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Abstract

In this thesis, a three component mathematical model consisting of two prey
and one predator incorporating a prey refuge is proposed and analysed where
the predator shows a Holling Type I response to one of the prey, and a Holling
Type II response to the other prey. The purpose of this work is to present some
mathematical analysis of the dynamics of a two prey and one predator in a
given ecological system. The stability of positive constant equilibrium are inves-
tigated. We derived criteria which guarantee the persistence of the three species
and the global dynamics of the model system. Results of the analysis of the
model show that the 3 species would co-exist.Other major observation from the
analysis is that the predator population density increases significantly when
the intrinsic growth rate of both preys increases. This can imply that a high in-
trinsic growth rate of the prey initially increases their population density which
increases the predator’s chance of capturing the prey and so the predator’s pop-
ulation density increases.

Keywords: Prey, predator, ecosystem, extinction, local and global stability,
and persistence.
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Chapter 1
Introduction and Background

1.1 Introduction

An ecosystem or an ecological system is the whole biotic community in a given
area and its abiotic environment. It can be any size: from an area as small as
a pinhead to the whole biosphere. There are many examples of ecosystems:
a pond, a forest, an estuary, a grassland. The boundaries are not fixed in any
objective way, although sometimes they seem obvious, as with the shoreline
of a small pond. Usually the boundaries of an ecosystem are chosen for prac-
tical reasons having to do with goals of the particular study. Ecosystems are
characterized by the interaction between different species and natural environ-
ment. There exist varying degrees of positive, negative and even neutral interac-
tions among organisms at both inter- and intra-specific levels. Some important
ecological interactions are Competition, Mutualism and Predation. These inter-
actions have been studied extensively using mathematical models by several
researchers. There are good reasons for mathematical models to be so widely
used in ecology. Ecosystems tend to be very complex and governed by many
intricate and usually non-linear systematic interactions. Mathematics is ideally
suited not only to express these complex relationships in a succinct way, but
also to force one to be careful in his or her statements of a system. Moreover,
once a model has been formulated, mathematics offers the appropriate tools to
analyse its consequences. Hence mathematics can be viewed as a language that
is most appropriate for logical reasoning and logical analysis problems.

Mathematical modeling in population dynamics has gained a lot of atten-
tion and appreciation during the last few decades, and among these models
predator-prey systems play an important role. The dynamic relationship be-
tween predator and their prey has long been and will continue to be one of the
dominant topics in both applied mathematics and theoretical ecology due to
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its universal existence and importance. The predator-prey models are the basis
which help to see the life and ecosystems in which the predator and prey have
certain roles. This model explains how the predators interact with their prey. It
explains the sustenance, evaluation and alternative dispersion of some species
in the case of failure to complete in the life in which the stronger has the ad-
vantage of domination role. The predator-prey model is like the survival of the
fittest-theory. The fittest are the stronger species targeting the weaker species
and win lives for themselves and this evaluation of life for one species results
in the numerical and sometime general extinction of other weaker species. The
weaker species remain in constraint struggle to achieve their security in the
diaspora where general fear of life remains ever present. The weaker species
which become prey adopt many measures to trick the predator to avoid being
hunted. Briefly predator-prey interaction is like a win-loss interaction, it is the
victory for one and loss for the other; and life for one and elimination of the
other.

Some of the aspects that need to be critically considered in a realistic and plau-
sible prey-predator mathematical model includes carrying capacity which is the
maximum number of prey that the ecosystem can sustain in absence of predator,
competition among prey and predators which can be intra specific, and func-
tional responses of predator. The study of the consequence of prey refuge on
the dynamics of predator-prey interactions can be recognized as a major but
rather challenging issue in applied mathematics and theoretical ecology. Some
of the empirical and theoretical works based on prey refuge has concluded that
the refuge used by prey has stabilizing effect on predator-prey interactions.

In this thesis, we intend to use Holing type I functional response to represent
the interaction between one of the prey and predator. The interaction between
the other prey and the predator is assumed to be governed by Holing type II
response function. Such different choice of functional response holds because
of the difference of handling time of the preys.

1.2 Functional Responses

Functional response is a function that describes the consumption of one organ-
ism (prey) by another (predator). Selective pressures has led to an evolutionary
arms race between prey and predator, resulting in various anti-predator adap-
tations. Predators lower the fitness of their prey, and thus reduce the prey’s
chances of survival and reproduction and it is the most important element in
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predator-prey models. Hence understanding and clearly quantifying functional
response is at the heart of ecological modeling. Generally we categorized func-
tional response as:

(i) prey density-dependent f(N)

(ii) ratio-dependent f (%,) and

(iii) prey-predator density-dependent {(IN,P).

,where N and P are prey and predator population densities respectively.

For prey density-dependent responses, the consumption rate of the predator

varies with the prey density alone. Holling categorized the prey-dependent re-
sponses into three types;

1.2.1 Holling Type I functional response

Holling Type I functional response is
f(N)=HN,H > 0. (1.1)
and the logistic ODE with proportional or constant rate harvesting is

dN N
— =rN(l——=)—HNP. 1.2
(B (12)

,K and L are environmental carrying capacities of the prey species, For preda-
tors with a Type I functional response, the rate of prey consumption increases
linearly with the prey population size. If the number of prey quadruple, the
predators will eat four times as much per day. Predators with such unlimited
appetites are rarely found in nature. This type of response is found in passive
predators like spiders. The number of flies caught in the net is proportional to
fly density. Prey mortality due to predation is constant.

1.2.2 Holling Type II functional response

The Holling Type II functional response is

AN

F(N)= BEN' (1.3)
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where A,B>0 and the logistic ODE with Holling Type II response is

dN N, AN

" =1N(1 K) BNy (1.4)
For predators with a Type II functional response, the rate of prey consumption
increases with the prey population size, but saturates at some maximum level
A. This functional response seems to be the most common and is well docu-
mented in empirical studies. Murdoch and Oaten (1975). Other name for this
functional response is the Monod response or Michaelis-Merten response. This
response is characteristic of organisms that require non-trivial amounts of time
to capture and ingest their prey. Holling gave a simple mechanistic explanation
of this functional response. Predation involves two tasks: searching for prey and
consuming the prey (chasing, killing, eating, and digesting). At low prey den-
sities, predators spend most of their time searching for prey, and at high prey
densities, predators spend most of their time on handling prey. Predators of this
type cause maximum mortality at low prey density.

1.2.3 Holling Type III functional response

The Holling Type III functional response is

dN7
and the logistic ODE with Holling Type III response is
dN N dN7
N — =) — :
a NP Ew (16)

where y > 1 is the encounter rate between predator and prey before the predator
reaches maximum efficiency. According to Sharov (1996), Holling Type III func-
tional response occurs in predators which increase their search activity with
increasing prey density. For example, many predators respond to kairomones
(chemicals emitted by prey) and increase their activity. Polyphagous vertebrate
predators (e.g.birds) can switch to the most abundant prey species by learning
to recognize it visually. Mortality first increases with prey increasing density,
and then declines. If predator density is constant (e.g.birds, small mammals)
then they can regulate prey density only if they have a Holling Type III func-
tional response because this is the only type of functional response for which
prey mortality can increase with increasing prey density. However, regulating



1.2 Functional Responses 5

effect of predators is limited to the interval of prey density where mortality in-
creases. If prey density exceeds the threshold value of this interval, then mortal-
ity due to predation starts declining, and predation will cause a positive feed-
back. As a result, the number of prey will get out of control. They will grow
in numbers until some other factors (diseases or food shortage) will stop their
reproduction.

