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Abstract

Due to the advancement of thermal devices in engineering systems, the utilization of

nanofluid has been playing a vital role in the process of cooling electronic devices and

heat transfer enhancement in many industrial manufacturing processes. Thus, the

study of a boundary layer flow of a magnetic nanofluid has gained considerable in-

terest owing to its extensive engineering applications. Therefore, in this dissertation,

the combined applications of boundary layer flow of magnetic nanofluid and porous

medium (Darcian and non-Darcian porous medium) in the process of heat and mass

transfer enhancement cases are investigated. Following this, computational analysis is

done on specific fluid flow problems such as mixed convection flow of a radiating mag-

netic nanofluid past a convectively heated stretching/shrinking sheet in Darcian porous

medium, Magnetite Ferrofluid (Fe3O4-H2O) flow past a convectively heated permeable

stretching/shrinking sheet in a Darcy-Forchheimer porous medium and temporal stabil-

ity analysis of unsteady slip flow of chemically reactive and radiative magnetic nanofluid

past a convectively heated permeable stretching/shrinking sheet in a non-Darcian porous

medium. Using appropriate similarity transformations the governing nonlinear partial

differential equations are converted into a system of nonlinear ordinary differential

equations and then solved numerically using the shooting method with Runge-Kutta-

Fehlberg fourth-fifth order integration procedure in MAPLE software. Dual solutions are

observed numerically, and their characteristics are analyzed through a hydrodynamic

stability analysis. The effects of the pertinent parameters on velocity, temperature,

and species concentration profiles are discussed thoroughly. Furthermore, the effects of

these parameters on the skin friction coefficient, the Nusselt number, and the Sherwood

number are analyzed through graphs and tables. The stability analysis indicates that a

stable and physically realizable solution appeared in the upper branch solutions, whereas

the second solution is unstable. Moreover, a positive smallest eigenvalue in the upper

branch solutions is obtained

Keywords: Stagnation point flow; Porous medium; Shrinking/Stretching sheet;

Convective heating; Dual Solutions; Magnetic Nanofluid; Stability analysis.
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Chapter 1

Introduction to the Dissertation

1.1 Background of the Study

In this chapter, basic definitions of the physical properties in fluid flow needs to describe

the boundary layer flow of magnetic nanofluid with heat and mass transfer characteris-

tics is introduced. Along with the fundamental laws of conservation, they can be used

to solve specific problems related to fluid flow problems in different physical conditions.

1.1.1 Magnetohydrodynamic and its Applications

Fluid dynamics, like the study of any other branches of science, need mathematical

analysis as well as experimentation. The analytical approach helps us finding the

solution of certain idealized and simplified problems and understands the unity behind

apparently dissimilar phenomena as stated by Chand (2017). The field is very vast and

has given birth to other subjects like meteorology, Newtonian flows, non-Newtonian

flows, gas dynamics and magnetohydrodynamics (MHD), etc.

Magnetohydrodynamic (MHD) denotes the study of the dynamics of electrically

conducting fluids in a magnetic fields. The field of MHD was initiated by the Swedish

Physicist Hannes Olof Alfven (1908-1995), who received the Nobel Prize in Physics

in 1970 for fundamental work and discoveries in magnetohydrodynamics with fruitful

applications in different parts of plasma physics (Falthammar, 1997). MHD establishes

a coupling between the Navier-Stokes equations for fluid dynamics and Maxwell’s for

electromagnetism. The main concept behind magnetohydrodynamics is that magnetic

fields can induce currents in a moving electrically conductive fluids but non-magnetic

fluids such as liquid sodium, electrolytes, molten salts, plasmas (highly ionized gases),

among others as mentioned by Sarojini et al. (2013) and Zakaria et al. (2009) which

in turn creates forces on the fluid and influence the magnetic field itself. This makes

the problem highly nonlinear.

Faraday discovered the law of electromagnetic induction in 1831 and gave its math-

ematical description which is the production of an electromotive force (emf) across a

conductor when it is exposed to a time varying magnetic field (Davidson, 2002). The
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fundamental concept behind MHD is that magnetic fields can induce currents in a mov-

ing conductive fluid, which in turn creates forces on the fluid and changes the magnetic

field itself. As a result, these currents experience a mechanical force, known as Lorentz

force, due to the presence of magnetic field which tends to modify the original fluid

motion. Thus, the essential feature of the physical situation is the mutual interaction

between the fluid motion and magnetic field which forms the basis of all MHD fluid flow

problems. Thus, the science of MHD covers several natural phenomena and various

engineering processes.

Figure 1.1.1: Interaction among magnetic field, Current and plasma flow.
(Sheikholeslami and Ganji, 2016)

The principles of MHD are highly relevant in today’s engineering processes and

biomedical applications; research on methods to target chemotherapy drugs in the

human body includes the analysis of bio-compatible magnetic nano carrier systems,

for example magnetic liquids such as ferrofluids. Models developed to investigate the

effects of an external magnetic field and its interaction with blood flow containing a

magnetic carrier substance are based on the principles of MHD which clearly shows the

importance of MHD in magnetic drug targeting as explianed in the paper by Gupta

(2016a).

The most widespread applications of MHD is in metallurgical process viz. elec-

tromagnetic stirring, casting and levitation. In casting operations, magnetic fields

are used to dampen the motion of the liquid metal to promote a more quiescent

process, thus minimizing contamination (Mortuja Sarkar and Sahoo, 2021). Other

applications of MHD in metallurgy include, electromagnetic (non-contact) casting of

aluminum, vacuum-arc re-melting titanium and nickel-based super alloys, electromag-
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netic removal of non-metallic inclusions from melts, electromagnetic launchers and the

so called cold-crucible induction melting process, in which the melt is protected from

the crucible walls by thin solid crust of its own material. A detailed explanation about

MHD applications is obtained in Davidson (2002).

Hartman in 1937 presented an excellent idea which cemented the direction of mod-

ern research in MHD flow (Hartman, 1937). He was the first person who studied the

flow of a viscous, incompressible and electrically conducting fluid within a parallel plate

channel in the presence of transverse magnetic field. The experimental investigation

of modern MHD flow in laboratory was performed by Hartman and Lazarus (1937)

who designed a magnetic pump to put mercury in motion in the presence of trans-

verse magnetic field. After these famous investigations, a series of experiments were

performed by engineers and applied physicists to study the basic features of MHD flow

and to find its applications in fluid engineering, namely, power generation (Steg and

Sutton, 1960), accelerators, induction type pumps used in nuclear reactor (Blake, 1959),

mechanical engineering manufacturing process (Ryabinin and Khozhainov, 1967) and

plasma aerodynamics (Takenouchi, 1985).

MHD technology is commonly used today by engineers, for instance, in heat trans-

fer systems, in the production of shock absorbers, production of flow meters, process of

stirring molten metals during solidification, dampen undesired convection-driven flow

during casting, filter out impurities, melt and even levitate metals , petroleum indus-

tries, MHD power generator designs, design for cooling of nuclear reactors, and con-

struction of heat exchangers (Gautam et al., 2020),(Ibrahim and Tulu, 2019), (Makinde,

2008), (Griesse and Kunisch, 2006).

1.1.2 Heat and Mass Transfer

Temperature imbalance between layers of fluid or between boundary and the surround-

ing environment results in temperature variations within the fluid. The temperature

gradient within the system may also arise from viscous dissipation, absorption of ther-

mal radiations and release of energy when vaporized fluid condenses (Seth et al., 2016)

and (Kumar et al., 2017b). The quantity that transfers from one system to another

system at lower temperature, by virtue of the temperature difference, when the two

are brought into contact is called heat (Kreith et al., 2011). Heat transfer is considered
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as a primary process of energy transportation which forms a foundation for thermal

power generation, and is commonly encountered in industrial and engineering systems,

namely, chemical and food plants, in designing of power stations, aerodynamic heat-

ing, extraction of energy from atomic piles, cooling of high power motors, high speed

aircraft, atmospheric re-entry of vehicles, utilization of heat stored in the subterranean

layer of the earth, heat exchangers using liquid metal coolant, etc.(Dessie and Kishan,

2014) and (Kumar et al., 2018)

There are three types of thermal energy transport: conduction, convection and

radiation. In various types of studies related to heat transfer or thermal transport,

considerable effort has been directed in the convection mode, in which heat transfer

process takes place with the motion of the fluid.

Conduction is the process of heat transfer by molecular motion, supplemented in

some cases by the flow of free electrons, through a body (solid) from a region of high

temperature to a region of low temperature (Holman, 2009). Heat transfer by conduc-

tion also takes place across the interface between two bodies in contact when they are

at different temperature. Conduction is greater in solids, where atoms are in contact.

In liquids (except liquid metals) and gases, the molecules are usually further apart,

giving a lower chance of molecules colliding and passing on thermal energy. The heat

transfer rate must be vanished when the medium is equilibrium.

Conduction heat transfer is described macroscopically by Fourier’s law, which is

~q =−k(T )A∇T, (1.1.1)

where ~q is the quantity of heat transmitted, T is the temperature, k(T ) is the transport

property known as thermal conductivity, A is the area through which the heat is flow-

ing, ∇=~i ∂∂x +~j ∂∂y +~k ∂
∂z is the vector differential operator. The magnitude of thermal

conductivity for a given substance mainly depends on its microscopic structure and

also tends to vary somewhat with temperature. Metals are usually the best conductors

of thermal energy. However, fluids (liquids and gasses), except liquid metals, are not

typically good conductors. This is due to the large distance between atoms in a gas:

fewer collisions between atoms means less conduction. As density decreases so does

conduction. Conductivity of gases increases with temperature but only slightly with

pressure near and above atmospher. Conduction does not occur at all in a perfect
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vacuum.

Convection is a mode of heat transfer in fluids, wherein the moving fluid particles

carry heat in the form of internal energy (Holman, 2009). Convection arises due to

body forces acting within the fluid, e.g. gravity (buoyancy) or surface forces acting at

the boundary of the fluid. Convection heat transfer rate is described by Newton’s law

of cooling, which is

~q = hA(Tf −T ), (1.1.2)

where ~q is the quantity of heat transmitted, T is the temperature, h is the material

property known as convective heat transfer, A is the area through which the heat is

flowing.

Three types of convective heat transfer occur, viz. free or natural convection,

forced convection and mixed convection. A convection process, where fluid motion is

induced by buoyancy forces resulting from density variation caused by temperature

differences in the fluid, is termed free or natural convection while a convection process,

where the fluid motion is created by external influences such as pressure drop or an

agitator, is known as forced convection. When both the free and forced convections

occur simultaneously, the convection process is termed as mixed convection.

Radiation is the energy emitted by matter in the form of electromagnetic waves

(or photons) as a result of the changes in the electronic configurations of the atoms

or molecules (Holman, 2009). Unlike conduction and convection, the transfer of heat

by radiation does not require the presence of an intervening medium. This allows

heat to be transferred between two bodies over great distances. In this way the earth

receives a large energy flow from the sun. In heat transfer studies we are interested on

electromagnetic radiation that is propagated as a result of a temperature difference;

this is called thermal radiation (Cengel and Ghajar, 2007). It differs from other forms

of electromagnetic radiation such as x-rays, gamma rays, microwaves, radio waves,

and television waves that are not related to temperature. All bodies at a temperature

above absolute zero emit thermal radiation. The phenomenon of radiative heat transfer

is important with regard to various applications in manufacturing design of nuclear

power plants and various engineering processes (Kumar et al., 2017a). The proper

understanding of mechanism of solar radiation has major importance in the design of

advanced energy conversion systems performed at higher temperature. Examples of

5



such systems include astrophysical flows, space vehicle re-entry, solar power technology

and fossil fuel combustion energy (Kumar et al., 2018). The radiation heat transfer

phenomenon is described macroscopically by a modified form of the Stefan-Boltzmann

law, which is

Q̄= ε̄σ∗T 4
s , (1.1.3)

where Q̄ is the rate at which energy is released per unit area, σ∗ is the Stefan-Boltzmann

constant and ε̄ is a radiative property of the surface termed emissivity that character-

izes how effectively the surface radiates with values in the range of 0 ≤ ε̄ ≤ 1 and Ts

is the absolute temperature of the surface. Thermal radiation takes place according

to the fourth power of the absolute temperature of the surface. Controlling the effects

of radiation in fluid flow and heat transfer problems has vigorous significance in engi-

neering processes, nuclear plants, space vehicles, gas turbines, and satellites involving

high temperatures needed in designing specific equipment (Jamil et al., 2020).

Mass transfer is the transport of one or more components of a mixture, of fluid or

solid material, within a fluid-fluid interface or a fluid-solid interface. Mass transport

within a fluid-fluid interface or a fluid-solid interface is called mass transfer (Baehr and

Stephan, 2011). The driving forces for mass transfer are concentration, temperature

or pressure gradients. The most common of these three is mass transfer due to a

concentration gradient. As experience tells us, the components of a mixture move from

regions of higher concentration to those with lower concentration. Equilibrium with

respect to mass transfer is realised when the driving force, in this case the concentration

difference, has disappeared.
Mathematically mass diffusion can be described by the diffusion equation. This

equation is derived from Fick’s law, which states that the net movement of diffusing
substance from higher concentration to lower concentration, per unit area of cross
section (the flux) is proportional to the concentration gradient (Bergman et al., 2011).

~JA =−DAB∇CA, (1.1.4)

where ~JA is the molar flux relative to the molar average velocity, DAB is the mass

diffusivity or diffusion coefficient for component A diffusing through component B

which depends on the diffusing species and the material through which diffusion occurs

and ∇CA is is the concentration gradient. An analogous statement of Fick’s law, for
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heat instead of concentration, is Fourier’s law.

Mass transfer processes can be found in various ways in both nature and technol-

ogy. For instance, in highly developed plants and animals there is a circulatory systems

which serve the supply of nutrition and energy, separation processes in chemical engi-

neering such as the drying of solid materials, distillation and extraction are all affected

by the processes of mass transfer, in the production of materials in order to obtain the

desired properties of a substance, and also in chemical reactions including combustion

processes are often decisively determined by mass transfer (Baehr and Stephan, 2011).

1.1.3 Viscous Dissipation

The irreversible conversion of mechanical energy to internal energy or heat due to vis-

cous effects is known as viscous dissipation of energy (Rashad et al., 2014). Viscous

dissipation affects heat transfer and temperature distribution in the flow regime by

playing a role like an energy source, which leads to affect heat transfer rate and hence

it is sometimes important to consider the effects of viscous dissipation in fluid flow

and heat transfer problems (Ibrahim and Tulu, 2019). A fluid flowing past a stretch-

ing/shrinking sheet embedded in porous medium gains some velocity as well as kinetic

energy and this kinetic energy is converted into the heat energy which leads to the

inclusion of porous dissipation term in addition to viscous dissipation term in energy

equation (Kausar et al., 2019).

Viscous dissipation is of significance in natural convection in various devices that

are subjected to large variations of gravitational force or that operate at high rotational

speeds (Rashad et al., 2014). Currently, different researchers are investigating MHD

boundary layer flows in porous media with the effect of viscous dissipation on free,

mixed, and forced convective flows.

1.1.4 Chemical Reaction

A fluid flow is affected by chemical reactions that take place in it. When chemical

reactions occur either energy is used or dissipated resulting in processes known as

endothermic and exothermic reactions (Jan et al., 2019). Consequently, fluid properties

are affected . Boundary layer flow of nanofluid with heat and mass transfer problems

in the presence of chemical reaction are of importance in many processes and have,
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therefore, received considerable amount of attention in recent times (Sehra et al., 2021).

Chemical reactions can be modeled as either homogeneous or heterogeneous pro-

cesses. This depends on whether they occur at an interface or as a single phase volume

reaction. A homogeneous reaction is one that occurs uniformly throughout a given

phase. The species generation in a homogeneous reaction is the same as an internal

source of heat generation. On the other hand, a heterogeneous reaction takes place in

a restricted area or within the boundary of a phase. It can therefore be treated as a

boundary condition similar to the constant heat flux condition in heat transfer.

The study of heat and mass transfer with chemical reaction is of great practical

importance to engineers and scientists because of its universal occurrence in many

branches of science and engineering (Mahdy, 2010). Quite a number of physical phe-

nomena involve free convection driven by heat generation. The study of heat generation

in moving fluids is important in view of several physical problems such as those dealing

with chemical reactions and those concerned with dissociating fluids. Possible heat

generation effects may change the temperature distribution and, therefore, the particle

deposition rate. This may occur in such applications related to nuclear reactor cores,

fire and combustion modeling,electronic chips and semi conductor wafers. Furthermore,

the addition of chemical reaction in the boundary layer flow has huge applications in

air and water pollution, fibrous insulation, atmospheric flows and many other chemical

engineering problems (Najib et al., 2014).

1.1.5 Slip Boundary Condition

In many practical problems in Science and Engineering, boundary conditions have an

essential role so that a meaningful solution is obtained. The two boundary conditions

observed in fluid flow phenomena are boundary conditions with slip and no-slip (Sehra

et al., 2021). If there is no relative motion between the wall and the fluid immediately

in contact with the wall, then it is called no-slip boundary condition. This condition is

extensively used because it simplifies complex situations, but it has some limitations.

If there are some surfaces which are sufficiently smooth where the fluid (liquid) cannot

be in contact with the wall and slip against the wall, then it is called slip boundary

condition.

In different works the conventional no slip boundary conditions are used at the wall
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surface over which fluid flow but there are some situations where no slip conditions

lead to unrealistic behavior-for example, the spreading of a liquid on a solid substrates,

corner flow and the extrusion of polymer melts from a capillary tube (Thompson and

Troian, 1997). No slip condition must be replaced by slip condition when fluid flows

around microfluidic and nanofluidic (Nguyen et al., 2019). The slip flow region for

the fluid problem is very significant in the era of modern sciences and technology (Jan

et al., 2019). Furthermore, in the fluid flow problems slip condition has very important

role in industries and chemical sciences (Sehra et al., 2021).

1.1.6 Porous Medium

A porous medium is a material consisting of a solid matrix with an interconnected

voids (Nield and Bejan, 2017). The fraction of the void space to the total volume is

named as porosity. The interconnection of the pores allows the flow of one or more

fluids through the material. Natural materials such as sandstone, limestone, beach

sand, wood, biological tissues, and human lung and industrially made materials such

as ceramics, composite materials, and high porosity metallic foams etc are few examples

of porous medium (Nazari et al., 2019). The ability of the fluid to flow across a porous

medium is determined by the permeability or porosity of the medium.
Fluid flow in porous media is governed not only by the magnitude of the potential

gradient across the media but also the drag forces such as the surface drag(friction),
and the form drag (due to solid obstacles) which are experienced by the fluid within
the porous media (Noghrehabadi et al., 2013). The Darcy equation accounts for the
surface drag only. Darcy’s law is generally recognized as the macroscopic equation of
motion for Newtonian fluids in porous media at small Reynolds numbers. According
to this law the flow is linearly dependent upon the pressure gradient. Mathematically,

V =−K
µ
∇P, (1.1.5)

where K is the permeability of the porous medium which is to be determined ex-
perimentally and has the dimension of length squared and µ is the dynamic viscosity.
For the case of isotropic porous medium permeability is a scalar and the equation
V =−K

µ
∇P can be simplified to ∇P =− µ

K
V , which is of potential flow form and is

valid when K is very large (Nield et al., 2006). Under situations in which inertial forces
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are dominant, drag force becomes comparable to the surface drag. Forchheimer added
a modification term to Darcy equation to account for the pressure drop due to the
form drag, which was ignored by Darcy. The Forchheimer-extended Darcy equation is
as follows:

∇P =− µ
K
V − CF√

K
ρf |V |V, (1.1.6)

where CF is a dimensionless form drag constant, and ρf is the density of the fluid

(Nield et al., 2006).

Fluid flows through porous media have widespread applications in various areas of

science and engineering applications, viz. Purification and filtration processes, seepage

of water in river beds, migration of pollutants into the soil and aquifers, drying of

porous materials in textile industries, the movement of moisture through and under

engineering structures, the saturation of porous materials by chemicals, and heat and

mass transport in packed bed reactor columns are among many other applications

(Kausar et al., 2019). Moreover the analysis and simulation of momentum and heat

transport problems in porous media has many important engineering and geophysical

applications such as the prediction of natural convection heat transfer characteristics

from heated bodies embedded in a porous medium is crucial to the design of canisters

for nuclear wastes disposal (Noghrehabadi et al., 2013).

1.1.7 Nanofluid and its Applications

In the world of advanced technology, nanotechnology is considered to be one of the

significant forces that contribute to the next major industrial revolution. Nanofluids

have been largely studied to mitigate the problem of heat transfer in high technology

industries. The term nanofluid has been first proposed by Choi (Choi and Eastman,

1995) to indicate engineered colloids consist of nanoparticles dispersed in a base fluid.

A recent development in fluid mechanics has been the study of nanofluids which

possess superior thermal conductivity properties and enhance heat transfer in fluids.

Nanofluids are a new class of fluids engineered by dispersing nanometer-sized materi-

als (nanoparticles, nanofibers, nanotubes, nanowires, nanosheets, or droplets) in base

fluids. In other words, nanofluids are nanoscale colloidal suspensions containing con-

densed nanomaterials. They are two-phase systems with one phase (solid phase) in an-

other (liquid phase). Nanofluids have been found to possess enhanced thermophysical
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properties such as thermal conductivity, thermal diffusivity, viscosity, and convective

heat transfer coefficients compared to those of base fluids like oil or water (Scherer and

Figueiredo Neto, 2005).

Figure 1.1.2: Nanofluids synthesis

Recently nanofluid has gained significant attention due to its great potential for

enhancing the thermal conductivity of the base fluids with a remarkable improvement

in the convective heat transfer coefficient. Various researchers have been experimentally

and theoretically make a research on the performance of nanofluid. An innovative

technique to improve convective heat transfer is to introduce nanoscale particles to the

base fluid (Mukhopadhyay, 2012). During the past decades, the technology to make

particles in nanometer dimensions was improved and a new kind of solid liquid mixture

that is called nanofluid was appeared (Salman et al., 2014).

Convective heat transfer by nanofluid is also one of the current focuses in compu-

tational fluid dynamics field in which the percentage of nanoparticles and the types of

nanoparticles (thermal conductivity) are the important parameters. Many researchers

have devoted their focus to investigate the applicability of the nanofluid which is the

new innovation of heat transfer fluid in real engineering applications (Kothandapani

and Prakash, 2015).

In nanofluids, it is recognized that nanoparticles do not follow the fluid streamlines

passively. In fact, there are some reasons that induce a slip velocity between the

nanoparticles and the base fluid. Movements of nanoparticles have significant impact

on rheological and thermophysical properties of the nanofluids. Therefore, investigating
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the nanoparticles motion is critical for evaluating the performance of nanoparticles

inclusion to the base fluid as a heat transfer medium (Lok et al., 2006).

Brownian and thermophoretic diffusivities are the main slip mechanisms in nanoflu-

ids as explained by Buongiorno (2006). Brownian diffusion is due to random drifting

of suspended nanoparticles in the base fluid which originates from continuous collisions

among the nanoparticles and liquid molecules. Thermophoresis induces nanoparticle

migration from warmer to colder region (in opposite direction of the temperature gra-

dient), making a non-uniform nanoparticle volume fraction distribution.

A good nanofluid is characterized by high thermal conductivity and low viscosity

which was explained by Choi and Eastman (1995). The main reason why nanofluid

possess enhanced thermal properties is because of the suspended nanoparticles increase

the effective thermal conductivity of the fluid. The key building blocks of nanofluid are

nanoparticles,so research on nanofluid become a topic of major contemporary interest

because of the development of nanotechnology in general and availability of nanopar-

ticles in particular.

Ferrofluids, are colloidal suspension made up of nanoscale ferromagnetic/paramagnetic

nanoparticles suspended in a nonmagnetic base fluid, constitute a special class of

nanofluids exhibiting both magnetic and fluid properties (Liu et al., 2009). In these

suspensions, also known as smart or functional fluids all features such as fluid flow,

particles movement and heat transfer process can be controlled by applying magnetic

fields (Odenbach, 2004). However, in these types of fluids, there are chances of ag-

gregation/agglomeration of the particles due to Vander wall interaction and magnetic

interaction between the particles. In order to overcome this situation, the nanopar-

ticles are coated by a surfactant layer (Tynjälä et al., 2006). The tiny particles are

thoroughly coated with a layer of surfactant. A surfactant is a compound that lowers

the surface tension (or interfacial tension) between two liquids or between a liquid and

a solid. Surfactants may act as detergents, emulsifying agents and dispersants (Gupta,

2016b).

The most common ferromagnetic particles used in the preparation of ferrofluids

are Mn-Zn ferrite, iron and cobalt Fe3O4 (Arulmurugan et al., 2006), (Sun and Zeng,

2002). One the unique properties of ferrofluid flow is the flow velocity and heat flow may

be controlled by the applied external magnetic fields (Odenbach, 2003) and (Jordan

12



et al., 1999). The ferrofluid flow is applicable in various fields ranging from medical to

engineering processes. Ferrofluid are widely applied in chemotherapy such as localized

drug targeting for cancer treatments and hyperthermia (Lübbe et al., 1999) and (Hi-

ergeist et al., 1999), detection of Ammonia (Shen and Liou, 2008), use of magnetic seals

in computer hard disk drives, high vacuum systems, chemical plants and oil refineries

(Kim et al., 1999), (Liu et al., 2005), in display devices such as CD, DVD players (Raj

et al., 1995), in heat transfer in various industrial and commercial applications (Stoian

et al., 2003).

1.2 Statement of the Problem

The study of magnetic nanofluid flow problems with heat and mass transfer characteris-

tics has a wide range of applications in science and engineering processes. Technology

associated with stagnation point flow of magnetic nanofluid is currently finding fa-

vor in the manufacturing industries, where it has attracted many experimental and

theoretical studies. The main goals of those studies are to improve and enhance the

performance of different systems arising from engineering, including lubrication, cool-

ing systems, power generation, etc., and observe how the behavior of the flow varies

with the change of embedded parameters.

Several authors have studied boundary layer flow of nanofluid problems with heat

and mass transfer characteristics in different domains and orientations. However, the

study of the boundary layer flow of magnetic nanofluids in porous media with the con-

sideration of different physical parameters cannot be overlooked and requires critical

investigation since the problem of thermal management of heat-generating electronics

devices for optimal performance has been an active area of research in recent years.

Heat accumulation in electronics devices may lead to operation failure, thermal run-

away, and loss of life and properties. Furthermore, due to the nonlinearity occurring

in the fluid flow problems, there may be more than one solution; those solutions that

exist are difficult to visualize (Raza et al., 2016). This can cause researchers to fail

to notice the multiple solutions that might exist within the flows, which is an impor-

tant aspect of fluid mechanics. Therefore, a mathematical computation and analysis

of such a boundary layer flow are required to determine the existence of multiple solu-
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tions. Specifically, the boundary layer flow of magnetic nanofluid in a porous medium

was investigated in this dissertation.

1. Mixed Convection of a Radiating Magnetic Nanofluid Past a Heated Permeable

Stretching/Shrinking Sheet in a Porous Medium.

2. Magnetite Ferrofluid( Fe3O4-H2O) flow Past a Convectively Heated Permeable

Stretching/Shrinking Sheet in a Darcy-Forchheimer porous Medium.

3. Temporal Stability Analysis of Unsteady Slip Flow of Magnetic Nanofluid Past a

Heated Permeable Stretching/Shrinking Sheet in a Non-Darcian Porous Medium.

The significance of such computational modeling analysis as well as multiplicity of fluid

flows as highlighted above leads us to the objectives of the present study as given in

the following section.

1.3 Objectives of the Study

1.3.1 General Objective of the Study

The general objective of this study is to present boundary layer flow of magnetic

nanofluid with heat and mass transfer characteristics.

1.3.2 Specific Objectives of the Study

The specific objectives of this study are to:

i. develop a mathematical model for mixed convection of a radiating magnetic

nanofluid past a heated permeable stretching/shrinking sheet in a porous medium

ii. formulate a mathematical model for magnetite ferrofluid flow past a convectively

heated permeable stretching/shrinking sheet in a Darcy-Forchheimer porous medium

iii. develop a mathematical model of unsteady slip flow of magnetic manofluid past

a heated permeable stretching/shrinking sheet in a non-Darcian porous medium

iv. determine the effects of embedded parameters on the velocity, temperature and

concentration profiles as well as on the skin friction coefficient, the heat transfer

rate and the mass transfer rate.
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v. investigate the existence of dual/multiple solutions and establish the temporal

stability analysis of the basic flows.

1.4 Significance of the Study

The study is significant for the following reasons:

• Help to understand the heat and flow characteristics in metallurgical processing,

metal-working processes, operation of heat-exchange apparatus, nuclear reactors

and other applications so that the finished product meets the desired quality and

specifications.

• Used in the investigation of electrical conductivity, heat transfer characteristics

and biomedical applications of different nanofluids in the presence of a magnetic

field.

• Used as a supplementary work in the designing process of many industrial appli-

cations such as MHD generators, pumps, flow meters, cooling of nuclear reactors,

geothermal energy extractors, nuclear waste disposal and heat exchangers.

• Act as a benchmark for further research on boundary layer flow of magnetic

nanofluid with heat and mass transfer characteristics and form a base for further

studies on related issue.

1.5 Scope of the Study

The present study is confined to the problem of two-dimensional steady and unsteady

external laminar boundary layer flow with convective heat and mass transfer of a

viscous, incompressible, fluid flow along a flat plate (horizontal or vertical) in Darcian

and non-Darcian porous media. Some prescribed parameters, such as permeability,

velocity slip, thermal convective, radiation, viscous dissipation and porous dissipation,

magnetic field, buoyancy ratio, chemical reaction, thermophoresis, Brownian motion,

unsteadiness, and suction/injection are included in the study of the boundary layer

behavior. For porous media, the governing PDEs are approximated by Darcy and

non-Darcy flow models.
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The thermophoresis and Brownian motion effects are incorporated into the nanoflu-

ids model. The similarity transformations are used to transform similarity equations

with boundary conditions. The numerical scheme, the Runge-Kutta-Fehlberg fourth-

fifth (RKF45) order method, along with the shooting technique, is used to solve the

similarity equations. The study finds applications in boundary layer control, in the

polymer industry, cooling problems, solar power technology, nuclear reactors, poly-

meric materials processing, and reducing the drag in aerodynamics, etc. The detailed

applications for each problem are given in the relevant chapters.

1.6 Organization of the Dissertation

The remaining parts of the dissertation are organized as follows. Some important re-

lated literature reviews are presented in chapter 2. Chapter 3 presents the derivations

of fluid flow governing equations based on conservation laws and relevant mathemat-

ical tools used for solving boundary value problems. An investigation into the mixed

convection of a radiating magnetic nanofluid towards a permeable stretching/shrinking

sheet in a porous medium is presented in chapter 4. In chapter 5, a single flow model is

used to study magnetite ferrofluid flow past a convectively heated permeable stretch-

ing/shrinking sheet in a Darcy-Forchheimer porous medium. Chapter 6 performs a

temporal stability analysis of unsteady slip flow of magnetic nanofluid flow over a per-

meable stretching/shrinking sheet in a non-Darcian porous medium. Finally, the main

results of the dissertation and conclusions drawn are presented in chapter 7.
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Chapter 2

Literature Review

This chapter reviews the studies that have been carried out concerning boundary layer

fluid flow under various fluid flow conditions. The first subsection presents studies

regarding boundary layer flow in general. The following subsections examine several

studies on boundary layer flow of nanofluids past a stretching/shrinking sheet and

boundary layer flow in a porous medium.

2.1 Boundary Layer Flow

The concept of boundary layer flow, introduced in 1904 by Prandtl, is a popular field

of study in fluid mechanics for engineers, physicists, and mathematicians. The concept

of boundary layer emphasizes that flows at high Reynolds numbers can be divided up

into two unequal regions. In the bulk of the flow region, the viscosity can be neglected,

and the flow corresponds to the inviscid limiting solution called the inviscid outer flow.

The second region is the very thin boundary layer at the wall where the viscosity must

be taken into account Schlichting and Gersten (2003).

Many of Prandtl’s papers become a baseline for different works on skin friction, heat

transfer, and boundary layer separation. Due to viscous shearing, the fluid velocity

immediately adjacent to the surface is zero and the fluid layer next to the surface

becomes attached to the surface. This is referred to as the no slip condition Kundu

and Cohen (2002).

The layers of fluid above the surface are moving, hence there is shearing taking

place between the layers of the fluid, which was examined by Nisar et al. (2008). The

wall shear stress, denoted by τw, is the shear stress acting between the wall and the first

moving layer next to it. This thin layer adjacent to the surface of a body or a solid wall

in which viscous forces affect the flow is called the boundary layer (shear layer). The

boundary layer theory has wide application in numerous problems of fluid dynamics

and has provided a powerful tool for the analysis of problems of fluid resistance. A

lot of work has been done on the boundary layer theory in view of different scenarios.

There are two classical boundary layer flows in the literature. The first one is the flow

along a horizontal, motionless plate due to a constant free stream (Blasius, 1907). The

17



second is the flow induced by a horizontal plate moving with constant velocity inside

a calm fluid (Sakiadis, 1961). The thickness of the boundary layer is a function of the

ratio between inertial forces and viscous forces, that is, the Reynolds number. At a

low Reynolds number, viscous forces govern the entire boundary layer and the flow is

laminar. However, at high Reynolds numbers, inertia forces dominate the boundary

layer and the fluid becomes turbulent. Generally, there are two types of boundary

layers: hydrodynamic (velocity) boundary layers and thermal boundary layers. The

hydrodynamic boundary layer is the region in which the fluid velocity changes from its

free stream flow value to zero at the body surface.

Figure 2.1.1: Boundary layer flow(https://www.grc.nasa.gov)

Heat will flow between a wall and the fluid adjacent to it when a temperature

gradient is established between the wall and the fluid. Just like the fluid velocity

increases from zero at the surface to the mainstream, the temperature changes from

that at the wall to that in the free stream. The result is that the fluid temperature

adjacent to the wall is assumed to be equal to the surface temperature of the wall at

the interface and is equal to the bulk fluid temperature at some point in the fluid. This

thin layer near the surface of the body is known as the thermal boundary layer.

Concentration is a measure of how much of a given species is dissolved in another

substance per unit volume. A concentration boundary layer manifests itself when a

species concentration difference exists between the solid-fluid interface and the free

stream region of the fluid. The region in which the species concentration gradient

exists is known as the concentration boundary layer. Species transfer takes place

through the process of diffusion and convection and is governed by the properties of
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the concentration boundary layer as described in Baag et al. (2017).

The drag on ships and missiles, the efficiency of compressors and turbines in jet

engines, and the effectiveness of air intakes for ram and turbojets depend on the concept

of the boundary layer and its effects on the main flow as reported by Zeitoun et al.

(2013).

