+ 1, · · · , 3N
8

and for i = 5N
8

+ 1, · · · , 7N
8

, the coefficients for the hybrid

scheme are given by

R−i =
−2ε

hi−1(hi + hi−1)
, R0

i =
2ε

hihi−1

+ ri, R
+
i =

−2ε

hi(hi + hi−1)
, Bi = qi,

Gi =

g
j+1
i − biφi−N , for i = N

8
+ 1, · · · , 3N

8
,

gj+1
i , for i = 5N

8
+ 1, · · · , 7N

8
,

gj+1
i =

U j
i

∆t
+ f j+1

i
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9.5 Uniform stability analysis
Lemma 9.6. (Discrete comparison principle) Let there exist a comparison function V j+1

i

such that if U j+1
0 ≤ V j+1

0 and KU j+1
i ≤ KV j+1

i , then L∆tU j+1(xi) ≤ L∆tV j+1(xi), for

i = 1, 2, · · · , N − 1 implies that U j+1
i ≤ V j+1

i for i = 1, 2, · · · , N .

Proof. It is easy to verify that the associated matrix L∆tU j+1(xi) is a size of (N + 1)×
(N + 1) with its interies for i = 1, · · · , N − 1 which are R−i < 0, R0

i > 0, and R0
i < 0.

As a result a coefficient matrix satisfy the M-matrix property. Therefore, there is a non-

singular matrix which is non-negative. This prove shows that the discrete solution is exists

and unique. �

Lemma 9.7. (Uniform stability estimate): The solution U j+1
i of the hybrid scheme in (9.19)

satisfies the bounds

|U j+1
i | ≤ ‖L

∆tU j+1
i ‖
κ

+ max
{
|U j+1

0 |, |KU j+1
2N |

}
, for i = 1, · · · 2N, j = 0, 1, · · · ,M,

where r(xi) ≥ κ.

Proof. Consider the comparison functions

(
Υj+1
i

)±
=
‖L∆tU j+1

i ‖
κ

+ max
{
|U j+1

0 |, |KU j+1
2N |

}
± U j+1

i . (9.21)

Applying discrete comparison principle given on Lemma 9.6, we obtain the required esti-

mate. �

9.6 Uniform convergence analysis
In this section, the truncation error at inner and outer region is derived. Now, the truncation

error for the hybrid numerical scheme at the boundary layer regions on the subintervals

0 < i < N
8

and 3N
8
< i < N

2
is

τi,U =
(
R−i U

j+1
i−1 + U0

i R
j+1
i +R+

i U
j+1
i−1

)
−
(
l−i Fi−1 + l0iFi + l+i Fi+1

)
, (9.22)

and for the subintervals is N
2
< i < 5N

2
, and 7N

8
< i < N − 1

τi,U =
(
R−i U

j+1
i−1 + U0

i R
j+1
i +R+

i U
j+1
i−1 +BiU

j+1

i−N
2

)
−
(
l−i gi−1 + l0i gi + l+i gi+1

)
. (9.23)

The truncation error for the hybrid scheme for the regular region on the interval N
8
< i < 3N

8

become

τi,U =
(
R−i U

j+1
i−1 + U0

i R
j+1
i +R+

i U
j+1
i−1

)
−
(
gj+1
i − biφi−N

)
. (9.24)
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and on the interval 5N
8
< i < 7N

8
is given as

τi,U =
(
R−i U

j+1
i−1 + U0

i R
j+1
i +R+

i U
j+1
i−1 +BiU

j+1

i−N
2

)
−
(
gj+1
i

)
. (9.25)

Now using Taylor expansion, we have

U j+1(xi−1) = U j+1(xi)− hi−1
dU j+1

dx
(xi) +

h2
i−1

2!

d2U j+1

dx2
(xi)−

h3
i−1

3!

d3U j+1

dx3
(xi) + · · · .

U j+1(xi+1) = U j+1(xi) + hi−1
dU j+1

dx
(xi) +

h2
i−1

2!

d2U j+1

dx2
(xi) +

h3
i−1

3!

d3U j+1

dx3
(xi) + · · · .

Using the values of U j+1(xi−1) and U j+1(xi+1) into (9.22)-(9.25), we obtain the following

truncation error of an hybrid numerical scheme for i = 1, · · · , N
8

, 3N
8
, · · · , N

2
, N

2
, · · · , 5N

8

and 7N
8
, · · · , N − 1.

