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ABSTRACT

Water waves are caused by wind that blows on the surface of water. In ocean and sea, wa-

ter wave is one of natural happenings that causes considerable damage on ships, boats and

other onshore activities. Thus, for human being it is natural to forecast the future disorder

to reduce or overcome damages and exploit an opportunities. Different mathematical mod-

els were used for such forcasting of natural phenomenon. Therefore, in this dissertation we

consider the beam and fifth order Kortwege-de-Vries- Benjamin-Bona-Mahony (KdV-BBM)

equations in one dimension that models weak interaction of dispersive waves and the uni-

directional water waves respectively. The concept of dispersive partial differential equation

which depends on the dispersion relation was explained. A new hyperbolic weight function

was introduced. Using this newly introduced weight function a new modified space, which

is norm equivalent to the existing Gervey space was defined. In this newly modified space

the persistence of spatial analyticity for the solution of the beam equation was analyzed. In

particular, for a class of analytic initial data with uniform radius of analyticity σ0 > 0, we

obtained an asymptotic lower bound σ(t)≤ c/
√

t on the uniform radius of analyticity σ(t)

of solution as time t goes to infinity. Also for the fifth-order KdV-BBM model with analytic

initial data and fixed radius σ0, we proved that the radius of spatial analyticity can not decay

faster than 1/
√

T for any large time T .

Key words: Beam equation, KdV-BBM equation, Modified Gervey space, radius of spa-

tial analyticity, dispersive PDEs.
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Chapter 1

Introduction

In this chapter we introduce some theories about water waves. Also we consider the origin

of two water wave models, namely beam and fifth order KdV-BBM equations.

1.1 Background of the study

The waves on the surface of water are one of the most common phenomena we observe in our

day-to-day life as all shipping activities takes place on water surfaces. Such waves are formed

by wind. In ocean, ocean waves are formed as wind blows across the surface of the ocean,

creating small ripples (a small wave or series of waves on the surface of water, especially

as caused by a slight breeze or an object dropped in to it), which eventually becomes waves

with increasing time and distance (Benjamin et al., 1972; Russell, 1885).

Most of the time waves begin as a disturbance of some kind, and the energy of that

disturbance gets propagated in the form of waves. We are most familiar with the kind of

waves that break on shore, or rock a boat at sea, but there are many other types of waves

that are important to oceneography. Some of these waves are internal waves, tidal waves,

tsunamies, splash waves and atmospheric waves. When waves reach shallow water, they

become unstable and begin to break and can impose large hydrodynamic forces on organisms

living in these regions. Also it affects the activities on the water part. Due to its influence

on marine activities, the theory of water wave attracted many mathematicians. A french

mathematician and physist, Joseph Valentin Boussinesq, Diederik Kortwedge and Gustav de

Vries were among the first.

More generally, water waves are formed as the displaced water under the influence of

gravity attempts to regain its equilibrium position. These waves are surface waves, a mix-

ture of longitudinal and transverse waves. For example, surface waves in oceanography are

deformation of the sea water.

Mathematical descriptions of many existing physical problems including water waves

lead to either ordinary differential equations (ODE) or partial differential equations (PDE).
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The model of many physical problems which appears in reality are PDEs. Among those

models of PDEs few are dispersive and non-dispersive, linear and non linear. In this disser-

tation we mainly focus on nonlinear dispersive water wave models. The notion of dispersive

PDE will be discused in chapter three.

It is challenging to predict and understand large magnitude, nonlinear water waves due to

lack of appropreate mathematical models for the analysis of the underlying physics (Müller

et al., 2005). Such large magnitude water wave can cause the catastrophic impact on ocean

engineering structures and naval operations. Findings suggest that an extreme form of such

dynamical evolution which takes place under water is the cause of freak or rogue waves with

wave height which can be as large as eight times the standard deviation of the surrounding

wave field (Onorato et al., 2005). Waves of this magnitude have caused considerable damage

to ships, oil rigs and human life. In addition, many naval operations, e.g. transfer of cargo

between ships moored together in a sea base, landing on aircraft carriers, or path planning of

high-speed surface vehicles, require short-term prediction of the surrounding wave field. To

make such predictions, unusual high wave elevations must be predicted reliably.

The most common nonlinear dispersive PDE models which are helpful to make predic-

tion about waves on water are Kortweg-de Varies (KdV), Benjamin-Bona-Mahony (BBM)

and Beam equation (in the case of one dimension).

The Kortweg-de Varies (KdV) equation is a nonlinear dispersive partial differential equa-

tion and was first introduced by Joseph Valentin Boussinesq in 1877 and rediscovered by

Diederic Kortweg and Gustav de Varies in 1895. This is a mathematical model of waves on

shallow water surfaces where the governing equation takes the form

ηt +ηx +ηxxx +ηηx = 0 x, t ∈ R, (1.1.1)

where η = η(x, t) is the displacement. Due to the dispersive term (that is, of third order),

waves decay while waves still steepen due to the non linear term. The discovery of solitons is

connected to this problem, where a soliton is a self re-inforcing solitary wave that maintains

its shape while it travels at a constant speed. The soliton was first observed by John Scott

Russell in 1834, while he was conducting experiments to determine the most efficient design

for canal boats. This young Scottish engineer wrote the event in (Russell, 1885): “He was

observing the motion of a boat which was rapidly drawn along a narrow channel by a pair

of horses, when the boat suddenly stopped-not so the mass of water in the channel which it

2



had put in motion stoped; it accumulated round the prow of the vessel in a state of violent

agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming the

form of a large solitary elevation, a rounded, smooth and well-defined heap of water, which

continued its course along the channel apparently without change of form or diminution of

speed. He followed it on horseback, and overtook it still rolling on at a rate of some eight

or nine miles an hour, preserving its original figure some thirty feet long and a foot to a foot

and a half in height. Its height gradually diminished, and after a chase of one or two miles

he lost it in the winding of the channel.”

The KdV equation has also come up in the theory of plasma and several other branches

of physics. The remarkable stability of the soliton, discovered only in the 1960s by computer

experimentation in (Zabusky and Kruskal, 1965) can be described as follows. If we start with

two solitons, the faster one will overtake the slower one and, after a complicated nonlinear

interaction, the two solitons will emerge unscathed as they move to the right, except for a

slight delay. In fact, it was observed from the computer output that every solution of exact

equation (1.1.1), with any initial function η(x,0) = η0(x), seems to decompose as t → ∞

into a finite number of solitons (of various speeds ) plus a dispersive tail which gradually

disappears. This kind of behavior is expected for linear problems, but that it could happen

for a nonlinear problem was a complete surprise at the time. This special behavior induced

physicists to use the soliton as a mathematical model of a stable elementary particle.

The second model, Benjamin-Bona-Mahony (BBM) is another water wave model which

is governed by

ηt +ηx +ηηx−ηxxt = 0 x, t ∈ R, (1.1.2)

and it describes approximately the unidirectional propagation of long water waves in certain

nonlinear dispersive system. The BBM equation is a regularized long wave equation which

is equivalent to KdV (Benjamin et al., 1972) .

We consider the combined KdV and BBM equations in this study. The fifth order KdV-

BBM partial differential equation is mathematically given by,

ηt+ηx− γ1ηxxt + γ2ηxxx +σ1ηxxxxt +σ2ηxxxxx =

− 3
4
(η2)x− γ(η2)xxx +

7
48

(η2
x )x +

1
8
(η3)x,

(1.1.3)

which describes the unidirectional propagation of water waves, and this was recently intro-
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duced in (Bona et al., 2018) using the second order approximation in the two way model,

the so-called abcd-system derived in (Bona et al., 2002, 2004). Carvajal and Panthee (2019,

2020) studied the global well-posedness and radius of spatial analyticity for the KdV-BBM

equation. Also, (Belayneh et al., 2022) studied about the lower bound on the radius of spatial

analyticity for the solution of fifth order KdV-BBM equation and obtained σ(t)∼ 1/t.

The next model we consider in this dissertation is the beam equation in one dimension. In

construction (the case for two or three dimensions) beams are horizontal structure elements

that withstand vertical loads, shear forces and bending moments. They transfer loads that

imposed along their length to their end points such as walls, columns, foundations and so on.

Some examples of beams in construction are simply supported beam, fixed beam, cantilever

beam, continuous beam, Re-inforced concrete beam, beam bridge and so on. Mathematically

the nonlinear beam equation that we consider in this dissertation is the fourth-order partial

differential equation given by,

utt +∆2u+mu+ |u|p−1u = 0

(u,ut)(x,0) = (u0,u1)(x).
(1.1.4)

where, u : Rn×R−→R, p > 1, m > 0 and ∆ = ∑
n
i=1

∂ 2

∂x2
i
. Equation (1.1.4) is also referred to

as Bretherton’s type equation or simply the beam equation. The original Bretherton equation,

written down for n = 1 by (Bretherton, 1964), arises in the study of weak interactions of dis-

persive waves. A similar equation to Bretherton for n = 2 was proposed in (Love, 2013) for

the motion of a clamped plate. (Levandosky, 1998a; Pausader, 2007; Pausader and Strauss,

2009; Pausader, 2010) studied well about the beam equations.

For the above water wave models, if initial data are given, which extends analytically to a

strip about the real axis and satisfy some weak integrability conditions, then it can be shown

that the solution can also be extended analytically to a possibly smaller strip as long as the

solution exists. The width of this strip is usually called the radius of spatial analyticity as

it is around the real axis. In this dissertation, we study the radius of spatial analyticity for

the solution of beam equation (1.1.4) and fifth order KdV-BBM equation (1.1.3) with given

initial data in a class of analytic functions.
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1.2 Statment of the Problem

The analysis of water wave is crutial in a day to day life of human being as most of interconti-

nental trade activities in the world takes place on water part. Eventhogh cost of transportation

and risk is minimum on sea, waves on water surfaces are among the most challenging things

for such trade activities accomplished by boat and ship. Thus we need to guess the wave

behaviour ahead of time. To forecast such wave nature, we have to know source of the wave,

height, speed, radius and behaviour as time goes. The beam equation and fifth order KdV-

BBM equations are among few water wave models. The analysis of water wave using these

models play crucial role for the safety of ships and other onshore activities. Analyzing the

radius of spatial analyticity for a holomorphic function (PDE models) plays a great role in

forcasting the disaster caused by water waves and alarming onshore activities. Thus, it is

reasonable to study the rate at which the radius of waves decreases as time goes.

Many authors (Ahn et al., 2021; Carvajal and Panthee, 2020; Levandosky, 1998b,a; Sel-

berg and Da Silva, 2015; Selberg and Tesfahun, 2017) studied about the radius of spatial

analyticity for different solutions of partial differential equations and established either an

exponential or polynomial decay rate. The reason for the authors to achieve an exponential

decay rate is due to consideration of initial data in the Sobolev space only. In particular,

(Carvajal and Panthee, 2020) established an exponential radius of analyticity for the solution

of fifth order KdV-BBM equation in the sobolev space and established an exponential decay

rate. Few years latter, (Belayneh et al., 2022) improved the radius of analyticity for the solu-

tion of fifth order KdV-BBM equation to polynomial, where the authers considered a Gervey

space. Thus, we raise a question ”why only the Sobolev space and Gervey space?” It is still

possible to improve further this radius of spatial analyticity by introducing a new function

space. This newly introduced space can also be implemented to the analysis of radius of

spatial analyticity for the solution of beam equation.

The purpose of this research is to make analysis on the radius of spatial analyticity for

the solution of water wave models inorder to know their behaviour. There are other water

wave models, but we consider only the beam and fifth order KdV-BBM models.
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1.3 Objectives of the study

1.3.1 General objective

The general objective of this study is to investigate lower bound on the radius of spatial

analyticity for the solution of the beam and fifth order KdV-BBM nonlinear dispersive PDEs.

1.3.2 Specific objectives

The specific objectives of the study are to:

• investigate lower bound on the radius of spatial analyticity for the solution of beam

equation.

• improve the radius of spatial analyticity for the solution of fifth order KdV-BBM equa-

tion.

1.4 Significance of the study

Nonlinear dispersive PDE governs the behaviuor of waves in various physical systems such

as fluid dynamics, nonlinear optics, plasma in physics and solid state physics (Tao, 2006).

Understanding the radius of analyticity for solutions of the governing equation provides an

insight in to the formation, propagation and interaction of waves in these systems. Since

water waves cause significant damage on offshore activities like cargo exchanges and ship

movements, individuals who work research on forcasting and minimizing such wave dam-

ages can use the result for further analysis. Thus, the results obtained so far in this disserta-

tion are important for the mathematicians and engineers. The weight function we introduced

here is new and hence many mathematicians may consider it to improve the lower bound on

the radius of spatial analyticity for the solution of some nonelinear PDEs.

Inconclusion, studying the propagation of spatial analyticity for the solution of nonlinear

dispersive PDEs is not only to advance understanding wave phenomena but also has broad

implications for scientific research, engineering applications and innovations.

6



1.5 Scope of the study

This dissertation is limited to the study of radius of spatial analyticity for the solution of the

beam equation and fifth order KdV-BBM equations due to time.

1.6 Organization of the dissertation

The next parts of this disseration are organized as follows. In chapter 2, we review some

significant and related litratures on well-posedness of the beam and fifth order KdV-BBM

equations. Chapter 3 explains the method we used to prove well-posedness of a problem in

the given function space and some mathematical concepts that we use in the dissertation.

In chapter 4, the beam equation is introduced and the Paley-Wiener theorom is stated.

We also introduced modified Gervey space Hσ ,s(Rn) and show equivalence with the existing

Gervey space Gσ ,s(Rn). Local well-posedness and approximate conservation law for the

beam equations using a modified Gervey space is stated and proved. Ofcourse consequative

lemmas are introduced and proved inorder to prove approximate conservation law. Finally

we state our main results and prove it using local well-posedness theorem and approximate

conservation law successively.

In chapter 5, the above steps were repeated for the fifth order KdV-BBM equation and

this completes the dissertation.
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Chapter 2

Review of related litratures

In this chapter, we consider and rehears the existing well-posedness theories of the beam

equation in the space H2 × L2 and the fifth order KdV-BBM equation in Hs. After the

early work by Isaac Newton, who attempt theory of water waves, the eighteenth and early

nineteenth century French mathematicians Laplace, Lagrange, Poisson, and Cauchy made

real theoretical advances in the linear theory of water waves (Craik, 2004). In Germany,

Gerstner considered nonlinear waves. Later in Britain during 1837-1847, Rusell, Green,

Kelland, Airy, and Earnshaw all made sustainable contributions. They set the scene for

subsequent work by Stokes(1846) and others.

An overwhelmingly large portion of modeling of the world is done by posing a condition

and solving differential equations, which leads to well-posedness of the problem. For several

years, researchers studied the well-posedness of many physical problems in an appropreate

spaces. Because of this well-posedness (both local and global) property further analysis of

the problem can be conducted. Also, after (Foias and Temam, 1989) introduced the Gervey

space Gσ ,s(R), many researches were conducted on the radius of spatial analyticity for the

solution of different linear and nonlinear dispersive PDEs. In this chapter, we consider the

well-posedness theories in litrature for the beam and fifth order KdV-BBM equations.