2.2 Boundary Layer Flow Past a Stretching/Shrinking

Sheet

The laminar boundary layer flow over a stretching sheet has important industrial ap-

plications, for example, in metallurgical processes such as drawing of continuous fila-

ments through quiescent fluids, annealing and tinning of copper wires, wire drawing

and continuous casting and levitation. In addition to these, there are a wide range

of applications in many engineering processes such as polymer extrusion, manufactur-

ing of plastics and rubber sheets, crystal growing,continuous cooling, fiber spinning,

manufacturing of foods and paper, glass fiber production, stretching of plastic films,

and many more (Ibrahim et al., 2013; Makinde et al., 2013; Freidoonimehr et al., 2016;

Bhatti et al., 2017; Makinde et al., 2017; Rehman et al., 2017; Jusoh and Nazar, 2018;

Sharma et al., 2018; Soid et al., 2018; Waini et al., 2019). During the manufacture of

these sheets, the melt issues from a slit and is subsequently stretched to achieve the

desired thickness. The final product with the desired characteristics strictly depends

upon the stretching rate, the rate of cooling in the process, and the process of stretching

(Veera Krishna, 2020). Related to this facts, Crane (1970) started the study of bound-

ary layer flow of a viscous and incompressible fluid over a linearly stretching sheet (i.e.,

the velocity of the sheet varies linearly with the distance from a fixed point on the

sheet) and obtained a similarity solution in closed analytical form. Since then, a wide

variety of problems dealing with heat and fluid flow over a stretching or shrinking sheet

have been studied with both Newtonian and non-Newtonian fluids with the inclusion

of magnetic fields, different thermal boundary conditions, and power law variation of

the stretching or shrinking velocity.

A stagnation point is a point where the field of a flow regarding a body and the fluid

particles has zero velocity with respect to the body (Haq et al., 2015). A stagnation
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point exists at the surface of objects in the flow field, where the fluid is brought to rest

by the object. Stagnation point flow and heat transfer problems towards a stretching

sheet have attracted the attention of many researchers due to their wide applications

in a large class of industrial manufacturing and engineering processes such as cooling

of electronic devices by fans, cooling of nuclear reactors during emergency shutdown,

solar central receivers exposed to wind currents, polymer extrusion, wire drawing, and

drawing of plastic sheets (Makinde et al., 2013). The study of a stagnation point

flow towards a solid surface in moving fluid was first studied by Hiemenz (1911). He

studied two-dimensional stagnation point flow on a stationary plate using a similarity

transformation to reduce the well-known Navier-Stokes equations to non-linear ordi-

nary differential equations. Thereafter, many scientific researchers are investigating

the idea of stagnation point flow problems towards a stretching/shrinking surface in

connection with different physical situations. To mention some, Bhattacharyya (2013)

investigated heat transfer in boundary layer stagnation-point flow towards a shrinking

sheet with non-uniform heat flux and obtained dual solutions. His result indicates that

for direct variation of heat flux along the surface, the thermal boundary layer thickness

reduces and for inverse variation of heat flux, a wavy nature in temperature profiles

is found. The analysis also reveals that the velocity ratio parameter and the Prandtl

number act as the enhancers or suppressors of this unusual nature of temperature due

to the presence of non-uniform heat flux. Ismail et al. (2017) numerically investigated

stagnation point flow over a stretching sheet with convective boundary conditions and

shown that how the Prandtl number, stretching parameter and conjugate parameter

affect the values of the surface temperature and skin friction coefficient.

The diffusion of spices with chemical reaction in the boundary layer flow has huge

applications in water and air pollution, fibrous insulation, atmospheric flows and many

other chemical engineering problems (Prasad et al., 2017). Taking this fact into ac-

count, Dash et al. (2016) studied boundary layer stagnation-point flow, taking into ac-

count chemical reactions of diffusing species and internal heat generation/absorption.

Zaimi and Ishak (2016) numerically investigated the effects of partial slip on stagnation-

point flow and heat transfer due to a stretching vertical sheet, and the effect of slip and

buoyancy parameters on the fluid flow and heat transfer characteristics was observed.

Bhattacharyya et al. (2011) analyzed the effects of partial slip on the steady bound-
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ary layer stagnation-point flow of an incompressible fluid and heat transfer towards a

shrinking sheet. Their study reveals that the increase in slip increases the range of

velocity ratio parameters for the existence of dual solutions.

Imposition of magnetic field in fluid flow with or without heat transfer has been

studied extensively by many researchers owing to its many industrial applications such

as MHD generator, pumps, cooling of nuclear reactors, cooling of electronic compo-

nents, combustion modeling, fire engineering, geo-thermal energy extractors, thermal

insulators, nuclear waste disposal, heat exchangers, petroleum and polymer technology,

and heat transfers involving metallurgical processes (Pal and Mondal, 2012; Chu et al.,

2020). Keeping in view the importance of such topics, a number of researchers have

investigated hydromagnetic natural, forced and mixed convection flows by considering

different aspects of the problem. Singh and Makinde (2013) studied MHD slip flow of

viscous fluid over an isothermal reactive stretching sheet. Shen et al. (2015)investigated

MHD mixed convection flow near a stagnation-point region over a nonlinear stretching

sheet with velocity slip and prescribed surface heat flux. Sharma et al. (2018) consid-

ered the effects of heat generation/absorption on MHD mixed convective stagnation

point flow along a vertical stretching sheet in the presence of external magnetic field.

Hydromagnetic natural convection flow with radiative heat transfer becomes sig-

nificant in many scientific and engineering problems such as casting and levitation,

design of fins, thermo-nuclear fusion, steel rolling, turbine blade heat transfer, furnace

design, glass production etc. Prasad et al. (2006) studied effects of radiation on tran-

sient hydromagnetic free convection flow past an impulsively started vertical plate with

uniform heat and mass flux. Ogulu and Makinde (2008) analyzed the effects of viscous

dissipation and thermal radiation on unsteady hydromagnetic free convection flow past

a vertical plate with constant heat flux.

Chemical reactions between foreign mass and the ambient fluid often occur in several

chemical engineering processes such as polymer production, manufacturing of ceramics

and glassware, food processing, etc. In fact, chemical reactions greatly affect buoyancy

driven flows and as a result the interaction between chemical reaction and convection

plays a decisive role in fluid flow characteristics. Taking into consideration this fact,

Mabood et al. (2015) considered the study of combined heat and mass transfer by

MHD stagnation point flow towards a permeable stretching surface in the presence of
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a first order chemical reaction.

Nanofluids attract a great deal of interest with their enormous potential to provide

enhanced performance properties, particularly with respect to heat transfer. Nanoflu-

ids are used for cooling of microchips in computers and other electronics equipment

which use microfluidic applications. Using nanofluids as coolants would allow for the

radiators with smaller sizes and better positioning. An innovative technique, which uses

a mixture of nanoparticles and the base fluid, was first introduced by Choi and East-

man (1995) in order to develop advanced heat transfer fluids with substantially higher

conductivities. The main property of nanofluids is to increase the thermal conductivity

of the base fluid. A comprehensive survey of convective transport in nanofluids has

been made by Buongiorno (2006), who gave a satisfactory explanation for the abnormal

increase of the thermal conductivity.

Makinde and Aziz (2011) explained the effects of a convective boundary condition on

boundary layer flow, heat transfer, and nanoparticle fraction over a stretching surface

in a nanofluid. According to their analysis, the thermal boundary layer thickness

increases with a rise in the local temperature due to Brownian motion, thermophoresis,

and convective heating. The effects of Lewis number on the temperature distribution

are minimal compared to other parameters. Natural convective boundary layer flow

of a nanofluid past a convectively heated vertical plate was investigated numerically

by Aziz and Khan (2012). Based on their investigation, they have obtained that the

velocity, temperature and solid volume fraction of the nanofluid profiles in the boundary

layer depend on six dimensionless parameters, namely Prandtl number, Lewis number,

Brownian motion parameter Nb, thermophoresis parameter, buoyancy parameter, and

convective parameter.

Ibrahim et al. (2013) investigated effects of magnetic field on stagnation point flow

and heat transfer due to nanofluid towards a stretching sheet and obtained that heat

transfer rate at the surface increases with the magnetic parameter when the free sream

velocity exceeds stretching velocity of the sheet. Extending this idea, Makinde et al.

(2013) studied the combined effects of buoyancy force and convective heating and

showed the existence of a dual solution for shrinking cases. Rashidi et al. (2014)

investigated heat transfer of a steady, incompressible water-based nanofluid flow over

a stretching sheet in the presence of a transverse magnetic field with thermal radiation
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and buoyancy effects. Makinde et al. (2017) numerically investigated the combined

effects of buoyancy forces, homogeneous chemical reaction, thermal radiation, partial

slip, heat source, thermophoresis and Brownian motion on hydromagnetic stagnation

point flow of nanofluid with heat and mass transfer over a stretching convective surface

by assuming the stretching velocity and the ambient fluid velocity are assumed to vary

linearly with the distance from the stagnation point. Furthermore, several other studies

are presented by incorporating other physical aspects. To mention some, Mustafa et al.

(2017) analyzed buoyancy effects on the MHD nanofluid flow past a vertical surface with

chemical reaction and activation energy. Mustafa et al. (2020) numerically investigated

the problem of hydromagnetic flow due to shrinking sheet and calculated dual solutions

against velocity ratio parameter in case of shrinking sheet. A stability analysis is

performed for the purpose of checking which solution is stable. Rosali et al. (2020)

numerically analyzed the combined effects of velocity and thermal slip on the unsteady

boundary layer stagnation point flow and heat transfer towards a stretching sheet in

porous medium. Dzulkifli et al. (2022) studied numerically unsteady stagnation-point

flow and heat transfer over a stretching/shrinking sheet with the slip velocity effect in

nanofluids.

Moreover, the inclusion of magnetic nanofluid in convective heat transfer and cool-

ing problems has great importance, as explained by Gupta (2016b). For instance,

biomedical applications, detection of ammonia, rotating seals, display devices, heat

transfer, environmental and energy applications (cleaning of crude oil), etc.(Mody et al.,

2014; Scherer and Figueiredo Neto, 2005; Blums, 2002; Kuzubov and Ivanova, 1994).

Taking into consideration this fact, Jamaludin et al. (2020) explored a two-dimensional

hydromagnetic stagnation point flow of Fe3O4-water ferrofluid flow past a permeable

non-linearly stretching/shrinking surface by considering the thermal radiation effect.

They found that dual solutions exist in certain ranges of mixed convection parameters

and thermal radiation diminishes the rate of heat transfer from the sheet surface. Be-

sides all these, some researchers have investigated heat transfer enhancement processes

by considering hybridized nanoparticles. For instance, Waini et al. (2020) numerically

examined buoyancy effects on stagnation point flow of hybrid nanofluid towards an

exponentially stretching/shrinking vertical sheet and found that the heat transfer rate

is greater for Al2O3-Cu/water hybrid nanofluid compared to Cu/water nanofluid.
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2.3 Boundary Layer Flow in a Porous Medium

Problems of boundary layer flow in porous media with the applications of magnetic

fields have been extensively studied by many researchers owing to their many industrial

applications, such as MHD generators, pumps, cooling of nuclear reactors, cooling

of electronic components, combustion modeling, fire engineering, geo-thermal energy

extractors, thermal insulators, nuclear waste disposal, heat exchangers, petroleum and

polymer technology, and heat transfers involving metallurgical processes (Hayat et al.,

2016, 2017; Seth and Mandal, 2018).

Keeping in view of the importance of such studies, a number of researchers are

working on hydromagnetic natural, forced, and mixed convection flows in Darcian and

non-Darcian porous media. Makinde and Eegunjobi (2016) studied unsteady MHD

chemically reacting and radiating mixed convection slip flow past a stretching sur-

face in a porous medium. They found that buoyancy forces increment enhance both

heat and mass transfer rate while thermal and concentration boundary layer denseness

diminished. Eid and Makinde (2018) studied the combined effect of solar radiation,

chemical reaction, joule heating, viscous dissipation and magnetic field on flow of an

electically conducting nanofluid over a convectively heated stretching sheet embedded

in a saturated porous media.

Jagadha and Amrutha (2019) analyzed the steady laminar viscous incompressible

nanofluid flow of mixed convection and mass transfer about an isothermal vertical

flat plate embedded in a Darcy porous medium in the presence of magnetic field and

viscous dissipation. Khashi’ie et al. (2020) examined MHD mixed convective stagnation

point flow over a shrinking/stretching surface saturated in a porous medium. In their

study, they obtained dual solutions within the specific range of buoyancy parameter

and velocity ratio parameter. Furthermore, the skin friction coefficient, heat transfer,

and mass transfer rates for both stretching and shrinking surfaces are boosted as the

porous parameter inflates.

Mondal et al. (2020) examined mixed convection in a nanofluid flow in a porous

medium along a vertical plate subjected to magnetic effects and nonlinear thermal

radiation. The study further assumes the effects of heat generation within the boundary

layer flow. The numerical solution was done through the Runge-Kutta-Fehlberg scheme
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with a shooting technique. From the numerical results obtained, it is observed, among

other findings, that an increase in the Darcy number leads to an increase in the velocity

profiles. Sulochana et al. (2021) numerically examined MHD Darcy-Forchheimer hybrid

nanofluid flow past a nonlinear stretching surface and obtained that the heat transfer

rate is greater in the silver-iron oxide combination as compared to silver-molybdenum

disulfide. Obalalu et al. (2022) numerically studied magneto-convective non-Newtonian

nanofluid slip flow over a stretching/shrinking sheet embedded in a porous medium and

remarked that the account for the velocity slip in the boundary conditions increases

the velocity component. Also, the liquid acts as a Newtonian fluid when the Casson

parameter increases. Consequently, some of those parameters contribute to the cooling

plate, while others have the opposite effect.

2.4 Stagnation Point flow of Magnetic Nanofluid Flow

in a Porous Meduim

Problems of fluid flow and heat transfer in a porous medium have a wide range of

applications in various engineering systems. These problems occur in the storage of

radioactive nuclear waste; transpiration cooling; separation processes in chemical in-

dustries; filtration processes; transport processes in aquifers; groundwater pollution;

geothermal extraction; and fiber insulation, as reported by Menni et al. (2019). Us-

ing nanofluid is a potential technique to improve the problem of heat transfer in high

technology industries, as mentioned by Kakaç and Pramuanjaroenkij (2009). Choi and

Eastman (1995) are the leading persons to specify engineered colloids consisting of

nanoparticles dispersed in a base fluid like water, ethylene glycol, engine oil, or others

as a nanofluid. On the other hand, using porous media is an effective method for

heat transfer enhancement in industrial systems, as described by Toosi and Siavashi

(2017). Following these facts, a lot of work has been done on fluid flow and heat trans-

fer problems in a porous medium with nanofluid. Accordingly, Mahdi et al. (2015)

pointed out that an alternative method for improving heat transfer characteristics in

various thermal devices is using porous media and nanofluids together. Kasaeian et al.

(2017) conducted a wide-ranging review of the simultaneous application of nanofluids

and porous media for heat transfer enhancement cases in thermal systems with diverse
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conditions. Different aspects of this problem have been explored by many investiga-

tors, such as Chamkha and Ismael (2013); Mahdi et al. (2013); Sun and Pop (2014);

Motlagh et al. (2016); Sheikholeslami and Ganji (2017).

Nanofluid is produced by mixing nanosized metallic or nonmetallic particles or

nanofiber particles into conventional fluids in order to increase the thermal properties

Gupta et al. (2018). Among different research on nanofluids, some work has been fo-

cused on a new kind of nanofluid called ferrofluids Bahiraei and Hangi (2015). Ferroflu-

ids (Magnetic nanofluids) are a special class of nanofluids exhibiting both magnetic and

fluid properties Bahiraei and Hangi (2015). Ferrofluids are defined as solutions com-

prising colloidal mixtures of super-paramagnetic nanoparticles (Magnetite, Hematite,

Cobalt Ferrite, or some other compounds containing iron) and a nonmagnetic base

fluid . In the occurrence of the magnetic field, the thermal conductivity of the mag-

netic nanofluid is affected by the orientation and the intensity of the applied magnetic

field Odenbach (2004). Furthermore, ferrofluids and magnetic fields can also be used

for fluid flow control and for improving the heat transfer process taking place in the

case of natural, forced, and mixed convection Gupta (2016b).

Using magnetic fluids has various uses in different engineering processes and biomed-

ical applications such as removing particles and contamination from drinking/wastewater

streams, removing radioactive chemicals, MRI, drug delivery in cancer treatment,

low-friction seals, dampening and cooling agents in loudspeakers, recovery of haz-

ardous wastes, heat transfer, computer hardware, dynamic sealing, electronic packag-

ing, aerospace, power electric transformers, solar collectors and magnetically controlled

thermosyphons as mentioned by Mody et al. (2014); Scherer and Figueiredo Neto

(2005); Blums (2002); Kuzubov and Ivanova (1994). Following these facts, several

studies have been done experimentally and numerically to determine the fluid flow

characteristics and heat transfer enhancement of a magnetic nanofluid by considering

several aspects of the problem. For instance, Lajvardi et al. (2010) experimentally

examined the convective heat transfer characteristics of the magnetic nanofluids with

a magnetic field effect and obtained that the heat transfer rate upsurges with the

magnetic nanoparticle concentration and the applied magnetic field. Sivakumar et al.

(2017) numerically scrutinized the cumulative effects of viscous dissipation, thermal

radiation, convective heating, and slip effect on the MHD ferrofluid flow past a per-
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meable nonlinear stretching sheet and concluded that the heat transfer rate increases

with the convective heating and the viscous dissipation while thermal radiation acts

on the contrary.

Fluid flow caused by a stretching/shrinking sheet has many practical applications

in the fields of metallurgy, polymer technology, chemical engineering, industrial pro-

cesses, etc Lok et al. (2011); Soid et al. (2018); Waini et al. (2019). Fluid flow towards a

shrinking case is possible whenever sufficient mass suction is imposed on the boundary

Miklavčič and Wang (2006) or with the consideration of stagnation point flow Wang

(2008). Due to the unconfined fluid flow occurring in the boundary layer of the shrink-

ing case, no possible solution is found. However, the application of the adequate value

of wall mass suction Miklavčič and Wang (2006) or with an added stagnation flow Wang

(2008), a non-unique solution may exist. The governing system of differential equations

may have a non-unique solution. Temporal stability analysis is a mathematical tech-

nique that is conducted to test the temporal stability of non-unique solutions. Though

the lower branch solution cannot be produced experimentally, this solution is a part of

the solution of the differential equations and therefore should be considered. Different

works on stability analysis are documented in the literature Merkin (1986); Weidman

et al. (2006); Harris et al. (2009); Roşca and Pop (2013); Ishak (2014). Recently, such

fluid flow problems have been extensively investigated by considering different aspects

of the problem. For instance, Khashi’ie et al. (2020) numerically examined the com-

bined effects of the controlling parameters such as magnetic field, suction, and Joule

heating on fluid flow and heat transfer characteristics of a hybrid nanofluid past a per-

meable stretching/shrinking sheet. From the temporal stability analysis, they verified

that only the upper branch solution is stable and physically realizable.

Investigations into the stagnation point flow of nanofluid or ferrofluid have gained

more attention due to their immense applications in many industrial manufacturing

processes such as aerodynamics, extrusion of plastic sheet, and the cooling and drying

of paper, as reported by Kamal et al. (2018). Owing to this importance, such fluid flow

problems have been extended in various ways. For example, Abbas and Sheikh (2017)

studied the stagnation point flow of a magnetic nanofluid past a flat sheet with the con-

sideration of non-linear slip boundary conditions and homogeneous-heterogeneous re-

actions and concluded that the skin friction obtained for water-based ferrofluid exceeds
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that for kerosene-based ferrofluid. Makinde (2018) numerically investigated hydrody-

namic stagnation point flow of Fe3O4-water ferrofluid towards a permeable stretching or

shrinking sheet with the effects of applied magnetic field. They perform hydrodynamic

stability analysis to identify stable solutions among those solutions that exist within

the specific range of stretching/shrinking parameter. Mohamed et al. (2019) numeri-

cally examined the combined effects of the magnetic field, velocity slip, nanoparticles

volume fraction, stretching, and conjugate parameter on the boundary layer flow of a

water-based magnetite ferrofluid. They reported that the heat transfer rate rises with

the magnetite nanoparticle volume fraction, whereas the velocity slip diminishes the

skin friction coefficient. Moreover, Jamaludin et al. (2020) explored a two-dimensional

hydromagnetic stagnation point flow of Fe3O4-water ferrofluid flow past a permeable

non-linearly stretching/shrinking surface by considering the thermal radiation effect.

They found that dual solutions exist in certain ranges of mixed convection parameters,

and thermal radiation diminishes the rate of heat transfer from the sheet surface.

For fluid flows in a porous medium, the inclusion of porous dissipation in the model

equation modifies the viscous dissipation term in the energy equation Kausar et al.

(2019). From the literature survey and to the best of our knowledge, more attention is

required to problems of fluid flow and heat transfer past a stretching/shrinking sheet

embedded in a Darcy or Darcy-Forchheimer porous medium in the presence of porous

dissipation.
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Chapter 3

Research Methodology

This chapter is devoted to see about the derivations of the general governing equations

of fluid flow and the computational techniques/methods of solution used in the analysis

of the fluid flow problems.

3.1 Governing Equations

The analysis of convection momentum, heat, and mass transfer relies on the appli-

cations of the basic laws: conservation of mass, momentum, and energy. Since the

objective of this dissertation is the determination of velocity, temperature, and species

concentration distribution, the basic laws must be formulated in an appropriate form.

The fundamental equations of the flow of viscous incompressible fluids are the equa-

tions of continuity (conservation of total mass), motions(conservation of momentum),

energy equation (conservation of energy) and species conservation equation (conser-

vation of species). These fundamental physical principles can be expressed in terms

of basic mathematical equations, which in their most general form are either integral

equations or partial differential equations.

3.1.1 The Continuity Equation

Consider a fixed and non-deforming control volume V surrounded by a surface S. Let

ρ and ~q be the mass density and velocity of a given fluid at point (x,y,z) and time t.

The net mass contained within V is

M =
∫
V
ρdV, (3.1.1)

where dV is an element of V . Furthermore, the mass flux across S, and out of V , is

ΦM =
∫
S
ρ~q ·~ndS, (3.1.2)

where dS is surface element and ~n is the outward normal vector. Mass conservation

requires that the rate of increase of the mass contained within V , plus the net mass
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flux out of V , should equal zero: that is,

dM

dt
+ ΦM = 0, (3.1.3)

d

dt

∫
V
ρdV +

∫
S
ρ~q ·~ndS = 0. (3.1.4)

Here, we are assuming that there is no mass generation (or destruction) within V

(because individual molecules are effectively indestructible). It follows that

∫
V

∂ρ

∂t
dV +

∫
S
ρ~q ·~ndS = 0, (3.1.5)

because V is non-time-varying and ρ is a function of space and time. Making use of

the divergence theorem, equation (3.1.1) becomes

∫
V

[
∂ρ

∂t
+5· (ρq)

]
dV = 0. (3.1.6)

However, this result is true irrespective of the size, shape, or location of volume V ,

which is only possible if
∂ρ

∂t
+5· (ρq) = 0, (3.1.7)

throughout the fluid.

In index notation,
∂ρ

∂t
+ ∂(ρuj)

∂xj
= 0. (3.1.8)

3.1.2 The Momentum Equation (Navier-Stokes Equation)

The Navier-Stokes equations, describe the momentum balance in the fluid flow. There-

fore, these equations are sometimes known as momentum equation or simply the equa-

tion of motion for the flow. It is derived based on Newtons second law of motion i.e.

F =ma.

Consider a fixed volume V surrounded by a surface S. Let ρ and ~q be the density and

velocity of a given fluid at point (x,y,z) and time t.

From Newton’s second law of motion i.e., F =ma,

The rate of change of momentum = d

dt

∫
V
ρqdV = Fapplied = Fsurface +Fbody. (3.1.9)
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Now applying the Reynold’s transport theorem for a control mass(system)

dN

dt
|system= ∂

∂t

∫
cv
ρndV +

∫
cs
ρn(~qr ·~n)dS, (3.1.10)

where N refers to an extensive properties of the fluid, n refers to an intensive properties

of the fluid and ~qr is the velocity of the fluid relative to the control surface. Now taking

N =m~q = momentum of the system, n= ~q = the fluid velocity and ~qr = ~q for fixed and

non deforming control volume.

d

dt

(∫
V
ρ~qdV

)
= ∂

∂t

∫
cv
ρ~qdV +

∫
S
ρ~q(~q ·~n)dS = Fsurface+Fbody, (3.1.11)

where ~n is the unit vector in the outward normal direction. Making use of the diver-

gence theorem, equation (3.1.11) becomes

∫
V

∂(ρ~q)
∂t

dV +
∫
V
∇· (ρ~q)~qdV = Fsurface +Fbody. (3.1.12)

The ith component of the total surface force due to stresses and the body force on the

control volume is given by

Fsurface =
∫
cs

~Tni dS =
∫
cs
~τi · n̂dS =

∫
V
∇· ~τi,

Fbody =
∫
V
ρFmdV.

(3.1.13)

Using Cauchy’s theorem, we can rewrite the force per unit area (traction vector) Tni as

a dot product of the stress vector ~τi = τi1i+τi2j+τi3k and the orientation of the normal

to the particular surface on which the traction vector is calculated n̂= n1i+n2j+n3k

and Fm is a body force per unit mass acting on the flow.

Hence the Navier momentum balance equation becomes

∫
V

∂(ρ~q)
∂t

dV +
∫
V
∇· (ρ~q)~qdV =

∫
V
∇· ~τidV +

∫
V
ρFmdV,∫

V

(
∂(ρ~q)
∂t

dV +∇· (ρ~q)~q
)
dV =

∫
V

(∇· ~τidV +ρFm)dV,
(3.1.14)

∫
V

[
∂(ρ~q)
∂t

+∇· (ρ~q)~q−∇· ~τi−ρFm
]
dV = 0. (3.1.15)
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For any arbitrary control volume, equation (3.1.15) becomes

∂(ρ~q)
∂t

+∇· (ρ~q)~q−∇· ~τi−ρFmi = 0. (3.1.16)

Taking the ith component of equation (3.1.16), we obtained the Navier equation of

equilibrium in index notation as shown below

∂(ρui)
∂t

+ ∂(ρuiuj)
∂xj

= ∂τij
∂xj

+ρFi. (3.1.17)

Assuming homogeneous, isotropic, Newtonian and Stokesian fluid, we can determine

τij as

τij =−Pδij +λ
∂uk
∂xk

δij +µ

[
∂ui
∂xj

+ ∂uj
∂xi

]
,

∂τij
∂xj

=−∂P
∂xi

+ ∂

∂xi

(
λ
∂uk
∂xk

)
+ ∂

∂xj

(
µ
∂ui
∂xj

)
+ ∂

∂xi

(
µ
∂uj
∂xi

)
,

(3.1.18)

∂τij
∂xj

=−∂P
∂xi

+ ∂

∂xj

(
µ
∂ui
∂xj

)
+ ∂

∂xi

(
(µ+λ)∂uk

∂xk

)
(3.1.19)

where P is the pressure force, µ is the dynamic viscosity and λ is the bulk viscosity

coefficient. For a Newtonian fluid, the shear stress is proportional to the rate of defor-

mation (the change in velocity in the directions of the stress). Making use of the Stoke’s

hypothesis i.e., λ=−2
3µ in equation (3.1.19), we get the Navier- Stokes equation

∂(ρui)
∂t

+ ∂(ρuiuj)
∂xj

=−∂P
∂xi

+ ∂

∂xj

(
µ
∂ui
∂xj

)
+ ∂

∂xi

(
µ

3
∂uk
∂xk

)
+ρFi. (3.1.20)

The non conservative form of the Navier-Stokes can be obtained by considering the

continuity equations

LHS = ρ

[
∂ui
∂t

+uj
∂ui
∂xj

]
+ui

[
∂ρ

∂t
+ ∂(ρuj)

∂xj

]
= ρ

[
∂ui
∂t

+uj
∂ui
∂xj

]
= ρ

Dui
Dt

, (3.1.21)

ρ
Dui
Dt

=−∂P
∂xi

+ ∂

∂xj

(
µ
∂ui
∂xj

)
+ ∂

∂xi

(
µ

3
∂uk
∂xk

)
+ρFi. (3.1.22)

For incompressible fluids, there is no rate of volumetric deformation, i.e., ∂uk
∂xk

= 0,
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then equation (3.1.22) is simplified as

ρ

[
∂ui
∂t

+uj
∂ui
∂xj

]
=−∂P

∂xi
+ ∂

∂xj

(
µ
∂ui
∂xj

)
+ρFi,

ρ
Dui
Dt

=−∂P
∂xi

+ ∂

∂xj

(
µ
∂ui
∂xj

)
+ρFi.

(3.1.23)

Now taking (u1,u2,u3) = (u,v,w) and (x1,x2,x3) = (x,y,z).

The vector form of the Navier- Stokes equation will be

ρ

[
∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
+w

∂u

∂z

]
=− ∂P

∂x
+ ∂

∂x

(
µ
∂u

∂x

)
+ ∂

∂y

(
µ
∂u

∂y

)

+ ∂

∂z

(
µ
∂u

∂z

)
+ρFx.

(3.1.24)

Making µ constant, we get

ρ

[
∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
+w

∂u

∂z

]
=−∂P

∂x
+µ

[
∂2u

∂x2 + ∂2u

∂y2 + ∂2u

∂z2

]
+ρFx. (3.1.25)

Generalizing the above results for other components, we get the general form of Navier-

Stokes equation for Newtonian incompressible fluid

ρ

[
∂q

∂t
+ (q ·∇)q

]
=−∇P +µ∇2q+ρFb. (3.1.26)

3.1.3 The Energy Equation

The energy equation is derived from the first law of thermodynamics which states that

the amount of heat added to a system dQ is equal to change in internal energy dE of

the control mass(system) plus the amount of energy lost due to work done dW on the

system, that is dQ = dE+ dW . In other words if a net energy transfer to a system

occurs, the energy contained/stored in the system must increase by an amount equal to

the energy transferred. This implies that energy can neither be created nor destroyed,

it can only change in form. The first law of thermodynamics can be mathematically

written as,
dQ

dt
= dE

dt

∣∣∣∣∣
system

+ dW

dt
, (3.1.27)
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dE

dt

∣∣∣∣∣
system

= Q̇cv− Ẇcv. (3.1.28)

First let us write the expression for the heat transfer by considering the surface heat

transfer and volumetric heat transfer.

Q̇cv =
∫
cv
Q
′′′
dV +

∫
cs

(− ~q′′) ·ndS, (3.1.29)

where Q′′′ is the rate of heat generation(heat generation per unit volume), ~q′′ is the

heat flux, n is the unit vector in the outward normal direction to the surface S.

Making use of the divergence theorem, equation (3.1.29) becomes

Q̇cv =
∫
cv
Q
′′′
dV −

∫
cv
∇·~q

′′
dV =

∫
cv

(
Q
′′′
−∇·~q

′′)
dV. (3.1.30)

Expression for the work done due to surface force and body force will be

− Ẇcv = Ẇsurface force + ẆBody force =
∫
cs

~Tn ·~qdS+
∫
cv
FBody force ·~qdV, (3.1.31)

where ~Tn is a force per unit area (traction vector) and FBody forceis the body force per

unit volume.

Using the Cartesian index notation, the ith component of equation (3.1.31) will be

− Ẇcv =
∫
cs
Tni uidS+

∫
cv
FiuidV, (3.1.32)

where ui,Fi, ~Tni is the ith component of the fluid velocity ~q, the body force per unit

volume F and the traction vector ~Tn, respectively. ~n is orientation of the normal to

the surface on which the traction vector is calculated. Using Cauchy’s theorem, we can

rewrite Tni as a dot product of two vectors as shown below

Tni = τi1n1 + τi2n2 + τi3n3 =(τi1i+ τi2j+ τi3k) · (n1i+n2j+n3k)

=~τi ·~n.
(3.1.33)

Making use of equation (3.1.33) and Gauss divergence theorem, equation (3.1.32) can

be rewritten as
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−Ẇcv =
∫
cs
~τi ·~nuidS+

∫
cv
FiuidV,

=
∫
cs
~τiui ·~ndS+

∫
cv
FiuidV,

=
∫
cv
∇· (~τiui)dV +

∫
cv
FiuidV,

=
∫
cv

∂

∂xj
(τijui)dV +

∫
cv
FiuidV.

(3.1.34)

Substituting equation (3.1.30) and equation (3.1.34) into equation (3.1.28), we obtain

the following equation

dE

dt
|system =

∫
cv
Q
′′′
dV −

∫
cv

∂q
′′
j

∂xj
dV +

∫
cv

∂

∂xj
(τijui)dV +

∫
cv
FiuidV,

=
∫
cv

Q′′′− ∂q′′j
∂xj

+ ∂

∂xj
(τijui) +Fiui

dV.
(3.1.35)

Now applying the Reynold’s transport theorem for a control mass(system)

dN

dt
|system= ∂

∂t

∫
cv
ρndV +

∫
cs
ρn(~qr ·~n)dS. (3.1.36)

where N refers to an extensive properties of the fluid and n refers to an intensive

properties of the fluid. Now taking N =E = total energy of the system(sum of internal,

kinetic and potential energies) and n= e=specific energy(total energy per unit mass).

dE

dt

∣∣∣∣∣
system

= ∂

∂t

∫
cv
ρedV +

∫
cs
ρe(~vr ·~n)dS. (3.1.37)

Assuming the control volume is stationary(i.e., ~vr = ~v) and non deformable (i.e., the

time derivative can be taken inside of the integral), we have

dE

dt

∣∣∣∣∣
system

=
∫
cv

∂

∂t
(ρe)dV +

∫
cs
ρe(~v ·~n)dS. (3.1.38)

Making use of Einestien index notation and Gauss divergence theorem, we have
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dE

dt

∣∣∣∣
system

=
∫
cv

∂

∂t
(ρe)dV +

∫
cv
∇· (ρe~v)dV,

=
∫
cv

∂

∂t
(ρe)dV +

∫
cv

∂

∂xj
(ρeuj)dV,

=
∫
cv

(
∂

∂t
(ρe) + ∂

∂xj
(ρeuj)

)
dV,

(3.1.39)

dE

dt

∣∣∣∣
system

=
∫
cv

(
ρ
∂e

∂t
+e

∂ρ

∂t
+ρuj

∂e

∂xj
+e

∂(ρuj)
∂xj

)
dV,

=
∫
cv

[
ρ

(
∂e

∂t
+uj

∂e

∂xj

)
+e

(
∂ρ

∂t
+ ∂(ρuj)

∂xj

)]
dV.

(3.1.40)

Applying the continuity equation, ∂ρ
∂t

+ ∂(ρuj)
∂xj

= 0, equation (3.1.40) becomes,

dE

dt

∣∣∣∣∣
system

=
∫
cv
ρ

(
∂e

∂t
+uj

∂e

∂xj

)
dV =

∫
cv
ρ
De

Dt
. (3.1.41)

For any arbitrary control volume, combining equation (3.1.35) and (3.1.41), we obtain

the following equation.

