Numerical Treatment of a Class of Singularly Perturbed
Differential Equations with Nonlocal Boundary Conditions

Getu Mekonnen Wondimu

A Dissertation Submitted to the Department of Applied Mathematics,
School of Applied Natural Sciences

Presented in Partial Fulfillment of the Requirement for the Degree of Doctor

of Philosophy in Applied Mathematics (Numerical Analysis)

Office of Graduate Studies

Adama Science and Technology University

June, 2023
Adama, Ethiopia



Numerical Treatment of a Class of Singularly Perturbed
Differential Equations with Nonlocal Boundary Conditions

Getu Mekonnen Wondimu
Supervisor:
Gemechis File Duressa (Ph.D, Prof.)
Co-supervisors:
Tekle Gemechu Dinka (Ph.D)
Mesfin Mekuria Woldaregay (Ph.D)

A Dissertation Submitted to the Department of Applied Mathematics,
School of Applied Natural Sciences

Presented in Partial Fulfillment of the Requirement for the Degree of Doctor

of Philosophy in Applied Mathematics (Numerical Analysis)

Office of Graduate Studies

Adama Science and Technology University

June, 2023
Adama, Ethiopia



DECLARATION

I hereby declare that this dissertation entitled “Numerical Treatment of a Class of Sin-
gularly Perturbed Differential Equations with Nonlocal Boundary Conditions ” is my
original work. That is, it has not been submitted for the award of any academic degree,
diploma or certificate in any other university. All sources of materials used for this thesis

have been duly acknowledged through appropriate citations.

Name of Student Signature Date



Recommendation

We, the supervisors of this dissertation, hereby certify that we have read and revised the dis-
sertation entitled “Numerical Treatment of a Class of Singularly Perturbed Differential
Equations with Nonlocal Boundary Conditions” prepared under our guidance by Getu
Mekonnen Wondimu submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in Applied Mathematics (Numerical Analysis). Therefore, we recom-

mend the submission of the dissertation to the department for further review and defense.

Name of Supervisor Signature Date

Name of Co-supervisor 1 Signature Date

Name of Co-supervisor 2 Signature Date

il



Approval Page

We hereby certify that the recommendations and suggestions made by the board of examiners
are appropriately incorporated into the final version of the dissertation entitled “Numerical
Treatment of a Class of Singularly Perturbed Differential Equations with Nonlocal

Boundary Conditions” by Getu Mekonnen Wondimu.

Supervisor Signature Date
Co-supervisor 1 Signature Date
Co-supervisor 2 Signature Date

We, the undersigned, members of the Board of Examiners of the dissertation open defense
by Getu Mekonnen Wondimu have read and evaluated the dissertation entitled “Numerical
Treatment of a Class of Singularly Perturbed Differential Equations with Nonlocal
Boundary Conditions” and examined the candidate during open defense. This is, there-
fore, to certify that the dissertation is accepted for partial fulfillment of the requirement of

the degree of Doctor of Philosophy in Applied Mathematics (Numerical Analysis).

Chairperson Signature Date
Internal Examiner 1 Signature Date
Internal Examiner 2 Signature Date
External Examiner 1 Signature Date
External Examiner 2 Signature Date

Finally, approval and acceptance of the dissertation is contingent upon submission of its
final copy to the Office of Postgraduate Studies (OPGS) through the candidate’s Department
Graduate Council (DGC) and School Graduate Committee (SGC).

Department Head Signature Date

School Dean Signature Date

Office of PGS, Dean Signature Date

il



ACKNOWLEDGMENTS

First and foremost I would like to thank the Almighty God for giving me with such an
opportunity and further the enthusiasm to do my dissertation in a manner as to provide me
with enough self satisfaction.

Next, I am extremely grateful to my supervisor, Prof. Gemechis File Duressa for his
invaluable advice, continuous support, and patience during my PhD study. His immense
knowledge and plentiful experience have encouraged me in all the time of my academic
research and daily life.

I would also like to thank my co-supervisors Dr. Tekle Gemechu Dinka and Dr. Mesfin
Mekuria Woldaregay for their excellent advice, encouragement, expertise, valuable guidance
and constructive suggestions during completion of my study.

I would like to thank all my best friends and the Applied Mathematics Department. It is
their kind help and support that have made my study and life in ASTU a wonderful time.

I would like to express my gratitude to my family, for their love, prayers, moral support,
incredible understanding and encouragement, and for the fulfillment of all my interests.

Lastly, but not the least, my heartfelt gratitude goes to Raya University for being the

sponsors of this study.

v



TABLE OF CONTENTS

LIST OF TABLES

LIST OF FIGURES

LIST OF SYMBOLS, ACRONYMS AND ABBRIVATIONS
ABSTRACT

CHAPTER ONE: INTRODUCTION

1.1
1.2
1.3

1.4
1.5
1.6
1.7

Background of thestudy . . . .. . ... ... ... L.
Statement of the problem . . . . . . . . ... ... ... L.
Objectivesof thestudy . . . . . . . .. . ... ... .. ... ..
1.3.1 Generalobjective . . . . . ... ... Lo
1.3.2 Specificobjectives . . . . . . . ...
Significance of thestudy . . . . . . . . . ... ... ... ... ...
Delimitationof thestudy . . . . . . . ... ... ... ... ........
Mathematical preliminaries . . . . . . . . .. .. ... L.

Organization of the dissertation . . . . . . . . . .. .. ... .. ......

CHAPTER TWO: LITERATURE REVIEW

2.1
2.2

2.3

Singularly perturbed differential equations with integral boundary conditions

Singularly perturbed delay differential equations with integral boundary con-
ditions . . . ...
Singularly perturbed parabolic partial delay differential equations with inte-

gral boundary condition . . . . . ... ... L Lo

CHAPTER THREE: RESEARCH METHODOLOGY

3.1
32
33

CHAPTER FOUR: EXPONENTIALLY FITTED FINITE DIFFERENCE METHOD
FOR SINGULARLY PERTURBED DELAY DIFFERENTIAL EQUATIONS WITH

Study design. . . . . . . . L e
Source of information . . . . . . . . . ... e

Mathematical procedures . . . . . . . . . .. ...

NONLOCAL BOUNDARY CONDITION

4.1
4.2
4.3
44
4.5
4.6
4.7

The governing problem . . . . . . . . . ... ... .. ... ...
Properties of continuous solution . . . . . .. .. ... L L.
Bounds on the solution and its derivatives . . . . . . ... ... ... ...
The numerical method . . . . . . .. .. ... ... ...
Uniform stability analysis . . . . . . . ... ... ... .. .........
Uniform convergence analysis . . . . . ... ... ... ... .......

Numerical results and discussions . . . . . . . . . .« . . ..

viii

ix

e

w4
S0

00N NN NN N =

15

18
20
20
20
20



4.8

Summary . . ... e 35

CHAPTER FIVE: FITTED MESH FINITE DIFFERENCE METHOD FOR SIN-
GULARLY PERTURBED DELAY DIFFERENTIAL EQUATIONS WITH NONLO-

CAL BOUNDARY CONDITION 36
5.1 The governing problem . . . . . . . . . ... ... 36
5.2 Properties of continuous solution . . . . . . ... ... ... ... ... .. 37
5.3 Bounds on the solution and its derivatives . . . . . . ... ... ... ... 37
5.4 Decomposition of the solution . . . . . . ... ... ... ... 38
5.5 Thenumericalmethod . . . . ... ... ... ... ... ... ... .. 41
5.6 Uniform stability analysis . . . . . . . ... ... ... ... ........ 42
5.7 Uniform convergence analysis . . . . . . .. ... ... ... ....... 43
5.8 Numerical results and discussions . . . . . . . .. ... ... ... ..., 46
5.9 Summary ... e 49

CHAPTER SIX: NONSTANDARD FINITE DIFFERENCE METHOD FOR SIN-
GULARLY PERTURBED PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

WITH NONLOCAL BOUNDARY CONDITION 50
6.1 The governing problem . . . . . . . . ... ... ..o 50
6.2 Properties of continuous solution . . . . . . ... ... ... ... ... .. 51
6.3 Bounds on the solution and its derivatives . . . . . . .. ... ... .... 52
6.4 The numericalmethod . . . ... ... ... ... .. ........... 55

6.4.1 Spatial semi-discretization . . . . . . ... ... 55
6.4.2 Uniform stability analysis . . . . . ... ... ... ........ 58
6.4.3 Uniform convergence analysis . . . . . .. .. .. ... ...... 59
6.4.4 Temporal semi-discretization . . . . . . . .. ... ... ... ... 61
6.5 Numerical results and discussions . . . . . . ... ... ... ... ... 64
6.6 Summary . . . . ... e e e 67

CHAPTER SEVEN: A FITTED MESH FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARTIAL DIFFERENTIAL EQUATIONS WITH NON-

LOCAL BOUNDARY CONDITION 68
7.1 The governing problem . . . . . . . ... ... ... ... ... ... 68
7.2 Properties of continuous solution . . . . . ... ... L L L. 69
7.3 Bounds on the solution and its derivatives . . . . .. .. ... ... .... 70
7.4 Decomposition of the solution . . . . .. .. ... .. ... ... 70
7.5 The numerical method . . . . . .. ... .. ... .. L. 72

7.5.1 Time semi-discretization . . . . . . . .. ... ... 72
7.5.2 Spatial discretization . . . . . ... ..o 75
7.6 Uniform convergence analysis . . . . .. ... ... ... ......... 77

vi



7.7
7.8

Numerical results and discussions . . . . . . . . . . . . . . 82

Summary . . ... e 86

CHAPTER EIGHT: A FITTED MESH FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARABOLIC PARTIAL DELAY DIFFERENTIAL EQUA-

TIONS WITH NONLOCAL BOUNDARY CONDITION 87
8.1 The governingproblem . . . . . . ... .. ... ... ... ... ..., 87
8.2 Properties of continuous solution . . . . . .. ... ... ... ... .. 88
8.3 Bounds on the solution and its derivatives . . . . . ... ... ... .... 91
8.4 Decomposition of the solution . . . . . ... ... ... ... ..., 93
8.5 Thenumericalmethod . . . ... ... ... .. ... ... ... ... 98

8.5.1 The time semi-discretization . . . . . .. .. ... ... ...... 98
8.5.2 The spatial discretization . . . . . . .. ... ... 104
8.6 Uniform stability estimate . . . . . .. ... .. ... ... ... ..... 106
8.7 Uniform convergence analysis . . . . . . . ... ... ... ........ 108
8.8 Numerical results and discussions . . . . . . . .. ... ... ... ..., 114
89 Summary . . ... ... 118

CHAPTERNINE: HYBRID NUMERICAL METHOD FOR SINGULARLY PER-
TURBED PARTIAL DELAY DIFFERENTIAL EQUATIONS WITH NONLOCAL

BOUNDARY CONDITION 119
9.1 Thegoverningproblem . . . . . . ... ... ... ... ... ... 119

9.2 Properties of the continuous solution . . . . . . .. .. ... ... ... .. 121

9.3 Decomposition of the solution . . . . . . ... .. ... ... ....... 121

9.4 The numerical method . . . ... ... ... ... .. ... .. . ... 122
9.4.1 The time semi-discretization . . . . . .. ... ... ... ..... 122

9.4.2 The spatial discretization . . . . . . . . .. ... ... .. 123

9.5 Uniform stability analysis . . . . . . . ... ... ... ... ........ 127

9.6 Uniform convergence analysis . . . . . . . .. .. ... ... ....... 127

9.7 Numerical results and discussions . . . . . . ... ... ... ... ... 131

0.8 Summary . . . . ... 136
CONCLUSIONS AND RECOMMENDATIONS 137
REFERENCES 145

vii



4.1
4.2

5.1
5.2
5.3

54

6.1

6.2

7.1
7.2
7.3

7.4

8.1
8.2
8.3

8.4

9.1
9.2
9.3
9.4

LIST OF TABLES

Maximum absolute errors and rate of convergence for Example 4.1 . . . . . 34
Maximum absolute errors and rate of convergence for Example 4.2 . . . . . 34
The maximum pointwise error and rate of convergence for Example 5.1. . . 47
The maximum pointwise error and rate of convergence for Example 5.2. . . 47
Comparison of uniform error estimate and uniform rate of convergence for
Example 5.1. . . . . . . . 49
Comparison of uniform error estimate and uniform rate of convergence for
Example 5.2. . . . . . . e 49
Maximum absolute error and the corresponding rate of convergence for Ex-

ample 6.1 . . . . . L 65
Maximum absolute error and the corresponding rate of convergence for Ex-

ample 6.2 . . .. 65
Maximum absolute error and uniform rate of convergence for Example 7.1 . 83
Maximum absolute error and uniform rate of convergence for Example 7.2 . 83
Comparison of uniform error estimate for nonstandard FDM and standard

FDM on Shishkin mesh for Example 7.1 . . . . . . ... ... ... .... 86
Comparison of uniform error estimate for nonstandard FDM and standard

FDM on Shishkin mesh for Example 7.2 . . . . . . . ... ... ... ... 86
Maximum pointwise error and rate of convergence for Example 8.1. . . . . 116
Maximum pointwise errors and rate of convergence for Example 8.2. . . . . 117
Comparison of uniform error estimate and rate of convergence for Example

lat Nand At. . . . . . e 117
Comparison of uniform error estimate and rate of convergence for Example

822at Nand At. . . . . . . e 118
Values of EN:AL pNAL RNAL and RNA! for Example 9.1 . . . . . . . . . 134
Values of ENV:AL pNAL RN.AL gnd RNA! for Example 9.2 . . . . . . . . . 135
Comparison of EV:At and RN'A* for Example 9.1 at mesh number N and At. 135

Comparison of EV:2t and RY:2! for Example 9.2 at mesh number N and At. 136

viii



4.1
4.2

5.1
5.2

53

6.1

6.2

6.3

7.1

7.2

7.3
7.4
7.5

8.1
8.2
8.3

9.1
9.2
9.3

LIST OF FIGURES

Graph of numerical solution profile: (a) for Example 4.1, for Example 4.2.
Log-Log plot for maximum pointwise error versus N for different values of
e: (a) for Example 4.1, (b) for Example 4.2. . . . . ... ... ... ....

Graph of numerical solution profile: (a) for Example 5.1, for Example 5.2.

Log-Log plot of £V vs N for different £: (a) for Example 5.1, (b) for Exam-
ple 5.2, . e
Graph of pointwise absolute error: (a) for Example 5.1, (b) for Example 5.2.

Graph of numerical solution which displays the existing layer for different
values of perturbation parameter for Example 6.1: (a) for e = 1072, (b) for
e=10712 .
Graph of numerical solution which displays the existing layer for different
values of perturbation parameter for Example 6.2: (a) for e = 1072, (b) for
e=10712
Log-Log plot of maximum absolute error versus mesh numbers for different

values of € (a) for Example 6.1, (b) for Example 6.2. . . . ... ... ...

Graph of numerical solution profiles for Example 7.1: (a) for ¢ = 1072, for

Graph of numerical solution profiles for Example 7.1: (a) for ¢ = 1072, for
e=10712
Graph of numerical solution profiles for Example 7.1 for different time level
Graph of numerical solution profiles for Example 7.2 for different time level
Log-Log plot of maximum absolute error versus mesh numbers for different

values of € (a) for Example 7.1, (b) for Example 7.2. . . . . ... ... ..

Graph of numerical solution for Example 8.1 . . . ... .. ... ... ..
Graph of numerical solution for Example 8.2 . . . . . ... ... ... ..
Log-Log plot of maximum absolute error versus mesh numbers for different

values of € (a) for Example 8.1, (b) for Example 82. . . . ... ... ...

Graph of numerical solution of Example 9.1 fore = 1074, . . ... .. ..
Graph of numerical solution of Example 9.2 fore = 1074, . . . ... ...
Log-Log plot of maximum absolute error versus mesh numbers for different

values of € (a) for Example 9.1, (b) for Example 9.2. . . . ... ... ...

iX

33

35

48

48
48

66

66

66

84

84
85
85
85

115
115

116

133
133



LIST OF SYMBOLS, ACRONYMS AND

Ck(Q),C*(Q)

D*,D~,D+*D—

EN, EN

N, M

RN RN

U, Ug

U, U, UMM
X, Tq, tv tj
DDEs

FDM
SPDDEs

SPDEs
SPODEs
SPPPDDEs

SPPPDEs
SPPs

ABBRIVATIONS

Closed domain

Set of real numbers

Differential operator

Difference operator

Order symbols

Open domain

Discrete domain

Boundary of the domain
Singular perturbation parameter

Generic positive constant independent of ¢, h, and At

k times continuously differentiable functions in the respective
domain

Forward, backward, and central difference operator
Maximum absolute error and uniform error estimate
Number of mesh interval for space and time

Rate of convergence and uniform rate of convergence

Solution of continuous problem

Numerical solution
Independent variables
Delay differential equations

Finite difference method

Singularly perturbed delay differential equations
Singularly perturbed differential equations
Singularly perturbed ordinary differential equations

Singularly perturbed parabolic partial delay differential equa-
tions

Singularly perturbed parabolic partial differential equations

Singular perturbation problems



ABSTRACT

This dissertation presents a numerical treatment of a class of singularly perturbed problems
with nonlocal boundary conditions. The study of these singular perturbation problems has a
prominent role in many areas of science and engineering. Such problems are often described
by differential equations. These differential equations become singularly perturbed when the
highest order derivative is multiplied by a small perturbation parameter (¢). This leads to
the presence of boundary layers which are essentially small regions in the neighborhood of
the boundary of the domain and/or interior layer, where the solution changes rapidly. Due to
the existence of the singular perturbation parameter ¢, classical numerical methods for solv-
ing singularly perturbed problems are not well-posed and fail to give an accurate solution.
To overcomes this limitations, it is essential to formulate numerical methods that are uni-
formly convergent independent of the values of perturbation parameter. The main aim of this
dissertation is to develop, analyze and improve the e-uniform numerical methods for solving
a class of singularly perturbed differential equations with nonlocal boundary conditions. In
this study, exponentially fitted finite difference method, fitted mesh finite difference method,
nonstandard finite difference method and hybrid numerical method were formulated to solve
a class of SPDEs with nonlocal boundary conditions. As a result, the developed numerical
methods were shown to be stable, efficient, and uniformly convergent independent of the val-
ues of perturbation parameter. The nonlocal boundary conditions given at the right end of
the spatial domain was treated using Simpson’s rule of integration. The uniform stability
and convergence analysis of the developed numerical methods were analyzed. In order to
validate the applicabilty of the developed methods, numerical examples were considered and
solved for different perturbation parameters and mesh sizes. The numerical algorithm was
written using Matlab Software. The maximum pointwise error of the developed numerical
methods was computed using double mesh principle. The rate of convergence of the devel-
oped numerical methods was also computed. The developed numerical methods are efficient
and it achieves higher accuracy comparing with other methods. The numerical results are in
agreement with the theoretical estimates. The dissertation concludes with a brief discussion

of potential directions for future research.
Keywords: Singularly perturbed problems; Nonlocal boundary conditions; Fitted finite dif-

ference method; Shishkin Mesh; Stability analysis; Uniform convergence analysis; Error

estimate; Boundary layer.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the study

The study of singular perturbation problems (SPPs) is important in many fields of sciences
and engineering, such as fluid mechanics, chemical engineering, and electronics. High
Reynold’s number flow in fluid dynamics, heat transport problems with large Péclet num-
bers, modeling the problems in mathematical biology, and semi-conductor devices where
the edge effects are an important typical examples. These problems are often described by
differential equations which are parameter-dependent problems and are known as singular
perturbation problems. One of the earliest applications of singularly perturbed problems was
in fluid mechanics, where the Navier-Stokes equations govern the behavior of fluids. The

Naiver Stokes equation for fluid dynamics

O(u? + p) N Ouv) 1 @_’_@
Ox dy  Re \ox2 0y?)’

with suitable initial and boundary conditions is a good example of singular perturbation
problems for large Reynold’s number “Re”, where u, v are velocity component along x, y
directions and p is the pressure. These equations are notoriously difficult to solve, especially
in the presence of small-scale features such as boundary layers. The existence of boundary
layers in fluid and gas dynamics was not known before the early years of the twentieth
century when Ludwig Prandtl gave his seminar paper to the Third International Congress of
Mathematicians in Heidelberg in 1904, which revolutionized the theoretical understanding
of many flow phenomena (O’Malley, 2014).

Prandtl’s seven page report published in the proceedings Prandtl (1904) innovated the
subject called the boundary layer theory and gave an explanation that how a quantity as
small as the viscosity of common fluids such as water and air could play a crucial role in
determining their flow. Prandtl proved that the flow about a body can be treated by dividing
it into two regions: a very small layer in proximity to the body (which he called the boundary
layer) where the frictional effects are prominent, and the remaining as the outside region. The
boundary layer theory became the foundation stone for modern fluid dynamics. However,
the word “singular perturbation” was first used in the work of Friedrichs & Wasow (1946), a
paper on nonlinear vibrations presented at New York University. Though Prandtl introduced
the terminology boundary layer, it got much greater generality in the substantial work of
Wasow (1942).
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A differential equation becomes singularly perturbed when the magnitude of the highest
derivative is dominated by the lower order terms and is often attributable to a small parameter
(¢) multiplying the highest derivative (Turuna et al., 2020; Daba & Duressa, 2021). When-
ever a mathematical model is related to a phenomenon, the researchers generally try and
capture what’s essential, retaining the important quantities and omitting the negligible ones
which involve small parameters. The small parameter is called the singular perturbation pa-
rameter. So, it is necessary to constitute a question about the role of €, where 0 < ¢ < 1.
Hence, the model that might be obtained by maintaining the small parameters is called the
perturbed model, whereas the simplified model (the one that doesn’t include the small pa-
rameters) is called the unperturbed (or reduced) model (Sharma et al., 2013). For example,

consider the boundary value problem of the form

eu(x) + a(x)u'(x) + b(x)u(z) = f(x)
u(0) = ug, u(l) = uy

(1.1

where 0 < € < 1 1s a perturbation parameter. The problem (1.1) is singularly perturbed and
a layer may appear depending on the given value of a(x). When a(x) > 0, left boundary
layer forms, when a(z) < 0, right boundary layer forms, and when a(xz) = 0, the interior
or parabolic boundary layer forms. The problem (1.1) is considered to be a reduced prob-
lem if € = 0. Singular perturbation problems are manifested in the solution of differential
equation as steep, small layers at the boundaries and interior of the domain across which
the dependent variable undergoes very rapid changes. These SPPs commonly occur in many
fields of mathematics, as boundary layers in mechanics, edge layers in solid mechanics, skin
layers in electrical applications, shock layers in fluid and solid mechanics, transition points
in quantum mechanics, and Stokes lines and surfaces in mathematics (Kadalbajoo & Patidar,
2003).

The solution of SPPs is well-known for having a multiscale character, as it differs rapidly
within the boundary layer while acting smoothly outside of these layers. Perturbations work
over a very small region in these problems, where the variable quantity undergoes very rapid
change. Since the small parameter multiplies the highest derivative, these small regions
sometimes adjoin the boundaries or interior stage. As a consequence, these problems have
boundary and/or interior layers, which ensures that there are small areas where the solution
changes rapidly. The analytical solution of the SPPs is difficult due to the presence of small
boundary layer. Therefore, it is necessary to develop numerical methods, more precisely
e-uniform that solve the singularly perturbed differential equations (SPDEs) effectively. Nu-
merical analysis and asymptotic analysis are the two main approaches to solve SPPs. The

numerical analysis seeks to provide quantitative information on a particular problem, while

Ph.D Dissertation 2
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the asymptotic analysis seeks to gain insight into the qualitative behavior of the problem
domain and only semi-quantitative information about any particular domain. Numerical
methods are designed to address a wide range of problems and minimize the demands of the
problem solver. Asymptotic methods treat relatively restricted problem class and require the
problem solver to have some understanding of the behavior of the solution (Kadalbajoo &
Reddy, 1989).

Most modern numerical methods such as standard finite difference, finite element meth-
ods, and finite volume methods are not robust and layer-resolving when used to solve SPPs
on a uniform mesh. Due to the presence of steep gradients ( boundary layers) in the analyt-
ical solution, inaccurate numerical solutions are obtained whenever the classical numerical
methods are used to solve SPPs with boundary or interior layers on uniform meshes. In
this context, for careful numerical experiments, Farrell et al. (2000) and Miller et al. (1995)
show that the classical methods fail to decrease the maximum point-wise error as the mesh
is refined, until the mesh parameter and the perturbation parameter have the same order of
magnitude. This contradicts the natural expectation that the error of a numerical method
decreases while the mesh is refined. Furthermore, this assumption is unacceptable from a
practical standpoint because when ¢ is incredibly small, an unacceptably large (c-dependent)
number of mesh points is required to attain an accurate numerical solution, leading to a large
computational cost (Woldaregay et al., 2021). This limitation inspires to the construction of
uniform numerical methods. Therefore, within the study of SPPs, the foremost challenging
job is to develop such uniformly convergent numerical methods.

Singularly perturbed problems are mathematical problems that involve small parameters
that causes the solution to change rapidly in certain regions of the domain. Fitted numer-
ical methods are a class of numerical methods that are designed to handle such problems
(Selvakumar & Lazarus, 2018). The significance of fitted numerical methods for solving
singularly perturbed problems lies in their ability to accurately capture the behavior of the
solution in the boundary layer regions, where the solution changes rapidly. These methods
use a combination of mesh refinement and numerical approximation techniques to ensure that
the solution is computed accurately in the boundary layer regions, while still maintaining ef-
ficiency and stability. Fitted numerical methods are particularly useful for solving singularly
perturbed problems because traditional numerical methods, such as finite difference or fi-
nite element methods, can struggle to accurately resolve the solution in the boundary layer
regions. This is because these methods typically use a uniform mesh, which may not have
enough resolution in the boundary layer regions to accurately capture the behavior of the
solution. In the construction of uniform numerical methods, two approaches generally have
been taken into account (Bullo et al., 2021). A finite difference method has two major in-

gredients: the finite difference operator £ that is employed to approximate the differential

Ph.D Dissertation 3
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operator £ and the mesh 2% that replaces the continual domain .

The second successful approach to the development of c-uniform numerical methods
involves the utilization of ordinary finite difference operators on a special mesh condensed
within the boundary or interior layers. The first of those e-uniform methods involve replacing
the classical finite difference operator with an operator that reflects the singularly perturbed
nature of the differential operator. Such finite difference operators are noted as fitted operator
finite difference and will be constructed by choosing their coefficient in such a way that
some or all of the exponential functions are within the space of the differential operator.
Such exponentially fitted operator finite difference and standard mesh ( a regular mesh) are
observed as fitted operator methods (Duressa & Woldaregay, 2022). In some cases, fitted
operator finite difference is required only in a neighborhood of the layers, while the standard
finite difference operator can be used on the mesh points in the rest part of the domain (Farrell
et al., 1998).

The fitted mesh method uses special non-uniform mesh condensed around the layer re-
gion and, therefore, a recognized technique for solving SPPs that overcome the limitation of
classical methods. These fitted mesh methods have an additional advantage over the fitted
operator methods due to their easy implementation and extension to solve higher dimen-
sional and nonlinear problems. Since the precision of fitted mesh methods depends only on
the number of nodes and is independent of the value of the small parameter, this principle is
commonly used to solve a wide range of problems.

The underlying idea is to construct a piecewise-uniform mesh, that is, a mesh that com-
bines a finite number of uniform meshes with different mesh sizes inside and outside the
layer. If the location and the width of the boundary layer are known, then a highly accu-
rate piecewise-uniform mesh known as the Shishkin mesh can be easily constructed. These
uniform fitted meshes were first introduced by Shishkin et al. (1983) and the correspond-
ing numerical methods are further developed and shown as e-uniform (Roos et al., 1996).
The above two approaches are based on a priori knowledge of the solution before solving
the original problem which is not always available. Singularly perturbed delay differential
equations (SPDDEs) are a type of differential equation that involve a time or spatial delay
and a small parameter that multiplies the highest derivative term (Govindarao & Mohapatra,
2019; Woldaregay & Duressa, 2020). These equations are challenging to solve because they
exhibit both fast and slow dynamics, and a delay term can cause instability or oscillations in
the solution. SPDDEs have many applications in a diverse area of science and engineering
such as studying heat conduction in materials or mass transfer (Kaushik, 2014; Wu, 1996),

biosciences (such as population dynamics) (Kuang, 1993) and fluid flow (Roos et al., 2008).
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A common example from numerical control (Ansari et al., 2007) is the equation

T vl (et — 7)) 92 e (et~ 1) — ule, 1),

which models a furnace used to process metal sheets. Here, u is the temperature distribution
in a metal sheet, moving at a velocity v and heated by a source specified by the function f;
both v and f are dynamically adapted by controlling device monitoring the current temper-
ature distribution. The finite speed of the controller, however, introduces a fixed delay of
length 7. SPDDEs arise when the rate of change of a time dependent process in its mathe-
matical modeling is not only determined by its present state but also by a certain past state.
If the delay parameter is smaller than the perturbation parameter, it is referred to as small
delay; otherwise, it is referred to as large delay or large negative shift (Rao & Chakravarthy,
2014; Woldaregay et al., 2021; Woldaregay & Duressa, 2022; Govindarao & Mohapatra,
2019; Duressa & Woldaregay, 2022).

Boundary layers occur in the solution of SPDDEs when the singular perturbation param-
eter €, tends to zero. These boundary layers are located in neighborhoods of the boundary
of the domain, where the solution has a very steep gradient. Away from any corner of the
domain a boundary layer of either regular or parabolic type (Miller et al., 1996; Roos et al.,
2008; Govindarao et al., 2020), and/or interior layer (Devendra & Parvin, 2020; Elango et
al., 2021) may occur. A boundary layer is said to be parabolic if the characteristics of the
reduced problem (for € = () are parallel to the boundary, and regular if these characteristics
are not parallel to the boundary. Due to the presence of the singular perturbation parameter
e, the standard methods for solving such problems are not useful and fail to give accurate re-
sults. The necessity to resolve the boundary layers has inspired the development of uniform
convergent numerical methods. Nonlocal singularly perturbed problems are mathematical
models that involve a combination of nonlocal and singularly perturbed phenomena. These
problems arise in many areas of science and engineering, including biology, physics, and
materials science. Such types of problems are described by differential equations with or
without delay involving large or small parameters. Often these mathematical problems are
extremely difficult (or even impossible) to solve exactly and in these circumstances, approxi-
mate solutions are necessary. In modeling of various processes in science and engineering an
integral term over the spatial domain appears interior or whole of the boundary conditions.

Over the last few years, many physical phenomena were formulated to non-local math-
ematical models. Problems in thermodynamics (Day, 1982), plasma physics (Bouziani,
1996), heat conduction (Cannon, 1963; Dehghan & Tatari, 2008), underground water flow
and population dynamics (Kudu & Amiraliyev, 2015) can be reduced to the nonlocal prob-

lems having integral conditions. For example, consider a second order parabolic delay dif-
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ferential equations with nonlocal boundary condition which arise in population dynamics

(Bahuguna & Dabas, 2008) with time delay of the form

'—kum(aj,t) + u(z,t) = —d(x, t)u(z, t) + b(x, )u(z,t — 1), (x,t) € (0,7) x [0,T],
u(z,t) = ¢(x,t), t € [-7,0], x € (0,7),

u.(0,t) = 0,t € [0,T],

LSy u(z,t)dz = 1p(t),t € [0,T].

(1.2)

In this problem, there is no flux condition considered in the left, and the average population
size is being controlled by the function (t) in the right. SPDDEs with integral condition
play an important role in the mathematical modeling of various practical phenomena and also
widely applied within fields like bio-sciences, control theory, economics, medicine, robotics,
HIV infection models, oceanography, cellular systems, meteorology, the blood flow models,
etc (Sekar & Tamilselvan, 2018).

In nonlocal SPPs, the behavior of a system at a given point depends not only on its
local conditions but also on the conditions at other points in the system. This can lead to
long-range interactions and complex behavior that cannot be captured by local models. The
nonlocal behavior can affect the formation of the boundary layer, and the boundary layer
can in turn affect the non-local behavior. SPPs with nonlocal boundary conditions contains
a small parameter that causes the solution to exhibit rapid changes or transitions in a small
region of the domain. This can lead to numerical difficulties and requires special techniques
to accurately capture the behavior of the solution. Therefore, it is necessary to develop

numerical methods that are convergent independent of perturbation parameter.

1.2 Statement of the problem

The presence of an integral term in a boundary condition can greatly complicate the ap-
plication of standard numerical techniques such as finite difference method, finite element
methods, spectral techniques, boundary integral methods, etc. Therefore, it is important to
convert nonlocal boundary value problems to a more desirable form, to make them more
applicable to problems of practical interest. In many cases this is a hard task. Because of the
importance of these types of equations in science and technology, in last twenty years there
has been growing interest in developing computational techniques for the numerical solution
of differential equations with boundary integral conditions.

Over the past few years, various numerical techniques have been developed in order to
study singularly perturbed differential equations with nonlocal boundary conditions (Kudu &
Amiraliyev, 2015; Kudu et al., 2018; Raja & Tamilselvan, 2019b, 2020; Debela & Duressa,
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2020c). Unfortunately, a class of singularly perturbed time-dependent differential equations
with nonlocal boundary conditions has yet to be researched. The study of singularly per-
turbed delay differential equations with integral boundary conditions led to the development
of several numerical techniques. Several researchers have explored and developed multi-
ple numerical methods for singularly perturbed delay differential equations of convection
diffusion type with integral boundary conditions (Sekar & Tamilselvan, 2018, 2019b; De-
bela & Duressa, 2019). However, singularly perturbed differential equations of the reaction-
diffusion type with integral boundary conditions have been not investigated yet.

