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ABSTRACT

Leptospirosis is an emerging zoonotic disease with high health and economic damage that

is caused by Leptospiara bacteria. In this dissertation, we developed a deterministic mathe-

matical model that describes the dynamics of leptospirosis transmission in cattle herds, rats,

and humans using both integer and non-integer systems of differential equations. The study

examined the role of asymptomatic cattle and rats in the transmission of animal and human

leptospirosis. For this, we formulated three models: cattle-environment, cattle-rat-environment,

and cattle-human-environment models based on the epidemiological behavior of the Leptospira

pathogen. For each model, we proved the well-posedness and also found the basic/effective re-

production numbers using the next-generation matrix approach. Analytically, we have shown

the stability of Leptospira-free and Leptospira-persistent equilibrium points for the threshold

value less than unity and greater than unity. Sensitivity analysis is also done to identify the

most sensitive parameters in the proposed models. Accordingly, the contact rate between cattle,

the contact rate between cattle and humans, the vaccination rate of cattle, the recovery rate of

cattle, the recovery rate of humans, the rat mortality rate, and the environmental Leptospira

decay rate are the most sensitive parameters. Furthermore, the first model is extended to an op-

timal control problem to optimally manage the spread of disease and determine the cost-efficient

strategy. Numerical simulations have been conducted for each model using the Python language

(odeint solver, scipy.optimize.fSolve, and GEKKO optimization packages). Accordingly, lower-

ing the rate of contact with asymptomatic infected cattle, promoting the rate of recovery for both

asymptomatic infected cattle and humans, increasing the rate of vaccination among susceptible

cattle, raising the rate of rat mortality, and maximizing the rate of Leptospira decay could all

contribute to a significant drop in the prevalence of the disease. Findings of this dissertation

underscore the remarkable importance of targeted interventions, such as maximizing prevention

efforts, enhancing regular vaccination of cattle, pre-diagnosis treatment of cattle and humans

using proper antibiotics, and implementing environmental sanitation programs, which are very

useful to manage leptospirosis. In addition, the consideration of different fractional orders in

the last model provides valuable insights into the model’s behavior, highlighting its variability

and sensitivity to changes in the ordering.

KEYWORDS: Mathematical model; Leptospirosis; Asymptomatic cattle; Optimal control;

Cost-effectiveness analysis; Stability analysis; Fractional-order model.

xiii



CHAPTER 1

INTRODUCTION

This chapter offers crucial background information on leptospirosis diseases by describing
its important epidemiological aspects. The chapter then clearly defines the research problem,
outlines the objectives of the study, and underscores its significance. Finally, it provides a brief
overview of the dissertation’s structure, guiding through the subsequent chapters.

1.1 Background of the Study

Zoonotic diseases are infectious diseases that are transmitted from non-human animals to hu-
mans (WHO, 2020). They are caused by bacteria, viruses, fungi, parasites, and prions through
direct or indirect contacts, vector-borne transmission, or contaminated food (CDC, 2025). These
diseases have the potential to affect the society either by threatening the animals’ health, which
results in illness and loss of productivity, or by infecting the people around them (Pieracci et
al., 2016). According to Salyer et al. (2017), over 60% of infectious diseases that currently
have been identified are zoonotic, and over 75% of newly discovered diseases have their ori-
gins in domestic or wild animals. Over two billion people worldwide are affected by zoonotic
diseases annually, which result in approximately two million fatalities and billions of USD in
economic damages (Gruber, 2021). During the past decade, the world has experienced a number
of zoonotic public health problems, such as the COVID-19 pandemic, Ebola, Monkey-pox, and
Middle East respiratory syndrome (MERS) (Sun et al., 2024).

East Africa, particularly Ethiopia, is a region with many endemic and emerging zoonoses,
posing a significant public health concern and having a substantial economic burden on local
livelihoods (Nyokabi et al., 2023). Poor access to human and livestock health services con-
tributed towards the widespread transmission of zoonotic pathogens in the region (Alemu et al.,
2023). Ethiopia is home to Africa’s largest livestock population and the second-largest human
population on the continent. Approximately 80% of Ethiopians rely on agriculture and have di-
rect contact with animals, creating a high risk for zoonotic disease transmission (Pieracci et al.,
2016). Consequently, the country is vulnerable to animal-related diseases because many people
rely on livestock farming, which can lead to serious economic and health problems (Nyokabi et
al., 2023).
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1.1.1 The Leptospirosis Disease

Leptospirosis is an emerging zoonotic disease caused by a pathogenic bacteria that belong to
the genus Leptospira (Desa et al., 2021). The disease was first described by Adolf Weil in 1886
and named Weil’s disease but later identified as Leptospires by Stimson in 1907. Leptospirosis
in cattle was first reported in Russia in 1940, as cited by Adler (2014). More than 250 Leptospira

serovars have been identified so far, and serovar Hardjo is among the most common pathogenic
serovars that affect cattle (Pyskun et al., 2019). The reproduction of Leptospira typically takes
place in the renal tubules of infected mammals (Oguntolu et al., 2024; Thibeaux et al., 2018).
Subsequently, these bacteria are expelled into the environment through urine, posing a risk of
infecting other organisms. The average incubation period is one week or two weeks, with a
range spanning from two days to thirty days (Aslan et al., 2021; Bierque et al., 2020; Desa et
al., 2021).

The symptoms of leptospirosis infection can range in intensity from mild illness to life-
threatening complications (Rajapakse et al., 2025). Common clinical manifestations of lep-
tospirosis in cattle include abortions, infertility, stillbirths, weak calves, and sudden drop in milk
in lactating cows (Lilenbaum & Martins, 2014). Infected calves experience an acute, more se-
vere form of the disease, which is often fatal (Fraga et al., 2015; Paixão et al., 2025). However,
infections can often remain asymptomatic in most cattle, shedding the pathogen in their urine
and continuously contaminating the environment (van den Brink et al., 2023). Fever, headaches,
and red eyes are typical human symptoms. Severe cases may result in meningitis, kidney or liver
failure, and jaundice (yellowing of the skin and eyes)(MedicalNews, 2025).

Leptospirosis is a neglected infectious disease due to socioeconomic and geographical fac-
tors. It is one of the main public health problems in tropical and subtropical regions, where high
temperatures and humid weather encourage the growth of the pathogens (Karpagam & Ganesh,
2020; Khairullah et al., 2024). Approximately one million cases of leptospirosis occur globally
each year, resulting in 60,000 human deaths (Rajapakse et al., 2025; Thibeaux et al., 2018). In
Sub-Saharan African countries, it is one of the leading causes of reproductive disorders in live-
stock production (De Vries et al., 2014). Globally, animal seroprevalence is up to 46%, while in
Sub-Saharan Africa, estimates for cattle reach as high as 30.1% (Selim et al., 2024).

Leptospirosis is a potential veterinary and public health concern in Ethiopia, with studies
showing high seroprevalence in cattle, around 70.7%, and in humans, with one pilot study in
Wonji finding 47.46% seropositivity among febrile patients (Yimer et al., 2004). This is due to
Ethiopia’s climate, high livestock densities, and frequent human–animal contact, which creates
favorable conditions for the emergence and transmission of leptospirosis (Robi et al., 2024).
According to Pieracci et al. (2016), leptospirosis is among the top five zoonotic diseases in
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Ethiopia, and it is also the main reason for abortion in livestock, next to brucellosis. Despite this
risk, several gaps persist: limited awareness of the disease among farmers, poor sanitation and
biosecurity practices, and a scarcity of reliable, up-to-date data on the prevalence of leptospirosis
in both animals and humans across the country. Moreover, the asymptomatic nature of the
disease poses a core challenge for control of leptospirosis, as asymptomatic carriers silently
disseminate the disease in a herd prior to farmers’ knowledge (van den Brink et al., 2023).
Together with other reproductive diseases, it reduces the reproductive stock of livestock and
creates significant obstacles in increasing the cattle population, sustaining the local demand for
meat and dairy products, and export competitiveness of the nation (Orjuela et al., 2022).

1.1.2 The Transmission Cycle

Transmission of leptospirosis requires continuous circulation of the pathogen between the
reservoirs (known as maintenance hosts) and the environment, as shown in Figure 1.1. Mainte-
nance hosts (such as rats, dogs and cattle) are chronically infected but usually asymptomatic car-
riers that shed leptospira through their urine, maintaining the life cycle of the bacteria (Rojas et
al., 2010). Accidental hosts (including humans) become infected by contact with contaminated
urine or environments, often developing severe, acute, and sometimes fatal forms (Rajapakse et
al., 2025). Rats are well-known maintenance hosts of Leptospira infection in humans and ani-
mals, but domestic and wild mammals may also act as maintenance or accidental hosts (Boey et
al., 2019; Denipitiya et al., 2017).

The transmission routes of leptospirosis are direct contact with infected animals and indirect
contact with soil or water contaminated with the urine of reservoir hosts (Mughini-Gras et al.,
2014). Direct transmission may include exposure to urine from infected animals through mu-
cous membranes (such as the eye, mouth, or nose) and any cut on the body. In addition, vertical
transmissions (through placental fluid or suckling) are also important alternative direct routes for
Leptospira (Nogueira et al., 2020; Otaka et al., 2012). On the other hand, indirect transmission
through contaminated soil and water contributes significantly to the spread of Leptospira infec-
tions (Samrot et al., 2021). Humans become infected by direct contact with urine of infected
animal or indirect contact with contaminated soil, or bodily fluids of animals, or by drinking
contaminated water. The usual human exposure occurs during or very shortly after flood events.
This is in line with the mathematical study by Chadsuthi et al. (2021), which predicted that
flooding would be a major contributor to disease transmission. Leptospirosis outbreak is com-
monly related to flood, and the extent to which infection is transmitted depends on factors such
as precipitation, humidity, temperature, and contact rate with reservoir hosts (Davignon et al.,
2023).
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The arrows in Figure 1.1 clearly depict that susceptible humans become infected by direct
contact with infected cattle or infected rats or by indirect contact with water and soil contami-
nated by animal urine (Samrot et al., 2021). In addition, susceptible cattle become infected by
direct contact with infected cattle themselves or infected rats or by indirect contact with wa-
ter and soil (Aslan et al., 2021). Moreover, susceptible rats become infected by direct contact
with infected rats themselves or by indirect contact with water and soil (Holt et al., 2006). This
complex interspecies and environmental transmission of leptospirosis emphasizes the need for
mathematical tools to analyze its dynamics and anticipate management strategies.

Figure 1.1: Leptospirosis transmission cycle [Figure credit Ko et al. (2009)].

1.1.3 The Control Strategies

Leptospirosis causes significant economic losses globally by reducing human productivity,
damaging breeding stock of livestock, and increasing treatment costs, particularly in developing
countries. Thus, it is crucial to apply control strategies to safeguard people at higher risk (such
as farmers, veterinarians, and sewer workers) and enhance livestock productivity. The diversity
of pathogenic Leptospira serovars in animal hosts creates serious challenges to the prevention
and control of leptospirosis (Orjuela et al., 2022). However, a scheduled vaccination program
for animals, excellent rodent control, an extra environmental sanitation program, and limiting
access to contaminated water are some of the effective prevention and control strategies for the
disease (Pimenta et al., 2019).

In cattle, a combination of vaccination and biosecurity measures, such as avoiding co-grazing
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or mixing with other animal species, such as pigs, and avoiding introducing new animals to a
herd without first conducting medical screening and vaccination, may be used to prevent lep-
tospirosis (CDC, 2025). Vaccines for cattle leptospirosis are available to protect against differ-
ent serovars like Pomona and Hardjo. They are useful to reduce the occurrence of infection,
duration, and intensity of urinary shedding (Aslan et al., 2021; Fraga et al., 2015). However,
the vaccines are imperfect, are mostly serovar-specific, and have a short duration of protection
(Fraga et al., 2015). According to authors in Esteves et al. (2022), commercially available lep-
tospirosis vaccines provide 84% effective protection against clinical illness and 88% efficiency
against asymptomatic status. There is currently no widely available vaccine for human lep-
tospirosis in the standard market because of the diverse group of serovars and dependency of the
effectiveness of a vaccine on its ability to protect against the prevalent strains in a given region.

Furthermore, most leptospirosis cases of infected cattle and humans can be treated with
appropriate antibiotics. The aim of treatment is to prevent irreparable damage to the kidneys
and liver and also eliminate shedding of Leptospira to the environment (Aymée et al., 2024).
Human leptospirosis is treated with antibiotics, which should be started as early as possible to
prevent severe illness. Mild cases can be treated with oral medications like doxycycline, while
severe cases require intravenous (IV) antibiotics, such as penicillin or ceftriaxone (Murray &
Hospenthal, 2004). In cattle, the recommended treatment is early antibiotic treatment based
on the combination of penicillin and streptomycin or streptomycin–tetracycline combinations,
which can effectively reduce recovery periods and minimize sequelae (Hartskeerl et al., 2011).

Although the above control strategies are known, their relative effectiveness and cost- effec-
tiveness in an integrated multi-host system are poorly quantified by scholars. For example, it is
unknown whether vaccination of cattle or controlling rodents provides a better return on invest-
ment to reduce human cases. Hence, it is crucial to prioritize effectively and ethically applying
mathematical tools.

1.1.4 Mathematical Modeling in Infectious Disease Dynamics

A deeper comprehension of the dynamics of infectious diseases has been made possible by
mathematical modeling (Grassly & Fraser, 2008). The dynamics of an infectious disease under
many scenarios can be understood and predicted by policymakers using mathematical modeling
and analysis (Sweileh, 2022). Compartmental models have been widely used for predicting
the course of epidemics, from estimating the basic reproduction number to guiding intervention
policies (Siegenfeld et al., 2022). The study of Kermack & McKendrick (1927) is the first
deterministic compartmental epidemic modeling.

In this regard, some researchers have developed a mathematical model that demonstrates
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how leptospirosis spreads among humans and animals (Alalhareth et al., 2023; Aslan et al.,
2021; Chadsuthi et al., 2022; Engida et al., 2023; Farman et al., 2023; Holt et al., 2006; Oko-
sun et al., 2016). The first breakthrough deterministic compartmental leptospirosis model was
published by Holt et al. (2006). They proposed a SI model for African rodents incorporating
free-environmental Leptospira load as a separate compartment. Their model considered direct
rat-to-rat and indirect environment-to-rat transmission. Okosun et al. (2016) also developed a
leptospirosis model with optimal control for a combined human and livestock population. In
this study, authors impose prevention and treatment control for humans and also vaccination
and treatment for animals, ignoring preventive measures for animals. They have analyzed the
cost-effectiveness of the controls in different scenarios.

Another study by Aslan et al. (2021) designed an SIR model that includes a free-environmental
Leptospira load to investigate the propagation of leptospirosis in cattle ranches. This study con-
sidered the age structure and vaccination of newly recruited cattle. Although multiple serovars
can exist in a herd, this work focused only on infection with a single serovar, and hence rein-
fection is ignored. In paper Chadsuthi et al. (2022), an SEIRS stochastic compartmental model
was designed for leptospirosis transmission in cattle herds. It is a model that combines infection
kinetics (progression of infection) and antibody kinetics (sero-conversion) with time delay to as-
sess the disease status and the implementation of strategies for controlling the associated risks.
Furthermore, in Engida et al. (2022), an SEIR-SIR compartmental model was used in human
and rat populations incorporating free-living Leptospira.

Although existing studies provide valuable insights into the transmission dynamics of lep-
tospirosis, most have concentrated on single-host scenarios (Aslan et al., 2021; Chadsuthi et al.,
2022; Holt et al., 2006) or human-to-rodent transmission (Alalhareth et al., 2023; Engida et al.,
2022; Farman et al., 2023; Okosun et al., 2016). For instance, the model proposed by Aslan et al.
(2021) incorporated vaccination of newly recruited cattle and environmental Leptospira concen-
tration, but it did not distinguish between symptomatic and asymptomatic infections. Similarly,
two-species (human–rat) models (Alalhareth et al., 2023; Engida et al., 2022; Farman et al.,
2023) overlooked the role of cattle as well as the contribution of asymptomatic infections to hu-
man transmission. To address these gaps, our study develops a unified leptospirosis transmission
model that captures cattle–rat–human–environment interactions.

In addition, optimal control theory is a useful tool to identify the most effective mitigation
strategy to minimize the number of infections while efficiently balancing the controls applied
to the models with various cost scenarios (Igoe et al., 2023; Sharomi & Malik, 2017). In this
optimization approach, control variables vary with time, allowing dynamic minimization of both
the cost of disease burden and the costs of intervention (Igoe et al., 2023). A cost-effectiveness
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analysis of the intervention strategy is another benefit of modeling studies that can be particularly
useful for identifying efficient strategies when resources are limited.

Engida et al. (2022) extend their work to an optimal control problem, proposing personal
prevention and treatment for the human population, rodenticide for the rat population, and proper
sanitation for environmentally free bacteria as control measures (Engida et al., 2023). The cost-
effectiveness analysis of this work suggests that the rodenticide control-only strategy is most
effective to combat the spread of disease when available resources are limited. A mathematical
model developed by Oguntolu et al. (2024) is another comprehensive multi-species leptospirosis
optimal control analysis. They include controls such as preventive measures, environmental
sanitation, and animal vaccination. Here, they fail to include treatments for either animals or
humans to enhance the recovery rate. The result of their numerical analysis indicates that the
number of infected humans and the population of bacteria are not significantly affected by the
vaccination-alone control method. However, the number of infected humans, infected animals,
and the total population of bacteria in the environment can all be significantly decreased by
combining the three time-dependent control measures.

Recently, fractional calculus has had a remarkable development in modeling biological phe-
nomena (Caputo & Fabrizio, 2015; Chakraverty et al., 2020). Unlike integer-order models,
fractional-order derivatives are better suited to capture the memory effects and long-range in-
teractions inherent in epidemiological systems. This allows the model to more accurately sim-
ulate real-world scenarios where disease spread is influenced by past conditions and responses
over time (Pongsumpun et al., 2025). Leptospirosis has unique epidemiological features, such
as asymptomatic carriers, environmental persistence, multi-host transmission, and relapse be-
havior, that make its dynamics strongly dependent on past states. This makes fractional-order
modeling a particularly promising approach to study transmission dynamics of leptospirosis
compared to integer-order models. Thus our study uses this approach to analyze the model
formulated in cattle-human-environment interface.

1.2 Statement of the Problem

Leptospirosis is a worldwide disease, particularly common in tropical and subtropical areas,
with an estimated 1 million cases and 58,900 deaths annually in humans (Rajapakse et al., 2025).
In countries like Ethiopia, where livestock and human populations are large and mixed farming
practices are common, leptospirosis poses both economic and public health threats (Sohm et al.,
2023). Leptospirosis receives less emphasis as a global health priority due to challenges in its
asymptomatic nature and the fact that it affects marginalized populations.

Current veterinary studies of leptospirosis have shown that asymptomatic infections can

7



silently spread within herds, reducing productivity and exposing farmers, abattoir operators, and
veterinarians to risk (Davignon et al., 2023; Monti et al., 2023). However, the role of asymp-
tomatic cattle has not been addressed in existing mathematical models, despite the fact that the
recovery time and levels of Leptospira shedding of asymptomatic carriers differ significantly
from the symptomatic cattle. Likewise, although vaccination of susceptible cattle in endemic
areas is highly recommended both for existing herds and newly recruited animals (Aymée et al.,
2024; Wilson-Welder et al., 2020), mathematical models on leptospirosis dynamics rarely incor-
porate vaccinated compartments. In addition, the current modeling landscape lacks a unified ap-
proach that simultaneously incorporates the primary reservoir host (cattle), human populations,
and environmental contamination. This critical knowledge gap hinders the design of effective,
evidence-based control strategies for leptospirosis at the human–cattle–environment interface.
Furthermore, leptospirosis has unique epidemiological features, such as asymptomatic carriers,
environmental persistence, multi-host transmission, and relapse behavior, that make its dynam-
ics strongly dependent on past states.

Therefore, in the first part of this study, we formulate and analyze a comprehensive math-
ematical model of leptospirosis within cattle by modifying the SEIR model (Chadsuthi et al.,
2022) to asymptotic infected, vaccinated, and environmental free Leptospira compartments.
Then, we extended this model to include a well-known reservoir host (rat), human beings,
and free-living Leptospira pathogens to analyze the interspecies transmission dynamics of lep-
tospirosis. Furthermore, our study addresses the fractional-order model analysis to capture the
unique features of leptospirosis, particularly in cattle-human interfaces.

1.3 Objective of the Study

1.3.1 General Objective

The general objective of this study is to develop and analyze a mathematical model that de-
scribes the transmission dynamics of leptospirosis to assess interspecies risk and design optimal
control strategies for effective disease prevention and management.

1.3.2 Specific Objectives

The specific objectives of the proposed research are to:

1. formulate a deterministic compartmental model for leptospirosis that integrates symp-
tomatic, asymptomatic, and vaccinated cattle classes,

2. extend the proposed model into an optimal control problem and recommend the cost-
effective control strategy that reduces the burden of leptospirosis in cattle and humans.
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3. construct a mathematical model that captures the transmission dynamics of leptospirosis
within a system of cattle, rat reservoirs, and the surrounding environment,

4. formulate and analyze fractional-order mathematical model that characterizes the role of
cattle in the transmission dynamics of human leptospirosis.

1.4 Significance of the Study

This study provides a basic understanding of how to use mathematical modeling in describ-
ing the transmission dynamics of leptospirosis with optimal control in both integral and frac-
tional order derivatives. Thus the models proposed in our study are significant for the following
reasons:

1. helps to understand the interspecies dynamical property of leptospirosis,

2. to suggest an appropriate intervention method,

3. serve as a reference for scholars and policymakers working in the area,

4. it will add knowledge to the existing literature on leptospirosis, and

5. motivate other researchers to extend and study the transmission dynamics of leptospirosis.

1.5 Delimitation of the Study

This study focuses on mathematical modeling of leptospirosis transmission, with particular
emphasis on the role of cattle as the primary host, separating infectious cattle into symptomatic
and asymptomatic groups to capture differences in recovery time. In addition, the model in-
cludes rat populations, human populations, and environmental contamination pathways. Other
animal reservoir hosts (such as dogs) and spatial heterogeneity of transmission are not consid-
ered in our model formulation. Furthermore, the study is limited to a theoretical and simulation-
based framework; it does not involve the collection of primary epidemiological data but instead
relies on published parameter estimates.

1.6 The Organization of the Dissertation

There are seven chapters in this dissertation. Our study’s introduction, which covers sev-
eral essential biological background topics, the statement of the problem, and the objective and
significance of the study, is presented in chapter 1. A brief discussion of important and previ-
ous related literature is covered in chapter 2. chapter 3 presents the method utilized to conduct
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this dissertation. In chapter 4, a system of nonlinear ordinary differential equations is used to
build a deterministic mathematical model for the transmission dynamics of leptospirosis. Using
three time-dependent controls, the developed model is further extended into an optimal con-
trol problem. chapter 5 proposes and analyzes a new mathematical model for the dynamics
of leptospirosis in cattle and rats. In chapter 6, the fractional order extension of the proposed
leptospirosis model is formulated by incorporating human population. chapter 7 concludes the
dissertation with suggestions.
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CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

Mathematical models are essential tools for better understanding of the dynamics of infec-
tious disease since its inception as a discipline more than a century ago (Grassly & Fraser, 2008).
Mathematical analysis and modeling allow policymakers to understand and predict the dynam-
ics of an infectious disease under several scenarios (Sweileh, 2022). The use of mathematical
models in epidemiology started as early as 1760 by Bernoulli & Chapelle (2023) who were
working on the epidemiology of Smallpox in England.

The modern mathematical modeling started with Ross in his book published in 1911 in
which he investigated the dynamics of malaria transmission (Ross, 1911). Then after, Kermack
& McKendrick (1927) founded the deterministic compartmental epidemic modeling suggesting
that the probability of infection of a susceptible individual is analogous to the number of his
contacts with infected individuals and the rate at which susceptible individuals become infected
is given by kSI where S and I represent population densities of susceptible and infected people,
respectively while k is a constant. They have shown that, an infectious disease can spread in
a susceptible population only if the so-called basic reproduction number is above a threshold
value.

The field developed throughout the course of the 20th century to incorporate increasingly
intricate models that took into consideration variables such as diverse populations, latent periods,
and birth and death rates. The advent of computers in the mid-20th century allowed researchers
to simulate more complex models, such as malaria and HIV. Epidemic modeling has emerged
as a vital tool for public health planning in the twenty-first century, particularly during disease
outbreaks such as SARS, Ebola, COVID-19, and Mpox. Models now include comprehensive
population dynamics, vaccination plans, and treatments due to advancements in data availability,
computing power, and understanding of disease biology. In order to effectively inform public
health interventions, real-time prediction, and data-driven approaches are becoming increasingly
important in epidemic modeling (Kretzschmar & Wallinga, 2009; Mata & Dourado, 2021).
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2.2 Leptospirosis Model

In recent years many scholars in the area of mathematics studied the transmission dynamics
of leptospirosis both in human being and animal population. In this regards the study of Caley &
Ramsey (2001) is the earliest mathematical model for leptospirosis. In this study the researchers
estimate leptospirosis transmission rate (force of infection) from sampled data and find effect
of fertility control in Possums. Their result suggests that fertility control by tubal ligation of
females possibly increases the disease transmission parameter, resulting in an increase of the
basic reproduction number.