ρ

[
∂e

∂t
+uj

∂e

∂xj

]
=Q

′′′
−
∂q
′′
j

∂xj
+ ∂(τijui)

∂xj
+Fiui,

ρ

[
∂e

∂t
+uj

∂e

∂xj

]
=Q

′′′
−
∂q
′′
j

∂xj
+ τij

∂ui
∂xj

+ui
∂τij
∂xj

+Fiui.

(3.1.42)

Above is the equation of total energy(the sum mechanical energy and thermal energy)

conservation, however we are interested in thermal energy only and hence we would

subtract the mechanical energy(sum of kinetic and potential energy) from the above

equation.

Multiplying the Navier equation of momuntem balance by ui, we obtain equation for

mechanical energy(the sum of kinetic and potential energy)

ui

[
ρ
∂ui
∂t

+ρuj
∂ui
∂xj

]
= ui

∂τij
∂xj

+Fiui,

ρ

[
∂

∂t

(
u2
i

2

)
+uj

∂

∂xj

(
u2
i

2

)]
= ui

∂τij
∂xj

+Fiui.

(3.1.43)
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Subtracting equation (3.1.42) from equation (3.1.43), we obtain the conservation equa-

tion for the internal energy (i) only

∂(ρi)
∂t

+ ∂(ρuji)
∂xj

=Q
′′′
−
∂q
′′
j

∂xj
+ τij

∂ui
∂xj

, (3.1.44)

[
ρ

(
∂i

∂t
+uj

∂i

∂xj

)
+ i

(
∂ρ

∂t
+ ∂(ρuj)

∂xj

)]
=Q

′′′
−
∂q
′′
j

∂xj
+ τij

∂ui
∂xj

,

ρ
Di

Dt
=Q

′′′
−
∂q
′′
j

∂xj
+ τij

∂ui
∂xj

.

(3.1.45)

We need to determine the viscous heating because of the energy dissipation due to

work gone against viscous shear i.e., τij
∂ui
∂xj

.

Assuming homogeneous, isotropic, Newtonian and Stokesian fluid, we can determine

the stress tensor as

τij =−Pδij +λ
∂uk
∂xk

δij +µ

(
∂ui
∂xj

+ ∂uj
∂xi

)
, (3.1.46)

τij
∂ui
∂xj

=−P ∂ui
∂xi

+µΦ, (3.1.47)

where Φ is the viscous dissipation function and given by

Φ = 2
[(

∂u

∂x

)2
+
(
∂v

∂y

)2
+
(
∂w

∂z

)2]
+
[(

∂u

∂y
+ ∂v

∂x

)2
+
(
∂v

∂z
+ ∂w

∂y

)2
+
(
∂w

∂x
+ ∂u

∂z

)2]

Now defining enthalpy h= i+ P

ρ
=⇒ ρi= ρh−P and substituting this and equation

(3.1.47) in to equation (3.1.45), we have

∂(ρi)
∂t

+ ∂(ρuji)
∂xj

=Q
′′′
−
∂q
′′
j

∂xj
−P ∂uk

∂xk
+µΦ

∂(ρh)
∂t
− ∂P
∂t

+ ∂(ρujh)
∂xj

− ∂(Puj)
∂xj

=Q
′′′
−
∂q
′′
j

∂xj
−P ∂uk

∂xk
+µΦ

ρ

[
∂h

∂t
+uj

∂h

∂xj

]
− ∂P
∂t
−uj

∂P

∂xj
−P ∂uj

∂xj
=Q

′′′
−
∂q
′′
j

∂xj
−P ∂uk

∂xk
+µΦ

ρ
Dh

Dt
−DP
Dt
−P ∂uk

∂xk
=Q

′′′
−
∂q
′′
j

∂xj
−P ∂uk

∂xk
+µΦ

ρ
Dh

Dt
=Q

′′′
−
∂q
′′
j

∂xj
+µΦ + DP

Dt

(3.1.48)
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For simple compressible pure substance with no phase change, enthalpy is a function of

temperature and pressure i.e., h= h(T,P ) then dh= ∂h

∂T

∣∣∣∣∣
P

dT + ∂h

∂P

∣∣∣∣∣
T

dP and interms of

entropy(s) it can be defined as dh= Tds+υdP . Since entropy is a function of temper-

ature and pressure, s= s(T,P ), and dh= T

(
∂s

∂T

∣∣∣∣∣
P

dT + ∂s

∂P

∣∣∣∣∣
T

dP

)
+υdP . Comparing

this two expression we obtain ∂h

∂P

∣∣∣∣∣
T

= T
∂s

∂P
+υ. By one of the Maxwell’s equation we

can redefine ∂h

∂P

∣∣∣∣∣
T

= υ−T ∂υ
∂P

∣∣∣∣∣
P

. By the definition of volumetric expansion coefficient

β = 1
υ

∂υ

∂P

∣∣∣∣∣
P

then ∂h

∂P

∣∣∣∣∣
T

= υ−βυT = υ(1−βT ).

Combining all this things together we obtain,

dh= CPdT +υ(1−βT )dP

ρ
Dh

Dt
= ρCP

DT

Dt
+ρυ(1−βT )DP

Dt

(3.1.49)

substituting equation (3.1.49) in to equation (3.1.48), we obtain

ρCP
DT

Dt
+ρυ(1−βT )DP

Dt
=Q

′′′
−
∂q
′′
j

∂xj
+µΦ + DP

Dt

ρCP
DT

Dt
=Q

′′′
−
∂q
′′
j

∂xj
+µΦ +βT

DP

Dt

(3.1.50)

From Fourier’s law, q′′j =−kj
∂T

∂xj
=⇒ −

∂q
′′
j

∂xj
= ∂

∂xj

(
kj
∂T

∂xj

)
.

Finally we obtain the energy equation in index notation

ρCP

[
∂T

∂t
+uj

∂T

∂xj

]
=Q

′′′
− ∂

∂xj

(
kj
∂T

∂xj

)
+µΦ +βT

DP

Dt
. (3.1.51)

In vector form, energy equation is given as

ρCp

[
∂T

∂t
+ (q.5)T

]
=Q

′′′
−∇·k∇T +µΦ +βT

DP

Dt
. (3.1.52)

Where the last term is the pressure work and it is not important when compressibility

is negligible.
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3.1.4 The Species Concentration Equation

The species concentration equation is derived based on the law of mass balance.

Rate of increase of mass of species i within the control volume = rate of inflow of

species i − rate of outflow of species i + rate of diffusion of species i into the control

volume + rate of generation of species i due to chemical reaction.

This principle can be applied to a differential control volume in a manner very similar

to the continuity relation. The only new consideration is that mass of species i can be

created or destroyed via chemical reactions so that

∂ρi
∂t

+∇·ρiŪi = ri, (3.1.53)

where ri is the generation rate of species i per unit volume, Ūi is the species velocity

(this velocity is a continuum average that includes the effects of bulk flow and diffu-

sion) and ρ=∑N
i=1 ρi for multi component mixture. The mass averaged velocity of the

mixture is Ū =
∑N
i=1 Ūiρi
ρ

then the local rate at which mass passes through a unit cross

sectional area perpendicular to Ū = ρŪ =∑N
i=1 Ūiρi.

The drift velocity of species i causes a flux ~J which can be expressed by ~J = ρi(Ūi− Ū).

Therefore, ρiŪi = ~J + ρiŪ . Substituting this into the expression for species conserva-

tion, we obtain

∂ρi
∂t

+∇·( ~J +ρiŪ) = ri. (3.1.54)

From Fick’s law of binary system where the drift velocity is due to diffusion, we can

write ~Ji = −D∇ρi. Noting the mass fraction that Ci = ρi
ρ

, we obtain the species

concentration equation as

∂ρCi
∂t

+∇·(ρŪCi) =∇·(ρD∇Ci) + ri, (3.1.55)

If the species flows with the fluid flow velocity then Ū=flow velocity u.
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Maxwell’s Equations

A set of partial differential equations that, together with the Lorentz force law, form

the foundation of classical electrodynamics and electric circuits are known as Maxwell’s

equations. Maxwell’s equations, named after the Scottish physicist and mathematician

James Clerk Maxwell, describe how magnetic and electric fields are generated and there

interaction with charges. The following are Maxwell’s equations.

5·E = ρv
ε

(Gauss law)

5·B = 0 (Gauss law for magnetism)

− ∂B

∂t
=5×E (Faraday’s law)

5×B = µej (Ampere’s law)

j = σ(E + q×B) (Ohm’s law)

(3.1.56)

Where ρv is the volume charge density, ε is the permittivity of the material, µe is

magnetic permeability, B is Magnetic field, j is electric current density, E is electric

field and and σ is electrical conductivity.

3.2 Methods of Solution

In this research, some mathematical techniques were employed to tackle the resulting

non-linear boundary value problems. For some simple cases of flows through tubes,

channels and parallel plates, the resulting systems of differential equations may have

exact solutions, but in general, most of the fluid mechanics problems have no exact

solutions because of the nonlinearity of the problems.

In this section the methods of solution that are the numerical computations used in

this study are described. The entire computational algorithms evolved from this work

were implemented using MAPLE symbolic package.
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3.2.1 Computational Techniques for Solving BVPs

The Shooting Method

Many important real world physical problems lead to boundary value problems(BVPs).

The shooting method is one among the commonly used powerful numerical methods

for solving boundary value problems for ordinary differential equations. The shooting

method is an iterative algorithm that reformulates the original boundary value problem

(BVPs) to a related initial value problem (IVPs) with its appropriate initial conditions.

The new problem requires the solution of the IVP with the initial conditions arbitrary

chosen to approximate the boundary conditions at the end points. If these boundary

conditions are not satisfied to the required accuracy, the procedure is repeated again

with a new set of initial conditions until the required accuracy is acquired or a limit to

the iteration is reached. The resultant IVP is solved numerically using any appropriate

methods of solving IVPs.

For illustrations, consider the two point boundary value problem

y′′′(x) = f(x,y,y′,y′′) with y(a) = α y(b) = β, y′(b) = γ, x ∈ [a,b]. (3.2.1)

To solve this problem by shooting method, it needs to be reduced to the equivalent

system of first order ODEs.

Defining new variables: y = f1, y′ = f2, y′′ = f3 and assuming the missing initial

conditions as f2(a) = p, f3(a) = q, we obtain the following system of IVPs

f
′
1 = f2, f1(a) = α,

f
′
2 = f3, f2(a) = p,

f
′
3 = f(x,f1,f2,f3), f3(a) = q,

(3.2.2)

with two shooting parameters p and q. The solution of this IVP fulfills the following

two requirements,

F1(p,q) = f1(b;p,q)−β = 0,

F2(p,q) = f2(b;p,q)−γ = 0.
(3.2.3)
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The zeros (p,q) of this system of non-linear algebriac equations can be found with any

standard root-finding techniques such as Newton-Raphson method.

The solution f1(x;p,q) of the IVP Equation (3.2.2) can be obtained using any standard

IVP solving techniques such as Runge-Kutta-Fehlberg method and will coincide with

the solution y(x) of the BVP Equation (3.2.1), as long as the values for p and q are

found and satisfy the requirements mentioned above.

Multidimensional Newton Raphson Method

In numerical analysis, the Newton-Raphson Method is a method for finding succes-

sively better approximations to the roots (or zeros) of a real-valued function.

Consider a system of n nonlinear equations with n unknowns, as the one described

below:



f1(x1,x2, ...,xn)

f2(x1,x2, ...,xn)

.

.

.

fn(x1,x2, ...,xn)


=



0

0

.

.

.

0


, (3.2.4)

where fi(x1,x2, . . . ,xn) : Rn→ R, i = 1, . . . ,n, are nonlinear functions. The system of

equations (3.2.4) can be rewritten in compact form as:

f(x) = 0, (3.2.5)

where f = [f1(x),f2(x), . . . ,fn(x)]T = 0 :Rn→Rn,x = [x1,x2, . . . ,xn]T ∈Rn,0 = [0,0, . . . ,0]T

Given an initial value for vector x, i.e., x(0), we have, in general, that f(x(0)) 6= 0. Thus,

we need to find ∆x(0) so that f(x(0) + ∆x(0)) = 0. Using the first-order Taylor series

f(x(0) + ∆x(0)) can be approximately expressed as:

f(x(0) + ∆x(0))≈ f(x(0)) +J(0)∆x(0), (3.2.6)

where J is n×n Jacobian:
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J =



∂f1(x)
∂x1

∂f1(x)
∂x2

· · · ∂f1(x)
∂xn

∂f2(x)
∂x1

∂f2(x)
∂x2

· · · ∂f2(x)
∂xn... ... . . . ...

∂fn(x)
∂x1

∂fn(x)
∂x2

· · · ∂fn(x)
∂xn


(3.2.7)

Since we seek f(x(0) + ∆x(0)) = 0, from Equation(3.2.6) we can compute ∆x(0) as

∆x(0) ≈−[J(0)]−1f(x(0)) (3.2.8)

Then, we can update vector x as:

x(1) = x(0) + ∆x(0) (3.2.9)

x(ν+1) = x(ν)− [J(ν)]−1f(x(ν)), (3.2.10)

where ν is the iteration counter.

Runge-Kutta-Fehlberg Method

One way to guarantee accuracy in the solution of an IVP is to solve the problem twice

using step sizes h and h

2 and compare answers at the mesh points corresponding to

the larger step size. But this requires a significant amount of computation for the

smaller step size and must be repeated if it is determined that the agreement is not

good enough.

The Runge-Kutta-Fehlberg method (denoted RKF45) is one way to try to resolve

this problem. It has a procedure to determine if the proper step size h is being used.

At each step, two different approximations for the solution are made and compared.

If the two answers are in close agreement, the approximation is accepted. If the two

answers do not agree to a specified accuracy, the step size is reduced. If the answers

agree to more significant digits than required, the step size is increased (Faires and
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Burden, 2012). Each step requires the use of the following six values:

k1 = hf (tk,yk) ,

k2 = hf
(
tk + 1

4h,yk + 1
4k1

)
,

k3 = hf
(
tk + 3

8h,yk + 3
32y1 + 9

32k2

)
,

k4 = hf
(
tk + 12

13h,yk + 1932
2197k1−

7200
2197k2 + 7296

2197k3

)
,

k5 = hf
(
tk +h,yk + 439

216k1−8k2 + 3680
513 k3−

845
4104k4

)
,

k6 = hf
(
tk + 1

2h,yk−
8
27k1 + 2k2−

3544
2565k3 + 1859

4104k4−
11
40k5

)
,

(3.2.11)

An approximation to the solution of the IVP is made using a Runge-Kutta method of

order 4:

yk+1 = yk + 25
216k1−

1408
2565k3 + 2197

4104k4−
1
5k5, (3.2.12)

A better value for the solution is determined using a Runge-Kutta method of order 5:

Zk+1 = yk + 16
135k1 + 6656

12825k3 + 28561
56430k4−

9
50k5 + 2

55k6, (3.2.13)

An estimate of the error can be obtained by subtracting the two values obtained. If

the error exceeds a specific threshold, the results can be recalculated using a smaller

step size. The approach to estimating the new step size is given below:

hnew = hold

(
εhold

2|Zk+1−yk+1|

) 1
4

(3.2.14)

Where ε is the prescribed tolerance.

The following chapters deal with the formulation of different problems of boundary

layer flow of nanofluid.
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Chapter 4

Mixed Convection Flow of a Radiating Magnetic

Nanofluid Past a Heated Permeable

Stretching/Shrinking Sheet in a Porous Medium

4.1 Introduction

Mixed convection in heat and mass transfer has different applications in heat exchanges,

solar collectors, nuclear reactors, atmospheric boundary layer flow, nanotechnology, and

electronic apparatus, as reported by Jamaludin et al. (2019). Besides being used as a

convective heat transfer mechanism, thermal radiation plays a key role in managing

heat transfer processes. Controlling the effects of radiation on fluid flow and heat trans-

fer problems has vigorous significance in engineering processes, nuclear plants, space

vehicles, gas turbines, and satellites involving high temperatures needed in designing

specific equipment, as reported by Jamil et al. (2020) and Prasad et al. (2006).

Taking this fact into account, various researchers have investigated radiation effects

on mixed convection flow problems in view of different aspects of the problem. Makinde

(2012) numerically investigated hydromagnetic mixed convection stagnation point flow

past a vertical plate embedded in a highly porous medium with the effects of radiation

and internal heat generation. Their results revealed that the local skin friction, local

Nusselt number, and local Sherwood number intensify as magnetic field strength and

radiation parameters increase. Yasin et al. (2016) investigated steady two-dimensional

magnetohydrodynamic (MHD) flow past a permeable stretching or shrinking sheet

with radiation effects. According to their results, dual solutions exist for shrinking

surfaces, and the solution is unique for the stretching case. Pal (2009) analyzed the

heat and mass transfer characteristics in a two-dimensional stagnation-point flow over

a stretching vertical sheet under the effects of buoyancy force and thermal radiation

using the implicit finite-difference method. Extending the idea, Rashidi et al. (2014)

numerically investigated the buoyancy and thermal radiation effects on heat transfer

of water-based nanofluid flow over a stretching sheet. Their results showed that the

skin friction coefficient upturns with the intensification of the magnetic field and the

radiation effect and declines with buoyancy parameter and nanoparticle volume fraction
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parameter.

Despite the fact that several works on fluid flow and heat transfer problems with

nanofluid have been testified, there appear to be no efforts in the literature to consider

the combined effects of buoyancy force, thermal radiation, viscous and porous dissi-

pation, and porous medium on the hydromagnetic stagnation point flow of nanofluid

flowing past a permeable stretching/shrinking sheet with convective boundary condi-

tions.

Thus, in this chapter, mixed convection stagnation point flow of a radiating mag-

netic nanofluid over a permeable stretching/shrinking sheet in a porous medium with

convective conditions is investigated. Moreover, the inclusion of viscous and porous

dissipation terms in the energy equation enables us to examine their effects on fluid

flow and heat transfer. Such magnetohydrodynamic (MHD) boundary layer fluid flows

of an electrically conducting fluid past a stretching/shrinking sheet have various ap-

plications in modern metallurgical and metal-working processes such as drawing of

continuous filaments through quiescent fluids, and annealing and tinning of copper

wires as mentioned in Pal and Mondal (2012) and Chu et al. (2020).

4.2 Mathematical Model Formulation

Considering a steady, laminar, viscous, and incompressible two dimensional stagna-

tion point flow of a magnetic nanofluid past a heated permeable stretching/shrinking

sheet which is embedded in a porous medium along the x-direction. It is assumed

that a constant magnetic field of strength B0 is applied in the positive y-direction

normal to the surface. The induced magnetic field is assumed to be small compared

to the applied magnetic field. The ambient temperature of the fluid and the ambi-

ent concentration are taken as T∞ and C∞, respectively. While the surface below

the stretching/shrinking sheet is heated by convection from a hot fluid having initial

temperature Tf with nanoparticles concentration Cf which provides a heat transfer

coefficient h1 and mass transfer coefficient h2. It is assumed that the porous medium

is homogeneous and isotropic, and saturated with a nanofluid which is in local ther-

mal equilibrium with the solid matrix. Further, the flow is assumed to be slow so

that a Forchheimer quadratic drag term do not appear in the momentum equation.
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The effects of thermal radiation is incorporated through energy equation. The fluid

is considered to be a gray, absorbing emitting radiation but non-scattering medium

and the Rosseland’s approximation is used to describe the radiative heat flux in the

energy equation. We choose the coordinate system so that the x-axis is along the

stretching/shrinking sheet and the y-axis is normal to the sheet surface. A sketch of

the physical model and the coordinates are given in Figure 4.2.1.

Figure 4.2.1: Flow diagram of the model

Based on the general fluid flow governing equations derived in chapter 3, the Buon-

giorno convective transport model equations and the above stated physical assump-

tions, the governing equation of total mass, momentum, temperature and species con-

centration in the presence of a transverse magnetic field past a convectively heated

stretching/shrinking sheet embedded in a Darcian porous medium takes the following

form:
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∂u

∂x
+ ∂v

∂y
= 0,

u
∂u

∂x
+v

∂u

∂y
=− 1

ρf

∂p

∂x
+ µf
ρf

(
∂2u

∂x2 + ∂2u

∂y2

)
+ J ×B

ρf
− 1
ρf

(ρg)− µ

ρfK
u,

u
∂v

∂x
+v

∂v

∂y
=− 1

ρf

∂p

∂y
+ µf
ρf

(
∂2v

∂x2 + ∂2v

∂y2

)
,

u
∂T

∂x
+v

∂T

∂y
= αf

(
∂2T

∂x2 + ∂2T

∂y2

)
+ τ

[
DB

(
∂C

∂x

∂T

∂x
+ ∂C

∂y

∂T

∂y

)
+ DT

T∞

[(
∂T

∂x

)2
+
(
∂T

∂y

)2]]

+ αfµf
k

(
∂u

∂y

)2
+ J.J

(ρcp)fσ
+ µu2

(ρcp)fK
− 1

(ρcp)f
∂qr
∂y

,

u
∂C

∂x
+v

∂C

∂y
=DB

(
∂2C

∂x2 + ∂2C

∂2y

)
+
(
DT

T∞

)(
∂2T

∂x2 + ∂2T

∂y2

)
.

Now making the standard boundary-layer approximation based on scale analysis, we

obtained that variations along the y-axis within the boundary layer is much faster than

the variations along the x-axis. i,e,

∂u

∂x
<<

∂u

∂y
,

∂v

∂x
<<

∂v

∂y
,

∂T

∂x
<<

∂T

∂y
and ∂C

∂x
<<

∂C

∂y
.

Following the above discussion, the governing equations are simplified as

∂u

∂x
+ ∂v

∂y
= 0, (4.2.1)

u
∂u

∂x
+v

∂u

∂y
=− 1

ρf

∂p

∂x
+ µf
ρf

(
∂2u

∂y2

)
+ J ×B

ρf
− 1
ρf

(ρg)− µ

ρfK
u, (4.2.2)

∂p

∂y
= 0, (4.2.3)

u
∂T

∂x
+v

∂T

∂y
= αf

(
∂2T

∂y2

)
+ τ

[
DB

(
∂C

∂y

∂T

∂y

)
+ DT

T∞

(
∂T

∂y

)2]

+ αfµf
k

(
∂u

∂y

)2
+ J.J

(ρcp)fσ
+ µu2

(ρcp)fK
− 1

(ρcp)f
∂qr
∂y

,

(4.2.4)

u
∂C

∂x
+v

∂C

∂y
=DB

(
∂2C

∂y2

)
+
(
DT

T∞

)(
∂2T

∂y2

)
. (4.2.5)

The nanofluid density ρ can be approximated by the the base fluid density ρf when

C is small, i. e. ρ= Cρp+ (1−C)ρf .
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By using the Oberbeck-Boussinesq approximation, body force term in the momen-

tum equation can be linearized by neglecting a term proportional to the product of C

and T . This assumption is likely to be valid in the case of small temperature gradients

in a dilute suspension of nano particles. Thus, we can approximate the body force

term as

ρf = ρf∞+ ∂ρ

∂T
(T −T∞) + Higher order terms (4.2.6)

where,

β =− 1
ρf∞

∂ρ

∂T
=⇒ ∂ρ

∂T
=−βρf∞.

Neglecting the higher order terms and making a substitution, we get

ρf = ρf∞−βρf∞(T −T∞). (4.2.7)

By substituting 4.2.7 into the momentum equation, we get

u
∂u

∂x
+v

∂u

∂y
=− 1

ρf

∂p

∂x
+ µf
ρf

(
∂2u

∂y2

)
+ J×B

ρf
− µ

ρfK
u

− 1
ρf

[Cρp+ (1−C)ρf∞− (1−C)ρf∞β(T −T∞)]g.
(4.2.8)

The Lorenzean force, J×B, is obtained as

J = σ(E+ q×B). (4.2.9)

Where J is current density, B = (0,B0,0) is magnetic field normal to the flow, q =

(u,v,0) is velocity, σ is electrical conductivity and E = 0 is the electric field.

J = σ(E+ q×B) = σ

∣∣∣∣∣∣∣∣∣∣∣
i j k

u v 0

0 B0 0

∣∣∣∣∣∣∣∣∣∣∣
= σ(0,0,uB0). (4.2.10)

Then

J×B =

∣∣∣∣∣∣∣∣∣∣∣
i j k

0 0 σuB0

0 B0(x) 0

∣∣∣∣∣∣∣∣∣∣∣
=−σuB2

0i (4.2.11)
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J.J

σ
= σ2B2

0u
2

σ
= σB2

0u
2 (4.2.12)

Substituting the Lorenzean force term 4.2.11 into equation 4.2.8, then the momentum

equation will be

ρf

(
u
∂u

∂x
+v

∂u

∂y

)
=−∂p

∂x
+µf

(
∂2u

∂y2

)
−σB2

0u−
µ

ρfK
u

− [Cρp+ (1−C)ρf∞− (1−C)ρf∞β(T −T∞)]g. (4.2.13)

At free stream, i.e. y→∞

− ∂p

∂x
= ρfU∞

∂U∞
∂x

+σB2
0U∞+ µ

ρfK
U∞+

[
ρpC∞+ρf∞−C∞ρf∞

]
g. (4.2.14)

Now substituting for the −∂p
∂x

term into the momentum equation, the momentum

equation becomes

u
∂u

∂x
+v

∂u

∂y
=U∞

∂U∞
∂x

+ µf
ρf

∂2u

∂y2 −
σB2

0
ρf

(u−U∞)− µf
ρfK

(u−U∞)

+ 1
ρf

[
(1−C∞)ρf∞βg(T −T∞)− (ρp−ρ∞)g(C−C∞)

]
.

(4.2.15)

Considering equation 4.2.12, the energy equation is redefined as

u
∂T

∂x
+v

∂T

∂y
= αf

(
∂2T

∂y2

)
+ τ

[
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2]
+ αfµf

k

(
∂u

∂y

)2
+ σfB

2
0u

2

(ρcp)f
(4.2.16)

+ µu2

(ρcp)fK
− 1

(ρcp)f
∂qr
∂y

.

By using the Rosseland diffusion approximation, the radiative heat flux, qr is given

by:

qr = −4σ∗T 3
∞

3k∗
∂T 4

∂y
(4.2.17)

where σ∗and k∗ are the Stefan-Boltzman constant and the Rosseland mean absorption

coefficient, respectively. We assume that the temperature differences within the flow

are sufficiently small so that T 4 may be expressed as a linear function of temperature

T .

T 4 = 4T 3
∞T −3T 4

∞ (4.2.18)
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Then the radiative flux in energy equation is determined as

∂qr
∂y

= 16σ∗T 3
∞

3kk∗
∂2T

∂y2 (4.2.19)

Then substituting equation 4.2.19 into the energy equation, we get

u
∂T

∂x
+v

∂T

∂y
= αf

(
1 + 16σ∗T 3

∞
3kk∗

)(
∂2T

∂y2

)
+ τ

[
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2]

+ αfµf
k

(
∂u

∂y

)2
+
(
αfσB

2
0u

2

k
+ αfµfu

2

kK

)
.

(4.2.20)

In order to have a balanced equation at the free stream condition, the energy equation
is redefined as

u
∂T

∂x
+v

∂T

∂y
= αf

(
1 + 16σ∗T 3

∞
3kk∗

)(
∂2T

∂y2

)
+ τ

[
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2]
+

αfµf
k

(
∂u

∂y

)2
+
(
αfσB

2
0

k
+ αfµf

kK

)
(u−U∞)2.

(4.2.21)

After performing the Oberbeck-Boussinesq approximation and boundary layer approx-

imations for mass, momentum, thermal energy and solid volume fraction of nanofluid

in the presence of magnetic field, the governing equations for the nanofluid flow past a

stretching/shrinking sheet is expressed as:

∂u

∂x
+ ∂v

∂y
= 0, (4.2.22)

u
∂u

∂x
+v

∂u

∂y
= U∞

∂U∞
∂x

+ µf
ρf

∂2u

∂y2 −
σB2

0
ρf

(u−U∞)− µf
ρfK

(u−U∞)+

1
ρf

[
(1−C∞)ρf∞βg(T −T∞)− (ρp−ρf∞)g(C−C∞)

]
,

(4.2.23)

u
∂T

∂x
+v

∂T

∂y
= αf

(
1 + 16σ∗T 3

∞
3kk∗

)(
∂2T

∂y2

)
+ τ

(
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2)
+

αfµf
k

(
∂u

∂y

)2
+
(
αfσB

2
0

k
+ αfµf

kK

)
(u−U∞)2,

(4.2.24)

u
∂C

∂x
+v

∂C

∂y
=DB

∂2C

∂y2 +
(
DT

T∞

)(
∂2T

∂y2

)
, (4.2.25)

where the velocity components along the x and y directions are given by u and v, re-

spectively. The nanoparticle density, the density of base fluid, the absolute viscosity of
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the base fluid, the thermal diffusivity of the base fluid, the Stefan-Boltzman constant,

the mean absorption coefficient are dented by ρp, ρf , µf , αf , σ∗, k∗, respectively. Fur-

thermore, τ = (ρc)p

(ρc)f
is the ratio of nanoparticle heat capacity and the base fluid heat

capacity, K is the porous medium permeability, T is the local temperature, C is the lo-

cal solid volume fraction of the nanofluid, β is volumetric thermal expansion coefficient

of the base fliud, DB is the Brownian diffusion coefficient, DT is the thermophoretic

diffusion coefficient and g is the acceleration due to gravity. The subscript ∞ denotes

the values at large values of y where the fluid is quiescent.

The boundary conditions are written as:

y = 0 : u= Uw(x) = ax, v = V0, −k
∂T

∂y
= h1(Tf −T ), −DB

∂C

∂y
= h2(Cf −C),

(4.2.26)

y→∞ : u→ U∞(x), T → T∞, C→ C∞, (4.2.27)

where U∞(x) = αf
x
Ra

1/2
x is the external velocity, Rax = (1−C∞)gβ(Tf −T∞)x3

ναf
is the

local Rayliegh number, Uw(x) = ax is the stretching/shrinking velocity of the sheet, a

is a constant and V0 is the wall mass transfer velocity.

4.3 Similarity Transformation

Introducing the following non-dimensional similarity variables, the governing equations

(4.2.22) - (4.2.24) and the boundary equations (4.2.26) - (4.2.27) are transformed into

a non-dimensionless form (Makinde et al., 2013):

η = y

x
Ra1/4

x , ψ(x,y) = αfRa
1/4
x f(η), θ(η) = T −T∞

Tf −T∞
, φ(η) = C−C∞

Cf −C∞
. (4.3.1)

Now using the similarity transformation quantities given above, the similarity trans-

formation processes to ordinary differential equations are as shown below,

u= ∂ψ

∂y
= αf

x
Ra

1
4
xf
′
(η)Ra

1
4
x ⇒ u= αf

x
Ra

1
2
xf
′
(η), (4.3.2)

v =−∂ψ
∂x

=− ∂

∂x

(
αfRa

1
4
xf(η)

)
=−αf

Ra 1
4
xf
′
(η)∂η

∂x
+f(η)∂Ra

1
4
x

∂x


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v =−∂ψ
∂x

=− ∂

∂x

(
αfRa

1
4
xf(η)

)
= −αf

[−y
4x2Ra

1
2
xf
′
(η) + 3

4xRa
1
4
xf(η)

]
,

= αfRa
1
4
x

4x
(
ηf
′
(η)−3f(η)

)
(4.3.3)

T = T∞+ (Tf −T∞)θ(η)⇒ ∂T

∂y
= (Tf −T∞)θ′(η)Ra

1
4
x

x
, (4.3.4)

⇒ ∂2T

∂y2 = (Tf −T∞)
x2 θ

′′
(η)Ra

1
2
x , (4.3.5)

and
∂T

∂x
= (Tf −T∞)θ

′
(η)dη

dx
⇒ ∂T

∂x
=− y

4x2 (Tf −T∞)θ′(η)Ra
1
4
x , (4.3.6)

C = C∞+ (Cf −C∞)φ(η) ⇒ ∂C

∂y
= (Cf −C∞)

x
φ′(η)Ra

1
4
x , (4.3.7)

⇒ ∂2C

∂y2 = (Cf −C∞)
x2 φ

′′
(η)Ra

1
2
x , (4.3.8)

and
∂C

∂x
= (Cf −C∞)φ

′
(η)dη

dx
=− y

4x2 (Cf −C∞)φ
′
(η)Ra

1
4
x . (4.3.9)

The Continuity equation

∂u

∂x
+ ∂v

∂y
= ∂

∂x

(
αf
x
Ra

1
2
x f
′(η)

)
+ ∂

∂y

(
−αf

[−y
4x2Ra

1
2
x f
′(η) + 3

4xRa
1
4
x f(η)

])
= 0. (4.3.10)

The Momentum equation

Substituting equations (4.3.2)- (4.3.9) into the x-momentum equation (4.2.23), we
obtain

−1
x3 α

2
fRaxf

′(η)2 + 3
2x3α

2
fRaxf

′(η)2− y

4x4α
2
fRa

5
4
x f
′(η)f ′′(η)− 3

4x3α
2
fRaxf(η)f ′′(η)+

y

4x4α
2
fRa

5
4
x f
′(η)f ′′(η) = 1

x
αfRa

1
2

(
−αf
x2 Ra

1
2
x + 3αf

2x2 Ra
1
2
x

)
+ µf
ρf

∂

∂y

(
αf
x
Ra

1
2
x f
′′(η) 1

x
Ra

1
4
x

)
−

σfB
2
0

ρf

(
αf
x
Ra

1
2
x f
′(η)− αf

x
Ra

1
2
x

)
− µf
ρfK

(
αf
x
Ra

1
2
x f
′(η)− αf

x
Ra

1
2
x

)
+

1
ρf

[
(1−C∞)ρf∞βg(T −T∞)− (ρp−ρf∞)g(C−C∞)

]
, (4.3.11)

After some simplifications of equation (4.3.11), we obtain
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1
2x3α

2
fRax(f ′(η))2− 3

4x3α
2
fRaxf(η)f ′′(η) = 1

2x3α
2
fRax+ αfµf

x3ρf
f ′′′(η)Rax−

σfB
2
0

ρfx
αfRa

1
2
x
(
f ′(η)−1

)
− µf
ρfK

αf
x
Ra

1
2
x
(
f ′(η)−1

)
+ 1
ρf

[(1−C∞)ρf∞βg(T −T∞)− (ρp−ρ∞)g(C−C∞)]. (4.3.12)

Dividing each term by Ra, we get

1
2x3α

2
f (f ′(η))2− 3

4x3α
2
ff(η)f ′′(η) =

α2
f

2x3 + αfµf
x3ρf

f ′′′(η)− σfB
2
0

ρfx
αfRa

− 1
2

x
(
f ′(η)−1

)
−

µf
ρfK

αf
x
Ra

1
−2
x
(
f ′(η)−1

)
+ 1
Raxρf

[(1−φ∞)ρf∞βg(T −T∞)− (ρp−ρ∞)g(φ−φ∞)]. (4.3.13)

Multiplying each term by x3ρf
µfαf

, we get

f ′′′(η)− αfρf2µf
(f ′(η))2 + 3αfρf

4µf
f(η)f ′′(η) + 1

2Pr −
σfB

2
0x

2

µf
Ra
− 1

2
x
(
f ′(η)−1

)
− (4.3.14)

x2

K
Ra

1
−2
x
(
f ′(η)−1

)
+ x3

Raxµfαf
[(1−C∞)ρf∞βg(T −T∞)− (ρp−ρ∞)g(C−C∞)] = 0.