Elango et al. (2021) was the first, to investigate singularly perturbed partial delay differ-
ential equations of reaction-diffusion types with integral boundary condition. They devel-
oped a finite difference scheme on piecewise uniform Shishkin mesh in spatial direction and
backward difference method in temporal direction. They proved that the order of conver-
gence is almost two in space variable and one in time variable.

Several researchers (Gobena & Duressa, 2022a,b; Hailu & Duressa, 2022) have attempted
to design different parameter uniform convergent numerical method for solving singularly
perturbed partial delay differential equations with integral boundary conditions. Even still,
the more accurate uniformly convergent layer resolving numerical methods are necessary to
solve the problems. Finally, in all the cases, the well-known standard numerical methods
used for solving a class of singularly perturbed differential equations are not well-posed and
fail to give an analytical solution when the perturbation parameter ¢ is small. This is why
the numerical methods for solving a class of singularly perturbed problems are of practical
interest. It is necessary to develop suitable numerical methods that are uniformly convergent

independent of the values of perturbation parameter.

1.3 Objectives of the study

1.3.1 General objective

The main objective of this study is to develop uniformly convergent numerical methods for

a class of singularly perturbed differential equations with nonlocal boundary conditions.

1.3.2 Specific objectives

The specific objectives of the study are to:

1. formulate numerical methods that are convergent independent of the values of the per-

turbation parameter.
2. establish the stability of the developed numerical methods.

3. investigate the convergence of the developed numerical methods.
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1.4 Significance of the study

The results of this study will contribute to researchers benefit, considering that singularly
perturbed problems play an important role in sciences and engineering. The result that will
be obtained in this research project can enhance the knowledge of numerical method for a
class of singularly perturbed differential equation with nonlocal boundary conditions. The
analysis in this research project can serve as reference for researchers. The results that will

be obtained in this research project can serve as bases to extend the idea.

1.5 Delimitation of the study

Singular perturbation problems have many applications in science and engineering prob-
lems. These singularly perturbed problems are modeled by ordinary differential equations,
partial differential equations or delay differential equations with an appropriate boundary
conditions. Because of its wide range of applications, this study is limited to the following

singularly perturbed problems.

Governing problem - I

A class of singularly perturbed delay ordinary differential equations of reaction-diffusion

types with integral boundary condition is considered as

Lu(z) = —eddu—m(f) + a(z)u(z) + b(x)u(x — 1) = f(z), = € (0,2),
u(z) = ¢(x), e [=1,0], (1.3)

Ku = u2) =< | gy = o,

where ¢ is a small positive number (0 < € < 1). Assume that a(z) > o > 0, b(z) < 8 <0,
a+ >0, f(x),o(x), ¢, are sufficiently smooth functions and g(z) is monotonically non
negative function and satisfy f02 g(x)dx < 1. Under this assumptions, equation (1.3) has a
unique solution which exhibits a boundary layer at x = 0 and x = 2 and interior layer at

z=1.
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Governing problem - 11
A class of singularly perturbed parabolic partial differential equations with integral boundary

condition is considered as

Pu(w,t)  Ou(x,t)
T a2 * ot
uw(z,0) = gp(z), V(z,t) € Iy ={(2,0);0 <x <1},

w(0,) = ¢y(t), V(z,t) € Ty = {(0,£):0<t < T},

Lu(z,t)

+a(z, t)u(z, t) = f(x,t), (x,t) € Q,

Ku(z,t) = u(1,t) — 5/1 g(@)u(z, t)dr = ¢.(z,t), V(z,t) el ={(1,t);0<t < T},
(1.4)

where (z,t) € Q = (0,1) x (0,7], 2 = [0,1] x [0, 7], and ¢ is a small positive parameter
(0 < e < 1). Assume that a(z,t) > a > 0, f(z,t), ¢1, ¢., ¢ are sufficiently smooth
and g(z) is monotonically non negative function and satisfy f01 g(x)dx < 1. Under this
assumptions, equation (1.4) has a unique solution which exhibits a parabolic boundary layer
(atx=0and z = 1).

Governing problem - IIT

A class of singularly perturbed partial delay differential equations of reaction-diffusion type

with integral boundary condition is considered as

Pu(z,t)  Ou(z,t)
T o * ot
u(z,t) = ¢y(x,t), Y(z,t) e ') ={(z,t); -1 <2 <0and0 <t < T},

Lu(z,t) = — +a(z, t)u(z,t) + b(z, t)u(z — 1,t) = f(z,t), (z,t) €Q,

Ku(z,t) = u(2,t) — S/OQg(x)u(x,t)da: = ¢p(x,t), V(z,t) € T, ={(2,1);0 <t < T},

uw(z,t) = gp(x,t), V(x,t) € Ty = {(2,0);0 <z <2}
(1.5)

where (z,t) € Q = (0,2) x (0,7], @ = [0,2] x [0,T], & = (0,1) x [0,T], Q2 =
(1,2) x [0, 7], Q@ = O U, and € is a small positive parameter (0 < ¢ < 1). Assume
that a(z,t) > «, b(z,t) < <0, a+ >0, f(z,t), ¢, ¢, ¢y are sufficiently smooth
and g(z) is monotonically non negative function and satisfy f02 g(x)dx < 1. Under this
assumptions, equation (1.5) has a unique solution which exhibits a boundary layer at x = 0
and x = 2 and interior layer at x = 1.

The numerical methods presented in this dissertation are limited to the finite difference

method and the cubic spline method.
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1.6 Mathematical preliminaries

This section introduces some basic definitions, notations and conventions which will be used
throughout the study. The following definitions and notations are taken from the books
(Farrell et al., 2000; Miller et al., 1998; Roos et al., 1996). First of all, {2 denotes a bounded
open domain in R? and is given by Q = (0, L) x (0, T'). For any nonnegative integer k, C*({)
denotes the space of all functions whose derivatives are continuous up to order k on (2. In

the analysis, if the standard supremum norm ||.|| or ||.||, is used, which is defined by
[lul| = sup [u(§)],
€eQ

for a function v on some domain €2. It is a convention that when the domain is obvious, or
of no particular significance, €2 is omitted. Now, the standard finite difference operators are
defined which will be used for describing the difference schemes in the subsequent studies.

Consider an arbitrary nonuniform mesh QY = {z}7 given by
N ={0=ap<z1<T9<m3<--<aN_ <TNn=L}.

Letus denote h; = z;—x;_;, j = 1,--- , N. For amesh function V}, the forward, backward

and central difference operators D+, D~ and D° are respectively given as

Visi =V,
hji1

Vi=Via

- ’ DOV} _ V}'ﬁ‘l - ‘/]'—1

DTV, =
! i hjt1+h;

L DV, =

)

and the second-order finite difference operator D™ D~ is defined as

2 2 Vi =V Vi—V._
DD Vi=—2= (D" - D)V, = (J“ i _ “).
T byt hy ( ) hjvr +h; X\ hj

Throughout the study C' denotes a generic positive constant independent of the mesh points
x; and the parameter € and the number of mesh intervals /N which can take different values at

different places, even in the same argument. But a subscripted C' (i.e., C}) is a fixed constant.

Definition 1. Shishkin meshes: A Shishkin mesh is a piecewise uniform mesh. What distin-
guish a Shishkin mesh from any other piecewise uniform mesh is the choice of the so called

transition parameter(s) which are the points at which the mesh size changes rapidly.

Definition 2. Boundary layer is defined as the region of the independent variables where the

dependent variables change rapidly.

Definition 3. c-uniform numerical method: Consider a family of mathematical problems

parameterized by a parameter <, where ¢ lies in the semi-open interval 0 < ¢ < 1. Assume
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that each problem in the family has a unique solution denoted by u. and that of each u. is
approximated by a sequence of numerical solution U,, ) where U. is defined on the discrete
space QN and N is the discretization parameter. Now the numerical solution U, is said to
converge c-uniformly to the exact solution u. , if there exist a positive integer Ny and positive

numbers C and p, where Ny, C, p all are independent of € such that for all N > N,

o, v — el < oN
Remark 1. Nonlocal boundary conditions are boundary conditions that depend on the be-
havior of the solution at points other than the boundary itself. In other words, the boundary
conditions are specified in terms of integrals or derivatives of the solution over a region that
includes the boundary. Nonlocal boundary conditions are often used in mathematical mod-
els of physical phenomena where the behavior of the solution at the boundary is influenced
by the behavior of the solution in the interior. Examples of such phenomena include wave

propagation, heat transfer, and fluid flow.

Remark 2. An integral boundary condition is a type of boundary condition in a differen-
tial equation that involves an integral over the boundary of the domain. It is often used to
model physical systems where the behavior at the boundary is influenced by the behavior

throughout the entire domain.

1.7 Organization of the dissertation

In this dissertation, suitable numerical methods to solve a class of singularly perturbed dif-
ferential equations with nonlocal boundary conditions are investigated, designed, and ana-
lyzed. Apart from this introductory chapter, this dissertation consists of nine chapters and
conclusion. The first chapter is devoted to a general introduction as well as the historical
background of related work in the subject of singularly perturbed problems. It provides the
motivation and objectives for solving singularly perturbed problems, as well as the prelimi-
naries to be employed in the dissertation. In the second Chapter, the literature review of the
dissertation is given. In the third Chapter, a research methodology of the study is given.

In Chapter 4 and 5, numerical methods for solving a class of singularly perturbed ordi-
nary differential equation with nonlocal boundary conditions are developed. In Chapter 6 and
7, numerical methods for solving singularly perturbed parabolic partial differential equations
with nonlocal boundary conditions are presented. In Chapter 8 and 9, numerical methods for
solving singularly perturbed partial delay differential equations of reaction-diffusion types

with nonlocal boundary conditions are formulated.
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CHAPTER TWO

LITERATURE REVIEW

This chapter describes some of the studies on numerical treatment of a class of singularly per-
turbed differential equations with nonlocal boundary conditions that have been documented
in the literature. These class of problems play a crucial role in various problems in engineer-
ing and applied sciences. A number of recent papers have been presented to the investigation

of various numerical methods to solve such types of problems.

2.1 Singularly perturbed differential equations with integral boundary
conditions

Singularly perturbed problems with integral boundary conditions are a type of differential
equation that involve a small parameter multiplying the highest derivative term and an inte-
gral boundary condition. These problems arise in neural network. In the literature, various
methods have been proposed to solve singularly perturbed problems with integral boundary
conditions. For instance, Cakir & Amiraliyev (2005) presented a finite difference method for

solving singularly perturbed nonlocal boundary value problem of the form

Lu(z) = ®u”(2) + ea(z)v'(z) — b(z)u(z) = f(x),0 <z <,
u(0) = po, .1

Lhu(l) = u(l) — /ll g(@)u(z)dr = p,0 <ly <l <I.
lo
Here ¢ is a small positive parameter, 1o and y; are given constants, a(x) > «, b(xz) > [,
g(x) and f(x) are sufficiently smooth functions in the [0,[]. The solution u(x) of problem
(2.1) has in general a boundary layers at x = 0 and x = [ for € near 0. They demonstrated
that a presented method is e-uniformly first order accurate in the discrete maximum norm.
Amiraliyev et al. (2007) considered a uniform finite difference method on Shishkin mesh for
a quasilinear first order singularly perturbed boundary value problem (BVP) with integral

boundary condition of the form

eu + f(t,u) =0,t € I =(0,T7),T >0,
T 2.2)
u(0) = pu(T) +/ b(s)u(s)ds +d,
0

where 0 < € < 1 is the perturbation parameter, 1 and d are given constants. b(t) and f (¢, u)

are assumed to be sufficiently continuously differentiable functions in [ = I U {t = 0} and
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I x R respectively and moreover % > « > 0. They proved that the method is first order
convergent except for a logarithmic factor, in the discrete maximum norm, independently of
the perturbation parameter.

Cen & Cai (2007) developed a hybrid upwind difference scheme on a Shishkin mesh
for solving singularly perturbed problem given in (2.2). Applying the discrete maximum
principle and barrier function techniques, they showed that the scheme is almost second
order convergent, in the discrete maximum norm, independently of singular perturbation
parameter. Zhang & Xie (2009) developed the uniformly valid asymptotic solution of a
singularly perturbed problem considered in (2.2), with the method of boundary layer function
and the Banach fixed-point theorem. Kudu & Amiraliyev (2015) considered the singularly
perturbed second order ordinary differential equation with integral boundary condition of the

form

Lu(z) = &*u"(x) + ca(z)v' (z) + b(z)u(z) = f(z), 0 <z <,
/ Mo
w(0)="7, (2.3)

/O | d(z)u(z)dz = .

where 0 < ¢ < 1 is a perturbation parameter, 0 < o < a(x), f(x), d(x) are sufficiently
smooth functions in [0, /], ;, (i = 0, 1) are given constants. The function u(z) has in general
a boundary layer of thickness O(¢) near x = 0. The uniform convergence of the approxima-
tion solution on a uniform mesh is demonstrated. Kudu et al. (2018) constructed numerical
algorithm based on upwind finite difference operator and an appropriate piecewise uniform
mesh to solve problem (2.2). They established parameter-uniform error estimate for the
numerical solution.

Raja & Tamilselvan (2019a) considered a class of third order singularly perturbed con-

vection diffusion type equations with integral boundary condition of the form

eu” (z) + a(x)u" (z) + b(z)u'(x) + c(x)u(z) = f(x),z € (0,1) = Q,
! 2.4)
u(0) = 11,1 (0) = lp,u(l) = 6/0 g(x)u(x)dx + 13,

where 0 < ¢ < 1, a(z) > a > 0,b(x) > B > 0,0 < c(z) < 6y <0, 4o +
B+ 160 > 0, ly,ls, (3 are real numbers, g(z) is nonnegative with folg(x)dx < 1 and
a(x),b(x), c(z), f(x), g(x) are sufficiently smooth on 2 = [0, 1]. They presented numerical
method based on a finite difference scheme on a Shishkin mesh and the method suggested is

of almost first order convergent.
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Raja & Tamilselvan (2019b) considered a class of system of singularly perturbed reaction

diffusion equations with integral boundary condition of the form

La(s) = Liu(x) = —euf (x) + a1 (2)ug (2) + arz(z)uz(z) = fi(x), 2.5)

Lou(z) = —euly () + ag (x)ur(x) + ax(x)us(x) = fo(z),

where @ = (uy(z),us(x)),z € Q = (0, 1), with the boundary conditions

u1(0) = Iy, Byuyr (1) = uy (1) — 5/0 g(x)uy (z)dr = ls,

ws(0) = Ly, Byua(1) = un(1) — g/o g(2)ua(x)dz = Ly,

where 0 < ¢ < 1is a small positive parameter and the functions a1 (), a12(x), as1 (), asa(x),
fi(z), fa(zx) are sufficiently smooth on 2 = [0, 1] and g; is nonnegative and fol gi(x)dx < 1,
fori = 1,2,2 € ). Here, they described a numerical method based on a finite difference
scheme on a Shishkin mesh. The recommended approach is almost second order convergent.
Raja & Tamilselvan (2020) developed a finite difference scheme on uniform Shishkin
mesh for solving singularly perturbed convection-diffusion problem with integral boundary

condition of the form
Ly = —ey"(z) + a(z)y' (v) = f(z),z € Q,

1 (2.6)
y0) = A Liy(1) = (1) =< [ glaly(a)ds = B.
where 0 < ¢ < 1, A and B are constants, a(z) > a > 0, x € Q = [0,1],g(z) is
nonnegative with fol g(x)dx < 1and f(x),a(z) are continuously differentiable functions on
Q). They proved that the developed numerical method is of almost first order convergent.
Debela & Duressa (2020a) developed an accelerated numerical method for singularly
perturbed problem given in (2.1). They used exponentially fitted operator method using
Richardson extrapolation techniques. They treated an integral boundary condition using nu-
merical integration techniques. They showed that the method is e-uniformly convergent.
Debela & Duressa (2020c) developed a uniformly convergent numerical method via non-
standard finite difference and numerical integration methods for a governing equation given
in (2.3). They showed that the method is e-uniformly convergent. Debela (2021) presented
numerical method to solve SPDEs given in (2.6). The proposed method is a combination
of the classical finite difference method for the boundary conditions and exponential fitted
operator method for the differential equations at the interior points. They showed that the
method is to be first-order accuracy independent of the perturbation parameter.

As a result, the problems presented above can be easily extended to time-dependent sin-
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gularly perturbed parabolic partial differential equations with nonlocal boundary conditions.

2.2 Singularly perturbed delay differential equations with integral bound-
ary conditions

Singularly perturbed delay differential equations with nonlocal boundary condition consti-
tute a very interesting and important class of problems (Amiraliyev et al., 2007). Because of
this, several scholars studied singularly perturbed delay differential equations with nonlocal
boundary conditions. For example, Sekar & Tamilselvan (2018) considered a class of sin-
gularly perturbed system of delay differential equations of convection diffusion type with an

integral boundary conditions of the form:

— euy(w) + a1 ()u) (x) + buy(2)ur () + bia(w)uz(r) + cnn(z)ur(z — 1)

+C12( ) ( 1) f (ZE), T & Ql UQQ,

— euy () + az(z)uy(x) + boy (x)uy () + bao()us(x) + cor(z)u(z — 1)
)=

+ CQQUQ(ZE -1 f (Qf), re U QQ, 2.7)

ur(z) = ¢(x),x € [—1,0], Ciuy (2) = uy(2) — 6/0 g1(x)uy (x)dx =1y,
() = 6a(o) 2 € 1.0, Kua(2) = () =< [ gulafun(a)de =1

where 0 < € < 11is a small positive parameter, the functions a; (), as(x), b11(x), bia(), ba1 (),
boo (), c11(x), c12(x), ca1(x), caa (), fi(x), fo(x) are sufficiently smooth on €2 = [0, 2]. They
developed a finite difference scheme on an appropriate piecewise Shishkin type mesh is sug-
gested to solve the problem. They proved that the method is almost first-order convergent.
An error estimated is derived in the discrete maximum norm.

Sekar & Tamilselvan (2019a) considered a class of third order singularly perturbed delay

differential equations of convection diffusion type with an integral boundary conditions:

— e (x) + a(z)u” (x) + b(x)u' (x) + c(x)u(z) + d(z)u'(x — 1) = f(z),z € Q,
u(x) = p(x),z € [-1,0],¢ € C1([-1,0]), (2.8)

u'(2) = /0 g(z)u' (z)dx + 1,

v < d(z) < v,a+ 0+~ > 0, g(x) is non negative and monotone with fo x)dr < 1
and a(x),b(x), c(x),d(x), f(x), g(x) are sufficiently smooth on §2 = [0, 2]. They presented
a numerical method based on a finite difference scheme on a Shishkin mesh. The suggested
method is almost first-order convergent. An error estimate is derived in the discrete norm

and they validate the theoretical estimates by presenting numerical examples.
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Sekar & Tamilselvan (2019b) looked at a class of singularly perturbed delay differential

equations of convection diffusion type with an integral boundary conditions of the form:

Lu(z) = —eu”(x) + a(x)u'(z) + b(z)u(x) + c(x)u(z — 1) = f(z),x € Q,
u(z) = ¢(x), =€ [-1,0], 2.9)

Lu(2) =u(2) — 5/0 g(x)u(x)dx =1,

where ¢(x) is sufficiently smooth on [—1, 0]. For all z € €2, it is assumed that the sufficient
smooth functions a(z), b(z) and c(x) satisfy a(z) > a3 > a > 0,b(z) > § > 0,¢(z) <
v <0,a+ S+~ >0and 3+~ > 0. Furthermore, g(z) is non negative and monotonic with
f02 g(z)dr < 1. They developed a finite difference scheme with an appropriate piecewise
Shishkin type mesh to solve the problem. They proved that the method is almost first-order
convergent. An error estimated is derived in the discrete norm.

Sekar & Tamilselvan (2019c¢) considered a class of third order singularly perturbed delay
differential equations of reaction diffusion type with an integral boundary condition of the

form:

—eu" (z) + b(z)u(z) + c(x)u(z) + d(z)u'(x — 1) = f(z),z € (0,2),
2 (2.10)
w(@) = d(x), x€[=1,0], ¢eC=1,0],u/(2) = —g/ g(z) () + 1,

0

where 0 < ¢ << 1,b(z) > a > 0,0 < c(x) < Op,y < d(z) < 7% < 0,aa+ 6 +
v > 0, f02g(a7)dar < 1 and b(x), c(x),d(x), f(z), g(x) is non negative monotone and are
sufficiently smooth on 2 = [0,2] and [ be a real number. They developed a numerical
method based on a finite difference scheme on a Shishkin mesh. The method suggested is
almost first-order convergent. An estimated error is derived in the discrete norm.

Debela & Duressa (2019) considered the following singularly perturbed problem

Ly = —ey"(z) + a(x)y'(z) + b(z)y(z) + c(x)y(z — 1) = f(z), =€ Q= (0,2),
y($) = ¢($), S [_170]7

Ky(2) = y(2) — ¢ / g(x)y(x)de = 1,
2.11)

where ¢(z) is sufficiently smooth on [—1,0]. For all z € 2 it is assumed that the sufficient
smooth functions a(x), b(z) and ¢(z) satisfy a(x) > oy > a > 0,b(x) > 5> 0,¢(zx) <y <
0and o + 5+ v > 0, and g(x) is non-negative and monotonic with f02 g(x)dx < 1. They

developed exponentially fitted finite difference method for solving the problem. To treat
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the integral boundary condition, Simpson’s rule is applied. They proved that the proposed
method is stable and parameter uniform convergent. To validate the applicability of the
scheme, they considered two model problems for numerical experimentation and solved for
different values of the perturbation parameter, ¢ and mesh size, h. They computed maximum
absolute errors and rate of convergence and it is observed that the presented method is more
accurate and e-uniformly convergent for i > ¢.

Debela & Duressa (2020b) also developed accelerated fitted finite difference method for
solving singularly perturbed delay differential equation with non-local boundary condition
given in (2.11). To treat the non local boundary condition, Simpson’s rule is applied and
the stability and parameter uniform convergence for the proposed method was proved. To
validate the applicability of the scheme, they considered two model problems for numerical
experimentation and solved for different values of the perturbation parameter ¢ and mesh
size h. They tabulated the numerical results in terms of maximum absolute errors and rate of
convergence, and it is observed that the presented method is more accurate and e-uniformly
convergent for h > ¢.

Devendra & Parvin (2020) considered the following problem

Lu = —eu"(x) + p(a)u'(z) + q(@)u(z) + r(z)u(z — 1) = ¢(x),z € 2 = (0,2),
u(x) = ¢(z),x € [-1,0], (2.12)

u(2) =k + 8/0 s(x)u(x)dr = E,

where ¢ € (0, 1] and F is a constant. All the associated functions are assumed sufficiently
smooth, bounded, and independent of €. Also, p(x), ¢(z) and r(z) are such that
p(z) > p* >0, qlx) > ¢ >0, rx) <r* <0, g(x) + r(x) > 6 > 0, where p* + ¢* +
r* > 0. They developed the method based on the basis of B-spline functions and efficient
numerical scheme on a piecewise-uniform mesh is suggested to approximate the solution
of singularly perturbed problems with an integral boundary condition and having a delay of
unit magnitude. For the small diffusion parameter ¢, an interior layer and a boundary layer
occurred in the solution. Unlike most numerical schemes their scheme does not require the
differentiation of the problem data (integral boundary condition). The parameter-uniform
convergence (the second-order convergence except for a logarithmic factor) is confirmed by
numerical computations of two test problems. They used double mesh principle to measure
the accuracy of the method in terms of the maximum absolute error.

Based on the information provided above, it is clear that a numerical method for solving
a class of singularly perturbed delay differential equations of the reaction-diffusion type has

not yet been investigated.
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2.3 Singularly perturbed parabolic partial delay differential equations
with integral boundary condition

A numerical method for solving a class of singularly perturbed parabolic partial delay dif-
ferential equations with integral boundary condition was first investigated by Elango et al.

(2021). They took a below governing equations with integral boundary condition of the form

Lu(r,t) = (—8% + % + a(r, t)) us(r,t) + b(r,u(r — 1,t) = f(r,t), (r,t) € D

us(r,t) = ¢y(r,t), V(r,it) ey ={(rt);—1<r<0and 0<t<T}
2
Kus(r,t) = u(2,t) — 5/ g(r)us(r,t)dr = ¢r(r,t), ¥(r,t) € T'r = {(2,£);0 <t < T},
0

us(r,t) = gp(r,t), V(r,t) € I'y = {(r,0)}.
(2.13)

where (r,t) € D = (0,2) € (0,7], D = [0,2] x [0,T],D; = (0,1) x [0,T], Dy =
(1,2) x [0, T], D* = Dy U D, and ¢ is a small positive parameter (0 < ¢ << 1). Assume
that a(r,t) > a > 0, b(r,t) < <0, a+p > 0, f(r,t), ¢, ¢, ¢ are sufficiently
smooth and ¢(r) is monotonically non negative function and satisfy f02 g(r)dr < 1. They
proposed finite difference method on a Shishkin mesh of N, x N, elements, suggested to
solve the given problem and proved to be parameter uniform. Also, they proved that the or-
der of convergence is almost two in space variable and one in time variable, and the error of
the proposed method is bounded by C'(N:21n® N, + N; ). Gobena & Duressa (2021) con-
structed a parameter-uniform numerical method via the nonstandard finite difference method
for the spatial direction, and the backward Euler method for the resulting system of initial
value problems in temporal direction to solve the problem considered in (2.13).

Gobena & Duressa (2022a) presented a fitted operator average finite difference scheme
for singularly perturbed delay parabolic reaction diffusion problems with non-local boundary
conditions given in (2.13). They proved that the developed method is shown to be second or-
der uniformly convergent in both space and temporal directions. Gobena & Duressa (2022b)
developed a numerical method for solving singularly perturbed parabolic partial differential
equations with large negative shift on the spatial variable and integral boundary condition
given in (2.13). They used a numerical methods combining the Crank—Nicolson difference
scheme for the temporal direction on the uniform mesh and exponentially fitted operator fi-
nite difference method in spatial discretization. They proved that the developed method was
shown to be second order uniformly convergent in both directions.

Hailu & Duressa (2022) developed a numerical method for solving singularly perturbed

parabolic differential equations with integral boundary conditions and a large negative shift
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in the space variable given in (2.13). The implicit Euler method was used for the temporal
direction and the cubic spline method was proposed for the spatial direction on a piecewise
uniform mesh (Shishkin mesh) to formulate a parameter-uniform numerical method. The
proposed scheme has been shown to be uniformly convergent with order of convergence
almost two in space direction and one in time direction.

Sharma & Kaushik (2023) considered a class of singularly perturbed parabolic partial
differential equations of convection diffusion types with a large delay and an integral bound-

ary condition of the form

— eyss(S, 1) + p(8)ys(s,t) + q(s)y(s,t) + r(s)y(s — 1,t) + y(s,t) = g(s,t) € D
y(s,t) =(s,t)inTy :={(s,t),s € [-1,0],t € [0, T},
y(57t> = wQ(Sat) on 'y := {(570)73 € [O’ 2]}a

ky(s,t) = y(2,t) — 5/0 f(s)y(s,t)ds = s(s,t) onT's = {(2,t),t € [0,T]},

(2.14)

where 0 < ¢ < 1 is a small positive parameter, g(s,t),p(s), ¢(s), and r(s) are sufficiently
smooth functions. Also, assume that the initial-boundary data 11, ¥ and 13 are smooth and
bounded functions such that p(s) < py > p§ > 0, ¢(s) > qo > 0, 7r(s) < 1o < 0, p§ + qo +
ro > 0, q(s) +r(s) > 2n >0, y(1—,t) = y(1+,1), ys(1—,t) = ys(1+,¢t). Here, f(s) is
non-negative, monotonic function such that f02 f(s)ds < 1. The problem has a weak interior
layer besides a boundary layer. They employed a Crank-Nicholson difference scheme in the
temporal variable, whereas an upwind difference scheme in space. The proposed method is
unconditionally stable and converges uniformly independent of the perturbation parameter.

Hailu & Duressa (2023) formulated a parameter uniform numerical method to solve sin-
gularly perturbed parabolic convection—diffusion equations with integral boundary condi-
tions and a large negative shift given in (2.14). They used the implicit Euler method for the
temporal direction and the exponentially fitted finite difference scheme for the spatial direc-
tion. The Simpson’s integration rule was used to handle the integral boundary condition.
They showed that the method is uniformly convergent with a convergence order of two in
both temporal and spatial directions after Richardson extrapolation.

As a result, a numerical methods for solving singularly perturbed parabolic delay partial
differential equations with nonlocal boundary conditions has been investigated. Unfortu-
nately, there has been minimal focus on developing higher order numerical methods based
on layer adaptive meshes. In this dissertation, a more accurate numerical methods that are
convergent independent of the values of perturbation parameter to solve such types of sin-
gularly perturbed problems with integral boundary conditions are formulated. The stability
analysis of the formulated numerical methods are established. The convergence analysis of

the developed numerical methods are investigated.
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CHAPTER THREE

RESEARCH METHODOLOGY

This chapter presents the methods and materials that are used to attain the objectives of
the study. For this, source of data, method of data analysis, the approach of study and

mathematical procedures are briefly discussed.

3.1 Study design

Both theoretical and experimental designs were used in this investigation. The numerical
experimentation was examined using the MATLAB software, and the results are given as

tabulations and figures.

3.2 Source of information

In this study, the relevant sources of information from both published and unpublished doc-
uments such as books, journals, and related studies found on the internet were used to obtain

the desired knowledge.

3.3 Mathematical procedures

The following mathematical procedures are used to achieve the stated objective of the study.
1. Describing the governing problem.
2. Presenting the properties of continuous solution.
3. Formulating numerical methods for the given problem.
4. Establishing the stability analysis for the developed numerical methods.
5. Investigating the convergence analysis of the developed numerical methods.
6. Writing an algorithm for the developed numerical methods.
7. Validating the theoretical results with numerical experimentation.
8. Presenting the results using tables and figures.

9. Comparing the obtained results with the findings of previous studies.
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CHAPTER FOUR

EXPONENTIALLY FITTED FINITE DIFFERENCE
METHOD FOR SINGULARLY PERTURBED DELAY
DIFFERENTIAL EQUATIONS WITH NONLOCAL
BOUNDARY CONDITION

This chapter deals with numerical treatment of SPDDEs of reaction-diffusion types with
nonlocal boundary condition. The exponential fitting factor is introduced to treat the solu-
tions inside the boundary layer which occur due to perturbation parameter. Exponentially
fitted finite difference method is proposed to solve the considered problem. The nonlocal
boundary condition is treated using Composite Simpson’s % rule. The stability and uniform
convergence analysis of the proposed method are established. The error estimation of the

developed method is shown to be second-order uniform convergent.

4.1 The governing problem

Consider the following SPDDEs with nonlocal boundary condition

Lu(x) = —eu" () + a(z)u(z) + b(z)u(x — 1) = f(z), x € (0,2),
u(z) = ¢(x), x€[-1,0], @.1)

Ku(2) = u(2) — 5/0 g(x)u(z)dx = ¢y,

where, ¢ is a small positive number (0 < ¢ < 1). Assume that a(z) > o > 0, b(z) <
f<0,a+ 8 >n>0,f(x),d(x), ¢, are sufficiently smooth functions and g(x) is non
negative monotone function and satisfy f02 g(x)dx < 1. The above assumptions ensures that
uwe X =C%)NCHL) NC?*Q UQy). As the perturbation parameter tends to zero, the
solution manifest strong boundary layers at + = 0 and « = 2, and interior layer at z = 1.

The problem (4.1) is equivalently written as

Lu(z) = F(x), 4.2)
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with boundary conditions
u(z) = ¢(x),z € (-1,0),
u(17) =u(1h),d/(17) = u/(17), (4.3)
Ku(2) = u(2) —¢ f02 g(z)u(z)dr = ¢,.

where
Culz) - Liu(z) = —eu(z) + a(x)u(x), r e =(0,1),
Lou(zr) = —eu"(x) + a(x)u(z) + bx)u(z — 1), x € Q= (1,2).
by~ [0, se

f(l’), S QQ.

4.2 Properties of continuous solution
The problem (4.1) fulfills the following continuous maximum principle.
Lemma 4.1. (Continuous Maximum Principle): Assume 6(x) be any function such that

6(0) > 0, £O(2) > 0, L10(x) > 0, Yz € O, Lob(z) > 0, YV € Qo, and [0'](1) < 0,
then O(x) > 0, Vor € Q = [0, 2].

Proof. We use proof by contradiction. Let us construct a test function
S

(4.4)
S

Note that r(z) > 0,Vx € Q, Lr(x) > 0, Vo € Q3 U Qy, 7(0) > 0,Kr(2) > 0 and
[r](1) < 0. Let A = max { ;Q(S) } Then, there exists 2o € © such that §(xq) + Mr(zg) = 0
and 0(z) + \r(x) > 0,Va € Q. Therefore, the function (f + Ar)(x) attains its minimum at

x = xo. Suppose that, the lemma doesn’t hold true, then A > 0.
Case-1:Forzy=0;0 < (6 + Ar)(0) =0(0) + Ar(0) = 0.
Case - II : For zy € Qq,

0 < L1(6 + Ar)(wo) = —(6 + Ar)" (o) + a(x0) (0 + Ar)(z0) <0

Case-III: Forzo =1, 0 < [0+ Ar]'(1) =[¢'](1) + M'(1) <O.
Case - IV : For 2 € Q9,0 < Lo(0 + A1) (o)

= —e(0 + Ar)"(xo) + a(x) (0 + A\r)(zo) + b(z0) (0 + M) (zo — 1) < 0.
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Case -V :Forzg=2,0 <K@+ M)(2) = (0+Ar) —gfo z)(0 + Mr)(z)dx < 0.
It contradicts the assumption in all cases. Hence A > 0 is impossible. Therefore 6(z) > 0,
Vr € Q.

