Quantification of Nonclassical Correlations in a Doubly-resonant Optomechanical

Cavity Coupled to a Nondegenerate Correlated Emission Laser

Mekonnen Bekele Tadesse

A Dissertation Submitted to the Department of Applied Physics

School of Applied Natural Science

Presented in the Partial Fulfilment of the Requirements for the Degree of Doctor of
Philosophy in Physics

(Quantum Optics and Information)

Office of Graduate Studies

Adama Science and Technology University

June 2023

Adama, Ethiopia



Quantification of Nonclassical Correlations in a Doubly-resonant Optomechanical

Cavity Coupled to a Nondegenerate Correlated Emission Laser

Mekonnen Bekele Tadesse

Major Supervisor: Sintayehu Tesfa Woldemariam (Ph. D.)

Co-Supervisor: Tewodros Yirgashewa Darge (Ph. D.)

A Dissertation Submitted to the Department of Applied Physics

School of Applied Natural Science

Presented in the Partial Fulfilment of the Requirements for the Degree of Doctor of
Philosophy in Physics

(Quantum Optics and Information)

Office of Graduate Studies

Adama Science and Technology University

June 2023

Adama, Ethiopia



DECLARATION

I have a signed declaration and recommendation page.



Approval of Board of Reviewers

I have a partially signed Approval of Board of Reviewers page.

il



ACKNOWLEDGMENT

First and foremost, I give all the praise to the almighty God for giving me effort and time
to complete this work. Next,  would like to express my deepest and heart felt thanks to
Dr. Sintayehu Tesfa, the major dissertation supervisor, for drawing my attention towards
cavity optomechanics, a particular study area in quantum optics and information.
His excellent guidance, motivation, invaluable assistance, relentless attention during
our encounters, timely feedback and meticulous evaluation of the entire work were
indispensable for the success of my PhD research, and the publication of articles out of
the work. It is also my pleasure to thank my co-advisor Dr. Tewodros Yirgashewa for his
kind, considerable and constructive comments, opinion and suggestions during the
proposal, the dissertation work and the final report. I am also grateful to all Physics staffs
of Adama Science and Technology University for encouragement and support during up
and down moments to be sane and complete the task. Particularly, the brotherly advice
and console of Mr. Shunke Kebede, Dr. Mesfin Asfaw would not be forgotten. I owe
my deepest thanks to all my family and friends, even if it is too long to include in the
list. Especially, my heart felt thanks also goes to my brothers Demelash and Alemshet
for financial and moral support they provided me during the difficulty time. It would
be unfair if I failed to express my appreciation and respect to the Ethiopian Ministry
of Education, Adama Science and Technology University and Bule Hora University for
granting me the study leave, and financial support. Moreover, my heartfelt thanks go
to my beloved family for understanding, care, and support from my wife Roza Dejene,

sons Basliel and Natnael.

iii



ABBREVIATIONS

BS
CEL
CM
COMS
Y
DCC
EPR
GQD
HZ
POVM
PPT
QKD
SQL
SVR

Beam Splitter

Correlated Emission Laser
Covariance Matrix

Cavity Optomechanical System
Continuous Variable

Doubly Coupled Cavity
Einstein-Podolski-Rosen
Gaussian Quantum Discord
Hillary-Zubairy

Positive Operator-Valued Measure
Positive Partial Transpose
Quantum Key Distribution
Standard Quantum Limit

Squeezed Vacuum Reservoir

iv



List of Figures

B.1

Schematic representation of injected three level atoms being pumped by

a strong coherent radiation of amplitude y so that two-mode correlated

emission laser is generated. The cavity is driven by a bichromatic laser

of frequencies w;, and w;, via port mirror M; and the two-mode cavity

radiation is coupled to two-mode squeezed vacuum reservoir having

parameters of mean photon number (N) and correlations of these two

modes (M). The cavity radiation fields with frequencies w, and w, are

then filtered by a beam splitter (BS) and coupled to two movable mirrors

(M; and M) viaradiation pressure.] . . . . . . . . v v v v e e

29

A1

Plots of (a) quadrature variance of the two-mechanical oscillator modes

A(6C,)? (Eq. (4.6)) and (b) the sum of quadrature variances of of EPR-

like modes of mechanical oscillators (Au* + Av?) (Eq. (4.11)) against

= at steady state for simultaneously applied two-input lasers driving

the cavity with frequencies of w;,, = 741.07 THz and w;, = 564.07 THz

(red solid curve), w;, = w;, = 741.0m THz (black dash-dotted curve),

wr, = wr, = b64.0m THz (blue dashed curve), and w;, = 564.00 THz and

wr, = 741.0m THz (brown dotted curve). The other parameters are as




A2

Plots of the steady-state (a) quadrature variance of the two-mechanical

oscillator modes A(6C, )* (Eq. (4.6)) and (b) the sum of quadrature vari-

ances of EPR-like modes of mechanical oscillators (Au*+ Av?) (Eq. (4.11))

against > for different atom-field coupling strengths g, = g» = g = 5.07

MHz (blue dashed curve), ¢ = 4.00 MHz (brown solid curve), ¢ = 3.07

MHz (black dotted curve), and ¢ = 0 (red dash-dotted curve). The other

parameters are as shown in Table{d.1}|. . . . . ... ... .. .. ... ...

43

Plots of the steady-state (a) quadrature variance of the two-coupled

modes of mechanical oscillators A(0C')* (Eq. (4.6)) and (b) the sum

of variances of EPR-like modes of mechanical oscillators (Au* + Av?)

(Eq. (4.11)) against 2 for ditferent rates of atomic injection r, = 0.35 MHz

(blue dashed curve), r, = 0.25 MHz (red dash-dotted curve), r, = 0.15

MHz (black solid curve), r, = 0.0 MHz (brown dotted curve). The other

parameters are as shown in Table{d.1}|. . . . . ... .. ... ... ... ..

.4

Plots of the (a) sum of quadrature variances of EPR-like modes (Au?+Av?)

of mechanical oscillators (Eq. (4.11)) (b) quadrature variance of the two-

coupled modes of mechanical oscillators A(6C’ )" (Eq. (4.6)) against X

for different atomic decay rates (assuming that the spontaneous and

stimulated emission rates are the same) v = 11.50 MHz (blue dashed

curve), v = 12.50 MHz (red solid curve), and v = 13.50 MHz (black

dashed-dotted curve). The other parameters are as shown in Tablel4.1|

76

45

Plots of the steady-state (a) quadrature variance of the two-coupled mode

mechanical oscillators A(6C.)* (Eq. (4.6)) and (b) the sum of quadra-

ture variances (Au” + Av?) of EPR-like modes of mechanical oscillators

(Eq. (4.11)) against > for different photon numbers of squeezed vac-

uum reservoirs coupled to cavity modes N = 1.00 (blue dashed curve),

N = 0.75 (black solid curve), and N = 0.50 (red dash-dotted curve). The

other parameters are as shown in Table4.1/| . . . .. ... ... ... ...




46

Plots of (a) quadrature variance of the two-coupled modes of mechanical |

oscillators A(0C', ) (Eq. (4.6)) and (b) the sum of quadrature variances of |

EPR-like modes of mechanical oscillators (Au® + Av?) (Eq. (4.11)) against |

< at steady state for different initial lengths of a doubly resonant cavity |
o

L, = 0.7448 mm and L, = 0.567 mm (brown solid curve), L; = 0.9044 mm |

and L, = 0.6885 mm (black dotted curve), L, = 1.064 mm and L, = 0.810 |

mm (blue dashed curve), L; = 1.2236 mm and L, = 0.9315 mm (red |

dash-dotted curve). The other parameters are as shown in Tablel4.1}|. . . 78

|4.7

Plots of (a) A(6C',)* (Eq. (I4.6|)) and (b) (Au® + Av*) (Eq. (l4.11[)) against ’;‘ |

at steady state for different temperatures of the thermal bath coupled to |

mechanical-modes 7' = 5.8 m K (blue solid curve), 7' = 3.8 m K (brown |

dotted curve), T' = 1.8 m K (black dash-dotted curve), and 7' = 0.0 m K |

(red dashed curve). The other parameters are as shown in Tablel4.1| . . . 80

4.8

Plots of the steady state A(6C, )* (black solid curve), (Au® + Av?) (red |

dashed curve), and (Au*Av?) (blue dash-dotted curve) against /v . The |

other parameters are as shown in Table{4.1}| . . . .. ... ... ... ... 81

9

Plots of (a) entanglement using logarithmic negativity of the two-mechanical |

oscillator modes Ey (Eq. (4.15)) (b) steering G*'# of modes of mechanical |

oscillators (Eq. (4.23)), and (c) quantum discord D 4 (Eq. (4.20)) against |

= at steady state for simultaneously applied two-input lasers driving |

the cavity with frequencies of w,, = 741.07 THz and w;, = 564.0m THz |

(brown solid curve), w;, = w;, = 741.07r THz (blue dash-dotted curve), |

wr, = wr, = 564.0m THz (red dashed curve), and w;, = 564.0m THz and |

wr, = 741.0m THz (black dotted curve). The other parameters are as |

vii



410

Plots of (a) entanglement using logarithmic negativity of the two-mechanical |

oscillator modes Ey (Eq. (4.15)) (b) steering G*'® of modes of mechan- |

ical oscillators (Eq. (4.23)), and (c) quantum discord D, (Eq. (4.20)) at |

steady state against > for different atom-field coupling strengths g, = |

go = g = 5.0m0m MHz (brown solid curve), ¢ = 4.0m0 MHz (black dotted |

curve), g = 3.0mr MHz (red dash-dotted curve), and ¢ = 0 (blue dashed |

curve). The other parameters are as shown in Tablel4.1{{ . . . . ... ... 88

A1

Plots of (a) entanglement using logarithmic negativity of the two-mechanical |

oscillator modes Ey (Eq. (4.15)) (b) steering G*/® of modes of mechan- |

ical oscillators (Eq. (4.23)), and (c¢) quantum discord D, (Eqg. (4.20)) at |

steady state against = for different rates of atomic injection r, = 0.35 MHz |

(brown solid curve), r, = 0.25 MHz (blue dotted curve), r, = 0.15 MHz |

(red dashed curve), r, = 0.0 MHz (red dash-dotted curve). The other |

parameters are as shown in Table{d.1}|. . . . . ... .. ... ... ... .. 90

@12

Plots of (a) entanglement using logarithmic negativity of the two-mechanical |

oscillator modes Ey (Eq. (4.15)) (b) steering G*'# of modes of mechanical |

oscillators (Eqg. (4.23)), and (c) quantum discord D4 (Eq. (4.20)) at steady |

state against £ for different values of atomic injection rates v = 11.50 |

MHz (red dash-dotted curve), v = 12.50 MHz (blue dotted curve), and |

~ = 13.50 MHz (black solid curve). The other parameters are as shown in |

viii



[4.13 Plots of (a) entanglement using logarithmic negativity of the two-mechanical |

| oscillator modes Ey (Eq. (4.15)) (b) steering GA!® of modes of mechanical |

| oscillators (Eq. (4.23)), and (c) quantum discord D 4 (Eq. (4.20)) against |

| 2 at steady state for different initial lengths of a doubly resonant cavity |

| L; = 0.76608 mm and L, = 0.58320 mm (red dotted curve), L; = 0.7980 |

| mm and L, = 0.6075 mm (blue dash-dotted curve), L; = 0.8512 mm and |

| L, = 0.6480 mm (brown dashed curve), L; = 0.95760 mm and L, = 0.7290 |

| mm (black solid curve). The other parameters are as shown in Table|4.1l| 93

{4.14 Plots of (a) entanglement using logarithmic negativity £y (Eqg. (4.15)) (b) |

| steering G*'Z (Eq. (4.23)), and (c) quantum discord D, (Eq. (4.20)) of the |

| two mechanical modes against * at steady state for different squeeze |

| parameter of squeezed vacuum reservoir coupled to cavity modes r = |

| 0.5943 (brown dash-dotted curve), » = 0.40 (black solid curve), » = 0.20 |

| (blue dashed curve), and » = 0.0 (red dotted curve). The other parameters |

{4.15 Plots of (a) entanglement using logarithmic negativity £y (Eq. (4.15)) |

| (b) steering G4 (Eq. (4.23)), and (c) quantum discord D 4 (Eq. (4.20)) of |

| the two-mechanical modes against £ at steady state for ditterent tem- |

| peratures of the reservoirs coupled to mechanical-modes 7" = 5.8 m K |

| (red solid curve), T' = 3.8 m K (black dash-dotted curve), 7' = 1.8 m K |

| (blue dashed curve), and 7' = 0.0 m K (brown dotted curve). The other |

| parameters are as shown in Table[d.1}|. . . . . .. ... ... ... ... .. 95

{4.16 Plots of quantification of entanglement of the two-modes of quantum |

| harmonically oscillating mirrors using Hillary-Zubairy criterion (Egy) |

| against > at steady state with g = 824.37 MHz and various atomic param- |

| eters (a) for different atomic injection rate and (b) for different atomic |

| decay rate. The other parameters are as shown in Table{4.1} . . . . . . .. 98

ix



@17

Plots of quantification of entanglement of the two-modes quantum

harmonically oscillating mirrors using Hillary-Zubairy criterion (£ )

against < at steady state with g = 824.37 MHz for different initial lengths

of the cavity. The other parameters are as shown in Table{4.1}| . . . . . . .

@18

Plots of quantification of entanglement of the two-modes of quantum

harmonically oscillating mirrors using Hillary-Zubairy criterion (£y )

against £ at steady state with g = 824.37 MHz for different initial lengths

of the cavity. The other parameters are as shown in Table|4.1}| . . . . . . .

@19

Plots of quantification of entanglement of the two-modes of quantum

harmonically oscillating mirrors using Hillary-Zubairy criterion (£ )

against = at steady state with g = 946.5 MHz and various reservoir param-

eters (a) for different squeeze parameters of a squeezed reservoir coupled

to cavity radiations. (b) for different temperature of thermal bath coupled

to mechanical modes. The other parameters are as shown in Table[4.1}| .

[A.20

Plots of mean number of two-mode quantum harmonically oscillating

mirrors 7 against - at steady state depending on atomic parameters (a)

for different atomic injection rate (b) for different atomic decay rate. The

other parameters are as shown in Table4.1/| . . . ... ... ... .....

@21

Plots of mean number of two-mode quantum harmonically oscillating

mirrors n against = at steady state with g = 9.0m MHz for different initial

lengths of a doubly resonant cavity. The other parameters are as shown

@22

Plots of mean number of two-mode quantum harmonically oscillating

mirrors n against £ at steady state depending on reservoir parameters (a)

for different squeeze parameter of a reservoir in which cavity radiations

are coupled to squeezed vacuum reservoir (b) for different temperature

of thermal baths coupled to modes of quantum harmonically oscillating

mirrors. The other parameters are as shown in Tablel4.1l| . ... ... ..




{4.23 Plots of mean number of mechanical mode pairs n (blue dash-dotted) |

and mean of intensity difference /p (black dashed) against > at steady |

state with ¢ = 900.0 MHz. The other parameters are as shown in Table|4.1[{107

{4.24 Plots of Variance of intensity difference of two-mode quantum harmoni- |

cally oscillating mirrors AJ7 against £ at steady state. The other parame- |




List of Tables

4.1 Experimental values for various parameters of our system as in Refs. |

| Arcizet et al.| [2006]; Verhagen et al. [2012]; Groblacher et al.|[2009] to plot |

| Figs. (4.1) - (4.14) instandardcase|. . . . . . ... ... ... ........ 68

4.2 Numerical values of the degree of quadrature squeezing and entangle- |

| ment from Fig. |4.1|for different values of frequencies of a bichromatic |

| cavitydrivinglaser.| . . . . ... ... L o 71

4.3 Numerical value of the degree of quadrature squeezing and entanglement |

| from Fig.|4.2|(a) and (b) for different values of atom-field coupling strength.| 74

{4.4 Numerical value of the degree of quadrature squeezing and entanglement |

| from Fig.|4.3|(a) and (b) for different values of atomic injection rate.,| . . . 74

4.5 Numerical value of the degree of quadrature squeezing and entanglement |

| from Fig.|4.4/(a) and (b) for different values of photon number of squeezed |

4.6 Numerical value of the degree of quadrature squeezing and entanglement |

| from Fig.|4.6|(a) and (b) for different values of initial lengths of a doubly |

| resonant cavity.| . . . . . . . ... Lo e e e e 79

{4.7 Numerical value of the degree of quadrature squeezing and entanglement |

| from Fig.|4.7|(a) and (b) for different values of temperature of a thermal |

| bath coupled to the modes of harmonically oscillating mirrors.| . . . . . . 80

xii



48

Numerical values of optimum degrees of entanglement using logarithmic

negativity (Ey) all occurring at /v = 4.11, Gaussian steering (G1?)) all

appearing at xy /v = 4.11 and Gaussian discord (D 4) taken place in all the

ranges of y/~ starting from 0.01 as indicated in Fig.4.9|(a), (b) and (c) for

different values of frequencies of a bichromatic cavity driving laser.| . . .

87

49

Numerical values of the maximum degrees of entanglement using loga-

rithmic negativity (Ey), Gaussian steering (G“!P) and Gaussian quantum

discord (D ,4) from Fig.]4.10[(a), (b) and (c) for different values of atom-

field coupling strength at y/v = 4.11. But for ¢ = 0 these nonclassical

features occur in all the ranges of /7 = [0.01,10[ . . . . . ... ... ...

@10

Numerical values of maximum degrees of entanglement using logarith-

mic negativity Fy, Gaussian steering (G*'”), and Gaussian quantum

discord (D ,) from Fig.|4.10|(a), (b) and (c) for different values of atomic

injection rate at x/y = 4.11. Nonclassical properties for , = 0 appear in

all theranges of [0.01,10[./. . . . . . . . . ...

90

A1

Numerical values of maximum degrees of entanglement using logarith-

mic negativity (£y), Gaussian quantum discord (D 4) and Gaussian steer-

ing (G“!P)) from Fig.|4.12| (a), (b) and (c) for different values of atomic

decayrate] . . . . . . . . ... e e e e e e

@12

Numerical value of maximum degree of entanglement using logarith-

mic negativity (Ey), Gaussian steering (G“P)), and Gaussian quantum

discord (D ,4) from Fig.|4.14{(a), (b) and (c) for different values of initial

lengths of a doubly resonant cavityat y/vy=4.21.. . . . . ... ... ...

92

@13

Numerical value of the degree of entanglement (£ ), Gaussian steering

(G41P)) logarithmic negativity and Gaussian discord (D ,) from Fig. |4.14|

(a), (b) and (c) for different values of squeeze parameter at y /v = 4.11,. .

Xiii

95



{4.14 Numerical value of the degree of entanglement using logarithmic negativ-

ity (F), Gaussian steering (G/'?)), and Gaussian quantum discord (D)

at y/v = 4.11 from Fig.|4.15|(a), (b) and (c) for different temperatures of a

thermal bath coupled to mechanicalmodes,| . . .. ... ... ... ...

Xiv



Contents

[Abbreviations| . . . . . .. . . ... e e e e iv
[Listoffigures|. . . . . . . . . . e xi
Listoftables . . . ... ... ... Xiv
1__Introduction| 2
(1.1 Background| . ... ... ... ... ... 2
(1.2 StatementoftheProblem! ... ........ ... ... ...... ... 7
(1.3 Objectives| . . . . . . . . . e e e e 8
(1.3.1 Generalobjective] . . . ... ... ... ... 8

[1.3.2 Specificobjectives| . .. ... ... ... ... o L. 8

(1.4 SignificanceoftheStudy| . . . . . . ... ... ... ... ... .. ..., 9
(1.5 ScopeoftheStudy|. . . ... ... ... ... ... . . . oL 10

P § I Review 11
i3__Materials and Methodsl 28
B.1 Materials| . . . ... .. 28
3.2 Methods| . .. ... .. . 28
3.2.1 System and Hamiltonian| . . . . ... ... ... ........... 28

[3.2.2 Masterequation|. . . . .. ... ... L L L s 33

[3.2.3 Quantum Langevin equations|. . . . . . ... .. ... ....... 54

8.3 Linearization and Covariance Matrixl . . . . ... ... . ... . ...... 58
[3.3.1 Linearizationof QLE . .. .. ... .. ... .. .. .. .. ..... 58

[3.3.2 Steady state covariance matrix . . . . ... ... ... ... 63

XV



4__Results and Discussions! 66

A1

Quantum Correlations via quadrature variances| . ... ... ... .. .. 66

4.1.1 Quantification of squeezing via quadrature variances| . . . . . . . 66

4.1.2 Quantification of entanglement via sum of quadrature variances|. 68

4.1.3 Quantification of entanglement via product of quadrature variances| 69

4.2 Nonclassical Correlations via entropy measures|. . . . . . ... ... ... 82
4.2.1 Quantification via logarithmic negativity] . . ... ... ... ... 83
4.2.2 Gaussian quantumdiscord| . ... ... ... .. .......... 84
4.2.3 GaussianSteering . . . . . . . . . . ..o 85

[4.3 Correlations of number of mechanical modes and Statistical properties| . 96
4.3.1 Quantification of entanglement via Hillery Zubairy] . ... .. .. 97
432 Secondordercorrelation|. . . . ... ... ... .. . L L. 101
4.3.3 Mean number of mechanical modes| . . . ... ........... 103
4.3.4 Mean of Intensity difference of mechanical modes| . . . . . .. .. 106

Variance of number of mechanicalmodes| . . . . . ... ... ... 108
4.3.6 Variance of Intensity difference of mechanical modes| . . . . . . . 109
15__Conclusionl 112



Abstract

The detailed analysis of results of nonclassical correlations such as squeezing, entangle-
ment, Gaussian quantum discord, Gaussian steering, correlations of number modes and
statistical properties of quantum states of harmonically oscillating mirrors (mechanical
modes) are presented. Particularly, traits of mechanical modes that can be attributed to
the transfer of coherence to two separate mechanical modes via optical radiation pressure
is explored in a doubly resonant optomechanical cavity, comprising pumped three-level
atoms injected into cavity, a bichromatic drive laser, a beam splitter, and two separate
harmonically oscillating mirrors using quantum Langevin approach. The results indi-
cated that the degree of squeezing, entanglement, quantum discord, steering are sensitive
to the specific choices of the frequencies of a bichromatic driving laser. It also turns out
that the degree of these quantum features and the mean number of mechanical modes
are enhanced with increasing rates of injection of the atoms, for stronger atom-field
coupling but with decreasing initial lengths of a doubly resonant cavity and for smaller
atomic decay rates. Besides, the degree of nonclassical correlations increase irrespective of
the atomic decay rate up to the optimum value. There also appear significant degree of
squeezing, entanglement using different measures, Gaussian quantum discord, Gaussian
steering and mean number of mechanical modes for higher temperature of thermal baths
coupled to mechanical modes. On the other hand, the degree of nonclassical correlations
under consideration other than the squeezing show a decrease for an intense squeezed
vacuum reservoir coupled to two-modes of a cavity. Interestingly, the degree of entangle-
ment manifested in view of different criteria behave qualitatively in the same way, while
the observed slight disparity between their magnitudes is attributed to the variations per-
taining to the difference in the correlations leading to these phenomena. Robust degree of
entanglement, quantum discord and steering using the quadrature and entropy measures
is established in contrary to the correlations of number of mechanical modes when a
vacuum reservoir is coupled to cavity radiations. These results entail that the various
atomic, cavity and reservoir parameters can be deployed to control the squeezing, entan-
glement, discord, steering and the mean number of mechanical modes. In conclusion,
one may argue that the possibility of generating mechanical modes, various realizable
and robust degree of nonclassical features combined with significant controllability, the
considered system to be applicable in the current quantum technology such as metrology
and continuous variable information processing and allow the quantum features of
cavity radiation to be accessible for application.

Keywords: Nonclassical features, Squeezing, Entanglement, Quantum discord, Steer-
ing, Mechanical modes, Optomechanics, Radiation pressure, Bichromatic laser, Doubly
resonant cavity, Quantum metrology, and Quantum Information processing.