1.2.4 Prey refuge

In nature, prey populations often have access to area where they are safe from
their predators. Such refuge are usually playing two significant roles, serving
both to reduce the chance of extinction due to predation and to damp prey-
predator oscillations. These are therefore a potentially important means of in-
creasing species richness in natural communities and of stabilizing population
sizes, biomass and productivity. It is well known that many more attentions
have paid on the effects of a prey refuge for predator-prey system. Predator-
prey interactions often exhibit spatial refuge which afford the prey some degree
of protection from predation and reduce the chance of extinction due to preda-
tion.

1.2.5 The Logistic equation

The exponential growth law for population size is unrealistic over long times.
Eventually, growth will be checked by the over-consumption of resources. We
assume that the environment has an intrinsic carrying capacity K, and popula-
tions larger than this size experience heightened death rates. To model popula-
tion growth with an environmental carrying capacity K, we look for a nonlinear
equation of the form

where F(N) provides a model for environmental regulation. This function should
satisfy F(0)= 1(the population grows exponentially with growth rate r when N

is small), F(K)= 0 (the population stops growing at the carrying capacity) and

F(N) < 0when N > K (the population decays when it is larger than the carrying

capacity). The simplest function F (N ) satisfying these conditions is linear and

given by
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FIN) =1 —% (1.8)

The resulting model is the well-known logistic equation,

dN N

1.3 Literature Review

Mathematical population model have been used to study the dynamics of prey-
predator system since Lotka (1925) and Volterra (1927) proposed a simple model
of prey-predator interaction now called Lotka-Volterra model. Since then many
mathematical model have been constructed based on more realistic, explicit and
implicit biological assumptions. Over the past decades, mathematics has made
a considerable impact as a tool to model and understand biological phenom-
ena. In return, biologists have confronted the mathematicians with variety of
challenging problems, which have stimulated developments in the theory of
nonlinear differential equations. Such differential equations have long played
important role in the field of theoretical population dynamics, and they will, no
doubt, continue to serve as indispensable tools in future investigations. Differ-
ential equation models for interactions between species are one of the classical
applications of mathematics to biology. The development and use of analytical
techniques and the growth of computer power have progressively improved
our understanding of these types of models. Although the predator-prey the-
ory has seen much progress, many long standing mathematical and ecological
problems remain exist. Theoretical ecology remained silent about the astonish-
ing array of dynamical behaviors of three species models for a long time. Of
course, the increasing number of differential equations and the increasing di-
mensionality raise considerable additional problems both for the experimental-
ist and theoretician.

Kar and Chaudhuri (2004) considered a two-prey one-predator harvesting model
with interference. The model is based on Lotka-Volterra dynamics with two
competing species which are affected not only by harvesting but also by the
presence of a predator, the third species. Optimal harvesting policy and the
possibility of existence of a bio-economic equilibrium is discussed.Though the
preys are affected by harvesting and predation,the mechanism of prey protec-
tion is not mentioned, which is considered in our model.

Dubey and Upadhyay (2004) proposed a two predator one prey system with ra-
tio dependent predator growth rate. Criteria for local stability, instability and
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global stability of the non-negative equilibria were obtained. They also dis-
cussed about the permanent coexistence of the three species. However, ratio
dependent predator growth rate is time consuming one it may not give guaran-
tee for prey extinction.

Braza (2008) considered a two predator- one prey model in which one predator
interferes significantly with the other predator is analyzed. Zhang et al.(2006)
studied the stability of three species population model consisting of an endemic
prey (bird), an alien prey (rabbit) and an alien predator(cat). It may be pointed
out here that all the above studies are based on the traditional prey dependent
models. Recently, it has been observed that in some situations, especially when
a predator have to search for food and have two different choice of food, a more
suitable predator-prey theory should be based on the so-called ratio-dependent
theory, in which the per-capital growth rate should be function of the ratio of
prey to predator abundance, and should be the so-called predator functional
response (Abrams and Ginzburg, 2000 ;Akcakaya et al., 1995 ;Arditi et al., 1991
;Arditi and Saiah, 1992 Kar and Batabyal 2010).

Kesh et al. (2000) proposed and analyzed a mathematical model of two compet-
ing prey and one predator species where the prey species follow Lotka-volterra
dynamics and predator uptake functions are ratio dependent. They derived
conditions for the existence of different boundary equilibria and discussed their
global stability. They also obtain sufficient conditions for the permanence of the
system.

Hsu et al. (2001) studied the qualitative properties of a ratio dependent predator-
prey model. They showed that the dynamics outcome of interactions depend
upon parameter values and initial data. N.Daga , B.Singh , S.Jain and G.Ujjainkar
(2014) studied a two prey one predator model with a non-homogeneous trans-
mission functional responses.Criteria for local and global stability of non-negative
eqilibria are obtained.

N.Daga , B.Singh , S.Jain and G.Ujjainkar (2014) considered a two prey one
predator system with Holling type III functional responses.They also discussed
the local and global stability of the system. A. George Maria Selvam , R. Dhi-
neshbabu and P. Rathinavel (2015) discussed the stability of equilibrium points
of a discrete prey-predator system with three species. The dynamical analysis
of the system is performed with numerical simulation which supports the the-
oretical findings.

M.ReniSagaya Raj, A.George Maria Selvam and R.Janagaraj (2013) proposed
and studied Ecological model with interspecies interactions in three species
food chain with prey - predator and scavenger. some dynamical behaviors are
investigated. Dynamical behavior of three species food chain discrete model is
investigated at equilibrium points.

Prabir Panja , Shyamal Kumar Mondal (2015) proposed a prey-predator model
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for the study of dynamical behaviors of three species such as toxin-producing
Phytoplankton, Zooplankton and Fish in a fishery system. The stability and ex-
istence condition of equilibrium have been established. Holling type II func-
tional response function has been considered to analysis of the proposed model.
All equilibriums of the proposed system are determined, and the behavior of
the system is also investigated near the positive equilibrium point.

A.George Maria Selvam , R. Dhineshbabu and V.Sathish (2014) proposed and
investigated the dynamical behavior of a discrete prey-predator system describ-
ing the interactions among three species. Stability analysis is performed.

In general, the literature review focused on mathematical models of three
species with emphasis on two prey-one predator mathematical models. In some
of the given models the prey become victim of harvesting and predation. As a
result the prey population may face the challenge of extinction. Further more
the models in the review give little attention to prey protection mechanism.
Thus in our thesis we tried to gives plausible emphasis to the matter.

1.4 Statement of the problem

The use of refuge has a great role in prey-predator interaction whenever there is
predation pressure. So that many researchers studied prey refuge mechanism to
solve the problem of extinction and facilitate the co-existence of predators and
their preys.