After some simplifications and substitution of the parameters, we obtain

f ′′′(η)− (M + 1
Da

)
(
f ′(η)−1

)
− 1

2Pr (f ′(η))2 + 3
4Prf(η)f ′′(η) + 1

2Pr + T −T∞
Tf −T∞

−

(ρp−ρf )(Cw−C∞)
ρfβ(1−Cw)(Tf −T∞)

(C−C∞)
(Cw−C∞) = 0. (4.3.15)

Finally, we obtain

f ′′′− (M + 1
Da

)
(
f ′−1

)
+ 1

4Pr
[
3ff ′′−2f ′2 + 2

]
+ θ−Nrf = 0. (4.3.16)

The Energy equation

Substituting equations (4.3.2)- (4.3.9) into the energy equation (4.2.24), we obtain

αf
x
Ra

1
2
x f
′(η)

(
− y

4x2 (Tf −T∞)θ′(η)Ra
1
4
x

)
+
(
yαf
4x2 f

′(η)Ra
1
2
x −

3αf
4x f(η)Ra

1
4
x

)
(Tf −T∞)

x
θ′(η)Ra

1
4
x =

[
1 + 16σ∗T 3

∞
3kk∗

]
αf
x2 (Tf −T∞)θ′′(η)Ra

1
2
x + τ

(
DT

T∞

)[(Tf −T∞)
x

θ′(η)Ra
1
4
x

]2
+

τ

[
DB

(Cw−C∞)
x

φ′(η)Ra
1
4
x

(Tf −T∞)
x

θ′(η)Ra
1
4
x

]
αfµf
k

(
αf
x2 f

′′(η)Ra
3
4
x

)2
+
σB2

0α
3
f

kx2 Rax(f ′(η)−1)2

+
α3
fµf

kKx2Rax(f ′(η)−1)2, (4.3.17)
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−3αf
4x2 (Tf −T∞)f(η)θ′(η)Ra

1
2
x =

(
1 + 4

3R
)
αf
x2 (Tf −T∞)θ′′(η)Ra

1
2
x+

τ

[
DB

(Cw−C∞)(Tf −T∞)
x2 φ′(η)θ′(η)Ra

1
2
x

]
+ τ

(
DT

T∞

)[(Tf −T∞)
x

θ′(η)Ra
1
4
x

]2
+

αfµf
k

(
αf
x2 f

′′(η)Ra
3
4
x

)2
+
σB2

0α
3
f

kx2 Rax(f ′(η)−1)2 +
α3
fµf

kKx2Rax(f ′(η)−1)2. (4.3.18)

Multiplying each term of equation (4.3.18) by the term x2

αf (Tf −T∞)Ra
1
2
x

, we obtain

(
1 + 4

3R
)
θ′′(η) + 3

4f(η)θ′(η) + τDB(φw−φ∞)
αf

φ′(η)θ′(η) + τDT (Tf −T∞)
T∞αf

θ′(η)2

+
α2
fµf

x2k(Tf −T∞)Raxf
′′(η)2 +

σB2
0(x)α2

f

k(Tf −T∞)Ra
1
2
x (f ′(η)−1)2

+
α2
fµf

kK(Tf −T∞)Ra
1
2
x (f ′(η)−1)2 = 0. (4.3.19)

After some simplification, we obtain

(
1 + 4

3R
)
θ′′+ 3

4fθ
′+EcPr

[
f ′′2 +

(
M + 1

Da

)
(f ′−1)2

]
+Nbφ′θ′+Ntθ′2 = 0. (4.3.20)

The concentration equation

Substituting equation (4.3.2)- (4.3.9) into the concentration equation (4.2.25), we
obtain

αf
x
Ra

1
2
x f
′(η)

[
− y

4x2 (Cw−C∞)φ′(η)Ra
1
4
x

]
+ (Cw−C∞)

x
φ′(η)Ra

1
4
x

[
y

4x2αff
′(η)Ra

1
2
x −

3
4xαff(η)Ra

1
4
x

]
=DB

(Cw−C∞)
x2 φ′′(η)Ra

1
2
x + (DT

T∞
)(Tf −T∞)

x2 θ′′(η)Ra
1
2
x , (4.3.21)

− yαf4x3 (Cw−C∞)Ra
3
4
x f
′(η)φ′(η) + yαf

4x3 (Cw−C∞)Ra
3
4
x f
′(η)φ′(η)− 3

4x2αfφ
′(η)f(η)Ra

1
2
x

=DB
(Cw−C∞)

x2 φ′′(η)Ra
1
2
x + (DT

T∞
)(Tf −T∞)

x2 θ′′(η)Ra
1
2
x . (4.3.22)

Multiplying each terms of equation (4.3.22) by the term x2

DB(Cw−C∞)Ra
1
2
x

, we obtain
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 x2

DB(Cw−C∞)Ra
1
2
x

 −3
4x2αfφ

′(η)f(η)Ra
1
2
x =DB

(Cw−C∞)
x2 φ′′(η)Ra

1
2
x

 x2

DB(Cw−C∞)Ra
1
2
x


+

 x2

DB(Cw−C∞)Ra
1
2
x

(DT

T∞
)(Tf −T∞)

x2 θ′′(η)Ra
1
2
x , (4.3.23)

φ′′+ Nt

Nb
θ′′+ 3

4Leφ
′f = 0. (4.3.24)

The boundary conditions will be

As η→ 0

u(x,0) = ax= αf
x
Ra

1
2
xf
′(0)⇒ f ′(0) = ax2

αf
√
Rax

= λ

v(x,0) = V0 =−αf

− y

4x2Ra
1
2
xf
′(0) + 3

4xRa
1
4
x f(0)

⇒ f(0) = −4x
3αfRa

1/4
x

V0 = S

Substituting equation (4.3.4) in the convective boundary equation (4.2.26), we obtain

θ′(0) = x

−k(Tf −T∞)Ra
1
4
x

hf (x)(Tf −T )⇒ θ′(0) =−Nc(1− θ(0))

Substituting equation (4.3.7) in the convective boundary equation (4.2.26), we obtain

φ′(0) = x

−DB(Cf −C∞)Ra
1
4
x

hf (x)(Cf −C)⇒ φ′(0) =−Nc∗(1−φ(0))

As η→∞

u(x,∞) = U∞(x) = αf
x
Ra

1
2
xf
′(∞)⇒ αf

x
Ra

1
2
x = αf

x
Ra

1
2
xs
′(∞)⇒ f ′(∞) = 1

θ(∞) = T (x,∞)−T∞
Tf −T∞

= T∞−T∞
Tf −T∞

⇒ θ(∞) = 0

φ(∞) = C(x,∞)−C∞
Cw−C∞

= C∞−C∞
Cw−C∞

⇒ φ(∞) = 0
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Finally, we obtained the following nonlinear ordinary differential equations as shown
below:

f ′′′−
(
M + 1

Da

)(
f ′−1

)
+ 1

4Pr
[
3ff ′′−2f ′2 + 2

]
+θ−Nrφ= 0, (4.3.25)(

1 + 4
3R
)
θ′′+ 3

4fθ
′+EcPr

[
f ′′2 +

(
M + 1

Da

)
(f ′−1)2

]
+Nbφ′θ′+Ntθ′2 = 0, (4.3.26)

φ′′+ Nt

Nb
θ′′+ 3

4Leφ
′f = 0, (4.3.27)

and the boundary equations become:

η = 0 : f(0) = S, f ′(0) = λ, θ′(0) =−Nc [1−θ(0)] , φ′(0) =−Nc∗ [1−φ(0)] . (4.3.28)

η→∞ : f
′(∞) = 1, θ(∞) = 0, φ(∞) = 0. (4.3.29)

Here f ′, θ,φ and η are the dimensionless velocity, temperature, particle concentration

and similarity variable, respectively. The variablesNr,Pr,Le,Nb,Nt,R,M,Ec,Da,S,andλ

denotes the nanofluid buoyancy ratio parameter, Prandtl number, the Lewis number,

the Brownian motion parameter, the thermophoresis diffusion parameter, the radia-

tion parameter, magnetic field parameter, Eckert number, the porous media parame-

ter, suction/injection parameter and stretching/shrinking parameter, respectively. The

parameters and dimensionless numbers are defined as follows:

Nr = (ρp−ρf )(Cf −C∞)
ρfβ(1−Cf )(Tf −T∞) , Nb= τDB(Cf −C∞)

αf
, Nt= τDT (Tf −T∞)

αfT∞

M = σfB
2
0x

2

µfRa
1/2
x

, Ec= U2
∞

Cpf (Tf −T∞) , Nc= h1x

kRa
1/4
x

, Nc∗ = h2x

DBRa
1/4
x

,

R = 4σ∗T 3
∞

k∗k
, Da= KRa

1/2
x

x2 , λ= ax2

αf
√
Rax

, S = −4x
3αfRa

1/4
x

V0, P r = ν

αf
.

Le= αf
DB

.

(4.3.30)

Where Nc and Nc∗ are the heat transfer convective parameter and the mass trans-

fer convective parameter, respectively. When Nc→∞ and Nc∗→∞, the convective

boundary conditions reduce to a uniform surface temperature and nanoparticle con-

centration.
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4.4 Important Engineering Parameters

The important physical quantities of interest, in this problem, are the dimensionless
skin friction coefficient, the local Nusselt number, and the local Sherwood number. Skin
friction coefficient measures the friction that occurs at the boundary, Nusselt number
helps to determine the wall heat flux and Sherwood number is used to determine the
wall mass flux as explained by Anwar (2020). These important engineering parameters
are defined as:

Cf = τw
ρU2
∞

=⇒ f ′′(0) = Cfx
2

µαfRa
3/4
x

, Nux = xq′′w
k(Tf −T∞) , and Shx = xq′′m

DB(Cf −C∞) ,

(4.4.1)

where τw is the wall shear stress, q′′w is the wall heat flux due to the temperature

gradient and q′′m is the wall mass flux due to the Brownian motion force at y = 0 and

given by

τw = µ

(
∂u

∂y

)∣∣∣∣∣
η=0

, q′′w =−
(k+ 16σ∗T 3

∞
3k∗

)
∂T

∂y

∣∣∣∣∣
η=0

 , and q′′m =−DB

(
∂C

∂y

)∣∣∣∣∣
η=0

.

The dimensionless form of the wall shear stress, local Nusselt number and the local

Sherwood number are derived as

Cf =
µ

(
∂u

∂y

)∣∣∣∣∣
η=0

ρU2
∞

=
µ
∂

∂y

(
αf
x
Ra

1/2
x f ′(η)

)∣∣∣∣∣
η=0

ρU2
∞

= µαfRa
1/2
x f ′′(0)

x2ρU2
∞

,

⇒ Cf = µαfRa
1/2
x

x2ρU2
∞
⇒ CfRa

1/4
x = Prf ′′(0)

(4.4.2)

Nux =
−x

(k+ 16σ∗T 3
∞

3k∗

)
∂T

∂y

∣∣∣∣∣
η=0


k(Tf −T∞) =

−xk
(

1 + 16σ∗T 3
∞

3kk∗

)
(Tf −T∞)θ′(0)Ra1/4

x

xk(Tf −T∞)

⇒Nux =−
(

1 + 4
3R

)
θ′(0)Ra1/4

x

⇒Nu=NuxRa
−1/4
x =−

(
1 + 4

3R
)
θ′(0)

(4.4.3)

Shx =
−xDB

(
∂C

∂y

)∣∣∣∣∣
η=0

DB(Cf −C∞) = −xDB(Cf −C∞)φ′(0)Ra1/4
x

xDB(Cf −C∞) =−Ra1/4
x φ′(0)
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⇒ Shx =−Ra1/4
x φ′(0)

⇒ Sh= ShxRa
−1/4
x =−φ′(0)

where Rax,Nux,Shx are local Rayleigh number, local Nusselt number and local Sher-

wood number, respectively.

4.5 Numerical Procedures

The fourth-fifth order Runge-Kutta-Fehlberg method along with the shooting technique

is implemented to analyze the flow model for the above coupled nonlinear ordinary

differential equations (4.3.25)- (4.3.27) subject to the boundary conditions. Equations

(4.3.28) and (4.3.29) for various values of the governing parameters. The solution

procedure is an efficient, adaptive, and accurate method of order 4 with an error

estimator of order 5. This method has been used by several researchers for solving

problems of convective boundary layer flows, for instance papers by Bohra et al. (2017).

To solve numerically using the Runge-Kutta-Fehlberg method, first, we need to reduce

the coupled boundary value problem into a set of first-order ODEs to obtain a system

of seven simultaneous equations of the first order.

Defining new variables, we obtain the following system

f = f1, f
′
= f2, f

′′
= f3, θ = f4, θ

′
= f5, φ= f6, φ′ = f7, (4.5.1)

f
′
1 = f2,

f
′
2 = f3,

f
′
3 = (M + 1

Da
)(f2−1)− 1

4Pr
[
3f1f3−2f2

2 + 2
]
−f4 +Nrf6,

f
′
4 = f5,

f
′
5 = 1

(1 + 4
3R)

[−3
4 f1f5−EcPr

(
f2

3 + (M + 1
Da

)(f2−1)2
)
−Nbf7f5−Ntf2

5

]
,

f
′
6 = f7,

f
′
7 = −Nt

Nb(1 + 4
3R)

[
−3

4f1f5−EcPr
(
f2

3 + (M + 1
Da

)(f2−1)2
)
−Nbf7f5−Ntf2

5

]

− 3
4Lef7f1.

(4.5.2)

59



Here prime denotes the differentiation with respect to η and the corresponding initial

conditions are: 

f1(0)

f2(0)

f3(0)

f4(0)

f5(0)

f6(0)

f7(0)



=



S

λ

u1

u2

−Nc(1−u2)

u3

−Nc∗(1−u3)



(4.5.3)

Here we require seven initial conditions but one initial condition in each of f , θ and

φ are unknown. Thus, the values of the missing initial conditions u1,u2 and u3 are

approximated by using Newton-Raphson method until the boundary conditions at

η→∞ are satisfied.

To estimate the value of η∞, we start with some initial guess value and solve the

problem consisting of equations (4.3.25)- (4.3.27). The process of finding a solution is

repeated with another larger value of η∞ until two consecutive values of the missing

boundary conditions at η = 0 differ only after desired significant digits. The last value

η∞ is taken as the finite value of the limit η∞ for the particular set of parameters. For

our case we choose η∞ = 12 so that the boundary conditions given by equation (4.3.29)

become f ′(12) = 1, θ(12) = 0 and φ(12) = 0. The choice of η∞ = 12 ensures that all

numerical solutions approached the asymptotic values correctly. MAPLE software is

used to generate the numerical solutions of the transformed equations and boundary

conditions.

4.6 Results and Discussion

The combined effects of buoyancy force, thermal radiation, porous medium, convec-

tive heating, viscous dissipation, magnetic field and nanofluid parameters on the di-

mensionless velocity, temperature, rescaled nanoparticle volume fraction, skin friction,

heat and mass transfer rates from a permeable stretching/shrinking sheet are inves-

tigated numerically and presented. The range of parameters used in this study are

0.1 ≤M ≤ 0.5,0 ≤ Nr ≤ 3.5,0.1 ≤ Ec ≤ 1,0.2 ≤ Da ≤ 10,0.1 ≤ Nb ≤ 1.5,0.1 ≤ Nt ≤
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0.5,−0.5 ≤ S ≤ 0.6,0.1 ≤ R ≤ 1.5,0 ≤ Nc ≤ 5,0.1 ≤ Nc∗ ≤ 1.5,0.1 ≤ Le ≤ 1.5, and

Pr = 6.2 is used to signify the pure water as the base fluid.

4.6.1 Velocity Profiles with Parameter Variations

The alteration of the dimensionless velocity profile with the magnetic field and nanofluid

buoyancy ratio parameters is depicted in Figure 4.6.1a. Due to the growing applica-

tions of the magnetic field normal to the stretching sheet surface, the velocity boundary

layer thickness diminutions. It is further noted that the parameter ratio of buoyancy

forces due to the thermal expansion of the base fluid and difference in densities of

the nanoparticles and the base fluid (water) amplifies the dimensionless velocity pro-

file drops. We thus deduce that the flow in the upward direction decelerates as the

nanofluid buoyancy force due to the difference in densities of the nanoparticles and

the base fluid (water) toughens. The role of porous media and mass suction/injection

parameters on the dimensionless velocity profile is portrayed through Figure 4.6.1b.

The dimensionless velocity profile drops with an increment in porous media parame-

ter and the hydrodynamic boundary layer gets thickens as the porosity of the media

increases. According to the numerical result obtained in Figure 4.6.1b, an increase in

the mass suction/injection parameter reduces the dimensionless velocity profile within

the hydrodynamic boundary layer. Causes for the deceleration of the fluid flow are

that suction carries on the distance fluid into the region adjacent to the sheet thereby

enhancing the viscosity which in turn opposes the fluid motion.

Figure 4.6.2a shows the dimensionless velocity profile for different values of the

stretching/shrinking parameter while other parameters are assumed to be constant.

As shown in this figure, when the stretching velocity increases, the dimensionless ve-

locity profile decreases just after the transition point η = 0.56 but very near the sheet

surface a reverse phenomenon is observed. The momentum boundary layer thickness

has also dependent on the stretching/shrinking parameter. For the stretching sheet,

the momentum boundary layer thickness is larger than the shrinking case for layers of

the fluid far from the sheet surface starting at η = 0.56. For highly shrinking surfaces,

exaggerated change in dimensionless velocity and boundary layer thickness is observed

which is contrary to a stretching surface. These kinds of changes in dimensionless ve-

locity and momentum boundary layer thickness can occur until the shrinking surface
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(a) (b)

Figure 4.6.1: (a) Influence of Nr and M on the velocity profile (b) Influence of Da and
S on the velocity profile.

(a) (b)

Figure 4.6.2: (a) Influence of λ on the velocity profile (b) Influence of Nc on the velocity
profile.

reaches the critical stretching/shrinking parameter (λc) value. The convective param-

eter, Nc, measures the ratio of conduction resistance to convection resistance within

the body. When Nc = 0, no convection takes place at the surface. As shown in Figure

4.6.2b, the increment in convective parameter results in an increment in dimensionless

velocity profile, and at the same time, the momentum boundary layer thickness goes

in a reverse manner.
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4.6.2 Temperature Profiles with Parameter Variations

The variation of the dimensionless temperature profile with transverse distance is shown

in Figure 4.6.3 and 4.6.4 for different values of the flow governing parameters. The ef-

fects of stretching/shrinking and magnetic field parameters on the dimensionless tem-

perature profile within the thermal boundary layer are shown in Figure 4.6.3a. In the

absence of a magnetic field parameter, the dimensionless surface temperature is found

to be lower and increases with an increase in magnetic field. This is because of the fact

that a higher magnetic field produces a force called the Lorentz force which acts in the

opposite direction of motion and hence overwhelms the velocity field. Simultaneously,

it generates some thermal energy in the fluid motion, which causes a rise in the fluid

temperature and its layer thickness. It is also important to note that the thermal

boundary layer thickness decreases with increasing values of the stretching/shrinking

parameter.

(a) (b)

Figure 4.6.3: (a) Influence of λ and M on the temperature profile (b) Influence of Da
and δ on the temperature profile.

Figure 4.6.3b illustrates the influence of the mass transfer and porous media param-

eters on the dimensionless temperature profiles. For a stretching problem, solutions

exist for both mass suction and injection. For specified values of other parameters,

the dimensionless temperature profile decreases with increasing mass suction/injection

parameter. As a result, the thermal boundary layer thickness becomes thicker into the

fluid. The dimensionless surface temperature decreases as the porous media parameter
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increases. It is also noted that the thermal boundary layer thickness formed through

injection exceeds thermal boundary layer thickness formed through suction for any

porous medium.

(a) (b)

Figure 4.6.4: (a) Influence of Nr on the temperature profile (b) Influence of R and Ec
on the temperature profile.

As per the illustration in Figure 4.6.4a, the dimensionless temperature profile in-

creases as the nanofluid buoyancy ratio parameter increases. This is from the reality

that higher values of nanofluid buoyancy ratio parameter enhance the temperature of

the fluid so that the thermal boundary layer thickness is increased. The effects of vis-

cous dissipation on the dimensionless temperature profile for different values of thermal

radiation parameter are depicted in Figure 4.6.4b. In Figure 4.6.4b, the intensification

of viscous dissipation increases the temperature of the fluid. In viscous fluid flow, the

viscosity of the fluid takes kinetic energy from the motion of the fluid and transforms

it into internal that heats the fluid. Furthermore, it can be observed that radiation

enhances the dimensionless temperature leading to the development of an ascending

thermal boundary layer. Higher fluid temperature contributes to a reduction in heat

transfer from the plate. Hence, it is expected that thermal radiation must be kept low

to attain more cooling from the plate.
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4.6.3 Nanoparticle Volume Fraction Profiles with Parameter

Variations

The effects on nanoparticle volume fraction with emerging parameters are presented

in Figure 4.6.5a. From Figure 4.6.5a, one can see that as the stretching/shrinking

parameter increases, the nanoparticle volume fraction enhances up to the region of

fluid η = 2, then followed by transition there and it gets diminution with the same

condition of λ whereas, an increase in magnetic field parameter resulted in decreasing

nanoparticle volume fraction within a few layers of the fluid from the plate which is up

to η = 2 and just after the transition the effect is negligible.

(a) (b)

Figure 4.6.5: (a) Influence of λ and M on the concentration profile (b) Influence of Nt
and Nb on the concentration profile.

The combined effects of the nanofluid parameters (Brownian and thermophoresis

parameters) are shown in Figure 4.6.5b. We can see that an increase in Nt shows

decreasing effects on nanoparticle volume fraction within a few layers of the fluid from

the plate which is up to η = 1.6. Afterwards, that is in the region η = 1.6 to η = 10,

the nanoparticle volume fraction undergoes the reverse impact due to increase in Nt

followed by transition at η = 1.6. This is because a rising of Nt indicating a strong

thermophoretic force leading to larger diffusion of nanoparticles from the hot plate

to the ambient fluid. Furthermore, an increase in Nb shows increasing effects on

nanoparticle volume fraction within a few layers of the fluid from the plate which

is up to η = 1.6 and follows a reverse trend just after the transition.
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4.6.4 Skin Friction, Reduced Nusselt and Reduced Sherwood

Number

The skin friction variation with different parameters is shown in Figure 4.6.6a. As

presented in Figure 4.6.6a, the skin friction is less for higher values of the radiation

parameter. The effect of the magnetic field parameter is to increase skin friction due

to viscous effects. Furthermore, the increase in the nanofluid buoyancy ratio param-

eter helps in decreasing skin friction. Figure 4.6.6b characterizes the skin friction for

increasing values of the convective parameter and Brownian motion parameters for the

cases of permeable and impermeable sheets. As we can see from the graph, with an

intensification in the convective parameter, the skin friction increases for the Brownian

motion parameter and decreases for the suction/injection parameter.

(a) (b)

Figure 4.6.6: (a) Variation of skin friction with M for different values of Nr and R
(b)Variation of skin friction with Nc for different values of Nb and S.

Combined effects of nanofluid buoyancy parameter, magnetic field parameter, and

stretching/shrinking parameter on reduced Nusselt number (a measure of heat transfer

rate from the plate ) is plotted in Figure 4.6.7a. We can see that with an increased

magnetic field parameter the reduced Nusselt number decreases and with an increase

in nanofluid buoyancy parameter the reduced Nusselt number increases. Also, the

reduced Nusselt number is larger for the stretching sheet than the shrinking sheet. It

is found in Figure 4.6.7b that a difference is appearing in the reduced Nusselt number

for the convective parameter and the Brownian motion parameter for permeable and
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(a) (b)

Figure 4.6.7: (a) Variation of reduced Nusselt number with M for different values of
Nr and λ (b) Variation of reduced Nusselt number with Nc for different values of Nb
and S.

impermeable sheets. An increase in convective parameter increases the reduced Nusselt

number while opposite behavior is obtained on reduced Nusselt number for increasing

values of the Brownian motion parameter for both permeable and impermeable sheets.

As illustrated in this figure, suction assists the movement of heated fluid particles

towards the wall and subsequently, increases heat transfer rates compared to injection.

(a) (b)

Figure 4.6.8: (a) Variation of Sh with M for different values of Nr and R (b)Variation
of Sh with Nt for different values of Nb and Nr.

The effects of the magnetic field parameter and nanofluid buoyancy parameter in
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Table 4.6.1: Computations showing the effects of buoyancy, magnetic, viscous dissi-
pation, convective heating and stretching/shrinking parameters on dimensionless tem-
perature,shear stress, heat and mass transfer rates when Pr = 6.2,Le = 3,Nb = Nt =
0.3,Nc∗= 0.1,R = 0.1,Da= 1,S = 0.1

f ′′(0) −(1 + 4
3R)θ′(0) −φ′(0)

λ M = 0.1,Ec= 0.1,Nc= 0.1,Nr = 1
-0.3 3.72216 -0.24874 0.20268
0 1.96888 -0.02765 0.12925
0.5 0.73428 0.07519 0.09572
Nr M = 0.1,Ec= 0.1,Nc= 0.1,λ=−0.1
0 2.20195 -0.06593 0.14275
0.3 2.25119 -0.06742 0.14326
0.5 2.28448 -0.06847 0.14362
1 2.36960 -0.07134 0.14457
M λ=−0.1,Ec= 0.1,Nc= 0.1,Nr = 1
0 2.31130 -0.06600 0.14281
0.5 2.57923 -0.09083 0.15090
1 2.80403 -0.11221 0.15768
10 5.03698 -0.35215 0.22592
Ec M = 0.1,λ=−0.1,Nc= 0.1,Nr = 1
0 1.25636 0.09333 0.08686
0.5 2.36960 -0.07134 0.14457
Nc M = 0.1,Ec= 0.1,λ=−0.1,Nr = 1
0.1 2.36960 -0.07134 0.14457
1 2.12912 -0.21083 0.14229
10 2.04461 -0.26926 0.14203

the presence of thermal radiation are depicted in Figure 4.6.8a. The Sherwood number

(mass transfer rate) increases with the magnetic field parameter and decreases with

the nanofluid buoyancy parameter for the case of both occurrence and nonoccurrence

of the thermal radiation parameter. Moreover, the Sherwood number has an inverse

relationship with the thermal radiation parameter. Figure 4.6.8b indicates that the

influence of the change of nanofluid parameters on the Sherwood number for different

values of the buoyancy parameter. The Sherwood number upsurges with the ther-

mophoresis parameter but falls with the Brownian motion parameter for all values of

nanofluid buoyancy parameters.

The combined effects of buoyancy force, convective heating, viscous dissipation,

and magnetic field parameters on skin friction, and heat and mass transfer from a

permeable stretching/shrinking sheet in a porous medium are investigated numerically

and obtained results are presented in Table 4.6.1 and Table 4.6.2.
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Table 4.6.2: Computations showing the effects of Brownian, suction/injection, ther-
mopheresis, convective mass transfer, radiation and the porous media parameters on
domensionless temperature, shear stress, heat and mass transfer rates when Pr =
6.2,Le= 0.1,Nr = 1,M = 1,Ec=Nc= λ= 0.1

f ′′(0) −(1 + 4
3R)θ′(0) −φ′(0)

S Nb= 0.3,Nt= 0.3,Nc∗= 0.1,R = 0.1,Da= 0.1
-0.5 10.21855 -1.68520 1.23498
0 3.98653 -0.16588 0.23885
0.5 3.64907 -0.08893 0.17686
Nb Nt= 0.3,S = 0.2,Nc∗= 0.1,R = 0.1,Da= 0.1
0.3 3.82272 -0.12910 0.20910
0.6 3.64867 -0.12656 0.13818
Nt Nb= 0.3,S = 0.2,Nc∗= 0.1,R = 0.1,Da= 0.1
0.1 3.56831 -0.11859 0.11336
0.3 3.82272 -0.12910 0.20910
Nc* Nb= 0.3,Nt= 0.3,S = 0.2,R = 0.1,Da= 0.1
0.1 3.82272 -0.12910 0.20910
1 3.44429 -0.14380 0.55853
10 3.33633 -0.15366 0.67566
R Nb= 0.3,Nt= 0.3,Nc∗= 0.1,S = 0.2,Da= 0.1
0 3.88340 -0.12863 0.22256
1 3.53589 -0.11228 0.14951
2 3.40631 -0.07428 0.12457
Da Nb= 0.3,Nt= 0.3,Nc∗= 0.1,R = 0.1,S = 0.2
0.5 2.22301 -0.02740 0.13541
2 1.62546 0.00655 0.10917
5 1.45769 0.01531 0.10201

4.6.5 Dual Solutions

Two real solutions exist within the valid range of shrinking parameter λ < 0. These

dual solutions exist in the range λc < λ and no solution exists for λ < λc, where λc
is the critical value of shrinking parameter for which unique solution exists. It is well

documented in the literature that only the upper solution branch for shrinking sheet

is stable and physically realistic (Makinde et al., 2013), (Bhatti et al., 2017) while the

other one diverge when subjected to disturbances. Therefore, only one valid solution

exist within the range of shrinking parameter values.

As shown in Figure 4.6.9a the value of f ′′(0) for the upper branch solution was

observed to increase as M increases. This shows that the increase in magnetic field

parameters caused the wall shear stress to increase. Likewise, the value of |λc| increased
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(a) (b)

Figure 4.6.9: (a) Impact of M on λc and skin friction. (b) Impact of Da on λc and
skin friction.

Table 4.6.3: Computation showing critical shrinking parameter(λc) when Pr = 6.2

M Da S Nr Nc Nc* λc
0.1 10 0.1 0.1 0.1 0.1 -3.696
0.3 10 0.1 0.1 0.1 0.1 -6.103
0.5 10 0.1 0.1 0.1 0.1 -8.546
0.1 5 0.1 0.1 0.1 0.1 -4.892
0.1 3 0.1 0.1 0.1 0.1 -6.508
0.1 1 0.1 0.1 0.1 0.1 -14.705
0.1 1 1.0 0.1 0.1 0.1 -14.705
0.1 1 0.1 0.5 0.1 0.1 -14.676
0.1 1 0.1 1.0 0.1 0.1 -14.640
0.1 1 0.1 0.1 0.5 0.1 -14.893
0.1 1 0.1 0.1 1.0 0.1 -15.020
0.1 1 0.1 0.1 1.0 0.5 -14.686
0.1 1 0.1 0.1 0.1 1.0 -14.672

as M increased. Furthermore, the effects of the porosity parameter on the critical value

of the shrinking parameter (λc) and wall shear stress is depicted in Figure 4.6.9b. For

the upper branch solution, the value of f ′′(0) decreased as the porosity parameter (Da)

increased and the value of |λc| decreased as Da increased.

As shown in Figure 4.6.9a and Figure 4.6.9b, the model exhibits a critical value

for shrinking parameter values below which no solution exists. This implies that the

sheet will stop shrinking when the critical value of the shrinking parameter is attained.

This critical value also varies depending on the values of other emerging parameters.
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Moreover, it is important to note that for shrinking sheets, the convergence of the

solution is limited with the critical parameter value ( λc ). The solution only converges

for a range of parameter values λc < λ< 0 and the value of (λc) depends on the values

of other embedded thermophysical parameters in the governing model. The effects

of those emerging parameters on critical value of the shrinking parameter (λc) are

presented in Table 4.6.3.

The convergence and validity of the solutions obtained are displayed in Table 4.6.4.

The special case of our numerical results was validated with the one already in the

literature Makinde et al. (2013) and excellent agreement is achieved.

Table 4.6.4: Comparison of values for skin friction and Nusselt number for different
values of λ and Nr with M = 1,Ec = 0.1,Nc = 1 for the case of Da = Nc∗ =∞,R =
0,S = 0

f”(0) Nu
λ Nr Makinde et al. (2013) Present Makinde et al. (2013) Present

result result
-0.5 0 2.35476 2.3547617880 0.13379 0.13379056427

0.3 2.21267 2.2126690902 0.13425 0.13424984870
0.5 2.11589 2.1158915121 0.13409 0.13408574710

0 0 1.73177 1.7317739823 0.25999 0.25999218413
0.3 1.60462 1.6046181450 0.26005 0.26005145639
0.5 1.51848 1.5184779144 0.25979 0.25978597088

0.5 0 1.03430 1.0343034653 0.34415 0.34415369544
0.3 0.92053 0.92053122986 0.34357 0.34356698719
0.5 0.84380 0.84379568546 0.34297 0.34296800192
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Chapter 5

Magnetite Ferrofluid flow Past a Convectively Heated

Permeable Stretching/Shrinking Sheet in a

Darcy-Forchheimer Porous Medium

5.1 Introduction

Fluid flow and transport processes in porous media have many applications in hydrol-

ogy, agriculture, civil, petroleum engineering, environmental and industrial systems

such as heat exchange design, catalytic reactors, geothermal energy systems, fermenta-

tion processes, grain storage, groundwater pollution, groundwater systems, movement

of water in reservoirs, crude oil production and recovery systems as explained by Hayat

et al. (2016, 2017); Seth and Mandal (2018). Because of its significance, Darcy’s law

has inspired a number of works. However, in many practical applications, porous me-

dia with relatively high porosity and permeability are used, especially to reduce the

pressure drop. Hence, the Reynolds number based on the pore size may be greater

than unity and there is an impermeable boundary, making Darcy’s law inapplicable

Muhammad et al. (2017). For these reasons, it is important to incorporate the velocity-

squared term in addition to Darcian velocity in the momentum equation in order to

include the effect of inertia porous media resistance Eid and Makinde (2018); Makinde

and Eegunjobi (2016).

Following this fact, an important analysis is done on the convective transport pro-

cess in a porous medium with an inertial effect. To mention some, Bakar et al. (2016)

numerically examined effects of velocity and thermal slip on stagnation point flow

towards a shrinking sheet embedded in Darcy-Forchheimer porous medium. They ob-

tained the existence of dual solutions in certain ranges of the velocity ratio parameter.

Ali Lund et al. (2019) examined Darcy-Forchheimer’s flow of Casson type nanofluid

past a non-linearly shrinking sheet to identify the effects of slip condition and viscous

dissipation. They identified the existence of a dual solution.