The next impressive Mathematical model in the area of leptospirosis is the study by Holt
et al. (2006). They proposed a susceptible-infected compartmental model for transmission of
leptospirosis in African rodents with age structure of juvenile, sub-adult and adult. In this model
the direct transmission from mother to an offspring (called vertical transmission) was consid-
ered in addition to contact within animal. It also includes the indirect transmission from free
environmental bacterial load with saturation term which limits the effect of Leptospira value in
the environment becoming large. Their model suggests that rodent removal methods, such as
trapping, will be more effective in reducing leptospirosis risk. Many researchers thereafter use
this model as a benchmark, despite its focus on a single species.

Khan et al. (2014) formulate a model that considers both the population of human and animal
(rat) but fails to include the contribution of environmental Leptospira load to the spread of the
disease. They also extend their own work to study the dynamic behavior of leptospirosis with a
saturated incidence rate (Khan et al., 2016). Their result shows that the population of infected
humans and vectors decreases, as well as the population of susceptible humans increases, with
the increase of proposed controls. Gallego & Simoy (2021) investigated a SIR-SI model and
conducted an analytical examination of the system’s characteristics in order to comprehend the
dynamics of leptospirosis in humans and rodents. In this article, rodent population presents a lo-
gistic growth unlike previous papers. According to their findings, the basic reproduction number
depends on rodents infection rate, birth rate and environmental carrying capacity, the infection
may continue if the environment is conducive to the expansion of the rodent population. This
work did not include environmental free Leptospira as a separate compartment. Engida et al.
(2022) developed and examined a deterministic mathematical model for transmission dynamics
of leptospirosis described by nonlinear ordinary differential equations with eight state variables
in human, rodent and bacterial populations. They demonstrated a detailed qualitative and quan-
titative analysis to show more insight into the spread of disease. The sensitivity of different
parameters was analyzed and numerical simulations were incorporated to support their theoret-
ical findings. The article did not include cattle which are well-known maintenance hosts that
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affect humans. Baca-Carrasco et al. (2015); Bhalraj & Azmi (2019) also formulate a similar
leptospirosis model of the combined population of human and rodents with environmental-free
bacteria under consideration.

Studies by Babylon et al. (2018), Aslan et al. (2021), and Chadsuthi et al. (2022) can be
pointed out as a good reference point for a study focusing on livestock leptospirosis. Babylon
et al. (2018) also formulate an SI model with environmental Leptospira concentration to inves-
tigate the transmission cycle of leptospirosis in lambs. Since the authors assumed a short-term
stay of lambs on a farm, they did not consider recovery and reinfection in this model. According
to the results of this study, increasing Leptospira decay rate on the farm to decrease infection
in livestock could decrease the incidence of disease in humans. Aslan et al. (2021) also devel-
oped a mathematical model to analyze the spread of leptospirosis and to find a control method to
eradicate the disease in a cattle ranch. They designed an SIR model with each compartment sub-
divided into two age groups, namely juvenile and adult. The model includes free environmental
Leptospira load and vertical transmission. It incorporates vaccination of newly recruited cattle
in the form of impulse actions as a control measure to prevent the propagation of leptospirosis
in the ranch. This article fails to consider asymptomatic infectious cattle separately and vacci-
nation of susceptible cattle. Moreover, the authors assumed a single serovar with no reinfection,
despite the possible existence of multiple serovars in a herd. In the work of Chadsuthi et al.
(2022), an SEIR stochastic compartmental model was designed for leptospirosis in cattle herds
considering the dynamics of sero-conversion of the Leptospira pathogen, and their results de-
scribed the general framework of the combination of infection and antibody dynamics. Here,
the role of vaccination and free environmental Leptospira was not addressed.

Recently, Artiono et al. (2024) aimed to create a mathematical model of leptospirosis involv-
ing interactions between multiple species. This study takes into account the interactions between
humans, animal hosts, animal vectors, and free-living Leptospira at a time, despite the focus of
the majority of studies on the human-rodent interface. The authors ignored direct transmission
from animal vectors to animal hosts, although it has a significant contribution in addition to
indirect transmission from the environment.

2.3 Leptospirosis Model with Optimal Control

Optimal control theory helps us to identify the most effective methods for managing infec-
tious diseases and to look into the effects of applied controls (Igoe et al., 2023). The approach
is useful in recommending the best mitigation plan to reduce the number of affected population
during a disease while effectively managing control applied to the models with different cost sce-
narios (Bussell et al., 2019; Sharomi & Malik, 2017). Unlike other optimization techniques that
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assume control variables remain constant over time, it permits the control variables to change
over time, enabling dynamic minimization of both the burden of disease and intervention costs
(Igoe et al., 2023).

Authors in Okosun et al. (2016) developed a leptospirosis model for a combined human and
livestock population. They have also extended the model to an optimal control problem by in-
troducing prevention and treatment control for humans and also vaccination and treatment for
animals. They did not include environmental Leptospira concentration and the asymptomatic
infected animal compartment. They have analyzed the cost-effectiveness of the controls in dif-
ferent scenarios. The model suggests that policymakers may adopt a strategy with vaccination
and treatment of infective animals over other strategies, which include the additional cost of
prevention and treatment of humans, in case of limited resources.

In article Minter et al. (2019), an optimal control problem for leptospirosis transmission in
rat populations was formulated by extending a model developed by Holt et al. (2006). The
authors include four control measures: rodenticide, resource reduction, carry capacity control,
and Leptospira mortality control. Consequently, they examined the effectiveness of each control
in different cases. This article did not examine the transmission of leptospirosis between species
and the corresponding control strategies.

In addition, Engida et al. (2023) developed an optimal control problem and conducted cost-
effectiveness analysis by extending the leptospirosis model formulated by Engida et al. (2022).
In this article, the authors proposed personal prevention and treatment for the human popula-
tion, rodenticide for the rat population, and proper sanitation for environmentally free bacteria
as control measures. They have provided cost-effectiveness assessments and numerical simula-
tions of various control schemes. Their cost-effectiveness analysis suggests that the rodenticide
control-only strategy is most effective to combat the spread of disease when available resources
are limited.

Furthermore, Oguntolu et al. (2024) developed a mathematical model for the dynamics of
leptospirosis transmission in human and animal populations with optimal controls. The controls
include preventive measures, environmental sanitation, and animal vaccination. Here, they fail
to include treatments for either animals or humans to enhance the recovery rate. The number of
infected humans and the population of bacteria are not significantly affected by the vaccination
of animals as a stand-alone control method, according to the results of numerical simulations.
However, the number of infected humans, infected animals, and the total population of bacteria
in the environment can all be significantly decreased by combining the three time-dependent
control measures.
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2.4 Leptospirosis Model with Fractional Order

Unlike traditional integer-order models, fractional-order models incorporate memory and
hereditary properties that provide a more realistic representation of disease spread and often
yield a better fit to observed outbreak data (Farman et al., 2023). The dynamics of leptospiro-
sis are heavily influenced by previous status due to its distinct epidemiological characteristics,
which include asymptomatic carriers, environmental persistence, multi-host transmission, and
relapse behavior. Therefore fractional-order is suitable for studying the dynamics of leptospiro-
sis transmission.

In this regard, Alalhareth et al. (2023) and Farman et al. (2023) are among the recent studies
that focuses on leptospirosis in fractional order differential equation. Alalhareth et al. (2023)
studied the Leptospirosis model, which is described by a nonlinear fractional-order differential
equation that accounts for environmental influences. The stability of the suggested fractional
order system is examined both qualitatively and quantitatively. The authors missed considering
the exposed human population, although its symptoms usually start within two to fourteen days.
Also, the study fails to separate asymptomatic individuals before their chronic stage because the
exposed individuals can be recorded earlier as compared to infected ones.

Farman et al. (2023) use fractional-order differential equations to build and assess a com-
partmental mathematical model in order to investigate the effects of rodent-borne leptospirosis
on the human population by extending the work of Engida et al. (2022). The model takes into
account the rate of human infection brought on by contact with infected rats and the environ-
ment, as well as the existence of disease-causing agents in the surroundings. Their numerical
findings offer strong proof that setting preventive and control measures together can signifi-
cantly decrease the spread of human leptospirosis infection. On the other hand, Mukdasai et al.
(2022) present a novel numerical method to solve fractional order leptospirosis model using the
supervised neural network. They have also compared the exactness of the obtained numerical
outcomes with the Adams scheme.

In general, most mathematical models of leptospirosis focus primarily on human–rodent
interactions, neglecting the role of livestock such as cattle, which are important maintenance
hosts. Many existing models also omit key transmission pathways, including direct animal-to-
animal contact, asymptomatic infections, and reinfection dynamics. Furthermore, environmen-
tal Leptospira persistence, vaccination effects, and cross-species interactions are often excluded,
limiting the ability of current models to capture the complex multi-host nature of leptospirosis
transmission. Therefore, this study contributes to the literature by addressing these gaps.
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CHAPTER 3

RESEARCH METHODOLOGY

This chapter provides a complete summary of the research design. It outlines the theoretical
models, data collection methods, analysis techniques, and mathematical procedures used to at-
tain the general and specific objectives. It serves as a foundation for understanding the research
methodology and the derivation of findings.

3.1 Mathematical Procedure

To achieve the objective of this study, we first developed and analyzed mathematical mod-
els that describe the transmission dynamics of leptospirosis in cattle, rats, and humans using
the system of nonlinear ordinary differential equations. We separated the entire cattle herd into
six compartments for the first model, incorporating environmentally free pathogens. Then, the
basic model properties, such as positivity and boundedness of solutions, are analyzed, and the
region of invariance where the model is biologically and mathematically well-posed is estab-
lished. We then determined the basic/effective reproduction number and the stability analysis of
the model equilibria. The sensitivity analysis of the model parameters and different numerical
simulations are performed to support the analytical results. Further, we extended the proposed
model, including an optimal control strategy and cost-effectiveness analysis to minimize the dis-
ease burden and related costs. For the proposed extended leptospirosis model, we have analyzed
the existence and characterization of the optimal control problem using Pontryagin’s Minimum
Principle.

Secondly, we proposed a mathematical model that describes the dynamics of leptospirosis
in cattle and reservoir hosts (rats). To examine the role of rats, we take into account the direct
contact within cattle and with rats as well as the indirect transmission via the environmental free-
living Leptospira. Fundamental characteristics of the model solution are examined, along with
the stability analysis of equilibria points. Numerical simulations are also conducted to support
analytical results.

Lastly, we formulated a system of nonlinear fractional-order differential equations for two
species (cattle and human) together with the environmental free-Leptospira pathogen to examine
the role of cattle in the transmission of human leptospirosis. The proposed fractional order
system is analyzed qualitatively as well as quantitatively to identify its stable position. Local
stability of the system is verified, and global stability is checked using Lyapunov functions. The
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existence, boundedness, and positivity of the system are also checked.

3.2 Method of Analysis

Our models are analyzed both qualitatively and quantitatively using appropriate methods.

3.2.1 Qualitative Analysis

The proposed leptospirosis mathematical models are analyzed using different mathemati-
cal tools, theories, and theorems that are suitable for the system of ordinary differential equa-
tions. The basic properties of the model, such as biological feasibility and mathematical well-
posedness, are illustrated by showing non-negativity and boundedness of the solutions. The local
and global stability is shown by the Castillo-Chavez and Song theorem, and Descartes’ Rule of
Signs is used to show the existence of the equilibria. Furthermore, the fixed point theorem,
Laplace transform, and inverse Laplace transform are used to provide the qualitative analysis
of the fractional order derivative model. The Pontryagin minimum principle is applied to the
optimal control problem to investigate the necessary condition of optimal control.

3.2.2 Numerical Analysis

In our research, we have used parameter values from previously published journals in the
area of our study and conducted the analysis using numerical methods and algorithms set in the
PYTHON language (odeint solver, scipy.optimize.fSolve, and GEKKO optimization packages).
Further, we used the generalized Adams-Bashforth-Moulton predictor-evaluator-corrector-evaluator
(PECE) algorithm for the simulation of the fractional-order derivative model.
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CHAPTER 4

MATHEMATICAL MODELING AND ANALYSIS OF LEPTOSPIROSIS
DYNAMICS IN CATTLE HERD WITH OPTIMAL CONTROL

This chapter investigates a mathematical model for leptospirosis transmission dynamics with
an optimal control analysis. First, we develop and analyze a mathematical model for leptospiro-
sis transmission dynamics. The basic properties of the model and stability of the model equilib-
ria are studied. Then we extend the model to an optimal control problem by considering some
control strategies. Further, the numerical simulations of both models with and without optimal
control are performed.

4.1 Model Formulation

In order to study the dynamics of leptospirosis transmission in cattle, we presented a non-
linear deterministic model in this section. The SEIR model (Aslan et al., 2021; Chadsuthi et al.,
2022; Okosun et al., 2016) was modified to include the vaccinated population and the asymp-
tomatic infected population as separate compartments. N(t) = S(t)+E(t)+ I(t)+A(t)+R(t)+

V (t) represents the total population of cattle, where S(t) represents susceptible cattle, E(t) repre-
sents exposed cattle, I(t) represents symptomatic infected cattle, A(t) represents asymptomatic
infected cattle, R(t) represents recovered cattle, V (t) represents vaccinated cattle, and L(t) rep-
resents free-living Leptospira in the environment. The vaccinated class receives a portion ρΛ

of the recruitment (Aymée et al., 2024), whereas the susceptible class, receives the remaining
(1−ρ)Λ, where ρ ∈ [0,1].

The force of infection, denoted by λ, is given by λ = βLL
K+L + βAA+ βII, where the non-

linear term βLL
K+L is a saturation term that limits the effect of transmission to cattle as Leptospira

concentration in the environment becomes large (Holt et al., 2006). Vaccinated cattle are infected
at a reduced force of infection given by (1− r)λ, where r is the efficiency of vaccination. Both
asymptomatic and symptomatic infected cattle shed Leptospira into the environment at rates of
ωA and ωI , respectively. The rate at which recovered cattle lose their natural immunity is denoted
as γ, and µ is the natural death rate of the cattle. 1

α
is the incubation period, and ν indicates the

portion of exposed cattle that shows symptoms. δ and σ are the recovery rates of symptomatic
and asymptomatic infected cattle, respectively. The descriptions of other parameters used in
the model are summarized in Table 4.1. The following are the governing assumptions of the
proposed model:
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(i) There is no age structure.

(ii) Symptomatic infected cattle include pregnant and lactating cattle, calves, and weak cattle
due to co-infection, while the rest of the cattle population are considered asymptomatic
cattle (Fraga et al., 2015; Robi et al., 2024).

(iii) Direct transmission from asymptomatic and symptomatic infected cattle occurred at rates
of βA and βI , respectively, while indirect transmission through the environment occurred
at a rate of βL.

(iv) Portion of newborns from symptomatic infected cattle acquires the disease during birth
and hence is subtracted from susceptible cattle (Aslan et al., 2021; Baloba et al., 2020;
Minter et al., 2019).

(v) The vaccines are imperfect and hence some portion become exposed (Esteves et al., 2022).

(vi) The immunity granted through vaccination is not lifelong (Fraga et al., 2015), and hence
the cattle become susceptible.

(vii) The herd in this study includes all cattle from small holder farmers in a specific village
that share the same grazing field.

E

µ

I

µ+d

bqI

A

µ

R µS

µ

(1−ρ)Λ−bqI

V µρΛ

L

ε

να

(1−ν)α

δ

ωI

ωA

λ

η

σ

γ

βL

βL

(1− r)λ
τ

Figure 4.1: Flow diagram for leptospirosis transmission in cattle: Bold arrow
shows transition from one compartment to the other and dotted arrow shows
pathogen contribution.
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From the flow diagram in Figure 4.1 the following differential equation system is generated
to describe the transmission dynamics of leptospirosis in cattle.

dS
dt

= (1−ρ)Λ−bqI − (
βLL

K +L
+βAA+βII)S+ γR+ηV − τS−µS,

dE
dt

= (
βLL

K +L
+βAA+βII)(S+(1− r)V )−αE −µE,

dA
dt

= (1−ν)αE −σA−µA, (4.1)

dI
dt

= bqI +ναE −δI −µI −dI,

dR
dt

= σA+δI − γR−µR,

dV
dt

= ρΛ− (1− r)(
βLL

K +L
+βAA+βII)V + τS−ηV −µV,

dL
dt

= ωAA+ωII − εL,

with the initial conditions; S(0) = S0 > 0, E(0) = E0 ≥ 0, A(0) = A0 ≥ 0, I(0) = I0 ≥ 0, R(0) =
R0 ≥ 0, V (0) =V0 ≥ 0, L(0) = L0 ≥ 0.

4.2 Model Analysis

4.2.1 Existence and Uniqueness of Solutions

Theorem 4.2.1 (Existence and Uniqueness). Consider the initial value problem (4.1) for the
leptospirosis transmission model defined by the system:

dX
dt

= F(X(t)), X(0) = X0,

where

X(t) =



S(t)

E(t)

A(t)

I(t)

R(t)

V (t)

L(t)


, F(X) =



(1−ρ)Λ−bqI − ( βLL
K+L +βAA+βII)S+ γR+ηV − τS−µS

( βLL
K+L +βAA+βII)(S+(1− r)V )−αE −µE

(1−ν)αE −σA−µA

bqI +ναE −δI −µI −dI

σA+δI − γR−µR

ρΛ− (1− r)( βLL
K+L +βAA+βII)V + τS−ηV −µV

ωAA+ωII − εL


,

with N = S+E +A+ I +R+V , and initial conditions satisfying X0 ∈ R7
+.
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Assume that all the parameters are positive constants and the initial conditions satisfy X0 ∈
Ω, where Ω = ΩC x ΩL is the biologically feasible region defined by:

ΩC =

{
(S(t),E(t),A(t), I(t),R(t),V (t)) ∈ R6

+; 0 ≤ N(t)≤ Λ

µ

}
and

ΩL =

{
(L(t)) ∈ R1

+; 0 ≤ L(t)≤ Λ(ωA +ωI)

εµ

}
.

Then the governing model (4.1) admits a unique, nonnegative, and bounded solution X(t)

that exists for all time t ≥ 0 and remains in the region Ω.

Proof. We establish the result as follows. Note that the function F(X) is continuously differen-
tiable with respect to all state variables in R7

+, provided N > 0. Since F and its Jacobian matrix
are continuous on the closed, bounded set Ω, they satisfy a Lipschitz condition inside Ω. By the
Picard-Lindelöf theorem (Coddington & Levinson, 1955; Hartman, 1964), there exists a unique
local solution X(t) on some maximal interval of existence [0, tmax). The derivative of the vector
field F is also nonnegative, for each state variable, when it approaches zero. That is,

dS
dt

∣∣∣∣
S=0

= (1−ρ)Λ−bqI+γR+ηV > 0,
dE
dt

∣∣∣∣
E=0

= (
βLL

K +L
+βAA+βII)(S+(1− r)V )≥ 0,

and similarly for other compartments. Thus, by the invariance principle for cooperative systems
(Smith, 1995), solutions starting in the nonnegative orthant R7

+ remain nonnegative for all t ≥ 0.

Next, define the total cattle population N(t) = S(t)+E(t)+A(t)+I(t)+R(t)+V (t). Adding
the first six equations yields:

dN
dt

= Λ−µN(t)−dI(t)≤ Λ−µN.

Applying Grönwall’s inequality (Gronwall, 1919), we obtain:

N(t)≤ Λ

µ
+

(
N(0)− Λ

µ

)
e−µt ≤ max

{
N(0),

Λ

µ

}
.

For the pathogen compartment L(t), we have:

dL
dt

≤ (ωA +ωI)
Λ

µ
− εL,

which similarly implies boundedness of L(t). Thus, all state variables remain uniformly bounded
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on any finite time interval.

Since the right-hand side F is Lipschitz continuous on Ω and solutions remain bounded,
by the continuation theorem for ordinary differential equations (Hirsch et al., 1974), the local
solution can be extended to all t ≥ 0. Specifically, the boundedness of solutions prevents finite-
time blow-up, ensuring global existence.

From the bounds derived above, it follows directly that if X(0) ∈ Ω, then X(t) ∈ Ω for all
t ≥ 0. Thus, Ω is positively invariant (Hale, 1969).

Therefore, by combining the Picard-Lindelöf theorem, Grönwall’s inequality, and the contin-
uation principle, we conclude that the model equations (4.1) has a unique, nonnegative, bounded
solution that exists globally in time and remains within the biologically feasible region Ω.

Remark 1. The mathematical foundation established here follows standard results in dynami-
cal systems theory (Perko, 2013; Wiggins, 2003). The boundedness argument via Grönwall’s
inequality is particularly crucial, as it ensures that population variables do not grow without
bound which is an important requirement for biological realism. The invariance of Ω confirms
that the model respects basic demographic constraints. These features ensure that the model is
both mathematically well-posed and biologically realistic.

4.2.2 Leptospira-free Equilibrium and Effective Reproduction Number

The Leptospira-free equilibrium(LFE) can be found by equating the right-hand side of Eq.
(4.1) to zero by setting disease state equal to zero (A∗ = I∗ = L∗ = 0). The remaining state

variables result in E∗ = 0, R∗ = 0, V ∗ =
Λ(ρµ+ τ)

µ(η+ τ+µ)
and S∗ =

Λ((1−ρ)µ+η)

µ(η+ τ+µ)
. Hence, the

Leptospira-free equilibrium point denoted by, E ∗, is given by

E ∗ =

(
Λ((1−ρ)µ+η)

µ(η+ τ+µ)
,0,0,0,0,

Λ(µρ+ τ)

µ(η+ τ+µ)
,0
)
. (4.2)

To compute the effective reproduction number we used next generation matrix approach pre-
sented in Van den Driessche & Watmough (2002) as follows. The rate of appearance of new
infection and rate of transfer from one compartment to another in the infectious classes gives the
following:

F =


( βLL

K+L +βAA+βII)(S+(1− r)V )

0
0
0

 , V =


(α+µ)E

(σ+µ)A− (1−ν)αE

(δ+µ+d −bq)I −ναE

ε−ωAA−ωII

 . (4.3)
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Derivation of Eq. (4.3) with respect to disease state variables and evaluating at E ∗,

F =
∂F i

∂x j
=


0 βA(S∗+(1− r)V ∗) βI(S∗+(1− r)V ∗) βL

K (S∗+(1− r)V ∗)

0 0 0 0
0 0 0 0
0 0 0 0

 ,

V =
∂Vi

∂x j
=


(α+µ) 0 0 0

−(1−ν)α (σ+µ) 0 0
−να 0 (δ+µ+d)−bq 0

0 −ωA −ωI ε

 .

Hence the effective reproduction number Re is given by the largest spectral radius of the next
generation matrix, FV−1. That is

Re = ρ(FV−1) = RA +RI +RL, (4.4)

where,

RA =
βA(S∗+(1− r)V ∗)(1−ν)α

(α+µ)(σ+µ)
,

RI =
βI(S∗+(1− r)V ∗)να

(α+µ)[(δ+µ+d)−bq]
,

RL =
βL

K
(S∗+(1− r)V ∗)(ωA(1−ν)α[(δ+µ+d)−bq]+ωIνα(σ+µ))

ε(α+µ)(σ+µ)[(δ+µ+d)−bq]
,

with (δ+ µ+ d)− bq > 0 as Re is non-negative for epidemiological sense-full model. RA,
RI and RL are reproduction numbers that corresponds to transmissions from asymptomatic
cattle , infected cattle and from the environment respectively. We can further subdivide RL for
suitability as RL = R

′
L +R

′′
L, where

R
′
L =

βL

K
(S∗+(1− r)V ∗)ωA(1−ν)α

ε(α+µ)(σ+µ)
and R

′′
L =

βL

K
(S∗+(1− r)V ∗)ωIνα

ε(α+µ)[(δ+µ+d)−bq]

Remark 2. Epidemiologically, RA and RI shows a new infection generated by asymptomatic and
symptomatic infected cattle respectively prior to their recovery. In particular RI is regulated by
the term [(δ+µ+d)−bq] , which implies increasing (δ+µ+d) and/or decreasing either of b or
q will decrease the effective reproduction number. Furthermore, RL signifies the pace at which
Leptospira is released into the environment by asymptomatic and symptomatic infected cattle
(ωA and ωI). This factor amplifies the transfer rate of bacteria to susceptible and vaccinated
cattle, potentially triggering disease outbreaks. However, implementing control measures that
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aim to enhance the decay rate of Leptospira in the environment (ε) will effectively minimize the
rate of new infections.

When there is no vaccination of susceptible cattle in the herd, that is, τ = 0, then the effective
reproduction number (4.4) reduces to the basic reproduction number, R0, given by

R0 =
Λ[η+µ(1− rρ)]

µ(η+µ)

(
βA(1−ν)α

(α+µ)(σ+µ)
+

βIνα

(α+µ)[(δ+µ+d)−bq]
+

βL

K
(ωA(1−ν)α[(δ+µ+d)−bq]+ωIνα(σ+µ))

ε(α+µ)(σ+µ)[(δ+µ+d)−bq]

)
(4.5)

Biologically, R0 represents the average number of secondary cases arising from single infectious
cattle in a completely susceptible population (Van den Driessche & Watmough, 2008).

