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Preface i

Abstract

The squeezing and entanglement properties of light produced by non degenerate three-
level laser whose cavity contains two degenerate parametric amplifiers and coupled to squeezed
vacuum reservoir is analyzed using c-number langevin equation . Employing the c-number
Langevin equation associated with the normal ordering along the correlation properties of
the noise forces.We determined the quadrature squeezing (the quadrature variances of the
cavity and output modes as well as the squeezing spectrum of the output modes). Further-
more,using the criterion developed by Duan et al, the quantum entanglement of the cavity
modes and output modes are determined. The light produced by the system under consider-
ation exhibits squeezing and entanglement. It is observed that the degree of squeezing and
entanglement for the system under consideration increase with the amplitude of the para-
metric amplifiers and with the squeezing parameter of the squeezed vacuum reservoir. More-
over, the degree of squeezing of the cavity modes is found to be greater than that of output

modes.
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Introduction

Light has played a special role in our attempts to understand nature both classically and
quantum mechanically. Classically, light field consists of waves with well defined amplitude
and phase but this is not the case when we treat light quantum mechanically. The quan-
tum properties of light are largely determined by the well known quantum states of light; the
number state, the coherent state, the chaotic state and the squeezed state. Recent develop-
ments of technology greatly improved our ability to control individual quantum system and
realize the quantum properties of light. This has attracted a great deal of interest in studying

nonclassical features of light such as Squeezing and entanglement.

In squeezed light the noise in one quadrature is below the coherent-state level at the ex-
pense of enhanced fluctuations in the other quadrature, with the product of the uncertainties
in the two quadratures satisfying the uncertainty relation. Squeezed light has potential appli-
cations in low-noise optical communication and weak signal detection and can be generated
by optical devices such as parametric oscillator and by three-level laser under certain condi-

tions.

In three level lasers when the three-level atom makes transition from the top to bottom
level via the intermediate level two photons are generated. The two photons are highly cor-
related and this correlation is responsible for the squeezing of the light generated. If the two
photons have the same frequencies, the atom is degenerate otherwise is non-degenerate [3;

4, 5].

The squeezing of the light produced by three-level lasers with the atoms initially prepared
in a coherent superposition of the top and bottom levels have been studied by many autors

[9; 10]. These studies showed that a three-level laser under certain conditions can generate



squeezed light.

On the other hand, it is well known that a parametric oscillator is a typical source of
squeezed light with a maximum intra cavity squeezing of 50 percent [14]. It has also been
predicted that the presence of a parametric amplifier in the cavity of a three-level laser in-

creased the interacavity squeezing [15].

Quantum entanglement is a physical phenomenon which is created usually by direct in-
teraction between sub-atomic particles such as photons, electrons and molecules and then
separated. Before interaction each particle is described by its own quantum state. It is be-
lieved that the key ingredient of quantum information is entanglement which has been rec-
ognized as the essential resource for quantum teleportation, quantum decoding, quantum

computation and quantum cryptography.

Research in quantum entanglement was initiated by the 1935 paper [18] by Albert Ein-
stein, Boris Podolsky and Nathan Rosen describing the EPR Paradox and several papers by
Erwin Schrdinger shortly. Recently, much attention has been paid to the generation and de-
tection of continuous variable entanglement as it might be easier to manipulate than the
discrete counter parts, quantum bits, in order to perform quantum information processing.
On the other hand, the efficiency of the quantum information processing highly depends on
the degree of entanglement. Hence, it is desirable to generate strongly entangled continuous

variable state.

The two-mode squeezed state itself is an entangled state [17]. Recently, it has been shown

that the non-degenerate three-level cascade lasers can generate macroscopic entangled state.

Tesfa [19] has studied the squeezing property of the cavity modes produced by a nonde-
generate three-level laser applying the solutions of stochastic differential equations. He has
found that the two-mode cavity radiation exhibits squeezing if the atoms are initially pre-
pared with more atoms in the bottom level than in the upper level, and the degree of squeez-

ing increases with the linear gain coefficient.

Mekonnen [21] has studied squeezing and entanglement of light by non-degenerate three-
level laser with a strong driving coherent light and squeezed vacuum reservoir. He has found
that the squeezing and entanglement of the cavity modes will be higher for large values of
linear gain coefficient and the degree of entanglement is directly proportional to the degree
of squeezing of the two-mode light but the degree of entanglement for the output modes

will disappear for large values of linear gain coefficient. He also found that the two-mode



squeezed vacuum reservoir considerably increases the degree of squeezing as well as entan-

glement in the cavity.

Friew [22] has studied the squeezing and statistical properties of the light generated by
a non-degenerate three-level laser whose cavity contains two parametric amplifiers coupled
to a vacuum reservoir. He has found that the parametric amplifiers increase the degree of

squeezing.

In this M.sc thesis, we study the squeezing and entanglement properties of light produced
by non-degenerate three-level laser whose cavity contains two parametric amplifiers coupled
to a squeezed vacuum reservoir. Our analysis is carried out by deriving the master equation
in the linear and adiabatic approximation schemes for the non-degenerate three-level laser
whose cavity contains two degenerate parametric oscillators coupled with squeezed vacuum
reservoir. Using this master equation, we obtain the c-number Langevin equation associated
with the normal ordering and the correlation properties of the noise forces. Employing these
equations, we determine the quadrature squeezing (the quadrature variances of the cavity
and output modes as well as the squeezing spectrum of the output modes). Furthermore,
using the criterion developed by Duan et al. [25] the quantum entanglement of the cavity

modes and output modes are determined.



The Hamiltonian and Master Equation

In this thesis, we consider the non degenerate three-level laser whose cavity contains two de-
generate parametric oscillators with different modes. We first obtain the time evolution of the
density operator for the interaction between an atom and cavity modes, the down conversion

process and interaction between cavity modes and squeezed vacuum reservoir.
2.1 Non-degenerate Three-Level Laser

Here we consider a non-degenerate three-level cascade laser coupled to a two-mode squeezed
vacuum reservoir. In this system, three level atoms in a cascade configuration; where the top,
intermediate and bottom levels are denoted respectively by |a), |b), and |c) as shown in fig 2.1.
In addition, we assume the two modes a and b to be at resonance with the two transitions
|a) — |b), and |b) — |c), respectively and direct transition between level |a) and level |c)
to be dipole forbidden. Moreover, the cavity modes interact resonantly with the two mode
squeezed vacuum.This system is outlined in fig.(2.1) the interaction of the system with reser-

voir can be described by the Hamiltonian
H:ﬁ5+ﬁ53, (2.1)

where Hyg is the Hamiltonian of the system in the cavity and Hgp, is the Hamiltonian that
describes the interaction of the system inside the cavity and reservoir. In this case, Hg =
Hs, + Hs, with Hs, being the Hamiltonian describing the interaction of a three -level atom
with the cavity modes at resonance with the two transitions |a) — |b), and |b) — |c), which
is represented as;

Hs, = iglla) (bla — b¥[e)(b] — a'[b)(al + b)(c|?] 2.2)

and Hg, describes the down conversion processes.
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Fig. 2.1: A schematic representation of a non - degenerate three level laser with Parametric Amplifiers

and squeezed vacuum reservoir.

We take a three-level atom is initially in the state
¥4(0)) = Cala) + Celc), 2.3)

and the corresponding density operator can be written as

p4(0) = pQla)(al + 2 |a)(c| + 2 |c)(al + p2 ) (el (2.4)
where
Pl = 1Cal?, 0 = |C.)? 2.5)

are respectively the probabilities for the atom to be initially in the upper and the lower levels
and

PO =,k pl = c.cx 2.6)

represents the atomic coherence at the initial time.We note that

2= p0pl 2.7)

%
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2.2 Interaction between an atom and cavity modes

Suppose par(t,t;) is the density operator for single atom plus the cavity mode at time t, with
atom injected at time ¢; such that (¢t — 7) < t; < t. The density operator for all atoms in the

cavity plus the cavity mode at time t can then be written as
par(t) =14 ¥ par(t tj)At;, (2.8)
J

where r,At; represents the number of atoms injected into cavity in a time At;. Now convert-

ing the summation into integration in the limit At; — 0, we have
t / /
PAR(t) =Ta / par(t,t)dt (2.9)
t

—T

and on differentiating with respect to t and taking into account the Leibnitz’ rule

d @ , dy(z) dy () v@) 9 :
dix /u(x) f(l’ax )dx/ B f(x’ v) dg B f(x7u) dy * /U(:r) gxf(x7x )dw/
there follows
d . ) ) Lo, o
%PAR(t) =r4[par(t,t) — par(t,t — 1) + 74 1; apAR(t,t)dt (2.10)

we observe that p4r(t,t) is the density operator the cavity modes plus an atom injected at

time t. This operator can thus be expressed as
par(t,t) = pa(t)p(t) (2.11)

with 5(¢) being the density operator for the cavity mode alone. We also that p4z(t,t — 7)
represents the density operator for an atom plus cavity mode at time t, with the atom being

removed from the cavity at this time. This operator can also be put in the form of
par(t,t — 1) = pa(t,t —7)p(t). (2.12)
Now in view of Egs. (2.12) and (2.11), one can rewrite Eq. (2.10) as
d . . A . O
2;PAR() = 1alpa(t) = pa(t,t = T)]p(t) +7a | 5 par(t,T)dt (2.13)
t—r
the density operator involves in time according to the

0 . TEr A
EPAR(tvt,) = _Z[va pAR(tvt,)] (2.14)

so that using this relation along with Egs. (2.9) and (2.14), one can put Eq. (2.13) in the form

Span(t,t') = ralpalt) = paltst = )1o0) — iFr, par(t)] @.15)
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Furthermore, tracing over the atomic variables and taking into account the damping of cavity
modes by a squeezed vacuum reservoir [1], we have
d T Hr N+ Boasat — sata — atas
£p(t) = —iTralHp, par(t,t")] + 5(2apa —pa'a —a'ap)
n g(QBﬁBT — pbTh — bbp), (2.16)

where we have used the fact that
Tr(pa(t)) =Tr(pa(t—71)) =1, 2.17)

kis the cavity damping constant. Employing Egs, (2.2) the equation of evolution of the density

operator for the cavity modes can be put in the form

d . . o N o a s ay oA
%p(t) :[apba — Pba@ — aT/Oab + loabaJf + bpcb - pcbb - bepbc + Pbch]
K

T3

(2apa’ — pata — atap) + g(ZéﬁBT — pbTh — bthp), (2.18)

In which the matrix element
pap is defined by
Pap = (a|parl|B), (2.19)

with «, § = a, b, c. On the other hand, we next proceed to determine the matrix elements j,z3
involved in Eq.(2.15)
d . . .
g3 Pas =[ralalpa(®)|B) — ralalpalt — 7)IB)]A()
— i[{e|Hrpar®)|8)] + il{clpar(t)H|B)] — Ypas, (2.20)

where ~ is considered to be the same for all the three levels, is the atomic decay rate and the
last term in the above expression indicates the decay of atom due to spontaneous emission.
We assume that the atoms are removed from the cavity after they have decayed to a level other

than the intermediate or the bottom level [1] . Then we see that
{alpa(t —7)|B) =0 (2.21)
and hence Eq. (2.20) reduces to

e = 1alalpa(IO)P(0) — il Hrpan()| 3] + il0lpar )] — vpus. (222

Applying Eq. (2.22) and taking into account Egs. (2.2) and (2.4) one readily obtains
d

A~

%pab = g(&ﬁbb - ﬁaa& + ﬁacifr) - FYpAabv (223)
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<o = 9(bpec = prvb — @' pac) — Ve, (2.24)

d (0) 5
73 Paa = TaPoa P + 9(appa + pab@’) — Yhaas (2.25)

d (0) 5B — vp
dt pcc TaPec P — g(b pbc + pcbb) — YPcc; (2.26)

d 05 4+ a(bt 3. — posb) — v
%pac = TaPgc P + g(b Pobe — pabb) — YPac (227)

d N P 3 S Sy S N

P = —9(a' pap — bpep + Prad — Prcb") — vpuy (2.28)

we confine ourselves to linear analysis and this can be achieved by dropping the g terms
in Egs. (2.25), (2.26), (2.27) and (2.28) and applying the large time adiabatic approximation

scheme, we get
(0)