Lemma 4.2. (Stability Result): The solution u(x) for the problem (4.1) satisfies the bound

[u@)[] < max {[u(0)], [Ku@)], [[Lulz)[[} -

Proof. Let us construct a barrier functions as
YE(x) = Mr(z) £ u(x), z € Q, where r(z) is a test functions in (4.4) and
M = max {|u(0)|, |Cu(2)|,sup |Lu(x)|}.

For z = 0, we have, 1*(0) = ||u(0)||7(0) & «(0) > 0.

For 0 < z <1, we have

L™ (x) = —ety(x) + alw)y™(x)
= —& (Mr(z) £ u(z)),, + a(z) (Mr(z) + u(z))
= a(z)Mr(z) £ Liu(zx)
< af[Lyu(z)|r(z) + Liu(z)
> 0, since of| Lyu(x)||r(x) > Liu(z).

For 1 < z < 2, we have

Lo™(x) = —etp(2) + a(2)y™ () + ba)y*(z - 1)
= —& (Mr(z) £ u(@)),, + alr) (Mr(z) £ u(z)) + b(z) (Mr(z — 1) + u(z))
< M (alz) + b(a)) r(z) + Lou()
> M(a+ B)r(z) + Lou(x)
> Mnr(xz) + Lou(x), sincea+ 5 >n
< Ol Lau(x)|r(z) + Lou(x)
> 0, since C||Lou(z)||r(xz) > Lou(z).

)
(
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For x = 2, we have
K (2) = () e | glavtla)ds
= Mr(2) £ u(2) — 8/0 g(x) (Mr(x) £ u(x)) dz

- MT(Z)\[l e /0 2 g(:p)d:p]/i [u(g) —c /0 2 g(x)u(x)dx]

-

<OM+ [u(z) —5/O2g(x)u(x,t)dm]
= C'||Kul| £ Ku(2)

> 0, since ||Kul| > Ku(2,1).

Hence, the problem satisfies the given bound. The proof of the lemma is completed. |

4.3 Bounds on the solution and its derivatives
The bounds on the solution and its derivatives which are required in the convergence analysis

of the numerical methods are studied in this section.

Lemma 4.3. Let u € C*(Q) be the solution of (4.1). Then, for 1 < k < 4 the following
bounds hold,

Hu(k)(x)H <C (1 + €_k/2) ) 4.5)

Proof. For the case &k = 0, the result follows from Lemma 4.2. To handle for the case
k = 1, an associated neighborhood is constructed as N,, = (9, 0 ++/¢), such that N, C [0, 1],

where x € (0, 1). Then, it follows from the mean value theorem, for some ¢ € N,,

u(d + /) — u(d)
d++e—0

[ ()] =

’ < 2||ull =12 < Ce 12,
Now, for any x € N,, we have

o' (z)] = |u'(c) +u'(z) —u'(c)] =

W (c) + et / " (s)ds

T

w(e)+e [ (f(s) —als)u(s) — b(s)p(s — 1)) ds

< [ (@) + e (IFI + llaul| + |[bgl]) e/
< e 12,

Ph.D Dissertation 24



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

By similar argument we bound v'(z) for z € (1,2) as ||v/(z)|| < Ce~'/2. For the case k = 2,
from (4.1), we have v”(z) = ¢! (f(x) — a(x)u(z) — b(z)u(x — 1)) . By using Lemma 4.1
and 4.2, we obtained ||u”(z)|] < Ce™'. The bounds on the higher derivatives is obtained

using the differential equations and the bounds on u(x) and v/(z) as

[u®]] < Ce™, k= 3,4. (4.6)

Hence, by combining the obtained results with the solution, the overall bound becomes
Hu(k)} <C (1 + 51_3), for 0 < k < 4. Hence the proof is completed. [ |

4.4 The numerical method

The problem (4.1) manifest strong boundary layers at x = 0 and x+ = 2 and have a weak
interior layer at x = 1. Due to a dependence of a(z) and b(x) on spatial variable =, we
cannot solve the problem analytically. We divide the interval [0, 2| into 2N equal parts with
constant mesh length h. Let 0 = xg, z1, 22, -+ ,2y = 1,2n41,- -+ , 2oy = 2 be the mesh
points. Then we have z; = ih,i = 0,1,2,--- ,2N. If we consider the interval x € (0, 1)
and the coefficients of (4.1) are evaluated at the midpoint of each interval, then we obtain the

differential equation

— e (z) + a(z)u(z) = f(z) — b(x)p(x — 1), € Q= (0,1),
u(0) = ¢(0), (4.7)

where 7 is any arbitrary constant. Now, an exponentially fitted operator finite difference
method (FOFDM) is presented on the discretized domain §2; = [0, 1]. From (4.7) we have

—eu"(x) + a(z)u(x) = F(x), € =(0,1), (4.8)

where F(z) = f(z) — b(x)p(xz — 1).

To find the numerical solution of (4.8), we use the theory applied in asymptotic method for
solving singularly perturbed BVPs. In this scenario, the domain is separated into three sub-
domains, two boundary-layer subdomains near x = 0 and x = 1 and one regular subdomain,
and the boundary layer problem is changed to a regular problem by proper transformations
using stretching variables. The asymptotic expansion solution to the problem in (4.8) based

on the theory of singular perturbations presented in (O’Malley, 1991)p.131.

u(z,e) = Z [ui(x) + vi(1) + wi(n)] €, 4.9)

1=0

Ph.D Dissertation 25



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

where 7 = %, n= % Then, the zeroth order asymptotic expansion of (4.9) is given as

u(z) = up(z) + vo(7) + wo(n),

where ug(z) = is a solution of a reduced problem (4.1), which does not satisfy the

a(1)

[a(® /
boundary conditions, vy = Ae” “ i the left boundary layer correction and uy = Be ™V = (1-2)
is the right boundary layer correction. Therefore, the asymptotic solution of the zeroth order
of (4.7) become

a(0)

u(z) = up(z) + Ae” V= * 4+ Be™ V ) O(e), (4.10)

where A and B are determined using the given boundary conditions. Now, we separate the
range [0, 1] into N equal parts with uniform mesh length h. Let 0 = 2o, 21, -+ ,xy = 1 be
the mesh points. Then, we have x; = ¢h; 1 = 0,1, --- , N. We choose N; and N, such that
zn, = /€ and xy, = 1 — /e. Then, in the range [0, / | the boundary layer at x = 0 and
in the range [1 — /¢, 1], the boundary layer will be at 2z = 1.

At x = z;, the above differential equations (4.7) can be written as

—eu”(x;) + a(z;)u(z;) = F(z;),
u(0) = 6(0) “.11)

For convenience, we take a(z;) = a;, u(r;) = u;, F(z;) = F;. Now, consider finite differ-
U1 — 2U; + Ui

h2

ence for u; = ,i=1,2,3,---, N — 1 and by substituting in (4.11), we

obtain

. (Ui—l — 2u; + Ui

o ) +au; = F). (4.12)

Case I: Left boundary layer: The problem of the form in (4.7) has left boundary layer at

interval [0, \/2]. Then, the zeroth order approximation of asymptotic solution is given as

w(z) = uo(r) + Ae\/@z + O(e), (4.13)

where () is the solution of the reduced problem and we choose A as a suitable constant.

Using Taylor series approximation for ug(i + 1)h and ug(i — 1)h up to first order, we obtain

w(wipr) = uo(ih) + Ae VO, (4.14)
u(zi 1) = up(ih) + Ae” VO, (4.15)
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where p = h/+/ and h = 1/N. To handle the oscillation of the perturbation parameter, we

multiply exponentially fitting factor o, for the term with a perturbation parameter as,
—eou” (z) + a(x)u(z) = F(z), (4.16)

with boundary conditions u(0) = ¢(0) and u(1) = ~.
If U; is a discrete solution for u(z) at the mesh point x;, the numerical method for (4.16)

is written in operator form as

LU, =F, i=1,2,3,---,N—1.

Y

with boundary conditions U (0) = ¢(0), U(N) = ~, where

U1 —2U; + Uiy
72

LU, = —eoy < ) +a;U; = F,. 4.17)

From (4.17), we have

01

2 (Ui—1 = 2U; + Uiya) = Fy — a;U;.

Now, by taking the limit as h — 0, it becomes

.01 .

Using (4.13)-(4.15), we obtain

o pa(0) B (£)%a(0)  (®)%a(0)
o o e 2(0)2 o 2
NaOp _o 4 aOp [ \fal0)§ _ /al0)t [Smh (\/W §>}
2
Hence, after simplification, the exponential fitting factor is obtained as
2 0 2
o =" Z( ) (csch (g a(()))) . (4.18)

This is a fitting factor in the left boundary layer.
Case II: Right boundary layer: In the interval [1 — /¢, 1], the right boundary layer will be

on the right side near to x = 1. Now we introduce the exponential fitting factor as

(Uil —2U; + Ui
—E&02

2 )JraiUi:Fi, i=1,2,3,---,N—1. (4.19)
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with boundary condition U(0) = ¢(0) and U(N) = ~.
Now, we introduce the fitting factor o, for discrete problem (4.19) on the right hand side

using the right boundary layer asymptotic solution with outer layer

wi = ug(x;) + Be~V =), (4.20)

where ug(z;) is the solution of the reduced problem and B is arbitrary constant determined
by using boundary condition. Using the same fashion as the left boundary layer case, the

exponentially fitting factor is obtained as

o = @ (csch (g a(1)>)2. 421

The required discrete problem become given as

Uin1 = 2U; + Ui
12

£hUi:—50'2( )-FalUZ:E, ’i:1,2,3,"',N—1
with boundary conditions U (0) = ¢(0) and U(N) = .

An exponential fitting factor over Q25 = (1, 2) is analogously calculated as a fitting factor
given in 21 = (0,1). In general, one can take an artificial viscosity (fitting factor) for the

given problem on Q2 as

o(p) = pa(0) (Csch (gﬁ))Q (4.22)

Suppose that Q*Y denote a separation of [0,2] into 2N sub-intervals such that 0 = x5 <
T < Ty < 213 < - < axy = L,and 1l < xnyy1 < Ty < --- < Toy = 2 with,
h=2/2N =1/N, i=1,2,--- ,2N.

Case I: Consider equation (4.1) on the domain 2; = (0, 1) which is given by

—eo(p)u’(z) + a(x)u(z) = f(z) — oz — 1),

where o (p) is a fitting factor given in (4.22).

Hence, the required difference equation becomes

eo 2e0 eo
_ﬁUz‘—l + (W + ai) Ui — ﬁUiH = [i = bip(zi-n), (4.23)
fori =1,2,3,---, N. Equation (4.23) can be rewritten as

AUy + BiU; + CUi1 = Hi,
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where Az = —2—‘;, Bz = 2;—20 + a;, Cz = —Z—Z, Hz = fz - bl(b(l’l,]\/)
Case II: Consider equation (4.1) on the domain €2,. Then, equation (4.1) also has left bound-
ary layer near x = 1 and right boundary layer at x = 2. Then, by applying exponentially

fitted finite difference scheme, we obtain

i—1—2u; +
—gO'(p) (U ! hQ; Y +1) + a; U; + biui_N + 7= fi7 (424)

which is rewritten as
EU, 1+ FU; + GUi +0,Ui_y = fi,

_ o __ 2e0 _ o
where I, = =35, F; = =7 +a;, G = —53.

Case III: For i = 2N, we approximate f02 g(z)u(x)dz using the composite Simpson’s &

rule.

3 (Q(O)U(O) + g(2)u(2) + 2 2 g(m2i)u(w;) +4ZQ($2@‘—1)U($%—1)> = ¢p. (4.25)

Since, u(0) = ¢(0), from (4.3), equation (4.25) can be rewritten as

3 3

i=1

deh & 2eh "o ehg(2
- g($2i—1)U($21’—1) — T Z g(ZEQi)U((EQi) + (1 — ﬂ) U(ZBQN) = gbr.
i=1
Hence, the developed numerical method for solving (4.1) on the entire domain Q = [0, 2] is
given by (4.23)-(4.24) and (4.25), together with the local truncation error of 7.

4.5 Uniform stability analysis

The discrete solution corresponding to equation (4.1) are given as follows:

ElUi = —€D+D_Ui + aiUi = fz — bi¢i7N72. = 1, 2, 3, R N — 1, (426)
;CQUZ‘ = —€D+D_U7; + aiUi + biUi—N = fi, = N+ ].,N—f— 2,N+ 37 - 2N — 1,
4.27)
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subject to the boundary conditions:
Ui:¢i7 Z:_Na_N+1770
2N
iU Ui + 9i1Us
KNUsy = Uy =) GiaYit ¥ 9i%i ¥ Ginliny - g (4.28)
i=1 3
D_UN - D+UN,

where hz = X; — Tj—1.

Lemma 4.4. (Discrete Maximum principle): Assume

IN
Zgzl+£;z+gz+1hi <]
i=1

and 0(z;) be any function such that 0(x¢) > 0, KO(zan) > 0, £10(z;) > 0, Va; € QF,
Lo0(z;) >0, Vo, € Q2N, and DT (0(xn)) — D~ (0(zy)) < 0, then O(z;) > 0, Va; € Q2.

Proof. Define a test function

|8

[0,1] N Q2N

€T; €
(4.29)
T; € [1, 2] N Q2N,

=
&
I
+ +
NI

wlw 0o~

Note that r(z;) > 0,Vx; € Q, Lr(x;) > 0, Va; € D3N U Q2N r(xg) > 0, Kr(zay) > 0
and [r'](N) < 0. Let A = max { ). e QzN}. Then, there exists 2y € 2 such that

r(z;)

0(xo) + Ar(zo) = 0 and O(z;) + Ar(x;) > 0,Vz; € Q. Therefore, the function (6 + Ar)(z;)
attains its minimum at x = xy.

Suppose the lemma doesn’t hold true, then A > 0.

Case (i): If z;, = 0, then 0 < (6 + Ar)(0) = 6(0) + A\r(0) = 0.

Case (ii): If 7, € QY then 0 < L1 (0+Ar) () = —e(0+Ar)" (z)+a(xs) (0+ 1) (zx) < 0.
Case (iii): If v, = x, then 0 < D[0 + M| (zn) = [0'](xn) + M (xy) < 0.

Case (iv): If z;, € Qo, then 0 < Lo(0 + Ar)(zy) =

—e(0 + )" (zx) + a(xr) (0 + M) (xg) + b(zg) (0 + Ar)(x, — N) < 0.

Case (v): If z, = 2oy, then 0 < K(0 + Ar)(zon) = (0 4+ Ar)xan

h; <0.

_ % 9@—1(9 + /\T){L‘i_l + g,(@ —I— )\T’)ZEZ + gi+1(0 —f- )\T)$i+1

i=1 3
In all the cases, it contradicts with assumption. Therefore A > 0 is impossible. Hence,
Q(IL‘Z) 2 0, Vxl S QQN. |
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Since the operators £, and £, satisfy the above maximum principle, the discrete solution U
of the (4.26)-(4.27) is unique if it exists.

Lemma 4.5. Let ¢)(z;) be any mesh function. Then for 0 < i < 2N we have the following

estimate.

()| < max {lw<xo>| AR (wan)] mae [L2Vep(x;) } (4.30)

Proof. The proof is follows from Lemma 4.4 and by constructing a barrier functions

1€Q1UQ

6 (x;) = max {W(Ufo)‘ K (22n)|, max |£2N¢($i)’}ﬁ' +(xy), Vo € BV

r; is a test function given in (4.29). [ |

4.6 Uniform convergence analysis

In this section the uniform convergence analysis for the developed numerical method is in-

vestigated.

Theorem 4.1. Let u(z;) and U(x;) be the continuous solution of (4.1) and discrete solutions
of (4.23)-(4.25) respectively. Then, for sufficiently large N, the following truncation error

estimate holds:

sup [U(x:) — u(a,)| < CN7? (4.31)

1<i<2N

Proof. Let us define a local truncation error as

= e%u(ﬂc,) —eoDYD U (x;)

L2V (U () = u(x:))| < .C (Jeo — e [u"(&)] + eh® [uD(&)]) , & € (0, )
where o(p) = @ csch? (6y/a) and p = N71/\/e.
According to the result given in (Doolan et al., 1980) using 0 < o < 1, we obtain |co — | <
Ch?. Here, the target is to show the scheme is convergent independent of the perturbation
parameter. By using the bounds for the derivatives of the solution in Lemma 4.3, we obtain
d*(u(;
£ (U () — u(w))] < ON? T

dx? dz?

GRS

< CN~2
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Hence by discrete maximum principle, we obtain
U () — u(zy)| < ON2 (4.32)
At the point x; = zoy, we have

I (U (23) — wly)) = KPNU (m9n) — K u(2;) = ¢ — K2NU (29n) = Ku(z;) — K*NU (29y),
= u(zan) — 6/0 g(x)u(x)dr — (u(:z:QN) - 5/ - g(x)u(x)dx) ,

Zo

ToN 2N ' 4 4 . ' |
- 6/ g(x)u(r)dr — € Z gi—1Ui—1 + 4GiUi + Gi+1Ui+1 L

3
Zo i=1
< Ceh? ( “) (§1) + U(4)(§2) +ou® (§2N))
4
< Ceh? ddaf) ‘ < Ceh*(1+e7?) < Ceh* + Ch* e ' <Ch*=CN™2

By using the bounds for derivative of the solution in Lemma 4.3 and applying discrete max-

imum principle, we obtain
U (2;) — u(x;)|| < CN2. (4.33)

Thus, the results of (4.32) and (4.33) shows (4.31). Hence the proof is complete. |

4.7 Numerical results and discussions

In this section, the suggested numerical scheme is used to test problems with constant and
variable coefficients, left and right boundary layers, and interior layers in order to validate

the theoretical results.

Example 4.1. Consider the singularly perturbed delay differential equations with integral

boundary condition:

Lo 4 Su(x) - u<x—1>:e—%we<02>
u() =1, @ € [=1,0}, Ku(2) = u(2) — & [} Fu(z)dz = 0.

Example 4.2. Consider the singularly perturbed delay differential equations with integral
boundary condition:
- dx(z) +5u(z) —zu(x — 1) =1, x € (0,2)

w(z) =1, ze[-1,0], Ku(2) =u(2)—¢ [’ o tu(z)dz = 0.
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As the exact solution for Examples 4.1 and 4.2 is not available, therefore, the accuracy of
its numerical solution will be computed using the double mesh principle. This principle is
defined as follows: For any values of N, the maximum pointwise absolute error EY of a

numerical solution U (z;) will be calculated by

)

EN = max |UN — U], (4.34)

where U} is the numerical solution at x; with N number of intervals and U?" numerical
solution at x;, on a mesh obtained by bisecting the original mesh with 2N number of mesh

intervals. The e-uniform error estimate is computed using the formula

EYN =max (EV). (4.35)

£

The rate of convergence of the method is computed using the formula

N EY
R€ = 10g2 W . (436)

In the same manner, the e-uniform rate of convergence is computed using the formula

N EY

0.3

025

0.2
=
=015 (

0.1

0.05

0 0.2 04 06 0.8 1 1.2 1.4 1.6 1.8 2
X X

(a) (b)

Figure 4.1: Graph of numerical solution profile: (a) for Example 4.1, for Example 4.2.

The solutions of the given examples manifest strong boundary layer of thickness O (/)
close to x = 0 and z = 2 and interior layer at x = 1. Tables 4.1 and 4.2 indicates the
maximum absolute error and rate of convergence of the developed method for Example 4.1
and 4.2 respectively. The given tables clearly shows that the developed method is € uniform

convergence of order two. Figures 4.1(a) and 4.1(b) show a graph of a numerical solution
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Table 4.1: Maximum absolute errors and rate of convergence for Example 4.1

el Nw— 2 27 210 o1 o1
20 1.5590e-07 3.8974e-08 9.7458¢-09 2.4338¢-09 5.7258¢-10
2.0000 1.9997 2.0016 2.0877
2702 58936e-07 1.4735e-07 3.6837e-08 9.2184e-09 2.2931e-09
1.9999 2.0000 1.9986 2.0072
270 2.0742e-06 5.1865¢-07 1.2967e-07 3.2418e-08 8.1199¢-09
1.9997 1.9999 2.0000 1.9973
2706 8.2661e-06 2.0681e-06 5.1714e-07 1.2929e-07 3.2323e-08
1.9989 1.9997 1.9999 2.0000
2708 34244e-05 8.5876e-06 2.1486e-06 5.3725e-07 1.3432e-07
1.9955 1.9989 1.9997 1.9999
2710 1.3923e-04 3.5237e-05 8.8363e-06 2.2108e-06 5.5280e-07
1.9823 1.9956 1.9989 1.9997
2712 53954e-04 1.4155e-04 3.5824e-05 8.9834e-06 2.2476e-06
1.9304 1.9823 1.9956 1.9989
2714 1.8128e-03 5.4440e-04 1.4281e-04 3.6140e-05 9.0627e-06
1.7355 1.9306 1.9824 1.9956
2716 39145¢-03 1.8217e-03 5.4691e-04 1.4346e-04 3.6304e-05
1.1035 17359 1.9307 1.9824
EY " 39145¢-03 1.8217e-03 5.4691e-04 1.4346e-04 3.6304e-05
RN 1.1035 17359 1.9307 1.9824

Table 4.2: Maximum absolute errors and rate of convergence for Example 4.2

€ i N — 28 29 210 211 212

20 1.0861e-07 2.7323e-08 6.8515e-09 1.7155e-09 4.2928e-10
1.9910 1.9956 1.9978 1.9986

202 6.6233e-07 1.6559e-07 4.1397e-08 1.0372e-08 2.5643e-09
1.9999 2.0000 1.9968 2.0161

204 2.5661e-06 6.4162e-07 1.6041e-07 4.0103e-08 1.0065e-08
1.9998 2.0000 2.0000 1.9944

206 9.6604e-06 2.4168e-06 6.0430e-07 1.5108e-07 3.7770e-08
1.9990 1.9998 2.0000 2.0000

208 3.7499e-05 9.4020e-06 2.3522e-06 5.8816e-07 1.4705e-07
1.9958 1.9990 1.9997 1.9999

210 1.4619e-04 3.6986e-05 9.2740e-06 2.3202e-06 5.8017e-07
1.9828 1.9957 1.9989 1.9997

212 5.5373e-04 1.4516e-04 3.6729e-05 9.2100e-06 2.3042e-06
1.9315 1.9827 1.9956 1.9989

21 1.8396e-03 5.5161e-04 1.4464e-04 3.6601e-05 9.1780e-06
1.7377 1.9312 1.9825 1.9956

216 3.9534e-03 1.8351e-03 5.5055e-04 1.4439e-04 3.6537e-05
1.1072 1.7369 1.9309 1.9825

EN 3.9534e-03 1.8351e-03 5.5055e-04 1.4439e-04 3.6537e-05
RN 1.1072 1.7369 1.9309 1.9825
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Figure 4.2: Log-Log plot for maximum pointwise error versus N for different values of ¢:
(a) for Example 4.1, (b) for Example 4.2.

which displays the formation of boundary layer and interior layer as € goes to zero for Exam-
ple 4.1 and 4.2 respectively. Figures 4.2(a) and 4.2(b) indicate a Log-Log plot for maximum
pointwise error versus mesh number N for different values of perturbation parameter ¢ for
Example 4.1 and 4.2 respectively. These Log-Log plot figures show that the computed er-
rors are decreasing approximately with the rate of O(N~2) as the number of intervals N

increases.

4.8 Summary

In this chapter, an exponentially fitted numerical method for singularly perturbed delay dif-
ferential equations of reaction-diffusion types with nonlocal boundary conditions is pre-
sented. Due to the presence of a perturbation parameter on the higher order derivative the
solution of the problem exhibit a strong boundary layers at z = 0 and x = 2 and weak
interior layer at x = 1. The nonlocal boundary condition is approximated using Simpson’s
% rule. The stability and uniform convergence of the presented method are also investigated.
Two test examples are considered for numerical experimentation to validate the applicability
of the method. The developed numerical method is proved to be second-order uniformly con-
vergent independent of perturbation parameter. Numerical experiments corroborate the the-
oretical findings. The developed numerical method is not layer resolving numerical method
because of insufficient number of mesh points in the layer. To overcome this drawback, fi-
nite difference method on suitable piecewise uniform Shishkin mesh is presented in the next

chapter.
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CHAPTER FIVE

FITTED MESH FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED DELAY DIFFERENTIAL
EQUATIONS WITH NONLOCAL BOUNDARY
CONDITION

This chapter presents a numerical method for solving SPDDEs of reaction-diffusion type
with nonlocal boundary condition. In the previous Chapter, fitted operator finite difference
method is proposed to solve the considered SPPs. Here, a finite difference method on a
suitable piecewise uniform Shishkin mesh is developed. The nonlocal boundary condition
is approximated using Simpson’s % rule. Stability and uniform convergence analysis of the
numerical scheme are established. The numerical method’s error estimate is shown to be

nearly second-order uniform convergent.

5.1 The governing problem

Consider the following SPDDEs with nonlocal boundary condition

Lu(x) = —eu" () + a(z)u(z) + b(z)u(x — 1) = f(z), x € (0,2),
u(z) = ¢(x), xe€[-1,0], (5.1)

Ku(2) = u(2) — 5/0 g(z)u(z)dr = ¢,.

where, ¢ is a small positive number (0 < ¢ < 1). Assume that a(z) > o > 0, b(z) <
f<0,a+ 8 >n>0,f(x),d(x), ¢, are sufficiently smooth functions and g(x) is non
negative monotone function and satisfy f02 g(x)dx < 1. The above assumptions ensures that
uwe X =C%)NCHL) NC?*Q UQy). As the perturbation parameter tends to zero, the
solution manifest strong boundary layers at + = 0 and « = 2, and interior layer at z = 1.

The problem (5.1) is equivalent to

Lu(z) = F(z), (5.2)
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with boundary conditions

w(17) = w(1¥),u'(17) = u'(17), (5.3)

where
Culr) = Liu(z) = —eu”(z) + a(x)u(x), rey=(01),
Czu(x) = —gu//(qj> + a(:c)u(a:) + b(x)u(x — 1), T €N = (1’ 2)_
F(z) = f(x) =b(x)p(x — 1), x€Q,

f(ZL‘)7 S QQ.

5.2 Properties of continuous solution

The problem (5.1) fulfills the following continuous maximum principle.

Lemma 5.1. (Continuous Maximum Principle): Assume 6(x) be any function such that
6(0) > 0, KO(2) > 0, L10(x) > 0, Vo € O, Lob(z) > 0, YV € Qo, and [0'](1) < 0,
then 0(z) > 0, Vo € Q =0, 2].

Proof. The proof is given in Lemma 4.1. |

Lemma 5.2. (Stability Result): The solution u(x) for the problem in (5.1) satisfies the bound
[u(@)]| < max {[u(0)], [Ku(2)], | Lu(z)]]} .

Proof. For the proof, one can refer Lemma 4.2. [ |

5.3 Bounds on the solution and its derivatives

In this section, we study the bounds on the solution and its derivatives which are required in

the convergence analysis of the numerical methods.

Lemma 5.3. Let u € C?(Q) be the solution of (4.1). Then, for 1 < k < 4 the following
bounds hold,

[|[u®(@)|| < C (1+e772). (5.4)

Proof. The proof is given in Lemma 4.3. |
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5.4 Decomposition of the solution

A sharpen bounds on the derivatives and its solution is used to obtain e-uniform error es-
timate. The Shishkin decomposition of the form u(x) = v(z) + w(x), where v and w are
regular and singular components of the solution respectively, are required to get the sharpen
bounds. Here, v = vy 4 vy, where vy is the solution of a reduced problem, which is a trivial
zero order of differential equation, a(x)ug(z) + b(z)ug(x — 1) = f(z), forall z € Q, and

vy satisfies

Then, the regular component v satisfies the condition

Lo(z) = f(z), €,
v(x) =wv(x), = €[-1,0], (5.5)
Ko(z) = Kvg(x), x=2.

Hence, by using the bounds on vy, for 0 < k£ < 4, we have ‘

vik)H < C<1+5%>.The

singular component w is devised from

Liw(x) =0, =€ Qy,
w(r) = ¢(x) — vo(x), x € [-1,0],

(5.6)
w(1*) —w(17) = —[p(1*) = v(17)],
w(z) =0, =2,
and
Low(x) =0, z € Qy,
w(z) = —v(z), xe€[-1,0], (5.7)

w(l™) —w(17) = —[p(17) —o(17)],
Kw(z) = Kw(z) — Kvg(x), = 2.
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To bound the singular components, we decompose w as w(z) = w;(x) + w,(x), where the

boundary layer functions are defined as

Liw(x) =0, z €,
wl(x) = ¢(I’) - Uo(l’), YIS [_170]a (58)
wi(z) =0, z=1,

ﬁgﬂ)l(l‘) = O, x € QQ,
wy(z) =A, x€[-1,0], (5.9)
wl(x) - Oa Tr = 27

and

Liw,(z) =0, x € Q,
wy(z) =0, =€ [-1,0], (5.10)
wy(x)=A, z=1,

EQMT(.f) = 0, T € QQ,
U)T(IL’) = 07 YIS [_170]7 (511)
Kw,(x) = Ku(x), z=2.

Here, the solution is continuous at x = 1 and we choose A as an arbitrary constant.

Lemma 5.4. The regular component v(x) and the singular component w(x) of the solution
u(z) of (4.1) satisfy the following bounds

[o® @)y < € (1+2%), (5.12)

, x € (),
@) < 2 : (5.13)
Ce2e V2 | x€,

_r —(-=z)

Ce2e V5 s I’EQI,

(5.14)
Ceze v2 |, x €y,

where C'is a generic positive constant independent of the perturbation parameter ¢, x € §Q,
0<k<A4
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Proof. The bounds of the derivative of regular component solution are derived as follows.

First, we estimate that the solution of the reduced problem and its derivatives is bounded as

By using Lemma 5.2, we estimate that the derivative of the solution v; becomes

Ug“(x)H <. (5.15)

o® (x)H < ek, (5.16)

since v(z) = vg(x) + vy (x). Hence, by using (5.15) and (5.16), we obtained the bounds
of regular component given in (5.12). To prove inequality (5.13) and (5.14), we use the
procedure which is adopted in (Miller et al., 1996) and we obtained that |w;(z)| < Cev= on
Q.

To find the bound on w; on €25, from described equations of w;, we have

Low(z) = —ew] (z) + a(x)w(z) + b(x)w(x —1) =0
= —ew] (z) + a(z)w(z) = b(x)w(x — 1)
= Lyw(z) = b(z)w;(x — 1)

—(z=1)

|Lowy(z)] < Ce™ =,

where C is suitable constant.

. . —(z—1)
Hence, by using stability result Lemma 5.2, we have |w;| < Ce™ = on €.

Therefore,

CB_TCQ x € Ql
o < O, <
Ce V= , T € QQ.

To prove inequality (5.14), we construct a barrier functions ¥* () as follows.

AVE eq,

V¥ (a) =C .
eEIVE peq,

+ wy(z),

where, &« = max {0, 1 — min g a(z)},( = max {0, 1 — min g (a(z) + b(z))}.
Note that ¢)*(0) > 0,

L1 (w) = —ep™(x) + a(z)y™(z) = 0
= C(—a+a(z)e IVE

>0,
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Lop*(x) = —ep®(2) + a(x)y* (z) + b(z)*(z — 1) = 0
=C (—C +a(x) + b(x)e\_/%> e (@mV/E
¢ +alz) +b(z)) e #IVE

>

(—
0,

Y

and
K0t@) = v 2) < [ et
C (1 - s/ozg(x)dx) + Kun(2)

:C(l—s/ozg(x)dx) + &

>0, for a choice of suitable C >0.

Using the continuous maximum principle in Lemma 5.1, we obtain the bound

_ —(=2)
*) Ceve Vo , T € )y,
‘wr (if)‘ < _p =(-2)
Ce2e V&, x€.
Hence, the proof is completed. |

5.5 The numerical method

The problems in (5.1) exhibits strong boundary layers at z = 0 and z = 2 and have interior
layer at x = 1. A finite difference method to the continuous problem (5.1) on piecewise
uniform Shishkin mesh is proposed to solve the considered problem. The second order
derivative is replaced by central difference D" D, U. The interval 2 = [0, 2] is divided into
Q; = [0,1] and Q2 = [1,2] with & equal parts. The interval €2; = [0, 1] is partitioned into
[0, 1], [14, 1 — p] and [1 — g, 1]. Similarly Q, = [1, 2] is partitioned into [1, 14 ], [1+ s, 2— pu]

and [2 — p, 2], where (i is a transition parameter which satisfies,
0 = min {q,Z g/aln(N)} :

where N is the number of mesh points, and ¢ € (0, 1) is roughly the portion of mesh points

used to resolve the layer. The discrete method corresponding to the continuous problem (5.1)
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is given as

N
LYU; = —eDI DU (z;) + a(x)U(x;) = fi — bihiny2, fori =1,2,--- o T 1,

N N
Ly'U; = =D DU () + al@:)U () + b(:)U (2, — 5) = fi, fori = 5l N -1,
(5.17)
subject to the boundary conditions
N N N
i — Piy ‘:__7__ 17__ 2)"‘7 .
U= ¢i, 1 5 5 + 5 + 0
- _ pt
DUy = DUy, (5.18)
N
iUt + 4g:U; + g Ui
/CNUNzUN—eSZ(g Vi1 +4g:U; + gina H)hz‘,
i=1 3

For ¢« = N, the integral boundary condition is solved using composite Simpson’s % rule,
N (gi—lUi—l +4g;U; + gi-i—lUi-i-l) b,

which is given as fON g(x)u(x)de ~ Y, 2

5.6 Uniform stability analysis

This section presents the uniform stability estimate of the developed method.

gi—1 +4g; + 9¢+1> I
3 (2
1 and 0(x;) be any function such that 0(zo) > 0, KO(xy) > 0, L16(x;) > 0, Vz; € QF,

Lo0(z;) > 0, Vo, € QY and D*(Q(x%)) - D*(H(x%)) <0, then 0(z;) > 0, Va; € Q.