Re-writing (4.4) in terms of (4.5),

Re =

(
(η+µ)− rρµ+(1− r)τ

(η+ τ+µ)

)(
(η+µ)

(η+µ)− rρµ

)
R0

Re(∞) := limτ→∞ Re =
(1− r)(η+µ)
[η+µ(1− rρ)]

R0.

Moreover,
∂Re

∂τ
=−r

(1−ρ)µ+η

(η+ τ+µ)2
(η+µ)

[η+µ(1− rρ)]
R0 < 0 (decreasing)

Therefore,
(1− r)(η+µ)
[η+µ(1− rρ)]

R0 ≤Re ≤R0, and therefore R0 < 1 implies Re < 1. This shows

that vaccination coverage τ plays a great role in controlling leptospirosis for R0 < 1. However,
for R0 > 1, it is important to note that

Re(∞)≤ 1 ⇐⇒ (1− r)(η+µ)
[η+µ(1− rρ)]

R0 < 1 ⇐⇒ r > r∗ :=
(R0 −1)(η+µ)
(η+µ)R0 −ρµ

(4.6)

where r∗ is critical vaccine efficacy. This could indicate that even with high vaccination cov-
erage, the disease might not be completely eradicated if vaccine efficacy r is low and R0 is
significantly higher than unity (Diagne et al., 2021). Figure 4.2(a) suggests that even in cases
where vaccine coverage τ is high, additional efforts will be required to bring Re below unity. Us-
ing better biosecurity practices and giving antibiotics to the entire herd, along with vaccinations,
can help control Leptospira outbreaks in dairy cattle herds (Mughini-Gras et al., 2014).

Also, for R0 > 1 the critical vaccination threshold τ∗ for disease eradication can be derived
by setting Re = 1 and it is given by

τ
∗ =

(η+µ)[(η+µ)R0 − rρµ](R0 −1)
(r− r∗)[(η+µ)R0 −ρµ]

(4.7)

Note that Re < 1(> 1) when τ > (<)τ∗. Figure 4.2(b) shows the vaccine coverage τ as a
function of R0, where the vaccine efficacy is 95% (r > r∗). The shaded region indicates the
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situation when vaccine coverage τ is greater than the critical vaccination threshold τ∗.
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Figure 4.2: (a) Critical vaccination efficacy, r∗(R0) (b) Critical vaccination coverage, τ∗(R0)

4.2.3 Local Stability of Leptospira-Free Equilibrium

Theorem 4.2.2. The Leptospira-free equilibrium point, E ∗, of system in Eq.(4.1) is locally
asymptotically stable whenever Re < 1 and unstable otherwise.

Proof. Go to Appendix (A.9).

Remark 3. The biological implication of Theorem 4.2.2 is that the flow of Leptospira infected
cattle will not generate an outbreak of the disease and eventually extincts for Re less than unity
for the herd size sufficiently close to Leptospira-free equilibrium as time goes very large.

4.2.4 Global Stability of Leptospira-Free Equilibrium

In this section we will present the global stability of the Leptospira-free equilibrium using
the method of Castillo-Chavez (2002),

Theorem 4.2.3. The Leptospira-free equilibrium E ∗ of the system Eq. (4.1) is globally asymp-
totically stable for Re < 1 on its feasible region.

Proof. Re-writing the model (4.1) as;

dX
dt

= F(X,Y), (4.8)

dY
dt

= G(X,Y);with,G(X,0) = 0,
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where, X = (S,R,V ) ∈ R3 denotes the uninfected compartment and Y = (E,A, I,L) ∈ R4 de-
notes the infected compartments. Let E ∗ = (X∗,0) denotes the Leptospira-free equilibrium of
the system (4.1). The following conditions grants the global stability of the Leptospira-free
equilibrium according to Castillo-Chavez (2002),

H1 : For
dX
dt

= F(X,Y), X∗ is a globally asymptotically stable where F(X∗,0) = 0

H2 : G(X,Y) = BY− Ĝ(X,Y) , Ĝ(X,Y) > 0 for (X,Y) ∈ Ω, where B = DY G(X∗,0) is an M-
matrix (the matrix with off-diagonal elements non-negative).
To show condition H1, take a sub-model of our model (4.1)

dX
dt

= F(X,0) =

(1−ρ)Λ+ γR+ηV − (τ+µ)S

−(γ+µ)R

ρΛ+ τS− (η+µ)V

 (4.9)

Solving the sub-system (4.9) and taking the limit as t → ∞ gives us,

S(t)→ Λ

µ

[
(1−ρ)µ+η

η+µ+ τ

]
, R(t)→ 0, and V (t)→ Λ(ρµ+ τ)

µ(η+ τ+µ)
that is (S∗,R∗,V ∗) is global attract on Ω and sub-system (4.9) is globally stable,

On the other hand to show condition H2,

B = DY G(X∗,0) =


−(α+µ) βA(S∗+(1− r)V ∗) βI(S∗+(1− r)V ∗) βL(S∗+(1−r)V ∗)

K

(1−ν)α −(σ+µ) 0 0
να 0 −[(δ+µ+d)−bq] 0
0 ωA ωI −ε

,

where, S∗ =
Λ

µ

[
(1−ρ)µ+η

η+µ+ τ

]
, V ∗ =

Λ(ρµ+ τ)

µ(η+ τ+µ)
,

and G(X,Y) =


( βLL

K+L +βAA+βII)(S+(1− r)V )−αE −µE

(1−ν)αE −σA−µA

bqI +ναE −δI −µI −dI

ωAA+ωII − εL


Thus,

Ĝ(X,Y) =


(S∗+(1− r)V ∗)

[
(βAA+βII)(1−

(S+(1− r)V )

(S∗+(1− r)V ∗)
)+

βLL
K

(1− (S+(1− r)V )K
(S∗+(1− r)V ∗)(K +L)

)

]
0
0
0


Where Ĝ(X,Y) = BY−G(X,Y). For S ≤ S∗ and V ≤V ∗ in the feasible region Ω, Ĝ(X,Y)≥ 0. Therefore both H1

and H2 conditions are satisfied and E ∗ is globally asymptotically stable for Re < 1.

Remark 4. Epidemiologically Theorem 4.2.3 implies that, independent of the initial available
cattle herd size Leptospira infected cattle will not lead to an outbreak of the disease and it
extincts in the long run for Re less than unity.
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4.2.5 Existence of Leptospira-Persistent Equilibrium

Leptospira-persistent equilibrium(LPE) can be found by setting right side of Eq. (4.1) to
zero and solving for state variables. Let E ∗∗ = (S∗∗,E∗∗,A∗∗, I∗∗,R∗∗,V ∗∗,L∗∗) be an LPE and
expressing all state variables in terms of exposed class, E∗∗ gives,

A∗∗ = kAE∗∗,

I∗∗ = kIE∗∗,

R∗∗ = kRE∗∗,

L∗∗ = kLE∗∗, (4.10)

S∗∗ =
k2((1− r)λ∗∗+ k6)E∗− (1− r)ρΛλ∗

λ∗∗((1− r)λ∗∗+ k6 +(1− r)τ)
,

V ∗∗ =
ρΛ+ τS∗∗

(1− r)λ∗∗+ k6
,

where,

λ∗∗ = βAA∗∗+βII∗∗+
βLL∗∗

K+L∗∗ , kA =
(1−ν)α

k3
, kI =

να

k4
,

kR =
σkA +δkI

k5
, kL =

ωAkA +ωIkI

ε
, k1 = τ+µ, k2 = α+µ,

k3 = σ+µ, k4 = (δ+µ+d)−bq, k5 = γ+µ, k6 = η+µ.
Substituting Eq. (4.10) in the first equation of Eq. (4.1), will give us the following characteristic
equation for E∗∗ ̸= 0,

A6E∗∗6 +A5E∗∗5 +A4E∗∗4 +A3E∗∗3 +A2E∗∗2 +A1E∗∗+A0 = 0 : (4.11)

where,
A0 = µk2k6(k6 + τ)K3[Re −1]> 0, for Re > 1,
A6 = (1− r)2k3

L(βAkA +βIkI)
3(γkR −bqkI − k2)≤−µ(1− r)2k3

L(βAkA +βIkI)
3 < 0 .

Here, A6 < 0 and A0 > 0, which shows that equation Eq. (4.11) has at least one positive root
for Re > 1 by exploiting Descartes’ rule of sign (Descartes, 1937). In fact, substituting the
parameter values in Table 4.1 gives us A6 < 0,A5 < 0,A4 < 0,A3 < 0,A2 < 0,A1 < 0,A0 > 0,
which shows the system has a unique LPE for Re > 1 since there is only one sign change for
Eq. (4.11). Because of the complexity of qualitative analysis, stability of the unique Leptospira-
persistent equilibrium will be discussed graphically in subsection 4.3.1. Moreover, the global
stability of Leptospira-free equilibrium shows system (4.1) undergoes forward bifurcation at
Re = 1.
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4.2.6 Sensitivity Analysis

To show how changes in model parameter values affect Re, we figure out which model pa-
rameters are most important for disease transmission and then show in a graph how the effective
reproduction number changes when the model parameters are changed. Prioritizing intervention
measures based on their impact could help farmers, veterinarians, and policymakers to focus on
those key interventions. Figure 4.3(a) indicates that when the cattle recovery rate σ is improved
in line with better vaccination coverage τ, then Re could be less than unity and the disease can
be eradicated from the herd.

Figure 4.3(b) shows that improving cattle recovery through proper treatment and reducing
contact rate βA properly minimizes the spread of leptospirosis in the cattle herd. Similarly,
Figure 4.3(c) depicts the impact of vaccine coverage τ and the contact rate βA on the effective
reproduction number Re. As expected, to reduce the value of Re below unity, the contact rate
must be very low, almost irrespective of the vaccine coverage. That is, despite the availability
of vaccines, protective measures such as avoiding the introduction of infected animals into the
herd and isolation/quarantine of newly recruited cattle until proven negative could manage the
spread of leptospirosis.

We have also conducted the sensitivity analysis on the effective reproduction number, Re

using sensitivity index given by Definition A.5.1. Accordingly, the most sensitive parameters
are the vaccine efficiency, r, recruitment rate, Λ and contact rate from asymptomatic infected
cattle, βA respectively. Also the least sensitive parameter is vertical transmission rate, q. As an
example a 10% increase (or decrease) in βA, increase (or decrease) Re by 9.2% and similarly
10% increase (or decrease) in σ, decrease (or increase ) Re by 6.5%. The sensitivity indices of
Re with respect to each parameter values are summarized in Table 4.2.

Table 4.2 shows that the dynamics of leptospirosis transmission is much affected by direct
transmission from asymptomatic infected cattle than other transmission route. However vertical
transmission has least effect on the dynamics.
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Figure 4.3: Contour plot of Re (a) with respect to recovery rate σ and vaccination rate τ. (b)
with respect to recovery rate σ and contact rate βA. (c) with respect to vaccination rate τ and
contact rate βA.

4.3 Numerical Simulation and Discussion

In this section, we present a numerical simulation of model Eq.(4.1) using parameter val-
ues in Table 4.1 and odeint package in PYTHON programing language section B.1 to vali-
date the qualitative analysis. The initial herd size is assumed as (S0,E0,A0, I0,R0,V0,L0) =

(300,60,30,10,0,100,10). Because of lack of data, we were unable to perform parameter esti-
mation. The parameters in Table 4.1 are taken from previously published articles, and others are
assumed with the following justification:
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Table 4.1: Parameters description and their values
Parameter Description Value/Unit Source
Λ Recruitment rate of cattle 0.15 cattle(day−1) Assumed
b birth rate of cattle 0.000685 day−1 Assumed
q Portion of symptomatic infected offspring during

birth
0.2 (Minter et al.,

2019)
ρ Portion of recruited cattle that are vaccinated 0.5 [Assumed]
r Effectiveness of vaccine 0.88 (Esteves et al.,

2022; Wilson-
Welder et al.,
2020)

K Density of Leptospira in the environment 1000 unit∗ Holt et al. (2006)
βA Transmission coefficient of the disease from

asymptomatic infected cattle to susceptible cat-
tle

0.0001 (cattle.day)−1 (Aslan et al., 2021;
Minter et al., 2019)

βI Transmission coefficient of the disease from
symptomatic infected cattle to susceptible cattle

0.00005 (cattle.day)−1 Assumed

βL Transmission coefficient of the disease from en-
vironment to susceptible cattle

0.005 day−1 Holt et al. (2006)

α Transition rate from exposed to symptomatic and
asymptomatic infected cattle

0.1 day−1 (Chadsuthi et al.,
2022)

ν Portion of transition from exposed to symp-
tomatic infected

0.2 Assumed

δ Transition rate from symptomatic infected to re-
covered

0.0027 day−1 (Aslan et al., 2021;
Okosun et al.,
2016)

σ Transition rate from asymptomatic infected to re-
covered

0.00137 day−1 Assumed

µ Natural death rate 0.000685 day−1 (Chadsuthi et al.,
2022)

d Disease induced death rate 0.01 day−1 (Holt et al., 2006)
ε Decay rate of Leptospira 0.0111 day−1 (Baca-Carrasco et

al., 2015)
ωA Shedding rate of Leptospira from asymptomatic

infected cattle into the environment
0.014
unit.(cattle.day)−1

(Baca-Carrasco et
al., 2015)

ωI Shedding rate of Leptospira from symptomatic
infected cattle into the environment

0.01
unit.(cattle.day)−1

[Assumed]

τ Rate of vaccination of susceptible cattle 0.05 day−1 [Assumed]
γ Rate of losing temporary immunity 0.00185 day−1 (Chadsuthi et al.,

2022)
η Rate of losing vaccine immunity 0.013 day−1 (Okosun et al.,

2016)

∗Usually a unit abundance of bacteria is defined as 1010. Here K is assumed as 1000× 1010 Leptospira (Aslan et al.,
2021; Baca-Carrasco et al., 2015; Barragan et al., 2017).
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Table 4.2: Sensitivity of the Parameters
Parameters Value Sensitivity index
Λ 0.15 +1
q 0.20 +0.0002
ρ 0.5 -0.0156
K 1000 -0.0578
βA 0.0001 +0.9223
βI 0.00005 +0.0179
βL 0.005 +0.0598
α 0.1 +0.0068
ν 0.2 -0.2256
δ 0.0027 -0.0040
σ 0.00137 -0.6537
µ 0.000685 -1.3256
d 0.01 -0.0147
ε 0.0111 -0.0598
ωA 0.014 +0.0582
ωI 0.01 +0.0016
η 0.013 +0.4665
b 0.000685 -0.0002
r 0.88 -2.2855
τ 0.05 -0.4756

• βI : In this study, we assume βA be twice as much as βI because in traditional farming,
farmers commonly isolate and treat cattle with disease symptoms rather than sending them
to the field. Also, calves, lactating, and pregnant cattle rarely go far away, and they have
a lower probability of infecting others. Moreover, the amount of urine discharge per day
in calves is half that of adults, which reduces the probability of contacting others. The
authors in Aslan et al. (2021) took the contact rate for adult cattle as 0.0001, and we
assume half of it, βI = 0.00005.

• ν : Articles Fraga et al. (2015); Rajeev et al. (2014), emphasize that the majority of the
cattle are asymptomatic of leptospirosis disease. Accordingly, we assume symptomatic
infected cattle to be at most 20% (i.e ν=0.2).

• σ : In Okosun et al. (2016), authors used in their model one year for infected cattle to
recover. Whereas in Mughini-Gras et al. (2014), it is documented that chronic carrier
cattle excrete Leptospira in their urine for up to 542 days. Also in Monti et al. (2023),
it is noted that the recovery can be extended up to three years for asymptomatic infected
cattle. Accordingly, we assume at least two years for asymptomatic cattle to recover,
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σ = 0.00137 (i.e 1/σ = 730days).

• ωI: From Baca-Carrasco et al. (2015); Barragan et al. (2017) it follows that there are 1x108

leptospira bacteria per milliliter of cattle’s urine. Taking a unit abundance of bacteria as
1010 Leptospira, then there are 10 units of bacteria per one liter of cattle’s urine. Not all
these Leptospira will remain on the surface of the field or grass; some will sink into the
soil and not be accessible by the cattle Babylon et al. (2018). If we assume 0.01% of these
Leptospira survive, the Leptospira contributing to the transmission of the disease is 0.001
units per one liter of infected cattle urine. Since a cattle produces 7 to 14 liters of urine in
a day Robichaud et al. (2011), taking an average value of 10 liters will give us ωI = 0.01.

4.3.1 Stability of Leptospira-Free Equilibrium and Leptospira-persistent Equilibrium

Using the parameter values in Table 4.1 and the above initial condition, Eq. (4.4) gives the ef-
fective reproduction number, Re ≈ 2.794> 1. Applying numerical method for system of nonlin-
ear equation, scipy.optimize.fSolve (Moruzzi & Moruzzi, 2020), if we solve model (4.1) by set-
ting the right hand side to zero gives us a unique positive Leptospira-persistent equilibrium given
by E ∗∗ = (S∗∗,E∗∗,A∗∗, I∗∗,R∗∗,V ∗∗,L∗∗)≈ (16.51,1.63,63.45,2.46,36.91,62.09,82.25). Fig-
ure 4.4 ( a and b) illustrates the unique Leptospira-persistent equilibrium is local asymptotically
stable.
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(a) As t → ∞ , S → 16.51, V → 62.09 , A → 63.45 , R →
36.91 and L → 82.25
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Figure 4.4: Stability of LPE, E ∗∗ ≈ (16.51,1.63,63.45,2.46,36.91,62.09,82.25), when Re =
2.794 > 1 using the baseline parameter values in the Table 4.1.

Also if we modify the parameters, βA = 0.00005 and τ = 0.15, the effective reproduction
number is reduced to, Re ≈ 0.948< 1. Figure 4.5 (a and b) justify that the Leptospira-Free equi-
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librium, E ∗ ≈ (17.85,0,0,0,0,201.13,0), which is evaluated from Eq.(4.2), is locally asymp-
totically stable and this is also shown analytically in Theorem 4.2.2 above.
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(a) As t → ∞, S → 17.85 ,V → 201.13
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(b) As t → ∞, E → 0 , A → 0, I → 0, R → 0, L → 0

Figure 4.5: Stability of LFE, E ∗ ≈ (17.85,0,0,0,0,201.13,0) for Re = 0.948 < 1 using βA =
0.00005,τ = 0.15 and the other baseline parameters as in Table 4.1

.

4.3.2 Effect of Most Sensitive Parameters

Effect of Contact Rate with Asymptomatic Cattle, βA.

In this subsection, we demonstrate the sensitivity of the asymptomatic, symptomatic, sus-
ceptible, and vaccinated population in model Eq.(4.1) and also the bacterial load by varying
the contact rate of the asymptomatic infected cattle, βA. Accordingly, Figure 4.6(a) shows that
for βA = 0.0001 (the baseline value), the infected population (sum of asymptomatic and symp-
tomatic) rapidly grows and approaches 250 in the first year, gradually declining to an endemic
value in the next two years. However, 50% reduction in the contact rate (i.e., βA = 0.00005)
significantly controlled rapid growth, and the maximum infected population size did not exceed
150. In addition, as observed from Figure 4.6(c), the leptospiral load in the environment grows
rapidly in the first year for the base-line value of the contact rate. However, a reduction in
the contact rate with asymptomatic cattle, βA by half could properly manage growth speed and
maximum load in the first year due to the decrease in the size of the asymptomatic and symp-
tomatic infected cattle. Further, the sizes of susceptible and vaccinated cattle were improved
by a decrease in contact with asymptomatic infected cattle, as observed in Figure 4.6(b) and
Figure 4.6(d). In all cases, as the contact rate decreased, the pick values decreased; however, the
time to reach the pick values was slightly elongated (shifted to the right). These results are very
similar to the findings of the article Engida et al. (2022).

33



0 200 400 600 800 1000
Time (Days)

0

50

100

150

200

In
fe

ct
ed

 C
at

tle
, A

(t)
+

I(t
)

βA = 0.0001
βA = 7.5e-05
βA = 5e-05

(a) Effect of βA on Asymptomatic and Symptomatic In-
fected Cattle.

0 200 400 600 800 1000
Time (Days)

0

50

100

150

200

250

300

Su
sc

ep
tib

le
 C

at
tle

, S
(t)

βA = 0.0001
βA = 7.5e-05
βA = 5e-05

(b) Effect of βA on Susceptible Cattle.

0 200 400 600 800 1000
Time (Days)

0

50

100

150

200

250

Le
pt

os
pi

ra
l L

oa
d,

 L
(t)

βA = 0.0001
βA = 7.5e-05
βA = 5e-05

(c) Effect of βA on Leptospiral Load.
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(d) Effect of βA on Vaccinated Cattle.

Figure 4.6: Effect of contact rate with asymptomatic cattle, βA.

Effect of Recovery Rate of Asymptomatic Cattle, σ.

Figure 4.7 illustrates the sensitivity of our model (4.1) with respect to the variation of the
rate of recovery of asymptomatic infected cattle, σ. Here, an increase in the recovery rate of
asymptomatic cattle, σ, results in a decrease in both the size of the infected population and
the time elapsed to reach the pick size. Fig. 4.7(a) shows the size of the infected population
picked in a year for the base value σ = 0.00137, but this time is reduced to a few months when
the recovery rate is improved to σ = 0.00537 and the pick value is also radically minimized.
Similarly, the bacterial load in the environment could be significantly reduced by increasing
the recovery rate, σ as observed in Figure 4.7(c). The decrease of Leptospira here is clearly
due to a decrease in the number of infected cattle, which contributed to environmental bacteria
through shedding (Monti et al., 2023). In addition, the size of the susceptible and vaccinated
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cattle increased with the recovery rate, σ, since recovered cattle had no permanent immunity
and were susceptible again.
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(c) Effect of σ on Leptospiral Load.
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(d) Effect of σ on Vaccinated Cattle.

Figure 4.7: Effect of Recovery rate of Asymptomatic Cattle, σ.

Effect of Vaccination Rate, τ.

Figure 4.8 shows the effect of the vaccination rate of the susceptible population on our model
(4.1). Similar to the above parameters, increasing the vaccination rate for susceptible cattle re-
sulted in a significant decrease in the number of infected cattle, as shown in Figure 4.8(a). Ob-
viously, the number of vaccinated cattle increased, as observed in Figure 4.8(d) by the increase
in vaccination rate. In line with the decrease in the number of infected cattle, the environmental
Leptospira load decreased, as shown in Figure 4.8(c). Although a small proportion of vacci-
nated cattle got infected because of the inefficiency of currently available vaccines, Figure 4.8
clearly shows that the overall effect of vaccination reduced the transmission of leptospirosis in
the population.
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(b) Effect of τ on Susceptible Cattle.
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(c) Effect of τ on Leptospiral Load.
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(d) Effect of τ on Vaccinated Cattle.

Figure 4.8: Effect of vaccination rate, τ.

The numerical simulations presented in Figure 4.6 - Figure 4.8 and the sensitivity analysis
result in Table 4.2 show that decreasing the contact rate with asymptomatic cattle, βA, increasing
the recovery rate of asymptomatic cattle, σ, and increasing the vaccination rate of susceptible
cattle, τ, can meaningfully reduce the infection status in cattle herds. These results clearly
indicate that parameters related to asymptomatic cattle play a major role in leptospirosis trans-
mission dynamics. This is because asymptomatic infected cattle have an extended recovery rate
as well as continuous shedding of Leptospira into the environment during their infected period
(Davignon et al., 2023). In line with our results, authors in Engida et al. (2022) found that the
reduction of contact rate with infected cattle and with contaminated environments significantly
changed the transmission dynamics. On the other hand, pre-diagnosis and treatment with appro-
priate antimicrobials can eliminate the asymptomatic status of cattle by improving their recovery
rate (Aymée et al., 2024). Successful administration of antibiotics (such as oxytetracycline, tu-
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lathromycin, and ceftiofur) resulted in effective elimination of urinary shedding Leptospira and
its transmission within herd (Bautista et al., 2022). In addition, leptospiral vaccines provide
excellent protection by preventing the shedding of Leptospia in urine and from reproductive
tracts (Esteves et al., 2022). In support of this, authors in Aslan et al. (2021); Okosun et al.
(2016) showed that effective vaccination and treatment of cattle can control transmission of lep-
tospirosis in cattle and humans. Immunization of the herd is a notable control measure if applied
regularly in addition to vaccination of newly recruited cattle before they join the herd in endemic
areas (Mughini-Gras et al., 2014). Therefore, farmers, veterinarians, and policymakers should
focus on regular testing of herds in endemic areas to identify and take necessary action to treat
asymptomatic infected cattle and vaccinate the herd prior to higher health complications, such
as kidney failure and reproductive disorder (Davignon et al., 2023; Monti et al., 2023).