2.1 Well-posedness of beam equation

The Brethorton equation (1.1.4) (the beam equation in one dimension) was introduced by a

Mathematician Francis Brethorton in 1964. The original equation studied by Bretherton has

quadratic nonlinearity, p = 2. Well-posedness of the beam equation, which models weak

interaction of water waves in one dimension was studied by different authors. For example,

(Levandosky, 1998a) made an analysis of the stablity of traveling wave solutions of the

beam equation (1.1.4) (fixing m = 1). Levandowsky show that the evolution equation admits

solutions in the space H2(Rn)×L2(Rn) which exists locally in time for given initial data in

H2(Rn)× L2(Rn) provided p < n+4
n−4 for n ≥ 5,n ∈ N and without any restriction on p for
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n < 5. The author also showed that there exist solitary wave solution of equation (1.1.4) and

prove criterion for their stability and instability.

Nine years latter, (Pausader, 2007) investigated the scattering theory in the energy space

H2(Rn)× L2(Rn) for the equation (1.1.4). The author observed that equation (1.1.4) is a

formal fourth order extension of the classical Klein-Gordon equation, but it also inherits a

Schrodinger structure because of the decomposition of differential operator given by,

∂
2
t +∆

2 = (∂t + i∆)(∂t− i∆).

However, it can be noted that the equation satisfies neither finite speed propagation nor mass

conservation which creates dificulties. Here scattering is to mean roughly that solutions of

the equation can be approximated by solutions of a model equation, in the case of (1.1.4) the

linear equation, when time becomes infinite.

Next, (Zhang, 2010) proved that the defocussing cubic equation (i.e, p = 3 in (1.1.4))

is globally well-posed in the energy space H2(Rn)× L2(Rn) given initial data (u0,u1) ∈

Hs(Rn)×L2(Rn) with 3 ≤ n ≤ 7 provided that min{n−2
2 , n

4} < s < 2. The author remarks

that the case for n = 3 for the result is similar to the case for n = 4. This is true because one

can modify the ideas to obtain s > n−2
2 . The index n−2

2 comes from the similar arguement of

n = 4, since 2n = 4n−8 for n = 4. Also for n = 7, the proof of n = 5,6 can be modified to

gain an analogous result which holds for s > 7/4 and n = 7.

2.2 Well-posedness of the fifth order KdV-BBM equation

There are differnt water wave models and assumptions. In particular, it is understood that the

KdV equations, appear to describe behaviour of unidirectional long water waves in nonlinear

dispersive media (Zakharov, 1968). The derivation of such model equation in specific phys-

ical situations is presented in (Benjamin et al., 1972). Concerning the fifth order KdV-BBM

equation, (Bona et al., 2018) established local well-posedness of the Cauchy problem (1.1.3)

with initial data in the Sobolev space Hs(R) for s ≥ 1. When the parameters γ1,σ1 > 0

and γ = 7/48, the authors used the energy conservation to prove global well-posedness of

(1.1.3) for data in Hs(R), s ≥ 2. Furthermore, the authors used the method of high-low

frequency splitting to obtain global well-posedness for data with Sobolev regularity Hs(R)

where 3/2≤ s < 2.
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The global well-posedness result of the KdV-BBM equation was further improved in

(Carvajal and Panthee, 2019) for initial data with Sobolev regularity s≥ 1. The authors also

proved an ill-posedness result by showing that the flow-map is not continuous if the given

data has Sobolev regularity s < 1. Furthermore, (Carvajal and Panthee, 2020) studied the

well-posedness of the fifth order KdV-BBM equation in the space of analytic functions the

so called Gevrey class of functions, and evolution of radius of analyticity. Initially they found

a solution η(x, t) of the initial value problem (1.1.3) with real analytic initial data η0 which

admits extension as an analytic function to the complex strip sσ0 := {x+ iy : |y| < σ0} for

some σ0 > 0 at least for a short time (i.e., local in time). They established various multilinear

estimates which were useful in the proof of the local well-posedness result. First they record

the Gσ ,s(R) version of the sharp bilinear estimate obtained in (Bona and Tzvetkov, 2009)

and then estimate the nonlinear terms. Finally they established an exponential radius of

analyticity for the solution of fifth order KdV-BBM equation.

Few years latter, (Belayneh et al., 2022) improved the earlier results of Carvajal and

Panthee. The authors showed the uniform radius of spatial analyticity σ(t) of solution at

time t for (1.1.3) with initial data cannot decay faster than 1/t. First, the authors proved

local in time well-posedness of (1.1.3) in the Gervey space. Next, they introduced an idea of

approximate conservation law by multiplying the solution η(x, t) with an exponential weight

function eσ |D|, where D is differential operator. The new energy (called modified energy) is

computed and observed that for σ = 0 energy is conserved. However this conservation fails

to hold for σ > 0, which leads the authors to prove the approximate conservation law. Finally

after proving local well-posedness and approximate conservation law the authors constructed

a solution on [0,T ] where T is arbitrarly large time. Thus, they established a decay rate of

1/T for the fifth order KdV-BBM equation.

The above flow of work showed that still it is open and possible to improve the lower

bound on the radius of spatial analyticity for the solution of beam and fifth order KdV-BBM

equations.
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Chapter 3

Research Methodology and Material

3.1 Research methedology

Many authors followed different approches to get the maximum decay rate for dispersive

PDEs. In this dissertation we introduce a new weight function (consequently a new space)

to get the maximum decay rate. Multiplying the solution of beam and fifth order KdV-BBM

equations by a weight function eσ |ξ | that already exist in litratures to introduce the idea of

approximate conservation law can not help us to improve further the decay rate achieved

earlier. Thus, we introduce a new weight function cosh(σ |ξ |) to improve earlier rsults as it

gives more fredom than the previous exponential weight function.

We apply the Banach Fixed point theorem (contraction mapping) that can be stated below

inorder to check whether a given equation has a unique solution or not.

3.1.1 Banach fixed point theorem

Banach’s fixed point theorem (also called the contraction principle) is one of the most im-

portant tool used to solve nonlinear equations. This is for instance the main ingredient in

the implicit function theorem and the inverse function theorem. It can also be used to prove

the Picard-Lindelöf theorem on existence and uniqueness of solutions of the initial value

problem for ordinary differential equations.

Definition 3.1.1. (Royden and Fitzpatrick, 1988) Let (X ,‖.‖X) and (Y,‖.‖Y ) be normed

spaces. A map T : X → Y is called a contraction if there exist θ ∈ (0,1) such that

‖T (x)−T (y)‖Y ≤ θ‖x− y‖X , for all x,y ∈ X .

Theorem 3.1.1. (Royden and Fitzpatrick, 1988)[Banach Fixed Point Theorem] Let (X ,‖.‖X)

be a Banach space. If T : X → X is a contraction map, then there exist a unique solution

x ∈ X of the fixed point equation T (x) = x.
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Proof. Assume x and y are two solutions of equation T (x) = x, i.e, T (x) = x and T (y) = y.

Then

‖x− y‖X = ‖T (x)−T (y)‖X ≤ θ‖x− y‖X ,

which inturn implies

(1−θ)‖x− y‖X ≤ 0.

But since θ ∈ (0,1), we have ‖x− y‖X = 0 where it follows x = y and this proves uniqueness

of solution.

To prove existence of solution let’s pick arbitrary point x0 ∈ X and set x1 = T (x0), x2 =

T (x1), x3 = T (x2), . . . . Then from the assumption,

‖xn+1− xn‖X = ‖T (xn)−T (xn−1)‖X

≤ θ‖xn− xn−1‖X = θ‖T (xn−2)−T (xn−2)‖X

≤ θ‖xn−1− xn−2‖X .

Repeating the iteration n times we have

‖xn+1− xn‖X ≤ θ
n‖x1− x0‖X .

Now for m > n,

‖xm− xn‖X = ‖xm− xm−1 + xm−1 + xm−2− xm−2 + · · ·− xn‖X

≤ ‖xm− xm−1‖X +‖xm−1− xm−2‖X + · · ·+‖xn+1− xn‖X

≤ (θ m +θ
m−1 +θ

m−2 + . . .)‖x1− x0‖X

≤
∞

∑
k=n

θ
k‖x1− x0‖X −→ 0

because ∑
∞
k=n θ k is a geometric series. Thus

‖xm− xn‖X −→ 0 as n,m→ ∞.

This implies that {xn} is a Cauchy sequence and hence it has a limit say x ∈ X as X is a

Banach space. The fact that x is a solution of the fixed point problem follows by passing to

the limit in the relation xn+1 = T (xn) and as xn+1→ x it follows that T (xn)→ T (x).
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Example 3.1.1. Consider an initial value problem (IVP) to the non-linear Ordinary differen-

tial (ODE) equation given by: u′(t) = f (t,u)

u(0) = u0 ∈ Rd

where f is a function such that f : R×Rd → Rd and satisfies the following properties,

i) ‖ f (t,x(t))‖ ≤ c‖x(t)‖ which guarantees f is bounded .

ii) f is lipschitz, i.e,

‖ f (t,x(t))− f (t,y(t))‖ ≤ c‖x(t)− y(t)‖

for some constant c > 0 and all x,y ∈ Rd, t ∈ R.

Here ‖x‖ is the usual norm in Rd , i.e, ‖x‖=
√

x2
1 + x2

2 + · · ·+ x2
d .

Now, the major question of interest is that does a solution to the above IVP exist? if so,

is the solution unique? In order to answer the above questions let’s transform the IVP in to

an integral equation of the form

u(t) = u0 +
∫ t

0
f (s,u(s))ds.

Define the mapping from u to Γ(u) by

Γ(u(t)) := u0 +
∫ t

0
f (s,u(s))ds

such that the problem of existence and uniqueness of solution reduces to finding a fixed point

of the mapping Γ : X→ X for some Banach space X . Now, as a contraction space choose the

Banach space X such that

X =C
(
[0,T ],Rd)

endowed with the norm

‖u‖X = max
t∈[0,T ]

|u(t)|.

Next to this, we have to show

a) Γ maps X in to X . i.e, Γ is well defined in X .

b) Γ is a contraction in X . i.e,
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‖Γ(x)−Γ(y)‖X ≤ θ‖x− y‖X for 0 < θ < 1.

To show that Γ is well defined

‖Γ(u(t))‖=
∥∥∥∥u0 +

∫ t

0
f (s,u(s))ds

∥∥∥∥
≤ ‖u0‖+

∫ t

0
‖ f (s,u(s))ds‖

≤ ‖u0‖+
∫ T

0
c‖u(s)‖ds

≤ ‖u0‖+T c‖u(s)‖.

Thus, taking maximum over s, t ∈ [0,T ] on both sides of the above last equation we have

‖Γ(u(t))‖X ≤ ‖u0‖X +T c‖u(s)‖X .

This shows that for any u ∈ X , Γ(u) ∈ X because ‖Γ(u)‖X < ∞. Next, to show that Γ is a

contraction mapping, consider

Γ(u(t))−Γ(v(t)) =
∫ t

0

(
f (s,u(s))− f (s,v(s))

)
ds,

and hence from Minkowiski’s inequality for integral

‖Γ(u(t))−Γ(v(t))‖ ≤
∫ T

0
‖ f (s,u(s))− f (s,v(s))‖ds

≤
∫ T

0
c‖u(s)− v(s)‖ds.

Taking maximum over s, t ∈ [0,T ] it follows

‖Γ(u)−Γ(v)‖X ≤ cT‖u− v‖X .

Now, if we choose T < 1/c, then Γ is contraction in X . Therefore by the Banach fixed point

theorem there exist a unique solution u ∈ X whenever T < 1/c.

3.2 Materials

In this section, we give emphasis to some existing concepts, definitions and remarks that we

frequently use in the dissertation.
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3.2.1 Dispersive Partial differential equations

To illustrate the notion of dispersive partial differential equations let’s consider theory of

waves. The first encounter with mathematical theory of wave is usually with cosine or sine

waves of the form

u(x, t) = acos(kx−ωt) x, t ∈ R,

while the parameters a represent the amplitude of the wave, k represent the wave number

and ω is the angular frequency. Also note that u(x, t) is periodic both in space and time with

periods λ = 2π/k, T = 2π/ω . The parameter λ is called the wave length and T is period.

The wave has local maxima (crest) when kx−ωt is an even multiple of π and local minima

(troughs) when it is an odd multiple of π . Now we can rewrite u as

u(x, t) = acos(k(x− ct)),

where c = ω/k. As time changes the fixed shape is simply being translated at a constant

speed c along the x-axis. The number c is called the wave speed or phase speed. Such waves

move to the right or left depending on the sign of c. A wave of permanent shape moving at

a constant speed is called traveling waves.

In general, one considers sinusoidal wave (periodic oscillations) of the form

u(x, t) = aei(kx±ωt) = a
[

cos(kx±ωt)+ isin(kx±ωt)
]
,

to test weather a wave is traveling at a constant speed or not.

Now, using this sinusoidal wave we introduce the notion of dispersion. In many situations

and reality the assumption that wave speed becomes constant is unrealistic. Thus, if c is

a non constant function of k, i.e, c = c(k) one says that the wave (or rather the equation)

is dispersive (Tao, 2006). The differential equation is dispersive means waves of different

wave lengths travel with different speeds. An initially localized wave will disintegrate into

separate components according wave length and disperse. The relation between ω and k is

called the dispersion relation. For example, if we consider the Schrodinger equation

iut +uxx = 0, x, t ∈ R.
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and seek for a sinusoidal solution of the form

u(x, t) = a
[

cos(kx−ωt)+ isin(kx−ωt)
]
,

then we have the dispersion relation ω : ω(k) = k2 and the wave speed c : c(k) = k for the

Schrodinger equation. Since c is not constant, the Schrodinger equation is dispersive. On the

contrary, the linear wave equation in one dimension given by,

utt−uxx = 0,

is non-dispersive as the dispersive relation ω = |k| and the wave speed is c =±1, which is to

mean the wave travels to either right or left depending on the sign of c with a constant speed.

3.2.2 Lp function spaces

Definition 3.2.1. (Folland, 1999) A function f : X → Y is said to be measurable if for each

a ∈ Y , {x ∈ X ; f (x)> a} is a measurable set.

Definition 3.2.2. (Folland, 1999) Suppose f is a measurable function such that f : Rd →C,

then norm of f in Lp is defined as

‖ f‖Lp(Rd) =


(∫

Rd | f (x)|pdx
) 1

p for p ∈ [1,∞),

esssup | f (x)| for p = ∞.

Shortly, we can write

Lp(Rd) = { f : Rd →C, f is measurable such that ‖ f‖Lp(Rd) < ∞}.

The following theorems, Minkowski’s inequality, Minkowski’s inequality for integral and

Holder inequality are taken from (Folland, 1999) without proof for later use.

Theorem 3.2.1 (Minkowski’s inequality). If 1 ≤ p ≤ ∞ and two functions f ,g ∈ Lp(Rd),

then

‖ f +g‖Lp(Rd) ≤ ‖ f‖Lp(Rd)+‖g‖Lp(Rd).