Therefore, in this thesis, we have to formulate a mathematical model which
clearly describes the existing reality between two prey and one predator system
with one prey abundant and the other prey constant refuge in maintaining both
populations in stable ecological system. Hence, the thesis raise the following
leading research questions:

(i) What are the dynamic properties of two preys and one predator with one
abundant and the other constant prey refuge?

(ii) Is the system both locally and globally stable?

(iii) What are the impacts of one prey refuge on the local stability of the
predator-prey dynamics with one prey abundant ?

(iv) Under what condition two preys and one predator dynamical system co-
exists ?
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1.5 Objectives of the research

1.5.1 General objectives

The general objective of this study is to investigate the effect of constant prey
refuge on the dynamics of two prey one predator interactions in a given habitat.

1.5.2 Specific objectives

The specific objectives for this study are to:

(i) Modify a mathematical model which describes the dynamical properties of
two preys and one predator with one abundant and the other prey refuge.

(ii) analyze local and global stability of the predator-prey dynamics governed
by the formulated model.

(iii) study the effect of two prey and one predator system with prey refuge on
the local stability of the predator-prey dynamics.

(iv) give detail of mathematical analysis on the coexistence of two prey and one
predator dynamical system with one abundant and one prey refuge.

1.6 Scope of the study

To carry out a research on prey-predator interaction it is vital to visit National
Parks and other protected areas frequently to collect data from the concerned
body through different methods to make the study complete.But,this is not
be possible due to different reasons such as shortage of time, finance and so
on.Hence study emphasis theoretical analysis without model validation with
real data.
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1.7 Significance of the study

It is hoped that, if the formulated mathematical model nicely reflect the effect of
prey refuge on stable co-existence of these population,the findings of the pro-
posed study would be benefit different bodies differently: Hence, it:

(i) provides some information about prey refuge
(ii) Initiates other researchers to undertake further extension and rigorous
mathematical analysis.



Chapter 2
Mathematical Preliminaries

2.1 Basic definitions, Theorems and notations

For main results, definition and concepts we refer to (John W. Cain and Angela
Reynolds(2010),Walter G. Kelley o Allan C. Peterson (2010)).

2.1.1 Phase portrait, Trace and Determinant

A more compact way of classifying phase portraits of planar systems can be
stated in terms of the trace and determinant of the coefficient matrix.

Consider the system.
X'=AX 2.1)

x= [ a= [ anax =

{x’ = ax+by = f(x,y)

where

or
Yy =cx+dy=g(x,y)

Definition 2.1.1. The system (2.1) is called a planar autonomous system. The
term autonomous means self-governing, justified by the absence of the time
variable t in the functions f (x, y) and g(x, y). It is assumed that f and g are
continuously differentiable in some region D in the xy plane. A graph which
contains all the equilibria and the typical trajectories or orbits of a planar au-
tonomous system (2.1) is called a phase portrait.

11
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Definition 2.1.2 The trace of a square matrix A is the sum of the entries on its
main diagonal and is denoted by trA.

The eigenvalues of a 2 x 2 matrix A can be expressed in terms of trA and

det A. Then the matrix

a—A b
T

has determinant (a —A)(d — A1) — bc.
Equivalently, the characteristic equation is

A% —(a+d)A + (ad — bc) = 0.

Since trA = a + d and det A = ad - bc, the characteristic equation can be written
as

A% — (trA)A +detA = 0. 2.2)
The roots of are

_ (rA)+ V/ (trA)? —ddetA

A 2

(2.3)

Note that the sum of these eigenvalues is trA. This is true of all square matrices,
not just 2 x 2 matrices. We also know that det A is the product of the eigen-
values. For 2 x 2 matrices, we have either two real eigenvalues or a complex
conjugate pair of eigenvalues, a + 8. Thus, for planar systems x’ = Ax, we can
use trA and det A to classify the origin as a saddle, unstable node, stable node,
unstable focus, stable focus or center:

Case 1: If det A < 0, we claim that the origin is a saddle. To see why, we
must show that the eigenvalues of A are real and have opposite sign. Suppose
indirectly that A has complex conjugate eigenvalues o & f3i. Then the product
of the eigenvalues (which equals det A) would be positive, contradicting our
assumption that det A < 0. It follows that the eigenvalues must be real, and
they must have opposite sign in order for det A < 0. Therefore, the origin is a
saddle,as claimed.

Case 2: Next, suppose that det A > 0 and (trA)? —4detA > 0. From equation
we know that the eigenvalues are real because the discriminant is positive.
Since det A > 0, the eigenvalues have the same sign, and it follows that the
origin is a node. Whether the origin is stable or unstable depends upon trA (the
sum of the eigenvalues):

(i) IftrA >0, then both eigenvalues are positive and the node is unstable.
(ii) If trA <0, then both eigenvalues are negative and the node is stable.
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Case 3: Finally, suppose that det A > 0 and (trA)? —4detA < 0. The discrim-
inant in equation (2.2) is negative, implying that the eigenvalues are complex
conjugate. The origin is either a focus or a center depending upon the trace of
A

The sum of the eigenvalues o & i is 2, or equivalently trA = 2a.

(i) If trA > 0, the real part of the eigenvalues is positive and the origin is an
unstable focus.

(ii) If trA < 0, the real part of the eigenvalues is negative and the origin is a
stable focus.

(iii) If trA =0, the real part of the eigenvalues is zero and the origin is a center.

2.1.2 Equilibria and Linearization

When approximating nonlinear systems with linear ones, one typically works
in the vicinity of equilibrium solutions.

We begin this section with some definitions which will be used frequently
throughout the this thesis.

Definition 2.1.3. An equilibrium solution of

is any constant vector x* such that f(x*) = 0.

Definition 2.1.4. Let € be a fixed, positive number and suppose x € R". The
open ball of radius € centered at x is the set of all points whose distance from x
is less than . We will use the notation.

B(x,e) ={y € R" such that | Ix-yl | <&}

Definition 2.1.5. An equilibrium x* of x” =f(x) is called isolated if there exists a
positive number € such that the open ball B(x*, ) contains no equilibria other
than x*.

Definition 2.1.6. The system

X = () TF(x) (x —x") (2.4)
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is called the linearization of the system x” = f ( x ) at the point x =x".
If x* happens to be an equilibrium of the system, then f (x* ) = 0 and the lin-
earization takes the particularly convenient form

X =Tf(x")(x—x") (2.5)

,where Jf(x*) is Jacobian of f at x = x*

2.1.3 Global Stability

Classifying non-hyperbolic equilibria x* as stable, asymptotically stable, or un-
stable can be incredibly difficult (and often impossible). We now describe a
classification technique that was originally proposed by Russian mathematician
AM. Ly apunov in his (1892) doctoral dissertation.