4.4 Formulation of Leptospirosis Optimal Control Problem

Following the sensitivity analysis result of autonomous model (4.1) and the flow diagram
Figure 4.1, we formulated an optimal control problem to identify the best management strategies
of leptospirosis dynamics within cattle herds. Table 4.2 clearly shows that the reproduction
number is highly influenced by the contact, recovery, and vaccination rate of cattle. Hence,
targeting these sensitive parameters, we introduce three time-dependent control functions as
follows (similar control functions are also used in Asamoah et al. (2021); Baloba et al. (2023);
Falowo et al. (2023); Okosun et al. (2016); Wu et al. (2022); Zewdie et al. (2022)):

• u1(t) represents preventive efforts (such as isolation and separate feeding facilities) of
infected cattle,

• u2(t) represents vaccination effort of susceptible cattle to improve their immunity against
Leptospira pathogen,

• u3(t) represents treatment effort to improve the recovery rate of infected cattle.

with the following assumptions:

(i) The cattle population is homogeneous,

(ii) The application of the controls is imperfect due to the skill gap of smallholder farmers,

(iii) The effect of temperature and weather variability on the application of controls is ignored.
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The corresponding mathematical model with optimal control is the system of non-linear
ordinary differential equations given in (4.12)

dS
dt

= (1−ρ)Λ−bqI − (1−u1)λS+ γR+ηV − (φ1u2 +µ)S,

dE
dt

= (1−u1)λ[S+(1− r)V ]− (α+µ)E,

dA
dt

= (1−ν)αE − (σ+φ2u3 +µ)A,

dI
dt

= bqI +ναE − (δ+φ3u3 +µ+d)I, (4.12)

dR
dt

= (σ+φ2u3)A+(δ+φ3u3)I − (γ+µ)R,

dV
dt

= ρΛ− (1−u1)(1− r)λV +φ1u2S− (η+µ)V,

dL
dt

= ωAA+ωII − εL,

with S(0) = S0 > 0, E(0) = E0 ≥ 0, A(0) = A0 ≥ 0, I(0) = I0 ≥ 0, R(0) = R0 ≥ 0, V (0) =V0 ≥
0, L(0) = L0 ≥ 0, and λ =

(
βLL
K+L +βAA+βII

)
.

In the control-imposed model (4.12), the parameters φ1, φ2, and φ3 are the constant vaccina-
tion rate, asymptomatic cattle treatment rate, and symptomatic cattle treatment rate, respectively.
The incidence rate of infection in susceptible and vaccinated populations is reduced by the factor
(1− u1(t)) due to the prevention effort. The asymptomatic and symptomatic infected popula-
tions are minimized by recovery at the rate of φ2u3(t) and φ3u3(t), respectively. Further, the
vaccinated class is increased and the susceptible class is decreased by φ1u2(t) due to vaccination
effort.

4.5 Optimal Control Analysis

Our goal is to minimize the burden of leptospirosis in cattle and the costs of the three control
strategies proposed above. To do this, we develop the objective functional as

J (ui(t)) =
∫ T

0

(
W1A(t)+W2I(t)+W3L(t)+(0.5)

3

∑
i=1

ciu2
i (t)

)
dt → min (4.13)

subjected to equation (4.12), where the coefficients W1, W2, and W3 are positive weight constants
of asymptomatic cattle, symptomatic cattle, and Leptospira concentration, respectively. The
constants ci’s are weights of imposed controls, and T is the final intervention time. Here the cost
of controls is taken in a quadratic form to avoid the situation of singular or bang–bang optimal
control (Asamoah et al., 2017; Kifle & Lemecha Obsu, 2023).
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Therefore, the aim is to minimize equation (4.13) and obtain the optimal control u∗ =

(u∗1,u
∗
2,u

∗
3) such that the corresponding state trajectories are the solution of equation (4.12) for

t ∈ [0,T ]. That is,

J (u∗(t)) = min
U

(J (u(t))) (4.14)

subject to state equation (4.12), where U = {u(t) = (u1(t),u2(t),u3(t)) : 0 ≤ ui(t) ≤ uimax ≤
1,∀t ∈ [0,T ]} is the non-empty admissible Lebesgue measurable set.

4.5.1 Existence of Optimal Controls

The existence of optimum control functions that minimize the cost function during the fi-
nite intervention period is demonstrated in this subsection. The existence of optimal control
functions is ensured by the following theorem.

Theorem 4.5.1. There exists an optimal control u∗ = (u∗1,u
∗
2,u

∗
3) with the associated solution

(S∗,E∗,A∗, I∗,R∗,V ∗,L∗) to the model equation (4.12) that minimizes (4.14) over the admissible
control set U .

Proof. Adopting the procedures used by Asamoah et al. (2022); Engida et al. (2023); Kifle &
Lemecha Obsu (2023); Lemecha Obsu & Feyissa Balcha (2020), the existence of optimal control
u∗ is granted if the following conditions hold,

1. The allowable control set U is closed and convex,

2. The system in equation (4.12) is bounded by a linear function in the state and control
variables,

3. The integrand of objective functional (4.13) is convex with respect to the controls,

4. The Lagrangian is bounded below by

ξ1∥u∥ξ3 −ξ2,

where ξ1,ξ2 > 0 and ξ3 > 1.

To show the first condition, let u1,u2 ∈ U . That is ∥u1∥ ≤ 1 and ∥u2∥ ≤ 1. Then for any
ζ ∈ [0,1],

∥ζu1 +(1−ζ)u2∥ ≤ ζ∥u1∥+(1−ζ)∥u2∥ ≤ 1

Hence, set U is closed and convex.
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For the second condition, let x = (S,E,A, I,R,V,L) and u = (u1,u2,u3). The right-hand side
of equation (4.12) can be re-written as

f (t,x,u) = f1(t,x)+ f2(t,x)u

where,

f1(t,x) =



(1−ρ)Λ−bqI −λS+ γR+ηV −µS

λ[S+(1− r)V ]− (α+µ)E

(1−ν)αE − (σ+µ)A

bqI +ναE − (δ+µ+d)I

σA+δI − (γ+µ)R

ρΛ− (1− r)λV − (η+µ)V

ωAA+ωII − εL,


,

and

f2(t,x)u =



λS −φ1S 0
−λ(S+(1− r)V ) 0 0

0 0 −φ2A

0 0 −φ3I

0 0 φ2A+φ3I

(1− r)λV φ1S 0
0 0 0



u1

u2

u3

 .

This shows that the right-hand side functions of equation (4.12) depend linearly on the controls.
Further, by definition, each right-hand side of the optimal control problem in equation (4.12) is
continuous and bounded since it is the sum of bounded controls and the state variables (Engida
et al., 2023). Hence, condition (ii) also holds.

Also to show the third condition, let x= (S,E,A, I,R,V,L) and the objective functional (4.13)
has the Lagrangian form defined as

L (t,x,u) = L1(t,x)+L2(t,u)

where, L1(t,x) = W1A(t)+W2I(t)+W3L(t), and L2(t,u) = (0.5)∑
3
i=1 ciu2

i (t). Here, L2(t,u)

is a finite sum of convex control functions. Thus, L (t,x,u) is convex with respect to variable u.
Hence condition (iii) holds.

Since the Lagrangian, L (t,x,u),is sum of the terms L1(t,x) and L2(t,u), the last hypothesis
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is shown as follow:

L (t,x,u) = L1(t,x)+(0.5)
3

∑
i=1

ciu2
i (t)≥ (0.5)

3

∑
i=1

ciu2
i (t)≥ ξ1

(
3

∑
i=1

u2
i

) ξ3
2

−ξ2

where, ξ1 =
1
2 min{c1,c2,c3}, ξ2 > 0 and ξ3 = 2.

4.5.2 Characterization of Optimal Control Solutions

We provide optimality requirements for the optimal control problem (4.12) in this subsec-
tion. According to Pontryagin’s Minimum Principle (Pontryagin, 2018), if u∗(t) ∈U is optimal
for problem (4.14) subjected to (4.12) with fixed final time T , then there exists a non-trivial ab-
solutely continuous mapping λ : [0,T ] → R7, λ = (λ1(t),λ2(t),λ3(t),λ4(t),λ5(t),λ6(t),λ7(t))

called the adjoint vector, such that

1. the Hamiltonian function is defined as

H =W1A(t)+W2I(t)+W3L(t)+(0.5)
3

∑
i=1

ciu2
i (t)+

7

∑
i=1

λi(t)gi(t,u,S,E,A, I,R,V,L),(4.15)

where, gi denotes the right-hand side functions in equation (4.12).

2. the control system

S′ =
∂H

∂λ1
, E ′ =

∂H

∂λ2
, A′ =

∂H

∂λ3
, I′ =

∂H

∂λ4
, R′ =

∂H

∂λ5
, V ′ =

∂H

∂λ6
, L′ =

∂H

∂λ7
, (4.16)

3. the adjoint system

λ
′
1 =−∂H

∂S
, λ

′
2 =−∂H

∂E
, λ

′
3 =−∂H

∂A
, λ

′
4 =−∂H

∂I
, λ

′
5 =−∂H

∂R
, λ

′
6 =−∂H

∂V
, λ

′
7 =−∂H

∂L
,

(4.17)

4. the optimality condition

H (S∗,E∗,A∗, I∗,R∗,V ∗,L∗,u∗,λ∗
i ) = min

U
(H (S∗,E∗,A∗, I∗,R∗,V ∗,L∗,u,λ∗

i )),

(4.18)

5. the transversality condition

λi(T ) = 0, i = 1, ..,7 (4.19)
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are all holds.

The following theorem provides the necessary optimality condition.

Theorem 4.5.2. Let u∗ be the optimal control to (4.12),(4.13),(4.14) and (S∗,E∗,A∗, I∗,R∗,V ∗,L∗)

be the associated optimal solution. Then there exist λi(t), i = 1, ..,7, called adjoint functions
given by

∂λ1

∂t
= (1−u1)

[
βLL

K +L
+βAA+βII

]
(λ1 −λ2)+φ1u2(λ1 −λ6)+µλ1,

∂λ2

∂t
= (α+µ)λ2 − (1−ν)αλ3 −ναλ4,

∂λ3

∂t
=−W1 +(1−u1)βAS(λ1 −λ2)+(1−u1)(1− r)βAV (λ6 −λ2)+(σ+φ2u3)(λ3 −λ5)+µλ3 −ωAλ7,

∂λ4

∂t
=−W2 +(1−u1)βIS(λ1 −λ2)+(1−u1)(1− r)βIV (λ6 −λ2)+(δ+φ3u3)(λ4 −λ5)−bqλ4 +(µ+d)λ4 −ωIλ7,

∂λ5

∂t
= γ(λ5 −λ1)+µλ5,

∂λ6

∂t
= (1−u1)(1− r)

[
βLL

K +L
+βAA+βII

]
(λ6 −λ2)+η(λ6 −λ1)+µλ6,

∂λ7

∂t
=−W3 +(1−u1)

(
βLKS

(K +L)2

)
(λ1 −λ2)+(1−u1)(1− r)

(
βLKV

(K +L)2

)
(λ6 −λ2)+ ελ7, (4.20)

subjected to transversality conditions, λi(T ) = 0, i = 1, ..,7. Further, the optimal control u∗ =

(u∗1,u
∗
2,u

∗
3) is given by

u∗1 = min

max

0,

[
βLL∗

K+L∗ +βAA∗+βII∗
]
(S∗(λ2 −λ1)+(1− r)V ∗(λ2 −λ6))

c1

 ,u1max

 ,

u∗2 = min
{

max
{

0,
φ1S∗(λ1 −λ6)

c2

}
,u2max

}
,

u∗3 = min
{

max
{

0,
φ2A∗(λ3 −λ5)+φ3I∗(λ4 −λ5)

c3

}
,u3max

}
. (4.21)

Proof. The adjoint system (4.17), minimality conditions (4.18) and transversality conditions
(4.19) hold from Pontryagin’s Minimum Principle (Pontryagin, 2018). Hence, the system (4.20)
can be directly derived from (4.17), (4.15) and (4.12). Also, the convexity of the objective
functional in (4.13) with respect to u guarantees the existence of optimal controls (Fleming &
Rishel, 2012). Thus, from the optimality conditions

∂H

∂ui
= 0, i = 1,2,3 (4.22)
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it follows that,

∂H

∂u1
= 0 =⇒ u∗1 =

[
βLL∗

K+L∗ +βAA∗+βII∗
]
(S∗(λ2 −λ1)+(1− r)V ∗(λ2 −λ6))

c1
,

∂H

∂u2
= 0 =⇒ u∗2 =

φ1S∗(λ1 −λ6)

c2
, (4.23)

∂H

∂u3
= 0 =⇒ u∗3 =

φ2A∗(λ3 −λ5)+φ3I∗(λ4 −λ5)

c3
.

The boundedness of u∗i on (0,uimax) and the minimality condition (4.18), gives (4.21).

Remark 5. The Hessian matrix, H(H ) = diag{c1,c2,c3}, of the Hamiltonian function is pos-
itive definite with respect to the control u with ci > 0, i = 1,2,3. Hence the optimal control is
indeed the minimizer.

4.5.3 Numerical Simulations for Optimal Control

To supplement the analytical findings in subsection 4.5.2 and also better understand the
control strategies, several numerical simulations of model (4.1) are carried out in this subsec-
tion. For this purpose, we use the GEKKO optimization suite in section B.2, an object-oriented
Python library for control problems, to find the optimal numerical solution of our model (Beal et
al., 2018). We examined the following seven strategies to investigate the effects of the controls:

• Strategy 1: Use of prevention only, u2 = u3 = 0,u1 ̸= 0.

• Strategy 2: Use of vaccination only, u1 = u3 = 0,u2 ̸= 0.

• Strategy 3: Use of treatment only, u1 = u2 = 0,u3 ̸= 0.

• Strategy 4: Use of prevention and vaccination, u3 = 0,u1 ̸= 0,u2 ̸= 0.

• Strategy 5: Use of prevention and treatment, u2 = 0,u1 ̸= 0,u3 ̸= 0.

• Strategy 6: Use of vaccination and treatment, u1 = 0,u2 ̸= 0,u3 ̸= 0.

• Strategy 7: Use of all interventions, u1 ̸= 0,u2 ̸= 0,u3 ̸= 0.

For numerical simulations, the initial conditions are chosen as (S(0),E(0),A(0), I(0),R(0),V (0),L(0))
= (300,60,30,10,0,100,10) and the parameter values are stated in Table 4.1. Also, we consider
W1 = 2, W2 = 2, W3 = 1, c1 = 20, c2 = 1, c3 = 10, φ1 = 0.1, φ2 = 0.025, φ3 = 0.05 and final
time T = 350 days. Further, since the application of interventions is imperfect, we took the
maximum control values as uimax = 0.95, i.e., 95% perfection.
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Using the model parameter values in Table 4.1, the effective reproduction number is Re =

2.794. For the herd with no vaccination program (τ=0), the basic reproduction number R0 =

8.977 is almost three fold compared to the case when the vaccination program is introduced.
This shows that the vaccination program has a critical role in managing leptospirosis in cattle
herds, even though its efficacy and coverage have their own impact, as seen in Figure 4.2 above.
These results are also in line with Aslan et al. (2021); Okosun et al. (2016). Figures 4.9-4.15
illustrate the effect of seven control strategies on the disease compartments. It can be seen from
each of these figures that the number of symptomatic and asymptomatic cattle and the Leptospira

concentration in the environment decrease significantly over the simulation period. In support
of the result in Engida et al. (2023), Figure 4.9 shows that prevention measures such as isolat-
ing and separate feeding of infected cattle, restricting cattle from watercourses, and subdividing
cattle into smaller batches significantly reduce the exposure of animals to Leptospira. Figure
4.10 shows that vaccination is the effective control method for interrupting the transmission of
leptospirosis in cattle and reducing its impact (Okosun et al., 2016; Wilson-Welder et al., 2020).
Moreover, Figure 4.11 shows treatment can rapidly control the disease compared to other mea-
sures. However, Figures 4.12-4.15 show that the infected population rapidly converges to zero
with the use of combined controls rather than using a single control. Combining strategies such
as prevention, vaccination, and antibiotic treatment can properly manage reproductive conse-
quences and financial risks associated with leptospiral infection in cattle (Martins & Lilenbaum,
2017).

Regarding the control profile, Figures 4.9(d), 4.10(d), and 4.11(d) show that each control
should be applied maximally throughout the year when introduced separately to get optimal
reduction of the disease. However, combining the controls results in a relatively shorter time for
maximum control use, which then gradually decreases to zero. In particular, when all controls
are used at the same time, u1 should be maximum for only 50 days, u3 should be maximum for
about 150 days, and u2 should be imposed maximum for about 200 days for optimal management
of the disease, as seen from Figure 4.15(d).
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(a) Effect of u1 on asymptomatic cattle.
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(b) Effect of u1 on symptomatic cattle.
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(c) Effect of u1 on leptospiral load.
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(d) Control profile (u1 ̸= 0).

Figure 4.9: Strategy 1: effort of prevention (u1 ̸= 0).
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(a) Effect of u2 on asymptomatic cattle.
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(b) Effect of u2 on symptomatic cattle.
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(c) Effect of u2 on leptospiral load.
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(d) Control profile (u2 ̸= 0).

Figure 4.10: Strategy 2: effort of vaccination (u2 ̸= 0).
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(a) Effect of u3 on asymptomatic cattle.
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(b) Effect of u3 on symptomatic cattle.
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(c) Effect of u3 on leptospiral load.
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(d) Control profile (u3 ̸= 0).

Figure 4.11: Strategy 3: effort of treatment (u3 ̸= 0).
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(a) Effect of u1 and u2 on asymptomatic cattle.
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(b) Effect of u1 and u2 on symptomatic cattle.
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(c) Effect of u1 and u2 on leptospiral load.
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(d) Control profile (u1 ̸= 0, u2 ̸= 0).

Figure 4.12: Strategy 4: effort of prevention and vaccination (u1 ̸= 0, u2 ̸= 0).
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(a) Effect of u1 and u3 on asymptomatic cattle.
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(b) Effect of u1 and u3 on symptomatic cattle.
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(c) Effect of u1 and u3 on leptospiral load.
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(d) Control profile (u1 ̸= 0, u3 ̸= 0).

Figure 4.13: Strategy 5: effort of prevention and treatment (u1 ̸= 0, u3 ̸= 0).
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(a) Effect of u2 and u3 on asymptomatic cattle.
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(b) Effect of u2 and u3 on symptomatic cattle.
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(c) Effect of u2 and u3 on leptospiral load.
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(d) Control profile (u2 ̸= 0, u3 ̸= 0).

Figure 4.14: Strategy 6: effort of vaccination and treatment (u2 ̸= 0, u3 ̸= 0).
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(a) Effect of u1, u2 and u3 on asymptomatic
cattle.
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(b) Effect of u1, u2 and u3 on symptomatic cat-
tle.
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(c) Effect of u1, u2 and u3 on leptospiral load.
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(d) Control profile (u1 ̸= 0,u2 ̸= 0 and u3 ̸= 0).

Figure 4.15: Strategy 7: effort of prevention, vaccination and treatment (u1 ̸= 0,u2 ̸= 0 and
u3 ̸= 0).

4.6 Cost-effectiveness Analysis

To determine the most cost-effective scenario among all optimal interventions carried out
in the preceding subsection, we utilize two methodologies in this section: the average cost-
effectiveness ratio (ACER) and the incremental cost-effectiveness ratio (ICER) (Asamoah et al.,
2021; Baloba et al., 2023; Engida et al., 2023).

4.6.1 Average Cost-effectiveness Ratio (ACER)

A particular control approach is evaluated by the average cost-effectiveness ratio in relation
to its baseline choice. ACER of a certain optimal approach is calculated using the following
formula (Asamoah et al., 2022):

ACER =
Total expenses produced by particular intervention strategy

Total number of infections averted by the intervention strategy
(4.24)
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Table 4.3: ACER value for different strategies.
Control strategy Infection Averted Total expense ACER
strategy 2 (u2) 28,903.52 43.85 0.0015
strategy 1 (u1) 35,275.89 879.09 0.0249
strategy 4 (u1,u2) 37,483.34 778.24 0.0208
strategy 3 (u3) 42,162.70 430.98 0.0102
strategy 6 (u2,u3) 46,927.20 304.87 0.0065
strategy 5 (u1,u3) 47,354.59 815.61 0.0172
strategy 7 (u1,u2,u3) 47,453.99 431.33 0.0091

where, the overall expenses generated by the specific approach, TC, is estimated from

TC =
1
2

∫ T

0

[
c1u2

1 + c2u2
2 + c3u2

3
]

dt. (4.25)

Here, the infection averted is the difference between the sum of asymptomatic and symptomatic
infected cattle and Leptospira concentration without control(s) and with control(s) for the par-
ticular strategy. In this study, the total infection averted, (TA), is determined by

TA =
∫ T

0
(A(t)+ I(t)+L(t))dt −

∫ T

0
(A∗(t)+ I∗(t)+L∗(t))dt (4.26)

where, the A∗(t), I∗(t) and L∗(t) correspond to the optimal solutions associated with the optimal
controls (u∗1,u

∗
2,u

∗
3) and A(t), I(t) and L(t) are the solutions without optimal controls (u1 = u2 =

u3 = 0).

The most economical approach is the one with the lowest ACER (Asamoah et al., 2021).
Using the parameter values in Table 4.1, the ACER value for each of the seven control strategies
is computed in Table 4.3. From Table 4.3 and Figure 4.16, we conclude that strategy 2 (vaccina-
tion) is the most efficient measure of all, and strategy 1 (prevention) is the least efficient measure
for this specific model.
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(a) ACER values of control strategies. (b) Total number of infection averted.

(c) Total cost produced by control strategies.

Figure 4.16: ACER values, infection averted and total cost for each control strategies.

4.6.2 The Incremental Cost-effectiveness Ratio (ICER)

In this subsection, we are going to look at the incremental cost-effectiveness ratio (ICER),
which compares the expenses and health outcomes from any two separate intervention strategies
seeking the same scarce resource (Asamoah et al., 2022; Baloba et al., 2023; Melese, 2023).
Thus, the following formula determines the ICER value for the two cases, i and j (Asamoah et
al., 2021):

ICER =
Difference in Cost produced by Strategy i and j

Difference in the total number of infection averted in Strategy i and j
. (4.27)

Next, we compute the ICER values for the seven control intervention strategies to confirm which
one is the most economical. Thus, ICER is computed for the competing control strategies as
follows based on the results in Table 4.3, shown according to their ascending order of the total
number of infections averted:
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ICER(strategy 2) =
43.85−0

28,903.52−0
= 0.0015,

ICER(strategy 1, strategy 2) =
879.09−43.85

35,275.89−28,903.52
= 0.1311.

Since 0.0015 < 0.1311, strategy 2 is better than strategy 1.

ICER(strategy 4, strategy 2) =
778.24−43.85

37,483.34−28,903.52
= 0.0856.

Since 0.0015 < 0.0856, strategy 2 is better than strategy 4.

ICER(strategy 3, strategy 2) =
430.98−43.85

42,162.70−28,903.52
= 0.0292.

Since 0.0015 < 0.0292, strategy 2 is better than strategy 3.

ICER(strategy 6, strategy 2) =
304.87−43.85

46,927.20−28,903.52
= 0.0145.

Since 0.0015 < 0.0145, strategy 2 is better than strategy 6.

ICER(strategy 5, strategy 2) =
815.61−43.85

47354.59−28,903.52
= 0.0418.

Since 0.0015 < 0.0418, strategy 2 is better than strategy 5.

ICER(strategy 7, strategy 2) =
431.33−43.85

47,453.99−28,903.52
= 0.0209.

Since 0.0015 < 0.0209, strategy 2 is better than strategy 7.

Accordingly, the ICER analysis shows that strategy 2 (vaccination) is the most efficient
measure of all strategies to control leptospirosis transmission in cattle herds for the proposed
model. Also, these results are in line with the ACER analysis in the above subsection.

4.7 Conclusion

Despite its profound negative health and economic consequences, leptospirosis remains a
relatively neglected zoonotic disease. This disease not only leads to the loss of a considerable
number of cattle but also threatens breeding stock through instances of abortion. The conse-
quences are especially severe for smallholder farmers in rural areas, resulting in substantial
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financial losses. Our study is one of the studies in the area of the leptospirosis model, shedding
light on the transmission dynamics and possible mitigation strategies to control its spread. In
addition, our study will give insights into the best combinations of interventions to minimize the
transmission of leptospirosis disease within the cattle population and to explore the impacts of
various intervention strategies.

In the qualitative analysis part of our study, we have proved the well posedness of the pro-
posed model and also found the basic reproduction number. Furthermore, we demonstrated that
the disease-free equilibrium point is locally and globally asymptotically stable when Re is less
than one and unstable otherwise. The existence of endemic equilibrium was also shown using
Descartes’ rule of sign. Regarding numerical results, the disease-free and endemic equilibriums
were stable, as shown in Figure 4.4 and Figure 4.5, which supports the analytical result. Based
on the most sensitive parameters (i.e.,βA, σ and τ), a simulation was conducted. Accordingly,
Figure 4.6 shows that decreasing the contact rate βA results in decreasing the infected cattle pop-
ulation and the leptospiral load in the environment. Hence, any effort to reduce the incidence
rate should be emphasized. Figure 4.7 also shows that increasing the recovery rate resulted in a
significant decrease in the number of infected cattle. This can be done using pre-diagnosis iden-
tification of asymptomatic infected cattle and treatment with appropriate antibiotics. Further-
more, Figure 4.8 shows increasing vaccination rates of susceptible cattle considerably decreased
the infected population.