Lemma 5.5. (Discrete Maximum Principle): Assume Zf\il

Proof. The proof of this lemma is similar with the proof of Lemma 4.4. |

Lemma 5.6. Assume 1(z;) be any mesh function. Then for 0 < i < N we have the following

estimate

()| < max {|¢(wo)], K (xn)],

|LNY ()]} - (5.19)

Proof. Consider a barrier function v*(z;) = Mr; = ¢ (x;), Va; € QF,
where M = max {[¢ (o) , |[Ke(zy)], maxy,c,u0, |LV(z;)|} and r(z;) is a test function
given in (4.29). From Lemma 5.5, we have v*(x) > 0 and v*(xx) > 0. And then one can

show

LYVE(z;) > 0,Va; € QF,
LYvE(zy) > 0,Va; € QF,

DT (zy) — D v¥(zy) <0.
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Using Lemma 5.6, I/i(:ci) > 0, for all z; € QY. Thus, we concluded that (5.19) holds. W

5.7 Uniform convergence analysis

To compute the e-uniform convergence analysis for the numerical scheme, the discrete solu-
tion U(x;) is decomposed into V' (z;) and W (z;) as U(z;) = V(z;) + W (x;), where V (z;)

satisfy the solution of

LNV (2;) = =8V (2;) + a(x)V (x;) + b(x)V (2 — g) = f(z:), z; € QV\{0, g7N}
V(o) = vo, [DIV (zy) = [V'](1), KV (zx) = Ku(2)
(5.20)
and W (z;) satisfy the solution of
LW () = —0°W () + alz)W () + b)) W (z; — g) = f(z:), @€ QV\{0, g’ N}
W(wo) = w(0), [DIW (2 x) = =[DV(zy), KW (zN) = Kw(2)
(5.21)

Theorem 5.1. Let V (x;) be an approximate solution of (5.5) defined by (5.20). Then
(V=) (2;)] < CN2In N, Va; € QY.

Proof. The error estimates of smooth and singular components are derived separately.
The error estimates for the smooth component are computed as follows

At the point x = xx, we have
KN (V =) (zy) = KNV (zy) — KNo(ay)
= Kv(zy) — KNV (zy)

- 8/ g(x)v(x)dr — 52 gim1Vio 1 9;) i + Git1 Zﬂhi

zo

d4 d4
Y (V=) )] = [Cae (W55 TS <sl>+---h?vd—i<sN>d—xZ<5N>)'
< Cue (WG + -+ 1 )
< Cie! (e*&\/gh‘llerJre*gN\/gh}{,)
< CN 2,

where x; 1 < & < x;,1 <1 < N, for a proper choice of C.
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From the difference and differential equations, the local truncation error becomes

LY (V —v)=L"V — Ly
= Lv— LY.

By following classical argument given in (Miller et al., 2012), we have
(V —v) (z;)] <CN?InN.

Theorem 5.2. Let W (x;) be an approximate solution of (5.7)-(5.8) defined by (5.21). Then
(W —w)(x;)] < CN2In* N, Va; € QY.
Proof. The error estimate of the singular component is equivalent to

(W —w) (z:) = Wi —w) (z:) + (W, — wy) (2:)

LY (W —w) (z;) < —¢ (% — D*D) W (z;).

The bound W;(z;) — wi(x;) and W,.(z;) — w,(x;) are established separately. By using a

classical estimate at each point x;, 2 =1,2,---, N, it follows that

C(N"*InN)?, if x; € QF

1LY (W —w) (z;)] <
C(N~'In N2, if z; € QY

The error estimate for W, — w; is given as follows. The explanation depends on whether

p=1%orp=2y/elnN.

1

Case-I. 4 = 7. In this case, the mesh is uniform and 2y/elnN > }L. It is known that

2;— ;1 = N-tande~2 < C'ln N. From (Miller et al., 2012), we have

KN (W, —w) (z;)] < C(N""InN)?, Va; € QY.
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Further

KN (W) —wy) (zn)| = KYWizn) — KN wi(zy)
= ¢r — /CNwl(l’N)

= Kwi(zy) — KNwy(zn)

, d! 4 A
< Ce h1wwl(€i> +-- hN@wl(gN)
< Ce ' (hi+ -+ hy)

<CN?I*N
where z;_; < & < z;. By applying semi-discrete uniform stability Lemma 5.5, we obtain
(W) —wy) ()] < CN~2In* N.

Case-II: When 1 < }1. Since the mesh is piecewise uniform in the subinterval [u, 1 — p], the
mesh elements are 2(1 — 21) /N and the rest of the intervals [0, x] and [1 — p, 1] with 4u/N
mesh elements. By Miller et al. (2012), we have

KN (W, —w) (z;)| < C(N"'InN)?, Va; € QY

Now

d4 d4
Y (Wi wn) (ox)] < Oz (B punl€) +-++ gl
< Cet (e_'fl\/ghzl’L 4+ .4 €—§N\/§h;lv>
< ON?In*N

where z;_1 < & < x;. By applying the bound given in Theorem 5.4 and semi-discrete

uniform stability Lemma 5.5, we obtain
|(W; —w;) (2;)] < CN~21n® N. (5.22)

The error estimates for (W, — w,.) (x;) is analogous to that of (W, — wy;) (z;). This completes
the proof. |

Theorem 5.3. Let U(x;) be an approximate solution of (5.1) defined by (5.17)-(5.18).Then
U — ul|gy < CN"?In* N. (5.23)

Proof. The proof follows by combining Theorem 5.1 and 5.2. |
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5.8 Numerical results and discussions

In this section, the presented numerical method is demonstrated by using two model exam-

ples given below.

Example 5.1. Consider SPDDEs with integral boundary condition:

- dill;(f) +5u(z) —u(r —1) =€ ", z €(0,2)
wz) =1, z€[~1,0], Ku(2)=u(2)— g/o gu(w)dm = 0.

Example 5.2. Consider SPDDEs with integral boundary condition:

- dz(;;(f) +bu(z) —au(r —1) =1, z € (0,2)
w(@) =1, z e [~1,0], Ku(2) = u(2) — 5/0 %u(z)dm ~0.

Since the exact solution of the given examples are not known, double mesh techniques is
used to compute the maximum pointwise error using (4.34), uniform error estimate using
(4.35), rate of convergence using (4.36), and uniform rate of convergence using the formula
given in (4.37).

The solutions of the above two examples exhibit strong boundary layers at the left and
right sides of the domain and a weak interior layer at x = 1. The indicated boundary layers
are formed because of the perturbation parameter multiplies the highest order derivative of
the problems under consideration. The interior layer is also occurred because of a unit delay.
Tables 5.1 and 5.2, shows the maximum pointwise error estimates of a proposed scheme
for Examples 5.1 and 5.2, respectively, for different values of the perturbation parameter.
In the given tables, the corresponding s-uniform error estimate and e-uniform rate of con-
vergence are also computed. In these tables, in each column as the perturbation parameter
goes small, the maximum absolute error becomes stable and uniform. Figures 5.1(a) and
5.1(b), indicates a graph of numerical solution that display the formation of boundary layers
and interior layer for Examples 5.1 and 5.2 respectively for different values of perturbation
parameter. The Log-Log scale plots of Examples 5.1 and 5.2 are given in figures 5.2(a) and
5.2(b). Figures 5.3(a) and 5.3(b) shows a plot graphs of maximum pointwise error of Ex-
amples 5.1 and 5.2 for different values of perturbation parameter. The developed numerical
method is convergent independent of the perturbation parameter €, with almost second-order

of convergence.
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Table 5.1: The maximum pointwise error and rate of convergence for Example 5.1.

el N— 64 128 256 512 1024 2048

2704 3.7419e-04 9.5745e-05 2.4077e-05 6.0282e-06 1.5076e-06 3.7694e-07
1.9665 1.9915 1.9979 1.9995 1.9998

206 4.4111e-04 1.2151e-04 3.1158e-05 7.8396e-06 1.9631e-06 4.9096e-07
1.8601 1.9634 1.9908 1.9976 1.9995

2708 6.8427e-04 1.7516e-04 4.4404e-05 1.1118e-05 2.7806e-06 6.9522e-07
1.9659 1.9799 1.9978 1.9994 1.9999

210 2.2187e-03 6.9018e-04 1.7697e-04 4.4804e-05 1.1220e-05 2.8066e-06
1.6847 1.9635 1.9818 1.9976 1.9992

212 2.2184e-03 7.9748e-04 2.7227e-04 8.6977e-05 2.6926e-05 8.1548e-06
1.4760 1.5504 1.6463 1.6916 1.7233

21 2.2183e-03  7.9745e-04 2.7226e-04 8.6974e-05 2.6925e-05 8.1545e-06
1.4760 1.5504 1.6463 1.6916 1.7233

2716 2.2183e-03 7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06
1.4760 1.5504 1.6463 1.6916 1.7233

218 2.2183e-03 7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06
1.4760 1.5504 1.6463 1.6916 1.7233

2-20 2.2183e-03  7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06
1.4760 1.5504 1.6463 1.6916 1.7233

EN 2.2183e-03  7.9745e-04 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06

RN 1.4760 1.5504 1.6463 1.6916 1.7233

Table 5.2: The maximum pointwise error and rate of convergence for Example 5.2.

el N+— 64 128 256 512 1024 2048

204 5.2311e-04 1.3391e-04 3.3679¢-05 8.4324e-06 2.1089¢-06 6.8000e-07
1.9659 1.9913 1.9978 1.9995 1.6329

206 6.0930e-04 1.6818e-04 4.3147e-05 1.0858e-05 2.7189e-06 1.0246e-06
1.8571 1.9627 1.9905 1.9977 1.4080

208 1.0046e-03 2.5783e-04 6.5427e¢-05 1.6385e-05 4.0979¢-06 1.0246e-06
1.9621 1.9785 1.9975 1.9994 1.9998

210 3.2426e-03 1.0158e-03 2.6117e-04 6.6227e-05 1.6588e-05 4.1489e-06
1.6745 1.9596 1.9795 1.9973 1.9993¢

2-12 3.2440e-03 1.1731e-03 4.0213e-04 1.2865e-04 3.9842e-05 1.2067e-05
1.4674 1.5446 1.6442 1.6911 1.7232

o~ 3.2443e-03 1.1732e-03 4.0219e-04 1.2867e-04 3.9848e-05 1.2067e-05
1.4675 1.5445 1.6442 1.6911 1.7234

216 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05
1.4675 1.5445 1.6441 1.6912 1.7235

218 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05
1.4675 1.5445 1.6441 1.6912 1.7235

220 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05
1.4675 1.5445 1.6441 1.6912 1.7235

EN 3.2443e-03 1.1732e-03 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e-05

RN 1.4675 1.5445 1.6441 1.6912 1.7235
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Table 5.3: Comparison of uniform error estimate and uniform rate of convergence for Exam-
ple 5.1.

N — 256 512 1024 2048 4096
Present Method
EN 2.7226e-04 8.6973e-05 2.6925e-05 8.1544e-06 2.4269e-06
RN 1.6463 1.6916 1.7233 1.7485 -
Method in Chapter 4
EN 3.9145e-03 1.8217e-03 5.4691e-04 1.4346e-04 3.6304e-05
RN 1.1035 1.7359 1.9307 1.9824 -

Table 5.4: Comparison of uniform error estimate and uniform rate of convergence for Exam-
ple 5.2.

N +—> 256 512 1024 2048 4096
Present Method
EN 4.0220e-04 1.2868e-04 3.9849e-05 1.2067e¢-05 3.5916e-06
RN 1.6441 1.6912 1.7235 1.7484 -
Method in Chapter 4
EN 3.9534e-03 1.8351e-03 5.5055e-04 1.4439e-04 3.6537e-05
RN 1.1072 1.7369 1.9309 1.9825 -

Tables 5.3 and 5.4 indicates the comparison of uniform error estimate and rate of conver-
gence of Examples 5.1 and 5.2 respectively, for exponentially fitted finite difference method
and fitted mesh finite difference method. One can understand that exponentially fitted finite
difference method is not a layer resolving numerical method. The fitted mesh method uses
a special non-uniform mesh condensed around the layer region, and it is a recognized tech-
nique for solving SPDEs that overcomes the limitations of exponentially fitted numerical
method. Fitted mesh numerical method would basically require a logarithmic factor, which

affects the rate of convergence and has limitations over the rate of convergence.

5.9 Summary

A numerical solution for solving singularly perturbed delay reaction-diffusion problem with
integral boundary condition is presented. The properties of the continuous solution are stud-
ied. A finite difference method on an appropriate piecewise uniform Shishkin mesh is pro-
posed. The integral boundary condition is approximated by Simpson’s % rule. The uniform
stability and uniform convergence analysis of the developed method are established. The de-
veloped method is uniformly convergent independent of perturbation parameter with almost
second-order uniform rate of convergence. To validate the applicability of the developed
numerical method, two experimental numerical examples are considered. The numerical

results reflect the theoretical estimations.
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CHAPTER SIX

NONSTANDARD FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS WITH NONLOCAL
BOUNDARY CONDITION

This chapter presents a numerical treatment of singularly perturbed parabolic partial differ-
ential equations with nonlocal boundary conditions. The problem has boundary layers at
2 = 0 and x = 1. The nonstandard finite difference method is developed to solve the con-
sidered problem in the spatial direction, and the implicit Euler method is proposed to solve
the resulting system of IVPs in the temporal direction. The nonlocal boundary condition is
approximated using Simpson’s % rule. The stability and uniform convergence analysis of
the scheme are studied. The developed scheme is second-order uniformly convergent in the
spatial direction and first-order in the temporal direction. Two test examples are carried out
to validate the applicability of the developed numerical scheme. The obtained numerical

results agreed with the theoretical estimate.

6.1 The governing problem

Consider a class of singularly perturbed parabolic partial differential equations of the reaction

diffusion types with nonlocal boundary condition

O*u(x,t)  Ou(w,t)
T o2 * ot
w(z,0) = ¢p(x), V(z,t) €Ty ={(z,0);0<x <1},

w(0,8) = du(t), Y(w,t) € Ty = {(0,£);0 <t <T},

Lu(z,t) +a(z, t)u(z,t) = f(x,t), (x,t) € Q,

Ku(z,t) =u(1,t) — 5/1 g(x)u(z, t)de = ¢.(x,t), V(z,t) €, ={(1,t);0<t <T}.

6.1

where (z,t) € Q =Q, xQ, = (0,1) x (0,T], Q =[0,1] x [0,T], and ¢ is a small parameter
(0 < € < 1). Suppose that a(z,t) > a > 0, f(z,t), ¢, ¢, ¢p are sufficiently smooth
functions and ¢(z) is nonnegative monotone function and satisfies fol g(x)dx < 1. For the
problem (6.1) to have existence and uniqueness of solution, we assume that the coefficients of
the given problem are Holder continuous and also impose a proper compatibility conditions

at the corners (Ladyzhenskaya et al., 1968). Note that ¢; and ¢, are only functions of ,
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while ¢y is a function of = only. The problems necessarily satisfies the following sufficient
compatibility conditions ¢;(0,0) = ¢;(0,0), ¢»(1,0) = ¢.(1,0), and

9?9y (0,0 0¢,(0,0
L0004 a0.0000(0.0) + 2200 40.0),

0?¢y(1,0 0¢,(1,0
—6% + Cl(l, 0)¢b(1, 0) + % = f(l, 0)

Note that ¢;, ¢, and ¢, are assumed to be sufficiently smooth for (6.1) to make sense, namely
&1, ¢r € C'([0,T]) and ¢, € C*V(T).

6.2 Properties of continuous solution

Here, some properties of the continuous solution (6.1) which guarantee the existence and
uniqueness of the analytical solution is analyzed. A replication of this belonging in semi-
discrete form can be used to present the approximate solution, which we provide in the

following section.

Lemma 6.1. (Continuous Maximum Principle) Let V(z,t) € C09(Q)NCE0)(Q)NCED(Q)
be a sufficiently smooth function such that ¥(0,t) > 0, V(z,0) > 0, CV(1,t) > 0, LY (z,t) >
0,Y(z,t) € Q. Then ¥(z,t) > 0, V(x,t) € Q, where LY (z,t) = Uy(z,t) — eV, (2,t) +
aV(zx,t).

Proof. Assume (z*,t*) be defined as ¥(z*,¢*) = min, ;cq V(2,t) and suppose that
U(z*,t*) < 0. Itis clear that (z*,¢*) ¢ 0. Thus,
LU(x*, %) = Wi(a*, t*)—eV o (z%, ") +a(x, t) ¥ (z*, t*). Since W (x*,t*) = min, »eq V(z,1),
which indicates that U(z*,t*) = 0, Uy(x*, t*) = 0, U, (x*,¢*) > 0 and implies that
LV (z*,t*) < 0, which is contradicts with the above assumption. LV (z*,¢*) > 0,Vx € Q.
So that, ¥(z,t) > 0, V(z,t) € Q. |

Lemma 6.2. (Stability Result) Assume u(x,t) be the solution of the continuous problem in
(6.1). Then we have the bound

u(z,t) < a | f|| + max {¢y(x), max {¢;(z, 1), b, (2, 1)} },

where ||| = max { f(z,1)}.

Proof. We prove by using maximum principle Lemma (6.1) and by constructing the
barrier functions 6% (x,t) = CM 4 u(z,t), (z,t) € Q.
Where M = a7 || f|| + max {¢y (), max {¢;(z, 1), o, (z, )} }.

At initial, we have

0F(2,0) = o '||f]| + max {¢y(x), max {¢;(z,0), ¢.(x,0)}} + u(z,0)
= a ' ||fIl +max {gy(z)} + dp(z) > 0.
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For z = 0, we have

ei(()?t) = ail ||f|| + max {¢b(0)7maX {(bl(O?t)a ¢r(07t)}} + U(O,t)
= a ' ||IfIl +max {&(t)} £ &i(t) = 0.

For z = 1, we have

KO*(L,1) = a [ f]] + max {@(L), max {&i(L, 1), Ke,(L,0)}} + Ku(1,1)
— a7V fI| 4 max {6 (1, 1)} £ 6,(1,8) > 0.

For 0 < z < 1, we have

LOE(x,t) = 0F(x,t) — b (x,t) + alx, t)0% (x,1),

— [a 1]+ max {gy(a), max {én(a, ), 6w, )} £ ulz, 1],
—¢ [a7H|If]] + max {¢y(x), max {¢(z, 1), ¢ (x,1)}} £ ulz,1)]
+a(z,t) (o | f]] + max {¢y(2), max {¢(z, 1), ¢ (2, 1)} } + u(, 1))
max {¢u, (£, 1), Gry(2, 1)} £ ur(@,t) — emax { Gy, (1), drpe (1), Orop (2, 1)}
—EUge (1, 1) + aa™ || f|] + amax {¢y(z), max {¢;(z, 1), (2, 1)} } £ au(z,t)
0,

AV

where ¢ > 0,a(x,t) > « > 0. This implies that £6*(z,¢) > 0. Hence, by Lemma 6.1 we
have, 0%(x,t) > 0,V(z,t) € Q, which indicates
u(z,t) < a7 | f]] + max {¢y(z), max {¢i(z, 1), ¢ (x, )} } u

6.3 Bounds on the solution and its derivatives

This section studies the bounds on the solution and its derivatives which are required in the

convergence analysis of the numerical methods.

Lemma 6.3. Suppose a(x,t), f(z,t) € CZY(Q) and ¢, € C*([0,T)), ¢pp € CHH(Ty), ¢, €
C2%([0,T)). Then the problem (6.1) has a unique solution u which satisfies u € C*2(Q).
And also the derivatives of solution u are bounded, V1,7 € Z > 0 such that 0 <1+ 25 < 4,

i

O

oxioti

< Ce7 .
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Proof. The boundedness of the solution and its derivative is given as follows. Under the

stretched transformation z = \/ig problem (6.1) can be rewritten as

La(z,t) = (—li—+—fz4—&@zw)éui,ﬂ:=f¢aty (7,t) € Q.

or? Ot
(7, t) = ¢u(&, 1), (&ﬂe% 62
a(févt):(él(j?t)’ ('%70 GFZ
1/vE -
Ka(z,t) = a(l,t) — 6/ g(x)Z(Z,t)dx = ¢.(Z,1), (z,t) e T,
0

where Q. = (0, \/LE) x (0,T), and the boundary condition I to I, where equation (6.2) is in-
dependent of . Then, by taking the idea of estimation (10.6) on (p.352) of (Ladyzhenskaya
et al., 1968), we obtained
O ~
||Watj\|zv(s <C 1+ [|allg,) .
vV Nsin Q.. Here N5, > 0Ois a neighbourhood with diameter § in Q.. Returning to the

original variable given as

oty i
lo—rlla < Ce¥ (1+ |lulla).
Hence, the proof is complete by using the bound on u of Lemma 6.2. |

The bounds of the derivatives of the solution given in Lemma 6.3 were derived from clas-
sical results. They are not adequate for the proof of the e-uniform error estimate. Stronger
bounds on these derivatives are now obtained by a method originally devised in (Miller et al.,

1998). The main idea is to decompose the solution u into smooth and singular components.

Lemma 6.4. Suppose a(x,t), f(z,t) € CUr12e/2(Q) and ¢, € CB+1/2(]0,T)), ¢y, €
C6rar3+ar/2)(T) ¢, € CB+/2)([0,T)), where oy € (0,1). Then we obtain

0" v 1-i/2
HWHQ < C(1+e77), (z,t) € Q, (6.3)
ot i o
S| € CeTeE, @pen (6.4)
8i+j r _; —(-=)
Sl < CeFe v, (mneq, (6.5)

where C'is a constant independent of a parameter ¢, 0 < 1+ 2j < 4.

Proof. The existence and smooth component results follows from Ladyzhenskaya et al.
(1968) (Chap 1V, p.320). The derivative of smooth component functions are bounded, it

derived as follows. First, we estimate to reduced problem solution v, is bounded and its
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derivative are bounded

oxioti

(6.6)

i

Next, to estimate the derivative of the solution v; bounded form Lemma 6.2 can be applied.
Then

Q

8”%1 —i
—— < (Cez. 6.7
‘ &E’atf Q - c ( )
Since . . o
Oty Oty 9ty

9o 0wor | owon’
to establish a smooth component v estimates from (6.6) and (6.7). To prove the inequality

(6.4) using the procedure adapted in Miller et al. (1998), it is easy to find that
lwi(z,t)| < Ceve, (x,t) € Q.
To prove (6.5), we consider two comparison functions

. —-2)
OF(z,t) = Ce*le” v +w,(a,t),

where o = max {0, 1 — min(, ycq a(z,t) }. Note that ©F(z,t) > 0,

LOF(z,t) = —eOL, (v,t) + OF (,t) + a(x, t)OF (x,1)

—(1—=x)

=C(a* —1+a(z,t)e e vE

> 0.

KO*(1,t) = 6%(1,t) — 5/1 0*(z,t)dx

0

:C—Ce/olg(x)e Ve dx
> o< [y

> 0.

choice suitable C' > 0. Using maximum principle Lemma 6.1, we have

0w,

oxiotd

< Ce V¢ (x,t) € Q.

— )

Letz = %, Clearly, under the transformation, stretched variable # domain is (0, =), note
E Ve

that (z,t) = (Z,t) and the parameter ¢ is independent of problem (6.2), then a suitable

Ph.D Dissertation 54



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

estimates in Ladyzhenskaya et al. (1968) (Section 4.10) solution of w,. The position of &
argument partition into two cases. First case, neighborhood of Nj in (0, \/LE) x (0,7T], by

applying an estimate in Ladyzhenskaya et al. (1968) (Section 4.10), we have

and the required bound follows by transforming back to the variable x and using the bound

0w,

oziot

< C(llullg,)

Ns

just obtained on w,. Likewise, for each neighborhood N in (0, 1] x (0, T, from (Ladyzhen-
skaya et al., 1968) (Section 4.10) we have

and the required bound follows by transforming back to the variable z, using the bound on
1

9iti W,
oz ot

- SO+ lanllg,)
Ns

w; and noting that e= >e ! = (Cfori < 1. Hence the proof is complete. [ |

6.4 The numerical method

This section presents a numerical method using a method of lines. Nonstandard finite differ-
ence method is used to discretize the spatial direction and implicit Euler method is used for

temporal direction.

6.4.1 Spatial semi-discretization

The fundamental idea of non-standard discrete modeling techniques is the development of
the exact finite difference technique. Micken presented methods and rules for developing
nonstandard FDMs for various types of problems (Mickens, 2005). To develop a discrete
scheme in keeping with Mickens’ guidelines, the denominator characteristic for the discrete
derivatives should be described in terms of more complicated functions with larger step sizes
than those used in classical methods. These complicated functions are a general property of
the method that may be useful when constructing a dependable methods for such problems.

To construct a genuine finite difference scheme for the problem of the form in (6.1), we
use the procedures described in (Woldaregay & Duressa, 2022). The constant coefficient

given in equation (6.8) without the time variable is considered as follows.

d*u(x)
dx?

+ au(z) = 0. (6.8)
By solving (6.8), we obtain two independent solutions e#'* and e#2*, where

um::i: Cl/f':.
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The spatial domain [0, 1] is discretized on uniform mesh length Az = h as follows. QY =
{z; =20+ th, i=1(1)N,zy =0,zy = 1,h = 1/N}, N is taken as number of mesh points
in the spatial discretization. The approximate solution of u(z;) will be denoted by U;. Here,
the main aim is to compute difference equations which have similar results with the prob-
lem (6.1) at the mesh point z; which is given by U; = Bie'® + Byet?™. Applying the

procedures given in (Mickens, 2005), we obtain

U1 exp (Nlmifl) €xXp (N2xi71>
det | U;  exp(uiz;)  exp(poz;) | = 0. (6.9)

Uit1 exp (l1@it1)  exp (HaTit1)

After simplification, equation (6.9) becomes

Uz‘—l — 2 cosh <\/§h) Uz + Ui—‘rl = O, (610)

which is an exact difference scheme for (6.8). By performing some arithmetic manipulation
and making rearrangement on (6.10) for the variable coefficient problem, we obtain
Uiy —2U;i + Ui

The denominator function \? becomes

4 i
£=7§gmﬁ(%h>, (6.12)
where A\? is a function of €, 3;, h and 3; = |/%.
By using (6.12), and applying the nonstandard finite difference method on semi-discrete
problem, we have
dU;(t) Uip1(t) = 2U;(t) + U;—1(t)

with boundary conditions

Ui = ¢u(t), =0,

U; = o, i=11)N -1, (6.14)

AU+ 4q U 4 g U
ICNUN:UN_EZi\;lg 1Y 1 ggz GJi+1 z+1h:¢rN,i:N.

Here, for i = N, the integral boundary condition f01 g(x)u(z, t)dr approximated by com-
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posite Simpson’s integration rule.
1 h N—-1
/ g(@)u(e,tde = 3 (g(O)u(O) + 2) +2)  gra)u(ws) +4) g(a:%_gu(x%_l))
0 i:l izl
= ¢ (6.15)

Substituting (6.15) in to (6.14), we obtain

N-1

i=1 i=1

w(N.1) - eh (g(0>u(0) +g(N)u(N) +2)  glaa)ulay) + 4Zg(x2i—1)U(I2¢—1)> = ¢r.

Equation (6.16) can be rewritten as

N—1
2eh ch
g(x9i—1)u(x2i—1) 3 g(xa;)u(ze;) (1—?9(1\[)) u(N) =

i=1 =1

4eh N
3

9
Ort—

(6.16)

h

+9(0)u(0).

Assume that the approximation of u(z;,t) be denoted as U;(t), by using the non-standard

finite difference approximation. At this level, equation (6.1) is reduced in the form of semi-

discrete as follows.

[ ch () = 00 Ui (t) — 2Ui(¢) +

d A (g, h,t)
Ui(0) = ¢u(z:),
Uo(t) = (0, 1),
KUx () = o (N, 1).

Ui—l (t)

+ CLiUi(t)

\

Equation (6.17) is the system of IVPs and its compact form is written as

U () B
2 BULH) = (),

where B is (N — 1) X

column vector. The entries of B and F' respectively given as

bii = seieqpy tolz:), i=1(1)N -1
bm;l - —%, ’l - 2(1)N - 1
bi,i—i—l - —%, Z - 1(1)N - 1,

= f(l’z,t),

(N — 1) tridiagonal matrix, U;(t) and F;(t) are (N —

6.17)

(6.18)

1) entries of
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and

Fi() = 1) = (alw) + 525) 410, 8),
Fi(t) = fi(t), i=2()N 1

Fyoa(t) = fyv-a(t) — m@w@

6.4.2 Uniform stability analysis

Here, the uniform stability estimate of the semi-discrete operator £" is presented.

Lemma 6.5. (Semi-discrete Maximum Principle): Assume that Uy(t) > 0, KUy(t) > 0.
Then L"U;(t) > 0,V i = 1(1)N — 1, implies that U;(t) > 0, Vi = 0(1)N.

Proof. Assume there exists ¢ € {0,---, N} such that U,(t) = ming<;<n U;(t). Suppose
U,(t) < 0, which implies g # 0, N. Also, we have U, 1 —U, > 0 and U, — U,_; < 0. Here,

we have a o o7 -
£th(t) _ dqt(t) —c q+l(t) _ )\q2(t) + q—l(t> + CLqu<t>.
q

By using the above assumption, we get that L"U;(t) < 0, for i = 1(1)N — 1. Thus the
assumption U;(t) < 0,7 = 0(1)N is not correct. Thus, U;(t) > 0V i = 0(1)N. |
This Lemma 6.5 is used to obtain the bounds of the discrete solution given in Lemma 6.6.
In general, the discrete maximum principle is widely used to show the boundedness and

positivity of a discrete solution.
Lemma 6.6. The solution U;(t) of the semidiscrete problem in (6.17) or (6.18) satisfy the

following bound.

(8] = é ma | ()] + max { 6,z max (s, 0), 00 (2, 1)} )

Proof. Suppose ¢ = L max; |L"U;(t)| + max; {¢y(x;), max; {¢y(w;,t), ¢ (2, 1)}} and

define a comparison function 65 (t) as
For the points on the boundary, we have

Oy () = a £ Up(t) = q £ ¢u(0,1) > 0,
KNO~(t) = q £ KNUn(t) = g £ ¢,(1,1) > 0.
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For1 <i < N — 1, we have

dig£ Ui()) _ (¢+Uia() = 2(¢ £ Uit)) + ¢+ Uini (1))

hot(1y — _ . ,
LU07(t) = 7 € 2 + ai(q = Ui(t))
— o (™ max [ £1U:(8)] + max { gy(:), max {6u(zi, 1), 6 (w1, 0} } ) =+ fig
> 0, since a; > «.
From Lemma 6.5, we get, 0:5(t) > 0,V (z;,t) € QY x (0,7). |

6.4.3 Uniform convergence analysis

Here, we present the convergence analysis of the spatial discretization. Here, U;(¢) denoted
as numerical solution for the spatial semidiscretization to the exact solution u(z, t) atx = x;,

i = 0(1)N. Let us define the backward and forward finite differences in space as:

w(w;,t) — u(w;_1,t)
h

w(iyr,t) — u(w;, t)

h, )

D™ u(z;,t) = , Dty (x,t) =

respectively, and the second order central finite difference operator as

Dtu(x;,t) — D u(x;, t)
- :

6*u(zs,t) = DD u(x;, t) =

Lemma 6.7. Let N be a fixed mesh. Then, for ¢ — 0, we have

exp(—pxi//€)

lim max =0 and
e—0 1<i<N—1 em/2

—p(1 — x;
i max CRCPA—z)/VE) o
e—0 1<i<N—1 em/2

wherem =1,2,3,---

Proof. Let us consider the partition of the interval [0, 1], with points z; = ih, h = 1/N
fort=1,2,3,--- ,N. Byusing xy = h,1 — xx_1 = h, we have

exp(—pzi/vE) _ exp(=pui/ve) _ exp(=ph/Ve)

1<i<N-1 em/2 - em/2 cm/2
exp(—p(l — z:)/V%) exp( Pl —xn_1)/VE) _ exp(—ph/V7)
ma,
1<i<N-—1 em/2 em/2 cm/2
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Then, by applying L’Hopital’s rule repeatedly, we have

. exp(_ph/\/g) : m
i P~ em(-pin)

71'n"l,

_ 1i _
r= I/I\Ifn—mo exp(phr)
m)!
= lim =0.
r—oo (ph)™ exp(phr)

Theorem 6.1. Let the coefficient function a(x) and the function f(x,t) in (6.17) be suffi-
ciently smooth and u(z,t) € C* (Q). Then the semidiscrete solution U;(t) of (6.17) satisfies
£ (u(z;, t) — Ui(t))| < CR2.
Proof. The truncation error in spatial direction is considered as

d? D;‘D;’h?
= —f—:@u(xl,t) + €TU($i,t)
d? € d? h* d*
= —E@ (ZL"Z, ) + ﬁ (hQWU( ) + Eﬁ (Ii,t)) . (619)

Note that we have used a Taylor expansions of w; 1(¢) and w;,1(¢). A truncated Taylor

expansion of 5 of order five becomes

1B 1 B2
= (5%2 — 3+ > (6.20)

Using (6.20) in (6.19), we obtain

dat dx?
B2 d*u(x;,t) 1 d*u(x, )) Iy eBt diu(mw;,t)

214 o\ )
+ bk (240 dz? 144 da? 2830 da’
(6.21)

Lh (u(zi,t) — Ui(t)) = % (d—u(xi,t) "y d—u(x,,t)> B?