This Minkowski’s inequality is also called triangle inequality.
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Minkowski’s inequality shows that ‖.‖Lp(Rd) defines a semi-norm on Lp for 1 ≤ p ≤ ∞.

It is not a norm, however, since ‖ f‖Lp(Rd) = 0 when f = 0 almost everywhere (a.e). This

is easily fixed by introducing an equivalence class on measurable functions by defining two

functions in Lp(Rd) as equivalent if they are equal a.e. So an element of Lp(Rd) is not a

function; it is an equivalence class of functions which are equal a.e. A great advantage of

working with Lp(Rd) spaces is that they are complete normed space, i.e. it’s a Banach space.

Theorem 3.2.2 (Minkowski’s inequality for integral). Let 1 ≤ p ≤ ∞. Suppose that f is

measurable on Rn×Rd , that f (.,y) ∈ Lp(Rn) for almost every y ∈ Rd , and that the func-

tion y→ ‖ f (.,y)‖Lp(Rn) belongs to L1(Rd). Then the function x→
∫
Rd f (x,y)dy belongs to

Lp(Rd) and ∥∥∥∥∫Rd
f (x,y)dy

∥∥∥∥
Lp(Rn)

≤
∫
Rd
‖ f (.,y)‖Lp(Rn)dy.

Theorem 3.2.3 (Holder inequality). Suppose that 1 ≤ p ≤ ∞ and 1
p +

1
q = 1 (i.e., p,q are

conjugates). If f and g are measurable functions on Rd such that f ∈ Lp(Rd), g ∈ Lq(Rd)

then, f g ∈ L1(Rd) and

‖ f g‖L1(Rd) = ‖ f‖Lp(Rd)‖g‖Lq(Rd).

More generally, if 1 ≤ p,q ≤ ∞ and 1
p +

1
q = 1

r , then for f ∈ Lp(Rd), g ∈ Lq(Rd) we have

f g ∈ L1(Rd) and

‖ f g‖Lr(Rd) = ‖ f‖Lp(Rd)‖g‖Lq(Rd).

3.2.3 Convolution

Definition 3.2.3. (McLean and McLean, 2000) If f and g are measurable functions, the

convolution of f and g is denoted by f ∗g and defined by

( f ∗g)(x) =
∫
Rd

f (x− y)g(y)dy, x,y ∈ Rd.

Note that convolution is commutative. i.e, ( f ∗ g)(x) = (g ∗ f )(x). Also this definition

makes sense for example if f is in L1 and g is bounded.

Corollary 3.2.4. (McLean and McLean, 2000)[Young’s inequality] Suppose that 1≤ p,q,r≤

∞ and 1+ 1
r =

1
p +

1
q and f ∈ Lp(Rd) and g ∈ Lq(Rd), then f ∗g ∈ Lr(Rd) with

‖ f ∗g‖Lr(Rd) ≤ ‖ f‖Lp(Rd)‖g‖Lq(Rd).
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Definition 3.2.4. (McLean and McLean, 2000) Support of a function f is denoted by Supp f

and given by Supp f = {x ∈ Rd : f (x) 6= 0}.

Example 3.2.1. Consider

f (x) =

2x2 +1, −1≤ x≤ 1

0, otherwise.

Supp f = [−1,1].

3.2.4 Fourier Transform

A mathematical transform which decomposes functions depending on space or time in to

functions depending on spatial frequency or temporal frequency is known as Fourier trans-

form (Kammler (2007)). We define the Fourier transform of function in the Schwarz class

S (R) that will be defined latter. The main reason for using S (R) instead of C∞
0 (R) (the

space of continuous function with compact support) is that, the former class is invariant un-

der the Fourier transform, while the second class may not be. We restrict our definition of

Fourier transform to functons of one variable, which can be extended to Rd for d ≥ 2.

Definition 3.2.5. (McLean and McLean, 2000)[Schwartz space] The Schwartz space on R

denoted S (R), is the space of rapidly decreasing smooth functions,

S (R) := { f ∈C∞(R) : sup
x∈R
|x j f k(x)|< ∞ for all j,k ∈ N0}.

Now, we can see topology on the Schwartz space S (R)

Definition 3.2.6. (McLean and McLean, 2000) A sequence ϕn ∈S (R) converges to a func-

tion ϕ , written as n→ ∞

ϕn→ ϕ ∈S (R),

if the following are satisfied

i) There exist a compact set K ⊂ R such that support of ϕn ⊂ K for all n.

ii) There exist ϕ ∈S (R) such that as n→ ∞, ϕk
n → ϕk uniformly for all k ∈ N0.
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Example 3.2.2. Let f (x) = e−x2
, then f (x) is a Schwartz function, i.e, f (x) ∈S (R). Also

we notice that f (x) is not in C∞
0 (R) (the space of continuous function with compact support)

as the function has no compact support on R.

3.2.5 Distributions

Distributions are generalizations of the classical concept of functions. One of the most useful

aspects of the theory of distribution is that, in application, discontinuous functions can be

handled as easily as continuous functions.

Definition 3.2.7. (McLean and McLean, 2000) Suppose Ω be a domain in R and S (Ω) be

a test function. The set of distributions (generalized functions) denoted by S ′(Ω) is the

collection of all complex- valued linear functionals f over S (Ω), i.e., f : S (Ω)→ C where

the value of f acting on a test function ϕ denoted by f (ϕ) := f ϕ := 〈 f ,ϕ〉, satisfies the

following linearity and continuity criteria

i) For any α,β ∈ C, ϕ1,ϕ2 ∈S (Ω), 〈 f ,αϕ1 +βϕ2〉= α〈 f ,ϕ1〉+β 〈 f ,ϕ2〉.

ii) 〈 f ,ϕn〉 → 〈 f ,ϕ〉 for n→ ∞ in C, whenever ϕn→ ϕ in S (Ω).

The simplest example of distribution is the functional generated by a locally integrable

function, f (x) ∈ L1
Loc(Ω) given by

〈 f ,ϕ〉=
∫

Ω

f (x)ϕ(x)dx for all ϕ ∈S (Ω).

Example 3.2.3. The Dirac Delta function at a point (let the point be 0) denoted by δ0 is

defined as

δ0 : S → C, such that δ0(ϕ) = ϕ(0)

is a distribution.

To show linearity, let α,β be any two constants in the set of complex numbers and ϕ be test

function then,

〈δ0,αϕ +βϕ〉= (αϕ +βϕ)(0)

= αϕ(0)+βϕ(0)

= α〈δ ,ϕ〉+β 〈δ ,ϕ〉.
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This shows the Dirac Delta function is linear. To show continuity let ϕn be a test function

that converges to ϕ in S (Ω) then,

〈δ0,ϕn〉= ϕn(0)→ ϕ(0) = 〈δ0,ϕ〉.

Thus 〈δ0,ϕn〉 → 〈δ0,ϕ〉. This concludes that the Dirac Delta function is a distribution.

Note that Dirac Delta function is not a function as it measures what happens only at a

single point (not about away from that point).

Definition 3.2.8. (McLean and McLean, 2000)[Fourier transform] The spatial Fourier trans-

formation of a function f (x) ∈S (R) is defined as

F ( f )(ξ ) =
1√
2π

∫
R

e−ixξ f (x)dx (ξ ∈ R).

Usually we use the notation f̂ (ξ ) = F ( f )(ξ ) in this dissertation.

From the definition of Fourier transform, if f ∈S (R), then f̂ is bounded function with

∥∥∥ f̂
∥∥∥

L∞(R)
≤ c‖ f‖L1(R), where c is a constant.

i.e, by definition and

| f̂ (ξ )| ≤ 1√
2π

∫
R
|e−ixξ f (x)dx|= 1√

2π

∫
R
| f (x)|dx

≤ c‖ f‖L1(R),

where,

∣∣e−ixξ
∣∣= ∣∣cos(xξ )+ isin(xξ )

∣∣
=

√
cos2(xξ )+ sin2(xξ )

= 1.
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Taking supremum on both sides,

sup
x∈R
| f̂ (ξ )| ≤ c‖ f‖L1(R)∥∥∥ f̂
∥∥∥

L∞(R)
≤ c‖ f‖L1(R).

Theorem 3.2.5 (Basic property of Fourier transform). (Stein and Shakarchi, 2003) Let (∂ k
x f )(x)=

f k(x), where f k(x) is the kth derivative of f . If f ∈S (R), then f̂ (ξ )∈C∞(R) and F (∂ k
x f )(ξ )=

(iξ )k f̂ (ξ ).

Proof. By definition

∂̂ k
x f (ξ ) = F (∂ k

x f )(ξ ) =
1√
2π

∫
R

e−ixξ ∂

∂x

k

( f (x))dx.

Now we can use induction on k. For k = 1,

∂̂x f (ξ ) =
1√
2π

∫
R

e−ixξ f ′(x)dx.

Using integration by parts,

i.e., substituting u = e−ixξ , dv = f ′(x)dx such that du = −iξ e−ixξ dx, v = f (x) and the as-

sumption that f ∈S (R) ( which means f (x)e−ixξ |∞−∞ = 0) it follows

∂̂x f (ξ ) =
1√
2π

(∫
R

udv = uv|R−
∫
R

vdu
)

=
1√
2π

(
e−ixξ f (x)|R−

∫
R
(−iξ )e−ixξ f (x)dx

)
=

1√
2π

iξ
∫
R

e−ixξ f (x)dx

= (iξ ) f̂ (ξ ).

Assume the statment is true for n = k ∈ N, i.e,

∂̂ k
x f (ξ ) = (iξ )k f̂ (ξ ),
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then by definition and using integration by parts for n = k+1 we have

∂̂
k+1
x f (ξ ) = ̂∂ k

x (∂x f )(ξ )

= (iξ )k(∂̂x f )

= (iξ )k+1 f̂ (ξ ),

and this completes the proof.

Example 3.2.4. Let’s see the spatial Fourier transform of f (x) = e−x2/2.

First note that f (x) ∈S (R) and also f (x) satisfies

f ′(x) =−x f (x).

Applying Fourier transform on both sides of the above equalities, i.e.,

f̂ ′(x) = x̂ f (x).

From basic properties of Fourier transform it follows that

(iξ ) f̂ (ξ ) =−i f̂ ′(ξ ),

and hence we get separable ordinary differential equation in f̂ (ξ ) such that

f̂ ′(ξ ) =−ξ f̂ (ξ ). (3.2.1)

Solving the linear first order ode (3.2.1), we get f̂ (ξ ) = ce−ξ 2/2 where c is an integration

constant that we fix latter from initial condition. If we suppose c = f̂ (0), then by definition

f̂ (0) =
1√
2π

∫
R

e−ix.0 f (x)dx

=
1√
2π

∫
R

e−x2/2dx.
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But, since f (x) is an even function
∫
R e−x2/2dx = 2

∫
∞

0 e−x2/2dx. Hence

c2 =
1

2π

(∫
R

e−x2/2dx
)2

=
1

2π

(∫
R

e−x2/2dx
)(∫

R
e−y2/2dy

)
=

1
2π

∫
R

∫
R

e−(x
2+y2)/2dxdy.

Now letting x = r cosθ and y = r sinθ it follows,

c2 =
1

2π

∫ 2π

0

∫
∞

0
e−r2/2rdrdθ

=
∫

∞

0
e−r2/2rdr

= 1.

Thus, we conclude that

f̂ (ξ ) = e−ξ 2/2.

Theorem 3.2.6. (McLean and McLean, 2000)[Fourier transform of convolution] Let f ,g ∈

S (R). Then

f̂ ∗g(ξ ) =
√

2π f̂ (ξ )ĝ(ξ ).

Proof. By definition of convolution

f ∗g =
∫
R

f (x− y)g(y)dy.

Thus,

(
f̂ ∗g

)
(ξ ) =

1√
2π

∫
R

e−ixξ

[∫
R

f (x− y)g(y)dy
]

dx

=
1√
2π

∫
R

∫
R

(
e−ixξ f (x− y)dx

)
g(y)dy.

By Fubinni’s theorem the above integral on the right hand side is equal to

1√
2π

∫
R

(∫
R

e−ixξ f (x− y)dx
)

g(y)dy.
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Therefore, set z = x− y and it follows

(
f̂ ∗g

)
(ξ ) =

1√
2π

∫
R

(∫
R

e−i(y+z)ξ f (z)dz
)

g(y)dy

=
1√
2π

∫
R

(∫
R

e−iyξ e−izξ f (z)dz
)

g(y)dy

=
1√
2π

(∫
R

e−iyξ g(y)dy
∫
R

e−izξ f (z)dz
)

=
√

2π f̂ (ξ )ĝ(ξ ).

This completes the proof.

Definition 3.2.9. (McLean and McLean, 2000)[Inverse Fourier transform] The inverse Fourier

transform of Schwartz function f is denoted by

F−1( f )(x) =
1√
2π

∫
R

eixξ f̂ (ξ )dξ .

We use the notation f̆ (x) = F−1( f )(x) for the inverse Fourier transform. Since S (R)

is dense in Lp(R) for 1≤ p≤ ∞, it is natural to try to extend the Fourier transform to Lp(R)

by continuity. For example, to extend the Fourier transform in L2(R), first recall the inner

product of two L2(R) functions;

( f ,g)L2(R) =
∫
R

f (x)g(x)dx,

and then the following theorem.

Theorem 3.2.7. Let f ,g ∈S (R). Then ( f̂ ,g)L2(R) = ( f , ğ)L2(R).

Proof. By definition of inner product,

( f̂ ,g)L2(R) =
∫
R

f̂ (x)g(x)dx,
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which inturn implies

( f̂ ,g)L2(R) =
1√
2π

∫
R

(∫
R

e−iyx f (y)dy
)

g(x)dx

=
1√
2π

∫
R

(∫
R

eiyxg(x)dx
)

f (y)dy

=
1√
2π

√
2π

∫
R

ğ(y) f (y)dy =
∫
R

f (y)ğ(y)dy

= ( f , ğ).

Corollary 3.2.8. Let f ,g ∈S (R) then

( f̂ , ĝ)L2(R) = ( f ,g)L2(R).

In particular when f = g,
∥∥∥ f̂
∥∥∥

L2(R)
=
∥∥ f̆
∥∥

L2(R) = ‖ f‖L2(R).

Theorem 3.2.9 (Plancherel theorem). (Folland, 1999) The Fourier mapping F : S (R)→

S (R) extends to a bounded linear operator

F : L2(R)−→ L2(R),

and we have for all f ,g ∈ L2(R),

( f̂ , ĝ)L2(R) = ( f ,g)L2(R).

Inparticular ∥∥∥ f̂
∥∥∥

L2(R)
= ‖ f‖L2(R).

3.2.6 Sobolev space (Hs(R))

A sobolev space is a Banach space that measures differentiability of functions in L2(R)

spaces.

Definition 3.2.10. The Sobolev space denoted by Hk(R) is the space of functions f ∈ L2(R)

such that the derivatives f j, j = 0,1,2, . . . ,k are also in L2(R), where the derivatives are
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interpreted in the distributional sense (McLean and McLean, 2000).