τi,U = T0,iU(xi) + T1,i
dU j+1

dx
(xi) + T2,i

d2U j+1

dx2
(xi) + T3,i

d3U j+1

dx3
(xi) + T4,i

d4U j+1

dx4
(xi) + · · · .

where

T0,i = R−i +R0
i +R+

i −
(
l−i ri−1 + l0i ri + l+i ri+1

)
,

T1,i = R+
i hi −R−i hi−1 +

(
l+i ri+1hi − l−i ri−1hi−1

)
,

T2,i =
1

2

(
R+
i h

2
i −R−i h2

i−1

)
+ ε

(
l−i + l0i + l+i

)
−
(
h2
i−1

2!
l−i ri−1 +

h2
i

2!
l+i ri+1

)
,

T3,i =
h3
i

3!
R+
i −

h3
i−1

3!
R−i + ε

(
l+i hi − l−i hi−1

)
−
(
h3
i

3!
l+i ai+1 −

h3
i−1

3!
l+i−1ri−1

)
,

T4,i =
h4
i−1

4!
R−i +

h4
i

4!
R+
i + ε

(
l−i
h2
i−1

2!
+ l+i

h2
i

2!

)
−
(
h4
i−1

4!
l−i ri−1 +

h4
i

4!
l+i ri+1

)
,

After performing some mathematical calculations, we obtain

T0,i = T1,i = T2,i = T3,i = 0, T4,i = −3ε

(
h3
i−1 + h3

i

hi + hi−1

)(
1

4!
− 1

2!6

)
.

As a result, the truncation error of hybrid scheme in a boundary layer region is given as

τi,U = −3ε

(
h3
i−1 + h3

i

hi + hi−1

)(
1

4!
− 1

2!6

)
+O(N−3). (9.26)

Similarly, the truncation error of a hybrid scheme in a regular region that is for i = N
8

+

1, · · · , 3N
8

and for i = 5N
8

+ 1, · · · , 7N
8

is given as

τi,U = −ε
(
hi − hi−1

3

)
U (3)(xi) +

2ε

4!

(
h3
i + h3

i−1

hi + hi−1

)
U (4)(xi) +O

(
N−3

)
. (9.27)
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Theorem 9.1. Let U j+1(x) and U j+1
i be respectively the solutions of (9.8)-(9.9) and (9.19)-

(9.20). Then, the local truncation error satisfies the following bounds:

|τi,U | ≤



CN−2 ln2N, for 1 ≤ i ≤ N
8
, 3N

8
+ 1 ≤ N

2
,

C (N−2ε+N−2) , for N
8

+ 1 ≤ i ≤ 3N
8
,

CN−2 ln2N, for N
2
≤ i ≤ 5N

8
, 7N

8
+ 1 ≤ N − 1,

C (N−2ε+N−2) , for 5N
8

+ 1 ≤ i ≤ 7N
8
,

CN−2, for i = N.

(9.28)

Proof. Several cases are distinguished depending on the location of the mesh points.

Case-I: When xi ∈ (0, µ) ∪ (1− µ, 1) and xi ∈ (1, 1 + µ) ∪ (2− µ, 2). Let us state first

the bounds for the derivatives of the continuous solution given in (9.1), which is the solu-

tion u(x, t) satisfies the bound |d
kUj+1(x)
dxk

| ≤ C
(

1 + ε−
k
2 d(x, x, α, ε)

)
where, d(x, x, α, ε) =

exp
(
−x
√
α/ε
)

+exp
(
−(1− x)

√
α/ε
)

, for x ∈ Ω1 and d(x, x, α, ε) = exp
(
−(x− 1)

√
α/ε
)

+

exp
(
−(2− x)

√
α/ε
)

, for x ∈ Ω2. Now, from (9.26), we obtain a truncation error as

|τi,U | ≤ C
[
h2ε+ h2ε−1 [d(xi, xi+1, α, ε) + d(xi−1, xi, α, ε)]

]
.

Now, using h = 4N−1
√
ε lnN , and bounding the exponential functions by constants, we

obtain that |τi,U | ≤ CN−2 ln2N , for 1 ≤ i ≤ N
8

, 3N
8

+ 1 ≤ N
2

, N
2

+ 1 ≤ i ≤ 5N
8

, and
7N
8

+ 1 ≤ i ≤ N − 1.