Introduction

1.1 Background

Our interpretation and understanding of the physical world may have been permeated
as a result of correlations, classical or quantum, where the encoded information can be
extracted from physical systems|Henderson and Vedral [2001]; Luo|[2008b]; Wheeler
and Zurek [2014]. Particularly, the quantum correlations in composite systems are at
the heart of the violation of Bell’s inequalities that has been confirmed experimentally
Poderini et al.| [2022]. In this context, a state that can be verified using the Bell-type
experiment and violates a Bell’s inequality is known as Bell non-local Peres|[1997]. A
pure state is Bell non-local if and only if it is entangled. So far, the wide scope notion of
quantum correlations in mixed states boast of novel features that have been playing
a central role in quantum information processing and communication lying at the
heart of quantum mechanics such as the entanglement (inseparable correlations of
states) which is one of the non-local correlations Wheeler and Zurek [2014]; Nielsen
[2000]. On the other hand, separable states might also possess non-zero quantum
correlations (nonclassical correlations) even if their entanglement vanish|Horodecki
et al.| [2009]; Modi et al.| [2012]; Ollivier and Zurek [2001] whereby Oliver and Zurek
introduced ‘quantum discord’ to exploit all non-classical correlations arising from the
loss of information caused by quantum measurements Henderson and Vedral| [2001];

Ollivier and Zurek [2001]. Separable states are generally considered as purely classical,
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since they do not violate Bell’s inequalities.

Another recent inseparable form of quantum correlation, intermediating between
entanglement (of mixed) [Horodecki et al. [2009]; |[Einstein et al.| [1935] and Bell non-
locality Horodecki et al. [2009]; Bell [1964b]; Brunner et al. [2014] was formulated by
Wiseman and co-workers Wiseman et al. [2007]; Jones et al.| [2007], exhibiting an intrin-
sic asymmetry between two entangled systems which allows one party to ‘steer’ the
state of a distant party by exploiting their shared entanglement is known as Einstein-
Podolski-Rosen (EPR) steering|Kogias et al. [2015]. This phenomenon, which is at the
heart of the EPR paradox|Reid et al. [2009], was introduced by schrédinger |Schrodinger
[1935b]. Squeezing is also a different quantum feature at the expense of the transfer
of the noise fluctuations in one quadrature operator to the conjugate quadrature with
significance importance in ultra-high precision of measurements Tesfa [2021]; Walls
and Milburn|[2008]; Kassahun! [2016].

Characterizing and quantifying various nonclassical features employing quantum
correlations in continuous variable (CV) states play a crucial role in applications of
quantum information processing and transmission |[Nielsen [2000]; Braunstein and
Van Loock [2005]; Weedbrook et al.| [2012]; |Adesso et al.| [2016]. In line with such
proposal, many efforts have been carried out to quantify the quantum entanglement in
bipartite Gaussian states owing to their theoretical as well as experimental interest and
underpinning physical resource in quantum information tasks and protocols Nielsen
[2000]; [Horodecki et al.| [2009]; Alber et al. [2003].

It is well-known that even some separable states contain nonclassical correlations
Henderson and Vedral [2001]; Ollivier and Zurek [2001] where the “nonclassicality” of
bipartite correlations can be measured via quantum discord which was first introduced
in{Henderson and Vedral/ [2001]; Ollivier and Zurek| [2001]; Zurek [2000] as a measure
of all quantum correlations in a bipartite state, including entanglement. For pure
entangled states quantum discord coincides with the entropy of entanglement. Recently,

it has been shown that almost all quantum states have nonvanishing discord Ferraro



et al.|[2010].

Gaussian quantum discord (GQD) that coincides with entanglement for pure states
but differ for mixed ones can also be taken as weaker criteria for measure of quan-
tumness and can go beyond the scope of entanglement |Ollivier and Zurek [2001];
Zurek| [2000]; Adesso and Dattal [2010]; (Giorda and Paris|[2010]. Originally the notion
of quantum discord was defined and evaluated for finite dimensional system but re-
cently extended to the domain of continuous variable systems in analyzing the bipartite
quantum correlations in states of Gaussian mode Adesso and Datta [2010]; Giorda and
Paris [2010]; Olivares| [2012]. In line with this, the concept of quantum discord has
aroused great interest as a resource which is more robust than entanglement against
the decoherence phenomenon offering exponential speed up of certain computational
algorithms Henderson and Vedral [2001]; Ollivier and Zurek [2001].

On the other hand, the quantification and measure of Gaussian steering quantifier
for CV systems has been proposed very recently by He et al. [2015]. It is noted that a
measure of steering quantifies the amount of correlations in a given state as in Bennett
etal. [2011], where a manifestation of these correlations can be observed by the violation
of suitable EPR-steering criteria leading to a quantitative estimation of the degree of
steerability by evaluating the maximum violation of a chosen steering criterion as
revealed by optimal measurements. One expects that the higher the violation (i.e., the
amount of correlations), the more useful the state will be in tasks and making it a subject
of intense research that use quantum steering as a resource Reid et al. [2009].

Notably, the notion of steering has recently attracted significant theoretical Kogias
et al. [2015]; Cavalcanti et al.[/[2011];|Olsen|[2015]; Bowles et al.|[2014];|Wang et al. [2016b]
and experimental [Wittmann et al. [2012]; Armstrong et al. [2015]; Kocsis et al.| [2015]
attention as a resource for a number of applications in nonclassical tasks that can be
used in one-sided device-independent entanglement verification Wiseman et al. [2007]
quantum key distribution Branciard et al. [2012]; Walk et al.| [2016], signifying secure

quantum teleportationReid [2013a] and performing entanglement-assisted subchannel



discrimination Piani and Watrous| [2015].

Very recently, the interaction of cavity radiation with a movable mirror in a fabry-
pérot cavity, cavity optomechanical system (COMS), has received a great deal of interest
in quantum optics for generating, controlling, measuring and applying quantum states
of bosonic systems such as photons and phonons (vibrational modes) by developing
various schemes for their theoretical investigation and experimental verification with
anticipated applications in sensing, quantum information processing, ultra-high preci-
sion measurements and tests of fundamental physics Kippenberg and Vahala [2007];
Aspelmeyer et al.| [2014]; /Agarwal| [2012]. The quantum properties of these bosonic
states, in particular the photons, can also be enhanced by the use of nonlinear elements
such as atoms (two-, three-, four- level atoms), parametric amplifiers and other optical
elements Tesfa [2021]; Walls and Milburn/ [2008]; |[Kassahun! [2016].

Apart from encoding quantum information in quantum states of any realistic system
encounters both the quantum decoherence and dissipation which leads to the loss of
quantum correlation between the sub-systems induced by the unavoidable coupling
with its environment such as the squeezed vacuum reservoir, thermal reservoir, biased
noise fluctuation, vacuum reservoir and so on Tesfal[2021]; Walls and Milburn! [2008];
Kassahun! [2016] so that investigating the effect(s) of the coupling between the quantum
systems and their own environment will make the exploitation of quantum properties
for quantum information processing more relevant.

The extension to these undersigning could be achieved via investigating ways to
generate coupling of COMS to various nonlinear elements, particularly with the atomic
systems, and with their environment/s, where various quantum effects and their control
is so well established as in the interaction of a cavity radiation in a two-level laser with
one end of a cavity’s quantum harmonically oscillating mirror with its anticipated
potential as a source of squeezed and entangled mechanical and/or optical modes.

In this context, the various important features of cavity radiation originating from

atomic coherence can be transferred to the modes of movable mirrors utilizing the



non-conservative nature of radiation pressure that couples the mechanical-optical
modes through different processes Aspelmeyer et al. [2014];/Agarwal| [2012]; Marshall
et al. [2003];|Zhang et al. [2003]; Braginsky and Khalili [1992]; Eisert et al.| [2004]; Pinard
et al.|[2005]; Huang and Agarwal [2009]; Vitali et al.| [2007];|Wang et al. [2014].

There is still a continuing effort to realize many more novel optomechanical systems
which will have merits in achieving applications with better performance and ease of
implementation which can provide a platform for classical and quantum information
processing. Consequently, in this dissertation, we seek to study various quantum fea-
tures that serves as indicators and quantifiers of nonclassicality in a doubly resonant
optomechanical cavity coupled to a three level laser. Particularly, we intend to analyze
the effects of different atomic, cavity and environmental parameters on the squeez-
ing, entanglement, GQD, Gaussian steering, and the statistical properties of the two
mechanical modes.

In this regard, the two mode cavity radiation generated by a nondegenerate three
level cascade laser in which the top and bottom levels of the three level atoms are cou-
pled by a strong coherent radiation. The two mode radiation is found to be separated
by a beam splitter and coupled explicitly to two modes of the quantum harmonically
oscillating mirrors (mechanical modes) via radiation pressure. The two mode cavity
radiation is coupled to a two mode squeezed vacuum reservoir through a single station-
ary port mirror while the mechanical modes are coupled independently to the high-Q
Markovian thermal environments.

The cavity is also driven by a bichromatic coherent laser. To this end, we first derive
the master equation for the quantum optical system under consideration in the linear
and adiabatic approximation schemes following the approach described in Ref. |Tesfa
[2021]; Kassahun/[2016], and the master equation for the two quantum harmonically
oscillating mirrors as in Ref. Aspelmeyer et al. [2014].

We then carry out our analysis by obtaining the quantum Langevin equations with

the help of the master equation, for laser modes confining to adiabatic approximation,



linear analysis and a good cavity limit following the procedure described in Refs. Kas-
sahun [2016]; Scully; Fesseha! [2001], and to those of the mechanical modes Aspelmeyer
et al.| [2014] employing the interaction Hamiltonian. Afterwards, correlation between
the noise forces of the radiation and mechanical modes are manipulated analytically.
With these aid, the steady state covariance matrix is obtained for a bipartite mechanical
modes in a weak coupling of the optical and mechanical modes using the Lyapunov
equation, and therefore calculate the correlation between these modes that can be used
as aresource to carry out the accompanying analysis such as squeezing, entanglement,
GQD, Gaussian steering, statistical properties and the induced correlation between the

number of mechanical modes.

1.2 Statement of the Problem

The problems which have been encountering with information processing, storage,
transferring, and computing are producing scalable and robust resources of information
carrier in a condition that the information is encoded on a quantum resource than the
classical bits.

Nowadays, investigating the mesoscopic quantum states and the various associated

correlation properties is exciting research field as it gives

* abetter compatibility to the current quantum technology (in storing, transferring,
and computing information) to that of the microscopic quantum states such as

photons and atoms in a cavity,

* a mechanism for evaluating different nonclassical behaviours at a scale between

microscopic and macroscopic,

So far, the quantum behaviours of states of quantum harmonically oscillating mirrors
such as optical bistability and entanglement using the logarithmic negativity criterion
were studied. But the various nonclassical behaviors of the modes of quantum har-

monically oscillating mirrors (mechanical modes) such as the squeezing, entanglement



using different measures, quantum discord, steering, their interrelations, statistical
properties, and the effects of atomic, cavity and reservoir parameters on these nonclas-
sical properties were not yet studied. Therefore, in this research, “With the help of the
correlation of the radiation emitted by CEL, can quantum correlation in the modes of
the mechanical oscillators that has not physically coupled to each other in a doubly
resonant optomechanical cavity be established? Also, in what ways do the atomic,
cavity and reservoir parameters affect the squeezing, entanglement, quantum discord,

Gaussian steering, and statistical properties of the mechanical modes?”

1.3 Objectives

1.3.1 General objective

The general objective of this research is to study nonclassical and statistical properties
of mechanical modes of oscillating mirrors coupled to thermal baths induced by cavity
modes generated by nondegenerate three-level atom pumped by coherent light and
the cavity modes are driven by bichromatic light and coupled to squeezed vacuum

reservoir.

1.3.2 Specific objectives

The specific objectives of the study in an optomechanical cavity coupled to a laser are

to:

¢ derive the Hamiltonian equation, and the master equation for the mechanical

modes,

* determine the evolution of expectation values of the cavity and mechanical
modes, the corresponding noise correlations, the covariance matrix and correla-
tions between cavity-cavity modes, mechanical-mechanical modes, and cavity-

mechanical modes,

* evaluate the nonclassical features of mechanical modes using quadrature vari-
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ances and entropic measures,

e assess the effects of various atomic parameters on the nonclassical behaviors of

mechanical modes,

e investigate the effects of various cavity parameters on the nonclassical behaviors

of mechanical modes,

¢ determine effects of temperatures of reservoirs coupled the mechanical modes
and effects of squeezed vacuum reservoir coupled the cavity modes on squeezing,

entanglement, GQD, and Gaussian Steering,

* demonstrate the interrelations between different entanglement measures and

other nonclassical behaviors of of mechanical modes.

1.4 Significance of the Study

The overview presented in this research will move forward for unfamiliar encoding of
information on quantum states of harmonically oscillating mirror (mechanical modes)
which will be helpful to improve the storing, transferring and computing of quantum
information. Nonclassical correlations of mechanical modes can also be affected when
we consider different atomic, cavity and reservoir parameters. Therefore, there is
great interest in understanding and quantifying the various quantum behaviours of
mechanical modes and the effects of atomic injection rate, atomic decay rate, atom-
field coupling strength, initial lengths of a doubly resonant cavity, frequencies of a
bichromatic laser, a squeeze parameter of two-mode SVR, and temperature of thermal

baths. Hence, this research is expected to

e put a platform for researchers and post graduate students to apply on other hybrid

optomechanical systems.

* be helpful for recent applications in quantum technologies such as quantum

metrology, quantum cryptography, quantum teleportation and others.
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* identify the effects of various atomic, cavity and reservoir parameters have on

different quantum properties.

¢ allow the quantum features of cavity radiation to be accessible for application.

1.5 Scope of the Study

Guided with the principles of quantum optics and their uses in a wide variety of areas
including quantum information science and quantum mechanics, this study covers
recent developments of micro-mechanical mirrors, their nonclassical correlations and
control of decoherence using the quantum Langevin equations for different quantum
states of the system in the rotating-wave and the adiabatic regime with the help of
the master equation, confining to linear analysis and a good cavity limit, where the
atom-field is considered as much stronger than the optomechanical coupling. On
the other hand, the external environments coupled to cavity radiations and quantum
harmonically oscillating mirrors are Markovian, and the parameters used in this study
are limited to experimental values which has been employed in other optomechanical
systems. The study also covered the interaction mechanism between optical and
mechanical modes, the effects of different atomic parameters, cavity parameters, and
parameters of reservoirs coupled to cavity modes and mechanical modes on various
induced nonclassical features of mechanical modes in a cavity comprising a pumped
three level atom injected into cavity, a strong bichromatic cavity drive laser, and two
separate quantum harmonically oscillating mirrors.

Particularly, the main focus of these investigations were to see the effects of atomic in-
jection rate, strength of atom-field coupling, atomic decay rate, frequencies of a bichro-
matic laser, initial lengths of a doubly resonant cavity, photon numbers of squeezed
vacuum reservoirs, and temperature of the thermal reservoir coupled to mechanical
modes on squeezing, entanglement, quantum discord, Gaussian steering and statistical

properties of mechanical modes.
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Literature Review

In quantized electromagnetic radiation, which can be considered as a system of Gaus-
sian CVs, the role of the position and momentum observable is played by the electric
field magnitudes measured at specific phases Kok and Lovett [2010]; Weedbrook et al.
[2012]. For instance, the field at phase zero corresponds to the position observable, that
at phase /2 to the momentum observable, and so on. Accordingly, phase-sensitive
measurements of the field in an electromagnetic wave are affected by quantum uncer-
tainties.

For the coherent and vacuum states, this uncertainty is phase-independent and
equals the standard quantum limit (SQL). In this limit the variances of the two conjugate
quadrature operators takes a value of one|Loudon and Knight| [1987]. Note also that
the position and momentum of a harmonic oscillator are both sinusoidal in time and
exactly one quarter cycle out of phase.

In a squeezed state, the quantum noise in one quadrature is below the vacuum level
or below SQL at the expense of enhanced fluctuations in the conjugate quadrature
with the product of the uncertainties in the two quadrature satisfying the uncertainty
relation Kassahun [2016]. The application of squeezing is tantamount to encoding
quantum information onto the quadrature with minimum noise; and consequently,
minimize the inherent loss of information in the process of encoding and decoding.

Quantum fluctuations using optomechanical methods have been employed in gen-
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erating the squeezed states of the optical and mechanical modesLiao et al.|[2011]; Purdy
et al. [2013]; Kronwald et al.| [2013]; |Lu et al.| [2015a]. It is a well-established fact that
mechanical squeezing, which is one of the key macroscopic quantum effects, can be
used for many applications such as improved precision of quantum metrology Safavi+
Naeini et al. [2013], measurement of weak classical force Caves et al. [1980], biological
measurements|Taylor et al. [2013], and quantum-to-classical transitions Hu and Nori
[1996]; Wu et al. [1986].

In this context, several schemes have been proposed to generate mechanical squeez-
ing inresonators based on parametric processes, feedback, measurements, and quantum-
reservoir engineering Safavi-Naeini et al.| [2013]; Mancini and Tombesi [1994]; Wollman
et al. [2015]; Gu and Li [2013]; Lii et al. [2015b]; Wang et al. [2016a]; Feng et al.| [2018];
Zhang et al.|[2018]; Meng et al.|[2020]; Mari and Eisert [2009]; Gu et al.| [2013]. In a COMS
where a movable mirror in its steady state can be regarded as a low-noise Kerr nonlinear
medium Mancini and Tombesi [1994], experimental realizations of squeezing in optical
fields Purdy et al.| [2013]; Safavi-Naeini et al. [2013] and mechanical modes Wollman
et al.|[2015] have been witnessed. Hybrid optomechanical systems that include atoms
have also been proposed to induce mechanical squeezing. For instance, many works
have used two-level atom(s) to induce squeezing of the mechanical resonator Wang
et al.| [2016a]; |Zhang and Chen|[2020]. It is also found to be interesting to include a
correlated emission laser (CEL), which has been studied extensively and the emitted
radiation is found to exhibit strong squeezing |[Kassahun [2016]; Kiffner et al. [2007];
Tesfa [2011].

On the other hand, a mixed quantum state p of a bipartite system is found to be

entangled (inseparable) if and only if
p # Z Pipi1 @ pia, (2.1)

where p;;and p;; are density operators of mode 1 and 2 with 0 < P, < 1 satisfying
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> h=1

On the basis of different conditions and assumptions, several inseparability criteria
for continuous variable product states have been proposed. One of the mechanism to
quantify entanglement is using quadrature variances in terms of the sum of variances
of EPR-like operators and product of variances of EPR-like operators that correspond
to the Duan et al.| [2000] and the Mancini et al. [2002] entanglement criteria; while the
quantum entropy measure is another measure which consists the logarithmic negativity
entanglement criteria.

Recently, significant effort have been put forward to generate entangled states in
COMS that offers a rich avenue for experimenting on recent quantum technologies,
improving our understanding of quantum optics in macroscopic regime and at funda-
mental quantum physics level, and implementing for various applications Aspelmeyer
et al. [2014];/Agarwal| [2012]; Meystre| [2013]. These states have been detected in two-
mode cavity radiations Yang et al.| [2017], cavity mode and mechanical mode Vitali et al.
[2007]; Paternostro et al.| [2007], and two mechanical modes|Li et al.| [2015]; Neveu et al.
[2021] using the logarithmic negativity.

Further studies have also addressed on entangled states of hybrid modes as in
two-level atom Genes et al.| [2008]; Rogers et al. [2012]; He and Ficek [2014] and three-
level atom Ge et al.|[2013]; Sete and Eleuch! [2015]; Zhou et al.| [2011] optomechanical
systems. It is also well-established that the simultaneously emitted correlated photons
with different frequencies as in a cascade three-level atomic system can be a source of
robust entanglement in a resonant cavity due to the inherent atomic coherence in the
upper and lower energy levels induced by initial preparation of coherent superposition
and/or pumping by strong coherent laser|/Ansari [1993]; Xiong et al. [2005]; Tesfa|[2006),
2009, 2008].

It has also been investigated that a bichromatic cavity driving laser can be employed
for the generation of entanglement in various configurations in some theoretical pro-

posals |Giovannetti et al. [2001]; Giovannetti and Vitali [2001]; Wipf et al. [2008] and
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experimental realization utilized for cooling a macroscopically heavy movable mirror
Corbitt et al.| [2007].

Quantum information can also be perceived as the interpretation of quantum pro-
cess from thermodynamic point of view; and expected to lead to a wider conceptual
analysis of quantum phenomena such as quantum decoherence, entanglement, quan-
tum discord and EPR steering.

The notion of entropy in quantum statistical mechanics expressed in von Neumann
can be extended to the quantum domain by means of the density matrix. In information
theory, entropy is a measure of the efficiency of a system in transmitting a signal or the
loss of information in a transmitted signal.

Suppose we have two random variables A and B whose ignorance is described by
the Shannon entropy. The correlations between the two random variables of classical
systems in information theory are quantized by the mutual information which can be
defined as

I(A:B)=H(A) + H(B) — H(A, B), 2.2)

where H(-) stands for the ignorance about a random variable A or B Shannon entropy,
while H (-, -) represents the Shannon entropy of the joint probability distribution. Note
that the mutual information measures the average decrease of entropy on A when B is
found out.

A different way of writing this quantity by re-defining / and J for a pair of quantum
systems is using conditional entropy. The classically equivalent expression for the

mutual information using the Baye’s rule takes the form

J(A:B)=H(A) — H(A|B), (2.3)

where H(A|B) = H(A, B) — H(B).
For the quantum systems A and B, all the components involved in the definition of

I are easily generalized and what we need to do is use the von Neumann entropy S(.)
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instead of the Shannon entropy H (.), and replace the classical probability distributions
by the appropriate density matrices p4, pg, and pg. Here, p4p is the density matrix of

the whole system AB. Hence, the quantum mutual information is defined as

Io(A: B) = S(pa) + S(ps) — S(pa,n), (2.4)

where S(ps) = —Tr(pa log p4) and the subscript ‘Q’ just indicates that this is a quantum
measure. In this formula, S(p4) + S(ps) represents the uncertainty of p, and pp treated
separately, and S(p4 p) is the uncertainty about the combined system described by p4 5.

The second expression to the right side of equal sign in Eq. for the mutual
information involving the conditional entropy is harder to upgrade to quantum physics.
The reason is that if we do the same substitution of the Shannon with the von Neumann
entropy, the resulting entity S(A, B) — S(B) can actually be negative for bipartite quan-
tum systems. Thus, the generalization of J(A : B) is not as automatic as for /(A : B) for
quantum systems, since the conditional entropy S(p4 ) requires us to specify the state
of A given the state of B. Such statement in quantum theory is ambiguous until the
to-be-measured set of states B is selected.

Consider the total correlations of composite system p 45 defined in the Hilbert space

as quantified by quantum mutual information Groisman et al.| [2005]:
J(A: B) = S(pa) + S(pp) — S(pag) = S(pa) — S(pap), (2.5)

where S(p) is the von Neumann entropy and p4 g = Trp 4(p) are reduced density matri-
ces.

Focusing on perfect measurements of B defined by a set of one-dimensional projec-
tors IT7 where the label j distinguishes different outcomes of this measurement. The

quantum generalization of J that represents the information gained about the system
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A as aresult of the measurement IT7 can be expressed as:
J(A: B)H{B =5(4) - S(PAm{B) =5(4) - ijS(PAmg)a (2.6)
J

where S(p, i ) = 22, pS (p AT, ) is the missing information about A that is represented

by the entropies, and the state of A after the outcome corresponding to IT, has been

04,8115
Tra,pllpa B

detected is p, ;= with probability p; = Tra pIlpa p1T%.
By optimizing over all possible measurements in B, we define an alternative version

of the mutual information as

J(A : B) = S(pA) — min{nj} [ijSij] 5 (27)

J

where {II;} is a positive operator-valued measure (POVM) corresponding to a measure-
ment in subsystem B. On the other hand, the process of minimizing the discord over
the possible measurement on apparatus amounts to finding the measurement that
disturbs the overall quantum state, and at the same time allows one to extract the most
available information about the system.

The two classically identical expressions for the mutual information, Egs. and
(2.7), differ in a quantum case [Zurek! [2000]. Therefore, the discrepancy between the

two measures of information defines the quantum discord as|(Wilde|[2013]:
Dy(A:B)=I(A:B)—J(A:B), Or
Dp(B:A)=I(B:A)—J(B:A), (2.8)
which can also be written, depending on both p 5 and the projectors 117, as

D(A : B) = S(pB) - S(pAB) + min{nj} [ijSPAlj (2.9)

J

The quantum discord is asymmetric under the change A < B as the definition of

the conditional entropy S(p AT, ) involves a measurement on one end (in our case the
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apparatus B) that allows the observer to infer the state of A. This typically involves
an increase of entropy. Hence S(p AT, ) > S(A, B) — S(A), which implies that for any

measurement HJB Ollivier and Zurek [2001]
D(A: B)ys > 0. (2.10)

The discord is always non-negative Adesso et al. [2004a] and reaches zero for the
classically correlated states Kogias et al.| [2015]. It is noted also that discord is not a
symmetric quantity i.e. Da(p) # Dg(p) and D4 refers to the “left” discord, while Dp
refers to the “right” discord.