In the control-imposed model, we introduced three control functions that vary with time
based on the sensitivity index in Table 4.2. These are control u1: effort of preventing suscepti-
ble and vaccinated cattle from infected cattle and contaminated environments; control u2: effort
of vaccinating susceptible cattle; and control u3: effort of pre-diagnosis and treating of symp-
tomatic and asymptomatic infected cattle populations. The required conditions for an optimality
system were derived using Pontryagin’s minimum principle, and the existence of the optimal
control triplets was confirmed using standard results. The GEKKO dynamic optimization pack-
age in a Python program was implemented to carry out the numerical simulations. The appli-
cation of all the controls demonstrates that the disease can be reduced by using the suggested
control measures effectively. However, our cost-effectiveness analysis shows that strategy 2
(vaccination) is the most efficient control measure among all intervention strategies.
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CHAPTER 5

MATHEMATICAL MODEL AND ANALYSIS OF LEPTOSPIROSIS IN
CATTLE AND RAT

5.1 Model Formulation

In this section, we will use a system of nonlinear differential equations to provide a math-
ematical model for the transmission dynamics of leptospirosis in the cattle-rat interface. To
develop the model, cattle, rats, and Leptospira populations are taken into account. We divide the
cattle population into six compartments: susceptible SC, exposed EC, asymptomatic infectious
AC, symptomatic infectious IC, recovered RC, and vaccinated VC. The rat population is divided
into two compartments: the susceptible SR and the asymptomatic infectious class AR. L stands
for the concentration of Leptospira in the environment. Susceptible cattle population is raised
by a constant recruited rate ΛC and due to the rate of loss of vaccine immunity η. This class be-
comes exposed by the force of infection λC = βCC(AC + IC)+βCRAR+

βCL
K+L and also transferred

to the vaccinated class at the rate of τ. Furthermore, exposed cattle become infected at the rate of
α, and the ν portion becomes symptomatically infected. The vaccinated class becomes exposed
by the reduced force of infection (1−r)λC, where r is vaccine efficacy, and becomes susceptible
at the rate of η after losing temporary immunity. σ and δ are recovery rates of asymptomatic
and symptomatic infected cattle, respectively. Since the natural immunity is not lifelong, the
recovered cattle become susceptible at the rate of γ.

Similarly, the susceptible rat population is recruited at a rate of ΛR and decreased by the force
of infection λR = βRRAR +

βRL
K+L . The symptomatic and asymptomatic cattle shed Leptospira at

the rate of ωC, whereas asymptomatic rats shed at the rate of ωR. In addition, environmentally
free-Leptospira contaminates cattle and rats at the rates of βC and βR, respectively. Table 5.1
summarizes the description of all parameters used in the model. Further, our model is based on
the following controlling assumptions:

i) Vertical transmission is not considered.

ii) While cattle can serve as reservoirs, existing literature does not provide conclusive evi-
dence that they directly transmit leptospirosis to rats. Thus, we assume unidirectional trans-
mission from rats to cattle.

iii) A homogeneous mixing assumption is applied due to the nature of traditional cattle farm-
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ing, where livestock share common grazing and water.

Table 5.1: Parameters and their description
Parameter Description
ΛC Cattle recruitment rate
ΛR Rat recruitment rate
ρ Fraction of immunized recruited cattle
K Environmental Leptospira concentration
βCC Leptospira transmission coefficient within cattle
βCR Leptospira transmission coefficient from rat to cattle
βC Leptospira transmission coefficient from environment to cattle
βRR Leptospira transmission coefficient within rat
βR Leptospira transmission coefficient from environment to rat
α Progression rate from EC to IC
ν Portion of cattle goes to IC
δ Progression rate from IC to RC
σ Progression rate from AC to RC
µC Cattle natural death rate
µR Rat natural death rate
dC Leptospira induced death rate of infected cattle
ε Leptospira decay rate
ωC Shedding rate of AC and IC
ωR Shedding rate of AR
η Vaccine immunity loss
r Vaccine efficacy
τ Vaccination rate of susceptible cattle
γ Natural immunity loss

The dynamics of leptospirosis transmission in cattle and rats is described by the following
set of differential equations, based on Figure 5.1.
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Figure 5.1: Leptospira transmission flow diagram in cattle and rat. Subscript
’C’ and ’R’ refers, cattle and rat population respectively.
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dSC

dt
= (1−ρ)ΛC −λCSC + γRC +ηVC − τSC −µCSC,

dEC

dt
= λC [SC +(1− r)VC]− (α+µC)EC,

dAC

dt
= (1−ν)αEC − (σ+µC)AC,

dIC
dt

= ναEC − (δ+µC +dC)IC, (5.1)

dRC

dt
= σAC +δIC − (γ+µC)RC,

dVC

dt
= ρΛC − (1− r)λCVC + τSC −ηVC −µCVC,

dSR

dt
= ΛR −λRSR −µRSR,

dAR

dt
= λRSR −µRAR,

dL
dt

= ωC(AC + IC)+ωRAR − εL,

where
λC = βCC(AC + IC)+βCRAR +

βCL
K +L

,

λR = βRRAR +
βRL

K +L
,

and the initial conditions; SC(0) > 0, EC(0) ≥ 0, AC(0) ≥ 0, IC(0) ≥ 0, RC(0) ≥ 0, VC(0) ≥
0, SR(0)> 0, AR(0)≥ 0, L(0) = L0 ≥ 0.

5.2 Model Analysis

5.2.1 Existence and Uniqueness of Solutions

Theorem 5.2.1 (Existence and Uniqueness). Consider the initial value problem (4.1) for the
leptospirosis transmission model defined by the system:

dX
dt

= F(X(t)), X(0) = X0,
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where

X(t) =



SC(t)

EC(t)

AC(t)

IC(t)

RC(t)

VC(t)

SR(t)

AR(t)

L(t)


, F(X) =



(1−ρ)ΛC −λCSC + γRC +ηVC − τSC −µCSC

λC [SC +(1− r)VC]− (α+µC)EC

(1−ν)αEC − (σ+µC)AC

ναEC − (δ+µC +dC)IC
σAC +δIC − (γ+µC)RC

ρΛC − (1− r)λCVC + τSC −ηVC −µCVC

ΛR −λRSR −µRSR

λRSR −µRAR

ωC(AC + IC)+ωRAR − εL


,

with NC = SC+EC+AC+ IC+RC+VC, NR = SR+AR and initial conditions satisfying X0 ∈R9
+.

Assume that all the parameters are positive constants and the initial conditions satisfy X0 ∈
Ω, where Ω = ΩC x ΩR x ΩL is the biologically feasible region defined by: Ω = ΩCxΩRxΩL ∈
R6
+xR2

+xR1
+, where

ΩC(t) = {(SC(t),EC(t),AC(t), IC(t),RC(t),VC(t)) : 0 ≤ NC(t)≤ ΛC
µC
},

ΩR(t) = {(SR(t),AR(t)) : 0 ≤ NR(t)≤ ΛR
µR
}, and

ΩL(t) = {L : 0 ≤ L(t)≤ ΛCωC
εµC

+ ΛRωR
εµR

}.

Then the governing model (4.1) admits a unique, nonnegative, and bounded solution X(t)

that exists for all time t ≥ 0 and remains in the region Ω.

Proof. We establish the result as follows. Note that the function F(X) is continuously differen-
tiable with respect to all state variables in R9

+, provided NC,NR > 0. Since F and its Jacobian
matrix are continuous on the closed, bounded set Ω, they satisfy a Lipschitz condition inside Ω.
By the Picard-Lindelöf theorem (Coddington & Levinson, 1955; Hartman, 1964), there exists a
unique local solution X(t) on some maximal interval of existence [0, tmax). The derivative of the
vector field F is also nonnegative, for each state variable, when it approaches zero. That is,

dSC

dt

∣∣∣∣
SC=0

= (1−ρ)ΛC + γRC +ηVC > 0,

dEC

dt

∣∣∣∣
EC=0

= λC(SC +(1− r)VC)≥ 0,

dSR

dt

∣∣∣∣
SR=0

= ΛR > 0,
dAR

dt

∣∣∣∣
AC=0

= λRSR ≥ 0,

and similarly for other compartments. Thus, by the invariance principle for cooperative systems
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(Smith, 1995), solutions starting in the nonnegative orthant R9
+ remain nonnegative for all t ≥ 0.

Next, define the total cattle population NC(t) = SC(t)+EC(t)+AC(t)+IC(t)+RC(t)+VC(t).
Adding the first six equations yields:

dNC

dt
= Λ−µNC(t)−dIC(t)≤ Λ−µCNC.

Applying Grönwall’s inequality (Gronwall, 1919), we obtain:

NC(t)≤
ΛC

µC
+

(
NC(0)−

Λ

µ

)
e−µt ≤ max

{
NC(0),

ΛC

µC

}
.

For rat population NR, we have:

dNR

dt
=

dSR

dt
+

dAR

dt
= ΛR −µNR(t).

and we obtain

NR(t) = NR(0)e−µRt +
ΛR

µR
(1− e−µRt)≤ max

{
NR(0),

ΛR

µR

}

For the pathogen compartment L(t), we have:

dL
dt

= ωC(AC + IC)+ωRAR − εL,

Thus, all state variables remain uniformly bounded on any finite time interval.

Since the right-hand side F is Lipschitz continuous on Ω and solutions remain bounded,
by the continuation theorem for ordinary differential equations (Hirsch et al., 1974), the local
solution can be extended to all t ≥ 0. Specifically, the boundedness of solutions prevents finite-
time blow-up, ensuring global existence.

From the bounds derived above, it follows directly that if X(0) ∈ Ω, then X(t) ∈ Ω for all
t ≥ 0. Thus, Ω is positively invariant (Hale, 1969).

Therefore, by combining the Picard-Lindelöf theorem, Grönwall’s inequality, and the contin-
uation principle, we conclude that the model equations (5.1) has a unique, nonnegative, bounded
solution that exists globally in time and remains within the biologically feasible region Ω.

Remark 6. The mathematical foundation established here follows standard results in dynami-
cal systems theory (Perko, 2013; Wiggins, 2003). The boundedness argument via Grönwall’s
inequality is particularly crucial, as it ensures that population variables do not grow without
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bound which is an important requirement for biological realism. The invariance of Ω confirms
that the model respects basic demographic constraints. These features ensure that the model is
both mathematically well-posed and biologically realistic.

5.2.2 Leptospira-free Equilibrium Point and Effective Reproduction Number

The Leptospira-free equilibrium point of model (5.1) can be computed by setting right hand
side of the system equals zero in the absence of infection ( E∗

C = A∗
C = I∗C = R∗

C = A∗
R = L∗ = 0),

we have

(1−ρ)ΛC +ηV ∗
C − τS∗C −µCS∗C = 0,

ρΛC −ηV ∗
C + τS∗C −µCV ∗

C = 0, (5.2)

ΛR −µRS∗R = 0.

Solving system (5.2) gives

S∗C =
ΛC((1−ρ)µC +η)

µC(η+ τ+µC)
, V ∗

C =
ΛC(ρµC + τ)

µC(η+ τ+µC)
, S∗R =

ΛR

µR
.

Thus, the Leptospira-free equilibrium point, E ∗, of model (5.1) is given by

E ∗ = (
ΛC((1−ρ)µC +η)

µC(η+ τ+µC)
,0,0,0,0,

ΛC(ρµC + τ)

µC(η+ τ+µC)
,
ΛR

µR
,0,0) (5.3)

The effective reproduction number Re represents the expected number of secondary infections
generated by a single infected individual. To compute the effective reproduction number of
model (5.1), we use the next-generation matrix approach presented in Van den Driessche &
Watmough (2002). Considering the infected compartments W = (EC,AC, IC,AR,L) in model

(5.1), then we have
dW
dt

= F (t)−V (t),

F =


λC [SC +(1− r)VC]

0
0

λRSR

0

 , V =


k1EC

k2AC − (1−ν)αEC

k3IC −ναEC

µRAR

εL−ωC(AC + IC)−ωRAR

 (5.4)

where k1 = α+µC, k2 = σ+µC and k3 = δ+µC +dC.
The Jacobian of matrices of F (t) and V (t) at E ∗ are given respectively by,
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F =
∂F i

∂x j
=


0 βCCP∗

C βCCP∗
C βCRP∗

C βCP∗
C/K

0 0 0 0 0
0 0 0 0 0
0 0 0 βRRS∗R βRS∗R/K

0 0 0 0 0

 ,V =
∂V i

∂x j
=


k1 0 0 0 0

−(1−ν)α k2 0 0 0
−να 0 k3 0 0

0 0 0 µR 0
0 −ωC −ωC −ωR ε

 ,

where, P∗
C =

[
S∗C +(1− r)V ∗

C
]
, S∗C =

ΛC((1−ρ)µC +η)

µC(η+ τ+µC)
, V ∗

C =
ΛC(ρµC + τ)

µC(η+ τ+µC)
, and S∗R = ΛR

µR
.

Thus,

FV−1 =



0 βCCP∗
C βCCP∗

C βCRP∗
C βCP∗

C/K

0 0 0 0 0

0 0 0 0 0

0 0 0 βRRS∗R βRS∗R/K

0 0 0 0 0





1
k1

0 0 0 0

(1−ν)α

k1k2

1
k2

0 0 0
να

k1k3
0

1
k3

0 0

0 0 0
1
µR

0

((1−ν)k3 +νk2)αωC

k1k2k3ε

ωC

k2ε

ωC

k3ε

ωR

µRε

1
ε



=



y11 y12 y13 y14 y15

0 0 0 0 0

0 0 0 0 0

y41 y42 y43 y44 y45

0 0 0 0 0


(5.5)

where,

y11 =
P∗

Cα

k1k2k3

(
βCC +

βCωC

εK

)
((1−ν)k3+νk2), y12 =

P∗
C

k2

(
βCC +

βCωC

εK

)
, y13 =

P∗
C

k3

(
βCC +

βCωC

εK

)
,

y14 =
P∗

C
µR

(
βCR +

βCωR

εK

)
, y15 =

βCP∗
C

εK
, y41 =

βRS∗RαωC

k1k2k3εK
((1−ν)k3 +ζk2) , y42 =

βRS∗RωC

k2εK
,

y43 =
βRS∗RωC

k3εK
, y44 =

S∗R
µR

(
βRR +

βRωR

εK

)
, y45 =

βRS∗R
εK

.

Computing |FV−1 −λI|= 0, gives λ3(λ2 − (y11 + y44)λ+(y11y44 − y14y41)) = 0. Thus,

λ1,2,3 = 0, λ4,5 =
1
2

[
(y11 + y44)±

√
(y11 − y44)2 +4y14y41

]
, are eigenvalues of the matrix FV−1.
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Therefore, the effective reproduction number, Re, of the model is given by the dominant eigen-
value of matrix FV−1

Re = ρ(FV−1) =
1
2

[
(Rc

e +Rr
e)+

√
(Rc

e −Rr
e)

2 +4Rcr
e

]
(5.6)

where,

Rc
e =

P∗
Cα

k1k2k3

(
βCC +

βCωC

εK

)
((1−ν)k3 +νk2), Rr

e =
S∗R
µR

(
βRR +

βRωR

εK

)
,

Rcr
e =

P∗
C

µR

(
βCR +

βCωR

εK

)(
βRS∗RαωC

k1k2k3εK
((1−ν)k3 +νk2)

)
.

Remark 7. The epidemiological implication of each component of Re in (5.6) : Rc
e indicates

infections that can be generated by direct contact of susceptible cattle with an infectious cattle
and also indirect contact with an environment contaminated by infectious cattle. Rr

e shows the
new infection generated by direct contact of susceptible rats with an infectious rat and indirect
contact with the environment that is contaminated by the infectious rat. The first term in Rcr

e

indicates the new infection of cattle through direct contact with rats and environments contami-
nated by rats. The second term shows new infections of rats due to environments contaminated
by infected cattle. In particular, for a rat-free environment, Re = Rc

e .

5.2.3 Stability of Leptospira-free Equilibrium Point

The following section will present two theorems regarding the local and global stability of
Leptospira-free equilibrium of model (5.1).

Theorem 5.2.2. The Leptospira-free equilibrium point, E ∗, of model (5.1) is locally asymptoti-
cally stable for Re < 1 and unstable otherwise.

Proof. Theorem 5.2.2 is trivial since the decomposed matrices F and V exist, which satisfy
axioms (A1)–(A5) of Theorem 2 of Van den Driessche & Watmough (2008).

Remark 8. Epidemiologically, Theorem 5.2.2 implies that if the initial total numbers of the
populations in Equation (5.1) are close to E ∗, then Re < 1 is suffice to limit the spread of
leptospirosis in rats and cattle. The Leptospira-free equilibrium must be globally asymptotically
stable when Re < 1 in order to guarantee that the disease can be eradicated regardless of the
initial population size. We will also show the global stability of the Leptospira-free equilibrium
exploiting the method developed by Castillo-Chavez (2002),

Theorem 5.2.3. The Leptospira-free equilibrium point, E ∗, of model (5.1) is globally asymptot-
ically stable for Re < 1 on its feasible region.
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Proof. Re-writing model (5.1) as;

dU
dt

= F(U,V), (5.7)

dV
dt

= G(U,V);with,G(U,0) = 0,

where, U=(SC,RC,VC,SR)∈R4 denotes the uninfected compartment and V=(EC,AC, IC,AR,L)∈
R5 denotes the infected compartments. Let E ∗=(U∗,0) denotes the Leptospira-free equilibrium
point of model (5.1). The following conditions grants the global stability of the Leptospira-free
equilibrium point according to Castillo-Chavez (2002),

H1 : For
dU
dt

= F(U,V), U∗ is a globally asymptotically stable where F(U∗,0) = 0

H2 : G(U,V) = BV− Ĝ(U,V) , Ĝ(U,V) > 0 for (U,V) ∈ Ω, where B = DY G(U∗,0) is an M-
matrix (the matrix with off-diagonal elements non-negative).
To show condition H1, take a sub-model of our model

dU
dt

= F(U,0) =


(1−ρ)ΛC + γRC +ηVC − (τ+µC)SC

−(γ+µC)RC

ρΛC + τSC − (η+µC)VC

ΛR −µRSR

 (5.8)

Solving the sub-system (5.8) and taking the limit as t → ∞ gives us,

SC(t) →
ΛC((1−ρ)µC +η)

µC(η+ τ+µC)
, RC(t) → 0, VC → ΛC(ρµC + τ)

µC(η+ τ+µC)
, and SR(t) →

ΛR

µR
, as t → ∞,

which implies U∗ is globally asymptotically stable on Ω.
On the other hand to show condition H2,

B=DY G(U∗,0)=



−(α+µC) βCC
[
S∗C +(1− r)V ∗

C

]
βCC

[
S∗C +(1− r)V ∗

C

]
βCR

[
S∗C +(1− r)V ∗

C

] βC[S∗C+(1−r)V ∗
C ]

K

(1−ν)α −(σ+µC) 0 0 0
να 0 −(δ+µC +dC) 0 0

0 0 0 βRRS∗R −µR
βRS∗R

K

0 ωC ωC ωR −ε


,

where, S∗C =
ΛC((1−ρ)µC +η)

µC(η+ τ+µC)
, V ∗

C =
ΛC(ρµC + τ)

µC(η+ τ+µC)
, S∗R = ΛR

µR
, and

G(U,V) =



(
βCC(AC + IC)+βCRAR +

βCL
K+L

)
[SC +(1−ρ)VC]− (α+µC)EC

(1−ν)αEC − (σ+µC)AC

ναEC − (δ+µC +dC)IC(
βRRAR +

βRL
K+L

)
SR −µRAR

ωC(AC + IC)+ωRAR − εL


Thus,
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Ĝ(U,V)=



(βCCAC +βCCIC +βCRAR)
[
(S∗C +(1− r)V ∗

C )− (SC +(1− r)VC)
]
+βCL(

(S∗C +(1− r)V ∗
C )

K
− (SC +(1− r)VC)

(K +L)
)

0
0

βRRAR(S∗R −SR)+βRL
[

S∗R
K

− SR

K +L

]
0


where, Ĝ(U,V) = BV−G(U,V). For SC ≤ S∗C, VC ≤ V ∗

C , SR ≤ S∗R and βRL
[

S∗R
K

− SR

K +L

]
=

βRL
[

S∗RL+K(S∗R −SR)

K(K +L)

]
≥ 0 on the feasible region Ω, Ĝ(U,V)≥ 0. Therefore both H1 and H2

conditions are satisfied and E ∗ is globally asymptotically stable for Re < 1.

5.2.4 Leptospira-persistence Equilibrium Point

The equilibrium point of Leptospira-persistence can be found by putting the right side of
model (5.1) to zero and solving for state variables. If E ∗∗=(S∗∗C ,E∗∗

C ,A∗∗
C , I∗∗C ,R∗∗

C ,V ∗∗
C ,S∗∗R ,A∗∗

R ,L∗∗)

is the Leptospira-persistence equilibrium point and we write the other state variables in terms of
E∗∗

C as follows,

S∗∗C =
k1((1− r)λ∗+ k6)E∗∗

C − (1− r)ρΛλ∗∗
C

λ∗∗
C ((1−φ)λ∗∗

C + k6 +(1− r)τ)
,

A∗∗
C =

(1−ν)α

k2
E∗∗

C ,

I∗∗C =
να

k3
E∗∗

C ,

R∗∗
C =

σ(1−ν)αk3 +δναk2

k2k3k4
E∗∗

C ,

V ∗∗
C =

ρΛ+ τS∗∗C
(1− r)λ∗∗

C + k6
,

S∗∗R =
ΛR

λ∗∗
R +µR

,

A∗∗
R =

λ∗∗
R

µR
S∗∗R ,

L∗∗
C =

ωCαµR [(1−ν)k3 +νk2]E∗∗
C +ωRλ∗∗

R k2k3S∗∗R
k2k3µRε

, (5.9)

where,
λ∗∗

C = βCC(A∗∗
C + I∗∗C )+βCRA∗∗

R + βCL∗∗

K+L∗∗ , λ∗∗
R = βRRA∗∗

R + βRL∗∗

K+L∗∗ , k1 = α+µ,

k2 = σ+µ, k3 = (δ+µ+d), k4 = γ+µ, k5 = τ+µ, k6 = η+µ.
The Leptospira-persistence equilibrium point (5.9) is unique, because the Leptospira-free equi-
librium point is globally asymptotically stable from Theorem 5.2.3. Since the analysis is com-
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plicated, we present stability of the unique Leptospira-persistence equilibrium point graphically
in Section 5.4.

Table 5.2: Parameters values and their sources
Parameter Value Unit Source
ΛC 0.05 cattle

day Assumed
ΛR 0.2 rat

day Assumed
ρ 0.5 Assumed
K 10000 unit Engida et al. (2022)
βCC 0.0001 1

(cattle)(day) Aslan et al. (2021)
βCR 0.0002 1

(rat)(day) Assumed
βC 0.0012 1

day Aslan et al. (2021)
βRR 0.0001 1

(rat)(day) Minter et al. (2019)
βR 0.005 1

day Holt et al. (2006)
α 0.1 1

day Chadsuthi et al. (2022)
ν 0.2 Assumed
δ 0.00274 1

day Aslan et al. (2021); Okosun et
al. (2016)

σ 0.00137 1
day Assumed

µC 0.000274 1
day Ndondo et al. (2016)

µR 0.00274 1
day Alemneh (2020)

dC 0.01 1
day Holt et al. (2006)

ε 0.05 1
day Minter et al. (2019)

ωC 0.014 unit
(cattle)(day) Aslan et al. (2021)

ωR 0.02 unit
(rat)(day) Assumed

η 0.013 1
day Okosun et al. (2016)

r 0.88 Esteves et al. (2022); Wilson-
Welder et al. (2020)

τ 0.05 1
day Assumed

γ 0.00185 1
day Chadsuthi et al. (2022)

5.3 Sensitivity Analysis

Sensitivity analysis is an effective method for determining those parameters that have a ma-
jor impact on the reproduction number. Additionally, this analysis helps choose the best control
measures to minimize rate of the disease spread. The sensitivity analysis determines the re-
silience of the model prediction to changes in parameter values due to potential errors in data
collection and assumed parameter values. The literature has used a variety of methods in this
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regard. For this study, we applied normalized forward sensitivity indices presented in Definition
A.5.1. Re is directly (inversely) impacted by the relevant parameter when the index value is
positive (or negative). Definition A.5.1 gives the formulas for the normalized forward sensitiv-
ity index for the model’s primary parameters: As a result, we used the values in Table 5.2 to
quantitatively evaluate the sensitivity index of Re with regard to each model parameters. Vac-
cine efficiency, r, cattle death rate, µC, rat death rate, µR, cattle recruitment rate, ΛC, and contact
rate with infectious cattle, βCC, are the most sensitive factors, respectively. For instance, if βCC

increases by 10%, Re increases (or decreases) by 6.4%, and if µR increases or decreases by 10%,
Re decreases (or increases) by 6.8%. In conclusion, the sensitivity analysis indicates that the
most influential parameters affecting Re are the contact rate among cattle (βCC), rat-to-cattle
transmission rate (βCR), and rat mortality rate (µR). This suggests that reducing cattle-to-cattle
contact and controlling the rat population are effective strategies for mitigating disease spread.
Moreover, lowering Re is achieved by improving the recovery rate of asymptomatic cattle (σ)

through early diagnosis and treatment. These findings reveals that reducing rat density, in-
creasing vaccination coverage, and improving recovery rates significantly reduce Re, thereby
lowering disease prevalence. Table 5.3 provides a summary of the sensitivity indices of Re for
each parameter value.