Case-II: When xi ∈ (µ, 1 − µ) and (1 + µ, 2 − µ), we must distinguish two cases. First,

H2 ≤ ε, we obtain

|τi,U | ≤ C

(
H2ε+

H

ε
(d(xi, xi+1, α, ε) + d(xi−1, xi, α, ε))

)
≤ C

(
N−2ε+N−2

)
On the other hand, if H2 ≥ ε, it can been shown that

|τi,U | ≤ C

(
H2ε+

∫ xi+1

xi

(xi+1 − ξ) d(ξ, ξ, α, ε)ε−1dξ

)
+ C

∫ xi

xi−1

(ξ − xi−1) ε−1d(ξ, ξ, α, ε)dξ

≤ C

(
H2ε+Hε−1/2d(xi, xi, α, ε) +

∫ xi+1

xi

ε−1/2d(xi, xi, α, ε)dx

)
+ C

(
H2ε+Hε−1/2d(xi−1, xi−1, α, ε) +

∫ xi

xi−1

ε−1d(ξ, ξ, α, ε)dξ

)
≤ C

(
H2ε

)
+ Cd(xi, xi, α, ε) + Cd(xi, xi+1, α, ε)

+ Cd(xi−1, xi−1, α, ε) + Cd(xi−1, xi, α, ε)

≤ CH2ε+ CN−2 + CN−2.
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In general, using the fact that H < 2N−1, we obtain, the truncation error τi,U as

|τi,U | ≤ C
(
N2ε+N−2

)
. (9.29)

The ε-uniform error estimates for the integral boundary conditions which approximated us-

ing Simpson’s 1
3

rule at i = N , becomes

‖KN
(
U j+1(xi)− U j+1

i

)
‖ = |ε

∫ xN

x0

g(x)zu(x, t)dx− ε
N∑
i=1

gi−1U
j+1
i−1 + 4giU

j+1
i + gi+1U

j+1
i+1

3
hi|

≤ C3ε

(
h4

1|
d4g

dx4
(ξ1)

d4u

dx4
(ξ1)|+ · · ·h4

N |
d4g

dx4
(ξN)

d4u

dx4
(ξN)|

)
≤ C2ε

(
h4

1

d4u

dx4
(ξ1) + · · ·+ h4

N

d4u

dx4
(ξN)

)
≤ C1ε

−1
(
e−ξ1
√

α
ε h4

1 + · · ·+ e−ξN
√

α
ε h4

N

)
≤ CN−2,

where xi−1 ≤ ξ ≤ xi, 1 ≤ i ≤ N , for a proper choice of C. Combining all the previous

results, the required error estimates is obtained. �

Theorem 9.2. Let U j+1(xi) be the solution of (9.8)-(9.9) and U j+1
i , i = 0, 1, · · · , N be the

numerical solution of the hybrid numerical scheme in (9.19)-(9.20) at the mesh points of the

Shishkin mesh. Then, the error estimate satisfies

|U j+1(xi)− U j+1
i | ≤ C

(
N−2 ln2N +N−

√
αµ0
)
, i = 0, 1, · · · , N − 1, (9.30)

where the constant µ0 satisfies µ0 ≥ 2
√
α, and hence the hybrid numerical scheme given in

(9.19)-(9.20) is uniformly convergent of almost order two.

Proof. Defining the discrete barrier function

Ψi = C

N−2 ln2N +N−2ε+N−2 + σ√
ε
N−2ψ1(xi)

N−2 ln2N +N−2ε+N−2 + 1+σ√
ε
N−2ψ2(xi)

, (9.31)

where ψ1 and ψ2 are piecewise linear polynomials defined as

ψ1(t) =


x
µ
, for 0 ≤ x ≤ µ

1, for µ ≤ x ≤ 1− µ
1−x
µ
, for 1− µ ≤ x ≤ 1

and ψ2(t) =


x

1+µ
, for 1 ≤ x ≤ 1 + µ

1, for 1 + µ ≤ x ≤ 1− µ
2−x
1+µ

, for 2− µ ≤ x ≤ 2

.