Note that D 4 large represents the situation in which a lot of information is missed:
destroyed by the measurement on the apparatus alone. However, D, small can be
taken as almost all information about the system that exists in the system-apparatus
correlations can be locally recoverable from the state of the apparatus. With this general
perception, quantum discord can be taken as a measure of the information that cannot
be extracted by reading the state of the apparatus alone.

In light of this, quantum discord is believed to be a good indicator of the quantum
nature of the correlations. Even then, despite increasing evidence for the relevance of
quantum discord in describing nonclassical resources in information processing, there
is no as such a direct criterion to verify the presence of discord for a given quantum
state since optimization of the conditional entropy is required due to the involved
local measurement process. Fortunately, under restricted Gaussian measurements, a
closed analytical relation that can be utilized to quantify the quantum discord for the
two-mode Gaussian states can be outlined.

Motivated by the importance and potential of Gaussian states that exhibits quantum
discord in emerging technology, it turns out to be imperative investigating quantum
discord in CV systems. For continuous variable systems there is only an approximation

to the quantum discord, called Gaussian quantum discord, developed by Adesso and
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Datta/Adesso and Dattal[2010] and simultaneously by Giorda and Paris|Giorda and Paris
[2010]. The main restriction of this approximation is that the optimization over all the
measurements over one single mode is restricted to the set of Gaussian measurements,
or generalized Gaussian POVMSs. For this reason the Gaussian quantum discord provides
only an upper bound for the unrestricted quantum discord (except for a family of states,
for which Gaussian measurements are known to be optimal). In the following we
briefly review the main points needed to evaluate the Gaussian quantum discord of a
two-mode Gaussian state.

The means of quantifying the degree of the measure of quantumness in terms of the
quantum discord for Gaussian states would be formulated by employing the optimiza-
tion procedure specialized for CV Gaussian state. In doing so, one needs to brave the
involved challenge in the hope that a two-mode CV states can have central importance
in area of quantum optics and quantum information processing can exhibit interesting
quantum features that can be captured by quantum discord. Notably, existing expe-
rience shows that CV Gaussian state can be completely described by first and second
order moments of the quadrature operators as depicted in the covariance matrix.

Considering a generic Gaussian (n + m)-mode state p,p of the bipartite system
composed of subsystem A of n-modes and subsystem B of m-modes, we can outline
the criteria for Gaussian quantum discord. For each mode j belonging to A(B), the

phase-space quadrature operators j:f(B ), ﬁf(B ) can be grouped into the vector as

s A AA ~A ~A ~B 2B ~B ~B\T
R = (ml,pl,...,xn,pn,zl,ph...,xm,pm) . (2.11)

Note that each pair satisfies the usual canonical commutation relations can compactly
be written as

[Ry, Ri) = i, (2.12)

where (), is a constant that can be expressed in the symplectic form as
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Q=P , (2.13)

where @ is the direct sum.
Any Gaussian state p 4 is fully specified, up to local displacements, by its covariance

matrix (CM),

ViV
v=| " 9, (2.14)
VTV

with V4, Vg, and V represented as

. . Vis Vs
Vy = diag(Vi1, Vag), Vg = diag(Vs3, Vi), and Ve = - (2.15)

Vas Vau

Here, V, and Vp are the 2 x 2 block form of covariance matrices that describe each of
the mechanical modes separately; while V¢ represents the 2 x 2 matrix of correlations
between the mechanical modes. The elements of CM V;; in Eq. (2.15) fori,j=1,...,4

can be obtained by using

A o~ 1 ~ A A A o o
Vij =Tr[{Ri, R;}+pap] = 3 [(RiR; + R;R))| — (Ri)(R;). (2.16)

where R;, ; stand for the real phase-space operators. Mark that the off diagonal elements
of this matrix represents intermodal correlations and the sub matrices o and 5 (the di-
agonal elements) are the CMs corresponding to the reduced states of two subsystems A
and B which represents the inter-correlations associated with energy (more specifically;
mean photon numbers).

It is noted that every CMs, V, that corresponds to a physical quantum state has to

satisfy the bona fide condition,

V +i(Q4® Q) > 0. 2.17)
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On the other hand, Gaussian variable is usually designated as symplectic if there is a

linear transformation S that preserves the symplectic form of (2, that is,

STQS = Q. (2.18)

The symplectic spectrum v = {v,...,v,,} of an arbitrary correlation matrix o can be
calculated by finding the (standard) eigenvalues of the matrix |iQ2o|, where (2 defines

the symplectic form and is given by Weedbrook et al. [2012]

0 1

Q= é . (2.19)

i -1 0

Here @ is the direct sum indicating adding matrices on the block diagonal.

For two-mode Gaussian states, we then consider dimensionless two mode quadra-
ture operators R = (i1, 1, @2, o), L€ &; = %(651 + b)) and p; = \/%(553 — 6b;) where
8b;(6b}) is the annihilation(creation) operator of each mode of a quantum harmonically
oscillating mirror. Noting that the Gaussian approximation to the quantum discord
applies to two-mode Gaussian states, these are completely described (within local
displacements) by the 4 x 4 covariance matrix as in Eq. (2.14).

In reality, any measure of correlations must be invariant under local unitary op-
erations. If these operations are also Gaussian, they correspond to local symplectic
operations at the phase-space level. Therefore, the only quantities one needs to know to
evaluate measures of correlations like the mutual information or logarithmic negativity
are the local symplectic invariants of the covariance matrix. These invariants are simply
the determinants of each 2 x 2 block and the determinant of the entire CM. The local

symplectic invariants of V' admit this compact form:

X =det(Vy), YV =det(Vg), C =det(Ve), D =det(V). (2.20)

Moreover, by means of a symplectic operation (generally global), any Gaussian state can
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be transformed in another Gaussian state with CM of the form V' = diag(v,,v,,v_,v_).

The symplectic eigenvalues v, and v_ are invariants under symplectic transformations

=+ (22— 4D)2\ 2
vy = ( ; ) , (2.21)

and can be calculated as

with

E=X+Y +2C (2.22)

In evaluating the expression in Eq. for quantum discord, the only nontrivial
point for a two-mode Gaussian state is the optimization of the last term over all the
possible measurement on the second quantum state (mode 2 or quantum state B).
The approach of Refs. |Adesso and Dattal [2010]; Giorda and Paris| [2010] consists in
restricting the optimization to the set of Gaussian POVMs|Holevo and Werner| [2001].

Numerous recent researches have been carried out on quantum discord in vari-
ous optomechanical systems /Chakraborty and Sarma [2017]; Amazioug et al. [2018a,
2020c)a, 2018b)}, 2020b]. In this regard, the Gaussian quantum discord (GQD) becomes
more robust and survives up to a high thermal bath temperature as compared to the
optomechanical entanglement in presence of cross-Kerr nonlinearity Chakraborty and
Sarma [2017] or in two spatially separated Fabry-Pérot cavities Amazioug et al./[2018a].

It has already been observed that the increase of squeeze parameter in an optome-
chanical system with two spatially separated Fabry-Pérot cavities enhance the GQD
but it decreases with the increase of thermal effects/Amazioug et al.| [2018a, |2020c)a]
whereas purity and quantum discord remain nonzero when entanglement between the
mechanical modes and optical modes vanishes under thermal effect Amazioug et al.
[2020Db].

Steering is another quantum mechanical phenomenon for mixed states of compos-
ite quantum systems that allows one party, for instance A (Alice), to change (i.e., to
“steer”) the state of a distant party, B (Bob), by exploiting their shared entanglement.

This phenomenon, fascinatingly discussed by Schrédinger Schrodinger| [1935b,a], was
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already noted by EPR in their famous 1935 paper Einstein et al.| [1935]. There it was
argued that steering implied an unacceptable “action at a distance”, which led EPR to
claim the incompleteness of quantum theory. The EPR expectations for local realism
were mostly extinguished by Bell’s theorems Bell [19644a, |[1975], which showed that no
locally causal theory can reproduce all the correlations observed in nature Aspect et al.
[1982].

The first experimental criterion for the demonstration of the EPR paradox, i.e., for
the detection of quantum steering, was later proposed by Reid Reid| [1989], but it was
not until 2007 that the particular type of nonlocality captured by the concept of steering
Einstein et al.| [1935];/Schrodinger [1935bla] was in fact formalized Wiseman et al.|[2007];
Jones et al. [2007].

From a quantum information perspective Wiseman et al. [2007], steering corre-
sponds to the task of verifiable entanglement distribution by an untrusted party. If Alice
and Bob share a state which is steerable in one way, say from Alice to Bob, then Alice is
able to convince Bob (who does not trust Alice) that their shared state is entangled, by
performing LOCC Wiseman et al.| [2007].

Notice that steering, unlike entanglement, is an asymmetric property: a quan-
tum state may be steerable from Alice to Bob, but not vice versa. On the operational
side, it has been recently realized that steering provides security in one-sided device-
independent quantum key distribution (QKD) Branciard et al.[[2012], where the mea-
surement apparatus of one party only is untrusted. EPR steering also plays an operative
role in channel discrimination Piani and Watrous| [2015] and tele-amplification He et al.
12014].

Several experiments have been already performed, demonstrating steering and its
asymmetry Wittmann et al. [2012]; Vallone|[2013]; Saunders et al.| [2010]; Eberle et al.
[2011]; Handchen et al.| [2012]; Bennet et al. [2012]; Smith et al.| [2012]; |Steinlechner
et al.| [2013];|Sun et al. [2014], and a number of recent studies have been devoted to

improving our understanding of quantum steerability, ranging from the development
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of better criteria to detect steerable states|Cavalcanti et al. [2009]; Walborn et al.| [2011];
Schneeloch et al. [2013]; Cavalcanti et al.| [2013]; |Pramanik et al.|[2014], to the analysis
of the distribution of steering among multiple parties Bowles et al.| [2014]; Midgley et al.
[2010]; He and Reid| [2013]; Reid| [2013b]. However, unlike entanglement, for which a
variety of operationally motivated measures exist|Horodecki et al.| [2009]; Plenio and
Virmanil [2007], there is still a surprisingly scarce literature addressing the fundamental
question of quantifying how steerable a given quantum state is Piani and Watrous
[2015]; Skrzypczyk et al.| [2014];|Costa et al. [2016].

Focusing on a fully Gaussian scenario: namely, we consider generally mixed mul-
timode bipartite Gaussian states, that constitute a distinctive corner of the infinite-
dimensional Hilbert space Weedbrook et al.| [2012}?]; Adesso et al. [2014], and study
their steerability under Gaussian measurements [Eisert et al. [2002]; Fiurasek [2002].

By analyzing the degree of violation of a necessary and sufficient criterion for Gaus-
sian steerability Wiseman et al.| [2007]; Jones et al.| [2007], we obtain a computable
measure of Gaussian steering, and we investigate its properties. In the special case of
two-mode Gaussian states, we characterize the maximum allowed steering asymmetry.
And it has been shown that the Gaussian steering degree is upper bounded by the
Gaussian Rényi-2 entanglement Adesso et al.| [2012], with equality on pure states.

To discuss the steerability of bipartite CV systems, we strictly focus on the mixed
multi-mode bipartite Gaussian states since Gaussian states and operations play a
central role in the analysis and implementation of CV quantum technologiesWeedbrook
et al.|[2012].

To define steerability formally, under a set of measurements M 4 on Alice, a bipartite
physical quantum state p4p is A — B steerable - i.e., Alice can steer Bob’s variable - if
and only if it is not possible for every pair of local observables R4 € M4 on A and Rp

(arbitrary) on B, with respective outcomes r4 and r, to express the joint probability as
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Wiseman et al.|[2007]

P(ra,rg|Ra, Rg, pap) = Z@j@(TA|RA,J')P(TB|RB,pj)- (2.23)

J

Here p; and p(ra|Ra4,j) are arbitrary probability distributions and P(rz|Rp, p;) is a
probability distribution subject to the extra condition of being evaluated on a quantum
state p;, meaning that a complete knowledge of Bob’s devices (but not of Alice’s ones) is
required to formulate the steering condition.

It is good to note that to witness the steerability, at least one measurement pair R4
and Rp must violate the expression in Eq. when p; is fixed across all measure-
ments. On account of this, the measure (degree) of quantum steerability should quantify
how much the correlations of a given quantum state depart from this condition.

In light of this, since the manifestation of these correlations is expected to be ob-
served by the violation of suitable EPR steering criteria, one can get a quantitative
estimation of the degree of steerability by evaluating the maximum violation of the
chosen steering criterion as revealed by the pertinent optimal measurements.

In the fully Gaussian scenario, where p 45 is a Gaussian state described by the CMs
o, we will focus on Alice’s measurement set M 4 to be Gaussian (i.e., Gaussian states
are mapped into Gaussian states). A Gaussian measurement Fiurasek [2002], which is
generally implemented via symplectic transformations followed by balanced homodyne
detection, can be described by a positive operator with a CM T%4, satisfying ‘774 +
i€24 > 0. Every time Alice makes a measurement R4 and gets an outcome 74, Bob’s

conditioned state state p%“'RA is Gaussian with a CM given by

YR =Yy — O(THs + X)~1C7, (2.24)

independent of Alice’s outcome.
On the other hand, one can argue Wiseman et al. [2007] that a general (n + m)-

mode Gaussian state describable by density operator p5 is A — B steerable by Alice’s

24



Gaussian measurement if and only if the condition in Eq. is violated.

Writing this in matrix form as in Eq. (2.14), the non steerability inequality V + i(Q4 @
Q2p) > 01is equivalent to two simultaneous conditions:

@B. X >0,

(i)). MB +iQp > 0,

where M =Y — CTX~'C is the Schur complement of X in the covariance matrix V.

Condition (i) is always verified since V, is a physical CM. Therefore, V' is A — B
steerable if and only if the symmetric and positive definite 2m x 2m matrix M2 is not a
bona fide CM, i.e., if condition (ii) is violated | Adesso and Datta [2010];|Giorda and Paris
[2010].

By Williamson’s theorem Williamson!| [1936], M ” can be diagonalize by a symplectic
transformation Sp such that Sp MZS% = diag(vP, 92, ..., v2), where {v2} are simplectic
eigenvalues M7, which can be determined by m local symplectic invariants Serafini
[2006]; alternatively, they can be computed as the orthogonal eigenvalues of the matrix
| iQpMP |. The nonsteerability condition (bona fide condition) is thus equivalent to
oP > 1forallj =1,..,m.

We then propose to quantify how much a bipartite (m + n) - mode Gaussian state
with covariance matrices V' is steerable (by Gaussian measurements on Alice’s side) via

the following quantity:

G’LHB(V) :=max< 0, — Z ln(ﬁf) . (2.25)
Jop<1
This quantity, hereby defined as Gaussian A — B steerability, is invariant under local
unitaries (symplectic operations at the CM level), it vanishes if and only if the state
described by V' is nonsteerable by Gaussian measurements, and it generally quantifies
the amount by which condition V' + (24 & Q25) > 0 fails to be fulfilled.
Clearly, the corresponding measure of Gaussian B — A steerability can be obtained

by swapping the roles of A and B, resulting in the above Equation, in which the sym-
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plectic eigenvalues of the 2n x 2n Schur complement of Vz, M2 = X —C' Y ! CT appear
instead.

Highlighting the formal similarity with the formula for the logarithmic negativity
Horodecki et al.| [2009]; Plenio and Virmani [2007]; Vidal and Werner [2002]; [Plenio
[2005] - an entanglement measure which quantifies how much the positivity of the
partial transpose condition for separability is violated Duan et al.| [2000]; Peres| [1996];
Horodecki et al. [1996]; Werner and Wolf [2001]-for Gaussian states; in the latter case,
however, the symplectic eigenvalues of the partially transposed CM are considered
Weedbrook et al. [2012]; Plenio and Virmanil [2007]; Vidal and Werner| [2002]; Adesso
et al.|[2004D].

The proposed measure of steering is easily computable for bipartite Gaussian states
of an arbitrary number of modes. When the steered party, e.g., Bob in Eq. (2.25), has
one mode only (m = 1), the Gaussian steerability acquires a particularly simple form.
Indeed, in such a case, M” has a single symplectic eigenvalue, v” = |/detM?5; recalling

that, by definition of Schur complement, det(V') = det (V) det(M?), we have
1 det(VA)
A—B . -
G*7o(V) = maX{O, 2ln< det(V) ) }

= max{(), S(A) — S(UAB)} (2.26)

where we have introduced the Rényi-2 entropy S, which for a Gaussian state with CM V/
reads S(V) = iln[det(V)] Adesso et al.[[2012].

In the case of two-mode Gaussian states (n = m = 1), for which the degree of
steering in both ways can be easily measured according to our definition of the second
line of Eq. and its vice versa. Qualification and quantification of steering in two-

mode Gaussian states thus reduces entirely to an interplay between the global purity i

and the two marginal purities 114 ()

! = S (2.27)

= Vaev MO e va(vy)
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Introducing the ratio n = 422, all physical two-mode Gaussian states live in the region

no <n < 1whereny = papup+ | na — up |/Adesso et al.| [2004b|. Therefore,

(i). states with g < n < 1, are necessarily entangled with n = \/p% + p% — p4u3,
(ii). states with » > {u4, up} are non steerable,
(iii). states with n < up are A — B steerable where the steerable one can also be written

as;
det V

A—B
S —V det Va

<1 Or GAB >, (2.28)

(iv). states with n < u, are B — A steerable steerable, which can also be rewritten as

Serafini/ [2006];
det V
det VB

SB=A — <1 Or GBF~4>0. (2.29)

Moreover, several other schemes have also been proposed to quantify steering in
optomechanical systems Tan et al.| [2015]; Gebremariam et al.[[2019], and experimental
realizations of conversion between microwave and optical light, and generation of steer-
ing in opto-electro-mechanical systems have been demonstrated in Refs. Bochmann
et al.[[2013]; Bagci et al.| [2014]; Cernotik and Hammerer [2016].

Furthermore, J. E. Qars et al. proposed a scheme to generate dynamical Gaussian
steering via a quantum fluctuations transfer from squeezed light to the mechanical
modes, and by an appropriate choice of the environmental parameters, one-way steer-
ing can be observed in different scenarios |El Qars et al. [2017]. On the other hand, the
directionality and extent of the steering can be readily controlled for output modes
using a nondegenerate parametric oscillator with an injected signal field. The two
down-converted modes, which exhibit the greater violations of the steering inequalities,

can also be controlled to exhibit asymmetric steering in some regimes Olsen|[2017].
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Materials and Methods

3.1 Materials

The system under consideration is shown in Fig. it comprises three-level atoms
in a cascade configuration, an external laser pumping these atoms, two harmonically
oscillating mirrors, a pumping bichromatic laser, a beam splitter, a two-mode squeezed
vacuum reservoir coupled to two-mode cavity radiations, and thermal baths coupled to

mechanical modes.

3.2 Methods

3.2.1 System and Hamiltonian

Here, we denote the top, intermediate, and bottom energy levels of a three-level atom
by |a), |b), and |c), respectively. Transitions between levels |a) and |b), and between |b)
and |c) are considered to be dipole allowed whereas direct transition between levels
la) and |c) is taken to be dipole forbidden. When a three-level cascade atom decays
from the top level to the bottom level via the intermediate level, two photon modes,
a; and a, of frequencies w; and w, are emitted where these cavity radiation modes are
at resonance with transitions |a) to |b) and |b) to |c), respectively. Then, these atoms
are injected at a constant rate r, into a doubly resonant cavity. Injected atoms, which

are removed after a time longer than the spontaneous emission time, are presumed to
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Figure 3.1: Schematic representation of injected three level atoms being pumped by a
strong coherent radiation of amplitude y so that two-mode correlated emission laser
is generated. The cavity is driven by a bichromatic laser of frequencies w;, and w;, via
port mirror M3 and the two-mode cavity radiation is coupled to two-mode squeezed
vacuum reservoir having parameters of mean photon number (N) and correlations of
these two modes (M). The cavity radiation fields with frequencies w; and w, are then

filtered by a beam splitter (BS) and coupled to two movable mirrors (M; and Ms) via
radiation pressure.

M;

interact nonresonantly with the two cavity modes.

To establish a coherent superposition in the upper and lower energy atomic states,
the atoms are assumed to be driven by a strong coherent laser field of amplitude y and
frequency w,. These atomic levels are also prepared initially in coherent superposition
of upper and lower energy levels to establish additional coherence. The cavity on the
other hand is driven by two coherent lasers (a bichromatic laser) of frequencies w;, and

wr,, and the two cavity radiations that are split by a beam splitter (BS) in the cavity are

coupled to their respective movable mirrors via radiation pressure.
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In this setting, the movable mirrors M; and M, are treated as quantum-mechanical
harmonic oscillators with effective masses m; and frequencies w,,,(j = 1,2). On the
other hand, to include the influence of external noise on the quantum behaviors of
mechanical oscillation modes, we assume that the cavity modes in a cavity is coupled
to squeezed vacuum reservoir via a port mirror M3 whereas the modes of oscillating
mirrors are coupled to two separate thermal baths.

These mechanical quantum harmonic oscillators could thus be modeled with their
respective thermal baths at equilibrium with temperatures 7; and 75 having the annihila-
tion (creation) operator of each vibrational mode Bj (ZA);) satisfying the relation [Ej, B}] =1
with j = 1, 2. In this regard, the movable mirrors are expected to undergo quantum
harmonic oscillations resulting in nonclassical correlations when the emerging coher-
ent correlation in CEL can be transferred to the mechanical oscillations via the force
electromagnetic radiation exerts on a material surface, where the light's momentum
causes fluctuations in the mirror’s position, yielding phase noise in the electromagnetic
wave.

The Hamiltonian describing the coupling of the upper and bottom levels by coherent

radiation can be expressed as|Sete and Eleuch|[2015]

i = % (e7rt|a) (c] — e*rt|c){al) 3.1)

and the Hamiltonian of bichromatic lasers driving laser in the cavity can be described

by Sete and Eleuch/[2015]

2
Hy =1 g <ekd};e_mkt — e,’gdke"%kt> , (3.2)

k=1

where |e;| =,/ fu’zf L are the amplitudes of the lasers that drive the cavity, with x;, Py,
k

and w;, being the damping rates of cavities, the power and the frequencies of the pump

lasers, respectively. In addition, the interaction of a three-level cascade atom with a two-

mode cavity radiation can be described in the interaction picture by the Hamiltonian
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Tesfal [2021]; Kassahun/ [2016];|Sete and Eleuch/[2015]
Hy = igy (la) (blas — af|b)al ) + ige (1b) (claz — able) bl (3.3)

where g, (g2) is the coupling strength between the cavity modes and the atomic transi-
tion |a) — |b) (|b) — |¢)), and a(a) ) is the annihilation(creation) operators for the kth
cavity mode with & = 1, 2.