5.4 Numerical simulation and Discussion

To validate the theoretical results, numerical simulations were performed using Python’s
odeint package. The baseline parameter values in Table 5.2 were selected from the literature,
with adjustments made based on epidemiological plausibility. The initial conditions are chosen
as (SC(0),EC(0),AC(0), IC(0),RC(0),VC(0),SR(0),AR(0),L(0))= (100,30,20,10,0,50,100,50,10).

5.4.1 Stability of Leptospira-persistence Equilibrium Point

Using the initial condition mentioned above and the parameter values found in Table 5.2, Eq.
(5.6) yields Re ≈ 2.86937 > 1. Applying scipy.optimize.fSolve (Moruzzi & Moruzzi, 2020),
if we solve model (5.1) by setting the right-hand side to zero, we obtain a unique positive
Leptospira-persistence equilibrium given by E ∗∗ = (S∗∗C ,E∗∗

C ,A∗∗
C , I∗∗C ,R∗∗

C ,V ∗∗
C ,S∗∗R ,A∗∗

R ,L∗∗) =

(5.3031,1.1226,54.6261,1.7252,37.4598,19.2827,27.2986,45.6941,34.0560). Figure 5.2 (a)
and (b) shows the stability of this unique Leptospira-persistence equilibrium E ∗∗.
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Table 5.3: Sensitivity of the parameters
Parameters Value Sensitivity index
ΛC 0.05 0.65988
ΛR 0.2 0.34012
ρ 0.5 -0.00415
K 10000 -0.02457
βCC 0.0001 +0.63595
βCR 0.0002 +0.02371
βC 0.0012 +0.00022
βRR 0.0001 +0.31578
βR 0.005 +0.02435
α 0.1 +0.00180
ν 0.2 -0.13972
δ 0.00274 -0.00425
σ 0.00137 -0.53306
µC 0.000274 -0.76629
µR 0.00274 -0.68025
dC 0.01 -0.01552
ε 0.05 -0.02457
ωC 0.014 +0.02393
ωR 0.02 +0.00064
η 0.013 +0.31230
r 0.88 -1.52005
τ 0.05 -0.31473
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(a) As t → ∞, (SC,EC,AC, IC,RC,VC)→
(5.303,1.123,54.626,1.725,37.460,19.283).
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(b) As t → ∞, (SR,AR,L)→ (27.299,45.694,34.056).

Figure 5.2: E ∗∗ ≈ (5.303,1.123,54.626,1.725,37.460,19.283,27.299,45.694,34.056), when
Re = 2.86937 > 1 with the baseline values in Table 5.2.

5.4.2 Stability of Leptospira-free Equilibrium Point

If we adjust the values of βCC = 0.00005, µR = 0.0274, and τ = 0.15, the effective reproduc-
tion number becomes Re ≈ 0.87227 < 1. Figures 5.3 (a) and (b) show that the Leptospira-free
equilibrium, E ∗ = (14.6825,0,0,0,0,167.7992,7.2993,0), calculated using Eq. (5.3), is locally
asymptotically stable. Since this situation indicates that there are no infectious animal and free-
living Leptospira in the soil as time goes on, there won’t be any affected animals, and only the
susceptible cattle, vaccinated cattle, and susceptible rat population will exist.
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(b) As t → ∞ , (SR,AR,L)→ (7.300,0,0).

Figure 5.3: E ∗ = (14.683,0,0,0,0,167.800,7.300,0,0), when Re = 0.87227 < 1 with the base-
line values in Table 5.2.

5.4.3 The Impact of the Most Sensitive Parameters

The Impact of Varying Contact Rate within Cattle, βCC and Cattle with Rat, βCR

In this subsection, we demonstrate change in the dynamics of leptospirosis varying contact
rate within cattle, βCC. Figure 5.4 (a)-(d) shows the simulation for sensitivities of suscepti-
ble, vaccinated, and infectious cattle as well as the Leptospira load in the environment with
the change of contact rate within cattle (βCC = 0.0002,βCC = 0.0001,βCC = 0.00005). These
figures clearly indicate that the susceptible and vaccinated cattle population improved signifi-
cantly in decreasing contact with infectious cattle. In addition, the quantity of infectious cattle
and Leptospira load in the environment can be reduced and possibly eliminated by lowering the
values of βCC. The findings of Engida et al. (2022) support this result, showing that reducing
the rate of contact with asymptomatic cattle may be an effective way to manage the expansion
of infected cattle and the environmental Leptospira burden.
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Figure 5.4: Impact of contact rate within cattle, βCC.

Similarly, Figure 5.5 depicts the dynamic behavior of model (5.1) by varying the contact rate
of cattle with rats (βCR = 0.0002,βCR = 0.0001,βCR = 0.00005). It can be seen from Figure 5.5
(a) and (b) that decreasing the incidence of cattle with rats increases the sizes of susceptible and
vaccinated cattle and vice versa. On the other hand, reducing this parameter reduces the sizes
of infectious cattle and Leptospiral load in the environment, as shown in Figure 5.5 (c) and (d),
respectively.
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Figure 5.5: Impact of contact rate of cattle with rat, βCR.

The impact of Varying Death Rate of Rat, µR.

The impact of death rate of rats with cattle population and Leptospira load is illustrated in
this section by varying values of µR (µR = 0.00137,µR = 0.00274,µR = 0.00548). Reducing the
rat population can also lower the environmental concentration of Leptospira and the number of
cattle infections. It can be observed, from Figure 5.6 (a)-(b), that the number of infected cattle
and the amount of Leptospira in the environment decrease as µR increases. Conversely, decreas-
ing the death rate of rats decreases the number of susceptible and vaccinated cattle. Hence,
reducing animal reservoirs(such as rat) is critical for controlling leptospirosis transmission to
the cattle population. This can be done through trapping or environmentally friendly rodenticide
and this result coincide with work of Engida et al. (2023).
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Figure 5.6: Impact of varying death rate of rat, µR.

The Impact of Varying Recovery Rate of Asymptomatic Infectious Cattle, σ.

By raising the recovery rate of asymptomatic infectious cattle, σ by pre-diagnosis treatment,
the infectious cattle can be decreased. In this section, we simulate model (5.1) and change
the value of σ to observe how it affects bacterial and cattle populations. As shown in Figure
5.7 (a) and (b), we can see from Figure 5.7 that σ is directly proportional to susceptible and
vaccinate cattle. Furthermore, Figure 5.7 (c) and (d) show that while the size of σ increases (or
decreases, respectively) with time, the infectious cattle population and Leptospiral load increase
(or decrease).
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Figure 5.7: Impact of recovery rate of asymptomatic infectious cattle, σ.

5.5 Conclusion

In conclusion, our study has built and investigated the mathematical modeling of leptospiro-
sis in cattle and rats with free-living Leptospira pathogens in the environment. The analysis of
the model indicates that there exists a region where the model is mathematically and epidemio-
logically well posed. The effective reproduction number is computed using the next-generation
matrix approach, and its sensitivity is analyzed with respect to model parameters. The simu-
lations confirm that when Re > 1, the infection persists, but for Re < 1, the disease dies out
over time. Furthermore, the numerical simulations in Figures 5.4 - 5.7 and the sensitivity anal-
ysis result in Table 5.3 show that decreasing the contact rate with infected cattle, βCC and with
infected rats, βCR, increasing rats’ mortality rate, µR, and fostering the recovery rate of asymp-
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tomatic cattle, σ, can meaningfully reduce the infection status in cattle herds. In particular, our
results underscore the contribution of rats in the transmission of cattle leptospirosis. Consistent
with our findings, Sunaryo & Priyanto (2022) highlights that a major risk factor for leptospiro-
sis outbreaks in cattle herds and humans is the existence of high rat populations, particularly in
agricultural and peridomestic areas where they interact with livestock. Therefore, to interrupt
this cycle of transmission, preventive and control methods must focus on both rodent control
measures and appropriate livestock management.
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CHAPTER 6

FRACTIONAL-ORDER MODELING AND ANALYSIS OF
LEPTOSPIROSIS IN CATTLE AND HUMAN

In this chapter, we developed a mathematical model of the Caputo fractional derivative
(CFD) that describes the dynamics of leptospirosis in humans and cattle. Fractional-order mod-
eling is especially promising for leptospirosis because it naturally captures the memory effects
of asymptomatic carriers, environmental persistence, and relapse dynamics, offering a more re-
alistic representation than classical models. Our model particularly describes the dynamics of
indirect transmission from the environment to humans and cattle as well as direct transmission
from cattle to humans and cattle to cattle. The model takes into account how various param-
eters and fractional orders affect the dynamics of leptospirosis transmission. We examine the
fundamental characteristics of the model and conduct a qualitative analysis.

6.1 Model Formulation

In this section, we developed a fractional-order mathematical model of leptospirosis dynam-
ics in cattle and humans. The developed model considers the interaction of populations: the
susceptible Sc, vaccinated Vc, infected Ic, and recovered Rc for the cattle population and the
susceptible Sh, exposed Eh, infected Ih, and recovered Rh for the human population. Also the
environmental free-Leptospira L is considered as a separate compartment. The cattle population
is recruited at the constant rate of Λc, of which ρ portion goes to the vaccinated class and the rest
goes to the susceptible class. The susceptible class transferred to the infected class by the force
of infection λc = βccIc +

βcL
K+L and recovered at the rate of σc. Due to vaccine imperfection, the

vaccinated class becomes infected at the reduced force of infection (1− r)λc, where r is vaccine
efficacy. Also, the recovered class lose their natural immunity and become susceptible at the rate
of γc. We introduced parameter τ, which measures the vaccination rate of susceptible cattle, and
the vaccinated class becomes susceptible at the rate of ηc due to loss of temporary immunity.

Similarly, for human populations, which are recruited by the rate Λh, the susceptible class
is transferred to the exposed class by the force of infection λh = βhcIc +

βhL
K+L , and the exposed

become infected at the rate of αh. Moreover, the infected class recovered at the rate of δh and
recovered loss of its natural immunity at the rate of γh. The parameters used in our model are
summarized in Table 6.1, and the transmission dynamics are represented by the flow diagram
given by Figure 6.1. Furthermore, the formulated mathematical model is governed by the fol-
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lowing assumptions.

1. Incubation period for cattle is assumed negligible since it too small compared with infec-
tion period.

2. Human to human and human to cattle transmission are neglected (Artiono et al., 2024;
Oguntolu et al., 2024).

3. Both population are assumed homogeneous.

Ic

µc +dc

Rc µcSc

µc

(1−ρ)Λc

Vc

µc

ρΛc

Sh

µh

Λh Eh

µh

Ih

µh +dh

Rh

µh

L

ε

ωc

βc

βc

βh

ωh

αh δh

λc

(1− r)λcηc

σc

τc

γc

γh

λh

Figure 6.1: Flow diagram of leptospirosis dynamics in cattle and human

The system of non-linear, Caputo fractional-order differential equations that follows the dy-
namics of the proposed model is:
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C
0 Dψ

t Sc = (1−ρ)Λc −λcSc + γcRc +ηcVc − τcSc −µcSc,

C
0 Dψ

t Vc = ρΛc − (1− r)λcVc + τcSc −ηcVc −µcVc,

C
0 Dψ

t Ic = λc [Sc +(1− r)Vc]− (σc +µc +dc)Ic,

C
0 Dψ

t Rc = σcIc − (γc +µc)Rc, (6.1)
C
0 Dψ

t Sh = Λh −λhSh + γhRh −µhSh,

C
0 Dψ

t Eh = λhSh − (αh +µh)Eh,

C
0 Dψ

t Ih = αhEh − (δh +µh +dh)Ih,

C
0 Dψ

t Rh = δhIh − (γh +µh)Rh,

C
0 Dψ

t L = ωcIc +ωhIh − εL

where ψ ∈ (0,1] , C
0 Dψ

t denotes left Caputo fractional order derivative, where λc = βccIc +
βcL

K+L , λh = βhcIc +
βhL

K+L , and the initial conditions;
Sc(0)> 0, Ic(0)≥ 0, Rc(0)≥ 0, Vc(0)≥ 0, Sh(0)> 0, Eh(0)≥ 0, Ih(0)≥ 0, Rh(0)≥ 0 L(0)≥ 0.

6.2 Model Analysis

6.2.1 Existence and Uniqueness of Solution

Theorem 6.2.1. The fractional dynamical system (6.1) with the initial value has a unique solution
∀t > 0.

Proof. Consider the region C= [0, t]xΩ, where t < ∞ and
Ω= {(Sc,Vc, Ic,Rc,Sh,Eh, Ih,Rh,L)∈R9

+ : max{|Sc|, |Vc|, |Ic|, |Rc|, |Sh|, |Eh|, |Ih|, |Rh|, |L|}≤M,M ∈
R+.
Denote φ1(t) = (Sc,Vc, Ic,Rc,Sh,Eh, Ih,Rh,L) and φ2(t) = (Sc,V c, Ic,Rc,Sh,Eh, Ih,Rh,L). Con-
sider a mapping f : R9

+ → R+:

f (t,φ(t))= ( f1(t,φ(t)), f2(t,φ(t)), f3(t,φ(t)), f4(t,φ(t)), f5(t,φ(t)), f6(t,φ(t)), f7(t,φ(t)), f8(t,φ(t), f9(t,φ(t)))T

where a function fi(t,φ(t)) is given by

fi(t,φ(t)) = C
0 Dψ

t φi(t),∀i = 1, ...,9.

For any φ1,φ2 ∈ Ω, we have ∥ f1(t,φ1)− f1(t,φ2)∥= ∥{(1−ρ)Λc−λcSc+γcRc+ηcVc−τcSc−
µcSc}−{(1−ρ)Λc−λcSc+γcRc+ηcVc−τcSc−µcSc}∥≤ ||(λc+τc+µc)∥∥(Sc−Sc)∥=M1∥(Sc−
Sc)∥
where, M1 = ∥(λc + τc +µc)∥= ∥(βcc∥Ic∥+ βc∥L∥

K+∥L∥ + τc +µc)∥.
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Table 6.1: Parameters description
Parameter Description
Λc Cattle recruitment rate
Λh Human recruitment rate
ρ Fraction of immunized recruited cattle
K Environmental Leptospira concentration
βcc Contact rate between infected cattle and susceptible cattle
βhc Contact rate between infected cattle and susceptible human
βc Contact rate between contaminated environment and susceptible cattle
βh Contact rate between contaminated environment and susceptible human
αh Rate of progression from exposed to infected human compartments
δh Rate of progression from infected to Recovered human compartments
σc Rate of progression from infected to recovered cattle compartments
µc Cattle natural death rate
µh Human natural death rate
dc Leptospira induced death rate of infected cattle
dh Leptospira induced death rate of infected human
ε Leptospira decay rate
ωc Leptospira shedding rate from infected cattle
ωh Leptospira shedding rate from infected human
ηc Rate of loss of vaccine immunity
r Vaccine efficacy
τc Vaccination rate of susceptible cattle
γc Rate of loss of natural immunity for cattle
γh Rate of loss of natural immunity for human

Utilizing this approach for all compartments, we have

∥ f (t,φ1)− f (t,φ2)∥= ∥ f1(t,φ1)− f1(t,φ2)∥+∥ f2(t,φ1)− f2(t,φ2)∥+∥ f3(t,φ1)− f3(t,φ2)∥

+∥ f4(t,φ1)− f4(t,φ2)∥+∥ f5(t,φ1)− f5(t,φ2)∥+∥ f6(t,φ1)− f6(t,φ2)∥

+∥ f7(t,φ1)− f7(t,φ2)∥+∥ f8(t,φ1)− f8(t,φ2)∥+∥ f9(t,φ1)− f9(t,φ2)∥

≤ M1∥Sc −Sc∥+M2∥Vc −V c∥+M3∥Ic − Ic∥+M4∥Rc −Rc∥+M5∥Sh −Sh∥

+M6∥Eh −Eh∥+M7∥Ih − Ih∥+M8∥Rh −Rh∥+M9∥L−L∥

where M1 = ∥(βcc∥Ic∥+ βc∥L∥
K+∥L∥+τc+µc)∥, M2 = ∥((1−r)(βcc∥Ic∥+ βc∥L∥

K+∥L∥)+ηc+µc)∥, M3 =

∥(σc +µc +dc)∥, M4 = ∥(γc +µc)∥, M5 = ∥(βhc∥Ic∥+ βh∥L∥
K+∥L∥ +µh)∥, M6 = ∥(αh +µh)∥, M7 =

||(δh +µh +dh)∥, M8 = ∥(γh +µh)∥, and M9 = ∥ε∥, which yields
∥ f (t,φ1)− f (t,φ2)∥≤M∥φ1−φ2∥, where M =max{M1,M2,M3,M4,M5,M6,M7,M8,M9}. The
Lipschitz’s condition is thus satisfied by f (t,φ(t)), confirming that the fractional dynamical
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system (6.1) has a unique solution φ(t) with the initial data φ(0).

6.2.2 Boundedness and Positivity of Solution

Theorem 6.2.2. The fractional dynamical system (6.1) has a biologically feasible region Ωch

∀t > 0, where

Ωch =

{
(Sc,Vc, Ic,Rc,Sh,Eh, Ih,Rh,L) ∈ R9

+ : Nc ≤
Λc

µc
,Nh ≤

Λh

µh
and L ≤ Λcωc

µcε
+

Λhωh

µhε

}
Proof. The total cattle population is given by

Nc(t) = Sc(t)+Vc(t)+ Ic(t)+Rc(t)

For ψ ∈ (0,1], taking CFD and substituting the values of Eq. (6.1), we obtain

C
0 Dψ

t Nc(t) = Λc −µhNc(t)−dcIc.

If Nc(0)≥
Λc

µc
, then C

0 Dψ

t Nc(t)≤ 0 and applying the Laplace transform (A.8.7) of Eq. (6.1),

we obtain
L
[

C
0 Dψ

t Nc(t)+µcNc(t)
]
= L (Λc)

=⇒ sψL (Nc(t))− sψ−1(Nc(0))+µcL (Nc(t)) =
Λc

sψ

=⇒ (µc + sψ)L (Nc(t)) =
[

Λc

sψ
+ sψ−1(Nc(0))

]
.

=⇒ L (Nc(t))≤
[

Λc

sψ(µc + sψ)
+

sψ−1

(µc + sψ)
(Nc(0))

]
. (6.2)

Applying the inverse Laplace transform of Eq. (6.2), we have

Nc(t)≤ ΛctψEψ,ψ+1(−µctψ)+Nc(0)Eψ,1(−µctψ). (6.3)

Using the property of Mittag-Leffler function (A.12) on Eq. (6.3), we obtain

Nc(t)≤
Λc

µc

[
Eψ,1(−µctψ)+ tψEψ,ψ+1(−µctψ)

]
=

Λc

µc
.
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Hence, for the cattle population the invariant region is given by

Ωc =

{
(Sc,Vc, Ic,Rc) ∈ R4

+

∣∣∣∣Nc(t)≤
Λc

µc

}
.

Similarly, for human population

Nh(t)≤
Λh

µh
.

with invariant region given by

Ωh =

{
(Sh,Eh, Ih,Rh) ∈ R4

+

∣∣∣∣Nh(t)≤
Λh

µh

}
.

and, for free-Leptospira population

L(t)≤ Λcωc

µcε
+

Λhωh

µhε
.

with invariant region given by

ΩL =

{
L ∈ R+

∣∣∣∣L(t)≤ Λcωc

µcε
+

Λhωh

µhε

}
.

Taking the product of invariant regions for the cattle, human, and Leptospira population at any
time, which is then given by

Ωch = Ωc ×Ωh ×ΩL ⊂ R4
+×R4

+×R+

=

{
(Sc,Vc, Ic,Rc,Sh,Eh, Ih,Rh,L) ∈ R9

+ : Nc ≤
Λc

µc
, Nh ≤

Λh

µh
and L ≤ Λcωc

µcε
+

Λhωh

µhε

}

Showing the biologically feasible region for the system (6.1). This completes the proof.

Theorem 6.2.3. The solution of system (6.1), which is X(t)= (Sc(t), Ic(t),Rc(t),Sh(t),Eh(t), Ih(t),

Rh(t),L(t)) is always non-negative ∀t > 0 provided that the initial value X(0) is non-negative.

Proof. In order to prove positivity, it needs to be established that the system (6.1) fulfills the
following condition on R9

+:
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

C
0 Dψ

t Sc = (1−ρ)Λc + γcRc +ηcVc ≥ 0,
C
0 Dψ

t Vc = ρΛc + τcSc ≥ 0
C
0 Dψ

t Ic = λc [Sc +(1− r)Vc]≥ 0
C
0 Dψ

t Rc = σcIc ≥ 0
C
0 Dψ

t Sh = Λh + γhRh ≥ 0
C
0 Dψ

t Eh = λhSh ≥ 0
C
0 Dψ

t Ih = αhEh ≥ 0
C
0 Dψ

t Rh = δhIh ≥ 0
C
0 Dψ

t L = ωcIc +ωhIh ≥ 0

Lemma 1 states that the solution remains within Ωch since the desired target set has been
effectively reached. This implies that the solution of the system (6.1) is bounded because all
terms in the sum are positive.

6.3 Stability Analysis

This section will identify the equilibria of model (6.1) and identify the effective reproduction
number. The model’s equilibria will then be subjected to evaluation of both local and global sta-
bility. We first calculate the effective reproduction number of system (6.1) before looking at the
linear stability of the equilibria. The effective reproduction number, which is determined using
the next-generation matrix technique and the Leptospira-free equilibrium (LFE), quantifies the
possibility for transmission of any infectious disease.

To calculate LFE, we set the right hand side of system (6.1) equal to zero and solve the
system obtained. Thus, the Leptospira-free equilibrium point,
E ∗ = (S∗c ,V

∗
c , I

∗
c ,R

∗
c ,S

∗
h,E

∗
h , I

∗
h ,R

∗
h,L

∗), of model (6.1) is given by

E ∗ =

(
Λc(ηc +(1−ρ)µc)

µc(ηc + τc +µc)
,

Λc(τc +ρµc)

µc(ηc + τc +µc)
,0,0,

Λh

µh
,0,0,0,0

)
(6.4)

Here we used the next-generation matrix method to derive the effective reproduction num-
ber from integer-order model structure (Van den Driessche & Watmough, 2002). We made the
implicit assumption that this dimensionless quantity remains a valid threshold value applica-
ble to Caputo fractional-order models, provided the model retains a positive invariant set and
satisfies standard assumptions for equilibrium analysis (Agbata et al., 2025). Hence, applying
the next-generation matrix technique and establishing the matrices F and V , which represent
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the new infection factors and the transfer factors, respectively, at the LFE point (6.4). Re-write
k1 = σc +µc +dc, k2 = αh +µh, and k3 = δh +µh +dh for convenience. Consequently, we have

F =


βccP∗

c 0 0 βcP∗
c /K

βhcS∗h 0 0 βhS∗h/K

0 0 0 0
0 0 0 0

 ,and V =


k1 0 0 0
0 k2 0 0
0 −αh k3 0

−ωc 0 −ωh ε

 ,

where, P∗
c = [S∗c +(1− r)V ∗

c ], S∗c =
Λc(ηc +(1−ρ)µc)

µc(ηc + τc +µc)
, V ∗

c =
Λc(τc +ρµc)

µc(ηc + τc +µc)
, and S∗h =

Λh
µh

.

Since F is Metzler matrix and V is invertible matrix. Thus, V−1 is given by

V−1 =


1
k1

0 0 0

0 1
k2

0 0

0 αh
k1k2

1
k3

0
−ωc
k1ε

αhωh
k2k3ε

−ωh
k3ε

1
ε

 .

The next-generation matrix is hence computed as

FV−1 =


(

βccP∗
c

k1
− ωcβcP∗

c
Kk1ε

)
ωhαhβcP∗

c
Kk2k3ε

−ωhβcP∗
c

Kk3ε

βcP∗
c

Kε

βhcS∗h
k1

− ωcβhS∗h
Kk1ε

ωhαhβhS∗h
Kk2k3ε

−ωhβhS∗h
Kk3ε

βhS∗h
Kε

0 0 0 0
0 0 0 0

 . (6.5)

The dominant eigenvalue ρ(FV−1) of Eq. (6.5), defined as the effective reproduction number
Re, is given by:

Re =
1
2

(βccP∗
c

k1
− ωcβcP∗

c

Kk1ε
+

ωhαhβhS∗h
Kk2k3ε

)+

√(
βccP∗

c

k1
− ωcβcP∗

c

Kk1ε
−

ωhαhβhS∗h
Kk2k3ε

)2

+4
(

ωhαhβcP∗
c

Kk2k3ε

)(
βhcS∗h

k1
−

ωcβhS∗h
Kk1ε

) .
(6.6)

The other type of equilibrium point of the model (6.1) is the Leptospira-persistent equilibrium
(LPE). To find LPE we set Eq. (6.1) to zero with at least one of the infectious classes should
be nonzero. If E ∗∗ = (S∗∗c ,V ∗∗

c , I∗∗c ,R∗∗
c ,S∗∗h ,E∗∗

h , I∗∗h ,R∗∗
h ,L∗∗) is LPE point, it is implicitly given

by,
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S∗∗c =
[(1−ρ)µc +ηc]Λc +[(µc +ηc)]γcR∗∗

c − k1ηcI∗∗c
µc(λ∗∗

c + τc +µc)+ηc
,

V ∗∗
c =

Λc − k1I∗∗c + γcR∗∗
c

µc
−S∗∗c ,

R∗∗
c =

σcI∗∗c
k5

,

S∗∗h =
k2

λ∗∗
h

E∗∗
h ,

E∗∗
h =

k3

αh
I∗∗h ,

R∗∗
h =

δh

k4
I∗∗h ,

L∗∗ =
ωcI∗∗c +ωhI∗∗h

ε
, (6.7)

where,
λ∗∗

c = βccI∗∗c + βcL∗∗

K+L∗∗ , λ∗∗
h = βhcI∗∗c + βhL∗∗

K+L∗∗ , k1 = σc +µc +dc,

k2 = αh +µh, k3 = δh +µh +dh, k4 = γh +µh, k5 = γc +µc.