That is, if f ∈ L2(R) then f j ∈ L2(R) for j = 1,2,3, ...k, and the derivatives are in distri-

butional sense

〈 f j,ϕ〉= (−1) j〈 f ,ϕ j〉

for any ϕ ∈S (R). The norm of u in Hk(Rd) for k ∈ R is defined as

‖u‖Hk(Rd) =

[∫
Rd
〈ξ 〉2k|û(ξ )|2dξ

] 1
2

.

For any s > r, the embedding Hs ⊂ Hr holds true. This follows from the fact that

〈ξ 〉r < 〈ξ 〉s,

where 〈a〉 =
√

1+a2. Note that Hk(R) is a member of a more general family W k,p(R),

where

W k,p(R) = { f ∈ Lp(R); f j ∈ Lp(R), j = 0,1,2, . . . ,k}.

Thus, Hk(R) = W k,2(R). The space L2(R) is a Hilbert space, and hence we can define an

inner product on Hk(R) by

( f ,g)Hk(R) =
k

∑
j=0

∫
R

f j(x)g j(x)dx =
k

∑
j=0

( f j,g j)L2(R).

In particular,

• for k = 0, H0(R) = L2(R) with inner product

( f ,g)L2(R) =
∫
R

f (x)g(x)dx.

• for k = 1, H1(R) with inner product

( f ,g)H1(R) =
∫
R

f (x)g(x)dx+
∫
R

f ′(x)g′(x)dx.

Definition 3.2.11. C.k(R) is the space of k times continuously differentiable function f :
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R−→C such that lim
|x|→∞

| f j(x)|= 0 for j = 0,1,2, . . . ,k, endowed with norm

‖ f‖Ck
b(R)

:= max
0≤ j≤k

sup
x∈R
| f j(x)|,

where Ck
b(R) is the space of k times continuously differentiable and bounded functions.

Theorem 3.2.10 (Sobolev embedding theorem). (McLean and McLean, 2000) Let k≥ 0, the

Sobolev space Hs(R) is continuously embeded in C.k(R) for s > k+ 1
2 .

Proof. As a first step let’s start by proving the inequality

∥∥ϕ
j(x)
∥∥

Ck
b(R)
≤ c‖ϕ‖Hs(R), (3.2.2)

for all ϕ ∈S (R) and a constant c depending on k and s.

By Fourier inversion formula and Cauchy-schwartz inequality we have

ϕ
j(x) =

1√
2π

∫
R

eixξ
ϕ̂ j(ξ )dξ

=
1√
2π

∫
R

eixξ (iξ ) j
ϕ̂(ξ )dξ∣∣ϕ j(x)

∣∣≤ 1√
2π

∫
R
|ξ | j|ϕ̂(ξ )|dξ

=
1√
2π

∫
R
|ξ | j|ϕ̂(ξ )|〈ξ 〉s〈ξ 〉−sdξ

≤ 1√
2π

(∫
R
|ξ |2 j〈ξ 〉−2sdξ

) 1
2
(∫

R
〈ξ 〉2s|ϕ̂(ξ )|2dξ

) 1
2

≤ c‖ϕ‖Hs(R)

where the constant c is given by

c2 =
1

2π

(∫
R
|ξ |2 j〈ξ 〉−2sdξ

) 1
2

.
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Since |ξ |2 j ≤ 〈ξ 〉2 j

c2 ≤ 1
2π

(∫
R
〈ξ 〉2 j〈ξ 〉−2sdξ

) 1
2

=
1

2π

∫
R
〈ξ 〉2( j−s)dξ

< ∞,

provided that 2(s− j)<−1 and hence c < ∞ if and only if s > j+1/2. This implies

max
0≤ j≤k

sup
0x∈R
|ϕ j(x)| ≤ c‖ϕ‖Hs(R)

which is to mean

‖ϕ‖Ck
b(R)
≤ c
∥∥ϕHs(R)

∥∥ for s > k+1/2.

Next, pick a sequence {ϕn} ∈ S (R) with ϕn → f in the space Hs(R) which means f ∈

Hs(R). By (3.2.2)

‖ϕn−ϕm‖Ck
b(R)
≤ c‖ϕn−ϕm‖Hs(R)→ 0

as n,m→ ∞. This shows that {ϕn} is a cauchy sequence in Ck̇(R). Since Ck̇(R) is a Banach

space

{ϕn}→ g in Ck̇(R) ,

but both f and g are in S (R). It follows that f = g almost everywhere (a.e) so,

‖ f‖Ck
b(R)
≤ c‖ f‖Hs(R),

for f ∈ Hs(R) where s > k+1/2.

Theorem 3.2.11 (Hs(R)-algebra). The Sobolev space Hs(R) is an algebra for s > 1
2 .

This theorem states that if s > 1
2 and f ,g ∈Hs(R) then f g ∈Hs(R) and that there exist a

positive constant c = c(s) such that

‖ f g‖Hs(R) ≤ c‖ f‖Hs(R)‖g‖Hs(R)

.
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Chapter 4

Persistence of spatial analyticity for the

beam equation

In this chapter, we introduce the newly modified Gervey space, state and prove local well-

posedness and approximate conservation law of beam equation.

4.1 Introduction

In this chapter, we study on the persistence (continuing to exist or endure over a long period)

of spatial analyticity for the solution of beam equation with initial data in a class of analytic

functions. Recall that the beam equation is given by

utt +∆2u+mu = λ |u|p−1u

(u,ut)(x,0) = (u0,u1)(x),
(4.1.1)

where, u : Rn×R −→ R, p > 1, and m > 0. Note that if λ < 0, then we call the beam

equation is defocusing whereas for λ > 0 it is focussing. Throughout our study we consider

the defocusing beam equation where λ = 1 is fixed.

A Paley–Wiener theorem is a theorem that relates decay properties of a function or dis-

tribution at infinity with analyticity of its Fourier transform. Thus, due to this theorem the

radius of spatial analyticity of a function can be related to decay properties of its Fourier

transform. It is therefore natural to take data for (1.1.4) in the Gevrey space Gσ ,s(Rn), de-

fined by the norm

‖ f‖Gσ ,s(Rn) =

(∫
Rn

e2σ |ξ |〈ξ 〉2s| f̂ (ξ )|2 dξ

)1/2

, σ ≥ 0,

i.e.,

‖ f‖Gσ ,s(Rn) =
∥∥∥exp(σ |ξ |)〈ξ 〉s f̂

∥∥∥
L2

ξ
(Rn)

, σ ≥ 0,
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where 〈ξ 〉=
√

1+ |ξ |2. In particular for σ = 0, this space coincides with the Sobolev space

Hs(Rn), with norm

‖ f‖Hs(Rn) =
∥∥∥〈ξ 〉s f̂

∥∥∥
L2

ξ
(Rn)

,

while for all σ > 0, any function in Gσ ,s(Rn) has a radius of analyticity of at least σ at each

point x ∈ Rn. This fact is contained in the following theorem whose proof can be found in

(Katznelson, 2004) in the case s = 0 and n = 1. The general case follows from a simple

modification.

Theorem 4.1.1. (Paley-Wiener Theorem.)(Katznelson, 2004; Yosida, 2012) Let σ > 0 and

s ∈ R. If f ∈ Gσ ,s(Rn), then f is the restriction to Rn of a function F which is holomorphic

in the strip

Sσ = {x+ iy ∈ Cn : |y|< σ}.

Moreover, the function F satisfies the estimates

sup
|y|<σ

‖F(·+ iy)‖Hs < ∞.

We remark that Gevrey spaces satisfy the embeddings

‖ f‖Gσ ,s . ‖ f‖Gσ ′,s′ , (4.1.2)

for any s,s′ ∈ R and σ ≤ σ ′, from which we easily obtain

‖ f‖Hs . ‖ f‖Gσ ′,s′ , (4.1.3)

from which we may also obtain

‖ f‖Lp . ‖ f‖Gσ ,s (4.1.4)

for 2≤ p≤ ∞ by Sobolev embedding.

The space Gσ ,s(Rn) were introduced by (Foias and Temam, 1989) (see also (Kato and

Masuda, 1986)) in the study of spatial analyticity of solutions to Navier-Stokes equations,

and various refinements of their method have been applied to prove lower bounds on the

radius of spatial analyticity for a number of nonlinear evolution equations (Ferrari and Titi,

1998; Foias and Temam, 1989; Hannah et al., 2011; Himonas and Petronilho, 2012; Lever-

more and Oliver, 1997; Oliver and Titi, 2001; Panizzi, 2012; Selberg and Da Silva, 2015;
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Selberg and Tesfahun, 2017, 2015; Tesfahun, 2019a,b). The method we used here for proof-

ing lower bounds on the radius of analyticity was introduced in (Selberg and Tesfahun, 2015)

in the context of 1D Dirac-Klein-Gordon equations. This method is based on an approximate

conservation laws, and has been applied to prove an algebraic lower bound (decay rate) of

order t−1/α for some α ∈ (0,1] on the radius of spatial analyticity of solutions to a num-

ber of nonlinear dispersive and wave equations. See e.g., (Belayneh et al., 2022; Selberg

and Da Silva, 2015; Selberg and Tesfahun, 2017; Tesfahun, 2019a,b; Zhang, 2010) . The

optimal decay rate that can be obtained in this setting is 1/t, which corresponds to α = 1,

see e.g.,(Belayneh et al., 2022; Tesfahun, 2019a; Zhang, 2010). This decay rate is related

to the behaviour of the exponential weight , exp(σ |ξ |) that sits in the Gevrey norm. More

specifically, it stems from the simple estimate

exp(σ |ξ |)−1≤ (σ |ξ |)α .exp(σ |ξ |)) (0 < α ≤ 1),

which follows from an interpolation between expr− 1 ≤ expr and expr− 1 ≤ r expr for

r ≥ 0. Since expr > 0 for all r, it is true that expr < 1+ expr and using the Taylor series

expansion of expr, we show that expr < 1+ r expr.

In this disertation, in an attempt to improve the decay rate obtained so far for the beam

equation (1.1.4) and in (Belayneh et al., 2022) for the KdV-BBM equation (1.1.3) we intro-

duce a modified Gevrey space Hσ ,s(Rn) with norm by

‖ f‖Hσ ,s(Rn) =
∥∥∥cosh(σ |ξ |)〈ξ 〉s f̂

∥∥∥
L2

ξ
(Rn)

(σ ≥ 0),

where the exponential weight exp(σ |ξ |) in the Gevrey norm is now replaced by a hyperbolic

weight cosh(σ |ξ |). These two weights are equivalent in the sense that

1
2

exp(σ |ξ |)≤ cosh(σ |ξ |)≤ exp(σ |ξ |). (4.1.5)

Thus, the associated Gσ ,s(Rn) and Hσ ,s(Rn) norms are equivalent, i.e.,

‖ f‖Hσ ,s(Rn) ∼ ‖ f‖Gσ ,s(Rn), (4.1.6)

and so the statment of Paley-Wiener theorem still holds for functions in Hσ ,s(Rn). The space
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Hσ ,s(Rn), however, has an advantage since cosh(σ |ξ |) satisfies the estimate

cosh(σ |ξ |)−1≤ (σ |ξ |)2α cosh(σ |ξ |) (0 < α ≤ 1). (4.1.7)

Equation (4.1.7) follows from

coshr−1≤ coshr and coshr−1≤ r2 coshr (r ∈ R).

Therefore, in view of (4.1.7), an application of our method in the Hσ ,s(Rn) set up can yield

a decay rate of order t−1/2α for some α ∈ (0,1] provided that the nonlinear estimates in the

derivation of an approximate conservation law can absorb the weight |ξ |2α . In this work,

we managed to obtain the optimal decay rate of t−1/2 (which corresponds to α = 1) for the

Cauchy problems (1.1.4) and (1.1.3).

4.2 Energy of the beam equation

In order to get energy of the beam equation, we multiply (1.1.4) by ut and integrating over

R, then we obtain

∫
R
(ututt +ut∆

2u+muut)dx =
∫
R
|u|p−1uutdx.

Note that, we can rewrite,

ututt =
1
2
(u2

t )t , uut =
1
2
(u2)t , |u|p−1uut =

1
p+1

(|u|p+1)t

and ut∆
2u = 1

2(∆u)2
t .

Assuming that the solution is smooth and vanishes as x→±∞, the energy for (1.1.4) is given

by

E(t) =
1
2

∫
Rn

(
u2

t +(∆u)2 +mu2 +
2

p+1
|u|p+1

)
dx

and is conserved by the flow of (1.1.4). i.e., E(t) = E(0) ∀t.
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4.3 Local well-posedness in Hσ ,2(Rn)×Hσ ,0(Rn)

Well-posedness, blow-up in finite time, long time existence, and the existence of uniform

bounds for global solutions of the beam equation (1.1.4) were adressed by several authors.

For instance, local well-posedness, scattering, and stability in the energy space H2(Rn)×

L2(Rn) was studied by (Levandosky, 1998a,b) and (Levandosky and Strauss, 2000), results

which were extended by (Pausader, 2007; Pausader and Strauss, 2009). For the global prob-

lem, low-regularity global well-posedness was also shown by (Zhang, 2010) in dimensions

n ∈ N such that 3≤ n≤ 7 in the cubic case for data in Hs(Rn)×Hs−2(Rn) satisfying

s > min
{

n−2
2

,
n
4

}
.

We remark that as a consequence of the embedding

Hσ ,s(Rn)⊂ Hs(Rn) (σ ≥ 0), (4.3.1)

and the existing well posedness theory in H2(Rn)× L2(Rn), one can conclude that the

Cauchy problem (1.1.4), with 1 ≤ n ≤ 3 and p ≥ 1, has a unique, global-in-time solution,

given initial data (u0,u1) ∈ Hσ0,2(Rn)×Hσ0,0(Rn) for some σ0 ≥ 0.

Theorem 4.3.1. (Local well-posedness). Let n ∈ N such that 1 ≤ n ≤ 3, p ≥ 1 be an odd

integer and σ > 0. Given (u0,u1) ∈ Hσ ,2(Rn)×Hσ ,0(Rn), then there exists a time δ > 0

and a unique solution

(u,ut) ∈C
(
[0,δ ];Hσ ,2(Rn)

)
×C1 ([0,δ ];Hσ ,0(Rn)

)
,

of the Cauchy problem (1.1.4) on [0,δ ]×Rn. Moreover, the existence time is given by

δ = c0(‖u0‖Hσ ,2 +‖u1‖Hσ ,0)−(p−1). (4.3.2)

Proof. Theorem 4.3.1 can be proved using energy inequality, Sobolev embedding and a stan-

dard contraction arguement. Indeed, consider the Cauchy problem for linear beam equation

utt +
(
m+∆

2)u = F(x, t),

(u,ut)|t=0 = (u0,u1).
(4.3.3)
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Note that to get solution of equation (4.3.3), we take Fourier transform of the Cauchy prob-

lem, reduce it to an ordinary differential equation and then solve it. Indeed, applying the

Fourier transform with respect to space variable on the homogeneous part,

utt +
(
m+∆

2)u = 0,

we have an ordinary differential equation

ûtt(ξ )+(m+ξ
4)û(ξ ) = 0.