On the other hand, the free Hamiltonian of the atoms, the cavity modes and the

modes of quantum harmonically oscillating mirrors are described respectively by

Hy= > wlr)(r|, (3.4)
r=a,b,c
2
Hy = wyl, (3.5)
k=1
2
Hs =" wp, bib. (3.6)
k=1

where w,(r = a, b, ¢) are the frequency of the rth atomic level, wy, is the frequency of the
kth cavity mode, and w,,, are the mechanical oscillator mode frequency while by (b].)
are the annihilation (creation) operators of the £th mechanical modes. Moreover, the
interaction Hamiltonian of the two cavity modes explicitly with two mechanical modes

is expressed as/Aspelmeyer et al. [2014]; Sete and Eleuch [2015]

2
s =3 Go,afan (B +bi) | (3.7)
k=1
where Gy, = (wi/Li)\/A/(mrwnm,) (k = 1,2) denotes the optomechanical coupling
strength between the mechanical and cavity modes. With L;, and m, being the initial
lengths and effective masses of the movable mirrors, respectively.
On the basis of Egs. (3.1)-(3.7), the total Hamiltonian in the interaction of a three-

level cascade atom, whose top and bottom levels are initially prepared in an arbitrary
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coherent superposition and also coupled by external coherent laser, with two-mode cav-
ity radiation, and the interaction of the two cavity modes with two-modes of vibrating
mirrors in a doubly resonant cavity where the cavity is driven by a strong bichromatic

laser can be described as

2

A=Y wlr)(r|+ Y wnala+ig (Ja)blar — al|o)(al) +igs (|b)(claz — able) 0]

r=a,b,c k=1

[

+ Z% (e_iwpt‘a> <C‘ — eint|c> <a’) +1 Z (616&;26_%@” . EZCALkeikat)
k=1

2
+3 [wmké,ti)k + Go,aLax (b + ék)} . (3.8)
k=1
Considering the fact that |a)(a| + |b)(b] + |c){c| = 1 and employing Egs. and

the free Hamiltonian for the atom and cavity modes by omitting the constant /w, can

be written as
Hyp = (wa — we)la)(a] 4 (wy — we)| DY (b] 4+ wialay + wodbas. (3.9)
In view of (3.9), the total Hamiltonian, H, in Eq. can be rearranged as
H = Hy+ Hy, (3.10)

with
Hy =(Q + Qo) |a)(a] + Qu[b) (0] + Qalar + Qoalas, (3.11)

Hy =(& + &)la)(a] + &b)(b] + dwialay + dwsalas + igy <|a)<b|&1 —alb) (a|>

+ige (1B {claz — a3|e) (bl) + 5 (7" |a) (c] — ¢**'|e){al)

2 2
iy (ek ol et et dkewt> +3° [wmkéLi)k + Go, al a (bl + Bk)] . (3.12)
k=1

k=1

where & = we, — 1, Wap = we — wh, Ea = Whe — o, Whe = Wp — W, §j = w; — dw;. Note
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also that €2; is the shifted cavity frequency and éw; = Gy, @ + 5j> is the frequency shift
due to radiation pressure.
Taking into account of Eq. (3.9), Eq. (3.11) can be rewritten as

Hy = Hy, — (& + &) |a)(a] — &bY (D] — dwnalan — dwnabas, (3.13)

and hence the interaction Hamiltonian can be derived in the rotating wave approxima-

tion i.e. (using a unitary transformation) as

A~

Hy = et fye=iflot — frof o frim, (3.14)

with
Y = (6 + &) lad{al + &10) 0]+ % (lael — le)al) + gy (la)blas — al[8) (ol

+igs <|b><c|&2 - a;|c><b|) , (3.15)

2
g =" [5wka;ak + i (exaf €™ — erane ™) + wp, bLby + Go, afa (B, + bk)] , (3.16)
k=1
where, 0; = Q; — wr;, d, = w; — wr,, and the assumed two-photon resonance condition
wp = 1 + Q. In Eq. (3.15), we represent all the terms that involve the atomic operators
by A¢/ that will be used to derive the master equation for the laser system, and the rest

of the terms by H/™. As a result, it will be preferable to obtain the master equation for

the cavity modes only by tracing out the atomic states.

3.2.2 Master equation

The master equation corresponding to the Hamiltonian in (3.15) can be obtained by
applying the standard approach introduced to study a two-mode three-level laser Tesfa
[2021]; Kassahun/[2016]. Also, the baths that the mechanical oscillators coupled with
are considered to be Markovian with a high-Q factor/Aspelmeyer et al. [2014]; Agarwal

[2012]. With these considerations, the master equation for the cavity modes coupled to
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the squeezed vacuum reservoir and the two mechanical oscillator modes coupled to

their respective thermal environments can be determined as follows.
3.2.2.1 Master Equation for the two - mode laser

Considering that the three-level atoms injected into the cavity are initially in the state
|1 4(0)) which is a coherent superposition of the upper and the lower atomic energy

levels

[94(0)) = Ca(0)]a) + Ce(0)]c), (3.17)

where C,(0) = (a|4(0)) and C.(0) = (c|t)4(0)) are probability amplitudes for the atom
to be initially in the upper and lower levels, respectively.

The corresponding initial density operator of the atom can be written as;

pa(0) = pila)(al + pila) (el + p%le) (al + pi2le) (el (3.18)

where p0) = |CL(0)]%, P = |C.(0)|* are respectively the probabilities for the atom to
be initially in the upper and the lower levels, and P = C,(0)C%(0) with its conjugate
represents the two-photon atomic coherence at the initial time. We also note that
(0)|2 (0)

Ip = Paa pcc It proves to be convenient to introduce a parameter : that describes the

initial preparation of a three-level atom as

1 —
PO = TL (3.19)

where ( represents the difference between the probabilities of the atom to be at the
lower and upper energy levels.
Employing the fact that

PO 4 O (3.20)

cc

together with the probabilities for the atom to be initially in the upper and the lower
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levels, one can easily obtain

1
0= (3.21)
and
1
19| = 5\/ — 2, (3.22)

Now, upon setting p{ = |p'?|e* and considering Egs. l) - l) Eq. ti can be

putin the form

pa(0) = (o h)lay{al + SVT—2e¥la) (e + VT~ 2o e al + (D)) el (3:23)

Considering the case in which the pumped three-level atoms in a cascade configura-
tion and initially prepared in a coherent superposition of the top and bottom levels are
injected into a cavity at constant rate r, and removed after sometime 7, which is long
enough for the atoms to spontaneously decay to levels other than the middle or the
bottom level, we derive the master equation for the cavity fields using the Hamiltonian
in Eq. and employing the procedure outlined in Ref. Scully.

Suppose that p4r(t, ;) is the density operator for single atom injected into the cavity
plus the cavity mode at time ¢;, in which (¢ — 7) < ¢; < t. The density operator for an
ensemble of atoms in the cavity plus the two-mode cavity field at time ¢ can then be

written as

par(t) =14 > par(t,t;)At;, (3.24)
J

where r,At; represents the number of atoms injected into cavity in a small time interval
At;. Assuming that the atoms are continuously injected into the cavity and taking the
limit that A¢; — 0, the summation over j can be converted into integration with respect
to t":

t
par(t) =74 / par(t,t)dt . (3.25)
t—7
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Differentiating Eq. (3.25) with respect to ¢ and taking into account the Leibnitz’ rule

d [*@ dv(x) du(z) @ 9
. / /: . . /d / .26
i e = se S e D [ s, @20
we obtain
d . . o N
—par(t) = 1rolpar(t,t) — par(t,t — 1) + ra —par(t,t)dt". (3.27)

dt T

We remark that p4r(¢, t) is the density operator for an atom plus the cavity modes at a
time when the atom is injected into the cavity, while p 4z (¢,t — 7) represents the density
operator for an atom when the atom is removed from the cavity. Assuming that atomic
and radiation variables are uncorrelated at the instant the atom is injected into the

cavity, the density operator for each atom-field pair can be written as

par(t,t) = pa(0)p(t), (3.28)

with

pa(0) = pa(t), (3.29)
where /(t) is density operator for the cavity modes alone and p4(0) is the initial density
operator for each atom.

We also assume that the states of atomic and cavity modes are uncorrelated just

after the atom is removed from the cavity, which leads us to write

par(t,t —7) = pa(t —7)p(t), (3.30)

where p4(t — 7) is the density operator at time ¢ for an atom injected at¢ — 7.

In view of Egs. (3.28) and (3.30), Eq. (3.27) can also be written as

d . . A . PO
EpAR(t) =14[pa(0) — palt —7)]p(t) + ra/ apAR(t,t )dt'. (3.31)
t—1
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Besides, the density operator p4z(t,t') evolves in time according to

8 N / T Fra A~ /
Pt t) = —i[HY par(t,t). (3.32)

With the aid of Egs. and (3.32), Eq. (3.31) takes the form

%m@) = 74 [pa(0) = palt — )] p(t) — i[H}7, par(D)]. (3.33)

Tracing over the atomic variables and using the fact that

TTA(ﬁA(O)) :T'I’A<ﬁ,4<t—7')) = 1, (334)
Eq. takes the form
d . : fraf A
Ep(t) = —iTralH}, par(t)]. (3.35)

Employing Egs. (3.15) and (3.35), and performing trace operation, the time evolution
of the reduced density operator for radiation modes in atom-field interaction is found

to be

d . o o o o o o o o
2P = (@10 — Prats — @l pap + pastcl) + g2 (G2pes — Pevivs — Abppe + poeiy),  (3.36)

in which the matrix element p,,,,, is defined by
pram = (mlpasln), (3.37)

withm,n=a, b, c.
The next step in the derivation of master equation is to obtain the conditioned
density operators, p., = (a|par|b) and pp. = (b|par|c), and their complex conjugates that

appear in Eq. (3.36). To this end, we return to Eq. (3.33) and solve for these elements.
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Now multiplying Eq. on the left by (m| and on the right by |n), we see that

d

JpPmn = [ra{mlpa(0)|n) —ra{mlpa(t — 7)ln)] p(t) — il(m| H7! par(t)n)]

+i[(m|par () H{ 10)] = Yoo Prmn- (3.38)

Assuming that the atom decays to energy levels other than the three lasing levels
when it leaves the cavity, i.e.

(mlpa(t —7)[n) =0, (3.39)

and employing Eq. (3.37) into (3.33), we obtain

d . ~(0) . S af - . . ~a .
S bun(t) =raphp(6) = il A pan(Olm)] + il(m|pan() HF 0)] = Yy, (340

We included the last term to account for the spontaneous emission and dephasing
processes. The v, = v, are the atomic spontaneous emission rates, and ~,,,,(m # n)
are the dephasing rates.

With the aid of Eq. (3.40) and taking into account of Egs. (3.15) and (3.23) one readily

obtains
d . . A A A A A Aot Xoa
T Pa = —(Yab + 7&1) Pab — 91 (Paalin — G1Pw) + G2Paclly + 5 Pens (3.41)
d . o A A o X .
i (Voe + 1€2) Poe — g2 (P — G2pec) — 916} Pac — 5 Pba; (3.42)
d N Tq N A A A At X N ~ A
Paa = 5(1 —1)p(t) + g1(a1ppa + Papl) + §(pca + Pac) — YaPaa (3.43)
d ~ Ta A~ AT A A A X A~ ~ A~
apcc = 5(1 + L)p(t) - 92(a2pbc + pcba2) - E(pca + pae) — YePec, (3.44)
d . s N A A st A
P = —91(@] Pab + Pral1) + G2(G2Pch + PrcGs) — VoPbbs (3.45)
d . Ty i0 ) N . o R R
%pac = ? \% 11— L2€ 9p<t> - (fYac + 7’(51 + 52)) Pac + 9141 Pbe — G2Pabl2 + %(pcc - paa)a (346)

Confining ourselves to linear analysis which amounts to keeping terms only up to the

second order in the coupling strength, ¢;, in the master equation that can be achieved
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by dropping the g;, (j = 1, 2) terms in Egs. (3.43) - (3.46). It then follows that

d Ty . X, . R
— g = —(1 — t = — A4
dtpaa 5 ( L)p(t) + 9 (Pea + Pac) — YaPaa> (3.47)
Ly B4 0)p(t) = X (fea + Pac) — Ve (3.48)
cc = 2 - 5 Wea ac) — "JeFPces .
dtp 9 P 9 P P YeP
4 = D (3.49)
dtpbb = —VvPbb, .
d . Ta 5 06 A . A X/ A
dt/)ac = 5 v1—12e p(t) - (’Vac + 2(51 + £2>) Pac + E(pcc - paa)a (3.50)

where v;(j = a,b,c) are the jth atomic level spontaneous decay rates, v, is the two-

photon dephasing rate, and ~,, and ~,. are the dephasing rates for single-photon “co-

herences” for p,, and p,., respectively.

We next apply the good-cavity limit approximation, where the cavity damping rates

r; are much smaller than the spontaneous emission rates v;, x; < ;. We also assume

that x; < r,. In this limit, the cavity modes vary more slowly than the atomic states, and

thus the atomic states reach steady state in a short time. The time derivatives of such

states can be set to zero while keeping the cavity - mode states time dependent, which

is frequently called the large time adiabatic approximation scheme.

Setting the time derivatives in Egs. (3.47) - (3.51) approximately to zero, we obtain

Pac =

co_ral=g) . x
aa — ca ac) s 3.51
p > p+2%(p + Pac) (3.51)
o+l ox
cc — - 5. Wca ac)s 3.52
p 27 P g (Peat uc) (3.52)
roV'1 —2e . X
B P + X (pcc - paa); (353)
2(7ac+z(§1 +§2)) 2(’7@0“_2(61 +€2))
pey = 0. (3.54)
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With the aid of Eq. along with its complex conjugate, we easily find

~ ~ TaV 1— L2 . N ac ~ ~
Pca + Pac = (’YGCCOSH + (51 + 52)51110) 1% + 2 >(<g/1 + 52)2 (pcc - paa)- (355)

fygc + (51 + §2>2 Yac +
On account of Eq. (3.55), Egs. (3.51) and (3.52) can also take the forms

o 1al(1—0) (e + (& + &)%) + VT — 2 (Yaccost + (& + &)sind) | p + %Cpcc
Paa X*Vae + 27 (Vo + (&1 + &)%)

(3.56)

Ta [(1 + L) (72c + (61 + 52) ) XV 1—2 (7aCCOSQ + (61 + 62)Sln9) :|p + X P)/acpaa

ﬁcc =
X*Yae + 27 (Vae + (61 + 62)?)
(3.57)
Substitution of (3.56) and (3.57) interchangeably results in
A Taf
= T .
Paa D, o (3.58)
N Taf
cc — cha 3.59
p Dy (3.59)
where
1
Tua = 5 [(1 = 07eD1 + X900 + X7V T = 2Ds) (3.60)
1
Too = 5 |(1+ 07Ds + X7 = x7aVT = 2Ds) (3.61)
with
Dy =+ (&1 +&)°, (3.62)
Ya Ve

DQ = X27ac% + Ya Ve (,-)/26 + (51 + 62)2) ) (3-63)
(3.64)

D3 = 74cc080 + (&1 + &)sinb.

Employing Egs. (3.58) - (3.61) into Eq. (3.53) yields
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pae = LT, (3.65)

Dy
where
1 Vv 1- L2D Ao (ch - Taa) + 1 1% 1 - LQD4 (51 ki £2> ( cc T Taa) )
2 D, 2 D,
(3.66)
D4 = f)/acsinﬁ — (61 + 52)COSQ. (367)

Making use of Egs. (3.41), (3.42), (3.54) and applying the large time approximation

scheme, we see that

g1

S+ iE Pebs (3.68)

R A A 2 oAt X
Pab = — Paall + ——= Pacl + —
Yab + Zfl 2 Yab + Zgl

N g .. g1 At A X N
C - —a cc —a ac — T . . a * (3'69)

P Ve + 252 2 Ve + ZSQ 1P Ve + 152 P
Substitution of the complex conjugate of one into the other of (3.68) and (3.69),
and on account of the resulting equations along with Egs. (3.58), (3.59), (3.65) and its

complex conjugate, we obtain

~ giTq . Taa X T* ~ goTq . T X ch A T
ab = T c c 3.70
o= =252 (e i) 2 = 5722 ) o+ 222 (o = i) T2 4 352 ) il @70

N gaTg ch T* ~ 917’a T X Taa AT A
.= ab — 161) = — & - ab — = , (371
Po F ((7 b 51) D, 9 Dl) azp f ((7 b Zfl) D, 2 D, ap ( )

in which

4
F= XZ + (Yab + 561) (e — 15). (3.72)

Multiplying Egs. and by ¢, and g, respectively, we obtain

91pap = Q11 Pl + 2P, (3.73)
Gafbe = Qaalinp + g1l p, (3.74)
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where

2 ) Taa x 1.
Q= _9} <(%c —i&) D~ 5 D1> (3.75)
919274 L X Tee
= 3.76
(e3P T (( 252) 2 DQ) ( )
2 *
95T T, X T
— b — 3.77
Q92 T ((7 b Zfl)Dz 5 Dl) ( )
Tq . Tac Taa
0521 — _91? <<f)/ab — Zé-l) Dl — % D2) . (3.78)

On account of Egs. (3.73) and (3.74) along with their complex conjugates, the equation
of evolution of the density operator for the cavity interacted with the atom, Eq. (3.36)

turns out to be

+ agi (@} pab — alalp) + g (apan — paras). (3.79)

Note that the terms proportional to Re(«y;) give rise to gain for the first cavity mode,
while Im(a4;) yields a frequency shift; whereas the terms proportional to Re(aa;) result
in loss of the second cavity mode but Im(«s,) produces a frequency shift. Also, the terms

proportional to a1, and «as; represent the correlation between the two cavity modes.
3.2.2.2 Interaction between cavity modes and squeezed vacuum reservoir

To include the effect of two-mode squeezed vacuum reservoir coupled to two-mode
cavity radiation via the lossy and stationary port mirror M3, on the master equation, the

Hamiltonian owing to this interaction can be described by

H = Hg + Hgp, (3.80)
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where Hy is the Hamiltonian of the system describing the interaction in the cavity and
Hgp, represents the Hamiltonian that describes the interaction between the cavity and
the reservoir modes.

Let psr be the density operator for the system plus the reservoir in the interaction
picture . We can then write the time evolution of this operator as

dpsr(t)
dt

= —i[Hs(t) + Hsr(t), Pgp.(3.81)

So as to obtain the time evolution of the system alone, which we are interested in,
we trace psg(t) over the reservoir variables, hence the density operator for the system
resulting from the coupling becomes p(t) = Trr(psr(t)). In view of this, Eq. takes
the form

dp(t e . . A A
W) _i1815(), (1)) — Tral Asn(t), psn(t)]. (3.82)
The formal solution to Eq. can be written as

~

t
psr(t) = psr(0) — i / [Hs(t’)+HSR(t’),ﬁSR(t’) dt'. (3.83)
0

To proceed further, we assume that there is a weak interaction between the cavity
mode and reservoir (as the reservoir which is so large compared to the system is not
substantially affected by the interaction). So that applying the Born approximation, we
can write the valid relation

psr(t’) = p(t")R, (3.84)

where R is the density operator for the reservoir assumed to be constant in time. With

the aid of Eq. (3.84), we rewrite Eq. (3.83) as
A t A A A
ﬁs}:g(t) = ﬁ(O>R — Z/ [Hs(t/) + Hs}{(lf’), ﬁ(t/)R dt’. (3.85)
0

Substituting (3.85) into (3.82), we obtain the time evolution of the reduced density
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operator for the cavity radiation coupled to a reservoir as

%t) — [ﬁs(t), ﬁ(t)} — [<HSR(t)>R,ﬁ(O)}

~ [ [tttsutonm tiste), ]

t
_ / Trp [HSR(t), [Hsn(t'), p(t’)R]} dt’, (3.86)
0

Consider a two-mode squeezed vacuum reservoir interacting with two cavity modes;

this interaction can be described in the interaction picture by the Hamiltonian

I{[SR(t) =1 Z )\l(diélei(wl—wz)t o &lélfe—i(wl—wl)t)
!

+i > M@ Dyt — gy Dl e men)t), (3.87)

in which a; and a, are annihilation operators for the cavity modes with frequencies w;
and w,, while C; and D,, are annihilation operators for the reservoir sub-modes having
frequencies w; and w,, and )\, and ), are the coupling constants between the cavity
modes and the reservoir modes.

One can also see that the two-mode squeezed vacuum reservoir operators satisfy

the following properties:

(Cyr = (Dn)r =0, (3.89)

(CICu)r = (D{Du)r = No, (3.89)
(CiCNY R = (DD g = (N + 1)y, (3.90)
(CiCY R = (CICHY R =0, (3.91)

(DD g = (D] D}) g =0, (3.92)

(CiD) i = M8y3m0—n: (CIDIY g = M*6)200-n, (3.93)
(CiD})r = (CIDy)r = 0, (3.94)



where N and M characterize the two-mode squeezed vacuum, such that the correlation
between the reservoir modes is described by |M]? < N(N + 1), and N represents the
mean photon number of each squeezed vacuum reservoir. The equality |M|? = N(N+1)
holds for minimum uncertainty squeezed states, which is the case considered in this
dissertation.

On account of Eq. ll we easily see that <I§T SR(t))r=0» and therefore
(Hsr(t))r, p(0)] = [(Hsr(t))r, [H({), p(")]] = 0.
In view of these results, Eq. (3.86) reduces to

2 — _[Hg(t), p(t)] — /0 Trr(Hsr(t)Hsr(t')R)p(t')dt' — /O P Trr(RHsr(t") Hsr(t))dt

t t
+ / Trr(Hsr(t)p(t' ) RHgp(t'))dt' + / Trr(Hsr(t)Rp(t ) Hgr(t'))dt'. (3.95)
0

0

By employing the Hamiltonian in Eq. (3.87), and properties in Egs. (3.89) - (3.94), we

readily obtain

T?”R <FA£[:[SR(15)}A[SR(7§/)> = [plleCALJ{ + pgdldl + p3&2d£ + p4d$&2

+ psajab + pedna + prajal + psasdi ], (3.96)
where
pi= N Y K @97
l
pr=(N+1) Y Neilwr—ent=t), (3.98)
l
ps=NY  Aeilwrmen)t=t), (3.99)
pa=(N+1))  Aeilemen=t), (3.100)
D5 = M Z )\n)\2nainei(w1fwl)t’Jri(waana_n)t, (3.101)
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pg = —M* Z )\l)\gla,lefi(wl7‘“’)’&/71'(“’27"’21“*1)1‘/, (3.102)
l
pr= =M Mgy, _pe'2men)t iz )l (3.103)

P = —M*D " Ny, e @2l ot (3.104)
l

Assuming that the frequencies of the reservoir modes (w;’s) are closely spaced, the
summation over / can be changed to integration over frequency (w). In view of this fact,

one can write

Z )\?eii(wl 7wl)(t7t/) = / g<w))\2 (w)eii(wl 7w)(t7t/)dw7 (3‘105)
! 0

where ¢(w) is the density of the modes for which the frequency lies between w and

w + dw. On the other hand, assuming that w varies very little around w,, we can replace

g(w) by g(w;) and A\*(w) by \?(w, ), and extend the lower limit of the integration to —oc.

Consequently, we have

Z )\lzeii(wl_w’)(t_t/) = g(w1) A (w) /00 eF@1=) (=) gy (3.106)
; —o0
Upon setting w’ = w — w;, we notice that
Z /\?eﬂ(wr“’”(t*t/) = g(w1)A*(wy) /OO e T =) gy (3.107)
; —o0
It then follows that,
D Afetmet=) = g5t — 1), (3.108)
I

in which k; = 27g(w;)\?(w,) is defined to be the damping constant for cavity mode a,
with g(w; ) being the density operator for the reservoir modes which is assumed to be at

resonance with the cavity mode a;. In line with this, one can readily obtain,

D Azetileamen) () = o5t — 1), (3.109)

n
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where ks = 27g(w2)\?(w-) is defined to be the damping constant for cavity mode a,
with ¢g(w-) being the density operator for the reservoir modes which is assumed to be at
resonance with the cavity mode as,.

Following similar procedures, it is possible to obtain

Z >\n>\na1+na2 7nei(w1*wl)t’+i(W2*aJnal+na2_n)t — /_/‘igl‘flé(t o t/), (3'110)
Z /\l)‘la1+la2 _leii(wliwl)tlii(u&iwl“lHa?*l)t = \mmgé(t — t/). (3111)
l

With the aid of Egs. (3.108) - (3.111), one can put Egs. (3.97) - (3.104) in the form

1= Nr1d(t —t), (3.112)

po = (N + )r0(t — 1), (3.113)

ps = Nrod(t — ), (3.114)

ps= (N + Drad(t —t'), (3.115)

ps = pr = —M\/rak16(t — t'), (3.116)
ps =ps = =M \/r1k20(t —t'). (3.117)

By applying Eqgs. (3.112) - (3.117), Eq. takes the form

~

TTR(EﬁSR(t)HSR(t/>) = [HlNéldI + /‘il(N + 1)&1&1 + KJQN&ng + K2<N + 1)d£d2

— Vrar M (alad + abal) /Rika M (a1s + G2a1)]0(t — 1),
(3.118)

Employing the Markov’s approximation, (') = p(t), Gerry and Knight/[2005] together
with Eq. (3.118), we can express the term on the second line of Eq. (3.95) as

47



2
K ant oA KoK FUCIN ot
+ o (N + Dpasas — Y= M (pifal + pajal)
V R1R2

(3.119)
We also see that

With the help of the Hamiltonian in Eq. (3.87) and the cyclic property of the trace
operation, we readily get

Trg (ﬁSR(t)ﬁ(t/)RﬁSR(t)> =pranp(t')a] + padl p(t')ar + psiap(t')al + paabp(t)a
+ psal p(t")ab + peai p(t)as + pradp(t')al + psaop(t)an

(3.121)

Considering the Markov’s approximation and Egs. (3.112)- (3.117), we find

/0 Tra (Fsn(t)(t) REsw (1))

dt’ :% [(N +1)apal + Nal =
Vv R1R2 At An At An
-y [M(a;pai + aipag) + M

(3.122)
It can also be established in a similar way that

¢ . RSP K o o K ot ot
/ Trr(Hsr(t)Rp(t')Hsr(t))dt! 21 [(N + Dagpal + Na{pal} + ?2 [(N + Dagpal + agpag]
0
azpay + dlﬁfm)] :

(3.123)
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Substitution of Egs. (3.119), (3.120), (3.122) and (3.123) into Eq. (3.95), results in the

master equation as a result of the coupling between the two-modes of a doubly resonant

cavity to the two-mode squeezed vacuum reservoir

% = —ilHs(0). p(0)] + kl(N; i (2(11;3&{ — djanp — ﬁfﬂdl) % (2@%&1 — wmalp - ,6&1&1)
kz(]\; +1) 2hapitly — alainp — ﬁdgag) + % 24} s — Goalp — /3&2&§>
+ @M (2alpal + 2a}pal — alalp — alalp — palal — palal)
+ @M* (2d1ﬁ&2 + 209001 — A109p — G201 — Pa1ay — ,aazgh), (3.124)

3.2.2.3 Master Equation for damped mechanical oscillator

The quantum mechanical description of a mechanical oscillator taken to be part of
an optomechanical device cannot be considered as a Brownian particle, but rather as
a mesoscopic mechanical system, such as a movable mirror mounted on a vibrating
structure Dirac|[1927]. With this consideration, we seek to present a quantum descrip-
tion of master equation for two modes of the mechanical oscillators coupled to two
separate thermal baths with all the natural physical requirement. Having a unique
equilibrium state the structure of the mechanical oscillator is further determined by
suitable symmetry requirements and by physical constraints on the behavior of the
mean values of position and momentum. Since the focus is on quantum effects, the
theoretical models must be fully consistent with quantum mechanics. Actually the
correct quantum description of a mesoscopic mechanical oscillator and of the dissi-
pative effects (thermal noises) due to the interaction with vibrational modes is not a
trivial task, and there is not a unique accepted model for them Lindblad [1976]; Leggett
[1984)2]; Vacchinil [2002].