TaPaa -

Paa = Ps (2.29)
v
(0)
o TaPecc
poc = 2L (2.30)
Y
(0)
N TaPac
Pac = P Py (2.31)
Y
poy = 0. (2.32)

Substituting the above results into Egs. (2.23) and (2.24), we have

d Ta . .
T hab = I7a (00 pbt — p© pa) — Y pap, (2.33)
d . Ta 2 o . .
e = %(bpﬁ?p — atpl2p) — Ve, (2.34)

Using once more the large-time adiabatic approximation scheme, we easily find the

A gqr 2 A
Pab = ﬁ(ﬂé@pr + o) pa), (2.35)

Pre = g7 (0 Db — pVatp). (2.36)
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Finally, on account of Egs. (2.35), and (2.36), along with (2.18) the equation of evolution of

the density operator for the cavity interacted with the atom turns out to be

d 1 I A aon 1
p(t) ==Ap® (2bpbt — bTbp — pbth) + 5Apﬁf@)(zeﬁ pa — aalp — paat)

% 92 cc
+ g(%ﬁzﬂ —afap— pata) + g(%ﬁiﬂ — btbp — pbTh)
1 AP . 1 . . A
+ 5Apg? (pab + abp — 2bpa) + §Apg%) (pa'bt + atvlp — 24t poh). (2.37)
Where
A _ 2g22ra
ot

is the linear gain coefficient with v being the spontaneous atomic decay rate assumed to be

the same for the three-levels.
2.3 The down conversion processes

The pump modes treated classically, the two different parametric Amplifiers can be described
by the Hamiltonian
Hgy = ica(a2 — a) + iy (B2 — b1, (2.38)

where ¢, and ¢, are the amplitudes proportional to the pump modes and 4, &' and b,b' are
the annihilation and creation operators respectively. Using (2.38) the time evolution of the

density operator of the cavity modes can be written as

d ).

00 = eal@®p(t) — p(1)a” — " p(t) + p(1)al") + (1) — p(0)D* — BT p(1) + p(1)B] (2.39)

B}

This represents the master equation corresponding to the down conversion processes.
2.4 Interaction between cavity modes and squeezed vacuum reservoir

Here we wish to determine the master equation describing the interaction of the cavity modes
to the two-mode squeezed vacuum reservoir through the lossy single-port mirror. Now let
psr be the density operator for the system plus the reservoir in the interaction picture. We
can then write the time evolution of this operator as

dpsr(t)

T —i[Hs(t) + Hsgr(t), psr(t)]. (2.40)

In order to obtain the time evolution of the system alone, which we are interested in, we trace

psr(t) over the reservoir variables, that is, the density operator for the system

p(t) = Trr(psr(t)). (2.41)
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In view of this, Eq. (2.40) takes the form

dfsz) = —i[Hs(t), p(t) —iTrr[Hsr(t), psr(1))- (2.42)

Furthermore, a formal solution of Eq. (2.40) can be written as
t
psr(t) = psr(0) — 2/ [Hs(t') + Hsr(t'), psr(t’)]dt. (2.43)
0

So as to proceed further, we need to introduce a certain approximation scheme. To this end,
assuming here is a weak interaction between the system and reservoir, we can write approx-
imately valid relation jsr(t') = p(¢')R, where R is the density operator for the reservoir as-

sumed to be constant in time. Now applying this approximation, Eq. (2.43) becomes

psn(t) = p(O) B — i /0 st + Hsp(t)), () Bldt. (2.44)

In substituting this result into Eq. (2. 42), we get

C@f) = — i[Hs(t), p(t)] — i[(Hsr(t)) r, p(0)]

- /0 (Bsr(t) r. [Hs (), p(E)]]dF
- /0 t TrrlHsr(t), [Hsr(t'), p(t")R]]dt (2.45)

now consider a two-mode squeezed vacuum reservoir interacting with two cavity modes.

This interaction can be described in the interaction picture by the Hamiltonian

Hsp(t) =i An(@l Crelammt g o7 i@amewmlt 4§37\ Bt D, flvwn)t _ pDf ilen—enlt),

(2.46)
In which a and b are annihilation operators for the cavity modes with frequencies w, and
wy, Cy and D, are annihilation operators for the reservoir modes having frequencies w,, and
wn - Am and )\, are coupling constants between the cavity modes and the reservoir modes.

The reservoir mode operators satisfy the following properties:[21]

(Co)r = (Dp)r =0 2.47)

<émé;rL>R = <EmEZL>R = (N + 1)6mn (2.49)
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(CnCr)r = (Ch,CR =10 (2.50)
(DmDy)r = (DI DIV =0 (2.51)
(ConDn) g = M6, 2n0—n:(CT DIV g = M6, 2n0—n (2.52)
(CnDl)r = (Cl,Dn)r =0 (2.53)

where N and M characterize the two-mode squeezed vacuum, such that |[M|> < N(N +1). N
represents the mean photon number of each squeezed vacuum reservoir that constitute the
two-mode reservoir and |M | signifies the correlation between the two modes. The equality
|M|? = N(N + 1) holds for minimum uncertainty squeezed states, which is the case consid-
ered in this thesis. On account of Eq. (2.47), we easily see that (Hsr(t))r = 0. Hence, in view

of this result, Eq. (2. 45) reduces to

art) _ i[Hs(t), p(t)] - /Ot Trr(Hsr(t)Hsr(t' ) Rp(t')dt

t
+ / TT’R(HSR(t)Rﬁ(t,)HSR(t/))dt/ (2.54)
0

applying the Hamiltonian, Eq. (2.46), and Egs. (2.48), (2.49), (2.50), (2.51), (2.52) and (2.53),

we readily obtain

A~

—iTrr(Hsr(t) Hsr (R =[prata + paat + psab

+ praldt + pyba + pibtal + psbih + pebdi], (2.55)

where,
pi= =N Y X el e, (2.56)
pr=—(N+1)> A2 e iwemem)=) (2.57)

p3 =M Z AnXano—ne” @ wm)t —i(wa—twano—n)t (2.58)
n
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pa= MY Apdomo—me” o em)t milnmezmom)t (2.59)
ps = =N 3 A2¢ilrswa)t=t) (2.60)
ps = —(N+1) D A ierment=t) (2.61)

n

assuming the frequencies of the reservoir modes to be closely spaced, the summation can be
changed to integration over frequency. Then applying the Markov’s approximation [23] to the

resulting integral we find the following result:

Z A2 etiwa—wm)(t=t) — kio(t —t), (2.62)

m
in which k; = 2mg(w;)A?(w;), ( = a,b) is defined to be the damping constant for cavity mode
j with g(w;) being the density operator for the reservoir modes which is assumed to be at res-
onance with the cavity mode j. In our analysis, we assume that k, = k;, = k for convenience.

Therefore, on account of these results, Egs. (2.56), (2.57), (2.60), (2.61) take the form

p1=ps = —kNG&(t —t'), (2.63)

p2 =pe = —k(N +1)é(t —t), (2.64)
following the same procedure, it can also be established that
p3 = pa = KM(t —t'). (2.65)
Substitution of Egs. (2.63), (2.64)(2.65) into (2.55) yields

—iTrr(Hsr(t)Hsr(t')R = k[~ N(aTa+b'0)—(N+1)(aa’+bb")+M (ab+ba)+M*(aldi +bTah)]s(t—t'),
(2.66)
it then follows that

- / T (Hsg () Hsr () Ro(t) e =2[=N(alap+bbp) — (N + 1)(aals + b )
+ M(abp + bap) + M*(alvtp + blal p)), (2.67)
in a similar procedure, one can easily verify that
- /t 0 PV Trr(RHsR(¢)Hsp(t)dt :g[—NW i+ pbib) — (N + 1)(paal + pbd')

+ M(pab + pba) + M*(pa’vt + pbfaly), (2.68)
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furthermore, applying Eq. (2.46), we readily get

TreHsr(t)p(t ) RHsg(t) = — [prap(t')a’ + pea' p(t')a + psbp(t')al

+ psbp(t')b + pebT p(t")D], (2.69)
with the aid of Egs. (2.63), (2.64) and (2.65), we find
/t ' TreHsr(t)p(t ) RHgg(t)dt :g(N +1)(apa’ + bpd') + N(a'pa + bt pb)
— M (bpa + apb) — M* (bt pa’ + afpbh)), (2.70)
it can be established in a similar way that
/t ’ TraHsr()Rp(t) Hsr(t')dt! :S(N + 1)(apal + bpbt) + N(a'pa + b pb)
— M (bpa + apb) — M* (bt pa’ + afpbl)). (2.71)

Upon substituting Egs. (2.67), (2.68), (2.70), and (2.71) into Eq. (2.54), we obtain the master

equation for the cavity modes coupled to a two-mode squeezed vacuum reservoir to be

dp N ~ o ~n
d—f = —[Hg(t), p(t)] + gN(zaTﬁa —aatp— pad) + gN(%Tb —bbTp — pbbh)
+ g(N +1)(2bpbt — bThp — pbih) + g(N +1)(2apa" — atap — pata)
+ kM (pab + abp — bpa — apb) + kM*(patbt + atbtp — b pal — atpbt). (2.72)

To this end, on account of eq .(2.37), (2.39) and (2.72) the master equation for a non-degenerate
three-level laser, with two mode parametric amplifiers coupled to squeezed vacuum reservoir

can be written as:

d ~ N ~ N
£[)(t) = eqla®p— pa2 —al" p+ pal"] + e b2 — pb2 — b1 p + pbl]

1 . ar man n
(N +1)(2apal —atap — pata) + —[Apg? + k(N +1)](2bpb" — bTbp — pb'h)

1 e .
+ = (AplY + kN (24 pa — aatp — paal) + *KN(2bTb — bbTp — pbbT)

HI\’JM—‘I\D\ER

M
+ = (ApLO" kM) (pab + abp — 2bpa) + T(pab + abp — 2apb)

ac

=N

KM*
+ 2 (ApL) + kM) (patdt + atbtp — 2atpbt) + T(paTbT +afbtp—2btpat)y  (2.73)

\V)

where N = sinh?(r) and M = ¢*’ cosh(r) with r and # being respectively the squeeze pa-

rameter and phase of the squeezed vacuum, characterize the two-mode squeezed vacuum
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reservoir. On the other hand, k is the cavity damping constant, N and M are the reservoir

parameters are defined as

1
N =sinh?r = Z[e2r +e 2 — 9] (2.74)
T T T _ ,—T 1
M = coshrsinhr = [e 4_26 ][6 26 | = Z[ e, (2.75)

and the squeeze parameter r is taken for convenience to be real and positive [1] But for § = 0

and pﬁ? = ,051%)* the above equation is simplified to

d R R . “
ZAl) = 2ala®p — pa® — at’p+ pal"] + epb2p — pb2 — bt p + pbl]
1 o e man .n
+ g(N +1)(2apa’ —atap — pata) + 5[A,ogg) + k(N +1)](2bpb" — bTbp — pbTh)
1 1 PR .
| §(Apg‘33 + kN)(2a'pa — aatp — paa') + 5;-d\f(2b* b— bb'p — pbbl)
1 (0) - R AN I{M - RN AN
+ §(Apm + kM )(pab + abp — 2bpa) + T(pab + abp — 2apb)
1 . . . M, . . .
+ §(Ap§;;> + kM) (pa’vt + afvtp — 2afpbt) + %(p&*b* +afvfp—2bTpat)  (2.76)



c-number Langevin Equations

We next proceed to obtain applying the master equation, the c-number Langevin equations
associated with the normal ordering. The time evolution of the expectation value of an oper-

ator A in the schrodinger picture can be expressed as

d, . . dp
() =Tr( 7 A). 3.1)

Now taking into account (2. 76) along with (3. 1), one can write

d

~

Zp(t) =Tr <€a [62pa — pata — o' pa+ pal a) + ep[b2pa — pb2a — b pa+ pbt”a

+ g(N +1)(2apata — atapa — pataa) + %[Apg? + k(N + 1)](2bpb'a — b'bpa — pb'ba)
+ %(Apg?} + kN)(2a' paa — aa' pa — paata) + %mN(mST b — bbt pa — pbbta)

- %(Apg?) + kM) (paba + abpa — 2bpaa) + %(ﬁ&f)d + abpa — 2apba)

+ %(Apg? + kM) (pa'bta + ablpa — 2atpbla) + #(ﬁd*fﬂd +afblpa — 213T,3aTa)>.