Using Lemma 6.7 and Theorem 6.3, we obtain

| £ (u(z;, t) — Us(t))| < ON72
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The truncation error at x = x5, become

KN (U(x) —u(zy)) = KNU(zy) — KNu(z),
= ¢7‘ - ICNU(:EN>>
= Ku(z;) — KNU(xy),

A /0 ' o()u(w)dr — (U(xN) . / - g(x)u(x)dx) |

Zo

- E/ g(w)u(z)dr — e Z Gi—1Uiz1 + g;)ul + Git1Uit1 .

zo i=1

-~ - [ / " (@)ulz)dz + / ? s@)ule)dz 4+ / T @) de

xg T TN

IN-1UN—1 + 4gNUN + GN41UN+1

4
_ 5{90“0‘1‘ 9;U1+92U2h+_”+ x

|ICN (U(z;) — u(xz))‘ |C’€ (h4u(4) (&) + RS (&) + -+ Ry (£N))

Y

(KN (U(xs) = u(z:))| < Ceh® (u (&) +u™ (&) + - +uM(En))
< Ceh? % ’ < Ch?*=CN72.

Theorem 6.2. The semidiscrete solutions satisfies the uniform error bound

sup ||u(zi,t) — Ui(t)|]g < CN 72 (6.22)

0<e<1

Proof. The proof is follows from Lemma 6.3 and Lemma 6.7 under the properties of

boundedness of semi-discrete solution and the required bound is satisfied. |

6.4.4 Temporal semi-discretization

A mesh with length At =¢;,, —t;,j7 = 0(1)M — 1 is constructed on the time domain {2, =
[0, T'], where M is a positive integer. The IVPs (6.18) is discretized using the implicit Euler
method on a uniform mesh. By denoting the approximation of u;(t;) as Uij , we construct the

time discretization as follows.

Ul — it

~ = BU/ + F/ (6.23)

with the initial condition Uy(t) = ¢;(¢;), and by rearranging equation (6.23), we obtain

U/ = [I +AtB] " [AtF] + U/ (6.24)

aiu($,tj)
ot?

< C, V(x,t) € Q, i = 0,1,2. Then the local truncation

Lemma 6.8. Suppose
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error associated with the time direction satisfies |e;| < C(At)?.

Proof. The local truncation error is defined as

6]' = u<t]) — U]
= u(ty) — [+ AtB] " [AtF) + U

Using Taylor expansion, we obtain u(t;_;) as

(AL)?
2

welt) + S ) + 02,

u(tj—1) = u(t;) — Atuy(t;) +
However, w;(t;) = F(t;) — B(t;)u(t;). Thus,

(A1)?
2

(A1)?
31

u(tj1) = ulty) = At[E(t;) — B(t;)u(t;)] + un(t;) + ure(t;) + O((A1)*).

Now, the local truncation error e; becomes

e; = u(ty)—[[+AtB] "' [AtF) + U/

= wu(t;) — [+ AtB] ™ [[[ + AtB(t;)|u(t;) + (At>2utt(tj> + .- ]

2
= [[+AtB]™! {(A;) u(t;) — (Ag—t!)uttt(tj) + O((At)‘l)} :

Since the matrix B is invertible, using the relation (At)? > (At)? for small At and u(t;) < C

, we obtain
el < 17+ 28| | S wnte) - Gl ety + o807
< ||[I +AtB7Y|| (At)* < O(At)%

Lemma 6.9. The global error estimate in time direction is given by ||E; || < CAt, Vj <
T/At, where Ej+1 = Imax; |Ui(t]’+1) — Ui,j-i-l’Q'
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Proof. The global error estimate at (j + 1)*" time step is obtained by using the local error

estimate up to j* time step as follows.

1Eiall = D el J<T/AL

i=1

< leall + lleall + lles[| + lleal| + - -+ [lej]]

< Ci(jAY)At

< C,TAt, since JAt <T

< CAtL

Hence,
[|E7 || = max |Ui(tj1) — ul™ |, < CAL. (6.25)

where C'is a positive constant independent of € and At. By taking the supremum V ¢ € (0, 1],

we obtained

sup ||Ui(tjs1) — UI|,, < CAL (6.26)
1

0<e<

[ |
We summarizes the results of this work by considering the error estimate obtained in

(6.22) and (6.26) and we conclude by the following theorem.

Theorem 6.3. The error estimate for the solution of continuous and fully discrete problem
is given by
sup Hu(x,t) — UinH <C (N_2 + At) ,

0<e<1

where u(x,t) and Uij 1 are the solutions of the problem (6.1) and (6.17) respectively.

Proof. The error estimation of the fully discrete scheme is given as follows.

sup Hu(zi,tj) — UZ]H Sup max |u(:1:z-,tj) —U;(tj) + U(t;) — UZ]‘

0<e<1 € i,J

IN

sup max u(z;, ;) — Uy(t;)| + supmax |Ui(¢;) — U?| .
£ 7'7] 15 1,]
< C(N?+At).

Then, by combining the bound given in Theorem 6.1 and Lemma 6.9, the theorem gets

proved. |
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6.5 Numerical results and discussions

In this section, the developed numerical method is demonstrated by using two model ex-
amples given below. Since the exact solution of the given examples are not known, double
mesh techniques is used to obtain the maximum pointwise error of the developed numerical
method. Now, let UV be a computed solution of a problem using mesh points N and time

step size At. Again, Uf;V’At/ *bea computed solution on double mesh points of 2V and half
of time step size At/2. The maximum absolute error for the developed numerical method is

calculated as

ENAL = max UNA —UZA) (6.27)
The parameter uniform error estimate is computed as
EMA = max (EX) . (6.28)
The rate of convergence of the developed method is calculated using
RNAL = log, (ENAY) — log, (E2N-AY2), (6.29)
The parameter uniform rate of convergence is also calculated as
RNAL = Jog, (ENAY) — log, (E*NVAY2), (6.30)
Example 6.1. Consider SPPPDEs with nonlocal boundary conditions of the form:
Ouw,t)  Fule,t) | TH+3% et 1 tsin(ra), (o8) € (0,1) x (0.1]

ot Ox? 2
u(z,0) =0, z€(0,1),u(0,t)=0, te(0,1],

1
Ku(l,t) = u(1,t) — 5/ gu(x,t)dx =0, te(0,1].
0

Example 6.2. Consider SPPPDEs with nonlocal boundary conditions of the form:

ou(z,t)  Pu(z,t) 1422 i
TRy + 5 u(z,t) =17, (x,t) € (0,1) x (0,1]

u(z,0) =0, xz € (0,1), u(0,t) =0, t € (0,1],

Ku(l,t) = u(1,t) — 5/1 cos(z)u(z,t)de =0, te(0,1].
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Table 6.1: Maximum absolute error and the corresponding rate of convergence for Example

6.1
e N=32 N=64 N=128 N=256 N=5I2
L At=01 At=01/4 At=01/4 At=01/43 At=0.1/4

105 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04  5.3681e-05
1.8951 1.9645 1.9859 1.9938 -
1078 1.2294e-02 3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
1.8951 1.9645 1.9859 1.9938 .
10710 1.2294e-02  3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
1.8951 1.9645 1.9859 1.9938 .
10712 1.2294e-02  3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
1.8951 1.9645 1.9859 1.9938 -
107 1.2294e-02  3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
1.8951 1.9645 1.9859 1.9938 .
10720 1.2294e-02  3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
1.8951 1.9645 1.9859 1.9938 .
ENAT 12294e-02 3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
RYVAL 11,8951 1.9645 1.9859 1.9938 .

Table 6.2: Maximum absolute error and the corresponding rate of convergence for Example

6.2
£ N =32 N = 64 N =128 N = 256 N =512
1 At=01 At=0.1/4 At=0.1/4> At=0.1/4> At=0.1/4"
107  1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
1078 1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
10719 1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
10712 1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
1071 1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
10729 1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
ENAL 1.5809e-02  5.4540e-03  1.4696e-03  3.7419¢-04  9.3970e-05
RN:AL 15354 1.8919 1.9736 1.9935 -
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The solutions of the above two examples exhibit a boundary layers near x = 0 and x = 1.
Figures 6.1(a) and 6.1(b) indicates graph of numerical solutions of Examples 6.1 which
displays the presence of boundary layers on the left and right side of spatial domain for
e = 1072 and € = 1072 respectively. Figures 6.2(a) and 6.2(b) indicates graph of numerical
solutions of Examples 6.2 which shows the existence of boundary layers on the left and right
side of spatial domain for ¢ = 1072 and € = 10~'? respectively. The maximum pointwise
error and rate of convergence of the proposed method for Examples 6.1 and 6.2 are given in
Tables 6.1 and 6.2 respectively for different values of perturbation parameter €, mesh number
N and time step size At. From these tables, one can observe that the developed method is
parameter uniform convergent, which supports the theoretical results. Figures 6.3(a) and
6.3(b) indicates the Log-Log plots for the maximum absolute error versus mesh number N
for the singular perturbation parameter ¢ for the given examples. One can observe that as
goes very small, the developed method converges uniformly independent of the perturbation

parameter €.

6.6 Summary

A numerical treatment of singularly perturbed parabolic partial differential equations of the
reaction-diffusion type with nonlocal boundary conditions is investigated. A nonstandard
finite difference scheme is used to semi-discretize the spatial direction, and the implicit Eu-
ler method is used to discretize the results of initial value problems. Simpson’s % rule is
applied to treat integral boundary condition. The stability and convergence analysis of the
proposed scheme are established. The formulated method proved to be second-order uni-
formly convergent in the spatial direction and first-order in the temporal direction. Two
numerical experiments are employed to validate the applicability of the developed numeri-
cal method. The numerical results justify the theoretical estimations. Further, nonstandard
finite difference method is not layer resolving numerical method because of insufficient of
mesh number in the layer region. To overcomes this limitations, a standard finite difference
method on a suitable piecewise uniform Shishkin mesh is suggested to solve the problem in

the next Chapter.
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CHAPTER SEVEN

A FITTED MESH FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARTIAL DIFFERENTIAL
EQUATIONS WITH NONLOCAL BOUNDARY
CONDITION

This chapter presents a numerical computation of SPPPDEs with nonlocal boundary condi-
tion. The solution of the considered problem exhibits a boundary layers on the left and right
sides of the spatial domain. A finite difference method on a piecewise uniform Shishkin mesh
is proposed to discretize the problem in the spatial direction, and the implicit Euler method is
used in the temporal direction. The integral boundary condition is approximated using Simp-
son’s % rule. The proposed method gives almost second-order uniform convergence in the
space derivative discretization and first-order in the time derivative discretization. To validate
the applicability of the method, two numerical examples are considered. The computational

result accurately reflects the theoretical estimation.

7.1 The governing problem
Consider a class of SPPPDEs of the reaction-diffusion type with IBC

ou(z,t O*u(x,t
M) U | e = Set) (1) €0

u(z,0) = ¢p(z), Y(z,t) € Iy = {(x,0);0 <z <1},
u(0,t) = ¢i(t), V(z,t) e It ={(0,£);0 <t <T},

Lu(z,t)

Ku(z,t) =u(1,t) — 5/0 g(@)u(z, t)dr = ¢.(z,t), V(z,t) el ={(1,t);0<t<T}.
(7.1)

Where (z,t) € Q =Q, xQ, = (0,1) x(0,7], & =[0,1] x [0,T7], and ¢ is a small parameter
(0 < e < 1). Suppose that a(x,t) > « > 0, f(z,t), ¢1, ¢, ¢p are sufficiently smooth
functions and g(x) is nonnegative monotone function and satisfies fol g(x)dz < 1. The
existence and uniqueness of the problem (7.1) can be established under the assumption that
the data are Holder continuous and imposing proper compatibility conditions at the corners
(Ladyzhenskaya et al., 1968). Note that ¢; and ¢, are only functions of ¢, while ¢, is a

function of x only. The problem necessarily satisfies the following sufficient compatibility
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conditions (bb(ou 0) = ¢l(07 0)7 ¢b(17 0) = (br(l’ 0)’ and

9?¢,(0,0 0¢(0,0
TGO 4 a0,0)600.0) + 2200  f0,0),

826,(1,0 96,(1,0
P00 0610+ 240 pa)

Note that ¢, ¢,., and ¢, are assumed to be sufficiently smooth for (7.1) to make sense, namely
61,6, € CY([0,T]) and ¢, € CD(Ty),

7.2 Properties of continuous solution

In this section, the properties of the continuous solution (6.1) which guarantee the existence

and uniqueness of the analytical solution is analyzed.

Lemma 7.1. (Maximum Principle.) Let 1(x,t) € C®0(Q) N CH9(Q) N CEY(Q) be a
sufficiently smooth function such that ¥(0,t) > 0,4 (x,0) > 0,K(1,t) > 0, Lp(z,t) >
0,Y(z,t) € Q. Then (x,t) > 0, V(x,t) € Q, where Lip(x,t) = y(x,t) — epu(x, ) +
a(z,t).

Proof. Define v;(x,t) = 1 + 2. Note that vy (z,t) > 0, x € Q, Loy (x,t) > 0, v1(0,t) >
0, and Kvy(2,t) > 0. Further we define

A\l = max {% o (m,t) € Q} (7.2)

Then there exists (1, t9) € Q such that ¢ (2, tg)+M\v1 (20, to) = 0and Y (z, t)+ vy (2, 1) >
0,Y(z,t) € Q. Then the functions (¢) + A;v;) has a minimum value at (v, t) = (zg, to).

Assume \; > 0, we prove by contradiction.

Case 1: When (z,%) = (0, %),

0 S (¢ + /\1?]1)(0, to) = ¢(0,t0) + )\11)1(0,150) < 0.

Case 2: When (zo, 1)) € €,

0< E(w -+ )\12]1) = —€(w -+ )\1111)3%(%0, to) -+ (?/1 + )\11)1)15(&30, tO)
+a(zo, o) (¥ + Av1) (2o, to) < 0

Case 3: When (zo, 1), = (1, to)

0 < K+ Mvr)(1,t0) = (¥ + Avr) (1, o) — 5/0 g(@) (¥ + Ay (z, t)dx < 0.
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In all the cases, the proof is contradictory. Hence A; > 0 is impossible. Therefore ¢ (x,t) >
0. |

Lemma 7.2. (Stability Result) Suppose u(x,t) be the solution of (7.1). Then it satisfies the
bound

U(I’ t) S (1/_1||f|| + max {qbb(w)? le(xv t), ¢T(xa t)} )
where || f|| = max(;yealf(z, ).

Proof. The required bound is obtained by constructing a comparison functions

0F (2,t) = a Y| f|| + max {¢y(x), &1(x,1), pp(x, 1)} £u(w, t), (z,t) € Q

and using the maximum principle in Lemma 7.1. |

7.3 Bounds on the solution and its derivatives

In this section, we study the bounds on the solution and its derivatives which are required in

the convergence analysis of the numerical methods.

Lemma 7.3. Suppose f(z,t),a(x,t) € CCHa1+/2(Q) and ¢, € C*+*1/2([0,T)), ¢ €
CUrar2+en /2Ty ¢, € C?+1/2([0, T)), where a; € (0,1). Then the problem in (7.1) has

a unique solution w which satisfies v € CUrev2+1/2)(Q). And the derivatives of u are

bounded as o
oz =i . .
”8xi8tﬂ'H < Ce2, for 0<i+2j<A4.
Proof. The proof of the lemma is given in Lemma 6.3. [

7.4 Decomposition of the solution

The bounds on the derivatives of the solution given in Lemma 7.3 were derived from classical
results. They are not adequate for the proof of the € -uniform error estimate. Stronger bounds
on these derivatives are now obtained by a method originally given in (Shishkin, 1989). The
key step is to decompose the solution u into smooth and singular components.

The solution u of (7.1) was decomposed into v-smooth and w- singular components. Further,
v is separated into

vV =g + €y,

where vy and v, are solution of the following differential equations

%(x,t) +a(z, t)vo(z,t) = f(x,t), (x,t) € Q, (7.3)
vo(x,t) =0, (=.2) €L,
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and

Then v satisfy

0*v
Lon(a,t) = 55 (1),

Ul(xat) - 07
Kvy(z,t) =0,
vi(x,t) =0,

Lo(x,t) = f(x,t),
v(x,t) = vo(x,t),
Ko(z,t) = Kvg(1,1),
v(z,t) = gp(x, 1),

The singular component w is determined from

Lw(z,t) =0,
w($7t) = ¢l($vt) - UO([E,t),
w(zx,t) =0,

Kw(z,t) = Ku(x,t) — Kvg(z, 1),

(x,t) € Q

(.I?t) & Fl, (74)
(x,t) € T,

(Zlﬁ',t) € 1_‘b

(z,t) € Q2
(l‘,t) € Fla (7 5)
(,t) € T, '

([E, t) ely

(x,t) € Q2
(x,t) € I,
(x,t) € T,
(x,t) €T,

(7.6)

The reaction diffusion problem occurs boundary layers on both boundary points I'; and I, ,

then we separate w as w = w; + w,, where w; and w, are satisfy the following problems

and

Lw,(z,t) =0,
wy(z,t) =0,

wy(z,t) =0,
Kw,(z,t) = Kw(z,1),

(x,t) € Q
(x,t) €Ty,
(x,t) e Iy,
(x,t) €Ty

(7.7)

(x,t) € Q
({L‘,t) eIy,
(I‘,t) € Fb;

(7.8)

(x,t) € I,

Lemma 7.4. Suppose a(x,t), f(z,t) € CUrar2e/2(Q) and ¢, € CB+1/2([0,T)), ¢y, €
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C6rar3+ar/2)() ¢, € CB+/2([0,T)), where a; € (0,1). Then we obtain

0" 1-i/2
22 o< 0 (142), @0 1.9)
it o
|a$i5ﬁ| < Ceevr, (z,1) € Q (7.10)
6”1 r —i —(1—=)
|8xi§§jygcew L (o) e (7.11)

where C'is a constant independent of ¢, 0 < i + 25 < 4.

Proof. The proof of the lemma is given in Lemma 6.4. [

7.5 The numerical method

In this section, the time derivative is first discretized using the implicit Euler method, and
then a layer-adapted mesh of the Shishkin type is introduced to discretize the space derivative

using the standard finite difference method.

7.5.1 Time semi-discretization

Let {t;}3" be a uniform mesh which is used in the time semi-discretization and defined as
{t 3 = {t; = jAt,j=0,1,--- , M, At=T/M}, where M is a non-negative integer.

Using implicit Euler method the problem in (7.1) is semi-discretized as
LAUT () = g(w, i), j=0,1,--- M —1, (7.12)
with discretized boundary condition
Utl(z) = o] ™M (x), &'(2) €T,

1
KU (z) = U7 (1) - z—:/ g(x)u(z)de = 17 (z), ¢7'(x) €T, (7.13)
0

Ul (@) =g (@), ¢ (2) €Ty,

where LAV (2) = —eUI + r(2) U (2), g(2, tj41) = Ui(tx) + f(z,tj+1), and r(z) =
+ +a(z). Here, U/ () is denoted for the approximation of u(z, t;,,) at the (j + D" time
level.

The semi-discrete operator £L2¢ satisfies the following Lemma.

Lemma 7.5. For j = 0,1,2,--- , M — 1, suppose that W'(x) be a sufficiently smooth
function in Q such that W(0) > 0 and KV (1) > 0, then LY (z) > 0,Vz € (0,1),
implies W/ (x) > 0.

Proof. Assume z* € [0,1] be such that ¥/ (z*) = mingeq ¥ (z) < 0, from the

above assumption, it is known that * ¢ {0, 1} implies that 2* € (0, 1). By using properties
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from calculus, we have -5, W/+!(z) > 0. Which implies that £L2*W/+!(z) < 0, which is
contradict with LA+ () > 0,V 2 € (0,1). Therefore, we conclude that ¥9*1(z) > 0, V
ze0,1]. m
The local truncation error estimation for time semi-discretization which is denoted as ¢/ :=
u(z,tjp1) — U (2), for j = 0,1,2,- -+, M is analyzed as follows.

Lemma 7.6. The local truncation error associated with the implicit Euler method satisfies
the bound
le?| < C(AL)2.

Proof. Using Taylor expansion to u(x,t;41), we get

ou(z,t;)

(@, tjn) = ulz, t) + At—g,

+ O((At)?). (7.14)

Substituting (7.14) into (7.1), we obtain

u(z,tjp1) —ulz,t;)  Ou(w,t) 9
At Ot + oA

S (—5aa—;u(a§,t) - f(w,m) +O((A1)?).

Since the error satisfies the given problem, then the local truncation error satisfy L2t/ (1) =

O((At)?). Using the discrete maximum principle gives
e < C(At)*. (7.15)

The bound for the global truncation error of the semi-discrete scheme are given as fol-

lows.

Lemma 7.7. The global error in the temporal direction satisfies the estimate
ITE*Y| < C(At),  Vj<T/At. (7.16)

Proof. The global error estimate at (5 + 1) time step is obtained using the local error

Ph.D Dissertation 73



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

estimate up to j time step as follows.

IBiall = 1> ell,  j<T/At
=1

< leall + lleafl + lles]| + [leal] 4+ -+ + [le;]]

< Ci(jAL)At

< CiTAt, since JAt <T

< (CAt.
Hence, ||E/ || = max;|U(x,t;11) — U (z)]q < CAt, where C is a positive constant
independent of ¢ and At. u

The solution U7 (z) of the problem (7.12) can be decomposed as
Ut (z) = VIt (z) + Wt (2), (7.17)

where V7/*1 () and W71 (z) are the regular and singular component respectively, and V7! (x)

is the solution of

(

—e PV (@) Vit (@) = gl ),z e (0,1),
VitL(0) = Vi *(0),

V(L) = () (1) (¢ (L))

VIt (1) = KV (1),

and TW7*1(z) is the solution of

—e S r@WI @) =0 x e (0,1),

Wit (z) = U (z) — Vi (2),
KWItH(1) = KUTTH(1) — KVi (1),

where V! (z) is the solution of the reduced problem.

Lemma 7.8. The derivatives of V' (x) and W™ (x) satisfy the estimates

dFyiH1 _

BV <o b S awa). xe 0.0)
dF Wi+
|T(m)| S 5_§d1(x,0z), VIS (07 1>a

&5

—g Y2 —(1—x)
fork =0,1,23 where d(x,a) = e vV +e

Proof. The proof of the lemma follows using the estimates of Lemma 7.4 and the de-
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composition in (7.17).

7.5.2 Spatial discretization

The piecewise-uniform mesh having N > 4 mesh elements on [0, 1] is generated by dividing
into three subintervals as 21 = ,UQ.US,, where 0y = [0, 1], €, = [0, ] , Qe = (p, 1 — ],
and Q. = (1 — p,1]. To obtain a piecewise-uniform mesh, we take % mesh elements in

Q. and % mesh elements in each of the subintervals (2, and €2,.. Hence, the piecewise-

uniform mesh is given by x; = 0, +=0 where h;’s are given by
Tio1+hy, 1=1,2,3,--- N,
= i=1,2,3,-- 4
h; = w’ i = % +1,--, %7 where the transition parameter p separates the
2, i=3+1,---,N,

non-uniform mesh into uniform meshes and is given by ;¢ = min {}L, 2\/eln N }, where N
denotes the number of mesh elements in the spatial direction. Let U™ be denoted for the
numerical approximation for the exact solution u(x,t) at (z;,t41).

Here, a standard finite difference method to the spatial semi-discrete is applied by replac-
ing the second-order derivative with a central difference scheme. From (7.12), the discrete

operator L2 is defined as
LA (2) = —eDf DU U =12, (N — 1, (7.18)
with initial and boundary conditions

UO:¢Z(0)7
U0 — 6, i=1,2,3- N—1, (7.19)

N gz-flU{_*f + 4giUin + g U]

’CNUJJ\'/Jr1 = UJ]\'JJrl —€X i 3 P h; = ¢,

where U; = U(x;), 1 = r(2:), 9 = g(:).
Here, for (i = N), the integral boundary condition fol g(z)u(x,t)dz is approximated using

composite Simpson’s % integration rule which is given as

N Jj+1 J+1 J+1
9i1 Uy +4g:U7 " + ginUi
) dz = hi.
| stz s > .
U 4 4o U3+ 4 o3 UG, + 4gn UG, + an U
_ 9"+ 9131 Tl L v2Uh 9N31 N TINEN p(7.20)
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Substituting (7.20) into (7.19), we obtain

Uit 4+ 4q, U7 + U
JoUyq g1V gaU; R

U e 3 3

= ¢r

gn2UL, + dgn UL 4 gn UL ]

which implies that

!]oUgJrl + 491Uf+1 + gngH
3 hy+---+ 3

Ut (1 - sg?NhN> - “hy

gN—QU){TJr_IQ +49N—1U]J§Jr_1 ] _ 6

Thus, the integral boundary condition at the right end spatial domain is given as

[+ € goUS™ + 49U + goUST T gn—2UL", + 4gn 1 UL, Iy + o
Ny 3 3 '
(7.21)
The proposed method satisfies the following semi-discrete maximum principle.
Lemma 7.9. 51 Semi-discrete Maximum Principle): Assume that
SV g1t gz + gin1 hi = p < 1 and ¥*' is any mesh function satisfying ¥t > 0,

W7 2 0 KN > 0, L9720,V € QY. then ] > 0, forall i =0,1,2,--- | N.

Proof. Define a test function vJ"'(z;) = 1 + z;. Note that v} (z;) > 0 Vz; €
QN, LIt () > 0,Vz; € QY, ol (z0) > 0, and KNvI T (zy) > 0. Let A\, =
max {?fﬁ—;(f))}, i=1,2,3,---, N. Then there exist z such that 97+ (z*) 4+ Ao (z7) =
0 and wﬂ'l“(xi) + Ml @) >0, foralli =1,2,3,--- ,N,j =1,2,3,--- , M — 1. Hence
the function ¢/ (x;) + A\l (x;) attains a minimum value at z¥. Assume that the lemma
does not hold true, then \; > 0.

Case1- 27 =9, 0 < (W + Mol (z0) = 0.
Case2-z; =z, 1=1,23--- N,

0< Ly + )\w{ﬂ)(x;‘) = (—%DJD; + %) (W“ + )\121{“) (x;) <0.

Case 3- 2] = zn,

0< K (¢j+1 + >\1U{+1) (,CEN) = (wj-i—l + )\1U{+1> (.TN)

oa:m

[gi_l (WH + Alv{+1) (xi—1) + 4g; (WH + )\w{‘ﬂ) (xl)} h;+

=1

OO:W)

gier (W + Mol (zi1)hs <0

=1
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Which is contradicted to our assumption. Therefore A\; > 0 is not possible. Hence z/;{ 1 >0,
Vx,; € Qn. [ |
An immediate results of the above semi-discrete maximum principle, given in Lemma 7.9 is

the following discrete stability result.

Lemma 7.10. Let @b{ *1 be any mesh function fori =0,1,--- , N. Then

[ < max { [0 (10N 1L}

Proof. One can prove this Lemma 7.10, by constructing a barrier function
(@g’“)i = max { |y "], [IKY4], | L9077} £/ Then, the results followed by applying
semi-discrete maximum principle. |
7.6 Uniform convergence analysis

The e-uniform error estimated by decomposing the solution Ul-j 1 into smooth and singular

o " 1 - _
components as U™ = V7T + W7 where V)™ is the solution of

( . .
U@Hl:gfﬂ, i=1,2,-- ,N

J+1 Jj+1
‘/0 - ¢l0 y

VijJrl _ <bb§“, (7.22)
| KNVEH = KV (a),
and W/ 1 must satisfy
cNwWItt =0, i=1,2,---,N
Wit = ittt (7.23)

KNWH = KNULH — KNV

Theorem 7.1. Suppose U’ (x) and Uin are the solutions of the problem (7.12)-(7.13) and
(7.18)-(7.19) respectively, and assume that the coefficients r(z),a(x), g(x) € C*°1(0,1),
and the boundary conditions satisfy ¢ € C3t1/2(0,T), ¢it! € COtei(Ty), ¢it! ¢
(0,T), where oy € (0, 1), then we have

sup || U7 (z) — ulTH| < CN~2In® N.
0<e<1

The error can be written in the form of

U = U ) = (V= VI (@) + (W - W )
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Proof. We prove the error estimates for smooth and singular components separately. The
following are the error estimates for the smooth component.

At the point x; = zy,
ICN (Vj+1 . V]+1(xl)) — ICNVj+1 . Ich_]—i-l(xl) — ¢r o ICNVj+1
— ]CVJ-H( ) ]CNVJ—H(IZ)

= Vit (2;) — ¢ / Wg@v)vj“(x)dx—vj“(xi)

o

Mg VI 4V g VI
+ € Z h;

3
i=1
i+ g I j+1
:890‘/0 + 91‘3/1 + g2 V5 Bt
59]\/—1‘/]{:11 + gy Vi + 9N+1V1€ril1 hx
3
x1 ) TN+1 .
- 8/ () VIt (z)dr — - - - — 5/ g(x)VIt (z)dx
y) TN
h4 w 84V]+1 h4 i 84vj+1 5
= 96 &) —57 (&) —-- 989 (SN)—ax‘l( v)
) . a4va+1 oAyt
K (V- V)| = O ( )|
84V]+1 84Vj+1
<Ce ( — (&) + -y o (fN))
< CON~2

where ;1 < & < x;, 1 <17 < N,and C is chosen to be an arbitrary positive constant.

From the differential and difference equations, we have
LV —viti () = ¢t = LVvit (@) = (£ - LY) VIt ().

Then, it implies that

‘ ' 2 .
LY (VI - vitl(ay)) = — (% — DiD; ) VIt (),
T

By using the result obtained in (Miller et al., 2012), we have the following classical estimates
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atx; € QV.
f3Vitt .
LN (VJ'H _ Vj“(gg-)) < §(xi+1 — Ti1) ||T(I)||,lf ri=porx;=1—p
. . < ‘
z S (@i — i)’ | 2% @), otherwise

c VENTL  if my=pora;=1—p

N2, otherwise.

Now, let us define a barrier function as

It (z,) = 0%0(@)N—2 + N2

where ¢/ is a piecewise linear polynomial

ﬁ for 0 <z < p,
) =<1 for p<ax<1-—p,
1_735 for 1 —pu<x<1.

Then,V x;,i =1,2,3,--- , N,
0 < ®(z;) <CN ?InN.

And

—1 -2 _ _
Ve (1) > C\yeN~'+ N if x;=p or z;=1—p,

CON—2 otherwise,
where the observations that -\/% < 2In N and
eN :
&+ r(xy), if x;=p or z;=1—pu,
V) = () 7 p
r(x;)9(x;), otherwise.

And for all z; € TV, we obtain ¢/**(z;) > 0. Which implies that V97 (x;) > 0.

Define a comparison function
7Ti($i) = (I)([I}l) + (‘/ij—H — Vj+l(l'i)) .

For each point z;,i = 1,2,--- , N, we have L¥7*(x;) > 0. Then, from the semi-discrete

maximum principle, 7% (x;) > 0,Vi = 1,2,--- , N.

Ph.D Dissertation 79



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions 2023

Then, we have VijJrl — Vit (z;) < ®(z;) < CN~2In N. Hence,
VI —vit(z)| < CN2InN. (7.24)

To estimate the singular component error, we decompose W7+ () into W/ () and Wi+ ()

as follows.
(LYW @) =0, i=1,2,--- N,
Wi (@) = o T (ws) — 0f T (), z; € Y,
Wit (a;) =0, x; €TV,
\V[/lj+1(xi) =0, x; € F{)Vv
and
(LYWt (2) =0, i=1,2,--- N,
Wg—’—l(l’i) = 0, ZT; (- F{V,
ICNWX—FI(lL'i) = ]CNWj+1(IZ'), x; € Ffﬂv,
\Wg—’—l(l'i) = O, x; € Fé\f

The error of singular component is equivalent to

W W () = (W = W @) + (W = W (@)

4 ‘ 92 .
yl (VVZJ—H — Wt (z;)) < —¢ (W - D+D‘) Wit (z;).
X
By using a classical estimate given in (Miller et al., 2012), at each point z;, ¢+ =1,2,--- | N,

it follows that
LY (W —witl(z)) < C(N"'InN)?,  for i=1,2,---,N.

The error estimate for WTg R 1 ) *1(x;) is given as follows. The explanation depends on
or p =2y/eln N.
. The mesh in this case is uniform and y = 2y/cIn N > % . It is clear that

whether 1 =

[ N N Y

Case-I. p =
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x; —Ti—1 = N~'and s < C'In N. From (Miller et al., 2012) we have

KN (W = Wi @) = KW - YW ()
= ¢ = KW (@)
KW, 7 (@) — KNWT ()

) ) o o
VCN (Wrg—s-l . WrH—l(%’))’ S Ce (h4mw ]+1(5 ) et hNa 4WJ+I(SN))
< Ce ' (hi+---+hy)
< CN72ln*N

where z;_1 < §; < z;. By applying semi-discrete uniform stability estimate of Lemma 7.10,
we obtain
W = W ()] < CN72In® N,

Case-II. When p < %. Because the mesh is piecewise uniform in the subinterval i, 1 — p,
the mesh elements are 2(1 — 2u) /N, while the rest of the intervals [0, 1] and [1 — p, 1] have
mesh elements of 4/ N. By (Miller et al., 2012), we have

KN (W =W, (z;)) < ON2In® N

and
"CN (Wj+1_Wj+l<x'))’ < Ce h4a—4W]+l(f) NP 8_4WJ+1<€ )
T r 7 ~ a n N& : N
< Ce ' (hi+---+hy)
< CN72ln*N

where z;_; < &; < x;. By applying Lemma 7.8 and semi-discrete uniform stability given in

Lemma 7.10, we obtain
W, — W, ()] < CN~21In® N. (7.25)

Similar arguments are used to compute 1;’s error estimate. By combining equations (7.24)
and (7.25), we have

U/ — U ()

IN

C(N?InN+N?In’N)
< CN72In%N. (7.26)

The semidiscrete error estimate produced in (7.16) and (7.26) is used to summarize the re-
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sults of this work, which is concluded by the following theorem.