Motivated by the above cited works of literature, the main goal of this chapter

is to examine carefully the characteristics of the magnetohydrodynamic stagnation

point flow of a magnetite ferrofluid past a permeable stretching/shrinking sheet in a
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Darcy-Forchheimer porous medium with viscous and porous dissipation and convec-

tive heating. For such fluid flow problems, the existence of a dual solution is possible,

and stability analysis is performed to identify stable and physically reliable solutions.

To the best of our knowledge, no work has been done to analyze the combined ef-

fects of these parameters on the ferrofluid flow and heat transfer characteristics. The

dimensionless velocity, temperature, skin friction coefficient, and Nusselt number are

obtained numerically and presented in graphs and tables.

5.2 Mathematical Model Formulation

Consider a steady, laminar, viscous, and incompressible stagnation point flow of Fe3O4-

H2O nanofluid towards a convectively heated permeable stretching/shrinking sheet

which is kept in a two dimensional Darcy-Forchheimer porous medium. The flow is

subjected to a constant magnetic field of strength B0 which is applied in the positive

y-direction normal to the surface. The induced magnetic field is assumed to be small

compared to the applied magnetic field. The ambient temperature of the fluid is taken

as T∞ while the surface below the stretching/shrinking sheet is heated by convection

from a hot fluid having initial temperature Tf which provides a heat transfer coefficient

hf . It is assumed that the porous medium is homogeneous and isotropic, and saturated

with a nanofluid which is in local thermal equilibrium with the solid matrix. We choose

the coordinate system so that x-axis along the permeable stretching/shrinking sheet

and y-axis is normal to the sheet surface. Figure 5.2.1 shows the physical model and

the coordinate systems.

Based on the general fluid flow governing equations derived in chapter 3, the Tawari-

Das convective transport model equations, the Darcy-Forchheimer flow model and the

above assumptions, the governing equation of total mass, momentum and tempera-

ture in the presence of a transverse magnetic field past a convectively heated stretch-

ing/shrinking sheet embedded in a Non-Darcian porous medium takes the following

form:
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Figure 5.2.1: Flow diagram of the model.
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(5.2.1)

Now making the standard boundary-layer approximation based on scale analysis, we

obtained that variations along y-axis within the boundary layer is much faster than

the variations along x-axis. i,e,

∂u

∂x
<<

∂u

∂y
,

∂v

∂x
<<

∂v

∂y
,and ∂T

∂x
<<

∂T

∂y
.

Following the above discussion, the governing equations are simplified as
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(5.2.2)

Substituting the Lorenzean Force term which is obtained in equation 4.2.11 into the

x- momentum equation, we obtained that

u
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In order to balance the momentum equation at the free stream, the momentum equation
is redefined as

u
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Considering the joule heating term given in equation 4.2.12, the energy equation
becomes
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(5.2.5)

Similarly, in order to have a balanced equation at the free stream condition, the energy

equation is redefined as
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(5.2.6)

After performing the boundary layer approximations for momentum and thermal

energy, the flow equations for continuity, conservation of momentum and energy for
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the magnetic nanofluid flow past a stretching/shrinking sheet is defined as:
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= 0, (5.2.7)
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(5.2.9)

with the boundary conditions:

u(x,0) = Uw(x), v(x,0) = V0,−kf
∂T

∂y
(x,0) = hf (Tf −T (x,0)), (5.2.10)

u(x,∞)→ U∞(x), T (x,∞)→ T∞, (5.2.11)

where u and v are the velocity components along the x and y directions, respectively.

The expressions Uw(x) = bx is the stretching/shrinking velocity of the sheet where b > 0

is for stretching case and b < 0 for shrinking case, U∞(x) = ax is the free stream velocity

where a > 0 is the strength of stagnation flow, and Tf = T∞+nx2 is the temperature

of the hot fluid below the sheet. The terms V0 is the sheet suction/injection velocity,

K is the permeability of the porous medium, F = ρnfCF is the non-uniform inertial

coefficient of porous medium, ρnf is the nanofluid density, µnf is the nanofluid dynamic

viscosity, knf is the nanofluid thermal conductivity, (ρCp)nf is heat capacity of the

nanofluid at constant pressure and σnf is the nanofluid electrical conductivity are

defined as follows (Makinde, 2018):

ρnf = (1−φ)ρf +φρs, (ρCp)nf = (1−φ)(ρCp)f +φ(ρCp)s,

µnf = µf
(1−φ)2.5 ,

knf
kf

= ks+ 2kf −2φ(kf −ks)
ks+ 2kf +φ(kf −ks)

, r = σs
σf
,

σnf
σf

= 1 + 3(r−1)φ
(r+ 2)− (r−1)φ,

(5.2.12)

where ρf is the density of the base fluid, ρs is the density of the solid nanoparticle, kf
is the base fluid thermal conductivity, ks is the nanoparticles thermal conductivity, σf
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is the base fluid electrical conductivity,σs is the nanoparticles electrical conductivity,

φ is the nanoparticles volume fraction, µf is the base fluid dynamic viscosity Cpf is

the base fluid specific heat capacity and Cps is the nanoparticles specific heat capacity.

The thermo-physical properties of Fe3O4 nanoparticles and H2O are listed in Table

5.2.1 below (Makinde, 2018);

Table 5.2.1: Nanoparticle and base fluid thermophysical properties

Physical ρ(kg/m3) Cp(J/kgK) k(W/mK) σ(S/m)
properties
H2O 997.1 4179 0.613 5×10−6

Fe3O4 5180 670 9.7 2.5×106

5.3 Similarity Transformation

Introducing the following non-dimensional similarity variables, the governing equations

(5.2.8) - (5.2.9) and the boundary equations (5.2.10) - (5.2.11) are transformed into a

non-dimensionless form (Makinde, 2018):

η = y

√
a

νf
, ψ(x,y) = x

√
aνff(η), θ(η) = T −T∞

Tf −T∞
. (5.3.1)

Now using the similarity transformation quantities given above, the similarity trans-

formation processes to ordinary differential equations are as shown below,

u= ∂ψ

∂y
= ∂

∂y
(f(η)x√aνf ) ⇒ u= axf

′
(η), (5.3.2)

v =−∂ψ
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=− ∂

∂x
(f(η)x√aνf )⇒ v =−√aνff(η), (5.3.3)

T = T∞+ (Tf −T∞)θ(η)⇒ ∂T
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√
a

νf
, (5.3.4)

⇒ ∂2T

∂y2 = a(Tf −T∞)
νf

θ
′′
(η). (5.3.5)
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The Continuity equation

The equation of continuity is satisfied for the chosen stream function ψ(x,y).

∂u

∂x
+ ∂v

∂y
= ∂

∂x

(
axf

′
(η)
)

+ ∂

∂y

(
−√aνff(η)

)
= 0. (Which is satisfied)(5.3.6)

The Momentum equation

Substituting equation (5.3.2)- (5.3.5) into equation (5.2.8), we get

axf
′(η) ∂

∂x
(axf ′(η))−√aνff(η) ∂

∂y
(−√aνff(η)) = ax

d

dx
(ax)+ (5.3.7)

µnf
ρnf

∂

∂y

(
∂

∂y
(axf ′(η))

)
−ax

(
σnfB

2
0

ρnf
+ µnf
ρnfK

)
(f ′(η)−1) + a2x2F

ρnf
√
K1

(f ′(η)−1)2,

a2x
[
(f ′(η))2−f(η)f ′′(η)

]
= a2x+ µnf

ρnf

a2x

ν
f ′′′(η)−ax

(
σnfB

2
0

ρnf
+ µnf
ρnfK

)
(f ′(η)−1)

+ a2x2F

ρnf
√
K

(f ′(η)−1)2. (5.3.8)

Multiplying each term of equation (5.3.8) by the term νρnf
a2xµnf

, we get

ν
ρnf
µnf

[
(f ′(η))2−f(η)f ′′(η)

]
= ν

ρnf
µnf

+f ′′′(η)− ν
a

ρnf
µnf

(
σnfB

2
0

ρnf
+ µnf
ρnfK

)
(f ′(η)−1)

+ νρnf
a2xµnf

a2x2F

ρnf
√
K

(f ′(η)−1)2,

µf
ρf

ρnf
µnf

[
(f ′(η))2−f(η)f ′′(η)

]
= µf
ρf

ρnf
µnf

+f ′′′(η)− µf
aρf

ρnf
µnf

(
σnfB

2
0

ρnf
+ µnf
ρnfK

)
(f ′(η)−1)

+ µf
µnf

Fx

ρf
√
K

(f ′(η)−1)2.

Now using equation (5.2.12), we simplify

[
(1−φ) +φρs/ρf

]
(1−φ)2.5

[
(f
′
(η))2−f(η)f ′′(η)

]
=
[
(1−φ) +φρs/ρf

]
(1−φ)2.5 +f ′′′(η)

−
(
σfB

2
0

aρf

σnf (1−φ)2.5

σf
+ νf
aK

)
(f
′
(η)−1) + (1−φ)2.5 Fx

ρf
√
K

(f ′(η)−1)2. (5.3.9)

Finally, we obtain

A1
[
(f ′(η))2−f(η)f ′′(η)

]
=A1 +f ′′′(η)−

(
MA2 + 1

Da

)
(f ′(η)−1) +A3Fn(f ′(η)−1)2.
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where,

M = σfB
2
0

aρf
, P r = µfCpf

kf
, Da= aK

νf
, Fn = Fx

ρf
√
K
,

A1 = (1−φ+ φρs
ρf

)(1−φ)2.5, A2 = (1−φ)2.5

σf
σnf , A3 = (1−φ)2.5.

(5.3.10)

The Energy equation

Substituting equations (5.3.2)- (5.3.5) into the energy equation (5.2.9), we obtain

(ρCp)nfanx
[
θ(η)f

′
(η)−f(η)θ′(η)

]
= anx

ν
knfθ

′′(η) + µnfa
3x2

ν

(
f ′′(η)

)2

−a2x2
(
σnfB

2
0 + µnf

K

)
(f
′
(η)−1)2 + a3x3F√

K
(f ′(η)−1)3. (5.3.11)

Multiplying each term of equation (5.2.10) by ν

anxknf
, we obtain

ν(ρCp)nf
knf

[
θ(η)f

′
(η)−f(η)θ′(η)

]
= θ′′(η) + a2xµnf

nknf

(
f ′′(η)

)2
−

ν

n

ax

knf

(
σnfB

2
0 + µnf

K

)
(f
′
(η)−1)2 + νa2x2

nknf

F√
K

(f ′(η)−1)3. (5.3.12)

Now using equation (5.2.12), we simplify

kf
knf

[
1−φ+ φ(ρCp)s

(ρCp)f

]
µf (Cp)f
kf

[
θ(η)f

′
(η)−f(η)θ′(η)

]
= θ′′(η) + a2xµf

nknf (1−φ)2.5

(
f ′′(η)

)2

−
(
ax

nknf

µf
ρf
σnfB

2
0 + ax

nknf

µf
ρf

µnf
K

)
(f
′
(η)−1)2 + µf

ρf

a2x2

nknf

F√
K

(f ′(η)−1)3, (5.3.13)

A4Pr
[
θ(η)f

′
(η)−f(η)θ′(η)

]
= θ′′(η) + kf

knf (1−φ)2.5
µfCpf
kf

a2x

nCpf

(
f ′′(η)

)2
−[

a2x

nCpf

µfCpf
kf

kfσnf
knfρf

σfB
2
0

aρf
+ a2x

nCpf

µfCpf
kf

kf
knf (1−φ)2.5

ν

aK

]
(f
′
(η)−1)2+

a2x

nCpf

µfCpf
kf

µf
ρf

kf
knf

Fx

ρf
√
K

(f ′(η)−1)3, (5.3.14)

A4Pr
[
θ(η)f

′
(η)−f(η)θ′(η)

]
= θ′′(η) +A5PrEc

(
f ′′(η)

)2
+EcPr

[
A6M +A5

1
Da

]
(f
′
(η)−1)2 +A7EcPrFn(f ′(η)−1)3. (5.3.15)
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Where,

M = σfB
2
0

aρf
, P r = µfCpf

kf
, Ec= a2

nCpf
, Da= aK1

νf
, Fn = Fx

ρf
√
K
,

A4 = kf
knf

(
1−φ+ φ(ρCp)s

(ρCp)f

)
, A5 = kf

knf (1−φ)2.5 , A6 = σnfkf
σfknf

,

A7 = kf
knf

.

(5.3.16)

The boundary conditions will be

As η→ 0

u(x,0) = uw(x) = bx⇒ axf ′(0) = bx⇒ f ′(0) = b

a
= λ

v(x,0) = V0 =−√aνff(0)⇒ f(0) = V0
−√aνf

= S

Substituting equation (5.3.4) in the convective boundary equation (5.2.11), we obtain

θ′(η = 0) =
√
a

ν

hf
[
Tf −T∞− (Tf −T∞)θ(0)

]
−kf (Tf −T∞) ⇒ θ′(0) =−Bi(1− θ(0))

As η→∞,

u(x,∞) = U∞(x) = ax⇒ axf ′(η =∞) = ax⇒ f ′(∞) = 1

θ(∞) = T (x,∞)−T∞
Tf −T∞

= T∞−T∞
Tf −T∞

⇒ θ(∞) = 0

Finally, the following nonlinear ordinary differential equations has been obtained:

f ′′′−A1((f ′)2−ff ′′−1)−
(
MA2 + 1

Da

)
(f ′−1)−FnA3(f ′−1)2 = 0, (5.3.17)

θ′′−A4Pr(2θf ′−fθ′) +A5PrEc(f ′′)2 +EcPr(A6M +A5
1
Da

)(f ′−1)2

+A7EcPrFn(f ′−1)3 = 0.
(5.3.18)

and the boundary conditions in terms of the new variables:

η = 0 : f(0) = S, f ′(0) = λ, θ′(0) =−Bi [1− θ(0)] , (5.3.19)

η→∞ : f
′
(∞) = 1, θ(∞) = 0. (5.3.20)
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Here a prime symbol denotes differentiation with respect to η and f ′, θ and η are the

dimensionless velocity, temperature and similarity variable, respectively. The parame-

ters, the dimensionless numbers and the variables defined are as follows:

M = σfB
2
0

aρf
, P r = µfCpf

kf
, Ec= a2

nCpf
, Da= aK

νf
, Fn = Fx

ρf
√
K
,

λ= b

a
, S = −V0√

aνf
, Bi= hf

kf

√
a

νf
, A1 = (1−φ+ φρs

ρf
)(1−φ)2.5,

A2 = (1−φ)2.5

σf
σnf , A3 = (1−φ)2.5, A4 = kf

knf

[
1−φ+ φ(ρCp)s

(ρCp)f

]
,

A5 = kf
knf (1−φ)2.5 , A6 = σnfkf

σfknf
, A7 = kf

knf
.

(5.3.21)

Where M,Pr,Ec,Da,Fn,S,λ and Bi denote the magnetic field parameter, Prandtl

number, Eckert number, the porous media parameter, porous medium inertia parame-

ter, the constant mass flux parameter (where S > 0 for suction and S < 0 for injection or

withdrawal of the fluid), stretching/shrinking parameter (where λ > 0 for a stretching

sheet), and λ < 0 for a shrinking sheet, and Biot number, respectively. It is important

to note that the porous medium inertia parameter (Fn) is a local similarity parameter.

Nonetheless, the parameter Fn may become a similarity parameter if the non-uniform

inertial coefficient of porous medium is defined as F = Cd
x

, where Cd is drag coeffi-

cient. In this case, the expression for Fn = Cd

ρf
√
K

is a similarity parameter since it is

independent of x (Hayat et al. (2016); Das et al. (2020b); Upreti et al. (2020)).

5.4 Important Engineering Parameters

The important physical quantities of interest, in this problem, are the skin friction

coefficient Cf and the Nusselt number Nu are defined as:

Cf = τw
ρfU2

∞
, Nu= xq′′w

kf (Tf −T∞) , (5.4.1)

where τw is the skin friction and q′′w is heat flux from the sheet surface are given by
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τw = µnf
∂u

∂y

∣∣∣∣∣
η=0

= µnf
∂

∂y
(axf ′(η))

∣∣∣∣∣
η=0

= µf
(1−φ)2.5ax

√
a

νf
f ′′(0),

q′′w =−knf
∂T

∂y

∣∣∣∣∣
η=0

=−knf (Tf −T∞)
√
a

νf
θ′(0).

(5.4.2)

Substituting equation(5.4.2) into equation (5.4.1), we obtain

Cf = τw
ρfU2

∞
= axµf
ρf (1−φ)2.5a2x2

√
a

νf
f ′′(0) =

√
νf
ax2

f ′′(0)
(1−φ)2.5 ,

⇒CfRe1/2
x = f ′′(0)

(1−φ)2.5 ,

(5.4.3)

Nu=
−xknf (Tf −T∞)

√
a

νf
θ′(0)

kf (Tf −T∞) =
−xknf

√
a

νf
θ′(0)

kf
=−

√√√√ax2

νf

knf
kf

θ′(0),

⇒Nu=NuxRe
−1/2
x =−knf

kf
θ′(0).

(5.4.4)

In dimensionless form, the skin friction coefficient and reduced Nusselt number are

rewritten as:

CfRe
1/2
x = f ′′(0)

(1−φ)2.5 , NuRe−1/2
x =−knf

kf
θ′(0). (5.4.5)

The heat transfer enhancement (HTE) of the nanoparticles can be determined as

HTE = NuRe
−1/2
x (φ 6= 0)−NuRe−1/2

x (φ= 0)
NuRe

−1/2
x (φ= 0)

∗100%. (5.4.6)

Where Rex = U∞x

νf
is the local Reynold number.

5.5 Stability Analysis

The stability analysis is important to test the reliability of the non-unique similarity
solutions. In general, depending on the assumptions of physical model, a boundary
layer problem may produce zero, unique or multiple solutions. For such cases, it is
substantial to perform stability analysis in order to examine which of the solutions is
physically practicable and stable. The execution of the stability analysis is mathemati-
cally performed to validate the real solution among all the solutions. It is implemented
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by considering an unsteady (time dependent) problem Merkin (1986). Hence, for the
present analysis, an unsteady form of equations (5.2.8) and (5.2.9) have to be in-
spected:

∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
= U∞

∂U∞
∂x

+ µnf
ρnf

∂2u

∂y2 −
(
σnfB

2
0

ρnf
+ µnf
ρnfK

)
(u−U∞)

+ F

ρnf
√
K

(u−U∞)2,

(5.5.1)

∂T

∂t
+u

∂T

∂x
+v

∂T

∂y
= knf

(ρCp)nf
∂2T

∂y2 +
[
σnfB

2
0

(ρCp)nf
+ µnf

(ρCp)nfK

]
(u−U∞)2+

µnf
(ρCp)nf

(
∂u

∂y

)2
+ F

(ρCp)nf
√
K

(u−U∞)3.

(5.5.2)

Following Makinde (2018), new transformations are applied to the unsteady equations

(5.5.1) and (5.5.2) where τ is the non-dimensional time variable:

η = y

√
a

νf
, u= ax

∂f

∂η
(η,τ), v =−√aνff(η,τ), ψ = f(η,τ)x√aνf ,

θ(η,τ) = T −T∞
Tf −T∞

, τ = bt.

(5.5.3)

Now using equation (5.5.3), equation (5.5.1) and (5.5.2) become

∂3f

∂η3 −A1

(
∂2f

∂τ∂η
+
(
∂f

∂η

)2

−f ∂
2f

∂η2

)
−
(
MA2 + 1

Da

)(
∂f

∂η
−1
)

−FnA3

(
∂f

∂η
−1
)2

+A1 = 0,

(5.5.4)

∂2θ

∂η2 −A4Pr

∂θ
∂τ

+ 2θ∂f
∂η
−f ∂θ

∂η

+A5PrEc

∂2f

∂η2

2

+EcPr

(
A6M + A5

Da

)∂f
∂η
−1

2

+A7EcPrFn

∂f
∂η
−1

3

= 0,

(5.5.5)

and the boundary conditions become:

f(0, τ) = S,
∂f

∂η
(0, τ) = λ,

∂θ

∂η
(0, τ) =−Bi [1− θ(0, τ)] ,

∂f

∂η
(∞, τ)→ 1, θ(∞, τ)→ 0.

(5.5.6)
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Based on Harris et al. (2009), we test the stability of the steady flow solution f(η) =

f0(η) and θ(η) = θ0(η) satisfying the set of boundary-value problem equation (5.3.17)-

(5.3.20) by writing

f(η,τ) = f0(η) + e−βτF (η,τ)

θ(η,τ) = θ0(η) + e−βτG(η,τ)
(5.5.7)

where β is an unknown eigenvalue parameter (a small disturbance of growth or decay)

and F (η,τ) and G(η,τ) are small relative to f0(η) and θ0(η), respectively. The following

equations are obtained by substituting (5.5.7) into (5.5.4)- (5.5.6)

∂3F

∂η3 +A1f0
∂2F

∂η2 +A1F
∂2f0
∂η2 + ∂F

∂η

βA1−2A1
∂f0
∂η
−A2M −

1
Da

−2A3Fn

∂f0
∂η
−1

−A1
∂2F

∂η∂τ
= 0,

(5.5.8)

∂2G

∂η2 + ∂F

∂η

2EcPr
A6M +A5

1
Da

∂f0
∂η
−1

+ 3A7EcPrFn

∂f0
∂η
−1

2

−A4Prθ0

+ 2A5PrEcf0
∂2θ0
∂η2

∂2G

∂η2 +A4Prf0
∂G

∂η
+A4PrG

β−2∂f0
∂η


+A4PrF

∂θ0
∂η
−A4Pr

∂G

∂τ
= 0,

(5.5.9)

subjected to the boundary conditions:

F (0, τ) = 0, ∂F

∂η
(0, τ) = 0, ∂G

∂η
(0, τ) =BiG(0, τ),

∂F

∂η
(∞, τ)→ 0, G(∞, τ)→ 0.

(5.5.10)

Following Weidman et al. (2006), the initial growth or decay of the solution (5.5.7)
can be identified by setting τ = 0 so that F = F0(η) and G = G0(η) in Equations
(5.5.8)- (5.5.10). Solutions of the eigenvalue problem give an infinite set of eigenvalues
β1 < β2 < β3 · · · ; if β1 is negative, there is an initial growth of disturbances and the
flow is unstable but when β1 is positive, there is an initial decay and the flow is stable.
The linearized Eigenvalue problem are given by

F ′′′0 +A1f0F
′′
0 +A1F0f

′′
0 +F ′0

[
βA1−2A1f

′
0−A2M −

1
Da
−2A3Fn

(
f ′0−1

)]
= 0, (5.5.11)
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G′′0 +F ′0

[
2EcPr

(
A6M +A5

1
Da

)(
f ′0−1

)
+ 3A7EcPrFn

(
f ′0−1

)2

−A4Prθ0

]

+ 2A5PrEcf0θ
′′
0G
′′
0 +A4Prf0G

′
0 +A4PrG0

(
β−2f ′0

)
+A4PrF0θ

′
0 = 0,

(5.5.12)

with the new boundary conditions:

F0(0) = 0, F ′0(0) = 0, G′0(0) =BiG0(0), F ′0(∞)→ 0, G0(∞)→ 0. (5.5.13)

As suggested by Harris et al. (2009), the range of possible eigenvalues can be obtained

by relaxing one of the boundary conditions given in equation (5.5.13), F ′0(∞)→ 0 or

G0(∞)→ 0. Thus, the boundary condition F ′0(∞)→ 0 is relaxed and replaced with

the normalizing boundary condition F ′′0 (0) = 1, and the boundary conditions become:

F0(0) = 0, F ′0(0) = 0, G′0(0) =BiG0(0), F ′′0 (0) = 1, G0(∞)→ 0. (5.5.14)

Finally, equations (5.5.11) and (5.5.12) are solved along the new boundary conditions

(5.5.14).

5.6 Numerical Procedures

The non-linear system of equations (5.3.17) and (5.3.18) along with the boundary

conditions (5.3.19) and (5.3.20) are solved numerically using the fourth-fifth order

Runge-Kutta-Fehlberg method and the shooting method with the help of Maple soft-

ware. However, this system needs to be reduced to the equivalent system of first order

ODEs as follows:

f ′ =g,

g′ =h,

h′ =A1((g)2−fh−1) +
(
MA2−

1
Da

)
(g−1) +FnA3(g−1)2,

θ′ =p,

p′ =A4Pr(2θg−fp)−A5PrEc(h)2−EcPr(A6M +A5
1
Da

)(g−1)2

+A7EcPrFn(g−1)3,

(5.6.1)
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with boundary conditions

f(0) = S, g(0) = λ, h(0) = α1, θ(0) = α2, p(0) =−Bi [1−α2] , (5.6.2)

Here, α1 and α2 are unknown initial conditions. We have to shoot these initial con-

ditions with some arbitrary slope such that the solution of the ODE system satisfies

the given far-field boundary conditions. Thereafter, the resultant system of first-order

ODEs is solved by employing the fourth-fifth order Runge-Kutta-Fehlberg method, and

the accuracy of missing initial conditions is then checked by comparing calculated val-

ues with the given terminal points. The dual solutions are obtained by taking different

initial guesses for the values of α1 and α2, where the far-field boundary conditions

might be satisfied by all profiles asymptotically.

5.7 Results and Discussion

In this study, the effects of shrinking/stretching parameter λ, magnetic field parame-

ter M , the porous medium parameter Da, porous medium inertia parameter Fn, the

constant mass flux parameter S, viscous dissipation and convective heating on the

magnetite ferrofluid velocity and temperature are demonstrated in graphs. The range

of parameters used in this study are 0.1 ≤M ≤ 1.1,0 ≤ φ ≤ 0.1,0.1 ≤ Ec ≤ 0.3,0.2 ≤

Da≤ 2,0.1≤ Fn ≤ 1.5,−1≤ S ≤ 2 and Pr= 6.2 is used to signify the pure water as the

base fluid. The existence of dual solutions for certain ranges of parameter variations

are shown for the skin friction coefficient in the form of graphs and tables and also

the variations of Nusselt number are illustrated in graphs for different values of the

parameters change.

Equation (5.3.17) and equation (5.3.18) together with the boundary conditions

(5.3.19) and (5.3.20) are solved numerically using the shooting method in Maple2018.

Validation of the numerical method used in this study is checked by comparing the

results obtained in the present study with the results from the previous study for

different parameters, as shown in Table 5.7.1. As presented in a below table, it was

found that the present results are in a good agreement with the solution obtained by

Nazar et al. (2011) for a regular fluid case. This is our guarantee that the method

used to tackle our problem is accurate and valid. In this study, the computations are
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Table 5.7.1: The computation showing Re
1/2
x Cf and Re

−1/2
x Nu for different stretch-

ing/shrinking parameter value with Pr= 1 for φ= 0 (Regular fluid), M = 0,S = 0,Da=
∞,Fn = 0,Bi=∞,Ec= 0

Re
1/2
x Cf Re

−1/2
x Nu

λ Present Present
result (Nazar et al., 2011) result (Nazar et al., 2011)

1 0 0 1.253314 1.25331
0.5 0.713295 0.71329 1.051458 1.05146
0.2 1.051130 1.05113 0.913303 0.91330
0 1.232588 1.232588 0.811301 0.811301

-0.25 1.402241 1.40224 0.668573 0.66857
-0.5 1.495670 1.49567 0.501448 0.50145
-0.75 1.489298 1.48930 0.293763 0.29378

-1 1.328817 1.32882 0 0

done for different values of parameters involved in the governing flow equations. The

velocity profiles, temperature profiles, the graph of skin friction and Nusselt number

are plotted.

(a) (b)

Figure 5.7.1: (a) Variation of skin friction for different values of magnetite nanoparticle
volume fraction, φ (b) Variation of skin friction for different values of suction parameter,
S.

The variations of the skin friction for various values of the governing parameters are

presented in Figure 5.7.1 - 5.7.3. From these figures, we observe that dual solutions

with upper and lower branch solutions exist when λ > λc, while no real solution is

obtained when λ < λc. The critical value λc is the value where the upper branch

solution meets the lower branch solution. These figures also show that the magnitude
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(a) (b)

Figure 5.7.2: (a) Variation of skin friction for different values of porous media param-
eter, Da (b) Variation of skin friction for different values of magnetic field parameter,
M

(a) (b)

Figure 5.7.3: (a) Variation of skin friction for different values of second-order porous
resistance parameter, Fn (b) Variation of skin friction for different values of injection
parameter, S

of λc increases with each parameter φ,S,M and acts in opposite fashion with the

porous resistance parameters, Da and Fn. Hence, the intensification of the nanoparticle

volume fraction, suction, injection, and the magnetic field parameter widen the range

of λ for which the solution exists and narrow for the increment of the porous medium

parameter and porous medium inertia parameter. There is no similarity solutions

exist beyond this critical value due to the boundary layer separation from the surface
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and the solution based upon the boundary layer approximations are not possible.

(a) (b)

Figure 5.7.4: (a) Dual solution for velocity profiles with nanoparticles concentration,
φ. (b) Dual solution for velocity profiles with suction parameter, S.

(a) (b)

Figure 5.7.5: (a) Dual solution for velocity profiles with porous media parameter, Da.
(b) Dual solution for velocity profiles with magnetic field parameter, M .

Figure 5.7.1a illustrates that the value of the skin friction coefficient is intensified with

the quantity of magnetite nanoparticle volume fraction for the upper branch solution,

which come to an agreement with the results obtained in Table 5.7.2. This indicates

that an increase in nanoparticle volume fraction resulted in a stronger wall shear stress.

Furthermore, it is noted that no skin friction is achieved when λ = 1 for all values of
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(a) (b)

Figure 5.7.6: (a) Dual solution for velocity profiles with shrinking parameter, λ. (b)
Dual solution for velocity profiles with second-order porous resistance parameter, Fn.

nanoparticles volume fraction. This is due to the fact that the fluid velocity is equal

to the stretching/shrinking sheet velocity.

Table 5.7.2: The computation showing skin friction and critical shrinking parameter
for various values of φ and λ when M = 0.1,S = 1,Da= 0.5,Fn = 1

Re
1/2
x Cf

φ λc λ Lower Branch Upper Branch
0 -1.175 -1.139 0.495546 1.643453

-1.175 -1.140 0.503809 1.636190
-1.175 -1.170 0.868000 1.302000

0.05 -1.322 -1.240 0.339038 2.370809
-1.322 -1.260 0.475999 2.258044
-1.322 -1.290 0.737148 2.033187

0.08 -1.407 -1.340 0.531744 2.593573
-1.407 -1.350 0.613821 2.524851
-1.407 -1.360 0.703912 2.448116

0.1 -1.464 -1.400 0.624384 2.782431
-1.464 -1.420 0.814838 2.620368
-1.464 -1.430 0.927322 2.522079

As seen in Figure 5.7.1b that for the upper branch solution, the skin friction coef-

ficient rises with an increase in suction. This is because suction at the boundary slows

down the fluid motion and hence increases the velocity gradient at the surface. Similar

behavior of the skin friction coefficient is observed with an intensification of the mag-

netic field parameter as presented in Figure 5.7.2b. An increase in the porous media

parameter, porous medium inertia parameter, and injection parameter drops the skin
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friction coefficient as shown in Figures 5.7.2a, 5.7.3a, and 5.7.3b, respectively. All the

results obtained graphically agreed with the results mentioned in Table 5.7.3.

Table 5.7.3: The computation showing impact of parameters variation on skin friction
and critical shrinking parameter for Fe3O4 /H2O when φ= 0.1

Re
1/2
x Cf

S Da M Fn λc λ Lower Branch Upper Branch
1 0.5 0.1 1 -1.464 -1.319 0.07793708 3.2138980
1.5 0.5 0.1 1 -1.664 -1.660 2.52654336 3.1372878
2 0.5 0.1 1 -1.944 -1.940 3.83650193 4.5101975
1 1 0.1 1 -0.926 -0.920 1.09144325 1.6340093
1 1.5 0.1 1 -0.746 -0.740 0.97564168 1.4942997
1 2 0.1 1 -0.657 -0.650 0.91902959 1.4231562
1 0.5 0.5 1 -1.680 -1.680 1.57861803 2.2256596
1 0.5 1 1 -1.960 -1.950 1.56597395 2.6215704
1 0.5 0.1 1.5 -1.041 -1.011 0.73522094 2.1194067
1 0.5 0.1 2 -0.743 -0.740 1.01571989 1.4542215

The effects of various values of the governing parameters on fluid velocity are shown

in Figures 5.7.4 - 5.7.6. In these figures, we noted that the existence of dual solutions

with the upper and lower branches for certain values of the parameter variations and

the far end boundary conditions are satisfied asymptotically. Furthermore, it is noted

that the hydrodynamic boundary layer thickness for the upper branch solution is less

than that of the lower branch solution. As displayed in Figure 5.7.4a, the intensification

of the quantity of the magnetite nanoparticle volume fraction leads to an increment in

the fluid velocity for the upper branch solution and a decrement in the lower branch

solution. It is also noticed that the hydrodynamic boundary layer thickness goes in

the reverse pattern for the upper branch solution and the same pattern for the lower

branch solution.

The effects of the suction parameter on ferrofluid velocity for the shrinking sheet

are observed in Figure 5.7.4b. This profile shows that the increment in the suction

parameter resulted in an increment in fluid velocity for the upper branch solution and

decrement for the lower branch solution. Further, we noted that the hydrodynamic

boundary layer thickness decrease for the upper branch solution and, thus, increases

the flow near the surface as the suction parameter intensifies. This is because of the

reason that suction is one of the mechanisms used to reduce drag on bodies to control
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(a) (b)

Figure 5.7.7: (a) Dual solution for temperature profiles with nanoparticles concentra-
tion, φ (b) Dual solution for temperature profiles with viscous dissipation, Ec.

(a) (b)

Figure 5.7.8: (a) Dual solution for temperature profiles with porous medium parameter,
Da (b) Dual solution for temperature profiles with second-order porous resistance
parameter, Fn.

the boundary layer separation.

The variation of fluid velocity profile with the variation of the porous medium

parameter is illustrated in Figure 5.7.5a. It can be noted that the higher the value

of the porous medium parameter, the lower the fluid velocity in the upper branch

solution. However, a different result is obtained for the lower branch solution that the

intensification in the value of porous media parameter initiated the velocity to upsurge.

Moreover, the hydrodynamic boundary layer thickness gets diminished for lower values
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of the porous medium parameter for the stable solution meanwhile goes in the same

pattern for the lower solution.

As illustrated in Figure 5.7.5b, the magnetite ferrofluid is derived to the sheet sur-

face due to the increment in the magnetic field in the porous medium for the upper

branch solution. Further resistance to the flow and the magnetite nanoparticles are

resulted due to the Lorentz force associated with the applied magnetic field. This re-

sulting force leads to the thinning of the hydrodynamic boundary layer; however, the

boundary layer thickens with the magnetic field parameter for the lower branch solu-

tion. Furthermore, it is found that the higher values of the magnetic field applied lead

to the increment of the fluid velocity for the upper branch solution and the decrement

of the fluid velocity for the lower branch solution.