(3.2

Applying the cyclic property of trace operation together with the commutation relations

[, a'] = [b,6"] = 1, (3.3)
[a,b] = [af,b1] = [a,bT] = [af,b] =0 (3.4)
and
[a2,a'] = 2a (3.5)
we readily find

Lla) = —2e4(a) — %(@ n E<bT> (3.6)
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where,

fa =k — AplY) 3.7)

aa

and

Vo =—Apl0. (3.8)

ac

It can also be established in a similar procedure that

d . A e Vi
—(B) = 2246 — E20) + 5 ), (3.9)
d oo 22 ar it
£<a ) = —2e4 — pa(a”) + V_(b'a) —4e,(a'a), (3.10)
d 2 2 AT i
T {0) = ~2ep — 1e(?) + Vi (alb) — dey (B7), (3.11)
d VE VL
@@T@ = —2e,((a!") + (a?)) — palata) + - (ab) %(eﬁw + Apl9 1+ kN, (3.12)
d or . . e VE VL
%dﬂb) = —2e,((b1") + (B2) — pe(BT) + 7+<db> + %(eﬁbw + KN, (3.13)
d i . stity — L atiy o+ Ly 4 Ly et
@@ b) = —2¢e,(ab) — 2ep(a'd") — 5/1(@ b) + §V7<b )+ §V+<a )s (3.14)
d . 41 a1 PR TR S
a(ab) = —2¢4(a'b) — 2ep(ab") + §V+ - §,u<ab> + §V+<a ay + §V_<b b) + kM. (3.15)

In Which

pa =k —Ap), pe =k + ApQ, V- = —AplD) v, = Ap)

aa cc ac ac

1
=2k + AP — pOn] (3.16)

cc’ — Paa

We see that Egs (3.6), (3.9), (3.10), (3.11), (3.12), (3.13), (3.14) and (3.15) are in normal order.

By taking @ — «, af — o*, b — S and b — %, the corresponding c-number equations

are
o1 L
$<a) = —2¢4(a’) — 5/1,(1(04) + EV_(ﬁ ) (3.17)
d 1 1
710 = —2ep(07) — Sue(B) + 5V (") (3.18)
i(a2> = 2, — pa{0?) + V_(B*a) — de,(a*a) (3.19)
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%<ﬁ2> = =26 — (%) + Vi B) — 4y (8" ) (3.20)

*

0 0% a) = —22,((0") +{0?) — pudaa) + (o) + = (o' + Ao + KN B2D)

dt
d * *2 2 * V—‘i V+ * ok
%W B) = —2ep((B" ) +(B7)) — ue(B*B) + 7<045> + 7(04 B*) + kN (3.22)
L (0" 8) = —2z{aB) — 240" F) — 2pla*B) + SVEFY + 2Vila®)  (3.23)
dta = —2e4{ap) — 2ep(x —2,uo< +2_ +2+a .

9 (0f) = —2z4(a"8) — 2ep(af") + Vi — splaf) + LVilaa) + LV (3) + M (320

On account of Egs. (3.17) and (3.18), One can write the c-number Langevin equations as

%a(t) _ ;uaa(t) + %ﬂ*(t) + fult) = 22007 (1) (3.25)
d _
CB() = SneB0) + Sat(t) ~ 225" (1) + (1) (3.26)

and the complex conjugate of Eq. (3.26)

%ﬂ*(t) = ;Ncﬂ*(t) + %a(t) — 2, 8(t) + f5(t), (3.27)

where f,(t) and f3(t) are the noise forces. The formal solution of these equations can be put

in the form
t
at) = a(0)eHat/2 1 / dt’e—#a(t—t’)ﬂ%v,ﬁ*(t’) —2eaa(t) + fult), (3.28)
0
t
Ig(t) — B(O)e—ﬂct/Q +/ dt/e—ﬂc(t—t’)/Q |:;V+Oé*(t/) - 2Ebﬂ*(t) + fﬁ(t/):|a (3.29)
0
t
ﬁ*(t) _ 6*(0)6*/1&/2 +/ dtlefﬂc(tft’)/2 [;Vja(t') _ QEbB*(t) + fﬁ*(t/):| ] (3.30)
0

We now proceed to determine the properties of the noise forces. We note that Egs. (3.17) and
the expectation value of Eq. (3.25) as well as Eq. (3.18) and expectation value of (3.26) will

have the same form provided that

{(fa(t)) = (f5(t)) = 0. (3.31)
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Furthermore, using Egs. (3.25) and (3.26) together with the relation

300 + (a2

d _da(t)
T atpu) = (2

it can be verified that

9 (0%) = —pal0?) + V. (8*a) — dzfa’a) +2a(t) ful)

comparison of this equation with Eq. (3.19) leads us to:

2(a(t) fa(t)) = —2eq

(@) fa(t)) = —ca

on account of Eq. (3.28) together with Eq. (3.35), we see that

t
—u —
2”4—/ dt'e 2"
0

—ca = ((0) fa(t)e

(3.32)

(3.33)

(3.34)

(3.35)

“*”[%v_ (B () o)) + (falt') fa(1)) + 2200 () (fa(D))]

(3.36)

taking in to account Eq. (3.31) along with the fact that a noise force at a certain instant does

not affect the cavity mode variables at earlier time, we have

/ LD () fa ) = —2a
0

now on the basis of the relation [1]

t - !
/ dt'e 5" CO((f(1)g(t') = D
0
we assert that
(f(t)g(t") =2Ds(t —t'),

where a is a constant and D is a constant or some function of time t.It then follows

(fa(t') fa(t)) = —2240(t — 1').
This can be written as

t t
/ dt' e Ha =21 (1) fo(t)] = —2 / dt'e 1= 5(t — t')dt'.
0 0

Similarly, we can easily establish that

(fa(t) fa(t)) = (f5(t") f5(t)) = —2e0(t — t).

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Furthermore,using Eq. (3.25) and its complex conjugate, we have

0% a) = —pala’a) + SV (@) + 2 Va5 + (0" (falt)) + (F2(0alh) — 22((0") + (0?)

dt
(3.43)
comparison of Eq. (3.21) with Eq. (3.43) show that
(fa®)a() + (@ (D) fa(t) = Apl) + KN (3.44)
now taking into account Eq. (3.28), (3.29) and the complex conjugate of (3.28), we find
¢ —Ha /
/ dt'e =" O fa ) + (Fa(D) falt))] = AplZ) + &N (3.45)
0
Assuming that
(falt) fa(t)) = (fa(t) fa(t) (3.46)
, we have
t
/ e 5 (20 falt)) = 5(Ap0 + 5N). (3.47)
0
In view of the property of the Dirac delta function, we have
t 1
/ FHo(t —t)dt = §f(t). (3.48)
0
Employing Eq. (3.48) in to Eq. (3.47) can be written as
t t
/ dt'e 2 O (£ fo () = / dt'e 2" (Ap0) 4 KNYS(t — t'). (3.49)
0 0
Then follows that
(Fa®fa(t)) = (£2() fa(t)) = (Ap) + sN)O(t — ). (3.50)
It can also be established in a similar fashion that
(f5()fa(t)) = (f5(t) fs(t)) = KNO(t — ¥ (3.51)
1
(fa(®)fs(t) = (fa(t) f5(0)) = (5V4+ + rM)S(t — ) (3.52)
(fa(t)f5(t) = (fa(t) f3(t)) =0 (3.53)

(f5) fa(t)) = (f5(t) fa(t') =0 (3.54)
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(fa®)fa(t) = (fa()fa(t)) = K(N + 1)é(t — 1) (3.55)

this results described by Egs. (3.31), (3.40), (3.42), (3.50) and (3.51)-(3.55) represents the cor-
relation properties of the noise forces f,(¢) and fz(t) associated with the normal ordering. We
next proceed to obtain the solutions of the coupled differential equations Egs. (3. 25) and (3.

26). Employing Egs. (3. 25) and (3. 26), we can write

d -1 1
d -1 1
SC(0) = - (ne £ 42)C(1) £ SV(OBa(t) + Fy, () (3.57)

In which we have taken

V=Vv* (3.58)
and
Bi=a+a* (3.59)
Cy=p+p3" (3.60)
Fry = fo % for (3.61)
Fp, = f3 =+ fs (3.62)

we write Egs. (3.56) and (3.57) in a matrix form as

d 1
T 2() = SMZL(t) + Fa(t) (3.63)
B
Z.(t) = +(1) (3.64)
Cx(t)
e £ 4e, +V
M= (3.65)
( FV He 4€b)

Fi(t) = (f o (t)) (3.66)
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=" " (3.67)
Y1 Y2

T (3.68)
Y1

T (3.69)
Y2

being the eigen vectors of the matrix M, Eq (3.63) can be written as

introducing a matrix defined by
with

and

d —1
—Zx(t) = 7viv;lzwvivﬂ;lzi(t) + Fi(t) (3.70)

multiplying both sides from the left by V.. !, we see that

d -1, _
a(VilZi(t)) = 5 RV YZo(t) + Ve FL(t) (3.71)
A 0
R=vilmMvy =" (3.72)
0 Dot

in which \;1 and Aoy are the eigen values of the matrix M. We note that Eq. (3.71) has a well

defined solution for A1+ > 0 and Ao+ > 0. The solution of this equation can be written as

— t — ’
VElZo(t) = Viez ROV 7, (0) + / ez By py (¢t (3.73)
0
from which follows
t
Zo(t+7)=Viea FOVIZ (1) + / Viez Be—"VV I R, (4 + 7)dr! (3.74)
0

we next proceed to find the eigen values and eigen vectors of the matrix M. Applying the eigen
value equation.

MViy = N1 Vit (3.75)

along with Eq. (3.65), we find the characteristic equation.
M — \i(pta + e £ 4eq + b)) + (o £4e0) (e £4e, + V2 =0 (3.76)

the roots of this quadratic equation are found to be

1
At = 5 (ua + pte £ 4(eq + &) + Vo — pe £ 4(eq — €1)2 — 4V2> 3.77)
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2
Taking in to account Egs. (3.7), (3.8), (3.16), and the relation

1
Aot = (Ma+uci4 5a+5b \/:U’a :U'Ci4 _€b>2 _4V2)

A0 =1

we have

1
At = 5(2& + An+4dey + xt)

1
Aot = 5(2& + Anp+t4eq — x4)

where

n=p—pl%

912 = 1p91p9]
0 _1+n

Pec 9

lp

1—n
oY ="

O] = Vi-n
5

and

lp

e =¢epte,

+ = \/A2n2 +e2 +8Ac_.