Theorem 7.2. The error estimate for the solution of the continuous and fully discrete prob-

lems is provided by

sup Hu(x,t) — UinH <C (N’2ln2N+At) ,

0<e<1
where u(x,t) and Uin are the solutions of problem (7.1) and (7.18)-(7.19) respectively.
Proof. The proof follows from Lemma 7.7 and Theorem 7.1. [

7.7 Numerical results and discussions

In this section, the proposed numerical method is demonstrated by using two model ex-
amples given below. Since the exact solution for the presented problems is unknown, the
double mesh technique is employed to determine the maximum pointwise error of the pro-
posed method using (6.27), uniform error estimate using (6.28), rate of convergence of the

developed numerical scheme using (6.29), and uniform rate of convergence by using (6.30).
Example 7.1. Consider SPPPDEs with integral boundary conditions of the form

ou(z,t)  Pu(z,t) 1+ a?

— — —t . 1
T o T u(z,t) =e 1 +sin(mr z), (z,t) € (0,1) x (0,1]
u(z,0) =0, z e (0,1),
u(0,t) =0, t € (0,1],

1
Ku(1, 1) = u(l, ) — g/ Sulrt)de =0, t€(0,1]
0

Example 7.2. Consider SPPPDEs with integral boundary conditions of the form

Ou(x,t) Pu(z,t) 1+ 22

_ _ 43
ot < 2 + 9 u(w,t) =17, (x,t) € (0,1) x (0,1]
wz,0) =0, z€(0,1),
w0,) =0, te (0,1],

Ku(l,t) = u(l,t) — 5/1 cos(z)u(z,t)de =0, te(0,1].
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Table 7.1: Maximum absolute error and uniform rate of convergence for Example 7.1

£ N=32 N=64 N=128 N=256 N=5I2
L At=01 At=01/4 At=0.1/4> At=0.1/4% At =0.1/4*
107 1.5452e-02 4.7360e-03 1.2406e-03  3.1235¢-04  7.8226e-05
1074 1.6278¢-02 5.0844e-03  1.4961e-03  4.3023e-04  1.2322¢-04
1075 1.6535¢-02 5.1259e-03  1.5084e-03  4.3288¢-04  1.2391e-04
1076 1.6616e-02 5.1390e-03  1.5123e-03  4.3372e-04  1.2412¢-04
1.6930 17647 1.8019 1.8050
1077 1.6642e-02 5.1431e-03  1.5135¢-03  4.3398e-04  1.2419¢-04
1.6941 17647 1.8022 1.8051
1078 1.6650e-02 5.1444e-03  1.5139e-03  4.3406e-04  1.2421e-04
1.6944 17647 1.8023 1.8051
1079 1.6653¢-02  5.1448¢-03  1.5140e-03  4.3409e-04  1.2422¢-04
1.6946 17647 1.8023 1.8051
10710 1.6654e-02  5.1450e-03  1.5141e-03  4.3410e-04  1.2422e-04
1.6946 17647 1.8024 1.8051
10720 1.6654e-02  5.1450e-03  1.5141e-03  4.3410e-04  1.2422e-04
1.6946 17647 1.8024 1.8051 .
ENAT 1.6654e-02  5.1450e-03 1.5141e-03  4.3410e-04  1.2422¢-04
RVAT 1.6946 17647 1.8024 1.8051 .

Table 7.2: Maximum absolute error and uniform rate of convergence for Example 7.2

€ N =32 N =64 N =128 N = 256 N =512
1 At=01 At=0.1/4 At=0.1/4> At=0.1/4> At=0.1/4*
1073 1.8099e-02 7.1575e-03  2.0069e-03  5.1704e-04  1.3036e-04
107*  1.8099e-02 7.2697e-03  2.2771e-03  6.7485e-04  1.9289¢-04
1075 1.8099e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289¢-04
1076 1.8099e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289¢-04
1.3159 1.6747 1.7545 1.8068
1077 1.8099e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289e-04
1.3159 1.6747 1.7545 1.8068
1078 1.8099e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289¢-04
1.3159 1.6747 1.7545 1.8068
1078 1.8099e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289¢-04
1.3159 1.6747 1.7545 1.8068
107 1.8099e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289e-04
1.3159 1.6747 1.7545 1.8068
10719 1.8099e-02 7.2697e-03 2.2771e-03  6.7486e-04  1.9289¢-04
1.3159 1.6747 1.7545 1.8068
10720 1.8099¢-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289¢-04
1.3159 1.6747 1.7545 1.8068
ENAL1.8099e-02  7.2697e-03  2.2771e-03  6.7486e-04  1.9289e-04
RNAt 13159 1.6747 1.7545 1.8068 -
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Figure 7.1: Graph of numerical solution profiles for Example 7.1: (a) for ¢ = 1072, for
e=10"12,
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Figure 7.2: Graph of numerical solution profiles for Example 7.1: (a) for ¢ = 1072, for
e=10"12

The solutions of the above two examples exhibit strong boundary layers near x = 0 and
x = 1. Because the small perturbation parameter ¢ operates on the problem’s highest deriva-
tive. Figures 7.1(a) and 7.1(b) depicts the 3-D graphs for the numerical solution of Examples
7.1 which demonstrating the presence of boundary layer formation on the left and right sides
of the spatial domain for ¢ = 1072 and ¢ = 10~!? respectively. Figures 7.2(a) and 7.2(b)
depicts the 3-D graphs for the numerical solution of Examples 7.2 which demonstrating the
presence of boundary layer formation on the left and right sides of the spatial domain for
e = 1072 and ¢ = 1072 respectively. Figures 7.3 and 7.4 shows the numerical solution pro-
files for different time level respectively for Examples 7.1 and 7.2. The maximum pointwise
error and the parameter uniform rate of convergence for the proposed method for Examples
7.1 and 7.2 are given in Tables 7.1 and 7.2, respectively, for different values of the perturba-

tion parameter ¢, the mesh number N, and the time step size At. From these tables, one can
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Figure 7.3: Graph of numerical solution profiles for Example 7.1 for different time level
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Figure 7.4: Graph of numerical solution profiles for Example 7.2 for different time level
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Figure 7.5: Log-Log plot of maximum absolute error versus mesh numbers for different
values of € (a) for Example 7.1, (b) for Example 7.2.
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Table 7.3: Comparison of uniform error estimate for nonstandard FDM and standard FDM
on Shishkin mesh for Example 7.1

N=32 N=64 N=128 N=256 N =512
At=01 At=01/4 At=0.1/4> At=0.1/4> At=0.1/44

Present Method
ENA 1.6654e-02 5.1450e-03  1.5141e-03  4.3410e-04  1.2422e-04
RN:A 1.6946 1.7647 1.8024 1.8051 -
Method in Chapter 6
ENA 1.2294e-02  3.3054e-03  8.4694e-04  2.1381e-04  5.3681e-05
RN-A 1.8951 1.9645 1.9859 1.9938 -

Table 7.4: Comparison of uniform error estimate for nonstandard FDM and standard FDM
on Shishkin mesh for Example 7.2

N =32 N = 64 N =128 N = 256 N =512
At=01 At=0.1/4 At=0.1/4> At=0.1/43 At=0.1/4"

Present Method
EN-At 1.8099¢e-02 7.2697e-03  2.2771e-03  6.7486e-04  1.9289¢-04
RN:At 1.3159 1.6747 1.7545 1.8068 -
Method in Chapter 6
ENAL 1.5809e-02 5.4540e-03  1.4696e-03  3.7419e-04  9.3970e-05
RN:At 1.5354 1.8919 1.9736 1.9935 -

understand that the proposed method is a parameter uniform convergent independent of the
perturbation parameter ¢, with almost second-order uniform convergence in the spatial di-
rection. Tables 7.3 and 7.4 are indicates a comparison of uniform error estimate and uniform
rate of convergence for a nonstandard FDM on uniform mesh versus a standard FDM on
piecewise uniform Shishkin mesh. A standard FDM on Shishkin mesh has a limitations over
order of convergence due to a logarithmic factor. Further, the log-log plot for the maximum
absolute error for the two examples are plotted in figures 7.5. From these figures, one can

observe that the error decreases monotonically as /V increases.

7.8 Summary

In this chapter, a uniformly convergent numerical method for singularly perturbed partial
differential equation with integral boundary condition is developed. Finite difference method
on a rectangular piecewise uniform Shishkin mesh is proposed for the spatial direction and
the implicit Euler method is used for the temporal direction. The composite Simpson’s % rule
is used to approximate the integral boundary condition. The uniform stability and uniform
convergence of the method are investigated. The developed numerical method is shown to
be almost second-order uniformly convergent in spatial direction and first-order in temporal
direction. Two test examples are carried out to validate the applicability of the proposed

method.
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CHAPTER EIGHT

A FITTED MESH FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED PARABOLIC PARTIAL
DELAY DIFFERENTIAL EQUATIONS WITH
NONLOCAL BOUNDARY CONDITION

This chapter presents a numerical treatment of singularly perturbed parabolic partial delay
differential equations (SPPPDDE:5) of reaction diffusion type with nonlocal boundary con-
dition. In the considered problem, a small parameter ¢ multiplies the higher order derivative
term. The presence of this parameter causes the existence of boundary layers in the solution.
The solution also exhibits an interior layer because of the large spatial delay. A standard
finite difference scheme on piecewise uniform Shishkin mesh is proposed to discretize the
problem in the spatial direction, and the Crank-Nicolson method is used in the temporal di-
rection. Simpson’s % rule is applied to approximate the integral boundary condition given on
the right end plane. The developed numerical scheme is parameter uniform convergent, with
almost second order of convergence in space and second-order of convergence in time. Two
numerical examples are considered to validate the applicabilty of the developed numerical

method.

8.1 The governing problem
Consider the SPPPDDE of reaction diffusion type with integral boundary condition
OPu(x,t)  Ou(z,t
Pule,t) | dula,t)

oz ot
u(z,t) = ¢z, t), V(z,t) el ={(z,t);—-1<x<0and 0 <t <T},

Lu(z,t) = —

Ku(z,t) = u(2,t) — 5/0 g(x)u(z, t)de = ¢, (x,t), Y(x,t) € I, ={(2,1);0 <t < T},
u(z,t) = gp(z,t), Y(x,t) € Ty = {(x,0);0 <z < 2}
(8.1)

where (z,t) € Q = (0,2) x (0,7], Q = [0,2] x [0,7], & = (0,1) x [0,T], Q =
(1,2) x [0, 7], Q* = Q U and ¢ is a small positive parameter (0 < ¢ < 1). Assume that
a(x,t) > a >0, b(z,t) < B <0, a+p>2y >0, f(x,t), ¢, &r, Py are sufficiently

smooth and g(z) is monotonically non negative function and satisfy f02 g(x)dx < 1. The
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above problem (8.1) is equivalent to

Lu(z,t) = F(x,t)

where
Culet) = Liu(x,t) = <—888—% +2 4 a(x,t)) u(zx,t), (z,t) € O,
Lou(z,t) = (—5% + 2 +a(z, t)) u(x,t) + bz, hu(z — 1,t), (x,t) € Qy,
(8.2)
o) = /@D Y@ Oalz =10, (2.0 €, (8.3)

with boundary conditions

u(z,t) = gz, t), gr(z,t) el ={(z,t);-1<x<0and 0<t<T},
Ju Ju

uw(l1™,t) = u(1%,1), a—x(r,t) = %(ﬁ,t),

Ku(z,t) = u(2,t) — 5/0 g(@)u(z, t)dr = ¢.(,t), ¢p(x,t) € ={(2,1);0<t < T},

UJ(I?t) = ¢b(x7t)7 ¢b(xvt) el = {($,0)}
(8.4)

For the problem (8.1) - (8.4) to have a unique solution, we assume that the coefficients of
the given problem are Holder continuous and also impose a proper compatibility conditions
at the corners (0,0), (2,0), (—1,0) and (1,0) (Ladyzhenskaya et al., 1968). The problem

necessarily satisfy the following conditions:

¢b(0a O) = ¢l(0a 0)7 gbb(Qa 0) = ¢r(27 0)

and
2
_58%—:(52’[)) +a(0,0)64(0,0) + w +b(0,0)¢1(~1,0) = £(0,0)
01(2.0 064(2,0

8.2 Properties of continuous solution

Some properties of the continuous solution (8.1) which guarantee the existence and unique-
ness of the exact solution is presented here. A replication of this property in the semi-discrete

form will be used to analyze the numerical method which presented in the next section.
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Lemma 8.1. (Continuous Maximum Principle) If 1)(z,t) € C®0(Q)NCE0(Q)nCZY(Q,u
Qo) such that(0,t) > 0,9 (x,0) > 0,K(2,t) > 0, L13(x,t) > 0,V(x,t) € U, Loth(z,t) >
0,V(z,t) € Qo and [.](1,t) = . (17,t) — . (17,t) < 0, then (x,t) > 0, for all
(z,t) € Q.

Proof. Define a test function as

S+2Z (2,1) €y,
sep=lsty @HEh 8.5)
%“‘%, (l’,t)EQQ.
Since s(x,t) >0, V(z,t) € Q,5(0,t) > 0, we have
9 2
Lis(z,t) = Es(x,t) — €@S(l’,t) +a(z,t)s(z,t) >0, V(z,t) € Y
2
Los(z,t) = %s(x,t) — a%s(x, t)+a(z, t)s(z, t) + b(x, t)s(x — 1,¢t) > 0, V(z,t) € Q
T
2
Ks(z,t) = s(2,t) — 5/ g(x)s(z, t)dz > 0.
0
[s.] (1,t) = s,(17,8) — s,(17,¢) < 0.
Now, let
- _w@:at) . M)
A1 = max {—s(a:,t) Do(x,t) €. (8.6)

Then, there exists (g, t5) € € such that (g, o)+ 15(20, to) = 0 and (2, t)+ A s(x, t) >
0,V(x,t) € Q. Then the functions (1) 4+ A;s) has a minimum value at (x,t) = (o, to).
Assume \; > 0, we prove by contradiction.

Case-I: When (z0, %) = (0, %),

0 < (1 + Ais)(0,t0) = (0, 10) + A5(0,20) < 0.
Case-II: When (o, %) € 4,
0 < Li(+M18) = —(4+A18)ga(0, to) +(10+A15)e (w0, to)+a(xo, to) (V+A15) (2o, to) < 0.
Case-III: When (z0,ty) = (1,%0),

0<[Y+ s, (1,t) = (¥ + As)(1T,8) — (¥ + \is)(17,1) <0
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Case-IV: When (o, ty) € 2,

O < LQ('Lp -+ )\15) = —€(¢ -+ )\18)mx(.1'0,t0) + (’lb + >\1$)t(l’0,t0)
+a(l’g7 to)(¢ + )\15)($0, to) + b(.on, to)(’(ﬁ + )\18)(1‘0 — 17 to) S 0.

Case-V: When (o, tg) = (2, 1),

0 < K (& + Ms) (2 to) = (1 + \i8)(2, ) — 5/0 () (W + As)(z, ) < 0.

In all the cases, we arrived at contradiction. Hence A\; > 0 is impossible. Therefore ()

>
0, Vo € Q. Hence the proof of the lemma is completed. |

Lemma 8.2. (Stability Result) The solution u(x,t) for the problems (8.1)—(8.3) satisfies the
bound

lullg = Cmax {{lullp, . [[ully, . [[Kully, . [|Cullg. } -

Proof. The lemma is proved using maximum principle given in Lemma 4.1 and by
constructing the barrier functions ©*(x,t) = CMs(x,t) £ u(x,t), (z,t) € Q,

where M = max {Hu||rl Nullp, s ullp, (1Ll o- } and s(z, t) is the test function in (8.5).

For x = 0, we have

O*(x,t) = CMs(0,t) £ u(0,1)
=C ||uHFl s(0,t) £ u(0,¢)

>0 Since |[ul[p, > u(0,1).
For 0 < z <1, we have

L10%(2,t) = —OFL (7,t) + OF (2,1) + a(x, )OO (z,t)
= —c(CMs(z,t) £u(x,t)),, + (CMs(z,t) £ u(z,t)),
+a(z,t) (CMs(z,t) £ u(x,t))
= a(z,t)CMs(x,t) £ Lyu(x,t)
< alC||Lyu|| £ Lyu(x,t)
> 0. Since aC||Liul| > Liu(z,t)
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For 1 < z < 2, we have

Ly60%(x,t) = —OF (x,1) + OF (x,1) + a(z,t)OF (x,t) + b(x, t)OF (v — 1,1)
= —c(CMs(x,t) £u(x,t)),, + (CMs(z,t) £ u(z,t)),
+a(z,t) (CMs(x,t) £ u(x,t)) + bz, t) (CMs(x — 1) £ u(zx,t))
= CM (a(z,t)s(x,t) + b(x,t)s(x — 1)) £ Lou(z, 1)
< CM (a(x,t) + b(x,t)) s(x,t) £ Lou(z,t)
< CMs(z,t) £ Lou(z,t)
< C|Lau]| £ Lou(z, t)
> 0. Since C'||Lou|| > Lou(z,t)

For & — 2, we have
KO(2,1) — 0%(2,1) — 5/02g(x)@i(x, D
— OMs(2,0) £ u(2. 1) — ¢ /02 o) (CMs(a, 1) £ u(z, 1)) da
_oum [s(x,t) . /0 2 g(x)s(m,t)dm} + [U(Q,t) e /0 2 g(x)u(x,t)dx]

> OM + {u(?,t) e /O : g(@)u(z, t)dx}

= C||Kully, +Ku(2,1)

>0, since [[Kullp, > Ku(2,t).

Hence, the proof is completed. |

8.3 Bounds on the solution and its derivatives

To estimate an error for the fitted mesh finite difference method under the assumption that
the solution of (8.1) is more regular than the one guaranteed by the result in Lemma 8.3. To
obtain this greater regularity, stronger compatibility conditions are imposed at the corners as

given above.

Lemma 8.3. Suppose a(x,t),b(z,t), f(x,t) € CPFer+a/2(Q) and ¢, € C*T1/2([0,T]), ¢y €
CUten2ten/2)(T) ¢, € C?*T1/2([0,T)), where ay € (0,1). Then, the problem (8.1) - (8.3)
has a unique solution v which satisfy w € CU+e12+01/2)(Q)). And also the derivatives of

solution u are bounded, V1,7 € Z > 0 such that 0 <1+ 25 < 4,

D
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Proof. The solution and its derivative are bounded as follows. Under the stretched trans-

formation T = \/ig problem (8.1) can be rewritten as

La(z,t) = (—88—; + % + a(, t)) W(Z, ) + b(E, )z —1,t) = f(&,1), (Z,t) €
u(z,t) = du(2,1), (z,t) € T,
Ka(z,t) = a(2,t) — 0% g(x)u(z, t)dr = ¢,.(7,1), (z,t) e I,
u(z,t) = ¢u(; 1), (z,t) € T,

The problem is equivalently written as

Lii(E,t) = <% + % + a(z, t)) a(7,t) = f(@,t) — b(@, ) (Z — 1,t) (Z,t) € Qe

Loi(i,t) = (-ﬁ—f L9, t)) W(7,8) + 0@, D@ — 1,t) = f(3,1) (i,t) € Q.

012 Ot
(8.8)
ﬂ(jat) - ¢l(j7t)7 (Z’,t) € fl
G170 = (1,0, e = 2k,
y ’ (8.9)

where Q. = (0, %) x (0,T) and the boundary conditions T to T".

Note that (8.7) is independent of €. Then, by using the idea of estimation (10.6) of (La-
dyzhenskaya et al., 1968) (p.352), we obtain

1

for all N5 in QE. Here N5 , 0 > 0 is a neighborhood with diameter ¢ in Qg. Returning to the

Hence, the proof is complete by using the bound on u of Lemma 8.2. |

az‘—l—j m

oztot

<C(1+]allg,,)

N;

original variable
8i+j u 8. —i 1
— < 2 A
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8.4 Decomposition of the solution

The bounds on the derivatives of the solution given in Lemma 8.3 were derived from classical
results. They are not adequate for the proof of the € -uniform error estimate. Stronger bounds
on these derivatives are now obtained by a method originally given in (Shishkin, 1989). The
key step is to decompose the solution « into smooth and singular components.

The solution u of (8.1)-(8.4) is decomposed into v-smooth and w- singular components.
Further, v is separated into

vV = Vg + vy,

where vy and v; are solution of the following differential equations,

81}0
—(x,t) + alz, t)vg(x,t) + b(x — 1,t) = f(x,t), (x,t) € Q,
5 (L0 t) + alz, t)ve(w, t) + b( ) = flz,t), (x,1) (8.10)
vo(x,t) =0, (x,t) € Ty,
and
8200
Loy (z,t) = W(m,t), (x,t) € Q
U1($>t> =0, (:I:‘,t) el (8.11)
Kvi(z,t) =0, (x,t) € Iy,
vl(x7t>:()7 (I,t) el—‘b
Then v satisty
Lo(z,t) = f(x,1), (x,t) € Q2
v(z,t) = volx,t), x,t) eIy,
(z,t) = vo(w, ) (z,t) € I} .
Ko(z,t) = Kvy(2,1), (x,t) € Ty,
v(x,t) = ¢p(x,t), x,t) €Ty
The singular component w is determined from
Liw(x,t) =0, (x,t) € 4
w(x,t) = ¢(x,t) —vo(z, t), x,t) eI,
(x,1) = ¢z, t) — vo(z,1) (z,t) €Iy ®.13)
[w]z (17t> - - [U]m (17t>7 (Ivt) S FT?
w(z,t) =0, (x,t) € Ty
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and
Low(x,t) =0, (x,t) €
w(x,t) = ¢(x,t) — vo(z, 1), (x,t) €Iy,
(w], (1,t) = —[v], (1,7), (x,t) € T, (8.14)
Kw(z,t) = Ku(z,t) — Kvg(z, 1), (x,t) €T,
w(z,t) =0, (z,t) € T

The reaction diffusion problem occurs boundary layers on both boundary points I'; and I,

then we separate w as w = w; + w,, where w; and w, are satisfy the following problems

Elwl(x,t) = 0, (l’,t) S Ql
wy(x,t) = ¢(x,t) —volx,t), x,t) eIy,
(@, 1) = iz, 1) — vo(a, 1) (v,t) € T 5.15)
wy(x,t) =0, (x,t) € [y,
wl(xut):07 (ZE,t) er
ngl(l’,t) =0, (C(],t) €y
wy(z,t) = A, x,t) eIy,
(1) (z,t) € I &.16)
wy(z,t) =0, (x,t) € Iy,
wl<x7t) = 07 (I’,t) € Fb
and
Liw,(x,t) =0, (x,t) €
wy(z,t) =0, x,t) €Iy,
(,t) (2,t) € I &.17)
wy(z,t) = A, (x,t) e T,
wy(z,t) =0, (z,t) e Ty
Low,(x,t) =0, (x,t) € Qy
wr(z,t) =0, x,t) €1y,
(@, t) (2,t) € I ®.18)
Kw,(x,t) = Kw(x,t), (x,t) e T,
wy(z,t) =0, (x,t) €Ty

Here, A is a constant to be chosen in such a way that the solution is continuous at x = 1

satisfied.
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Lemma 8.4. Suppose a(x,t),b(z,t), f(z,t) € CUFe2+a/2(O) and ¢, € CC+1/2([0,T]), ¢y €
C6rar3+er /2Ty ¢, € CB3T/2([0, T)), where oy € (0,1). Then, we have

Oty A

i : < 1 1—i/2 1

‘@Mﬁg < C(1+e77), (8.19)

" CeZes,  (z,t) €,

0 1 < e (@,1) & th (8.20)
oot Ce3e Ve, (a.t) € M,

—i —(-z)

i+j Ceze V&, z,t) € Oy,

0 < o (®,%) € h 8.21)
Ou'dp CeFe Ve, (u,1) €

where C' is constant independent of perturbation parameter ¢, (x,t) € Qi,j > 0,0 <
1425 < 4.

Proof. The existence and smooth component results follows from (Ladyzhenskaya et
al., 1968) (Chap IV, p.320). The derivative of smooth component functions are bounded, its

derived as follows. First, we estimate that the reduced problem solution v, is bounded and

i

Next, to estimate the derivative of the solution v; bounded from Lemma 4.2 can be applied.
Then

iy _ 8i+jvo s ai+jvl

oxioti  Ox'ot Ox'oti
to establish smooth component v estimates from (8.22) and (8.23). To prove the inequality
(8.20) following the procedure adapted in (Miller et al., 1998), it is easy to find that

its derivative is bounded

oxioti

<C. (8.22)

Q

aHle

oo || < CeT (8.23)

9)

since

lw(z,t)] < C’e;fg, (x,t) € Q.
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Now, we derive the bound on w; on {25 . From the defining equations for w;, we have

Lowy(x,t) = —cw,(z,t) + wy(z, t) + a(x, t)w(z,t) + bz, t)w(x — 1,t) =0 or
= —eWge (2, 1) + wy(z,t) + alx, t)w(z,t) + bz, t)w(z — 1,1)
Liw(x,t) = —b(z, t)w(x — 1,1)

—(z—1)

|Lowy(z,t)] < Ce V&

Low(x

7t)
1)

ngl (I

~(z=1)
choice suitable C' > 0. Using stability result Lemma 8.2, we have |w;(z,t)| < Ce V&

—(=)

Ce v& |
Hence, |w(z,t)| < —a-1)
Ce v .
Since T = \/%, clearly, under the transformation, stretched variable Z domain is (0, \/lg), note

that (z,t) = (Z,t) and the parameter ¢ is independent of problem (8.15) and (8.16), then
suitable estimates in (Ladyzhenskaya et al., 1968) (Section 4.10) solution of wy; is obtained.
The position of & argument partition into two cases. First case, neighborhood of N in
(0, %) x (0, 7], by applying an estimate in (Ladyzhenskaya et al., 1968) (Section 4.10), we
have

< C (|l g, ) »

N

oxtots

‘ ’ az‘—l—jwl

and the required bound follows by transforming back to the variable x and using the bound
just obtained on w;. Likewise, for each neighborhood Nj in (0,2] x (0, T}, from (Ladyzhen-
skaya et al., 1968) (Section 4.10), we have

and the required bound follows by again transforming back to the variable x, using the bound

ai—i—j @Dl
0T ot

< C(1+]wllg,) .

Ne

on w; and noting that e= > e 2= (C for 7 < 2. In the similar manner, to prove (8.21),

consider two comparison functions

N eYleTVE (x,t) € Oy
O (z,t)=Cq e + w,(z,1)
eBtemvE (x,t) € Q

where

o = max {0,1 — min_a(z, t)} and " = max {0, 1 — min (a(z,t) + b(x,t))}

(x,t)eQ (z,t)EQ
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Note that ©F(z,t) > 0,

L10%(2,t) = —OF (7,t) + OF(2,t) + a(x,t)0OF (2, 1)
~(-2)

=C(a" —1+a(z,t))e* e V7

> 0.

Ly0%(x,t) = 0% (2,t) + OF (2, 1) + a(z, t)OF (2, 1) + b(z,1)0F (z — 1,1)
—(2-2)

=C (5* —1+a(z,t)+ b(x,t)e%> Pl vE

> C (8" — 1+ alz,t) + blz, 1)) e Ve

KO%(2,t) = ©6%(2,t) — 5/2 OF (x,t)dx

0
1 2
=C — C’s/ O*(z,t)dr — C’e/ O*(z,t)dx
0

—(1-x)

1 2
=C - Cs/ g(x)e Ve dx — Ca/ g(x)e vF dx
0 1

>C(1— 5/0 g(z)dz)

> 0. (8.24)

choice suitable C' > 0. Using maximum principle Lemma 8.1, we have

—(-z)
aH—jwr Ce V& ) (l’, t) S Ql
AR —(2—=z)
Oz'ot? Ce Ve, (z,t) €8

Letx = \/% Clearly, under the transformation, stretched variable & domain is (0, \/%) note
that (z,t) = (Z,t) and the parameter ¢ is independent of problem (8.17, 8.18) then suitable
estimates in (Ladyzhenskaya et al., 1968) (Section 4.10) solution of w,. The position of &
argument partition into two cases. First case, neighborhood of Nj in (0, \/%) x (0,7T], by

applying an estimate in (Ladyzhenskaya et al., 1968) (Section 4.10), we have

and the required bound follows by transforming back to the variable x and using the bound

9iti W,
oot

< C (llull z,,) -

Ns

just obtained on w, . Likewise, for each neighborhood Nj in (0, 2] x (0, T, from (Ladyzhen-
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skaya et al., 1968) (Section 4.10) we have

and the required bound follows by again transforming back to the variable x, using the bound
2

.
0",

oztot

< C(+]wll5,)

N5

on w; and noting that e= > e 2= (C for i < 2. Hence the proof is complete. [ |

8.5 The numerical method

In this section, Crank-Nicholson method is proposed for time semi-discretization and a finite
difference method on a rectangular piecewise uniform Shishkin mesh is proposed for spatial

semi-discretization to solve the problem under consideration.

8.5.1 The time semi-discretization

Let M be a positive integer. The uniform mesh Q which is used in the time semi-discretization

is defined as
OM = {t; = jAt,j=0,1,--- , M, At =T/M}. (8.25)

Using the Crank-Nicolson scheme on Q2 the discretized problem in the temporal direction

associated with the continuous problem (8.1) is given by

At 2022 2 2
e 0? a(z,t;) . b(x,t;) 1 : ;
_ -2 yi Sl R VY g A i (e — 1) = — j+1 J
which implies that
LU (x) = g(a,tj11), (8.26)

where the operator £ and function g(z,t;41) is defined as

LU (2) = ——UL + @Uﬂl(x) + b(2—x)Uj“(x — 1),
g(z,tje) = %ng + @Uj(x) — b(2—x)Uj(:B —1)+ % [f(x) ™ + f(z)],
and p(z) = é +a(z), qz)= é —a(x).
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Hence, the problem (8.1)-(8.4) can be written as the following.

LU (2) = gr(ztim), k=12 2€Q, j=01,---,M—-1 (827
Ut (@) = ¢ (x), ¢"'(x) €Ty, (8.28)
U@ = 090) < [ U@ = 617, 617 ) € T, 829
G = G, @ e, (8.30)
where
LU (2) = —%U;‘;l + @Uﬂ’“(gﬁ), z e,
LU () = —%Ug,jl + @Uﬂ“(z’) + Z)(Z—g:)Uj“(x —1), x €y,
oo ) = UL+ 20w - D@ 1)+ L@+ pey) - e -
wleti) = UL+ @) - Moz -1+ L @+ ]

The discrete operator L satisfies the following lemma which can be proved by dividing the

domain {2 into two parts €2; and 2.

Lemma 8.5. For j = 0,1,2,--- M — 1, assume that 1’ *1(z) be any function in Q) such that
YITH0) > 0 and KypiTH(2) > 0, then Ly > 0,V € Q, implies 7T (x) > 0.

Proof. Assume that the function [¢/ ™! + \;s7T!](z) attains a minimum value at z = z.
Where s and \; defined in Eqs.(8.5), and (8.6) respectively. Without loss of generality we
have [/ + A\;s7)(z9) = 0 and [/ 7! + A\;s7T1(x) > 0. Suppose the lemma does not
hold true, then \; > 0.

Case-I: For 7y € Qp, L[/ + \s/t(z0) = 5[0+ + Ais?H (o) + "2
A7 (z) < 0.
Case-II: For x( € Q,

[dﬂ-‘rl +

£Q[¢j+1 + /\15j+1]($0) =

—E[@Dﬂ_l + )\18j+1]xx(l‘o) + @W)j—ﬂ + )\1Sj+1](l‘0) + @[Zﬁj—i_l + )\1$j+1](1’0 — 1),

2
< =S n o) + P ) + B 4 o),

[+ 4 A5 (o) + (@ + Ait

€
2
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= S A o) + S D ety ) ),

2
. . ) . 1
< —g[ijrl + )\18]+1]xm<$0) + v [w]Jrl + )\153+ ](l’o) + E[ijrl + )\15j+1]($0)
<0.
Case-IIL: For zp = 2, K[/ + \s/t1](2) = [T + \s?T(2) — 5[0 x)[pI Tt +
A7) (z)dz < 0. Observed that in all the cases we arrived at a contradlctlon. Therefore
A1 > 0 is not possible. This implies that /7 (x) > 0. |

An application of the above lemma is the following uniform stability estimate.

Lemma 8.6. The solution U (x) of (8.1) satisfies the bound

Uj+1(2>‘

i) < Cmax {00,

A gl
At + 1 M9la

Proof. The proof can be done by considering 2, and (), separately. Consider two com-

parison functions as follows
Hi($7 thrl) = CMS(.CL’, tj+1) + UjJrl(x)?

where M = sup {HUJ'“(O)HFZ AU )|, AL ngﬂl} and s(z,¢;41) is a test func-
tion given in (8.5).

For z = O, Hi(O,th) = OMS(O,tj+1) + UjJrl(O) Z 0.