Denote m+ξ 4 = 〈∆〉m, then using the initial conditions and Duhamel’s formula, the solution

of (4.3.3) is given by

u(t) = cos(t〈∆〉m)u0 +
sin(t〈∆〉m)

i〈∆〉m
u1−

∫ t

0

sin((t− τ)〈∆〉m)
i〈∆〉m

F(τ) dτ. (4.3.4)

or in short

u(t) = s′m(t)u0 + sm(t)u1 +
∫ t

0
sm(t− t ′)F(t ′)dt ′, (4.3.5)

where

sm(t) =
sin(t〈∆〉m)
〈∆〉m

.

Applying cosh(σ |D|) to (4.3.5) and taking the H2 norm on both sides yields the energy

inequality (where first we differentiate equation (4.3.5) with respect to time)

sup
0≤t≤δ

[‖u‖Hσ ,2 +‖ut‖Hσ ,0]. ‖u0‖Hσ ,2 +‖u1‖Hσ ,0 +
∫

δ

0
‖F(τ)‖Hσ ,0 dτ, (4.3.6)

for some σ > 0.

Now, consider the integral formulation of (1.1.4),

u(t) = s′m(t)u0 + sm(t)u1 +
∫ t

0
sm(t− t ′)up(t ′)dt ′, (4.3.7)

where we used the fact that |u|p−1u = up for odd p.

Then from the inequality (4.3.6) and a standard contraction arguement, Theorem 4.3.1
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reduces to proving the nonlinear estimate

‖up‖Hσ ,0 . ‖u‖p
Hσ ,2 , (4.3.8)

which is also equivalent to

‖up‖Gσ ,0 . ‖u‖p
Gσ ,2.

Setting U = exp(σ |D|)u, this estimate further reduces to

‖exp(σ |D|)[(exp(−σ |D|)U)p]‖L2
x
. ‖U‖p

H2. (4.3.9)

Applying Plancherel theorem gives,

LHS(4.3.9) =
∥∥Fx{exp(σ |D|)[(exp(−σ |D|)U)P]}(ξ )

∥∥
L2

ξ

=

∥∥∥∥∥
∫

ξ=∑
p
j=1 ξ j

exp

(
σ

[
|ξ |−

p

∑
j=1
|ξ j|

])
p

∏
i=1

Û(ξ j)dξ1dξ2...dξp

∥∥∥∥∥
L2

ξ

≤

∥∥∥∥∥
∫

ξ=∑
p
j=1 ξ j

p

∏
i=1
|Û(ξ j)|dξ1dξ2...dξp

∥∥∥∥∥
L2

ξ

= ‖V‖p
L2

x

where V = F−1[|Û |]. To obtain the third line we used the fact that |ξ | ≤ ∑
p
j=1 |ξ j|, which

follows from triangle inequality.

Now, by Sobolev embedding theorem,

‖V p‖L2
x
= ‖V‖p

L2p
x
. ‖V‖p

H2 = ‖U‖
p
H2,

for all p≥ 1. This concludes the proof of (4.3.9), and hence (4.3.8).

4.4 Approximate conservation law for the beam equation

The second step to prove our main result is to state and prove an approximate conservation

law for the norm of solution, that involves a small parameter δ > 0 and which reduces to the

exact energy conservation law in the limit as δ → 0. To derive this approximate conservation
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law, we set

vσ (x, t) := cosh(σ |D|)u(x, t),

where u(x, t) is the solution of (1.1.4). Define a modified energy associated with vσ by

Eσ (t) =
1
2

∫
Rn

(
(∂tvσ )

2 +(∆vσ )
2 +mv2

σ +
2

p+1
|vσ |p+1

)
dx.

We state and prove the following three Lemmas which are crutial in the proof of approximate

conservation law.

Lemma 4.4.1. For a,b ∈ R, we have

|coshb− cosha| ≤ 1
2
|b2−a2|(coshb+ cosha). (4.4.1)

Proof. Note that coshr is an increasing function for r≥ 0. Since coshr is even, i.e., coshr =

cosh |r|, we may assume a,b≥ 0. By symmetry we may also assume b≥ a, and thus

coshb− cosha =
∫ b

a

∫ s

0
coshrdrds

=
∫ b

a
sinhsds.

Therefore we have an inequality

coshb− cosha =
∫ b

a

∫ s

0
coshrdrds≤ coshb

∫ b

a

∫ s

0
drds =

1
2
(
b2−a2)coshb.

Lemma 4.4.2. Let ξ = ∑
p
j=1 ξ j for ξ j ∈ R, where p≥ 1 is an integer. Then

|1− cosh |ξ |
p

∏
j=1

sech|ξ j|| ≤ 2p
p

∑
j 6=k=1

|ξ j||ξk|. (4.4.2)

Proof. First observe that the product of cosine hyperbolic functions

p

∏
j=1

cosh |ξ j|= 21−p
∑

s2,s3,...,sp

cosh

(
|ξ1|+

p

∑
j=2

s j|ξ j|

)
, (4.4.3)

where s2,s3, . . . ,sp are independent signs (+ or -). Indeed, the case p = 1 is obvious, while
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the case p = 2 follows from the hyperbolic identity

2cosh |ξ1|cosh |ξ2|= cosh(|ξ1|− |ξ2|)+ cosh(|ξ1|+ |ξ2|),

which also implies equation (4.4.3) for p = 3. The general case follows by induction. It

follows from equation (4.4.3) that

cosh

(
|ξ1|+

p

∑
j=2

s j|ξ j|

)
+ cosh |ξ | ≤ 2p

p

∏
j=1

cosh(|ξ j|). (4.4.4)

Observe that ∣∣∣(|ξ1|+
p

∑
j=2

s j|ξ j|

)2

−|ξ |2
∣∣∣≤ 2

p

∑
j 6=k=1

|ξ j||ξk|. (4.4.5)

By applying equation (4.4.3), and inequalities (4.4.1), (4.4.4), (4.4.5) we obtain

∣∣∣ p

∏
j=1

cosh |ξ j|− cosh |ξ |
∣∣∣= |21−p

∑
s2,s3,...,sp

cosh

(
|ξ1|+

p

∑
j=2

s j|ξ j|

)
− cosh |ξ ||

=

∣∣∣∣∣21−p
∑

s2,s3,...,sp

[
cosh

(
|ξ1|+

p

∑
j=2

s j|ξ j|

)
− cosh |ξ |

]∣∣∣∣∣
≤ 21−p

∑
s2,s3,...,sp

1
2

∣∣∣∣∣
(
|ξ1|+

p

∑
j=2

s j|ξ j|

)2

−|ξ |2
∣∣∣∣∣cosh

(
|ξ1|+

p

∑
j=2

s j|ξ j|

)
+ cosh |ξ |

≤ 21−p
∑

s2,s3,...,sp

(
p

∑
j 6=k=1

|ξ j||ξk|

)
.2p

p

∏
j=1

cosh(|ξ j|)

= 2p

(
p

∑
j 6=k=1

|ξ j||ξk|

)
p

∏
j=1

cosh(|ξ j|).

Dividing by ∏
p
j=1 cosh(|ξ j|) yields the desired estimate (4.4.2).

From the modified energy, using integration by parts and equation (1.1.4), we obtain

E ′σ (t) =
∫
Rn

∂tvσ

[
∂ttvσ +∆

2vσ +mvσ + vp
σ

]
dx

=
∫
Rn

∂tvσ

[
cosh(σ |D|)

(
∂ttu+∆

2u+mu
)
+ vp

σ

]
dx

=
∫
Rn

∂tvσ

[
−cosh(σ |D|)up + vp

σ

]
dx

=
∫
Rn

∂tvσ .Np(vσ )dx,
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where

Np(vσ ) = vp
σ − cosh(σ |D|)[sech(σ |D|)vσ ]

p.

Therefore, integrating both sides with respect to time yields

Eσ (t) = Eσ (0)+
∫ t

0

∫
Rn

∂tvσ (x,s).Np(vσ (x,s))dxds. (4.4.6)

Now, we can sate a key lemma as follows

Lemma 4.4.3. For ∂tvσ ∈ L2
x and vσ ∈ H2, we have the estimate

∣∣∣∫
Rn

∂tvσ .Np(vσ )dx
∣∣∣≤ cσ

2‖∂tvσ‖L2
x
‖vσ‖p

H2, (4.4.7)

for some constant c > 0.

Proof. Recall that

Np(vσ ) = vp
σ − cosh(σ |D|)[sech(σ |D|)vσ ]

p.

By Cauchy-Schwartz inequality

∣∣∣∫
Rn

∂tvσ .Np(vσ )dx
∣∣∣≤ ‖∂tvσ‖L2

x

∥∥Np(vσ )
∥∥

L2
x
,

which reduces to prove ∥∥Np(vσ )
∥∥

L2
x
. σ

2‖vσ‖p
H2. (4.4.8)

Taking the Fourier transform with respect to the space variable we have,

Fx[Np(vσ )](ξ ) =
∫

ξ=∑
p
j=1 ξ j

[
1− cosh(σ |ξ |)

p

∏
j=1

sech(σ |ξ j|)

]
p

∏
j=1

v̂σ (ξ j)dξ1dξ2 . . .dξp.

(4.4.9)

By symmetry, we may assume |ξ1| ≥ |ξ2| ≥ · · · ≥ |ξp|. Using Lemma (4.4.2), we have

∣∣∣1− cosh(σ |ξ |)
p

∏
j=1

sech(σ |ξ j|)
∣∣∣≤ 2p

p

∑
j 6=k=1

|σξ j||σξk| ≤ c(p)σ2|ξ1||ξ2|, (4.4.10)

where c(p) = p22p. Now set

wσ := F−1
x (|v̂σ |).
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Then applying inequality (4.4.10) to (4.4.9) gives

∣∣∣Fx[Np(vσ )](ξ )
∣∣∣≤ c(p)σ2

∫
ξ=∑

j=1
ξ j

ξ j

|ξ1||ξ2||v̂σ (ξ1)||v̂σ (ξ2)|
p

∏
j=3
|v̂σ (ξ j)|dξ1ξ2 . . .dξp

= c(p)σ2
∫

ξ=∑
j=1
ξ j

ξ j

|ξ1||ξ2|ŵσ (ξ1)ŵσ (ξ2)
p

∏
j=3
|ŵσ (ξ j)|dξ1ξ2 . . .dξp

= c(p)σ2Fx

(
(|D|wσ )

2.wp−2
σ

)
(ξ ).

Therefore, using Plancherel, Holder and Sobolev embedding it follows that

∥∥Np(vσ )
∥∥

L2
x
≤ c(p)σ2

∥∥∥(|D|wσ )
2.wp−2

σ

∥∥∥
L2

x

≤ c(p)σ2‖|D|wσ‖2
L2

x
.‖wσ‖p−2

L∞
x

≤ c(p)σ2‖wσ‖2
H2‖wσ‖p−2

H2

= c(p)σ2‖vσ‖p
H2

as desired in equation (4.4.8).

Theorem 4.4.4. (Approximate conservation law). Let n ∈ N such that 1 ≤ n ≤ 3, p ≥ 1 be

an odd integer and σ0 > 0. Given (u0,u1) ∈ Hσ ,2(Rn)×Hσ ,0(Rn), let u be the solution of

equation (1.1.4) on Rn× [0,δ ] that is obtained in Theorem 4.3.1. Then

sup
0≤t≤δ

Eσ (t) = Eσ (0)+δσ
2.O

(
(Eσ (0))

p+1
2

)
. (4.4.11)

Observe that in the limit as δ → 0 the second term on the right hand side of equation

(4.4.11) goes to zero and hence we recover the conservation E0(t) = E0(0) for 0 ≤ t ≤ δ

(note that v0 = u).

Proof. Let n ∈ N such that 1 ≤ n ≤ 3, p ≥ 1 is an odd integer, σ > 0, and δ > 0 be the

local existence time for the solution obtained in Theorem 4.3.1. Recall that vσ (x, t) =

cosh(σ |D|)u(x, t), where u is the solution to equation (1.1.4). Thus, u(x, t)= sech(σ |D|)vσ (x, t).

Now we use equation (4.4.6) and inequality (4.4.7) to obtain the a prior energy estimate

sup
0≤t≤δ

Eσ (t) = Eσ (0)+δσ
2.O

(
‖∂tvσ‖L∞

δ
L2

x
‖vσ‖p

L∞

δ
H2

)
, (4.4.12)
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where we use the notation

L∞

δ
X := L∞

t X([0,δ ]×Rn),

with X = L2
x or H2. As a consequence of Theorem 4.3.1, we get

‖vσ‖L∞

δ
H2 +‖∂tvσ‖L∞

δ
L2

x
= ‖u‖L∞

δ
Hσ ,2 +‖ut‖L∞

δ
Hσ ,0

≤C(‖u0‖Hσ ,2 +‖u1‖Hσ ,0)

=C
(
‖vσ (.,0)‖H2 +‖∂tvσ (.,0)‖L2

x

)
.

Thus,

‖vσ‖L∞

δ
H2 +‖∂tvσ‖L∞

δ
L2

x
≤C

(
‖vσ (.,0)‖H2 +‖∂tvσ (.,0)‖L2

x

)
. (4.4.13)

Since

Eσ (0) =
1
2

∫
Rn

(
[∂tvσ (x,0)]2 +(∆vσ (x,0))2 +m[vσ (x,0)]2 +

2
p+1

|vσ (x,0)|p+1
)

dx

≥C
(
‖vσ (.,0)‖H2 +‖∂tvσ (.,0)‖L2

x

)2
.

It follows from estimate (4.4.13) that

‖vσ‖L∞

δ
H2 +‖∂tvσ‖L∞

δ
L2

x
. [Eσ (0)]

1
2 . (4.4.14)

Finally using estimate (4.4.14) in equation (4.4.12), we obtain the desired estimate, equation

(4.4.11).

4.5 Main result and its proof

Theorem 4.5.1. (Lower bound for the radius of analyticity). Let n ∈ N such that 1≤ n≤ 3,

p≥ 1 be an odd integer and σ0 > 0. If (u0,u1) ∈ Hσ0,2(Rn)×Hσ0,0(Rn), then for any time

T > 0 the solution of (1.1.4) satisfies

(u,ut) ∈C
(
[0,T ];Hσ ,2(Rn)

)
×C1 ([0,T ];Hσ ,0(Rn)

)
,

with

σ := σ(T ) = min{σ0,cT−
1
2},
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where c > 0 is a constant depending on the initial data norm.

In view of the Paley-Wiener Theorem and (4.1.6), this result implies that the solution

u(., t) has radius of analyticity at least σ(t) for every t > 0. Applying the approximate

conservation law and local well-posedness theorems repeatedly, and then by taking σ > 0

small enough we can recover any time interval [0,T ] and obtain the main result Theorem

4.5.1.

Proof. Suppose that (u0,u1) ∈ Hσ0,2×Hσ0,0 for some σ0 > 0. This implies

vσ0(.,0) = cosh(σ0|D|)u0 ∈ H2, ∂tvσ0(.,0) = cosh(σ0|D|)u1 ∈ L2.