With the aid of Egs. (3.7), (3.8), (3.65) and (3.80), we have
(Afde_ +x£)r1 F2Vy1 =0
and taking into account the normalization condition:
iyt =1

we get
2V

xr1 =

V(AL de_ + x1)? +4V2

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)



23

(At4e_ + x+)
V(AEde_ + x1)? +4V?2

similarly we can also easily show that the elements of the eigenvector corresponding to Ao+

y1=7F (3.88)

to be
2V
T9 = F (3.89)
V(Atde_ — x1)?+4V?
Atde_ —
Yo = ( ( X:t) (390)
V(AE£de_ — x1)? +4V2
now substitution of Egs. (3.87), (3.88), (3.89) and (3.90) into Eq. (3.67) yields
2V - 2V
Ve — V(Atde_+x1)2+4v2’ V(Atde_—x1)2+4V2 (3.91)
+ = (A bya) (Adde_—x4) :
V(Atde_+x1)2+4V2’ \[(Atde_—x1)2+4V2
in which
Ki =A+4e_+ X+
and
Niy=A+4e_ — x4
So,
2V F__2V
2 ’ 2
vi=| V Ki;fw \/JJVVTW (3.92)

™ VEIFAV2T /NI 44V

and the inverse of the matrix V4 is found to be

1 Niy/K2 +4V2  £2V /K3 +4V?2
Vil = * - (3.93)
AWxs \ 1Ky /N2 +4V2 2V, /N2 4472

since Eq.(3.72) is diagonal matrix, we can write as

;1>\1:|:(T)
_ ez 0
e RO = ) (3.94)
0 e M2E(7)
-1 / 6771)\1:&(777—/) 0
e R(r—1") _ ) (3.95)
0 e%AQi(T*T’)
it then follows that
_ YiiT Wi,
ViezRrypl= [ 71F = (3.96)
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and

Vied By 1 _ ( Via(r =) Wi (7= Tl)) (3.97)

Wo, (1 =7") You(r—17)
Yii(r) = 2;([@@‘2“2*7 — Nype M) (3.98)
Yau(r) = Q;i(Nie;/\QiT — Kypez M) (3.99)
Wis(r) = ijx‘;(ez%ﬂ — ez MET) (3.100)
Wau (1) = ¢22>Zt(e‘z“2ﬂ — g3 MET) (3.101)
Yii(r—7) = 2;E(Kiez”2i<”’> — NyezMEE=7)) (3.102)
Yoir(r —7') = 2X1i(Nie_21’\2i(T_T/) — Kye? M=) (3.103)
Wis(r — 1) = j:;;‘:(e?hi“—” — e METT) (3.104)

2V
2x+
with the aid of Eqs (3.64) and (3.74) we see that

Was (7 —7') = Fo— (e 2 2207 _ g g Mt(r=7)) (3.105)

By (t) = Y14 (1) B+ (0) + Wi+ ()C+(0) + /0 t(Yli(t —t)Fo, (") + Wit —t")Fa, (t'))dt’ (3.106)

Cy(t) = Yoy (t)C1(0) + Woy (t)B+(0) + /Ot (You (t —t")Fp, (') + Was(t —t')Fo, (t))dt’ (3.107)

the explicit expression for o and ( is obtained by subtracting B_ from B and C_from C;

respectively.Hence,

alt) = 5 (Yi (1)a0) + Yy (1) (0) + Wi (1)(0) + Wy (£)5"(0) + Hy <t>) (3.108)
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B(t) = % <Y2+(t>5(0) + Y, (£)3%(0) + WoF (t)a(0) + Wiy (t)a*(0) + HQ(t)> (3.109)

where

m - | (ym YV alE) 4 Vi (= EVRE) 4 W () (e + W (t t’)fﬁ*(t)) dt
(3.110)

() = [ (Y;u V) + Yy (— €V F5) W — ) () + Wi (1 — t’)f;(t’))dz'

(3.111)
where
ViE =Y, £V (3.112)
ViE=Yo, £V (3.113)
Wit = Wiy £ Wi (3.114)

Wik = Way £ Wy (3.115)



Quadrature Fluctuations

In this chapter, we wish to determine the quadrature variances of the cavity modes as well
as the squeezing spectrum of the output modes employing the solutions of the c-number

Langevin equations and the correlation properties of the noise forces.
4.1 Quadrature variances of the cavity modes

Here we seek to calculate the quadrature variances of the cavity modes produced by the sys-
tem under consideration coupled to the squeezing vacuum reservoir. The quadrature opera-

tors for two-mode light are defined as [1]

ey = VEL(ET £¢), 4.1)
NS P
¢ = —z(a +0b). (4.2)
Using the commutation relation
[a,af] = [b,b1] =1 (4.3)
it can easily be shown that
[¢,¢T] = 1. (4.4)

The squeezing properties of a two- mode light are described by the quadrature operators

¢ =¢4 6, (4.5)

e =i(et —é). (4.6)
With the aid of Egs. (4.3), (4.4) and (4.5), one can readily verify that

64, 6_] =2i 4.7)
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a two mode light is said to be in a squeezed state if eitherAc; < 1 or Ac_ > 1 such that
ANcyNe_ > 1.

The variance of the quadrature operators are defined by:
A () = (E1(1)) — (ex(1))? (4.8)
applying Egs. (4.4) and (4.5), one can write (4.8) in the normal order as
A () =1+ (&2(t) + E(t) £ 26T () e(t) T (€1(t) + é(t)2 (4.9)

This can be expressed in terms of c-number variables associated with normal ordering as

A (t) =1 (3*2(1) +7°(8) £ 29" (t)y(1)) F (V" () £(1))? (4.10)

where ~(t) is the c-number corresponding to the operator ¢(t).

Introducing a new variable defined by
v (t) =" () £(1) (4.11)
Eqg. (4.9) can be rewritten as
A (t) =1 (A1) — (1£(6)%) (4.12)

the variance of the quadrature represented by the operators defined by (4.1) can be expressed

in terms of c-number variables associated with the normal ordering as

AG (1) = 1+ ((v(t),72(1)) (4.13)
where
= (o (B + B*() + o) + B(t (4.14)
fyi<>—ﬂ(a<>+ﬁ<> o) <>) .
with
A(t) = ;5@@ +B(t)), (4.15)

On account of Eq. (4.14), we see that

(v (t), (1)) Z%Ka(t), a(t)) + (B7(t), B7 (1)) + 2(a(t), B(1))
+ (a*(1), a(t)) £ (5%, B(t)) £ 23 (t), a(t))] + c.c, (4.16)
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in which c.c stands for complex conjugate. Using Eq. (3.31) and assuming that the cavity
modes are initially in a vacuum state along with the fact that the noise force at a certain time

doesn'’t affect the cavity mode variables at earlier time, we easily find
1
(o, ) = Z<H1(7§)I{2(t)>. (4.17)
Further employing Eq. (3.109) along with its complex conjugate, we have

(a(t), (1) Yﬁt—t VYt — ) falt') falt)) + Vi (E — Y (= ) (falE) S5(E))
+Y+<t YWt = ) Fa () f5(E")) + Vi (= YW (8 — ) falE) F5(E)

Y VY~ ) alt) + Yyt — Y (= ) () F2)

Vi (t — W — )L fa() + Yo (6 — YW (6 — ) S F5E)

W (E— )Y (= ) () fa(t)) + W (E— )Yy (= ) (fa(t) F5(E"))
F W — YW (= ) () fa(t) + Wi — £ (e — ) (Fa(E) F5(")

WL (= VY (= )3 Falt) + Wi (e — )Yy (= ) (F() F(E)

F W (= YW (E— )5 f()) + Wi (e — )W (¢ — )5 F3(0) |t

(4.18)

With the aid of Egs. (3.31), (3.40), (3.42), (3.50), (3.51), (3.52), (3.53)-(3.56), Eq. (4.18) can be

written as

1

(@00 = [ (FoaVH(E = O (= ) 4 Yy = 07 (0 1)

+ fas (Wi (t = YW (= t") + Wy (E =" )W (t = 1))
+ fara(YyT(E = )Y (t = ") + Y (¢ —t")Y]"(t = t"))
+ [ a (W (8 — )W (¢ — ") + Wy (¢ — )W (t — "))

SV~ )W () + W (= )Y (6~ 1))

+ (Y (=t YWt —t")+ W (t—¢")Y] (¢t — t”))> St —¢")dt'at”, (4.19)

where
faa = —2¢4 (4.20)
fﬁﬁ = —2¢y (4.21)

fara =AY + kN (4.22)
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faop = kN (4.23)

1%
fap = 5 + kM (4.24)

applying the properties of delta function, we see that

t
(o, a) :fjl"‘/o <Y1+2(t — )+ Y72t - t"))at

4

2a*a ¢ / - " /
- f4 /O(Yfr(t—t)Yl (t —t"))dt

2 fax t
s [ o= oWy (e = )ar

2f0¢ﬂ

t
+ fﬁﬁ/ (WPt — ') + W2t —t"))at’
0

+
t

+ / (Y Pt —OWirt ="+ Y (t =)Wy (t - t”)> dt’ (4.25)
0

again, we can rewrite Eq. (4.25) as

t et
(@, a) =Joe t fata 0‘/ Y2, (t — t)de 4 Joo " Jora ‘“/ Y2 (t — )t
2 0 2 0
t _f t
4 Jes+ 18 B/ W2, (t— )t + fas — fsp / W2 (1 — )t
2 0 2 0
t
s / (Vig (t — YWy (b — ) + Yi_(t— )W (t — )t (4.26)
0

employing Eqgs. (3.103) and (3.105) and then carrying out the integration, we get

t N2(1 — et K2(1 — ¢ Aatg AK+N.o(1 — Tas+ron)t
0 dxi i+ 4dxq Aot Axi (At + Aot)
t 2(1 — Mzt 201 _ e~ M2tg)  4V2(] — e3Miztren)t
/ W2yt — yar = VU e) VI ) AV e ) s
0 XTI+ X3+ X1 (A1t + Aox)
K VNL(1—eMEt)  VEK(1— e M25t)
Yie(t —tO)Wip(t —tdt =+
st = Wit = i = (2 R
—1
WIK. N)(1 — S (A1t+Ao4)t
C2V(Kp + Ny)(L—e ) (4.29)

2x3 (M 1+ + Aagt)
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on account of Egs. (4.27), (4.28), (4.29) and (4.26) takes the form

Kz(foza"‘fa a)+4v2(fﬁﬂ+fﬂ ﬁ)+4K+Vfaﬂ( 6)\2+t)

N2 2 (faa + fara) +4V2(f33 + fo-) + 4N+Vfaﬁ( _ Pty
8X+)‘1+
4K Ny (foo + fara) + 16V (f55 + farp) + 8K+ + Ny )V fus LAt ot
( 2( )t )
8xF (A1t + A2y)
K2 aa — Jo*ta 4 2 - —4K_ a
N 2 (faa — fara) + V2(fﬁﬂ fs5) VS 81— ety
8X_A2_
K2 aa T Jo*ta 4 2 - * —4N_ a
K2 (Joa = fara) + Vz(fﬁﬁ f5+8) Vf 51— Moty
8X Al_
_ 4K_N_(faa = fara) +16V*(fs5 — f5+5) — 8(K- + N- )Vfaﬁ( e O—tra ity
8X2 (A1- + A2-)
(4.30)
following a similar procedure, we also find
V2 (faa + fara) + N2 + + 4N,V £, _
(6. 8) = (foa + fara) . (J;BB fa5) + fﬁ( | — ety
X+ 2+
4 V2 Uaa + fara) + K3 Us + f5o) + 4N Vfag ) vy
8X+)\1+
16V2(f0¢0¢ + far Oé) + 4K+N+(fﬂﬁ + fﬁ 5) + 8(K+ + N+)Vf04,3( ;1 (/\1++)\2+)t)
8X3 (Ary + Aoy )
+ 4V2(faa — fara) + N2 (fﬁﬁ — a8 ) — 4N—Vf045(1 _ 6(f>\2,)t)
8x% (A2-)
4V2(faa — fara) + K—(fﬁﬁ - fﬁ*ﬁ) —4K_V fap (1— e—Al,t)
8X2_>\1,
_ 16V2(foea — fara) +4K_N_(f3 — fa5) — 8(K- + N—)Vfaﬁ(l _ 71(>\1 +A2— )t)
8x2 (A1— + Aa)
(4.31)
2
(o, B) = — 2VK 4 (foa + fara) + 2VN+(f,@ﬁ + fﬁ*ﬁ) + (Ke Ny +4V )fa,@ (1-— 6*)\2+t)

B 2VN+(faa + fa*a) + 2VK+(f56 + fﬂ*ﬁ) + (K+N+ + 4V2>fa/6

4 2VE-(Jaa = fara) + 2VN_(f55 = f5) = (K-N_+4V*) o5

\ 2VN_(foa = fara) + 2VE_(f35 — firp) = (K-N_+4V?) o

SXi A2t

1— -4t

8X1>\1+ ( ‘ )

AV (K4 + Ny (faa + fara) + 4V (Ey + Ny)(fap + faep) + 2(K3 + N2 +8V?) fag
8x% A1+ + Aay)

(1 — e A=)

8X+ AQ_

2 (1 — e_Al_t)
8X_A1_
4V(K_ 4+ N_)(faa — fara) +4V(K_ + Nf)(fgﬁ — fﬁ*g) - Q(KE + N2+ 8V2)fa6

_ (1—

8x2 (A1— + Aa)
(4.32)