It is noted that the quantum master equation often used for open quantum sys-
tems that relies on the Born-Markov approximation is valid for weak coupling. Within

the context of the model studied here, the weak coupling condition is equivalent to
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the situation where the damping rate is much smaller than the (renormalized) oscilla-
tion frequency. Therefore, the quantum master equation in the interaction picture is

obtained as, wherein the full density matrix p,(¢) obeys

d’}é;” — Zi[H (1), pr(D)], (3.125)

with H; = Hg p(t) and Hgp is given by considering a system oscillator of effective mass
m coupled to a bath of oscillators of effective mass M. The total Hamiltonian of a

harmonically oscillating mirror can be described as

H=Hs+ Hg + Hgp, (3.126)
where
fo— P M (3.127)
S om 2 7> '
X P2 Muw? .
He — E: Zk k()2 3.128

describing the Hamiltonian of quantum harmonically oscillating mirror and the Hamil-
tonian of a bath of harmonic oscillators to be taken in thermal equilibrium at tempera-

ture 7'. For unity masses (m = M = 1) the system-bath coupling is taken to be

Hgp = —q Z CiQr, (3.129)
k
and the equations of motion are
q+wnd =Y Clx, (3.130)
k
Qk + wiQr = Cid(1). (3.131)

We will solve the dynamics as an initial condition problem, setting up initial conditions

at time ¢t = 0. This allows us to understand the transient evolution of correlation
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functions and the approach to an asymptotic stationary state.
We proceed by solving Eq. (3.131), the equations of motion for the bath variables,

and inserting the solution into the equations of motion for the system coordinate,

namely
t oo o
Ox(t) = 00t) + C, / Mq(ﬁdt’, (3.132)
0 k
where
a0 g i)
Wi

is the operator solution of the homogeneous equation in terms of independent annihi-
lation () and creation (7) bath operators. A thermal bath which is assumed to be in
thermal equilibrium at temperature 7 is found to take statistical average over the bath
variables as

() = ({il7) = (e%aF —1) (3.134)
We note that our doubly resonant optomechanical system contains one fixed, heavy
port mirror M3 and two movable, totally reflecting as well as light-weight mirrors, M;
and M. Here, the movable mirrors are modeled as a quantum harmonic oscillator with
effective mass m, angular frequency w,,; (typically in the micro or nanogram range) and
momentum decay rate v,,, for j = 1,2 as shown in Fig. . Optomechanical coupling
between the oscillating-mirror modes and the cavity fields is realized by the radiation
pressure. The system is driven by external lasers at frequencies w;; and two-mode cavity
radiations are generated due to CEL, then the circulating photons in the doubly resonant
cavity of lengths L, bounce off the movable mirrors and exert radiation pressure forces
on the surfaces of the movable mirrors, proportional to the instantaneous photon
number in the cavity, due to momentum transfer from the intracavity photons to
the movable mirrors. The motion of the movable mirrors induced by the radiation
pressure changes the cavity’s length, and alters the intensity of the cavity field, which
in turn modifies the radiation pressure force itself. It is noted that the interaction of

the cavity field with the movable mirrors through the radiation pressure is a nonlinear
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effect. In addition, the damping effects of the modes of movable mirrors are considered
by coupling them with thermal bath environments at equilibrium with respective
temperatures 77 and 7;|Huang and Agarwal| [2009].

As pointed out by Dirac, vibrational modes (phonon states) of a single mode me-
chanical oscillator are mathematically identical to photon states of a single mode of an
electric field Dirac [1927]. However, there are several key differences between quantum
optical and mechanical system; the most important being the fact that mechanical
systems are massive, while photons are mass less. Moreover, assuming that the me-
chanical oscillator modes are in adiabatic regime, w,,; < w; for (j = 1,2), Law| [1995]
the generated photons behaviour are found to show neglection of; the retardation effect
Aguirregabiria and Bel [1987], the photon creation in the cavity with moving boundaries
due to the Casimir effect|Calucci [1992], the Doppler effect Karrai et al.|[2008], thus the
radiation pressure force does not depend on the velocity of the movable mirrors.

As the investigation of various nonclassical correlations of mechanical modes re-
sulted from the induced coherence of two-mode cavity radiation that can be transferred
to the movable mirrors are sought for, we consider the dynamics of the field modes
in the Markovian regime under which «; > Ym; [SEtE and Eleuch [2015];|Pinard et al.
[2005] that is the case for mirrors with a high mechanical @-factor and weak effective
optomechanical coupling. Now, if ® is the transmissivity of the partially transmitting
fixed mirror and F' is the cavity finesse then the photon decay rate due to the partial

transmission of the fixed mirror is defined as|Svelto and Svelto| [1998]

 F\1/4
I k)

2FL’ 1—(1— )2 (5:155)

Previous work|Leggett| [1984] has shown that while using careful approximations a
positive Markovian dynamics can be obtained in this framework but the final results are
valid only from medium to high temperatures of the thermal bath. In the construction

of models of optomechanical systems in the quantum regime at low temperatures
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other than the medium and high temperatures, we consider the reduced dynamics of
a massive open-micro mechanical oscillator. In this context, the Markovian master
equation for the harmonic oscillator can be derived from effective environmental
models of bosonic oscillators using a standard approach is usually considered Caldeira
and Leggett| [1983]; |Ford et al.|[1988]; Xiong et al. [2010]; Zhang et al. [2012]; Yang et al.
[2013].

On the other hand, the requirement that the equilibrium state should be the canon-
ical thermal state determined by the standard Hamiltonian of a harmonic oscillator
is known to be incompatible with positivity and translational invariance Lindblad
[1976]. This incompatibility induced some authors to rebut to translational invariance
Sandulescu and Scutarul [1987] or to accept non-positive dynamical equations and
to give more relevance to obtaining time evolutions very close to the classical ones
Caldeira and Leggett| [1983]. A non-positive dynamics can be satisfactory when the
system is near the classical regime, but this approach becomes questionable when
quantum effects are searched for|Giovannetti and Vitali [2001]; Jacobs et al. [1999]. The
positivity and translational invariance can be maintained by weakening the requests
on the equilibrium state i.e. a weak formulation of energy equipartition at equilibrium.
The result is therefore to single out from the many proposals appearing in the literature
a unique consistent dynamics in the Markov approximation. With our formulated as-
sumptions that the quantum mechanically oscillating mirrors in the existence of a well
defined positive Markovian dynamics, under damped (not overdamped) oscillations
and translationally invariant apart from the harmonic potential, a weak equipartition
condition and the existence of a unique stationary state in Gibbs form can essentially fix
the structure of the reduced dynamics |Barchielli and Vacchini|[2015]. For two quantum
harmonically oscillating mirrors being coupled to their respective thermal environ-

ments at equilibrium can thus be written as
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dm T A my 2 A7 217 A ATTT my 21 A7 20t A PO
4Pm _ _ [Hon, p] + ’YT(nl +1) <2b1pbi —blbyp — pbilh) + 77”1 (251,051 —byblp - Pb1bi>

+ 7;12 (712 + 1) (2?72/3[;; - 6562/6 - /58;32) + %W <2(A7£;31A)2 - 826;5 - ﬁibi);) )

(3.136)

where H,, = fIml + Hm describes the sum of Hamiltonian of the two quantum harmon-
ically oscillating mirrors, v,,, are damping rates of the mechanical oscillators, and n;
are the thermal phonon number at mechanical bath temperatures 7; for j = 1, 2.

On account of Egs. (3.79), and the master equation for a nonde-
generate three-level laser coupled to two-mode squeezed vacuum reservoir, and two
quantum harmonically oscillating mirrors coupled to thermal baths in equilibrium at

temperatures 7; and 75 can be written as

Jh(t) == il H1(0), p(1)] + an1 (pind] — a}pin) + ady (@nd]p — ] pan)
+ o Gppith — alanp) + aby(aapal, — pabas) + ona(pabal — afpal)

+ 03y (a162p — Gopin) + o1 (alpab — abalp) + o3, (Gapay — pasés)

S {’@(N; Y 0ayp! — alasi — ) + "2 (2L, - il pa]ab}
j=1

+ @M (2alpab + 2abpal — alabs - alalp - palal - paal )

+ @M* (2a1pas + 2G2p01 — 1G2p — G201 p — Payag — Phady)

2
+>| " (nj + 1) (283} — 81by — pblby ) + ", (2b19b; — byb1p — byl
j=1

(3.137)

in which H; is described by Eq. (3.14).

3.2.3 Quantum Langevin equations

To analyze the various nonclassical features of the two-cavity modes, the cavity-mechanical
modes and the two-mechanical modes, it is more convenient to use the quantum

Langevin approach in which the master equation is applied to determine the evolution
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of expectation values of different operators of the cavity, the mechanical and their
correlations for the atom-cavity mode and optomechanical system separately. This
procedure is justified in the regime where the atom-field coupling turns out to be much
stronger than the optomechanical coupling.

With the aid of the master equation (3.137), the field-mirror interaction Hamiltonian

(3.16), and making use of the general relation
(O) =Tr (—O) , (3.138)

together with the cyclic properties of the trace operations, and the commutation rela-

tions; the nonlinear quantum Langevin equations are found to be

i@.(t)) = (ﬁ + oy + z'awj) (@;(t)) — @l (b)) — iGo, (a; (0L + b)) + ¢;e", (3.139)

dt 2
d 7 ’ij . 7 . AT A~ .
—(b;(t) = - ( o Mmj) (b;(1)) — iGo, (alay), (j=1,2), (3.140)
d ~2 kj . ~2 - ~T
(a5 () == 2{ o + gy +idw; ) (a5(8)) — 20(a; () ay, (1))
— 2iGy, (a2(b + b;)) + 2¢;¢ " (a; (1)), (3.141)
d . VYm; A et .
ZH{B3(0) = =2 (52 + i, ) (B2(0)) — 2iGo, (bjafas), (= 1,2), (3.142)
d .. £ ata * sTaty o o it
%(alaﬁ = — (k1 + on1 + afy) (@1a1) — ofp(@az) — arz(azay) + ere (ar)
+eae® @) + kN — (an +afy), (3.143)
d ;. £\ /ata x ja A At ot % —ibat | »
E<aza2> = — (K2 + s + ay) (A3a2) — 051 (a1a2) — a21{G30;) + €3¢ (a2)
+ €262 (a}) + ko N, (3.144)
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+ elei‘slt(dI) + k(N + 1),

—(a2a}) = — (K2 + g + a3y) (@2ad) — ani(abal) — ady (a1ds)

+ 302Gy + ege®2t(ad) + (22 + a3y) + Ka(N + 1),

d . + . ) R
£<a1a2) =— (w + a1 + Qg9 + 10wy + 2(5ng) (a1a2)

- 0612<d£&2> — (91 <CAL1&J{> - iGOl <CAL16AL2(ZA)J{ + Z)l)>
- ZG02<d1€L2(8£ + Z;Q>> + (616161t< > + €26162t< >) \//fl/{QM
_ (K“j + K;k’) * AT A
) == | g+ af; + c — 0w + idwy ) (a0x)
— a;k<d,€> akj< > + ZGOJ<a g ( ; + ISJ)>

- ZG0k<(I ak(b + bk > + ( P ﬂéﬂt(a@ + Ekeiakt<d}>),

—(aial) = — (k1 + an + afy) (@a]) — a(alal) — afy(aas) + ;e ()

d e bip sy yata 3 3
it 1) = =, (B1;) — iGlo, (ala; (B — b)) +
d 7 N N S
2303050 = —Ym; (0s0}) — G, {@ja;(b; = b)) + Yom, (n; +1),
d [l m —I'_ m . T 7 . AT A 7 . At~ 7
E<b1b2> = — (’Y L 5 ma + Z(wml + wmQ)) <b1b2> - ZG01 <a1a1b2> - ZG02<CL;CL2b1>,

d ~ 3 K/ f)/mj ~ 3 ~tT 7
£<ajb]> == <EJ + 9 + Z(ij + dw;) + a]]) (a;bs) — O‘kaLbJ)
— G, [(@la;a;) + (ahi (6] + b)) | + e (by),
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(3.146)

(3.147)

(3.148)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)



d,. - K m , L a i
Ztag) = — (5] + % + i (W, + w;) + ajj) (ajbr) — oujp(afb)
— G, (a;bi(b] + b)) — iGo, (ajalax) + e;e™" (by), (3.155)

with j # k. The general equations for evolution of the cavity and mechanical modes
together with their conjugates can also be obtained by removing the bracket from
Egs. and ll and by adding appropriate noise operators FJ and f] with
vanishing mean (F}) = (f,;) = 0 as follows using the procedure in Tesfa [2021]; Walls

and Milburn| [2008]; Kassahun! [2016]

da,(t kj s . ,
“C”hf ) __ (53 + aj; + z(swj) a;(t) — ayra(t) — iGo,a; (bl + b;) + ¢, + F;,  (3.156)

~

db;(t) B (’77"1
dt 2

i, ) by () = iGo,ala; + s - (3.157)

The noise operator F; is due to the coupling of two-mode squeezed vacuum reservoir
with the cavity modes, whereas fj stands for the noise operator corresponding to a
thermal reservoir coupled to a mode of mechanical oscillator. Besides, G, @ +b,)is
considered to be the frequency shift due to radiation pressure.

It then follows that the correlation properties of the noise operators can be obtained
by using Einstein relations Scully. That is for any operators A and B and their respective

noise operators £y and F

(S pys) - (A Ry sas

d . ..
2(D;p) = E<AB

where (D ;) is the diffusion coefficient with A and B = a;, b, for j = 1, 2. With the aid of

this relation and the equations for second-order moments of the cavity mode operators

a; as in Eqs. (3.143) - (3.148), together with the relation

(Fi(6)F5(t)) = 2(D)8(t — 1), (3.159)

the non-zero correlation properties of the cavity mode noise operators are:
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(FI0)F (1)) = [sN — 2 Re(ann)]6(t — 1), (3.160)

(F((t)F](t)) = k(N +1)8(t — 1), (3.161)
(FI(1)F5(t)) = kaNo(t — 1), (3.162)

(By()FJ (1)) = [2(N + 1) + 2 Re(az2)|5(t — 1), (3.163)
(EY()Fy(t)) = —/mrraMS(t — '), (3.164)

(FIOEFJ (1)) = (afy — aby — /RiraM*)8(t — 1), (3.165)
(FBy(t)F (1)) = (12 — amy — /RakaM)8(t — 1), (3.166)
(FJ)EF] (1)) = (031 — afy — /RrRa M*)8(t — 1), (3.167)

In addition, with the aid of Egs. (3.149) - (3.155) and assuming that the mechanical

Wi,

quality factors are large (i.e. ) = > 1) Benguria and Kac [1981] the nonvanishing

'Y’m g

correlations between the mechanical modes noise operators take the forms
(FIOF()) = nys(t — 1), (3.168)

(f;0)f1t)) = (n; +1)8(t — 1), (3.169)

hom ; s .
where nj‘l = (exp( )~ 1) denotes thermal bath’s vibrational mode number, kj is the
J

Boltzmann constant, and 7} is the corresponding temperature of the jth thermal bath.

3.3 Linearization and Covariance Matrix

3.3.1 Linearization of QLE

Due to the nonlinear nature of the radiation pressure, it is not easy to get the rigorous
analytical solutions of Egs. and (3.157). To overcome this difficulty, we adopt the
linearization approach as discussed in Ref.|Walls and Milburn [2008]. In this regard, a
reasonable optomechanical interaction can be achieved when the cavity is intensely
driven by strong power lasers [Mancini and Tombesi [1994]. On the other hand, the

optimal transfer of quantum properties from the two cavity fields to the mechanical
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modes can be achieved in an adiabatic regime |Pinard et al.| [2005].
With the aid of linearization scheme, the dynamics of small fluctuations around the
steady state can be obtained by decomposing each operator into two parts, the sum of

its average operator in the steady state and a small fluctuation operator as

~

a; = (a)j,, + 065, by = (b);,, + ob;, (3.170)

where the steady state mean value of each bosonic operator is thus taken to be larger
when compared to the corresponding quantum fluctuation: |(a;)| = |a; | > |0a,]
and |(b;)| = b, > |0b;| for j = 1,2. The mean value of fluctuation operator are
(0a;) = (5b;) = 0, while the mean operator values (a) js and (b);__ are complex numbers

and can be evaluated by setting the time derivatives to zero and factorizing the averages

in Egs. (3.156) and (3.157).

In order to investigate the quantum correlations between the different bipartite

modes (two optical modes, optical-mechanical modes and two mechanical modes) in

the system, it is more convenient to transform Egs. (3.156) and (3.157) in terms of the

quadrature operators and their corresponding Hermitian input noise operators. These

dimensionless quadrature operators are introduced for the optical and mechanical

modes as:
0X; = E((m +8a;), (3.171)
~ 1
0Y; = —=(da} — da;), (3.172)
\/5 J
R 1, - .
5P = —(8b! + 6b)), (3.173)
val
5Q; = %(56} — 5b;), (3.174)
and the corresponding Hermitian input noise operators
C-in 1 ~1,in ~in
SX" = E(5% +dal), (3.175)
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oY = i((sa}vin —dalh), (3.176)

V2
5P = %(&;;in + b, (3.177)
0Q" = \/é( g™ — bim), (3.178)
with
e (t) = \/LH_JFJ (3.179)
SO () = /A - (3.180)

With the above definitions, the dynamics of fluctuations of the Langevin equations

in Egs. (3.156) and (3.157) can be expressed in a more compact form as

d
() =B S(t) +u(t), (3.181)

where S(t) is the column vector of fluctuation modes of mechanical oscillators, u(t)
being the column vector of the noise sources, and B is the corresponding 8 x 8 time-
dependent coefficient matrix, which contains information about the mean values of

the system. Here the transpose of S(¢) and u(t) are described as
S = (6%1,6%1,0%2,0Y3,0P1,6Q1, 6P, 602

u(t)” = (\/zm)ijn, V2610Y ™ \/2k00 X1 \/2@5?;25?;25@?,5@25@?) . (3.182)

while B is expressed as
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_ﬂ Fl —0512 O —2G01 _d1 O 0 O

2 a?+b?
I —%,1 0 19 2Go, a%chb% 0 0 0
—a 0 5 r 0 0 20,7 0
B= 0 a2t e —%; 0 0 2Go, 7% 0
0 0 0 0 _om iy 0 0 ’
2Gro, a%cib% 2Go, a%dle% 0 0 Wiy —7% 0 0
: : ! 0 s
0 0 2Go, 7% 2Go, 0 0 Wy — 222
(3.183)

with

H;- = Hj + QOéjj,
€1 = €], € =€,
Q11 = Qhp, Qo = Qgy, Qg = Ay, (g1 = Qg
a; = CL}< = [(Iil/Q + Oén) (Iig/2 + o@) + F1F2 - 04120431},
bl = bi = [FQ(Hl/Q —+ 0611) — Fl(lig/Q + Oé;2)],
c=c = [{ —€ (52/2 + 0432) + E20412}a1 - ETF2b1}>
d1 = dT = [{ — ET (K2/2 + Oz;2) + 620412}[)1 + ETFQCLJ,
e =c=[{—e(r/24a])) + aam }a} + eT1b7],
dy = djy = [esT1a} — { — e3(k1/2 + afy) + eram Jb7]. (3.184)
Next, the various nonclassical correlations of the two-mechanical modes can be ob-
tained with the aid of the linearized quantum Langevin equation as follows. This study
is justified in the regime where the atom-field coupling turns out to be much stronger
than the optomechanical coupling. To this end, we apply a transformed frame defined
by a; = a; exp(—id;t) and Eq. (3.170) so that the equations for both fluctuations and

c-number steady state values have a coupling between the two cavity modes (terms

proportional to a5 and aw;) that contain highly oscillating factor exp(—(d; + d2)t). One
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can still obtain solutions for (a;) in the steady state that amount to dropping the highly
oscillating terms completely i.e. applying the rotating-wave approximation, or choosing
a condition such that 6, = —§; and retaining the coupling terms. So, one can verify that

one can verify that

i) = = : 3.185
<aj> jj +Oéjj —iAj ( )
o Q. Go (@l
(O +b) = — o 0,44, J>, (3.186)
L w2,
4 m;

where A = wp, —w; — Gy, @ + b,) denote the cavity-mode detunings.
Upon introducing the slowly varying fluctuation operators éa(t) = da(t) exp(id;t) and

3b(t) = 8b(t) exp(—iwm,t) into Egs. (3.156) and (3.157), the dynamics of the linearized

quantum Langevin equations for the fluctuation modes can be written as

/

d K, . e N
+(00;) == (5 —i2;)da; - ajpdal — iGo, (a;) (6ble Otemi)t 4 5bse'Cimemi)ty 4 Fy
(3.187)
d 7 'Ym]- 7 . ~ A~ —i(8; —wm,. . ~ ~ (0 +wm, . ~
%((V)]) = — 9 (Sbj — ZGOj <CL;[>(5CLJ' e (% )t _ ZGOj <CLJ'>(50J;[» e (05 +wm; )t + \/ijfja (3.188)

with Ii; = kj + 2055, f; = f; exp (iwm,t), F; = Fj exp(—id;t), 0ai (t) = \/%Tjﬁ’j, and 513;“@) =
Im; f;. It might not be difficult to verify that the operators da; and db; satisfy the usual
boson commutation relations [da;, 5&}] = [6b;, 513;] =1

Since no rotating-wave approximation has been made in the fluctuation equations,
the coupling terms (proportional to o, and as;) induced by the two-photon coherence
are kept. For optomechanical coupling, when §; = w,,,;, the interaction describes para-
metric amplification and can be used to realize optomechanical squeezing/Aspelmeyer
et al.[[2014], whereas when ¢, = —Wm,» the interaction is relevant in inducing quantum
state transfer and cooling Aspelmeyer et al.| [2014]; Sete and Eleuch|[2015]; Pinard et al.
[2005].

In this work, since we are interested in transferring the non-zero quantum features
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of the cavity fields to the mechanical modes, we take J; = —w,,,. We also choose
wr, ~ wj + Gy, (13; +b,) so that a;; and a;;, are real. Upon carrying out the adiabatic
approximation to Eq. (3.187), we obtain coupled Langevin equations for the modes of

mechanical fluctuation operators 5@,

Ay

551 = — 7561 — Glgégg — Clﬁf + CQFQ + \/7m1f17 (3189)
: A o7 it dE ot
(Sbg = — 75[)2 — G21(5b1 + lel - d2F2 + Fszf?a (3190)

where A1 = Y, — Ayyy Ay = Yy, — My, With Ay, = 4G1Gky /K, Ny, = 4G2Gik /K
in which K = lill m; — 4ai2001 denotes the effective damping rate for the mechanical
modes induced by the radiation pressure. In the same way, G, = 4G1Gsaj,/K and
Go1 = 4G1Gyai, / K are effectively coupled between the two mechanical modes induced
by the laser system, whereas ¢, = 2G1ky/K, ¢y = 4Gty /K, di = 4G»al, /K, and

d> = 2G,k; /K in which many-photon coupling is denoted by G; = iG, (a;).