(9.32)
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Then for all i = 1, 2, · · · , N , we have

0 ≤ Ψ(xi) ≤ CN−2 ln2N,

and by choosing a sufficiently large C, using Theorem 9.1 and the discrete maximum prin-

ciple, it is simple to see that

LN
(
Ψi ±

(
U j+1(xi)− uj+1

i

))
≥ 0.

Equivalently,

LNΨi ≥ |τi,U |.

Therefore it follows that

|U j+1(xi)− U j+1
i | ≤ Ψi ≤ CN−2 ln2N, ∀xi ∈ Ω̄N . (9.33)

�

Thus, a required ε-uniform error bound is obtained. The results of this work is summarized

by considering the semidiscrete error estimate obtained in (9.12) and (9.33) and concluded

by the following theorem.

Theorem 9.3. The ε-uniform error estimate for the solution of continuous and fully discrete

problem is given by

sup
0<ε≤1

∣∣∣∣u(x, t)− U j+1
i

∣∣∣∣ ≤ C
(
N−2 ln2N + ∆t

)
, (9.34)

where u(x, t) and U j+1
i are the solutions of the problem (9.2)-(9.3) and (9.19)-(9.20) respec-

tively.

Proof. The proof follows from Lemma 9.5 and Theorem 9.2. Therefore, the theorem

concluded that the order of convergence is almost two in the spatial direction and one in the

temporal direction. �

9.7 Numerical results and discussions
Two model examples are presented to validate the results of this study. Since the exact

solution of the problem is not known, double mesh principle is used to estimate maximum

point wise error using (6.27), uniform error estimate using (6.28), rate of convergence using

(6.29), and uniform rate of convergence using (6.30). The obtained results are displayed in

tables for different values of N,∆t and ε.

Example 9.1. Consider a class of SPPDDEs with integral boundary condition of the form
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Elango et al. (2021)

−ε∂2u
∂x2

+ ∂u
∂t

+ 5u(x, t)− u(x− 1, t) = e−x, (x, t) ∈ (0, 2)× (0, 2]

u(x, t) = 0, ∀(x, t) ∈ ΓL

Ku(2, t) = u(2, t)− ε
∫ 2

0
x
3
u(x, t)dx = 0, ∀ (x, t) ∈ Γr

u(x, t) = 0, ∀ (x, t) ∈ Γb.

(9.35)

Example 9.2. Consider a class of SPPDDEs with integral boundary condition of the form

Elango et al. (2021)

−ε∂2u
∂x2

+ ∂u
∂t

+ 5u(x, t)− xu(x− 1, t) = 1, (x, t) ∈ (0, 2)× (0, 2]

u(x, t) = 0, ∀(x, t) ∈ ΓL

Ku(2, t) = u(2, t)− ε
∫ 2

0
1
6
u(x, t)dx = 0, ∀ (x, t) ∈ Γr

u(x, t) = sin(πx), ∀ (x, t) ∈ Γb.

(9.36)

The maximum pointwise error for different values of perturbation parameter ε and uniform

rate of convergence for Example 9.1 is given in Table 9.1. Again, Table 9.2 shows a max-

imum pointwise error for various values of ε and uniform rate of convergence for Example

9.2. A comparison of uniform error estimate and uniform rate of convergence of the pro-

posed method with a method existed in the literature is given in tables 9.3 and 9.4 for Exam-

ples 9.1 and 9.2 respectively. The presence of both boundary layer and interior is apparent

from the surface plots of numerical solution for Examples 9.1 and 9.2 are given in Figures.

9.1 and 4.2 respectively. The Log-Log plot for maximum pointwise error for Example 9.1

and 9.2 are given in Figure. 9.3. We proved that a proposed numerical scheme is of order

O
(
N−2 ln2N + ∆t

)
. From Tables 9.3 and 9.4, one can observed that the developed numer-

ical scheme is a more accurate uniform convergent than the methods presented in (Hailu &

Duressa, 2022), Gobena & Duressa (2021), and Elango et al. (2021).
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Figure 9.1: Graph of numerical solution of Example 9.1 for ε = 10−4.