Figure 5.7.6a displays the effects of the shrinking parameter on the fluid velocity.

The graph exhibits that the existence of dual solution for increasing values of |λ| for

some fixed parameters. We noted that the fluid velocity decreases as the magnitude

of the stretching/shrinking parameter |λ| increases for the upper branch solution and

it increases as |λ| increases for the lower branch solution. Figure 5.7.6b deals about

effects of the porous medium inertia parameter on the fluid velocity. In many practical

applications the non-Darcy behavior is important for characterizing fluid flow problems

in a porous medium. To see the effect of this parameter, the velocity squared term is

included in the momentum equation which is known as the Forchheimer’s extension of

Darcy’s law. As we can see from the graph, for the upper branch solution the porous

medium inertia parameter affects the the fluid velocity in opposite manner compared

to the lower branch solution. It is also noted that the hydrodynamic boundary layer

thickness increases with the porous medium inertia parameter for the upper branch

solution.

The dual natures of the temperature profile with sensible numerical values to the

governing parameters φ,Ec,Da and Fn variations are illustrated in Figure 5.7.7 and

Figure 5.7.8. For the chosen parameter in these figures, it seems that the difference

between the upper branch and lower branch solutions is very small and dual solutions

almost do not exist in the temperature profile.

As shown in Figure 5.7.7a, the effects of the ferrofluid particle concentration on the

fluids temperature profile for other fixed parameters are manifested. It is obtained that
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an increase in magnetite nanoparticle volume fraction, increased fluid temperature, and

also the thermal boundary layer increased with the magnetite nanoparticle concentra-

tion. This is because the enhanced thermal conductivity property of the magnetite

nanoparticles promotes the thermal enhancement of the ferrofluid past the permeable

shrinking surface. From this graph, we also noted that the value φ = 0 (regular flu-

ids) implies that no magnetite nanoparticles in the base fluid which in turn tells us

that the surface temperature obtained for the base fluid(water) is lower than that of

the surface temperature provided by magnetite ferrofluid φ > 0. Figure 5.7.7b conveys

the consequences of the viscous dissipation parameter on the fluid temperature. An

escalation in this parameter gives rise to an increment in the fluid temperature. Since

Eckert number has a major role in cooling the stretching or shrinking surface which

in turn the heat acquired from this stretching/shrinking surface increased the fluid

temperature. Additionally, the thermal boundary layer thickness gets thickens with

the Eckert number because an increase in dissipation boosts the thermal conductivity

of the flow which leads to an increase in the thermal boundary layer.

As we see from Figure 5.7.8a, the effects of the porous medium parameter on the

fluid temperature for the shrinking sheet are verified. This profile shows that the ther-

mal boundary layer thickness decreases for increasing values of the porous medium

parameter. Figure 5.7.8b displays the effects of the nonlinear porous medium iner-

tia parameter on the variation of fluids temperature for other fixed parameters. It

is obtained that an increase in porous medium inertia parameter increases the fluid

temperature and also the thermal boundary layer decreases with the increment of this

parameter.

The nature of dual solution occurrence is explicated by local Nusselt number graphs,

Figure 5.7.9 and Figure 5.7.10, by taking sensible numerical values to the governing

parameters to exploit their effects on the heat transfer processes and the intervals of

the existence of the dual solution. Figure 5.7.9a shows the variation of the reduced

local Nusselt number with λ for different values of the magnetite nanoparticles vol-

ume fraction. It can be seen that the reduced local Nusselt number upsurges with

magnetite nanoparticles volume fraction which physically means that the heat transfer

rate at the surface increases as φ increases. The application of the magnetite nanopar-

ticles volume fraction causes an increase in temperature gradient at the sheet surface
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(a) (b)

Figure 5.7.9: (a) Variation of local Nusselt number for different values of magnetite
nanoparticle volume fraction, φ (b) Variation of local Nusselt number for different
values of suction parameter, S.

(a) (b)

Figure 5.7.10: (a) Variation of local Nusselt number for different values of porous
media parameter, Da (b) Variation of local Nusselt number for different values of
second-order porous resistance parameter, Fn.

and hence enhances the rate of heat transfer from the surface to the fluid. It is also

noted that the heat transfer characteristics of the base fluid (water) are improved due

to the application of the magnetite nanoparticles. It is also observed that the solu-

tion domain increases with the intensification of the magnetite nanoparticles volume

fraction. The combined effects of the suction parameter and the shrinking sheet are

presented in Figure 5.7.9b. For flows past a shrinking sheet, dual solutions are found
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Table 5.7.4: The computation of smallest eigenvalue ( β ) for both lower and upper
branch solutions for Fe3O4 /H2O

β
φ Da S M Fn λc λ Lower Branch Upper Branch
0.00 0.5 1 0.1 1 -1.175 -1.139 -1.84658908 1.110213025
0.00 0.5 1 0.1 1 -1.175 -1.140 -1.822189105 1.092015814
0.00 0.5 1 0.1 1 -1.175 -1.170 -0.818609230 0.266895080
0.05 0.5 1 0.1 1 -1.321 -1.190 -3.28358197 2.078299080
0.05 0.5 1 0.1 1 -1.321 -1.200 -3.13104704 1.994941488
0.05 0.5 1 0.1 1 -1.321 -1.300 -1.33509522 0.743335278
0.08 0.5 1 0.1 1 -1.405 -1.300 -2.764296237 1.7836607793
0.08 0.5 1 0.1 1 -1.405 -1.350 -2.006142312 1.2585794567
0.08 0.5 1 0.1 1 -1.405 -1.390 -1.184362485 0.5938153589
0.1 0.5 1 0.1 1 -1.4641 -1.400 -2.07935102 1.2944575652
0.1 0.5 1 0.1 1 -1.4641 -1.420 -1.746482488 1.0368550235
0.1 0.5 1 0.1 1 -1.4641 -1.440 -1.34409043 0.7045052433

Figure 5.7.11: Heat transfer enhancement rate with nanoparticles concentration when
S = Fn = 1,Bi= Ec=M = 0.1,Da= 0.5.

for up to some critical value λc beyond which the boundary layer separates from the

surface and no solution is excepted in this region. For the upper branch solution, the

intensification of suction assists the heat transfer processes from the shrinking sheet

surface. This is because a rise in the rate of suction increases the ferrofluid particles

on the shrinking surface which leads to an increase in the rate of heat transfer. It

is also noted that the interval of existence of dual solution increases with the suction

parameter. Figure 5.7.10a shows that opposite behavior is observed for local Nusselt
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numbers for varying values of the porous medium parameter. It is also observed that

the solution domain decreases with the intensification of the porous medium parameter.

Figure 5.7.10b shows the variability of the reduced local Nusselt number concerning

the shrinking surface parameter for different values of second-order porous resistance

parameter. From this graph, we observed that an inverse relationship exists between

the local Nusselt number and the second-order porous resistance parameter. It is also

noted that the interval of existence of dual solution diminishes with the slight increment

of this parameter.

Moreover, the heat transfer enhancement (HTE) of the Fe3O4 nanoparticle for the

cases of shrinking, fixed and stretching sheet are presented in figure 5.7.11. As we can

see from the bar chart given, for the magnetite nanoparticles volume fraction φ= 0.1,

a maximum heat transfer enhancement with values of 75.86%, 97.24%,and 27.04% are

obtained for shrinking sheet with λ=−0.2, fixed sheet with λ= 0 and stretching sheet

with λ= 0.2, respectively.

The numerical results obtained in this problem show the existence of a dual solution

for certain ranges of the stretching/shrinking parameter λ. To identify stable solutions

stability analysis is done for the solutions. The smallest eigenvalue, β, for the temporal

development of small disturbances with respect to the basic steady flow is obtained for

various values of φ and λ when M = 0.1,S = 1,Da= 0.5,Fn = 1 as shown in Table 5.7.4.

we noted that the eigenvalues, β, obtained for the upper branch solution are positive

while those of lower branch solutions are negative. This confirms that the upper branch

solution is hydrodynamically stable and the solution is physically achievable whereas

the lower branch solution is unstable and physically unrealistic.
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Chapter 6

Temporal Stability Analysis of Unsteady Slip Flow of

Magnetic Nanofluid Past a Heated Permeable

Stretching/Shrinking Sheet in a Non-Darcian Porous

Medium

6.1 Introduction

A boundary layer flow of incompressible fluid past a shrinking sheet has received much

attention in fluid dynamics research due to its increasing applications in polymeric ma-

terials processing Gupta et al. (2014). Unlike the fluid flow past a stretching sheet, the

flow towards a shrinking sheet is distracted away from the sheet due to the unconfined

vorticity Khashi’ie et al. (2019). Hence, the application of enough wall mass suction

and stagnation flow, which contains the vorticity, can effectively be used to stabilize the

vorticity within the boundary layer and, subsequently, delay the boundary layer sepa-

ration Miklavčič and Wang (2006) and Wang (2008). In addition, Miklavčič and Wang

(2006) proved that the similarity dual solutions were attainable for higher magnitude

of the suction parameter S > 2 while zero solution for S < 2. Such fluid flows past a

shrinking sheet and may have a non-unique solution. Due to the non-uniqueness of the

solutions of the governing systems of differential equations of such a fluid flow problem,

a mathematical technique called stability analysis is required to test the reliability of

the non-unique similarity solutions.

Following these facts, Sharma et al. (2014) numerically examined the MHD stag-

nation point flow of a viscous, incompressible and electrically conducting fluid over a

stretching and shrinking permeable semi-infinite flat plate and obtained that the range

of the stretching/shrinking parameter increases with an increase in suction, pressure

gradient as well as the magnetic parameter and the smallest eigenvalues for several

values of suction and stretching/shrinking parameters are determined. Furthermore,

Mustafa et al. (2020) numerically investigated the problem of hydromagnetic flow due

to shrinking sheet and calculated dual solutions against velocity ratio parameter in

case of shrinking sheet. A stability analysis is performed for the purpose of checking
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which solution is stable.

In boundary layer flow and heat transfer analyses, it is customary for the flow to

be assumed as steady. Nevertheless, in many engineering applications, unsteadiness

becomes an integral part of the problem where the flow becomes time-dependent, and

there are many situations where the flow and heat transfer are unsteady due to sud-

den stretching and shrinking of a sheet Mansur and Ishak (2016). Many researchers

have investigated the unsteady flow over a stretching or shrinking sheet. Rosali et al.

(2020) numerically analyzed the combined effects of velocity and thermal slip on the

unsteady boundary layer stagnation point flow and heat transfer towards a stretch-

ing sheet in porous medium. Dzulkifli et al. (2022) studied numerically unsteady

stagnation-point flow and heat transfer over stretching/shrinking sheet with the slip

velocity effect in nanofluids using the Tiwari and Das model. Further investigations

into the combined effects of unsteadiness parameter, chemically reacting and radiat-

ing magnetic nanofluid, suction/injection and Porous medium resistance on boundary

layer flow past a convectively heated stretching/shrinking sheet embedded in a Darcy-

Forchheimer porous medium is required.

6.2 Mathematical Model Formulation

Consider unsteady, laminar, viscous, and incompressible stagnation point flow of chem-

ically reacting and radiating magnetic nanofluid towards a convectively heated perme-

able stretching/shrinking sheet which is kept in a two dimensional Darcy-Forchheimer

porous medium. The flow is subjected to a magnetic field of strength B =B0/
√

1− ct

which is applied normal to the flow field, such that the magnetic Reynolds number is

selected small. The induced magnetic field is assumed to be small compared to the

applied magnetic field. The ambient temperature of the fluid and the ambient con-

centration are taken as T∞ and C∞, respectively while the surface below the stretch-

ing/shrinking sheet is heated by convection from a hot fluid having initial temperature

Tf (x,t) which provides a heat transfer coefficient hf . The effects of thermal radiation is

incorporated through energy equation. The fluid is considered to be a gray, absorbing

emitting radiation but non-scattering medium and the Rosseland’s approximation is

used to describe the radiative heat flux in the energy equation.
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Figure 6.2.1: Flow diagram of the model.

Furthermore, it is assumed that the porous medium is homogeneous and isotropic,

and saturated with a nanofluid which is in local thermal equilibrium with the solid

matrix. We choose the coordinate system so that x-axis along the permeable stretch-

ing/shrinking sheet and y-axis is normal to the sheet surface. The physical model and

the coordinate system are shown in Figure 6.2.1.

The governing equation of this problem has similarity with the model equations

derived in chapter 4 and chapter 5. However, the problem considered here is unsteady,

and the concentration equation is amended to incorporate the reaction term. Fur-

thermore, the boundary condition for velocity assumed here is that there is no slip

condition. Therefore, by considering the above assumptions and using the Darcy-

Forchheimer flow model, the governing equations of the conservation of total mass,

momentum, energy and nanoparticles volume fraction in the presence of magnetic field

past a permeable stretching/shrinking sheet take the following form.

∂u

∂x
+ ∂v

∂y
= 0, (6.2.1)

∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
= ∂U∞

∂t
+U∞

∂U∞
∂x

+ν
∂2u

∂y2 − (σB
2

ρ
+ ν

K
)(u−U∞)− F

ρ
√
K

(u−U∞)2,

(6.2.2)
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∂T

∂t
+u

∂T

∂x
+v

∂T

∂y
= α

(
1 + 16σ∗T 3

∞
3kk∗

)(
∂2T

∂y2

)
+ τ

(
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2)

+ µ

(ρc)f

(
∂u

∂y

)2
+
(
σB2

(ρc)f
+ µ

(ρc)fK1

)
(u−U∞)2 + F

(ρc)f
√
K

(u−U∞)3,

(6.2.3)

∂C

∂t
+u

∂C

∂x
+v

∂C

∂y
=DB

∂2C

∂y2 +
(
DT

T∞

)(
∂2T

∂y2

)
− r(C−C∞), (6.2.4)

with initial conditions for t < 0

u(x,y, t) = v(x,y, t) = 0, T (x,y, t) = T∞, C(x,y, t) = C∞ for any x and y (6.2.5)

and the boundary conditions for t≥ 0

u(x,0, t) = uw(x,t) + µ

L

∂u

∂y
, v(x,0, t) = vw(t), −k∂T

∂y
= hf (Tf −T ),

DB
∂C

∂y
=−DT

T∞

∂T

∂y
,

(6.2.6)

u(x,∞, t) = u∞(x,t), T (x,∞, t) = T∞, C(x,∞, t) = C∞ (6.2.7)

Here, uw(x,t) = bx

1− ct denotes the velocity of the linearly stretching/shrinking sheet, in

which b is a stretching/shrinking rate and u∞(x,t) = ax

1− ct defines the ambient velocity.

vw(t) = v0√
1− ct

defines the wall mass flux velocity with vw > 0 denotes injection and

vw < 0 indicates suction. Tf (x,t) = T∞+ nx2

(1− ct)2 denotes the temperature of the

hot fluid. Where a and c are constants (with a > 0, c ≥ 0, where ct < 1) and both

have dimensions time−1. We also have L = L0√
1− ct

and r = r0
1− ct which represents

the velocity slip factor and rate of chemical reaction where L0 and r0 are the initial

value of the velocity slip factor and rate of chemical reaction, respectively. u and

v are the velocity components of the fluid in the x and y -directions, respectively.

The nanoparticle density, the density of base fluid, the absolute viscosity, the thermal

diffusivity, the Stefan-Boltzman constant, the mean absorption coefficient are dented by

ρp, ρf , µ, α, σ∗, k∗, respectively. Furthermore, τ = (ρc)p
(ρc)f

is the ratio of the nanoparticle

heat capacity and the fluid heat capacity, K is the porous medium permeability, T is

the local temperature, C is the local solid volume fraction of the nanofluid, DB is the

Brownian diffusion coefficient, DT is the thermophoretic diffusion coefficient and g is

the acceleration due to gravity. The subscript ∞ denotes the values at large values of
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y where the fluid is quiescent.

6.3 Similarity Transformation

The mathematical analysis of the problem is simplified by using the following trans-
formations, as in Abdullah et al. (2018) and Abdullah et al. (2015):

η = y

√
a

ν(1− ct) , ψ(t,x,y) =
√

aν

1− ctxf(η), θ(η) = T −T∞
Tf −T∞

, φ(η) = C−C∞
C∞

. (6.3.1)

Now using the similarity transformation quantities given above, the similarity trans-

formation processes on equation (6.2.2) - (6.2.4) and the boundary equations (6.2.6) -

(6.2.7) to ordinary differential equations are as shown below,

u= ∂ψ

∂y
= ∂

∂y

(
xf(η)

√
aν

1− ct

)
⇒ u= ax

1− ctf
′
(η), (6.3.2)

v =−∂ψ
∂x

=− ∂

∂x

(
xf(η)

√
aν

1− ct

)
⇒ v = −

√
aν

1− ctf(η), (6.3.3)

T = T∞+ (Tf −T∞)θ(η) and C = C∞+φ(η)C∞. (6.3.4)

The Continuity equation

The equation of continuity is satisfied for the chosen stream function ψ(x,y).

∂u

∂x
+ ∂v

∂y
= ∂

∂x

(
ax

1− ctf
′
(η)
)

+ ∂

∂y

(
−
√

aν

1− ctf(η)
)

= 0. (satisfied) (6.3.5)

The Momentum equation

∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
= ∂U∞

∂t
+U∞

∂U∞
∂x

+ν
∂2u

∂y2 − (σB
2

ρ
+ ν

K
)(u−U∞)− F

ρ
√
K

(u−U∞)2.

Substituting equation (6.3.1)- (6.3.4) into the momentum equation (6.2.2), we get

∂

∂t

(
ax

1− ctf
′(η)

)
+ ax

1− ctf
′(η) ∂

∂x

(
ax

1− ctf
′(η)

)
−
√

aν

1− ctf(η) ∂
∂y

(
ax

1− ctf
′(η)

)
= ∂

∂t

(
ax

(1− ct)2

)
+ ax

(1− ct)
∂

∂x

(
ax

(1− ct)

)
+ν

∂

∂y

(
∂

∂y

(
ax

1− ctf
′(η)

))
−

ax

1− ct

(
σB2

0
ρ

+ ν

K1

)
(f ′(η)−1)− a

2x2F

ρ
√
K1

(f ′(η)−1)2,
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axc

(1− ct)2 f
′(η) + acx

(1− ct)2

(
η

2

)
f
′′(η) + a2x

(1− ct)2

(
f
′(η)

)2
− a2x

(1− ct)2

(
f(η)f ′′(η)

)
= axc

(1− ct)2 + a2x

(1− ct)2 + a2x

(1− ct)2 f
′′′(η)− ax

(1− ct)

(
σB2

0
ρ

+ ν

K1

)
(f ′(η)−1) (6.3.6)

− ax2Fx

(1− ct)2ρ
√
K1

(f ′(η)−1)2.

Multiplying each term of equation (6.3.6) by (1− ct)2

a2x
, we get

c

a
f ′(η) + c

a

η

2f
′′(η) +

(
f
′(η)

)2
−f(η)f ′′(η) = c

a
+ 1 +f ′′′(η)− (1− ct)

(
σB2

0
aρ

+ ν

aK1

)
(f ′(η)−1)

− Fx

ρ
√
K1

(f ′(η)−1)2. (6.3.7)

After some simplifications and rearrangements (6.3.7) becomes,

Af ′(η) +A
η

2f
′′(η) +

(
f
′(η)

)2
−f(η)f ′′(η) =A+ 1 +f ′′′(η)−

(
σB2

0x
2

ρRex
+ x2

K1Rex

)

(f ′(η)−1)−Fn(f ′(η)−1)2. (6.3.8)

Finally, we obtain

Af ′(η) +A
η

2f
′′(η) +

(
f
′(η)

)2
−f(η)f ′′(η) =A+ 1 +f ′′′(η)−

(
MA2 + 1

Da

)
(f ′(η)−1)

−Fn(f ′(η)−1)2. (6.3.9)

where,

A= c

a
, M = σB2

0x
2

µRex
, Da= K

x2Rex, Fn = Fx

ρf
√
K

(6.3.10)

The Energy equation

∂T

∂t
+u

∂T

∂x
+v

∂T

∂y
= α

[
1 + 16σ∗T 3

∞
3kk∗

](
∂2T

∂y2

)
+ τ

[
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2]

+ µ

(ρc)f

(
∂u

∂y

)2
+
[
σB2

(ρc)f
+ µ

(ρc)fK1

]
(u−U∞)2 + F

(ρc)f
√
K

(u−U∞)3,

(6.3.11)
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Substituting equations (6.3.2)- (6.3.4) into the energy equation (6.2.3), we obtain

∂

∂t

(
T∞+ (Tf −T∞)θ(η)

)
+ ax

1− ctf
′(η) ∂

∂x

(
T∞+ (Tf −T∞)θ(η)

)
−
√

aν

1− ctf(η)

∂

∂y

(
T∞+ (Tf −T∞)θ(η)

)
= α

[
1 + 16σ∗T 3

∞
3kk∗

]
∂

∂y

(
∂

∂y

(
T∞+ (Tf −T∞)θ(η)

))
+

τ

[
DB

∂

∂y

(
C∞+φ(η)C∞

)
∂

∂y

(
T∞+ (Tf −T∞)θ(η)

)
+ DT

T∞

(
∂

∂y

(
T∞+ (Tf −T∞)θ(η)

))2]
+ µ

(ρC)p

(
∂

∂y

(
ax

1− ctf
′(η)

))2
+
(

ax

1− ct

)2[ σB2

(ρC)p
+ µ

(ρC)pK1

]
(f ′(η)−1)2+(

ax

1− ct

)3 F

(ρC)p
√
K

(f ′(η)−1)3,

(Tf −T∞)θ′(η)η2

(
c

1− ct

)
+ 2nx2c

(1− ct)3 θ(η) + 2nax2

(1− ct)3 f
′(η)θ(η)− a

1− ct(Tf −T∞)f(η)θ′(η)

= α

[
1 + 16σ∗T 3

∞
3kk∗

]
a(Tf −T∞)
ν(1− ct) θ′′(η) + τ

[
DBC∞φ

′(η)θ′(η)a(Tf −T∞)
ν(1− ct) + DT

T∞
(Tf −T∞)2

θ′(η)2 a

ν(1− ct)

]
+ ν

(C)p

(
a

(1− ct)

√
a

ν(1− ct)f
′′(η)

)2

+ a2x2

(1− ct)2

[
σB2

ρCp
+ ν

CpK1

]
(6.3.12)

(f ′(η)−1)2 + a3x2

(1− ct)3
Fx

ρCp
√
K1

(f ′(η)−1)3.

Multiplying each term of equation (6.3.12) by ν(1− ct)
αa(Tf −T∞) , we obtain

ν

α

c

a

η

2θ
′(η) + 2ν

α

c

a
θ(η) + 2ν

α
f
′
(η)θ(η)− ν

α
f(η)θ′(η) =

[
1 + 16σ∗T 3

∞
3kk∗

]
θ′′(η)

+ τ

α
DBC∞φ

′(η)θ′(η) + τ

α

DT

T∞
(Tf −T∞)(θ′(η))2 + ν

α

U2
∞

Cp(Tf −T∞)
(
f ′′(η)

)2
+

ν

α

U2
∞

Cp(Tf −T∞)

[
σB2

ρCp
+ ν

CpK1

]
(f ′(η)−1)2 + ν

α

U2
∞

Cp(Tf −T∞)
Fx

ρ
√
K1

(f ′(η)−1)3.

(6.3.13)

Further simplification gives us

PrA
η

2θ
′(η) + 2PrAθ(η) + 2Prf

′
(η)θ(η)−Prf(η)θ′(η) =

(
1 + 4

3R
)
θ′′(η)

+PrNbφ′(η)θ′(η) +PrNt(θ′(η))2 +PrEc
(
f ′′(η)

)2
+PrEc

(
M + 1

Da

)

(f ′(η)−1)2 +PrEcFn(f ′(η)−1)3. (6.3.14)
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Where,

A= c

a
, M = σB2

0
ρa

, Da= K

x2Rex, Fn = Fx

ρf
√
K
, R = 4σ∗T 3

∞
k∗k

,

Pr = ν

α
, Nb= τDBC∞

ν
, Nt= τDT (Tf −T∞)

νT∞
, Ec= a2

nCp
.

(6.3.15)

The Concentration equation

∂C

∂t
+u

∂C

∂x
+v

∂C

∂y
=DB

∂2C

∂y2 +
(
DT

T∞

)(
∂2T

∂y2

)
− r(C−C∞), (6.3.16)

Substituting equations (6.3.2)- (6.3.4) into the energy equation (6.2.4), we obtain

∂

∂t

(
C∞+C∞φ(η)

)
+ ax

1− ctf
′(η) ∂

∂x

(
C∞+C∞φ(η)

)
−
√

aν

1− ctf(η)C∞
√

a

ν(1− ct)φ
′(η)

=DB
∂

∂y

(
∂

∂y

(
C∞+C∞φ(η)

))
+ DT

T∞

∂

∂y

(
C∞

√
a

ν(1− ct)φ
′(η)

)
− rφ(η)C∞, (6.3.17)

c

1− ctC∞
η

2φ
′(η) + 0− a

1− ctC∞f(η)φ′(η) =DBC∞
a

ν(1− ct)φ
′′(η)+

DT

T∞
(Tf −T∞) a

ν(1− ct)θ
′′(η)− rφ(η)C∞.

Multiplying each term of equation (6.3.17) by ν(1− ct)
DBC∞a

, we obtain

ν

DB

c

a

η

2φ
′(η)− ν

DB
f(η)φ′(η) = φ′′(η) + 1

DB

DT

T∞

(Tf −T∞)
C∞

θ′′(η)− rν(1− ct)
DBa

φ(η). (6.3.18)

Further simplification gives us

ScA
η

2φ
′(η)−Scf(η)φ′(η) = φ′′(η) + Nt

Nb
θ′′(η)−Scr(1− ct)

a
φ(η). (6.3.19)

Where,

A= c

a
, Pr = ν

α
, Nb= τDBC∞

ν
, Nt= τDT (Tf −T∞)

νT∞
, Sc= ν

DB
, δ = r0

b
,

r = µ

L0

√
a

ν
.
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The boundary conditions will be

As η = 0,

u(x,0, t) = uw(x,t) + µ

L

∂u

∂y
⇒ ax

1− ctf
′
(η = 0) = bx

1− ct + µ

L

∂

∂y

(
ax

1− ctf
′
(η)
)

⇒ f ′(0) = b

a
+ µ

L

√
a

ν(1− ct)f
′′(0)⇒ f ′(0) = λ+γf ′′(0).

v(x,0, t) = vw(t) ⇒−
√

aν

1− ctf(η = 0) = vw(t),

⇒ f(0) =−
√

1− ct
aν

vw(t) = S.

(6.3.20)

−kf
∂T

∂y
= hf (Tf −T )⇒−kf (Tf −T )θ′(0)

√
a

ν(1− ct) = hf (Tf −T ),

⇒ θ′(0) = −hf
kf

√
ν(1− ct)

a
(1− θ(0))⇒ θ′(0) =−Bi(1− θ(0)).

DB
∂C

∂y
=−DT

T∞

∂T

∂y
⇒DBC∞φ

′(0) =−DT

T∞
(Tf −T∞)θ′(0),

⇒ φ′(0) =−DT (Tf −T∞)
T∞D∞C∞

θ′(0) =−Nt
Nb

θ′(0)

⇒Nbφ′(0) +Ntθ′(0) = 0.

(6.3.21)

As η→∞,

u(x,∞, t) = u∞(x,t) = ax

1− ct ⇒ ax

1− ctf
′(η =∞) = ax

1− ct ⇒ f ′(∞) = 1,

T (x,∞, t) = T∞⇒ θ(∞) = T (x,∞, t)−T∞
Tf −T∞

= T∞−T∞
Tf −T∞

⇒ θ(∞) = 0,

C(x,∞, t) = C∞⇒ C(∞) = C(x,∞, t)−C∞
C∞

= C∞−C∞
C∞

⇒ C(∞) = 0.

(6.3.22)

Finally, we obtained the following nonlinear ordinary differential equations as shown
below:

f ′′′+ff ′′−
(
f ′
)2 +A

(
1−f ′− η2f

′′
)

+ 1−
(
M + 1

Da

)(
f ′−1

)
−Fn(f ′−1)2 = 0, (6.3.23)

(
1 + 4

3R
)
θ′′−PrA(2θ+ η

2θ
′) +Pr(θ′f −2θf ′) +PrNbθ′φ′+PrNtθ′2

+PrEc(f ′′)2 +PrEc
(
M + 1

Da

)
(f ′−1)2 +PrEcFn(f ′−1)3 = 0,

(6.3.24)

φ′′+Sc
(
fφ′− η2Aφ

′− δφ
)

+ Nt

Nb
θ′′ = 0. (6.3.25)
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With boundary conditions

At η = 0 : f(0) = S, f ′(0) = λ+γf ′′(0), θ′(0) =−Bi [1− θ(0)] ,

Nbφ′(0) +Ntθ′(0) = 0.
(6.3.26)

As η→∞ : f ′(η)→ 1, θ(η)→ 0, φ(η)→ 0. (6.3.27)

Where f ′, θ and φ are the dimensionless velocity, temperature, and particle volume

fraction, respectively. The prime denotes differentiation with respect to the similarity

variable η. The variables A,M,Da,Fn,λ,R,Pr,Nb,Nt,Ec,Sc,δ,S,γ and Bi denotes

the unsteadiness parameter with A> 0 shows the accelerating flow while A< 0 implies

the decelerating flow, magnetic field parameter, Darcy number, second order porous re-

sistance parameter(Forchheimer number), thermal radiation parameter, Prandtl num-

ber, the Brownian motion parameter, the thermophoresis diffusion parameter, Eckert

number, schmidt number, chemical reaction parameter in which δ > 0 associates with

destructive chemical reaction while δ < 0 corresponds to generative chemical reaction,

suction (S > 0) or injection (S < 0) parameter, stretching (λ > 0) or shrinking (λ < 0)

parameter, velocity slip parameter and Biot number, respectively. The parameters and

dimensionless numbers are defined as follows:

A= c

a
, λ= b

a
, M = σB2

0
ρa

, Da= K

x2Rex, Fn = Fx

ρf
√
K
, R = 4σ∗T 3

∞
k∗k

,

Pr = ν

α
, Nb= τDBC∞

ν
, Nt= τDT (Tf −T∞)

νT∞
, Ec= a2

ncp
, Sc= ν

DB
,

δ = r0
b
, S = −v0√

νa
, γ = µ

L0

√
a

ν
, Bi= hfx

kfRe
1/2
x

.

(6.3.28)

It is important to note that the porous medium inertia parameter (Fn) is a local

similarity parameter. Nonetheless, the parameter Fn may become a similarity parame-

ter if the non-uniform inertial coefficient of porous medium is defined as F = Cd
x

where

Cd is drag coefficient. In this case, the expression for Fn = Cd
ρf
√
K1

is a similarity pa-

rameter since it is independent of x (Hayat et al., 2016; Das et al., 2020b; Upreti et al.,

2020). Similarly, in order to have a similarity solution define hf = h1√
1− ct

where h1 is

constant (Das et al., 2020a), then Bi= h1

√
ν

a
becomes a similarity parameter.
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6.4 Important Engineering Parameters

The important physical quantities of interest, in this problem, are the dimensionless

skin friction coefficient, the local Nusselt number, and the local Sherwood number. Skin

friction coefficient measures the friction that occurs at the boundary, Nusselt number

helps to determine the wall heat flux and Sherwood number is used to determine the

wall mass flux. These important engineering parameters are defined as:

Cf = τw
ρU2
∞
, Nux = xq′′w

k(Tf −T∞) , and Shx = xq′′m
DBC∞

, (6.4.1)

where τw is the wall shear stress, q′′w is the wall heat flux due to the temperature

gradient and q′′m is the wall mass flux due to the Brownian motion force at y = 0 and

given by

τw = µ

(
∂u

∂y

)∣∣∣∣∣
η=0

, q′′w =−
(k+ 16σ∗T 3

∞
3k∗

)
∂T

∂y

∣∣∣∣∣
η=0

 , and q′′m =−DB

(
∂C

∂y

)∣∣∣∣∣
η=0

.

The dimensionless form of the wall shear stress, local Nusselt number and the local
Sherwood number are derived as

Cf =
µ

(
∂u

∂y

)∣∣∣∣
η=0

ρU2
∞

=
µ
∂

∂y

(
ax

1− ctf
′(η)

)∣∣∣∣
η=0

ρ

(
ax

1− ct

)2 = µ

ρ

ax

(1− cx)

√
a

ν(1− ct)
(1− ct)2

a2x2 ,

⇒ Cf =

√
ν(1− ct)
ax2 f ′′(0) = f ′′(0)Re−1/2

x ,⇒ f ′′(0) = CfRe
1/2
x .

Nux =
−x

[(
k+ 16σ∗T 3

∞
3k∗

) ∂T
∂y

∣∣∣∣
η=0

]
k(Tf −T∞) =

−xk
(
1 + 16σ∗T 3

∞
3kk∗

)
(Tf −T∞)θ′(0)

√
a

ν(1− ct)
k(Tf −T∞) ,

⇒Nux =−x
√

a

ν(1− ct)

(
1 + 4

3R
)
θ′(0),

⇒Nu=NuxRe
−1/2
x =−

(
1 + 4

3R
)
θ′(0).

(6.4.2)

Shx =
−xDB

(
∂C

∂y

)∣∣∣∣∣
η=0

DBC∞
= −xC∞φ

′(0)
C∞

√
a

ν(1− ct) =−

√√√√ ax2

ν(1− ct)φ
′(0),

⇒ Shx =−Re1/2
x φ′(0)⇒ Sh= ShxRe

−1/2
x =−φ′(0).
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where Rex,Nux,Shx are local Reynolds number, local Nusselt number and local Sher-

wood number, respectively.