3.3.2 Steady state covariance matrix

So as to analyze the detail of the various non-zero quantum features between the me-
chanical modes, we seek to obtain the covariance matrix (CM) applying the quadrature

operators defined as

. 1 /- .

i = == (651 + 06 ) (3.191)

5T, = —— (58 — o5, (3.192)
J \/5 7 J ] .

where the corresponding Hermitian input noise operators are

- 1 /- .
SH™ — — (FT s ) , 3.193
J \/§ b] b] ( )
- i /= 3
siin — (FT_ .y ) , (3.194)
J \/5 b; bj

with Fbl = —611311]L + CQFQ + \/’Y_mlfl and FbQ = dlﬁ’l - dzﬁg + \/’y_mz.fQ
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Once the expressions for these fluctuation operators are attained, we can write a

matrix equation of the form
R(t) = A R(t) + v(t), (3.195)

~ - ~ ~\T o AL . ~ \T
where R(1) = <5H1,5L1,5H2,6L2) () = <5H;n,5L3n,5H§n,5Ll;) ,

~A ) G 0

A= 2 , (3.196)

which epitomizes the coupling between the fluctuations and vector v(¢) that contains
the noise operators of both cavity and mirrors.

We then attempt to find a stable solution for Eq. so that it attains unique
steady-state-independent initial conditions. Since the quantum noises F; and f; are
taken to be zero-mean Gaussian noises and the dynamics of §f/; and ¢ L, is linearized,
the steady-state fluctuation becomes a zero-mean Gaussian state that can be fully
characterized by the CM of the system. One may note that the system can reach a stable
steady-state condition when real parts of the eigenvalues of the drift matrix .A are all
negative. The stability condition can then be obtained by using the Routh-Hurwitz
criterion Hurwitz et al. [1964]. In this context, the steady-state CM can be found by

solving the Lyapunov equation DeJesus and Kaufman|[1987]

AV +VT A= -D, (3.197)

where the matrix A is described by Eq. (3.196) and the elements of CM, V;;, are found
o <Riss sts +stsR
2

by applying V;; =
entries is obtained by using D;;(t — ¢’

Eq. (3.197) are obtained when A; Ay > 4G12Go; with

s/ with i, j = 1, ..., 4. The diffusion matrix (D) with its

) = (vityus ¢ );”j ¢ )Ui(t)>. The stable solutions to
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Bll 0 BIS B14

0 Bn Buu —Bigs
D , (3.198)
Bis By DBsg 0

Bl4 _B13 0 B33

where By, =¢ {m(QN +1) — 20411} ey |:0412 — 91 — 2¢/Kike(M* + M)}

2 2
2N +1 2 2 1
+ 2 {“2( +2)+ 0‘22} + Yo ( ”1; ), (3.199)
/11(2]\[ -+ 1) — 20(11 (Cldg -+ C2d1) 19 — (g1 — 2«//11/12(]\4* + M)
Bz =cidy 5 + 5 5
2N +1 2 2 1
— erds {m ks 0‘22} o (20, (3.200)
2 2
By, =il = adz) {0‘21 e = 2y RaRa(M M)} , (3.201)
2 2
2 H1<2N+1)—20611 0612—0621—2\/51H2(M*+M)
ng :dl 2 - d1d2 2
2N +1 2 2 1
+ & |:’i2( +2 )+ 0422} _'_7m2( n22—}- )7 (3.202)

with ¢; and d; being expressed in Eq. (3.184).

In the next sections, the elements of a CM determined from Eq. can be
applied to study various properties of nonclassical correlations on different basis. For
instance; squeezing, entanglement using different criteria, intermodal correlations and
correlations of number of mechanical modes, quantum discord, steering, and statistical

properties of mechanical modes.
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4

Results and Discussions

4.1 Quantum Correlations via quadrature variances

In this section, quantification of quantum correlations between the fluctuations of
mechanical modes such as squeezing and entanglement together with effects of param-
eters of atom, cavity and reservoirs on these properties is investigated on the basis of

quadrature variances in relation to the electric and/or magnetic fields.

4.1.1 Quantification of squeezing via quadrature variances

The squeezing properties of the quantum fluctuation of two-mechanical modes can be

defined by

1 - 5

30, = —(0br, + b, 4.1)

5C = (551 + 6By ) 4.2)
- \/§ 1_ 2_ ) .

where 6b;, = (b +0b}), 6b,_ = (b} — by ), 6by, = (3by+0bL), and 6by_ = (bl — 6by). The
operators 0C, and JC_ are Hermitian and satisfy the commutation relation [0C., 0C_] =
21.

It might be worth noting that a two-mode Gaussian state is said to be in a squeezed
state if the variances of the quadrature fluctuation operators are A(6C,)* < 1 and

A(6C_)? > 1or A(6C_)% < 1and A(6C,)* > 1 such that A(6C)A(6C_) > 1Kassahun
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[2016]. Meanwhile, a degree of squeezing is considered in the sense that how much it is
close to the maximum. With this background, the quadrature variances of the operators

0C, and 6C_ can be expressed as

A(6CL)? = (6C2) — (6C4)°, (4.3)

With the aid of the predefined quantum fluctuation operators 6 f;, 6 L; as in Egs. (3.191)
and (3.192), and considering Eqgs. (4.1)-(4.3), we see that the variances of the quadrature

fluctuation operators at steady state take the form

A(0CY)? =(6H 6 Hy) + (OH 0 Hy) + (SHy6 H,) + (6 Hyd Hy), (4.4)
A(0C_)? =(6L,0L) + (§L10La) + (§Lad L) 4 (§Lad Lo). (4.5)

The elements of the CM from the solution of the Lyapunov equation for the
expectation values of Egs. and can be applied to obtain the variances of the
plus and minus quadratures of mechanical quantum fluctuation operators at steady
state as

A(6CL)? =[Viy + Vaz + 2V33] (4.6)

A(6C_)* = [Vag + Vg + 2Vay.],, - 4.7)

In general, it is perceived that squeezing becomes minimum when the variance of the
mechanical quadrature operator is equal to one and maximum when it is zero, and
anything in between is considered as a degree of squeezing in the sense that how much
itis close to zero.

To demonstrate the induced nonclassical behavior of modes of two harmonically
oscillating mirrors at steady state in a doubly resonant cavity when all atoms injected
into cavity are initially at the lower-energy level |¢/(0)) = |¢), we choose the values of

parameters of two mirrors, cavity parameters, atomic energy levels, and two cavity
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radiations based on recent experiments for an optomechanical system Arcizet et al.

Table 4.1: Experimental values for various parameters of our system as in Refs. Arcizet
et al.|[2006]; Verhagen et al.|[2012];|Groblacher et al.| [2009] to plot Figs. (4.1) - (4.14) in
standard case

Parameter Values and units

Atom-field coupling (¢; = ¢2) 2.0m x 2.50 MHz

Cavity damping rates k1 = 1.97 kHz,
ke = 2.59 kHz

Mechanical damping rates

(Ymy = Yimy) 21 x 60.00 Hz

Angular frequencies of

movable mirrors (w,,, = wpn,) 27 x 3.00 MHz

Masses of the mechanical

oscillators (1m; = m») 5.00 ng

Initial lengths of a L, =1.064 mm

doubly resonant cavity Ly = 0.810 mm

Frequencies of
atomic-energy levels

w, = 66.542 GHz,
wp = 43.271 GHz,
we = 25.555 GHz

Cavity-modes frequencies

wy = 23.27 GHz,
Wy = 17.71 GHz

Frequencies of a bichromatic
laser driving the cavity

wr, = 741.0m THz,
wr, = H64.0m THz

Rate of atomic injection (r,) 0.350 MHz
Atomic decay rates (y, =

= Ye = Yab = VYoe = Yac = 7) 11.50 MHz
Powers of input lasers

driving the cavity (P, = P,) 5.54 uW
Thermal baths temperatures

to movable mirrors (7} = T5) 5.80 mK
Photon number of squeezed

vacuum reservoir (N) 1

[2006]; [Verhagen et al.|[2012];|Groblacher et al.| [2009] as shown in Table

4.1.2 Quantification of entanglement via sum of quadrature variances

Quantification of entanglement in terms of the sum of quadrature variances is one of
the approaches used to verify the entanglement between two mechanical modes Duan

et al.| [2000]. In this respect, a maximally entangled CV states can be expressed as a
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co-eigenstate of a pair of EPR-like operators @ and 0, in which these quantum states are
found to be entangled provided that the sum of the variances satisfies the inequality

Tesfal [2006]
Au? 4+ Av? < 2, (4.8)

where
G =0H, +0Hy, ©=0L; — Lo, (4.9)

with [§H;,§L;/] = id;;. In the quantification of entanglement using the sum of quadra-
ture variances of EPR-like operators, the entanglement becomes minimum when the
sum of variances is respectively equal two, while it is maximum when it is zero. Anything
in between is considered as a degree of entanglement in the sense that how much it is

close to the maximum.

With the aid of Eqgs. (3.191), (3.192), (4.9), and the relation (§H;) = (5L;) = 0, we

obtain the sum of the variances of EPR-like operators at steady state as

(Au?+ A?) = ((0HSH) + (OLi0Ly) ) + (a0 ) + (SL20La) )

+ (<5H15ﬁ12> SV (GH0H,) — (0116 Ls) — <5i25E1>> . (4.10)

Upon substituting the elements of CM for the correlations on the right side of Eq. (4.10)
from the solution of Eq. (3.197), we obtain

(Au® + Av®) - = [Vig+ Voo + Vag + Vg + 2(Vaz — Vau) ]

SS

(4.11)

ss

4.1.3 Quantification of entanglement via product of quadrature vari-
ances

Another sufficient inseparability criterion to quantify the entanglement of two-mechanical
modes involves the product of variances of CV operators. In the quantification of entan-
glement using this technique, the variances of the two CV operators @ and ¢ as described

in Eq. (4.9) satisfies the inequality Mancini et al.| [2002]
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AulAv? < 1. (4.12)

In this context, the product of variances of these pairs of co-eigenstate of EPR-like
operators reduces to zero for maximally entangled continuous variable states. But the
entanglement in this case takes a value of one for minimal entanglement. Following to
the previous detection of entanglement using the sum of variances of EPR-like operators,

we employ (3.191) and Egs. (4.9) once again in Eq. (4.12) so that we obtain the product

of variances of quadrature operators as
(AuAv?) = {<5ﬁ15ﬁ1> + (0Hy6 Hy) + (S H 6 Hy) + <5ﬁ25ﬁ1>}

Up on substituting the elements of CM from the solution of Eq. (3.197), we obtain the
simplified steady state product of quadrature variances as

(AUQAUQ)SS = {(Vn + Va3 + 2‘/13) X (V22 + Vg — 2‘/24)] . (4.14)

SS

Noting that the mechanical oscillators in our system were not directly coupled
initially, the quantum behavior of the two-mode cavity radiation in CEL emitted from
cascade atoms Kiffner et al.| [2007]; Tesfa [2011] could be transferred to the quantum
harmonically oscillating mirrors due to the emerging optical radiation pressures.

In order to investigate the dependence of quadrature squeezing and entanglement
of mechanical modes (modes of quantum harmonically oscillating mirrors) on various
atomic, cavity and reservoir parameters such as amplitude of atomic pumping laser (y),
strength of atom-field coupling, rate of atomic injection, atomic decay rates, frequencies
of a bichromatic laser, initial lengths of a doubly-resonant cavity, temperature(s) of the
reservoir(s) coupled to mechanical modes, and photon numbers of squeezed vacuum
reservoir coupled to cavity modes more closely, we plot the plus quadrature variance of

fluctuation modes versus the amplitude (x) of a laser that drive the atom for squeezing;
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whereas the entanglement is plotted for the sum and product of EPR-like fluctuation-
mode operators versus y.

Making use of the generated laser, the induced coupling between two-quantum
fluctuation modes of the mechanical oscillations shows squeezing and entanglement
properties in a wide range of amplitude y of a laser that drive the atom as indicated in
Figs. (4.1)-(4.7). These quantum properties increase for smaller values of amplitude of
atomic pumping laser with the highest degree of squeezing 77.750% and entanglement
using Duan et al.| [2000]. criterion being 77.759%, appearing at around y ~ 4.11~ for the
values given in Table

Considering a well-established fact that the external radiation that pumps a three-
level atom induces atomic coherent superposition can significantly modify the absorption-
emission mechanism of atoms which is essentially responsible for a strong dependence
of the nonclassical properties of the radiation on the amplitude of the driving radi-
ation Tesfa [2011), 2008], we extend the exploration of the effect of the strength of a
bichromatic laser that drive a doubly resonant cavity with regard to their frequencies
so that in Fig. (4.1), the effect of varying the frequencies of the lasers driving the cavity
on the degree of squeezing and entanglement of the mechanical modes is found to be
investigated.

Table 4.2: Numerical values of the degree of quadrature squeezing and entanglement
from Fig.[4.1|for different values of frequencies of a bichromatic cavity driving laser.

Frequencies of a Squeezing Entanglement  Occurs
bichromatic laser (THz) (below shot-noise) (below max.) at (%)
wr, = 741.07, wy, = 564.0m 77.75% 77.759% 4.11
wr, = 741.0m, wy, = 741.0m 70.31% 70.31% 4.11
wr, = 564.07, wr, = 564.0m 54.36% 54.38% 4.11
wr, = 564.0m, wy, = 741.07 42.60% 42.45% 4.11

To this end, we first observe in this figure that the degree of induced quantum corre-
lations of the mechanical modes at steady state as quantified by quadrature variance

of the coupled fluctuation mode A(5C, )? in the case of squeezing and the sum of vari-
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Figure 4.1: Plots of (a) quadrature variance of the two-mechanical oscillator modes
A(0C,)? (Eq. (4.6)) and (b) the sum of quadrature variances of of EPR-like modes of me-
chanical oscillators (Au? + Av?) (Eq. ) against X at steady state for simultaneously
applied two-input lasers driving the cavity with frequencies of w;, = 741.0mr THz and
wr, = 564.0m THz (red solid curve), w;, = wy, = 741.0m THz (black dash-dotted curve),
wr, = wr, = 564.0m THz (blue dashed curve), and w;, = 564.0m0 THz and w;, = 741.07
THz (brown dotted curve). The other parameters are as shown in Table

ances of EPR-like operators for entanglement Au? + Av? is found to be strongest as
depicted in Table [4.2lwhen the frequency of a bichromatic laser wy,, is greater than that
ofwg, (i.e. wy, = 741.0mn THz, wr, = 564.0m THz), while the degree of squeezing is found
to be weakest when a bichromatic laser’s frequency wy, is less than wy, (i.e. wy, = 564.07
THz, wy, = 741.0m THz).

The degree of squeezing and entanglement are also enhanced but a little bit weaker
than the strongest one for simultaneous input lasers of frequency w;, = wy, = 741.0m
THz. However, better degree of squeezing and entanglement than the weakest is ob-

served when the frequencies of a bichromatic laser is w,, = wy, = 564.0m THz. This
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can be explained by the fact that the degree of squeezing and entanglement are related
directly to the effective couplings between the two-mechanical modes, G2 and G,
so that the quadrature squeezing and entanglement can be enhanced as the effective
couplings rely directly on the respective coupling terms induced by the two-photon
coherence «;; and ay;, and on the product G, G5. Here, the G; = iGy,(a;) for j = 1,2
which represents the many-photon coupling depend directly on the amplitude of a

bichromatic laser via (a;) = 2¢;/(k; + 20 — 2iA;).
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Figure 4.2: Plots of the steady-state (a) quadrature variance of the two-mechanical
oscillator modes A(3C.)? (Eq. (4.6)) and (b) the sum of quadrature variances of EPR-like
modes of mechanical oscillators (Au? + Av?) (Eq. (4.11)) against X for different atom-
field coupling strengths ¢ = g» = ¢ = 5.0m MHz (blue dashed curve), g = 4.00r MHz
(brown solid curve), ¢ = 3.00r MHz (black dotted curve), and ¢ = 0 (red dash-dotted
curve). The other parameters are as shown in Table

We notice in Fig. and Table[4.3]that the degree of induced quadrature squeezing
and entanglement of mechanical modes is enhanced with increased strength of atom-
field coupling. It can also be observed that there is a threshold coupling between the
atoms and the fields, ¢ = 8.92r MHz, above which the mechanical squeezing and

entanglement would not be manifested. On the other hand, the mechanical squeezing
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Table 4.3: Numerical value of the degree of quadrature squeezing and entanglement
from Fig.[4.2|(a) and (b) for different values of atom-field coupling strength.

Atom - field coupling Squeezing Entanglement Occurs
strength (MHz) (below shot-noise) (below max.) at (%)

g =0oT 77.75% 77.759% 4.11

g =A4m 74.34% 74.30% 4.11

g =37 71.73% 71.62 % 4.11
g=20 68.43% 68.43% [0.01, 10]

and entanglement can survive even at greater atom-field coupling strength in the case
where the power of the laser driving the cavity is increased. Markedly, appropriate
coupling between the atoms and cavity needs to be used to witness a meaningful degree

of quadrature squeezing and entanglement.

Table 4.4: Numerical value of the degree of quadrature squeezing and entanglement
from Fig.[4.3|(a) and (b) for different values of atomic injection rate.

Atomic - injection rate Squeezing Entanglement  Occurs
strength (MHz) (below shot-noise)  (below max.) at (%)
rq = 0.3 77.75% 77.759 % 4.11
rq = 0.25 75.04% 75.03 % 4.11
re = 0.15 72.36% 72.36 % 4.11
re =0 68.43% 68.43% [0.01, 10]

In order to enhance and control the degree of squeezing and entanglement of the
mechanical modes, we can also use different parameters of three-level atoms such as
atomic injection rates and atomic decay rates. It is shown in Fig. and Table
that the degrees of squeezing and entanglement of fluctuation mode of mechanical
oscillators would be enhanced with the rate at which atoms are injected into the doubly
resonant cavity due to the increase the quantum properties of cavity radiations that
can be induced on the modes of mechanical oscillations through the coupling between
cavity radiations and modes of movable mirrors. Maximum degrees of squeezing and

entanglement is obtained when the atomic injection rates is 1.113 MHz, while deeply
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Figure 4.3: Plots of the steady-state (a) quadrature variance of the two-coupled modes
of mechanical oscillators A(6C )? (Eq. ) and (b) the sum of variances of EPR-like
modes of mechanical oscillators (Au? + Av?) (Eq. ) against 2 for different rates of
atomic injection r, = 0.35 MHz (blue dashed curve), r, = 0.25 MHz (red dash-dotted
curve), r, = 0.15 MHz (black solid curve), r, = 0.0 MHz (brown dotted curve). The other
parameters are as shown in Table

weak degree of these two quantum properties are exhibited when no atoms are in-
jected (r, = 0) into the cavity. On the other hand, squeezing and entanglement of
the mechanical-modes can survive even at greater atomic injection rate than 1.113
MHz in the case where the power of the laser driving the cavity is increased. These
outcomes indicate that the effect of the rate at which the atoms are injected into the cav-

ity may provide a better control over squeezing and entanglement of mechanical modes.

To see the situation related to atomic parameters more closely, we also studied
the dependence of the degree of induced squeezing and entanglement of mechanical
modes on the atomic damping rate. As it is seen in Fig. (4.4), the degree of squeezing

and entanglement depend on the value of the rate at which atoms are decayed ~.
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Figure 4.4: Plots of the (a) sum of quadrature variances of EPR-like modes (Au? + Av?)
of mechanical oscillators (Eq. (4.11)) (b) quadrature variance of the two-coupled modes
of mechanical oscillators A(6C, )? (Eq. li against > for different atomic decay rates

(assuming that the spontaneous and stimulated emission rates are the same) v = 11.50
MHz (blue dashed curve), v = 12.50 MHz (red solid curve), and v = 13.50 MHz (black
dashed-dotted curve). The other parameters are as shown in Table

Accordingly, the degrees of squeezing and entanglement of mechanical modes show
overlapping-increase irrespective of the values of atomic decay rates until maximum
values of squeezing and entanglement are achieved. Particularly, different atomic decay
rates lead to the same mechanical modes squeezing and entanglement for y /v < 2.5.
But the degree of quadrature squeezing and entanglement decrease for larger atomic
decay rate after obtaining optimum values of squeezing and entanglement. These
results may reveal the effect of the atomic decay rates in increasing the degree of
squeezing and entanglement of coupled oscillating mirrors with regards to how rapidly
the atoms are removed from the lower-energy level.

We also explore the effect of the photon number of squeezed vacuum reservoir on

the degree of induced squeezing and entanglement of mechanical modes.
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The degree of squeezing and entanglement of mechanical modes is found to be
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Figure 4.5: Plots of the steady-state (a) quadrature variance of the two-coupled mode
mechanical oscillators A(5C,)? (Eq. (4.6)) and (b) the sum of quadrature variances
(Au? + Av?) of EPR-like modes of mechanical oscillators (Eq. ) against > for differ-
ent photon numbers of squeezed vacuum reservoirs coupled to cavity modes N = 1.00
(blue dashed curve), N = 0.75 (black solid curve), and N = 0.50 (red dash-dotted curve).
The other parameters are as shown in Table

Table 4.5: Numerical value of the degree of quadrature squeezing and entanglement
from Fig. (a) and (b) for different values of photon number of squeezed vacuum
reservoir.

Photon number of squeezed Squeezing Entanglement Occurs
vacuum reservoir (below shot-noise) (below max.) at (%)
N =1.00 77.75% 77.759 % 4.11
N =0.75 74.34% 60.55 % 4.11
N =0.50 71.73% 55.073 % 4.11

enhanced with the photon number of squeezed vacuum reservoir or for intense of
squeezed vacuum reservoir as shown in Fig. (4.5). From this point of view, it is possible

to observe that the presence of squeezed vacuum reservoir is crucial for existence of
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squeezing of mechanical modes under certain conditions since its effect looks much
better transferred to the squeezing property of mechanical oscillators. Very weak squeez-
ing is also signified in the absence of squeezed vacuum reservoir (N = 0) when the
power of lasers driving the cavity is found to be higher i.e. (554 mW) and when the
strength of atom-field coupling gets weak (1.957 MHz). In contrary, optimum degree
of induced bipartite mechanical-mode entanglement is found to be observed in the
absence of squeezed vacuum reservoir (N = 0) as the effect of noise resulting from
squeezed vacuum reservoir is neglected. This entails that the induced squeezing and
entanglement properties of the two of mechanical modes can also be controlled via the

input external squeezed vacuum reservoir coupled to cavity radiations.
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Figure 4.6: Plots of (a) quadrature variance of the two-coupled modes of mechanical
oscillators A(6C, )% (Eq. ) and (b) the sum of quadrature variances of EPR-like
modes of mechanical oscillators (Au? + Av?) (Eq. ) against £ at steady state for
different initial lengths of a doubly resonant cavity L, = 0.7448 mm and L, = 0.567 mm
(brown solid curve), L; = 0.9044 mm and L, = 0.6885 mm (black dotted curve), L; =
1.064 mm and L, = 0.810 mm (blue dashed curve), L; = 1.2236 mm and L, = 0.9315
mm (red dash-dotted curve). The other parameters are as shown in Table
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According to the plots in Fig. and the results depicted in Tabl€4.6), a decrease
in the initial lengths of a doubly resonant cavity is found to enhance the degree of
squeezing and entanglement of the mechanical modes since it leads to increase the
field-mirror coupling, which results in an increase in the effective coupling between
mechanical modes that appears in direct relation to the correlations in the CM of a
bipartite-mechanical modes. In addition, we see from Table that the degree of

Table 4.6: Numerical value of the degree of quadrature squeezing and entanglement
from Fig.[4.6](a) and (b) for different values of initial lengths of a doubly resonant cavity.

Initial lengths of a Squeezing Entanglement  Occurs
doubly resonant cavity (mm) (below shot-noise) (below max.) at (3)
Ly = 0.7448, Ly = 0.567 97.11% 71.09 % 4.11
L, =0.9044, Ly, = 0.6885 83.85% 69.90 % 4.11
Ly = 1.064, Ly = 0.810 77.75% 69.34 % 4.11
Ly = 1.2236, L, = 0.9315 74.50% 69.02% 4.11

squeezing shows significant variation for different initial lengths the cavity but the
degree of entanglement exhibits insignificant difference for these initial lengths.

We also noted that the threshold initial lengths of the cavity for optimum degree of
squeezing is L; = 0.72352 mm, L, = 0.55080 mm, but for that of maximum degree of
entanglement the corresponding initial length is L; = 0.3358 mm, L, = 0.25564 mm.
No squeezing and entanglement exists below these specific values of initial lengths for
other values given in Table This can be described by the fact that the field-mirror
couplings, Gy, and G,,, through which the transfer of quantum properties of the cavity
radiation to the mechanical modes has been carried out; depend inversely on the their
respective initial lengths of a doubly resonant cavity.