Figure 9.2: Graph of numerical solution of Example 9.2 for ε = 10−4.
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Table 9.1: Values of EN,∆t
ε , EN,∆t, RN,∆t

ε and RN,∆t for Example 9.1

ε ↓ N → N 7−→ 16 32 64 128 256 512
∆t→0.1/2 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

10−02 4.5138e-03 1.8872e-03 9.7931e-04 5.5490e-04 4.1685e-04 1.2638e-04
1.2581 0.9464 0.8195 0.4127 0.7012

10−03 1.7283e-02 7.9562e-03 2.8246e-03 7.2260e-04 2.6566e-04 1.3570e-04
1.1192 1.4940 1.9668 1.4436 0.9692

10−04 1.7276e-02 7.9546e-03 2.8240e-03 8.6335e-04 2.7970e-04 1.3963e-04
1.1189 1.4940 1.7097 1.6261 1.0023

10−05 1.7275e-02 7.9544e-03 2.8240e-03 8.6334e-04 2.8216e-04 1.4184e-04
1.1189 1.4940 1.7097 1.6134 0.9922

10−06 1.7275e-02 7.9544e-03 2.8240e-03 8.6333e-04 2.8380e-04 1.4261e-04
1.1189 1.4940 1.7098 1.6050 0.9928

10−07 1.7275e-02 7.9544e-03 2.8240e-03 8.6333e-04 2.8435e-04 1.4287e-04
1.1189 1.4940 1.7098 1.6022 0.9930

10−08 1.7275e-02 7.9544e-03 2.8240e-03 8.6333e-04 2.8453e-04 1.4296e-04
1.1189 1.4940 1.7098 1.6013 0.9930

10−09 1.7275e-02 7.9544e-03 2.8240e-03 8.6333e-04 2.8459e-04 1.4299e-04
1.1189 1.4940 1.7098 1.6010 0.9927

10−10 1.7275e-02 7.9544e-03 2.8240e-03 8.6333e-04 2.8462e-04 1.4300e-04
1.1189 1.4940 1.7098 1.6009 0.9930

...
...

...
...

...
...

...
1.7275e-02 7.9544e-03 2.8240e-03 8.6333e-04 2.8462e-04 1.4300e-04

1.1189 1.4940 1.7098 1.6009 0.9930
EN,∆t 1.7283e-02 7.9562e-03 2.8246e-03 8.6335e-04 4.1685e-04 1.4300e-04
RN,∆t 1.1192 1.4940 1.7100 1.0504 1.5435 -
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Figure 9.3: Log-Log plot of maximum absolute error versus mesh numbers for different
values of ε (a) for Example 9.1, (b) for Example 9.2.
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Table 9.2: Values of EN,∆t
ε , EN,∆t, RN,∆t

ε and RN,∆t for Example 9.2

ε ↓ N → N 7−→ 16 32 64 128 256 512
∆t→0.1/2 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

10−02 2.9468e-02 1.5966e-02 8.3385e-03 4.2672e-03 2.1578e-03 1.0851e-03
0.8841 0.9371 0.9665 0.9837 0.9917

10−03 2.9506e-02 1.5977e-02 8.3395e-03 4.2672e-03 2.1578e-03 1.0852e-03
0.8850 0.9380 0.9667 0.9837 0.9916

10−04 2.9519e-02 1.5980e-02 8.3402e-03 4.2654e-03 2.1580e-03 1.0851e-03
0.8854 0.9381 0.9674 0.9830 0.9919

10−05 2.9520e-02 1.5980e-02 8.3403e-03 4.2646e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9677 0.9826 0.9918

10−06 2.9520e-02 1.5980e-02 8.3403e-03 4.2643e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918

10−07 2.9520e-02 1.5980e-02 8.3403e-03 4.2642e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918

10−08 2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918

10−09 2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918

10−10 2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918

...
...

...
...

...
...

...
2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03 1.0852e-03

0.8854 0.9381 0.9678 0.9825 0.9918
EN,∆t 2.9520e-02 1.5980e-02 8.3403e-03 4.2672e-03 2.1581e-03 1.0852e-03
RN,∆t 0.8854 0.9381 0.9668 0.9835 0.9918 -

Table 9.3: Comparison of EN,∆t and RN,∆t for Example 9.1 at mesh number N and ∆t.