Theorem 6.3.1. The Leptospira-persistent equilibrium E ∗∗ of model (6.1) is globally asymptot-
ically stable if Re > 1.

Proof. We adopt a multi-step approach integrating linear stability theory, fractional Lyapunov
analysis, and numerical validation.

Step 1: Local Stability via Matignon’s Criterion

We linearize the system near x∗ = E ∗∗:

CDψ

t y(t) = J(x∗∗)y(t)+g(y(t)),

where y(t) = x(t)− x∗∗, J(x∗∗) denotes the Jacobian matrix at equilibrium, and g contains
higher-order nonlinear terms.

Let λi be the eigenvalues of J(x∗∗). By Matignon’s theorem, the linearized system is locally
asymptotically stable if:

|arg(λi)|>
ψπ

2
, for all i = 1, . . . ,9.

Numerical evaluation with parameters from Table 6.2 confirms that this condition holds when
Re > 1.

Step 2: Lyapunov Function Construction
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Consider the quadratic Lyapunov candidate:

V (y) =
1
2
∥y∥2 =

1
2

9

∑
i=1

y2
i .

Due to the non-local nature of fractional derivatives, we invoke lemma 2 and there exist a
constant K(ψ)> 0 such that:

CDψ

t V (y(t))≤
n

∑
i=1

yi(t) ·CDψ

t yi(t)+K(ψ)∥y(t)∥2.

Step 3: Evaluation of the Lyapunov Derivative

Using the system dynamics, we compute:

∑
9
i=1 yi ·CDψ

t yi = y1 [(1−ρ)Λc −λcSc + γcRc +ηcVc − τcSc −µcSc]

+ y2 [ρΛc − (1− r)λcVc + τcSc −ηcVc −µcVc]+ · · ·+ y9 [ωcIc +ωhIh − εL] .

Step 4: Application of Equilibrium Conditions

At E ∗∗, the following hold:

(1−ρ)Λc+γcR∗∗
c +ηcV ∗∗

c =(λ∗∗
c +τc+µc)S∗∗c , ρΛc+τcS∗∗c =((1−r)λ∗∗

c +ηc+µc)V ∗∗
c , · · ·

Substituting these into the derivative expression and simplifying yields:

9

∑
i=1

yi ·CDψ

t yi ≤−
9

∑
i=1

ciy2
i +R (y),

where ci > 0 and R (y) denotes bounded cross terms.

Step 5: Bounding Cross Terms

Applying Yong’s inequality:

|yiy j| ≤
ε

2
y2

i +
1
2ε

y2
j

we bound R (y) and absorb in to the main negative definite term. Thus using Lemma 2

CDψ

t V (y(t))≤−c∥y∥2,

for some c > 0

Step 6: Numerical Validation
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To complement the analytical approach, we perform simulations using the fractional Adams-
Bashforth-Moulton method. Key observations from Figure 6.2 include:

• All trajectories from diverse initial conditions converge to a Leptospira-persistent equilib-
rium point, i.e., E ∗∗ = (65.8,127.9,9.12,11.8,60933.8,3330.1,4229.8,3420.1,848.5).

• The convergence speed demonstrated dependence on the fractional order ψ.

• The hereditary properties of the Caputo operator captured the unique epidemiological
features of leptospirosis, such as asymptomatic carriers, environmental persistence, multi-
host transmission, and relapse behavior, that make its dynamics strongly dependent on
past states.

(a) ψ = 1.0 (b) ψ = 0.9

(c) ψ = 0.8

Figure 6.2: Global stability of Leptospira-Persistent Equilibrium point
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Table 6.2: Parameters values and their sources
Parameter Value Unit Source
Λc 0.15 cattle

day Assumed
Λh 5 human

day Assumed
ρ 0.5 Assumed
K 1000 unit Holt et al. (2006)
βcc 0.0001 1

(cattle)(day) Aslan et al. (2021)
βhc 0.0003 1

(human)(day) Assumed
βc 0.0012 1

day Aslan et al. (2021)
βh 0.005 1

day Assumed
αh 0.092 1

day Oguntolu et al. (2024)
δh 0.072 1

day Engida et al. (2022)
σc 0.00274 1

day Aslan et al. (2021)
µc 0.000274 1

day Ndondo et al. (2016)
µh 0.000046 1

day Ngoma et al. (2022); Okosun et al. (2016)
dc 0.01 1

day Holt et al. (2006)
dh 0.0004 1

day Oguntolu et al. (2024)
ε 0.05 1

day Minter et al. (2019)
ωc 0.014 unit

(cattle)(day) Aslan et al. (2021)
ωh 0.01 unit

(human)(day) Assumed
ηc 0.013 1

day Okosun et al. (2016)
r 0.88 Esteves et al. (2022); Wilson-Welder et al.

(2020)
τc 0.025 1

day Assumed
γc 0.00185 1

day Chadsuthi et al. (2022)
γh 0.089 1

day Khan et al. (2014); Oguntolu et al. (2024)

6.4 Sensitivity Analysis

The sensitivity analysis determines the resilience of the model prediction to changes in pa-
rameter values due to potential errors in data collection and assumed parameters. For this study,
we applied normalized forward sensitivity indices presented in Definition A.5.1. Re is directly
(inversely) impacted by the relevant parameter when the index value is positive (or negative).
Definition A.5.1 gives the formulas for the normalized forward sensitivity index for the model’s
primary parameters:
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Table 6.3: Sensitivity of the parameters
Parameters Value Sensitivity index
Λc 0.15 +0.5583
Λh 5 +0.4417
ρ 0.5 -0.0042
K 1000 -0.4396
βcc 0.0001 +0.3552
βhc 0.0003 +0.4095
βc 0.0012 +0.0012
βh 0.005 +0.2365
αh 0.092 +0.2043
δh 0.072 -0.6420
σc 0.00274 -0.1175
µc 0.000274 -0.5687
µh 0.000046 -0.4422
dc 0.01 -0.4290
dh 0.0004 -0.0036
ε 0.05 -0.4396
ωc 0.014 +0.0022
ωh 0.01 +0.4417
ηc 0.013 +0.2597
r 0.88 -0.7645
τc 0.025 -0.2610

As a result, we used the values in Table 6.2 to quantitatively evaluate the sensitivity index of
Re with regard to each model parameters. Vaccine efficiency, r, human recovery rate, δh, cattle
recruitment rate, Λc, and contact rate of human with infectious cattle, βhc, are the most sensitive
parameters, respectively. For instance, if βhc increases by 10%, Re increases (or decreases) by
4.1%, and if µc increases or decreases by 10%, Re decreases (or increases) by 5.7%. In conclu-
sion, the sensitivity analysis of the most influential parameters affecting Re are summarized in
Table 6.3.

6.5 Results and Discussions

In this section, we have performed numerical simulations of system (6.1) using python
program and the fractional Adams-Bashforth-Moulton predictor-evaluator-corrector-evaluator
(PECE) algorithm developed in Diethelm et al. (2004); Diethelm & Freed (1998) to support the
analytical conclusions of our model.

The effectiveness of the obtained theoretical outcomes are established by the following ex-
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amples. The initial conditions are chosen as (Sc(0),Vc(0), Ic(0),Rc(0),Sh(0),Eh(0), Ih(0),Rh(0),
L(0))= (500,100,20,0,100000,1000,100,0,100) and the fractional values ψ= [1.00,0.95,0.90,
0.85,0.80] were used to study the effect of the fractional-order on our model. Accordingly, Fig-
ure 6.3 represents the dynamics of susceptible, vaccinated, infected and recovered cattle respec-
tively with the change of fractional order. Then, Figure 6.4 describes the impact of susceptible,
exposed, infected and recovered human population respectively with the change of fractional or-
der. Finally, Figure 6.5 shows the impact of Leptospira load in the environment with the change
of fractional order. In each of these figures, as the order of the derivative takes smaller fractional
values, the system experiences slow dynamics which inline with the result of Farman et al.
(2023). The rate of convergence toward the equilibrium points is more for higher-order deriva-
tives in comparison to the smaller-order derivatives. Thus, to achieve faster convergence toward
an equilibrium point, a higher-order system should be considered or the vice-verse. Therefore,
the consideration of different fractional orders provides valuable insights into the model’s be-
havior, highlighting its variability and sensitivity to changes in the ordering.

(a) (b)

(c) (d)

Figure 6.3: Impact of ψ on cattle population (a) Sc, (b) Vc, (c) Ic, and (d) Rc, for Re = 2.7904
using values in Table 6.2.
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(a) (b)

(c) (d)

Figure 6.4: Impact of ψ on human population, (a) Sh, (b) Eh, (c) Ih, and (d) Rh, for Re = 2.7904
using values in Table 6.2.

(a)

Figure 6.5: Impact of ψ on leptospiral load L, for Re = 2.7904 using values in Table 6.2.
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6.5.1 Impact of Varying Cattle to Cattle Transmission Coefficient, βcc.

In this subsection, we examined the impact of varying cattle-to-cattle transmission coeffi-
cient, βcc, on the number of infected cattle, infected humans, and environmental leptospiral load
for ψ = 1 and ψ = 0.9. From the sensitivity analysis in section 6.4, we observed that the pa-
rameter βcc has a positive sensitivity index, meaning it is directly proportional to the effective
reproduction number, Re. Figure 6.6 shows the effect of varying βcc on IC. The graph demon-
strates that as we decrease the the contact rate from 0.0003 to 0.00005, the maximum infected
population significantly reduced from 300 to 50. Moreover, in Figure 6.6(b) for ψ = 1 the graph
dropped fastly but in Figure 6.6(a) for ψ= 0.9 it dropped slowly because of memory effect. Sim-
ilarly, Figure 6.7 depicts that the infected human population is also reduced well by the reduction
of βcc. This shows that controlling cattle-to-cattle control is indirectly controlling transmission
of leptospirosis to farmers, veterinarians and other stockholders. Also Figure 6.8 demonstrates
the significant reduction of environmental leptospiral load by the reduction of βcc. Controlling
Leptospira in soil and water could help the possible occurrence of leptospirosis outbreak through
flood.
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Figure 6.6: Impact of varying βcc on infected cattle (Ic).

89



0 50 100 150 200 250 300 350
Time (days)

0.0

0.5

1.0

1.5

2.0

2.5
In

fe
ct

ed
 h

um
an

 (I
h)

1e4

β_CC = 5e-05
β_CC = 0.0001
β_CC = 0.0002

(a) ψ = 0.9

0 50 100 150 200 250 300 350
Time (days)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

In
fe

ct
ed

 h
um

an
 (I

h)

1e4
β_CC = 5e-05
β_CC = 0.0001
β_CC = 0.0002

(b) ψ = 1.0

Figure 6.7: Impact of varying βcc on infected human (Ih).
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Figure 6.8: Impact of varying βcc on leptospiral load (L).

6.5.2 Impact of Varying Cattle to Human Transmission Coefficient, βch

This subsection discuss the impact of varying cattle-to-human transmission coefficient, βch,
on the number of infected cattle, infected humans, and environmental Leptospira load. Accord-
ingly, Figure 6.9 shows that Ih decreased slightly by the decrease of βch. However, Figure 6.10
demonstrates radical drop of infected human, Ih. Figure 6.11 also depicts significant drop of
environments Leptospira load, L. This shows appropriate preventive measure such as wearing
rubber boots, waterproof overalls to cover wounds or skin, goggles, rubber gloves to reduce
cattle-to-human direct transmission could be best intervention for human leptospirosis (Engida
et al., 2023).
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Figure 6.9: Impact of varying βch on infected cattle (Ic).
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Figure 6.10: Impact of varying βch on infected human (Ih).
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Figure 6.11: Impact of varying βch on leptospiral load (L).

6.5.3 Impact of Varying Leptospira Decay Rate, ε

Figure 6.12, Figure 6.13, and Figure 6.14 show the decrease in cattle, human, and Leptospira

populations, respectively, while we increase the Leptospira decay rate, ε. The growth of the
Leptospira pathogen can be reduced through environmental sanitation practices, which involve
the clearance of drainage and removal of trash from the surroundings (Oguntolu et al., 2024).
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Figure 6.12: Impact of varying ε on infected cattle (Ic).
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Figure 6.13: Impact of varying ε on infected human (Ih).
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Figure 6.14: Impact of varying ε on leptospiral load (L).

6.6 Conclusion

In this chapter, a fractional-order leptospirosis disease transmission model is examined to
investigate its impact on human beings. The steady-state and fundamental characteristics of the
model equilibria are investigated. The existence and uniqueness of solutions for the proposed
model are derived. The Lyapunov function is used to analyze global stability. The Adams-
Bashforth-Moulton fractional predictor-evaluator-corrector-evaluator (PECE) algorithm in the
Python program is used to generate the numerical solution of the model. The graphical out-
comes of the proposed fractional model, shown in Figures 6.3-6.5, consistently depend on the
fractional order, and it provides valuable and adaptable information for studying the dynamics of
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leptospirosis infection. Furthermore, the numerical results of the model (6.1) shown in Figures
6.6-6.14 indicate that leptospirosis infection can be effectively reduced by reducing cattle-to-
cattle and cattle-to-human contact rate as well as increasing Leptospira decay rate. In all the
above simulations, comparisons are made between integer order derivative and fractional or-
der derivative. It is observed that the fractional order method provide reliable findings for all
compartment according to steady state at non-integer order derivatives as compare to classical
derivative.
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CHAPTER 7

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

This chapter offers a concise overview of the research findings, presents key conclusions, and
proposes recommendations based on the study. The dissertation mainly focused on formulating
epidemiological mathematical models to enhance understanding of the transmission dynamics
of leptospirosis and effective control strategies. The contributions emanating from the findings
in this dissertation are summarized and concluded as follows.

7.1 Summary and Conclusion

Leptospirosis poses a significant public health challenge, with a growing incidence in both
human and animal populations. The complex interplay between reservoir hosts, environmental
factors, and human activities complicates efforts to curb the spread of the disease. Consequently,
to give a good insight into the problem, our first model incorporates the role of asymptomatic
cattle as well as environmental free-living Leptospira. The qualitative and quantitative results
shows that the Leptospira-free equilibrium point is locally and globally asymptotically stable
when Re is less than unity and is otherwise unstable. Sensitivity analysis given in Table 4.2
showed that the contact rate with asymptomatic infected cattle, βA, is the most sensitive parame-
ter in the stated model, followed by the recovery rate of asymptomatic infected cattle, σ, and the
vaccination rate of susceptible cattle, τ. Numerical simulations also revealed that a reduction in
contact rate with asymptomatic infected cattle, fostering the recovery rate of asymptomatic in-
fected cattle, and augmenting the vaccination rate among susceptible cattle resulted in a notable
decrease in disease prevalence within the herd.

Furthermore, we have extended our first model into an optimal control to investigate strate-
gies that minimize the disease burden and related costs. Various simulations of optimal control
strategies were performed and graphically shown, both with and without controls. According
to the numerical results, applying a combination of prevention, vaccination, and treatment mea-
sures could significantly reduce the risk of leptospirosis outbreaks in cattle herds more than
the application of a single control measure. However, our cost-effectiveness analysis shows
that strategy 2 (vaccination-only) is the most efficient control measure among all intervention
strategies in cases of limited resources.

On the other hand, we have formulated and analyzed a mathematical model that takes into
account the direct contact within cattle and with rats as well as the indirect transmission via the
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environmental free-living Leptospira. The stability analysis revealed that the Leptospira-free
equilibrium point is locally and globally asymptotically stable if Re < 1 and unstable otherwise.
The normalized forward sensitivity index presented in Table 5.3 shows that contact rate within
cattle βCC, with rats βCR, rat mortality rate µR, and asymptomatic cattle recovery rate σ are
the most impactful parameters on the model. Hence, our results show that controlling the rat
population by increasing its mortality significantly mitigates disease spread in cattle and humans.
Moreover, the simulation results clearly show that the reduction of cattle-to-cattle and cattle-to-
rat contact rates, as well as cattle recovery rates through treatment, could significantly reduce
the disease spread.

Our final model is dedicated in formulating a fractional order model of leptospirosis. The
model analyzes the role of cattle and environmental Leptospira load in the transmission of an-
imal and human leptospirosis using a Caputo fractional-order system of differential equations.
According to sensitivity analysis conducted on the proposed model, the rate of contact between
cattle βcc, the rate of contact between cattle and humans βch, the rate of recovery of cattle σc, the
recovery rate of humans δh, and the environmental Leptospira decay rate ε are the most sensi-
tive parameters. Numerical simulations revealed that a reduction in the rate of contact between
cattle and humans, fostering the recovery rate of infected cattle and humans, and maximizing
Leptospira decay rate resulted in a notable decrease in the prevalence of the disease. Also, the
consideration of different fractional orders provides valuable insights into the model’s behavior,
highlighting its variability and sensitivity to changes in the ordering.

7.2 Recommendations

Leptospirosis, a serious public health concern in Ethiopia and other Sub-Saharan African
countries, often remains under-diagnosed. It is a major cause of acute illness, with estimated
annual cases reaching over a million and thousands of deaths and significant productivity losses.
Here, we want to make some recommendations that might bring positive changes to minimize
the prevalence of the diseases. Our study suggests that leptospirosis can be significantly man-
aged in cattle herds by minimizing contact with infected cattle, increasing recovery rate, and
enhancing vaccination efforts. Specifically, improved animal husbandry practices such as dis-
infection of cattle sheds and feeding equipment, quarantine of new cattle before mixing with
the herd, regular vaccination, and regular veterinary check-ups and early treatment are efficient
methods to manage the disease burden. Additionally, if there are financial limitations to im-
plement all intervention strategies, farmers or ranchers should concentrate on herd vaccination,
according to the cost-effectiveness analysis among optimal control strategies (i.e., prevention
effort, vaccination, and treatment).
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On the other hand, it’s crucial to increase rat mortality through trapping or using rodenticide,
in careful and ethical manner. Although reducing the rat population can lower the risk of lep-
tospirosis transmission, it’s important to consider the potential negative impacts of broad-scale
rodent culling. Moreover, our study suggest that leptospirosis can be controlled by implement-
ing environmental sanitation programs that reduce the persistence of Leptospira bacteria. This
can be done by proper sanitation, improving water quality, controlling flooding and runoff, and
using disinfectants for contaminated environments.

Therefore, stakeholders such as farmers, veterinary professionals, and policymakers should
prioritize reducing interspecies contact, implementing regular vaccination programs for cattle
herds, increasing rodent control efforts, and promoting sanitation measures that accelerate Lep-

tospira decay in the environment. In addition, strengthening antibiotic treatment for both hu-
mans and animals is essential. Together, these interventions can substantially enhance cattle
productivity, lower healthcare costs, and reduce human exposure to leptospirosis.

7.3 Future Works

Although we considered such a comprehensive study of leptospirosis in different species,
our study did not cover the effect of weather and temperature variability on the transmission
dynamics. We also recognize the significance of validating our model using real data, which
represents a limitation of this study stemming from the lack of such data. Future research can
incorporate real-world data to validate the proposed models. Further, this dissertation can be
extended by considering the following aspects:

• In chapter 5 and chapter 6, it is important to include all the necessary control strategies
and their cost-effectiveness analysis;

• The models may give a more realistic result if the impact of temperature and weather
variability are considered;

• The co-infection model dynamics can be done by including other livestock diseases, such
as brucellosis and Q-fever.
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Milici, C., Drăgănescu, G., & Machado, J. T. (2018). Introduction to fractional differential

equations (Vol. 25). Springer.

Minter, A., Costa, F., Khalil, H., Childs, J., Diggle, P., Ko, A. I., & Begon, M. (2019). Op-
timal control of rat-borne leptospirosis in an urban environment. Frontiers in Ecology and

Evolution, 7, 209.

Monti, G., Montes, V., Tortosa, P., Tejeda, C., & Salgado, M. (2023). Urine shedding patterns
of pathogenic leptospira spp. in dairy cows. Veterinary Research, 54(1), 64.

Moruzzi, G., & Moruzzi, G. (2020). Numerical solution of ordinary differential equations (ode).
Essential Python for the Physicist, 89–113.

Mughini-Gras, L., Bonfanti, L., Natale, A., Comin, A., Ferronato, A., La Greca, E., . . .
Marangon, S. (2014). Application of an integrated outbreak management plan for the control
of leptospirosis in dairy cattle herds. Epidemiology & Infection, 142(6), 1172–1181.

Muhammad Altaf, K., & Atangana, A. (2019). Dynamics of ebola disease in the framework of
different fractional derivatives. Entropy, 21(3), 303.

Mukdasai, K., Sabir, Z., Raja, M. A. Z., Sadat, R., Ali, M. R., & Singkibud, P. (2022). A
numerical simulation of the fractional order leptospirosis model using the supervise neural
network. Alexandria Engineering Journal, 61(12), 12431–12441.

Murray, C. K., & Hospenthal, D. R. (2004, Oct). Determination of susceptibilities of 26 lep-
tospira sp. serovars to 24 antimicrobial agents by a broth microdilution technique. Antimi-

crobial Agents and Chemotherapy, 48(10), 4002–4005. doi: 10.1128/AAC.48.10.4002-4005
.2004

Ndondo, A., Munganga, J., Mwambakana, J., Saad-Roy, C., Van den Driessche, P., & Walo, R.
(2016). Analysis of a model of gambiense sleeping sickness in humans and cattle. Journal of

biological dynamics, 10(1), 347–365.

Ngoma, H. D., Kiogora, R., & Chepkwony, I. (2022). A fractional order model of leptospirosis
transmission dynamics with environmental compartment. Global Journal of Pure and Applied

Mathematics, 18(1), 81–110.

105



Nogueira, D. B., da Costa, F. T. R., de Sousa Bezerra, C., Soares, R. R., da Costa Barnabé, N. N.,
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APPENDIX A

MATHEMATICAL PRELIMINARIES

In this chapter, we present some important mathematical definitions and theorems which will
be used in this study.

A.1 Existence and uniqueness theorem

Theorem A.1.1. (Hirsch et al., 2012). Consider the initial value problem

X′ = f (X),

X(0) = X0

where X0 ∈ Rn , f : Rn → Rn and f ∈ C1 (i.e f and its first partial derivatives exist and are
continuous functions on Rn). Then there exists a unique solution of this initial value problem.

A.2 Stability of system of ODE

Theorem A.2.1. (Birkhoff et al., 1989). Suppose the autonomous initial value problem

X′ = f (X),

X(0) = X0

has an equilibrium point at X = X∗ (i.e f (X∗) = 0) and that J(X∗) is the Jacobian of f evaluated
at X∗. Then

i. the system is asymptotically stable at X = X∗, if all eigenvalues of J(X∗) have negative
real part.

ii. the system is unstable at X = X∗ ,if J(X∗) has at least one eigenvalue with a positive real
part.
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A.3 Basic Reproduction number

The basic reproduction number, R0, is defined as an average number of secondary infections
produced by one infected individual in a uniformly distributed population. This number is a
measure of the potential for disease spread within a population (Tang et al., 2021). If R0 < 1,
then a few infected individuals introduced into a completely susceptible population will, on
average, fail to replace themselves, and the disease will not spread. If, on the other hand R0 > 1,
then the number of infected individuals will increase with each generation and the disease will
spread. Note that the basic reproduction number is a threshold parameter for invasion of a
disease organism into a completely susceptible population. A large number of R0 may indicate
the possibility of a major epidemic.

R0 can be calculated by using different method and the most common one is th next genera-
tion matrix method (Van den Driessche & Watmough, 2002). It is obtained by taking the largest
(dominant) eigenvalues (spectral radius) of

FV−1 =

[
∂Fi(E0)

∂x j

][
∂Vi(E0)

∂x j

]−1

(A.1)

where Fi is the rate of appearance of new infections in compartment i, Vi is the transfer of
infection from one compartment to other compartment and E0 is disease free equilibrium point.

Furthermore, F is nonnegative, V is non-singular nxn matrices. To interpret the entries of
FV−1 and develop a meaningful definition of reproduction number R0 , consider the fate of
an infected individual introduced into compartment k of a disease free population. The (i, j)

entry of F is the rate at which infected individuals in compartment j produce new infections in
compartment i. The ( j,k) entry of V−1 is the average length of time this individual spends in
compartment j during its life time, assuming that the population remains near the E0 and barring
reinfection. Hence, the (i,k) entry of the product FV−1 is the expected number of new infections
in compartment i produced by the infected individual originally introduced into compartment k.