6.5 Stability Analysis

From the numerical result obtained, such a boundary layer problem may produce zero,
unique, dual or multiple solutions depending on the physical parameters under consid-
eration. For such cases, it is important to identify all the possible solutions that may
arise in such fluid flow problem to avoid misinterpretation of the fluid flow characteris-
tics. Generally, for non-unique solutions, the first solution which satisfies the boundary
condition is denoted as the physically realistic or real solution as compared to the other
solutions. In some cases, the second solution may exhibit the same pattern of the real
flow characteristics based on the velocity, temperature or concentration profiles. Hence,
it is necessary to validate the real solution through a proper analysis called stability
analysis. The execution of the stability analysis is mathematically performed to verify
the physical or real solution among all the solutions. Stability analysis requires the
introduction of new similarity transformations as mentioned in Safwa Khashi’ie et al.
(2019)

η = y

√
a

ν(1− ct) , u= ax

(1− ct)
∂f

∂η
(η,τ), v =−

√
aν

(1− ct)f(η,τ),

ψ = f(η,τ)x
√

aν

(1− ct) , θ(η,τ) = T −T∞
Tf −T∞

, φ(η,τ) = C−C∞
C∞

, τ = at

1− ct .
(6.5.1)

Where τ is the dimensionless time variable. Substitute (6.5.1) into equations (6.2.2)

- (6.2.4) and the following equations are obtained

∂3f

∂η3 +f
∂2f

∂η2 +
(
∂f

∂η

)2
+A

(
1− ∂f

∂η
− η2

∂2f

∂η2

)
+ 1− (1 +Aτ) ∂

2f

∂η∂τ
−

(
M + 1

Da

)(∂f
∂η
−1

)
−Fn

(
∂f

∂η
−1

)2
= 0,

(6.5.2)

(
1 + 4

3R
)
∂2θ

∂η2 −Pr
(

2θ∂f
∂η
−f ∂θ

∂η

)
−PrA

(
θ+ η

2
∂θ

∂η

)
−Pr(1 +Aτ)∂θ

∂τ

+PrNb
∂θ

∂η

∂φ

∂η
+PrNt

(
∂θ

∂η

)2
+EcPr

(
∂2f

∂η2

)2
+EcPr

(
M + 1

Da

)(∂f
∂η
−1

)2

+EcPrFn

(
∂f

∂η
−1

)3
= 0,

(6.5.3)
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∂2φ

∂η2 −ASc
η

2
∂φ

∂η
+Scf

∂φ

∂η
−Sc(1 +Aτ)∂φ

∂τ
+ Nt

Nb

∂2θ

∂η2 −Scδφ= 0, (6.5.4)

and the boundary conditions become

f(0, τ) = s,
∂f

∂η
(0, τ) = ξ+β

∂2f

∂η2 (0, τ), ∂θ

∂η
(0, τ) =−Bi [1− θ(0, τ)] ,

Nb
∂φ

∂η
(0, τ) +Nt

∂θ

∂η
(0, τ), ∂f

∂η
(∞, τ)→ 1, θ(∞, τ)→ 0, φ(∞, τ)→ 0.

(6.5.5)

To test the stability of the steady flow solution f(η) = f0(η), θ(η) = θ0(η) and φ(η) =

φ0(η) satisfying the set of boundary-value problem equation (6.3.26)- (6.3.27), we write

f(η,τ) = f0(η) + e−βτF (η,τ),

θ(η,τ) = θ0(η) + e−βτG(η,τ),

φ(η,τ) = φ0(η) + e−βτH(η,τ),

(6.5.6)

where β is an unknown eigenvalue parameter (growth rate of disturbance) and F (η,τ),
G(η,τ) and H(η,τ) are small relative to f0(η), θ0(η) and φ0(η), respectively. The
following linearized problem will be obtained by substituting (6.5.6) into (6.3.23)-
(6.3.25)

∂3F

∂η3 + (f0−A
η

2)∂
2F

∂η2 + ∂F

∂η

[
A+ 2∂f0

∂η
+ (1 +Aτ)β−M − 1

Da
−2Fn

(∂f0
∂η
−1
)]

+F
∂2f0
∂η2 − (1 +Aτ) ∂

2F

∂τ∂η
= 0,

(6.5.7)

(
1 + 4

3R
)∂2G

∂η2 +Pr
(
f0−A

η

2 + 2Nt∂θ0
∂η

+Nb
∂φ0
∂η

)∂G
∂η
−Pr

(
A+ 2∂f0

∂η

)
G

+Pr(1 +Aτ)βG+Pr
∂F

∂η

[
2Ec

(
M + 1

Da

)(∂f0
∂η
−1
)

+ 3EcFn
(∂f0
∂η
−1
)2
−2θ0

]

+Pr
(
F +Nb

∂H

∂η

)∂θ0
∂η
−Pr(1 +Aτ)∂G

∂τ
= 0,

(6.5.8)

∂2H

∂η2 + ∂H

∂η

[
Scf0−ASc

η

2

]
+Sc(1 +Aτ)βH+ScF

∂φ0
∂η
−Sc(1 +Aτ)∂H

∂τ
+ Nt

Nb

∂2G

∂η2

−ScδH = 0,

(6.5.9)

subjected to the boundary conditions:
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F (0, τ) = 0, ∂F

∂η
(0, τ) = β

∂2F

∂η2 (0, τ), ∂G

∂η
(0, τ) =BiG(0, τ),

Nb
∂H

∂η
(0, τ) +Nt

∂G

∂η
(0, τ), ∂F

∂η
(∞, τ)→ 0, G(∞, τ)→ 0, H(∞, τ)→ 0.

(6.5.10)

Following Weidman et al. (2006), the initial growth or decay of the solution (6.5.6)
can be identified by setting τ = 0 so that F = F0(η), G = G0(η) and H = H0(η) in
equations (6.5.7)- (6.5.10). Solutions of the eigenvalue problem give an infinite set of
eigenvalues β1 < β2 < β3 · · · ; if β1 is negative, there is an initial growth of disturbances
and the flow is unstable but when β1 is positive, there is an initial decay and the flow
is stable. The linearized Eigenvalue problem are given by

F ′′′0 + (f0−A
η

2)F ′′0 +f ′′0F0 +F ′0

[
β−2f ′0−A− (M + 1

Da
)−2Fn

(
f ′0−1

)]
= 0, (6.5.11)
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(
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)
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Pr
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2Ec

(
M + 1
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)(
f ′0−1

)
+ 3EcFn

(
f ′0−1

)2
−2θ0

]
F ′0 +Pr

(
F0 +NbH ′0

)
θ′0 = 0,

(6.5.12)

H ′′0 +Sc

f0−A
η

2

H ′0 +Sc
(
β− δ

)
H0 +Scφ′0F0 + Nt

Nb
G′′0 = 0, (6.5.13)

with the new boundary conditions:

F0(0) = 0, F ′0(0) = βF ′′0 (0), G′0(0) =BiG0(0), NbH ′0(0) +NtG0(0) = 0,

F ′0(∞)→ 0, G0(∞)→ 0, H0(∞)→ 0.
(6.5.14)

As suggested by Harris et al. (2009), the range of possible eigenvalues can be obtained
by relaxing one of the boundary conditions, F ′0(∞)→ 0 or G0(∞)→ 0. Thus, the
boundary condition F ′0(∞)→ 0 is relaxed and replaced with the normalizing boundary
condition F ′′0 (0) = 1, and the boundary conditions become:

F0(0) = 0, F ′0(0) = 0, G′0(0) =BiG0(0), F ′′0 (0) = 1, G0(∞)→ 0. (6.5.15)

Finally, equations (6.5.11) - (6.5.13) are solved along the new boundary conditions

(6.5.15).
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6.6 Numerical Procedures

In this problem, shooting method with fourth- fifth order Runge-Kutta-Fehlberg inte-

gration procedure has been applied for solving the set of nonlinear ordinary differential

equation (6.3.23) - equation (6.3.25) under the boundary conditions equation (6.3.26)

and equation(6.3.27) with the help of Maple software. Runge-Kutta-Fehlberg fourth-

fifth method (Fehlberg method) is an algorithm in numerical analysis for the numerical

solution of ordinary differential equations and is a method of order 4 with an error es-

timator of order 5, the algorithm is as follow:

• Convert the boundary value problem into initial value problem.

• Choose the suitable finite value of eta .

• Shooting technique is used to guess missing initial conditions by an iterative

process until boundary conditions are satisfied.

• Solve the reduced system of the initial value equations by Runge-Kutta-Fehlberg

method by taking step size h.

• This process was repeated until we obtained results correct up to the desired

accuracy.

Dual solutions are obtained using two different initial guesses for the unknown

values of f ′′(0), −θ(0) and φ(0) for the same value of parameter, which produce two

different velocities, temperature and concentration profiles where both of them reach

the far field boundary conditions given in equation(6.3.27) asymptotically.

6.7 Results and Discussion

In this study, the effects of unstideaness parameterA, velocity slip parameter γ, shrink-

ing/stretching parameter λ, magnetic field parameter M , the porous medium param-

eter Da, porous medium inertia parameter Fn, the mass flux parameter S, viscous

dissipation , thermal radiation, chemical reaction and convective heating on the mag-

netic nanofluid velocity, temperature and species concentration are demonstrated in

graphs.
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The existence of dual solutions for certain ranges of parameter variations are shown

for the skin friction coefficient in the form of graphs and tables and also the variations of

Nusselt number are illustrated in graphs for different values of the parameters change.

Equation (6.3.23) - equation (6.3.25) together with the boundary conditions equa-

tion (6.3.26) and equation(6.3.27) are solved numerically using the shooting method

with fourth-fifth order Runge-Kutta-Fehlberg integration procedure in Maple2018. This

method has been used by several researchers for solving problems of convective bound-

ary layer flows. For instance, papers by Bohra et al. (2017). In this study, the com-

putational analysis was done to investigate the effects of those embedded parameters

involved in the fluid flow equations on the velocity profiles, temperature profiles and

the concentration profile. The graphs depicting these effects are plotted. In addition

to these, graphs showing the skin friction, heat transfer and the mass transfer rate are

plotted.

(a) (b)

Figure 6.7.1: (a)Variation of skin friction for different values of unsteadiness parameter,
A (b) Variation of skin friction for different values of porous medium parameter, Da

The effects of different parameters on skin friction are presented in Figures 6.7.1-

6.7.15. From the graphs obtained, the existence of a dual solution is witnessed. The

range of existence of dual solution, upper branch and lower branch solutions, increases

with the intensification of the unsteadiness, Magnetic field, and suction/injection pa-

rameters, whereas it decreases with the porous resistance and velocity slip parameters.

Beyond the declared lambda critical values, no similar solution is expected due to the

boundary layer separation from the surface and the inapplicability of the boundary
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(a) (b)

Figure 6.7.2: (a) Variation of skin friction for different values of second-order porous
resistance parameter, Fn (b) Variation of skin friction for different values of slip pa-
rameter, γ

(a) (b)

Figure 6.7.3: (a) Variation of skin friction for different values of suction parameter, S
(b) Variation of skin friction for different values of Magnetic field parameter, M

layer approximations.

As revealed in Figure 6.7.1, the appreciation of the unsteadiness parameter appre-

ciates the skin friction for the upper branch solution and widens the interval of lambda

for which a dual solution exists. From Figure 6.7.1b - 6.7.3b, it is observed that due to

the decrement of the porous resistance parameters, Darcy porous and porous medium

inertia parameters, decrease the skin friction for the upper branch solutions and up
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(a) (b)

Figure 6.7.4: (a) Dual solution for velocity profiles with unsteadiness parameter, A.
(b) Dual solution for velocity profiles with porous medium parameter, Da.

(a) (b)

Figure 6.7.5: (a) Dual solution for velocity profiles with second-order porous resistance
parameter, Fn. (b) Dual solution for velocity profiles with velocity slip parameter, γ.

to some shrinking parameter value, a similar character is observed for velocity slip

parameter variation. Furthermore, the increment of the porous resistance parameters

diminishes the possible lambda value for which the dual solution exists, but an op-

posite trend is observed for the velocity slip parameter. The effects of magnetic field

and suction parameters are depicted in Figure 6.7.3. For the upper branch solutions,

the increment of these parameters increases skin friction. The manifestation of more

suction at the boundary surface slows down the fluid motion and this results in an
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(a) (b)

Figure 6.7.6: (a) Dual solution for velocity profiles with suction/injection parameter,
S. (b) Dual solution for velocity profiles with Magnetic field parameter, M .

(a) (b)

Figure 6.7.7: (a) Dual solution for temperature profiles with porous medium parameter,
Da (b) Dual solution for temperature profiles with unsteadiness parameter, A.

increment in velocity gradient at the sheet surface. All the results obtained graphically

come to an excellent agreement with the results shown in Table 6.7.1.

The dual nature of the real solution for velocity profile with a variety of different

parameter values is illustrated in Figures 6.7.4-6.7.6. From the graphs obtained, it is

observed that the hydrodynamic boundary layer thickness for the upper branch solu-

tions is smaller than that of the lower branch solution. As well, it is noted that both the

upper branch and lower branch solutions satisfy the far end condition asymptotically.
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(a) (b)

Figure 6.7.8: (a) Dual solution for temperature profiles with radiation parameter, R
(b) Dual solution for temperature profiles with Magnetic field, M .

(a) (b)

Figure 6.7.9: (a) Dual solution for temperature profiles with viscous dissipation, Ec
(b) Dual solution for temperature profiles with suction/injection parameter, S.

Figure 6.7.4a depicts the effects of the unsteadiness parameter on the velocity pro-

file, an increase in the unsteadiness parameter enhances the fluid velocity for the upper

branch solution, and a reverse trend is seen in the case of lower branch solutions. The

amplification of the porous resistance parameters diminishes the fluid velocity for the

upper branch solutions as revealed in Figures 6.7.4b and 6.7.5a. The effects of the

velocity slip parameter on the velocity profile are established in Figure 6.7.5b. For the

upper branch solution, as the velocity slip parameter increases the fluid velocity also in-
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(a) (b)

Figure 6.7.10: (a) Influence of Nt and Nb on the concentration profile (b) Influence
of δ and Sc on the concentration profile.

(a) (b)

Figure 6.7.11: (a) Influence of A and λ on the concentration profile (b) Influence of S
and γ on the concentration profile.

creases but an opposite character is seen in the lower branch solution. Furthermore, the

hydrodynamic boundary layer thickness is getting thicker for the lower branch solution

than the upper branch solution with increasing effects of the velocity slip parameter.

Comparatively speaking, its effects are more pronounced in the lower branch solution

than that in upper branch solutions. Figure 6.7.6a and 6.7.6b exposed effects of suction

and magnetic field parameters variation on a dimensionless fluid velocity profile. For

the upper branch solution, it is noted that as suction parameters increase the fluid

118



(a) (b)

Figure 6.7.12: (a) Variation of local Nusselt number for different values of porous
medium parameter, Da (b) Variation of local Nusselt number for different second-
order porous resistance parameter, Fn

(a) (b)

Figure 6.7.13: (a) Variation of local Nusselt number for different values of unstideaness
parameter, A (b) Variation of local Nusselt number for different values of velocity slip
parameter, γ.

velocity increases, and the hydrodynamic boundary layer thickness gets diminished

but a reverse arrangement is observed in the lower branch solutions. Similarly, as the

magnetic field parameter increases, the fluid velocity shows an increment for the upper

branch solution decrement for the lower branch solutions. Associated with the applied

magnetic field, there is a Lorenz force that causes the thinning of the hydrodynamic

boundary layer thickness; conversely, an opposite pattern is observed for the lower
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(a) (b)

Figure 6.7.14: (a) Variation of local Nusselt number for different values of suc-
tion/injection, S (b) Smallest eigen value β for various values of, λ.

Table 6.7.1: The computation showing impact of parameters variation on the skin
friction and the critical shrinking parameter

Re
1/2
x Cf

A Da γ Fn S M λc λ Upper Branch Lower Branch
0 0.5 1 0.1 0.1 0.1 4.839594 -4.73 2.998643484 2.426298287
0.5 0.5 1 0.1 0.1 0.1 -5.727857 -5.62 3.553247865 2.957696409
1 0.5 1 0.1 0.1 0.1 -6.645569 -6.54 4.137864730 3.523509229
0.5 1 1 0.1 0.1 0.1 -3.982387 -3.95 2.412216802 2.116906748
0.5 2 1 0.1 0.1 0.1 -3.158140 -3.14 1.906020856 1.698752449
0.5 0.5 2 0.1 0.1 0.1 -9.184214 -9.17 3.557168316 3.468533005
0.5 0.5 3 0.1 0.1 0.1 -12.72701 -12.62 3.595345499 3.456468789
0.5 0.5 1 0.5 0.1 0.1 -3.933762 -3.92 2.531135973 2.348512447
0.5 0.5 1 1 0.1 0.1 -2.700322 -2.65 1.948646164 1.646824738
0.5 0.5 1 0.1 0.3 0.1 -6.105996 -6.00 3.868198032 3.293908286
0.5 0.5 1 0.1 0.5 0.1 -6.529904 -6.42 4.220608360 3.650765637
0.5 0.5 1 0.1 0.1 0.5 -6.459739 -6.42 4.634272193 2.978576650
0.5 0.5 1 0.1 0.1 1 -7.400005 -7.30 5.277204053 3.431150547

branch solution. Furthermore, the effects of the magnetic field parameter are more

noticeable in the lower branch solution than that in the upper branch solution.

The effects of the Darcy porous medium parameter on the fluid temperature are

well-thought-out in Figure 6.7.7a. From the results obtained, it is noted that the

porosity of the medium drops the fluid temperature and decreases the thermal bound-

ary layer in the case of upper branch solutions, whereas the thermal boundary layer get

120



(a) (b)

Figure 6.7.15: (a) Variation of local Sherwood number for different values of S and A
(b) Variation of local Sherwood number for different values of Da and Fn

Table 6.7.2: The computation of smallest eigenvalue ( β ) for both lower and upper
branch solutions

β
A Da γ Fn S M λc λ Upper Branch Lower Branch
0 0.5 1 0.1 0.1 0.1 -4.839594 -4.73 1.01196247439228 -0.632791854277556
0.5 0.5 1 0.1 0.1 0.1 -5.727857 -5.62 0.98709657943535 -0.661201898715320
1 0.5 1 0.1 0.1 0.1 -6.645569 -6.54 0.97442908349414 -0.681766753482524
0.5 1 1 0.1 0.1 0.1 -3.982387 -3.95 0.55607501612195 -0.291416767856250
0.5 2 1 0.1 0.1 0.1 -3.158140 -3.14 0.42408093843914 -0.187383984353734
0.5 0.5 2 0.1 0.1 0.1 -9.184214 -8.17 2.16269986254263 -1.645186712452700
0.5 0.5 3 0.1 0.1 0.1 -12.72701 -12.62 0.79306583008564 -0.255717432035400
0.5 0.5 1 0.5 0.1 0.1 -3.933762 -3.75 1.75535332558558 -0.795901111523959
0.5 0.5 1 1 0.1 0.1 -2.700322 -2.65 1.54241693712506 -0.001559288563474
0.5 0.5 1 0.1 0.3 0.1 -6.105996 -6.00 1.01113535137353 -0.596085869794046
0.5 0.5 1 0.1 0.5 0.1 -6.529904 -6.42 1.06014158150795 -0.551519597522842
0.5 0.5 1 0.1 0.1 0.5 -6.459739 -6.42 2.53037842055148 -1.974599829881230
0.5 0.5 1 0.1 0.1 1 -7.400005 -7.30 2.77454723677370 -2.196082522905320

thickens as the porous medium parameter increases. As publicized in Figure 6.7.7b,

the unsteadiness parameter reduces the fluid temperature and diminishes the thermal

boundary layer for the upper branch solutions. Effects of this parameter are more

apparent in the lower branch solutions than in the upper branch solutions.

As shown in Figure 6.7.8a, the thermal radiation parameter enhances the fluid

temperature for both the upper and lower branch solutions and which leads to the
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development of the thermal boundary layer. The intensification of thermal radiation

reduces the heat transfer process from the sheet surface. Hence, more cooling from

the surface is achieved through less application of thermal radiation. From Figure

6.7.8b, it is noted that the magnetic field parameter enriches the fluid temperature but

a reverse configuration is realized in the lower branch solution. A considerable change

in the thermal boundary layer thickness is not observed due to the amplification of the

applied magnetic field.

The effects of viscous dissipation on fluid temperature profile are well elucidated in

Figure 6.7.9a. As the viscous dissipation parameter increases, the fluid temperature

and the thermal boundary layer thickness increase. This is due to the fact that in

viscous fluid flow the viscosity of the fluid takes kinetic energy from the fluid and

transforms it into internal energy that heats the fluid. As defined in Figure 6.7.9b,

the suction parameter lessens the fluid temperature for the upper branch solutions and

improves for the lower branch solutions. The thermal boundary layer thickness gets

thinner as the suction parameter increases for the upper branch solution and goes in

the opposite fashion for the lower branch solutions.

The joint effects of the nanofluid parameters on the species concentration profiles

are exposed in Figure 6.7.10a. Thermophoretic forces coming from increasing values

of the thermophoresis diffusion parameter lead to more diffusion of nanoparticles from

the hot plate to the ambient fluid which in turn enhances the species concentration

profiles, but a reverse arrangement is realized within a few layers of the fluid from

the plate. Moreover, the Brownian motion parameter has an increasing effect on the

species concentration profiles within a few layers of the fluid from the plate and an

opposite pattern is observed after the transition point. This is due to the fact that

the existence of high random motions of the nanoparticles in the fluid regions leads to

lesser nanoparticle volume fraction in the fluid layers.

The effect of increasing the reaction parameter on the species concentration profiles

for a generative chemical reaction is shown in Figure 6.7.10b. It is noticed from this

graph that there is a marked effect of increasing the value of the chemical reaction rate

parameter on species concentration distribution at the middle of the solutes boundary

layer compared to the region closer to the stretching/shrinking surface.

It is clearly observed from this figure that the value of the species concentration at
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the middle of the boundary layer decreases till it attains the minimum value of zero at

the end of the boundary layer and this trend is seen for all the values of reaction rate

parameter. Further, it is observed that increasing the value of the chemical reaction

rate parameter decreases the concentration of species in the boundary layer, this is due

to the fact that the solutes boundary layer decreases with the chemical reaction rate

parameter. Similar facts are seen in the case when the value of the Schmidt number

is increased as noted in Figure 6.7.10b. As expected, the mass transfer decreases as

the Schmidt parameter increases by keeping all other physical parameters fixed, i.e.

an increase in the value of the Schmidt number is associated with the reduction in the

concentration profiles.

Figure 6.7.11a demonstrates the combined effects of the unsteadiness parameter

and stretching/ shrinking parameter on species concentration profile. It is observed

that the effects of increasing the value of the unsteadiness parameter enhance the

species concentration profile till it attains the far end condition for both stretching and

shrinking parameters. Furthermore, the effects of the stretching/shrinking parameter

on the species concentration profile are not too substantial. The effects of suction and

injection on the species concentration profile with and without the effects of velocity

slip parameters are exploited in Figure 6.7.11b. As we can see from this graph, a larger

species concentration profile is seen in the presence of suction than injection through

the permeable surface in both cases.

The variations of local Nusselt number for different values of the governing pa-

rameters are justified in Figure 6.7.12a- Figure 6.7.14a. Moreover, the possible ranges

of shrinking parameter values where the dual solution exists are pointed out. Figure

6.7.12a displays the effects of the porous medium parameter (Darcy number) on the

wall heat transfer rate from the shrinking surface and the interval of existence of a

dual solution. It is witnessed that the intensifications of the porous medium parameter

decrease the surface heat transfer rate and weakens the intervals where a dual solution

exists. Similarly, as shown in Figure 6.7.12b, increasing the second-order porous resis-

tance parameter decreases the local Nusselt number and narrows the intervals of dual

solution.

The increasing effects of the unsteadiness parameter are seen in Figure 6.7.13a.

From this graph, it is noted that the unsteadiness parameter boosts the heat transfer
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rate from the permeable shrinking surface and also widens the solution domain of

occurrence of dual solutions. As indicated in Figure 6.7.13b, a remarked change in heat

transfer rate from the surface is observed. The velocity slip parameter increases the

heat transfer and widens the intervals of occurrence of dual solutions. In Figure 6.7.14a,

the combined effects of the suction parameter and shrinking sheet are explicated. The

application of more suction enhances the heat transfer process from the shrinking

surface. This is due to the fact that increasing the suction rate increases the nanofluid

particles which in turn increases the rate of heat transfer from the surface. Additionally,

the interval of existence of dual solution increases with the suction parameter. Figure

6.7.14b depicts the smallest eigenvalue for different values of the shrinking parameter.

For the upper branch solutions, a positive eigenvalue is obtained and negative values are

obtained for the lower branch solutions which have strong support for the values given

in Table 6.7.2. In Figure 6.7.15, the effects of different parameters on the wall mass

transfer rate is disclosed. As the magnetic field parameter and unsteadiness parameter

increases, the wall mass transfer rate decreases but it increases for the appreciation of

suction/injection, velocity slip and porous medium parameters.
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Chapter 7

Summary, Conclusion and Recommendation

7.1 Summary

Due to the wide applications of the boundary layer theory in numerous problems of

fluid dynamics, this dissertation aims to develop and analyze a mathematical model of

magnetic nanofluid flows to study the heat and mass transfer behavior of the working

fluid in a boundary layer. The general objective was achieved through the following

specific objectives which are: to develop nonlinear mathematical models of boundary

layer flow of magnetic nanofluid with heat and mass transfer problems under vari-

ous physical parameters; to apply numerical algorithms that will tackle the resulting

nonlinear models and implement them using appropriate software; to analyze effects

of embedded parameters on velocity, temperature, nanoparticle volume fraction, skin

friction, heat transfer and mass transfer characteristics; to investigate the existence

of dual solutions for some governing parameters; to analyze and establish the tempo-

ral stability analysis of the basic flows. The models are mainly based on continuity,

Navier-Stokes, energy, mass concentration and Maxwell equations which were solved

numerically and the results were compared for consistency. The results were obtained

and presented graphically as well as in tabular form and discussed quantitatively.

Chapter 1 consists of a general introduction and an overview of the research includ-

ing basic definitions of physical properties in fluid flow, motivation of the study, state-

ment of the problem, objectives, significance, scope of the study and organization of

the dissertation. Then, chapter 2 deals with previous studies regarding boundary layer

theory in general and specifically about boundary layer flow past a stretching/shrinking

sheet and boundary layer flow in a Darcian and non-Darcian porous medium. In chap-

ter 3, derivations of fluid flow governing equations based on the conservation laws and

the computational techniques (Techniques of solving boundary value problems) used

are explicated.

Mixed convection of a radiating magnetic nanofluid past a heated permeable stretch-

ing/shrinking sheet in a Darcian porous medium is studied in chapter 4. The effects

of some pertinent embedded parameters on fluid velocity profile, temperature profile,

species concentration profile, wall skin friction, wall heat transfer and wall mass trans-
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fer are demonstrated in graphic representation and the existence of two real solutions

for a specific range of shrinking parameters λ is observed. Moreover, in addition to the

effects of thermal radiation and viscous dissipation, the effects of porous dissipation

are considered.

Hydromagnetic stagnation point flow of Fe3O4-water ferrofluid flow past a perme-

able convectively heated stretching/shrinking surface in a Darcy-Forchheimer porous

Medium is investigated in chapter 5. The effects of flow governing parameters on fer-

rofluid flow and heat transfer characteristics are investigated by using a single-phase

flow model. Furthermore, hydrodynamic stability analysis is done to identify solutions

that are hydrodynamically stable and physically achievable.

Using Buongiorno convective transport equations, the collective effects of various

parameters: the unsteady flow, slip condition, viscous dissipation and porous dissi-

pation, magnetic field, chemical reaction, suction/injection, porous medium, porous

medium inertia parameter, and convective heating on the dimensionless fluid velocity

profile, temperature profile, species concentration profile, wall skin friction, the wall

heat transfer and wall mass transfer characteristics are studied in chapter 6. In addition

to this, temporal stability analysis of unsteady slip flow of a magnetic nanofluid past

a convectively heated permeable stretching/shrinking sheet in a non-Darcian porous

medium is carried out numerically to identify intervals of occurrence of stable and

physically reliable solutions. The effects of some governing parameters’ variation on

the intervals of occurrence of dual solutions are presented in graphs and tables.

This study has examined the numerical solutions and the occurrence of dual solu-

tions under the effects of some parameters change. All problems are studied theoret-

ically, and the solutions are obtained numerically using the fourth-fifth order Runge-

Kutta-Fehlberg method along with the shooting technique and MAPLE software is

used to generate the numerical solutions.

7.2 Conclusion

In this study, a problem of two-dimensional boundary layer flow of magnetic nanofluid

with heat and mass transfer characteristics in Darcian and non-Darcian porous medium

is studied. The mathematical formulation of these problems is developed based on the
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two flow models such as the Buongiorno convective transport flow model, and Tiwari

and Das nanofluids flow model. From the flow model analysis and the numerical results

obtained in chapter 4, 5 and 6, significant findings are mentioned below:

• The dimensionless velocity and temperature profiles decrease with porous medium

parameter and mass suction/injection parameter, whereas an increase in radia-

tion increases the temperature.

• The skin friction increases with both convective and Brownian motion parame-

ters but decreases with increasing mass suction/injection which is also lower for

higher values of radiation parameter and shows intensification with magnetic field

parameter.

• The reduced Nusselt numbers are higher for stretching sheets than shrinking

sheets and also decrease with magnetic field parameter and Brownian motion pa-

rameter but upsurges with nanofluid buoyancy ratio, heat convective parameter,

and thermophoresis parameter.

• The Sherwood numbers increase with the magnetic field and thermophoresis pa-

rameter but decrease with nanofluid buoyancy ratio, thermal radiation parameter,

and Brownian motion parameter.

• Two real solutions exist within a specific range of shrinking parameter; however,

only one of the two solutions is physically realistic and the other one diverges

when subjected to disturbances.

• The value of |λc| increases with increasing values of the magnetic field parameter

M , whereas the value of |λc| decreases with increasing value of the porosity

parametr Da.

• The upper branch solution is hydrodynamically stable and is physically achiev-

able, whereas the lower branch solution is unstable and physically unrealistic.

• The intensification of the magnetite nanoparticle volume fraction, suction/injection,

and the magnetic field parameter widen the range of λ for which the solution ex-

ists and narrow for the increment of the porous media parameter and the porous

medium inertia parameter.
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• The skin friction coefficient for the upper branch solution is intensified with an

increase in the quantity of magnetite nanoparticle volume fraction, suction, and

the magnetic field parameters but drops for the porous medium parameter, porous

medium inertia parameter, and the injection parameter.

• For the upper branch solution, the ferrofluid velocity increases with the quan-

tity of magnetite nanoparticle volume fraction, suction, and the magnetic field

parameters, whereas decreases with an increase in the shrinking parameter and

porous medium parameter.

• The momentum boundary layer thickness increases with the shrinking parameter

and porous medium parameter but decreases with an increase in the magnetite

nanoparticle volume fraction, suction, and magnetic field parameters.

• The ferrofluid temperature and thermal boundary layer thickness are enhanced

with an increase in the magnetite nanoparticle volume fraction and Eckert num-

ber but diminished with an increase in porous media parameter and porous

medium inertia parameter.

• The heat transfer rate increases with the magnetite nanoparticle volume fraction

and suction parameters, whereas decreases with the porous media parameter and

porous medium inertia parameter.

• Non-unique solutions exist for a particular range of the shrinking parameter.

• Stability analysis demonstrated a positive smallest eigenvalue in the upper branch

solutions.

• The interval of occurrence of dual solutions widen with the intensification of

the unsteadiness, suction, and the magnetic field parameters and weakens for

the increment of the porous media parameter and the porous medium inertia

parameter.

• In the upper branch solutions, the skin friction coefficient and the fluid velocity

are intensified with an intensification of the unsteadiness parameter, suction, and

the magnetic field parameters but drops for the porous medium parameter and

porous medium inertia parameter
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• The fluid temperature and the thermal boundary layer thickness are enhanced

with an increase in the thermal radiation parameter, suction parameter and Eck-

ert number but diminished with an increase in porous media parameter and the

slip velocity parameter.

• Through the intensification of the thermophoresis diffusion parameter, unsteadi-

ness parameter and suction/injection parameter, the species concentration profile

increases but a reverse phenomena is seen for chemical reaction and Brownian

motion parameters.

• The wall heat transfer rate increases with the velocity slip, unsteadiness and

suction parameters, whereas decreases with the porous media parameter and

porous medium inertia parameter.

• The wall mass transfer rate intensifies with magnetic field, suction and un-

stideaness parameters, whereas diminishes with the velocity slip, the porous me-

dia parameter and porous medium inertia parameter.

7.3 Recommendation and Suggestions for Future Re-

search

7.3.1 Recommendation

The results obtained in this dissertation have a lot of applications in various engineer-

ing systems, especially in the process of cooling electronic devices and heat transfer

enhancement in many industrial manufacturing processes. The results obtained in such

a mathematical investigation of fluid flow problems can be used as a platform for exper-

imental investigation of practical problems occurring in different thermal management

of heat-generating electronic devices for optimal performance.

7.3.2 Suggestions for Future Research

Due to the importance of such fluid flow problems in Engineering and industrial pro-

cessing applications, the work presented in this dissertation can be extended in different

ways as given below:
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• Hybrid nanofluid with different nanoparticles and base fluid model can be incor-

porated in the same geometry.

• Different non-Newtonian fluids can be considered such as Casson fluid, Williamson

nanofluid, Jeffrey nanofluids, etc.

• The flow geometry can be changed into cylinderical, wedges, disc and cone.

• Various nanoparticles (silver, gold, carbon nanotubes, etc.) can be considered in

three dimensional stagnation point flows.
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Appendix A

Mathematical Preliminaries and Fluid Flow Models
In this appendix, essential theorems and fluid flow model are given.

A.1 Mathematical Preliminaries

A.1.1 Reynold’s Transport Theorem(RTT)

Let V (t) be an arbitrary volume with boundary surface S(t), which moves at the ve-
locity ~q. The exterior normal to the boundary is denoted by n. Then

d

dt

∫
V (t)

φ(x,t)dV =
∫
V (t)

∂φ(x,t)
∂t

dV +
∫
S(t)

φ(x,t)~q ·ndS.

Where φ(x,t) is any quantity to be conserved.

A.1.2 Gauss Divergence Theorem

Let E be a simple solid region and S is the boundary surface of E with positive
orientation. Let ~F be a vector field whose components have continuous first order
partial derivatives. Then ∫

E
∇· ~FdV =

∫
S

~F ·d~S.