ε ↓ N 7−→ 32 64 128 256 512
∆t→0 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

Present Method
EN,∆t 7.9562e-03 2.8246e-03 8.6335e-04 4.1685e-04 1.4300e-04
RN,∆t 1.4940 1.7100 1.0504 1.5435 -

Hailu & Duressa (2022)
EN,∆t 1.2974e-02 8.7628e-03 4.6313e-03 2.0155e-03 7.6160e-04
RN,∆t 0.56616e 0.91997 1.2003 1.4040 -

Gobena & Duressa (2021)
EN,∆t 2.0026e-03 1.0723e-03 5.5505e-04 2.8241e-04
RN,∆t 0.90117 0.95002 0.97483 0.98734 -

Elango et al. (2021)
EN,∆t 1.2534e-02 6.9738e-03 3.6873e-03 1.8972e-03 9.6241e-04
RN,∆t 0.84584 0.91937 0.95873 0.97912
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Table 9.4: Comparison of EN,∆t and RN,∆t for Example 9.2 at mesh number N and ∆t.

ε ↓ N 7−→ 32 64 128 256 512
∆t→ 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64

Present Method
EN,∆t 1.5980e-02 8.3403e-03 4.2672e-03 2.1581e-03 1.0852e-03
RN,∆t 0.9381 0.9668 0.9835 0.9918 -

Hailu & Duressa (2022)
EN,∆t 3.1547e-02 1.7445e-02 9.2639e-03 4.7759e-03 2.4253e-03
RN,∆t 0.85469 0.91312 0.95585 0.97761 -

Gobena & Duressa (2021)
EN,∆t 1.5980e-02 8.3421e-03 4.2681e-03 2.1581e-03 1.0853e-03
RN,∆t 0.93778 0.96682 0.98383 0.99180

Elango et al. (2021)
EN,∆t 1.4776e-01 9.7571e-02 5.7092e-02 3.1057e-02
RN,∆t 0.59873 0.77316 0.87837 0.93697

9.8 Summary
A class of singularly perturbed partial differential equations of reaction-diffusion type with

a large spatial delay and integral boundary condition is solved numerically. The presented

method consists of a hybrid numerical scheme on Shishkin mesh in space and implicit Euler

method on a uniform mesh in the time variable. The hybrid numerical scheme consists of a

cubic spline method used in the boundary layer region, and classical finite difference method

used in outer layer region. The integral boundary condition is treated using Simpson’s 1
3

rule. The uniform stability and convergence analysis of the proposed method are analyzed.

An error estimate of the proposed scheme shows a parameter uniform convergence of almost

second-order in space and first-order in time variable. Two numerical test examples are

considered to validate applicability of a proposed scheme. Numerical results agree with the

theoretical estimation.
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Conclusions
This dissertation contributes to the investigation of numerical treatment of a class of singu-

larly perturbed differential equations with nonlocal boundary conditions. Uniformly conver-

gent numerical methods in which the error is independent of perturbation parameter were

developed. The primary findings of this dissertation, along with some relevant observations,

are summarized here.

Exponentially fitted finite difference method is proposed and analyzed for SPDODEs

with integral boundary condition. In this method, an exponential fitting factor is introduced

to treat the solutions inside the boundary layer which occur due to perturbation parame-

ter. The nonlocal boundary condition is treated using Simpson’s rule of integration. The

stability and uniform convergence analysis of the proposed approach are established. The

error estimation of the developed method is shown to be second-order uniform convergent.

The obtained numerical results reflects the theoretical estimations. A fitted mesh numerical

scheme on a suitable piecewise uniform Shishkin mesh is proposed and analyzed for SP-

DODEs with integral boundary condition. The uniform stability and uniform convergence

analysis of the method are studied. The developed scheme is uniformly convergent with

almost second-order accurate in the discrete maximum norm. The numerical results are in

agreement with theoretical justifications.

A nonstandard FDM is formulated and analyzed for SPPPDEs with nonlocal boundary

conditions. The basic idea for nonstandard method is the construction of the exact finite

difference technique, which the denominator characteristic for the discrete derivatives should

be described in terms of more complicated functions with larger step sizes than those used in

classical methods. The method of lines is employed. The stability analysis and convergence

analysis for the proposed method are demonstrated. The developed numerical method is

uniformly convergent independent of perturbation parameter with second-order in spatial

direction and first-order in time direction. The numerical results validated with theoretical

justifications. A uniformly convergent numerical method is formulated and analyzed for

SPPPDEs with integral boundary conditions. The method involves a FDM on a suitable

piecewise uniform Shishkin mesh for the spatial direction and implicit Euler method for the

temporal direction. The stability and error estimates for the evolved method are analyzed.