Consider the ODE x’ = f(x), where f is continuously differentiable. A solution
x (t) of this equation can be written in terms of its component functions

x(t) = [x1(1),x2(2), .. 5%, (1))

Now suppose that V : R" — R is a continuously differentiable scalar-valued
function. Then by the chain rule,where f is continuously differentiable. A so-
lution x(t) of this equation can be written in terms of its component functions,

x(t) = [x1(2),x2(2),...x,(2)]

Now suppose that V : R" — R is a continuously differentiable scalar-valued
function. Then by the chain rule,

d d
EV(XU)) = EV(XI(I),xz(f), oo Xn (7))
_ dVdxy | IV dxy aV dx,

S dr omar T ox ar

_ 9V 9V ﬂ.[@dﬁ %]
T Oxdxy? 0 dx,  Udr o de 0 dr

VV(x) X' (t) = VV(x) - f(x)

Observation. This calculation tells us how the function V changes as we move
along a solution curve x (t). In particular, if we find that

d

EV(x(t)) <0
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inside some set E C R" , then the function V decreases as we move along solu-
tion curves in E in the direction of increasing t. Lyapunov exploited this obser-
vation to provide a creative but intuitive way for analyzing stability of equilibria
x*. The idea is to define a function V on a set E containing x*, where V is chosen
in such a way that we can tell whether the flow in E is towards or away from
the equilibrium. In what follows, we have in mind a system x’ = f(x) with an
isolated equilibrium x*. We assume that f is continuously differentiable in some
open ball E = B(x*, €) of radius € > 0 centered at the equilibrium.

Theorem 2.1. (Lyapunov). suppose there is a function V :R" — R which is
(i)  defined and continuously differentiable on the set E = B(x*,€);

(i) V(x*)=0;and

(iii)) V(x)>0ifx#x*.

then the equilibrium x* is

(1) stable if
d

V(a(1) = V() £(1) <0

forallx e E.
(2) Asymptotically stable if
d

EV(x(t)) =VV(x)- f(x) <0

for all x € E , except possibly at x* itself.
(3) unstable if

SV(0) =YV () () > 0

for all x € E, except possibly at x* itself.

Proof: Given any € > 0, choose r € (0,¢€) such that B, = {x € R,, ||x|| < r} C D.
Let o = minj,_,;V(x). Choose § € (0, @) and define Qg = {x € B, V(x) < 3}
It holds that if x(0) € Qg = x(t) € Q5V¢ because

V<0=V(x(t)<V(x(0) <8

Further 36 > 0 such that ||x|| < 6 = V(x) < B.
Therefore, we have that

Bs C L5 C Br

and furthermore
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x(0) € Bs = x(0) € Qg = x(t) € 2 = x(t) € B;
Finally, it follows that
[x(0)]| <6 =|lx(2)|| <r<evt>0

In order to show asymptotic stability, we need to to show that x(r) — 0 as
t — oo. In this case, it turns out that it is sufficient to show that V(x(¢)) — 0
as t —» oo, Since V is monotonically decreasing and bounded from below by 0,
then

V(x) — ¢ > Oast —» o

Finally, it can be further shown by contradiction that the limit c is actually equal
to 0.

Definition 2.1.7. Any function V : R" — R satisfying the conditions of ( The-
orem 2.1) is called a Lyapunov function.

Theorem 2.2 (Existence and uniqueness).

(a) If f is continuous on an open rectangle R: {a <x <b, c < y <d} containing
(x0,¥0), then the initial value problem x' = f(x,y),y(x0) = yo has at least one so-
lution on some open subinterval (a,b) of xo.

d
(b) If both f and f, are continuous on R then d_i}c = f(x,¥),y(x0) = yo has a unique
solution on some open subinterval (a,b) of containing x
Definition 2.1.8.Bounded function: Let f be a real valued function defined on

a domain D.The function f is said to be bounded on D if and only if there is a
positive number M such that f(x,y) <M for all (x,y) € D.

Before we state (Bendixson-Dulac Theorem), we need a couple of definitions.
Definition 2.1.9. We define the divergence of the vector field

Flry) = {f (x,y)}

by
divF (x,y) = fx(x,) +8y(x,7).
Definition 2.1.10. A domain D C R; is said to be a simply connected domain

provided it is connected and for any simple closed curve C in D the interior of
Cis a subset of D.
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Consider the system of equations
x=f(xy) (2.6)
y=g(x.y)

Theorem 2.3. (Bendixson-Dulac Theorem) Assume there is a continuously differen-
tiable function o/(x,y) on a simply connected domain D C R, such that the

divie(x,y)F (x,y)]

is either always positive or always negative on D. Then the system (2.6)), does not have
a cycle in D.

Proof Assume that the system (2.6), does have a cycle. Then there is a noncon-
stant periodic solution X, y in D. Assume this periodic solution has minimum
period o, let C be the corresponding simple closed curve oriented by increasing
t, 0 <t < w, and let E be the region interiorto C. Since div[o(x,y)F (x,y)] is of one
sign on E C D, we have that the double integral

/Ediv[a(x,y)F(x,y)]dA # 0.

On the other hand, we get, using Green’s theorem,
[ divlay)Fx.y)da
= /E {Zlatey)f(xy)+ el y)glx.y)]dA
== / [o(x,9).f (6, y)dy — u(x, y) g (x, ) dx].
c
= i/o o (x(2), y(@)) [ (x(2), y(0))3(1) — g (x(2), (1)) (2))  dt
= i/ow o (x(2), (1)L (x(2), (1)) g (x(1), ¥(2)) — g (x(1), () f (x(2), y()) ]t

=0
which is a contradiction.






Chapter 3
The Mathematical Model

3.1 Introduction

In this chapter, we present, basic assumptions model formulation. Consider a
prey-predator model which describes the interaction between two prey species
and one predator specie with constant prey refuge. Let x(t) and y(t) represent the
population of the first and second prey species respectively and z(t) represent
the predator specie at any time t. The main feature of the model is that two dif-
ferent functional responses of the predator are incorporated in the model to rep-
resent the difference in the way the predator feeds on each of the prey species.
Terms representing logistic growth of the prey species in absence of the predator
are included in the prey equations. The model has three non-linear autonomous
ordinary differential equations describing how the population densities of the
three species would vary with time.

3.2 Assumptions and parameters of the model

3.2.1 The assumptions

The following assumptions are made in order to construct the model:

(i) The species live in an ecosystem where external factors such as droughts,
fires, epidemics are stable or have a similar effect on the interacting species.

(i) Due to unlimited food supply there is no competitions among prey.

(iii) To over come the risk of extinction some portion of the second prey could
be reserved.

19
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(iv) There is logistic growth of the prey in absence of the predator. That is the
population of the prey would increase (or decrease) exponentially until it
reaches the carrying capacity of the given ecosystem.

(v) The rate of increase of the predator population depends on the amount of
prey biomass it converts as food.

3.2.2 The parameters

The following are the parameters used in the model:
(i) rand s are the intrinsic growth rate of prey x and y respectively.
(i) Kand L are carrying capacities for prey x and y respectively.

(iii) @ and w, are the first and the second prey specie’s searching efficiency of
the predator.

(iv) qis rate of reserve.

(v) by and b; are the conversion factors denoting the number of newly born
predators for each captured of first and second prey respectively.

(vi) cisnatural mortality rate of predator z.

(vii) m is half saturation co-efficient.

3.3 Model Formulation

From the model description and assumptions the equations to represent the
dynamics of the predator and the two prey species ecosystem are formulated as
given in (T. K. Kar and Ashim Batabyal (2010)).