A.2 Fluid Flow Model

A.2.1 Buongiorno Convective Transport Model

In the pioneering nanofluid model introduced by Buongiorno, he considers Brownian
motion and the thermophoresis on the heat transfer characteristics to study behaviour
of nanofluids. The nanofluid is treated as a two-component mixture (base fluid and
nanoparticles) with the following assumptions: incompressible flow, no chemical re-
actions, negligible external forces, dilute mixture ( φ << 1 ), negligible viscous dis-
sipation, negligible radiative heat transfer, and nanoparticle and base fluid locally in
thermal equilibrium. Invoking these assumptions, the following equations represent
the mathematical formulation of the governing equations as formulated by Buongiorno
(Buongiorno, 2006).
The continuity equation for the nanofluid is:

∇·v = 0,
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where v is the velocity.
The continuity equation for the nanoparticles is:

∂C

∂t
+v ·∇C =∇·

[
DB∇C+DT

∇T
T

]
,

where C is the nanoparticle volume fraction, DB is the Brownian diffusion coefficient
and DT is the thermophoretic diffusion coefficient.
The momentum equation for the nanofluid with negligible external forces is:

ρ

[
∂v

∂t
+v ·∇v

]
=−∇P −∇· τ,

where P is the pressure τ is the stress tensor.
The energy equation for the nanofluid with negligible external forces is:

ρc

[
∂T

∂t
+v ·∇T

]
=−∇·k∇T +ρpcp

[
DB∇C ·∇T +DT

∇T ·∇T
T

]
,

where c is the nanofluid specific heat capacity, T is the nanofluid temperature , hp
is the specific enthalpy of the nanoparticle material (J/Kg) and k is the nanofluid
thermal conductivity.
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Appendix B

B.1 Maple Codes for Problem given in Chapter 4
% This code solves velocity, temperature and concentration

with(plots)
M:=0.1:Pr:=6.2:Da:=1:Nr:=0.1:Le:=0.1:Nt:=0.1:Nb:=0.5:Nc:=0.1:N:=0.1:Ra:=0.1:
L:=0.1:r:=0.1:Ec:=0.1:
fcns:={S(y),T(y),f(y)}:
sys:=diff(S(y),y$3)-(M+1/Da)*(diff(S(y),y)-1)+(3*S(y)*diff(S(y),y$2)-
2*diff(S(y),y)*diff(S(y),y)+2)/(4*Pr)+T(y)-Nr*f(y)=0,(1+4*Ra/3)*diff(T(y),y$2)+
3*S(y)*diff(T(y),y)/4+Ec*Pr*(diff(S(y),y$2)*diff(S(y),y$2)+
(M+1/Da)*(diff(S(y),y)-1)*(diff(S(y),y)-1))+Nb*diff(f(y),y)*diff(T(y),y)+
Nt*diff(T(y),y)*diff(T(y),y)=0,diff(f(y),y$2)+
Nt*diff(T(y),y$2)/Nb+3*Le*diff(f(y),y)*S(y)/4=0:
p1:=dsolve({sys,S(0)=r,D(S)(0)=L,D(T)(0)=-Nc*(1-T(0)),D(f)(0)=-N*(1-f(0)),
D(S)(10)=1,T(10)=0,f(10)=0},fcns,type=numeric,method=bvp[midrich],abserr=1e-10):
p1u:=odeplot(p1,[y,diff(S(y),y)],0..10,numpoints=100,labels=["y","u"],style=line,
color=black):
p1t:=odeplot(p1,[y,T(y)],0..10,numpoints=100,labels=["y","T"],style=line,color=
black):
p1f:=odeplot(p1,[y,f(y)],0..10,numpoints=100,labels=["y","f"],style=line,color
=black):
------------------------------------------------------------------
with(plots):
M:=0.1:Pr:=6.2:Da:=1:Nr:=0.5:Le:=0.1:Nt:=0.1:Nb:=0.5:Nc:=0.1:N:=0.1:Ra:=0.1:
L:=0.1:r:=0.1:Ec:=0.1:
fcns:={S(y),T(y),f(y)}:
sys:=diff(S(y),y$3)-(M+1/Da)*(diff(S(y),y)-1)+(3*S(y)*diff(S(y),y$2)-
2*diff(S(y),y)*diff(S(y),y)+2)/(4*Pr)+T(y)-Nr*f(y)=0,(1+4*Ra/3)
*diff(T(y),y$2)+3*S(y)*diff(T(y),y)/4+Ec*Pr*(diff(S(y),y$2)*diff(S(y),y$2)+
(M+1/Da)*(diff(S(y),y)-1)*(diff(S(y),y)-1))+Nb*diff(f(y),y)*diff(T(y),y)
+Nt*diff(T(y),y)*diff(T(y),y)=0,diff(f(y),y$2)+Nt*diff(T(y),y$2)/Nb
+3*Le*diff(f(y),y)*S(y)/4=0:
p2:=dsolve({sys,S(0)=r,D(S)(0)=L,D(T)(0)=-Nc*(1-T(0)),D(f)(0)=-N*(1-f(0)),
D(S)(10)=1,T(10)=0,f(10)=0},fcns,type=numeric,method=bvp[midrich],abserr=1e-10):
p2u:=odeplot(p2,[y,diff(S(y),y)],0..10,numpoints=100,labels=["y","u"],style=line,
color=red):
p2t:=odeplot(p2,[y,T(y)],0..10,numpoints=100,labels=["y","T"],style=line,color=
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red):
p2f:=odeplot(p2,[y,f(y)],0..10,numpoints=100,labels=["y","f"],style=line,color=
red):
----------------------------------------------------------------
with(plots):
M:=0.1:Pr:=6.2:Da:=1:Nr:=1:Le:=0.1:Nt:=0.1:Nb:=0.5:Nc:=0.1:N:=0.1:Ra:=0.1:
L:=0.1:r:=0.1:Ec:=0.1:
fcns:={S(y),T(y),f(y)}:
sys:=diff(S(y),y$3)-(M+1/Da)*(diff(S(y),y)-1)+(3*S(y)*diff(S(y),y$2)-
2*diff(S(y),y)*diff(S(y),y)+2)/(4*Pr)+T(y)-Nr*f(y)=0,(1+4*Ra/3)*diff(T(y),y$2)+
3*S(y)*diff(T(y),y)/4+Ec*Pr*(diff(S(y),y$2)*diff(S(y),y$2)+
(M+1/Da)*(diff(S(y),y)-1)*(diff(S(y),y)-1))+Nb*diff(f(y),y)*diff(T(y),y)+
Nt*diff(T(y),y)*diff(T(y),y)=0,diff(f(y),y$2)+Nt*diff(T(y),y$2)/Nb
+3*Le*diff(f(y),y)*S(y)/4=0:\\
p3:=dsolve({sys,S(0)=r,D(S)(0)=L,D(T)(0)=-Nc*(1-T(0)),D(f)(0)=-N*(1-f(0)),
D(S)(10)=1,T(10)=0,f(10)=0},fcns,type=numeric,method=bvp[midrich],abserr=1e-10):
p3u:=odeplot(p3,[y,diff(S(y),y)],0..10,numpoints=100,labels=["y","u"],style=line,
color=blue):
p3t:=odeplot(p3,[y,T(y)],0..10,numpoints=100,labels=["y","T"],style=line,color=
blue):
p3f:=odeplot(p3,[y,f(y)],0..10,numpoints=100,labels=["y","f"],style=line,color=
blue):
----------------------------------------------------------------------------------
with(plots):
M:=1:Pr:=6.2:Da:=1:Nr:=0.1:Le:=0.1:Nt:=0.1:Nb:=0.5:Nc:=0.1:N:=0.1:Ra:=0.1:
L:=0.1:r:=0.1:Ec:=0.1:
fcns:={S(y),T(y),f(y)}:
sys:=diff(S(y),y$3)-(M+1/Da)*(diff(S(y),y)-1)+(3*S(y)*diff(S(y),y$2)-
2*diff(S(y),y)*diff(S(y),y)+2)/(4*Pr)+T(y)-Nr*f(y)=0,(1+4*Ra/3)*diff(T(y),y$2)+
3*S(y)*diff(T(y),y)/4+Ec*Pr*(diff(S(y),y$2)*diff(S(y),y$2)+
(M+1/Da)*(diff(S(y),y)-1)*(diff(S(y),y)-1))+Nb*diff(f(y),y)*diff(T(y),y)+
Nt*diff(T(y),y)*diff(T(y),y)=0,diff(f(y),y$2)+Nt*diff(T(y),y$2)/Nb+
3*Le*diff(f(y),y)*S(y)/4=0:
p4:= dsolve({sys,S(0)=r,D(S)(0)=L,D(T)(0)=-Nc*(1-T(0)),D(f)(0)=-N*(1-f(0)),
D(S)(10)=1,T(10)=0,f(10)=0},fcns,type=numeric,method=bvp[midrich],abserr=1e-10):
p4u:=odeplot(p4,[y,diff(S(y),y)],0..10,numpoints=100,labels=["y","u"],style=line,
color=green):
p4t:=odeplot(p4,[y,T(y)],0..10,numpoints=100,labels=["y","T"],style=line,color=
green):
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p4f:=odeplot(p4,[y,f(y)],0..10,numpoints=100,labels=["y","f"],style=line,color=
green):
----------------------------------------------------------------------------------
with(plots):
M:=1:Pr:=6.2:Da:=1:Nr:=0.5:Le:=0.1:Nt:=0.1:Nb:=0.5:Nc:=0.1:N:=0.1:Ra:=0.1:
L:=0.1:r:=0.1:Ec:=0.1:
fcns:={S(y),T(y),f(y)}:
sys:=diff(S(y),y$3)-(M+1/Da)*(diff(S(y),y)-1)+(3*S(y)*diff(S(y),y$2)-
2*diff(S(y),y)*diff(S(y),y)+2)/(4*Pr)+T(y)-Nr*f(y)=0,(1+4*Ra/3)*diff(T(y),y$2)+
3*S(y)*diff(T(y),y)/4+Ec*Pr*(diff(S(y),y$2)*diff(S(y),y$2)+
(M+1/Da)*(diff(S(y),y)-1)*(diff(S(y),y)-1))+Nb*diff(f(y),y)*diff(T(y),y)+
Nt*diff(T(y),y)*diff(T(y),y)=0,diff(f(y),y$2)+Nt*diff(T(y),y$2)/Nb+
3*Le*diff(f(y),y)*S(y)/4=0:
p5:=dsolve({sys,S(0)=r,D(S)(0)=L,D(T)(0)=-Nc*(1-T(0)),D(f)(0)=-N*(1-f(0)),
D(S)(10)=1,T(10)=0,f(10)=0},fcns,type=numeric,method=bvp[midrich],abserr=1e-10):
p5u:=odeplot(p5,[y,diff(S(y),y)],0..10,numpoints=100,labels=["y","u"],style=line,
color=purple):
p5t:=odeplot(p5,[y,T(y)],0..10,numpoints=100,labels=["y","T"],style=line,color=
purple):
p5f:=odeplot(p5,[y,f(y)],0..10,numpoints=100,labels=["y","f"],style=line,color=
purple):
-----------------------------------------------------------------------------------
with(plots):
M:=1:Pr:=6.2:Da:=1:Nr:=1:Le:=0.1:Nt:=0.1:Nb:=0.5:Nc:=0.1:N:=0.1:Ra:=0.1:
L:=0.1:r:=0.1:Ec:=0.1:
fcns:={S(y),T(y),f(y)}:
sys:=diff(S(y),y$3)-(M+1/Da)*(diff(S(y),y)-1)+(3*S(y)*diff(S(y),y$2)-
2*diff(S(y),y)*diff(S(y),y)+2)/(4*Pr)+T(y)-Nr*f(y)=0,(1+4*Ra/3)*diff(T(y),y$2)+
3*S(y)*diff(T(y),y)/4+Ec*Pr*(diff(S(y),y$2)*diff(S(y),y$2)+
(M+1/Da)*(diff(S(y),y)-1)*(diff(S(y),y)-1))+Nb*diff(f(y),y)*diff(T(y),y)+
Nt*diff(T(y),y)*diff(T(y),y)=0,diff(f(y),y$2)+Nt*diff(T(y),y$2)/Nb+
3*Le*diff(f(y),y)*S(y)/4=0:
p6:= dsolve({sys,S(0)=r,D(S)(0)=L,D(T)(0)=-Nc*(1-T(0)),D(f)(0)=-N*(1-f(0)),
D(S)(10)=1,T(10)=0,f(10)=0},fcns,type=numeric,method=bvp[midrich],abserr=1e-10):
p6u:=odeplot(p6,[y,diff(S(y),y)],0..10,numpoints=100,labels=["y","u"],style=line,
color=yellow):
p6t:=odeplot(p6,[y,T(y)],0..10,numpoints=100,labels=["y","T"],style=line,color=
yellow):
p6f:=odeplot(p6,[y,f(y)],0..10,numpoints=100,labels=["y","f"],style=line,color=
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yellow):
plots[display]({p1u,p2u,p3u,p4u,p5u,p6u});
plots[display]({p1t,p2t,p3t,p4t,p5t,p6t});
plots[display]({p1f,p2f,p3f,p4f,p5f,p6f});

B.2 Maple Codes for Problem given in Chapter 5
% This code solves Skin friction
with(plots):
Iron Oxide
cps:=670: hs:=5180: ks:=9.7: as:=(2.5)×106 :
Water

cpf := 4179 : hf := 997.1 : kf := 0.613 : af := (5.0)×10−6 :
M := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 : r := 0 :
a1 := as/af :
m := (1− r)2.5 :
A1 := (1− r+ r ∗hs/hf)∗m :
A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A3 :=m :
i := 1 :
R := array(1..352) : SK := array(1..352) :
forLfrom−1.25435by0.005to0.2do
FF :=m∗m∗Da∗G∗G+m∗A1∗Da∗d1∗ (L−1)∗G− (L−1)∗ (L−1)∗ (A3∗Da∗
Fn∗ (L−1) +A1∗Da∗ (L+ 1) +A2∗Da∗M + 1) = 0 :
FF1 := fsolve(FF,G) :
SK[i] := FF1[2] :
R[i] := L :
i := i+ 1 :
od :
L :=′ L′ :
points := seq([R[j],SK[j]], j = 1..291) :
pcf1 := pointplot(points, labels= [”L”,”Cf”], style= line,color = black) :
with(plots) :
IronOxide

cps := 670 : hs := 5180 : ks := 9.7 : as := (2.5)∗106 :
Watercpf := 4179 : hf := 997.1 : kf := 0.613 : af := 5.5∗10−6 :
M := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 : r := 0 :
a1 := as/af :
m := (1− r)(2.5) :
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A1 := (1− r+ r ∗hs/hf)∗m :
A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A3 :=m :
i := 1 :
R := array(1..352) : SK := array(1..352) :
forLfrom−1.25435by0.005to−1.10435do
FF :=m∗m∗Da∗G∗G+m∗A1∗Da∗d1∗ (L−1)∗G− (L−1)∗ (L−1)∗ (A3∗Da∗
Fn∗ (L−1) +A1∗Da∗ (L+ 1) +A2∗Da∗M + 1) = 0 :
FF1 := fsolve(FF,G) :
SK[i] := FF1[1] :
R[i] := L :
i := i+ 1 :
od :
L :=′ L′ :
points := seq([R[j],SK[j]], j = 1..31) :
pcf2 := pointplot(points, labels= [”L”,”Cf”], style= point, linestyle= dot, thickness=
3, color = black) :
plots[display](pcf1,pcf2);
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
%EigenvalueProblem
with(plots) :
IronOxide

cps := 670 : hs := 5180 : ks := 9.7 : as := (2.5)∗106 :
Water

cpf := 4179 : hf := 997.1 : kf := 0.613 : af := (5.0)∗10(−6) :
M := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 : r := 0 :
a1 := as/af :
m := (1− r)(2.5) :
A1 := (1− r+ r ∗hs/hf)∗m :
A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A3 :=m :
G := 0.503809 : L :=−1.14 :
n := (G∗m)/(1−L) :
F1 := d1 +y+ (1−L)∗ (exp(−n∗y)−1)/n :
fcns := F (y) :
sys:=diff(F(y),y3) +A1∗F1∗diff(F (y),y2)+A1*diff(F1,y2)∗F (y) + (b∗A1−A2∗M
−2∗A1∗diff(F1,y)− (1/Da)−2∗A3∗Fn∗ (diff(F1,y)−1))∗diff(F (y),y) = 0:
p1 := dsolve(sys,D(F )(0) = 0,F (0) = 0,D(D(F ))(0) = 1,D(F )(10) = 0,fcns, type=numeric,

method= bvp[midrich],abserr = 1e−10) :
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———————————————————————————–
with(plots):
% Velocity Profiles
r:=0.05: G:=2.548:L:=-1.30: m:=((1-r)(2.5)) : n := (G∗m)/(1−L) :
Fy1 := 1− (1−L)∗ exp(−n∗y) :
pv1 := plot(Fy1,y = 0..20, style= line, thickness= 3, colour = black) :
%V elocityProfiles
r := 0.05 :
G := 0.1134 : L :=−1.30 :
m := ((1− r)(2.5)) :
n := (G∗m)/(1−L) :
Fy2 := 1− (1−L)∗ exp(−n∗y) :
pv2 := plot(Fy2,y = 0..20, style= line, linestyle= dot, thickness= 3, colour = black) :
%V elocityProfiles
r := 0.08 :
G := 2.8148 : L :=−1.30 :
m := ((1− r)(2.5)) :
n := (G∗m)/(1−L) :
Fy3 := 1− (1−L)∗ exp(−n∗y) :
pv3 := plot(Fy3,y = 0..20, style= line, thickness= 3, color = red) :
%V elocityProfiles
r := 0.08 :
G := 0.257 : L :=−1.30 :
m := ((1− r)(2.5)) :
n := (G∗m)/(1−L) :
Fy4 := 1− (1−L)∗ exp(−n∗y) :
pv4 := plot(Fy4,y = 0..20, style= line, linestyle= dot, thickness= 3, colour = red) :
%V elocityProfiles
r := 0.1 :
G := 3.2098 : L :=−1.30 :
m := ((1− r)(2.5)) :
n := (G∗m)/(1−L) :
Fy5 := 1− (1−L)∗ exp(−n∗y) :
pv5 := plot(Fy5,y = 0..20, style= line, thickness= 3, colour = blue) :
%V elocityProfiles
r := 0.1 :
G := 0.0833 : L :=−1.30 :
m := ((1− r)(2.5)) :
n := (G∗m)/(1−L) :
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Fy6 := 1− (1−L)∗ exp(−n∗y) :
pv6 := plot(Fy6,y = 0..20, style= line, linestyle= dot, thickness= 3, colour = blue) :
plots[display](pv1,pv2,pv3,pv4,pv5,pv6);
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
%Nusseltnumber
with(plots) :
IronOxide

cps := 670 : hs := 5180 : ks := 9.7 : as := (2.5)∗106 : r := 0.1 :
Water

cpf := 4179 : hf := 997.1 : kf := 0.613 : af := 5.5∗10(−6) :
M := 0.1 : Pr := 6.2 : Ec := 0.1 :Bi := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 :
m := ((1− r)(2.5)) :
a1 := as/af :
M1 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A7 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A6 :=M1∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A5 :=M1/((1− r)(2.5)) :
A4 :=M1∗ (1− r+ r ∗ (hs∗ cps)/(hf ∗ cpf)) :
A3 :=m :
A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A1 := (1− r+ r ∗hs/hf)∗m :
i := 1 :
R := array(1..352) : SK := array(1..352) :
forLfrom−1.464by0.02to0.2do
FF :=m∗m∗Da∗G∗G+m∗A1∗Da∗d1∗ (L−1)∗G− (L−1)∗ (L−1)∗ (A3∗Da∗
Fn∗ (L−1) +A1∗Da∗ (L+ 1) +A2∗Da∗M + 1) = 0 :
FF1 := fsolve(FF,G) :
%NotethatFF1[2]givesuppersolution,FF1[1]givesthelowersolution
cf := FF1[2] :
n := cf ∗m/(1−L) :
NN := (A4 ∗A72 ∗Bi ∗Da ∗Pr ∗ d1−A4 ∗A72 ∗Da ∗L ∗Pr+A72 ∗Bi2 ∗Da) ∗H2 +
(−A5∗A7∗Bi∗Da∗Ec∗L2 ∗Pr ∗n2−A72 ∗Bi∗Da∗Ec∗Fn∗L3 ∗Pr+2∗A5∗A7∗
Bi∗Da∗Ec∗L∗Pr ∗n2−A6∗A7∗Bi∗Da∗Ec∗L2 ∗M ∗Pr+3∗A72 ∗Bi∗Da∗Ec∗
Fn∗L2 ∗Pr−A5∗A7∗Bi∗Da∗Ec∗Pr ∗n2 +2∗A6∗A7∗Bi∗Da∗Ec∗L∗M ∗Pr−
3 ∗A72 ∗Bi ∗Da ∗Ec ∗Fn ∗L ∗Pr−A4 ∗A7 ∗Bi2 ∗Da ∗Pr ∗ d1−A5 ∗A7 ∗Bi ∗Ec ∗
L2 ∗Pr−A6 ∗A7 ∗Bi ∗Da ∗Ec ∗M ∗Pr+A72 ∗Bi ∗Da ∗Ec ∗Fn ∗Pr+ 2 ∗A4 ∗A7 ∗
Bi∗Da∗L∗Pr+2∗A5∗A7∗Bi∗Ec∗L∗Pr−A5∗A7∗Bi∗Ec∗Pr)∗H+A5∗Bi2 ∗
Da ∗Ec ∗L2 ∗Pr ∗n2 +A7 ∗Bi2 ∗Da ∗Ec ∗Fn ∗L3 ∗Pr− 2 ∗A5 ∗Bi2 ∗Da ∗Ec ∗L ∗
Pr ∗n2 +A6∗Bi2 ∗Da ∗Ec∗L2 ∗M ∗Pr− 3∗A7 ∗Bi2 ∗Da ∗Ec∗Fn∗L2 ∗Pr+A5∗
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Bi2 ∗Da∗Ec∗Pr∗n2−2∗A6∗Bi2 ∗Da∗Ec∗L∗M ∗Pr+3∗A7∗Bi2 ∗Da∗Ec∗Fn∗
L∗Pr+A5∗Bi2 ∗Ec∗L2 ∗Pr+A6∗Bi2 ∗Da∗Ec∗M ∗Pr−A7∗Bi2 ∗Da∗Ec∗Fn∗
Pr−A4∗Bi2 ∗Da∗L∗Pr−2∗A5∗Bi2 ∗Ec∗L∗Pr+A5∗Bi2 ∗Ec∗Pr = 0 :
NN1 := solve(NN,H) :
Nt :=max(NN1[1],NN1[2]) :
SK[i] := evalc(abs(Nt)) :
R[i] := L :
i := i+ 1 :
od :
L :=′ L′ :
points := seq([R[j],SK[j]], j = 1..200);
pNu1 := pointplot(points, labels= [”L”,”Nu”], style= line, thickness= 3, color= black) :

%Nusseltnumber
with(plots) :
IronOxide

cps := 670 : hs := 5180 : ks := 9.7 : as := (2.5)∗106 : r := 0.1 :
Water

cpf := 4179 : hf := 997.1 : kf := 0.613 : af := 5.5∗10(−6) :
M := 0.1 : Pr := 6.2 : Ec := 0.1 :Bi := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 :
m := ((1− r)(2.5)) :
a1 := as/af :
M1 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A7 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A6 :=M1∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A5 :=M1/((1− r)(2.5)) :
A4 :=M1∗ (1− r+ r ∗ (hs∗ cps)/(hf ∗ cpf)) :
A3 :=m :
A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A1 := (1− r+ r ∗hs/hf)∗m :
i := 1 :
R := array(1..352) : SK := array(1..352) :
forLfrom−1.464by0.02to0.2do
FF :=m∗m∗Da∗G∗G+m∗A1∗Da∗d1∗ (L−1)∗G− (L−1)∗ (L−1)∗ (A3∗Da∗
Fn∗ (L−1) +A1∗Da∗ (L+ 1) +A2∗Da∗M + 1) = 0 :
FF1 := fsolve(FF,G) :
%NotethatFF1[2]givesuppersolution,FF1[1]givesthelowersolution
cf := FF1[1] :
n := cf ∗m/(1−L) :
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NN := (A4 ∗A72 ∗Bi ∗Da ∗Pr ∗ d1−A4 ∗A72 ∗Da ∗L ∗Pr+A72 ∗Bi2 ∗Da) ∗H2 +
(−A5∗A7∗Bi∗Da∗Ec∗L2 ∗Pr ∗n2−A72 ∗Bi∗Da∗Ec∗Fn∗L3 ∗Pr+2∗A5∗A7∗
Bi∗Da∗Ec∗L∗Pr ∗n2−A6∗A7∗Bi∗Da∗Ec∗L2 ∗M ∗Pr+3∗A72 ∗Bi∗Da∗Ec∗
Fn∗L2 ∗Pr−A5∗A7∗Bi∗Da∗Ec∗Pr ∗n2 +2∗A6∗A7∗Bi∗Da∗Ec∗L∗M ∗Pr−
3 ∗A72 ∗Bi ∗Da ∗Ec ∗Fn ∗L ∗Pr−A4 ∗A7 ∗Bi2 ∗Da ∗Pr ∗ d1−A5 ∗A7 ∗Bi ∗Ec ∗
L2 ∗Pr−A6 ∗A7 ∗Bi ∗Da ∗Ec ∗M ∗Pr+A72 ∗Bi ∗Da ∗Ec ∗Fn ∗Pr+ 2 ∗A4 ∗A7 ∗
Bi∗Da∗L∗Pr+2∗A5∗A7∗Bi∗Ec∗L∗Pr−A5∗A7∗Bi∗Ec∗Pr)∗H+A5∗Bi2 ∗
Da ∗Ec ∗L2 ∗Pr ∗n2 +A7 ∗Bi2 ∗Da ∗Ec ∗Fn ∗L3 ∗Pr− 2 ∗A5 ∗Bi2 ∗Da ∗Ec ∗L ∗
Pr ∗n2 +A6∗Bi2 ∗Da ∗Ec∗L2 ∗M ∗Pr− 3∗A7 ∗Bi2 ∗Da ∗Ec∗Fn∗L2 ∗Pr+A5∗
Bi2 ∗Da∗Ec∗Pr∗n2−2∗A6∗Bi2 ∗Da∗Ec∗L∗M ∗Pr+3∗A7∗Bi2 ∗Da∗Ec∗Fn∗
L∗Pr+A5∗Bi2 ∗Ec∗L2 ∗Pr+A6∗Bi2 ∗Da∗Ec∗M ∗Pr−A7∗Bi2 ∗Da∗Ec∗Fn∗
Pr−A4∗Bi2 ∗Da∗L∗Pr−2∗A5∗Bi2 ∗Ec∗L∗Pr+A5∗Bi2 ∗Ec∗Pr = 0 :
NN1 := solve(NN,H) :
Nt :=min(NN1[1],NN1[2]) :
SK[i] := evalc(abs(Nt)) :
R[i] := L :
i := i+ 1 :
od :
L :=′ L′ :
points := seq([R[j],SK[j]], j = 1..200);
pNu11 := pointplot(points, labels= [”L”,”Nu”], style= line, linestyle= dot, thickness=
3, colour = black) :
plots[display](pNu1,pNu11);
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
%Temperatureprofiles :
with(plots) :
IronOxide

cps := 670 : hs := 5180 : ks := 9.7 : as := (2.5)∗106 : r := 0.1 :
Water

cpf := 4179 : hf := 997.1 : kf := 0.613 : af := 5.5∗10(−6) :
M := 0.1 : Pr := 6.2 : Ec := 0.1 :Bi := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 :
m := ((1− r)(2.5)) :
a1 := as/af :
M1 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A7 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A6 :=M1∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A5 :=M1/((1− r)(2.5)) :
A4 :=M1∗ (1− r+ r ∗ (hs∗ cps)/(hf ∗ cpf)) :
A3 :=m :
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A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A1 := (1− r+ r ∗hs/hf)∗m :
%inputthestretchingorshrinkingparametervalue)
L :=−1.44 :
FF :=m∗m∗Da∗G∗G+m∗A1∗Da∗d1∗ (L−1)∗G− (L−1)∗ (L−1)∗ (A3∗Da∗
Fn∗ (L−1) +A1∗Da∗ (L+ 1) +A2∗Da∗M + 1) = 0 :
FF1 := fsolve(FF,G) :
%NotethatFF1[2]givesuppersolution,FF1[1]givesthelowersolution
cf := FF1[2] :
n := cf ∗m/(1−L) :
NN := (A4 ∗A72 ∗Bi ∗Da ∗Pr ∗ d1−A4 ∗A72 ∗Da ∗L ∗Pr+A72 ∗Bi2 ∗Da) ∗H2 +
(−A5∗A7∗Bi∗Da∗Ec∗L2 ∗Pr ∗n2−A72 ∗Bi∗Da∗Ec∗Fn∗L3 ∗Pr+2∗A5∗A7∗
Bi∗Da∗Ec∗L∗Pr ∗n2−A6∗A7∗Bi∗Da∗Ec∗L2 ∗M ∗Pr+3∗A72 ∗Bi∗Da∗Ec∗
Fn∗L2 ∗Pr−A5∗A7∗Bi∗Da∗Ec∗Pr ∗n2 +2∗A6∗A7∗Bi∗Da∗Ec∗L∗M ∗Pr−
3 ∗A72 ∗Bi ∗Da ∗Ec ∗Fn ∗L ∗Pr−A4 ∗A7 ∗Bi2 ∗Da ∗Pr ∗ d1−A5 ∗A7 ∗Bi ∗Ec ∗
L2 ∗Pr−A6 ∗A7 ∗Bi ∗Da ∗Ec ∗M ∗Pr+A72 ∗Bi ∗Da ∗Ec ∗Fn ∗Pr+ 2 ∗A4 ∗A7 ∗
Bi∗Da∗L∗Pr+2∗A5∗A7∗Bi∗Ec∗L∗Pr−A5∗A7∗Bi∗Ec∗Pr)∗H+A5∗Bi2 ∗
Da ∗Ec ∗L2 ∗Pr ∗n2 +A7 ∗Bi2 ∗Da ∗Ec ∗Fn ∗L3 ∗Pr− 2 ∗A5 ∗Bi2 ∗Da ∗Ec ∗L ∗
Pr ∗n2 +A6∗Bi2 ∗Da ∗Ec∗L2 ∗M ∗Pr− 3∗A7 ∗Bi2 ∗Da ∗Ec∗Fn∗L2 ∗Pr+A5∗
Bi2 ∗Da∗Ec∗Pr∗n2−2∗A6∗Bi2 ∗Da∗Ec∗L∗M ∗Pr+3∗A7∗Bi2 ∗Da∗Ec∗Fn∗
L∗Pr+A5∗Bi2 ∗Ec∗L2 ∗Pr+A6∗Bi2 ∗Da∗Ec∗M ∗Pr−A7∗Bi2 ∗Da∗Ec∗Fn∗
Pr−A4∗Bi2 ∗Da∗L∗Pr−2∗A5∗Bi2 ∗Ec∗L∗Pr+A5∗Bi2 ∗Ec∗Pr = 0 :
NN1 := solve(NN,H) :
Nt :=max(NN1[1],NN1[2]) :
v := evalc(abs(Nt∗A7∗Bi/(Bi−A7∗Nt))) :
Tm :=Bi∗ exp(−v ∗y)/(v+Bi) :
pt1 := plot(Tm,y = 0..20, style= line, thickness= 3, color = black) :
%Temperatureprofiles :
with(plots) :
IronOxide

cps := 670 : hs := 5180 : ks := 9.7 : as := (2.5)∗106 : r := 0.1 :
Water

cpf := 4179 : hf := 997.1 : kf := 0.613 : af := 5.5∗10(−6) :
M := 0.1 : Pr := 6.2 : Ec := 0.1 :Bi := 0.1 : d1 := 1 :Da := 0.5 : Fn := 1 :
m := ((1− r)(2.5)) :
a1 := as/af :
M1 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A7 := (ks+ 2∗kf + r ∗ (kf −ks))/(ks+ 2∗kf −2∗ r ∗ (kf −ks)) :
A6 :=M1∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
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A5 :=M1/((1− r)(2.5)) :
A4 :=M1∗ (1− r+ r ∗ (hs∗ cps)/(hf ∗ cpf)) :
A3 :=m :
A2 :=m∗ (1 + 3∗ (a1−1)∗ r/((a1 + 2)− (a1−1)∗ r)) :
A1 := (1− r+ r ∗hs/hf)∗m :
%inputthestretchingorshrinkingparametervalue)
L :=−1.44 :
FF :=m∗m∗Da∗G∗G+m∗A1∗Da∗d1∗ (L−1)∗G− (L−1)∗ (L−1)∗ (A3∗Da∗
Fn∗ (L−1) +A1∗Da∗ (L+ 1) +A2∗Da∗M + 1) = 0 :
FF1 := fsolve(FF,G) :
NotethatFF1[2]givesuppersolution,FF1[1]givesthelowersolution
cf := FF1[1] :
n := cf ∗m/(1−L) :
NN := (A4 ∗A72 ∗Bi ∗Da ∗Pr ∗ d1−A4 ∗A72 ∗Da ∗L ∗Pr+A72 ∗Bi2 ∗Da) ∗H2 +
(−A5∗A7∗Bi∗Da∗Ec∗L2 ∗Pr ∗n2−A72 ∗Bi∗Da∗Ec∗Fn∗L3 ∗Pr+2∗A5∗A7∗
Bi∗Da∗Ec∗L∗Pr ∗n2−A6∗A7∗Bi∗Da∗Ec∗L2 ∗M ∗Pr+3∗A72 ∗Bi∗Da∗Ec∗
Fn∗L2 ∗Pr−A5∗A7∗Bi∗Da∗Ec∗Pr ∗n2 +2∗A6∗A7∗Bi∗Da∗Ec∗L∗M ∗Pr−
3 ∗A72 ∗Bi ∗Da ∗Ec ∗Fn ∗L ∗Pr−A4 ∗A7 ∗Bi2 ∗Da ∗Pr ∗ d1−A5 ∗A7 ∗Bi ∗Ec ∗
L2 ∗Pr−A6 ∗A7 ∗Bi ∗Da ∗Ec ∗M ∗Pr+A72 ∗Bi ∗Da ∗Ec ∗Fn ∗Pr+ 2 ∗A4 ∗A7 ∗
Bi∗Da∗L∗Pr+2∗A5∗A7∗Bi∗Ec∗L∗Pr−A5∗A7∗Bi∗Ec∗Pr)∗H+A5∗Bi2 ∗
Da ∗Ec ∗L2 ∗Pr ∗n2 +A7 ∗Bi2 ∗Da ∗Ec ∗Fn ∗L3 ∗Pr− 2 ∗A5 ∗Bi2 ∗Da ∗Ec ∗L ∗
Pr ∗n2 +A6∗Bi2 ∗Da ∗Ec∗L2 ∗M ∗Pr− 3∗A7 ∗Bi2 ∗Da ∗Ec∗Fn∗L2 ∗Pr+A5∗
Bi2 ∗Da∗Ec∗Pr∗n2−2∗A6∗Bi2 ∗Da∗Ec∗L∗M ∗Pr+3∗A7∗Bi2 ∗Da∗Ec∗Fn∗
L∗Pr+A5∗Bi2 ∗Ec∗L2 ∗Pr+A6∗Bi2 ∗Da∗Ec∗M ∗Pr−A7∗Bi2 ∗Da∗Ec∗Fn∗
Pr−A4∗Bi2 ∗Da∗L∗Pr−2∗A5∗Bi2 ∗Ec∗L∗Pr+A5∗Bi2 ∗Ec∗Pr = 0 :
NN1 := solve(NN,H) :
Nt :=min(NN1[1],NN1[2]) :
v := evalc(abs(Nt∗A7∗Bi/(Bi−A7∗Nt))) :
Tm :=Bi∗ exp(−v ∗y)/(v+Bi) :
pt11 := plot(Tm,y = 0..20, style= line, linestyle= dot, thickness= 3, colour = red) :
plots[display](pt1,pt11);
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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