The developed method is uniformly convergent with almost second-order in space and first-

order in time. The numerical results corresponds to theoretical estimations.

Fitted mesh numerical method is developed and analyzed for SPPDDEs with integral

boundary conditions. The developed method used FDM on a suitable piecewise uniform
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Shishkin mesh for the spatial direction and Crank-Nicholson method is used for the tempo-

ral direction. The uniform stability analysis and error estimation for the proposed method

are analyzed. The developed method is more accurate uniformly convergent independent

of perturbation parameter with almost second-order in spatial direction and second-order

in temporal direction. The numerical results reflects the theoretical estimations. A hybrid

numerical method is also proposed for SPPDDEs with integral boundary condition. The

proposed hybrid scheme constitute of cubic spline method in the boundary layer region and

a classical finite difference method in the outer layer region. This hybrid numerical method

is used in spatial direction and implicit Euler method is used in temporal direction. The in-

tegral boundary condition is treated using Simpson’s 1
3

rule. The uniform stability analysis

and uniform convergence analysis for the proposed method is established. The proposed

method is more accurate uniformly convergent with almost second-order in spatial direction

and first-order in time direction. The numerical results are in agreement with theoretical

estimations.

Recommendations
The findings in this dissertation have numerous applications in mathematical physics and en-

gineering, particularly in fluid dynamics and population dynamics. The numerical methods

developed in this dissertation can be utilized to solve a class of singularly perturbed problems

in fluid dynamics and other related topics. A uniformly convergent numerical methods for a

class of SPPs with nonlocal boundary conditions are discussed. The following highlights are

the research perspectives resulting from this dissertation.

• To produce more accurate uniformly convergent numerical methods, layer adaptive

mesh numerical methods based on Backhavalov’s mesh can be employed to address

the problems considered in this dissertation.

• The numerical methods proposed in this dissertation can be employed to a class of

SPPDEs of convection-diffusion type with integral boundary conditions.

• The numerical methods considered in this dissertation can be extended to higher di-

mensional problems with nonlocal boundary conditions.

• The numerical methods considered in this dissertation can be extended to a coupled

system of a class of singularly perturbed problems with nonlocal boundary conditions.

• Numerical solution for a class of singularly perturbed differential equations with two

nonlocal boundary conditions can be considered.
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APPENDIX B

MATLAB CODES

Everyone can use the following URLs to get the Matlab Algorithm that was written in the

dissertation.

Matlab code for the proposed method in Chapter 4

https://drive.google.com/file/d/11r0WB1d2D6alyoWtrUSLmSdCQvlKxZIm/

view?usp=sharing

Matlab code for the proposed method in Chapter 5
https://drive.google.com/file/d/1WbR3EnUbCo_o7DhEiTn_1EFFciw10w76/

view?usp=sharing

Matlab code for the proposed method in Chapter 6
https://drive.google.com/file/d/1wxMYS2U8W_EEGKaRja_vvz3WKvbm

-vYW/view?usp=sharing

Matlab code for the proposed method in Chapter 7
https://drive.google.com/file/d/1LtzJ5niTtwkS1X1UonvKYPxvOi50hLTw/

view?usp=sharing

Matlab code for the proposed method in Chapter 8
https://drive.google.com/file/d/10Wrryrv9cIP3zuDJNSGLXqonEDEVqmS2/

view?usp=sharing

Matlab code for the proposed method in Chapter 9
https://drive.google.com/file/d/15F9dp-PSzoJUpLl0MvZqjNKVwNynQsQ9/