& —rx(1- %) — oyxz
d
B () o 61

& — b xz +haw s —cz
x(0) =x0 > 0,y(0) = yo > 0,2(0) =20 >0
Now we assume that the population of the second prey is few and we protect

from continuous predation. If we refuge qy, ¢ € (0, 1) of the prey population and
let (1-q)y for predation, then the above model is formulated as follows:
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% =1x(1—-¢)— wxz

dy _ (1-q)yz
d_>t, - SY(l - %) - a)zrn+(17q)y
dz

_ (1-q)yz
T blleZ"FwaZer(l,q)y

—CZ

x(0) = xo > 0,y(0) > y0,2(0) =20 > 0
where all parameters in the model are positive.

3.3.1 Boundedness

Boundedness implies that the system is biologically well-behaved.
The next proposition ensure the boundedness of system ([3.2).

Proposition 3.1. The prey population is always bounded from above.

Proof. The following inequality is found from the first sub equation of

d
d_)t( =rx(1— %) —oxz <rx(1-— %)
This implies
X X
Zox(1-2).
a =™ g)

Rearranging and separating variables we have

K
———dx < dt.
rx(K —x)

By partial fraction decomposition we have

1 1
(—— )dxgrdt.
x x—K

Integrating both sides yields

In(— ) <r+
n T C.
K—-x/ ™

Rearranging and simplifying we have

Kert+c
X(t) S 1+ert+c'

Taking limit and employing L'Hospital’s one easily obtain that

21
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limsupx(t) < K.
X—r00

The proof for the second prey can be done in the same way. Thus the system is
bounded.

3.3.2 Existence of Equilibrium Points

In this section, we establish conditions for the existence of the equilibrium
points of the system. By equating ( to zero, we find that the system has
7 possible non-negative equilibria.

Namely E((0,0,0),E;(x,0,0),E2(0,y,0),E3(x,y,0),E4(0,y,z),Es5(x,0,z), and the co-
existence equilibrium E¢(x*,y*,z").

The existence of Ey(0,0,0) is trivial. We show the other equilibria as follows:

(i) Existence of E;(x,0,0)
Let y=0 and z=0.Then the first sub equation of equation ([3.2) gives:

rx(l—%)—a)lxz:o (3.3)
substituting z=0 in ([3.3) we have

r(1— %) —0 (3.4)

solving ([3.4) for x, we get
x=K.

Thus, the first equilibrium point is
Ei(x,0,0) = (K,0,0).

Hence in absence of prey y and predator z the density of prey x will in-
crease or decrease until it reaches the carrying capacity K of the ecosystem.

(ii) Existence of E,(0,y,0)
Let x=0 and z=0.Then the second sub equation of equation ([3.2) gives:

Y (I-qyz _, (3.5)

-y ——— %
gh wszr(l—q)y

substituting z=0 in (]3.5) yields

1-Y)=o0 (3.6)
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(iii)

Solving ([3.6) for y yields
y=L

Therefore, the second equilibrium point is
E»(0,y,0) = (O,L,0).

This implies that in the absence of prey x and predator z, the density of
prey y will increase or decrease until it reaches the carrying capacity L of
the ecosystem.

Existence of E3(x,y,0)
Let z=0.Then the first and second sub equation of equation ([3.2) gives:

{rx(l——)—wIXZ:O (3.7)
1—q)yz .
01— D) gl o
substituting z=0 in ([3.7) we have
s(1-£)=0

solving ([3.8) we have

x=K
and

y=L

Hence the third equilibrium point is
E;(x,y,0) = (K,L,0).

This condition implies that,in absence of the predator,the vital parameters
for existence of the two prey species are; per capital intrinsic growth rates
of the preys,carrying capacities of the preys and inter specific competition
among the preys.But by our assumption there is no inter specific competi-
tion among the prey species.

Therefore the two prey species will co-exist.

Existence of E4(0,y,z)

Here we note that, in the absence of the first prey the only food resource
for the predator is the second prey. So that the searching efficiency and
conversion factor of the predator @, and b, respectively should be adjusted
with the death rate of the predator c.Thatis b,*@,* > c. This implies that the
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predator density is controlled by the portion of the prey that are reserved
and let for predation. Let x=0.Then the second and third sub equation of

equation ([3.2) gives:

sy(1—3) — iy ¥ = 0
5 ok _(1—q)yz (3.9)
biwxz +b5w; mr—qy ~ %= 0
substituting x=0 in ([3.9) yields
1—q)z
=1 { m+ (1 —q)y (3.10)
b2*(02* ( _q)y —c=0
m+(1—-q)y
Solving the second equation of (3.10) for y we get
y— cm
(1-q)(by05 —c)

substituting the value of y in the first equation of ({3.10) we have

7= byms {L(bzwf —c)(1—q)— cm}

L((1—q)(b;05 —¢))?
Therefore the fourth equilibrium point is

cm S [L(b;wj—c)(l—q)—cm}>
(I—q)(bj@; —c) > | L((1—q)(bjw; —c))?

which implies that having refuge serves both species to reduce the chance of
extinction.

E4(0,y,z) = (0,

(v) Existence of E5(x,0,z)
Let y=0.Then the first and third sub equation of equation ([3.2) gives:

{rx(l —%)—wxz=0

blwlxz%—bza)z% —cz=0

(3.11)

substituting y=0 in ( [3.11) yields

r(l—%)—wz=0 (3.12)
bla)lx—c:o ’

solving the second equation of ( 3.12) we get
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C
X =
bym,

substituting the value of x in the first equation of ([3.12) we have,

r C
1 bl(x)lk

=

Hence ,the fifth equilibrium point is

Es(x,0,z) = (

c r c )
by T (] biok
Jfor
c
by > —
: o K

This implies that the conversion rate and the searching efficiency of the
predator are inversely proportional. Since the prey population x is abun-
dant, the searching efficiency of the predator is less, as the result the con-
version rate of the predator increases consequently the newly born preda-
tor increase. Again, due to this, the density of prey population decrease
which implies the searching efficiency of the predator increase so that the
conversion rate decrease as the result the newly born predator decrease
and visversal.