(1—e

F s+t

F— A2
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(0", a) = 21K+ *(faa + fara) +8IVI*(f5 + fop) +4(KLV + N+V*)faﬁ( e 7 Cas A5
8x+ > (A2t + A3)
2\N+| (faa + fara) + 8[VI*(fss + fgp) + A(K4LV* + N V)faﬁ( T ATt
8IX+ [P (A1 + ATL)
_ 2K3 Ny (faa + fara) + 8IVI*(fss + foep) + 4(KLV + NyVF) fap (1 — eF ezt
8Ix+[2( A1t + A5)
2K Ni (faa + fara) +8IVI*(f55 + fep) + 4(NIV + K4 V) fap (1 — e FOisthaty
8IX+[2(AT4 + A2y)
 2|K_*(faa = fara) + 8[VI*(f3s — forp) — AKEV + K_V*)fag (1 — 7P t2500)
8lx—[*(A2— +A3_)
 2IN_P(faa — fara) + 8|V (fag — fep) — 4NEV + N_V*)fap (1= 30300
8IX—2(AT_ + A1)
2K N_(faa = fara) + 8|VI*(fos — forp) — A(KEV + N_V*) fag (1— T M-t
8Ix-[2(A1- +A5_)
L 2K N (faa = faa) + IV (o5 + fop) = ANV + K_ V") fas (1= PO +ho
8[x—[*(A]_ + A2-)
(4.33)
(3, ) = 8|V2|(faa + fara) + 2N+ *(f3 + f3+) + 2(NIV + N+V*)focﬁ(1 e Car g
8’X+|2()\2+ + >\2+)
8|V| (faa + fora) + 2| K42 (fop + forp) + 2(K1V + K4 V* )faﬁ( o Ous N
8‘X+| ()‘1+ + )‘1+)
_ 8|VP(faa + fara) + 2K NE(fap + foep) + 2(K4V* + N*V)faﬁ( o Otz

8Ix+12(A1g +A5y)
8|V| (faa + fa a) +2K7% NJr(fﬂﬁ + fﬂ ,3) + 2(K*V + NJrV*)foaﬁ

(1

8Ix+12(AT4 + Aay)

8V (faa — fara) + 2IN_*(fap — fp-5) — 2(N2V + N_V*)fap
8Ix—[2(Ae— + A5)

B 8|V‘2(faa — fara) + 2|K—| (fﬂﬁ fa ﬁ) —2(K*V+K_V* )fozﬂ
8[x—[*(A1— + AT)

o8IV fan = fara) &+ 2K_N*(f35 = fip) = 2KV + N*V)fug
8Ix-2(A1- +A3)

. 8‘V‘2(faa — fara) + 2K N_(fss — fa-p) — 2(K*V + N_V*)fag(

8IX-[*(A1- + A2-)

(1—e
(1—e
(1—e

e (AI++>\2+)t)
_71(>\27+>\§7)t)
*71(,\1,+x;_)t)

ZHu- Azt

_ 6_71(/\T_+)\2—)t)

(4.34)
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<Oé*,5> -

AKLV (faa + fara) + ANLV* (f55 + fg5) + 20K Ny + 4[V]?) fag

(1— 6%1(/\§++>\2+)t)

ANTV (foa + fara) + 4KV (f35 + fo5) + 20K N + 4|V]*) fap

8Ix+[* (A2t +A34)

—1 *
1— €T(>\1++>\1+)t
S POhs T AL ( )

o KLV oo + fara) + AKV* (g + fip) + 20K + 4V fap

4N1V(faa + fara) + ANV (fp8 + fpep

-1 *
1 — e QetAz )t
8[x+[2(A1it + A3 (1=e? )

+ 2(|N4 > + 4’V|2)fa6(1 _ 6‘71(/\*;++A2+)t)

4K*

V(foa — fa*a> + 4N—V*(fﬁﬁ - fﬁ*

_ 4Niv(foza - fa*a) - 4K*V*(fﬁﬁ B fﬁ*

(1— e%l(A§++/\2+)t)

)
+)

)
8Ix+2(A\Ty + Aat)
)
8Ix-[2(A- +A3.)
)

— 2(K*N_ +4|V|?) fap

2(K,Ni+4|V|2)faﬁ<1_ Tty

4K*
+

8x—[? (A1 + A1)

V(faa = fara) +AK_V*(f55 — f-5) — 2(| K-> + 4|V |? faﬁ( I

(
8[x—[*(A1— + A3

_ Ao

)
ANV (faa = fara) + 4N_V*(f55 — fg5) — 2(N-|> + 4!V|2)faﬁ(1 —eT A
(AT )

8lx—|?
(4.35)

now substitution of Egs. (4.30), (4.31), (4.32), (4.33), (4.34) and (4.35), and the complex con-

jugate of Egs. (4.32) and (4.35) into Eq. (4.16) at steady state leads to

()£, () %) =

(K+=2V)2(faatTfara) H(N+ —=2V)? (fa+Fa+5)—2(K+ —2V) (N4 —2V) fop

16x3 Aot
4 (N4 —=2V)?(faatfara) K+ =2V)?(fap+far 3) —2(E 4+ —2V) (N4 —2V) fap
16x3 A1t
4 (K4 —2V)(NL—2V)((faatFara)+(fas+Fax5))— (K4 —2V)24+(N4y—2V)2) fug
16x2 (A1 +A24)
(k—4+2V)?(faa—Fara) +(K-4+2V)2(fgp—F5+5)—2(K_+2V)(N_+2V) fup
16x2 Ao
T (N=+2V)2(faa—Fara) +(N=+2V)?(fo5—f5+ g) —2(K—42V)(N-+2V) fup
16x2 A 1—
4 (K*+2V)(N7+2V)((faa—fa*a)""(fﬂﬁ_fﬁ*ﬂ))_((Kf+2V)2+(N7+2V)2)faﬁ

16x2 (A1—+X2-)
j:‘K+ 2V (faatfarat N+ =2V > (fap+faxg) = (K1 —2V*) (N4 =2V)+ (N1 —2V*) (K4 —2V)(fas
8x+ 2 (/\*++)\2+)
i\NJr—?Vl (faatfaxat| K+ =2V (fap+far3)— (K1 =2V*) (N4 —2V)+(N1 =2V *) (K4 —2V) (fap
8X+|2(/\T++)\1+)
q:2(Ni—QV*)(K+—2V)((faa-&-fa*a)-f-(fa;H-fg*,@))—(|K+—2Vl2)+(|f\f+—2V|2))fc«ﬁ
8Ix+12 (A4 FA2+)
q:2(1(*—2‘/*)(1\7+ 2V)(faatfara)+(Fastfap) —(1K+ =2V *)+(IN4 =2V |?)) fap
8x+2(M++A5,)
|K—+2V| (faa—Ffara) FIN=+2VI* (f35—fp+p)—(K* +2V*)(N—+2V)+(Ni+2v*)(K—+2V)faﬁ
8IXx—[P(A5_+A2-)

¢uv_+2v| (faa—Ffarat2| K- +2V[2(fap—Ffa+5)— (K= +2V*)(N_+2V)+(N* +2V*)(K_+2V)(fap

SIx— PN _+Xx1-)
o (KX 42V (N 42V)(faa—fu a+(fﬁﬁ F5ep)) = (K- 42V)2 +(N-+2V)*) fap
8- P (N _ A2 )
(V2 42V YK 42V (faa—fara b2 fa—Fe) (K 2V )+ (N 42V))fuy
8IX—2(\i—+A5) rec
(4.36)

+2
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Eq. (3.72) can have a well defined solution if A1+ > 0 and A2+ > 0. Taking into this condition,

we have
Ky =K}
Ny =N}
X+ = X%

in view of this Eq. (4.36) takes the form

(1 :l: 1) (K+_QV)Z(faa+fo¢*a)+(N+_QV)2(f6ﬁ+fﬁ*ﬁ)+2(K+_2V)(N+_Zv)faﬁ

8[x+[F A2
1+ 1) (N1 =2V)2(faatfora) + KL —2V)2(faa+fax5)+2(K 1 —2V) (N4 —2V) fog
8x+12A14
(1 1) K22V oot far o)+ s e s UK —2V P+ (N —2V)2) s
(Y(t) £, () %) = . She "+ 20
(1 7 1) B2V oo N 42V g~ i) 242V ) N2V o
(N_+2V)2 (faa— fara)+(K +2§‘/>)<2_(|fﬁ?;:fﬁ*ﬁ)—2(f( F2V)(N_+2V) fu
+(1¢1)( ) ) )8‘264%7 -I( )2+ ( 2]
K_+2V)(N_42V)[(faa—fara)+(Fas—Fax )]~ [(K—+2V)2+(N_4+2V)2] fop
—(1¥1)4 8Ix_2(A\i—+X2—)
(4.37)

hence on account of Eq. (4.37), (4.13) takes the form

(1+1) (K4 —2V)? (faatFfara) T (N4 —2V)? (fap+F5+ 5) +2(K 4 —2V) (N1 —2V) fas
8lx+ [P A2+
+(1+1) (N4 =2V)2(faatfara) F(K+—2V)2(fas+fae 5)+2(K 4 —2V) (N4 —2V) fus
81X+ 2 A1+
—(1+ 1)4(K+_QV)(M‘2‘/)[(faa+fa*a)+(fza,e+fa*5)]+[(K+—2V)2+(N+—2V)2]fa5
Aoy =1+ 2 e e (4.38)
+(1 ¥ 1) (K_+2V)*(foa—fa*a)+(N_+2V) (];’B)\ﬁ_f@*ﬁ)_%K*+2v)(N7+2V)f&5
(N—+2V)?(faa—Ffa*a) H(K +2§|/))<27(|ff};7f «5)—2(K_+2V)(N_+2V) fug
+(1¥1) ST 8*3
7(1 ¥ 1)4(K_+2V)(N_+2V)[(fo¢a*fa*a)+(fﬁgffﬁ*ﬁ)]7[([(_+2v)2+(N_+2V)2}faﬁ
8Ix—[2(A1—+A2-)

using eqs. (3.80)-(3.85) we obtain

X4 = \/A2772 + (e’;‘a — Eb)2 + 8A<6a — Eb)

1
A+ = 5(2& + Ant4(eq +ep) + VA2 + (54 — )2 £8A(eq — 1))

1
Aot = 5(2/—; + An+4(eq + &) — \/A2n2 + (eq —€p)? £ 8A(eq — 1))

again from Egs. (3.7), (3.8) and (3.16), we get
Ha + pre = Kk — AplQ) + r+ Apl) = 25 + A(p) — p)) = 2k + An

fa — pte =k — ApY) — (k+ ApY) — A(p{ + pV) = —A
A1 —n?
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and
VA1 —19?
=

2
similarly using Eqgs. (4.20)-(4.24), we obtain

fﬁﬁ + f,g*/g = —255 + KZN
and

/1 — n2
‘417?7_’_,%]\4

faﬁ: 4

A
faa £ fara = =264 = 5(1 —n) £ kN

using the expression between Egs. (3.92)-(3.93), we obtain

Ki=A+4(cq — ) + V/A202 + (e4 — €3)2 + 8A(cq — &p))

Ni=A+4(eq —ep) — VAR + (cq — p)2 — 8A(eq — €3))

on account of this we readily obtain

(Ki£2V)=A+4(cq —ep) + VAN + (e4 — €3)2 £ 8A(eq — &3) £ AV/1 — 12)

(Ni £2V) = A+4(e, —ep) — VA202 + (64 — 3)2 £ 8A(e4 — £3) + AV/1 — 12

using the above relations, the simplified form of eq. (4.38) for the plus quadrature when ¢, =

€p can be written as;

At o (AL =V 20l L)

1
Aci_ =1 + W |:(—2€a +

2 K+ 2(eq +€p) K+ An+ 2(eq + &)
2L =1 = 1-=9% 20+l - 1-7n?
-2 N
+(=2e 45 )< k+2(eq +€p) K+ An+ 2(eq + €p)

+4(1_n2_ﬂ)(AVl4_”2+ﬁM)< ! 4 ! )

k+2(eq+ep) K+ An+2(eq +ep)

16 A
_ 2k 4+ An +4(eq + €p) <(1 - 772 — M)(—Ea —&p+ Z(l — )+ kN)
Lo VIm MM))] ”

this represents the the quadrature variances of the cavity modes for a non-degenerate three-
level laser whose cavity contains two parametric amplifiers coupled to a two-mode squeezed

vacuum reservoir.
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Sgueezing of the cavity modes for different values of parametric amplifiers

Fig. 4.1: Plots of the quadrature variances [Fq.(4.39)] versus n for A=100, x = 0.8, r= 0.6 and for, ¢, =

ep = 0.6 (solid curve), e, = ¢, = 0.4 (dotted curve), and ¢, = ¢, = 0.2 (dash-dotted curve).