For z € €4,

LT (z,t41) = Hi (@, ti) + ]@Hi(% tiy) £ U7 (2)

2
_ f@ms(x, bi) & LU (2)

_pl@) At

2 YAt +1
S p(x)c At
T2 AL+l

a(x)At + 2 At

== 5ar Conrg19ille (@t £ gr(@ i)
o (a(z) +b(@)At+2 , At
_ 29At+2 At

At 2vAt + 2
= Cllgillg, s(x,tj41) £ g1z, tj41)

g1llq, s(z, tj1) £ L2074 (2)

l91llq, s(@, tj1) £ L1U7 (2)

g1llg, s(z:tj1) £ g1(2, 1)

gillg, s(@,tir1) £ g1z, tj41)

> |lg1llg, & 91(2,t541)
> 0.
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For z € 9,

£ z b(x ,
Lol (2, 4541) = _§fo($, tjv1) + %Hi(xatﬂl) + (T)Hi(x —1,tj) £/ ()

_ pla) b

TCMs(ar,th) + T>C'Ms(x —1,t511) & Lou/ ()
p(x) | b(x) At i+
< , , j
< ( 5 T OyAt 1 l192lla (@, L) £ Low™(z)

p(z) + b(x) At
- 2 Cmt+ 7 192llq (2, tj50) £ g2(2, t511)
a(x)At + 2+ b(x)At At
- 2AL Dt lg2llq, s(x, tj41) £+ g2(2,tj11)

yAt + 1
2vAt + 2 At

=T A C%At +2 1921lq, s(2,tj1) £ g2(2, tj41)

=C ||92||§22 S(ZE, tj—i-l) + g2<x7tj+1>
> Hg2||Q2 + go(,tj41)
> 0. (8.31)

For z = 2, we have

2
K= (2, 541) = TTF(2,41) — 5/ g(2) T (2, tj4 )dx
0
2
= CMs(2,tj,1) £ UTH(2) — 6/ g(x)[CMs(2,t41) £ U (2)]dx
0

— OM[S@, 1) — € / 9()S(2, )] £ [U91(2) — ¢ / o)+ ()]
= CM’CS(Q, tj+1) + ICUj+1(ZL‘)

> K ||U|lp, + KU (2)

> 0.

Hence, the result follows by the maximum principle in Lemma 8.5. |

BT u(x,t)
ots
temporal direction satisfies

Lemma 8.7. Let

< C, j=0,1,2. Then the local truncation error associated with

et < (At
where C'is a constant independent of ¢ and j

The local error is defined as e/ ™' = u(z,t;41) — U’ (x), where u(z,t;,1) is the exact

solution of (8.1)-(8.3)) and U7*! is the numerical solution.
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A truncated Taylor series expansions of u(z,t;) centered at (j + 1/2) takes the form

t 2 At)3

w(w, tjp1) = u(z, tjy1/2) + 7%(% tivi/2) + U (2, tj41/2) + (4—8Uttt($€7 tit1/2)

+ O((At)*). (8.32)
At At)? At)3
u(ty) = u(w, tjp1y2) — %Ut(l’,tﬂlm) + %utt(x>tj+l/2) - %uttt(xytj—i-lﬂ)
+0O((At)Y). (8.33)
From (8.32) and (8.33), we have
u(x,t; —ulx,t;

( J—H) ( J) = Ut<CL’, tj+1/2) + O((At)Q) (834)

At

Now an expansion of u,(z, ;1) also yields

uy (2, t541) = w(x, tjp1/2) + Ttutt(x, tivi/2) + t 2uttt(m,tj+1/g) + O((At)?). (8.35)
ue(z,t5) = e, tjp1/2) — 7utt(x, tiv1/2) + (A8t>2U¢tt(l‘7tj+1/2) + O((At)?). (8.36)
which reduces to
(e, tj“); @ l) e, tiv1/2) + O((AD)?). (8.37)
Equation (8.37) can be written as
wltyia2) = glultyon) +u(t))] + O((AL)?). (8.38)

substituting (8.38) into (8.26) and further simplifying yields
LU () = g (2) + O((A)*)
The local error e/t = wu(x, ;1) — U (x) is satisfies the semi-discrete differential operator
(L]t (z) = O((AL)?) (8.39)
Since the matrix [£] is invertible, we obtain

|| =1Ll (Ar)®
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Now by using stability estimate, we obtain
|e*]| < C(AL)?

which completes the proof.

Theorem 8.1. The global error estimate E7 = u(x,t;)—U(x, t;11) in the temporal direction

satisfies
|E|| <C(Aaty? =CM™2,  Vj<T/At (8.40)

Proof. Using the local error up to the (j + 1) time step given in the above lemma, we

obtain the following global error at the (j + 1) time step as

c(l(; + 1At)(A)?,  since (j+1)At=T
cT(At)?
C(At)?

= CM™2,

[127]]

IA

= [[Eall + [ Bl + [|Es|| + || Eal] + - - - + || Eja

I IA

IN

where C' is a constant independent of € and At. |

The solution U7 (z) of the problem (8.26) can be written in its decomposition form as
U (z) = VIt (z) + Wit (2), (8.41)
where V7t (x) and W7t (x) are regular and singular component respectively, and V7! (z)
is the solution of the differential equation in (0, 1)
eVt ()

2 dx?
VItL0) = VitH0),

+ p(2)VIH Y (z) = ¢ (z) — [)(Tx)#ﬂ(m), r € (0,1),

V) = 200 (70 - 7).
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and also it is a solution of differential equation in (1, 2),

SV L ey + i - = g ),
v = 2 ) (o370 - "),

Kv7t(2) = KV (2),

where V71! (z) is the solution of the reduced problem. In the other case Wi+!(z) is the

solution of

S @ @) =0, we(0,1),
e d* Wit (x) 41 b() i1

« 2T iy — 1 1,2
5z HP@WT (@) + = (-1), z€(1,2),

W = U7 () = Vi (a),
KWitt(2) = KUHH(2) — KVITH(2).

Lemma 8.8. The derivatives of V' (x) and W T (z) satisfy the following estimates for

0<k<A4.
V@) _ 1+ 5 dy(2,0), € (0,1),
dz* |7 14 e P dy(x,q), z€(1,2),
dFWIt (z) ole Sdy(z,a), x€(0,1),
dz* - e 2dy(,00), x € (1,2),
—aYe —(1—z) Y2 (z—1)Y2 _(2—p) Y
where dy(z,a) = e " VF +e (=) and dy(z,a) = e =DV 4%

Proof.
The proof of the lemma follows using the estimates of Lemma 8.4 and the decomposition
in (8.41). [ |

8.5.2 The spatial discretization

The piecewise-uniform mesh having N (> 8) mesh elements on [0, 2] is generated by divid-
ing the first half interval [0, 1] into three subintervals as 2; = Q,UQ.UQ,, where ; = [0, 1],
Q =10,u, Q = (g, 1 — p], and Q, = (1 — p, 1]. To obtain a piecewise-uniform mesh, we
place % mesh elements in (2. and % mesh elements in each of the subintervals €2; and 2,.

Hence, the piecewise-uniform mesh is given by
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where h;’s are given by

8 _ N

N L= 72737' ) 8

_ ) a1-2p) o 3N
h’l_ N ; 1= ] +17 ) "8
S _aN N

N> +1 2

Similarly Q, = [1,2] divided into three subintervals, Qy = €, U Q. U Q,., where Q; =
(L, 1+ pl, Qe = (1 + u,2 — pl, and 2, = (2 — u, 2]. The nodal points are then given by

N
ri=wx;i 1 +hy i=—,---, N

27
where h;’s are given by
8u - N 5N
N L= 18
o ) 40d-2p) 5N TN
hi = N =% L5
8 TN
N =5 TN,

where the transition parameter y separates the non-uniform mesh into uniform meshes and
is given by

1
0 :min{é—l, 2\/§1nN},

where N denotes the number of mesh elements in the space-direction.
Now, a standard finite difference method is applied for semi-discrete problem (8.26) and

replacing the second order derivative by central difference scheme, we obtain

[,Uj—i_l (Z'l) = Gj+1 (QZ'Z) s

where
EUj+1($') — ;Ug;—l( l) + p(;%) Uj+1(xi)> ZT; € lev
—SUL (@) + B0 () + MU (- ), @€ QF
Gy = 9T e sy, me ol

gj+1<xi>7 T; € Qé\f’
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and the discrete operator £ is defined as

U —5DID,U; + BU;, i=0,1,2---, % 8.42)
€T; = .
—$DID U+ 5Ui+ 35U, x, i=5+1,5+2,-- N
2
bs - N
. i T S i—N, Z:071727"'7_
G () = 7 2 Py 2 (8.43)
9is Z:%—i_la%—i_za?N
with boundary conditions
(U _ - N N 0
i—(bli; Z__ia_ia'” .
D;U% = D;U%,
N GiUS +4g.U7 + g UL (8.44)

]CNUN =Uy — €Zi:1 i+l hz = ¢TN

3
Ui = o, i=0,1,2,3,---,N.

where U; = U(x;), ;i = (), g = g(x;), b = b(x;).

Here, for i = N, Simpson’s i rule given in (7.21) is used to approximate the integral

3
Jy 9(@yulz, tyd.

8.6 Uniform stability estimate

The uniform stability estimate for the developed numerical method is discussed as follows.

Lemma 8.9. (Semi-discrete Maximum Principle): Assume that

N
i1 +4g; + gi
Zg 1+ g+g+1h:p<1,

3

=1

and Z*" be any mesh function satisfying Z,™" > 0, ZIt' > 0, KNZIT >0, £,277 >

0,Vi € QF, L7/ > 0,Vi € QY, and [D,) 75" = D73 — D724 < 0, then
. 2 2 2

7 >0, foralli =0,1,2,--- ,N.

Proof. Define a test function

NS

v +
Sj-i-l(xi) —
+

wlw 0ol
NI

Note that s'*1(z;) > 0 Va; € QV, LVs7H (2;) > 0,V € QF U QF, s7ti(x) >
0, Vs’ (xyn) > 0 and [D,] sj“(x%) < 0. Let

_ 73+
A = max Z,—(mz); 1=1,2,3,--- N ;.
Sj+1($i)
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Then there exist x} such that Z7 ™! (x}) + A’ (z}) = 0 and 297! (z;) + As? T (z;) > 0,
foralli=1,2,3,--- ,N,j5=1,2,3,--- , M — 1. Hence the function Z/*1(x;) + As/*!(x;)
attains a minimum value at z;. Assume that the lemma does not hold true, then A > 0.
Case-I: When z7 = 29, 0 < (Z7t1 + Xs/*1)(z) = 0.

Case-Il: When z} = z;, i=1,2,3,--- .5,

0< L(27 4 AN = (~2DED; + B) (277 4 A7) () <0
Case-III: When o} = 2y, 0 < [D,] (Z7+ + )\sj“)(x%) < 0.

Case-IV: Whenz} =z;, i=2+1,%+2... N,

0 < Lo( 277 4+ ATy (a) = (-%D;D; + %) (2771 + A7) ()

+b (27 + AT (2, — =) < 0.

Case-V: When zf = zy, 0 < K (Z7T + A7) (zy) = (27T 4+ As? ™) (2)

h; <0.

—€ i 9i—1 (Z7 + AT (i) + 49, (271 + A1) (2) + gina (2711 + AT (2044)
3

i=1

In all the cases we arrived at a contradiction. Therefore A > 0 is not possible. This implies
that Z/*1(z;) > 0. ]

An application of the above lemma is the following uniform stability estimate.

Lemma 8.10. Let U (x;), i = 1,2, be any mesh functions. Then,

7 | ‘ICUJJV+1

1<i<N

[os] gcmax{\\UgH . max HzNUgHH}.
Proof. Consider two barrier functions UF = C'M s/ +U*'. We consider four different
cases.
Case-l: Fori =0, UF=CMs)" U™ =C||U3"||si™ U™ > 0.
Case-II: Fori =1,2,--- , I,
€ i
— (V) + S0

- %CMsg“ + LNy

= D ||ey ot 5+ e vy

LUF =

> 0.
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Case-IIl: For i=%5+1,--- N -1,

€ Pi -+ b; 4
= (U 2t 4 2
' (i )ea + U+ 50y

> Pt b gt o g
< C||LU| £ £ L5 U
> 0.

CaselIV: For i=N

9i— 1\11 1 + 4g2\I] + ngrl\IJ 1
KU+ =0t — & Hlp,
( N Z 2

i=1
= C||Kuf|| s £ kUit
> 0. (8.45)

Hence, the result is obtained by applying the discrete maximum principle.

8.7 Uniform convergence analysis

The uniform convergence analysis is presented by decomposing the solution UZ-j ! into the

smooth and singular components as
Uit = vt it
where Vij 1 is the solution of
LVt =gt i=1,2-.. N,j=0,1,---
Vj—l—l _ gbj—&-l
Ich]Jrl KV (),

e ES |
% - ¢bi )

2

(8.46)

and therefore W/ must satisfy

ENM/;j+1:07 i:1727"'7N7j:07]-7"'7M_]-7
With = g7ttt (8.47)

)

KNWIH = kNULH — KNV

Theorem 8.2. Let U/t () and U™ are the solutions of the problem (8.27)-(8.30) and
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(8.42)-(8.43) respectively, and assume that the coefficients p(z),b(x),g(z) € C**1(Q),
and the boundary conditions satisfy ¢]" € C3+1/2(0,T), pIt! € COr1(Ty), pI(0,T),

where oy € (0,1), then we have

sup ||U7H () — U/ < CNT2In® .
0<exl

The error can be written in the form
U = U7 ) = (VI = VI @) + (W = W7 ()

Proof. We prove the error estimates of the smooth and singular components separately.
First, we derive the error estimate for the smooth component using the following classical
argument.

At the point x; = zy,

’CN (V]-H VJ—H( )) _ ICNVj+1 _ /CNVj+1([L’i)
_ er . ’CNVj+1
_ K:v]+1( ) ,CNVJ+1( )
< CN~2

The detailed proof is given in Theorem 7.1.

From the difference and discrete equations, we have
£1 (V;j+1 . Vj+1<xi)) _ J+1 £ Vj+1( ) (£1 Ell\/) Vj+1(l’i>.

Then, it implies that

Ly (VI —vith(a)) = —= (% - DID; > VIt (zy).

It follows from classical estimates in (Miller et al., 2012), at each point z; € Q{V ,

e P3VItl(g) .
- A s (i1 — @) v it x;=p or x;=1-—p,
Eiv (Vij—H - V]H(xi)) < a4ijl( ) )
5 (7 — xi,l) 5 || otherwise,

VENTL if my=por z;=1—yp,

IN

N—2, otherwise.
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Similarly,
E (g — PVIiti(z) : _ 9 _
N (V-jH B Vj+1(x-)) _ & (Tiy1 —xi1) 523 , if z;=14p or z; =2 — pu,
2\ Y= . 2 || 84Vt (z) .
5 (@ — i) ||| otherwise.

VENTL if my=1+4+p or ;=2 — p,

IN

N—2, otherwise.

Define
L0y () N2+ N2,

0, (2;) + N2,

€

m

(I)jJrl (Zﬂz) =C

—~

where 0, and 0, are the piecewise linear polynomial

;% for 0 <z < p,
th=4q1 for p<x<1—p,
1_79” for 1 —p<zx<1.
and
ﬁ for 1 <z <1+p,
b =<1 for 1+pu<ax<2—yp,
2—x

Then, for all x;,7 =1,2,3,--- | N,
0<®*(z;) <CN ?InN,

and also

CyeN '+ N2 if zy=p or 2, =1— p,

;Civq)j—H (.CEZ) =
CN—2 otherwise.

Observe that % < 2Iln N and

e —

£0(2) = %—l—p(m,-), if z;=p or x;=1-—p,
1 i) —
r(z;)0(x;), otherwise.
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Similarly,

) C €N71+N72 if x;=14pu or x; =2 — p,
EéV(I)JJrl(l,i) _ \/_ H H
CN~2 otherwise.

Note that 72 < 2In N and

.
p(x:)0(x:) + b(z)0(z; — 5), otherwise,

and for all z; € T'V, then ®7*1(z;) > 0. Observe that KN 07 (z;) > 0.

Define a barrier functions

it follows that Vx;, 7 = 1,2,--- | N,
LYEF(2;) >0 and LYEF(x;) > 0.

Then, from the semi-discrete maximum principle, =+ (z;) > 0,Vi = 1,2,--- , N,

Then, we have

VI vt () < ®(x) <CN2InN
V7T — Vit (z;)| < CN2In N. (8.48)

To estimate the singular component of the error, we decompose W7+ (x) into W/ ()
and W7t (z).

Lij+1<xi):07 i:1727"'7N7j:07]-7"'7M_]-7

Wit (@) = &7 (@) — v (2y), z; €T), (8.49)
mj+1(l’i) = 0, xX; € 1—\7{V7 .
Wit (z;) =0, z; €TV,
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4 N
EN‘/I/IJ+1($¢):O, ZIE—FL,N
Wit (z;) = A, z; € TN
’Cij+1(Ii) =0, T; € Fiv
‘/Vlj+1(l'i> = 07, x; € Fl])V

and
LYW () = 0, i=1,---,N.
Wngl(iL'i) = O, x; € F{V
ICNWg—i_l(I'i) = A, x; € Fi,v
Wg—’—l(l’i) =0,, T; € Fév
, N
LYW () = 0, i=5 41N
Wngl([Bi) = O, T; € FlN
ICNWT?J'_I(xi) = ,CNWj+1(ZL‘Z‘), x; € Fiv
Wg—i_l(ﬂfi) =0, T; € Fév

The singular component error is equivalent to
Wij+1 . Wj+1($i) _ (I/Vlg—kl . VVljJrl(Ii)) + (Wrg—i-l . WTjJrl(l,i)) )

2 \ 0z

It follows from classical estimates given in (Miller et al., 2012), at each point x;, ¢ =
1,2,---, N,

LN (Wit — witl(z,)) < < (a_ — D*D) Wt (zy).

-1 2 e . N
EN (WJ+1_WJ+1<I'Z))<C (N lnj\[)7 1f@_1’2’-..’5’
. ? 1 Z:_+ y T .
NN?,  ifi= Y41 N

First, the estimate for VVlf ! (x;) is given. The argument depends on whether p = }1
or p=2y/eln N.
Case-I: ;1 = ;

In this case the mesh is uniform and p = 2,/eIn N > %. It is clear that x; — x;_1 = N !
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and e~2 < C'In N. By (Miller et al., 2012) we have

N (Vvlerl _ mj+1($i)) _ ICNVVZngl . ’CNM/lj+l<l’i>
= ¢ — KNWIH (2;)
= KW () — KYW ()
4

j j . T
|ICN (I/Vlerl _ VVIJ'H(.CEZ-))’ < Ce (h% 9 Wit (&) + -+ h;lv%mﬁl(&v))

ozt
< Ce ' (hy+ -+ hy)
< CN72In*N,

where z;_; < & < z;. By applying semi-discrete uniform stability, Lemma 8.10, we obtain

(Wt — W (2)] < C(N"?1In® N).

7

Case-II: ;1 < 1

Since the mesh is piecewise uniform with the subinterval [p, 1 — p], mesh elements are
4(1 —2pu)/N and the rest of the intervals [0, u] and [1 — pu, 1] with 81/ N mesh elements. By
(Miller et al., 2012), we have

ICN (Vl/lz+1 o M/l]-i-l(mz)) S CN72 1n2 N,
and

VCN (VV[?+1 - VVIJ—H(xi))‘ <Ce (h%a—m]+1(£i) R h?\f%mﬁ-l(&v))

Ox?
< Ce ' (hi+ -+ hy)
< CN72In*N,

where z; 1 < & < x;. By applying semi-discrete uniform stability, Lemma (8.10), we

obtain
(Wit — W (z)] < CNT*In® N, (8.50)
by combining equation (8.48) and (8.50), we have
U7 — U7t (z;)| < CN"*In® . (8.51)

The results of this work is summarized by considering the semidiscrete error estimate ob-
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tained in (8.40) and (8.50) and we conclude by the following theorem.

Theorem 8.3. The error estimate for the solution of the continuous and fully discrete prob-

lem is given by

sup ||u(z,t) — UgHH < C(N?In* N + (At)?),

0<e<l1
where u(z,t) and Uin are the solutions of the problem (8.1)-(8.4) and (8.27)-(8.30) respec-
tively.

Proof. The proof follows from Theorems (8.1) and (8.2). [

8.8 Numerical results and discussions

Two model examples are presented to validate the results of this study. Since the exact
solution of the problem is not known, double mesh principle is used to estimate maximum
point wise error using (6.27), uniform error estimate using (6.28), rate of convergence using
(6.29), and uniform rate of convergence using (6.30). The obtained results are displayed in

tables for different values of NV, At and ¢.

Example 8.1. Consider a class of SPPDDEs with integral boundary condition of the form
Elango et al. (2021)

(

—5% + % 4 bu(z,t) —u(z — 1,¢) =, (x,t) € (0,2) x (0,2]
U(I7t) = 07 V(I7t) S FL
Ku(2,t) = u(2,t) — 5f02 Lu(z,t)de =0, V(z,t) €T,

(u(x,t) =0, V (x,t) €Ty

(8.52)

Example 8.2. Consider a class of SPPDDEs with integral boundary condition of the form
Elango et al. (2021)

’—€% + % +5U($,t> - xu(x - 17t) =1, (l’,t) € <O7 2) X (072]
u(x,t) =0, V(z,t)el
(z,1) (z,8) € T (8.53)

Ku(2,t) = u(2,t) — ¢ [ lu(z,t)de = 0, ¥ (x,t) €T,

(u(z,t) =sin(rx), V (z,t) € I,

Figures 8.1 and 8.2 indicate the numerical solution profiles of Examples 8.1 and 8.2 respec-

tively. One can observe that for a small values of ¢, the solution of the problem exhibit a
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Figure 8.1: Graph of numerical solution for Example 8.1
7
R
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R
il
Figure 8.2: Graph of numerical solution for Example 8.2
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Table 8.1: Maximum pointwise error and rate of convergence for Example 8.1.
€ N=32 64 128 256 512
i At =0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
1073 4.5524e-03 2.3661e-03 7.8475e-04 2.1043e-04 5.3542e-05
0.9441 1.5922 1.8989 1.9746
107*  4.5511e-03 2.3657¢-03 9.3776e-04 3.2531e-04 1.0796e-04
0.9439 1.3350 1.5274 1.5913
1075 4.5508e-03 2.3657e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3350 1.5274 1.5913
1075 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913
1077 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913
1078 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913
107 4.5507e-03 2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913
4.5507e-03  2.3656e-03 9.3775e-04 3.2531e-04 1.0796e-04
0.9439 1.3349 1.5274 1.5913
ENAt 45524603 2.3661e-03 9.3776e-04 3.2531e-04 1.0796e-04
RN:A 0.9441 1.3334 1.5274 1.5913 -
10 :OiN'zlng) ]
(X e
S s ~ =8 =c_10"
: 5 ~
= =1 ~.
E 3 -
8 s =
€ £ N\,
g 2 N
< = .
g g 103 ) |
N\
N\,
N\,
N\
‘ e Ny
40 60 80 N100 120 140 160 18020022240
(b)

Figure 8.3: Log-Log plot of maximum absolute error versus mesh numbers for different
values of ¢ (a) for Example 8.1, (b) for Example 8.2.

boundary layer at z+ = 0 and x = 2 and interior layer occurred at z = 1, because of the
delay term in spatial direction. One can also observe that the width of the layers decreases as
the parameter € decreases. Tables 8.1 and 8.2 indicates s-uniform maximum pointwise error
EN-At and the rate of convergence RV for both Examples 8.1 and 8.2. Figures 8.3 show
the Log-Log plot of the maximum absolute error verses /V for singular perturbation parame-

ter ranging from ¢ = 107° to 10~® for Examples 8.1 and 8.2 respectively. In these figures the
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Table 8.2: Maximum pointwise errors and rate of convergence for Example 8.2.

€ N =32 64 128 256 512
$ At =0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
1073 5.0995e-03 2.3698e-03 7.8500e-04 4.4835e-04 3.1910e-04
1.1056 1.5940 0.8081 0.4906
107*  5.1011e-03  2.3669e-03 9.3786e-04 3.2534e-04 2.6596e-04
1.1078 1.3356 1.5274 0.2907
1075 5.1010e-03  2.3660e-03 9.3778e-04 3.2531e-04 2.6602e-04
1.1083 1.3351 1.5274 0.2903
1075 5.1009e-03 2.3658¢-03 9.3776e-04 3.2531e-04 2.6604e-04
1.1084 1.3350 1.5274 0.2902
1077 5.1009e-03 2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902
1078 5.1009e-03 2.3657e-03 9.3775e¢-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902
1079 5.1009e-03 2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902
5.1009e-03  2.3657e-03 9.3775e-04 3.2531e-04 2.6604e-04
1.1085 1.3350 1.5274 0.2902
ENAY52049e-03  2.8424e-03  1.4907e-03  7.6522e-04 2.6604e-04
RN:AL 0.8975 0.9311 0.9620 1.5242 -

Table 8.3: Comparison of uniform error estimate and rate of convergence for Example 8.1 at

N and At.
N =32 64 128 256 512
At =0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
Present Method
EN:At 4.5524e-03  2.3661e-03 9.3776e-04 3.2531e-04 1.0796e-04
RNAt 0.9441 1.3334 1.5274 1.5913 -
Hailu & Duressa (2022)
EN:At 1.2974e-02 8.7628e-03 4.6313e-03 2.0155e-03 7.6160e-04
RNAt 0.56616¢ 0.91997 1.2003 1.4040 -
Gobena & Duressa (2021)
EN:At 2.0026e-03  1.0723e-03 5.5505e-04 2.8241e-04 1.4245¢-04
RNAt 0.90117 0.95002 0.97483 0.98734 -
Elango et al. (2021)

EN:At 1.2534e-02 6.9738e-03 3.6873e-03 1.8972e-03 9.6241e-04
RN-At 0.84584 0.91937 0.95873 0.97912

graphs are parallel and overlapped as € goes small, this indicate that the proposed scheme
converges independent of the values of perturbation parameter. Tables 8.3 and 8.4, shows
the comparison of maximum absolute error and rate of convergence for the proposed scheme
with the methods existed in the literature. From those tables, one can see that the devel-

oped numerical method is a more accurate parameter uniform convergent than the methods
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Table 8.4: Comparison of uniform error estimate and rate of convergence for Example 8.2 at

N and At.
N =32 64 128 256 512
At =0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
Present Method
EN:At 5.2949¢-03  2.8424¢-03 1.4907e-03 7.6522e-04 2.6604¢-04
RN-At 0.8975 0.9311 0.9620 1.5242 -
Gobena & Duressa (2021)
EN:At 1.5980e-02 8.3421e-03 4.2681e-03 2.1581e-03 1.0853e-03
RN-At 0.93778 0.96682 0.98383 0.99180
Hailu & Duressa (2022)
EN.At 3.1547e-02 1.7445e-02 9.2639e-03 4.7759e-03  2.4253e-03
RN:At 0.85469 0.91312 0.95585 0.97761 -
Elango et al. (2021)
1.4776e-01  9.7571e-02 5.7092e-02 3.1057e-02 1.6222¢-02
RN-At 0.59873 0.77316 0.87837 0.93697

presented in (Elango et al., 2021), (Gobena & Duressa, 2021), and (Hailu & Duressa, 2022).

8.9 Summary

A class of singularly perturbed reaction diffusion problem of partial delay differential equa-
tions with nonlocal boundary conditions was considered. We developed a finite difference
scheme on a piecewise uniform Shishkin mesh for spatial discretization and Crank-Nicolson
method to discretize the time derivative. The properties of the continuous solution were stud-
ied and satisfies the continuous stability estimate. To show the boundedness of the solution
and its derivatives, the solution decomposed into smooth and regular components. Simp-
sons 1/3 rule is used to treat the integral boundary conditions given at the right end plane
of the domain. The stability estimate and parameter uniform convergence analysis for nu-
merical method are also studied. The developed numerical method is e-uniform convergent
with almost second-order in spatial direction and second-order in temporal direction. The

numerical results agree with the theoretical estimates.
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CHAPTER NINE

HYBRID NUMERICAL METHOD FOR SINGULARLY
PERTURBED PARTIAL DELAY DIFFERENTIAL
EQUATIONS WITH NONLOCAL BOUNDARY
CONDITION

This chapter deals with a numerical method for SPPDDEs with nonlocal boundary condi-
tions. Since a small perturbation parameter ¢ multiplies the highest derivatives, solution of
the problem exhibit a boundary layers at left and right end plane of the domain and interior
layer which forms because of the presence of large delay on the space variable. A hybrid
numerical method is proposed in the spatial direction, and an implicit Euler method is used
in temporal direction. The proposed hybrid method constitutes cubic spline method in the
boundary layer region and a classical finite difference method in the outer layer region. The
nonlocal boundary condition is treated using Simpson’s % rule. The uniform stability and
convergence analysis for the proposed scheme are studied. The developed method is uni-
formly convergent with second-order in space and first-order in time. Two numerical model
examples are considered to validate the applicabilty of the proposed method. The numerical

results agreed with the theoretical estimations.

9.1 The governing problem

Consider SPPPDDE:s of reaction-diffusion types with an integral boundary condition:

Lu(z,t) = 6“;’” - 58215(;2’ D 4 o, ule,t) + bla, Dule — 1,8) = f(o.1), (2.1) € O,
u(z,t) = gz, t), g(z,t) el ={(z,t);-1<2x<0and 0<t<T},
Ku(z,t) = u(2,t) — 5/0 g(x)u(z, t)de = ¢ (x,t), ¢p(x,t) € I = {(2,8);0 <t < T},

u(z,t) = gp(z,t), dp(x,t) € Ty ={(x,0)},

©.1)

where (z,t) € Q = (0,2) x (0,7], Q = [0,2] x [0,7], & = (0,1) x [0,T], Q =
(1,2) x [0,T], Q* = Q5 Uy and ¢ is a small positive parameter (0 < ¢ < 1). Assume
that a(xz,t) > a > 0, b(x,t) < <0, a+p >0, f(z,t), ¢, ¢, ¢ are sufficiently
smooth and g(z) is monotonically non negative function and satisfy f02 g(x)dx < 1. These

assumptions assure that the problem (9.1) has a unique solution (Bahuguna & Dabas, 2008).
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The aforementioned problem emerges in the research of population density with time lag. In
the left, no flux condition is considered, and the average population size is regulated by the
function ¢,.(z, t) in the right. For a very small value of ¢, the solution u(z, t) has a boundary
and interior layers. Because of the presence of these layers, classical numerical approaches
are ineffective for solving such types singularly perturbed problems. Special techniques, in
which the error is independent of the perturbation parameter are required to obtain a good
numerical approximations to such problems.

The problem (9.1) is equivalently written as

Lu(z,t) = F(x,t) 9.2)
where
Lu(z,t) = Liu(z,t) = %g;’t) - 58215;@ +a(z, t)u(z,t), (z,t) € Q,
Lou(,t) = 2408 PUD oo tyu(e, t) + b, hu(e — 1,1), (2,) € Dy,
Flo.t) = [z, t) = bz, t)gu(x — 1,2), (z,t) € Q,
f(z,t), (x,t) € Q.

with boundary conditions

u(z,t) = gz, t), g(z,t) el ={(z,t);—1<2x<0and 0<t<T},
ou ou

uw(l1™,t) = u(1h,1), a_x(r’t> = %(ﬁ,t),

Ku(z,t) = u(2,t) — 8/0 g(@)u(z, t)dr = ¢.(,t), ¢p(x,t) €T, ={(2,1);0<t < T},

u(z,t) = gp(z,t), gp(x,t) € I'y = {(x,0)}.
9.3)

For the problems (9.2) - (9.3) to have existence and uniqueness of a solution, we assume that
the coefficients of the problem are Holder continuous and imposing correct compatibility
conditions at the corners (0, 0), (2,0), (—1,0) and (1, 0) (Ladyzhenskaya et al., 1968). The

following conditions must be satisfied.

¢b(0, 0) = ¢l(07 0)7 ¢b(27 O) = ¢T(27 O)
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and
P00 a0.000n0.0) + 2200 0, 006(-1.0) = £(0.0),
_ E% +a(2,0)¢5(2,0) + %ﬁ’o) +6(2,0)0(1,0) = f(2,0).

9.2 Properties of the continuous solution
Properties of the governing problem (9.1) which guarantee the uniqueness and existence of

the solution are presented here.

Lemma 9.1. (Continuous Maximum Principle) Ify(z,t) € C9(Q)NCE)(Q)NCED (Q,U
Q) such that (0, ) > 0,1(z,0) > 0,Kb(2,t) > 0, Li3p(x,t) > 0,Y(x,t) € Q, Lot)p(w, 1) >
0,V(z,t) € Qo and [.](1,t) = . (17,t) — ¥ (17,t) < 0, then (x,t) > 0, for all
(z,t) € Q.

Proof. The proof is given in Lemma 8.1. |

Lemma 9.2. (Stability Result) The solution u(x,t) of the problem (1.3) satisfies the bound
lulle = Cmax {[[ullr,, [ullc,, [Kllr, . [ Lullo-} -

Proof. We prove by using the maximum principle in Lemma 9.1 and by constructing the
barrier functions 6% (z,t) = max {||ullr,, |ullr,, [[u/r,, |Lullo} s(z,t) + u(x,t), (z,t) €

Q, where s(z, ) is the test function in (8.5). [ ]

Lemma 9.3. Suppose a(z,t),b(z,t), f(z,t) € CPFevi+e/2(Q) and ¢; € C*+1/2([0,T)), ¢y €
CUrar2ten/2)(T) ¢, € C2+1/2([0, T)), where ay € (0,1). Then, the problem (9.1) has a
unique solution u which satisfy u € C+e1:2+01/2)(Q)). And also the derivatives of a solution

u are bounded. ¥v,7 € Z. > 0 such that 0 <1+ 25 < 4,

ot 5 i
Haxiatj | < Cez. 9.4)
Proof. The proof is given in Lemma 8.3. |

9.3 Decomposition of the solution

The bounds on the derivatives of the solution given in Lemma 9.3 were derived from classical
results. They are not adequate for the proof of the € -uniform error estimate. Stronger bounds
on these derivatives are now obtained by a method originally given in (Shishkin, 1989). The

key step is to decompose the solution u into smooth and singular components. The solution
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w of (9.1) is decomposed as u = v + w, where v is smooth and w is singular components.

The smooth and singular component satisfy the following bound.