As clearly shown in figure the degree of induced quadrature squeezing and
entanglement in Duan et al. criterion of the mechanical modes is found to be enhanced
for larger temperature(s) of the reservoir(s) coupled to the mechanical modes. The
degree of squeezing and entanglement of mechanical modes is found to be maximum

at a temperature of 7.50 mK; whereas the degrees of these quantum properties become
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Figure 4.7: Plots of (a) A(6C,)? (Eq. ) and (b) (Au® + Av?) (Eq. ‘@)) against
at steady state for different temperatures of the thermal bath coupled to mechanical-
modes 7" = 5.8 m K (blue solid curve), " = 3.8 m K (brown dotted curve), 7= 1.8 m K
(black dash-dotted curve), and 7' = 0.0 m K (red dashed curve). The other parameters
are as shown in Table[4.1]

Table 4.7: Numerical value of the degree of quadrature squeezing and entanglement
from Fig.[4.7|(a) and (b) for different values of temperature of a thermal bath coupled to
the modes of harmonically oscillating mirrors.

Temperature of a reservoir Squeezing Entanglement Occurs
coupled to mechanical modes (below shot-noise)  (below max.) at (%)
T = 5.8mK 77.75 % 77.76% 4.11
T = 3.8mK 51.79% 51.97% 4.11
T =1.8mK 25.84% 25.86% 4.11
T=0 3.41% 3.34% 4.11

weakest when the temperature of thermal baths coupled to mechanical modes as shown

in Table[4.7]is T = 0 K as there exists zero-point energy at this temperature.
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This can described by the fact that the lower the temperature of a bath coupled to
quantum mechanical oscillators the smaller the oscillation of the movable mirror so
that the correlation between the mechanical modes reduces. On the other hand, an
increase in the temperature of a thermal bath generally increases the vibration of modes
of the mechanical oscillator resulting in an increase in their quantum behaviors such as
squeezing and entanglement.

To study the relation among various quantum correlations on the basis of quadrature
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Figure 4.8: Plots of the steady state A(6C';)? (black solid curve), (Au? + Av?) (red dashed
curve), and (Au?Av?) (blue dash-dotted curve) against x /v . The other parameters are
as shown in Table

variances and search for prospective conditions under which this quantum system

shows robust movable mirrors squeezing and entanglement of the mechanical modes
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when optimal quantum state transfer from the two-mode cavity field to the mechanical
modes is considered.

It is possible to infer from Fig. that the trend of variation in the degree of
quadrature squeezing and two different degree of entanglement measures using quadra-
ture variances. Critical observation indicates that the overall tendency of quadrature
squeezing follows the same pattern as the entanglement using the sum and product
of EPR-like quadrature variances for the values given in Table as these quantum
behaviours associated with quadrature variances originate from the same source re-
lying on the uncertainty relation. Particularly, the variances of the two-coupled me-
chanical modes A(§C, )? and the sum of variances of EPR-like operators (Au? + Av?)
show perfect overlap for 0.3157 (Au? + Av?) and 0.15785 A(6C, )* which indicates that
(Au? + Av?) =2 A(6C, )2

Moreover, comparison between the two measures of entanglement at steady state
has been carried out as shown in Fig. with Au? + Ar? (red dashed curve), and
Au?Av? (blue dash-dotted curve) so as to see their interrelation. In this regard, it is noted
that the inseparability associated with the product of variances of EPR-like operators
(Au?Av?) < 1is stronger than that of the sum of variances of EPR-like operators (Au? +

Av?) < 2 with the same initial point which follows from (Au?Av?) < (Aﬁzﬂ

Mancini
et al.|[2002]. Nonetheless the above above two criteria originate from the same source,
one can also observe that (Au?Av?),, overlaps with (Au? + Av?), when (Au?Av?)y =
0.15785(Au? + Av?),. In these measures optimum degree of entanglement, 69.32% and

70.62%, are achieved for the sum and product of EPR-like operators at the value of

x/v = 4.11, respectively.

4.2 Nonclassical Correlations via entropy measures

In this section, various results of nonclassical correlations between bipartite states other
than the quantum features using quadrature variance is noticed in detail in relation to

quantum information entropy such as the entanglement using logarithmic negativity
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measure, quantum discord and steering of the mechanical modes together with the

effects of different atomic and cavity parameters on these quantum properties.

4.2.1 Quantification via logarithmic negativity

The prominent logarithmic negativity Vidal and Werner| [2002] entanglement measure
is based on the positive partial transpose (PPT) Peres| [1996]; Horodecki et al.| [1996] of a
density matrix p4p. In general, the PPT criterion is only a necessary but not a sufficient
criterion for entanglement, i.e., there might be states that signal a vanishing logarithmic
negativity that are, however, not separable. An extensive and instructive account of
negativities for Gaussian states based on the well established fact that for the composite
state to be separable to its constitute, the product density operator should have a PPT is
available inWeedbrook et al.| [2012].

Notably, the logarithmic negativity for CV is defined as

Eyn = max [0, —In(2Vy)] , (4.15)

where V; is the smallest eigenvalue of the symplectic matrix/Adesso et al. [2004b]. In
line with this, the two mechanical modes are said to be entangled if and only if Ex > 0
or Vy < 3. In this regard, the smallest symplectic eigenvalue V; of the partial transpose

of the 4 x 4 correlation matrix is found to have a form

NI

V. — <a— (02—4detV)

1/2
9 ) ) (4.16)

where

o =det Vy +det Vg — 2 det Vg, (4.17)

with V, V4, Vi, and V expressed as in Egs. (2.14) and (2.15).
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4.2.2 Gaussian quantum discord

Despite increasing evidence for the relevance of quantum discord in describing non-
classical resources in information processing, there is no direct criterion to verify the
presence of discord in a given quantum state. Its evaluation involves optimization pro-
cedure, and analytical results are known only in a few cases Ollivier and Zurek [2001];
Luo|[2008a]. A necessary and sufficient condition for the existence of nonzero quantum
discord for any dimensional bipartite states have been obtained Wilde| [2013]; Cover
[1999]; Cerf and Adamil [1997]. This condition is easily experimentally implementable
Dakic et al. [2010].

The von Neumann entropy of n-mode Gaussian state with a covariance matrix (1)

can be expressed as

S(p) = Zf(vi), (4.18)

where v.s are the symplectic eigenvalues and

f(z) = (x;rl)ln(x;1> - (x;1>ln(x;1>. (4.19)

Accordingly, the minimization relying on different approaches for a general two-mode

Gaussian states o leads to the two-mode Gaussian quantum discord of the form

Dajp = D(p12) = f(VY) = f(v=) = f(vs) + F(V/Euin)s (4.20)

where F,;, is given by

2024+(3-Y)(X-4D)+2|C|/C2+(3-Y)(X-4D)

4(%,)/)2 ) lfg S O’
FErin = min, det () = (4.21)
—C2 _ _ _
XY—C24D \/c4+(21; XY)? 202(XY+D)7 if g > 0.

where o is the CM of the state p, that defines the POVM Holevo and Werner| [2001] and
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the terms X, Y, C and D are described in Eq. (2.20).
The quantity g that discriminates the two cases in Eq. (4.21) is

g=(D—XY)?— (i +Y)CA(X + 4D). (4.22)

The case g > 0 corresponds to states for which the Gaussian discord is optimized
by homodyne measurements. On the other hand, ¢ < 0 corresponds to heterodyne
measurements.

In the Gaussian scenario, it follows that the two-mode Gaussian states with zero
Gaussian quantum discord are product states with no correlations at all. Note that
correlated two-mode Gaussian states can exhibit nonclassical correlations certified by

anonzero quantum discord.

4.2.3 Gaussian Steering

Upon defining the CM and its elements as in Egs. (2.14) and (2.15), the measure of

steerability for continuous variable Gaussian state, in general, is found to be

det V
qlA-By(B-AY _ ([ _detV ) 4.23
ML\ det Va(Va) 4.23)

Steerability exists for G > 0. The measure of Gaussian B — A steerability can be
obtained by swapping the roles of A with B. Note that the higher degree of steerability
amounts to the possibility of altering the state of the remote system without necessarily
interacting with it; which might be handy to teleport quantum information reliably.

In order to investigate the various quantum properties in relation to entropy mea-

sures, we use the correlations in elements of CM which can be obtained from solution of

Eq. (3.197). By applying these correlations into Egs. (4.15) and (4.16) for entanglement,
into Egs. (4.20) - (4.22) for Gaussian quantum discord, and into Egs. (2.28)-(4.23) for

Gaussian steering; we plot various graphs where the entanglement is quantified with

the aid of logarithmic negativity, and the other measures of nonclassical correlations
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using quantum discord and steering in the absence of squeezed vacuum reservoir
(N = M = 0) which is in particular different from a value given, N = 1, in Table In
addition, we also see the effects of different atomic, cavity and reservoir parameters on

these nonclassical properties with regard to entropy measures.
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Figure 4.9: Plots of (a) entanglement using logarithmic negativity of the two-mechanical
oscillator modes Ey (Eq. ) (b) steering G4Z of modes of mechanical oscillators
(Eq. ), and (c) quantum discord D4 (Eq. ) against X at steady state for simul-
taneously applied two-input lasers driving the cavity with frequencies of w;, = 741.07
THz and w;, = 564.00 THz (brown solid curve), w;, = wy, = 741.0m THz (blue dash-
dotted curve), w;, = wr, = 564.0m THz (red dashed curve), and w;, = 564.0mr THz and
wr, = 741.0m THz (black dotted curve). The other parameters are as shown in Table

It has been demonstrated in previous chapter that the quantum behavior of the

two-mode laser in CEL could be transferred to the modes of oscillations of the mov-
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Table 4.8: Numerical values of optimum degrees of entanglement using logarithmic
negativity (Ey) all occurring at x/y = 4.11, Gaussian steering (G“/?)) all appearing
at y/v = 4.11 and Gaussian discord (D,) taken place in all the ranges of y/+ starting
from 0.01 as indicated in Fig. (a), (b) and (c) for different values of frequencies of a
bichromatic cavity driving laser.

Frequencies of a En G(AIB) D
bichromatic laser (THz)

wr, = 741.07m, wr, = 564.0m 1.826 2.430 10.61
wr, = 741.0m, wr, = 741.0m 1.580 2.217 10.60
wr, = 0964.07m, wr, = 564.0m 0.9329 1.530 10.53
wr, = 964.0m, wr, = 741.0m 0.7682 1.369 10.52

able mirrors using quadrature variances. Similarly, the quantification of nonclassical
correlations in various entropy measures i.e. entanglement using the logarithmic neg-
ativity, Gaussian quantum discord (GQD), and Gaussian steering in the mechanical
modes become induced due to the effective coupling between the cavity fields and
mechanical modes. These nonclassical correlation properties are found to be observed
in a wide range of the amplitude y of a laser that drive the atom. For smaller values
of amplitude of this laser, the degree of entanglement and Gaussian steering increase
significantly; while the degree of quantum discord shows insignificant difference under
the conditions given in Table

The exploration of the effect of varying the strength of a bichromatic laser that
drive a doubly resonant cavity with regard to their frequencies is shown in Fig. (4.9).
To this end, we observe in this figure and Table 4.8 that the degree of these induced
quantum correlations of the mechanical modes at steady state as quantified by entropy
measures of entanglement using logarithmic negativity (£y), Gaussian steering (GAIB),
and Gaussian quantum discord (D 4) varies in similar manner to Fig. .

As clearly shown in Table that the degrees of entanglement, discord and steer-
ing of the mechanical modes become enhanced as the strength of field-mirror coupling,
which rely directly on the frequency of a bichromatic laser, is found to be increased

nonetheless, the degree of quantum discord shows slight difference. Particularly, opti-

87



mum degree of entanglement Ey = 1.826, Gaussian steering GAI® = 2.43 at y /vy = 4.11;

whereas the value of Gaussian quantum discord is found to be 10.61 in all the ranges
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Figure 4.10: Plots of (a) entanglement using logarithmic negativity of the two-
mechanical oscillator modes Ey (Eq. ) (b) steering G412 of modes of mechanical
oscillators (Eq. ), and (c) quantum discord D, (Eq. ) at steady state against *
for different atom-field coupling strengths ¢; = g» = ¢ = 5.0m@ MHz (brown solid curve),
g = 4.0m MHz (black dotted curve), ¢ = 3.0m MHz (red dash-dotted curve), and g = 0
(blue dashed curve). The other parameters are as shown in Table

of x = [0.01,10]. This large value of Gaussian quantum discord entails that a lot of
information is missed: destroyed by the measurement on the apparatus alone. However,
small discord can be considered as almost all information about the system that exists
in the system-apparatus correlations can be locally recoverable from the state of the
apparatus. On the other hand, it is noted also that the higher degree of steerability
amounts to the possibility of altering the state of the remote system without necessarily

interacting with it.
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Table 4.9: Numerical values of the maximum degrees of entanglement using logarithmic
negativity (Fy), Gaussian steering (G4/#) and Gaussian quantum discord (D,) from
Fig. (a), (b) and (c) for different values of atom-field coupling strength at x /v = 4.11.
But for ¢ = 0 these nonclassical features occur in all the ranges of x /v = [0.01, 10]

Atom - field coupling Ex GUIB) Dy
strength (MHz)

g=>5m 1.826 2.430 10.5250
g=A4r 1.699 2.351 10.5195
g =37 1.636 2.315 10.5188
g=20 1.606 2.299 10.5185

In Fig. (4.10), we observe that the degree of induced entanglement using logarithmic
negativity, Gaussian quantum discord and Gaussian steering of mechanical modes is
found to be enhanced with increased strength of atom-field coupling due to the increase
in the coherence of atom-field, which can be induced on the modes of movable mirrors
so as to enhance its quantum properties. In this context, the variation of quantum
discord shows slight difference. It is also revealed from the data given in Table
that optimum degree of entanglement 1.826, Gaussian steering 2.430, and Gaussian
quantum 10.5250 is manifested respectively at y = 4.11v, x = 4.11v, and in all the
ranges of y/vy = [0.01, 10]. Also, smallest degree of these nonclassical properties are
exhibited when there is no coupling between atoms and fields in the cavity. Noticeably,
appropriate coupling between the atoms and cavity needs to be used to witness a

worthwhile degree of nonclassical correlation in relation to quantum entropy measures.

In order to enhance and control the degree of entanglement of the mechanical-
modes, we can also use different parameters of three-level atoms such as atomic injec-
tion rates and atomic decay rates.

It is shown in Fig. and the data in Table[4.10|that the degrees of entanglement,
Gaussian quantum discord and Gaussian steering of the mechanical modes would be
enhanced with the rate at which atoms are injected into the doubly resonant cavity

due to the increase the correlation in the coupled field-mirror modes. Weakest degrees
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Figure 4.11: Plots of (a) entanglement using logarithmic negativity of the two-
mechanical oscillator modes Ey (Eq. ) (b) steering GAIE of modes of mechanical
oscillators (Eq. ), and (c) quantum discord D, (Eq. ) at steady state against *
for different rates of atomic injection r, = 0.35 MHz (brown solid curve), r, = 0.25 MHz
(blue dotted curve), r, = 0.15 MHz (red dashed curve), r, = 0.0 MHz (red dash-dotted
curve). The other parameters are as shown in Table

Table 4.10: Numerical values of maximum degrees of entanglement using logarithmic
negativity Fy, Gaussian steering (G47), and Gaussian quantum discord (D,) from
Fig. (a), (b) and (c) for different values of atomic injection rate at y/v = 4.11.
Nonclassical properties for r, = 0 appear in all the ranges of [0.01, 10].

Atomic injection rate En GAB Da
strength (MHz)

r, = 0.35 1.826 2.430 10.5205
re = 0.25 1.721 2.364 10.5195
r, = 0.15 1.648 2.322 10.5188
7 =0 1.606 2.299 10.5185

of these nonclassical features are found to be observed when no atoms are injected

(r, = 0) into cavity. These results indicate that the effect of the rate at which the atoms
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are injected into the cavity in increasing the degrees of induced entanglement, discord
and steering of the coupled mirrors may provide a better control over entanglement,
and the ability to change the state of one party where the other party doesn’t have any

information about it. But the degree of quantum discord shows slight difference.
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Figure 4.12: Plots of (a) entanglement using logarithmic negativity of the two-
mechanical oscillator modes Ey (Eq. ) (b) steering G4Z of modes of mechanical
oscillators (Eq. (4.23)), and (c) quantum discord D, (Eq. (4.20)) at steady state against
X for different values of atomic injection rates v = 11.50 MHz (red dash-dotted curve),

~ = 12.50 MHz (blue dotted curve), and v = 13.50 MHz (black solid curve). The other
parameters are as shown in Table[4.1]

We also studied the dependence of the degree of induced entanglement, Gaussian
steering and Gaussian quantum discord of mechanical modes on the atomic decay rate
to see the situation related to atomic parameters more closely.

As we can see from Fig. and Table that the effect of varying the atomic

decay rate depends strongly on the value of x/~.

91



Table 4.11: Numerical values of maximum degrees of entanglement using logarithmic
negativity (Ey), Gaussian quantum discord (D,) and Gaussian steering (G“/%)) from
Fig. (a), (b) and (c) for different values of atomic decay rate.

Atomic emission rate Ey GUAIB) Dy Appearing
strength (MHz) at x/v
v=11.5 1.826 2.430 10.5205 4.11

v =12.5 1.792 2.408 10.5202 3.80
v=13.5 1.768 2.392 10.5199 3.50

Accordingly, the degree of entanglement, steering and discord increase in the same
manner irrespective of the values of atomic decay rates, respectively for the values of
x/7 < 2.75. But the degrees of these nonclassical features after their optimum values
decrease for smaller atomic decay rate. On the the other hand, optimum values of
these nonclassical features have been observed to occur at different points due to the
effect of various atomic decay rates. These results may reveal the effect of the atomic
decay rates in increasing the degree of entanglement, Gaussian steering and Gaussian
quantum discord of coupled quantum harmonically oscillating mirrors with regards to

how rapidly the atoms are removed from the lower-energy level.

Table 4.12: Numerical value of maximum degree of entanglement using logarithmic
negativity (Ey), Gaussian steering (G41?)), and Gaussian quantum discord (D) from
Fig. (a), (b) and (c) for different values of initial lengths of a doubly resonant cavity
at xy/vy =4.21.

Initial lengths of a Ey GUIB) Dy
doubly resonant cavity (mm)

L; = 0.76608, Ly = 0.5832 4.379 4.708 10.6107
Ly =0.7980, L, = 0.6075 3.143 3.523 10.589
L, = 0.8512, Ly, = 0.6480 2.493 2.942 10.580
L, =0.9576, L, = 0.7290 2.017 2.562 10.542

According to the result depicted in Table and the plots in Fig. (4.13), a decrease
in the initial lengths of a doubly resonant cavity is found to significantly enhance

the degree of entanglement, steering and discord of the mechanical modes since it
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Figure 4.13: Plots of (a) entanglement using logarithmic negativity of the two-
mechanical oscillator modes E (Eq. ) (b) steering GAIE of modes of mechanical
oscillators (Eq. @ ), and (c) quantum discord D, (Eq. q@p) against X at steady
state for different initial lengths of a doubly resonant cavity L; = 0.76608 mm and
L, = 0.58320 mm (red dotted curve), L; = 0.7980 mm and L, = 0.6075 mm (blue dash-
dotted curve), L; = 0.8512 mm and L, = 0.6480 mm (brown dashed curve), L; = 0.95760
mm and L, = 0.7290 mm (black solid curve). The other parameters are as shown in

Table

increases the coherence of radiation in the cavity which can be induced on strength
of field-mirror coupling which induce an increase in the effective coupling between
mechanical modes that appears in direct relation to the correlations in the CM of a
bipartite mechanical modes.

Particularly, the degree of Gaussian quantum discord shows a better variation with

regard to the initial lengths of the cavity as compared to the effects of other atomic, cav-
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ity and reservoir parameters considered in this study. Markedly, suitable initial lengths
of a cavity can be used to control the correlation and therefore various nonclassical

properties of mechanical modes.
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Figure 4.14: Plots of (a) entanglement using logarithmic negativity £y (Eq. ) (b)
steering G4 (Eq. (4.23)), and (c) quantum discord D 4 (Eq. (4.20)) of the two mechanical
modes against X at steady state for different squeeze parameter of squeezed vacuum
reservoir coupled to cavity modes r = 0.5943 (brown dash-dotted curve), » = 0.40 (black
solid curve), r = 0.20 (blue dashed curve), and » = 0.0 (red dotted curve). The other
parameters are as shown in Table

We also explore the effect of squeezing parameter of squeezed vacuum reservoir
on the degree of induced entanglement, quantum discord and steering of mechanical
modes. The degree of quantum properties are found to be enhanced for smaller squeeze
parameter as shown in Fig. and depicted in Table[4.13|where the direct impact of
squeezed vacuum reservoir on the coherence of cavity radiation become induced on
the modes of quantum harmonically oscillating mirrors. Maximum degrees of these

nonclassical features are found to be observed in the absence of squeezed vacuum
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Table 4.13: Numerical value of the degree of entanglement (Fy), Gaussian steering
(G“1P)) logarithmic negativity and Gaussian discord (D) from Fig. (a), (b) and (c)
for different values of squeeze parameter at y /vy = 4.11.

Squeeze parameter Ex GA1B) Dy

r = 0.000 1.826 2.430 10.5200 in all the range [0.01, 10]
r = 0.200 1.538 2.100 10.5075

r = 0.400 0.9416 1.442 10.485

r = 0.5943 0.3538 0.8131 10.385

reservoir (r = 0) as the effect of noise resulting from squeezed vacuum reservoir is
neglected. This result entails that the various quantum properties of the two-induced
coupled modes of mechanical oscillations can also be controlled via the input external

squeezed vacuum reservoir coupled to cavity radiations.
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Figure 4.15: Plots of (a) entanglement using logarithmic negativity Ey (Eq. (4.15))
(b) steering GAIB (Eq. ), and (c) quantum discord D, (Eq. ) of the two-
mechanical modes against > at steady state for different temperatures of the reservoirs
coupled to mechanical-modes 7" = 5.8 m K (red solid curve), ' = 3.8 m K (black dash-
dotted curve), 7' = 1.8 m K (blue dashed curve), and 7" = 0.0 m K (brown dotted curve).
The other parameters are as shown in Table 4.1}
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The degree of induced entanglement, Gaussian steering and Gaussian quantum
discord in the mechanical modes is also found to be enhanced for higher temperature(s)
of the reservoir(s) coupled to the mechanical modes as shown in Fig. (4.15). This result

express that an increase in the temperature of a thermal bath generally increases the

Table 4.14: Numerical value of the degree of entanglement using logarithmic negativity
(Ey), Gaussian steering (G41?), and Gaussian quantum discord (D,) at y/y = 4.11
from Fig. (a), (b) and (c) for different temperatures of a thermal bath coupled to
mechanical modes.

Temperature of a reservoir En GAIB) D4
coupled to mechanical modes

T=0 0.05556  0.6965 10.450
T =1.8mK 0.3351 0.9777 10.482
T = 3.8mK 0.8212 1.454 10.485
T = 5.8mK 1.826 2.43 10.525

mean number of mechanical modes of quantum harmonically oscillating mirrors which
leads to an increase in their nonclassical correlations such as entanglement, quantum
discord and steering. Clearly, it is also shown in Table that the degree of these
quantum properties become weakest when the temperature of thermal baths coupled
to mechanical modes is found to be 7" = 0 K. This can described by the fact that the
lower the temperature of a bath coupled to quantum mechanical oscillators the smaller
the oscillation of the movable mirror so that the correlation between the mechanical

modes reduces.

4.3 Correlations of number of mechanical modes and Sta-

tistical properties

In this chapter, the correlation between the number of mechanical modes for instance
entanglement witness using the Hillary-Zubairy (HZ) criterion, second order correla-
tions and the statistical properties (the mean, variance, intensity difference and variance

of intensity difference) of the mechanical modes is investigated.
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4.3.1 Quantification of entanglement via Hillery Zubairy

On account of the relation of the criterion introduced by Hillary and Zubairy Hillery
and Zubairy [2006]; Hillery et al.| [2010] with the correlation of the number of modes of
quantum harmonically oscillating mirrors and the corresponding intermodal correla-
tion, the induced entanglement has been tipped to be quantifiable via simultaneous
two-modes count measurement in similar manner to Tesfa [2009].