From fig 4.1 we easily see that squeezed light can be produced by the system under consider-
ation. Moreover, the minimum value of the quadrature variance is found to be Ac?. = 0.05731
and occurs at ) = 0.1. This result implies that the maximum intracavity for the given values is
94.27% below the coherent state level. The degree of squeezing for the system under consid-

eration increases with the amplitude of the parametric amplifiers.

Moreover, the squeezing of the cavity modes increases as the parameter r in the squeezed
vacuum reservoir has increased.

We next consider the special case in which the parametric amplifier is removed from the cav-
ity. Thus up on setting ¢, = ¢, = 0 we get from Eq. (4.39) that

Al —n)(2k + 240+ A) — 24%°N N AT =226+ An+ A+ 2A(N ¥ M)]

2[(2k + An)*(N £ M) + A%2(N ¥ M) (4.40)
2(k + An)(2k + An) '

this is quadrature variances of the cavity modes for a non-degenerate three-level laser whose

cavity is coupled with a two-mode squeezed vacuum reservoir.
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Squeezing of cavity modes for different values of squeezed vacuum reservair parameters
I:Id T T T T T T T T

0.35

0.3

0.25

0.2

01aF

0.1

I:II:IE 1 1 1 1 | 1 1 1
0 0.1 0.z 0.3 0.4 0.5 0.6 0.7 0.3 0.4

Fig. 4.2: Plots of the quadrature variances [Eq.(4.39) versus 7 for A=50, x = 0.8, ¢, = &, = 0.6, and for,

r = 0.4 (solid curve), r = 0.2 (dotted curve), and » = 0 (dash-dotted curve)

4.2 Quadrature variances of the output modes

The squeezing properties of the output modes are described by quadrature operators:

P = VAL £ Cout), (4.41)
. 1 . A
Cout = E(aout + bout) (442)

From Egs. (4.41) and (4.42) one can obtain

Ny = 1 (e (), e ). (4.43)
SO, Eq. (4.43)can be written in the normal ordering as

N = 1 (e (), 63 ). (4.44)

This can be expressed in terms of c-number variables associated with normal ordering as

AR () = 1 (72 4341 (4.45)
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where ~(t) is the c-number corresponding to the operator ¢(¢).
Introducing anew variable defined by
V() = Vs — (4.46)
Eq.(4.45) can be rewritten as
A . ; . 2 ,
A& ou(t) = 1+ kAL £ (44 — k(1 £ ﬁm, VD) (4.47)
where
(12,7 s = VE(M £ N), (4, 7) = 2(N + M) (4.48)
hence on account of these two equations, we obtain
Ay = kA + (1—k)(1+2N +2M) (4.49)

the first and second terms on the right side of Eq. (4.49) represent the quadrature variances of

the transmitted cavity modes and reflected input modes. Similar to the cavity modes, the out-

put modes are squeezed for the plus quadrature for which the simplified form of Eq. (4.49)

will take the form,

8 =t e 50—+ (DR VA 20 V)

2(1 =n)[1 = /1 =907 +2(1+77)[1—v1—n2])

-2 N
+ (=2 +x >< K+ 2(eq +ep) K+ An+ 2(eq + €p)

K+ 2(eq + €p) K+ An+ 2(eq + €p)

= - VIR (g

+
K+ 2(eq + €p) /{—I—An—l—Z(ea—l—sb))

16 <(1_n2_M)(_Ea_gb+i(l—n)+nN)

2%+ An+4(eq + £p)

+(1— M)(AVZ_”Q + /@M))] + (1 —k)(1+2N +2M)

(4.50)

From this we easily see that the squeezing of the cavity modes is greater than the squeezing

of output modes.
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Sgueezing of the cavity and output modes

1 T T T T T T T T

0g9 squeezing of the cavity modes

-------- squeezing of the output modes

0.5

Fig. 4.3: The graph of the quadrature variances for the cavity modes [Eq.(4.39)] and output
modes|Fq.(4.50)]versus n for A= 100, k = 0.8, r = 0.4 and for e, = ¢, = 0.6 (solid curve)

and (dotted curve) respectively.

4.3 Squeezing spectrum of the out put modes

The squeezing spectrum of the out put modes can be expressed in terms of c-number vari-

ables associated with the normal ordering as
S (w) =1+ 2R, / dret@mwe)T (yqul yQut(t 4 1)), (4.51)

where the subscript ”ss” stands for steady state. Taking into account the input-output relation

V() = Ry (t) — A (), (4.52)
and the fact that
(V)55 = (VI (E+T))ss = (v Oy )V +7))ss = 0, (4.53)

we can write

S (w) =1+ 2kR, / dre @0 (i (E 4 7)) s, (4.54)
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We next proceed to obtain the explicit forms of the two time correlation functions involved in

Eq.(3.54).0n account of Eq.(4.2)

(2 (), vt + 7)) ss :%(m(t), a(t +7))ss + {alt), 5t +7))ss + (B(1), alt + 7)) ss

+(B(), Bt + 7))ss £ (@™ (1), lt + 7)) ss £ (B7(1), 2t + 7)) s

+ (a(t), Bt +7))ss + (B(1), Bt +7))ss) + C.C (4.55)

taking into account A\; = A}, Eq. (3.55) turns out to be

(Vs v (8 +7))ss =((a(t), alt + 7))ss + ((t), B + 7)) ss + (B(E), a(t +7))ss
+(B(), B +7))ss £ (a7 (1), alt +7))ss £ (57(8), 2t +7))ss
£ (a(t), B (E+7))ss + (B(), Bt + 7))ss)- (4.56)

Moreover, in view of Egs. (3.109) and (3.110), we see that
1
a(t+71) :5{3/1*(75 +7T)at) + Y] (t+ 1) (t) + Wi (¢ +7)B(t) + Wy (t+7)5%(t)

+ Hi(t+71)} (4.57)

ﬁ(t + 7’) = %{Y;_(t + T)ﬁ(t) + Y2_(t + T)ﬁ*(t) + W;_(t + T)Oz(t) + W2_(t + T)Oé*(t)
+ Hy(t + 1)}, (4.58)
where
Hi(t+7) _/OT{Y1+(T Vb T Y (= ) T

+ W (r =7 fst+7 )+ Wi (r =7 ) f5(t+7 )t (4.59)

Hy(t+7) = [ {0 = )t +7) + Y5 (=73l + 1)
0
WS (r =TV falt+7 )+ Wy (1 — 7 ) fE(t+7 )}t (4.60)
with the aid of (4.57) and (4.58), we have

{a(t), at +7))ss :%{Yf(ﬂ(a(t)a(t»ss + Y (T)(a" (t)a(t))ss + Wi (7) (@(8)B(1)) ss

+ Wi (T){a(t)B"(t))ss + (a(t)Hi(t + 7))sst, (4.61)

(a(t), B(t +7))ss :%{YJ(T)(Oﬂ(t)ﬂ(t»ss + Yy (T){a(t)B(1))ss + Wy (T){a(t)o(t))ss

+ Wy (T){a(t)a*())ss + ((t)Ha(t + T))ss}, (4.62)
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(Bt), a(t +7))ss :%{Y1+(T)</8(t)a(t)>ss + YT (B (1)) ss + WH(T)(BE)B())ss

+ Wi (r)(B()B™(#))ss + (BE) H1(t + 7)) ss (4.63)

(B(t), Bt +7))ss Z%{iff(ﬂ(ﬁ(?ﬁ)ﬁ(t»ss + Y5 (M(BE)B(8))ss + Wy (T)(B(t)ax(t))ss

+ Wy (T)(B() ™ (1)) ss + (B() Ha(t +7))ss} (4.64)

(@(t), at +7))ss :%{Yf(7)<a*(t)a(t)>ss + Y () (@ (e (t))ss + Wi (7){a” (1) (1)) ss

+ W (T){@ ()87 (1))ss + (o™ () Hi(t + 7))ss} (4.65)

(B7(), alt +7))ss :%{Y1+(T)<ﬁ*(t)a(t)>ss + Y (T)(BT ()" (t))ss + Wi (T)(B"(£)B(t)) s

+ Wi (r)(B* ()8 () ss + (B (&) H1(t + 7))ss} (4.66)

{(t), B7(t +7))ss Z%{YJ*(T)(a(t)ﬁ*(t»ss + Y5 (1) {a(t)B())ss + W5 (T){a" (t)au(t)) s

+ Wy (T {at)a(t))ss + () H3 (t + 7))ss} (4.67)

(B(8), 5°(t +7))ss Z%{YJ*(T)(ﬁ*(t)ﬁ(t»ss + Y, H(T(B)B(E))ss + W™ (T)(B(H) " (£))ss

+ Wy (r)(B(t)eu(t))ss + (B)Hz (t + 7))ss} (4.68)

so that combination of Egs. (4.56) and (4.61)-(4.68) yields

[

(Ve (), 7 (t+ 7))ss =52 (V7 (7) + W (1) £ Y7 (1) £ Wy (7))

[\
—

+ 5y (W (1) + Y57 (1) £ W (1) £ Y5 (7))

2
+ 2 (Y51 (r) + V() + W5 () + Wi (1)
£ s (V3 (7) + Y7 () + Wy (r) + W (1) (4.69)
where
pa = (a()alt))ss £ (@ (E)a())ss, (4.70)
ya = (BOBD)ss = (5 (DB, (4.71)

2 = (a(t)B(t))ss £ (@ (£)B(1)) ss- (4.72)
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On account of Egs. (4.30), we can write as

K3 (faa £ fara) +4V3(fa3 £ fae8) + AKLV fop N N2 (faa & fora) +4V2(fa + f3e5) + ANLV fos

T4 = 4th)‘2:|: 4X3t)‘1+
_ 4K Ni(fao & fara) + 16V (f35 + f5) + 8(Kx + N+ )V fag @.73)
X3 % (Aox + i)
" :4V2(faa =+ fa*a) + Ni(fﬁﬁ + fg*ﬂ) + 4Nina/g n 4V2(faa + fa*a) + Ki(f,@ﬁ + fﬂ*ﬁ) + 4Kinaﬁ
4X3:/\2:|: 4X3|:)\1:t
. 16V2(faa + fa*a) + 4KiNi(fﬁﬁ + fﬁ*ﬁ) + 8(Ki + Ni)vfaﬁ (4.74)
X4 Ao+ + A1)
P :K:Zl:(faa + fa*a) + 4V2(fﬁﬁ + fﬁ*ﬁ) + 4K:tvfaﬁ + Ni(faa + fa*a) + 4V2(fﬁﬁ + fg*ﬁ) + 4N:|:Vfaﬁ
Ax3 Ao AxE A+
. 4K:|:N:I:(faa + fa*a) + 16V2(f55' + fﬁ*ﬂ) + 8(Ky + Nj:)Vfaﬂ (4.75)

X2 (Mot + Ait)

so that combination of Egs. (4.73), (4.74) and (4.75) in Eq. (4.69) we can write as

(Y (), £t + 7)) ss =22 [(1 £ D (YV14:(7) + W (7)) + (1 F D) (V1-(7) + W (7))]
+y£[(1£ Wiy (1) + Yor (7)) + (1 F (W1 (7) Y2 (7))]

o [(1£1) (e 22+ e 2M+) 4 (LF 1) (e 2% + e 2M-")] (4.76)

in view of Eq. (3.99), (3.100), (3.101) and (3.102), Eq. (4.76) becomes

(24 (K4 = 2V) =y (Vg —2V) + 2y+X+)67%,\2+T

<’7:t(t)7’7:t(t + T))ss :(1 + 1)

2x+
S (141) (@4 (N4 = 2V) =y (B —2V) + 294 X+) 15,
2x+
_ 1) (@ (K- +2V) —y-(N- +2V) +2y-x+) _1,, .
2x—
—(1F1) z-(N-+2V) - y; K- 2V) F29-x4) - (4.77)
X—

substituting Eq. (4.77) into Eq. (4.54),we have

> Ky —2V) -y (Ny —2 2 Ay —2i(w—w0))T
S¢*(w) =1+ 2HR6/ dr ((1 o 1) s = 2V) y;( + 7 2V) 2 xy) SCaemlemen
0 X+

(24 (Ny —2V) —yy (K4 —2V) + 2y x4) ~Cagp=2imwO)r

— (141 e
(14 1) o
— —(Ng_ —2i(w—w0))T
0= 1)(33_(K_ +2V) —y_(N_+2V) +2y_X+)€ 2= =2i(0=wo
2x—
(N +2V) —y_ (K- +2 2y_ — (- —2i(w—w0))T
_agnla=N-+2V) y2>(< +2V) +2y x+)€12> 4.78)
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performing the integrating and taking real of the above equation gives

Ky =2V) —ys (Ny —2V) + 2y, x4
SO (o) —1 4 (1 £ 1)2mhg, "
Fw) =1 (£ 1230, 2 0%, + 4w — w0)?)
e 1)2K>\1+$+(N+ —2V) =y (K4 —2V) + 2y x4
X+(M, +4(w —wp)?)
T (K_+2V) —y_(N_+2V) + 2y_x+
— (1 F1)26Ag
(LF 12k O3 T 4w —w0)?)
T (N_42V) —y_(K_+2V) +2y_x+
T (1F1)26A
(1F 125k 7 T 4w —w0)?)