Existence of Eg(x*,y*,z*)

Equate equations ([3.2) to zero and from this we find two functions f(x,y)
and g(x,y) which intersect at the equilibrium point E¢(x*,y*,z*) Equating
equations ([3.2) to zero gives,

r(l—g)—wz=0

1—q)z
s(1- 1) — oy g2 = 0 (3.13)

From the third equation in (3.13) we get
Flxy) =0 (3.14)
where
f(x,y) = bioxm+byoxy + byny + cqy — [b101gxy + banrgy + cm +cy)
From the first and the second equation in ([3.13) we have
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g(x,y)=0 (3.15)
where
g(x,y) = o1s(L—y)[m+ (1 —q)y] — Lran(1 —q)(K —x)

Equations ([3.14) and ([3.15) are two functions of x and y. To prove the ex-
istence of E¢(x*,y*,z*) conditions under which f(x,y) and g(x,y) meet in the
interior of the positive (x,y) plane,at a point (x*,y*) , are found. Knowing
(x*,y*), the value of z* can be obtained from.

r(1 —%)—WZO (3.16)

solving for z¢ in (3.16) we get

.
%6 = E(K—xé)

From ([3.14) we note the following
when x — 0,then y — y, where

B cm
YT 1= g) (e — o)
we note that y, > 0if by, > ¢
Also from ([3.14) we have oy A
% B, (3.17)
where

A; =bio;m+(1—q)y] >0
B; = (1—q)[c— (bj@x+braw)]
It is clear that
dy

— >0
dX>

if
By >0
Again from ( , we note that when x — 0,theny — y;, ,

where
—B; +1/B% —4A,C,
2 (3.18)

2A,
Ay = —0)1KS(1 —q)

Yo =
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B, = les[L(l —q) —m]
C, = @ KsmL — KLran (1 —q)
Clearly Ay <0and C; >0

if
o KsmL > KLran (1 —q)
We have
Jg
dy 2
ax = oe (3.19)
dy
Where 3
g
— =L 1— 0
5, — Lren(1-q) >
% = o1 Ks[(L—2y)(1 —q) —m]
we note that q
y
— <0
dx <
If
dg
—=2>0
dy -

From the above analysis we note that two isoclines (|3.14) and (|3.15) inter-
sect at a unique point (x*,y*).
Knowing the value of x* and y* the value of z* can be calculated from

r
7f=— K(K—x*
o ( )

It may be noted that for z* to be positive, we must have K > x*
This completes the existence of Eg(x*,y*,z%)
Hence the three species co-exists in the ecosystem.
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3.3.3 Stability Analysis

In this part of the thesis we present the local and global stability of non-
negative equlibria in ([3.2)

3.3.3.1 Local Stability Analysis

We present local stability of each equilibrium points by calculating the Ja-
cobian matrix.

2rx 0

r— 5 — Oz — WX
2y o (1=qmz (1—q)y
J(E;) = 0 =7 P2 (1-q)7 i1 aly
biw;z bZQEﬁ b10)1X—|—b20)2m(+(12)31/)y —cC

Then we compute the eigenvalues of the Jacobian matrix at there equilib-
rium points. Based on the sign of the eigenvalue we identify the stability
of the point.

(1) Ep (07 0, O)
The Jacobian matrix evaluated at Ey gives

r—A O 0
J(E()): 0 s—A 0
0 0 —c—A7A

The eigenvalues of J(Ey) arer, s and -c,

We see that r > 0 and s > 0.

s0 Ep(0,0,0) is unstable

This implies that Ey is always a saddle node and there can not be total
extinction of the system for positive initial conditions.

(11) E, (X,0,0) = (K7070)
The Jacobian matrix evaluated at E; gives

—r—A 0 0
J(El): 0 s—A 0
0 0 bl(!\)l—C—A

The eigenvalues of J(E;) are -r, s and by, —c.
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(iii)

(iv)

v)

We see that s > 0 and if by @; > c,then E|(K,0,0) is unstable
This situation implies us E| is a saddle point with locally stable mani-
fold in x directions and with locally unstable manifold in y — z plane.

EZ(anaO) = (OvLa 0)
The Jacobian matrix evaluated at E, gives

r—A O 0
(1-q)L
JE)=| 0 —s—4  ogly

1—q)L
0 0 bl —c-A

The eigenvalues of J(E;) are r,-s and bm&% —c.Weseethatr >0
(I-q)L

and if bza)zm > ¢ ,then E; is unstable in x-z plane,
(I-q)L

but if bza)2m+(1_q)L

plane.
This situation implies us the second prey exists while there can not be
total extinction of the system for positive initial conditions.

E5(x,y,0) = (K,L,0)
The Jacobian matrix evaluated at E3 gives

< ¢, then E; is locally asymptotically stable in y-z

-r—A 0 0
1—g)L
JE3)=| O -—s—4 o
0 0 b1w1K+b2w2m$(_li)qL)L—c—l

Since the eigenvalues of J(E3) are —r <0, —s <0 E3 exists and is
asymptotically stable in x — y plane, but if

(1-g)L
by K +byop——F+———— <c
100 2(Dzm+(1_q)L

,/then Ej3 is stable in x- y-z space.

- m % L(bfw;—c)(1—q)—cm
E4(0,y,2) = (O’ o 2™ | T g bia;-o) ])

The Jacobian matrix evaluated at E4, gives

o me A 0 0

J(Es) = 0 o A by
* L—cm *

b]bzwlmSW B* -4
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where
A* =5 —

2cms (1=q) (305 —c)(L—cm)
e R — J-4
= b33 —c) (bms) =
* (L—c)
16301 74503 K >>:z; e )(L—cm)
2ems 1- 505 —c)(L—cm
g e T T >
then Ej it will be asymptotically stable in x — y — z space is stable in

X-y-Z space.

(Vl) E5<X70,Z) (blwl 07 al)ﬁl(l_blLa)lk)
The Jacobian matrix evaluated at Es, gives

c(1-2r) —c
blle )‘ wre 0
J(Es) = 0 +mbeK_col_m_l 0

r(bl CO]K) rb wz(mwl) (1 - bltf)lK) _k

If 1 <2rand “’2’ > s+~ (W

bleinx-y-z space.
This situation correspond to the co-existance of the first prey and
predator.

(vii) Eg(x*,y",z%).

by 07K ,sthen Es exists and is asymptotically sta-

Now, we investigate the local stability of Eg, we first linearize the system
( using the following transformations.

x=x"+X,y=y"+Y,z=7"4+Z
where X, Y, Z is small perturbation about
Eo(x",y",2")
and then the linear form of ([3.2) is calculated as follows:

‘é’t‘ =1x(1 —g) — 01xz

d 1—-
B —sy(1 - ) - ang e
H = bla)lxz—l—bza)z% —cz

To obtain the linearized form we begin by computing the Jacobian of ([3.2)
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— X
(1-9)y

ST T Mgy 2 o (T-q)y

Evaluate the Jacobian at (x*,y*,z")

*
I'—T—(DIZ
0

b]CO1Z*

* 0
_ sy

ST T O gy T
1—q)mz*
m+(1—-q)y*]?

b20b[

*

(1—q)mz

by x* +

Therefore the linearizion of the system at (x*,y*,z*)

Y =sy—

*
v Y

X
—

m+(1-q)y

— x*
(1—q)y”
l—ql)y* .

m+(1-q)y*

—wx*
0 g 2y oy (1—q)mz" (1—q)y”

rx*x

K

Z'x+(—

*

X X

*

— X'z
K

m-+(1-q)y*]* 6Ozm+(1—ql)y* .
b w;x* —l—bza)zms_(il—q_)y —C

Qy*

—0z"x+0— wx'z

— 01X*z)

2sy"y (1 —q)mz"y (1—q)y'z

L [m+(1—q)y*J?