view?usp=sharing

147

https://drive.google.com/file/d/11r0WB1d2D6alyoWtrUSLmSdCQvlKxZIm/view?usp=sharing
https://drive.google.com/file/d/11r0WB1d2D6alyoWtrUSLmSdCQvlKxZIm/view?usp=sharing
https://drive.google.com/file/d/1WbR3EnUbCo_o7DhEiTn_1EFFciw10w76/view?usp=sharing
https://drive.google.com/file/d/1WbR3EnUbCo_o7DhEiTn_1EFFciw10w76/view?usp=sharing
https://drive.google.com/file/d/1wxMYS2U8W_EEGKaRja_vvz3WKvbm-vYW/view?usp=sharing
https://drive.google.com/file/d/1wxMYS2U8W_EEGKaRja_vvz3WKvbm-vYW/view?usp=sharing
https://drive.google.com/file/d/1LtzJ5niTtwkS1X1UonvKYPxvOi50hLTw/view?usp=sharing
https://drive.google.com/file/d/1LtzJ5niTtwkS1X1UonvKYPxvOi50hLTw/view?usp=sharing
https://drive.google.com/file/d/10Wrryrv9cIP3zuDJNSGLXqonEDEVqmS2/view?usp=sharing
https://drive.google.com/file/d/10Wrryrv9cIP3zuDJNSGLXqonEDEVqmS2/view?usp=sharing
https://drive.google.com/file/d/15F9dp-PSzoJUpLl0MvZqjNKVwNynQsQ9/view?usp=sharing
https://drive.google.com/file/d/15F9dp-PSzoJUpLl0MvZqjNKVwNynQsQ9/view?usp=sharing

	LIST OF TABLES
	LIST OF FIGURES
	LIST OF SYMBOLS, ACRONYMS AND ABBRIVATIONS
	ABSTRACT
	INTRODUCTION
	Background of the study
	Statement of the problem
	Objectives of the study
	General objective
	Specific objectives

	Significance of the study
	Delimitation of the study
	Mathematical preliminaries
	Organization of the dissertation

	LITERATURE REVIEW
	Singularly perturbed differential equations with integral boundary conditions
	Singularly perturbed delay differential equations with integral boundary conditions
	Singularly perturbed parabolic partial delay differential equations with integral boundary condition

	RESEARCH METHODOLOGY
	Study design
	Source of information
	Mathematical procedures

	EXPONENTIALLY FITTED FINITE DIFFERENCE METHOD FOR SINGULARLY PERTURBED DELAY DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY CONDITION
	The governing problem
	Properties of continuous solution
	Bounds on the solution and its derivatives
	The numerical method
	Uniform stability analysis
	Uniform convergence analysis
	Numerical results and discussions
	Summary

	FITTED MESH FINITE DIFFERENCE METHOD FOR SINGULARLY PERTURBED DELAY DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY CONDITION
	The governing problem
	Properties of continuous solution
	Bounds on the solution and its derivatives
	Decomposition of the solution
	The numerical method
	Uniform stability analysis
	Uniform convergence analysis
	Numerical results and discussions
	Summary

	NONSTANDARD FINITE DIFFERENCE METHOD FOR SINGULARLY PERTURBED PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY CONDITION
	The governing problem
	Properties of continuous solution
	Bounds on the solution and its derivatives
	The numerical method
	Spatial semi-discretization
	Uniform stability analysis
	Uniform convergence analysis
	Temporal semi-discretization

	Numerical results and discussions
	Summary

	A FITTED MESH FINITE DIFFERENCE METHOD FOR SINGULARLY PERTURBED PARTIAL DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY CONDITION
	The governing problem
	Properties of continuous solution
	Bounds on the solution and its derivatives
	Decomposition of the solution
	The numerical method
	Time semi-discretization
	Spatial discretization

	Uniform convergence analysis
	Numerical results and discussions
	Summary

	A FITTED MESH FINITE DIFFERENCE METHOD FOR SINGULARLY PERTURBED PARABOLIC PARTIAL DELAY DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY CONDITION
	The governing problem
	Properties of continuous solution
	Bounds on the solution and its derivatives
	Decomposition of the solution
	The numerical method
	The time semi-discretization
	The spatial discretization

	Uniform stability estimate
	Uniform convergence analysis
	Numerical results and discussions
	Summary

	HYBRID NUMERICAL METHOD FOR SINGULARLY PERTURBED PARTIAL DELAY DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY CONDITION
	The governing problem
	Properties of the continuous solution
	Decomposition of the solution
	The numerical method
	The time semi-discretization
	The spatial discretization

	Uniform stability analysis
	Uniform convergence analysis
	Numerical results and discussions
	Summary

	CONCLUSIONS AND RECOMMENDATIONS
	REFERENCES