The first sufficient entanglement HZ criterion 1 (Fy z,) for the composite state of the

modes of mechanical oscillators 6b; (j = 1,2) is given as

|(0010b5) |* — (3b1001) (3b50D,) > 0, (4.24)
whereas the second sufficient HZ criterion Ey 2, is
|(0016b) |* — (36160, 0bL5b,) > 0, (4.25)

where (5b{6b,) and (5b}6b,) are the mean of fluctuation modes of harmonically oscil-
lating mirrors; whereas (3b,b,) is the intermodal correlation between the mechanical
modes.

The measure of entanglement using the HZ criterion as in Eq. can also be
rewritten as

Epz, = |(8018bo)|” — (8b18b1) (8b55bs) > 0. (4.26)

With the aid of Eq.(4.24), and substituting the elements of CM from the solution of
Eq.(3.197), we obtain the simplified steady state expression to the HZ criterion as

2_i(

1
Eyz = Z“/ls—‘/é4+i<‘/14+‘/23) 16

Vii+ Vo — 1) % (Va3 + Vg — 1). (4.27)

To this end, we investigate the dependence of the quantification of entanglement

using the HZ criterion on the atomic parameters such as; the rate at which atoms are
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Figure 4.16: Plots of quantification of entanglement of the two-modes of quantum
harmonically oscillating mirrors using Hillary-Zubairy criterion (Eyz) against X at steady
state with ¢ = 824.37 MHz and various atomic parameters (a) for different atomic
injection rate and (b) for different atomic decay rate. The other parameters are as
shown in Table

injected into cavity, the decay rate of atoms, and the strength of coupling between atom
and cavity radiation. Besides, we investigate the dependence of this entanglement
measure on the cavity parameter (initial lengths of a doubly resonant cavity) and
the parameters of reservoirs coupled to cavity radiations and modes of mechanical
oscillations.

It is clearly shown in Figs. (4.16)-(4.19) that the quantification of induced entan-
glement of the two-modes of quantum harmonically oscillating mirrors using the HZ
criterion persists in a strong atom-field coupling with all other parameters given as in
Table[4.1

With this consideration, we show in Figs. (a) and that the degree of en-
tanglement using the HZ criterion increases with the rate at which atoms are injected
into cavity and with the strength of atom-field coupling; whereas the degree of entan-
glement is found to increase for smaller values of atomic decay rates and initial lengths

of a doubly resonant cavity as indicated in Fig. (b) and Fig. (4.18). This can be
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Figure 4.17: Plots of quantification of entanglement of the two-modes quantum har-
monically oscillating mirrors using Hillary-Zubairy criterion (£} ;) against £ at steady
state with ¢ = 824.37 MHz for different initial lengths of the cavity. The other parameters
are as shown in Table

described due to the reason that the intermodal correlation between the mechanical
modes is highly affected relative to the mechanical modes number correlation where
the enhanced coherence of cavity radiation can lead to increased induced correlation
between the mechanical modes.

With regard to the effect of squeeze parameter of a SVR coupled to the cavity radia-
tion, and the impact of temperature(s) of thermal bath(s) coupled to mechanical modes,
we observe the degree of entanglement using HZ-criterion as shown in Fig. (4.19). Par-
ticularly, the degree of entanglement using HZ-criterion increases significantly with the
squeeze parameter even if the variation in the squeeze parameter is too small. Here,
least degree of entanglement is observed in the absence of SVR. This result clearly shows
that the noise originating from SVR enhances the intermodal correlation between the

mechanical modes than that of mechanical modes number correlation.
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Figure 4.18: Plots of quantification of entanglement of the two-modes of quantum
harmonically oscillating mirrors using Hillary-Zubairy criterion (Ey7) against % at
steady state with ¢ = 824.37 MHz for different initial lengths of the cavity. The other
parameters are as shown in Table

On the other hand, the degree of entanglement using HZ criterion shows insignifi-
cant difference with the variation in temperature of a thermal bath coupled to the modes
of quantum harmonically oscillating mirrors as indicated in Fig. where these
changes doesn't affect the intermodal and the mechanical modes number correlation.

In search of more appropriate and easy means of detecting entanglement, the trend
of the detectable entanglement of the mechanical modes can be studied from different
perspectives, where the degree of entanglement that can be predicted applying the
sum and product of quadrature variances, logarithmic negativity, and HZ criteria are
compared with each other. Critical observation indicates that the general tendency
corresponding to atomic and cavity parameters follows more or less follow similar pat-
tern except for the squeeze parameter of a two-mode SVR. The criterion obtained from
HZ is violated more strongly than the corresponding logarithmic negativity criterion

nonetheless these two criteria originate from different sources.
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Figure 4.19: Plots of quantification of entanglement of the two-modes of quantum
harmonically oscillating mirrors using Hillary-Zubairy criterion (Ey7) against 2 at
steady state with ¢ = 946.5 MHz and various reservoir parameters (a) for different
squeeze parameters of a squeezed reservoir coupled to cavity radiations. (b) for different

temperature of thermal bath coupled to mechanical modes. The other parameters are
as shown in Table

4.3.2 Second order correlation

The second-order correlation function of the mechanical modes for the superposition
of two-modes of the quantum harmonically oscillating mirrors can be expressed in

normal order as

(2) <ﬁ551 ﬁaz;Q)
2 = —2 2 4.28
i) = o o, .

where ng and 7, are represented by i = ob!6b, and Mg, = b} 0bs.

Since 0b; and db, are Gaussian variables with vanishing means, Eq. (4.28) can be

written as
3b16by)2 + (3b;6bs)?
g2 () =1 L4 1~T2>~ (~T 10b2)° (4.29)
1o (0b]0bq) (5bLbs)
On account of the elements of CM from the solution of Eq. (3.197), we find
2 2
Vig + Vag +i(Vig = Vag))” + (Vig — Vay + 1(Vig + Vi

g((gl))h%z))(o) 1_|_( 13 24 +1(Vig 24)) ( 13 24 +1(Vig 25)) . (4.30)

(V11+V22—1)(V},3+V44—1)
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This function would not be a direct measure of various nonclassical features as it deals
with correlation between the mechanical modes numbers. However, as we will see
below, it would be an indirect inference for the existence of nonclassical features as it
exhibits quantum correlation that violates certain classical inequalities.

Therefore, it is also essential to calculate the second-order correlation function for
the individual modes to have an insight for the above result. To this end, the second

order correlation function for the first mode 6b, corresponding to no time delay is given

by
5hi” 512
o3y = o (4.31)
1,0b1 (5b1 b1 ) (5b15b,)
ANZ ) — (Ng,)
(2) _ < (Sbl 6b1
9(5131,551)(0) =1+ <N51>2 (4.32)

The condition of the mode b, exhibiting sub-Poissonian distribution which may ac-

company antibunching that appears in Eq. (4.32) can be expressed as

G, = (Ngp,) — (AN ) > 0. (4.33)

Similarly, the condition for ¢ b, mode is as follows,

Gy, = (N5j,) — (AN ) > 0. (4.34)

. 2 . 2 2
Now comparing [géégh%) (0)]* with g((aghégl)(()) géa£2,562) (0), we see that

(2) 2 (2) 2
[9(551,552)(())] > 9(551,551)( )9(551,552)(0)‘
This is a violation of Cauchy-Schwartz in equality Walls and Milburn|[2008]. Therefore,
we infer from this result that the two-mode quantum harmonically oscillating mirrors
exhibits quantum-mechanical correlation which is a source of induced nonclassical

features of the mechanical modes.
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4.3.3 Mean number of mechanical modes

The statistical properties of modes of harmonically oscillating mirrors is described in
terms of the mean and variance of the mechanical-fluctuation modes 6b; and 6b,.

In relation to the robustness of the nonclassical features of mechanical modes to
be generated, it is necessary to evaluate the mean photon number, which is directly
associated with the intensity of the modes of harmonically oscillating mirrors. In order
to attest to the potential of the system under consideration as a reliable source of a two-
mode mechanical squeezing, the evolution of the photon number for the mechanical
modes cavity radiation is studied.

To determine the mean number of mechanical mode pairs of quantum harmonically

oscillating mirrors, it can be described by an operator of the form
R >

where 0b, and 6b, represent the separate modes of mechanical oscillation.
To this end, we first write based on Eq. (4.35) that

(681 52) = (<5B{551> 4 (6B50Dy) + (5B16Bs) + <5z§;551>> . (4.36)

!
4
Therefore, (§¢'6¢) can be interpreted as the mean number of modes of quantum har-
monically oscillating pairs, 7.

On account of elements of correlations from the solution of Egs. and (4.36),
we find mean number of two modes of quantum harmonically oscillating mirrors at

steady state as

1 {Vin + Vg + Vs + V,
_— : 1+ 22'; 33 44—}—(‘/134—‘/24)—1 ‘ (4.37)

SS

With the aid of Eq. (4.37), we plot various graphs of the mean number of the two-

103



mode quantum harmonic oscillator depending on the effect of atomic, cavity and

reservoir parameters.
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Figure 4.20: Plots of mean number of two-mode quantum harmonically oscillating
mirrors 7 against X at steady state depending on atomic parameters (a) for different

atomic injection rate (b) for different atomic decay rate. The other parameters are as
shown in Table

As can readily be inferred from Figs. (4.20), (4.21), and (4.22), the mean number
of mechanical mode pairs of the quantum harmonically oscillating mirrors strongly
depend on the injection rate and decay rates of the atoms, the initial lengths of the
cavity, the amplitude of a laser that driving the atoms, and the temperature as well as
squeeze parameter of reservoirs.

Accordingly, the mean number of modes of harmonically oscillating mirror pairs
increases for smaller amplitude of the atomic-driving radiation, larger atomic injection
rate as in Fig. (a), smaller initial lengths of a doubly resonant cavity as indicated
in Fig. . On the other hand, the plots in Fig. (b) show that the mean number
of mechanical modes decreases for large . This must be due to stimulated emission
induced by the pump mode. The photons emitted this way do not contribute to the

mean photon number of the cavity modes which can be induced to the mechanical
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Figure 4.21: Plots of mean number of two-mode quantum harmonically oscillating
mirrors 7 against 2 at steady state with g = 9.0m MHz for different initial lengths of a
doubly resonant cavity. The other parameters are as shown in Table

modes.

It is also observed in Fig. (a) that the mean number of mechanical modes is
found to be enhanced for larger squeeze parameter of a SVR coupled to cavity radiation
as the noise entering the cavity increases the intensity and hence the mean number of
the induced modes of quantum harmonically oscillating mirrors. Particularly, the mean
number of superposed modes of quantum harmonically oscillating mirrors rapidly
increases for slight difference in squeeze parameter.

As we can easily see in Fig. (b) that the mean of mechanical modes also increases
for higher temperature of thermal baths coupled to mechanical modes as it increases
the mean number and intensity of mechanical modes. It is also found that the mean
number of mechanical mode pairs attains a maximum value of n = 1073 for y = 4.11~.

We realize that the mean number of mechanical mode pairs can be optimized by

properly choosing the values of various atomic, cavity and reservoir parameters. This
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Figure 4.22: Plots of mean number of two-mode quantum harmonically oscillating
mirrors n against % at steady state depending on reservoir parameters (a) for different
squeeze parameter of a reservoir in which cavity radiations are coupled to squeezed
vacuum reservoir (b) for different temperature of thermal baths coupled to modes of
quantum harmonically oscillating mirrors. The other parameters are as shown in Table

Al

entails that the mean number of mechanical modes is significantly higher for the case
in which there is a strong nonclassical correlation. Therefore, based on the possibility
of increasing the intensity by a proper selection of the involved parameters, this may
lead to the conclusion that the system under consideration can be a source of robust

nonclassical features of mechanical modes.

4.3.4 Mean of Intensity difference of mechanical modes

Based on the assumption that there is a difference between the mean number of the two
mechanical modes of quantum harmonically oscillating mirrors due to the disparity
of the absorption-emission mechanism among the involved atomic energy levels that
can be transferred to the modes of mechanical oscillations via radiation pressure, and
therefore various nonclassical behaviors are induced on these quantum states.

The mean of intensity difference for the two-modes of quantum harmonically oscil-
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lating mirrors I, is defined as

Ip = g, (t) — 7gy, (1), (4.38)

where Iy = (Ip), fig, = (50} (t)dby (t)) and fg;, = (3b5(t)dbs(t)).
On account of the elements of CM from the solution of Eq. (3.197), we obtain the

simplified form of the mean of intensity difference at steady state as

1
Ip =5 Vit + Voo + Vig + Vi = 2] (4.39)
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Figure 4.23: Plots of mean number of mechanical mode pairs » (blue dash-dotted) and
mean of intensity difference I (black dashed) against * at steady state with g = 900.0
MHz. The other parameters are as shown in Table[4.1]

The extent to which mechanical modes are induced in a successive manner, can be
evaluated by comparing the mean number of modes of mechanical oscillation pairs
with the mean intensity difference. Based on the mean intensity difference and the
mean number of mechanical mode pairs, it is not difficult to see from Fig. that

the mean number of mechanical modes in mode ‘6b,” is slightly greater than mode ‘6b,".
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This implies that the mean number of pairs of modes of mechanical oscillations due to
the transfer of quantum states of the radiation emitted when the atoms spontaneously
decay from the upper energy level to the intermediate is larger than that when the

atoms go from the intermediate to the lower energy level.

4.3.5 Variance of number of mechanical modes

The variance of the number of two-mechanical modes of quantum harmonically oscil-

lating mirror’s number is defined as

An? = (A%(t)) — (A(t))?, (4.40)

where 1 = 6¢1(t)0¢(t).
Using the boson commutation relation, it is possible to rewrite Eq. (4.40) in the normal

order as

An? = (67 (£)0E (1)) + (0 (£)8¢(t)) — (36T (£)d(t))>. (4.41)
Taking into account that 6¢(¢) Gaussian variables with the vanishing mean, we write
(02" (£)02(1)) = [0S ()| + 252 (£)58(1))? + (581 (£)2(1))- (4.42)

In view of this, the induced variance of the number of modes of two-harmonically

oscillating mirrors can be written as

An? =q(a + 1) + [(6&(1)) |’

(4.43)
We easily see from Eq. (4.43), the modes of mechanical oscillators have super-poissonian
photon statistics.

Taking into account Eq. (4.35), we also have

(68 = (<5z§§(t)> +(OB2()) + 2<561(t)5’62<t)>) . (4.44)

N —
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With the aid of Egs. (3.191), (3.192), and (4.44), we obtain (6¢*) in terms of the

elements of the steady state correlations obtained from the solution of Eq. (3.197) as

- 1 [Viy 4 Vg — Vag =V ,
(6¢%) = Z{ R 44+2(v13—v24)+z(v13+v14+v23+v34)} (4.45)

Ss

Then, employing Eqgs. (4.37) and (4.45) into (4.43), we see that

An2—i Vip+ Vig — Vag — Viy 2

+ 2(V13 - V24) +’i(V13 + Vig+ Vog + V34)

16 2 s
1 [Viy+ Vag + Vig + V ?
1_6{11-1- 22;— 33 T 44—|—(V13+V24)—1]
1 [Viy + Vag + Vaz + Vi
+Zl[ 11 22 . 33 44+(V13+V24) _1] ' (4.46)

Since |(0¢*(t)) |2 is positive, we see from Eq. (4.43) that An? > n. We therefore observe

that the two-mode harmonical oscillation exhibits a super-Poissonian mechanical
modes statistics for all cases.
4.3.6 Variance of Intensity difference of mechanical modes

The variance of intensity difference of mechanical modes can be expressed as

~

AL = (I3 (t)) — (Ip(1)?, (4.47)

where the quantum state of harmonically oscillating mirrors number difference I, is
defined as
Ip = 6b1()6by (t) — 6bL(£)dbs(2). (4.48)

One can easily see using Eq. (4.48) that

(I (1)) = (Sb1(1)0ba (£)8b1 (#)8b1 (£)) + (5B (1)3b(£)5b(1)3bs(t)) — 2(8b](1)3ba (£)6bL(1)3bs (8)).
(4.49)

which can also be put applying the usual boson commutation relation in the form
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Figure 4.24: Plots of Variance of intensity difference of two-mode quantum harmonically
oscillating mirrors A% against X at steady state. The other parameters are as shown in
Table

(I3()) =(0B1 ()05 () + (5B (£)8D2(1)) — 2(8b] (£)0ba (£)0B5 (¢)8ba(1))
+ (8b1(£)8by (2)) + (5D (£)0Ds(t)).

(4.50)
In view of this, the variance of the intensity difference can rewritten as
AT3, (0B} (£)0B3(£)) + (50 (£)D3(t)) — 2(6b] ()b (£)0bL (£)3ba(t))
~ ~ ~ ~ ~ ~ ~ ~ 2
o+ (0B (£)301 (1)) + (3BL(£)oba (1)) — (3] ()b (1)) — (OBL(DIB(1))) . @51)

Noting that 8b, and db, are Gaussian variables with vanishing mean, we see that
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(SB1 (£)52(t)) = | (552 () |* + 2(6B] (£)6by (£))?, (4.52)

(SBY (£)0B3(1)) = [(SBE(E))|” + 2005 (£)0bs (1)), (4.53)

(65 (£)0b1 (£)8b5 (£)0bs (1)) = [ (851 (£)8ba () |* + | (6B (£)8ba(£)) |* + (BF (£)8b1 (1)) (DY (£)6bs (£)).
(4.54)
With the aid of Egs. - (4.54), the variance of intensity difference can be expressed

as

AT} =[(6b3(t | + | (oB3(¢) ] + (861 (£)8by (1)) + (8b5(£)8ba(£))2 + (b5(£)dbo (1))

+ (801 (£)0b1 (1)) — 2| (851 (1)8ba (1)) |* — 2| (65} (£)8ba (1)) . (4.55)

With the aid of the elements of CM from the solution of Eq. (3.197), we can write the
steady state form of Eq. (4.55) as

1 1 1
ALY =7 (Vi Vo = 1) 7 (Vs Via = 1)+ 5 [Vir o+ Ve + Vi + Vi — 2]
——}‘/13+V24+1(V14—V24| ——|V13—V24+1(V14+V23)|

+Z|VH —V22+21V13|SS+Z}V§3—V44+2ﬂ/§4‘ss- (4.56)

We observe from Fig. that, the variance of intensity difference of the modes of
quantum harmonically oscillating mirrors show significant increase for some smaller
amplitude of a laser pumping an atom.

The variance of the photon number difference turns out to be zero for certain values
of x. On top of this, there is an indication that A(d¢,)? can be related to A7%. In this
context, the quantification of the available degree of squeezing can be carried out by
ordinary bosonic state counting techniques which is far more easy when compared to

the otherwise employed hetrodyne measurement.
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Conclusion

In this dissertation, we investigated the nonclassical correlations such as squeezing,
entanglement, Gaussian quantum discord, Gaussian steering of the two quantum
harmonically oscillating mirrors (mechanical modes) that can be caused by the transfer
of coherence from two mode cavity radiation to two separate mechanical modes via
radiation pressure in an optomechanical cavity comprising of three-level atoms injected
into cavity when all atoms are initially at the lower-energy level and the top and bottom
levels of the atoms are coupled by a strong radiation, a bichromatic cavity drive laser,
two separate harmonically oscillating mirrors coupled to two separate thermal baths,
and cavity radiations coupled to a two-mode Markovian squeezed vacuum reservoir
with the aid of quantum Langevin equation. Afterwards, we determined the correlation
between the noise forces associated to the evolution of cavity modes and mechanical
modes in a good cavity limit. The nonclassical correlations of the two-mechanical
modes have been obtained with the aid of the linearized quantum Langevin equation in
adiabatic approximation when the atom-field coupling turns out to be much stronger
than the optomechanical coupling. In connection to these, the covariance matrix at
steady state is obtained using the Lyapunov equation that can be used to investigate
the various nonclassical correlations.

The results show that the mechanical modes exhibit induced nonclassical correla-

tions. We have also seen that these nonclassical correlations persist in a wide range of
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amplitude x of a strong laser driving the atoms and the degree of nonclassical features
increase for smaller values of y. It is also found that the degree of the nonclassical prop-
erties are sensitive to the specific choices of the frequencies of a bichromatic drive laser.
Particularly, strongest degree of nonclassical correlations is manifested when the higher
frequency of a bichromatic laser drives the cavity and enforces the cavity radiation of
higher frequency, which is in a direct relation to the strength of field-mirror coupling
that can be transferred to the mechanical modes. It also turns out that the degree of
these nonclassical correlations would be enhanced with increasing rates of injection of
the atoms, for stronger atom-field coupling, for higher temperature of thermal baths
but with decreasing initial lengths of a cavity, atomic decay rate (just after obtaining
maximum values of nonclassical properties) and with squeeze parameter.

We also observed that the degree of various nonclassical correlations increase (al-
most up to optimum values) irrespective of the values of atomic decay rates. Critical
observation indicate that there are threshold coupling between the atoms and the fields,
atomic injection rate, initial lengths of a cavity, temperature and squeeze parameter of
reservoirs above which these nonclassical features would not be manifested under the
parameters given in Table On the other hand, these threshold values can be larger
when the power of a bichromatic laser driving the cavity gets smaller.

There also appear strong degree of nonclassical features for increased temperature
of thermal baths coupled to mechanical modes. Nonetheless, the degree of entangle-
ment measures using HZ criterion shows insignificant difference with the variation
of temperature. This can be expressed using the fact that the increase in temperature
results in larger amplitude of atomic vibration, and in quantum terms this is considered
as an increase in the number of mechanical modes in the system where the result-
ing nonclassical correlation of the mechanical modes is found to be altered leading
to a stronger degree of squeezing, entanglement, Gaussian steering and GQD. Even
at absolute zero (0K) temperature, a non-zero quantum features are still found to be

manifested due to the non-zero energy of the vibrational mode of oscillating mirrors.
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We have also found robust degree of entanglement using different different detection
mechanisms, Gaussian quantum discord and Gaussian steering when a SVR is coupled
to two-mode cavity radiations; whereas the degree of squeezing (when the power of
lasers driving the cavity is high, 554 mW, and the strength of atom-field coupling is
weaker, 1.957 MHz) and that of the entanglement using HZ criterion is found to be least
when the cavity radiations are coupled to a vacuum reservoir.

Besides, weakest nonclassical correlation is manifested when cavity field fails to
couple with atoms, no atoms are injected into cavity, and when the temperature of a
reservoir coupled to mechanical modes acquires absolute zero value. It is also clearly
shown that the degree of entanglement detected in the different criteria developed
using quadrature variance and von Neumann entropy behave qualitatively in the same
way, while the slight disparity between the magnitudes is basically attributed to the
variations related to the difference in the correlations leading to these phenomena.

We noticed that the mean number of pair of mechanical modes increases for larger
atomic injection rate, larger squeeze parameter of a SVR coupled to cavity radiation,
higher temperature of thermal baths coupled to mechanical modes but for smaller am-
plitude of the atomic-driving radiation, initial lengths of a cavity, and atomic decay rate.
Hence, we realize that the mean number of mechanical mode pairs can be optimized by
properly choosing the values of various atomic, cavity and reservoir parameters. This
entails that the mean number of mechanical modes is significantly higher for the case in
which there is a strong nonclassical correlation. We also remarked that the mechanical
modes exhibit super-Poissonian photon statistics.

By comparing the mean intensity difference and the mean number of pairs of
mechanical modes, it has been observed that the mean number of mechanical modes
in mode ‘6b,” is slightly greater than mode ‘6b,’. This implies that the mean number of
pairs of modes of mechanical oscillations due to the transfer of quantum states of the
radiation emitted when the atoms spontaneously decay from the upper energy level

to the intermediate is larger than that when the atoms go from the intermediate to the
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lower energy level.

Therefore, based on the possibility of increasing the nonclassical correlations and
the intensity of the mechanical modes by a proper choice of the involved parameters,
may lead us to the conclusion that our system can be an attractive viable scheme
to produce a robust nonclassical features, which can be implemented in the current

quantum technology.
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FUTURE RESEARCHES AND RECOMMENDATIONS

From an overall outlook, lack of time, the effects of the parameters of quantum har-
monically oscillating mirrors (such as the masses of mirrors, frequency of the mirrors,
mechanical mode decay rate, cavity finnese) on the nonclassical behaviours of mechan-
ical modes haven’t been covered. By altering the input quantum resource in application
of quantum information science will be the other focusing area. Since the change in
atomic, cavity, and reservoir parameters affect the properties of various nonclassical
correlations, we suggest the quantum information processing scientists to consider the
issue in quantum communication, and metrology. In the future, we will also further
investigate other nonclassical correlations such as mechanical modes bistability, fi-
delity, quantum monogamy and others theoretically and experimentally applying other

mechanisms.
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