Then by Sobolev embedding,

Eσ0(0). ‖vσ0(.,0)‖
2
H2 +‖∂tvσ0(.,0)‖

2
L2

x
+‖vσ0(.,0)‖

p+1
H2 < ∞.

Now following the arguement in (Selberg and Tesfahun, 2015) (see also Selberg and Da Silva

(2015) ) we can construct a solution on [0,T ] for arbitrarily large time T by applying the

approximate conservation law (4.4.11), so as to repeat the local result in Theorem 4.4.4 on

successive short time intervals of size δ to reach T by adjusting the strip width parameter

σ ∈ (0,σ0) of the solution according to the size of T .

The goal is to prove that for a given parameter σ ∈ (0,σ0) and large T > 0,

sup
t∈[0,T ]

Eσ (t)≤ 2Eσ0(0) for σ = c/
√

T , (4.5.1)

where c > 0 depends only on the initial data norm, σ0 and p. This would imply Eσ (t) < ∞

for all t ∈ [0,T ], and hence

(u,ut)(., t) ∈ Hσ ,2×Hσ ,0 for σ = c/
√

T and t ∈ [0,T ].

Now to proceed to the proof of estimate (4.5.1) first observe that for a given parameter

σ ∈ [0,σ0] and 0 < t ≤ δ , by Theorem 4.3.1 and 4.5.1, we have

sup
t∈[0,t0]

Eσ (t)≤ Eσ (0)+ cδσ
2(Eσ (0))

p+1
2 ≤ Eσ0(0)+ cδσ

2(Eσ0(0))
p+1

2 .
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This holds true since coshr is increasing for r≥ 0 and it follows Eσ (0)≤ Eσ0(0) for σ ≤ σ0.

Thus,

sup
t∈[0,t0]

Eσ (t)≤ 2Eσ0(0), (4.5.2)

provided that

cδσ
2(Eσ0(0))

p+1
2 ≤ Eσ0(0). (4.5.3)

Then, we can apply Theorem 4.3.1, with initial time t = t0 and the time step δ as in

(4.3.2) to extend the solution to [t0, t0+δ ]. By Theorem 4.4.4, the approximate conservation

law, and (4.5.2) we have

sup
t∈[t0,t0+δ ]

Eσ (t)≤ Eσ (t0)+ cδσ
2(2Eσ0(0))

p+1
2 . (4.5.4)

In this way, we recover time intervals [0,δ ], [δ ,2δ ], [2δ ,3δ ] etc, and obtain

Eσ (δ )≤ Eσ (0)+ cδσ
2(2Eσ0(0))

p+1
2 ,

Eσ (2δ )≤ Eσ (δ )+ cδσ
2(2Eσ0(0))

p+1
2 ≤ Eσ (0)+ c2δσ

2(2Eσ0(0))
p+1

2 ,

Eσ (3δ )≤ Eσ (δ )+ cδσ
2(2Eσ0(0))

p+1
2 ≤ Eσ (0)+ c3δσ

2(2Eσ0(0))
p+1

2 .

Continuing this we arrive at

Eσ (nδ )≤ Eσ (0)+ cnδσ
2(2Eσ0(0))

p+1
2 ,

which continues as long as

cnδσ
2(2Eσ0(0))

p+1
2 ≤ Eσ0(0) (4.5.5)

and hence

Eσ (nδ )≤ Eσ (0)+ cnδσ
2(2Eσ0(0))

p+1
2 ≤ 2Eσ0(0).

Note also that inequality (4.5.3) follows from inequality (4.5.5). Thus, induction stops at the

first integer n for which

cnδσ
2(2Eσ0(0))

p+1
2 ≤ Eσ0(0),

42



and then we have reached the final time

T = nδ ,

when

cT σ
2(2Eσ0(0))

p−1
2 ≥ 1.

Note that T will be arbitrarily large for σ > 0 small enough. Moreover,

σ
2 >C−1(2Eσ0(0))

−p+1
2 T−1,

yields

σ ≥ cT−
1
2 ,

as claimed.

In conclusion, the local well-posedness result of the fourth order beam equation in the

space Hσ(t),2×Hσ(t),0 can be extended to global well-posedness as far as the radius of ana-

lyticity σ(t)∼ 1√
T

for any large time T .
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Chapter 5

Radius of analyticity of solution for the

fifth order KdV-BBM equation

5.1 Introduction

From day to day life it is necessary to study waves on water because many activities like

shipping, fishing and so on took place there. Remember that the fifth order KdV-BBM type

equation which describes the unidirectional propagation of water waves is given by

ηt+ηx− γ1ηxxt + γ2ηxxx +σ1ηxxxxt +σ2ηxxxxx

=−3
4
(η2)x− γ(η2)xxx +

7
48

(η2
x )x +

1
8
(η3)x,

(5.1.1)

with initial data

η(x,0) = η0(x). (5.1.2)

The unknown function is

η : R1+1→ R.

The parameters γ,γ1,γ2,σ1,σ2 are constants that satisfy certain constraints; see (Bona et al.,

2018; Carvajal and Panthee, 2020) for more details.

Here, our main concern is to get new lower bound on the radius of spatial analyticity

for the solution of Cauchy problem (5.1.1)-(5.1.2), given initial data in a class of analytic

functions. This improves the existing results on the lower bound for the fifth order KdV-

BBM equation.

5.2 Energy of the fifth order KdV-BBM equation

In the case γ = 7
48 , the energy

E(η(t)) :=
1
2

∫
R
(η2 + γ1η

2
x +σ1η

2
xx)dx (5.2.1)
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is conserved by the flow of (5.1.1). i.e.,

E(η(t)) = E(η(0)) for all t. (5.2.2)

Indeed, multiply (5.1.1) by η and integrating with respect to space, we have

∫
R

η
(
ηt+ηx− γ1ηxxt + γ2ηxxx +σ1ηxxxxt +σ2ηxxxxx

)
dx

=
∫
R

η
(
− 3

4
(η2)x− γ(η2)xxx +

7
48

(η2
x )x +

1
8
(η3)x

)
dx.

Using integration by parts, assuming the solution is sufficiently regular and using the follow-

ing identities,

ηηx =
1
2
(
η

2)
x , ηηxxx = (ηηxx)x−

1
2
(
η

2
x
)

x ,

ηηxxxxx = (ηηxxxx)x− (ηxηxxx)x +
1
2
(
η

2
xx
)

x ,

and

η
(
η

2)
x =

2
3
(
η

3)
x , η

(
η

3)
x =

3
4
(
η

4)
x ,

η(η2)xxx = 2
(
η

2
ηxx
)

x +η
(
η

2
x
)

x ,

ηηtxx = (ηηxt)x−
1
2
(η2

x )t ,

we have, ∫
R

(
ηηt− γ1ηηxxt +σ1ηηxxxxt

)
dx = 0.

Thus, it follows that
d
dt

∫
R
(η2 + γ1η

2
x +σ1η

2
xx)dx = 0,

and hence

E(η(t)) :=
∫
R
(η2 + γ1η

2
x +σ1η

2
xxdx)

is constant. In order to prove our main result, Theorem 5.5.1, we have to prove the following

local-in-time result, where the radius of analyticity remains constant as a first step.
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5.3 Local well-posedness in Hσ ,s(R)

Theorem 5.3.1. (Local well posedness). Let s ≥ 1, σ0 > 0 and η0 ∈ Hσ0,s(R). Then there

exists a unique solution

η ∈C([0,δ ];Hσ0,s(R)),

of the Cauchy problem (5.1.1)-(5.1.2) where the existence time is

δ ∼ (‖η0‖Hσ0,s(R)+‖η0‖2
Hσ0,s(R))

−1.

Moreover, ‖η‖L∞

δ
Hσ0,s(R) ≤ ‖η0‖Hσ0,s(R).

In order to prove Theorem 5.3.1 first we write the integral representation for the KdV-

BBM equation ( (5.1.1)-(5.1.2)) and then state a crucial lemma. Here we apply the contrac-

tion argument in the space Hσ0,s(R) to obtain local well-posedness result for the KdV-BBM

equation with the initial data in Hσ0,s(R) for s ≥ 1,σ0 > 0. Applying the spatial Fourier

transform to equation (5.1.1) it follows that,

η̂t + iξ η̂ + γ1ξ
2
η̂t− iγ2ξ

3
η̂ +σ1ξ

4
η̂t + iσ2ξ

5
η̂

=−3
4

iξ η̂2 + iγξ
3
η̂2 +

7
48

iξ η̂2
x +

1
8

iξ η̂3.

Re-arranging terms gives

∂t
(
1+ γ1ξ

2 +σ1ξ
4)

η̂ + iξ
(
1− γ2ξ

2 +σ2ξ
4)

η̂

=
1
4

iξ
(
−3+4γξ

2)
η̂2 +

7
48

iξ η̂2
x +

1
8

iξ η̂3.

Thus, it follows that

iη̂t−φ(ξ )η̂ = τ(ξ )η̂2− 1
8

ψ(ξ )η̂3− 7
48

ψ(ξ )η̂2
x , (5.3.1)

where

φ(ξ ) =
ξ (1− γ2ξ 2 +σ2ξ 4)

ϕ(ξ )
, ψ(ξ ) =

ξ

ϕ(ξ )
, τ(ξ ) =

ξ (3−4γξ 2)

4ϕ(ξ )
,

and ϕ(ξ ) = 1+ γ1ξ 2 +σ1ξ 4. Since γ1,σ1 > 0, a polynomial ϕ(ξ ) is always positive. Now,
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define the Fourier multiplier operators φ(D), ψ(D) and τ(D) as follows

F [φ(D) f ] = φ(ξ ) f̂ (ξ ), F [ψ(D) f ] = ψ(ξ ) f̂ (ξ ), F [τ(D) f ] = τ(ξ ) f̂ (ξ ).

Therefore, we can rewrite equation (5.3.1) in an operator form as

iηt−φ(D)η = F(η), (5.3.2)

where

F(η) = τ(D)η2− 1
8

ψ(D)η3− 7
48

ψ(D)η2
x . (5.3.3)

Thus, equations (5.3.2)-(5.3.3) together with the initial data (5.1.2) can be rewritten as

iηt = φ(D)η +F(η),

η(x,0) = η0(x).
.

By Duhamel’s formula the integral representation of equations (5.3.2)-(5.3.3) with initial

data η(x,0) = η0(x) is given by

η(t) = S(t)η0− i
∫ t

0
S(t− t ′)F(η)(t ′)dt ′, (5.3.4)

where S(t) = e−itφ(D) is a unitary operator in Hs(R) and hence also unitary in Hσ ,s(R). Next

we estimate F(η) in Hσ ,s(R).

Lemma 5.3.2. Let F(η) be defined as in equation (5.3.3). Then for s ≥ 1, σ > 0, we have

nonlinear estimate

‖F(η)‖Hσ ,s(R) . [1+‖η‖Hσ ,s(R)]‖η‖
2
Hσ ,s(R) for all η ∈ Hσ ,s(R). (5.3.5)

Proof. In (Carvajal and Panthee, 2020, Lemma 2.2-2.4) it was proved that

‖F(η)‖Gσ ,s(R) . [1+‖η‖Gσ ,s(R)]‖η‖
2
Gσ ,s(R). (5.3.6)

Then, estimate (5.3.5) follows from estimates (5.3.6) and (4.1.6).
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Now, we can prove Theorem 5.3.1 as follows. Define a mapping Γ by

Γ(η(t)) := S(t)η0− i
∫ t

0
S(t− t ′)F(η)(t ′)dt ′.

Here, we want to show that the mapping Γ is a contraction for some local time on a closed ball

with radius r > 0 and center at the origin in C([0,δ ] : Hσ ,s(R)). We choose the contraction

space

X =C([0,δ ] : Hσ ,s(R)),

with norm

‖η‖X = sup
0≤t≤δ

‖η‖Hσ ,s(R).

Also consider a closed ball of radius r in X where

Xr = {η ∈ X : ‖η‖X ≤ r}.

Then, Xr is a closed subspace of X and hence it is a Banach space as X is a Banach space.

We show Γ maps Xr in to Xr and Γ is a contraction mapping.

i) Γ maps Xr in to Xr. i.e., for all η ∈ Xr,Γ(η(t)) ∈ Xr.

‖Γ(η(t))‖Hσ ,s(R) =

∥∥∥∥S(t)η0− i
∫ t

0
S(t− t ′)F(η)(t ′)dt ′

∥∥∥∥
Hσ ,s(R)

≤ ‖η0‖Hσ ,s(R)+
∫ t

0

∥∥F(η)(t ′)
∥∥

Hσ ,s(R)dt ′

Now, taking the supremum over [0,δ ] on both sides, (Carvajal and Panthee, 2020,
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Lemma 2.2-2.4) and equation (5.3.3), it follows that

‖Γ(η(t))‖X ≤ ‖η0‖Hσ ,s(R)+
∫

δ

0

∥∥F(η)(t ′)
∥∥

Hσ ,s(R)dt ′

≤ ‖η0‖Hσ ,s(R)+
∫

δ

0

[
c1‖η‖2

Hσ ,s + c2‖η‖3
Hσ ,s + c3‖η‖2

Hσ ,s

]
dt

= ‖η0‖Hσ ,s(R)+δ

[
c4‖η‖2

Hσ ,s + c2‖η‖3
Hσ ,s

]
where c4 = c1 + c3

≤ ‖η0‖Hσ ,s(R)+δ

[
c4 sup

0≤t≤δ

‖η‖2
Hσ ,s + c2 sup

0≤t≤δ

‖η‖3
Hσ ,s

]
= ‖η0‖Hσ ,s(R)+δ

[
c4‖η‖2

X + c2‖η‖3
X

]
≤ ‖η0‖Hσ ,s(R)+δ [c4r2 + c2r3].

Choose r = 2‖η0‖Hσ ,s(R), then for any δ ≤ 1
2(c4r+c2r2)

, we have

‖Γ(η(t))‖X ≤ r.

Here it follows that the existing time is given by

δ ∼ (‖η0‖Hσ ,s(R)+‖η0‖2
Hσ ,s(R))

−1. (5.3.7)

ii) To prove the mapping is contraction, we need to show for all η1,η2 ∈ Xr

‖Γ(η1)−Γ(η2)‖X ≤ θ‖η1−η2‖X , where 0 < θ < 1.

For c4 = c1 + c3 and F(η) as in equation (5.3.3) it follows that

‖F(η1)−F(η2)‖Hσ ,s(R) ≤ c4
∥∥η

2
1 −η

2
2
∥∥

Hσ ,s(R)+ c2
∥∥η

3
1 −η

3
2
∥∥

Hσ ,s(R)

= c4‖(η1−η2)(η1 +η2)‖Hσ ,s(R)

+ c2
∥∥(η1−η2)(η

2
1 +η1η2 +η

2
2 )
∥∥

Hσ ,s(R)
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Since s > 1/2, by (4.1.6), Hσ ,s(R) is an algebra and it follows

‖F(η1)−F(η2)‖Hσ ,s(R) ≤ c4‖η1−η2‖Hσ ,s(R)‖η1 +η2‖Hσ ,s(R)

+ c2‖η1−η2‖Hσ ,s(R)c2
∥∥η

2
1 +η1η2 +η

2
2
∥∥

Hσ ,s(R)

≤ ‖η1−η2‖Hσ ,s(R)
[
c42r+ c23r2]

Thus,

‖Γ(η1)−Γ(η2)‖X ≤
∫

δ

0
‖F(η1)−F(η2)‖Hσ ,sdt

≤ δ‖η1−η2‖Hσ ,s(R)
[
c42r+ c23r2]

Now, if we choose δ = 1
2(2c4r+c23r2)

it follows

‖Γ(η1)−Γ(η2)‖X ≤
1
2
‖η1−η2‖X .