(4.79)

for w = wy, Eq. (4.79)turns out to be

SiUt(W) =1+ 4(1 + 1)$+(K+ — 2V) — y+(N+ — 2V) + 2y X+
2X+ A2+
S+ 1)$+(N+ —2V) =y (Ky —2V) + 2y, x4
2X+ A1+
T (K_42V)—y_(N_-+2V)+2y_x4+
2)(_)\2_

C(N_+2V) —y (K_+2V) +2y
s ) ny_(Al_ )+ 2y-x+ (4.80)

-(1F1

following the same procedure, as Eq. (4.39) the squeezing spectrum of the output modes for

the system under consideration when ¢, = ¢, at steady state can be written as
S (w) =1+

1 A 2 1 + /1 —n?

3[(—2ea+ L4+ V) (2 AEntvVizn),

n 2 k+2(eq+ep) K+ An+2(eq + €p)

( 1+n 1—n B 16(1 — n?) >

kK+2(eqs+ep) K+HAn+2(es+ep) 26+ An+4(eq +ep)

(o2 +HN)(1+77+\/1—772)< 1—n 1+7n N 404/1 —n? )

b Kt 2(ca+ep)  \K+2(Ea+5) K+ AN+ 2(cq +ep) | K+ An+ A(eq + )
Ay/1 —n? 1+n++1—n? V1 —n? 24/1 —n?

+ (———— + KM)( +

4 K+ 2(eq + €p) k+2(eqs+ep) K+ An+2(eq + &)

(4.81)

)

K+ An+4(eq + €p)

this is the expression describing the squeezing spectrum of the output modes for a three level

laser whose cavity contains parametric amplifiers coupled with a squeezed vacuum reservoir.

From fig.4.5 we see that the squeezing spectrum increases with the amplitude of the para-

metric amplifiers for the system under consideration.
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Squeezing spectrum output modes for different values of amplitude of parametric amplifiers
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Fig. 4.4: Plots of the squeezing spectrum [Eq.(4.81)] versus 7 for the valuesof A = 1, x = 0.75, r = 0.6
and for, e, = ¢, = 0.58 (solid curve), ¢, = &, = 0.60 (dotted curve), and ¢, = ¢, = 0.62

(dash-dotted curve).



Quadrature Entanglement

In this chapter we seek to study the entanglement properties of the cavity as well as output

modes using the criterion developed by Duan et al.[25]
5.1 Entanglement of the cavity modes

A quantum state of a system, p, of two modes a and b is said to be separable if and only if
p=7_ i Q7 (5.1
i
suppose /¢ and p? to be normalized density operators of mode a and b, respectively with
pi > 0and > p; = 1. Otherwise it is said to be entangled. Based on the inseparability of
the system density matrix, entanglement criteria for continuous variable has been proposed
by some authors. One of the criteria to verify the entanglement between two modes in a
cavity is the Duan et al. criterion. A maximally entangled continuous variable states can be
expressed as a co-eigenstate of a pair of EPR (Einstein, Podosky and Rosen) like operators
such as 7, — 4, and p, + pp. Therefore the sum of the variance of these two operators reduces
to zero for maximally entangled continuous variable states [26]. Moreover, according to the

criterion set by Duan et al. [25], quantum states of a system are said to be entangled, provided

that the sum of the the variances of a pair of EPR-like operators @ and ¢ satisfy the inequality

Au? + Av? < 2. (5.2)

where
U =2, — Tp (5.3)
and

0= Pa + Db (5.4)
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with
fq = \2(&+a*), (5.5)
By = ——(b+b1) (5.6)
b — \/5 I .
Pa = \/Zé(aT —a), (5.7)
i - R
= — (b — b 5.8
Py \/5( )7 ( )

being the quadrature operators for the cavity modes a and b.

The variances of the EPR like operators described by Egs. (5.3) and (5.4) are

Au? = (62) — (0)?, (5.9)

Av? = (9?) — (D)% (5.10)

Then from the combination of Egs. (5.9) and (5.10), the sum of the variances of these opera-

tors will take the form

Au? + Av? = ((42) 4 (%)) — (@)% + (9)?). (5.11)

In terms of Egs. (5.5), (5.6), (5.7) and (5.8), the EPR-like operators can be rewritten as

1

a=—2(fﬁ—iﬁ+a—6) (5.12)
and
b= %(awiﬂ—a—z}). (5.13)

As eqgs. (5.12) and (5.13) are in normal ordering, the corresponding c-number equations

will be

o= \}i (6" — %) + (& — B)] (5.14)
and
b= % (6" + 8% — (& + B)] (5.15)
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we recall that equations (3.17) and (3.18) are expressed as

d L1 1
@W) = —2g,(a*) — 5,%(04) + §V_ (B%) (5.16)
d

0 = —2ep(67) - %uc@ + %V+<a*> (5.17)

and the complex conjugate of Eq. (5.17) takes the form
&4 (1) = ~2508) — 5pelB) + Vi ) 5.18)
dt = el T helT) g Ve '

the above Egs. (5.16) and (5.18) are linear differential equations for a(t)and 5(t). On the other
hand, taking the assumption that the cavity modes are initially in a vacuum state, we observe
that o(¢) and 3(t) are Gaussian variables with a non-vanishing means.

Considering Eqgs. (5.14) and (5.15) together with the property that «(¢) and 3(¢) are Gaus-
sian variables with a non-vanishing means; consequently, the EPR-like operators u and v are

Gaussian variables with non-vanishing means.i.e.

(u(t)) = (v(t)) # 0 (5.19)

(0%) = 1+ 5((a") +(a%) + () + (0%)) + (a'a) + (b'b) + (a'd)

+ (b'a) + {ab) + (a'dT)), (5.20)
(@)? = %(<dT>2+<d>2+<bT>2+<b>2)+(<dT><d>+<bT><3>+<dT><5>

+ (b (@) + (@) () + (a") (b)), (5.21)

— (bta) + (ab) + (afbly) (5.22)
and
() =
— (") (@) + (@)(b) + (a") (")) (5.23)
Substituting Egs.(5.20), (5.21), (5.22) and (5.23) into Eq. (5.11), we obtain

Au? + Av? = 2+ 2(ata) +2(0'h) — 2(afby — 2(ab) — 2(at)(a) — 2(b) (b)

+2(at) (b") + 2(a) (b). (5.24)
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This can be written in terms of c-number variables associated with normal ordering as

Au? + Av? = 24 2(a’a) +2(6°6) - 2(a”B%) — 2(af) — 2(a”)a) — 2(6")(6)
+ 2(a”)(B%) + 2()(B)- (5.25)

which can be simplified to
Au? + Av? = 2+42(a* a) +2(8*,8) — 2(a*, B) — 2(a, B). (5.26)
and more specifically, the entanglement of cavity modes at steady state can be expressed as

[Au? + Av?]ys = 2[1+ (0", a)ss + (B, B)ss — 2(ct, B)ss) - (5.27)
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With similar procedure for the plus quadrature in eq. (4.39) and when ¢, = ¢, at steady

state we obtain

(.0 _(~2e+ 501 —77)+/<&N)[ (A + An)® AQ-n) 40 -7 |
’ 8 A2n? k+2(eq+en) k+An+2(eq+ep) 26+ An+4(eq +ep)
(20 + 450 -1 )+/€N)[ A%(1+n)? A1 +n)? 4A%(1 —»?) ]
8A2 k—2(eq+ep) K+AN—2e4+ep) 26+ An—4(eq +ep)
(=22 + rN), A2(1 =) A*(1 -7 B 442(1 =)
A2n? A4(k+2(ea+ep) Ar+AN+2(eq+ep) 426+ An+4(eq +€p))
(2ep + KN)A%(1 — n?) 1 1 4
a 44272 [&—Q(Ea—i—eb) e A - 2ea +2b) 2/1+A77—4(€a+51,)]

+(Avl" +/<M)[A21+?7\/1—72 A2(1—p/1-9* 4(AT =2

2A2n?2 2(k + 2(gq +2p)) 2(n+2(5a +ep) 22+ An+4(eq + )

A\/l— +I<&M)[A21-|—7] 1—n? A21— W1-n* 4(A\/1 —n? ]

2A2n2 2(k — 2(eq + 1)) 2(/1 —2(eqt+ep) 226+ An—4(gq + b))
(5.28)
(B,B)ss =
(—25a—|—‘§(1—77)+/£N)[ 1 N 1
8A2n2 k+2(q+ep) K+ An+2(eq + &)
4 2(—2e, +kN) [ A%(1 —n)?
264 An+4(e, + 51,)] 8A2n? [n +2(eq +€p)
A%(1 4 n)? 4A%(1 — )
K+ An+2(ea+ ) 2H+An+4(€a+5b)]
A2(1—772)(25a+§‘(1—77)+/<;N)[ 1 N 1
8 A2n? k—2(eqt+ep) K+ An—2(eq +€p)
4 (2ep + N) [ A%2(1 —n)?
2k + An — 4(eq, + Eb):| 442 [/1 — 2(eq + €p)
A% (1 +7)? 1A°(1 =)
/4+A7772(5a+5b) a 2/<+A774(5a+5b)]
LAVIZEET M) [ A=) AL+ )
4A2 |:I€—2(€a+€b> * K+ An —2(gq + &)
4A
264 An—4(eq + Eb):| (5:29)
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(0 o) _(—2€a+§(1+n)+f€N)[ A*(1 —n)? N A(1 —n)?
T 4A%n? 2(k+ An+2(eq +ep)  2(k+ An+2(eq +€p))
2A%(1 — n?)
26+ A+ 4(e, —I—Eb)]
N A%(1 —n?)(—2ep + kN) 1 N 1
4A%? 2(k+2(ca ) 2(k+ An+2(eq + 1))
2
2K+ An+4(e, —I—eb)]
(260 + 2(1+n) +kN)  A%(1+41)? A2(1—n)?
4A%n? 2(k —2(eq+ep))  2(k+ An—2(eq +€p))
24°(1 — 1)
(264 A — 4(eq + z—:b)]
N A%{Tm[ 20/ T= 24T
447 "2(k+2(eat &) 2(k+ An+2(ea + &)
B 24%/1 —n? +2A2(1+n) 1— 12
2k 4+ An + 4(eq + €p) 2(k —2(eq +€1))
20— /T=F AT .
2(k + An —2(ca +&v)) 26+ An —4(eq + &) '
(8%, B)ss =
A2(1_n2)(_25a+§(1—n>+m>[ 1 N 1
4A2n2 2(k+2(eq +ep)  2(k+ An+2(eq +€p))
2 (—2ep + KN) A%(1—n)?
2%+ An+4(eq + sb)} 4A%n? [2(% +2(eq + €p))

A*(1 +n)? 2A%(1 -7

2t An+2eq +2) 20+ Ayt Az, m)]
+25a+§(1—n)+mN)A2(1—772)[ 1 N 1

4 A% 2(k —2(eq+ep)  2(k+An—2(eq +ep))

B 2 }+26b+/<N){ A%(1 —n)?