*

sy'y
L

Y = (sy—

—————— —fracsy"yL — a»
m+(1—-q)y

(1-q)z'y

(1—q)z"y )
m+ (1—q)y*
(I—q)mz*y

m+ (1 —q)y*]?
(1—q)mz"y

+

L m+ (1—q)y*

sy"y (1-q

[m+(1—q)y*]?
)y'z (1-9)

m+ (1 —q)y*

(1—q)y”*

2 k%

Zyy

z=biwz*x+br»

(1—-q)mz"y

+ (b1@ X"z + by

[m+(1—-q)y*]?

m+(1—q)y" 2 (m+(1—q)y* )

(1-q)y*z
m+ (1 —q)y*

m+(1—q)y

b](!)lx—{—bz(l)z (1-q)y —c

—C

(1-q)y*z )
m+ (1—q)y*

Z

)

—cz)

31
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. . (1—-q)z'y (1—-q)z'y (1—-q)mz*y
2=b10Z" X+ by ———— — by ———— + byan
m—+ (1 —q)y* m—+ (1 —q)y* [m+(1—q)y*]?
. i (1—q)z* (1—q)y*z*
7=bioZ X+ [bror——— by
oy~ 22 m (- qy
X = —% — Xz
m+(1 q) (m+(l q)y*)? )

z= b1w1Z X+ [bza)zﬁ bz@%]y

We now consider the following positive definite function

1 d d
2 1y2+22

4= 2x* X 2y* 2z*

where d,, d, are positive constants to be choosen later.
Differentiating U with respect to time t of linear model (3.20)

2xx  2dyyy  2dpzz
. 1yy i 2
2x* 2y* 2z*

u=

substituting solution of model ([3.20) and simlifying we have

. r S 5 (1-q)yz (1—q)*z*y?
- x2_ di(— =y —
b= e ey e oy T 2t (1 -y
1—q)myz
+da(braixz + by, (m(+ (1q_) q;/y*)Z)
Now choose 1
=L
{d b . (3.21)
L= % (m+(T—q)y")
After some rearengment we have
r.2 S (1-q)°z* 2
— X2 _d(2 =
A P P s v

4rd; s (1—q)%z*
KLt (a2 =°
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Heance we arrive at conclusion

Theorem 3.1. If
4rd; s (1—q)%z*

sthen E¢(x*,y*,z*) is locally asymptotically stable.

This equilibrium point is an interior equilibrium point which establishes the
coexistence of all species in the system.

3.3.3.2 Global stability and persistence of the system

In this section we shall determine the global stability analysis of the equilibrium
points. Since my thesis focus on the co-existence of the species the research left
Ey,E1,E>. Thus,we have the following theorem.

Theorem 3.2. The interior equilibrium Es is globally asymptotically stable in the inte-
rior of the quadrant of the x-y plane.

Proof:Let H(x,y) = xiy
Clearly H (x,y) is positive in the interior of the positive quadrant of the xy-plane.

i (x.y) = rx(1 =)

ho(x,y) = sy(1— 2)

L
Then
A(x,y) = i(h H)—i—i(h H)
X,y _6X 1 (Sy 2
r s
A(x,y) ="k Ix

From the above equation, we note that A(x,y) does not change sign and is not
identically zero in the interior of the positive quadrant of the xy- plane.
Therefore, by Bendixson-Dulac criterion there exists no limit cycle in the posi-
tive quadrant of x-y plane. So, if E3 is locally asymptotically stable then it will
be globally asymptotically stable in the interior of positive quadrant of x —y
plane (Hale, 1969).

Heance Ej3 is globally asymptotically stable.

Theorem 3.3. The interior equilibrium E4 is globally asymptotically stable in the inte-
rior of the quadrant of the y-z plane.
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Proof:Let H(y,z) = yiz
Clearly H(y,z) is positive in the interior of the positive quadrant of the yz-plane.

hi(y,z) =sy(1—%)_w2%
Then . 6
A(2) S_y(th)+5_z(h2H)
= o (1-g)° s
A(y,z) = (=gl i <0
when

o(l-9° s
m+(1—q)y> " zL

Hence E is globally asymptotically stable in R of yz-plane.
Where

Ri:{(y,z):y>07z>0}

and
o(l-¢° s
[m+(1—q)y]* " zL

Theorem 3.4. The interior equilibrium Es is globally asymptotically stable in the inte-
rior of the quadrant of the x-z plane.

Proof:Let H(x,z) = xiz
Clearly H(x,z) is positive in the interior of the positive quadrant of the xz-plane.

hi(x,z) =rx(1— %) — W1x7

hy(x,z) = by w1xz— ¢z

o) o)
A(x,z) = a(th)+5—Z(h2H)
r
A(X,Z) = _Z_K < 0

Hence Es is globally asymptotically stable in R of xz-plane.
Where
RZ = {(x,z) : x>0,z > 0}
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Theorem 3.5. Let the following hold
s (1-qPr
KL 7 (m+(1-q)y*)?

where dy,d, are same as defined in ([3.21), then the positive equilibrium Eg is globally
asymptotically stable with respect to all solutions initiating in the interior of R..

) <0

Proof:Consider the following positive definite function about Eg,

V(O = (x =X =X () + di(y =y =y In()) + oo =2 =2 ()

V(t) = (x —x" —x*(Inx —Inx™)) +d; (y = y* — y*(Iny — Iny*)) + da(z — z* — z*(Inz — Inz™))

Differentiating V with respect to t,we have

dv dx 1dx dy 1dy dz 1dz
—=(——-0—-x(—-0)+di(———-0—-y(=———-0))+do(——0—-2z"(-———-0
o lar o Ty Y(ydt N+ (G ACyrial)
Rearranging gives;

dav 1dx 1dy 1dz

dt =(x=x )x

dt+(y Y)§a+(l )zdt

Using the system of equation ([3.2) along with the solution of Es given below

dx x2

a:—ri—wIXZ

d 2 1—q)yz

e T

9 _ b oxz+b (1-q)yz

at = C1OIXZ+ D2y Ty
we have
dV_ * 1 (X_X*) * * 1 (y_y*) (l_q)(Z_Z*)
" =(x—x )X(x){ I wi(z—z )} +di(y—y )y(}’)[ ST o m+ (1—q)y

1

+dy(z—2")—(2) [bla)l(x—x*)—kbza)z( —9b - y*)}

z + (1 —q)y*
Simplification yields
dV_ - . (X_X*)_ e R . (y_y*)_ (l_q)(Z_Z*)
dt_(X x)[ r— w(z z)}—kdl(y y)[ S=T wzm+(1—q)y

—{—dz(Z—Z ) {bl(ﬂl(x—x )+b20)2 m+(1_q>y*

Expanding we have
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v (x—x)? : . (y—y")? (1-q9)y—y)(z—2")
- =TT % o (x—x")(z—2")—d;s 7 dym o
ey (1-¢)y—y")(z—2")
+dabi oy (X X )(Z Z )+a’2b2a)2 — (1 —q)y*
Then
A% d
= =2 = (0~ b o) (x—x) (e =) - T =)
(1-q¢)(y—y")(z—2") (I-q)y—y)(z—2")
—d dab
T Uy T i (- gy
Further simplified to
dv d
= R = —dabion) (r—x) (e =) = =y

(man(1 —q)(bady —dy) —dyan (1 — g)%y")
(m+(1—q)y)(m+(1—q)y*)
dy 7"