We conclude that Γ is contraction mapping and hence there exists a unique solution to

Cauchy problem (5.1.1)-(5.1.2) by Banach fixed point theorem. In (Carvajal and Panthee,

2020) uniqueness and continuous dependence of solution on initial data was proved. Thus,

due to equivalence of the Gervey space and the modified Gervey space, it follows that the so-

lution of the fifth order KdV-BBM equation exists and continuously dependent on the initial

data in the modified Gervey space.

5.4 Approximate conservation law of the KdV-BBM equa-

tion

Next, we need to prove an approximate conservation law for the norm of the solution, that

involves a small parameter σ > 0 and which reduces to the exact energy conservation law in

the limit as σ → 0. In order to derive this approximate conservation law, set

vσ (x, t) := cosh(σ |D|)η(x, t),
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where D = −i∂x and η(x, t) is solution of the KdV-BBM equation. The modified energy

associated with vσ (t) is given by

Eσ (t) =
1
2

∫
R
(v2

σ + γ1(∂xvσ )
2 +σ1(∂

2
x vσ )

2)dx. (5.4.1)

Observe that if σ = 0, we have vσ =η and therefore the energy equation (5.4.1) is conserved.

i.e., E0(t) = E0(0) for all t. However, this fails to hold for σ > 0. And hence we prove the

approximate conservation

sup
0≤t≤δ

Eσ (t) = Eσ (0)+σ
2.O

(
[1+(Eσ (0))]

1
2 (Eσ (0))

3
2

)
,

for δ as stated in the above Theorem 5.3.1. Thus as σ → 0, we recover the conservation

Eσ (t) = Eσ (0).

Fix γ1,σ2 > 0. Letting γ = 7
48 and applying the operator vσ := cosh(σ |D|)η to (5.1.1) it

follows that

∂tvσ+∂xvσ − γ1∂t∂
2
x vσ + γ2∂

3
x vσ +σ1∂t∂

4
x vσ +σ2∂

5
x vσ

=−3
4

∂x(v2
σ )− γ∂

3
x (v

2
σ )+ γ∂x(∂xvσ )

2 +
1
8

∂x(v3
σ )+N(vσ ),

(5.4.2)

where

N(vσ ) =

(
3
4
+ γ∂

2
x

)
∂xN1(vσ )− γ∂xN2(vσ )−

1
8

∂xN3(vσ ), (5.4.3)

with

N1(vσ ) = v2
σ − cosh(σ |D|)(sech2(σ |D|)vσ ),

N2(vσ ) = (∂xvσ )
2− cosh(σ |D|)(η2

x ),

N3(vσ ) = v3
σ − cosh(σ |D|)(sech3(σ |D|)vσ ).

(5.4.4)

Assuming that the solution is vanishing at infinity, using integration by parts and (5.4.2)-
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(5.4.4) it follows that

E ′σ (t) =
∫
R

vσ ∂tvσ + γ1∂xvσ ∂t(∂xvσ )+σ1∂xxvσ ∂t(∂xxvσ )dx

=
∫
R

vσ [∂tvσ − γ1∂t∂
2
x vσ +σ1∂t∂

4
x vσ ]dx

=
∫
R

vσ

[
∂xvσ + γ2∂

3
x vσ +σ2∂

5
x vσ +

3
4

∂x(v2
σ )+ γ∂

3
x (v

2
σ )− γ∂x(∂xvσ )

2− 1
8

∂x(vσ )
3
]

dx

+
∫
R

vσ N(vσ )dx.

The integral on the third line is zero (see (Belayneh et al., 2022)). Therefore,

E ′σ (t) =
∫
R

vσ (x, t)N(vσ (x, t))dx.

Consequently, integrating both sides with respect to time gives

Eσ (t) = Eσ (0)+
∫ t

0

∫
R

vσ (x, t ′)N(vσ (x, t ′))dxdt ′. (5.4.5)

We now state and prove a consecutive Lemmas that will help us to prove the approximate

conservation law.

Lemma 5.4.1. For N(vσ ) as in equations (5.4.3)-(5.4.4), we have the inequality

∣∣∣∫
R

vσ N(vσ )dx
∣∣∣≤ cσ

2
[
1+‖vσ‖H2(R)

]
‖vσ‖3

H2(R).

We aim to show

∣∣∣∫
R

vσ N(vσ )dx
∣∣∣≤ cσ

2
[
1+‖vσ‖H2(R)

]
‖vσ‖3

H2(R),

where N(vσ ) is given as in (5.4.3)-(5.4.4).

Using equation (5.4.3) and Plancherel Theorem, we get

∫
R

vσ N(vσ )dx =
∫
R

[
vσ (

3
4
+ γ∂

2
x )∂xN1(vσ )− γvσ ∂xN2(vσ )−

1
8

vσ ∂xN3(vσ )

]
dx

= I1 + I2 + I3
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where,

I1 =
∫
R

(
3
4
+ γ∂

2
x

)
vσ ∂xN1(vσ )dx,

I2 = γ

∫
R

∂xvσ N2(vσ )dx,

I3 =
1
8

∫
R

∂xvσ N3(vσ )dx.

Now, we need to show that

|I j|. σ
2‖vσ‖3

H2(R), j = 1,2, (5.4.6)

and

|I3|. σ
2‖vσ‖4

H2(R). (5.4.7)

In order to prove estimates (5.4.6)-(5.4.7), we need the following lemma.

Lemma 5.4.2. Let ξ = ∑
p
j=1 ξ j, ξ j ∈ R and p ∈ N, then

a) For p = 2, ∣∣∣∣1− cosh(σ |ξ |)
∏

2
j=1 cosh(σ |ξ j|)

∣∣∣∣≤ cσ
2|ξ1||ξ2|.

b) For p = 3, ∣∣∣∣1− cosh(σ |ξ |)
∏

3
j=1 cosh(σ |ξ j|)

∣∣∣∣≤ cσ
2
ξ

2
max

where ξ 2
max = max{ξ 2

1 ,ξ
2
2 ,ξ

2
3 } and c is a positive constant.

Proof. The proof was given in Lemma 4.4.2 for the more general case. However, for the

reader’s convinence we include the proof of (a) and (b) below.

(a) The hyperbolic identity

2

∏
j=1

cosh(σ |ξ j|) =
1
2

[
cosh(σ(|ξ1|− |ξ2|))+ cosh(σ(|ξ1|+ |ξ2|))

]
, (5.4.8)

can be rewritten as

2

∏
j=1

cosh(σ |ξ j|) = 2−1
∑
s2

cosh(σ (|ξ1|+ s2|ξ2|)), (5.4.9)
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where s2 is the independent signs (+ or −). It follows from equation (5.4.9) that

cosh
(

σ(|ξ1|+ s2|ξ2|)
)
+ cosh(σ |ξ |)≤ 4

2

∏
j=1

cosh(σ |ξ j|). (5.4.10)

Also observe that ∣∣∣∣(σ(|ξ1|+ s2|ξ2|))2− (σ |ξ |)2
∣∣∣∣≤ 2σ

2
2

∑
j 6=k=1

|ξ j||ξk|. (5.4.11)

Thus,

∣∣∣ 2

∏
j=l

cosh(σ |ξ j|)− cosh(σ |ξ |)
∣∣∣= ∣∣∣2−1

∑
s2

[
cosh(σ(|ξ1|+ s2|ξ2|))− cosh(σ |ξ |)

]∣∣∣.
(5.4.12)

From Lemma 4.4.1, inequality (5.4.10) and (5.4.11), it follows that

RHS of (5.4.12)

≤ 2−1
∑
s2

[
1
2

∣∣∣σ2
(
|ξ1|+ s2|ξ2|

)2
− (σ |ξ |)2

∣∣∣](cosh
(

σ(|ξ1|+ s2|ξ2|)
)
+ cosh(σ |ξ |)

)
≤ 2−1

∑
s2

(
σ

2
2

∑
j 6=k=1

|ξ j||ξk|
)

2
2

∏
j=1

cosh(σ |ξ j|)

= 4σ
2
( 2

∑
j 6=k=1

|ξ j||ξk|
) 2

∏
j=1

cosh(σ |ξ j|).

Dividing by ∏
2
j=1 cosh(σ |ξ j|), we arrive at the desired inequality.

(b) Multiplying equation (5.4.8) by cosh(σ |ξ3|) leads to

4
3

∏
j=1

cosh(σ |ξ j|) =
4

∑
j=1

cosh(σ(k j)), (5.4.13)

where k1 = |ξ1| − |ξ2| − |ξ3|, k2 = |ξ1| − |ξ2|+ |ξ3| , k3 = |ξ1|+ |ξ2| − |ξ3| and k4 =

|ξ1|+ |ξ2|+ |ξ3|.

Then (5.4.13) can be rewritten as

3

∏
j=1

cosh(σ |ξ j|) = 2−2
∑

s2,s3

cosh
(

σ(|ξ |+
3

∑
j=2

s j|ξ j|)
)
, (5.4.14)
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where s2,s3 are independent signs (+ or −). From equation (5.4.14) we get

cosh
(

σ(|ξ1|+
3

∑
j=2

s j|ξ j|)
)
+ cosh(σ |ξ |))≤ 8

3

∏
j=1

cosh(σ |ξ j|). (5.4.15)

Also observe that for an independent signs s2,s3, we have

∣∣∣σ2
(
|ξ1|+

3

∑
j=2

s j|ξ j|
)2
− (σ |ξ |)2

∣∣∣≤ 2σ
2

3

∑
j 6=k=1

|ξ j||ξk|. (5.4.16)

Applying (5.4.14) and(5.4.15) we have

∣∣∣ 3

∏
j=1

cosh(σ |ξ j|)−cosh(σ |ξ |)
∣∣∣= ∣∣∣2−2

∑
s2,s3

[
cosh

(
σ(|ξ1|+

3

∑
j=2

s j|ξ j|)
)
−cosh(σ |ξ |)

]∣∣∣.
(5.4.17)

Next, from Lemma 4.4.1 and inequality (5.4.16), we have

RHS of equation (5.4.17)

≤ 2−2
∑

s2,s3

1
2

∣∣∣σ2
(
|ξ1|+

3

∑
j=2

s j|ξ j|
)2
− (σ |ξ |)2

∣∣∣(cosh(σ(|ξ1|+
3

∑
j=2

s j|ξ j|))+ cosh(σ |ξ |))
)

≤ 2−2
∑

s2,s3

(
σ

2
3

∑
j 6=k=1

|ξ j||ξk|
)

4
3

∏
j=1

cosh(σ |ξ j|)

= 8σ
2
( 3

∑
j 6=k=1

|ξ j||ξk|
) 3

∏
j=1

cosh(σ |ξ j|).

Dividing by ∏
3
j=1 cosh(σ |ξ j|) leads to the desired result.

Proof of estimate (5.4.6): For j = 1, using Hölder inequality,

|I1|=
∣∣∣∣∫R (3

4
+ γ∂

2
x
)
vσ .∂xN1(vσ )dx

∣∣∣∣≤ ∥∥∥∥(3
4
+ γ∂

2
x
)
vσ

∥∥∥∥
L2

x(R)
‖∂xN1(vσ )‖L2

x(R)

. ‖vσ‖H2(R)‖∂xN1(vσ )‖L2
x(R).

Next, we show

‖∂xN1(vσ )‖L2
x(R) . σ

2‖vσ‖2
H2(R).
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Taking the spatial Fourier Transform of ∂xN1(vσ ) and using Lemma 5.4.2 (a), we obtain

∣∣∣Fx(∂xN1(vσ )(ξ ))
∣∣∣= ∫

ξ=ξ1+ξ2

|ξ |

∣∣∣∣∣ 2

∏
j=1

cosh(σ |ξ j|)− cosh(σ |ξ |)

∣∣∣∣∣|η̂(ξ1)||η̂(ξ2)|dξ1dξ2

=
∫

ξ=ξ1+ξ2

|ξ |
∣∣∣1− cosh(σ |ξ |)

∏
2
j=1 cosh(σ |ξ j|)

∣∣∣|v̂σ (ξ1)||v̂σ (ξ2)|dξ1dξ2

≤ 4σ
2
∫

ξ=ξ1+ξ2

|ξ1 +ξ2||ξ1||ξ2||v̂σ (ξ1)||v̂σ (ξ2)|dξ1dξ2.

Assume that |ξ1| ≤ |ξ2|, then

∣∣∣Fx(∂xN1(v)(ξ ))
∣∣∣≤ 4σ

2
∫

ξ=ξ1+ξ2

2|ξ1||v̂σ (ξ1)||ξ2|2|v̂σ (ξ2)|dξ1dξ2.

Set V = F−1
x (|v̂σ |), the it follows that

∣∣∣Fx(∂xN1(vσ )(ξ ))
∣∣∣≤ 8σ

2
∫

ξ=ξ1+ξ2

|ξ1|V̂ (ξ1)|ξ2|2V̂ (ξ2)|dξ1dξ2

= 8σ
2Fx[|D|V.|D|2V ](ξ ).

Taking an L2 norm, using Plancherel Theorem, applying Hölder inequality and Sobolev

embedding yields

‖∂xN1(v)(ξ )‖L2
x(R) ≤ cσ

2‖|D|V‖L∞
x (R)

∥∥|D|2V
∥∥

L2
x(R)

. σ
2‖V‖2

H2(R)

. σ
2‖vσ‖2

H2(R).

Thus estimate (5.4.6) holds true for j = 1.

To prove the case j = 2, first claim that

∥∥〈D〉−1N2(vσ )
∥∥

L2
x(R)

. σ
2‖vσ‖2

H2(R).

Taking the Fourier Transform of N2(vσ ), using Lemma 5.4.2(a) and η̂x(ξ ) = iξ η̂(ξ ), we
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obtain∣∣∣∣Fx(N2(vσ )(ξ ))

∣∣∣∣= ∫
ξ=ξ1+ξ2

∣∣∣∣ 2

∏
j=1

cosh(σ |ξ j|)− cosh(σ |ξ |)
∣∣∣∣|ξ1||ξ2||η̂(ξ1)||η̂(ξ2)|dξ1dξ2

≤ 4σ
2
∫

ξ=ξ1+ξ2

|ξ1||ξ2||ξ1||ξ2||v̂σ (ξ1)||v̂σ (ξ2)|dξ1dξ2

= 4σ
2
∫

ξ=ξ1+ξ2

|ξ1|2||v̂σ (ξ1)|ξ2|2|v̂σ (ξ2)|dξ1dξ2

= 4σ
2Fx[|D|2V.|D|2V ](ξ ).