2k + An — 4(eq + &) 4A%2n2 | 2(k —2(eq + 1))

A*(1 +n)? 2A%(1 — 1)
2k + An—2(eq + ) 26+ An—4(eq + Eb)]

P in2+ﬁM[A2(l—77)\/1—172+ A1+ n)/1—172
4A2%n? 2(k+2(eq +€p) 2(k 4+ An + 2(eq + &p)

241 +A2(1—n)\/1—n2+ A%2(1+n)/1 —n?

2k + An+4(eq + &) 2(k —2(gq + €p) 2(k + An — 2(eq + €p)
A2 1 —n2
2V~ } (5.31)

26+ An—4(eq + )
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<au/6>ss =

AV —P(=2ea+ 5(L—m) +&N) [ A(1+1) A(L =)
B 8A2n? |:/€—|—2(6a +ep) K+ AN+ 2(eq +€p)
B 4A } +A\/1172(26b+/<;N)[ A(l—n)

26+ An + 4(eq + 1) 8A%n? K+ 2(eq + 1)

A(l+n) 4A
Tk A+ 2(eq +2p) 2R+An+4(€a+€b)]
_A\/1—772(2€a+§‘(1—77)+/<N){ Allt+m) A(1—n)
8 A2n? k—2(Eeq+ep) K+ An—2(eq +ep)

14 - AVT= P (2, + 5N A=)

26 + A — 4(eq + €) 8An? £ = 2ea+e)
A(l+n) 44
K+ An —2(eq + &) B 2/£+A174(5a+5b)]
+A%_"2 + M [ 2A%(1—n)  24%(1—7?)
8A2n2 K+2(q+ep) K+ An+2(eq + )
L2421 =)+ (L) +2(1 - 772))} AT 4 kM [ 24%(1 = n?)
26+ An + 4(eq + &) 8% Lk~ 2eat )
2A42(1 — n?) B 2A2((1—77)24-(1—1-77)24—2(1—772))] (5.32)
K+ An — 2(eq + €3) 2K + An — 4(eq + ) .
(", B)ss =
—AVT =2 (=2¢, + 4(1 =) + £N) [ A(l+n) A — 1)
1A% 2k +2(ca +e3)) | 2(k+ AN+ 2(eq + €3))
94 } AM(—Q&—FRN)[ Al —mn)
26+ An + 4z + 20) 242 206+ 20 + &)
A(l+n) 24
2(k + An+2(eq + 1)) 26+ An+4(ca + 5b)]
L AVI= (220 + (1= ) + 5N) [ A(L + 1) A(l =) -
4A22 2(k —2(eq +ep)  2(k+ An—2(eq +¢p))
24 A\/1—12(2ep + kN) Al —n)
2k + An — 4(eq + 5b)] - 242 {2("0 —2(ea )
N A1 +1) . 24 ]
2k + An —2(ea + &) 2(k+ An —2(ca + b))
(AVI—m2+cM)[  A2(1—7?) A%(1L—1?)
- 4A%n2 {2(,{+2(5a+5b) 2(k+ An+2(eq + €3)
A2 A2(1 — o) A% (1 —n?)

2%+ An+4(ca+ey) 2k —2(caten) 20k + An—2(eq +ep)

A%(2(1 - n)) ]
2(k + An — 4(eq + &p)

(5.33)
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51
with the aid of the simplified Egs. (5.30)-(5.32) at steady state we obtain
[<0‘*70‘>ss <ﬁ ﬁ ss
R ) 772)+(1—17)(1+\/1—772)_4((1—772)+\/1—772)
4n? “ n+2 5a—|—5b K+ An+2(eq + &) 2K + An + 4(eq + &)
1—n (1+n)(1 1—n2) 4((1—-n? 1—n2
+(_2€b+HN)< -/ ) A+ vi-n?) 4((1=n")+ 77))
/<a+2(€a+ab) K+ An+ 2(eq + €p) 2k + An+ 4(eq + &)
A 1 1 1—n2 1—n)(1 1—n2) 4((1—n? 1—n?
b (2en+ 21— )+ BN I+ + 77)+( nNl+v1-n* 4(Q-n°)+ n°)
2 Kk —2(eq + €p) K+ An —2(gq + &) 2k 4+ An — 4(eq + &)
1—n)/1—172 1+n)y/1— 72 4y/1 =2
+(2€b+/<aN)(( n) UA /) "o n )
Kk — 2(eq + €p) K+ An—2(eq +¢ep) 26+ An—4(eq + €p)
AV/1 —n? < 1 1
M) (3- 1—n244y1—n2
(D (B-mVI- 4y TG v ) T 20T An =2 T 20
1 1
3 1—n24+4y/1—n?
FEHVL-n 4y Ll prory e Ty T pra T
1 1
—2(4+3y/1—n2 5.34
(4+ n)[2/{+A77—|—4(6a—|—8b)+2/€+A77—4(6a+6b)]) (5-34)

employing Eq. (5.34) into Eq. (5.27), one can easily obtain;

[Au? + Av?],s = 2 [1—1—

1 A A+ +vV1i-n*) (1-n0+V1-7%) 41-7n")+V1-7%
4772<(_2€a+2(1_77)+/{N)< K+ 2(eq + €p) * K+ An+2(eq + €p) B 2I£+A77—|—4(6a—|—€b))
A-nA-V1-7°) ((+nl+V1-7>) 40-7")+1-7%

+(_2€b+RN)( K+ 2(eq + €p) + K+ An+ 2(eq + €p) B 2&+An+4(5a—|—5b)>

A Q+n)l+v1I-7?) (C-=—nl+1-79%) 4((1-7n")+1-7?
+(2€a+2(1—77)+/iN)< Kk —2(eq +€p) * K+ An—2(e,+ &) 2/£+An—4(5a+sb))
+(2eb+mN)<(i:g)vl_n2+ Atmyvi=m VL= >

(q + €p) K+ An—2(eq +€p) 2K+ An—4(eq + €p)
A1 —n?
+ ( 1

1 1
+/€M)<(3—77)\/1 —n2+44/1 _n2[2(m+2(€a+€b)) + 2(H+An—2(ea+€b))]
1 1

+(3+n)\/1—n2+4\/1—n2)[2(K+An_2(€a+€b)) + 2(%—2(5a+sb))]

2431 =) ! + ! )] (5.35)

26+ An+4(eq +ep) 26+ An—4(eq. + Eb)]
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The following figure indicates that the degree of entanglement of the cavity modes for the

system under consideration increases with the amplitude of the parametric amplifiers.

Entanglement of the cavity modes for different values of parametric amplifiers
2 T T T T T

! I
¥ —ommang
18Fy a b -

16

AU+ py?
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0.4

Fig. 5.1: Plots of the entanglement of the cavity modes [Eq.(5.35)] versus n for the values of A=1, k = 0.8,
r= 1.2 and for, ¢, = ¢, = 4.8 (solid curve), e, = ¢, = 4.4 (dotted curve), and ¢, = ¢, = 4.1

(dash-dotted curve).

From this fig 5.1 we see that the light produced by the system under consideration is entan-

gled state and the entanglement criterion given by Eq. (5.2) is satisfied as Au? + Av? < 2
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Entanglement of the cavity modes for different values of squeezed vacuum reservoir parameters
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Fig. 5.2: Plots of the entanglement of the cavity modes [Fq.(5.35) versus 7 for the values of A=1, x =
0.75, e, = &, = 6.4, and for, r = 1.35 (solid curve), r = 1.15 (dotted curve), and » = 0.90
(dash-dotted curve)

Moreover, the entanglement of cavity modes increases as the parameter r in the squeezed

vacuum reservoir has increased.
5.2 Entanglement of the output modes

The EPR-like operators for the output modes have the form

ot — anout . fbout (5.36)
and
pout — pAaout i pAbout (5.37)
with
Agut__zjg(&f%_d), (5.38)

= (b +b), (5.39)



5.2 Entanglement of the output modes 54

~out __ '7 dT —a), (5.40)
Paq \/i ( )
and
out — 1VE k(BT —b) (5.41)
b \/5 ’ ’

being the quadrature operators for modes @ and b.

Thus the entanglement criterion for the output modes can be written as

Au?, + Av2, < 2. (5.42)

With the aid of the input-output relation one can readily show that
Au, + Av2, = 2+ k| (2ata) +2(0'b) — 2(afbhy — 2(ab) — 2(at)(a) — 2(b") (b)
+2(ah)y (1) + 2(a) <z§>} : (5.43)

This can be written in terms of c-number variables associated with normal ordering at steady

state as
[Augut + Avgut]ss = 2 |:1 + k <<Oé*, a)ss + <ﬁ*a ﬁ>ss - 2<a, B>ss):| . (544)

With the aid of the simplified Egs. (5.34) along with Eq. (5.44) at steady state we obtain

1
[Augut + Avgut]ss =2k |:k+

1 <<_25a+A(l_n)HN)((Hm(H\/l—na+<1—n><1+m>_4<<1—n2>+m>>

an? 2 K+ 2(eq + €1) K+ An+2(eqa +ep) 264 An+4(eq + &)
) (e e S it )
A (VIS (4= VT=R) A=) T
+ (2 + 1) <(/1 - Zzﬂ r f;]”_)@b) 2+ jn iZ(Zj + €b)>
* (,4\/14—7772 M) ((3 ~VI =t VLR 2(; T a) T 2(m s Ay —12(ea )

1 1

+B+n)V1 —172+4\/1—n2)[2(H+An_2(5a+gb)) + z(ﬁ—2(5a+ab))]

2431 =) ! + ! ])] (5.45)

26+ An+4(eq +ep) 26+ An—4(eq + €p)
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Entanglement of the output modes for different values of parametric amplifiers
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Fig. 5.3: Plots of the entanglement of output modes [Fq.(5.45)] versus 7 for the values of A=1, k = 0.8,
r= 1.2 and for, ¢, = &, = 4.8 (solid curve), e, = &, = 4.4 (dotted curve), and e, = ¢, = 4.1

(dash-dotted curve).

Fig 5.3 indicates that the degree of entanglement of output modes for the system under con-

sideration increases with the amplitude of the parametric amplifiers.
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Entanglement of the output modes far different values of squeezed vacuum reservair parameters
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Fig. 5.4: Plots of the entanglement of the output modes [Fq.(5.45)] versus n for the values of A=1, k =
0.75, e, = &, = 6.4, and for, r = 1.35 (solid curve), r = 1.15 (dotted curve), and » = 0.90
(dash-dotted curve).

From fig 5.4 we see that the entanglement of output modes increases as the parameter r in

the squeezed vacuum reservoir has increased.



Conclusion

In this thesis, we analyzed the squeezing and entanglement properties of light pro-
duced by non-degenerate three-level laser whose cavity contains two degenerate parametric
amplifiers and coupled to a squeezed vacuum reservoir. We first obtained the master equa-
tion for the system under consideration. Using the master equation, we obtained c-number
langiven equation associated with the normal ordering and the correlation properties of the
noise forces . Applying the solutions of the resulting c-number langiven equations, we deter-
mined the quadrature squeezing ( the variances of the cavity and out put modes as well as
the squeezing spectrum of the output modes).In addition,applying the criterion developed
by Duan et al. the quantum entanglement of the cavity and output modes are studied.

We observed that the light produced by the system under consideration exhibits squeezing
and entanglement. It is found that the degree of squeezing for the system under considera-
tion increases with the amplitude of the parametric amplifiers . This implies that the presence
of the parametric amplifiers enhances the squeezing of light generated by the system under
consideration and the minimum value of the quadrature variances described by Eq. (4.39)
for A =100, x = 0.8, r = 0.6 and ¢, = &, = 0.6, is found to be Ac%r = 0.05731 and occurs at
n = 0.1. This indicates that the maximum intracavity squeezing is 94.27% below the coherent
state level. It is also observed that the degree of squeezing for the system under consideration
increases with the squeezing parameter of the squeezed vacuum reservoir. It so turns out that
the squeezed vacuum reservoir increases the degree of squeezing. Moreover, the squeezing
of the cavity modes is found to be greater than that of output modes.

It is also observed that the amplitudes of parametric amplifiers as well as the squeezed vac-
uum reservoir considerably increase the degree of entanglement of the cavity and output

modes.
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