=y )(z—2")

n o ¥\2
(1= gmmr (1 —qp ")
Rearranging we have

dv

T —%(x—x*)2 — (01 —dab1oy) (x —x") (2 —27)

(m (1 —q)(dy — bady) —di1an (1 — q)*y") . .
: (m+(1=q)y)(m+(1-q)y") b=z

s hone e
T v —aymri—qy)? )

The above equation can further be written as

dv * * *
i [a”(x—x*)2+a22(y—y*)2+a12(x—x*)(z—z )+axs(y—y")(z—2%)]
where ,
an = g, d12 = (1 —dyby)
. d1S dl(DzZ*

BT T (=) (m+ (1—q)y")

man (1 — q)(dy — bada) — dyon (1 — g)*y*
(m+(1—=q)y)(m+(1—q)y*)

a3 =
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This implies
av
dr
Therefore V is a Lypunov function with respect to Es.
Hence Eg is globally asymptotically stable in R3. of xyz-space.
Where

<0

R} = {(x,y,2) : x>0,y >0,z >0}

To examine the permanence of the system ( we shall use the method of
“average lyapunov function”, ( Gard and Hallam, 1997; Hafbauer, 1981). This
method was first applied by Hutson and Vickers (1983) to ecological problems.

Let the average Lyapunov function for the system ( be 6 (X) = xPy}z) , where
p, p1 and p; are positive constants. Clearly in the interior of R3+ we have
G(x)  pxPIxyP1zP2 +xP(p))yP1yzP? 4+ xPyPi (py)zP 17

li’ = =
(X) G(x) xPyPl 7P2

pxp_1XyplZp2 prlypl_lyZPZ Xpyplpzsz_lZ

P(x
( ) Xpypl zP2 XPyPl 7Pp2 Xpypl zp2

After simplifcation we have

W(x) = p=+p1>+pae (3.22)
X y 7
Substituting ([3.2) in ([3.22) we get
! M (1-q)z
P(x) = P;(x) [r(l -=)- wlz} +p1—(y) [s(l _ %) - ((1 _Q)q)y}
! baon(1—q)y
+P2Z(Z) [b1w1x+ 0=y °

Simplification gives us

1_2)_M]

¥(x)=p [r(l — i) _a)lz} +p1 |:S( I pp—

K
by (1—q)y _C}

m+(1-q)y

Then E3, E4 and Es exist, further there are no periodic orbits in the interior of

x —y plane, x — z plane and in the region R% of y — z plane.

Thus to prove the uniform persistence of the system, it is enough to show that

+p2 [b1w1X+
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¥(x) > 0 in the domain D of R} where
D ={(x,y,z) : x>0,y >0,z > 0}

for a suitable choice of p, p; and p; > 0.
That is the following conditions must be satisfied for the system to be uniformly
persistent.

(i) E0(0,0,0)

#(E) =p |11~ - 300~ ) - ]+
bos(1 - q)(0)
P2 pren (0 + 228

Which is simplified to the form
W(Eo) = pr+pis — pac

Here we note that by increasing p to sufficiently large value, ¥(Ey) can
be made positive.

Hence
$(Eo) = pr+pis —pac >0 (3.23)
(i) Ei(K,0,0)
wo-afr--mo]smfer- 0 S

[k 22000

After simplification we have

lP(El) = p1S+p2(b1le—c) >0 (3.24)
Whenever
bl(DlK >C
(iii) E»(0,L,0)
sl mfa ) 2w ).

o+ B
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Simplifying we get
-

e =pr i W— 01110 -gln]

Y(E,) = pr+p {L(l _mqi(l(’lza_’zq; (CL))_ Cm} >0 (3.25)
If

L(1 —q)(byw; —c) >cm
(iv) E3(K,L,0)
W(E) =p |11 - ) - n(0) 1 [s1 - ) - 22U
p2 {b1 o K + lr)rzlwz((l :2))11: — c}
Which is simplified to the form
W(E;) = p2b1oi K +p> {% - C]
W(E;3) = pabi o K+ p2 {L(l _mqi(l(’lzci’zq_) (CL))_ Cm} >0 (3.26)

L(b3wi—c)(1—q)—cm
() Ea(0,3,2) = (0. gyt bams | o |)

AT P M= O AP

cm 0;(1—q)z

Li—abi05—0)  m+ (1-0) =g g

lP(E4) =p [r(l —%) —(Dlz} +p; |s(l— +

b5 (1 Q)—*_C
p2 [b1w1(0)+ ) ba)2 )—C

( q) (1—q) b*a)zfc)

‘P(E4):p[r(1—§) @1byms [L( wz—C)(l—q)—CInHJr

L((1 —q)(b303 —c))?
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% L(blw;—c)(1—q)—cm
o em | 3 (1 q)bams | HETT N
1 - % ik - __cm
L(1—q)(bj; —¢) m+(1—q) (17q)f§§w;fc)

b33 (1 - ) g
P2 [b1w1(0)+ 22 (1-q)(b50;—¢) _C]

m -+ (1= ) rgrivges )

Simplifying and rearenging we have

L(1—q)(blw; —c) —cm” -0
L((1 -q)(b;@; —¢))?

(Vl) ES(X707Z) = (blca)l ’O’wL](l - b]th))

lP(E4) =p {I‘ — bzmS |: (327)

. C T C
W(Es)=p|r(1 - — o —(1—
(Es) pﬁ< o) o bm¢ﬂ+

Plls(l—%)_ @ (1- i?( ~ bk

=90 ]
+(

b
p41“mQ+ ~9)(0)

After simplification we get

wr(l —q) c
p1 {s i~ (1— blwlk) > 0] (3.28)

Theorem 3.6. In addition to inequality

c
" oK

let the hypotheses of theorem (3.2),(3.3/(3.5)) hold, and then the system ( is uni-

formly persistent if the following inequalities hold

_({-qL
m+ (1 —q)L

1—
> a)zr( q)(l— C
mag b](DlK

bz m1ms cm

i) bam o) Libawr o)

bio K+byan

)



Chapter 4
Conclusion and future work

In this chapter, conditions for existence of all the seven possible equilibrium
points (steady states) were established. It is found out that the first prey can
exist on its own or in the presence of the predator. The two prey species would
co-exist in the absence of the predator. The existence of the predator with ei-
ther the first prey alone or the second prey alone required that the proportion of
biomass of each prey specie converted into fertility (reproductivity rate) by the
predator must be greater than the quotient of natural mortality rate and the cap-
turing rate of the predator. The co-existence of all three species were discussed.

Furthermore, conditions for the local and global asymptotic stability of the
steady states were established , by choosing a suitable Lyapunov function and
differentiating with respect to time along with each solutions. Conditions for the
global asymptotic stability of the steady states E53 and Es were established. These
steady states would be globally asymptotically stable if the existing conditions
prevailed. The steady state E; , which is the existence of the predator with the
portion of, [(1-q)y], second prey alone, would be globally asymptotically stable
if the product of capturing rate and the conversion factor of the predator is
greater than the death rate of the predator.The global stability of the co-existence
steady state Es was stated in (3.5). Numerical investigation and validation of the
model with the real data would be considered in the future work.
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