By Plancherel Theorem, we have

‖N2(vσ )‖L2
x
≤ 4σ

2∥∥|D|2V.|D|2V
∥∥

L2
x
. (5.4.18)

In the case of one dimension, from (Tao, 2006, the inhomogeneous Sobolev embedding

A.12) we have

‖ f‖Lq
x(R) . ‖ f‖W s,p

x (R) provided that
1
p
=

1
q
+ s.

Thus,

‖ f‖Lq(R) . ‖〈D〉
s f‖Lp(R) ⇐⇒

∥∥∥〈D〉−1/2 f
∥∥∥

L2(R)
. ‖ f‖L1(R),

and it follows that ∥∥〈D〉−1 f
∥∥

L2
x(R)

. ‖ f‖L1
x(R).

Using estimate (5.4.18), Hölder inequality and the above inequality, we have

∥∥〈D〉−1N2(vσ )
∥∥

L2
x(R)
≤ 4σ

2∥∥〈D〉−1(|D|2V.|D|2V )
∥∥

L2
x(R)

. σ
2∥∥|D|2V.|D|2V

∥∥
L1

x(R)

. σ
2∥∥|D|2V

∥∥
L2

x(R)
∥∥|D|2V

∥∥
L2

x(R)

. σ
2‖V‖H2.‖V‖H2(R)

∼ σ
2‖vσ‖2

H2(R).

Hence the claim. Also note that by Plancherel Theorem

∫
R

∂xvσ .N2(vσ )dx =
∫
R
〈D〉∂xvσ .〈D〉−1N2(vσ )dx.
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Next, by Hölder inequality, we have

|I2|=
∣∣∣∣∫R ∂xvσ .N2(vσ )dx

∣∣∣∣≤ ‖〈D〉∂xvσ‖L2
x(R)
∥∥〈D〉−1N2(vσ )

∥∥
L2

x(R)

. ‖vσ‖H2(R)
∥∥〈D〉−1N2(vσ )

∥∥
L2

x(R)
.

Thus, it follows that

|I2|. σ
2‖vσ‖3

H2(R).

Proof of estimate (5.4.7): By Hölder inequality, we have

|I3|=
1
8

∣∣∣∣∫R ∂xvσ N3(vσ )dx
∣∣∣∣

. ‖∂xvσ‖L2
x(R)‖N3(vσ )‖L2

x(R)

. ‖vσ‖H1(R)‖N3(vσ )‖L2
x(R).

But, using Fourier Transform of N3(vσ ), we get

∣∣∣Fx(N3(vσ ))(ξ )
∣∣∣

=
∫

ξ=ξ1+ξ2+ξ3

∣∣∣ 3

∏
j=1

cosh(σ |ξ j|)− cosh(σ |ξ |)
∣∣∣|η̂(ξ1)||η̂(ξ2)||η̂(ξ3)|dξ1dξ2dξ3.

By symmetry, we may assume |ξ1| ≤ |ξ2| ≤ |ξ3|, then by Lemma 5.4.2 (b), we have

∣∣∣Fx(N3(vσ ))(ξ )
∣∣∣≤Cσ

2
∫

ξ=ξ1+ξ2+ξ3

|v̂σ (ξ1)||v̂σ (ξ2)||ξ3|2|v̂σ (ξ3)|dξ1dξ2dξ3.

Similarly, setting V = F−1
x (|v̂σ |) gives

|Fx(N3(vσ ))(ξ )| ≤Cσ
2Fx(V.V.|D|2V )(ξ ).

Next, by taking an L2 norm, using Plancherel Theorem and applying Hölder inequality, we
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get

‖Fx(N3(vσ ))(ξ )‖L2
x(R) . σ

2∥∥V 2.|D|2V
∥∥

L2
x(R)

. σ
2‖V‖2

L∞
x (R)

∥∥|D|2V
∥∥

L2
x(R)

. σ
2‖V‖2

H2(R)‖V‖H2(R)

. σ
2‖V‖3

H2(R)

. σ
2‖vσ‖3

H2(R),

which concludes estimate (5.4.7). This completes proof of Lemma 5.4.1.

Theorem 5.4.3. (Almost conservation law). Let η0 ∈Hσ ,2(R), suppose that η ∈C([0,δ ];Hσ ,2(R))

is the local in time solution to the Cauchy problem (5.1.1)-(5.1.2) that is constructed in The-

orem 5.3.1. Then

sup
0≤t≤δ

Eσ (t) = Eσ (0)+σ
2
δ .O

(
[1+(Eσ (0))

1
2 ](Eσ (0))

3
2

)
. (5.4.19)

Proof. In view of equation (5.4.5) and Lemma 5.4.1, we have the a prior energy estimate

sup
0≤t≤δ

Eσ (t) = Eσ (0)+σ
2.O

(
[1+‖vσ‖L∞

δ
H2]‖vσ‖3

L∞

δ
H2

)
, (5.4.20)

where L∞

δ
H2 := L∞

t H2([0,δ ]×R).

By Theorem 5.3.1, we have the bound,

‖vσ‖L∞

δ
H2(R) = ‖η‖L∞

δ
Hσ ,2(R) ≤ c‖η0‖Hσ ,2(R) = c‖v0‖H2(R), (5.4.21)

where δ is as in Theorem 5.3.1. Also from the modified energy we have

E0(t) =
1
2

∫
R
[vσ (x,0)]

2 + γ1 [∂xvσ (x,0)]
2 +σ1

[
∂

2
x vσ (x,0)

]2
dx

∼ ‖vσ (.,0)‖2
H2(R)
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From a prior energy estimate equation (5.4.20), we get

sup
0≤t≤δ

Eσ (t) = Eσ (0)+ cσ
2
δ .O

(
[1+‖v‖L∞

δ
H2(R)]‖v‖

3
L∞

δ
H2(R)

)
. Eσ (0)+ cσ

2
δ .O

(
[1+(Eσ (0))1/2](Eσ (0))3/2

)
.

This completes proof of Theorem 5.4.3.

5.5 Main result and its proof

In the study of lower bound for the radius of spatial analyticity of equation (5.1.1), we use

the idea introduced in (Dufera et al., 2021) where an exponential weight, exp(σ |ξ |) in the

Gevrey space is replaced by hyperbolic weight, cosh(σ |ξ |) to improve the result significantly

showing that σ(t) can not decay faster than 1/
√

t for large time t.

Previously we state that by the Paley-Wiener Theorem, the radius of analyticity of a

function can be related to decay properties of its Fourier transform. Thus, in this study a

class of analytic function spaces suitable to study analyticity of solution of the KdV-BBM

equation is the modified-Gevrey class. We are considering initial data in the space Gσ ,s(R)

(also in Hσ ,s(R) due to norm equivalence (4.1.6)) because of the analyticity properties of

Gevrey functions, which are detailed in the Paley-Weiner theorem.

Observe that the statment of Paley-Wiener Theorem still holds for function in Hσ ,s(R)

because of norm equivalence (4.1.6). Particularly if σ = 0, it follows that H0,s(R)=G0,s(R)=

Hs(R). We note that because of the embedding,

Hσ ,s(R)⊂ Hs(R) (σ ≥ 0), (5.5.1)

and the existing well-posedness theory in Hs(R)(see Bona et al. (2018) ), we conclude that

the KdV-BBM equation (with γ1,σ1 > 0 and γ = 7/48) has a unique, smooth solution for all

time, given initial data η0 ∈ Hσ0,s(R) for all σ0 > 0 and s ∈ R. Now, we can state our main

result in this dissertation as follows.

Theorem 5.5.1. Suppose the parameters γ1,σ1 > 0 and γ = 7
48 . Let η be the global solution

of (5.1.1)-(5.1.2) with η0 ∈ Hσ0,2(R) for σ0 > 0, then

η(t) ∈ Hσ(t),2(R) for all t > 0,
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with the radius of analyticity σ(t) satisfying the lower bound

σ(t)∼ c/
√

t as t→ ∞,

where c > 0 is constant depending on the initial data norm ‖η0‖Hσ0,2(R).

Thus, the solution η(x, t) at any time t is analytic in the strip sσ(t), which implies that the

solution has radius of analyticity at least σ(t) for all time t due to equivalence (4.1.6) and

Paley-Wiener Theorem.

Proof. Suppose that the initial data η(x,0) = η0(x) ∈ Hσ0,2(R) for some σ0 > 0. From the

local well-posedness theory there is a unique solution η ∈ C([0,δ ];Hσ0,2(R)) of the KdV-

BBM equation constructed in Theorem 5.3.1 with existence time

δ ∼ (‖η0‖Hσ ,s(R)+‖η0‖2
Hσ ,s(R))

−1.

Note that

vσ0(.,0) := cosh(σ0|D|)η0 ∈ H2(R).

Then

Eσ0(0)∼ ‖vσ0(.,0)‖
2
H2(R) < ∞.

Next, we follow the argument in (Selberg and Da Silva, 2015; Selberg and Tesfahun,

2015) to construct a solution on the interval [0,T ] for arbitrarily large time T where we

apply the approximate conservation law in Theorem 5.4.3, equation (5.4.19) so as to repeat

the above local result on successive short time intervals of size δ to reach the arbitrary large

time T by adjusting the strip width parameter δ ∈ (0,σ0] according to the size of T .

The main goal is to prove that for a given parameter δ ∈ (0,σ0] and large time T > 0,

sup
0≤t≤T

Eσ (t)≤ 2Eσ0(0) (5.5.2)

for σ(t)≥ c/
√

T , where the constant c depends only on the initial data norm. Thus, Eσ (t)<

∞ for t ∈ [0,T ], which in turn implies

η(t) ∈ Hσ(t),2(R) for all t ∈ [0,T ].
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To prove (5.5.2), first observe that for a given parameter 0 < δ < σ0 and 0 < t0 ≤ δ , by

Theorem 5.3.1 and 5.4.3, we have

sup
0≤t≤t0

Eσ (t)≤ Eσ (0)+ cσ
2
δ [1+(Eσ (0))1/2](Eσ (0))3/2)

≤ Eσ0(0)+ cσ
2
δ [1+(Eσ0(0))

1/2](Eσ0(0))
3/2).

This is true because for σ ∈ (0,σ0), Eσ (0)≤ Eσ0(0). Thus,

sup
0≤t≤t0

Eσ (t)≤ 2Eσ0(0),

provided that

cσ
2
δ [1+(Eσ0(0))

1/2](Eσ0(0))
3/2 ≤ Eσ0(0). (5.5.3)

Next, we apply Theorem 5.3.1 with initial time t = t0 and the time with step size δ as in

(5.3.7) to extend the solution from [0, t0] to [t0, t0 +δ ]. From Theorem 5.4.3 and assumption

(5.5.3), we have

sup
t0≤t≤t0+δ

Eσ (t)≤ Eσ (t0)+ cσ
2
δ

[
1+(2Eσ0(0))

1/2
][

(2Eσ0(0))
3/2
]
. (5.5.4)

In this way, we cover all time intervals [0,δ ], [δ ,2δ ], [2δ ,3δ ] etc of size δ and obtain

Eσ (δ )≤ Eσ (0)+ cσ
2
δ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2

Eσ (2δ )≤ Eσ (δ )+ cσ
2
δ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2

≤ Eσ (0)+ cσ
22δ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2

Eσ (3δ )≤ Eσ (0)+ cσ
23δ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2.

In a similar way we have,

Eσ (nδ )≤ Eσ (0)+ cσ
2nδ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2.

We repeatedly continue this process as long as

cσ
2nδ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2 ≤ Eσ0(0). (5.5.5)
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Thus, it follows that Eσ (nδ )≤ Eσ (0)+ cσ2nδ [1+(2Eσ0(0))
1/2](2Eσ0(0))

3/2 ≤ 2Eσ0(0).

The induction stops at the first integer n for which

cσ
2nδ [1+(2Eσ0(0))

1/2](2Eσ0(0))
3/2 ≥ Eσ0(0),

and then we have reached the finite time

T = nδ ,

when cσ2T [1+(2Eσ0(0))
1/2](2Eσ0(0))

1/2 ≥ 1.

Note that T is arbitrary large for σ > 0 small enough. Moreover,

σ
2 > c−1

(
[1+(2Eσ0(0))

1/2](2Eσ0(0))
1/2
)−1

.(T )−1,

and this proves σ(t)≥ c/
√

T .

From the result obtained, we conclude that using local well-posedness and approximate

conservation low in the newly modified Gervey space can improve the existing radius of

spatial analyticity for the solution of fifth order KdV-BBM equation. We treat this problem

only in one dimension and hence the higher dimension is still an open problem.
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Chapter 6

Conclusion and Recommendation

6.1 Conclusion

In this dissertation we consider beam equation, which arises in the study of weak interac-

tion of dispersive waves in one dimension and fifth order KdV-BBM equations describing

the unidirectional propagation of water waves. In order to forcast and reduce the damage

caused by water waves it is necessary to study about the radius of spatial analyticity for

the solution of the governing equation. Accordingly, we introduced a new weight function

cosh(σ |D|) instead of the earlier function exp(σ |D|) and hence define new space. Then we

define and show equivalence of modified Gervey space Hσ ,s(Rn) and the existing Gervey

space Gσ ,s(Rn).

From the modified Gervey space and the existing Paley-Wiener theorem, the solution

of both beam and fifth order KdV-BBM equations has radius of analyticity at least σ(t)

for every time t > 0. Following the work of (Selberg and Tesfahun, 2015) on the Dirac

Klein Gordon equations, we find the energy, show local well-possednes in the new space

and finally state and prove an approximate conservation laws for the norm of solutions. The

approximate conseravtion law involves a small parameter σ > 0 that reduces to the exact

energy conservation law in the limit as σ → 0. Applying the local well-posedness theorem

and approximate conservation law repeatdly, and then by taking σ > 0 small enough we

can recover any time interval [0,T ] for large T and obtain the lower bound σ(t) . 1√
T

.

This improves the previous works on lower bounds of the beam and fifth order KdV-BBM

equations.

6.2 Recommendation

In mathematics, there is no one fixed way to study about nature of problems, anlysis of

solutions and so on. For example, when we come specifically to this study, in order to

improve the radius of spatial analyticity for the solution of many dispersive PDEs one way

64



can be introducing a new space and define appropreate norm. Thus, others may consider

another spaces. The last, but not the least is to check equivalence of the new space and the

existing Gervey space Gσ ,s. For the fifth order KdV-BBM equation the higher dimension

n > 1 is still an open problem. Since we consider only the beam and fifth order KdV-BBM

equations, one can check if this newly introduced space is applicable in the analysis of lower

bound on the radius of spatial analyticity for other non linear dispersive partial differential

equations and extend the idea.

6.3 Future work

For n ∈ N we can extend our work to n = 2,3, . . . dimensions for the fifth order KdV-BBM

equation. Using this new space we can further apply it on different water wave models like

Kawahara equation and Airy equation. More over we can also try to introduce another new

space to improve the erlier results we achieved.
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