A.4 Effective Reproductive Rate

The effective reproductive rate, Re is the number of secondary cases produced on average
by one infected animal when a fraction of the population are susceptible. Simply, when S out of
N are susceptible. Mathematically, Re is given by

Re = R0

(
S
N

)
(A.2)
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Assuming the population mix randomly. The disease persists for Re ≥ 1 and dies out for
Re < 1. The effective reproduction rate, Re is more realistic because in every population, not
everyone is susceptible. There are those who are infected denoted by I and others who are
immune denoted by V . The effective reproductive rate must always be less than unity to ensure
that the disease dies out of the population. It is important to achieve Re < 1. This can only
be possible if a fraction of the population are treated or vaccinated large enough. As equation
(A.2), the number of the susceptible must be reduce so that Re < 1.

A.5 Sensitivity Analysis

The goal of sensitivity analysis is to decide qualitatively which parameters are most influen-
tial in the model output. To implement the sensitivity analysis of epidemic model, we calculate
the sensitivity indices of the reproduction number,R0 to the parameters in the model. These
indices tell us how crucial each parameter is to disease transmission and prevalence. The nor-
malized forward sensitivity index of a variable to a parameter is the ratio of the relative change
in the variable to the relative change in the parameter.

Definition A.5.1. (Chitnis et al., 2008; Martcheva, 2015). The normalized forward sensitivity
index of R0 to a parameter,p, is denoted by Ω

R0
p is given by

Ω
R0
p =

∂R0

∂p

(
p

R0

)
(A.3)

A.6 Castillo-Chavez global stability theorem

Let the system of differential equation be,

dX
dt

= F(X,Y) (A.4)

Rewriting (A.4)

dX
dt

= F(X,Y) (A.5)

dY
dt

= G(X,Y);with,G(X,0) = 0

where X denotes the uninfected compartment and Y denotes the infected compartments.

Theorem A.6.1. (Castillo-Chavez, 2002). The Disease free equilibrium of the system (A.4) is
globally asymptotically stable for R0 < 1 on its feasible region, if H1 and H2 below are satisfied.
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H1 : For
dX
dt

= F(X,Y), X∗ is a globally asymptotically stable where F(X∗,0) = 0

H2 : G(X,Y) = BY− Ĝ(X,Y) , Ĝ(X,Y) > 0 for (X,Y) ∈ Ω, where B = DY G(X∗,0) is an M-
matrix (the matrix with off-diagonal elements non-negative).

A.7 Bounded Control and Pontryagin’s Maximum Principle

To solve optimal control problems with bounds on the values of the controls, we need the
full power of Pontryagin’s Maximum Principle (PMP).

Theorem A.7.1. (Pontryagin Maximum Principle)(Torres, 2021). Let (x∗,u∗) be a maximizer
for the optimal control problem

J[x(.),u(.)] =
∫ t1

t0
f (t,x(t),u(t))dt → max, (A.6)

x′(t) = g(t,x(t),u(t)),x(.) ∈ PC([t0, t1];R);

x(t0) = x0, t ∈ [t0, t1],u(.) ∈ PC([t0, t1];R),u(t) ∈ Ω,

where Ω is a closed subset of Rm. Then, there exists a vector-valued function λ(.)∈PC′([t0, t1];Rn)

such that the triple (x∗,u∗,λ) satisfies:

1. the maximality condition

H (t,x∗(t),u∗(t),λ(t)) = max
w∈Ω

H (t,x∗(t),w,λ(t)) (A.7)

at every point t ∈ (t0, t1) of continuity of the control u ;

2. the Hamiltonian system 
x′∗(t) =

∂H

∂λ

λ′∗(t) =−∂H

∂x

(A.8)

3. the transversality condition

λ(t1) = 0 (A.9)

where the Hamiltonian H is defined by H (t,x,u,λ) = f (t,x,u)+λ.g(t,x,u).
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A.8 Fractional Calculus

Below are necessary definitions and theorems of fractional calculus.

Definition A.8.1. (Chakraverty et al., 2020). Gamma function. The gamma function is most
important in fractional-order calculus, and it is written as

Γ(n) =
∫

∞

0
e−xxn−1dx (A.10)

The gamma function satisfy the property Γ(x+ 1) = xΓ(x), x > 0. For any positive integer n,
Γ(n) = (n−1)!.

Definition A.8.2. (Chakraverty et al., 2020). Mittag–Leffler function (MLF).
One-parameter MLF is defined as

Eα(z) =
∞

∑
n=0

zn

Γ(1+nα)
(A.11)

for z ∈C and α > 0, where C is set complex number.
Two-parameter representation of the MLF may be written as

Eα,β(z) =
∞

∑
n=0

zn

Γ(β+nα)
(A.12)

for z ∈C and α,β > 0.

Definition A.8.3. (Muhammad Altaf & Atangana, 2019). For a function f : R+ → R, then the
fractional integral of order α > 0 is given by

Iψ f (t) =
1

Γ(ψ)

∫ t

0
(t − z)ψ−1 f (z)dz (A.13)

where Γ(ψ) is a gamma function.

Definition A.8.4

Definition A.8.4. (Sontakke & Shaikh, 2015). The Riemann-Liouville fractional derivative or
Riemann-Liouville fractional differential of function f (t) with order ψ > 0 is defined as

Dψ f (t) =
1

Γ(n−ψ)

dn

dtn

∫ t

a

f (z)
(t − z)ψ+n−1 dz,n−1 < ψ < n, t > a,ψ,a, t ∈ R (A.14)
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Definition A.8.5. (Muhammad Altaf & Atangana, 2019). Given a function f ∈ Cn , then the
Caputo fractional derivative with order ψ is given as

CDψ

t ( f (t)) = In−ψDn f (t) =
1

Γ(n−ψ)

∫ t

a

f n(z)
(t − z)ψ+n−1 dz (A.15)

that is defined for the absolute continuous functions and n−1 < ψ < n ∈ N. Clearly, CDt
ψ( f (t))

approaches f ′(t) as ψ approaches 1.

Definition A.8.6. Consider the Caputo fractional IVPC
t0Dψ

t x(t) = f (t,x(t)),

x(t0) = x0, ψ ∈ (0,1),
(A.16)

where Ψ ∈C([R+×Rn,Rn]). Then the integral representation of Eq. (A.16) is given by

x(t) = x0 +
1

Γ(ψ)

∫ t

0
(t − τ)ψ−1 f (τ,x(τ))dτ, (A.17)

If the solution of the integral Eq. (A.17) exists and is unique, then the solution of IVP (A.16)
also exists and is unique.

Definition A.8.7. (Milici et al., 2018) The Laplace transform of the Caputo fractional derivative
of order ψ for a function f (t) is defined as:

L
{

CDψ

t f (t)
}
= sψF(s)−

n−1

∑
k=0

sψ−k−1 f (k)(0),

where n−1 < ψ ≤ n and F(s) is the Laplace transform of f (t), defined as:

F(s) = L { f (t)}=
∫

∞

0
e−st f (t)dt.

Theorem A.8.1. (Yang et al., 2020). Let a nonlinear fractional-order system in the sense of
Caputo derivative is

CDt
ψx(t) = f (t,x(t)),x(t0) = x0 (A.18)

where 0 < ψ < 1. If a point x∗ satisfies f (x∗) = 0, then x∗ is called an equilibrium point of the
system. The equilibrium x∗ is said to be locally asymptotically stable if all eigenvalues λi of the

Jacobian matrix J =
∂ f
∂x

evaluated at x∗ satisfy the conditions |arg(λi)|>
ψπ

2
.

Lemma 1. ul Rehman et al. (2021) Let f (t) ∈C[0,T ] and C
0Dψ

t f (t) ∈ (0,T ] for 0 < ψ ≤ 1. Then,
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• if C
0Dψ

t f (t)≤ 0 for all t ∈ (0,T ], then f (t) is non-increasing, and

• if C
0Dψ

t f (t)≥ 0 for all t ∈ (0,T ], then f (t) is non-decreasing.

Lemma 2 (Fractional Derivative Inequality). Li et al. (2010) Let V (y(t)) = 1
2∥y(t)∥2. Then, for

the Caputo derivative, there exists a constant K(ψ)> 0 such that:

CDψ

t V (y(t))≤
n

∑
i=1

yi(t) ·CDψ

t yi(t)+K(ψ)∥y(t)∥2.

A.9 Local Stability of Leptospira-Free Equilibrium

Proof. The Jacobian matrices of model Eq.(4.1) at Leptospira-free equilibrium (LFE), E ∗, is
given by

J =



−k1 0 −βAS∗ −bq−βIS∗ γ η
−βLS∗

K

0 −k2 βA(S∗+(1− r)V ∗) βI(S∗+(1− r)V ∗) 0 0 βL(S∗+(1−r)V ∗)
K

0 (1−ν)α −k3 0 0 0 0

0 να 0 −k4 0 0 0

0 0 σ δ −k5 0 0

τ 0 −βA(1− r)V ∗
0 −βI(1− r)V ∗

0 0 −k6
−βL(1−r)V ∗

0
K

0 0 ωA ωI 0 0 −ε


(A.19)

where,
k1 = τ+µ, k2 = α+µ, k3 = σ+µ, k4 = (δ+µ+d)−bq, k5 = γ+µ, k6 = η+µ,

V ∗ =
Λ(ρµ+ τ)

µ(η+ τ+µ)
and S∗ =

Λ((1−ρ)µ+η)

µ(η+ τ+µ)
.

The eigenvalues of Jacobian of the matrix in Eq. (A.19) satisfy the following characteristic
polynomial equation.

λ
7 +D6λ

6 +D5λ
5 +D4λ

4 +D3λ
3 +D2λ

2 +D1λ+D0 = 0, (A.20)

where,

D0 = µεk2k3k4k5(k6 + τ)(1−Re)> 0, for Re < 1.

D1 = (k1k2k3k4k5ε+µ(k6 + τ)(k2k3k4k5 + k2k3k4ε))(1−Re)+µ(k6 + τ)k2k3k5ε(1− (RA +

R ′
L)) + µ(k6 + τ)k2k4k5ε(1 − (RI +R ′′

L)) + k2k3k4k5k6ε(1 −RL) + k3k4k5εµ(k6 + τ) > 0, for
R0 < 1 (i.e RA < 1, RI < 1, R ′

L < 1, R ′′
L < 1),

D2 = µ(k6 + τ)k2k3k5(1−RA)+µ(k6 + τ)k2k4k5(1−RI)+ [µ(k6 + τ)+ k1ε+ k1k5 + k5ε+
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k6ε][1− (RA+RI)]+k2k3ε[µ(k6+τ)+k1k5+k5k6][1− (RA+R ′
L)]+k2k4ε[µ(k6+τ)+k1k5+

k5k6][1−(RI+R ′′
L)]+µ(k6+τ)[k2k3k4+k3k4k5+k3k4ε+k3k5ε+k4k5ε]+k1k2k3k4k5+k1k2k3k4ε+

k1k2k3k5ε+ k1k2k3k6ε+ k2k3k4k5k6 + k3k4k5k6ε > 0, for Re < 1 (i.e RA < 1, RI < 1, R ′
L < 1,

R ′′
L < 1),

D3 = (k1k5 + k5k6 + µ(k6 + τ))[k2k3(1 −RA) + k2k4(1 −RI)] + k1k3k3(k4 + k5 + k6)[1 −
(RA +RI)] + (k1ε + k5ε + k6ε)[k2k3(1 − (RA +R ′

L)) + k2k4(1 − (RI +R ′′
L))] + k2k3k4ε(1 −

R0)+µ(k6 + τ)(k2k5 +k2ε+k3k4 +k3k5 +k3ε+k4k5 +k4ε+k5ε)> 0, for Re < 1 (i.e RA < 1,
RI < 1, R ′

L < 1, R ′′
L < 1),

D4 = (k1k2 + k2k5 + k2k6)(k3(1−RA)+ k4(1−RI))+ k2k3k4(1− (RA +RI))+ k2k3ε(1−
(RA+R ′

L))+k2k4ε(1−(RI+R ′′
L))+µ(k6+τ)(k2+k3+k4+k5+ε)+k1k2k5+k1k2ε+k1k3k4+

k1k3k5 + k1k3ε+ k1k4k5 + k1k4ε+ k1k5ε+ k2k5k6 + k2k5ε+ k2k6ε+ k3k4k5 + k3k4k6 + k3k4ε+

k3k5k6 + k3k5ε+ k3k6ε+ k4k5k6 + k4k5ε+ k4k6ε+ k5k6ε > 0, for Re < 1 (i.e RA < 1, RI < 1,
R ′

L < 1, R ′′
L < 1),

D5 = k2k3(1−RA)+ k2k4(1−RI)+ µ(k6 + τ)+ k1k2 + k1k3 + k1k4 + k1k5 + k1ε+ k2k5 +

k2k6 +k2ε+k3k4 +k3k5 +k3k6 +k3ε+k4k5 +k4k6 +k4ε+k5k6 +k5ε+k6ε > 0, for Re < 1 (i.e
RA < 1, RI < 1),

D6 = k1 + k2 + k3 + k4 + k5 + k6 + ε > 0,

Here, D0 > 0, D1 > 0, D2 > 0, D3 > 0, D4 > 0, D5 > 0 and D6 > 0 for Re < 1 (i.e RA < 1,
RI < 1, and RL < 1). Using Descartes (1937) rule of signs, we can conclude that the charac-
teristic equation (A.20) has all roots of negative real part for Re < 1. Hence this complete the
proof of Theorem 4.2.2.
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APPENDIX B

PYTHON CODES

Below are Python scripts used for numerical simulations.

B.1 Odeint Scripts for stability analysis and parameter effects

import numpy as np

from scipy.integrate import odeint

from cycler import cycler

import matplotlib.pyplot as plt

#%matplotlib

def Lepto_model(x, y, Lamda ,q,rho,K,betaA ,betaI ,betaL ,alpha ,nu

,delta ,sigma ,mu,muI,eps,omegaA ,omegaI ,gamma ,eta,r,tau):

#Variables

S=x[0]

E=x[1]

A=x[2]

I=x[3]

R=x[4]

V=x[5]

L=x[6]

#Force of infection

lam=betaA*A+betaI*I+(betaL*L)/(K+L)

#Systems of equations

dSdt=(1-rho)*Lamda -b*q*I-lam*S+gamma*R+r*eta*V-tau*S-mu*S

dEdt=lam*(S+(1-r)*V)-alpha*E-mu*E

dAdt=(1-nu)*alpha*E-sigma*A-mu*A

dIdt=b*q*I+nu*alpha*E-delta*I-mu*I-muI*I

dRdt=sigma*A+delta*I-gamma*R-mu*R

dVdt=rho*Lamda -((1-r)*lam*V)+tau*S-r*eta*V-mu*V

dLdt=omegaA*A+omegaI*I-eps*L

return dSdt ,dEdt ,dAdt ,dIdt ,dRdt ,dVdt ,dLdt
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#Parameter values

Lamda=0.15

q=0.2

rho=0.5

K=1000

betaA =0.0001

betaI =0.00005

betaL=0.005

alpha=0.1

nu=0.2

delta =0.00274

sigma =0.00137

mu=0.000685

muI=0.01

eps=0.0111

omegaA =0.014

omegaI=0.01

gamma =0.00185

eta=0.013

r=0.88

tau=0.05

b=0.000685

#

x0=[300,60,30,10,0,100,10] # [S(0), E(0), A(0), I(0), R(0), V

(0), L(0)]

t=np.linspace(0, 365, 365)

x=odeint(Lepto_model ,x0,t,args=(Lamda ,q,rho,K,betaA ,betaI ,

betaL ,alpha ,nu,delta ,sigma ,mu,muI,eps,omegaA ,

omegaI ,gamma ,eta,r,tau))

sigma =[0.00137 ,0.00337 ,0.00537]

for j in sigma: # here j replace beta

x=odeint(Lepto_model ,x0,t,args=(Lamda ,q,rho,K,betaA ,betaI ,

betaL ,alpha ,nu,delta ,j,mu,muI,eps,omegaA ,

omegaI ,gamma ,eta,r,tau))
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S=x[:,0]

E=x[:,1]

A=x[:,2]

I=x[:,3]

R=x[:,4]

V=x[:,5]

L=x[:,6]

plt.plot(t,L,label=r’$\sigma$ = %s’ % j, linewidth=2)

#plt.ticklabel_format(style=’sci’, axis=’y’, scilimits=(0,0),

useMathText = True) #Format for y-value: m.0 x 10ˆn

plt.legend(fontsize=11)

plt.xlabel(’Time (Days)’, fontsize=13)

plt.ylabel(’Leptospiral Load , $L(t)$’, fontsize=13)

plt.xlim(left=0,right=365)

plt.ylim(bottom=0)

plt.tick_params(top=True , right=True , which=’both ’)

plt.savefig(’sigma_L.eps’, format = ’eps ’)

B.2 Gekko script for optimal control simulation

import numpy as np

from gekko import GEKKO

import matplotlib.pyplot as plt

m = GEKKO(remote=False)

# constants

Lamda=0.15

q=0.2

rho=0.5

K=1000

betaA =0.0001

betaI =0.00005

betaL=0.005
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alpha=0.1

nu=0.2

delta =0.0027

sigma =0.00137

mu=0.000685

muI=0.01

eps=0.0111

omegaA =0.014

omegaI=0.01

gamma =0.00185

eta=0.013

r=0.88

tau=0.05

b=0.000685

W1=2

W2=2

W3=1

c1=20

c2=1

c3=10

#define variables

S = m.Var(value=300)

E = m.Var(value=60)

A = m.Var(value=30)

I = m.Var(value=10)

R = m.Var(value=0)

V = m.Var(value=100)

L = m.Var(value=10)

#define control

u1 = m.MV(value=0,lb=0,ub=0)

u2 = m.MV(value=0,lb=0,ub=0.95)

u3 = m.MV(value=0,lb=0,ub=0.95)
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# writing Equations

l=betaA*A+betaI*I+(betaL*L)/(K+L)

m.Equation(S.dt()==(1-rho)*Lamda -b*q*I-(1-u1)*l*S+gamma*R+eta*

V-(0.1*u2)*S-mu*S)

m.Equation(E.dt()==(1-u1)*l*S-alpha*E-mu*E)

m.Equation(A.dt()==(1-nu)*alpha*E-(sigma +0.025*u3)*A-mu*A)

m.Equation(I.dt()==b*q*I+nu*alpha*E-(delta+0.05*u3)*I-mu*I-muI

*I)

m.Equation(R.dt()==(sigma +0.025*u3)*A+(delta+0.05*u3)*I-gamma*

R-mu*R)

m.Equation(V.dt()==rho*Lamda -(1-u1)*(1-r)*l*V+(0.1*u2)*S-eta*V

-mu*V)

m.Equation(L.dt()==omegaA*A+omegaI*I-eps*L)

# time point

T=350

nt = 101; m.time = np.linspace(0,T,nt)

p = np.zeros(nt); p[-1] = 1.0

final = m.Param(value=p)

# initialize with simulation

m.options.IMODE=7

m.options.NODES=1

m.solve(disp=False)

# plot the prediction

plt.figure(figsize=(8,5))

#plt.plot(m.time , A.value , color=’blue ’, lw=3,ls=’--’, label=’

without control ’)

# optimize

m.options.IMODE=6

#i.UPPER = 0.02

u1.STATUS = 1

u1.DCOST =0.00001

u2.STATUS = 1

u2.DCOST =0.00001
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u3.STATUS = 1

u3.DCOST =0.00001

m.options.SOLVER = 3

m.options.TIME_SHIFT = 0

S.value = S.value.value

E.value = E.value.value

A.value = A.value.value

I.value = I.value.value

R.value = R.value.value

V.value = V.value.value

L.value = L.value.value

# J=m.Var(value=0)

# m.Equation(J.dt()==W1*Al +W2*Il +W3*It+W4*B + 0.5*c2*u2**2 +

0.5*c1*u1**2)

# m.Obj(J*final)

#m.Minimize(u)

obj = m.integral(W1*A+W2*I+W3*L+0.5*c1*u1**2 + 0.5*c2*u2**2+

0.5*c3*u3**2)

m.Minimize(final*obj)

m.solve(disp=False)

#plt.plot(m.time , A.value , color=’red’, lw=3, label=’With

Optimal Control ’)

#plt.plot(m.time , u1.value ,lw=3, label=’$u_1$ : prevention ’)

plt.plot(m.time , u2.value ,lw=3, label=’$u_2$ : vaccination ’)

plt.plot(m.time , u3.value ,lw=3, label=’$u_3$ : Treatment ’)

plt.tick_params(top=True , right=True , which=’both ’)

plt.xlim(left=0,right=350)

plt.ylim(bottom=0)

plt.ylabel(’Control Profile ’)

plt.legend()

plt.xlabel(’Time (days)’)

plt.savefig(’u2u3_c_profile.eps’, format = ’eps ’)
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B.3 Script for Adams-Bashforth-Moulton PECE algorithm

import numpy as np

import matplotlib.pyplot as plt

from scipy.special import gamma

# Model RHS function

def f_all(t, Y, params):

SC, VC, IC, RC, SH, EH, IH, RH, L = Y

(LamdaC , LamdaH , rho, K, betaCC , betaCH , betaC , betaH , alphaH ,

delta ,sigma , muC, muH, dC, dH, eps, omegaC , omegaH , gammaC

, gammaH , eta, r, tau) = params

dSC = (1 - rho)*LamdaC - (betaCC*IC + (betaC*L)/(K + L))*SC +

gammaC*RC + eta*VC - tau*SC - muC*SC

dVC = rho*LamdaC - (1 - r)*(betaCC*IC + (betaC*L)/(K + L))*VC

- eta*VC + tau*SC - muC*VC

dIC = ((betaCC*IC + (betaC*L)/(K + L))*SC + (betaCC*IC + (

betaC*L)/(K + L))*(1 - r)*VC

- sigma*IC - muC*IC - dC*IC)

dRC = sigma*IC - gammaC*RC - muC*RC

dSH = LamdaH - (betaCH*IC + (betaH*L)/(K + L))*SH + gammaH*RH

- muH*SH

dEH = (betaCH*IC + (betaH*L)/(K + L))*SH - alphaH*EH - muH*EH

dIH = alphaH*EH - delta*IH - muH*IH - dH*IH

dRH = delta*IH - gammaH*RH - muH*RH

dL = omegaC*IC + omegaH*IH - eps*L

return np.array([dSC, dVC, dIC, dRC, dSH, dEH, dIH, dRH, dL])

def pece_fde_solver(psi, h, T, Y0, params):

N = int(T / h)

t = np.linspace(0, T, N)

n_vars = len(Y0)

Y = np.zeros((N, n_vars))

Y[0] = Y0
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F = np.zeros((N, n_vars))

F[0] = f_all(t[0], Y[0], params)

# Precompute weights

b = np.zeros((N, N))

a = np.zeros((N, N))

for n in range(1, N):

for j in range(n):

b[n, j] = (n - j + 1)**psi - (n - j)**psi

for j in range(n):

a[n, j] = (n - j + 1)**(psi + 1) - 2*(n - j)**(psi + 1) + (n -

j - 1)**(psi + 1)

for n in range(1, N): # Predictor step

YP = np.zeros(n_vars)

for i in range(n_vars):

predictor_sum = np.sum(b[n, :n] * F[:n, i])

YP[i] = Y0[i] + (h**psi / gamma(psi + 1)) * predictor_sum

FP = f_all(t[n], YP, params) # Evaluate at predicted YP

for i in range(n_vars): # Corrector step

corrector_sum = np.sum(a[n, :n] * F[:n, i])

Y[n, i] = Y0[i] + (h**psi / gamma(psi + 2)) * (FP[i] +

corrector_sum)

F[n] = f_all(t[n], Y[n], params) # Update function values

with corrected Y

return t, Y

# Parameters

LamdaC = 0.15

LamdaH = 5

rho = 0.5
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K = 1000

betaCC = 0.0001

betaCH = 0.0003

betaC = 0.0012

betaH = 0.005

alphaH = 0.092

delta = 0.072

sigma = 0.00274

muC = 0.000274

muH = 0.0009

dC = 0.01

dH = 0.0004

eps = 0.05

omegaC = 0.014

omegaH = 0.01

gammaC = 0.00185

gammaH = 0.089

eta = 0.013

r = 0.88

tau = 0.025

params = (LamdaC , LamdaH , rho, K, betaCC , betaCH , betaC , betaH

, alphaH , delta ,sigma , muC, muH, dC, dH, eps, omegaC ,

omegaH , gammaC , gammaH , eta, r, tau )

# Initial conditions

Y0 = np.array([500.0, 100.0, 20.0, 0.0, 100000.0, 1000.0,

100.0, 0.0, 100.0])

# Time parameters

h = 0.1

T = 365

# Plot for different psi values

psi_values = [0.80, 0.85, 0.90, 0.95, 1.00]

#colors = [’b’, ’r’, ’g’, ’purple ’, ’orange ’]
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#plt.figure(figsize=(10, 6))

for i, psi in enumerate(psi_values):

t, Y = pece_fde_solver(psi, h, T, Y0, params)

L = Y[:, 8] # Leptospira load

plt.plot(t, L, label=f"{\psi}")

plt.xlabel("Time (days)")

plt.ylabel("Leptospira Load $(L)$")

#plt.title("Fractional Model (PECE Method)")

plt.legend()

#plt.grid()

#plt.show()

plt.xlim(left=0,right=365)

plt.ylim(bottom=0)

#plt.ticklabel_format(style=’sci’, axis=’y’, scilimits=(0, 0))

plt.tick_params(top=True , right=True , which=’both ’)

plt.savefig(’L.eps’, format = ’eps ’)
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