Lemma 9.4. Suppose a(z,t),b(z,t), f(z,t) € CWFer2e/2(0) and ¢, € CB+1/2([0,T)),
¢ € CO+ar3+ear/2(T) ¢ € CC+/2)([0, T)), where a; € (0, 1). Then, we have

Oty )
~ 1O < C ]. I_Z/Z 95
H@x’@ti ||Q = ( +e ) ) ( )
O tiw Ce7eve, (x,t) € Q,
|a Zatjl | S _; —(z=1) (96)
v Ceze Vo, (x,t) € Qy,
_; —(-a)
8i+jwr Ceze V¢ ) (.ZC, t) € Qlu
‘a Zat]| S _; —(2-z) (97)
v Ceze Ve | (z,t) € Q,
where C' is constant independent of parameter ¢, (x,t) € Qi,7 > 0,0 <i+2j < 4.
Proof. The proof the lemma is given in Lemma 8.4. |

9.4 The numerical method

In this section, the time derivative is discretized first using the implicit Euler method and then
a layer-adapted mesh of Shishkin type is introduced to discretize the space domain using the
hybrid numerical scheme comprising cubic spline scheme in the boundary layer regions and

classical finite difference method in the regular layer region.

9.4.1 The time semi-discretization

Let Q™ be a uniform mesh which is used in the time semi-discretization and defined as
OM = {t; = jAt,j=0,1,--- ,M, At =T/M}, where M is a non-negative integer. Us-

ing implicit Euler method, the problem (9.1) is semi-discretized as
LAUI ) = g(2,t541), 7=0,1,--- , M —1, (9.8)
with discretized the boundary conditions as

U ) = ¢ (), ¢ (2) €T,
2
KU (x) = U7H(2) - 5/ g@yu(z, t)de = ¢ (x), ¢l (z)el,, (9.9
0

Ut (z) =g (), & (x) € Ty,

where LAUIT (z) = —eUI + r(2)UIH (2) 4+ b(z)U(x — 1)+, g(z,t41) = Ui(f) +
Pl ty), and () = 25 +afr).
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The local truncation error estimation for time semi-discretization which is denoted as ¢/ :=

u(z,tjy1) — U (x), for j = 0,1,2,--- , M is analyzed as follows.

Lemma 9.5. The local truncation error associated with the implicit Euler method satisfies
the bound
led| < C(AL)2.

Proof. Using Taylor series expansion to u(x,t;41), we get

ou(x,t;)

u(z, 1) = u(z, t;) + At TR O((At)?). (9.10)
Substituting (9.8) into (9.1), we obtain
u(z,tjp1) —ulz,t;) Ou(w,t) 9

Since the error satisfies the given problem, then the local truncation error satisfy L%/ (z) =

O((At)?). Using the discrete maximum principle gives
e < C(At)*. (9.11)

|
The bound for the global truncation error of the time semi-discrete scheme are satisfies the

estimate
ITE™Y < C(AL),  Vj < T/At. (9.12)

where (' is a positive constant independent of € and At.

9.4.2 The spatial discretization

The piecewise-uniform mesh having (N > 8) mesh elements on [0, 2] is generated by divid-
ing the first half interval [0, 1] into three sub-intervals as [0, ] , (@, 1 — g, (1 — p, 1] and the
second half interval [1, 2] into three sub-intervals as (1, 14 p] , (1 + p, 2 — ), and (2 — p, 2].
To obtain a piecewise-uniform mesh, % mesh elements placed in regular region and % mesh

elements placed in each of the boundary layer regions. Hence, the piecewise-uniform mesh
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0, =0,
is given by x; = where h;’s are given by
xifl—i_hi; 7;:172737"'7]\[7

81 o N N 5N

N 1<i< 5,5 <1<
— { 40-2w) N 3N 5N N
hz N ) 8+1§Z§ 8’8+1§Z§8
2, =341 <i<H N <i<N,

where (0 is a transition parameter which satisfies the following condition:
. [1
[ = min 7 2y/elnN 3,

where N denotes the number of mesh elements in the spatial-direction. Further, we denote

Su 401—2p)
N N

Here, a classical finite difference method is applied for the spatial semi-discrete on outer

the mesh size in the boundary layer regions h = == and in the regular region H =

layer region (u, 1 — u) and (1 + p,2 — |, by replacing the second-order derivative with a

central difference scheme. From (9.6), the discrete operator £2* is defined as

Atprj+l —eDF DU Ut i=1,2-- 5,
LAV (2) = . ” L 013
—eDf DU 4 U U i =S 1 N -
2

with initial and boundary conditions

UO = gbl(o)?
UzQ:¢b) 7::172737"'7]\[_17 (914)

) ) i U‘-j+1 +4 in+1 + g Uj+1
,CNU]JV-H _ U]]V-H . Ezi]\il gi—1U;_4 g 31 gi+1 i+1 hz _ ¢7’N7

where U/ ™ = U (i, tj41), 15 = r(2:), gi = gl:).
Here, for (i = N), the integral boundary condition f02 g(z)u(x,t)dz is approximated using
composite Simpson’s % integration rule given in (7.21).

By rearranging (9.13), the following system of equations is obtained in the outer region.
RyUM + RUT + RFUT =Gy, fori=1,---,

LA (3;) = S RyUM! 4+ ROUTT + UF U + BUIY = G, (9.15)
fori=%+1,.-- N-1,

|2
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where the coefficients are given as

—2e 2e —2e
R = R =4, Rf= o = Bi=g
‘ hi—y(h; +hi—1)" " hihi_q ! hi(h; + hi—1) e
G T e fori= S L B U
g, fori=5"41,... N oAt

Again, the problem (9.8) is discretized in the inner regions, [0, ], (1 — u, 1], (1,1 + ), and

(2 — p, 2], using cubic spline method in Shishkin mesh as follows. From (9.13), we have

LAV () = —eMITUTT + UL + b UTT = gl k=i 1 (9.16)

2

Where M ]z+1 = Ui for k = i,7 4 1. From cubic spline method for variable mesh, we have

i1 i1 i1 i1
hiilMijjll n (hi"‘hifl)Mij-pl " @M.ﬂ'l _ (Uijjl — Uiﬁ‘ > B (Uf‘Ir _ Uij_+1> ’

6 3 6 it h; hi_q
i=1---,N—1. (9.17)

Substituting (9.16) into (9.17) and after arranging some terms, the following difference

scheme is obtained in the boundary layer region.

RyUM + ROUVT + RFUIT =G, fori=1,---
LAV 2;) = § RyUS + ROUIT + RYUSY + BUY = G, (9.18)
fori=%5+1,--- ,N—1,

N

where the coefficients are given by

_ —3e hi—l 0 3e
R, = + i—1) R; = + iy
T (it hi) 2t b)) '

+ —3e hz

R; n -
C T ha(h b)) 20kt b )
L F o+ F+ 1 Fy,i=1,--- N,

g+ 09+ g, i=N+1,--- N—1,

, , , 77 , hi
Bi=1q 1 +0¢+1 g F=¢g™" —qny, ¢t =204 pHt =7
i 4 1+ zq+1 qi+1, g; qi"i-1, G; At‘i‘fl 5 i 2(hl+h171)’
hi
P=1=—
2(h1+hz_1)

Now by combining the difference scheme given in (9.15) and (9.18), we obtain the following
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hybrid difference scheme.

RyUM + RUIM + RfUIY =Gy, fori=1,--- &,

LAtUjJrl(xi) —
RyUZ + RUIT + REUI + BUTy = Gy, fori= 5+ 1, [N -1,
(9.19)
fori = 1,2,--- N —1, 7 = 1,2,--- M — 1 with the following interval and integral

boundary conditions

UO = ¢l(0)7
U = ¢y, i=1,2,3,---,N—1, (9.20)
. , i U+1+41U3++1 Ut
ICNU]JV+1 _ UJJVH —52?; 9i-1 g . Jit+1 H—l hi = v,
where the coefficients for : = 1,2,--- ,%, 1= % + 1,---%, 1 = %, ,%, and for
i:%+1,--- , N — 1 are given by
—3e hi—l
R = + Ti—1,
‘ hi—i(hi +hi—1)  2(h; + hi—q) !
3e
RO = i)
CT b
—3¢ h;
RJr = + : Tit1,
‘ hi(hi +hi—1) — 2(h; + hi—1) i
l;Efl—i_l?E—i_ljF’%Ha fOI‘izl,"' ,%,Z:%—l—l, 7%3

I gioa + 109 + 1 g, fori=5+1,--- 28 fori=TF4+1,..- N -1,
B, =1q¢ +Z?Qi +l§+1%‘+17

J+1 1 Zf j+1
Fo=g" —bigi1, g = + £,

% At
hi—q h;
I = ’—,l°—1 I = —z.
C 2(hi+ ki) 2(hi + hi—1)
Again, for i = & + 1,- 8 N and for i = % +1,---, 8 , the coefficients for the hybrid
scheme are given by
—2¢ 2e —2¢
R = 7RO— —|—7"Z', Rf = —— 732: i
C T (b + hi) hihy © 7 ha(h + his) ¢
G — gi—i_l—bl@ N> fOI‘Z—%—Fl,"' 7%7 JH U,LJ G+1
i i+ ] N 9; At + f’L
g; ,fOl‘Z:?—Fl,"-,?,
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9.5 Uniform stability analysis

Lemma 9.6. (Discrete comparison principle) Let there exist a comparison function Vij 1
such that if UJ™ < VIt and KU/ < KVZ, then LA (2;) < LAVITN(x,), for
1=1,2,--- ,N—1 impliesthaz‘UijJr1 < Vijﬂfori =1,2,---,N.

Proof. It is easy to verify that the associated matrix L2U7 4 (z;) is a size of (N + 1) x
(N + 1) with its interies for i = 1,--- , N — 1 which are B; < 0, R} > 0, and R} < 0.
As a result a coefficient matrix satisfy the M-matrix property. Therefore, there is a non-
singular matrix which is non-negative. This prove shows that the discrete solution is exists

and unique. [

Lemma 9.7. (Uniform stability estimate): The solution Uij i of the hybrid scheme in (9.19)

satisfies the bounds

a1 1LATT i+1 i+1
U < =——— +max {|UJ"|, |[KUsy |}, fori=1,---2N,j =0,1,--- , M,
K

where r(z;) > K.

Proof. Consider the comparison functions

i+1
Ll

(Tg“)i _ | +max {|U3H, |KUS ) £ U (9.21)

K

Applying discrete comparison principle given on Lemma 9.6, we obtain the required esti-

mate. [ |

9.6 Uniform convergence analysis

In this section, the truncation error at inner and outer region is derived. Now, the truncation
error for the hybrid numerical scheme at the boundary layer regions on the subintervals

. _ N 3N _ . _ N
0<i< gand=; <i<gis
rv = (R UL + URY + RfUM) — (T Fia + WF + 1 Fip) (9.22)
and for the subintervals is § < i < 2¥ and ©¥ <i < N —1
Ty = (R;Ugjll +UPRI™ + RIUZ + BUT, ) — (TG + 109+ 1 giy1) . (9.23)

The truncation error for the hybrid scheme for the regular region on the interval % <1< %

become

ro = (RyUS + UPRIT + RFUT) — (gt — bigiw) - (9.24)
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and on the interval 2¥ < i < ™¥ is given as
- (R;U{_*f + USRI 4 RAUT) + Binj;) (g7") . (9.25)
2

Now using Taylor expansion, we have

- , dU7+1 h? | d*UI+1 hd AU+
+1/,.. — N B 2 (o izl N — . ..
U (@io1) = U7 (@) — hima dr (@) + ol dx? ;) 31 423 (@) +
AU+t h? | d?U*t h3 | U+

U (241) = U7 () + hyoy——

dx (@) 21 dx? i) 31 dxd (i) + -

Using the values of U/*!(z;_;) and U’ (z;,4) into (9.22)-(9.25), we obtain the following

truncation error of an hybrid numerical scheme for: = 1,--- | %, %, cee %, %, s %
and%,--- , N —1.
de+1 dZUjJrl d3Uj+1 d4Uj+1

o = To:U(z;) + 11,

(xz) + TQJW(Z’,) + TS’ZW('IJ + T4’ZW(Z‘1) + -

where

T(),Z' = Rz_ + R? + Rj_ — (l;?”i_l + l??“, + lj?"ﬂ_l) s
Tii = R hi — Ry hioy + (I rigahs — 7 riahisa)

2

1 B3 h2
To; = = (th? —Rih; ) +e(ly +0+1F) - ( 12—'11;77_1 + —"ljml) :

hf hd ., B h3 i
T3,i_3'R+ 31Rz +€(lz+hz—lz hi—l)_<3'll+az+1— 31l+17’z 1),
hf | hi _hEy L hi s hi oy
T4,i = R + — A1 R +e (l 2' lz 2|> — ( Al l Ti—1 + Al lz TiJrl) ,

After performing some mathematical calculations, we obtain

h3 |+ hd 1 1
0, 1, 2, 3, 4, 35 (hi n hi—l) <4! 2!6)

As a result, the truncation error of hybrid scheme in a boundary layer region is given as

h? , + h? 11
ww=-3c(——")(=—5=)+OWN?. 9.26
ToU 5(hi+hi1) (4! 2!6)+ (V) ©-26)
Similarly, the truncation error of a hybrid scheme in a regular region that is for : = % +
1,---,%andf0ri— +1,- —1sg1venas

hi = hic1 ' ;3 hi + I (@) -3
Tiu = —¢€ (T) U () + 4, m U (z)+O(N?). (927
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Theorem 9.1. Let U/t () and U} ™ be respectively the solutions of (9.8)-(9.9) and (9.19)-

(9.20). Then, the local truncation error satisfies the following bounds:

(

ITiul < 9 CN~21n? N, for— <i< 7éV+ <N -1, (9.28)

CN~2 fori= N.

\

Proof. Several cases are distinguished depending on the location of the mesh points.
Case-I: When z; € (0, ) U (1 —p, 1) and z; € (1,14 ) U (2 — p1,2). Let us state first
the bounds for the derivatives of the continuous solution given in (9.1), which is the solu-

tion u(z, t) satisfies the bound |%| <C (1 +erd(z, x, 0 5)) where, d(z,x, a,e) =

exp (—:L‘\/Oz_/{-:> +exp (—(1 — x)@),forx € O andd(z,z,a,e) = exp (—(m — 1)\/a_/5)+

exp (—(2 — :E)\/Oé/é) , for z € €)3. Now, from (9.26), we obtain a truncation error as
70| < C [RPe+ W™ [d(zi, 241, . €) + (i1, 7, o, €)]] -

Now, using h = 4N~',/eln N, and bounding the exponential functions by constants, we
obtain that |7, 7| < CN72In* N, for 1 < i < A +1< 5, 8 +1<i <2 and
T+1<i<N-L

Case-II: When z; € (u,1 — p) and (1 + p,2 — p), we must distinguish two cases. First,

H? < ¢, we obtain
9 H ) -2
|Ti,U| S ClH €+—(d(:v,-,xiﬂ,oz,s)—{—d(a:i_l,%,a,s)) S C(N e+ N )
€
On the other hand, if H? > ¢, it can been shown that

7] sc(H%+ / <xi+l—5>d<s,f,a,s>s—ld§) e / () e N E oy e)de

Tit1
<C <H2€ + He YV2d(x;, x5, 0,€) + / e Y2d(xy, 5, 1, s)dx)

+C (H25 + He V2d(zi_y, 21, a, ) +/ Z eld(f,f,@,s)df)

< C(H?) + Cd(wy, x5, o0, ) + Cd(xi, Tiy1, @, €)
+ Cd(zi—1,xi1, ,€) + Cd(xi_1, x4,y €)
< CH?¢+CN?4+CN2
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In general, using the fact that H < 2N !, we obtain, the truncation error TiU as
ITu] <C(N°e+N7?). (9.29)

The e-uniform error estimates for the integral boundary conditions which approximated us-

ing Simpson’s % rule at 7 = IV, becomes

K™ (U7 )~ U I = | [ g<x>zu<x,t>dx—ezg“ R e Sy

zo

d*u d
<cge( 1096 T ) + - | T ) <5N>r)
<Cye (hi‘d—;j@l) TR 4<5N>)
< Che ! (e*&\/gh‘ll + e*fN\/?hj*V)
<CN~?,

where z; 1 < & < x;,1 < ¢ < N, for a proper choice of C. Combining all the previous

results, the required error estimates is obtained. [ |

Theorem 9.2. Let U7t (x;) be the solution of (9.8)-(9.9) and U™ i = 0,1,--- | N be the
numerical solution of the hybrid numerical scheme in (9.19)-(9.20) at the mesh points of the

Shishkin mesh. Then, the error estimate satisfies
U7+ (z,) — UFF| < © ( N2In® N + N—WO) Li=0,1,--- N —1, (9.30)

where the constant jig satisfies jig > 2+/«, and hence the hybrid numerical scheme given in

(9.19)-(9.20) is uniformly convergent of almost order two.

Proof. Defining the discrete barrier function

N2In> N+ N2+ N2+ %N‘le(aﬁi)

v, =C (9.31)
N72In® N + N2 + N72 + L2 N2y (z;)
where v; and 1), are piecewise linear polynomials defined as
l%,forogxgu 1Jr,for1<9c<1—|ru
i(t) =491, foru<az<1l—p and Yo(t) =<1, forl + p<az<1—p
1—x 2—z
—Z forl—p<xr<1 1+,f0r2—,u§x§2
(9.32)
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Then forall: = 1,2,--- , N, we have
0 < ¥(z;) <ON2In* N,

and by choosing a sufficiently large C', using Theorem 9.1 and the discrete maximum prin-

ciple, it is simple to see that
/;N (\I’Z + (Uj—H(fL’Z’) - Ug+1)) Z 0.

Equivalently,
,CN\I/Z' Z |Ti,U| .

Therefore it follows that
U3 (2;) = U < 0, < CN"2In? N, Va,; € QV. (9.33)

[ |
Thus, a required s-uniform error bound is obtained. The results of this work is summarized
by considering the semidiscrete error estimate obtained in (9.12) and (9.33) and concluded

by the following theorem.

Theorem 9.3. The c-uniform error estimate for the solution of continuous and fully discrete

problem is given by
sup ||u(z,t) — U] < C (N2 I’ N + At), (9.34)
0<e<1

where u(x,t) and Uin are the solutions of the problem (9.2)-(9.3) and (9.19)-(9.20) respec-
tively.

Proof. The proof follows from Lemma 9.5 and Theorem 9.2. Therefore, the theorem
concluded that the order of convergence is almost two in the spatial direction and one in the

temporal direction. |

9.7 Numerical results and discussions

Two model examples are presented to validate the results of this study. Since the exact
solution of the problem is not known, double mesh principle is used to estimate maximum
point wise error using (6.27), uniform error estimate using (6.28), rate of convergence using
(6.29), and uniform rate of convergence using (6.30). The obtained results are displayed in
tables for different values of NV, At and ¢.

Example 9.1. Consider a class of SPPDDEs with integral boundary condition of the form
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Elango et al. (2021)

;

e 0 s ) (e —1,0) = e, (0.t) € (0,2) % (0,2]
u(x,t) =0, Y(x,t)eTlyg

Ku(2,t) = u(2,t) — e [ Lu(z, t)dz =0, Y (z,t) €T,

(u(z,t) =0, V (z,t) €Ty

(9.35)

Example 9.2. Consider a class of SPPDDEs with integral boundary condition of the form
Elango et al. (2021)
( ey 00y su(a ) —qu(z—1,t) =1, (2,) € (0,2) x (0,2]

u(z,t) =0, VY(x,t)ely

Ku(2,t) = u(2,t) — ¢ 02 su(x,t)de =0, V(z,t) €T,

(9.36)

| u(r,t) =sin(rx), V (2,t) €T

The maximum pointwise error for different values of perturbation parameter € and uniform
rate of convergence for Example 9.1 is given in Table 9.1. Again, Table 9.2 shows a max-
imum pointwise error for various values of ¢ and uniform rate of convergence for Example
9.2. A comparison of uniform error estimate and uniform rate of convergence of the pro-
posed method with a method existed in the literature is given in tables 9.3 and 9.4 for Exam-
ples 9.1 and 9.2 respectively. The presence of both boundary layer and interior is apparent
from the surface plots of numerical solution for Examples 9.1 and 9.2 are given in Figures.
9.1 and 4.2 respectively. The Log-Log plot for maximum pointwise error for Example 9.1
and 9.2 are given in Figure. 9.3. We proved that a proposed numerical scheme is of order
O (N 21n2 N + At). From Tables 9.3 and 9.4, one can observed that the developed numer-
ical scheme is a more accurate uniform convergent than the methods presented in (Hailu &
Duressa, 2022), Gobena & Duressa (2021), and Elango et al. (2021).

Ph.D Dissertation 132



Conditions
1 Boundary

f SPDEs with Nonloca

to

ical Treatmen

Numerica

2023

i t
Numerical Solution U(x,t)
u

i t
Numerical Solution U(x,t)
u

‘.?f
i
s
Tl
el

<3

=
T
R
AT

Hr
i
.l".j
'.l"i‘r

l:,

an
BELELEEE
AT =
EE D P e
T o =
o,
5
B
7o
R

5
A
=
o
%
LT

7
LZ ¥
AR
o 2 Ll
£ A7
£y
S
i Ay
A
i e
RELARET B
e R e =7
2,
%ﬁ. e

oy,

s T e

L ey R b e
Tt

T R

-‘:.- T
D e
e _.‘:.
o e
R
e
e
A

A 7

'."'7"'7-'.',1%.-"." 2=

L A oy

...::.a,-,v‘-".f.. LAY 2
L LR e

T L R P AL
20 = -.-....-"4'4'.'

2
Ny
AL

S
e

oy L
LEd
L

?‘h
Ty

—4
fore = 107=.

Ph.D Dissertation

133



Numerical Treatment of SPDEs with Nonlocal Boundary Conditions

2023

Table 9.1: Values of ENV:At, ENAt RN.AL and RN-A! for Example 9.1

elN—- N—16 32 64 128 256 512
At —0.1/2 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
10792 4.5138¢-03 1.8872e-03 9.7931e-04 5.5490e-04 4.1685e-04 1.2638e-04
1.2581 0.9464 0.8195 0.4127 0.7012
1079 1.7283e-02  7.9562e-03 2.8246e-03 7.2260e-04 2.6566e-04 1.3570e-04
1.1192 1.4940 1.9668 1.4436 0.9692
1079 1.7276e-02  7.9546e-03 2.8240e-03 8.6335e-04 2.7970e-04 1.3963e-04
1.1189 1.4940 1.7097 1.6261 1.0023
1079 1.7275e-02  7.9544e-03 2.8240e-03 8.6334e-04 2.8216e-04 1.4184e-04
1.1189 1.4940 1.7097 1.6134 0.9922
1079 1.7275e-02  7.9544e-03 2.8240e-03 8.6333e-04 2.8380e-04 1.4261e-04
1.1189 1.4940 1.7098 1.6050 0.9928
10797 1.7275e-02  7.9544e-03 2.8240e-03 8.6333e-04 2.8435e-04 1.4287e-04
1.1189 1.4940 1.7098 1.6022 0.9930
10708 1.7275e-02  7.9544e-03 2.8240e-03 8.6333e-04 2.8453e-04 1.4296e-04
1.1189 1.4940 1.7098 1.6013 0.9930
1079 1.7275e-02  7.9544e-03 2.8240e-03 8.6333e-04 2.8459e-04 1.4299e-04
1.1189 1.4940 1.7098 1.6010 0.9927
10710 1.7275e-02  7.9544e-03 2.8240e-03 8.6333e-04 2.8462e-04 1.4300e-04
1.1189 1.4940 1.7098 1.6009 0.9930
1.7275e-02  7.9544e-03 2.8240e-03 8.6333e-04 2.8462e-04 1.4300e-04
1.1189 1.4940 1.7098 1.6009 0.9930
ENAt - 1.7283e-02  7.9562e-03 2.8246e-03 8.6335e-04 4.1685e-04 1.4300e-04
RN:AL 1.1192 1.4940 1.7100 1.0504 1.5435 -

102}

10°F

maximum absolute error

maximum absolute error

102
N

(a)

10—3 L

m— (N 2In?N)
e=10"
e=10°
e=10"%
e=10710

.
102

N

(b)

Figure 9.3: Log-Log plot of maximum absolute error versus mesh numbers for different

values of ¢ (a) for Example 9.1, (b) for Example 9.2.
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Table 9.2: Values of EVAL ENAL RVAL and RN-A! for Example 9.2
eJN—- N+—16 32 64 128 256 512
At —0.1/2 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
10792 2.9468e-02 1.5966e-02 8.3385e-03 4.2672e-03 2.1578e-03 1.0851e-03
0.8841 0.9371 0.9665 0.9837 0.9917
1079 2.9506e-02 1.5977e-02 8.3395e-03 4.2672e-03 2.1578e-03 1.0852¢-03
0.8850 0.9380 0.9667 0.9837 0.9916
107%  2.9519e-02 1.5980e-02 8.3402e-03 4.2654e-03 2.1580e-03 1.0851e-03
0.8854 0.9381 0.9674 0.9830 0.9919
107%  2.9520e-02 1.5980e-02 8.3403e-03 4.2646e-03 2.1581e-03 1.0852¢-03
0.8854 0.9381 0.9677 0.9826 0.9918
1079  2.9520e-02 1.5980e-02 8.3403e-03 4.2643e-03 2.1581e-03  1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918
10797 2.9520e-02 1.5980e-02 8.3403e-03 4.2642e-03 2.1581e-03  1.0852¢-03
0.8854 0.9381 0.9678 0.9825 0.9918
107%  2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03 1.0852¢-03
0.8854 0.9381 0.9678 0.9825 0.9918
10799 2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03  1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918
10719 2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03  1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918
2.9520e-02 1.5980e-02 8.3403e-03 4.2641e-03 2.1581e-03 1.0852e-03
0.8854 0.9381 0.9678 0.9825 0.9918
ENAL - 209520e-02 1.5980e-02 8.3403e-03 4.2672e-03 2.1581e-03 1.0852e-03
RN:At 0.8854 0.9381 0.9668 0.9835 0.9918 -

Table 9.3: Comparison of E™4* and RYN*! for Example 9.1 at mesh number N and At.

el N +—32 64 128 256 512
At —00.1/4 0.1/8 0.1/16 0.1/32 0.1/64
Present Method
ENAt 7.9562e-03  2.8246e-03 8.6335¢-04 4.1685e-04 1.4300e-04
RN:At 1.4940 1.7100 1.0504 1.5435 -
Hailu & Duressa (2022)
ENAt 1.2974e-02  8.7628e-03 4.6313e-03 2.0155e-03 7.6160e-04
RN:At 0.56616¢ 0.91997 1.2003 1.4040 -
Gobena & Duressa (2021)
ENAt 2.0026e-03  1.0723e-03 5.5505e-04 2.8241e-04
RN:At 0.90117 0.95002 0.97483 0.98734 -
Elango et al. (2021)
EN:At 1.2534e-02 6.9738e-03 3.6873e-03 1.8972e-03 9.6241e-04
RN:At 0.84584 0.91937 0.95873 0.97912
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Table 9.4: Comparison of E™A* and RY2! for Example 9.2 at mesh number N and At.

el N+—— 32 64 128 256 512
At — 0.1/4 0.1/8 0.1/16 0.1/32 0.1/64
Present Method
ENAt 1.5980e-02 8.3403e-03 4.2672e-03 2.1581e-03 1.0852¢-03
RN:At 0.9381 0.9668 0.9835 0.9918 -
Hailu & Duressa (2022)
EN:At 3.1547e-02 1.7445e-02 9.2639¢-03 4.7759¢-03 2.4253e-03
RN-At 0.85469 0.91312 0.95585 0.97761 -
Gobena & Duressa (2021)
ENAt 1.5980e-02 8.3421e-03 4.2681e-03 2.1581e-03 1.0853e-03
RN:AL 0.93778 0.96682 0.98383 0.99180
Elango et al. (2021)
ENAt 1.4776e-01 9.7571e-02 5.7092e-02 3.1057e-02
RN:At 0.59873 0.77316 0.87837 0.93697

9.8 Summary

A class of singularly perturbed partial differential equations of reaction-diffusion type with

a large spatial delay and integral boundary condition is solved numerically. The presented

method consists of a hybrid numerical scheme on Shishkin mesh in space and implicit Euler

method on a uniform mesh in the time variable. The hybrid numerical scheme consists of a

cubic spline method used in the boundary layer region, and classical finite difference method

used in outer layer region. The integral boundary condition is treated using Simpson’s %

rule. The uniform stability and convergence analysis of the proposed method are analyzed.

An error estimate of the proposed scheme shows a parameter uniform convergence of almost

second-order in space and first-order in time variable. Two numerical test examples are

considered to validate applicability of a proposed scheme. Numerical results agree with the

theoretical estimation.

Ph.D Dissertation

136



CONCLUSIONS AND RECOMMENDATIONS

Conclusions

This dissertation contributes to the investigation of numerical treatment of a class of singu-
larly perturbed differential equations with nonlocal boundary conditions. Uniformly conver-
gent numerical methods in which the error is independent of perturbation parameter were
developed. The primary findings of this dissertation, along with some relevant observations,
are summarized here.

Exponentially fitted finite difference method is proposed and analyzed for SPDODESs
with integral boundary condition. In this method, an exponential fitting factor is introduced
to treat the solutions inside the boundary layer which occur due to perturbation parame-
ter. The nonlocal boundary condition is treated using Simpson’s rule of integration. The
stability and uniform convergence analysis of the proposed approach are established. The
error estimation of the developed method is shown to be second-order uniform convergent.
The obtained numerical results reflects the theoretical estimations. A fitted mesh numerical
scheme on a suitable piecewise uniform Shishkin mesh is proposed and analyzed for SP-
DODE:s with integral boundary condition. The uniform stability and uniform convergence
analysis of the method are studied. The developed scheme is uniformly convergent with
almost second-order accurate in the discrete maximum norm. The numerical results are in
agreement with theoretical justifications.

A nonstandard FDM is formulated and analyzed for SPPPDEs with nonlocal boundary
conditions. The basic idea for nonstandard method is the construction of the exact finite
difference technique, which the denominator characteristic for the discrete derivatives should
be described in terms of more complicated functions with larger step sizes than those used in
classical methods. The method of lines is employed. The stability analysis and convergence
analysis for the proposed method are demonstrated. The developed numerical method is
uniformly convergent independent of perturbation parameter with second-order in spatial
direction and first-order in time direction. The numerical results validated with theoretical
justifications. A uniformly convergent numerical method is formulated and analyzed for
SPPPDEs with integral boundary conditions. The method involves a FDM on a suitable
piecewise uniform Shishkin mesh for the spatial direction and implicit Euler method for the
temporal direction. The stability and error estimates for the evolved method are analyzed.
The developed method is uniformly convergent with almost second-order in space and first-
order in time. The numerical results corresponds to theoretical estimations.

Fitted mesh numerical method is developed and analyzed for SPPDDEs with integral

boundary conditions. The developed method used FDM on a suitable piecewise uniform
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Shishkin mesh for the spatial direction and Crank-Nicholson method is used for the tempo-
ral direction. The uniform stability analysis and error estimation for the proposed method
are analyzed. The developed method is more accurate uniformly convergent independent
of perturbation parameter with almost second-order in spatial direction and second-order
in temporal direction. The numerical results reflects the theoretical estimations. A hybrid
numerical method is also proposed for SPPDDEs with integral boundary condition. The
proposed hybrid scheme constitute of cubic spline method in the boundary layer region and
a classical finite difference method in the outer layer region. This hybrid numerical method
is used in spatial direction and implicit Euler method is used in temporal direction. The in-
tegral boundary condition is treated using Simpson’s % rule. The uniform stability analysis
and uniform convergence analysis for the proposed method is established. The proposed
method is more accurate uniformly convergent with almost second-order in spatial direction
and first-order in time direction. The numerical results are in agreement with theoretical

estimations.

Recommendations

The findings in this dissertation have numerous applications in mathematical physics and en-
gineering, particularly in fluid dynamics and population dynamics. The numerical methods
developed in this dissertation can be utilized to solve a class of singularly perturbed problems
in fluid dynamics and other related topics. A uniformly convergent numerical methods for a
class of SPPs with nonlocal boundary conditions are discussed. The following highlights are

the research perspectives resulting from this dissertation.

* To produce more accurate uniformly convergent numerical methods, layer adaptive
mesh numerical methods based on Backhavalov’s mesh can be employed to address

the problems considered in this dissertation.

e The numerical methods proposed in this dissertation can be employed to a class of

SPPDEs of convection-diffusion type with integral boundary conditions.

* The numerical methods considered in this dissertation can be extended to higher di-

mensional problems with nonlocal boundary conditions.

e The numerical methods considered in this dissertation can be extended to a coupled

system of a class of singularly perturbed problems with nonlocal boundary conditions.

* Numerical solution for a class of singularly perturbed differential equations with two

nonlocal boundary conditions can be considered.
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APPENDIX B

MATLAB CODES

Everyone can use the following URLs to get the Matlab Algorithm that was written in the

dissertation.

Matlab code for the proposed method in Chapter 4
https://drive.google.com/file/d/11r0WB1d2D6alyoWtrUSLmSACQv1KxZIm/

view?usp=sharing

Matlab code for the proposed method in Chapter 5
https://drive.google.com/file/d/1WbR3EnUbCo_o7DhEiTn_lEFFciwlOw76/

view?usp=sharing

Matlab code for the proposed method in Chapter 6
https://drive.google.com/file/d/1wxMYS2U8W_EEGKaRja_vvz3WKvbm

-vYW/view?usp=sharing

Matlab code for the proposed method in Chapter 7
https://drive.google.com/file/d/1Ltzd5niTtwkS1X1UonvKYPxvOi50hLTw/

view?usp=sharing

Matlab code for the proposed method in Chapter 8
https://drive.google.com/file/d/10Wrryrv9cIP3zuDJINSGLXgonEDEVamS2/

view?usp=sharing

Matlab code for the proposed method in Chapter 9

https://drive.google.com/file/d/15F9dp-PSzoJUpLl10MvZgjNKVwNynQsQ9/

view?usp=sharing
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